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ABSTRACT

New Dynamic Modeling and Practical Control Design for MacPherson Suspension
System

Mohammad Saber Fallah
Concordia University, 2010

The ride quality, handling, and stability are three main issues in vehicle suspension
design. Different suspension systems have been designed in the past to fulfil these
conflicting requirements. One of the popular suspension systems integrated in small and
midsize passenger cars is MacPherson suspension system. A suspension system is either
passive if a conventional damper is incorporated >or is semi-active with a variable damper.
A new control oriented dynamic model of the MacPherson suspension system is
developed in this thesis to consider the effects of the suspension structure on the dynamic
response and a new kinematic model is proposed to investigate those suspension

kinematic parameters affecting both handling performance and stability of the vehicle.

The performance of MacPherson suspension system under alternative hybrid semi-active
controls is evaluated. It is shown that the contribution of different control strategies on
the ride quality enhancement of the vehicle could be similar whereas their effectiveness

on the performance of suspension kinematc parameters is completely different.

Using the H., robust control theory, a full state feedback controller is designed to improve
MacPherson suspension specifications. The gain of the controller is optimized so that the
trade-off b/etween the requirements is achieved. To be more practical and to reduce the
design cost, H,, output feedback control theory is employed to design a controller with

the minimal cost design. To optimize the controller gain, the LMI and Genetic Algorithm
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optimization tools are used. It is shown that the output controller can improve the

suspension performance close to that of a full state feedback controller.

A magnetorheological damper with continuously variable damping is considered as the
actuator to the system. In order to tune the current signal of the damper so as to track the
desired force calculated from the controller unit, a mathematical dynamic model of the
damper is required. For modelling the damper, the MR damper is characterized by a
piece-wise polynomial model which is identified by using the data acquired from various
tests in the laboratory. The dynamic behaviour of the MR damper on control performance
is investigated. The Hardware-in-the-Loop Simulation is made and the effectiveness of

the controllers is evaluated through experiments.
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CHAPTER 1

INTRODUCTION, LITERATURE SURVEY, AND
OBJECTIVES

1.1 Introduction

Vehicles are subjected to excitations due to road roughness. In order to alleviate the
discomfort to the passengers and excessive fatigue damage to the various vehicle system
components, the vehicle ié equipped with a suspension system that cushions the vehicle.
The main function of a suspension system is to provide sufficient ride quality (passenger
comfort), superior handling performance, and adequate road-holding of the tire. A
suspension system is a multilink dynamic system which absorbs.the energy exerted from

road to the vehicle by a spring and dissipates it through a damper.

Ride quality deals with the sense of comfort and feel of the passengers within the
vibration environment of a moving vehicle. The vibrations mainly arise from road surface
irregularities and on-board vibration sources. The on-board vibration sources can be
classified as imbalances in the tire and wheel assemblies, engine vibration, aerodynamic
forces and vibrations from transmission system. The engine and driveline vibrations are
transmitted to the vehicle body via the engi;le and transmission mounts while the
excitations from wheel and tire imbalances are applied to the vehicle body through the
suspension system. However, the main vibration source is the road irregularities,
transmitted to the vehicle body through the wheel and suspension system [1, 2]. The road

vibrations are classified as shocks and vibration. Shocks from suddenly applied inputs



such as those by potholes and bumps are discrete events with short duration and high

power, whereas vibrations include consistent excitations.

Another function of suspension system is to maintain sufficient contact force between the
tires and the road (road holding ability) with minimal load variation. Based on the wheel
position and its motions, different types of forces such as tractive, cornering and braking
forces are generated by the tire on motion. It is known that all of these forces are a
function of the vertical force acting between the tire and the road. The magnitude of the
vertical force varies when the suspension system is undergoing vibrations. The vibration
of the tire influences the road holding ability of the suspension and consequently affects
the handling performance and stability condition of the vehicle. In order to avoid losing
contact with the ground, the magnitude of the dynamic vertical force should not exceed
the static load. This factor becomes important during comering due to rapid variation of

the vertical load [1].

Handling performance refers to the response of the vehicle subject to steering commands
and environmental inputs. The kinematics and linkage of a suspension system with
significant influence on the handling performance are important in controlling the
direction of the vehicle motion and in its stability in the presence of external
disturbances, such as wind gust and road disturbances. In the context of suspension
design, kinematics describes the wheel motions during bottoming out and steering and
kinematic suspension parameters refer to variations in the positions of the wheels subject

to the changes in the forces and moments between the tires and road.



It is known that the above requirements of a suspension system are conflicting. For
example, in order to achieve better isolation of the vehicle body from road roughness it is
preferable to have low damping allowing a large suspension deflections while a large
damping yields better road contact at the expense of high frequency isolation. Thus, it is
hard to have simultaneously a high ride comfort, handling and body attitude control under

all driving conditions.

1.2 Categories of Suspensions

Based on the principle of operation, the suspension systems are classified into three main
categories: passive, active and semi-active systems. A passive suspension system
dissipates the energy via the passive damper. In this case, the kinematic and dynamic
parameters of the structure would be so chosen as to reach a compromise between road
holding and ride comfort. While in active suspension system a hydraulic actuator is
incorporated in place of the strut in order to exert a desired force to improve suspension
performance, in semi-active suspension system the damping coefficient of the damper is
controlled so that there is maximum energy absorption without compromising the ride

comfort.

Traditionally used in automotive applications, the passive suspension systems provide a
compromise between the specifications in a limited range of the road excitation
frequencies, while the active suspensions offer good road roughness isolation, stability,
and handling performance compared to those of passive type over a wide range of
disturbance frequencies. However, complicated circuit comﬁonents, expensive structure
and heavy weight are the main obstacles in the implementation of this type of

suspensions. In spite of the advantages of the active suspension systems, semi- active



suspensions are more attractive because of low energy requirement, simple structure and

a performance in between those of passive and fully active systems.

Suspension systems are divided into two main groups, solid axles and independent
suspensions based on the type of structure. A solid axle connects two wheels together by
a rigid beam and therefore the motion of one-side wheel affects the motion and position
of the opposite-side wheel directly. Such suspension systems are usually found as rear
and front suspensions where a high load capacity is required such as in hea\fy trucks. Tile
independent suspension systems, on the other hand, allow the motions of the two-side
wheels to be free from each other. This type of suspensions is popular in nearly all
passenger cars and light trucks since it provides a better space for the engine, superior
steering and better suspension kinematic performance [1]. Some of the popular types of
independent suspension systems integrated in small and middle size vehicles include

MacPherson, double wishbone, and multi-link suspension systems [3].

Control Arm

Spindle

Figure 1.1 MacPherson strut wheel suspension’

' The figure is borrowed from: http://autospeed.com/cms/article htmI?& A=1653


http://autospeed.com/crns/article.htm%5d?&A=1653

The MacPherson suspension (Figure 1.1) was proposed by Earl S. MacPherson in 1949.
Ford Motor Company incorporated this type of suspension in its products. The
MacPherson suspension is widely used in many modern vehicles due to its simple
structure. It is usually implemented in the vehicle body as a front suspension; however, it
has been used as both front and rear suspensions. This‘ suspension is categorized as an
independent suspension and it is an advanced development of a double wishbone
suspension where the upper transverse link is replaced by the sfrut link including damper
and spring. The main advantages of a MacPherson suspension are its simple structure,
compact size, low weight and low maintenance cost, whereas it has some disadvantages
such as less favourable kinematic performance, higher need for steering, higher tire wear
and less isolation of the vehicle body from road roughness compared to other types of

independent suspensions [3].

1.3 Literature Survey

The objective of the present thesis research is to attenuate the vehicle body vibration
resulting from road irregularities using a suitable semi-active control strategy along with
evaluation of the kinematic suspension performance and validation of the results with
experimental data. The literature review is in three parts, modeling of the suspension

system, suspension control strategies and experimental studies.

1.3.1 Modeling of the suspension system

In terms of the suspension control of a vehicle, three models are widely considered by
researchers. The first model represents the vertical dynamic response of the quarter
vehicle. It can be divided into two sub-models including the single degree-of-freedom

(DOF) model and two degree-of-freedom model. While single DOF. model shows the



vibration of the sprung mass (vehicle body), the two DOF model includes the wheel
modes as well. The second model considers the half car of a vehicle and represents either
the vertical and pitch motions corresponding to the bicycle model or the vertical and roll
motions corresponding to the axle model. The third one represents a full vehicle and
contains seven DOF including roll, pitch, vertical motions of wheels and vertical motion
of the vehicle body [4]. However, in all those models, the unsprung mass, including
suspension linkage and wheel mass, is connected to the sprung mass via a linear spring
and damper. Among the above models the quarter car model with two DOF is much more

popular for ride control applications compared to the other models.
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Figure 1.2 Conventional quarter-car model

A quarter-car model, shown in Figure 1.2, represents two dominant modes of two lumped
~masses connected via a spring and a damper. The dynamics of the tire is modelled as the
spring stiffness. This model considers the vertical motions of the sprung and unsprung

masses. It should be noted that without considering the effect of the suspension



kinematics and related linkage, this simple model may not be significantly effective.
Studies related to the control-oriented modeling of a specific suspension system, such as
MacPherson suspension, are rare. It is obvious that the need for an accurate model of the
MacPherson suspension system to study the impact of suspension kinematics on the

dynamic behaviour of the system becomes increasingly important for ride control design.

1.3.2 Ride control design strategies

The objective of ride control is to isolate the vibrations transmitted to the sprung mass
from road disturbances while satisfying the handling and stability constraints. There are
many semi-active control algorithms available in the literature; however, the main control
architectures used can be classified into three categories including hybrid (skyhook-
groundhook controller), optimal and robust control strategies. It is worth mentioning that
in an active suspension system the controlled force is generated by a hydraulic actuator,
while in the semi-active one, the idea is to reproduce a desired damping force obtained
from ride control design by a semi-active damper located between the wheel and chassis.
However, the procedure for the force control design is the same for both active and semi-

active suspension systems.

Previous studies employed the root mean square acceleration of the sprung mass,
suspension deflection, i.e. the relative displacement between the car Body and wheel
assembly, and tire deflection as measurement of the ride quality, rattle space constraint
and road holding ability, respectively. It was concluded in [4] that there exists an
excellent correlation between root mean square acceleration and the individual ride
feeling. In addition, the smaller tire deflection results in better road holding and

consequently a superior handling and stability performance. A large suspension



deflection may cause deterioration of ride comfort as well as structural damage.
Accordingly, for optimal control of a suspension system, a performance index such as
Equation (1.1) is defined which should be minimized subject to the system dynamics,

represented by Equation (1.2) [4].

minimize{PI: I(zf +r(z,—z,) +1(z, —-zr)z)dt} (1.1)

0

X=Ax()+ B f,()+B,z,()+ B, /,(t) (1.2)

where x(t)= [z_‘, -z,z2.,2, —zr,z'u] represents the states of the system. f; and f; stand for

u’? “s?
actuator and disturbance forces, respectively, and z, is road profile input. In addition, r,
and r, are weighting parameters indicating the contribution of the rattle space limitation

and handling performance in improving the ride quality.

A comprehensive literature survey was carried out by Hrovat [4] pertaining to optimal
control of active suspensions based on different suspension models. It was concluded that
the performance of optimal control of active suspension is not superior compared to that

of the passive one unless an adaptive control approach or gain scheduling is combined.

For semi-active control susper{sion applications, Tseng and Hedrick [5] showed that
variable gain is needed for optimal control which makes it impractical. In order to cope
with the variable gain problem of optimal control for semi-active suspension systems,
they investigated two main sub-optimal approaches,. including clipped optimal and
steepest gradient that involved constant gain solutions. In the former approach, the

performance index is in relation with the optimal active one while in the latter approach it



is pertaining to the optimal passive one. In addition, Giua et al [6] designed an optimal
gain switching force controller for this application. In their work, an optimal controller
was obtained based on the active control law; however, the gain would be changed under
different conditions based on a gain scheduling approach. In their next work [7], they
applied the proposed control strategy on the semi-active suspension by utilizing two types

of actuators including MR and ER dampers and incorporating an observer.

In semi-active suspension systems, the force of a semi-éctive actuator is limited between
[fmin, frmax}- In addition, the passivity requirement‘ of dynamics of a semi-active suspension
system leads to another constraint. The passivity constraint arises from the fact that the
force generated by semi-active damper should play an energy dissipating role. Thus the

following mathematical constraint should be satisfied during optimization procedure [44].
j;.a(ZS—Z.H)ZO (13)

Considering the abovementioned constraints and their effects on the future dynamic
performance of the system, a Model Predictive Control (MPC) algorithm was employed
by Canale et al [8] to handle the limitations. It was shown that the MPC significantly
improves the ride comfort and handling performance. Since the computation load of this
type of algorithm is high, they proposed a faster algorithm for optimization purposes.
Sohn et al [9] tried to estimate the profile of the road using extended least square
estimation approach and consequently designed a Linear Quadratic Gaussian (LQG)
controller based on the road estimation. However, it is known that the LQG controller has
poor stability margins with respect to model uncertainties thereby reducing the overall

performance of the control system [10].


file:///fmin

Although, in the literature, the abovementioned control strategies cover the major part of
controllers applied to a vehicle suspension system, there are various other advanced
control strategies such as adaptive, predictive, pole placement etc. control for this

application.

Adaptive control strategy refers to a controller that is able to adapt its parameters in the
presence of some system changes. In suspension systems, the main source of variations is
dynamic parameter changes such as stiffness and mass. Song et al [11] employed a
nonlinear adaptive control for magnetorheological suspension systems where its mass and
stiffnesses were assumed to be unknown. In their study, the unknown parameters were
first estimated by recursive least squares method and subsequently the cost function of
the system including sprung mass acceleration and suspension deflection was minimized.
Chen and Huang [12] considered the load of the vehicle as a time-varying parameter with
known bound. In addition, they assumed that some uncertainties with unknown bounds
exist in the plant. Accordingly, they designed an adaptive sliding controller to
accommodate the uncertainties. Fialho and Balas [13], employed adaptive theory by gain
scheduling tool for active suspension control. Two main specifications taken into account
in this work were the suspension deflection and the sprung mass acceleration. Depending
on the road profile conditions and suspension deflection, the weighting parameters were
switched on specified values to overcome the limitations. In addition, the dynamics of
hydraulic actuator was considered and a backstepping approach control was designed for

voltage generation.

Leite and Peres [14] considered the damper coefficient, the spring coefficient, and the

sprung mass as the uncertain parameters belonging to a polytope of uncertainty and then
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proposed a parameter-dependent gain using pole location control approach for active
suspension systems. Sie et al [15] employed the grey prediction fuzzy controller for
active suspension control. A preview active suspension was studied in [16, 17] as well. In
a preview controller, the future information of the system is available and utilized by the

control law.

In conclusion, many studies on the advanced suspension control design have been carried
out, however, the control objective mostly is either ride quality or road holding
improvement while the concerns regarding the handling and steering are not sufficiently

addressed.

1.4 Objectives and Research Scope

The survey of literature reveals that there are many studies carried out on vehicle
suspension control, however, there are still challenges that are not adequately addressed

in this area, which are highlighted as follows.

First of all, despite numerous advanced control strategies designed for active suspension
system applications, there are not mahy advanced control algorithms available for semi-

active suspension systems.

Secondly, almost all the control strategies were developed based on a simple quarter car
model in which the effect of the kinematics of the system on the dynamic behaviour is

not considered.
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Thirdly, the performances of the main kinematic suspension parameters, that play an
important role in the overall handling, steering and stability of a vehicle, have not

received sufficient attention in the design procedure.

Finally, despite massive analytical studies, experimental investigations and validations of

control strategies are rare.

Motivations for the present study are based on the above factors. The different

investigations in the current thesis are summarized as:

1) Model modification for specific suspension system, namely MacPherson suspension

system.

2) Control design together with the improvement of kinematic suspension performance.
3) Experimental validation of analytical results (hardware-in-the-loop).

The current research will present a novel approach for the semi-active control of
MacPherson suspension system. The originality of the research lies in building both
dynamic and kinematic models of the MacPherson suspension system, considering the
structural effects on the dynamic behaviour of the system, and also evaluating the
performance of the kinematic parameters influencing handling performance and stability

of vehicle subject to robust semi-active control policy.

The main purpose of the research is to design an advanced controller with minimum cost
design and consideration of practical limitations in order to satisfy the conflicting

suspension system specifications simultaneously. Generally speaking, this work

12



comprises three main phases; i.e. modeling and dynamical analysis of the system, design

of a novel advanced control, and experimental validation of the analytical results.

In this research, an MR damper will be considered as actuator for the system because of
its desired performance in vehicle applications. In addition, a proper model describing
nonlinear performance of MR damper will be employed. Using that model, the required
current for producing desired force will be generated. A real MR damper will be
incorporated in the feedback lc;op and the performance of the MacPherson suspension
subjected to a MR damper force will be investigated in a hardware-in-the-loop

experiment.

1.5 Thesis Outline

Considering the structure of MacPherson suspension system, a new control-oriented
dynamic model of system is developed in Chapter 2. The frequency and time
performances of the new model are compared with those of the conventional model. A
three-dimensional kinematic model of the suspension system is developed to evaluate the
kinematic performance of the system subjected to the damping force variation and road
disturbances. The model is validated by a three-dimensional model developed by
ADAMS software. It is shown that the kinematic model represents the performance of the

suspension kinematic parameters with a reasonable accuracy.

In Chapter 3, three well-known semi-active control strategies are described and their
contributions on ride quality enhancement are compared. It is shown that the controllers
improve the ride quality close to each other while affecting the kinematic performance

adversely.
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Full states feedback and output feedback controllers are designed according to the H.,
robust control theory in Chapter 4. Although the full state feedback controller has a better
performance compared to output feedback controller, its implementation is difficult
because of the need for a lot of sensors. In order to make the controller design more
practical than the full state feedback controller, the output feedback control theory is
employed and a controller with simpler structure is designed. It is shown that the
controller has a performance close to the full states feedback controller. For the
optimizations of controller gains, the Genetic Algorithm (GA) and Linear Matrix
Inequality (LMI) toolboxes are used. The effectiveness of the controller is evaluated

through simulation results.

To generate current signal of the MR damper, the dynamic performance of a candidate
MR damper is characterized through experiments. In Chapter 5, using the data acquired
in laboratory, a piece-wise polynomial model is developed for the MR damper. A
practical approach for current signal estimation is described and the performance of the

controller is validated through hardware-in-the-loop simulations.

The results of the research and possible future works are presented in Chapter 6.
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CHAPTER 2

DYNAMIC AND KINEMATIC MODEL OF A
MACPHERSON STRUT SUSPENSION SYSTEM

The previous chapter provides a survey of the literature treating the different aspects of
MacPherson suspension systems including the control aspects, and presents the}
objectives and the scope of the present dissertation. This chapter will propose a new
dynamic model of the MacPherson strut suspension system for ride control applications.
The model includes the vertical acceleration of the sprung mass and incorporates the
suspension linkage kinematics. This two degree-of-freedom (DOF) model provides a
more accurate representation of the MacPherson suspension system for ride control
applications since it considers the linkages of the system in the dynamic modeling and
incorporates the rotational motion of the wheel. The performance of the nonlinear and

linearized models is investigated and compared with that of the simple two DOF model.

Furthermore, this chapter describes the concepts of kinematic suspension parametérs and
the related effects of their variations on the handling, steering, and stability of a vehicle
during either forward motion or cornering. The main kinematic parameters, introduced in
this chapter, consist of camber, caster, king-pin, and toe angles as well as track width and
roll centre. In addition, a new three dimensional kinematic model} of the MacPherson

suspension system for the evaluation of those parameters is established. The model is
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validated with a virtual prototype of MacPherson suspension system developed by

ADAMS software.

2.1 Introduction

There are numerous studies carried out on both active and semi-active control of
suspension systems. However, as pointed out in the literature survey, the studies ori the
effect of the suspension kinematics én the dynamic response of the system are rare. In
addition, the evaluation of the suspensién kinematic parameters subjecte(i to the
controlled damping force has not received enough attention in previous studies. It should
be noted that the evaluation of the suspension kinematic parameters opens another view
to study aspects of the ride quality, stability, and handling performance of the vehicle.
For instance, the roll variation affects the ride quality while camber angle and track width

are important in handling performance.

Stensson et al [18] inveStigated the nonlinear dynamic performance of the MacPherson
structure using three nonlinear models. A finite element analysis was carried out to assess
the deformation of the components of this mechanism by Jonsson [19]. Fallah [20], Suh
[21] and Mantaras et al [22] analyzed the kinematic and dynamic performances of the
MacPherson suspension by formulating its spatial model. Chen and Beale [23] employed
a three-dimensional model. (3D) of a MacPherson suspension system to estimate its
dynamic parameters. Habibi et al [24] developed a three dimensional kinematic model of
this system and optimized its design characteristics such as linkage lengths and positions
using Genetic Algorithm to optimize the suspension kinematic performance. However,
the aforementioned models are not suitable for ride control design because they can not

be written in the state space form. Ro and Kim [25] incorporated model reduction
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technique to identify the parameters of the simplified quarter-car model based on a three-
dimensional model of the MacPherson suspension system developed in ADAMS
software. Hong et al and Sohn et al [26, 27] offered a two-dimensional model of the
MacPherson suspension for ride control applications. However, the spindle structure was

ignored in this model.

In the following, a new dynamic control-oriented suspension model is introduced so as to
consider the structural effects on the dynamic behaviour of the system. In addition, the
performance of those kinematic suspension parameters describing wheel motions is
investigated using a new three-dimensional kinematic model of the MacPherson

suspension system.

2.2 Displacement Matrix Method and Constraint Equations

The displacement matrix method is employed in order to analyze the mechanism of the
MacPherson suspension system. The general three-dimensional displacement matrix is
given in terms of a translation from a point p,(x,,y,,z,) to another point p,(x,,¥,,2,)

and a rotation about a fixed coordinate [28].

a, a, a,; x,—(ax+a,)+a;,z)

(D}, = ay Gy Gy Y,~(ayX, +a,y +a,z) - Q 1)
12 = .
o Gy G =@y X+ a,y +agz))
0 0 O 1

where a, are components of the rotation matrix.

A rotation matrix can be described as a product of successive rotations about the principal

coordinate axes xy, yyp and zj taken in a specific order. These rotations define the roll,
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pitch, and yaw angles, which are denoted as (4,9,y). The resulting rotation matrix is

given by
a ay A3 cosgcosd —singcosy +cosgsinIsiny  singsiny +cosgsin Icosy
a,, @y ay |=|singcosd cosgcosy +singsinIsiny  —cosgsiny +singsin Icosy 2.2)
a3y ayp  ass —sin cosdsiny cos.gcosy

The second part of the displacement matrix method is the holonomic constraint equation
formulations which apply mathematical réstriétions to the mobility of the model in order
to take away degrees of freedom of the multi-body system, and are specifically related to
the joints between adjacent bodies. The constraint equations for the spherical-spherical
(SS) link, the revolute-spherical (RS) link and spherical-cylindrical (SC) link are

explained in the following.

2.2.1 Spherical-Spherical (SS) Link Constraint Equations:

The Spherical-Spherical (SS) link is defined by a spherical joint at a point Po(xo, Yo, Zo)
on a fixed body and a spherical joint at a point P (xy, 1, z;) on the moving body and the
constraint equatioh which specifies the property of constant length between the two

spherical joints. The displacement constraint is:
(xp: —X”’ )2 +(ypz _yp" )2 + (z/'2 - Z,,“ )2 = (xp, —xli, )2 "’(ypl —y]{) )2 + (zpl - ZI:’)Z (23)
where P2(x2, y2, z2) is transformed position of the point Pi(xy, y1, z1).

2.2.2 Revolute-Spherical (RS) Link Constraint Equations:

A Revolute-Spherical (RS) link is defined as a revolute joint at a point Py(xo, Vo, zo) with

rotation axis U, (¢,,,4,9.4.,) on a fixed body and a spherical joint at a point Pi(x1, yi, z1)
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on a moving body and the constraint equations which specify the properties of constant
length between the revolute and spherical joints and the perpendicularity between the

revolute axis and the axis defined by the link.

(xl'Z ~Xp, )2 "'(yp2 —Vn, )2 +(Z,,2 —Zp )2 :(xl’. - Xp, )2 +(yp, —qu)Z +(Z},' —Zp )2 (2“4)

o

u, (xp —xp ) +u, (yp —yp)+u, (z, -2, )=0 : (2.9

where P2(x2, 2, 25) is the transformed position of the point P(x}, y1, 21).

2.2.3 Spherical-Cylindrical (SC) Link Constraint Equations:

The Spherical-Cylindrical (SC) link is defined as a spherical joint at a point Po(xo, Yo, Zo)
on a fixed body and a cylindrical joint at a point P(x), 1, z1) on a moving body with an
axis of translation /rotation U)(uy, uy, 1) along the link axis, and the constraint equations
specify that the straight line defined by the link, or cylindrical joint axis remains a

straight line during any displacement.

u(x, —x, )_ur(zl'z -z,)=0 (2.6)
u Yy, = yp)—u,(z, —2,)=0 2.7
u’ + 11“2_, +ul =1 | . (2.8)

2.3 New Model of MacPherson Suspension for Semi-active/active Ride
Control Applications

Using the displacement matrix method and the abovementioned constraint equation, a
two-dimensional control oriented model of MacPherson suspension system will be

developed in this section.
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A MacPherson suspension, shown in Figure 2.1, consists of the control arm, the strut
including spring and damper, the spindle, and the piston rod. The control arm is a rigid
body and connected to the chassis with a rotational joint. A spherical joint connects the
control arm and the spindle. Wheels are installed on the strut’s spindle. A cylindrical joint
connects the strut to the piston rod. The piston rod is connected to the chassis with a
spherical joint. A spring and damper are installed between the strut and the chassis along

the piston rod to absorb the vibration and shock caused by a bumpy road.

f_l;;m
T =55

I Control Arm

Spindie and piston rod

Figure 2.1 Schematic of the MacPherson strut suspension

2.3.1 Kinematics

A two-dimensional model of the MacPherson suspension system is illustrated in Figure
2.2. It is formed of a quarter-car body, a spindle and tire. a helical spring, a control arm
and a load disturbance. If the joint between the strut and the car body at point D is
assumed as a bushing, it i1s a three DOF system. However, if the mass of the strut is

ignored and the bushing is assumed to be a pin joint, the number of DOF will reduce to
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two, including the vertical displacement of the sprung mass and the rotational motion of
the control arm [26]. In this model, the strut is shown by link CD while link AB depicts
the control arm which is modelled as a rod. The revolute joint at point B in which the
control arm and the chassis are connected together, is modelled as a rotational joint. This
model is more general than the conventional model since it integrates the vlinkage
kinematics and is more accurate than that was proposed in references [20-23] where the

wheel camber motion was not considered.
The detailed assumptions made in this model are as follows:

1- The sprung mass has only vertical displacement while the motion of the vehicle body

in other directions is assumed to be zero.

2- The unsprung mass (spindle and tire) is connected to the car body through both the

strut and the control arm.

3- The values of z; and 6 are measured from the static equilibrium position and are

considered as generalized coordinates.

4- The camber angle is assumed to be zero when the suspension system is at static

equilibrium.
5- Compared to other links, the mass of the strut is negligible.

6- The coil spring, the tire, and the damper are assumed to be linear.
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1- Chassis (sprung mass)
2- Control Arm

ki .
3- Spindle

4- Strut

Figure 2.2 Model of the MacPherson strut suspension

It is assumed that, under static equilibrium conditions, points A, B, C, D, J, and P,
respectively, are located at (yai, za1), (Y81, Z81), (Ycu, 1), (¥Ypi, Zo1), (Y1, Zn), and (ypi,
zp1) with the origin of the coordinate system, O, at B. In addition, the vertical
displacement of the sprung mass, z;, to be upward and the rotation angle of the control

arm, 6, to be in the counter clockwise direction.

By developing the displacement matrix [25], the main points on the spindle change as:

Yo Yo Y ay @y Ya-(anya +apza) | ye, Vi, Yr

e Ly EFp{Tan 9n -".4—(‘721)“’_4[“722—".4,) e, %, 2h (2.9)

| I 0 0 1 |

Further,
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a,, =a, =cos¢g (2.10)

ay =-a, =sing
where ¢ is the rotation angle of the wheel about x axis.

In Equation (2.9), the unknown parameters are (ya, za), (¥1, z1), (¥p, Zp), (yYc, 2zc) and ¢
with 6 equations in terms of 9 unknowns. In order to solve this set of equations, it is
necessary to employ the kinematic constraints of the mechanism. Since a link including
cylindrical joint and spherical joint establishes the strut of the MacPherson suspension,
the constraint of this link at the points C and J can be described as follows:
Z¢ =a(y(~—y,))+zl) (211)
z;=a(y,-ypl+zp
where a is the slope of the strut with respect to the vertical axis and is less than 15 degree

in Macpherson strut suspension system

The control arm is a link between a revolute joint and a spherical joint. It rotates around a

fixed axis and has a constant length. Thus the constraint equations of this link are:

y,=1L,cos(8+6)+y, 2.12)
zy=L,sin(0+0,)+z,

where L, is the length of the control arm and 8, is the initial angle of the control arm
resulting from static deflection and structure design. Moreover, the positions of the key

points on the chassis are changing under road disturbances as below:

V=0, z,=2z, y, =Ypo Zp=2Zp tZ, (2.13)



With addition of Equations (2.11), (2.12), and (2.13) the number of unknowns, (ya, za),
(v1, 21), (yp, Zp), (¥Yc, Zc), & and ¢, increases to 10 which is equal to the number of

equations. Thus, the following system of equations can be established:

Yo =, —Yadan+(zy —2¢))an + ¥4

ze =g, —ya)an +(2c, —z4)a + 24

Y=y, —y4)a +(zy4 — 25 )00+ Y,

2y =y, =Ya)an +(z5, — 24 ) +2,

Yp=p —¥ada +(z4 —zplay +y, - (2.14)
zp =(yp —¥a)an +(zp —z,4 ) +2,

ze =a(yc _yD.)+(ZD1 +2z,)

zy =a(y; - yp )+ (zp, +2,)

yq=L, cos(8+8)

z4=L,ysin(@+6)+z

Upon solving the above system of equations, ¢ would be determined as a function of the

generalized coordinates 8 and z;. The value of ¢ as a function of § and z; is:

¢=_[51 + 5, €os(8 + ;) + 53 5in(6 + 6,)] N
2

(2.15)

\/[(s] + 5, cos(6 + 6)) + 55 sin(@ + 6, )]2 — 454 + 55 5B + 6)) + 54 c0S(6 + 6)]
2

where

= O, = Y5 )7p, + (2, ‘Z(T. )Zp,
e, =ya Xy, =24+ (24 =2 )0s, = V4)

S

()’J' —Yc, M. 4
e, —yvaXzy, —z4) 4y =200y, —¥4)

Sy =

. (z¢y— 2y ‘ )L,
} ()’(‘I =YXz, —za )Gy =2 Xy =y )
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. (z¢, =2, yp, + e, —¥s,)2p,
()’('I —Va )(ZJ, —Zy )+ (ZA, =z, Xy, = Va4 )

54 =1

and subsequently the other unknown parameters including (ya, za), (yy, z1), (Yp, 2p), (Yc,
zc) and a can be specified. So far, the displacements of all key points have been

determined as functions of the independent variables # and z;.

The next step is to find the velocities of the key points. The system of velocity
components of the main points are obtained from the derivation of the system of

Equations (2.14) as below:

Yo =9(zg=zc)+ Yy
e =9 -ya)+tzy
Vy=9(z4-2))+ y4
;= ~ya)+iy
Yp=@(zy—zp)+ ¥,

L . 2.16
p=0(Yp—Ya)+ iy (2.16)
ze =ayc +a(ye —yp)+i,
zy=ay;+a(y, —yp)+i,

Y4 =—L,sin(6+6)6
f4=L,cos(8+6,)0+z,
In solving the above system of equations, the value of ¢ is determined as follows
9= (z4 -y 'l‘:s)()"C_yJ) _ - (217)
where
h=(e-ya+aze—az )y, —yp)— Wy —ya+a, - Xye —yp) (2.18)
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2.3.2 Equations of motion

The equations of motion of the new model can be derived using Lagrange’s method. The

kinetic energy, 7, is given by

T—]

CTN NPT RUPIS (ST Ry
=4 m )G + o m Gh+ 2p)+ 17+ et (2.19)

where mj, m,, and m,,are masses of the body, wheel and control arm, respectively. I, and

12 are the inertia moments of the wheel and control arm where the latter is taken about

point B. The potential energy, V, is
- % K (ALY + % K, (42)? (2.20)

where K; and K, are the stiffness coefficients of the sprung and unsprung masses,
respectively. Moreover, the deflection of the spring, 4L, and the deflection of the tire, 4z,

are:
AL =[(ye = yp) +(ze = 2p) 1P =[O, =y, ) + (e, —2p NP (2.21)
A=zp=z, =(yy —yp)Q+(zp —2,)+ Lysin(@+6) 42,2, (2.22)
The damping function, D, is given by

D= %C,,(AL)z (2.23)

where C,, is the damping coefficient and the relative velocity of damper AL is:

AL =[5 G =)+ G = 2)Ee =20 =) + (20 =2p) T (2.24)
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Using Lagrange’s equations along the generalized coordinates z; and 6 and by

substituting the values of j, and z,, taken from (2.16) and ¢ from (2.17), respectively,

into (2.19) one can obtain the equations of motion:

S

p .
(m,+m, +m, )z +m,L, [cos(9+<9,)+[cos((9+6’,)+asin(9+9,)] e —y.,)(y,,‘ y”)}é =

h

!

OF..
‘a‘;‘-fa'*'j:/"'H3‘H1 ‘Hz

AN

(2.25)

and

[mu L{{(cos(& +0))+asin(@ + 6, )} e =>, 11(2,4 —zp) sin(@ + 6, )}{— L,sin(0+6)+(z4— ZP)Z_Z:| +

m,,LA[LA cos(8 + 6,) + (yp — ;4)%’}[{@05(9 +6)+ asin(@+6,)1 3¢ ‘yJ)h(y” =Y4) 4 cos(6+6 )J +
c

5

IL, (cos(9+91)+asin(9+€])% + Iw}éu m, [LA cos(@+6) +(y, —zA)g—Z] 2,

I

:—g%’.j; +H,~H,~H,
(2.26)
where
H, = - Cff H, = Z’ , Hy = SD 2.27)
HJZ_%A HS:%, Hbz—%g (2.28)
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Since the equations are highly nonlinear, the higher order nonlinearities are ignored in
Equations (2.25) and (2.26). Therefore, the equations of motion are obtained as:

-fi(zs9‘;.\‘7979.)2.\' +f2(z_\-7‘;(\-,979.)é = I:[("\a \39 9)

: ... (2.29)
f1(2002,0,0)%, + fu(z,,2,,0,0)0 = Fy(z,.2,,6.6)

Solving the above system of equations, the accelerations along the generalized

coordinates are obtained as follows:

.Z~" ?? ?j}- _gl(z.\"’;'.we:g)
; ; fj; (2.30)
JHY2 /3% - A
=g,(2,,%,,0,60)
AR
At this point, introducing the state variables as [x;. x5 x3 x;]" =[z.. z,, 8, 6] yields the

state space representation of Equation (2.30).

X=X,

XZ:gl(Z.s-";.wg’é’fmfd’zr) (2 31)

X3 =Xy

'\.‘4 = gz(z.u5<\-=6,9>fa:/;/>5r)

2.3.3 Linearization of the Equations

The highly nonlinear equations of motion are linearized at the equilibrium state (x,., x2,

X3e, X40) = (0, 0, 0, 0). The resulting linearized equations are:

X=Ax(t)+ B [+ Bz, (1)+ By f4(1)

0y (2.32)

where
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0 1 0 0
Ox, Ox; Ox
=% 0 o I
% %% %
ax] 6x3 5x4 x
Fo T "o T "o T
0g, 28, g
0 oz 0
B = e B,=| | B= Y,
0 0 0
og, g, g,
KA Iy -0 | Oz, |, | o, f=0

2.4 Modified Model for Semi-active Ride Control Applications

The implementation of active control components on MacPherson suspension is difficult
due to the limited space available in this type of the suspension system. In the semi-active
case, there is no actuator to supply an active force, and ‘the passive damper is replaced by
a damper with a controllable variable damping coefficient. Magnetorheological (MR)
dampers are commonly recommended for the semi-active control applications due to
their small size, low energy requirements and desired performance which is in between
that of passive and fully active devices [29-31]. Thus, the idea of incorporating semi-
active controller is more attractive. For the semi-active control applications, the process
of modeling is the same as that for active control applications except that the damping
function is equal to zero in Equation (2.23) and f;, representing the semi-active control
force is used in place of £, in Equations (2.25) and (2.26) [5, 26]. Therefore, the state

space equations are modified as:

= Ax() + B f. (1) + Byz, (1) + By f, (1) (2.33)
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where

0 1 0 0
%g_' 0 % 0
_| X3
4=1°0 0 0 1
[ 0 fig_z_ 0
ox, Oxy .
- O a7 - 0 i I~ 0 a7
%, | % %
af;a az’ af;
B=l B=g | o B 0,
%, %, %,
_afm J7..=0 L aZ, J:,=0 - af;l 4/4=0

2.5 Comparison of Three Models (nonlinear, linear and conventional)
2.5.1 Comparison of the conventional and linear models

Representing the two dominant modes of a quarter-car model, the conventional model is
composed of two lumped masses connected via a spring and a démper, with one of them
connected to the ground through the tire stiffness. This model, shown in Figure 1.2,
considers the vertical motions of the sprung (vehicle body) and the unsprung (wheel)
masses. It should be noted that all the c;éfﬁcients are assumed to be lineér. The equations

of motion are given as:

mes = '—kx(zs —Zu) _Cp(‘;x _‘;u)+ fn _fd = m.v‘e':s

Z./m“ = k.\‘(zs - Zu)+cp(-";.\ —ju)+k1(zu —Zl')—ﬁl = "711‘:";11 (2‘)4)

where f, and f; represent actuator and disturbance forces, respectively.



The state vector is defined in state space as [76]x=[z,,%,,2,,7,]. The state equations are

expressed in matrix form as:

x=Ax+B f, + Byz, + B3 [, (2.35)
where
[0 1 0 0 ]
ks CI’ ks _C_P_
m, m, m, m,
A= A 2 2 :
0 0 0 1
kr i ]cl _kt ___c_p
L mu mu mu u
— 0 7 ~ ) ) ~
o7 07
1
— 0 -1
m, —
B = () , B=| 0 » By={m
k 0
-1 _
o m"q L 0 _l
RL B

With the displacement of the sprung mass, z;, as the output and the road disturbance, z,,

as the input to the éystem, the following transfer function will be obtained from Equation

(2.35).

Z_Y(S) . kl(cps+ks) (2 36)
() As) '

H(s)=

where

A(s) = m",mus4 +(m, +m, )c,,s3 + {(m_\. +m, Yk, +mk, }sz +hc,s+kk,
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In the conventional model, the output variables are the displacement of the sprung mass,
zs, and unsprung mass, z,, whereas in Equation (2.32) the outputs are the displacement of
the sprung mass, z;, and angular displacement of the control arm,»H. Therefore, the output
variable compared between two models is in terms of the displacement of the sprung

mass, zs.

In order to show the advantage of the new model, the acceleration response of the new
model is compared with that of the conventional and nonlinear models in Figure 2.3 with

values taken from [26] and ADAMS software:

m =453 Kg m, =71Kg, K. =17658 N/im, K, =183887 Nim
1,=0.021 Kgm®, C,=1950 N.sec/m

As can be seen, the linearized system shows a good response in the most parts of the
range of frequencies while the conventional model presents some discrepancies in

frequency domain response.

In addition, the displacement transmissibility of the new linearized and conventional

models are shown in Figure 2.4 and Figure 2.5 for two different cases.

The positions of the key points on the MacPherson suspension are considered as below
for three cases (the origin of the coordinate system at the equilibrium position assumed to

be at point B, denoted as O, and all dimensions are in mm):
Case 1:

A= (206.5, 249, -60.8), C,=(222, 152.6, 236.2). J;= (229.2, 134.5, 374.8),

Py=(211.1, 292.1, 27.5), D1=(240, 107.4, 582.5)
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Case 2: The position of point Dj is changed to (240, 94.3, 682.5). In this case, the length

of strut given by Lg = \/ (Yo, = ¥p )’ +(zc, —2,, )" is larger than that in case 1.

Case 3: In this case all points are the same as those in case 1 except that C; corresponds

to point P;.

As presented in Table 2-1, the first resonance frequency is lower than that of the
conventional model in Cases 1 and 2 and equal to it in Case 3. Hence, the new model
behaves in almost the same way as the conventional model when point C; is close to
point P;. Since in the MacPherson suspension the strut is inclined with respect to the
vertical axis, there is a little discrepancy between pole locations of the conventional
model and those of Case 3. However, the second resonance frequency is higher in Case 1

and lower in Case 2.

Table 2-1 Comparison of new linear model and conventional model

Case 1 Case 2 Case 3
Conventional Model Ly=256 (mm) Ly=256 (mm) oint C=P
L= 349 (mm) Ls=450 (mm) pon
Poles -1.8475+5.78551  -1.5430+5.2770i -1.5805 +5.3414i  -1.8213+5.7434i
14.03724503982i  -10.9611£50.08951  -11.2035+49.9305i -13.8058 + 50.4499i
R
(f)s;;;';ﬁis 0.99 Hz (0.30) 0.89 Hz (0.28) 0.91 Hz (0.29) 0.99 Hz (0.30)
Ratio) 7.70 Hz (0.27) 7.81 Hz (0.21) 7.68 Hz (0.22) 7.70 Hz (0.27)
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Figure 2.4 Frequency responses of the new model (Case 1) and the conventional model
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Figure 2.5 Frequency responses of the new model (Case 2) and the conventional model

The results show that the change of the strut length influences the first resonance

frequency slightly. The results are summarized below:

1- The new model and the conventional model are identical when C,=P, as well as the

angle between the strut and the vertical axes is zero (a=0).

2- The resonance frequencies are weakly dependent on the length of the strut in the new

model.

3- For the first resonance frequency, the damping ratio and resonance frequency are

smaller than those of the conventional model in Cases 1 and 2.
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4- For the second resonance frequency, the damping ratio is smaller than that of the
conventional model in both cases, while the resonance frequency is larger than that of

conventional model in Case 1 and smaller in Case 2.

2.5.2 Comparison of the linear and the nonlinear models

The vertical acceleration of the sprung mass and the angular displacement of the control
arm for the linear and nonlinear models for a step input are illustrated in Figure 2.6 and
Figure 2.7, respectively. For simulation purposes, the step input, z,, is chosen as 100
(mm) and the sampling time is 0.0001 (s). In Figure 2.6, the maximum acceleration
response is 15 (m/s®) which is approximately close to the step input magnitude times the
transmissibility ratio at resonance in Figure 2.4 multiplied by the square of the natural
frequency in radian per second. It is also shown that the difference in the responses
between the two models is small and the linear model could be used to analyze the
dynamic behaviour of the structure and to form a base line model for the controller
design. In order to solve the nonlinear equations, the fourth order Runge-Kutta method is
used. Finally, Figure 2.7, represents the angular displacement of the control arm of the

linear model with reasonable estimation.
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Figure 2.6 Vertical acceleration of the sprung mass for a step input (z,=100 mm)
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2.6 Suspension Kinematic Parameters

Kinematics and geometry of a suspension system are important from the point of view of
the overall performance of a vehicle especially in the handling and stability analysis. The
forces generated by the tire are greatly dependent on the position and motion of the tire
and the motion of the suspension linkage. Based on this fact, different parameters which
describe the position of the wheel as well as determine the location of the forces acting on
the tire are defined. Some of these parameters are camber, caster, kingpin and toe angles
as well as track width and roll centre. It is worth mentioning that the proper kinematic
parameter performance ensures:' greater driving safety, easier steering, longer tire life,
greater fuel economy and, less strain in suspension components [3]. In the following, the
definition of the kinematic parameters of the MacPherson suspension and corresponding

mathematical representations are described.

2.6.1 Camber angle

In accordance with the standard DIN 70 000, the angle between the wheel centre plane
and a vertical line to the road plane is defined as camber angle [32]. It is positive if the
wheel inclination is outward of the vehicle body while it is negative if it is inward (see
Figure 2.8). Camber angle alteration results in the reduction of tire life because it
increases the abrasion between the tire and ground as well as increases the temperature o