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ABSTRACT

Stochastic Flow and FBSDE Approaches to Quadratic Term Structure
Xinghua Zhou

We study the stochastic flow method and Forward-backward Stochastic Differen-
tial Equation (FBSDE) approach to the Quadratic Term Structure Models (QTSMs).
Applying the stochastic flow approach, we get a closed form solution for the zero-
coupon bond price under a one-dimensional QTSM. However, in the higher dimensional
cases, the stochastic flow approach is difficult to implement. Therefore, we solve the
n-dimensional QTSMs by implementing the FBSDE approach, which shows that the
zero-coupon bond price under QT'SM provided some Riccati type equations have global

solutions.
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Chapter 1

Introduction

Modeling the term structure of interest rates is an important topic in mathematical
finance. Because of the tractability in pricing, affine term structure models (ATSMs)
have been widely used in financial modeling. In ATSMSs, the price of a zero-coupon
bond, which pays $ 1 at time T, is an exponential-affine function of the factor process
Xy

P(X,,1.T) = exp| B(T, 1) X, + C(T,1)],

at time 0 < t < T where B(T,t) is an n x 1 vector and C(T,t) is a scalar. The study

~ of the ATSMs includes Vasicek and Smith (1977), Cox et al. (1985) and Duflie and

Kan (1996). However, ATSMs have some drawbacks. Dai and Singleton (2000) show
that ATSMs fail to capture some aspects of swap yield distribution, which suggest that
there may be some omitted nonlinearlity in ATSMs. Ahn and Gao (1999) empirically
show that non-affine term structure models outperform one-factor affine models.
Recently quadratic term structure models (QTSMs) have been studied by several

authors. In QTSMs, the zero-coupon bond prices are exponential-quadratic functions



of the factor process X,
P(X,,t,T) = exp| X/ A(T, )X, + B(T, 1) X, + C(T, t)] ,

at time 0 < t < T where A(T,t) is a non-singular n xn matrix, B(T, t) ia an n x1 vector,
and C(T,t) is ascalar. Ahn et al. (2002) introduce the comprehensive QT'SMs and study
the characteristic of the models. The pricing problems of QTSMs have been studied
by Chen et al. (2004) and Leippold and Wu. Other research on the topic of QTSMs ;
includes Levendorskif (2005) and Boyarchenko and Levendorskii (2007). Compared‘
to ATSMs, QTS;M.S can capture nonl.inearities between economic factors and provide
more flexibility When ‘constructing models. Moreover, as shown by Chen et al. (2004),
Leippold and Wu, and Leippold and Wu (2002) QTSMs are analytically tractable in
that the zero-coupon bond price has an exponential-quadratic form in the state variables
and the the pricés of European style options can be calculated by Fourier transform
methods.

In this thesis, we study QTSMs using two approaches, a stochastic flow approach
and a forward-backward stochastic differential equation (FBSDE). The stochastic flows
appr‘oach to ATSMs fhas been studied by Elliott and van der Hoek (2001), Grasselli
and Tebaldi (2007),» Hyndmén (2007a) and Hyndman (2009). This method gives a
closed-form solution to the pricing problems for certain ATSMs. The FBSDE approach
was first introduced by Hyndman (2007b). In Hyndman (2007b), the author adaptéd a
technique from Ma and Yong (1999) to prove existence and uniqueness of a nonlinear
FBSDE which is generated from the pricing problem for the Cox, Ingersoll and Ross
(CIR) model of Cox et al. (1985). The results in Hyndman (2007b) have been extended

to the n-dimensional case by Hyndman (2009). Geman and Yor (1993) have shown that



the CIR process is a Bessel process under certain restrictions, which means that the
CIR process and the comprehensive QTSMs are equivalent in certain cases. Motivated
by this fact, we extend the techniques of the stochastic flows approach and the FBSDE
approach to the comprehensive QTSMs.

The thesis is organized as follows. Chdpter 2 introduces the models we study. Model
A in Chapter 2 is consistent with the QTSMS introduced by Ahn et al. (2002). In
Chapter 2, we also study the stochastie. flows approach to QTSMs. We give a close-
form solution for zero-coupon bond price to our model in one-dimensional case. We
also discuss the parametric restrictions fequired when implemeﬁting the flows method
to two-dimensional QTSMs. In Chapte-rb 3, \;ve demonstrate the FBSDE approach for
the zero-coupon bond price for the cléss of the comprehensive QTSMs. Chapter 4

concludes and discusses future research directions.



Chapter 2

Stochastic Flows Method

In this thesis, we study two different models for the short interésf; rate process. Both
are formulated on the risk neutral probability space (2, F, {F,t > O}, Q) for0 <t <T*
where T* is the investment horizon, {J;} is a right-continuous and complete filtration,
and Q is the risk-neutral measure. As in Shreve (2004) (p 411), the price of the zero-

coupon bond at time t for maturity 7' < T™ is given by

T

P(t,T) = Eg [exp( — / Tudu>

t

?t]. | | (2.1)

On the risk neutral probability space (Q, F, {F;,t > 0}, Q), supposebthe factor process

X € R" is given by

dX; = {AX; + B}dt + odW,, (2.2)
where
-a1,1 T al,n- —51— —01,1 s Ul,n-
A= B = o=
ang o ] _Z)n_ 001 1t Onn




and

Wt(n)
is any n-dimensional Brownian motion with respect to (2, %, {3t > 0},Q). From
Friedman (1975), the unique solution of SDE (2.2) satisfies the strong Markov property. '

We assume that the riskless interest rate r, is given by a function r(X,). In this

thesis, we would like to consider two different models of r(X;). Model A is defined as

follows,
where _ -
Y1t N
I'= ’ R= [Tla Tn:l
Y1 0 Tan
L i

and k is a scalar. T is required to be positive semidefinite.

Remark 2.1. Since I' is positive semidefinite. The lower bound of r(X;) from (2.3) is
k—IRI7'R' when X, = —3T ' R'. So this model can guarantee the positive sign of the
short rate process by setting k — 1RT'R' > 0. To find the minimum of (2.3) we just

need to take the partial derivative of r(x), fE)r x = (x1,- -, Tn) with respect to xy. ---

Z,. Then we know that if X, satisfies equation
(T +T)X, + R = Onx1, (2.4)

7(X;) can reach its minimum. Since I' is positive semidefinite, it is a symmetric matric.
Simplifying equation (2.4) to get X, = —%F_lRT.

)



Model B is defined as follows,

where

and k is a scalar.

Remark 2.2. Model B can be seen as a special case of Model A by setting I’ = C'C.

In one-dimensional case, these two models coincide.

In this chapter we study the stochastic flows approach for quadratic term structure
models. In the following discussion we find that the stochastic flows method can solve
the one-dimeﬁsional model. However, this approach becomes complicated in the higher
dimensional cases and it is not clear if the‘method works unless we add some restrictions

on the parameters of our models.

2.1 Introduction to Stochastic Flows

We introduce the definition and some important properties of stochastic flows in this
section.

In the general case, consider the stochastic differential equations (SDE)
dX; = b(t, Xy)dt + o(t, X¢)dW, (2.6)
taking values in R". Suppose

b:[0,00) x R" — R"

o :[0,00) x R" - R™™



are Borel-measurable functions.

We are interested in solutions of (2.6) started from an initial condition z at time s.

Definition 2.1. Fiz some z € [0,00). A solution of the SDE (2.6) for the pair (b, o),

starting at s, is a triple
{(Qa“}r? ?t’ Q)~ (Xht 2 8)7 (M/wt Z 0)}

with the following properties:

(i)(a) and (b) hold:

(a) (2,F,Q) is a complete probability space;

(b) F; is a filtration with {N € F|Q(N) = 0} € F,.

(ii){W;, F;} is a R™-valued Wiener process on (£, F,Q);

(iii) {X;} is a continuous R™-valued process on (0, F, Q) such that

(a) w — Xy(w) is Fy-measurable for each t > s;

(b) t t

' /|bi(u,xt)|du+/|aij(u,xt)|2du < 00

Q-a.s. for eacht € [s, oz)), S

(c)

[4 t

X=X, + /b(u, X,,')du + —/a(u’ Xu)dl’[fu

Q-a.s. for each t € [s,00).

We shall require solutions of (2.6) to have the property of path-wise uniqueness as

in the following definition.

Definition 2.2. Fiz an arbitrary z € R™. The SDE (2.6) for the pair (b, o), starting

at s, has the property of path-wise uniqueness from z € R™ if for any two solutions

{(forvfﬂtQ)(Xf,tzs)(nfthO)} =12

7



such that
X! = XS2 =z @-as
it follows that

QUX! =Xt tels,0)}) =1
In the most general case our analysis requires the following assumption.

Assumption 2.1. Assume that the Borel-measurable functions b : [0,00) x R* — R"
and o : [0,00) x R® — R™™ satisfy the following conditions (a) and (b) for s € [0,00):

(a) for x € R", there exists some solution
{(ngﬂ Erta Q)7 (Xtyt 2 3)7 (V‘/ht Z 0)}

of the stochastic differential equation (SDE) for the pair (b,o) starting at s, such that
Xs=1z, Q a.s.;
(b)for z € R™, the SDE for the pair (b, o) starting at s, has the property of path-wise

uniqueness from x.

Remark 2.3. The motivation for Assumption 2.1 is so that we can apply the results
of Kallenberg (1996). This result is rather technical and is stated in Theorem A.2.7 of

Appendiz of Hyndman (2005)

On a probability space (92,7, Q) consider the stochastic differential equation (2.6)
taking values in R” with b and o satisfying conditions (a) and (b) of Assumption 2.1.

For each z € R™ and for t < u write X%* for the solution to
u

u U

xte :x+/b(S7X;>r)d5+/U(3,X£’z)dVVs. (2.7)

4 i

The following result allows us to formally differentiate (2.7) with respect to x and

shall be used throughout the thesis.



Theorem 2.1 (Diffeomorphism Theorem). Suppose b : [0,00) x R* — R" and o :
[0,00) x R® — R™™ are such that equation (2.7) has a solution that is path-wise
unique and there is an open set D C R™ such that x — b(t,z) and z — o(t,z) are
smooth functions of x (up to order two) for all x € D. Then x — X%* is differentiable
" and the resﬁlt of differentiating equation (2.7) formally with respect to = is valid. That

. t’I ..
18, %— satisfies

OXte [ Ob(s, Xt=)OXte [ Do(s, X7) OXte
9z “H/ ot oz d5+/ T

4 t

forallz € D.

Proof. This result has its roots in the work of Blagovescenskil and Freidlin (1961). The
proof, which is a consequence of the Kolmogorov-Centsov continuity theorem (Karatzas

and Shreve (1991), Theorem 2.2.8), can be found in Kunita (1981). O

A key property of stochastic flows which we shall employ is the semi-group or flow

property.

Lemma 2.1 (Flow Property). If X1 is the solution of (2.7) and X is the solution

of (2.7) starting at time s with s <t < u then
X5 = Xt’X:-J
in the sense that one is a modification of the other.

In our models, b(t,z) = (Ax + B) and o(t,z) = o satisfy Assumption 2.1. There-
fore, the stochastic flow associated with the factor process X, given in (2.2) has the

diffeomorphism and flow properties.



2.2 One Dimensional Case
We use the following notation in this section. The factor process’is given by
dX; = Bla — X;)dt + odW,. (2.8)

On the risk-neutral probability space (2, F, {F;,t > 0}, Q), the riskless interest rate r;
is given by the function

r(X,) = cX? + bX, +a. (2.9)

Define X'® as the solution of (2.8) started from z € R at time t > 0. So that X:°

satisfies
S

Xbe =w+/ﬁ(a—Xff)du+o/dVVu, s€[t,T)]. (2.10)
i 14

The zero coupon bond price with maturity 7" at time ¢ is

pie1) = Efewn - [t}

By the Markov property of X;,

fﬂ]. (2.11)

P(t,T)=P(t,T,X,), _ (2.12)
where
A
P(t,T,z) = E[exp{ - / T(Xf;”:)du}]. (2.13)
t
Taking the derivative of (2.13) with respect to x,
OP(t, T, x) [ r ox:! r
i1, 1yt v . t
— _ . Z / . Xt
5 E< /7 (X.*) 5 du)exp( /T( s )du)jl
i [2
- T
=FE|L(t.T. x)exp( — /r(Xf;’”)du)], (2.14)
- t

10



where
T

aXt Xz
L(t,T,x) =—/ "(XE5) 2 du. (2.15)
.0z
t
We may exchange the order of expectation and differentiation since b(z,t) £ 8(a — )
and o(z,t) = o satisfy the linear growth condition in z and global Lipschitz condition,
the partial derivatives of b(x,t) and a(x,t) are continuous and satisfy a polynomial

T
growth condition and the function exp{ f x)du} has two continuous derivatives sat-

t
isfying a polynomial growth condition (see Friedman (1975) p 117-123).
In order to factor out the bond price P(t,T) from the expectation in (2.14), we want

to work on the forward measure Q7. ‘Recall that the forward measure is defined as

follows:

Definition 2.3. Let T be the maturity date. The T-forward measure QT is defined by

-QT(A) = Eg[Ar1s] VA€ Fr

where
T T
Ar = %% . = P(0, e:cp( 0/ ) (2.16)
Let
. exp{— ftr(Xu)du}P(t,T)
A = E[A7|F] = 0 . (2.17)

P(0,T)
Then for any Fp-measurable random variable ¢ with Er|p| < oo, the Bayes’ Theorem,

Karatzas and Shreve (1991) (p193, Lemma 5.3), we have
Er(p|F:] = A7 ElpAr|F]. (2.18)

So
Erlg|FJP(T) = A7 BlphrlFP(.T). (2.19)

11



Substitute (2.17) and Definition 2.3 into (2.19),

ErigTIPT) = — { fP( ()0( )T;u}P(t’T) Ble— 30z |FeD
) .exp(._jﬁx)ggdu>
T (C froxon) °
by - [roxoa)e]
=FE|¢p exp{ /Tr(xt X‘)du} 3’] (2.20)
So
Q]ita’;&”—) T P(t,T)Er [L(t, T, X,) '3}}
= P(t,T)Er [ - /T(ch,ﬁ’m + b)(ag(fw) du 52]. (2.21)

t =Xt
Now we want to find a Brownian Motion under the forward measure Q. Let f(X,) =

A,. By Ito’s formula, we have

f(Xy) = f(Xo) + /f w)AXy + = /f”

XO /f O{Bla — X, )du+ odW,} + /f”X)ozdu

— f(Xo) + / {FOC)IBla— X)) + 517(X,)0% ) du + / F(Xu)odW,s

By Definition 2.3, A, is a martingale in the probability space (0. F,{F;,t > 0}, Q).

Then we have
t

/{f'(Xu)[ﬁ(a Xu)]+ f” o }du = 0. (2.22)

0

12



So

t

f(X:) = f(Xo) +/f’(Xu)adWm (2.23)
0
where
t
— X,)d
fI(X)__exp{ ‘Ofr( ) u} _aP(t*T*"I)I
Y P(0,T) Ox  lr=X
\ .
exp{ — fr(Xu)du}
= 0 . 1
P(O, T) P(taT)ET I:L(tJT, Xt) g:t]
Define
O,=—0Er [L(u, T, X.) :n]. (2.25)
Then
t
A=A — /@uAuqu. (2.26)
J .
By Girsanov’s Theorem,
t
Wl =W, + / O.du (2.27)
0

is a Brownian Motion with respect to the forward measure Q7. The dynamics of X5*

under the forward measure becomes

s

X =g+ / {Bla — Xt) — 0O, }dv + 0 / dw7 . (2.28)
4

t

. . . A ; 8Xt.-xt
Consider this expectation Er| [ X5i*o%e— du

i =Xt

iﬂ]. We want to construct an -

ODE of it in the following discussion. Define

oxte
Dy(a) = == (2.29)

13



Since our factor process X; is Gaussian, differentiating equation (2.28) with respect to

z gives that D, (x) satisfies, by Protter (2005) (Theorem 39, p 250),
Dis(z)=1-— ,B/Dw(ar)dv. (2.30)
t
which can be solved independent of x. The solution to (2.30) is
Dyy(x) = e P70,

Applying 1t&’s product rule using the dynamics of Dy (z) given by (2.30) and X ta

given by (2.28), since D;(x) is of finite variation, we have

XY Dis(z) =z + /Dm(ac)de,’z + /Xf)’Ithv(x)
= r—i—ad/Dtv(w dv——Zﬂ/X”Dw dv-l—a/Dw dWU

d’Ul

=Xy

g /Dw ET[/ (2¢X3:% + b) Dyy, ()

Cﬂ] dv. (2.31)
Take the expectation of equation (2.31) under the forward measure Q7,

Er[X % Dyy(X)|F.) = X, + af / Er[Dy(X:)|F)dv — 28 / Er[Xy™ Dyy(Xy)|F]dv

-0 //ET [Dio (X ET[(20X1;']’X” + b) Dy, (X )dv1 |F, ]| T ) dv

(2.32)
By the tower property of conditional expectation, since t < v < s < T, in equation

(2.32), the conditional expectation becomes

Ep[Deo(X:) Er[(2¢X3;7 +5) Doy, (Xo)|F.]1F]
:ET[D“](X,*)(ZCX,:]X’ + b)va] (Xv)[gt]

=2¢E7[Diy(X0) X2 Doy (Xo)1F1] + DET[Dy( Xy) Dywy (X)) |F4] (2.33)

14



By the flow property we have, fort <v <wv; < T,
XX = XuX = XX (2:34)
Then applying the chain rule we find
Dy, (X1) Doy (Xy) = Dy (X3). (2.35)
Then, substitute (2.33) and (2.35) into (2.32) we find

ET[Xz’XtDts(Xt)Igt] = Xt + O[,B/ET[DtU(Xt”gt]d’U - Qﬁ/ET[X:X,Dtv(Xt)I:}:t]dU
t t

s T
~a%b / / Er|Dy, (X:)|F:]dvidv
t v

s T
—2020//ET[Xf,;Xtle(Xt)lfﬂ]dvldv. (2.36)
t v
Define
9(s) = Er[ X Dy (X:)|F)- (2.37)

Substituting (2.30) in (2.36), we have an ODE
g(s) = X, + ozﬁ/ e Py — 2B/g(v)dv
¢ t

s T s T
— aQb//e_B(vl_t)dvldv— 2020//9(71])dv]dv. (2.38)
t v t v

Differentiating equation (2.38) with respect to s, we obtain the following ODE with

boundary conditions

(
g"(s) = —af%e™PD — 284/ (s) + bo?e P71 4 2c02g(s)
; g9(t) = X, . (2.39)
T T
gt)=af—26X,— 02b/ e P=dy, — 2co? /.g(v])dvl.
\ 1 ¢



Equation (2.39) has general solution

2 2
= cyelBHVEF2Ds 4 o(=-/FP 20075 | bo' —af” ey (2.40)

g(s) R

Applying the boundary conditions allows us to show that

2pn2 — 2¢02(bo? — af?
o = {aﬁ+ o b77 C;n(2 g Ofﬂ ) . (e—ﬂ(T—t) — 1) + Xt(—,8+ 77)e(—ﬁ-n)(T—t)
N (bo? _20452)[3 N (bo? — aﬁ@»(-ﬁ +n) e(—ﬂ—n)(T—t)}/{e(_m")T
n n?

x [ﬁ +n+(=B+ n)e"’"“‘”] }

2pn2 _ 9 2 bo? — o3
¢ = {aﬂ—{— o°bn c;n(2 o —af) (BT _ 1) 4 X,(=f — n)el~A+mT-1)
n (bo? _772ozﬂ2)ﬁ N (bo? — 05;2)(—5 - ) .e(—B—kn)(T—t)}/{e(—B—n)T

x [ﬁ —n+(-6- n)ez"‘T‘t)} }
where
n = /5% + 2co?.

Therefore Er[X XDy (X,)|F,] is a deterministic function of X,. Hence. by the Fubini's

Theorem, we have

Er [L(t, T, X,)

srt}
T

o /ET [(QCXZ’X" + 0) Dyu(Xy)du

t

g
T T

B / Er[Du(X,)|Fldu — 2¢ / g(u)du
t t
.—_______Cl(_(i_ m) (el =PHT el=BHmty 4 _———CQ(—52+ ) - (el AT (=Pt
N bn? — 2¢(bo? — a3?)
s

- (e*’fm) —1). (2.41)

16



Define

2c(e®™ — 1)

AN = g e (242)
B = { [as-+ 220 [y —1) — ]
A OBNE ) (g g B2 eiP))
- {02 [(ﬁ Fp)(eR — 1) + 277] } (2.43)
where |
=Tt
Substitute (2.41) in (2.21).
@%ﬂ T P(t, T){A(T)Xt + B(T)}. (2.44)
Let |
P T, X,) = exp{% CAM)X? + BEX, + O(T0) ), (2.45)

where C(T,t) is a differentiable function from R? to R. By Feynman-Kac Theorem

Karatzas and Shreve (1991), P(t, T, z) defined in (2.13) satisfies the Cauchy problem

0P(ta,tT, x)ﬂ?(a ). 3P(ng, x)
+ %a"‘ : f%é%@ — (cx® + bz + a)P(t, T,x) =0, (2.46)
and the boundary condition
P(T,T,z) =1.

Substituting (2.45) in ODE (2.46) and dividing the whole equation by P(t,T, X;), we

have
1, 0A(7) OB(r) OC(T,1)
§Xt2 5 "Xt g T T (Ba — BX)[A(T) X + B(7)]
+ %o? (A(T)X, + B(r))? + A(r)] = eX? +bX, +a (2.47)

17



Comparing the coefficients on both sides of equation (2.47), we get an ODE of C(T,t)

dC(T, 1)
ot

C(T,T) = 0.

+ BaB(T) + %o*zB(’r)2 + %UQA(T) —a=0 (2.4

Solving this ODE, we find that C(T,t) is a function of 7. We denote C(7) = C(T,1).
2.2 25 _ 232 1 (n+8)T
Clr) = b?o? — 203%b 2aﬁ0]7+_10g{ 2ne }
, 2n? 2 (B+mn)e* +n -0
N 2¢(bo? — af?)? 4 23(b+ 2¢ca)(bo? — aB*)(B + n)e™ — [2o?(b+ 2ca)?
P8 +m)](8+mer +n - ]

B0 (b + 2ca)? — 2¢(bo? — af?)? — 208(b + 2ca)(bo® — af?)(B +n)
+ —
: 2n* (8 +n)

arT.

(2.49)

Summal“iziljg the material of this section we have the following Theorem.
Theorem 22 Fort € [0,T] and for allz € R,

P(t,T,z) = ea:p{% - A(T)x* + B(t)z + C(T, t)},
where A(T), B(7) and C(7) is given by (2.42), (2.43) and (2.49), respectively.

Corolléry 2.1. If the factor process is given by (2.8) and the short rate is represented

by the function (2.9), the zero-coupon bond price is
1 2
P@,T) = e;-up{§ - A(T)X2 + B(r)X, + C(T, t)},
where A(1), B(7) and C(7) is given by (2.42). (2.43) and (2.49), respectively.

This agrees with the results in Nawalkha et al. (2007)(p 487-488).

2.3 Two Dimensional Case

Next., we discuss the application of the stochastic flows approach to the two-dimensional
quadratic term structure models. Consider the Model B of two dimension. The factor
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process is given by

dXt(l) a1 Qi2 Xt(l) g11 012 dVVt(l)

dXt(Q) 091 099 th(Z)

[yl
[y

[l
()

2
azy Qg2 X t( )

The short rate process is
T'(Xt) = CXtX,{C, + RXt + k,

where

C= |:c]7_ CQ:I 7R: [T]7 ,,«-2]

and k € R. Recall that P(t,T, ) is 'devﬁlA]ed in (2.13). In the two-dimensional case

o
r = [331; $2]

OP(t,T,x)
3P(t,T,x) _ oz, z=X: |
Ox =X, AP(t.T.x)
| Oz2 =X
— - -/ - - -
T X (ti))(‘ —wgiﬁ
P, T)Er| — [{2 *l C'C+R ] du
t.X
t Xt,Xt BX(‘{),:':
(2).u or1
— - = -t Lx = (251)
r | X e
P(t,T)ET[— f {2 C’C+R} du]
t Xi,Xt 6X(;),iz
i | (2),u_ i Ox2 i i

Following similar steps to the one-dimensional case, we prefer to work under the forward
measure Q7. The Brownian motion under the forward measure is given by

wT ’

Wl = = [|d du + W, (2.52)
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where

— -/ — —

T S X AX e
(1) _ (1),’U 7 | 61‘]
GU —ET 2 CC+R X d’US'-u,
u,Xu BXZ"),:
u L_X(Q),’U i | 31:21 ]
-~ -7 - -
T X u,X w 0X (u]))f:
(2) (v ’ oz
0® =E; 2 C'C+R dv|F,|.
Xu,Xu 8X(u2’)l?,1.u
v L (2)7'“ i L 81‘2

Then under the forward measure, the dynamics of X!* are

s | @5,]) s
Xb =g+ / {AXf,’z + B —o0 }dv + /odI/V;‘F.
: 0. |

is deterministic

We also know that agﬁ’z

oX1e . © Ak
oy =~ Dul@) =0 =143 4.
k=1

t,x
2% are

And the dynamics of

axtT  axheT
D () 81(11) afg)s D}l (z) Dj*(x)
ts\T) = =
axhT  axhT
6;i) ag(:?)s D?sl(l') DtQ.Z(T)

S

=1+ /ADtu(x)du

t

1 0 y CLHD,E (.’L’) + algDm a]]Dtl,E(ilf) + (l]2D22

tu tu

= + du
0 1 t (lngtl; (.I') + G,22D21 G,Q]Dtlz(l') -+ CLQQDETE !

tu

Now consider the expectations

- a7 - B
- T z -
X(ti)u , Dy, (x)
ET / C C du 3‘} .
X D2 (x) :
_ T z -
Er / c'c dulF; | .
Ly | X (,2_,§u Lng(a:) .

20

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)



We want to show that (2.57) and (2.58), are deterministic functions of X;. From (2.55),

we have, evaluated at x = X,

u

ClX(lia)cu + CQX(tSu =11 + Cox2 + / {(clan + CQGQ])X;;;U + (C]Cl]Q —+ CQG,QQ)X(t;;U + C]B]
-t

+ Cgi)g}d?) + /(01011 + Co091 )dI/VISI)T + /(C]O’]Q + CQUQQ)d"1/1§2)T

t t
u

B / {[Cl(a%] + 02,) + ca(011021 + 012022)]OL)

t

+ [e1(011001 + 012092) + ca(05) + 052)]652)}5111, (2.59)

Similarly, we could get the dynamics of ¢; D}}(z) + coD?! and ¢1 D2 (z) + ¢ D}2

tu?
u

ClDt],j (il?) + CQD?; =C + /{(clan + CQQQ])D;} (.’II) -+ (Clalg + CQ(LQQ)D?,I} (x)}dv (260)

t
u

ClDt]E(iE) + D=+ /{(clall + 02021)Dt13($) + (cr1a12 + Caag2) D (x)}dv (2.61)

t
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So by Itd’s product rule, we have

!

t.x 11/,
X(l)u C,C Dtu 'E)
X5 Di; (z)

=(a1 X} + 2X(5,) (€1 Dy () + 2Dy,
=c21) + C10T2 + /(cl D}Nz) + 2D} () [(crann + 02021)X(ti§,, + (112 + 02(l22)X(t§J):v

t
u

+ by + 6252] dv + /(chtf (x) + 2 D2 (x))(crom + o091 ) AW DT

t
u

i / (1D} (x) + 2 DE) (x)) (1012 + €2002)dW DT

t
u

- / (c1 D}y () + 2 Dy (2)) (k1O + ko0 dv

t
u

+ /(C]X(tia;v + CzX(tz?v) [(clau + Cgagl)Dta} ((E) + (Clalg + Czagg)Dthl (J")] dU, (262)
t

where
ki = c1(0f) + 03,) + C2(011021 + 012022)
ko = c1(011091 + 012092) + 02(031 + 03,).
Consider (¢;D}N(X,) + c2DZ(X,)) (K 0 + k,0%). From (2.53) and (2.54). we have

(er DI (X,) + 2D (X)) (k10 + k,0P)

[, | X

—Er / {2 C'C+ R}
0. X5

- v ‘X(Q)v]

(D3}, (Xo) + k2 D33 (X)) (@ D (Xy) + 2Dy (X4)

VUL tv
X dvy

| (D, () + ko D22 (X)) (@ D (Xe) + 2Dy (X))

VU

I, (2.63)

By the flow property, we have

[ . O v. X, t.X: v.X 5
X(])vl - X(l)v] X(Q)m - X(Q)v]’
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and

Dy, (X1) =Djy, (Xo) - Diy (Xo) + Dy, (Xo) - Diy (X0, (2.64)
Dy, (X) =D, (X) - Dy (X) + D3 (X) - Dy (Xa), (2.65)
Dyp, (Xi) =Dg, (X0) - Dy (X) + Dy, (Xo) - Dy (Xa), (2.66)
D (X.) =D3, (X.) - Dy (X,) + Dy, (Xo) - Dy (Xa). (2.67)

But in (2.63), we have

(lell

VU1

(X,) + ko D)2

vUY

(X)) (1 Diy (Xo) + 2Dy (X1))

(Xo) - Dy (Xe) + kaee Dy, (X)) - D (Xo) + kot Dy

VU]

:klchll

VU1

(Xv) ’ Dth} (Xt)

+ k202D12

VUl

(X,) - D (X0), (2.68)
and

(kl D21

U]

(Xv) 4 k2D22

VU1

(Xo))(e1Dgy (Xe) + 2Dy (X4))

=k101 D21

VU3

(Xo) - Dig(Xe) + knca D3, (X)) - D (X) + kaer DY, (X)) - Dig (X0)

vy

+ kgCgDQz

Vv

(Xo) - D7 (X2). (2.69)
In order to apply the flow property to (2.68) and (2.69), we need to add the following
restrictions
kici = koco = k, | (2.70)
kicy = knc; = 0, (2.71)
where k € R is any constant. So

(e1DN(X) 4 2DE(X)) (k1O + k,01))

!/

T t. Xy 11
X ) v D’U (Xi)
~Er [/ 2| cox Ry || du Cﬂ]. (2.72)

23



Moreover, we have to put some restrictions on the coefficients in the equation (2.62),

which is
m = 1o +an _ G+ C2022. (2.73)
Cy Cy
With the restrictions (2.70), (2.71) and (2.73), we can get an ODE for
/
X Dy, (Xy)
ET[ A e Zol M s:,} (2.74)
X3y, D (X,)

from equation (2.62). That is

/

Xiwl | Di(Xe) ,
Er c'c Fi| = iz + cicamy
X DZ(X.)
!
Fo T X DY (X.)
+2m / Er c'C Fildv
t X(tﬁii: D7y (Xy)

u

+ / [C]Dtlg (Xt) + Cgl)tQU1 (Xt)] (C]I;l + CQBQ)d’U

't
!

roTxE L DR (X + 7 | DIL(X)
—QK//ET c'cC F, dvldv—k//R dvidv.
Y X D}, (X.) L v | DE(X)

(2.75)
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Similarly, we have

4

X D}2(x)
X D (z)

=(a X, + X (D) + cDi)

u

=c102T1 + 5T + /(ClDtlg(q:) + D (2)) [(eran + 02(121)X(ti§u + (c1a12 + ¢2a22)X(t§§v

t
u

+ cll~)1 + Cgi)g] dv + /(ClDtlg(.T) + CQD?f(l'))(CIO'H -+ CzO’g])dWél)T

t
u

N / (1 D(z) + 2 DF2(x))(c1012 + €200)dW DT

t
u

- / (1D} (x) + s D (2)) (-1 O + k0 )dv

t
u

+ /(ch(tf)v + CQXé:;v) [(C]Cl]] + Cgagl)Dgg(a?) + (Clalg + Cgagz)fo(Z‘)] d’U,

t

and

(e:DI2(X,) + e2DP2(X,)) (k1O + k20))

/

[ T X’U,Xv
—Er / {2 Wl oo 4 R}
L Xv,X,,
v (2)u1
(kDL (Xy) + k2 D22 (X)) (e DR2(X0) + 2 D72 (X4))
X ' duvy |F, 1.
(kD2 (Xo) + k2 D2 (X)) (1 D2(X1) + c2 D72 (X4))

We need the following restriction to implement the flows method.

k]C] = kQCQ =k

k]CQ = kQC] = 0
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where k € R is any constant. The ODEs is

/

X Di2(X,)
ET M) C/C ' Stt:| = C1CZ1 + Cg.’]ﬂ'g
X D2(X,)
!
o XG DLP(X,)
+ 2m / Erl| V| cc F, | dv
t X(té))i)t D7 (X.)

u

+ / [ClDtlf(Xt) + CzDi?(Xt)} (C]Z)] -+ ngz)dv

[4
’

u T +
Xl PR ()

2k | [ Er| c'c
o L XG D2 (X,)

Fe

t (2)vy )

u T

Dy? (X1)
duvdv — k//R dvidv.

t v D22 (Xt)

tvy

(2.80)

Hence, we can get two ODEs only if we put the following restrictions on our model.

4

kici = kaco

< kiCQ = kQC] =0

(2.81)

\ 51
Simplifying (2.81), we have

(

<

, = Gau + a0

C%(O%I + 0%2) = C%(Ugl + 032)

_ 011 +Cag 112 + C2022

Co

Cl(“%] + 0%2) + ¢3(011021 + 012022) =0

(2.82)

c1(011091 + 012093) + ¢2(03, +035) =0

C1032 + C2Q22

\ 1 B

That is, with the restriction (2.82) we obtain the ODEs given by (2.75) and (2.80)

which allow us to show the zero-coupon bond price is of the form

oP(1.T.2) P(t. T (1)

ox =X,

26
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where [;(t) and [5(t) satisfy ODEs (2.75) and (2.80) respectively. The Feynman-Kac
formula can then be applied. However, the restrictions (2.82) are quite strong and
as such we turn our attention to the FBSDE method where such restrictions are not

needed.
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Chapter 3

FBSDEs Method

From the previous chapter we see that the stochastic flows &ipproach is relatively
straightforward in the one dimensional case. However, inv higher dimensional cases,
the stochastic flows method requires the addition of some parainetric restrictions to our
models. In this chapter, we implement the forward-backward SDEs approach to Model
A. The result shows that the FBSDE approach, first introduced by Hyndman (2007b),
can solve our quadratic term structure model A without restrictions. We first derive

the FBSDE satisfied by the factors process and zero coupon bond price.

3.1 Connections between QTSMs and FBSDEs

In this section we discuss the connection between our problem and solving a FBSDE.

As we introduced in Chapter 2, the factor process is given by eqt.la,tion (2.2)
dX, = {AX, + B}dt + odW,, (3.1)
and the short rate process is given by equation (2.3)
r(X;) = X,TX; + RX, + k. (3.2)
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Define

L)

H, = exp( - / r(Xu)du> and | (3.3)

V. = Eq [exp( - / r()@)du) |3z}, 34

where s € {0,7] and JF, is the right-continuous and complete filtration discussed in

Chapter 2. Using Itd’s formula we can show that H; satisfies the dynamics
dH, = —r(X;)Hds. (3.5)

and is of finite variation. By the definition of V; in equation (3.4), we know that V, is
a martingale with respect to the risk neutral probability space (2, F,{F;,t > 0},Q).
By the Martingale Representation Theorem (see Shreve (2004) Theorem 5.4.2), there

™1 such that

exists a Fs-adapted process J; = [Jﬁl) e

s

Vo= Vot [0 W, (3.6).
0

With Y, = V,/H, we have from equations (3.3) and (3.4)

Y, =V,/H, =

Fo [exp< -] r(Xu)du) I?s]
exp< _ jr(xu)du>

T

exp( — /rudu) lgs

S

= Ey = P(s,T). (3.7)

So Y, is the price of zero-coupon bond with maturity 7" at time s. To get the dynamics

of Y}, consider the function f(z,y) = % Apply Ito’s formula to f(x,y) by using the
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dynamics of H, in (3.5) and V; in equation (3.6),

S S 1 S
Y, :Y0+/H;1dvu+ /(—VU,H;2)dHS+ 5/2VU,H;3d(H>U
0 { 0

0
s

+ ‘/(—Hu_Q)d<V’ H)u

0
s s

~Y, + / V,H2r(X,)Hudu + / H:'J,dW,
0

s

0
_—_YO-I—/YUT(Xu)d7L+/Zu.d‘/I/ua (3:8)
o 0

where

). (3.9)

Subtracting the dynamics of Yz from (3.8) we have

T T
Y,=Yr— / Y, (Xa)du — / Z,dW,. (3.10)

§ S

Since Y7 is the zero-coupon bond price with maturity T at time T', we have from (2.13)
Yy = 1. Therefore, in the risk neutral probability space (2, F, {F,t > 0},Q), X, and

Y, satisfy the system

r s s
X, =X+ / (AX, + B)du + / odW,
0 0
S T - (3.11)
Y, =Yr — /Yur(Xu)du— /Zudl'Vu
\ s 5

for s € [0,T]. Equations (3.11) constitute a forward-backward stochastic differential
equation (FBSDE) with adapted solution (X,.Ys, Z,), s € [0,T] as defined in Ma and
Yong (1999), E.Pardoux and S.Peng (1992) and Karoui et al. (1997).

In order to simplify things, as in Hyndman (2009). we choose to solve FBSDE under
the forward measure. Recall that the forward measure is defined as in Definition 2.3.
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Let

We have

Substitute the result of (3.12) into (3.6) to find

S

VoA, = Voo + / T dW,.
0

Dividing both sides of (3.13) by V, we have

[J
A, =A -—EdVVu
°+/ 7

J H,V,
7F_

=1+ / Y 1Z, A dW,.

0

Then, by Girsanov’s Theorem, we have that

t
ZI
= I/I/Yt —/—YTUdU
0 w

(3.12)

(3.13)

(3.14)

(3.15)

is a standard Brownian Motion under the forward measure Q7. Therefore, under the
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forward measure QT the FBSDE in (3.11) becomes

4 s s

Z! ,
X, =Xo + /(AXU + B+ a-Y—“‘)du + /adW{
) 0 “ 0

T T
2,7
Y, =1- / {Yur(Xa) + 57+ Jdu - / Z dWT
\ s s

for s € [0,T]. In the QTSM. with r(X,) given by (2.3), we have

8 8

Z,
X, =Xo + /(AX“ +B+og )du + /aquT
0 0
4 T T

zZ.Z!
Y, =1 - /{YU[X;FXu + RX, + k] + v “}du — /ZuquT
. p u p .

(3.16)

(3.17)

for s € [0,T]. In the next section we give a heuristic derivation of an explicit solution

for the FBSDE (3.17).

3.2 Heuristic Derivation of Explicit Solution

Following Hyndman (2007b) and Hyndman (2009), we adapt the technique for linear

FBSDEs from Ma and Yong (1999) to solve our FBSDE (317) Consider the dynamics

of logY;. Apply Ito’s formula to the function f(z) = logz using the dynamics of Y

from (3.17) to find

logY, = log Yy + /{2 ;’/2“+X’I’X + RX, +k}du+/——dWT

Similarly, we have
T

Z
— U uw . “u ;/T
logYr = log Yy + /{2 Y2 + X,T X, + RX, + k}du+ / Y, dw, .

But Yy = P(T,T) = 1. So log ¥y = 0. Subtracting (3.19) from (3.18) we have
( s Z/ S
Xs =Xo + /(AXu + B+ a#”)du + /O'dVV,f

u
0

9 T

IZ»‘IZ/ Z’U. -
1Ogy = /{2 Y2 + X, I'X, + RX, + k}du — / 7(1],1/“?

s
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for s € [0,7]. It's well known (see Ahn et al. (2002)) that for the quadratic term
structure models, the price of zero-coupon bond has exponential quadratic form of the

factor process X;. So we assume that

logY, = X.Ry(s)X;s + Ri(s)Xs + Ro(s) . (3.21)
where
RyV(s) - By () Ry(s)
Ry(s)=| : , Ri(s)=1| (3.22)
BSV(s) o RY())] R} (s)

and Ry(s) is one dimensional and satisfies the ODE
dRy(s) = a(s)ds. (3.23)
Moreover, we require that Ry(s), Ri(s) and Ry(s) satisfy the boundary condition
Ry(T) = Opxny, Ri(T)=01xn and Ro(T) =0, (3.24)

since log Yr = 0.
Using this assumption, we obtain the dynamics of dlogY;. Apply 1to’s formula to
function f(t,z) = a'Ro(t)r + Ry(t)z + Ro(t) using the dynamics of X, from (3.17),

where ©' = [z ---x,] € R". We have

dlog Y, = df (1, X,)

= fi(t. X;)dt + é Folt. X)dX + .;_ Z f: Frua, (8. X)A(Xi, X, (3.25)

i=1 j=1
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where

ZZR“” x]L—I—ZR (t)z: + Ro(t),
=1 j=1

n

faltoz) = D [RE (@) + BRYD (O)zi + RY (1),

k=1
foum, (1,3) = BEY(0) + B (1)

R;(t) = OR;/0t.
The simplified result is

dlog, ={X|Ra(t) X, + Ry ()X, + Ro(t)
 X[(Ry(t) + Ra(t) AX, + Ri(t)AX, + B'(Ra(t) + By(1)) X, + Ra(1)B

+ [X{(R5(t) + Ra(t)) + Ra(2) a—+ ZZ RV () + R{D(4))o™0"i"}

_ i=1 j=1
+ [XI(Ra(t) + Ra(t)) + Ra(D))odW, (3.26)
where
—O'TI- -0]’1 - 01:7;
o= =
o’ On1 " Onn

Comparing (3.26) with the dvnamics of dlog?; in (3.20), we have

Zy

PR (E) + Ralt)) + Ra(Do = (3.27)
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and

X/Ro(t) X, + Ry (t) X, + Ro(2)

+ X{(Ry(t) + Ro(t)) AX: + Ba (t)AXt + B'(Ry(t) + Ry(t) X: + Ra(t) B

+ [ X, (Ry(t) + Ra(t)) + Rat + Z Z (RYV(t) + RS ()0 0™
i=1 3=1
12,7
=5 ;,2 + X TX, + RX, + k. (3.28)

Substitute Ro(t) = a(t) and (3.27) into (3.28).

Xi[Ra(t) + (Ry(t) + Ralt ))A I+3 (Rz( ) + Ry(t)) oo’ (Ra(t) + Ry(t))) X:

+[Ri(t) + Ru(t)A + B'(Rz( ) +Ry(t)) — R+ Ri(t)oo’(Ra(t) + Ry(4))] X,

+ Ry(t)B + aft Z Z R(”) + R (t))o"io™ — k
=1 j=1"~
1
+ 5 Ba(t)oo’ Ry () = 0. (3.29)

Consider the Riccati type equations

(

Ry(t) + (Ry(t) + Ra(t))A — T + 2(Rz(t) + Ry(t))oo’ (Ra(t) + Ry(t)) = Onxn

§ Ru(t) + Ri()A + B'(Ro(t) + Ry(t)) — R+ Ra()o0’(Ra(t) + Ry(t)) = O1xn (3.30)

{ RI(T) = len RQ(T) = Onxn-

If the Riccati type equations (3.30) admits a solution R;(-). Ra(-) over [0, T7], then (3.29)

gives

K3 n

a(t) =k — R(t)B — %Z SR + REV ()00 — %Rl(t)aa’R’] (t). (3.31)

i=1 j=1

Hence the ODE of Ry(-) is

n

! (1) (27) T 1l 1 o
dRo(t) = {k — Ry(t 3—522(}%] + Ry ()0 0™ — S Ry(t)oo By (1)}t

=1 j=1

Ro(T) = 0.
(3.32)

35



The ODE (3.32) admits a solution if Ry(-) and R;(-) are given. Substitute (3.27) into

(3.20) to find,

X, = Xo+ / {[A + 00T (Rs(u) + RY(u))] X, + B + 00” R] (u)}du + / odWT. (3.33)
0 0

The SDE (3.33) has a unique solution if Ry(-) and R;(-) are measurable functions
satisfying the globally Lipschitz condition (see Friedman (1975) Volume I, Theorem 2.2
p 104).

We have heuristically shown in this section that we could find the dynamics of log Y;
and X, if the Riccati type equations (3.30) admit soluf;ibn over [0,7]. In the next

section, we will give the rigorous proof of this result.

3.3 Theorem in One-Dimensional Case

In order to provide an easier way to understand the FBSDEs approach, we first give
the proof of the main existence and uniqueness theorem in the one-dimensional case.
Consider the quadratic term structure model in one dimension. The shot rate process

is given by

r(X)) =X} + X, +ro, (3.34)
where
i t
X, =Xo+ /(AXu + B)du + /adWﬁ, . (3.35)
0 0

Theorem 3.1. If the Riccati equation

r

Rg(t) + QARQ(t) + 202R2(t)2 — Ty = 0

8 Ri(t) + ARy (t) + 2BRy(t) + 20° Ry (t)Ro(t) — 11 = 0 (3.36)

Ri(T)=0 Ry(T)=0.

\
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admits a unique solution Ry(-), Ri(-) over the interval [0,T], the FBSDE

(. T T
Z2
Y, =1 - /{Yu(rgXﬁ + 71X, +710) + Vu}du — /Zudl/Vf
T L t ! (3.37)
7 .
Xt =Xo + /(AXU + B+ a—};)du + / odWT

U
\ 0 0

for t € [0, T), admits a unique solution (X, Y.Z) given by

X, = Xo+ /{[A + 20 Ry(u)] X, + B + 0* Ry (u) }du + /adI/V,T, (3.38)
Y, = exp (Rg(t)Xt2 + Ri(t) X + Ro(t)), . (3.39)
Z, = [QX;Rg(t) + Ri(t)]oexp (Rg(t)Xt2 + Ry(t)X; + Ro(t)) | -(3..4())

where Ro(-) satisfies

| 1
dR()(t) = {7‘0 - R1 (t)B — 50'2R] (t)2 - 02R2(t)}dt .
(3.41)
Ro(T) = 0.
Proof. First, we must show that (X, Y, Z) given by (3.38), (3.39) and (3.40) satisfy

the FBSDE (3.37). Diving (3.40) by (3.39), we have

% X)) + Ra(t)]o (3.42)

t
Substituting (3.42) into (3.38), we obtain the dynamics of X, in (3.37). So X given by
(3.38) satisfies the FBSDEs (3.37).
Consider the function f(¢,z) = exp (Rg(t)a:2 + Ry(t)x + Ro(t)>. Apply Ito’s formula

to f(t.z) using the dynamics of X, in (3.37). We have

dY, = df (t. X,)

— 10 XO)dE+ fo(t, X)X, + % Funlt, X )d(X )0, (3.43)
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where

filt, ) = [Ra(t)2® + Ri(t)z + Ro(1)] f(t. z),
fo(t.z) = {2Ra(t)z + Ra ()} (¢, 2),

fea(t, ) = {2R2(t) + [2Ra(t) + B (1)} f (L, ).

dY, = [Ry(t) X2 + Ry(t) X, + Ro(t)]Y,dt
+ {2R (1) X; + Ri(D)}[(AX, + B + a%)dt + cdW[}Y,
+ S {2Ro(0) + PR X, + Ry}t
= {Ry(t) X2 + Ry ()X, + Ro(t) + 2Ry () AX? + 2Ry (t) BX,
+ (2R, () X, + Rl(t))a% + Ry (t)AX, + R, (t)B + Ry(t)o?

1
+ 5[2R2(t)Xt + Ri(t)]?0?}Y,dt + [2Ry(1) X, + Ry (t)]oY.dW/. (3.44)
Substituting (3.42) into (3.44) we have

dY; = {[Ra(t) + 2Ra(t) A + 2Ry (t)%0?] X}

F[R(t) + 2BRo(t) + Ra(8)A + 2Ry () Ro(1)0?) X,

2

VA . 1 :
+ y? + Ro(t) + Ri(t) B + Ry(t)o” + 5le(t)ﬁ(;“’-)}}ftau + ZdWr. (3.45)
Substitute (3.36) and (3.41) into (3.45) to find
Z2
dY, = {Y(ro X7 + X, +19) + Tt}dt + Z,dwW [l
t
That is, Y; defined by (3.38)-(3.40) satisfies
T T
ZQ
Y, =Yy — / {Yy (roX2 + 11Xy + 7o) + 7“}du — / Z, dWT .
t " t

By the boundary condition in (3.36) we have

7 = exp{Ro(T) X2 + Ry(T) X1 + Ro(T)} = exp{0X7 + 0Xr + 0} = 1.

38



Therefore,

T
2

T
. Z '
YVi=1- /{Yu(ran + 71Xy + 7o) + 7“}du — / Z,dW/[.
' u .

t

Hence (X, Y, Z) given by (3.38), (3.39) and (3.40) satisfy the FBSDE (3.37).
Second, we prove the uniqueness of the solution. Let (X. Y, Z) be any adapted

solution of the FBSDEs (3.37). Define

logY; = Ry(t) X7 + Ri(t) X, + Ro(t). - (3.46)
Zy = 2Ry (1) X, + Ry (t)]o Y}, (3.47)
then
Z,

Consider the function
f(t,2) = Ra(t)x® + Ry (t)x + Ro(t).
Apply Ito’s formula to f(t, ) where X, is given by (3.37) we have

df(t, X) = dlog Vi = {Ra(t)X2 + Ry(t) X, + Ro(t) + 2Ra(1) AX?

+ Ri(t)AX; + 2BRy(t) X, + R1(t) B + 2R2(t) X: + Ry (t)]a%t
+ Ry(t)o?}dt + 2Ry () X, + Ry (t)]odW /. (3.49)
Substituting (3.36), (3.41) and (3.48) into (3.49) we have
dlogV, = {re X2 + 71 X; + 19 — %i—; + %f—;}dt + %dwf (3.50)
and
log Yz = 0. (3.51)
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Then Y, satisfies the BSDE

_ - T _
_ 122 Z,Z Z.
2 u u Hu u grx;T
logV, = — /{TQXH +r Xy + 70 — 5—]—;2 + ”—ffu—yu}du - / v de“ .

Subtract (3.52) from (3.18) to find

T

T
. 122 Z,2, 172 Zy Zy
loth—loth:—/ e u—/{?—é}dwg

2Y2  Y,Y,  2Y2
t t
T ‘T

-5 [ - e [ -

t t

u

)dI/I T

S
s

Define

Y; =log¥, —logV,

5 Zt Zt
g, =2t 2
Y Y
Then equation (3.53) becomes
T T

~ 1 ~ ~
Kz-i/Zﬁdu—/Zude.

t t

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

By the result of Kobylanski (2000), the BSDE (3.56) admits a unique adapted solution

(}Aft, Zt) = (0, 0yxn)- So we have Y; = Y, and Z, = Z,. This means that any solution (X,

Y, Z) of the FBSDE (3.37) must satisfy (3.38), (3.39) and (3.40).

O

Corollary 3.1. If the factor process is given by (3.35) and the short rate process is

represented by (3.84), the zero coupon bond price has exponential quadratic form.

P(t,T) = exp{ Ro(t) X7 + Ri(t)X; + Ro(t)}

where Ry(t). Ry(t) and Ry(t) are given by equations (8.36) and (8.41). respectively.

In the next section we prove the main existence and uniqueness result in the n-

dimensional case. The proof is similar to the one-dimensional case just presented.
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3.4 FBSDE Approach

We prove the existence and uniqueness of the FBSDE (3.17) following a technique for

linear FBSDESs that was extended by Hyndman (2007b) and Hyndman (2009).

Theorem 3.2. If the Riccatr equations

2

Ry(t) + (Ry(t) + Ro(t))A — T + %(Rz(t) + Ry(t))oo’ (Ra(t) + Ry(t)) = Onxn

§ Br(t) + Ri(t)A + B'(Ro(t) + Ry(t)) — R+ Ry(t)oo’ (Ro(t) + Ry(t)) = O, (3:57)

Rl (T) = len R?(T) = Onxn-

\

admit unique solutions Ry(-), Ri(-) over the interval [0,T)], the FBSDE

4

T T
/
Y, =1— /{YU[X;PXu + RX, + k] + Z;Z“}du - /ZudW;{
: ‘L t ‘ | (3.58)
ZI .
X, =Xo+ /(AXu + B+ J?“)du + /ade
L 0 “ 0

fort € [0,T], has a unique adapted solution (X, Y.Z) given by

t

t
X, = Xo+ / (1A + 00" (Ra(w) + Ry(u))] X + B + 00’ R, (u)}du + / cdWT, (3.59)
0 0

i = ezp<XzR2<t>Xt L R(OX + Ro<t)), (3.60)

Z; = [X[(Ra(t) + R5(t)) + R4 (t)]aezp<X;R2(t)Xt + Ri(t) X, + Ro(t)) - (3.61)

where Ry(-) satisfies

dRo(t) = {k — R (t)B — % i i(Rgﬁ)(t) + Réij)(t))o,rio.rj/ _ %Rl (t)O’O’IRll(t)} dt

i=1 j=1

(3.62)
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Proof. First, we must show that (X, Y, Z) given by (3.59), (3.60) and (3.61) satisfy
the FBSDE (3.58). Dividing (3.61) by (3.60), we have
- = [Xi(Ra(t) + Ry(t)) + Ra(t)]o (3.63)

Substituting (3.63) into (3.59), we obtain the dynamics of X, given by equation (3.58).
So X; given by (3.59) satisfies the FBSDE (3.58).

Consider the function f(t,z) = exp (m'RQ(t)w—i—Rl(t)a:—l-Ro(t)) . Apply Ito’s formula
to f(t,x) using the dynamics of X; in (3.58). We have

ay, = df (t, X,)

= ft(t Xt) dt+z Fo (8, X)dXD 4 = ZZ Fri; (8, X)A(X D, X)), (3.64)

where
Jilt,) Z Z RY? (), + Z RO (t)z; + Ro()) (8, 2),
le (t,) {Z (RY(t) + RSV (0))zk + RO (0} (2, ),
Fuwmy (1,2) = {RYV(2) + RS (1) + {i(Ré’“')(t) + RO 1)z + R (1))
x [i(Ré’”"m R0+ RO (1),
That is, -

dY, = [X/Ro(t) X, + Ry (1) X; + Ro(1))Y:dt

: - A
+ > YAIXIRS (1) + Ry'(8) + RY (ON(A7 X, + bi + 07 S )dt + o™ dW] [t
i

+5 ZZY RV (1) + R (t))o™ 0" dt

1,]]1

n n

500 STVIXIRS (1) + Ry'(0) + ROWIRS () + By ()X, + RO @lo7a™at

zl]l

(3.65)
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where R is the ith column of square matrix Ry, Ry is the ith row of Ry, o is the ith

column of o and o™ is the ith row of 0. Write (3.65) in matrices notation to obtain

dY, = {X;Ry() X, + Ri(t) X, + Ro(t) + X[ (Ra(t) + Ry(t))AX,

4 B/(Ro(t) + ROVX, + [XI(Ralt) + By(1)) + Ra(t)]o ot + R ())AX,

l¢v i ij i 75/
+RI(B+ 53 D (RS (W) + By (1)o7

i=1 j=1

+ S IR (1) + Ro(0)) + Ra()loo’ [(Ry(0) + Ra(t)) X, + s (1))} Vi

+ Y3 [ X (Ra(t) + Ry (1)) + Ry(t)]odW[. (3.66)
Substitute (3.63) in (3.66) to find . |
dY; = {X}[Ra(t) + (Ra(t) +-Ré<t))A + %(Rz(t) + Ry(t))oo’ (Ray(t) + Ra(1)))Xe
+ [B1(t) + B'(Ra(t) + Ry(t)) + Ry () A + Ri(t)oo’ (R(t) + Ra(t))] X,

ZZ, : TR et (57) (47) Ti T
oyt Ro(t) + Ra(t)B + 3 ; ;(32 (t) + Ry (t))o" 0™
1 ..
+ éRl(t)o—a'R’l (t)}Y;dt + ZdW]. (3.67)

Substituting (3.57) and (3.62) into (3.67) gives,

2,727
2t At 4 Z, dW]T
Y,

dY, = {YI[XITX, + RX, + k] +

That is, Y; defined by (3.59)-(3.61) satisfies
' T

}du — / Z, dW?T. (3.68)

t

Z.Z),

u

T
Y, =Yr— /{YH[X;,PXU + RX, + k] +
t
By the boundary condition in (3.57) we have
YT = exp{X}Rg(T)XT + R] (T)XT 4 Ro(T)} = exp{X'TOnanT + OanXT + 0} = 1.

Therefore,

T T
AV :
Y,=1- /{YU[X;FXU + RX, + k] + “Ydu — / Z, AW
1 t

Yu
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Hence (X, Y, Z) given by (3.59), (3.60) and (3.61) satisfy the FBSDE (3.58).
Second, we prove the uniqueness of the solution. Let (X, Y, Z) be any adapted

solution of the FBSDE (3.58). Define

logY, = X/ Ro() X, + R () X, + Ro(t), (3.69)
Z, = [Xi(Ra(t) + R3(t) + Ry (t)]UYZ;I (3.70)

then
% = [X;(Ra(t) + Ry(t)) + Ra ()]0 (3.71)

Consider the function
f(t,z) = 2 Ra(t)z + Ra(t)x + Ro('t)..
Apply Itd’s formula to f(t,z) where X, is given by (3.58) we have
df(t, X,) = dlog¥; = {X/Ry(t)X, + Ry (t)X; + Ro(t)
+ X[ (Ry(t) + Ro(t))AX; + R1(t)AX: + B'(Ra(t) + Ry(t)) X, + Ri(t) B

+ [X](Ry(t) + Ro(t)) + Ry(t + Z Z RI(4) + R (t))o 0™ }di

2171

4 XURY(E) + Ra(t)) + Ru(t)]odWT . | (3.72)

Substitute (3.57), (3.62) and (3.71) into (3.72) to find

1 ZtZ’ 2,2

= {XTX,+RX,+k— = dt tdWT 3.73
dlog¥, = {X{TX, + RX, + 572 nyt} + 3V (3.73)
and
log Yr = 0. (3.74)
So
’ 12,2 Z Z! '
log)_/t:—/{X’FX + RX, +k—§ 72 }d —/—duT (3.75)
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Subtract (3.75) from (3.18) to find

T _
. 12,2, ZuZ’ 12,2, Zu  Zuy o1
logy; —logY, = — /{2 vz +2 72 }du—/{z——}_f—u}dwu
t
1 Zy Zy, 2! ZT r Zu 7y
- Zu Y2 T Vv gy — (2 g T .
/{(Yu (2 - 3= [(§F = §hawl.  (376)
i t )
Define
Y, =logV, — log Y, (3.77)
o Zt Zt |
Z, =— -t 3.78
A (3.78)

Then equation (3.76) becomes
X T | T :
Y, = —5 / Z, 7! du — / Z, dWT. (3.79)
t 4

By the result of Kobylanski (2000), the BSDE (3.79) admits a unique adapted solution
(}A’i, Zt) = (0,015,). So we have Y; = Y; and Z; = Z,. This means that any solution (X,

Y. Z) of FBSDES (3.58) must satisty (3.59), (3.60) and (3.61). In

As we have discussed in the previous material, Y; is the zero coupon bond price

P(t,T), which is given by the Theorem 3.2. So we have the following Corollary.

Corollary 3.2. If the factor process is given by (2.2) and the short rate process ‘is

represented by Model A, the zero coupon bond price has exponential quadratic form.
P(t.T) = exp{ X{Ra(t)X: + R1(t) X, + Ro(t) }.

where Ry(t). Ri(t) and Ry(t) solve equations (3.57) and (3.62). respectively.
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Chapter 4
Conclusion

In this thesis we have implemented the stochastic flows approach and the FBSDE ap-
proach to quadratic term structure models. By using the stochastic flows approach, we
obtain a closed-form solution for the zero-coupon bond price in the one dimensional
QTSM. This result is conéistent with that in Nawalkha et al. (2007). .‘However, as
shown in Chapter 2, the stochastic flow method is difficult to generalize to the higher
dimensional QTSMs without restrictions. We discuss the necessary restrictions to im-
plement the flows method in the two-dimensional Model ‘B in Chapter 2. In Chapter 3
we prove that the zero-coupon bond price is an exponential quadratic function of the
factor variables by using the FBSDEs approach. The main result of the thesis is an
existence and uniqueness theorem for a FBSDE satisfied by the zero-coupon bond price.
The existence and uniqueness theorem also provides an explicit solution which gives the
bond price as a corollary. This is consistent with Chen et al. (2004) and Leippold and
Wu. The FBSDEs approach can be implemented to the n-dimensional QTSMs without
restrictions. In this regard, the FBSDEs approach is more powerful than the stochastic

flows approach, hence it has the potential to solve other pricing problem. In the future,
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following Hyndman (2009), we would like to implement the FBSDE approach to price
futures, forward contracts, options and other derivatives under the QTSMs. Also, we
might be able to relax the restrictions we have discussed in Chapter 2 in the future

study.
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