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ABSTRACT
Analytical Structure of Stationary Flows of an Ideal Incompressible Fluid

Aleksander Danielski
Concordia University, 2017

The Euler equations describing the flow of an incompressible, inviscid fluid of uniform
density were first published by Euler in 1757. One of the recent results of mathematical
fluid dynamics was the discovery that the particle trajectories of such flows are real analytic
curves, despite limited regularity of the initial flow (Serfati, Shnirelman, and others). Hence,
the flow lines of stationary solutions to the Euler equations are real analytic curves. In
this work we consider a two-dimensional stationary flow in a periodic strip. Our goal is to
incorporate the analytic structure of the flow lines into the solution of the problem. The
equation for the stream function is transformed to new variables, more appropriate for the
further analysis. New classes of functions are introduced to take into account the partial
analytic structure of solutions. This makes it possible to regard the problem as an analytic
operator equation in a complex Banach space. The Implicit Function theorem for complex
Banach spaces is applied to establish existence of unique solutions to the problem and the
analytic dependence of these solutions on the parameters. Our approach avoids working in
the Fréchet spaces and using the Nash-Moser-Hamilton Implicit Function Theorem used by

the previous authors (Sverak&Choffrut), and provides stronger results.
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Chapter 1

Background

We start with a brief derivation of the equation of study, and introduce some relevant
concepts and terminology. Consider some fluid filling a domain in R", with mass density
p(x,t), velocity field w(z,t) and pressure p(z,t). We pick some arbitrary blob of fluid (a
fixed collection of fluid particles), then the blob will move around and deform as the fluid
flows. At any moment in time it occupies a closed region €2(¢). Let b be some quantity B per

unit volume that is carried by the flow. Then the total quantity of B in the blob is given by

B(t) = / b, £)dV.
Q)
On the other hand, the rate of change of B carried by the blob is given by

dBt) _ / Pt 1y s / b(z, t)u - ndS
dt aw Ot 20(t)

where n is the outward pointing normal of the surface 9€2. The above is known as Reynolds
transport theorem for a material element. It can be understood in the following sense: at
any moment in time, the rate of change of B in the blob is equal to the rate of change of B
inside the volume it momentarily occupies plus the net flow rate of the quantity out of this

volume. Applying the divergence theorem to the right most term we get

dB(t) b
i, gtV wa (L1)

Now we are ready to apply the conservation laws of physics to obtain the governing

equations of a fluid flow. Conservation of mass tells us the mass of the blob is constant.
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Hence

dm(t) op B
7 —/Q(t) T + V- (pu)dV =0.

Note that our selection of blob was arbitrary, so the above equality must hold pointwise. We
thus obtain the continuity equation

dp
EJrV-(pu)_O.

Newton’s second law of motion tells us that for any system (the blob), the rate of change
of momentum is equal to the force acting on it. We denote the momentum components of the
blob by ¢;. Let us suppose there is no friction between the fluid particles. This corresponds
to an inviscid fluid. In the absence of any external forces (such as gravity) acting on the
fluid, the only force acting on the blob is the pressure from the surrounding fluid. Therefore

the force acting on the blob is

F:—/ pndS:—/ VpdV.
o9(t) Q(t)

Newton’s second law thus gives us

/ Ipui) + V- (puu) + 9;pdV = 0.

As before the equality must hold pointwise, and together with the continuity equation we

get the general Euler Equations

%+V~(/Juiu)+&p:0
dp B
E—FV'(pu)—O.

Let us suppose that the fluid is incompressible and has uniform density. We can take
p = 1. We thus obtain the incompressible Euler equation, which can be written in vector

notation as

a—u—l—u-Vu—Fszo
ot (1.2)

V.-u=0.
The first equation is known as the momentum equation, the second as the incompressibility

condition. Together they govern the flow of a homogeneous, ideal (inviscid), incompressible



fluid. For the rest of this work, by ‘low’ we will always mean the flow of such a fluid, ie a
solution to 1.2.

We will restrict ourselves to the study of stationary (steady state) flows of a two-
dimensional fluid. By ‘stationary’ flows, we mean solutions of 1.2 which are time-independent:
u(z,t) = u(z). Two-dimensional flows have a particularly useful formulation in terms of
the stream function and vorticity, which we now introduce. We can regard such a flow in
three-dimension as u(zx,y, z,t) = (u(z,y,t),v(x,y,t),0). From vector calculus we know that
a divergence free vector field can be written as the curl of some vector potential. Thus we
can write u = V x @ where ¢ = (0,0,v). The scalar ¢ (z,y,t) is called the stream function
and it satisfies (u,v) = (¢, —¢,) = V4. Thus it is defined uniquely, up to an additive
constant. We define the streamlines (or flow lines) of w as its integral curves at any moment

in time.

Remark 1.1. The stream function is so called because its level lines correspond with stream
lines. To see this, suppose at some fixed moment in time, the curve a(s) is a level line of 9,

ie Y(a(s)) = ¢. Then

di(a(s)) dory dag
—_— e —— _— 0
ds 4 ds Ty ds
Therefore V1) is perpendicular to fl—‘;. But V¢ = (—v,u) is perpendicular to (u,v), thus

u(a(s)) and di‘l—f) are parallel. Hence the flow points along «(s). Note that for a stationary
flow, the flow lines coincide with the particle trajectories. Also note that the critical points
of the stream function (V1) = 0) correspond to stagnation points of the flow (points at which

velocity is zero).

We define the vorticity w = V x u. For two-dimensional flows, only the z component is

nonzero, thus vorticity can be regarded as a scalar defined by
w=—Aq. (1.3)

Physically, w(z,y,t) represents the angular velocity of an infinitesimal blob centered on
(x,y). By taking the curl of 1.2 we obtain the vorticity formulation of the two-dimensional

Euler equation

Ow
EJru-Vw:O. (14)



We notice the following property, a flow is stationary if and only if v - Vw = 0. In other
words, when w is constant along flow lines. From 1.3, we see then that a stream function

defines a stationary flow if and only if it satisfies for some function F' the equation

Ap = F(). (1.5)

We call this the equation of the stream function for a two-dimensional stationary flow, and
it will be the main equation of study in this work.

The equations for the flow of an ideal, incompressible fluid were first published by Euler
in 1757. To this day, they remain an active field of study, with many important questions
still unanswered. The main problem of interest is to solve 1.2 for the flow w given an initial
flow wg, keeping in mind the pressure p is also an unknown. Existence and uniqueness of
solutions that are local in time, and as regular as the initial data goes back to classical
works of Liechtenstein, Gunter, and later works of Ebin&Marsden, etc (see [6], [3], [7]). For
two-dimensional flows, existence and uniqueness of global in time solutions was shown by
Wolibner, Yudovich, etc (see [16], [17]). Existence and uniqueness of global in time solutions
in three-dimensions remains an open problem. Starting with the works of Arnold (see [1],
[4]) the Euler equations were shown to have an inherent geometric structure, by interpreting
their solutions as geodesic flows on the group of volume preserving diffeomorphisms. One of
the outstanding achievements in the study of ideal, incompressible flows was the discovery
that despite limited regularity of initial flows, the particle trajectories are real analytic curves
(Serfati [12], Shnirelman [13], and others). Hence, the flow lines of steady state solutions of
the Fuler equation are real analytic curves.

In the work of Sverak&Choffrut [14], they establish ‘a geometric picture of the structure
of the set of steady-states of Euler’s equations’. They consider a two-dimensional flow
on an annulus and find a local parametrization for the set of stationary solutions to the
Euler equations. The main difficulty here is the fact that the set of stationary solutions
in the Sobolev space is not a smooth manifold. It becomes smooth only in C'*° which is a
Fréchet space. Therefore, they were forced to use the Nash-Moser-Hamilton implicit function

theorem for Fréchet spaces. This makes their results less natural and less complete.



Chapter 2

Introduction

In this work we seek to improve on the results of Sverdk&Choffrut [14]. We consider the
equation for the stream function for a stationary flow 1.5, along a periodic strip. Our goal
is two-fold, to incorporate the analytic structure of the flow lines into the solution and to
form a Banach space for the solutions. This will allow us to locally solve the equation using
the Implicit Function Theorem in Banach spaces, thus avoiding the Nash-Moser Implicit
Function Theorem in Fréchet spaces.

Consider a two-dimensional stationary flow along a periodic strip. The flow lines (which
are analytic curves) correspond to the level lines of the stream function ¢(z,y) = ¢. In
the case when the stream function has no critical points (Vi) # 0), the flow lines have no
stagnation points, never intersect and thus may be seen as graphs of some periodic functions
y = a(x, 1)) which are analytic in x for each fixed ¢ = ¢. Consider the domain between two
flow lines, say ¥ = 0 and ¥ = 1. Suppose these boundary flow lines correspond to graphs of
some analytic functions y = f(z) = a(x,0) and y = g(z) = a(x, 1) respectively. Then the

stream function satisfies the following boundary value equation

/

AY(z,y) = F(¥)
U(x, f(r)) =0 (2.1)
| V(,9(x)) =1

on the domain {(x,y) : z € T, f(z) <y < g(x)}. Notice that there is a trivial solution when

F = 0 given by ¥(x,y) = y, f(x) = 0 and g(x) = 1. Such a solution corresponds to a
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constant flow along the strip, and every flow line between v = 0 and ¢ = 1 is given by
y = a(x,v) = 1. We expect that when F' is close enough to zero, no critical points of 1)
are introduced, and therefore the flow lines remain graphs of functions y = a(z,v). In our
work, we will seek such solutions to 2.1. To incorporate the analytic structure of the flow
lines, we face the problem that functions whose level lines are real analytic curves do not
form a linear space. Thus the stream function ¢ itself is not an appropriate object for our
study. Instead we will consider the flow lines themselves. To do this we must transform the
equation 2.1 from coordinates (z,y) to (z,v).

For clarity let’s introduce new coordinates (£, 7). Now consider the coordinate transfor-

mation
(z,y) = (&n) = (z,9(z,y)).
The inverse transformation is given by

&n) = (z,y) = (v,a(&,n)).

Computing the Jacobian of the transformation we get

oz Ox
O o
(& n) o a a,

Taking the inverse, we find the Jacobian of the inverse transformation

ot o¢
0.y) _|aw ay| _ 1 0
o&n) |2 @ _o 1

z an  an

o _ 0 a0 0 10

or ¢ a, On oy _a_na_n'
Taking second derivatives we get the expressions
> 9 2ac 07 L (G > 92 L [ (wmae — acan anlee — Qeagy \ | O
Oz 0&2  a, OLOn a,) On? ay, a? az on

2?19 ay0
oy? azon?  ad on




Applying the Laplacian to ¢(z,y) = n and writing our coordinates as (§,n) = (z,v) we get

—Ogy + QG:EGMZJ . (ai + ]') Qo) —
Clu) CL?Z} ai

Adp = (a). (2.2)

Thus we have transformed 2.1, the equation of the stream function between two flow lines

to the following boundary value problem

a(z,0) = f(z) (2.3)

a(x,1) = g(x)

on the domain Q =T x (0,1). ®(a) is a second order nonlinear differential operator, defined
by a rational function of partial derivatives of a.

In this work, we consider the following problem. Suppose F(¢)) € H*72(0,1). We seek to
construct a Banach space for the flow lines a(z, ) that incorporates the ‘partial analyticity’
(analytic in z) of a(x,v). We will do this using partial complex extensions of a, thus ob-
taining a complex Banach space for our solutions. Likewise we will construct an appropriate
complex Banach space for the boundary data f(z) and g(z). It will be shown that in such
a formulation, 2.3 becomes an analytic operator equation on complex Banach spaces. A
local solution can be found by the Analytic Implicit Function theorem on complex Banach
spaces, whose proof can be found in most text books of Nonlinear Functional Analysis (for

example see [18], [10]):

Theorem 2.1 (Implicit Function Theorem on Banach Spaces). Let X, Y and Z be Banach
spaces, and A : X x Y — Z be a C* mapping (k times continuously Fréchet differentiable).
Suppose (xo,y0) € X X Y such that A(xg,yo) = 0 and furthermore, %;’yo) Y = Zisa
Banach space isomorphism. Then there exists neighbourhoods U C X,V CY of ¢ and y,
respectively, and a C* map ¢ : U — V such that A(zx, p(z)) =0 and A(z,y) = 0 if and only
if y = é(x) for all (x,y) € U x V. If X, Y and Z are complex Banach spaces and A is an

analytic map, then ¢ is analytic.

Let us briefly sketch our main result. We will construct a complex Banach space Y’ of

solutions a(x, 1) and space X, Y2 for boundary functions f(z) and g(x). We define operators
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7o and ~; which restrict a to the boundary, ie ya(z,v) = a(x,0) and ya(z,¢) = a(z,1).

We then consider the map
A XSV X525 Ho72(0,1) x V2 = VP2 x X712 x71/2 (2.4)

defined by
A(f?.g?FJa):((I)(a)_FfYOa_ffha_g)’ (25)

By noticing that ®(a) = 0 when a(x, ) = 1, we see that
A(0,1,0,4) = 0. (2.6)

In other words, a(z,1) = 1 is a solution to 2.3 for f(z) =0, g(x) =1 and F (1) = 0. This
solution corresponds to a constant flow in a region of zero vorticity when the boundary flows

are straight lines. After evaluating the derivative of ® with respect to a at a(z,v) = ¢ we

find that
0A(0,1,0,)

o CYE S YR X2 xR (2.7)

is defined by
a(z, ) = (=Aa(z, V), ya, 11a). (2.8)

In order to apply 2.1, we have to show this map is an isomorphism. The body of this thesis
will be devoted to constructing the spaces Y and x5 2, showing that A is well defined

and an analytic operator on these spaces and showing that W

is a Banach space
isomorphism. This last step corresponds to solving the Dirichlet problem for the Poisson
equation in our constructed spaces. The main result can then be obtained as an immediate

application of the implicit function theorem 2.1.



Chapter 3

Partially Analytic Sobolev Spaces

In this chapter we introduce new spaces of functions, which we will use as the space of flow
lines in our problem. These spaces should incorporate the analyticity of flow lines, have well
behaved differential operators on them and have a Banach structure so that we may later
use the implicit function theorem on Banach spaces to obtain our solution. The problem
we face is the fact that real analytic functions do not form Banach spaces. Instead we will
consider Sobolev functions that extend analytically to a chosen complex domain. The result
will be a sort of complex Hardy space. The main tool of this chapter will be some variations
of the Paley-Wiener theorem. We start be forming a space of single flow lines.

Let us remind of the Paley-Wiener theorems, which tell us that L? functions on the
real line (or circle) can be complex analytically extended to various domains if their Fourier
transforms satisfy some appropriate growth condition. The Paley-Wiener theorems then
characterize the complex Hardy spaces, which are Banach spaces of complex analytic func-
tions. We can adapt these well known results to include a Sobolev structure in such spaces.

We define the complex periodic strip as follows:
T,={z=x+it:zeT|t| <o} (3.1)

where 0 > 0. T can be identified with the interval [0,27]. Given a function u(z) on the

circle, we can write it as the Fourier series



The following version of the Paley-Wiener theorem uses the Fourier series to characterize the
subset of H*(T) that extends analytically to T,. It will be useful to first prove the following

lemmas.

Lemma 3.1. There is a one-to-one correspondence between holomorphic functions (possibly
taking values in a complex Banach space) on the periodic strip and holomorphic functions

on the annulus.

Proof. The map z — w = e'* defines a holomorphic bijection between the periodic strip
T, and the annulus A, = {¢77 < |w| < e”}. Note dw/dz # 0 for any w € A,. By
the holomorphic inverse function theorem, at any w there exists an analytic map such that
z = F(w) in a neighbourhood of w. If v(w) is holomorphic on the annulus, then the function
u(z) defined by u(z) = v(e**) is clearly holomorphic on T,. On the other hand, suppose
we are given u(z) holomorphic on T,. Then the map v(w) defined by v(w) = u(F(w))
is holomorphic in the annulus. The result holds for functions taking values in a complex

Banach space. O

Lemma 3.2. If u(z) is holomorphic on T, (possibly taking values in a complex Banach

space) then it has the following representation

uw(z) = u(z +it) Z e Fl. {uke kt}

k=—o00

where Uy, is understood to be the (complex Banach space valued) Fourier transform of u(x +

i0).

Proof. By the previous lemma, there exists v(w) that is holomorphic on the A, such that
u(z) = v(e**). Holomorphic functions on the annulus can be uniquely expressed as a Laurent

series
o0

v(w) = Z cpw”.

k=—o00

The coefficients (which may be Banach valued) are given by
1 v(w)
C = 2—m \%; wk+l dw
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where 7 is a closed loop inside the annulus. If we denote z = x + i, and take v to be a loop

around the unit circle |w| = 1 then we get

1 27 i 1 27 )
v(e”) r=— u(z)e Fdr = .

21 J, etk 27 J,

Then the desired result follows immediately:

o0 o0

O

Theorem 3.3 (Paley-Wiener Theorem for Sobolev functions). Suppose u(xz) € H*(T), where
s > 0 s not necessarily a whole number. Let o > 0. Then the following statements are

equivalent:
(i) Filo{twe’™'} € H(T)
(ii) u(x) extends to u(z) holomorphic in the strip T, with

sup [u(- + it) || () < o0
t|<o

Proof. —> : We extend u(z) to a complex function u(z) by replacing the real variable x

with complex variable z = x + it in the Fourier series of u(z). Thus define

o0 [ee]
u(z) = Z Qe = Z Gpe Feikr — f,;_lm{ﬁke’kt}.

k=—00 k=—0o0

To see that the series is well defined for z € T,, note

u(2)] < 3 Jane™ | < 3 lae ™) < 3 el
k k L

= Z mk‘ealkle(ltlw)lkl < ||fkj—1>:(: {akeolkl} ||L2(T)He(\tlfcf)\k\HZ2 < 00
k
where in the second line we have used the Cauchy-Schwarz inequality. Since |t| < o, e(H=)k

is exponentially decaying and thus in #2. Thus the series is absolutely convergent. Similarly,

by differentiating the Fourier series with respect to z, we get
W (2)] < | FE Lape™ NV | o | ket EN e < 0.
|u'(2)] b (T)

11



We conclude that u(z) is complex analytic in T,. Furthermore, we have

sup [[u( +t)||g=(oy = sup [F5, {te™ } [lasr

lt|<o lt|<o

< sup | 7, {iwe™ 1} |

[t|l<o

we(m = | Fid, {ane”™} || gsmy < oo

The second line follows from the fact that the supremum over |t| < o corresponds to the
limit as |t| — oo. By dominated convergence theorem, we can pass to the limit and obtain

the desired result. Therefore the second statement of the theorem is satisfied.

<= By 3.2 we can represent u(z) as
u(z + it) Z tge Hlethr = ]:1;—1>x {ﬂke’kt} )
The first statement of the theorem follows by:
1 {ane” Y s (ry = sup 1 Caane™ H ey

< sup [|F, 2 {an (e + €)M s my

[t|<o
< sup || F, 2 {dre ™™ Y o cry + sup | Fl {awe™ | ms(y
[t|<o [t|<o
= sup [Ju(- + it)||ms(ry + sup [Ju(- — it)| g ()
t|<o [t|<o

< 00.

In the first line we have again used dominated convergence theorem to pull the limit |¢| — oo

out of the norm. ]

Note that it is immediately clear that if a function u satisfies the conditions of the above
theorem, then it is well defined on the boundaries of the strip as a limit of H* functions on

horizontal sections of the strip (by the dominated convergence theorem). Thus we define

u(- £io) = lm u(- +it) (3.2)

t—+o

where this limit is understood as a limit in H*(T). We are now ready to properly define a

space for individual analytic flow lines.
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Definition 3.4. Define X’ to be the space of functions satisfying 3.3. Thus we have two

equivalent characterizations of this space, one real and the other complex.

(i)
X: = {u(x) € H(T) : F;. ! {ane”™} € H*(T)}

with norm
oo

= 3 R

k=—o00

lul

(ii) X? is the space of functions u(z) that are complex analytic on the domain T, and
satisfy

Sup [u(- + i) s m) < 00
t|<o

with norm

[l %{s(qr)-

g(; = sup [Ju(- + it)] %IS(T) = fJu(- +i0))| %{s(’[r) + ||u(- — io)]|

[t|l<o

Remark 3.5. By viewing X as a weighted ¢? space, it is clear that X? is a (complex) Hilbert
space.

Remark 3.6. We can define a mapping T on H® by T : u(z) — F;}, {ake_"‘k‘}. Then the
first part of the definition is equivalent to the statement that T'(H®) = X2. In other words,
any function of X; can be seen as the result of taking a function in H*® and exponentially

dampening its Fourier coefficients.

Remark 3.7. Note that when s = 0, X corresponds to the usual complex Hardy space H>
in the periodic strip. We can say in general, X is a complex Hardy space in the strip with

additional Sobolev structure.

Proposition 3.8. X? is an algebra for s > 1/2. That is, for u,v € X2 we have

luv]lxs < Clul

Xs U| Xs.

o

Proof. Let u,v € X7. The product of two holomorphic functions is holomorphic, therefore
the product u(z)v(2) is holomorphic in T,. Furthermore, on every fixed horizontal section

u(- +it)v(- +it) is a product of H*(T) functions up to and including the boundary |t| = o.

13



Since H*(T) is an algebra for s > 1/2, then the product u(z)v(z) is in H*(T) on each section
up to and including the boundary. Therefore u(z)v(z) satisfies second statement of 3.3 and

is thus in X?. The desired inequality follows immediately from ||uv| gs < C|lu||lgs||v||gs. O

Let u(z,y) € H*(2), where Q =T x (0,1). We seek to characterize the subset of these
functions which are ‘partially analytic’ (analytic in x) by proving a ‘partial’ analogue of
theorem 3.3. To do so, we must make precise in what sense an H*({2) function can be
partially analytic. Let 7, be an operator that restricts a function u(-,-) on Q to u(z,-) on
the section (0,1). It is a well known property of Sobolev spaces that such trace operators
are bounded and surjective from H*(Q2) to H*"'/2(0,1) (as long as s > 1/2), where, the
fractional Sobolev space on (0,1) can be defined by the Slobodetsky norm (see for example
[9] and [5]). On the other hand, if a function in H*(2) has additional regularity in z, then

we expect the restriction u(zx,-) to be in H*(0,1). Thus we claim the following definition:
Definition 3.9. We say that a function v € H*(2) is analytic in z if the map
r— yu:T— H%0,1)
is analytic (as a Banach valued function).
The following theorem confirms this result. Note that a function on {2 can be written as

a partial Fourier series
o

u(z,y) = Y ax(y)e™.

k=—o00
Theorem 3.10 (Partial Paley-Wiener Theorem for Sobolev Functions). Suppose u(z,y) €

H*(Q), where s > 0. Let o > 0. Then the following statements are equivalent:
(i) Filotin(y)e”™} € H(Q)
(i1) u(zx,y) extends to u(z,y) complex analytic on T, in the sense that the map
z—=u(z,:): T, — H(0,1)

is complex analytic (as a complex Banach valued map) and u(z,y) satisfies

sup [|u(- +it, )|

[t|<o

Hs(Q) < O0.

14



Proof. = : We extend u from Q =T x (0,1) to T, x (0,1) by
u(z,y) = u(r + it,y) Zuk etk = Zﬁk(y)e_kte“m = F* {g(y)e ™.
k

To see that u(z,-) € H*(0,1) for z € T,, first note that statement one of the theorem directly
implies that

> M an(y)l;

H5(0,1) < Q.
k

Then we have
2

dy

||u(z + it, - A(p) JeHteike

HéOI Z/K)” x—i—zt |dy_

Lo

2
< SO M | oy [ 200 = Y (Ze’“'””“ Wl )

p<s kil p<s

= (Ze”’““u el a>|k|> <y (Zezawq”up) ||L201) (Zez(ﬂ k)

< p<s

- (Z M ()| 25(0,1)> (Z 62(|t—a')|]g|> .
g k

Note we have used the Cauchy-Schwarz inequality between the second and third line, and

S [l (y)ehie

(y) ‘@l@:)(y)‘ eIl Il g,

again in the fourth line. Of course the right hand term of the last line is in ¢? since (=¥

is exponentially decaying when [t| < o. Similarly, we also get

sz, Moy < (Ze%"“'lluk )i 01)) (Z““‘@z('ta)'kl) < 0.

k

Thus we have confirmed that the map z — wu(z,-) is complex differentiable from T, to
H?(0,1) and therefore it is complex analytic. Furthermore, by the Fourier series representa-

tion of u(x + it,y) we get

-+ it, V) = IFS A )e ™ Hlmew) < 1FSAan@)e™ H im0
By the dominated convergence theorem, we pass to the limit and get
sup Ju- +it, )| e 0) = Sup 1P L ()™ Y g = I1FS A (W) e Hlas o) < o0
<o <o

15



Thus we have shown ||u(- +it, -)|

s < M uniformly as |t| — o and so we have a well defined

u(- £io,-) € H*(2) on the boundary of T,. This concludes the first direction of the proof.

<=: By 3.2, u(z,-) has representation

o0

u(x +it,-) = Z (e e = Fit (e}

k=—o00

Then the first statement of the theorem follows by the dominated convergence theorem:

1P L ()™ ™ Y -2y = sup [ A@e(®)e™ =)

[t|<o

< sup [ F {an(y) (e + e )}

H#(Q)
[t|l<o
< |S\up 1 F o { e (y)e ™ =) + ISlup 1 F o { i ()e ™ H s
ti<o ti<o
= sup |Ju(- +it,-)||gs ) + sup |lu(- —it, )| s
[t|<o [t|<o

< Q.

]

Using the above theorem, we can define a ‘partial’ complex Hardy space which will serve

as the solution space of our problem.

Definition 3.11. Let s > 0. Define Y’ to be the space of functions satisfying the preceding
theorem. Thus we have two equivalent characterizations of this space, one real and the other

complex.

(i)
Yy = {u(z,y) € H*(Q) : FiS {an(y)e™} € H(Q)}

with norm

%/g— Z Z (k? pezalkIHU ()HL2(01

P+q<s k=—o0

[l

(ii) Y} is the space of functions u(z,y) on T, x (0,1) that are complex analytic on T, in
the sense that the map
z—u(z,-): T, = H*(0,1)

16



is complex analytic, and that satisfy

sup [|u(- +it, )]

[t|<o

Y’ has norm

ve = sup [[u(- +it, ) [3rs () = lul- +i0, )i + llu(- —io, )| 7 q)-

[t|l<o

lully

Remark 3.12. Completeness of Y follows immediately from the completeness of H*. If
un(x,y) is a Cauchy sequence in Y;* then it converges to some function u(x,y) in H®. Likewise
the sequence v, (z,y) = F;_, {tn(k,y)e’} converges to some v(z,y) in H*. To see that

u(z,y) € Y, note that since

1FS (ks ) M < lolla

then by dominated convergence theorem

17k v)e = Tim |5, ik, y)e )|

s < 0.

Thus u € Y, hence Y is complete and so it is a (complex) Hilbert space.

Remark 3.13. As in the case for X, the first part of the definition of Y} is equivalent to the
statement T'(H*) = Y, where T maps u(z,y) to F,_, {ak(y)e 7"}

Remark 3.14. It should be noted that while u(x +it,-) € H*(0, 1) for |t| < o, it fails to hold
as [t| — o. In this limit we merely have u(x + it,-) — u(x + io,-) in H*~'/2(0,1). This is
clear because on the boundary of the domain of analyticity, u(- £ ic,-) is an ordinary H*((2)

function (without additional regularity) and thus has the usual trace H*(Q2) — H*~1/2(0, 1).

Proposition 3.15. Y is an algebra for s > 1. That is, for u,v € Y.} we have

luvllys <

Proof. Consider u,v € Y. Note that the map z — u(z,-)v(z, ) is well defined from T, to

H*(0,1) since the latter is an algebra for s > 1/2. Also we have by chain rule

d du dv s
E[U(ZW)U(Z?')] dZ( ) (Z">+U<Z7')E(z7") €H (0’1)

17



since z — u(z,-) and z — v(z, -) are complex analytic and H*(0, 1) is an algebra. Therefore
z = u(z,)v(z,-): T, = H*(0,1)

is complex analytic. Furthermore, since H*(f2) is an algebra for s > 1, the product u(- +
it,-)v(-+1it, -) on each section (up to and including the boundaries |t| = o) is in H*(£2). Thus
by the second statement of 3.10, the product u(z)v(z) € Y. The inequality follows directly
from the equivalent result for H*(2). O

Remark 3.16. It is worth briefly mentioning our first attempts at the problem, which were
unsuccessful. We had initially considered the space X7 ® H"(0, 1) for our partially analytic
functions. Despite the fact that this space also has a partial analyticity, it proved to be the
wrong space for our study. Such a space is related to spaces of the form H®*® H", which can
be identified with the Sobolev spaces of dominating mixed derivatives (see [15], [11]) because
they consist of functions whose derivatives up to 9;0; are in L?. Such spaces are anisotropic
in their Sobolev regularity, which causes problems when solving the Dirichlet problem for
the Poisson equation. Note that 1 —A : H*®@ H" — H* ?® H"~? is not an isomorphism. The
target space of the Laplacian instead must be chosen much more carefully. Even when the
target space is constructed correctly (as the subset of H~2 whose distributional derivatives
up to 9;0, are in H ~2), the Dirichlet problem remains unsolvable. The issue occurs at the
boundary. We found that in order for the solution to lie in H*® H", the boundary functions
should lie in H**"~'/2. In other words the boundary should be the trace of an H**" function,
as opposed to a H* ® H" function. One can conclude that such spaces of mixed dominating
derivatives (and hence tensor products of Sobolev spaces) are unsuitable for the boundary
value problems encountered in this work. The mistake in forming the space X? @ H"(0,1)
was that in an attempt to introduce anisotropy in the sense of partial analyticity, we also
introduced anisotropy in the Sobolev regularity. Ultimately, this problem was remedied
by formulating the ‘correct’ space Y, that was used in this work. This space successfully

incorporates partial analyticity, while remaining isotropic in Sobolev regularity.

18



Chapter 4

Dirichlet Problem

To be able to apply the Implicit Function theorem, we have to show that the map
u— (A, you, y1u) 1 Y5 — V72 5 X372 5 X571/2 (4.1)
is a Banach space isomorphism, which we show in this chapter.

Proposition 4.1. The derwative operators 0, and 0, are well defined and bounded from Y,
to Y71 as long as s > 1. Likewise the Laplacian A : Y — Y572 4s well defined and bounded

for s > 2.
Proof. This follows immediately from the Sobolev structure of Y. O
Proposition 4.2. Let s > 1/2. Then the restriction to horizontal sections, defined by
u— pu=u(-y) Y — X512
15 well defined and bounded.

Proof. For any u € Y we can write u(z,y) = >, tx(y)e™™*, where iy (y) € H*(0,1). Thus
it is clear that {eikz} ® H*(0,1) is dense in Y, where {eikz} is the set of trigonometric
polynomials. Furthermore since C*°[0, 1] is dense in H*(0,1), then {e**} ® C*>[0, 1] is dense
in Y. For any v(z,y) € {e**} ® C*[0,1], the trace -, is well defined by evaluation at y, ie
() = v(-,y) and this trace is in X5 /%, Since v, : H*(Q) — H*"/2(T) is bounded for

s > 1/2, we have |[v(-, y)]| ys-1/2 < Clv

ys. Thus by density, we can extend v, to a bounded

operator from all of Y to X5 /2. O
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Corollary 4.3. The map

u— (Au, you,nu) : Y, — Y;_Q X X§_1/2 X X§_1/2

1s bounded, provided s > 2.

Theorem 4.4.

u— (Au, you, yu) 1 Y — Y2 x X512 5 X371/2

18 a Banach space isomorphism, provided s > 2.

Proof. We must show that 4.1

problem for the Poisson equation

Here f(x,y) € Y72 and a(z),b(x

is invertible, which corresponds to solving the Dirichlet

on the domain Q = T x [0, 1] given by

Au(z,y) = f(x,y)

u(z,0) = a(z) (4.2)

u(z, 1) = b(x).

\

) € X5, We must show the solution exists in u € Y.

By expanding all functions as Fourier series in x we get the series of ODEs

;

\

ay(y) — k*u(y) = fr(y)
ik (0) = ay (4.3)
(1) = by.

These ODEs can be solved explicitly. For the case when k = 0, straight integration yields

o) = [ [t

N Lo
0 0

It can easily be seen that this term is in H*(0,1). For general k, let’s write the solution

as Us(y) = hi(y) + Ge(y) where hy is the solution to the homogencous part (with non-zero

boundary conditions) while g is the general part (with zero boundary conditions). Then we

get
hi(y)

be sinh(ky) — a sinh[k(y — 1)]

sinh(k) (4.4)
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and

) = | Gulo DAt (45)
e (sinbfk(t — 1)]sinh(ky)
sin t — 1)|sinh(ky
k sinh(k) y=t
Gry,t) = (4.6)
sinh(kt) sinh[k(y — 1)]
\ J sinh (k) y=t

is the Green’s function. Then the solution to the Dirichlet problem is given by

u(@,y) = h(z,y) + g(z,y) =Y h(y)e™ +> gely)e™. (4.7)

Next we would like to show that u € Y_’. That is, show

Ys = Z Ze%lkl ()" ( )HL2 (0,1) < 0.

p+q<s k

ull§

First let’s check h(z,y). We have

. kb, sinh(ky) — k% sinh[k(y — 1)]
q =
Ol (y) sinh(k)
when ¢ is even and
. kb, cosh(ky) — k%, cosh[k(y — 1)]
q prm—
9yln(y) sinh(k)

when ¢ is odd. Notice that,

! ! inh(k h(k) — k
/ sinh?(ky)dy :/ sinh?*[k(y — 1)]dy = sinh( )C;)Z (k)
0 0

and
' ! nh(k) cosh(k) + &
| oty = [ costlaty — 1)y = TR LE
0 0

Therefore we get

sinh(k) cosh(k) £ k
2k sinh? (k)

1
105 () 22 0.1) = / 080 (y) Py < (K2)7(@2 + B2)

and thus

||a§ilk(y)”%2(o,1) ~ 2 (a} + Z’i)
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It follows that
MR P08 ()17 20,1) & € (B2 (07 4 B7) < M1+ 7)1 (aF + B)
since p + ¢ < s. Summing over k, p,q we get

[h (2, y)]

e < O (0@ + 1)) (48)
Now let’s consider the term g(x,y). Starting with the equation
ar = k*gr + fr
differentiating twice gives
0" = RG JL = R0+ fi) + T = g+ R+
In general differentiating an even number of times gives us
n—1 )
G = kg Y KA A, (4.9)
i=0

Similarly an odd number of derivatives can be written

n—1
gl(chJrl) _ k2ng;€ 4 Z k2(n717i)f]§21+1) (4.10)
i=0

Therefore to control the L? norm of g,‘f) we need only to estimate the norms of g, and g;.

Recall g satisfies

9k = K29 = fi

on the interval (0,1). Multiplying both sides of the ODE by ¢, and integrating over the

1 1 1
/ ndy — K / GiGedy = / fidn
0 0 0

Integrating the first term by parts using that g, vanishes on the end points and rearranging

interval gives

gives

1 1 1
/ \ﬁ;@!Qderkz/ |9 [*dy = —/ frdndy. (4.11)
0 0 0
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Applying Poincaré inequality:

1 1
[ oy < [laipay
0 0

and Cauchy-Schwarz inequality to 4.11 we get

1 1 1

(8 [ gy < e[ 1Py [ Lo
0 0 0

We thus obtain

(1 + KGNl 201y < ell fall z20,0)

and so

A 12 < ||fl€H%2 4192
arllz2 < CT- (4.12)
Also notice from 4.11 we have
1 1 1 1
[ iakar < [+ Rl < ([ VPa [ ot
0 0 0 0
It follows that X
. ; . 1 fll7
196172 < I fellrzllgnll 2 < CTLQ- (4.13)

We now have control of g, and g;, which we can use to control g,‘j). Returning to 4.9 and

4.10 we find

n—1
~(2n n— r n—2—2i11 £(2¢
127013 < (B2 fll3e + > (62272 £2913
1=0
and B
1" D130 < B2 fallZe + > (k)22 f2 V|3,

1=0
We can combine these two cases and write
q—2

N —2—7 1 ;04
17112 < > () A2 (4.14)

7=0

Multiplying both sides by (k?)? and using that p + ¢ < s we get
s—2
~ s—2—7 (7
()" 1971 < Y205 () 1A 1
j=0

Finally multiplying both sides by ¢** and summing over k, p, ¢ we obtain

9llyy < Cllfllyz—- (4.15)
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Combining 4.8 and 4.15 we obtain the desired result

2 <C (112, + lal

|| ez T 1 ii,l/z> : (4.16)

Thus there is a bounded inverse map to 4.1 and so it is a Banach space isomorphism.
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Chapter 5

Nonlinear Differential Operators

The goal of this chapter is to show that the nonlinear differential operator ® defined in 2.2 is
an analytic operator from Y to Y72, in the neighbourhood of a(x,) = 1. To this end, we
will need to first show such results on ordinary Sobolev spaces. Let’s start by formulating this
problem. Suppose A?® is some space of functions from a (real or complex) domain 2 to K (real
or complex numbers), that are s times differentiable (in some informal sense). We denote
mth order derivatives (possibly partial) by D™. Given a function f: Q x K x --- x K — K,

we can define a nonlinear operator F' on a set of functions uy, ..., uy € A® by the composition
Fu= f(z,ui(x), -, un(x)).

Such operators are often referred to in literature as Composition operators, Substitution
operators or Nemytskii operators (see [10]). We can in turn define an mth order nonlinear

differential operator F(™ on u € A* by the composition:
F™aoy(z) = F (u(zx), Du(z), - - -, D™u(z)) = f (z,u(x), Du(z),- - -, D™u(x)).
In other words, it is given by a composition of a linear differential operator
w(z) = (u(z), -, D"u(x)) : A> = A° x - x A5

with a nonlinear operator F. In practice we would like F(™ to map A° to A*~™. To do so,

we need f to define the mapping
F:AT™ x oo A5 — AS™
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For our purposes, it will be enough to consider the slightly less general operator F'(uy, ...,uy) =
f(uy(x),...,un(x)). That is, operators defined by functions that do not explicitly depend on
the domain 2. Starting with the simplest case, suppose x € Q C R and f : K — K defines
Fu(z) = f(u(x)). Computing the first few derivatives of Fu(z) we get

DFu(x) = f'(u)(Du)
D*Fu(x) = f'(u)(D*u) + " (u)(Du)®

D*Fu(x) = f'(u)(D*u) + 3f"(u)(Du)(D*u) + [ (u)(Du)’

By induction, we can write the general sth derivative as follows

D*Fu(x Z oG (D) (D) fP (u). (5.1)
p=1 (s1+-- J>r§p)<s

Remark 5.1. The formula 5.1 remains true if x € R"® and u(x) is a vector valued function;

in this case the terms of 5.1 have an obvious tensor sense.

We are now ready to prove some properties of such composition operators on Sobolev

spaces.

Lemma 5.2. Let Q C R" be a bounded domain (or possibly a torus or toroidal along some
dimensions) with sufficiently smooth boundary. Let f : R — R be a C* function. Suppose
s >n/2+1 (s > n/2 suffices if n is odd) is a natural number. Then f(u(z)) = Fu(z)
defines a continuous mapping

F i H¥Q) — H(9).

Proof. First, to show F is well defined, we show D*Fu(z) € L*(). Suppose s > n/2. Then
we have the inclusion H*(Q2) € C(2) ([2], [9]). The factor f®(u) in 5.1 is thus a composition
of continuous functions and is therefore in C'(Q2). Since the product of a continuous function
with an L? function is L? (on compact domains), it suffices to show that in each term of 5.1,
the product (D*'u) - - - (D*ru) is in L2

Our strategy will be to use the Sobolev Embedding Theorem (see ([2], [9] for more details)
to embed each factor (D*wu) into L? with ¢; high enough that their products are in L?. First
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notice that because ) is bounded, we have the inclusion L4 C L? when ¢ > 2. We will show
each D%y € L% such that 1/¢; +-- -+ 1/q, < 1/2. Then the above mentioned inclusion

combined with Holder’s inequality gives
I(D"u) - - (DMu)l| 2 < C(DMw) - -+ (D* )| a < C| D" ul,, - - | D*ull,,.

Let’s proceed by applying the Sobolev embedding theorem. Each factor D*u € H*™%.
If s —s; > k/2 then this factor is continuous and can be factored out of the L? norm. If
s —s; <n/2then D*u e L% with 1/¢; = 1/2 — (s — s;) /n. Finally in the critical case when
s — s; = n/2 (which can occur only if n is even), we instead use that H*~%~1 C L[9% with
1/¢;=1/2—(s—s;—1)/n=1/n.

First let’s assume n is even. In each term of 5.1, there are p number of factors
Dy, Let’s assume that p’ is the number of factors with s — s; < n/2, p” is the num-
ber of factors in the critical case and p” is the number of factors that are continuous.

Then p' + p” + p” = p. Without loss of generality, let’s order the indexes accordingly
(81, eey Sp/), (Sp/+1, cevy Sp/+p//), (Sp/+p//+1, ceey Sp/+p//+p///). We have

sttt sy+p'(s—n/2)+p" <si+- - +s,=5
and therefore

s1+ sy <s—p'(s—n/2)—p" <s—p"(s—n/2).

Now let’s check the condition for Holder’s inequality (we can ignore the continuous factors):

11 1
q q Ay +p"
_ P ps sitedsy P
2 n n
/ /! / //_1 /!
LAY s - P
2 n n

We need 1/¢ < 1/2, so set the last line above to be < 1/2. Rearranging for s we find that

we need
//

p

n
> — _
8_2+p’—|—p”—1
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Notice though that the fraction on the right is at most 2. The denominator is never zero
because we assume at least two factors are not continuous (otherwise the result is trivial).
Therefore we need s > n/2 + 2. Since n is even, this is equivalent to s > n/2 + 1.

" where p"” is the

When n is odd, the critical case does not occur. Thus take p = p/ + p
number of continuous factors and p’ is the number of factors that embed in some L%. We
have

si+-Fsy+p" <si+-Fs,=5

and therefore

S14 sy <s—p"<s.

Checking Hélder’s inequality we have

p's s

p/
<= —— 4+ -
- 2 n n

S1+ -+ Sy
n

== =
q q1 qp

1 1 1 P’
5 +

p's
n

Setting the right side to be < 1/2 and rearranging for s we find s > n/2. Since n is odd,
this corresponds to s > n/2.

To see that F'is continuous, take a sequence in H*(2) converging to u. Note the product
of a sequence converging in L? and a uniformly converging sequence converges in L?. Then
by the Sobolev inequalities, each term of 5.1 converges in L? and so the expression converges

in H° to DFu(x). O
Next we show that additional regularity of f carries forward to regularity of F'.

Lemma 5.3. Suppose f is in C**". Then the map F : H*(Q)) — H*(Q) is r times continu-

ously differentiable. In particular, if f is smooth then F' is smooth.

Proof. Let u,v € H*()). The Gateaux derivative of F" at u in direction v is given by

DF(u,v) = % _OF(u +tv) = f'(u)v(x).

By the previous lemma, f'(u) € H*(Q) as long as f € C**'. Since H® is an algebra for

s > n/2, the Gateaux derivative is in H®. Thus we see that the derivative map

DF(u,") : H*(Q) — H*()
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is well defined, linear because it is a multiplication operator and has a bound on the norm
IIDF (u, )| < ClLf ()l e

Consider the map u — DF(u,-) from H*(Q2) to L (H*(Q2), H*(2)). It is clearly continuous
by the results of the previous lemma, thus DF'(u,-) is continuous in operator norm with
respect to u. A map that has linear bounded Gateaux derivative, continuous in operator
norm is Fréchet differentiable (see [10]). Thus, F' : H®* — H? is continuously differentiable
in the Fréchet sense.

Higher order derivatives work much the same way. The second Fréchet derivative of F

at u, denoted by D?F(u, -, ) is given by the multiplication operator
(v,w) = f"(w)vw : H*(Q) x H*(Q) — H*(Q).

It is well defined and continuous as long as f” is in C?®, that is f € C**2. In general, we see
that D"F(u,-) is well defined and continuous so long as f € C**". In particular, if f is C*
then
F:H*Q)— H*(Q)
is a C'°™° map.
Finally note that in the case when F' acts on a vector valued function u(x), the derivative

map changes from a multiplication operator to a ‘dot product’ operator
N
DF(u,v) =V f(u) -v= Z(‘?jf(u)vj.
j=1

Higher order derivatives are similar linear operators, summations over all components. The
rest of the proof works in the same way.

]

Corollary 5.4. Let f be a complex analytic function. Suppose s >n/2+1 (s >n/2 if n is

odd) is a natural number. Then
F: HY(Q,C) — H%(Q,C)
1s an analytic operator.
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Proof. By the previous lemmas, F' is well defined and continuously complex differentiable
between complex Banach spaces. By standard results of holomorphic maps on complex

Banach spaces (see [8]), F' is analytic. O
Corollary 5.5. Let f be a complex analytic function. Suppose s > 2. Then
F:Y:oY:
15 an analytic operator.
Proof. Let u(z,y) € Y. Consider the map z — Fu(z,-). It is given by the composition
z = u(z,) = flu(z,-)) : T, — H*(0,1) — H*(0,1).

Thus it is a composition of complex analytic maps and is therefore complex analytic. Fur-

thermore, for every [t| < o the map
u(-+it,) = Fu(-+it,-) : H(Q) — H*(Q)
is well defined and continuous (in fact analytic). Therefore

sup || Fu(- 4 it, )| g (o) < oo.

[t|l<o

Thus Fu(z,y) is in Y,? and therefore the map F' : Y — Y? is well defined. Continuity of this
map follows immediately from continuity of F': H®* — H®. As in the previous results, since

Y? is an algebra, the map is continuously complex differentiable between complex Banach

spaces and therefore analytic. O

Theorem 5.6. Let f:C x--- x C — C be a complex analytic function that defines an mth

order nonlinear differential operator on Y. by
F™My = F(u,---,D™u) = f(u,---, D™u).

Suppose s —m > 2. Then

1s an analytic operator.
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Proof. This follows immediately from the previous lemma. Since
u— (-, D™u) Y > YT o x YT
is continuous then the composition
u— F(u,-- -, D™u): Y7 > Y™
is continuous. The Fréchet derivative is given by

DF™ (y,v) = Zﬁjf(u, -+, D™u) Dy
j=1

with operator norm

Yasfm.

NIDF™ (u, )| < C D 105 f (u, - -+, D™w)]
j=1

F(™ ig complex differentiable and therefore analytic. O

Corollary 5.7. Suppose s > 4. Then the map ® defined in 2.2 is an analytic operator from
Y to Y72 in a neighbourhood of a(x,v) = 1.

Proof. Note that ® is defined by composition with a rational function, hence it is ana-
lytic everywhere except at its singularity, which occurs when ay,(z,¢) = 0. Let U be a
neighbourhood in Y such that ay(x,1) # 0 for all @ € U. Then by the previous theorem,
® : U — Y2 is an analytic map. Thus we need only to confirm that there indeed exists such
a neighbourhood of ¥ € Y. Note that s is high enough that a,, € Y=' C H*71(Q) C C(Q).

There exists a constant C' for which || - ||oc < C|| - [|s=1. Take [ja —1||ys < 1/C. Then

lay — 1o < Cllag = 1fls=1 < Clla = |ls < Clla — |

yas<1.

But ||ay — 1|l < 1 implies that a, € (0,2) on T x [0, 1], and is thus never zero. Therefore
let U be the ball in Y* of radius 1/C centred on a(z,v)) = ¢. Then ® : U — Y2 is
analytic. O
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Chapter 6

Conclusion

We now have all the necessary tools to prove our main result.

Theorem 6.1 (Main Result). There exists € > 0, such that if || f|
and || F|

12 < €, ||g—1||Xsfl/2 <€

Hs—2 < € then the boundary value problem in 2.3 has a unique solution a(x, 1)) which

15 parametrized analytically by f, g and F.

Proof. Define the map
A:(f,9,Fa) = (®(a) - F @ 1(z), 00— f,ma—g).
First note that the map
F(y) = Fy) @ 1(z) : H7%(0,1) = Y72
is well defined, bounded linear operator. Then by 5.7, the map
(f,9,F,a) » ®(a) — F ® 1(x)

XWX X5 Ho72(0,1) x Y7 = Y372

is well defined and analytic (in a neighbourhood of a = 1). By 4.2, the maps
Yo, V1 - Y; — Xos_il/2
are bounded linear operators thus

(fvng7a)_>’YOa_f
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(f.9.F,a) = ma—g
X2 X2 Ho72(0,1) x Y — X312
are analytic. Therefore the map
A X2 X2 HO72(0,1) x Y = Y2 x Xo7V2 e X572

is well defined and analytic. At (f, g, F,a) = (0,1,0,%), A is equal to zero and by 4.4 the
map

8F(Oa7170¢) . Ygs N Yas—2 % X§_1/2 % X§_1/2
a

defined by

a — (—A(I, 0a, Wla)

is a Banach space isomorphism. Thus by the analytic implicit function theorem 2.1, there
exists a Xo /% x X57% x H*=2(0, 1) neighbourhood U of (f, g, F) = (0,1,0) for which 2.3

has a unique solution defined by a complex analytic map
(f,9,F) —a:U—Y;.

]

We have thus obtained a local parametrization for the set of flow lines on a periodic
strip. This parametrization holds in the neighbourhood of a parallel flow with constant
velocity in a straight channel, where the stream function has no critical points. Our solution
incorporates the analytic structure of the flow lines and the resulting parametrization is
also analytic. This work represents a step forward towards the goal of a global geometric
description of the set of stationary solutions to the incompressible Euler equation. Further
progress can be made by extending our results from the periodic strip to general domains.
The case when the stream function has critical points needs to be addressed as well. Such a
case presents new difficulties not encountered in this work, as the flow lines can no longer all
be represented as graphs of functions. In our work, we have incorporated the real analytic
structure of flow lines by considering only those whose complex singularities are at worst
restricted to the boundary of our chosen complex strip. In general, a real analytic flow
line can be extended to complex values until some singularity is reached. These complex

singularities of real analytic flows merit investigation.
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