An Investigation into Properties of Jackknifed and
Bootstrapped Liu-type Estimator®

YOGENDRA P. CHAUBEY
Concordia University, Montréal, Canada
SHALINI CHANDRA
Banasthali University, Rajasthan, India
MANSI KHURANA
The North Cap University Gurgaon, India

Abstract

In 2003, Liu [16] proposed a new estimator dealing with the problem of multi-
collinearity in linear regression model pointing out a drawback of ridge estimator used
in this context. This new estimator, called Liu-type estimator was demonstrated to
have lesser mean squared error than ridge estimator and ordinary least squares esti-
mator, however, it may carry a large amount of bias. In the present paper, we propose
different estimators in order to reduce the bias of Liu-type estimator, one using the
Jackknife technique and other using the technique proposed in Kadiyala [11]. We also
investigate the Bootstrap method of bias correction on the Liu-type estimator as well.
The bias and mean squared error of these estimators have been compared using a sim-
ulation study as well as a numerical example.

Key Words: Multicollinearity, Liu-type estimator, Ridge estimator, Jackknife tech-
nique, Bootstrap technique.

1 Introduction

In 2003, Liu [16] pointed out that the ordinary ridge estimator (ORE) given by Hoerl and
Kennard [8] may still be ill-conditioned if k, the biasing constant, is chosen to be very
small and to overcome this problem, proposed a new estimator called the Liu-type estimator

*This research is partly based on doctoral thesis of Mansi Khurana, completed at Banasthali University,
Rajasthan, India



(LTE). This estimator should be differentiated from an earlier proposal by Liu [15] in 1993
that has been called as Liu estimator by the researchers [see Alheety and Kibria [3]]. The
basic difference between the two estimators is that the former is based on two constants
whereas the latter requires one constant. Thus the Liu-type estimator may be considered an
improvement over the Liu estimator. It may be noted that both of these may suffer serious
bias based on the values of the biasing parameter(s).

In order to reduce the bias of the Liu estimator, Akdeniz and Kagiranlar [1] proposed an
almost unbiased Liu estimator following Kadiyala [11] and Ohtani [18]. They compared the
performance of almost unbiased Liu estimator with the Liu estimator and OLSE in terms of
mean squared error (MSE). Recently, following the lines of Singh et. al. [19], Akdeniz and
Akdeniz [5] performed jackknife technique on the Liu estimator and, by ignoring some terms,
obtained the form that is the same as the almost unbiased Liu estimator given by Akdeniz
and Kagciranlar [1]. They also proposed a new estimator by incorporating Liu estimator
in jackknifed Liu estimator and compared its performance with the Liu and jackknifed Liu
estimator. Alheety and Kibria [3] extended Liu and almost unbiased Liu estimators for the
regression model with correlated errors and multicollinearity. Other references around Liu
estimator include Kaciranlar et. al. [10], Kibria [14] etc..

In the present paper, our aim is to improve upon the bias of LTE using jackknife and
bootstrap methods and to investigate their performance in comparison to other estimators
of interest. The form of the jackknifed LTE may also be used to write down the exact
jackknifed Liu estimator in contrast to the one in Akdeniz and Akdeniz [5]. Section 2
consists of the model and the estimators; we propose two new estimators namely jackknife
Liu-type estimator (JLTE) and almost unbiased Liu-type estimator (AULTE). Section 3.1
gives the comparison between the bias of LTE and JLTE, where as Section 3.2 compares
the MSE’s of LTE and AULTE. Section 4 and Section 5 consist of the simulation study and
numerical illustration respectively and Section 6 gives some concluding remarks.

2 The Model and the Estimators

Consider the following linear regression model

y=XB+u, (2.1)

where X is an n x p matrix with full column rank i.e. p, y is an n x 1 response vector, [ is a
p %X 1 vector of regression coefficients and u is an n x 1 vector of disturbances with F(u) = 0
and E(uu') = o?I.



The OLSE for § in model (2.1) is
Borse = (X'X) X"y,

where as the commonly used biased estimator in the presence of multicollinearity among
independent variables is the ORE, given by

Bore = (X'X + kI)"' X"y, k> 0.

Liu [16] drew the attention to one of the drawbacks of ORE that k& chosen in ORE should
be small and the small £ may not be large enough to deal with the ill-conditioning problem
and (X'X + kI) may still be ill-conditioned. To overcome this problem, a new estimator
called the LTE was proposed which is given by

Brre = (X'X + k™Y (X'y — dp), (2.2)

where k£ > 0, —oo < d < oo and /3’ can be any estimator of 4 but in our study, we take it to
be Borsk. Hence, the resulting estimator becomes

Brre = (X'X + k)Y (X'y — dfoLsk). (2.3)

The form of Liu estimator may be obtained from the above by substituting 1 or k and d for
—d. It was shown that under certain parametric conditions, LTE has lesser MSE than that of
ORE. A method to select the optimal values of k and d was also proposed. Like ORE, LTE
also carries a substantial amount of bias and in order to reduce the bias of LTE, we perform
jackknife technique on this estimator following Singh et. al. [19] in the next subsection.

2.1 Jackknife Liu-type Estimator
First let us transform the model in (2.1) as

y=2Zv+u, (2.4)

where, Z = XG and v = G'. Here GG is a p X p matrix whose columns are normalized eigen
vectors of X'X. Also, 7’7 = G'X'XG = A = diag(\y, ..., \,), A being the i eigenvalue
of X’X. The ORE of v may be written as

Yore = (A+kI) ' Z'y = A" Z'y = A" \NMorse = (I — A7'kI)jorsE, (2.5)
where k > 0, A=A+ kI. Also, LTE of 7 is written as

Arre = (AN+ kDY Z'y — dAorse) = AN —dDAorse = [I — A~ kI +dI)]Aorse. (2.6)



The above estimator may also be written as
pre = AT'Z'y— A7'djoLse
= fore — (A +kI)"1dA' Z'y
= Yore — @, (2.7)

where a = (A+kI)"'dA~'Z"y. Now, performing jackknife technique on LTE, we first obtain
YLTE(~1), the estimator after deleting the i*" observation in data as given by,

YLTE(—i) = YORE(=i) — O(=i)- (2.8)
We already know the value of Yorg(—: (see Singh et. al. [19] and Khurana et. al. [12]), so
we are left with obtaining o_;. We have,

a=(Z2'Z+kdZ2'2) 7y, (2.9)
So,
ay = (27 =22+ K)T'(Z'Z — 22) " (Z'y — ziys)
= (A—zz) YA = 22) " (Z'y — z;)

_ [A_l N A‘lzing_l] d{A‘l N A7tz 2l AT

Z, — <iYil
T [Z"y — ziyi]

1— U;
where A = (Z'Z + kI), w; = 2lA7'2; and u; = z]A~'2;. The above equation becomes

A1zl A7 A7tz 2N 7y A7tz 2 A 2

a = |A7N A7 — A2y —
e { T w) H T ) T )
_ ANy ATVA T iz AN 2y ANy, — ATV AN 22l A 2y,
(1 —u;) i (1 —u;)
Az 2l A AN 2y N A7 2l ATV AN 22N 2y A2l AT A 2y
A7 2l ATV AN 22N 2y,
(1 —wi)(1 —w)
The above equation simplifies to
A7 VAN 205k A7 A zuy;
—3 - e —AildAil iY; — Rl
Y T T T “iy T —w)
A A djorse | AT\ zviziorse AT'zivy AT vy
A YdA 1 ze;  ATlziZa A zve;
o = a-— i _ , 2.10
YD T YT T Cw T —w) (—w)d—w) (2.10)



where e; = y; — 2/40orLsE, the OLSE residuals and v; = 2/A~'dA~'2;. For the following
equation, please refer to Khurana et al.[12],

. . A zem
YORE(—i) = YORE — 7(1 —w) ) (2.11)
where e;r = y; — z/YorE, the residuals of ORE.
Now, using (2.10) and (2.11) in (2.8), we get
. . Al ziein  ATYdA T zie;  ATlziZla Az v5e;
TECOTE T A ) T T ey (Tmw) - w)( - w)
Now,
) ) B A 'ziein A7VdA Tz, N A2zl A~z (2.12)
A TTECD =y T T U w) o L—w) (I—w)(—w) ‘
Defining the pseudo values,
Qi = Yrre +n(1 —wy) (Yore — Yore—i)- (2.13)
Using (2.12) in (2.13), we get the pseudo values as
A lziein A7YdA'zie;  A7'ziZa A~ zv.e;
i: A~ 1 - Z 11 - 11 1~ - TY1-1 )
Qu=uns 4 ntt = | (st = AT { -

Averaging over @); will give the JLTE as

Q = Y Qi/n
i=1
— +A Zzzzoz

= Aprp+ A7 i zieig — A7NdA Z Zzez
i=1

1 V4
—A izlzii(l — ui)ei
= Arre+ A—lz’eR — AYAANYZ'Die + AT 2 Za — A1 Z' Dae.
where D; = diag{(:= —2)}bi=1,...,nand Dy = diag{(:%-)},i = 1,...,n. Now, JLTE will
be equal to Q.
Yjrre = Yire + A_IZ,€R + A\ — A_ldA_lZ'Dle - A_IZ,DQB
= Aore —a+ A7y — AT Nore + AP Aa — ATV AA T Z'Die — ATV Z Dae
= (I—A"WAore — (I —A'"N)a+ A2y — AV dA'Z' Die — A~ Z'Dye
Yirre = (I —A7'N)rre +Yore — A7'dA'Z'Die — A™'Z' Dye. (2.14)
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We see that the final form of JLTE is not very compact and it will be quite tedious to
compare its MSE with LTE. Hence, we propose another estimator called AULTE following
Kadiyala [11] in the next subsection.

2.2 Almost unbiased Liu-type Estimator
The LTE for v is

Yrre = (A + kD)™ (A — dD)Aors, (2.15)
where £ > 0 and —oo < d < co. The bias of LTE is given by

Bias(Yrre) = E(qwre) —v
= —[I—AYA—dD)y. (2.16)

Following Kadiyala [11] and using (2.15) and (2.16), the bias corrected Liu-type estimator
(BCLTE) of v is given by
Ypcrre = Aure — Bias(Yire)

= Apre +[I - ATHA = dD)]y. (2.17)

Now, following Ohtani [18], if we replace v by 4rrg to make it operational, we get the
AULTE as

Yavrre = Awre + I — A YA —dD)Are
Arre + AN KT + dDAre
— [T+ AN K]+ dD)nrs.

We know that '?LTE = Ail(A - dI)’?OLSE = [I - Ail(kf + dI)]&OLSE- USiIlg thiS7 the above
estimator may be written as

Yavere = [ — A7 (kI 4+ dI)*AoLse- (2.18)
The bias of AULTE is given by

BZ'CLS(’A}/AULTE) = —AiQ(k[ + dI)Q"}/ (219)
It is easy to show that Bias(Javrre) < Bias(yrre) following the proof related to bias
given in the next section. And using AULTE, we can easily compare the MSE’s of LTE and
AULTE. (Theorem 3.1).
In the next section, we compare the biases of LTE and JLTE.
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3 Comparison between LTE, JLTE and AULTE
3.1 Bias Comparison between LTE and JLTE
From (2.16), we have the bias of LTE as

BZ'CLS(’A}/LTE) = _[[ - Ail(A - dI)]7
— —(kI[+dI)A™ . (3.1)

Now, for the bias of JLTE, we have
Ysrre = (I — A" NArre + Yore — A™'dAT' Z'Die — A7 Z' dse.
Bias(Yjire) = E@sire) —7
= (I - A"'"NERwre) + EGore) —7

= (I—A"WA YA —dDy+ (I — A kl)y—~
= [ —(I—ATWA YA —dI) — (I — AkD)]y. (3.2)

On simplifying (3.2), we get

Bias(pre) = —k(kI +dI)A™%y. (3.3)
From (3.1) and (3.3), we get

Bias(qsure) = kA ' Bias(ArrE).

Comparing the i** components,

k A
= k+)\iBza5(7LTE)ia

where 0 < HL)\ < 1. This proves that the Bias(y;.rg); is lesser than the Bias(Yprg); Vi.

Bias(Yjore)i =

Next we find the expression for the variance of JLTE. JLTE in (2.14) may be written as

Yirre = (I —AT'N)AYA —dDAorse + (I — A7'kDAorLse
—A7 YA Z' Die — A7 Z' Dye
= (I -AT"WA YA —dD) + (I — A7'kDorse
—[ATYdATZ' Dy + AT Z' Dse. (3.4)



Now using the above form and the fact that cov(Jorse, €) = 0, we get

(I —A"TNA YA —dD) + (I — A'RD)V (Forse)
(I —A"TMA YA —dl) + (I — AR
+H[ATYATIZ' Dy + AT Z' Do)V (e)[AT AT Z' Dy + AT Z' Dy
= o*[(I —AT"MA YA —dl) + (I — ARDAT!
(I — A'AN)A YA —dI) + (I — AkD)]
+0 AN AT Z'Dy 4+ AT Z' Dy — ZAT 2| [AT YA Z' Dy + AT 2Dy
(3.5)

Var ('?JLTE) =

— —

Using (3.2) and (3.5), MSE of JLTE becomes

MSE(#jire) = Var(Ysre) + Bias(Ayre)Bias(Yre)
= 02[(1 — A_IA)A_I(A —dI)+ (I — A‘%I)]A‘1
(I — AilA)Afl(A —dI)+ (I — Ailk‘])]/
+02[A*1dA*1Z’D1 + AilZ/DQ][I — ZAle/] [AfldAle/Dl + A71Z/D2]/
+[I — (I —ATPANA YA —dI) — (I — ARy
I —(I— AilA)Afl(A —dI)— (I — Ailkl)]’. (3.6)
The variance of LTE is given by
Var(Gure) = [A7HA —dDVA)IATH(A = dD)]
= [ATY A —dDATHATH (A —dD)]. (3.7)
Now, using (3.7) and (3.1), we have the MSE of LTE as
MSE("A)/LTE) = VCL?“("A)/LTE) + BZ'&S("A)/LTE)BZ'CLS(’A}/LTE)/
= AN A —dD)AHATH A —dD)Y
+[I — Ail(A —dD)'[I - Ail(A —dI)]". (3.8)
Finding the dominance condition of MSE(Y;.rr) over MSE(Y ) is quite complicated, so
we compare the SMSE (scalar MSE; trace of the MSE matrix) of the two estimators through

a simulation study and a numerical example. In the next subsection, we compare the MSE’s

of AULTE and LTE.

3.2 MSE comparison between LTE and AULTE

Lemma: [Farebrother (1976)] Let A be a positive definite matrix, v be a p x 1 vector. Then
A — v+ is a nonnegative definite matrix if and only if v/ A~1y < 1 is satisfied.



Theorem 3.1. Let k > 0 and —oo < d < co. Then,
A= MSEHavrre) — MSE(ArE),
18 a positive definite matriz if and only if the following inequality is satisfied
Y{LT o H + A7 (kI +dI)*"y/|L7} 1y <1,

where L =AY (kI +dI) and H =[I — A=Y (kI +dI)*A~Y{ [T + A~ YkI +dI))> — I}.

Proof. Using the fact that (I — A7 (A — dI)) = A7 (kI + dI), we can write (3.8) as
MSEArrg) = o[I — AN kI +dDPPA + A2 (kI + dI)*y . (3.9)
Also, the variance of AULTE is given by

Var(Aavrre) = [I— A2kl +dD?V (Aorse)[I — A72(kI + dI)?)
0?1 — A7 (kI + dI)) A7 — A72(kI + dI)%'. (3.10)

Now, using (2.19) and (3.10), we get the MSE of AULTE as

MSE(A{avrre) = Var(Javire) + Bias(Yavrre)Bias(Javrre)
= 0% — A2(KI 4+ dI)* A" + A7 (kI + dI)* Y.
(3.11)

From (3.9) and (3.11), we get

A = I — A2kl +dD?PA "+ A kD +dD)*yy — o*[I — A NkI + dI)]*A™
— AT(KI +dI)*yy
= oI - A2kl +dI)?PA — [T — A7YEI +dDPA™Y + A7 YK 4 dI)*yy/
— AT(KI +dI)*yy
= o*H + ANkl 4 dI)*yy — A72(kI + dI)*yy/, (3.12)

where

H = {[I[—A2(KI+dD)*PA" — [I — A YK +dD)]2PA™Y)
(I — A™N(kI + dI)PAY{[I + A~ Y (kI + dI)]> — I}

It is easy to see that H is a positive definite matrix for the cases where (i) k> 0, d > 0 and
k>d, (it) k>0, d>0and k < d and (i) k > 0, d < 0 and |k| > |d|. It is not positive
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definite for the case where k > 0, d < 0 and |k| < |d|.

Now, the difference A is positive definite if and only if L=!AL™! is positive definite. We see
that

L'AL™Y = L7Yo?H + A (kI +dD) |71 — 49/ (3.13)

The matrix [02H + A=*(kI + dI)*y'] in the above equation is symmetric positive definite.
Therefore using the Lemma defined above, we conclude that L='AL™! is positive definite if
and only if following inequality holds

Y{L o H + A~ (kI +dI)*yy]L7 " 1y < 1.
This completes the proof. O

With the aim of comparing the bias and SMSE of ORE, LTE, JLTE and AULTE under
different settings, we carry out a simulation study for the same.

4 A Simulation Study

In the present section, we compare the performance of ORE, LTE, JLTE and AULTE in
the sense of bias and SMSE with the help of Monte Carlo experiments. Let the model be
y = XPB+wu where u ~ N(0,1). Here (3 is taken as the normalized eigen vector corresponding
to the largest eigen value of X’X. To ensure collinearity factor, the explanatory variables
are generated from the following equation

= (1—p2)%wij+pw,~p, 1=1,2....,n; 7=1,2,...,p
where w;; are independent standard normal pseudo-random numbers and p? is the correla-
tion between the two explanatory variables for j,j’ < p and j # j'. When j or j' = p, the
correlation will be p. We have taken p = 0.9 and 0.99 to investigate the effects of different

degrees of collinearity with sample sizes n = 20 and 50. Four different combinations for
(k,d) are taken as (0.8,0.4), (1.5,2.5) (3,-1.5) (2,-3).

This simulation study is patterned on that of McDonald and Galarnaeu [17]. For compu-
tations, the original model is first decomposed into a canonical form to get the estimator
of v and then transformed back to the estimator of 5. For these different choices of p, n
and (k, d), the experiment is replicated 1500 times. The average absolute bias and average
SMSE are computed using the following formula

1500

Bias(f;) = 15002% Bil.
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SMSE(j) = 15100 Z(B —B)'(B; = B).

Here, Bl-j denotes the estimate of i parameter in j™ replication and S, 32, f5 and 3, are
the true parameter values.
Our interest also lies in bootstrapping LTE and obtain the bias and SMSE of bias corrected
bootstrap Liu-type estimator (BCLE) and compare it with the jackknifed estimator. Firstly,
for the model defined in (2.1), we fit the least squares regression equation for full sample of
size n and calculate the standardized residuals @;. Then, draw an n sized bootstrap sample
W1th replacement (ug ), “(b), ..,a,&”)) from the residuals 4;’s giving 1/n probability to each
. After this, we obtain the bootstrap y values using the resampled residuals keeping the
design matrix fixed as shown below

y = XBorsp +a®.
Now, we get the LTE from the first bootstrap sample as

3s = (X'X + kD)™ X"y — dforsp) ™.
Repeat the above steps B times where B is the number of bootstrap resamples. Based on
these, the bootstrap Liu-type estimator (BLE) for 5 is given by

BpLp = Z B%E

where r = 1,..., B. The estimated bias is given by

Biases = Bpre — Borss,
and the BCLE is given by

Brcre = Brre — Biases:. (4.1)
The number of bootstrap resamples that are considered is 500. Results of the simulation
study are given in Tables 1, 2 and 3. From Tables 1 and 2, we see that BCLE is reducing
the bias of LTE in almost all of the cases. JLTE has also reduced the bias of LTE in all the
cases considered. Bias of LTE is lesser than the bias of ORE, mostly when (k, d) = (3, —1.5).
From Table 3, we note that the SMSE of JLTE is lesser than that of LTE’s in cases where
(k,d) is (1.5,2.5) and (2,-3). The bias of AULTE is also less than that of LTE’s and at
some places, it is even less than JLTE’s. We can see that when (k, d) is (2,-3), the SMSE of
AULTE is less than the SMSE’s of both JLTE and LTE. Also, the SMSE of BCLE is lesser
than LTE’s mostly when (k, d) is (2,-3). In the next section, we illustrate our findings using
a numerical example.
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Table 1: Bias comparison of ORE, LTE, JLTE and BCLE when n = 20

(k. d)

ORE

LTE

JLTE

AULTE

BCLE

0.9

(0.8,0.4)

0.00359585
0.01309056
0.01671221

0.00889876
0.01671577
0.01963761

0.00441062
0.00672986
0.00882148

0.00220381
0.00722956
0.00713168

0.00773377
0.00735867
0.01066501

(1.5,2.5)

0.01038602
0.01872495
0.02364720

0.03937934
0.04019962
0.04495682

0.00050196
0.00839022
0.00616534

0.02016977
0.01350838
0.00728643

0.00712672
0.00655825
0.01081683

(3-1.5)

0.02288873
0.03020230
0.03916607

0.00793938
0.01802123
0.02501374

0.00278312
0.00702433
0.00867390

0.00540309
0.00632749
0.01020253

0.00780756
0.00740127
0.01068230

0.01476151
0.02261763
0.02880348

0.01789571
0.00254859
0.00189039

0.00672402
0.00557622
0.01007549

0.00581364
0.00618017
0.01016321

0.00828887
0.00804428
0.01055753

0.99

(0.8,0.4)

0.00632873
0.01803624
0.01273458

0.02032329
0.01803149
0.01157122

0.00003615
0.01130039
0.00252733

0.01591076
0.00972627
0.00976492

0.02178824
0.01829871
0.01537968

(15,2.5)

0.01486287
0.02239214
0.02030140

0.07573498
0.02963616
0.02903489

0.01966620
0.00438528
0.00146845

0.12106221
0.02813537
0.06144381

0.01805438
0.01193202
0.01772021

(3-1.5)

0.02975442
0.03419825
0.03580292

0.00404702
0.02612199
0.02543211

0.00592012
0.01571980
0.00536941

0.01574801
0.01597861
0.01272542

0.02347565
0.02145137
0.01406701

0.02011554
0.02617161
0.02557615

0.04254836
0.01398278
0.00980388

0.02114007
0.02677071
0.00602516

0.01627883
0.01617312
0.01247210

0.02633305
0.02638689
0.01222235
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Table 2: Bias comparison of ORE, LTE, JLTE and BCLE when n = 50

(k. d)

ORE

LTE

JLTE

AULTE

BCLE

0.9

(0.8,0.4)

0.00946307
0.00304358
0.00218047

0.01022269
0.00449567
0.00033499

0.00778286
0.00005227
0.00696886

0.00763951
0.00003726
0.00682497

0.00777550
0.00049357
0.00766309

(1.5,2.5)

0.01098788
0.00564471
0.00196880

0.01606125
0.01482025
0.01726912

0.00719419
0.00023196
0.00600010

0.00532347
0.00058286
0.00374898

0.00777283
0.00027182
0.00748086

(3-1.5)

0.01461314
0.01127577
0.01034083

0.01127850
0.00570758
0.00156472

0.00737560
0.00011782
0.00649076

0.00771632
0.00010636
0.00687354

0.00778080
0.00050346
0.00767375

0.01215312
0.00751821
0.00482663

0.00583922
0.00355002
0.01323040

0.00796125
0.00031200
0.00749057

0.00780553
0.00010716
0.00702221

0.00778074
0.00068312
0.00782039

0.99

(0.8,0.4)

0.00537287
0.00578432
0.01192998

0.00421371
0.00889184
0.00592146

0.01009930
0.00399562
0.00767233

0.00202196
0.00584493
0.00088292

0.02421351
0.00048458
0.02405705

(15,2.5)

0.00084908
0.00866138
0.01266971

0.04317427
0.02381486
0.00612580

0.01206160
0.00842260
0.01479676

0.07905265
0.02094144
0.08256044

0.02455552
0.00116302
0.02284905

(3-1.5)

0.00963288
0.01478512
0.01787113

0.00745658
0.00717720
0.02090907

0.01428730
0.00078137
0.01448349

0.01979262
0.00029776
0.01943132

0.02417474
0.00121435
0.02468448

0.00414376
0.01069389
0.01414485

0.03889093
0.00599301
0.02884809

0.03067854
0.00266908
0.03099984

0.02041510
0.00031289
0.01983303

0.02392582
0.00248065
0.02562576
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Table 3: SMSE comparison of ORE, LTE, JLTE and BCLE

n p (k,d) ORE LTE JLTE AULTE BCLE
20| 0.9 | (0.8,0.4) | 0.476470 | 0.219188 | 0.694739 | 0.4388244 | 1.472460
(1.5,2.5) | 0.284077 | 0.737832 | 0.221457 | 5.369156 | 1.477606

(3,-1.5) | 0.147666 | 0.606052 | 0.784080 | 1.096411 | 1.476669

(2,-3) | 0.218172 | 2.593648 | 2.228677 | 1.163111 | 1.497701

0.99 | (0.8,0.4) | 0.373850 | 2.293556 | 1.619370 | 13.00634 | 17.274870
(1.5,2.5) | 0.154178 | 39.012490 | 33.334130 | 485.3489 | 17.646990

(3,-1.5) | 0.060653 | 4.635836 | 5.009879 | 10.15625 | 17.283510

(2,-3) | 0.102604 | 37.548220 | 37.059220 | 10.34917 | 17.561200

50 | 0.9 | (0.8,0.4) | 0.289831 | 0.247422 | 0.364261 | 0.3540111 | 0.390741
(1.5,2.5) | 0.233586 | 0.069411 | 0.287308 | 0.1594167 | 0.387318

(3,-1.5) | 0.158766 | 0.258936 | 0.335352 | 0.3598087 | 0.390932

(2,-3) | 0.203291 | 0.499424 | 0.417133 | 0.3703853 | 0.395409

0.99 | (0.8,0.4) | 0.580607 | 0.064050 | 0.689338 | 0.1941529 | 4.266513
(1.5,2.5) | 0.252640 | 4.755504 | 1.687548 | 45.31219 | 4.321887

(3,-1.5) | 0.089493 | 1.374429 | 1.672291 | 2.811444 | 4.287226

(2,-3) | 0.165724 | 8.428380 | 7.610839 | 2.966738 | 4.394909

5 Numerical Illustration

In this section, we take up real data to illustrate the theoretical findings. We consider the
famous dataset on Portland cement originally due to Woods et al. [21] and since then it has
been widely used by many researchers (for instance see Hald (1952), Gorman and Toman
(1966), Montgomery and Peck (1982), Ozkale (2012)). This data arise from an experimental
investigation of the dependence of heat evolved during the setting and hardening of Portland
cements of varied composition on the percentages of four compounds in the clinkers from
which the cement was produced. The four compounds (explanatory variables) considered
are tricalcium aluminate (X7), tricalcium silicate (X»), tetracalcium aluminoferrite (X3) and
p-dicalcium silicate (X4). The heat evolved will be denoted by y and is measured in calories
per gram of the cement. Variables have been standardized before the calculations. The data
set is given in Table 4.

The eigen values of X'X are 26.82844842,18.91279284,2.23927379,0.01948495 which gives
the condition number as 37.10634. This indicates the presence of strong multicollinearity
among the regressors. We use the optimal value of d as given by Liu [16]
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Table 4: Data set

X1 Xo X3 Xy oy

7 26 6 60 785
1 29 15 52 74.3
11 56 8 20 104.3
11 31 & 47 87.6
7 52 6 33 959
11 55 9 22 109.2
3 71 17 6 102.7
1 31 22 44 725
2 54 18 22 93.1
21 47 4 26 115.9
1 40 23 34 K38
11 66 9 12 113.3
10 68 8 12 1094

D v M (Gt S ViR
opt 11)21(()\1%2 i 0'2)/)\1()\1 + k)Q)

It was suggested to choose k so that the condition number of X’X + kI is reduced to 10 as

)\1 — 100 % )\p

99 '
Using the above expressions, we get k = 0.2513127 and dopt = —0.01056076. These values are
used to get the estimates of LTE and JLTE which are given in Table 5. It also gives the val-

ues of Abias (sum of absolute biases of individual coefficients) and SMSE. SMSE requires the
knowledge of 02 which has been estimated by using 6% = (y— X Borse) (y—X Borse)/(n—p).

é:

To calculate ORE and its properties in Talz)le 5, we make use of the feasible value of k which
is obtained by the optimal formula k = % as given by Hoerl et al. [9], so that

~2
j—

B/OLSEBOLSE.
where 62 is as defined earlier. To see the effects of different values of (k,d) on ORE, LTE

and JLTE, we plot the bias and SMSE of these estimators against the different values of d
for k = 0.8, 1.5 and 10. We did the calculations for AULTE for different (k,d) and observed

(5.1)
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some dramatically high values of bias mostly in cases when k is small and d is high, so we
skipped the idea of putting AULTE in the plots.

Table 5: Estimated values of coefficients, Abias and SMSE of ORE, LTE, JLTE
and AULTE

Estimators 51 o)) B3 B4 Abias SMSE
Bore 0.517342 0.320572 -0.052067 -0.377593 0.609064 0.172062
Brre 0.500856 0.312176 -0.065651 -0.384781 0.654720 0.145385
Brrre 0.531458 0.334313 -0.039538 -0.364412 0.587632 0.152082

Bavrre  0.530644 0.331735 -0.040734 -0.367263 0.562938 0.065397

From Figures 5, 3 and 5, we see that the bias of JLTE is always less than the bias of LTE.
Also, we can make out the range where the bias of LTE is lesser than the bias of ORE and
the point where they are equal. From Figures 2 and 4, we can make out the points where
the SMSE of JLTE and LTE becomes little lesser than the SMSE of ORE and the point of
intersection of the SMSE’s of ORE, LTE and JLTE. Also, from Figure 6 when k& = 10, we
see that the SMSE of JLTE and LTE becomes less than that of ORE’s in a certain range
and the SMSE of JLTE is less than that of LTE’s over the range considered.
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Figure 1: Bias comparison of ORE, LTE and JLTE when k = 0.8
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Figure 2:

SMSE comparison of ORE, LTE and JLTE when k£ = 0.8
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Figure 3: Bias

comparison of ORE, LTE and JLTE when k£ = 1.5
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Figure 4: SMSE comparison of ORE, LTE and JLTE when k = 1.5
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Figure 5: Bias comparison of ORE, LTE and JLTE when £ = 10
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Figure 6: SMSE comparison of ORE, LTE and JLTE when k£ = 10

6 Concluding Remarks

In the present paper, we performed the jackknifed technique on LTE and obtained the
jackknifed estimator, JLTE. We also proposed another almost unbiased Liu type estimator,
AULTE. Comparing the bias and SMSE’s of ORE, LTE, AULTE and JLTE, we found that,
JLTE reduces the bias of LTE and it is also efficient in few cases. AULTE also has a reduced
bias than LTE; in some cases, its even lesser than JLTE’s and its performance is better in
sense of MSE as well in few cases. A Simulation study and a numerical example were shown
to support the results. We also performed bootstrap on LTE and found that BCLE’s bias is
lesser than that of LTE’s and it is also efficient in some of the cases.
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