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ABSTRACT

Bad reduction of Hilbert modular varieties with parahoric level structure

Francesca Bergamaschi, Ph.D.

Concordia University, 2017

Abelian varieties can be thought of as a higher dimensional analogue to elliptic curves.
Over fields, they are defined as complete algebraic varieties with a compatible group struc-
ture. One of the most fertile fields in arithmetic geometry is concerned with the study of
abelian varieties in prime characteristic. The fundamental reason why this area has become
so central is that the many interesting phenomena arising in positive characteristic provide
us with very powerful geometric tools. For instance, several results in characteristic zero can
be derived studying the reduction to positive characteristic.

A very fruitful approach for describing such phenomena is to look at several abelian
varieties at once. Roughly speaking, the abelian varieties of a given dimension are seen as
points of a space, namely a moduli space. In general, in order for these spaces to have nice
geometric properties, we will expect the abelian varieties to have additional structure, such
as, for example, some data on the N-torsion (kernel of the multiplication by N map, for
some positive integer V), called a structure of level N. The fundamental example in this
context is that of modular curves that is, spaces whose points parametrize (isomorphism
classes of) elliptic curves with some level N structure. The work of the author focuses on a
generalization of modular curves, that is, Hilbert modular varieties, parametrizing abelian
varieties with polarization, N-level structure and real multiplication, that is, an action by a
suitable finite field extension of Q.

The most immediate questions arising from the study of such spaces are purely of geo-
metric nature. The geometry of Hilbert modular varieties is well understood in every charac-
teristic p, as long as p does not divide the level structure. When p divides the level structure
however, things get complicated. In this thesis we provide a description of Hilbert modular
varieties in the case when p divides the level N (case of parahoric level). In particular, we
obtain an understanding of these spaces by giving a full description of the deformation of
abelian varieties and by defining suitable stratifications depending on the p-torsion of abelian
varieties.
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CHAPTER 1

Introduction

The main object of study of this thesis is the geometry of moduli spaces of Abelian
schemes with extra structure. In particular we fix a totally real field L of degree g over
Q and study schemes whose points correspond to isomorphism classes of Abelian schemes
with multiplication by the ring of integers O, of L and some level structure, called Hilbert
modular varieties. More precisely in this study we concentrate on Hilbert modular varieties
M over Fp with Iwahori at p level structure. Namely, we use the theory of local models
to compute completed local rings at all geometric points of M and the theory of relative
displays to describe certain natural stratifications of this moduli space. The study of the
geometry of Hilbert modular varieties M in positive characteristic depends strongly on the
ramification properties of p in Op.

The geometry of Hilbert modular varieties in positive characteristic p is well understood
in the case where the level structure is relatively prime to p by work of Rapoport [Rap78],
Deligne-Pappas [DP94], Oort [Oor99], Goren-Oort [GO00|, Goren [Gor01], Andreatta-Goren
[AG03, AG04]. Goren-Kassaei [GK12] considered the case with Iwahori level structure at p
when p is unramified in O,

In this thesis we first describe the geometry of Hilbert modular varieties in positive
characteristic p with Iwahori level structure at p unramified in O with methods different
from those used by Goren-Kassaei. Moreover we are also able to apply such methods to
Hilbert modular varieties where p is ramified in O. In this case our results are completely
new.

As mentioned above one of the main ingredients is the computation of the completed
local rings of such a Hilbert modular variety M at all its geometric points by means of the
theory of local models. This general approach was first introduced by Deligne-Pappas [DP94]
and the results are due to Stamm [Sta97] in the unramified case and to Pappas [Pap95] in
the ramified case. The theory of Grothendieck-Messing describes the deformations of an
Abelian variety over Fp in terms of the deformations of the Hodge filtration of its first de
Rham cohomology group. This allows us to identify the completed local rings of geometric
points in M with completed local rings at geometric points of a suitable Grassmannian,
which in certain cases can be explicitly computed.

Our main contribution is the definition and the study of stratifications of our Hilbert
modular varieties in characteristic p with Iwahori at p level structure. In other words we
write our moduli space as a disjoint union of locally closed subschemes (strata) by choosing
suitable invariants of Abelian varieties with real multiplication depending on the structure
of their p-torsion. We moreover study the geometric properties of such strata by means of
the theory of relative displays (these are defined in Section (3), Chapter (2)).

We next describe in deeper detail the structure of the thesis.

Chapter (2) contains fundamental definitions in the theory of group schemes and abelian
varieties. In particular we present the Dieudonné theory for finite group schemes in positive
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2 1. INTRODUCTION

characteristic with an emphasis on the p-torsion of abelian varieties. Finally we introduce
the theory of displays as presented by Zink [Zin02] and their relation to the deformation
theory of abelian varieties.

In Chapter (3) we present our main results in the case of Hilbert modular varieties M
with Iwahori level structure at p of dimension 1, that is, modular curves with I'y(p)-level
structure. The geometry in positive characteristic p of such modular varieties is already
well understood and the results we present are those already obtained by Deligne-Rapoport
[DR75], Katz-Mazur [KM85] and others. Our methods consist in the description of the
deformation theory of geometric points of M in terms of relative displays, both in the equi
characteristic and mixed characteristic cases. To a geometric Fp—point x of M we associate
a morphism of displays P(?) — P over Fp. We describe a criterion for a morphism of displays
P — P to be universal with respect to the deformation of P(°) - P and provide an explicit
candidate. This approach will be generalized and used in the following chapters.

Chapter (4) contains the results related to the geometry of Hilbert modular varieties
with Iwahori level structure at p when p is inert in Q. As already stated, we recover results
of Stamm [Sta97] and Goren-Kassaei [GK12] by means of relative displays. Hopefully such
methods lead in a more straightforward way to results related to the description of the functor
forgetting the Iwahori p-level structure on M (Key Lemma in [GK12]) and the theory of
canonical subgroups, also in the case when p is ramified in Oy, which has not been studied
yet.

In Chapter (5) we describe the geometry of Hilbert modular varieties with Iwahori level
structure at p in the case where p is ramified in Op. By developing the local model in
this case, following Pappas [Pap95] we compute explicitly the completed local rings at any
geometric point in terms of suitable invariants related to the p-torsion of the corresponding
abelian variety; see Section (4.1). In terms of the above mentioned invariants we define strat-
ifications for the space whose strata are non-singular and locally irreducible. See Theorem
(5.4.1) and Theorem (5.4.2) for details. Such geometric properties of the strata and their
dimension are obtained through the deformation theory of displays. We finally show that
the closure of each stratum consists of the union of other strata (Theorem (7.2.1)).

We believe that the methods used in this thesis can be generalized to a wider class of
Shimura varieties of PEL type over F, with Iwahori level structure at p, especially in the
case of bad reduction, which has not been studied yet.



CHAPTER 2

Preliminaries

1. Group schemes and Dieudonné modules

DEFINITION 1.0.1. Fiz a base scheme S. We say that G - S is an S-group scheme if it
has a group structure as an object in the category Sch]S. Explicitly, this means that there
are S-maps

m: G xg G - G multiplication,
1: G - G inverse,
e: S - G unit,
satisfying the group axioms. We say that a group scheme is commutative if the commutativity
is satisfied by these maps.

In other words, a group scheme over S corresponds to a contravariant functor from the
category of schemes over S to the category of groups.

Basic examples. Let R be a commutative ring with unity.

1. The additive group scheme G,/R = (A}L,+), corresponding to the additive group
structure underlying the affine line.

2. The multiplicative group scheme G,,/R = (AL — {0}, x), corresponding to the multi-
plicative group structure underlying the affine line without the origin.

3. The constant group scheme (Z/pZ)g over R.

REMARK 1. We will always use commutative groups schemes and therefore all the results
will refer to these (even though some of them might be true in general).

1.1. Affine group schemes. Let S = Spec(R) be an affine base scheme.

DEFINITION 1.1.1. An S-group scheme G which is affine as a scheme is called an affine
group scheme.

Assume that G = Spec(A) is an affine group scheme. Note that the describing the group
operations m, i and e defined in Definition (1.0.1) is equivalent to describing R-algebra
morphisms

m:A— A®r ®A co-multiplication,
1": A - A co-inverse
e*: A - R co-unit,
satisfying various identities corresponding to the group axioms for m, ¢ and e.
Examples. 1. The p-th roots of unity p, = {x € G,,, | 2P = 1} c G,,,. It is a group scheme

over R, but we will omit this in the notation. In other words p,, is the kernel of the Frobenius
morphism in G,,. Note that as a scheme p,, is identified

fip = Spec(R[T]/(TP - 1))
3



4 2. PRELIMINARIES

and the group operation is defined by the morphism of R-algebras
R[T]/(T?-1) - R[T]/(TP-1)e R[T]/(T?-1)
T — TeT

2. Assume that R is an Fj-algebra. The p-th roots of zero a, = {x € G, | 2P = 0} c G,.

As schemes we have the identification
ap = Spec(R[T]/(T7))
and the group operation is defined by the morphism of R-algebras
R[T]/(T?) - R[T]/(T?)® R[T]/(T7)
T > (Te®1l)+(1®T)

Note that in particular p, and o, are isomorphic as schemes, but they are not as group

schemes, as their group operations are different.

DEFINITION 1.1.2 (Cartier dual). Let G be a commutative group. We define its dual as
the group of characters

G” = HomGT'SCh/S(Ga Gm)

Ezamples. Let the base scheme S = Spec(k) with k of positive characteristic.
1. The Cartier dual of p, is Z/pZ.
2. The Cartier dual of o, is «,, itself.

DEFINITION 1.1.3. A finite flat group scheme is a commutative group scheme f:G - S,
such that the structural morphism is finite and flat and such that f,(Og) is a locally free

Og-module of locally constant rank r >0 (note that if S is noetherian this condition is always
verified).

1.2. The Dieudonné theory. Let k be a perfect field of positive characteristic p. Let
W (k) be the ring of Witt vectors and denote by F:W (k) - W (k) the induced Frobenius.
See the Appendix for details on W (k).

DEFINITION 1.2.1 (Dieudonné modules). A Dieudonné module D is a module over W (k)
equipped with two maps F: D — D and V:D — D satisfying the following identities:
F(wz) =FwF(z), V(wz)=""wV(z), weW(k),zeD
FoV =p, VoF =p.
THEOREM 1.2.2 (Dieudonné). There is a contravariant equivalence of categories between

the category of finite flat commutative group schemes over k of p-power rank and the category
of Dieudonné modules over W (k) of finite length.

Given a finite commutative group scheme G over k, we denote by ID(G) the corresponding
Dieudonné module. If G has rank p”, then D(G) has length n.

DEFINITION 1.2.3 (p-divisible groups). A p-divisible group G' over a base scheme of height
h is an inductive system (G, t,), n >0, where for every n

(1) G,, is a finite flat group scheme over S of order p™,
(2) the sequence
0— Gn L_n> Gn+1 Xi) Gn+1

18 exact.



2. ABELIAN VARIETIES 5

THEOREM 1.2.4. Let k be a perfect field of positive characteristic p > 0. There is a
contravariant equivalence of categories between the category of p-divisible groups over k and
the category of finite free Dieudonné modules over W (k):

{p-divisible groups over k} — {Dieudonné modules over W(k)}
G =(Gp,ytn) > lim D(G,).

2. Abelian varieties

We will give here a sketchy introduction to abelian varieties. For proofs and a more
detailed theory we refer to Mumford’s book [Mum0§].

DEFINITION 2.0.1 (Abelian variety). An abelian variety A over a field k is a projective
variety with compatible group structure, that is, a projective variety over k, together with
k-morphisms

mAxA— A,
A A,
e:A—k,
satisfying the group axioms.

One can prove that the group law defined above is commutative. We will write the group
operation additively.
There is an analogue to abelian varieties over any base scheme.

DEFINITION 2.0.2 (Abelian scheme). An abelian scheme over a base scheme S of relative
dimension g is a proper, smooth group scheme over S whose geometric fibers are connected
and of dimension g.

In other words an abelian scheme over S is a family of abelian varieties parametrized by
S. An abelian scheme over a field & is an abelian variety as defined in Definition (2.0.1).

Given an abelian scheme A over a base S we define the multiplication by n map for any
non-zero integer n. For n # 0 it is a surjective map and its kernel A[n] is a group scheme of
rank n?9, where g denotes the relative dimension of A/S.

DEFINITION 2.0.3 (Isogenies). An isogeny of abelian schemes is a surjective homomor-
phism whose kernel is a finite flat group scheme. The degree of an isogeny is the degree of
its kernel as a group scheme.

Example: The multiplication by n map for an integer n > 0 is an isogeny.

Let p be a prime number and let A be an abelian scheme over S. The group schemes
A[p], A[p*], A[p*], ..., A[p"], ... form an inductive system A[p=] = (A[p"], A[p"] = A[p"*']).
It is a p-divisible group called the p-divisible group associated to the abelian variety A.

To an abelian scheme A over a base scheme S one associates a dual abelian scheme AV
over S. The construction of the dual abelian scheme AV is obtained by means of a line
bundle assosciated to A, the Poincaré bundle 4.
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DEFINITION 2.0.4 (Polarizations). Given A an abelian scheme over a base S, a homo-
morphism \: A - AV is called a polarization if it a symmetric isogeny such that the line

bundle (id, \)*(Z?) is ample.

2.1. Abelian varieties over fields of positive characteristic. In this section we are
going assume k to be a perfect field of positive characteristic p > 0.

DEFINITION 2.1.1. An abelian variety A over k of dimension g is said to be ordinary if
(A[p](R))] = p*.

In particular, an elliptic curve E over k is said to be supersingular if it is not ordinary.
In this case we have that _
((E[p](k))| = {0}

Let o:k — k be the absolute Frobenius x — zP. On an abelian variety A over k of
dimension g we may define relative Frobenius and Verschiebung morphisms

Fry:A— A®), Verq: AP > A,
where A®) = A xg,e0(r),0 Spec(k). They satisfy the identities
Ver 4 o Fra = [p]a, FrqoVera = [plaw-
It follows therefore that
Ker(Fra) c A[p], Ker(Very) c A®[p].
The relative Frobenius and the Verschiebung morphisms
Fry:A - A(p), Ver4: AP - A

are isogenies of degree p9.
We have the following functorial in A commutative diagram with exact rows providing a
differential interpretation of the Dieudonné modules associated to A[p], Ker(Fr4), Ker(Ver,):

(2.1) 0 HO(A, Qap) Hip(Alk) —— H'(A,04) —0

0 — D(Ker(Fry)) ®; o1 k ——D(A[p]) —— D(Ker(Very)) —0

Here H},(A/k) denotes the first de Rham cohomology group of A over k and Q4 is the
sheaf of invariant differentials of A. The result was established by Oda [Oda69]; see Goren-
Kassaei [GK12, 2.2.1] for details.

On an abelian variety A over k there is a perfect bilinear canonical pairing
en:A[N]x AY[N] - un
called the Weil pairing. If the abelian variety is endowed with a polarization \: A - AV then
the Weil pairing induces a bilinear pairing
et A[N]x A[N]: - N
('Iay) = eN(xa)\(y))

Also the first de Rham cohomology group Hj,(A/k) is endowed with a perfect alternating

pairing
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see [DP94, 1.5] for details.

2.2. Deformations of abelian varieties. Let Art, denote the category of local Ar-
tinian k-algebras with residue field k, whose objects are pairs (R,¢) where R is a local

Artinian k-algebra with maximal ideal mg and ¢ is the unique k-isomorphism ¢: R/mpg S k.
DEFINITION 2.2.1. Let A be an abelian variety over k. The deformation functor
Def(A/k): Arty — Sets

associating to (R, ¢) € Arty, the set Def(A/k)(R,¢) of isomorphism classes of pairs (A/R,),
where A[R is an abelian scheme over Spec(R) and ¢ is a k-isomorphism

’gb: ;[ XR,¢ k i> A.
Analogously, given a p-divisible group G over k we define the deformation functor
Def (G/k): Arty, — Sets
associating to (R, ¢) the isomorphism classes of pairs (G/R,1), where G|R is a p-divisible
group over Spec(R) and 1: G Xgpec(k),¢ SPeC(k) = G.
The following result states that it is equivalent to deform an abelian variety A over k or
its associated p-divisible group A[p*].

THEOREM 2.2.2 (Serre-Tate). Let A be an abelian variety over k and let A[p*] be the
associated p-divisible group. The deformation functors Def(A/k) and Def(A[p>=]/k) are
canonically isomorphic.

PRrOOF. For Drinfeld’s proof, see [Kat81]. O

2.3. Abelian varieties with real multiplication. Let k& be an algebraically closed
field of positive characteristic p > 0. Denote by L a totally real number field of degree g:

L——0Oy
Q——Z

Let S be a scheme over k. An RM-abelian scheme (or Hilbert-Blumenthal abelian scheme)
over S is a pair (A/S,t), where

g

e A is an abelian scheme over S of relative dimension g,
e 1:0p - Endg(A) is a ring homomorphism (Op-action); such ¢ gives A/S the struc-
ture of an Or-module scheme.
Note that duality induces an Op-action ¢¥: O - Endg(AY) and hence the pair (AY,.) is an
RM-abelian scheme as well.
We say that a p-divisible group G over a finitely generated k-algebra R has real multipli-

cation by Oy, if O, acts on G as endomorphisms and if D(G ®,, k218) is a free O ®7 W (k¥8)-
module of rank 2.

The moduli problem we are about to define carries a choice of polarization respecting
the real multiplication. More precisely, given an abelian scheme A over S we consider the
Op-module M(A) of Op-linear symmetric morphisms from A to its dual AY, that is, the
Or-module with elements A € Homg(A, A), such that Aot =Y o A and such that A = \".
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More generally, following Rapoport we may view the Op-module M(A) as a sheaf on the
étale site of S

Sch|S — Ab
(T'-S) — {AeHomp(AxgT, A" xsT) | Op-linear, symmetric}

By [Rap78, 1.17] this sheaf is locally constant whose values are projective Or-modules of
rank 1, equipped with positivity notions corresponding to the Op-polarizations of (A, ). We
call the pair (M(A), M(A)*) the étale polarization module of (A, ).

Recall that given an abelian variety over a perfect field k of positive characteristic and of
dimension g, the W (k)-module H} . (A/W(k)) is free of rank 2g. If A has a real multiplica-
tion action by a totally real field L, then H! . (A/W(k)) inherits a structure of O, ® W (k)-

cris
module.

LeEmMMA 2.3.1 (Rapoport, Lemma 1.3). Let (A, ) be a real multiplication abelian variety
over a perfect field k of positive characteristic p> 0. The first crystalline cohomology group
HL. (A/W (k) is a free Op ® W (k)-module of rank 2.

Note that by reducing modulo p we obtain that the first de Rham cohomology group
H}n(A/k) is a free Of, ® k-module of rank 2. More generally, both Very and Fry commute
with the Op-action, that is D(Ker(Frs)) and D(Ker(Very)) have structures of Op ® k-
modules and the diagram (2.1) is a diagram of O, ® k-modules as well.

3. Dieudonné displays

The theory of displays is one of the main tools to study local deformation theory of
abelian varieties. It was introduced by D. Mumford and P. Norman and was generalized to
a much wider class of objects by Thomas Zink. The notion we will be using is in particular
that of Dieudonné displays [Zin02, ZinOla, Laul4]|. The fundamental result is that, under
relatively mild restrictions, Dieudonné displays are equivalent to p-divisible groups. Under
Serre-Tate’s theorem it is therefore possible to study deformation theory of abelian varieties
through Dieudonné displays. Here is a list of results about Dieudonné displays that we are
going to use; the main references are [ZinOla] and [Laul4].

3.0.1. Admussible rings. Let p be a prime number. The following definitions are due to
Lau [Laul4, Definition 1.1, Definition 1.2].

DEFINITION 3.0.1 (Admissible rings). A ring R is called admissible if its nilradical Ny
is bounded nilpotent and if the quotient R..q = R/Ng is a perfect ring of characteristic p. An
admissible local ring is an admissible ring such that R..q is a field.

REMARK 2. Artinian local rings with perfect residue field are admissible local rings.

DEFINITION 3.0.2 (Admissible topological rings). An admissible topological ring is a
complete and separated topological ring R with linear topology such that the ideal Ng of
topologically nilpotent elements is open, the ring Rieq = RINg is perfect of characteristic p,
and for each open ideal N of R contained in Ny the quotient Ng/N is bounded nilpotent.
Thus R is the projective limit of the admissible rings RN .

REMARK 3. Complete local rings with perfect residue field are admissible topological rings.
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3.0.2. The Zink ring. Given an admissible ring R, the exact sequence
0> W(Ng)—>W(R) > W(Rpeq) =0

has a unique section s:W(Ryeq) > W(R), which is F-equivariant. See [Laul4, Lemma 1.4]
for details. Denote by W(Ng) the subring of W(Ng) whose elements have only finitely
many non-zero components. Define the Zink ring as the direct sum

W(R) =W (Nr) & W (Ruea)-
It is an F-stable subring of W (R).
LEMMA 3.0.3. If p> 3, the Zink ring W(R) is V-stable and there is an eract sequence

4 w,
0-W(R) - W(R) = R 0.
An analogous result holds also when p = 2 if we substitute the Verschiebung morphism vV with

Ve =V (ugr), where ug denotes the image of V™' (2 -[2]) e W(Z,) in W(R).

PROOF. See [Laul4, Lemma 1.6, 1.7]. The result is due to Zink [Zin02, Lemma 2] when
p>3. ]

Denote by I(R) the kernel of we:W(R) - R. It is the image of W(R) through V' ( V in
the case of p=2). Then, as for regular Witt vectors, we have that
(3.1) "I(R) € pW(R);
see Lemma (0.1.1), Appendix, for details.

3.0.3. Case of topological admissible rings. For an admissible topological ring R take
W(R) =limW(R/N),
N

where the limit is taken over all open ideals of R contained in Nz. Lemma (3.0.3) holds also
for admissible topological rings.

3.1. Fundamental definitions.
DEFINITION 3.1.1 (Dieudonné Displays). A Dieudonné display P over an admissible
(topological) ring R is a quadruple P = (P,Q, F,V-1), where
e P is a finitely generated projective W(R)-module,
e () is a W(R)-submodule of P,
o ["P— P and V~1:QQ — P are ¥-linear maps,
such that
(1) (R)Pc@Qc P and P/Q is a direct summand of P/[I(R)P (as a W(R)-module),
(2) V-1:Q - P is an ' -linear epimorphism,
(3) the following relation holds

V3iVw-x)=w- Fu, Vre PweW(R).
REMARK 4. In the notation of Definition (3.1.1), for y € Q we always have the relation
Fy=p-V7'y.
Indeed Fy=V-1(V1y) =pV -1y by F-linearity.
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Example When R = k is a perfect field, the category of displays is equivalent to the
category of Dieudonné modules over k. Recall that a Dieudonné module M is a finitely
generated module over W (k) equipped with two operators F' and V' (see Section (1.2) for
details). Since V is injective, there is an inverse operator V-1:V M — M. Since trivially

W(k) = W (k), one obtains a Dieudonné display (M,V M, F,V-1).
DEFINITION 3.1.2. A morphism of Dieudonné displays
fiPr=(Pr,Qu, Fi, Vi) = Pa = (P, Qo F2, V5 )
is a morphism of W(R)-modules f: P, - P, respecting filtrations and maps, that is,
Q)@  fR=FEf,  fV=V"f

The category of Dieudonné displays is an additive category.

For a Dieudonné display P = (P,Q, F, V1), there exists a normal decomposition of P,
that is a direct sum decomposition

P-LeT,
as a W(R)-module, such that the equality @ = L & I(R)T holds.

Giving a Dieudonné display P corresponds to giving a normal decomposition of a W(R)-
module P =L & T, and a semi-linear isomorphism

V'ieF:LeT — P

By localizing on R, we may assume the modules L and T to be free. By choosing bases for
L and T, one may represent V-1 @ I’ through an invertible matrix, the displaying matriz,
that encodes all the information about the Dieudonné display.

We will be particularly interested in the reduction modulo p of Dieudonné displays. Given
a Dieudonné display P denote

Dp=P[I(R)P,  Hp=Q[I(R)P;

we call Hp c Dp the Hodge filtration of P; it is a locally direct summand. It follows
casily from the definition that F (Q) = pP, hence the reduction modulo I(R) is such that
Ker(F) = Q/I(R)P.

In what follows we will need Dieudonné displays equipped with an action of the ring Oy.

DEeFINITION 3.1.3 (RM Dieudonné displays). A real multiplication (RM) Dieudonné

display P over an admissible (topological) ring R is a quintuple (P,Q, F,V=1.(, )) such that
(1) P is a projective O, ® W(R)-module of rank 2,

(2) Q is a projective O, ® W(R)-submodule of P such that I(R)P c @ c P and such

that, as R-modules, the quotient P]Q is a direct summand of the module P[I(R)P,

(3) F and V-1 are the usual morphisms of modules of displays,
(4) (., ) is an O, ® W(R)-bilinear map: P x P - ©7;' @ W(R) such that

Y(VH@), Vi) = (z,y),  Vay e,
(here ®, denotes the different ideal of the number field L ).
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3.2. Relation to p-divisible groups. In [Laul4], for every admissible (topological)
ring R a functor

® i: {p-divisible groups over R} — {Dieudonné displays over R}
is defined and the following theorem is proved.

THEOREM 3.2.1 (Lau). For any admissible (topological) ring R the functor ®g is an
equivalence of exact categories.

For details see [Laul4, Corollary 5.4, Corollary 5.5]. Such a result is proven in [ZinOla]
in the case when p is odd.
We may extend this result to RM Dieudonné displays.

THEOREM 3.2.2. If R is an admissible (topological), the category of RM Dieudonné dis-
plays over R is equivalent to the category of polarized RM p-divisible groups over R.

3.3. Deformation of Dieudonné displays. Consider a homomorphism ¢:S - R of
admissible (topological) rings and a Dieudonné display P = (P,Q, F, V') over S. We may
base change P to R and obtain a Dieudonné display Pr over R by putting

o Pr =P @) W(R),

(] QR = Ker(P AW(S) W(R) - P/Q ®g R),

e Fp such that Fr(A®z) =FA® F(z),

e V! as the only F-linear operator satisfying the necessary relations for a Dieudonné
display.

DEeFINITION 3.3.1 (Lifts). Consider a Dieudonné display Py over an admissible (topo-
logical) ring R and let ¢:S — R be a homomorphism of admissible (topological) rings. A
deformation or lift of Py to S is a pair (P,¢) where P is a Dieudonné display over S and
¢ is an isomorphism of Dieudonné displays Pr ~ Py.

DEFINITION 3.3.2 (The deformation functor). Let Py be a Dieudonné display over a
perfect field k of characteristic p>0. The deformation functor of Py is defined as
Def(Po/k): Art, — Sets
S — {isomorphism classes of (P,¢)}

where (P, @) is a lift of Py.
The following result is a consequence of Theorem (3.2.2).

COROLLARY 3.3.3. Let Py be a Dieudonné display over k and let Gy be the associated
p-divisible group as in Theorem (3.2.2). Then the deformation functors Def(Py/k) and
Def(Go/k) are canonically isomorphic.

3.4. The crystalline nature of Dieudonné displays. Let A be a commutative ring
and I < A and ideal.

DEFINITION 3.4.1 (Divided powers). By divided powers on I we mean a collection of
maps {7y; : I - A};so satisfying the following properties:
(1) for xz € I we have vo(x) =1, y1(x) =2 and Vi > 1, vi(x) €I,
(2) if w,y e I then yi(x +y) = Xisjer¥i ()75 (),
(3) for e A, vi(Ax) = Ny, (),
(4)

i+7)!

4) forx eI, vi(z)y(z) = (Z»T%ﬁ(m):
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(5) W(ve(x)) = (lijgl))p’yp(I(x)
We call (I1,7) a P.D. ideal, (A,1,7) a P.D. ring and v a P.D. structure on I.

DEFINITION 3.4.2. Let (A,I,v) and (B,J,§) be P.D. rings. A morphism of PD rings
f:(A1~y) - (B,J,0) (or PD-morphism is a ring homomorphism f : A - B such that
f(I) € J and such that f(v,(z)) = 6.(f(x)), Ve e I,ne N. We say that J is a sub PD ideal
of I if y(x) e J for every x € J.

Let S — R be a surjective PD morphism of admissible (topological) rings, and let P =
(P,Q, F,V-1) be a Dieudonné display over R and Pg = (Ps,Qs, Fs,Vg') be a Dieudonné
display over S lifting P. Denote by Qg the inverse image of Q through the natural projection
Pg — P. Note that V! extends uniquely to Qs. Denote by P the quadruple (P, Q,F V- b).

THEOREM 3.4.3 (Zink). Let S - R be a surjective PD-morphism of admissible rings
and let [Py = (P, Qu, Fi, Vit {1, W) = Pa= (P, Qo Fo, Vi1, )2) be a morphism of RM
Dieudonné displays over R. Let Pys = (Prs,Qus, F1.5, V5 (s h1.s) and Pas = (Pas, Q2.5 Fas, Vyg, (5 )a.s)
be two Deidonné displays over S lifting P and Py respectively. There exists a unique mor-
phism

Prs L Pos
over S lifting f:Py = Po and commuting with the Op-action.
PROOF. See [ZinOla, Theorem 3]. O

The result extends to admissible topological rings. We will in fact use the result for such
objects.

REMARK 5. If P =Py =Py and f:'P - P is the identity morphism, and if Py g and Pag
are two RM Dieudonné displays over S lifting P, then the map f5:7/51,g - 732,5 obtained by
Theorem (3.4.3) is an isomorphism.

REMARK 6. The identification Py := P(Spec(R) c Spec(S)) defines a sheaf on the crys-
talline site over R. By Theorem (3.4.3) P is a crystal. The result implies also that Dp, and
Dp, are canonically isomorphic and hence also the sheaf D(Spec(R) c Spec(S)) = Dp, is a
crystal on the crystalline site over R, namely the Dieudonné crystal.

Given an abelian variety A with real multiplication, and P4 the Dieudonné display as-
sociated to the p-divisible group A[p>] by Theorem (3.2.2), we have that Dp = D(A[p*]).
In fact, the crystalline theory gives a canonical, explicit way to associate displays to abelian
varieties. The following result is due to Langer-Zink, see [LZ04, Section 3.4] for details.

THEOREM 3.4.4 (Langer-Zink). Given a perfect field k of positive characteristic p and an
abelian variety A over k, there is a unique Dieudonné display Pa = (Pa,Qa, Fa, V') such
that

o Py=H!. (A/W(k)) and Fy4 is the canonical crystalline Frobenius on Py,
e Qi =Ker(H}. (A/W(k)) - HY(A,04)) (under the composition of the canonical
maps H., (A/W(k)) > Hj,(A/R) - H'(A,04)),

e the arrow A - Py defines a functor which commutes with base change.
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Note that this makes sense since W(k) = W (k). Let us explain this construction con-
cretely. Given an abelian variety over k, the first crystalline cohomology group is identified
with the Dieudonné module

D(A) = D(A) (wwyr) = Heris(A/W (K)).

It has natural ¥ - linear morphisms F4 and V4. The map V' is defined as the map
VaD(A) - ID(A). Note that indeed @ = V4(ID(A)).

Note moreover that the Hodge filtration of the display P4 is given by the Hodge filtration
of the de Rham cohomology

HO(A, Q) € Hip(Alk).

Moreover, Ker(F) = HO(A,Q}L‘/k).
Let us understand how the functor works on isogenies.

LEMMA 3.4.5. Given an isogeny f: A — B of abelian varieties over k, there is a morphism
Pp = (Ps,Qp, F5,V5') » Pa=(Pa,Qa, Fa, V")
between the associated Dieudonné displays.
PRroor. Consider an isogeny of abelian varieties
ffA-DB

over k and the Dieudonné displays P4 and Pp associated to A and B respectively, follow-
ing Langer-Zink. We are going to use the description in terms of Dieudonné theory. By
functoriality, there exists a morphism of Dieudonné modules

D(f):D(B) - D(A).

It respects the ¥-linear morphisms F, Fg and V4 and Vz by construction. It moreover
respects the filtrations Qg and @ 4, that is,

D(f)(@QB) € Qa,

or equivalently, D(f)(Vz(D(B))) € Va(D(A)). Indeed D(f)(Vs(D(B)) = (VaoD(f))(D(B))
Va(ID(A)). We need finally to show that

D(f)oVg' = Vit o D(f).
Take b € D(B); on the one hand, trivially by definition of V3*
D(f) o V5" (Va(b)) =D(f)(b),
on the other hand, by definition of V! we have
(Vit o D(f))(VB(b) = Vit o (Vao D(f))(b) =D(f)(b),
hence the conclusion. O
If the abelian variety has real multiplication, then the associated display is an RM display.

LEMMA 3.4.6 ([Rap78|, 1.3). Let P = (P,Q, F,V~1) be the display associated to a real
multiplication abelian variety A over k after Theorem (3.4.4). Then P is a free O, @ W (k)-
module of rank 2.
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Remark that by the construction of P, we may identify Q/I(k)P with H°(A,Q) and
P/Q with H'(A,O4) as O ® k-modules:

0 —— HO(A, Quy) — Hjp(Alk) — HY(A,04) — 0

0 Hp, Dp, Pa/Qa—0

D(A[p=])

The above diagram allows us to find an explicit basis for P. Consider for instance an
Op, ® k-basis 7, for HO(A,QY) and the dual Of, ® k-basis 77; for H'(A,04). We choose an
O ® W (k)-basis {ny,n } for P, with ny € @ and 7, € P, reducing modulo (k)P to 7, and 7,
respectively. By a slight abuse of notation, in what follows we will not make the distinction
between n; and 7;.

4. Hilbert modular varieties

Let k be a perfect field of characteristic p > 0 and let N > 5 be an integer coprime with
p. Denote by

M= M(kv OL?:MN)
the moduli space over k parametrized by quadruples

A: (A/SJ LJ A? a)?

where
(1) A is an abelian scheme over a k-scheme S of relative dimension g,
(2) 1:Or - Endg(A) is a ring homomorphism,
(3) A is a polarization respecting the Op-action, that is, an Op-linear isomorphism on
the étale site over S
A (M(A), M(A)") — (3,77,
where (J,7%) is a representative in [CL"(L)], identifying M (A)* with J*.
(4) a is an Op-linear injective homomorphism
pns ®z Dit > A,
where
(w5 ®2 D)(T) = pn,s(T) ®2 D1
for any S-scheme T
We will assume moreover the quadruple to satisfy the Deligne-Pappas condition (see
[DP94]), that is, the natural morphism
(DP) A®p, M(A) — AY
is an isomorphism. This is equivalent to requiring that for any prime /¢, there exists, étale
locally on S, a symmetric Op-linear polarization
ArA—> AY
of degree prime to ¢ (see [AG03, Proposition 3.1] for details).
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If the characteristic p of k is unramified in L, then (DP) is equivalent to the Rapoport
condition (R) [RapT78], that is, Lie(A) is a locally free O, ® Og-module of rank 1. See for
example [Gor02, Lemma 5.5]. Note that in general, (DP) always implies (R).






CHAPTER 3

Modular curve

1. Description of the moduli space

Let k be an algebraically closed field of characteristic p > 0. Let N > 5 be an integer
such that (p, V) = 1. Denote by Xy(p, N) the modular curve over k with I'g(p) nI'y (V)-level
structure. It is parametrizing triples £ = (E, «, H) where

e F/S is an elliptic curve over a k-scheme S,
e « is a rigid I'; (NV)-level structure uy g = E,
e H c E[p] is a subgroup scheme of E[p] of rank p, isotropic with respect to the Weil
pairing E[p] x E[p] = fip.s-
In what follows we will denote by E an elliptic curve, together with the datum of a I'g(N)-
level structure.

LEMMA 1.0.1. The space Xo(p, N) defined above corresponds to the moduli space parametrized

by p-isogenies E, ER E, of degree p between elliptic curves Ey and Ey with I'og(N')-level struc-
ture.

PROOF. Let (E, uy, H) be an S-point in Xo(p, N). We obtain a p-isogeny f: E - E’ as
follows. Let E’ = E/H and let f:E - E’ be the natural isogeny. Denote finally by p the
natural level structure induced by py on the quotient.

On the other hand, consider a p-isogeny E, ER E, of degree p between elliptic curves
with T'o(N)-level structure and let H = Ker(f). All we need to show is that H is isotropic
with respect to the Weil pairing E[p] x EV[p] = p,, that is, that given any v € M (E), the
composition (f*)Vey(H) = 0. This is proved in [GK12, Lemma 2.1.2] and explained carefully
in Lemma (2.0.4), Chapter (4). O

From now on, given a point f:E, - E, in Xo(p, N), we will denote by f* the unique
isogeny f: E, — E, such that fto f=[p] and fto f =[p].

1.1. A concrete description of the geometric k-points of Xy(p,N). Let E =
(E,un,H) € Xo(p, N)(k) be a geometric point. By the Oort-Tate classification of p-group
schemes of rank p over algebraically closed fields [OF70, Lemma 1] we have the following
possibilities for H

(1) H = pp,
(2) H = Z|pZ,
(3) H = .

We have a description of the p-torsion of an elliptic curve E over k:
e If E/k is ordinary, we have that

Elp] = pp ® Z/pZ,
and p, = Ker(Frg), and Z/pZ = Ker(Verg).
17
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o If F/k is supersingular, we have that E[p] fits into the non-split exact sequence
0 - a, > E[p] > a, - 0.
In the equivalent description of the moduli space in terms of isogenies we have the following
types of k-points:

(1) the point (E,p,) corresponds to the Frobenius morphism of an ordinary elliptic
curve

Frg: E - E),

(2) the point (E,Z/pZ) corresponds to the Verschiebung morphism of an ordinary el-
liptic curve
Ver: E - B/,

(3) the point (£, a,) corresponds to the Frobenius morphism of a supersingular elliptic
curve

Fr: E - E):

note that it corresponds to the Verschiebung morphism as well.

1.2. From geometry to linear algebra. Consider an elliptic curve £ over k. Recall
that the p-torsion E[p] is a group scheme of rank p? and hence the Dieudonné module
D(E[p]) is a k-vector space of dimension 2. We have therefore by Oda’s identification (2.1),
Chapter (2), that the de Rham cohomology group Hj,(E/k) ~ D(E[p]) is a k-vector space
of dimension 2. Moreover, the Hodge filtration H(E, Q%E/k) C Hi.(E/k) is a sub-k-vector

space of dimension 1.

Let now (E, ER E,) € Xo(p, N)(k) be a geometric point. By means of the Dieudonné
functor it induces a morphism

D(f): Hip(E2/k) > Hap(Eq/k)
respecting the Hodge filtrations, that is, such that
(1.1) D(f)(H° (B2 Qp, ) € H(E1, Qp, 1)

LEMMA 1.2.1. Let z = (E, ER E,) € Xo(p,N) be a geometric k-point. There exist k-
bases {e1,es} and {ni,n2} for Hi(E\[k) and H},(Es/k) respectively such that the induced
morphism D(f): Hj,(E2/k) - Hjn(E1/k) is represented by the matriz

01
0 0)
PROOF. Note that the conditions fo ft =[p] and f*o f = [p] induce the conditions
]D)(ft) oD(f) = [p]HéR(Eg/k)v D(f)o D(ft) = [p]HéR(El/k)a
that is, in terms of matrices
~_(p O}y _ (0 O . _(p O} _(O0 O
(1'2) ]D)(f)o]D(f)_(o p)_(o 0)7 D(f)O]D(f)—(O p)_(o 0)

Therefore both the images and the kernels of D(f) and D(f?) have dimension 1. We may
hence choose k-bases

HéR(El/k) Ek’el@k’eg, H;R(Eg/k) ﬁk’?’]l@kﬂ’]g,
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such that
D(f)(m2) =e1,  D(f)(e2) =m.
By (1.2), we obtain that
D(f) o D(f*)(e2) =D(f)(m) =pe2,  D(f*) o D(f)(n2) =D(f*)(e1) = pm,
hence the conclusion. O

Denote by N, the Grassmann variety of pairs (Wy, Ws) where Wi and W are k-sub-vector
spaces of k? of dimension 1 such that, given the morphism

he(01
k@k—gﬂlk@h
h(Wl) c W2 and h(WQ) c WI.

By Lemma (1.2.1) and by (1.1), to a geometric point (z = £, EN E,) e Xo(p, N)(k) we
may associate a point (Wi, Ws) of N, by taking

(1.3) Wi =HO(E27Q%EQ/1§)> Ws ZHO(EvallEl/k)'

PROPOSITION 1.2.2. Given a geometric k-point (£, ER E,) € Xo(p, N)(k) and the asso-
ciated point (W1, Ws) as in (1.3), we have an identification
OXO(va)/k»I = Ova(WhVVz)'
PROOF. See [DP94, dJ93, GK12] for complete proofs. O

Recall that by Remark (3), Chapter (2), the ring Ox,(, n). is an admissbile topological
ring.

We shall analyse the local deformation theory by translating the data of the geometric
points in terms of the bases {e1,es} and {n;, 72} as in Lemma (1.2.1).

2. Supersingular elliptic curves

FI‘E

Consider a geometric supersingular point z = (E —> E™) e Xo(p, N) (k).

2.1. The local model. We are going to compute O Xo(p,N) o, in terms of the Grassman-
nian N, after Proposition (1.2.2). Take hence k-bases {€1,e,} and {n:, 7} for Hj,(E/k) and
H!.(E©)[k) as in Lemma(1.2.1). Recall that the induced morphism

D(Frp): Hyp(E@[k) ~ Hip(E/k)

is represented by the matrix

01
This makes sense since the Frobenius morphism of a supersingular elliptic curve is nilpotent.
Note that the Hodge filtrations are identified with the kernel of D(Frg) and hence we have

that
Wi = HO(E(U)vﬂ}f(o)/k) = <771>7 Wy = HO(Evgg/k) = <€1>'

A deformation W, (resp. W,) of Wy (resp. W) to an artinian k-algebra S is uniquely
described by a vector (1, +X1s) (resp, (e1+Yes)), with X, Y € mg. The condition h(W7) c W,
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and h(W,) ¢ W, gives the condition X -Y = 0, therefore the deformation of (Wy, W) is
pro-represented by the ring

R =0, () = k[X, Y]/(XY)

and the universal object of the Grassmannian local model is
(§8)

2.2. Equi-characteristic deformation. Following Langer-Zink (see Theorem (3.4.4),
Chapter (2)), we associate Dieudonné displays P = (P, Q, F, V1) and P(?) = (P() Qo) F(o) (V/-1)(2))
over k to £ and E(?) respectively. We have
P = D(E)(W(k)/k) cms(E/W(k))
Q = Ker(P — Lie(F)),

and since the construction commutes with base change, we obtain

plo) .- ]D)(E(U))(W(k)/k) ~ J*(P)

Q) := Ker(P) - Lie(E)).

(2.1) W™ = (m + Xn2) € Ry @ Rips

W3™ =(e1 +Yey) c Rey @ Res.

Recall that the first crystalline cohomology group is a free W (k)-module of rank 2. We have
the identifications

Heio(BIW () (p) = Hig(E[k),  Hao(BO W (K))/(p) = Hip(E k).

LEMMA 2.2.1. We may lift the k-bases {61,62} and {ny,n2} for HCIIR(E/IC) and H}(E) [k)
obtained in Lemma (1.2.1) to W (k)-bases of H: . (EJW (k)) and H} . (E(@) W (k)) such that
the induced morphism

cris cris

ID)(FI'E>

15 represented by the matrix

E@[W (k) > Heiu(EW (k)

CT"LS(

D(Fry) = (2 [1))

By abuse of notation we will denote them {eq,es} and {n1,n2} as well.

cris

PROOF. Recall that by construction (see Lemma(1.2.1)), the bases {ej,es} and {n;, 7}
we have

D(Frg)(n9) = ey, D(Verg)(ez) =n;.
Lift hence e; to é; and 1y to 7, over W (k). Set now

(2.2) ér=D(Frg)(2), 7 =D(Verg)(e2).
Clearly {é,tildees} and {7,172} reduce to {e1,es} and {n;,n2} modulo p. Since W (k) is a
DVR with residue field k, we may apply the Nakayama lemma and conclude that {é;,és}
and {7y, 7.} are W (k)-bases of H' . (E/W(k)) and H}. (E() /W (k)) respectively. Note
that the conditions

D(Frg) o D(Verg) = [plu . (5w k))» D(Verg) o D(Frg) = [plgr . (pe)wk))

C’r‘zs C’rzs

CT?,S cris

hold, that is in particular
D(Frg) o D(Verg)(es) = pna, D(Verg) o D(Frg)(n2) = pes.
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Combining this with (2.2) we get
D(Frg)(m) =pe2,  D(Verg)(er) = prp,

hence the conclusion. O

Write
P ~ W (k)n & W (k)ns, P ~W(k)e; @ W(k)es,
Q) = W(kymoplus(p)ns, Q=W (k)e1® (p)e;

the induced map of displays D(Frg): P(?) — P is represented by the matrix

D(Fr) = (2 (1)) .

Since D(Fr) is the linearization of F' and P(°) is the Frobenius base change of P we obtain
also that the -linear maps F: P - P and F(9): P(9) — P(9) are represented by

0 1 0 1
(o) = -
sl o)

respectively in the bases {ej,es} and {ny,n2}.
Our goal is to define a universal object

(2.3) Pt —— Py",

over a complete Noetherian k-algebra R for the deformation of

D(Frg)

pl) —=p

D(Frg) D(Frg)

over k. This means that given any deformation P(©) —=% P of P(©) —=% P t0 an Artinian
k-algebra S, there exists a unique morphism p: R — S such that

D(Frg) )

(P 25 Py @p, S = PO —2
By the Serre-Tate Theorem (Theorem (2.2.2), Chapter (2)) and by the equivalence between
p-divisible groups and Dieudonné displays over admissible topological rings (Theorem (3.2.2),

Chapter (2)) such a universal object exists, and by the theory of local models it exists over
R=k[X,Y]/(XY).

2.3. Strategy for the construction of a universal object. The idea is to define
Dieudonné displays P; and P, over R, lifting P(?) and P respectively, and a map between
them

Pl LPQ?

reducing to a modulo mg = (X,Y'), such that crystalline theory and display theory compare
well. By this, we mean that the Hodge filtrations of the two Dieudonné displays should
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correspond to the universal object given by the local model described in (2.1) and that the
isomorphisms of quadruples

(2.4)
P@ @y W(R/m%) > Py @wery W(R/mZ) Py @y W(R/mZ) > P ®wny W(R/m2)

id id

P P P P.
obtained by the crystalline theory (see Theorem (3.4.3), Chapter (2)) identify the Hodge
filtrations. The quadruples P(°) and P are taken with respect to the identity on k. If
these conditions are satisfied, then we are able to adapt Theorem 5.6.2, by Andreatta-Goren
([AGO4]) to the I'y(p)-case.

Define two quadruples
Pi=(P,Qu, 1, Vit) and Py = (P2, Qa, Fy, V5 ™)
over R, as follows. Let Py := W(R)n, & W(R)ne, Py :=W(R)e; ® W(R)es and @y (resp. Q)

the inverse image of W™ (resp. Wj3™) via the projection P, = W(R)n, @ W(R)ne — Rn1 & R
(resp. Po=W(R)e; @ W(R)ey - Rey @ Res), namely

Q1 2 I(R)m @ I(R)pp + W(R)(m + X12), Qo 2I(R)e; ® I(R)es + W(R)(ey + Yes).

We want to construct semi-linear maps Fj: P; - P;, such that F; = F; (mod I(R)) has kernel
equal to W™, for ¢+ = 1,2. This property is satisfied by the maps F; represented by the

-FX 1 -Fy ]
F = ~ F = A
' ( p -FY)’ 2 ( P —FX)’

matrices

in the bases {n;,n2} and {e;,es}. Note that the coefficients of the matrices of F; and F; do
belong to W(R). Indeed, both X and Y belong to mg and their Teichmiiller lifts have only
one non-zero compoment and hence belong to W(mz) ¢ W(R). Since W(R) is F-equivariant,
we have that £X and FY belong to W(R).

Define V,71:(); > P as the restriction to Q; of F;/p.

THEOREM 2.3.1. The quadruples Py and Py are Dieudonné displays over R. They reduce
to P9 and P modulo mg respectively and their Hodge filtrations are W™ ¢ Ry & Rny and
W3 c Re; ® Res.

Proor. We will prove this for ¢ = 1, the case for ¢ = 2 being essentially identical. The
only part that is left to prove is that V™' is well defined over @)y and that is is an *-linear
epimorphism.

Recall that we set V71 := %|Q1- We claim that Fi(Q1) € pPi. An element z € Q7 ~

I(R)(m @ n2) + W(R)(m + Xn2) can be written as a vector (931++w1}) , where 61,0, € I(R)

_FY w _FXFg ,F
and w € W(R). Therefore Fiz = ( pX _P}Y/) (ezl:w)?) = (pF91 +);F1_F32F62) € "I(R)(m @ 12) +
pW(R)(n1 + Xn2). By (3.1), Chapter (2), we have that FI(R) € pW(R), hence we conclude

that V! is well-defined on Q.
We have left to show that V™! is an F-linear epimorphism, that is, that its linearization

(ViEW(R) ®wry,r Q1 —~ P
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is an epimorphism. By [ZinOla], see Section (3), Chapter (2), this equals to showing that,

for a suitable decomposition P = L @ T such that @ = L ® [(R)T', the morphism
V'ieF:LeT — P

is an F-linear isomorphism. Take hence

Ly=(m),  Ti=(m)

with 7} =m + Xng and n} = 1. If we show that the displaying matrix associated to V-1 e F
is invertible, we are done. Remark that, from the basis {n],n5} to the basis {ny,n2}, the

F_linear map F is represented by (2 _;Y) , that is, the F-linear map V-'e F:LeT — P

0 1
1 -Fy)

which is invertible, hence the conclusion.

is represented by

0

THEOREM 2.3.2. For Py and Py constructed as above, there exists a unique map of
Dieudonné displays c: Py — Py lifting D(f): P - P to R. Moreover « is universal in the
sense of (2.3).

Proor. Consider a: P; - P, represented by the matrix
01
p 0)°
CLAIM. The map « is a morphism between the Dieudonné displays P, and Py lifting the
morphism D(Frg): P(@) - P.
In order to prove the claim we need to show that the following conditions hold
(25) Oé(Ql) c Qg,
(2.6) ol = Fyoa ), aoVit=V;toal.
Let us first show (2.5). Recall that
Q1 =I(R)m @ I(R)p + W(R)(m + X1),  QuI(R)e; ® I(R)es + W(R) (e + Yes).
A vector in Q) is therefore of the form 6n; + (e +w(ny +ine) with 6, e I(R) and w € W(R).
0+w O+w wX wX . X
Hence a( CJL,X ) = (2 0 )( gﬁ,;f() = (g;,f; ) = (pGC:YX'w) =: q. Note that ¢ = (e1 +ples + Xw(eg +

V) € Qs since ¢, pl € I(R) and Xwe W(R). Condition (2.6) is proved by direct computation:

(3) (55 ) =G (A0 60 = Cae )
pO0 D _Fy —pFX p ) D _Fx p0 —pFX P .
D — L Ve

@ P Fy alo)

The commutativity of o with V"t and V! follows, since V™! and V! were defined from F;
and F,. Recall that mr = (X,Y). We can see easily that the morphism of displays

(6% Pl - PQ
reduces to the morphism of Dieudonné displays
D(Frg): P — P
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modulo mg.
We have left to show that a:P; — P, is universal with respect to the deformation of
D(f):P@) - P. Note first that the isomorphisms in (2.4) are both the identity and that

a (mod m%) = D(f) ® W(R/m%). Therefore the natural trivializations p: Dp, — Ry & Ry
and 7:Dp, — Re; & Rey are horizontal modulo m?% and such that p(Hp,) = W™ and
7(Hp,) = Wi™ and the reduction @ to R of « is equal to h.

Consider hence P{™ o, W™ as in (2.3). By universality, there exists a unique homomor-
phism &:Spec(R) — Spec(R) such that

&P —— Py") = (Pr — Py).
CrAIM. The morphism &:Spec(R) — Spec(R) is an isomorphism.

Recall the universal object for the Grassmannian moduli problem

By universality of
(63)
(Wi ¢ Ry & Rjp —25 Wi ¢ Re, @ Rey)
with respect to the deformation of (W7, W5) € N, we there exist two unique morphisms
Y1:Spec(R) — Spec(R), ho: Spec(R) — Spec(R)

(65)

such that

(27) Ibf(Wlun c Rnl @ RT]Q W2un c R@l @ Reg) ~ (Hp‘lm c Dpim a—-> Hpém c Dp;n)

and

01 _
(2.8) (Wi c Ry @ Ry (5) W ¢ Rey @ Rey) ~ (Hp, ¢ Dp, = Hp, c Dp,).

Note that we may choose trivializations

D'pim = R2
| (32)
D'p;n - R?

such that the isomorphism in (2.7) is horizontal modulo m?% with respect to the Gauss-Manin
connection. We want to show now that also the isomorphism in (2.8) is horizontal modulo
m?, by construction of a:P; - P,. We are in fact going to show that the isomorphism (2.8)
is the identity modulo m%. Note that the isomorphisms of quadruples in (2.4)

(2.9)

POy W(R/m%) — PiowmW(R/mg),  PowuwW(R/m%) — Pa®uyryW(R/m%),
lifting the identity morphisms on P(?) and P are actually the identity. Indeed, the W(R)-
bases {n1,m2} and {e;,es} are lifts of the bases {n,m2} and {e;,es} describing the local
model. Moreover by construction

F1 ®W(R) W(R/mf%) = F(J) ®W(k) W(R/m%), F2 ®W(R) W(R/m%) =F ®W(k) W(R/m%{)

From this we obtain that modulo m?% the Hodge filtrations (Hp,, Hp,) of P; and P, are
identified with the universal object (W™, W3™) describing the local model. Now, by Theorem
(3.4.3) the isomorphisms in (2.9) are unique and they are therefore the identity. Note that
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also the morphism of displays a:P; — Py lifting D(Frg): P(°) — P is crystalline in nature.
Indeed, by Theorem (3.4.3) we obtain that modulo m?, the morphism of quadruples obtained
from « is unique:

P @y W(R/m%) == Py @iy W(R/m%) = Py @y W(R/m3) = P @wy W(R/m3)

P Pl ) P 2 P.
We obtain therefore that the isomorphism (2.8) is horizontal with respect to the Gauss-Manin
connection.

Note that there is a commutative diagram ), o ¢ = 1)5. By the theory of local models
by Deligne and Pappas, also 1, is an isomorphism on tangent spaces. Therefore ¢ is an
isomorphism on tangent spaces. We conclude that ¢ is an isomorphism by a commutative
algebra argument identical to the one given in [AG04, Theorem 5.6.2]. Namely, since ¢ is an
isomorphism on tangent spaces, we have that for any n the induced morphism m?%/m’%"* —
m% /m% s surjective. Let Gr(R) = @,m%/m% be the graded ring associated to R. the map
¢ induces a map Gr(¢t): Gr(R) - Gr(R) which is surjective on each graded piece and hence
by dimension considerations Gr(¢!) is an isomorphism. By [AM69, Lemma 10.23], ! is an
isomorphism as well. O

id

3. Ordinary elliptic curves

FI‘E

Consider first a geometric point z = (E —> E() € X,(p, N)*» ¢ Xo(p, N).

3.1. The local model and deformation theory for X,(p, N)*». We would like the
induced morphism
D(Frp): Hip(E [k) - Hip(E/[k)
to reflect the geometric properties of the Frobenius morphism. Since the elliptic curve is
ordinary, we know that the Frobenius morphism is idempotent.

LEMMA 3.1.1. Let x = (£ e, E“)Y ¢ Xo(p, N)(k) be the Frobenius morphism of an
elliptic curve. There exist k-bases {e1,es} and {m,n} for Hi(E/k) and H},(E@)[k)
respectively such that the induced morphism D(Frg): Hjp(E( [k) - H}L(E/[k) is represented

by
D(Fry) = (8 (1))

PrROOF. We can easily obtain such bases from the bases obtained in Lemma (1.2.1),
where the matrix of D(Frg) is represented by the matrix D(Frg) = (8 (1]) Keep for instance
{e1,e2} as it is and invert the order of the basis {n;,n2}. O

By taking into account the point
Wi c k’?’]l @ k’772 i Wy c key @ key

in the Grassmannian N, associated to z = (E e, E(”)), we have that h is represented by
h=(39) and Wi = (m) and Wy = (e1). If we take a general deformation (Wy,W5) to an
artinian k-algebra S of the point (W7, Ws), that is, W, = (m +Tno) and W,y = (e1+ Zey) with
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T,Z € mg, from the conditions h(Wl) c Wy and ht(Wz) c W, we obtain the condition 7" = 0.
It follows that the universal object for the deformation of (W7, W5) is

(69)

Wlun = (771> c Rnl @D Rn2 —_ W2un = (61 + Zeg> ceiRa €2R,

where R ~ k[Z].

Again, to E and E(?) respectively, through crystalline theory (see Theorem (3.4.4), Chap-
ter (2)) we associate Dieudonné displays P = (P, Q, F, V1) and P(?) = (P(@) Q) F(o) (/-1)())
over k. By a reasoning identical in substance to the one proving Lemma (2.2.1) we lift the
bases {e1,es} and {ny,n2} to W(k)-bases for H! . (A/W(k)) and H!. (B/W(k)). We may

therefore write
PO =W(k)m @ W (k)n, P =W(k)es® W (k)es,
QW =W(k)m+ (@),  Q=W(k)er+(p)es.
In these bases the induced map of displays D(Frg): P(?) — P is represented by

D(Frp) = (10’ (1))

Note that D(Frg) is the linearization of the semi-linear map F: P - P and that F(?): P(?) —
P() is its F-linear base change. Hence F and F(?) are represented by the matrix

(P 0)_ »)
po(y 9)

Define quadruples Py = (P, Q1, F1, V1) and Py = (P, Qa, Fo, V5 1) over R, with P, := PO(U) ®
W(R) and P, := P® W(R), and Q; (resp. Q)2) the pre-image of W™ (resp. Wj™) through
the projection Py - Hjp(B/k) ®; R (resp. Py -» Hj,(A/k) ®; R). In terms of the bases
{m,n2} and {ey, es} we have
P = W(R)Th @ W(R)UQ, P = W(R)61 ® W(R)GQ,
Ql = W(R)T]l + ]I(R)’I]Q, QQ = H(R)(@l ® 62) + W(R)(61 + Zeg).

Define F;: P - P as the semi-linear maps that in the bases {n;,7,} and {ej,es} are repre-

sented by
([ p 0 [ r 0
Fl_(—pFZ 1)’ FZ_(—FZ 1)'

Note that, by an argument identical to the supersingular case the coefficients of these matrices
belong to W(R). Finally, define V. ":Q; — P; as the restriction to @Q; of F;/p. These are
Dieudonné displays over R. The argument for proving this is identical to that proving
Theorem (2.3.1). In particular we provide a normal decomposition for P; and P, namely
take:

L1:<771>7 T1:<772)7
L2=<61+Z€2>, T2:(62>.
Note that the map a: P, - P, represented by

(i)
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satisfies the relation
a-Fy=Fy-al9),
Hence, it is a map between P; and Py, lifting D(Fr):P - P(?). Therefore, by Theorem
(2.3.2),
P1— P

D(Fr
is universal for the deformation of P{” D), Po.

3.2. The local model and deformation theory for Xy(p, N)%/PZ, The construction
VerE

is analogous for a geometric k-point z = (F — E(1/9)) e X,(p, N)%».

Ver E

LEMMA 3.2.1. Let = (E —> EY?)) € Xo(p, N)EPL be a geometric k-point. There
exist k-bases {e1,ex} and {m,n2} for HY,(E[k) and H},(E/?)[k) respectively such that
the induced morphism D(Verg): Hi,(EY9) [k) - H},(E[k) is represented by the matriz

D(Very) = (é 8) .

PROOF. Such bases are obtained from the bases described in Lemma (1.2.1) by inverting
the order of the basis {e1,es}. O

Verg

The point (Wy, W,) € N, associated to z = (E —= E/?)) is such that
Wi=(m),  Wa={(e)

and the morphism h is represented by the matrix h = ((1) 8). A general deformation (W, W)

to an artinian k-algebra S of the corresponding point (W7, W5) is given by W, = (m + Zng)
and Ws = (e + T'e). The conditions h(W7) c Wy, ht(W3) c W give the condition T = 0. The
universal object

(66)

Wlun = <771 + Z?’/Q) c Rnl @ R?]Q

is defined over R := k[Z].

To x we associate now a map of Dieudonné displays D(Verg): P(/o) = (PQ/o) QU/e) p(/o) (V-1)(1/o))
P = (P,Q,F,V-1). We lift the k-bases {e1,ea} and {n1,m2} to W(k)-bases {ei,es} and
{m,n2}. Analogously to the argument in Lemma (2.2.1) we have

p/o) - W(k;)nl ® W(k:)T]g, P-= W(k)61 @ W(k)ez

D(Verg) = (1 0).

0 p

The matrix of D(Verg) represents the Verschiebung morphism. The semi-linear maps F: P —
P and F(/2): p/o)  P(/o) are represented by

F= (p 2) = F/o),

W3™ = (e1) c Re; @ Res

and in the same bases

0
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The strategy to determine a universal object over R is identical to the one used above. A
choice for a universal object is Py = (P, Q1, Fi, V') = Pa = (Py, Qa, F», V1) over R with

p 0 p 0
Flz(_FZ 1)7 FQ:(_pFZ 1)7

and the map « represented by
(1 0
a=|, o]

4. The deformation theory in mixed characteristic

Consider the modular curve Xy(p, N) over W (k) parametrizing p-isogenies of elliptic

curves £, EN E,, where E, and E, are elliptic curves over an W (k)-schemes S.
An elliptic curve E over a W (k)-scheme S, the first de Rham cohomology group Hj,(E/S)
is a locally free Og-module of rank 2.

LEMMA 4.0.1. Let (S,mg) be an Artinian local W (k)-algebra with residue field k. Con-
sider a point x = (E, EN E,) € Xo(p, N)(Spec(S)) for a W(k)-scheme Spec(S). On a small

enough neighbourhood of x there exists trivializations
H;R(El/S) i>56169362, H;R(EQ/S) iST]l@ST]Q,
such that the induced morphism

D(f): Hip(Er/S) - Hap(E2/S)

D(f) - (0 1).

p 0

15 represented by the matrix

PRrROOF. By the considerations preceding the statement of the Lemma, in a small enough
neighbourhood of z, the S-modules H],(E1/S) and H},(E,/S) are free of rank 2. By
Lemma (1.2.1), given the reduction T modulo mg of z there exist trivializations

Hip(E\[k) = ke @ kea, Hyp(Eafk) = kny @ kn,
such that the induced morphism
D(?):HéR(El/k) - H(%R(Ez/k)

is represented by the matrix
- (0 1 - _ (0 1

By Nakayama’s Lemma, we may lift the k-bases {eq, e} and {1, 72} to S-bases for H},(E1/S)
and H},(E»/S) respectively. Note that given f: B — A the unique p-isogeny satisfying the
relations ffo f =[p]g, and fo f! = [p]g, we obtain relations

D(f) o D(f*) = [P]H;R(El/sy D(f*) o D(f) = [p]HéR(Eg/S)‘
In the S-bases {e1,es2} and {n;, 72} this translates into the relations

p(on(-(5 o). pmen- (] )
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which combined with (4.1) gives us

(D(f) o D(f*))(e2) =D(f)(m) =pe2,  (D(f*) o D())(n2) = D(f*)(e1) = pie,
from which we obtain that
D(f) = (0 1).

p 0
OJ
As in the equi-characteristic case, to a geometric point z = £, - E, € Xo(p, N)(k) we
will associate a point of a suitable Grassmann variety and construct the local model. Denote

by /\/'p the Grassmann variety of pairs (W7, Ws), where W7 and W5 are free k-submodules of
k2, such that given the k-linear map

LB

we have the inclusions h(W;) ¢ Wy and h*(W3) € Wi. By applying crystalline theory we
obtain an isomorphism of completed local rings
OXo(p,N),x = O./\/'p,(Wl,Wg)'

Let us therefore understand the deformation theory of points (W5, Ws) in order to understand
the local geometry of Xo(p, N)/W (k). As in the equi-characteristic case, a full description of

completed local rings of Xo(p, N) was provided by Deligne and Rapoport in their Antwerp
paper [DR75].

NoTE 1. Let (W, Ws) be a k-point in N,. We have the following possibilities
(1) Wy =Ker(h) = Wy, that is
Wi=(m),  Wa=(a).
Given generic deformations
I/T/; =<771+X772>7 I7[7;:<61+Yv€2>7
the hypotheses
h(Wh) e Ws,  h(Wh) T,

we get the condition X-Y =p. The deformation ring is therefore W (k)[X,Y]/(XY -

p).
(2) Wy =Ker(h) and Wy # Ker(h), in terms of bases

W1 = (771)7 W2 = (62>-
Given generic deformations
Mﬂ7’1:<771+X772)7 m=<62+Y61>,

the hypotheses
W) cWa, k(W) c TV,
we get the condition X =0. The deformation ring is therefore W (k)[Y].
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(3) Wy = Ker(h) and Wy = Ker(h), that is
Wi = (n2), Wy = {e1).
Given generic deformations
M’71:<772+X771>7 I7[7;:<61+}/€2>7
the hypotheses L o
h(Wl) cWs, h(Wg) c W,
provide us with the condition Y =0. The deformation ring is therefore W (k)[X].
LEMMA 4.0.2. Given a geometric point E, ER E, € Xo(p, N)(k) there exist trivializations
(42) Hle(A/k?) ~ ke, @ k’eg, H;R(B/l{?) ~ k”l]l ® k627
such that the Hodge filtrations are represented by
H(A, Q) =(er),  H(B,Qpy) = (m),

and such that
when x is the Frob of a ssing ell curve ,

) when x is the Frob of an ord ell curve,
) when x s the Ver of an ord ell curve .
)

(8
D(f) = (§
1.

See Lemmas (1.2.1), (3. and (3.2.1) for details.

4.1. The case of supersingular points. Let = = (£ e, E“)) € Xo(p,N) be a
supersingular k-point. The universal object for the deformation of the associated point
(Wl, Wg) € ,/\/;, is

(55)

W <771+XT]2)CS771@S772—>W <€1+Y€2>CS€1@562,
where S =W (k)[X,Y]/(XY -p).
The morphism of Dieudonné displays
Pl —= P

over k associated to the point x was already defined in Section (2.2). By Lemma (2.2.1), the
Dieudonné displays P = (P, Q, F,V-1) and P() = (P Q) () (V-1)(?)) were defined as
follows in the W (k)-bases {e1,ea} and {n,nq}:

PO« W(k)yn & W(k)n,, P~W(k)ey @ W(k)es,
QW =W(k)m+ (),  Q=W(k)er® (p)ea,
0 1 01
(o) = =
A T ]
F) F
(V-1 = g, (V)= ;|Q=

and the induced morphism of Dieudonné displays D(Frg):P(©) — P is represented by the

matrix
0 1
D(Fr) = (p 0) :

D(Frg)
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THEOREM 4.1.1. Consider the quadruples Py = (Py,Q1, F1, V') and Py = (P2, Qa, F3V51)
over S =W (k)[X,Y]/(XY —p) defined as follows:

Py =W(S)n & W(S)ne, Py =W(S)e; ® W(S)ey,
Q1 =1(S)(m@n) + W(S)(m + Xnm2),  Qa=1(S)(e1, ®e2) + W(S)(e1 + Vey),

-FX 1 —Fy 1
p Y p X
Both Py and Ps are Dieudonné displays over S and the morphism «o: Py — Py described by

the matrix
0 1
p O

a:Py — Ps.

is @ morphism of Dieudonné displays

D(Fr
Moreover, it is a universal object for the deformation of P(°) 2e), P, that s, for every

deformation Py %P, of P B8, D to an Artinian W (k)-algebra (A, m,) there exists a

unique morphism :S — A such that
(P1 5 PQ) ®5qp A~ ’751 E) ,ﬁg.
PrRoOOF. The argument for showing that P; and P, are Dieudonné displays over S is

analogous to the proof of Theorem (2.3.1). An element z € Qy = I(S)(71®1:)+W(S) (1,+X 1)

can be written as a vector (921:1;}) , where 61,05 € I(S) and w € W(S). Hence Fiz =

_Fy 01 +w _F AF91+F92 A~
( pX -;fv) (62 +w)2) = (pF91 +pFw ;XFYFQQ —FYFXFw) € FI(S)(m @ n2) + pW(S)(m + Xn2). As

already seen in the equi-characteristic case, this suffices to conclude that V! is well-defined
on Q. Showing that V'1:@Q; — P; is an F-linear epimorphism is identical to the proof of
Theorem (2.3.1).

Observe that a: P, - P, defined in the statement is a morphism of Dieudonné displays.
Let us show that the conditions

(43) Oé(Ql) c Q27

(4.4) aoFy=Fyoal?, aoVit=V;toal®

hold. Let us first show (4.3). A vector in @; has the form (Cﬁ:&), with 6,¢ € I(S) and
O+w \ _ O+w \ _ wX . ¥ wX \ _ (Y¢+XYw

Condition (4.4) is proved by direct computation:

(3) (A= (a7 A 60 =)
pO0 D _Fy —pFX P ) D _Fx p0 —pFX P .
R e p— L Ve

@ F Py al®)

The commutativity of a with V7! and V! follows, given that V"' and V; ! were defined
from F} and F5.
Let us now prove universality.
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Recall that we denoted R = k[X,Y]. Both S and R are Artinian rings with maximal
ideals mg = (X,Y)S and mp = (X, Y)R and residue field S/mg ~ k ~ R/mpg. Note that there
is a surjection

S > S5/(p) = R.
We observe finally that
Sjme = (W(ER)[X, Y]/(XY -p)/(X,Y)? = (W(K)[X,Y]/(XY - p))/(X*,Y?, XY)
= (W(R)[XY]/(XY -p)/(X*,Y2,p) = (K[X,Y]/(XY))/(X?,Y?) = R[m},.
O

FI‘E

4.2. The case of ordinary points. Let z = (E —> E) € Xo(p, N) be a geometric
ordinary point. By Note (1) and Lemma (4.0.2), the universal object for the associated
Grassmannian moduli problem is

(53)

W™ = (e1) € Sy & Sy — Wi = (€1 + Yea),
where S = W (k)[Y]. The morphism of Dieudonné displays P(?) D), P over k was already
defined in (3):
PO =W(k)meW(k)n,  P=W(k)er@W(k)ex,

QW =W(k)m+ ),  Q=W(k)er+ (p)es,

(U)_po _pO
() e (00)

(V1) = @
p
and the morphism D(Frg) is represented by the matrix

]D(FYE)::(g ?).

THEOREM 4.2.1. The quadruples Py = (Py,Q1, F1, V') and Py = (P2, Q2, F2, Vy') defined

F
| (o) V_l = _| )
Q D Q

by
P = W(S)?h @W(S)T]z, P = W(S)@l @W(S)Gg,
Q1 =W(S)m +1(S)n2, Q2 =1(S)(e1 ®e2) + W(S)(e1 + Yea),

~ P 0 [ 0
Fl_(—pFY 1)’ FQ‘(-FY 1)’

_ 4
V11:_|Q17 V21:_|Q2>
p p

are Dieudonné displays over S and the morphism o: Py — Py represented by the matriz
_(p 0

043731 —>P2

1s a morphism of Dieudonné displays
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over S which is universal with respect to the deformation of D(Frg):P() — P.

Verg

Consider now = = (E —2 EM?)) ¢ X,(p, N) a geometric ordinary point. By Note (1)
and Lemma (4.0.2), the universal object for the associated Grassmannian moduli problem is

PO
wi* <€1+X€2>CST]1®STI2Q>W = (e1),
where S = W(k)[X]. The morphism of Dieudonné displays D(Very): P(1/7) - P associated
toxr=(E—> Yere —2 EW9)Y) was already defined in Section (3):
PO =W (k)m @ W (k)n, — P=W(k)es & W(k)es,

QU =W(k)ym+ )2, Q=W (k)er + (p)es,

o) _ (P 0 _(p 0
S (N A (i

1/o
(v—l)(l/cr) — FQ/e)

loa/, vVl= 5|Qa

D(Ver) = (1 2)

THEOREM 4.2.2. The quadruples Py = (Py,Q1, F1, V') and Py = (P2, Qq, Fo, V5 ') defined
by

and in the same bases

P =W(S)n & W(S)ns, Py =W(S)e; @ W(S5)ey,
Q1 =1(S)(m @& me) + W(S)(m + Xn2),  Qa2=W(S)es +1(5)ey,

[ p 0 [ p 0
Fl‘(—pFX 1)’ FZ_(—FX 1)’

- Fl _ F2
‘/11 |Q1> ‘/21:?|Q2v

are displays over S and the morphzsm a: Py — Py represented by the matrix
(10
-0

Py =Py

over S which is universal with respect to the deformation of D(Frg):P() — P.

s a morphism of Dieudonné displays






CHAPTER 4

Inert Spaces

1. Unramified primes in totally real extensions

Fix a prime p. Consider a totally real extension L of QQ of degree g and denote by Oy, its
ring of integers. Assume the prime p to be inert in Op:

L—— Oy p=p0p

g

Q—1% p
Let k =k be a field of characteristic p such that there exists an embedding
Fy=Fp = k.

Denote by o : k — k the Frobenius on k.
Note that if there exists an embedding of I, into £, there are precisely g

ﬁj:]Fp(_)k:)

and we may order them so that ;.1 = o o f3;; it follows therefore that if p : F, = k is an
embedding, also o o p is. Note moreover that we may lift them at the level of Witt vectors

Bj : W(]FP) - W(k)7

(in what follows we shall abuse notation and denote B = B). Again ¥ o 5; = Bj.1.
One has the following trivial identities

(1.1) O,8F,~F,  0,0Z,~W(F,).

Remark that the embeddings 3; induce an isomorphism
g

(1.2) F, ®p, k=~ Pk,
j=1

and hence on Witt vectors we have:

(1.3) W (F,) @, W(k) ~ éW(k).

By combining this with (1.1), we obtain the following identifications

(1.4) OLM:ék, 0L®W(k)zéW(k).
;= =

We may generalize these considerations to the unramified case. Indeed, for any ideal
p < O dividing pOr, we may consider the residue field F, of degree f, over F, and a

35
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perfect field k containing all residue fields for any p dividing p. We consider hence the set of
embeddings from O into W (k)
B = Emb(Op, W (k)).
It follows that the decomposition obtained in (1.3) generalizes to the following:
O e, W(k) = BGIBBW(IC)B.
Given a subset 6 ¢ B, we will use the following notation

((0)={octoB:peb}, r(0)={cofB:Beb}.
2. Hilbert modular varieties in unramified characteristic
Consider M the Hilbert modular variety over k of dimension g, as defined in Section (1).

LEMMA 2.0.1. When p is unramified in Oy, the Deligne-Pappas condition (DP) is equiv-
alent to the Rapoport condition (R). In other words, given AlS € M, the Op ® Og-module
Lie(A) is free of rank 1.

PROOF. See Lemma [Gor02, Lemma 5.5]. O

The geometry of M has been studied extensively by Rapoport [Rap78], Goren and Oort
[GO00, Gor01] in the unramfied case. Let us summarize briefly some of the results that were
obtained. Goren and Oort [GO00] define the notion of type, an invariant attached to the
geometric k-points of M.

DEFINITION 2.0.2. Given a geometric point A € M(k), we define the type of A as the

subset
T7(A) ={B e B | D(Ker(Fr) n Ker(Ver))s} ¢ B.

In their paper, they describe moreover the moduli space M as a disjoint union of locally
closed subspaces.

DEFINITION 2.0.3. For every subset T € B denote by W, the subset of M whose geometric
points A are such that T € 7(A).

Here is a list of the most meaningful results

e The W.’s are closed, locally irreducible.

e Given 7 € B, the subscheme W, has generic points of type 7 and it has dimension
g-Irl.

e Given two subsets 0,7 € B, one has W, nW_. = W,,.

Denote by M,, the Hilbert modular variety over k of dimension g and I'y(p)-level struc-
ture, that is, the fine moduli space of quadruples (A/S, ¢, \, un) as above, together with a
finite flat Op-subgroup scheme H of Ay[p] of rank p9, isotropic with respect to the A-Weil
pairing.

LEMMA 2.0.4. The moduli space M,, can be seen equivalently as the moduli space with
pointst = (A LA B) where A= (A/lS,ta, a,(in)a) and B = (B[S, g, A\, (un)B) are quadru-
ples as the ones parametrizing M and f: A - B is an Op-isogeny killed by p and of degree

p9, such that f*M(B) = pM(A). Denote moreover by ft the unique isogeny f: B — A such
that

foftz[p]B, ftofz[p]A-
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PRrROOF. The proof of this result is given by Goren-Kassaei [GK12, Lemma 2.1.2]). We
want to define an abelian variety B, with real multiplication by Op, an Op-polarization and
a Too(N)-level structure. Take the quotient B = A/H: the real multiplication ¢4 and level
structure (uy)a on A induce a real multiplication ¢z and (uy)p on B. Finally, we wish to
define a polarization A\g on B. Define the map

fM(B) - M(A)
0 > fvodof,

We want to describe a polarization on B. Put

(S

)\BM(B) i)
0 > %)\Aof*(é)

We need to show that this makes sense, namely that, as in the statement,

fr(M(B)) = pM(A).

Consider the isogeny A ER A/H and the unique isogeny A/H T, A such that
foft:[p]A/Hy frof=[pla

We have the following exact sequences

f

(2.1) 0 H A A/H 0

(2.2) 0~ A[T)JH —= AJH L~ A0

By dualizing (2.2) we obtain

0~—— (AT HY L A4y (A —0.

By definition H ¢ A[T'] is isotropic with respect to the y-Weil pairing A[p] x A¥[p] = w,

for any v € M(A). Fix such a v € M(A). From isotropy it follows in particular that
v(H) c (A[T]/H)Y and we obtain hence a commutative diagram

(2.3) 0 H A—To A 0

L

0— (A[T]/H)Y — AY —= (A[H)" —=0

inducing the map iy: A/H - (A/H)V satisfying the relation
(f) oy=iyof.
This defines an Op-linear morphism

it M(A) > M(B);
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it is injective as deg(ivy) = deg(y). Note moreover that i7 fits in the following commutative
diagram:
f

A AJH

vi |

AY < (A[H)".

We have therefore

foi) = fYoiyo f=fo(f) oxy=(fof) or=py.
This proves in particular that
pM(A) c f*M(B).

We want now to prove the opposite inclusion. Consider once again the exact sequence (2.2)

Ay 0.

0 A[T]/H —~ AJH

Note that A[T']/H is isotropic with respect to the pairing A[p] x AV[p] = p,. It is enough
to show that it is isotropic with respect to the iy-Weil paring, where v € M(A), which is
equivalent to the equality iv(A[T]/H) = H'. We have

iV (A[T)/H) =iy e f(A[T]) = (f')" o v(A[T]) = (f)"(A"[T]) = AY/(A[T]/H)" = H",
which proves the isotropy of A[T']/H. This means in particular that for any ¢ € M(B),

we have §(A[T]/H) = HY. By dualizing the exact sequence (2.1) we obtain therefore a
commutative diagram

ft

0—— A[T])/H AJH A 0
]
0 HY (A/HY e Ay 0

which defines an Op-linear map
J:M(B) - M(A)

satisfying the relations

fUo=jsof
for any given 0 € M(B). Showing that f*(M(B)) ¢ pM(A) is equivalent to showing that
for 6 € M(B) we have
(2.4) fr6 =pjo.
We claim that j satisfies the relation

(f)" 0 jd = pd,
where (ft)* 0 jd:= (ft)V ojdo ft for any 6 € M(B). Indeed

(f)70jo=(f)"0joof =(f) 0f 0d=(fof) od=pd.

In order to show the equality in (2.4), it is enough to show that (f*)*pjo = (ft)*f*6. We
have that on the one hand

(f*)*pjo =p(f*)*kd = p*s,
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while
p*o = p?s,
which concludes the proof of the equality
f*M(B) = M(A).

Note finally that the quadruple B = (B = A/H,.p, A, (un)p) satisfies the Deligne-
Pappas condition. Indeed, by [AGO03, Proposition 3.1] it is enough to show that there exists
an element § € M (B) of degree prime to ¢ for every prime ¢ different from p. Since A satisfies
the Deligne-Pappas condition, there exists v € M(A) of degree prime to ¢ for every ¢ # p.
Since deg(v) = deg(ivy), take & = i7.

In order to show the other direction, given f: A — B an Op-isogeny killed by p and of
degree p9 such that f*M(B) = pM(A), we just need to show that H = Ker(f) is isotropic
with respect to the Weil-pairing. This is equivalent to showing that for any v € M(A), we
have that v(H) ¢ (A[p]/H)", in other words that the composition (f*)¥o~(H) =0. Note
that (ft)Vo~yo ft = (ft)*y =0dp = do fo ft for some 6 € M(B). Therefore we get that

(ft)Yoy(H)=060 f(H) =0 since H = Ker(f). O
Denote by
M, — M
(AH) — A

the natural forgetful functor.

3. Discrete invariants

We have observed in the considerations following Lemma (2.3.1), Chapter (2), that if A
has a real multiplication action ¢: O, = A, then D(A[p]), D(Fr4) and D(Ver,) are Of ® k-
modules. By Section (1) we have therefore the following decomposition

D(A[p]) = @D(A[pm

Note moreover that D(Fr4)(D(A[p]):) € D(A[p])ir1 and that D(Ver ) (D(A[p])iz1) € D(A[p])s.
Finally, we also have the decompositions

D(Ker(Fr)) = é?D(Ker(FrA))i, D(Ker(Ver4)) = éD(Ker(VerA))i.

By (2.1), the same decompositions hold for H},(A/k), H(A, Qh/k) and Lie(A).
The isogeny f of a given a k-point t = (A N B) € M,, induces homomorphisms

g_’élme( )i @Lie(é)i . E_,'%Lie(ﬁ)i,
@Lie(ft)i: é Lie(ﬁ)i — @Lie(é)i.
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The following notions were introduced by Goren and Kassaei in [GK12]. Consider a point
(A H)=(A ER B) e M,,. We define the following parameters:

(A H)=o(f)={ie{l,...,g} | Lie(f)i1 =0},
(A, H)=n(f)={ie{l,...,g} | Lie(f*); = 0},
I(AH) = €(f) = t(p(f)) nn(f) ={ie{1,...,g} | Lie(f)i nLie(f"); = 0}.

Given ¢,n € B, we say that the pair (¢,n) is admissible if £(¢°¢) € 1, or equivalently, if
r(n¢) € . There are 39 admissible pairs and the discrete invariants (p(A, H),n(A, H)) of a
geometric k-point (A, H) € M, are an admissible pair.

We will rely on the description of these parameters given by Goren and Kassaei in [GK12,
Lemma 2.3.3], that we recall shortly here:

LEMMA 3.0.1 (Goren-Kassaei). Consider a geometric point t = (A ER B)eM,. We have
the following descrption:

(1) per(A) < Im(D(Fra)); = Im(D(Very)),,
(2) i€ p(f) < Im(D(Fra)); = Im(D(f));,
(3) ien(f) < Im(D(Very)); = Im(D(f))..

4. The local model of the Hilbert modular variety

4.1. The points of M, in terms of linear algebra. Let (A ER B) € M, be a geo-
metric k-point. By applying the contravariant Dieudonné theory to the p-torsion subgroups
of both A and B, we obtain two k-vector spaces of dimension 2¢g and induced k-morphisms

D(f):D(B[p]) > D(A[p]),  D(f):D(A[p]) - D(B[p]).
Recall the identification with de Rham cohomology as in Oda [Oda69]:
D(A[p]) = Hip(Alk), — D(Blp]) = Hip(B/k);
By [Rap78, Lemma 1.3] they are free O, ® k-modules of rank 2.

LEMMA 4.1.1. There exist Op ® k-bases {a,b} and {c, B} of Hj,(A/k) and H},(B/k)
respectively, such that the induced morphism

D(f):HéR(B/k) - HC}R(A/ZC)

D(f) = (8 é).

PROOF. The conditions fo f!=[p]p and fo ft=[p]a induce the conditions
(4.1) D(f*) o D(f) = [Plorpy,  D(f) o D(f') = [Plocag)-

Hence the compositions are represented by zero matrices

D(ft)oD(f)=(8 8) ]D(f)OD(ft)=(8 8)

15 represented by the matrix
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We deduce therefore that both D(f) and D(f?) have kernel and image of rank 1. Choose
hence Of, ® k-bases {a, 5} and {a,b} for D(A[p]) and D(B[p]) respectively, such that

D(f)(B)=a,  D(f)(a)=0,
D(f")(a) =0,  D(f)(b) =a,
hence the conclusion. 0
Consider the Hodge filtrations
HO(A, Q) € Hap(Alk),  HY(B,Qp),)) € Hop(B/k).

Being p unramified, the Rapoport condition (R) (see Section (1), Chapter (2)) holds, that
is HO(A,Q}L%)) and HU(B,Q}g/k)) are free of rank 1 over Oy ® k. Finally, the morphisms

D(f) and D(f*) respect the Hodge filtrations, that is
(42)  D(f)(H(B, Q) € HU(A Q) D(f)(H(A Q) € H'(B, Q).

4.2. The associated Grassmannian. We will sketch the local description of the
Hilbert modular variety through the theory of local models. It allows to identify the com-
pleted local ring at a geometric point of M,, with some universal deformation ring R. The

idea is to associate to each k-point t = (A EN B) € M, an element of a certain Grassmann
variety N, or, more precisely, to construct a morphism from a Zariski-open neighborhood of
t to N, and compare the completed local rings of the two moduli spaces through crystalline
theory.

We summarize here some ideas described in [GK12, Section 2.4]. Let NV, = N,(k, O ®k,p)
be the Grassmann variety of pairs (Wi, Ws) of free Oy ® k-submodules of (O, ® k)? of rank
1, such that given the O ® k-map

(OL0k)? 5 (0, 8k)?
(33', y) - (y> O)
we have h(W7) c Wy and ht(Ws) c Wh.

By Lemma (4.1.1) and condition (4.2) and the following considerations, to a point ¢ =
(A ER B) € M,(k) we may associate a point (Wi, Ws) € N, by putting h = D(f) and
(W, Wy) = (H%(B, Q}B/k), HO(A, Q}A/k))‘ By applying the crystalline theory by Grothendieck
and Messing we obtain an isomorphism of the completed local rings of the two varieties

@Mp,t = 5Np,(W1,W2);

(See Deligne-Pappas ([DP94]) and Goren-Kassaei ([GK12]) for a proof). We sketch here the
way this is done.

We can actually refine the description of the local model. Recall that for p inert, see
Section (1), there exist isomorphisms

018 W(k) = DW(k)

and
g
Ok~ @k
=1
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We obtain therefore the map h: (O ® k)? - (O ® k)? as a direct sum

g g g
h=@h: Bk > @k,
i=1 =1 1=1

where each h; is a k-linear map represented by a 2 x 2 matrix h; = (8 (1)) We may therefore
consider the indices i € {1,...,g} one at the time and reduce to studying the Grassmann
variety N, (i) of pairs (W7 (i), Wa(i)) of one-dimensional subspaces of k? satisfying the com-
patibility conditions

(4.3)

Let us analyse its deformations. Consider bases {«, 5;} and {a;,b;} for the two-dimensional
vector spaces

(63)

aik: ® 51]{5 — aik ® blk

NOTE 2. We have the following possibilities

(1)

Wi(i) # Ker(h;) and Ws(i) = Ker(h;), that is
Wi(i) = (B), Wa (i) = {a;).

A generic deformation (Wi (i), W5(4)) to an Artinian k-algebra (S, mg) is described,
in the bases {cy, B;} and {a;,b;}, by

Wi(i) = (Bi+ Xiaw),  Wa(i) = (a; + Yiby),
for X:,Y; emg. The hypotheses
hi(Wi(i)) € Wa (i), ha(Wa(i)) € WA (d),
translate into the conditions
(B6)(7) =) e(v) (B6)()=(5)=(F),

which are satisfied when Y; = 0. The universal deformation ring is therefore k[X;].

Wi(i) = Ker(h;) and Wy (i) # Ker(h;), in terms of the bases {«;, B;} and {a;,b;} give
Wi(i) = {es),  Wa(z) = (b3).

A generic deformation (W1(3), Wa(i)) of (W1, Ws) to an Artinian k-algebra (S, mg)
18 described by

Wi(i) = (i + X)), Wa(i) = (b + Yias),
with X;,Y; e mg. The hypotheses
hi(Wi(2)) € Wa(i),  hi(Wa(i)) € Wh(0),
translate into
(65)(x)=(5)e(F) (B6)(F)=(5) (%),
from which we get the condition X; =0. The universal deformation ring is therefore

K[Yi).
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(3) Wl(Z) = Ker(hz) = WQ(’L), that s
Wi(i) ={az),  Wa(i) = {a).
A generic deformation (W, (i), Wa(i)) to an Artinian k-algebra (S,mg) is of type
1/71(7,) = (a; + X ;) WA/;(Z) = (a; + Yiby),
with X;,Y; e mg. The hypotheses
hi(W(0)) € Wa(i), ha(Wa(i)) € Wh(d),
give the conditions
(B6)(x)=(T)e(x)  (

0
0
from which we obtain the condition X;-Y;

therefore k[ X;, Y;]/(X;Y7).

6) () = (5) < (x):
0

. The uniwversal deformation ring is

LEMMA 4.2.1. Consider a point (W1, Ws) € N, associated to a geometric point t = (A ER
B) e M, (k), that is Wy = H(B,Q} ) and Wy = H (A, QA/k) and forie{l,...qg}, Wi(i) =
HY(B, QB/k)(i) and Wy (i) = HO(A Q a) (@) In terms of the discrete invariants of ¢ (see
Section (3)), the condition W5 (i) = Ker(h;) = Ker(ID(f?)); is the condition i € n(f), while
the condition W1(i) = Ker(h;) = Ker(D(f)); is the condition o oi € o(f).

PRrROOF. Note that the condition D( f*);0D(f); = 0 implies that Ker(ID(f*)); € Im(ID(f));
and by dimension reasons we get the equality

Ker(D(f*)): = Im(D(f));-
By an identical reasoning, we have that
Im(D(Very)),; = Ker(D(Kera));.

Hence W5 (i) = Ker(ID(Fra)); = Im(D(Ver,)),; and the condition W5 (i) = Ker(ID(f?)); equals
to the condition W5 (i) = Im(ID(Vera)); = Im(D(f));. We conclude hence by Lemma (3.0.1)
that W (i) = Ker(D(f*)), if and only if i e n(f).

Recall that the notation 7 € £(¢) means that i+ 1 € p. By definition 1+1 € ¢ if and only if
the map in Lie algebras Lie(f);:Lie(A); - Lie(B); is the zero map, which equals to its dual

Lie(B): Let; Lie(A)?

D(f)HO(Bﬁgl/ )(4)

H(B Q}B/k)(l) HO(A, Q2 ) (1)
N )
Wi(i) Wa(i)
being the zero map. Hence the condition Wi(i) = Ker(h;) = Ker(ID(f)); equals to the
condition ¢ + 1 € . 0J

Put hence I = I(f),p=¢(f),n=n(f). Putting together Note (2) and Lemma (4.2.1) we
recover [Sta97| (cf. [GK12, Theorem 2.4.1])

R= Oty = Oy vy = K[{Xovi € ()}, (Vi e}/ ({XYivi € ).



44 4. INERT SPACES

Note that as a completed local ring, R is an admissible topological ring.

We obtain moreover a description of the universal object for the deformation of (W7, W3) €
Np:

h=@:

— 9 hi —
(4.4) Wi = e Wi(i) c @ Ra; + RB; ——— Wa™ = @7 Wy (i) c ®_, Ra; + Rb;,
where W, (i) and W(i) were described in Note (2).
There exist o-linear morphisms
Fa:Hayp(Alk) » Hyp(Alk),  FpiHyp(B[k) — Hap(B/k)

defined as follows. We are going to show the construction for A, as the one for B is similar.
Let

Fa: Hyp (AP k) = Hip(Afk) @0 k - Hip(Alk)
be the linear morphism induced by the relative Frobenius Fr: A - A®). Define
Falaz) = Fs(x®1), xe Hin(Alk).

Note that it is o-linear: indeed, for o € k and = € H},(A/k) we have Fy(az) = Fa(azr®l) =
Fa(x®o(a)) = o(a)Fa(x). Moreover, since .#,4 commutes with the Op-action, also F
does.

The map F4 decomposes into g maps

Fu(i): Hip(Alk)(1) > Hap(A/k) (i +1).
Indeed, we may identify
Hip(AJk) (i) = Bi(Hp(A[k))
with 0; =Y, A\j ® z; € Op ® k and hence
Fa(Hip(A)(0)) = Fa(0;(Hgp(A/K)).

Then for h € Hjp(A[k), Fa(0ih) = Fa(X;Aj ® zh) = Y5 \jFa(x;h) = Y3\ @ o(x;)Fa(h) €
Hi (Alk)(i+1).

We wish to represent the maps F4(i) and Fj(i) in terms of the bases {a;,b;} and {«;, 5;}
forie{1,2,...,9}.

LEMMA 4.2.2. Fiz an index i€ {l,...,g}. The induced semi-linear morphisms

FA(Z) ka; ® kb; > ka1 @ kbi+1; FB(Z) ko, @ kﬁl - ka1 @ kﬁﬂl

are represented by the matrices

(39) whenien-1I, 09) whenien-1I,
Fa(i)=1 (§3) wheniel(p)-1I, Fp(i)=1 (39) wheniel(p)-1,
(38) wheniel. 08) wheniel.

PROOF. As a general observation we have that the semi-linear Frobenius morphisms
Fa:Hap(Alk) > Hyp(Alk),  Fp:Hp(B[k) > Hap(B/k)
commute with the morphism

D(f):Hc}R(B/k) - HC%R(A/IC%
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that is, by semi-linearity, for every index i € {1,... g}, the following relation is satisfied:
(4.5) hie1 © F(i) = Fa(i) o h\);

(here we use the convention that the index g+ 1 = 1=.

e Case when i € n— I: By Note (2), point (1) we have
Wi(i) =(B:),  Wa(i) = (@),
and hence we have the following possibilities
' 10Y) op . 0
BO-{ )" o
10) 0
We need now to impose condition (4.5):

Option 1 for Fp(i): (8(1)) ((1)8) :(88), Option 2 for Fp(i): (8(1)) ((1’8) :((1)8)7

)OI‘

1
0
?)
9).

S—— N——
hit1 Fp (7,) hiv1 FB(Z)
Option 1 for Fu(7) : (85) (8 (1)) = (88), Option 2 for F4(7) : (8‘1)) (8 (1)) = (88).
—— ——
Fali)  p® Fali)  p®

From this we see that

Fy(i) = (é 8)

Moreover, the condition i ¢ /() tells us by Lemma (3.0.1) that
Im(D(Fra))ic1 # Im(D(f))ir1 = (@ss1),

from which we conclude that

Fa(i) = (8 (1))

e Case when i € {(p) — I: By Note (2), point (2):
Wi(i) = {ai),  Wa(i) = (bi).

Moreover
Im(D(Fra))is1 = Im(D(f))ir1 = (@is)-
We have therefore that
. 10
FA(Z) = (0 0) .

(88) (84) =(85)-
—— —
FA(l) hEU)

Note that
0
0

On the other hand we have a priori the following options for Fp(i):

FB<z'>={ g

45
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and the following relations:
Option 1 for Fg(i): (8(1)) (8 (1)) = (88), Option 2 for Fp(i): (8(1)) (8(1]) = (8(1)).

—_—— —— —_—— ——
hiv1 Fp(i) hiv1  Fp(i)

From condition (4.5) we get that

Fy(i) = (8 (1))

e Case when i € [ = () nn: By Note (2), point (3):
Wi(i) = (i),  Wa(i) = (a:).

Moreover
Im(D(Fra))i = Im(D(f))ir1 = (@is)-
We have therefore that
) 0 1
FA(Z) = (0 0) .

For Fg(7) the same conditions as in the previous point hold, from which we obtain
that
0 1
Fa- (0 0) |

5. Dieudonné Displays on Hilbert modular varieties

By taking advantage of the decomposition in 2 x 2 blocks of the local model of the
Hilbert modular variety, we wish to use the arguments of Theorem (2.3.1) and Theorem
(2.3.2), Chapter (3), to describe the deformation theory of M, through Dieudonné displays.

Consider a k-point t = (A EN B) e M,(k). Let

(5.1) {ar,...,;a4,b1,...,b,}, {on,...,aq,01,...,8,}

be k-bases for H},(A/k) and H},(B/k) respectively so that given the corresponding point
(W1, W3) e N, for every i e {1,...,g} the point

(65)

HO(B, QlB/k)(Z) = Wl(Z) c ko; @ ICBZ —_— HO(A7QII4/I€) = WQ(Z) c ka; ® kb;

in NV, (7) can be described as in Note (2), Section (4.2). For instance we will take trivializa-
tions

By the results outlined in Section (3), Chapter (2), to the point ¢ = (A ER B) we associate
a morphism of RM Dieudonné displays

D(f):Pp = (Pp,Qp, F,(Vp)™") = Pa=(Pa,Qa, Fa,(Va)™)
over k. Following Theorem (3.4.4), Chapter (2), we will put
Py=Hei (AW (K)),  Pp=Hey(B/W(K)),
(A/W(k)) — Lie(A)), Ker(H.,.(B/W(k)) - Lie(B));

cris

QA = Ker(Hl

cris
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they are free O ® W (k)-modules of rank 2. Recall the isomorphism
g
Or® W(/{Z) ~ @W(k’)
i=1

obtained in Section (1). We wish to describe the Dieudonné displays P4 and Pp in terms of
2 x 2 blocks, that is

@PA() @ H.io (AW () (i), EBPB(@) EB Heio(BIW (k) (),
QA(Z)=K61“(PA(Z) ~ H'(A,04) (i), QB(Z)=K61"(PB(Z) ~ H'(B,0p)(i)),

where . .
=P Qa(9), Qp =D Q5(1),
and morphisms . o
Fu(i): Pa(i) = Pa(i+1) Fp(i): Pg(i) = Pg(i+1).
Also the morphism of Dieudonné dislplays D( f):Pg - P4 admits a decomposition

J N O DNHGE) A .
@D Ps(i) ———— D Pal(d).
i=1 =1
Note that trivially H., (A/W (k))(i)/(p) ~ H}z(A/k)(7) and the same holds for H., (B/W (k))(i).
Let {a,b} and {a, 8} be Op ® k-bases for HCMS(A/W(I{)) =of H!. (A/W(k))(i) and
H!. (B/W(k))=e? H. (B/W(k))(i) respectively. Then the by applylng the idempotents
0; € O W (k) we obtain bases {a;,b;} and {a;, B;} for H! . (A/W(k))(i) and H} . (B/W (k)

for every i€ {1,...,¢}.

CT‘ZS (

LEMMA 5.0.1 (Shape of morphisms). There exists W (k)-bases {a1,...,a4,b1,...,bs} and
{ag,...,ay, B, ..., By} for HL . (A/W(k)) and H} . (BJW (k)), lifting the k-bases {a1, ... a4, b1,...,by}
and {aq, ..., a4, B1,..., 8.} as in (5.1), such that

ML (D(f)(3)) = (0 1)

and such that when i€ {1,...,g—-1}

({)’(1) when ien—1, ((1)2 when ien—1,
M{aiybi} F.(i — 10 h e/ _[ M{sz Bi} F pO0 h e/l -7
el Ea@) =] (88) when i€ )~ M{TP) (Fa()) = (£0)  whenief(e)- 1.
(2(1)) when i € 1, (2(1) when i €I,
and
(p(;l)zza) lfa) when g en -1,
ag,bg a
M (Fa@) =4 (55 i) when g < () -
(p(1+/3) @ ) when g € I,
l+a
{oc By} ( ](D§)+£)(ﬁ§)) when gEn - I’
{algglg (Fp(9)) = (ppb %Jr%) when g € l(p) -1,
(p(1+b) a ) when g€ [7

with «, B,a,b,e W(k) and p| a,p| B,pla,p|b.

In order to give the proof, we need some linear algebra results.
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LEMMA 5.0.2. Lett=(A ER B) e M,, be a geometric point. Then

(1) For every i € {1,...,g} there exist Op ® W(k)-bases {a;,b;} and {a;;1,bi1} for
HY(A/W (K)) () and HYyy (AJW (k) (i+ 1) respectively, lifting the k-bases {ai, by}

and {a;1,bi41} as in (5.1), such that
det(M{5") (Fa(i))) = £p

{ais1,bi41

where M ) (Fa(i)) denotes the matriz representing Fa(i) in the bases {a;,b;}

{aiv1,biv1}
and {ai+1, bi+1}-
(2) For every i € {1,...,g} there exist Op ® W(k)-bases {c, ;} and {aui1,Bis1} for
H!. (B/W(k))(i) and H.. . (B/W (k))(i+1) respectively, lifting the k-bases {c, B;}

and {1, Bis1} as in (5.1), such that
det(M{2%)  (Fp(i))) = +p,

{aiv1,Bi41

where M{{;fgm}(FB(z)) denotes the matriz representing F(i) in the bases {c, B;}

and {1, Bis1 }-
(3) Foreveryie{l,...,g} there exist O,@W (k)-bases {a;, b;} and {ay, B;} for H. . (AJ/W(k))(i)
and H} . (BJ/W(k))(i) respectively, lifting {a;,b;} and {c,5;} as in (5.2), such that

det (ML D) () = .

where M{{:Zbﬁl}}(ﬂ)(f)(z)) denotes the matriz representing D(f) (i) in the bases {c, B; }
and {a;,b;}.

PROOF. (1) Note that for every 4, the o~!-linear map V(i +1): H! . (A/W(k))(i +
1) > H!. (A/W(k))(7) is such that

Va(i+1) o Fa(i) = [plur_cayw ) Fy(i) o Va(i+1) = [p]m

c'rzs(A/W(k))(erl)

The multiplication by p map has determinant p? and given that both F4(i) and

V(i) are not invertible, there exist bases {a;,b;} and {a, 5;} such that
det(Me%)  (Fa(i))) = +p.

{air1,b
(2) The proof is identical to the proof of point (1).
(3) Recall that there exists a morphism f*: B — A such that fto f =[p]. Now apply the

proof of point (1).
0

LEMMA 5.0.3. Let U and V' be free modules of rank 2 over W (k) and denote by ¢:U -V
a semi-linear map between them. Assume that there exist W(k)-bases {e1,es} and {n,n2}
for U and V' respectively such that

det(M ;"2 (9)) = -p.

{m1,m2}
Then
(1) given any W (k)-basis {€|,e5} of U then there exists an W (k)-basis {ny,ns} for V
such that
det(M174 (9)) = -

{ni.m5}
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(2) given any W (k)-basis {n},ns} of V then there exists an W (k)-basis {e}, e} of U
such that
det(M{72(9)) = =p

PROOF. (1) Let S € Gly(R) be the base change matrix such that S{ej,es} = {e],eb}.
Take hence the W (k)-basis {n},n}} of V defined as {n},n5} = (S~1)(@{ny,n2}. Then
My iy (9) = (SO QUG 9)5

and hence
det (M1 21 (6)) = det(M[e 2] (9)).

{m.m2}
(2) The proof is similar to the proof of point (1).
U

LEMMA 5.0.4. Let U and V' be free modules of rank 2 over W (k) and denote by U and V
their reduction modulo p. Let ¢:U -V be a semi-linear map such that there exist W (k)-bases
{e1,e2} abd {n1,m2} such that

(5.3) det(M{2)(6)) = -p
54 M@= (0 o)
Then

(1) there exists a W (k)-basis {e},e4} such that
aido-() o)
(2) there exists a W (k)-basis {n},n5} such that
M (@) = ( )
PROOF. (1) By (5.4) we know that
{erea) (@ 1+
O VR
withp|a/,p|V,p | ¢! ,p | d’. From (5.3) we deduce that ¢ = p(1+pa) with a € W (k).
Indeed det(M(qZ)){e1 €2} )=ad'd - (a+V)c =dd - -bc =—-p which tells us that

m5m2}
¢ = -p (mod) p?) and hence the conclusion. We get therefore that

{er,e2} _ a 1+
M(®) ooy = (p(l +pa) d ) '
Consider now the W (k)-basis

{17 2} {

m7 (1+pa)@ )},

{6”76” _ a 1+b
M(gb){ni,nz}‘(p d )

Then
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with p|a,p|b,p|d. Note that we chose the basis so that
det (M (¢)1e21) = det(M ()Y = —p = —p(1 +b) + ad.

{m,m2} {m.m2}

From the last equality we obtain that pb = ad and hence that b = %1 (note that this
fraction makes sense since by hypothesis p? | ad. Therefore

ad
{6”76” _ a 1 + _
M(9) iy = (p a’ )

By multiplying on the right by the base change matrix
14 ale g™ g™
P P ,
—a(ffil) 1

o)

(2) The proof is similar to the one of point (1).

we obtain the matrix

O

LEMMA 5.0.5. Let U and V' be free modules of rank 2 over W (k) and denote by U and V
their reduction modulo p. Let ¢:U -V be a semi-linear map such that there exist W (k)-bases
{e1,e3} abd {n1,m2} such that

(5.5) det(M{ () = p
59 wzo-(5 o)
Then

(1) there exists an W (k)-basis {€}, ey} such that

{61 es}
My (9) = ( )
(2) there exists a W (k)-basis {n},ny} such that

M{pe2i(9) = ( )

PROOF. The proof is analogous to the proof of Lemma (5.0.4). O

LEMMA 5.0.6. Let U and V be free modules of rank 2 over a W (k) and denote by U

and V their reduction modulo p. Let ¢:U — V be a semi-linear map such that there exist
W (k)-bases {e1,ea} abd {n1,m2} such that

(5.7) det(M{ "} (g)) = p

{m,m2}
53) vz - (oY)
Then
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(1) there exists a W (k)-basis {e},eb} such that

{31 ey}
My (9) = ( )
(2) there exists a W (k)-basis {n},n5} such that

wizao-(b )

Uy
PRrROOF. The proof is analogous to the proof of Lemma (5.0.4). O

PrROOF OF LEMMA (5.0.1). For every i, by Nakayama s lemma we may find bases W (k)-
bases {7;,0;} and {¢;,d;} of H. . (B/W (k))(i) and H} . (A/W(k))(i) respectively such that

cris cris

7,81} 01
MIREDO-(p o)
Moreover, by Lemma (5.0.2), point (3) we may assume that

det(M (D(f)(i))) = -p.

Analogously, by Nakayama’s lemma there exist W (k)-bases {€1, ¢;} and {e;, f;} of H. . (B/W (k))(4)
and H! . (A/W(k))(i) such that

cris

09) whenien-1, 09) whenien-1I,
MIETT (Fa() =1 (48) wheniel(p) =1, ME)  (Fp@) =4 (§9) wheniel(e)-1,
(34) wheniel, 08) wheniel.

and by (5.0.2), points (1) and (2) we may assume that

{eifi} p wheni¢l, {ei,di} AV p wheni¢l,
det(My ™" (Fa(i))) = { —p  wheniel, det(M775 L, (Fp(0))) ‘{ —p wheniel.

We have the following commutative diagrams

BIW (k))(1) —22 HL . (BJW (k) (2)

lﬂ)(f)(l) iD(f)@) l
HL (A/W (k) (1) 2 HL (AJW (k))(2)

(5.9)

CT‘ZS (

HL (BIW () (g - 1)L HY . (BJW (k))(9)
‘ iD(f)(g 1) iD(f)(g)

HY . (AJW (k) (g - 15 1L (A/W (1)) (9)

Each square satisfies the relation

(5.10) Fa(i) o D(f) (1) =D(f)(i+1) o Fi(d).
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Consider the first diagram on the left:

Fp(1)

BIW ()(1) == HYi (BIW (1))(2)
J{D(f)(l) iD(f)@)
HY (AW ()(1) = Hy i (AW (R))(2)

By Lemma (5.0.4), there exist W (k)-bases {1, 31} and {a1,b2} of H.. (B/W(k))(1) and
H! . (A/W(k))(1) such that

CTZS(

FA(l)

M e () 4).

Now, by Lemmas (5.0.4), (5.0.5) and (5.0.6) point (2) there exist W (k)-bases {ag, f2} and
{ag, by} of H! . (B/W(k))(2) and H} . (A/W(k))(2) such that

cris cris

3(1) when 1en—-1, (1)2 when 1en—-1,
M{al bl} F 1 — 10 h 1 E _] M{Otl /31} F 1 — p() h 1 é —I
{a2b2}( (1)) (0p) when lel(p) foun. o) ( 5(1)) (79) when 1el(p)-1,
p0) whenlel, 01)  when 1lel,

We have hence fixed all the bases in the diagram:

{a1,81} {a2,82}
H(BIW (k) (1) =L HL (BJW (k))(2)
D(f)(1) D(f)(2)
HL (A/W (R)(1) 25 HL (A/W (K))(2)
{a1,b1} {az,b2}

We claim that
2,5 01
M (D(£)(2)) = ( )
Recall that by (5.10) the relation

Fa(1) o D(f)(1) =D(f)(2) o Fi(1)

must be satisfied. For 1 € I this automatically proves the claim. For i € n — I, we have

(6 2):(20)- (o)< 2)

~— Y N~ Y~
Fa(l)  D(HE)  DHD@  Fp(l)

()= b)

from which we easily see that a =d =0, b=1 and ¢ = p. The proof in the case when i e p — I
is analogous.
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Passing to the second square of diagram

{a2,B2}
FB(2)
HL (BIW(k))(2) —= HL, (B/W(k))(3)
D(f)(2) D(f)(3)

HY (A/W (k) (2) 2L 1L (A/W (k))(3)

{az,b2}

of (5.9), by Lemma (5.0.4), (5.0.5) and (5.0.6) point (2) we take W (k)-bases {as, 33} and

CT‘ZS

{as,bs} for H! . (B/W(k))(3) and H! . (A/W(k))(3) such that

g(l) when 2 en -1, (1)2 when 2 en -1,
M (Fa(2)) = { (09) when2el(p) -1, M0 (Fp(2)) = { (29)  when 2e(p) -1,

2(1) when 2 €[, 2(1) when 2 €[,
Again, by imposing (5.10) we obtain that

MERI(D(F)(3)) - (0 3).
We go on with this approach and we arrive to the diagram
{og-1,89-1} {og.Bq} {og-1,8g-1}

Fp(g)

HL(BIW (k) (g - V)2 HL (BIW (K))(g) —~2 HY, (B/W (k))(1)

D(f)(g9-1) D(f)(9) D(f)(1)
'a(g-1) Fg(9)
HL (AW (k) (g - 1) S HY (AW (k) (9) "2 HL (AW (R))(1)
{agflabgfl} {agvbg} {alvbl}

where all the bases are set and where
Qg,Pg a1,B81 01
MEIDD(f)(g)) = M D()(9)) = ( )

and where only M {{39 g " (F5(g)) and M {{;95 }}(FB( g)) have to be determined. We will show

in detail the case g € I, the other cases being similar. In full generality we know that
®g,Pg a 1+ 6 ag,bg} a 1+0b
{{041 51}}( 5(9)) = ( ) )’ M{{a1 by} (Falg)) = ( )7
with p|a,p | B,p|v,p|d,p|a,p|bp|c,p|d. By (5.10) we get the condition
a 1+b\(0 1) (0 1\faw 1+p
¢c d J\p 0) \p O\ ¢

(p(1+b) a):('y d )
pd  c] \pa p(1+B))’
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from which we get
y=p(1+0b),0=a,d=a,c=p(l+p)
and hence that

{ag,Bg} _ « 1 +B {ag,bg} _ a 1+b
M{a1,ﬁ1} (FB(g)) - (p(l + b) a ) ’ M{a1,b1} (FA(g)) = (p(l " 5) a |’
with p|a,p|B,pla,plb. O

In the bases obtained in Lemma (5.0.1) we have
g g g g

Py =@ Pa(i) = DWW (k)a; @ W(k)bi), P =D Pr(i) =DW(k)a; @ W(k)S,),
i=1 i=1 i=1 i=1

Q=D Qo= D)
In particular by Note (2), Section (4.2), we have
Qa(i) =W(k)a; @ p- W(k)bi, Qp(i) =p-W(k)o; @ W(k)B;  whenien-1,
Qa(i)=p-W(k)a;, ® W(k)b;, Qp(i)=W(k)a,®p-W(k)5; when i € ((p) -1,
Qa(i) =W(k)a;®@p-W(k)b;, Qp(i)=W(k)a,@p-W(k)B; when 7 € [.

Note that reducing modulo (p) the objects introduced above, we recover an object of the
Grassmann variety as in Section (4.2):

DWL(i) c Dkas ® k)~ B W, (i) ¢ B(kas @ kby).
=1 i=1 =1 i=1

Finally, by semi-linearity of the Frobenius morphisms, we have that, in the bases {1, ..., ay, b1, . ..
and {a1,...,a4,b1,...,by}, Fa, Fg and D(f) are represented by the matrices
0 0 ... 0 Fa(g) 0 0 ... 0 Fs(g)
Py = Fa(1) 0 ... 0 0 - Fg(l) 0 ... 0 0
00 .. Fag-1) 0 0 0 .. Fa(g-1) 0

D(f)(1) 0 0
0 D(f)(2) 0 . :
: 0 : 0

s 0 D((g-1) 0
0 L0 D)

Remark that by construction, for every index ¢ we have that

D(f)(i +1) 0 Fa(i) = Fa(i) o D(f) ().

D(f) =

Therefore we have that
D(f)o Fg=FyoD(f).
We expect this since
D(f):Pp — Pa

is a morphism of Dieudonné displays. We would like to write a universal object

Pl = (PlaQbFl?‘/l_l) i) PQ = (P27Q27F2a‘/2_1)7

e
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over R = @\M,t ~ k[X;, Y ci e IN[Z; i € I¢][{(X;Y;) }ier for the deformation of
D(f):Pp — Pa.

We will follow a strategy analogous to the one outlined in (2.3), Chapter (3).
Recall the description (4.4) of the universal object for the deformation of the point

(W1, W3) € N, associated to t = A EN B:
9 g h=0?_, h; I = .
Wit =@ Wi (i) c @ Ra; + RB ——— Wy = @ Wa(i) c & Ra; + Rb;.
i=1 i=1 i=1
Define
Pyi=Pp@wuy W(R),  Poi=Pa®wu W(R),

and let () (resp. Q2) be the pre-image of W™ (resp. Wj™) through the projection P, —
H}.(B/k) ® R (resp. P, > Hj,(A/k) ®; R). Note that there is an identification

g
0L 8 W(R) ~ DW(R).
i=1

(This is true since O, @w ) W(R) = (O @ W(k)) ®w ey W(R) =~ (&), W (k)) ®w ) W(R).)
The O ® W(R)-modules Py, P, )1, Q> inherit decompositions from the Oy ® W (k)-modules
Pg and Py:

g . g . g . g .

Plz@Pl(Z)a PzZ@P2(Z), QIZ@QI(Z)a QzZ@Qz(Z)-

i=1 i=1 i=1 i=1

In particular, in the bases {ou,..., a4, 51,..., 04} and {a1,...,a4,b1,...,b,}:

P, - @Pl(i) _ EE(W(k)ai & W (k)B,) @ W(R) = @(W(R)ai o W(R)B),

P, - {‘?Pz(i) - @(W(k)ai & W (k)b;) & W(R) = @(W(R)ai & W(R)b).

and
Qi) = I(R) (i @ B) + W(R) (o + Xif),  Qali) =I(R)(a @ by) + W(R)(a + Viby), i€ 1,
Qi(i) =I(R)Bi ® W(R)v;, Q2(i) = I(R)(a; ® b;) + W(R)(b; + Yia;), iel(p) -1,
Ql(l) = ]I(R)(O{Z @ Bz) + V\V(}%)(OZZ + X’LBZ)? QQ(@) = ]1(}%)(1Z @ W(R)bl, 1€ 1.

We will define the semi-linear maps Fi: P, - P; and Fy: P, —» P, in terms of their decompo-
sitions

élFl(i):é?Pl(i) S P(i+1), é?Fg(i):éPg(i) S Py(i+ 1),
Following is tlzle descripztion of the matrices asso:ziated to Z
Fi(i): Ra; ® RfB; > Rayq ® RBis1, F5(i): Ra; @ Rb; > Ra; ® Rb;1.
Forie{l,...,g—-1} take

(—Fsz‘ —FlYi) ifiel, (_I;Yi —FlXj) ifiel,
F(i)={ (k) ificl(e) -1, Fa(i)= (57,7) ifiellp)-1,
(10+_pri) ifien-1, (_pg)&i?) ifien-1,
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and for i = g,

a-FX 1+8 . a-TY, 1+b .
( p(1(+1b)g §L*F§g ) ifgel, (p(1+69) "X, ) itgel,
= pll+a : _ 1+a -FY,+b .
Fi(g) = (p(b_F%)Fl;a) if gel(p) -1, F5(g) = ((pﬁ f(lf%) ) ifgel(p)-1,
1+a B- : p(1l+a .
( pb p(1+a§) 1fg€’]7—], (p(B—F)fg) 1+a) 1fg€77_]7

By an argument identical to the one outlined in the case of the modular curve, Chapter (3),
the coefficients of the matrices belong to W(R). Note that by construction, the reductions

Fi(i) = Fy(i) mod I(R),  Fa(i) = F5(i) mod I(R)
have respectively kernel W, (i) and W5(7) as in Note (2). Hence, in the bases {a, . .. g, Py B}

and {ay,...,a,,by,...,b,} the semi-linear morphisms are represented by the matrices
Py - F(1) o0 ... 0 0 P - Fi(1) 0o ... 0 0
00 ... Bg-1) 0 0 0 .. F(g-1) 0

By construction the kernels of F'; modulo I(R) and F'; modulo I(R) are W™ and W™ as
in (4.4).

For i = 1,2, define
VihQi~ P

1

as the restriction to @Q); of F;/p.

THEOREM 5.0.7. The semi-linear maps V;:Q1 = Py and V;1:Qq — Py are well-defined
and the quadruples Py and Py are Dieudonné displays over R. They reduce to Pg and Py
modulo mp respectively and their Hodge filtrations are W™ c & Ra; & RS3; and W™ c
@ Ra; ® Rb;.

PrOOF. The argument is a generalization of the proof of Theorem (2.3.1), Chapter (3).
We will prove this for Py, the case for P, being essentially identical. They only part that is
left to prove is that V™' is well defined over @; and that it is an F-linear epimorphism.

We have set V7! := %|Q1. Showing that V! is well-defined is equivalent to showing that
F1(Q1) S pPy. Note that by definition V™! admits a decomposition

@v;w@@l(z’) - {d?a(n )

where for each ¢, V;71(4) is defined on Q1(%) as the restriction of Fy(i)/p. Showing our claim
equals to showing that for every i € {1,..., g} we have that F;(i)(Q1(7)) € pPi(i+1). We will
show this extensively in the case i € I. An element z € Q1(7) ~ I(R)(a;®5;) +W(R) (i + X, ;)

can be written as a vector (Cil’;’() , where 0, € I(R) and w € W(R). Therefore, when

ie{l,...,g—1}, we have Fl(z)(x)z(*FXi () = ( Xt e ) € FI(R) (s @

p V) ¢+ Xiw pF0+pfw-TY;F¢
Bi) + pW(R) (v + )A(Zﬂi), and the result follows also for i = g as a,b,«, 5 € pW(R).
In order to prove the claim we need therefore to show that Fy(i)(I(R)(«; @ ;) € pPy(i),
that is, that FI(R) ¢ pW(R). This was shown in (3.1), Chapter (2), hence V! is well-defined
on Q.
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We have left to show that V™! is an -linear epimorphism, that is, that its linearization
(Vi )EW(R) ®wpy,r Q1 — Py

is an epimorphism (see Appendix for details). This equals to showing that for a suitable
decomposition Py = Ly & T} such that @ = L; @ I( R)T7, the morphism

VflélaFlleEBTl—>P1

is an F-linear isomorphism. Note that after localizing R, we may assume L; and 77 to be
free. We take
L1:<)\17-~-;)\g)7 T1:<T1,...,Tg>,

with
Bi+ Xy ifien-1T o ifien-1

If we show that the displaying matrix associated to V' @ F} is invertible, we are done.
Remark that, from the basis {\;, 7; }; to the basis {ay, 5;};, the F-linear map F} is represented

0 0 0 Fi(g)
by £ = e ’ O | where
00 .. Fl(.g”_l) o
(AR D= () e
=1 (e )08) = (ry ) ifiellp) -1
(05X ("m )= (53) ifien-1I

Hence the morphism V™' @ Fj: Ly @ T} — P; is represented by the matrix

0 0 .. 0 Vit @ Fi)(g)
e R S

0 0 ... (VileF)(g-1) 0

where
? _Fl);, ) ifiel
F(i) =1 (A 0) ifiet(p)-1
(08) ifien-1I

They are all invertible, hence the conclusion. 0

Take now a: P, > P, as the map represented by

al) 0 ... .. 0
0 a2 0 :
o= 0 0 :
: .. 0 a(g-1) 0
0 0 a(g)

in the bases {a,..., a4, B1,...,0,} and {aq,...,a4,b1,...,b,}, with o; = (25) for every 1.

LEMMA 5.0.8. The map a: P, — Py is a morphism of Dieudonné displays
a:Py = Ps.
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PROOF. In order to show that it is a morphism of Dieudonné displays we need to show
that it respects the filtrations

(5.12) (@) € Qs,

and that it commutes with the semi-linear maps

(5.13) aoFy=Fyoal?, ao Vit =V ol

For proving (5.12) it is enough to show that for every i € {1,..., g} the inclusion
a(1)(Q1(4)) € Qa(7)

holds. We will show this in the case 7 € I. Recall that in this case
Q1(7) =I(R) (o & B;) + W(R)(cv; + Xiﬁi)a Q2(7) =I(R)(a; ® b;) + W(R)(a; + }A/;bz)
An generic element of Q1(7) is a vector (Cf:&) with 6, € I(R) and w ¢ W(R) and
0+w 0+w wX; . : ¥ wX; ) _ Y; ;
DN (k) = (o) (k) = (S ) € Qa(0), since Yi(G000) = (50,5, ) € @2(1). The
cases when 1€ £(p) —I,i en— I are similar.
Showing condition (5.13) is equivalent to showing that

(5.14) a(i+1) o Fy(i) = Fy(i) o a(i)).

Note that the commutativity with V™! and V! follows given that these maps were defined
starting from F; and Fy. We will show (5.14) for i € I, the other cases being similar. It
comes from direct computations:

(08) (% )= i) ) = (e 7)),
D —
a(i+l) 0 00) (@)

when i€ {1,...,g—1} and for i = ¢:

a Fx o FY oFY aFY
(2(1)) ( p(lj)g ai;@g) B (p(i(};igg) p(ljﬁg )’ ( 5 ot ) (2(1)) B (p(z(—l;igg) p(léq) )

—————— —————
(1) Fi(g) Fa(g) a(g)(?)

Hence a:P; - Ps is a morphism of displays.

THEOREM 5.0.9. The morphism of displays
Py = Py
is universal with respect to the deformation of D(f):Pp - Pa.

PRrROOF. By Theorems (3.2.2) and (2.2.2), Chapter (2), we know that a universal object

aun: Pi,ln > ;n

exists over R = O M+~ By universality there exists a unique morphism ¢: Spec(R) - Spec(R)
such that .

O (P == P =Py .
The argument for showing that ¢ is an isomorphism is identical to the proof of Theorem
(2.3.2), Chapter (3). Here is a sketch in the current case. By the theory of local models
there exist morphisms

t1:Spec(R) - Spec(R),  ta:Spec(RR) - Spec(R)
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such that
Yy« (W™ c @) Ra; + R,

h:@?zlhi

aun
W2un C @Zglea,,L + sz) ad (prixn Cc Dpiln —_—> H/P;n Cc Dpéln),
h=®§:1hi

Yo * (Wlun c @?leOéi + Rp; Wyt c @leRai + sz) ~ (le c Dp, 5 Hp, c Dp2).
The first isomorphism is horizontal modulo m%. By Theorem (3.4.3), Chapter (2), we obtain
the following picture
a®W(R/m%)

Pi ®w(r) W(R/m%) = P1 @y (ry W(R/m%) T

P2 ®wry W(R/m%) = Pa () W(R/m%)

i D i
Py d Py £ Pa d P

Note that the Hodge filtrations (Hp,, Hp,) are identified in this diagram with the universal
object (Wm, Wyn) for the deformation of the Grassmann variety A,. Hence the induced
isomorphism

h=®?:1hi

Wy x (W™ c @ Ro; + Rf; Wi ¢ @7, Ra; + Rb;) = (Hp, © Dp, > Hp, c Dp,).

is horizontal modulo m%.
Hence both v, and v, are isomorphisms on tangent spaces. By the factorization

Yro¢ =1,
we get that also ¢ is an isomorphism on tangent spaces. By a commutative algebra argument

we get that ¢ is an isomorphism (see the proof of Theorem (2.3.2), Chapter (3), for details).
U
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6. Strata in the inert case

6.1. Recalling some notation introduced in the first part. The following defini-
tions are due to Goren and Kassaei ([GK12]). Given an admissible pair (¢,7n) as in (3), we
are going to study those subsets of M, whose geometric points have invariants (¢, 7). The
disjoint union of these sets is equal to the space M, itself.

DEFINITION 6.1.1. Let p,n € B. Denote by U, the subset of M, with geometric points
t=(A ER B) e M, (k) such that p(x) = ¢ and denote by V,, the subset whose geometric points

t=(A ER B) e M, (k) are such that n(zx) =n.
Denote by U the subset whose closed points x € My(k) are such that ¢ € o(x), and by
V" the subset whose closed points x € M, (k) are such that n < n(z).

The following relations hold

(6.1) Us=(Ufy. Vi =1V
Bep Ben

(6.2) U@:U;— U U;,, V;7:V,7*— U Vn+,.
oy ngn’

LEMMA 6.1.2. Given p,n € B, the sets U} and V,* are closed and the sets U, and V; are
locally closed.

PrROOF. Given that for § € B, the sets U{%} and V{g} are both the degeneracy loci of
morphisms of line bundles, namely of
Lie(f)sop: Lie(A™)gos > Lie(B"™)sop,  Lie(f*)s:Lie(B"™)s ~ Lie(A™)s

respectively, it follows that both Uj and V" are closed. By (6.1), for ¢,n € B the sets U}
and V. are closed and by (6.2) the sets U, and V;, are locally closed. O

DEFINITION 6.1.3. Let (¢,n) be an admissible pairs. Denote by W,y the subset of M,
whose geometric points have invariants (¢,n) and by Z,,) subset of M, whose geometric
points x = (A ER B) e M, (k) are such that ¢ € p(z) and n < n(z).

Note that

Wiem =UpsnVy, Zipmy =Ug 0V
and that
Zipm) = U Wit ary-

(¢"n")=(p:m)
We see therefore that the Z(,,y’s are closed and that the W,y are locally closed.

Remark the points x = (A T, B) where A is superspecial have invariants (¢(x),n(z)) =
(B,B), that is, such points belong to any set Z, ). It follows that for any admissible pair
(¢,m) the set Z(,,y is not empty. This implies that also every set W, is non-empty, since

(6.3) Zoy = Weem = U Zan
(eme(e’n’)
THEOREM 6.1.4 (Strata of M,). Let (¢,n) be an admissible pair and let I ={(p) .
(1) The closed subset Z(,) is non-empty, non-singular and of dimension

dim(Zp,n)) = 29 = (o] + [n]).-
(2) The closure of W,y s Z(pyy and the W, ) ’s are a stratification of the space M,,.
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7. Proof of Theorem (6.1.4)

Already for the moduli space M Goren and Oort used displays as a tool for giving a local
description of the strata (see [GO00, Theorem 2.3.4]). We show here that this can be done
also in the case with I'g(p)-level. We are going to describe a given stratum around a given

geometric point x = (A ER B) € M,. We recover the results obtained by Goren and Kassaei
|[GK12] with this new method.
By (6.1), it is enough to understand the local geometry of Ulsy and Vi, for a given 3 € B.

ProposITION 7.0.1. Let x = (A ER B) € M (k) be a geometric point with parameters
o(x) =p and n(x) =n and let B € B.
(1) Assume x € U{*ﬁ}; then locally around z, U{%} is equal to Spf(@Mpvx) if B¢ r(l),
while Uty is given by the vanishing of the variable X, if 5 € r(1).
(2) Assume x € V{E}; then locally around x, V{’b} is equal to Spf(Opm, ) if B ¢ 1, while
V{;?} is given by the vanishing of the variable Yg if B € 1.

PROOF. Recall that by Lemma (4.2.1) the condition [ € ¢ is equivalent to the condition

(7.1) Ker(D(Frp(o™! 0 8))) = Ker(D(f)(07" © §)),
while the condition 3 € n is equivalent to the condition
(7.2) Ker(D(Fr4(5))) = Ker(D(f*)(5))-

(1) Note that by hypothesis € ¢. Recall that i € (/) if and only if 07! o 5 € I, that is
olofen. By Lemma (??) when 07! o § € I, the matrix of Frobenius Fj of P; is

~F Xy 1
F -1 — o~ lop R
1(0 ° /B) ( p FYa'loﬁ) ’
while when o=t o B e l(p) -1, F} is

- p 0
F(o7tep) = (_prf og 1)'

Now, let us impose condition (7.1). Note that Ker(D(f)(c~" o)) = (§). When 8 € r(I),
we have that Ker(Fyi(o™' o)) = () if and only if X,-105 = 0, while if 3 ¢ r(I) we have that
Ker(F1(o7' o)) = (§) without any additional condition.

(2) Since x € V%, we have that 5 € n. When [ € I, the matrix of Frobenius of P, is such

{8y
that R
-y, 1
r - B -
2(8) ( » FXﬁ)’

P 0
pFXy 1)

Note that Ker(D(f*)(5)) = ((1)) When i € I, condition (7.2) is satisfied when Ker(F5(3)) =

((1)), that is, when Y3 = 0, while when ¢ ¢ I, condition (7.2) is automatically satisfied. Note
that this holds also when [ = g, since we are dealing with the reduction modulo p. 0J

while if 5 en -1, F; is such that
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COROLLARY 7.0.2. Let x = (A ER B) e M, (k) with parameters (p,n). Locally around x,
Uy 1s isomorphic to the closed subscheme defined by the ideal

({Xs}|B e ),

while V. is isomorphic to the closed subscheme defined by the ideal
({Ys}B e ).

The closed set Z,yy 1s locally isomorphic to the closed subscheme described to the ideal

({Xp} {Yp}, G e 1),
PROOF OF THEOREM (6.1.4), POINT (1). Recall that the local model (Section (?7?)) for
x=(A ER B) e M, (k) with parameters (¢,n) gives
Opye = k[{ X5, 8 € €()}, {Ya, B e n} [/ ({XsY5, B e I}),
and by Corollary (7.0.2)
Oz = Orty el ({ X5}, (Ys), B € I) = k[{ X5, 8 € €() = I}, {Yp, B e = I} [

From this we obtain that dim(Z,)) = 29 - (|¢| + [7]) and that the Z,,)’s are pure-
dimensional and non-singular. 0

PROOF OF THEOREM (6.1.4), POINT (2). We have already observed that W, is non-
empty for any admissible pair (¢,7). Since Z,,) contains W, ) and since Z(,, is closed,

it contains also the closure W, ,y. By Corollary (7.0.2) we see that also W, is pure of

dimension 2¢g — ¢ —n and hence by dimension considerations we see that W,y = Z(,,). U

8. An example



CHAPTER 5

Totally ramified spaces

1. Hilbert modular varieties in the totally ramified case

Let k = k be a field of characteristic p > 0 and let L be a totally real number field of
degree g. Assume moreover that the prime p is totally ramified, that is

pOL = pg7
where p is a prime ideal in the ring of integers O of L. We have that
Op @ W(k) = W(k)[T]/(E(T)),
where E(T) is an Eisenstein polynomial over W (k) of degree g, and that
OpL®k~k[T]/(T?).

The moduli space M was studied extensively by Rapoport [Rap78], Deligne-Pappas
[DP94] and Andreatta-Goren [AG03, AG04]. For N >4 it is a scheme of dimension g. Most
of the results by Deligne-Pappas and Andreatta-Goren hold on the definition of suitable
invariants attached to the geometric k-points of the moduli space M.

We define the singularity indexr of a given a geometric point A € M(k) as the integer
J =7j(A) such that A[T7] c Ker(Fr) but A[T7] ¢ Ker(Fr). Note that A[77] is a subgroup
scheme of A[p] of rank p?/| and hence from the condition A[T7] ¢ Ker(Fr) we obtain that
0<2j<g.

The second fundamental invariant is the slope of a k-point A € M,, that is, the integer
n=n(A)=a(A)-j(A) where a(A) denotes the a-number of A.

LEMMA 1.0.1. If A[T7] c Ker(Fr), then A[T7] < Ker(Fr) nKer(Ver).

PROOF. I believe that it is enough to point out that A[7'] and hence all the subgroups
A[T7] are self-dual, that is, if they are killed by Frobenius, then they are also killed by the
Verschiebung. However, we may also give a more down to earth proof, involving the perfect
O -pairing.

Suppose that x € A[T7] € Ker(Fr). In order to show that = € Ker(Ver), since the Weil
pairing induced by the polarization is perfect, it is enough to show that (u, V) =0 for every
u. But remark that (u, V)7 = (Fu,z) = (Fu,T972") for some 2’. The last equality is true
since x € A[T7]. since there is an exact sequence

0 A[T99] > A[p] 2 A[T7] - 0.

Moreover the pairing is self-adjoint, that is it commutes with the Op-action, hence (Fu, T97x') =
(FT97Ju,z") = 0, hence the conclusion. O

The lemma tells us in particular that if A[77] ¢ Ker(Fr) then A[T7] € a,,(A) = Ker(Fr)n
Ker(Ver). Since a,(A) has rank p*4) by definition, and A[77] has rank p%, we conclude
that a > 2j. Hence the slope tells us more or less how much ”bigger” is a,,(A) with respect

63
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to A[T7]; in particular n > j.

Example: The Hilbert modular surface.
Let g = 2. We may classify the points of the moduli space M according to their p-torsion of
the underlying abelian varieties. In general, given A € M(k), the p-group scheme A[p] has
rank p* and we have the following possibilities:

e A is ordinary: it has a-number 0 and hence it has singularity index 0. One could
also point out that by self-duality A[T'] ~ Z/pZ® j1,, and hence A[T] ¢ Ker(Fr) = p2.

e A is supersingular, not superspecial: it has a-number 2 and A[T] is isogenous to M?
where M denotes the p-torsion of a supersingular elliptic curve. We have therefore
that A[T] ¢ Ker(Fr) and hence the singularity index of A is 0.

e A is supersingular, superspecial: it has a-number 2 and A[T] ~ 2. It follows that
A[T] = Ker(Fr) and hence the singularity index of A is 1.

2. The space with I'y(p)-level structure

Denote by M, = M(k,Or,un,To(p)) the Hilbert modular variety over k of dimen-
sion ¢ and [y(p)-level structure, that is, the fine moduli space parametrizing quadruples
(A/S,1,\, un) as above, together with the choice of a finite flat Op-subgroup scheme H of
A[p] of rank p9, isotropic with respect to the A»-Weil pairing.

Considering the moduli space M defined above gives rise to several moduli spaces
parametrizing isogenies in the ramified case. Together with M,,, we may consider the Hilbert
modular variety M, = M(k,Op, pn,To(p)) over k with I'g(p)-level structure. It parametrizes
pairs (A, H), where H is an Op-invariant flat sub-group scheme of A[T] of rank p, isotropic
with respect to the Weil pairing.

LEMMA 2.0.1 (Equivalency of moduli spaces). The moduli space M, can be seen equiv-

alently as the moduli space of points of type (A ER B), where [ is an Op-isogeny killed by p
and of degree p, such that f*M(B) =p-M(A). We denote by f: B - A the unique isogeny
such that f'o f = [p)a and f o f' = [ps.

PROOF. We want to define a quadruple B = (B, tp, A, (un)p). Take hence B = A/H:
the real multiplication ¢4 and level structure (puy)4 on A induce a real multiplication ¢ and
(un) B on the quotient. Finally, we wish to define a polarization Ag on B. Define the map

FM(B) —  M(A)
) > fYodof.

We want to describe a polarization on B. Put

A\p:M(B) = J
0 = gAao f*(0)

We need to show that this makes sense, namely that, as in the statement,

fr(M(B)) =pM(A).

Consider the isogeny A I, A/H and the unique isogeny A/H T, A such that
foft=1Iplam, frof=[pla.
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We have the following exact sequences

(2.1) 0 H A

(2.2) 0— A[T]/H AJH
By dualizing (2.2) we obtain

0~ (A[T)/H) Y2 A4v < (AJH) < 0.
By definition H ¢ A[T] is isotropic with respect to the Weil pairing that is, with respect to
the v-Weil pairing A[p]x AY[p] - p, for any v € M (A). Fix such a v e M(A). From isotropy
it follows in particular that v(H) < (A[T']/H )Y and we obtain hence a commutative diagram

(2.3) 0 H A—To A 0
U
0 —— (A[T]/H)" — A"~ (4/H) —0
inducing the map iy: A/H - (A/H)V satisfying the relation
(f)oy=iyof.
This defines an Op-linear morphism
i: M(A) - M(B);

it is injective as deg(iy) = deg(y). Note moreover that i7 fits in the following commutative
diagram:
f

A AlH
Wl liv
AY <7 (A/H)V.
We have therefore
(i) = fYoivof=fo(f ) oy=(fof) oy=py.
This proves in particular that
pM(A) c f*M(B).

We want now to prove the opposite inclusion. Consider once again the exact sequence (2.2)

ft

0— = A[T)/H — AJH T~ A ——0.

Note that A[T]/H is isotropic with respect to the Weil pairing A[p] x AV[p] - up. It is
enough to show that it is isotropic with respect to the i-Weil paring, where v € M(A),
which is equivalent to the equality iy(A[T]/H) = HY. We have

H(A[T)/H) =iy o f(AT]) = ()" o (A[T]) = (f)*(A"[T]) = A*[(A[T)/H)" = H",
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which proves the isotropy of A[T']/H. This means in particular that for any 6 € M(B),
we have §(A[T]/H) = HY. By dualizing the exact sequence (2.1) we obtain therefore a
commutative diagram

0 A[T]/H Y] Ay p—
L
0 HY (A/H)Y e Av g

which defines an Op-linear map
J:M(B) - M(A)

satisfying the relations

fod=jdof
for any given 0 € M(B). Showing that f*(M(B)) ¢ pM(A) is equivalent to showing that
for 6 € M(B) we have
(2.4) £%6 = pjé.
We claim that j satisfies the relation

(f)*0jd =pd,
where (ft)* o jé:=(ft)Vojdo ft for any 6 € M(B). Indeed

(f')0jo=(f") 0jdof=(f) of od=(fof") od=pd

In order to show the equality in (2.4), it is enough to show that (f*)*pjo = (f*)*f*0. We
have that on the one hand

(f)*pid = p(f*)*kd = p,
while
p*d =p?9,
which concludes the proof of the equality
f*M(B) = M(A).

Note finally that the quadruple B = (B = A/H,.p, A, (uun)p) satisfies the Deligne-
Pappas condition. Indeed, by [AG03, Proposition 3.1] it is enough to show that there exists
an element § € M (B) of degree prime to ¢ for every prime £ different from p. Since A satisfies
the Deligne-Pappas condition, there exists v € M(A) of degree prime to ¢ for every £ # p.
Since deg(y) = deg(iv), take § = i7.

[

From the proof of Lemma (2.0.1) we see that given a point (A4, H) = (A EN B), there are
several related points:

(2.5) (A, H) = (AL B) “ . (B=AJH A[T)/H) = (B 4)

e

A ATy = A Y By BV 1Y) = (B AY)

Both w and inv are involutions on the space M, and w goes under the name of Atkin-Lehner
involution.
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Moreover, the moduli spaces M and M, are related by means of a forgetful functor

(AH) — A
Example: The fibers of m on the modular surface.

Let A e M(k) be a geometric point. We may understand the fiber 771(A) by looking at the
p-torsion A[p].

o Ais ordinary: A[T'] =~ Z/pZ & p,, and we have therefore two choices for H ¢ A[T] of
rank p:
H = p,
H = 7/pZ.
e A has étale part of order p: A[T] ~ E[p] hence we have one choice for H:
H = oy,

e A supersingular, not superspecial. Then there is only one subgroup H ¢ A[T] of
order p and it is isomorphic to .
o A supersingular, superspecial: A[T] ~ a2 and hence H is parametrized by P!; this
is explained in [AGO03, Prop. 8.7].
We can look at the forgetful functor in terms of the interpretation of the points of M,
as p-isogenies of degree p. We will use the following notation:

™ ™2

ALB) — 4 ALB) — B

3. The local model in the totally ramified case

The results obtained in this section were obtained by Pappas, see in particular [Pap95,
Lemma 4.3.1, Lemma 4.3.2].

3.1. From geometry to linear algebra. Given a geometric point ¢ = (A ER B) €
M, (k), we may consider the first de Rham cohomology groups H,(A/k) and H},(B/k) of
the associated abelian varieties A and B. Recall that by (2.1), Chapter (2), they are related
to the p-torsion subgroups by means of Dieudonné theory

Hap(Afk) ~D(A[p]),  Har(B/k) = D(B[p]),

and they are k-vector spaces of dimension 2g. Recall moreover that for a RM-abelian scheme
A over k, the first de Rham cohomology group is a free O ®7 k-module of rank 2 (see Lemma
(3.4.6), Chapter (2), for details. We may as well consider the Hodge filtrations

HO(A,QIIL‘/,C)QHC%R(A/]{), HO(B,QE/k)EHjR(B/k);
as k-vector spaces they have dimension g. Note that p being ramified, Rapoport’s condition

(R) is not equivalent to Deligne-Pappas’ condition (DP). The global differentials H%(A, Q% /k)

and HO(B, QlB/k) are in general not free over O, ® k.

By functoriality the isogenies f: A — B and f!: B - A induce morphisms
D(f): Hir(B[k) - Har(Alk), D(f*): Hip(A/k) - Hip(B[k)
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such that
D(f) o D(f) = [T]H;R(A/ky D(f*) o D(f) = [T]H;R(B/k),
and that preserve the Hodge filtrations, that is

D(f)(H (B, Q) € HO(A, ), DI)H(A, Q) € H (B, Q).
LEMMA 3.1.1. There exist O ®k-bases {e1,e2} and {e}, ey} for Hjn(B/k) and Hj,(A/lk)

respectively, such that the morphisms D(f): Hip(B/k) - Hjn(A/k) and D(f): Hip(Alk) -
H}.(B/k) are represented by the matrices

pn-(5 9). p=(5 )

PrRoOOF. We shall use extensively the identifications
D(A[p]) = Hir(Alk),  D(B[p]) ~ Hip(B/k).

Consider the inclusion A[T] ¢ A[p] (resp. B[T'] < B[p]). After applying the contravariant
Dieudonné functor there are surjections

D(A[p]) » D(A[T]),  D(B[p]) » D(B[T]),
the surjectivity coming from the identifications
D(A[T]) = D(A[p])/TD(A[p]),  D(B[T]) = D(B[p])/TD(B[p])-

Note that D(B[T']) and D(A[T']) are k-vector spaces of dimension 2. Moreover, the mor-
phisms D(f) and D(f*) respect D(A[T']) and D(B[T]), that is

D()(D(BIT]) € D(A[T]),  D(f)(D(A[T])) € D(B[T]).
We may therefore consider the commutative diagram

D(B[p]) —- D(A[p])

g
D(B[T]) —= D(A[TT])
We want to construct suitable k-bases for D(B[T]) and D(A[T]). From the condition

(3.1) D(f*) o D(f) = [TTns1m)
we obtain that the morphism D(f?) o D(f):ID(B[T]) - D(A[T]) is always represented by

the zero matrix
D) on() -3 o)

Hence Ker(ID(f)) has k-dimension 1 in D(B[T]) and Im(ID(f)) has k-dimension 1 in D(A[T])
(and similarly for D(f*)). Choose hence bases {e1,es} and {e], b} for D(B[T]) and D(A[T])
respectively such that

(3:2) i =D(f)(e1),  ex=D(f")(e}).
In these two bases D(f) and D(f*) are represented by

pn-(5 o) pu-(o 9)
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Recall that D(B[p]) and D(A[p]) are free of rank two over k[T']/(177), which is a local
algebra with residue field k. Lift now e; to é; € (O ® k)? and €} to &, € (O ® k)2. Define
now

& =D(f)(e),  &=D(f")(e)
Note that {é1,é;} and {é},é,} reduce to {e;,ea} and {ef,es} modulo T" and hence by
Nakayama’s Lemma they are O ® k-bases for D(B[p]) and D(A[p]) respectively. By abuse
of notation we will denote by {e1, ez} and {e}, €5} the Op ® k-bases as well. From condition
(3.1) we obtain in particular that

D(f")oD(f)(er) =Ter,  D(f)oD(f")(e3) = Te5.

Combining this with (3.2) we obtain that
D(f*)(et) =Ter,  D(f)(e2) =Teh,
which concludes the proof. O
COROLLARY 3.1.2. In the bases obtained in Lemma (3.1.1), the Hodge filtrations H(B, Q}B/k) c
Hj.(B/k) and HO(A, Q}L‘/k) C Hl,(Alk) are represented by direct sums
H°(B,p),) = T @ They, HO(A, Q) =T"ei@T"e,

with a+b=g=a"+b0 =g. Moreover, the integers a,b,a’, b’ satisfy the following relations

Case l: a=a’ and b="0,
Case2: a=a'+1 and b=b"-1.

ProoOF. The Hodge filtration, as a k-vector space, has dimension p9, we conclude hence
by the elementary divisors theorem.
Recall moreover that the maps D(f) and ID(f*) respect the Hodge filtrations, that is

]D(f)(HO(B? QlB/k)) € HO(Av Q}L}/k)a D(ft)(Ho(Av Qi}/k)) = HO(B7 QlB/]g))
hence in the bases obtained in Lemma (3.1.1)

D(f)(T% @ TPes) T es @ Te,  D(f )T, @ T"eh) < T%, & Tes.

D(f)=((1J 2), D(ft)=(€ (1)),

In particular, since

one gets relations

D(f)(T%;) =T%, c T e, @ T" ¢}, = a>d,
D(f)(Ttey) = T el c T el @ TV el = b+1>V,
D(f) (T ¢e}) =TV ey € T%; @ T, = a+12>a,

D(f(Teh) =TV ey € T%; @ TP, = b’ > 0.
That is, we have @’ <a<a’+1 and b < b <b+1. Given the conditions a+b=g and a’+b' =g
we get the possibilities
(1) a=a’ and b=V,
(2) a=a"+1and b=0" -1,
which concludes the proof. O
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REMARK 7. With the aim of relating the relations obtained in Corollary (3.1.2) to the
geometry of the moduli space M, let us add a few comments. Let j = min(a,b) and j' =
min (a’,b"). We will moreover denote i = g—j and i’ = g—j'. We wish to have bases such
that the Hodge filtrations are represented by

H(A, Q) =T ei@T ey,  H(B,Qp,)=T'ei T,

given that Andreatta-Goren use this convention in [AG03, AG04] when describing the related
moduli space M. We have the following four cases

Case 1: j = b = j' = V. Then without any effort we obtain the desired bases with D(f)

represented by
10

Case 2: 7 =a = 73" =a'. We obtain the desired bases by inverting the order of the bases
obtained in Lemma (3.1.1). The map D(f) is represented by

on-(5 7).

We invert ey with ey and e; with wy. The map D(f) is

D(f) = (g’ ‘f).

Case 4: 7' =V and j=b=b —-1. We have to change nothing and

10
D~ ).
Such a translation of the data attached to geometric points in terms of linear algebra

allows us to give a description of the local geometry of M, by means of the theory of local
models.

Define the Grassmann variety N, of pairs of O, ® k-subspaces (F, F") of (k[T']/(T9))? of
k-dimension g, which are isotropic (i.e. equal to their own orthogonal) with respect to the
standard k[T]/(T9)-linear alternating form and such that, given the map

w: (R[T/(T9))? — (K[T]/(T9))?
(z,y) —  (z,Ty)
we have that u(F') c F" and u!(F') c F.

Case 3: j=a anda' =a-1=j".

represented by

As in Lemma (3.1.1), by choosing suitable k[T']/(T9)-bases {e1,e2} and {e},e,} for
H}.(B/k) and H},(A/k), we may associate an element (F,F’) € N to a k-point ¢ = (A ER
B) € M,. Take namely (F,F’) = (H°(B,Q!} /k),HO(A,Qh/k)) and v = D(f), ut = D(f?).

B
Moreover, by Corollary (3.1.2) F ¢ (k[T]/(T9))? and F’ < (k[T]/(T9))? are represented by

F=T%% ®T",, F'=T"c &T"e,

with a+b=g¢g and o/ +b' = g.
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The reasoning above leads to the construction of a functor
UeM, — N

(33) ULB) — (FF)

where U denotes an open Zariski neighbourhood M, containing t = (4 EA B). By crystalline
theory we may relate the local geometry of M, and N, (see [DP94] and [dJ93]) for detail.

PROPOSITION 3.1.3. The morphism defined in (3.1.3) is étale, that is, there is an iso-
morphism of completed local rings

6Np,(F,F') = @Mp,t-
In order to understand the completed local ring of the moduli space M, at a geometric

k-point it is therefore enough to compute the completed local ring at the corresponding point
of the Grassmannian N,.

NOTE 3. As pointed out in Remark (7), given a geometric k-point (A ER B) € M,, we wish
to represented the k[T]/(T9)-submodules HO(B,Q}B/k) and HO(A,Q}L‘/IC) with k[T]/(T9)-
bases {e1,ea} and {e}eb} such that

HY(B, Q}?/k) =Tle;®TVey, HY(A, Qi/k) =T @ T e,

with j <i and j' <i'. This corresponds to the RM-abelian schemes A and B having singularity
indices j' and j respectively. From now on we shall analyse the two cases:
(1) j(A) = §(B), taking implicitly into account Case 1 (as in Remark (7)). Given the
associated point (F,F") € Ny, the subspace F is generated by (f,ut(f")) and F' is
generated by (u(f), f') with f=Tie; and f' =T7'e,. Moreover

(1 0 . (T 0©
“lo ) ““lo 1)

By applying Atkin-Lehner to Case 1 we obtain Case 2, hence slightly different from
the computational point of view, but identical in essence;

(2) j(A4) = j(B)-1, taking into account Case 3. Given the associated point (F,F") € Ny,
the subspace F' is generated by (f,u'(f")) and F' is generated by (u(f), f') with
f=Tie; and f'=T7e,. Moreover

(T O ¢ (10
““lo 1) “Tlo 1)
Case 4 is the Atkin-Lehner image of Case 3.

From these considerations one sees moreover that the singularity indices of A and B are
related. A full description of the relation between the singularity indices of A and B can by
found in [AGO04, Table 8.1].

4. The completed local ring at a geometric point

By Proposition (3.1.3), in order to compute the completed local ring O M.t at a geometric

k-point t = (A ER B) it is enough to compute the completed local ring of the Grassmann
variety O, (r,r) at the associated point (F, F’). We are going to divide the computation
into the cases
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(1) 5(A) =35(B),
(2) j(A)=4(B)-1.

4.1. The local model at ¢t = (A - B) when j(A) = j(B). Put j =j(B) = j(A) and
denote by (F, F") the point in N, associated through the morphism defined in (3.3). In the
bases {eq,ea} and {e],eb} constructed in Note (3), F' and F’ are generated by (f,ut(f’)) =
(Tey,T7e9) and (u(f),ut(f")) = (T}, T7¢el), where i = g — j, and the maps v and u’ are

represented by
(1 0 ¢ [T 0
“lo ) ““lo 1)

Consider the Op-deformations of (F,F") e N,
f=Tles +ae; + bes, fr=Tie,+ cel +deb,

u(f) = Tley + cTey + dey, u(f) =Tie)| + ae} + bTe,

a= %aSTS, b= jibsTs, c= § csT?, d= JidsTs.
By isotropy of F' and F’S ’ SO SO 80
u(f)nf=0=fru'(f),
we obtain the condition ‘ .
al’? +dT" + ad - bcT = 0.
We obtain therefore that the completed local ring at t = (A - B) is
Oyt = On, (rrny = K[T1/(T9) a0, - -, i1, 0, -+ bj1,Co -+ s Cimty doy - - dja ]
[(aT? +dT" + ad - beT).
Example: Hilbert modular surface, g = 2.
e Ordinary points: t = (A - B) with
J(A)=3j(B) =0.
Both F and F” in the associated pair in N, are free and we have
a=ag+aT, b=0, c=co+ciT, d=0,
and from the condition
aT®+dT?* +ad-bcT =a=0

we obtain that ag = 0 and a; = 0. Therefore the completed local ring at ¢ is isomor-

phic to
k[[c(); Cl]] .
e Superspecial points: t = (A - B) such that
J(A) =1=j(B).

It follows that in the notation above
a=ag,b="by,c=cy,d=dp,
and hence the condition
al +dT' +ad—-bcT =0
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we get relations agdg = 0 and dy + ag — bgcy and hence we have that the completed
local ring is isomorphic to

]{?Hao, bo, Co]]/(aob()CO - CL%)
Example: Case when g = 3.
e Ordinary points: ¢t = (A - B) with
j(4) =0=j(B).
The completed local ring at ¢ is isomorphic to
k[co,c1,c2].

In fact, it is easy to see that for any dimension g, the completed local ring at an
ordinary point is isomorphic to

klco,c1,- -, cqm1]-
e Points ¢ = (A — B) such that
J(A) =1=j(B).
We have that
a=ag+aT, b= by, c=co+ciT, d=dp.

The condition
aT +dT? + ad - beT

gives the relations —aq +bgcy = dy, agdy = 0 and ag = bgcg—a1dy. We conclude therefore
that the completed local ring at ¢ is isomorphic to

k[ai, bo, co, c1]/((bocr — a1)(boco — arbocr — ai)).

4.2. The local model at ¢ = (A — B) when j(A) = j(B)-1. Denote by j = j(B) and
j'=7(A) = j-1. We will use the notation i = g — j and i’ = g — j’. By Note (3) there exist
bases {eq,es} and {e}, e, } such that (f,ut(f")) = (Tiey, Tiey) and (u(f’), f') = (T%e}, T e})
generate F' and F” respectively and in such bases

u:(T 0) tu:(l 0).
0 1)’ 0 7T
The O-deformations of (F, F') in N, are
f=Tle, +ae; + bes, fr=T7¢}+ cel + deb,
WH(f) = Tiey + cey + dTey, u(f) =T" e, +aTe, + beb,

with
i1 §'-1

i—1 j-1
0= a,T% b=SbT° c= 3 eI d=Y dT°
s5=0 5=0 5=0 5=0

From the isotropy condition of F' and F” we obtain that the completed local ring of M, at
t is isomorphic to

6Mp,t = @Np,(F,F') = k[T]/(Tg)[[am RN FES I 7bj—17007 s Ci—1,dp, . 7dj’—1]]
J(dT" + aT? + adT - be).
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Example: Hilbert modular surface, g = 2. Consider ¢t = (A — B) such that j(B) =1
and j(A) = 0. In this case

a = ag, b:b07 C:CO+01T, d(),
and hence the condition
al —bc=0
gives the relations ag = byc; and bycy = 0. The completed local ring at ¢ is therefore isomorphic
to

k[ao, bo, co, c1]/(ao = bocy, boco)-
This tells us that locally around ¢ there are two irreducible components.

Example: Case of dimension g = 3. Consider ¢ = (A —» B) with j' = j(A) = 0 and
j=7j(B)=1. We have
a=ag+aT, b= by, c=co+ci T +coT, dy = 0.
The condition
al'—bc=0
yields to relations boco = 0, ag = bgpcy and aq = bycy and therefore we get that the completed
local ring at ¢ is isomorphic to

klao, ax, bo, co, c1, 2]/ (boco, ao = boci, ar = boca).
Hence locally around ¢ there are three irreducible components.

In order to understand the local structure of points of Case 2 and Case 4 as in Remark
(7), we have the following result.

LEMMA 4.2.1. Let w: M, - M, be the Atkin-Lehner involution. Given a geometric point
x € M,(k) we have that

6Mp,w(x) = 6/\/1,0,:5-

PRrROOF. Let (A ER B) € M,(k) be the isogeny associated to z. Its image w(z) is

represented by (B LN A) € My(k). In terms of the associated points of the Grassman-
nian N,, the Atkin-Lehner automorphism w maps (F, F"') = (HO(B,Q}B/k),HO(A,Qi/k)) to

(F',F) = (HO(A,Qz/k),HO(B,Q}B/k)). Hence in terms of deformations w maps (F, F’) to

(F',F), with F generated by (f,ut(f")) and F” generated by (u(f), f'). Since the automor-
phy conditions o 3 .
w(f)Af=0and fA'u(f)=0

are equivalent, we conclude that the completed local rings are the same. [l

5. Stratifications

A stratification is a description of a moduli space as a disjoint union of locally closed
subsets. Strata are defined by taking into account invariants of the geometric points on the
space.

Deligne-Pappas [DP94] and Andreatta-Goren [AGO03, AG04] described stratifications on
the Hilbert modular variety M in positive ramified characteristic by looking at invariants
arising from the p-torsion of the abelian varieties associated to the geometric points of M.
Let us recall some of the results they obtained.
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In Section (1), Chapter (2), we defined the singularity index of a geometric point A €
M(k) as the integer j = j(A) such that A[T7] < Ker(Fra), but A[T7*1] ¢ Ker(Fry). Equiv-
alently, it can be defined by looking at the Hodge filtration of the de Rham cohomology, as
follows: there exists a k[T]/(T9)-basis {ni,n.} of Hj,(A/k) such that

HO(A, ) =T/ Yy @ T,

with ¢, 7 integers such that i + j = g and j <.
Denote by S; the subset of M whose geometric points A have singularity index j(4) > j.
The S;’s are closed subsets and

M:USj'
J

Deligne and Pappas proved in particular that the S;’s are pure of dimension g —2j and that
for every positive j, S; — Sj;1 is non-singular.

With the aim of relating such strata to the Newton polygon, Andreatta and Goren
[AGO03, AGO04] define a finer stratification by considering a second invariant of a geometric
point A € M(k), the slope n(A), that is, the difference between the a-number and the
singularity index of A:

n(A) = a(A) - j(A).
As shown in Lemma (1.0.1), the singularity index and the slope of A satisfy the following
inequality
0<j(A) <n(A)<i(A)=g-j(A).
It will be convenient to set the following notation introduced in [AG03]
J={(m[0<j<n<g-jijnel}.

Given a pair (j,n) € J, denote by W(; ) the locally closed subset S; whose geometric points
are the points A € M(k) such that j(A) = 7 and n(A) = n. Andreatta and Goren obtain
most of their results by studying carefully the two projections

™ 2

M, — M, M, — M
ALB — 4 AaLB — B
The following statement provides the most meaningful properties of the W(; ,)’s. See [AGO03,
Theorem 10.1] for details.

THEOREM 5.0.1. The W ,)’s are non-empty and non-singular and dim(W;)) = g—(j+
n). Moreover, every irreducible component of M contains a point of W;.). The W) ’s
determine a stratification of the space M.

The results are obtained by studying the local model of M and by looking at the strata
close to a geometric point.

5.1. The singularity stratification of M,. As already seen in Section (3) while study-

ing the local model of M,, given a geometric point (A ER B) € M, we may consider the
singularity indices of both A and B and define the pair (j(A),j(B)). By Note (3), in terms
of linear algebra this corresponds to the existence of k[T']/(179)-bases {e1,ea} and {e],eb}
for H},(B/k) and H},(A/k) respectively such that

HO(B, Q) = T Pe @ TIP),  HO(A,QY),) = T Ne; @ TIV ),
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Recall that there are relations between j(A) and j(B), namely j(B) € {j(A),7(A)+1,5(A)-
1}.

As an analogue to the work done by Deligne and Pappas [DP94], we define the singularity
stratification in the case with T'g(p)-level structure.

DEFINITION 5.1.1 (Singularity stratification). Denote by S, ;) the subsets of M, whose
geometric points are the points (A EN B) in M,(k) such that j(A) > j and j(B) > j'.

The relation to the singularity stratification of M is straightforward:
m(SGn) =5, m(Sian) = Si

Given that the strata S; are closed, we have that the pre-images are closed. It follows
therefore that, for any pair (j’,7), the set

Sty =71 (Sy) Ny (S))
is closed.
Denote by S?jj,) the subset of S(; ;) whose geometric points (A EN B) € M, (k) have
singularity indices j(A) = j’ and j(B) = j. Note that the following description holds:
S(J,]/) = H S(O"y‘."y’?,)-

(5:4)2(.3")

5.2. The singularity-slope stratification. Let us now define a finer stratification
by taking into account, together with the singularity indices, the a-numbers of the asso-

ciated abelian varieties. Namely, given a geometric point A ER B e M,(k), consider the
slopes n(A) and n(B) of A and B respectively. This leads to considering the quadruple
(7(A),7(B),n(A),n(B)). A full description between the pair (j(A),n(A)) and the pair
(j(B),n(B)) was provided in [AG03, Table 8.1]. From this derives naturally the definition
of a function [AGO3, Definition 8.§]

A:2) — 27,

such that given (j,n) € J, we have that (j’,n’) € A(j,n) if and only if there exists a geometric

point (A ER B) € M, such that (j,n) = (j(B),n(B)) and (j’,n') = (j(A),n(A)). It makes
therefore sense to consider quadruples (j,n,j’,n') where (j,n) € J and (j’,n’) € A(j,n). By
abuse of notation, given 0 < j < [¢g/2] we will write 7' € A({j}) if and only if there exists a

geometric point (A ER B) such that j(A) = j’ and j(B) = j.

DEFINITION 5.2.1 (Singularity-slope stratification). Given a quadruple (j,n,j',n') where
j,m)eJ and (j',n') € A(j,n), we define the subset W, , s iy of S¢; iy whose geometric points
(43" m") (44"

are the points (ALQ) € M,(k) such that j(A) =37, n(A)=n, j(B) =7 and n(B) =n'.
There is an identification
Wiiamirary =710 (Wgmy) 05 (Wgran ),

from which we obtain that the W, , j ,/)’s are non-empty.
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Let us give some low-dimensional examples.

(0,1,0,1) (1,1,0,2) (1,2,0,3)
(0,0,0,0) (1,1,1,1) (1,1,0,1) (1,2,1,2) (1,2,0,2)
(0,0,0,0) (1,1,1,1) (1,1,0,1)
(0,0,0,0)

(1,3,0,4) (1,7,0,8)

2,6,1,7 1,7,0,7
(27 27 173) (1737073) ( ) ( )

(3,5,2,6)  (2,6,1,6)  (1,6,0,6)
(2727272) (2727172) (1727072)
(4741 37 5) (37 57 2,5) (2751175) (17570,5)
(17 17171) (1717071)
(47 47474) (47 4’ 374) (37 47 274) (274’ 174) (1747074)
(0?07070)
(3,3,3,3)  (3,3,2,3) (2,313 (1,3,0,3)
(2,2,2,2)  (2,2,1,2) (1,2,0,2)

(171’171) (1717071)

(0,0,0,0)
In full generality, at least when g is even, we have:
(1,9-1,0,9)
(2,9-2,1,9-1) (1,9-1,0,9-1)
(2,9-2,1,9-2) (1,9-2,0,9-2)
(9/2,9/2,9/2-1,g/2+1) ... (1,9/2+1,0,g/2+1)

(9/2,9/2,9/2,9/2) (9/2,9/2,9/2-1,9/2) (2,9/2,1,9/2) (1,9/2,0,9/2)
(1,3,0,3)
(2,2,2,2) (2,2,1,2) (1,2,0,2)
(1,1,1,1) (1,1,0,1)

(0’ 07 07 0)
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5.3. The Atkin-Lehner automorphism and relations with the moduli space

M,

PROPOSITION 5.3.1. The Atkin-Lehner involution w(A ER B) = (B iR A) acts on the
stratifications of M, by

w(SGn) =86y WWiimgrnny) = Wi jm)-
The involution inv(B EAR A) acts on the stratifications of M, by
v (Se0) =Sy, V(Wingrnn) = Wi jm)-

PROOF. Recall the diagram constructed in (2.5):

(A4, H) = (A5 B) . (B=AJH,A[T]/H) = (B 5 4)

| i

A, (AT = (4 L B (8" 1) = (B 4v)

By [AGO03, Lemma 8.5], given A € W{,,), the point associated to the dual A" belongs
to W(;n). From this, it follows that a(W(;njrny) = Wijnjny. On the other and, by
construction w(W; . jrny) = Wijrn jn)- Since inv = aow, hence the conclusion. We have the
following picture:

Wijn.grnn) Wit gm)
l inv l
(073 [0
Win.grnn) ” Wi nt gm)

O

COROLLARY 5.3.2. Assume that (j,n),(j',n') € J. The pair (j',n') € A(j,n) if and only
if (j,n) e A(5",n') .

PROOF. The original result can be found in [AGO03, Corollary 8.11]. We give here a
different proof. Let (7,n), (j',n') € J and assume (j’,n’) € A(j,n). By Theorem (5.0.1), there
exists a geometric point A € M such that (j(A),n(A)) = (4,n). The hypothesis (j/,n’) €

A(j,n) equals to saying that there exists a geometric point x = (A ER B) e m1(A) c M,
such that (j(A),n(A),j(B),n(B)) = (j,n,j’,n’'). The point B = my(z) € M has parameters
(j(B),n(B)) = (j',n'). In order to show that (j,n) € A(j'n’) we need to show that there
exists a geometric point y € 7! ¢ M, with parameters (j’,n',j,n). Take for instance

t
the Atkin-Lehner image y = w(z) = (B — A). By Proposition (5.3.1) it has parameters
(j',n',j,n). The other direction of the statement is obtained by switching (j,n) with (j'n’).
This shows in particular the stratification in M respects the relation

T (17 (Wigmy) = Wagimy;

the original statement can be found in [AGO03, Proposition 8.10]. O
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5.4. Main statements.

THEOREM 5.4.1 (On the singularity stratification). Let (4,j") be a pair of integers with
0<j<[g/2] and j" € A({j}).
(1) The SO ’s are non-empty, non-singular, locally irreducible of dimension g—j'—j.

(2) The closed set S(j i has dimension g—j' - j and its generic points have singularity
indices (j,j'). In particular the S(; ;) are a stratification of the space M,.

THEOREM 5.4.2 (On the singularity-slope stratification). Let (j,n) € J and (j',n’) €
A(jn).

(1) The locally closed set W(;p jrnry is non-singular, locally irreducible of dimension
g-j -
(2) The Wi n ) ’s are a stratification of the space M,.

6. Dieudonné Displays

In order to proceed to the proof of the main statements, see Section (7), we need to
develop a theory of relative Dieudonné displays in the ramified case.

We are going to relate a geometric point ¢ = (A 4, B) € M, (k) to an object in charac-
teristic 0 by means of Dieudonné theory. More precisely, following the results by Langer-Zink
(3.4.4), Chapter (2), we may associate RM Dieudonné displays Py = (Pa, Qa, Fa, V') and
Pg = (Pg,Qp, Fp,Vz') to A and B respectively as follows. Put
(61) PA cms(A/W(k)) PB cms(B/W( ))

(62) Q= Ker(Hly (A/W(K) > Lie(4)).  Qp = Ker(HLy (B/W(K)) ~ Lie(B)).

cris

By functoriality, the p-isogeny f: A - B induces morphisms of Dieudonné displays
(6.3) D(f):Pp = Pa, D(f*):Pa - Ps,

and the conditions

induce the conditiosn

(6.4) D(f) o D(f*) = [Pt (apwie)s D(f*) o D(f) = [Plar . (5w ))-

Moreover, by [Rap78, Lemma 1.3], H! . (A/W(k)) and H} . (B/W(k)) are free O ® W (k)-
modules of rank 2 and their reduction modulo (p) is identified with de Rham cohomology

groups:

Heio(AIW (k) (p) = Hyp(AK),  Heuo(B/W(K))/(p) = Hyp(B/k).
We would like to describe P4 and Pp in terms of suitable Op ® W (k)-bases.

LEMMA 6.0.1. We may lift the O ® k-bases {e1,es2} and {e}, ey} of Hl(BJk) and
H}.(A/k) asin Remark (7), Case 1, to O,@W (k)-bases {e1,e2} and {e},es} ole (B/W (k))

cris

and HY . (AJ/W(k)). In these bases, the morphisms D(f) and D(f*) are represented by
1 0 7 0
pn-(5 7). poo-(5 1)
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ProOOF. We will use an argument analogous to the proof of Lemma (3.1.1). The funda-
mental observation is that there is an identification

oris(BIW (k) [T Heyi(B/W (k) = Hip(B[k)[T Hyp(B/k) = D(B[T]),

CT”LS cris

and similarly

He,;(A/W (k))/TH,

As already seen in the proof of Lemma (3.1.1), both D(B[T']) and D(A[T]) are k-vector
spaces of rank 2 and are respected by the morphism D(f). In fact, there is a diagram

(A/W (k) = Hap(A/k)/THip(Alk) = D(A[T]).

cris

D(f)

HY, (BJW (k) Y, (A/W (k)
Hip(BJk) —— H1,(Afk)
D(B[T]) 2D D(A[T))

where all the squares are commutative. Take, as in Lemma (3.1.1), k-bases {e;,es} and
{e],eL} for D(B[T]) and D(A[T]) respectively such that D(f) and D(f?) are represented

by the matrices
pn-(5 o) pu-(o 9)

D(f)(er) =e1,  D(f")(es) = ea.
Lift hence e; and € to é and &} in (O ® W (k))? respectively. Set
(6.5) e =D(f)(e),  é=D(f)(&).

Note that {€1,é2} and {&],é,} reduce to the k-bases {e1,ea} and {e],eb} respectively and
hence by the Nakayama lemma they are O, ®W (k) bases for H! . (B/W(k)) and H} . (A/W (k))

cris cris

respectively. We will forget the tilde and denote them by {ej,es} and {e},e}} by abuse of
notation. From (6.4) we obtain

D(f) o D(f)(er) =Ter,  D(f)oD(f)(e3) = Tes,
and combining this with (6.5) we get that

D(f) = (1 O) ]D(ft):(g (1))

In particular note that

O

In what follows we need to make the distinction between the case when j(A) = j(B) and

J(A) #3(B).
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6.1. Case when j =j(A) =j(B). Using the bases obtained in Lemma (6.0.1), take
Pp=(0L,@W(k))e1® (O @ W(k))ea, Py=(0OreW(k))ei® (O o W(k))es.
COROLLARY 6.1.1. In the bases {e1,ea} and {e},eL} we have that

Qp=(0LeW(k)) (Tle;®Tey),

Qa=(0LeW(k)) (T"e; @ Teh).
PRrROOF. Note that by Corollary (3.1.2) we have that

HO(B,Q}B/k):TieléaTjeg, HO(A,Q}Mk) =T'e;®Teh,
and by Remark (7) we may assume j < i. O

In what follows, we will be taking into account Case 1 from Remark (7). The morphism
of displays D(f): Pg — Pa is represented by the matrix

1 0
D~ (5 7)
Note that Case 2 from Remark (7) is obtained by taking the Atkin-Lehner involution of

elements of Case 1. The matrices representing the f-linear matrices Fy: Py — P4 and
F: Pg — Ppg satisfy the two following conditions

(6.6) Ker(Fa) = H°(A, Q) ), Ker(Fp) = H(B, Q)
(6.7) D(f)oFg=FaoD(f)°.
Condition (6.6) tells us that Fj are represented by matrices of type
Fy - (T]:gm T’:g1,2) Py = (TJ:QM TZQLQ)
T7gy1 T'g22)’ T7ga1 T'Go2)’

where g11, 912,921,922, 1.1, 91,2, §2.1, G2.2 € W(E)[T]/(E(T)). Moreover, (6.7) translates into

(1 0) (Tjjgm Tligl,Q) _ (Tjigm T’:§1,2) (1 0)
0 T)\T7g21 T'ga2 T7go1 T'gap)\O T)°
which gives the conditions

g1,1 =011, G12=T012, G21=Tg21, G2.2 = G2,2-
From this we obtain that F'g and F4 are represented by

Fr = T]:91,1 T"flgm F, = Tjgl,l T’:gl,z
B Trga1 T'gan |’ A Titlge1 Tigao)’

with g1.1,91.2, 921,922 € W(K)[T]/(E(T)).
Our goal is to construct a universal object

(6.8) P = (P, Q1 Fi™, (Vi)™) —— Py = (B, Q8™ B3, (Vs 1)™)
over R with respect to the equi-characteristic deformation of

D(f):Pp - Pa.
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Namely, Pi™ “7 Py is such that for every deformation u: Pp — P4 to an Artinian k-algebra
S, there exists a unique morphism 7: R — S such that

(P 5 P @y W(S) = (P > ).

By Theorem (2.2.2) and Theorem (3.2.2), Chapter (2), such an object exists and it is defined
over the ring

R = @Mbvt = ]’C[T]/(Tg)[[ao, ey, bo, e 7bj_1, Coy vy Cizq, do, ce adj—l]]
[(aT? +dT" + ad - bcT)..
Note that R is an admissible topological ring.

Let t = (A EN B) e M, (k) and denote j = j(B). Assume first that j(A) = j(B).
Consider hence the universal object pro-representing the local model associated to ¢ =
(A > B) described in section (4.1)

F c (R[T]/(T?)e; ® R[T/(T%)es) ——> E' c (R[T]/(T)e} @ R[T/(T%)e}),

with F generated by f= Tisal + ae; + bey and ut(f’) = Tiey +dey + ¢Tey and F' spanned by
f'=TIel + cel +de}y and u(f) =T} + ae| + bTel,.
We are going to use the following result:

LEMMA 6.1.2. The element
w=1+T9("aT? + FdT" + Fal'd - FFeT)
is a unit in (O @ W(k)) @ww W(R) ~ O W(R).

PROOF. The strategy for the proof is provided in [AG04, Lemma 5.5.1, Lemma 5.5.2].
The tensor O ® W(R) has a notion of Frobenius :0; ® W(R) - O ® W(R) and Ver-
schiebung V: O, ® W(R) - O ® W(R) morphisms. Namely, for A\® x € O, ® W(R)

Fdxer)= el VIder)=1e V.
Since the ring R is reduced we have the identification
V(OLeW(R))=VF(O, e W(R)) =p(OL ® W(R)).
Recall the exact sequence
0-Y(OLeW(R)) > OLeW(R) - 0L ® R~ 0.

Clearly aTV + dT% + ad — béT € V(O ® W(R)) and hence k = FaTy + FdT + FaFd - FbFeT e
p(Or ® W(R)). Note that T-9x = up~'x for some unit u; we conclude therefore that

w=1+T"9¢e0y ®W(mR) cOp ®W(R)

We have left to show that w is a unit in O, ® W(R). Note that x € O, ® W (mpg). Indeed
mg = (ag,...,ai-1,b0,...,bj-1,¢0,...,¢i-1,do, . ..,dj_1) and trivially W(mg) = {(ao, a1, a2, ... )|a; €
mpg, Vi}. Hence

wel+ (OL ® W(mR))

CLAIM.
1+(OpeW(mg))c (0L W(R))>.
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In what follows we may assume O, = Z. Indeed, define a norm operator N on O, @ W(R)
by taking the norm as a module over W (R). Then z € O, ® W(R) is a unit if and only if
N(z) is a unit. Consider hence x = 1+ A € W(R), such that A € W(mpg). Note that the

reduction 1+ X € R is a unit, since A e mp. Hence there exists y, s € W(R) such that

yr=1-s, s=0¢€¢R.
Note that in particular s = (0, s1, $2,83,...) € VW(R) = I(R), hence the n-th power s” =0
in W(R)/I(R)"W(R). By [Zin02, Proposition 3] the ring W(R) is I(R)-adically com-
plete and separable. From this we get that the geometric series z = ¥, s" € W(R) =
lim W(R)/I(R)"W(R) and

1
2yx = (Zs")yaz = (E)l -s=1,

hence zy is the inverse of z, which proves the Claim and concludes the proof of the Lemma.
O

COROLLARY 6.1.3. In fact w belongs to (O ® W(R))*.
PROOF. Note first that the elements FCLA(), Fdl, ce F(l{_l, Fb}), FbAl, ce ,FbjA_l, Féo, FCAl, ce ,FCiA_l, FCio, FdAl, ..
belong to W(R). Indeed the elemnts ao,...,a;-1,bo,- .., bj_1,¢o,...,¢i1,do, ..., d;—1 all be-
long to the maximal ideal mp and their Teichmiiller lifts belong to W(mg) ¢ W(R). Since
W(R) is F-equivariant, we conclude.
Hence by the proof of the Lemma w e O ® W(mg) c (O ® W(R))*, since W(R) is a
complete local ring. 0
Define the quadruples Py = (Py, Qq, F1, V1) and Py = (P2, Qo, F2, V51) so that
P1 = PB ®W(k) W(R) = (OL ® W(R))61 (&) (OL ® W(R))GQ,
Py = Py @y W(R) = (O, @ W(R))ey & (O, ® W(R))es
and the O ® W(R)-submodule Q; (resp. Qs) is the pre-image of F' (resp. F’) through the
natural map P, —» (R[T']/(179))? (resp. P» — (R[T]/(T9))?):

Q1 =I(R)(er ®e2) + (O @ W(RNE,  Qy=(R)(€, ®ey) + (Or, @ W(R))F,

where F' is generated by f = Tie, +ae; +bes and ut(f’) = Tiey+des+¢Te; and F' is generated
by f' = Tiel +ée +de} and u(f) = T, + ae!, + bTe),. Define F; and Fy as the semi-linear
maps represented, with respect to the bases {e;, ez} and {e,e}}, by the matrices

Fi=w'. (Tngl + Fngl,l - FIA)ATng THlg1 o= FeTgry + F&Tgl,2)

Trgaq+ ngz,l - Fbgz,Q T'ga2 - Féng,l + F&92,2
Fy=w!. Tigia+ Fd:91,1 - FB]:QI,Z T'g12 = Fegia + " ago
’ T+ gy + FdTQQ,l - FbT92,2 TGy~ Féng,l + ngz,z '
THEOREM 6.1.4. Take V1 Q; — P; defined as F;[p. The quadruples Py = (P, Q1, F1, V1)

and Py = (P, Qa, F», V1) are Dieudonné displays over R. They reduce to Pg and Pa

mod mp respectively and their Hodge filtrations are F c (R[T]/(T9)e, ® R[T]/(T9)ey) and
Fre (R[T]/(T9)ey @ R[T]/(T9)e5).
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PROOF. We are going to show first that F;(Q;) € pP;, that is, V™! is well defined. We
show here the argument for ¢ = 1, the case for i = 2 being identical. Note that F(I(R)e;) c
pP; and Fi(I(R)ey) c pP;. This just follows from -linearity of Fj: indeed, since R is

reduced, we have that FI(R) = FYW(R) = pW(R). One can see from direct computatlons
that the image through Fj of the generators T%e; + aeq + b62 and T7ey + d62 +cTeq lies in pPy:

F1 ,}’: wl (ngl 1+ ngl 1= Fngl 2 TZ+%91,2 -Fergi1+FaTgr 2 T’jr a
Tiga1 +Fdga1 - Fhgao Tigao—FeTga 1+ Fagao b

w! T9g1,1 + TIF dng +T° dg171A+ FdFdAngA— T”lFAIA)g.LQ —TFdFI:)gLQ + T%HAFIA)QLQ —TFBFégl 1 +TF&FI;g1,2
T9g01 + T ago 1 + T dgo 1 + FaFdga — FbTgao — Fal'bga o + T bgo o - TFbF 292 1 + Fal bga o

(@ (T +TIFa+TFd+Fald-TFelb)
g21(T9+TiFa+ T d+ Fal'd - TFel'p)

21 (T9g1,1w
T9g2 1w

=T9 (Zl’l) eTIP,
2,1

and similarly

Tigiy+Fdgr1-FbTgra THlgre-FéTgr1+FaTgr 2 T
TIgg1 +Fdga1 - Fbga o Tiga,2 - FeTgo1+Fagao TI +d

gl uf(j?') =w L. (

—w Ti*lg 1 Fe+ FeldTgy 1 - FbFCT291 2+ T9% gy o + T dgy 5 - FeTitlg | - Fe FdTgl 1+ FaTi* gy o+ Fal dTgr -
TI F gy 1+ FeFdTga 1 — FeFbTgo 0 + T9g2,2 + FTga 0 - FeTi* gy - FeFdTgay + FaTIga o + FaF dgao

- w! (—FBF6T291,2 +T9 g1 0 + T Fdgy o+ FaTi* gy 5+ Fa dAT91,2)

~FeFbTga s +T9g22 + FTigo o+ F

g+1
cw (TP 12w
T9g2 0w

aTIgs o+ Faldga o

=79 (Tg“) cTIP.
92,2

We need to show now that the image V;71(Q);) generates P;. Again, we will do this only
for 1 = 1. By Section (2.3.1), Chapter (2), it is enough to show that there exist a suitable
decomposition P, = Ly @ T7 such that

‘/1_1 o F:LioT) 5 P

is an f-linear isomorphism. Remark that F} is the composition of the extension of the
F_linear base change of Fg to P; after #;, where

L (1+dT —eT(T)

-bT-% 1+aT~
Consider the Dieudonné display P := Pp ®w ) W (R) over R obtained from base change.
Being Pj, a display, there exists a decomposition Pj = L, @ T and an -linear isomorphism

V= (Vi) @ Fi: Ly @ Ty = P,

lew

Given the identification
Fp(z)=p(V5')'(z), zeQ,
we have that
(6.9) @bjgo(g?):Fé.
Note that by construction Pj = P, and that the semi-linear Frobenius F'j is the f-linear
base change of Fiz to R. Consider

Ori= (T 9) 01 (54%).

)
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It is an isomorphism, since det(6;) = det(6;). Consider hence
Ly=0 (L), Ti=07(Tp).
This leads to the diagram

LyeTy, —2 P
Py
91 ~
P1 S L1 @ T
defining an ¥-linear isomorphism
VLT, > P.
The following diagram describes the various relations involved:
Fp
Py " L, eTy P
(%)
01 O 0| O ¢
P LieTy

We have therefore
Fi= Fyoty = o (39) o0 = vipodio (39) = o (32),
which concludes the proof. 0

Consider the Op ® W(R)-linear morphism u: P; — P, represented by the matrix

. (1 0)
0T
in the bases {e1,es} and {e/,e5}. Note that
w(Q1) € Q.
Recall indeed that @ = H(R)(61®62)+(0L®W(R))E and @y = ]I(R)(e’leae’Q)Jr(OL@W(R))E’

where F is generated by f Tlel +aeq +bey and ut( f )=Tley +dey+¢Te; and F’ is generated
by u(f) = Tiel + ¢} + dely, and f’ = Tie} + aej + bTe2 Then we see that u(f) e F' by the
construction of the basis and that u(ut(f")) = Tf’ € i



86 5. TOTALLY RAMIFIED SPACES

Moreover it commutes with the semi-linear maps F; and F; (and hence by definition the
semi-linear-maps V! and V; 1), that is wo Fy = Fy ou®:

wo Fy = w- 1 0) (Tjgu + ngm - FBTQI,Q THlg o -TeéTgiq + F&Tgm)
0 T)\ Tigyy +Fdges —Fbgas Tigoo =TT go1 + T agos
I Tigyq+ FCZQ}J - Fiﬂjgm TG o =TT gq + FdTle)
T(TIgop +Fdgoy —Fbgap) T(T'gop—FéTgon +Fages))
Fyou =w- Tigia+ FCZAgl,1 - Fiﬂigm Tigr2-Fegia+Fag e ) (1 0)
T3t go1 +FdTge 1 —FbTgen Tigoo—FéTgor +Fagoo)J\O T
. Tigia+ FCZ91,1 - Fiﬂigm T(T'g12-"¢g11 +Fag2) )
Tittgy 1+ FdT gy, —F0Tge0 T(Tigop—FéTgoq +Fagas)

It follows hence that u is a morphism of Dieudonné displays
u:Py — Po.

THEOREM 6.1.5. The morphism of Dieudonné displays u: Py — Py over R is universal
with respect to the deformation of D(f):Pg = Pa.

PrROOF. The argument uses extensively the crystalline nature of Dieudonné displays.
Let us recall the main consequences of Theorem (3.4.3), Chapter (2). Both Pg and P4 are
crystals and the morphism D(f):Pg — Pa induces a morphism of crystals. Analogously,
by reducing modulo p, both Dp, and Dp, are contravariant Dieudonné crystals and the
morphism of Dieudonné displays D(f):Pg - P4 induces a morphism of crystals Dg — D 4.

Note that the morphism Dieudonné of displays u:P; — Py reduces to D(f):Pg - Pa
modulo mg.

Let w'm: Py = (P, Qyn, Fm, (Vih)un) — Py = (P, Qe By, (V3 1)) be a universal
object for the deformation of D(f):Pg — P4 as in (6.8). There exists therefore a morphism
of artinian k-algebras ¢:Spec(R) — Spec(R) such that

" (P == P3") = (P = Py).
CLAIM. The morphism ¢ is an isomorphism.

Observe that Pi™ and Py* are RM Dieudonné displays over R, that is P/"™ and Pj™
are projective O ® W(R)-modules of rank 2. Hence the quotients Dpw = Py /I(R)P™
and Py /I(R)Py™ are projective Oy ® R-modules of rank 2 and since O, ® R ~ R[T']/(T9)
is a local ring they are free. Note morover that the reduction u™ of the morphism of
Dieudonné displays u*»: P{™ — Py respects the Hodge filtrations Hpu = Q1" /I(R)P™ and
Hpg = Q3 [I(R) Py, that is

W(Hpim) c Hpém.
By the theory of local models (see Section (4.1) for details) there exists a morphism on
Spec(R), respecting the closed subscheme Spec(R/m%)

1

Spec(R) Spec(R)

Spec(R/m3,) — Spec(R/m%)
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such that
(6.10) Ui(F e (R[T]/(T9))* = F' < (R[T]/(T7))?)
(H'pim C Dpiln _UE Hpélﬂ C D’p;rl)

In particular, we may find trivializations

Dpyp (R[T]/(T9))

Dpye — (R[T]/(T*))?

such that on R/m%

Vi (RIT)/(T9)er & RIT)/(T)es % R[T1/(T?)e; @ R[T1/(T?)eh) > (Dpun = Dipyn)

induced by (6.10) is horizontal with respect to the Gauss-Manin connection.
By the theory of local model there exists as well a morphism

Spec(R) v

Spec(R)

Spec(R/m%) — Spec(R/m%)
such that
(6.11) V3 (F c (R[T)/(T9))? = F' < (R[T]/(T9))?)
(HP1 c DPl i HP2 c DPQ)

We claim that by construction of u: P; - Py, not only the isomorphism in (6.11) is horizontal
modulo m% with respect to the Gauss-Manin connection, it is actually the identity.

Let us describe in detail the picture provided by Theorem (3.4.3), Chapter (2), in this
case. The identity map id: Pg — Pg lifts to a unique isomorphism of quadruples

(6.12) Pp ®w iy W(R/mE) = Pr @w(ry W(R/mE),
the same holding for P4 and its lift Ps:
(6.13) Pa@ww W(R/mE) = P, @wr) W(R/mE).

By construction of P; and Ps, the isomorphisms in (6.12) and (6.13) are the identity. Indeed,
the O, ® W(R)-bases {e1,e2} and {e},e,} describing P, and P are obtained by lifting the
O ® W(k)-bases describing Pg and Pj4; remark that in fact such bases are obtained from
the description of the local model itself! Note that by construction

F1 ®W(R) W(R/m%) = FB ®W(k) W(R/m%{), FQ ®W(R) W(R/m%{) = FA ®W(k) W(R/m%),
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indeed

wl. (Tjgl,l + Fczg1,1 - FBTgl,z T”%g1,2 -FeTgry+FaTgr 0
TIgaq +Fdgay - Fhgao Tigae—FéTga 1+ Fagao

Tigin T gio

2
Tigy, Tigss )®W(k)W(R/mR)7

) ®w(ryW(R/m%) = (

F Fp

1 ( Tigi1+Fdgi1-FbTg10 Tigr2 - Fegry +Tagio Tigin  Tlgi2

: : ; , SwiryW(R/m%) =, 2 ; ® W(R/m%).
Ti*lgyy + FdTgy 1 - FbTga 2 T192,2*F5T92,1+Fd92,2) vy W(R/m) (T7+lg2,1 Tlg2,2) w ) W(ER/mR)

Fy Fa

Since Hp, = Ker(F;) and Hp, = Ker(F3), also the Hodge filtrations (Hp,, Hp,) of the
two displays are identified with the universal object (E,F’) of the Grassmannian moduli
problem modulo m%. By uniqueness of the isomorphisms (6.12) and (6.13), we deduce that
the identity is precisely the crystalline morphism provided by Zink’s theory.

Note that this is compatible with the morphisms of display D(f):Pp — P4 and its lift
u:P1 = Po. Namely, by Theorem (3.4.3), Chapter (2), we get the following picture:

(6.14)

P ®wy W(R/m%) = P1 @wimy W(R/m%) = Py ®v(ny W(R/m3,) = Pa @wy W(R/m3)

id D(f) id

Ps Ps Pa Pa.

Therefore, trivially the induced isomorphism on R/m?

3 (R[T)/(T%)er @ R[T]/(T%)es = RT/(T?)e; @ R[T]/(T9)es) = (Dp, = Dp,)

is horizontal with respect to the Gauss-Manin connection.
The morphisms ¢, and 1, are all canonical and there is a factorization

10 @ =1y

Both ¢, and 1), are isomorphisms on tangent spaces, and hence also ¢ is an isomorphism
on tangent spaces. From this it follows that for any n the induced morphism m%/m7%* —
m? /m7%+ is surjective. Let Gr(R) = @, m%/m”%" be the graded ring associated to R. the map
¢ induces a map Gr(¢!): Gr(R) — Gr(R) which is surjective on each graded piece and hence
by dimension considerations Gr(¢t) is an isomorphism. By [AM69, Lemma 10.23] ¢t is an

isomorphism as well, which proves the Claim.
O

6.2. Case when j' = j(A) = j(B)-1. Following Langer-Zink (Theorem (3.4.4), Chapter
(2)) we associate Dieudonné displays Pa = (P4, Qa4, Fa, V') and Pp = (Pp,Qp, F5,V3"') to
A and B respectively, and the isogeny f translates into a morphism of Dieudonné displays

D(f):Pg - Pa.

We shall use ideas identical to the ones exposed in detail in the case when j(A4) = j(B),
Section (6.1). From now on, we will assume that f: A — B falls into Case 3 from Remark
(7). Recall hence that by Note (3), there exist k[T']/(T9)-bases {e1,e2} and {e},e)} for
H.(B/k) and H},(A/k) such that the induced morphism D(f): Hj,(B/k) - Hjp(A/k) is
represented by the matrix

7 0
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and such that the Hodge filtrations are described by
HO(B, QlB/k) = Tiel P Tje% HO(A, Q,lél/k) _ Tife,1 @ leeé

with j <7 and j' < ¢'. Case 4 (Remark (7)) can be obtained simply through Atkin-Lehner.
We will comment briefly on this at the end of this section.

LEMMA 6.2.1. There exist Op ® W (k)-bases {e1,es} and {e}, et} of H. . (B/W(k)) and

H}. (A/W(k)) lifting the Op ® k-bases {e1,e2} and {e,es} of Hip(B/k) and H},(Alk) as
in Note (3). In such bases, the induced morphism D(f):H . (B/W(k)) - H}..(A/W(k))
15 represented by the matrix
T 0
(1)

PROOF. Note that Lemma (6.0.1) holds also in this case. In order to obtain this descrip-

tion of the Hodge filtrations and of D(f) we just need to switch e; with ey and e} with €}, as
in Remark (7). O

We may hence represent the Dieudonné displays Pp and P, in terms of {ej,es} and
{e],eb} as in Lemma (6.2.1). Take

Pp=W(K)[T/(E(T))er® W(K)[T]/(E(T))es,
Pa=W(E)[T]/(E(T))ey @ W(E)[T]/(E(T))es,
Qp=W(E)[T]/(E(T)) (T'er®T7ey),
Qa=WRT(ED) (T"¢, @ TV ¢)),
and that the morphism of Dieudonné displays D(f):Pp — P, is represented by

T 0
-1 )
By imposing conditions (6.6) and (6.7) in Section (6.1) we obtain a description of the semi-
linear maps Fg: Pg - Pp and F4: Py — Py:

oo (Ton Tois Py = lejlg1,1 TZ::91,2 [ T'grn T™'gue
B \Tigy, Ti*lgys)’ T7ge1  T" g2 Ti7lgey Tlgeo)”

with 911,912,921, 922 € W(E)[T]/(E(T)).
We wish to construct an object

731 —>P2
over
R:= 6Mp,t = k[[a07 s 7a’i*17b07 s 7bj717607 s 7Ci’717d07 s 7dj'71]]
J(dT" + aT7 + adT - be),

universal with respect to the deformation of D(f):Pg — Pa.
Recall the universal object pro-representing the local model associated to the k-point

t=(A EN B) described in section (4.2):

(79)

F c (R[T)/(T%)e1 ® R[T]/(T?)es) —— F' < (R[T)/(T?)e; ® R[T1/(T*)e}),
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with F' generated by f = Tie; + aey + bey and ut(f') = Tiey + ceqy + dTey and F' generated by
fr=T7¢e, +ce, +dely and u(f) =T"e, +aTe} + bel.

Define hence P; = (P1,Q1, F1,Vit) and Py = (P, Qa, F, V5 1) as quadruples over R with

P, = Pg AW (k) W(R) = (OL ®W(R))€1 ® (OL ®W(R))€2,
Py = Py @wgy W(R) = (00 ® W(R))e, ® (O, © W(R))el,

Q. (resp. Q) the pre-image of F (resp. F’) through the natural map Py — (R[T]/(T9))2:
Qi =L(R)(e1®e)+ (OLaWRDE, Qs =1(R)(¢; ®3) + (0L @ WR))F,

where F is generated by f = Tie, +aey +bes and ut(f’) =Tiey+ée;+dTes and F' is generated
by u(f) = T?e} + aTe, + bel, and f' = T7' el + é€!, + deb,.
Take the semi-linear maps Fj: P; - P; as the arrow represented by

Fo— 5L, Tigi s+ F@Tgm - {591,2 T'g12 + " agi2 = "egin
' Tigo1+FdTgor —F0Tgon T 'gao+FaTgen—Figaq)]’
Fy=21. (Tjgm + FcZTAng - Fli)gl,z T g0+ FaT g5 - F5T91,1)
T go1 +Fdgay —Tbgas T gyo+TaTgro—Tegas

where
2= 1+ T9F(QT9 + dT™ + adT - be);

(it makes sense to write 27!, exactly as in Lemma (6.1.2)). Finally, for ¢ = 1,2, define
VihQi > Pas V= Fifp.

THEOREM 6.2.2. The maps Vi: Q; — P; are well defined and the quadruples Py = (Py,Qq, F1, V)
and Py = (Py, Q2, F2, V1) are Dieudonné displays over R.

ProOF. We will show that P; is a Dieudonné display. The proof for P, is identical.
Showing that V7! is well defined, that is that F;(Q1) € pP; is a matter of computations. As
already seen in the proof of Theorem (6.1.4), Fi(I(R)(e; ® ez)) € Py. It is therefore enough

to understand the image through F of the generators F' and u!(f’) of F.

Fofeat. T_j91,1 + FéT91,1 - Ffagl,z _Tig1,2 -Fegia+Fagr e Tij' a
Tjgzl + Fdngyl - FngZ’Q T1+lggyz = Fégg)l + F&ng’g b
1 T9g11 + T agy 1 + T Fdgy 1+ Fal'dTgr1 - T bg1 5 - Fal'bgr o + T'Fbgy 2 - FoFegy1 + Fal'bgy o
T99271 +TjF(Azg271 +Ti+1ng271 +TF&ng271 - FbTZ#ng,Q —TF(AZFngg +Ti+1Fbggyg - FbFéng +TF1A1Fng,2
1 7
g2, 1(T9 +TIFa+ TV Fd+TFal d - Fel'p)

1 ng1,12)

=2
=2z
=z
T9g2,1%

(91,1(T9 +TjF&+Ti'FcZ+TF[1FcZ—FAFIA)))

=T9 (g“) eTIP,.
2,1

And similarly
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= J F _Fp i _Fg, F N
ot (7 =21 (T911+ dT'g1,1 bg1,2 T'g1,2—"¢Eg1,1 + " ag1,2 )( ¢ )

Tigay +FdTga — FoTgas T 'gao—Fégay +FaTga ) \T7 + dr

1 TiFegiq+TdFeTgr 1 —ToFegr o+ TIg1 o+ TdT ™ g1 o+ FaTi g1 o+ Fal dTg1 2 - TeTI g1y — FeFdTgr 1
FeTigy 1+ FeFdTgs1 — FbFeTga o+ T9 M go o + FdT 290 o + FaTI g o + FaF dT2ge 5 — FeTigo 1 - FeFdTgo

Y FpFegr o+ T9g1 0+ FEZT_”lng + FflTjsh 2+ FafdTg o
FbFéTQQ’Q + Tg+192,2 + FdT’L+292’2 + F&T]+1g2 2+ aFdT292 2

=l T9g1,22
Tg+192’2z

=79 (7‘?;222) eTIP.

Note that F} is the composition of the extension of the F-linear base change of Fz to P;

after
0 = 1. 1+dT7" —¢T-
b —bT- 1+aT-i)
The proof for showing that V! is a semi-linear epimorphism is identical to the proof of
Theorem (6.1.4). O

Denote by u the morphism
u: P1 - Pg

represented, in the bases {e;, ez} and {e},e}} by the matrix

(T 0
u=1g 1]
By construction of the ()7 and @5 it verifies the inclusion

u(Q1) € Q2,

and it verifies
uo Fl = F2 ou’.

Indeed
wo Fr = »1. T 0 Tjgl,l + FPZTQM - Fj)gm Ti91,2 + ngm - Fégm
' 0 1J\Tigoq +FdTga1 —F0Tge0 T goo+FaTgoo—Figas
Z L. T(T7g1q + FdT91 1- Fbgl 2) T(T'g1p+Fagia—"¢g11)
Tigy + FdT92 1- Fngz 2 THlgeo+FaTgrs—Tegos
and
F o U(U) _ Z_l T]gl 1+ FdTgl 1— Fbgl 2 TZ+1gl 9+ FCLTgl 92— CTgl 1 T 0
? T3~ 1921+Fd921—F5922 T goo+FaT g0 —'Cgan 0 1

_ 1. (T(T’gl 1+ FdTg1 1- Fbg1 2) Tlgio+FaTg o-"eTq, 1)
T(T7 gy + Fd92 1- Fbg2 ) Tlgoo+FaTgys T égen

Therefore u: P, - P is a morphism of Dieudonné displays
u:Py = Po.

THEOREM 6.2.3. The morhism of Dieudonné displays u: P; - Py over R is universal with
respect to the deformation of u:Pg — Pjy.
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PROOF. By construction P; and P; reduce to Pg and P4 modulo mp respectively. More-
over the Hodge filtrations are

(Hp,  Dp,) = (F < (R[T]/(T)es ® R[T]/(T?)e2)),
(Hp, c Dp,) = (F' < (R[T]/(T?)¢} ® R[T]/(T?)e3)).

The morphism w:P; - Py lifts D(f):Ps — P4 and by the crystalline nature of Dieudonné
displays, it is the unique lift of D(f) to a morphism between P; and Ps.
The proof for the universality is identical to the proof of Theorem (6.1.5). O

6.3. Dieudonné Displays in normal forms. By [AG03, Proposition 4.10] we may

write Dieudonné displays in a normal form. For x = (A EN B) e My(k) with j(A) = j(B) =
J, there exists a W (k)[T]/(E(T))-basis {e1,ea} (resp. {e},eh}) such that the Dieudonné
display Pp (resp. P,) associated to B (resp. A) has semi-linear Frobenius represented by

the matrix
_ Tn gTz‘+1
Fi = (TJ' 0 ) ’

(T gT
FA = (Tj’ 0 ) )
with g € W(k)[T]/(E(T))). Similarly, in the case j' = j(A4) # j(B) = j, the semi-linear

Frobenius morphisms have normal forms

™ T ™ gTv |
FB:(Tj 0)’ FA:(TJ" 0 )

note that this description does not hold in the case of superspecial points.

with g e W(k)[T]/(E(T)) and

We also get an analogue to [AG03, Lemma 4.12].

LEMMA 6.3.1. Let Fg and F 4 denote the reductions modulo p of Fg and Fs respectively.
—2 —2
The square F'g (resp. F,) is zero on Dp, (resp. Dp,) if an only if n =i =g—j (resp.
Wei=g-7)
PrROOF. By a direct computation we see that for ¢ a positive integer we have
rankp, (7;) =g —j—min(i,{n), rankpr, (Fi) =g—j —min(i', {n'),

hence the conclusion. O

6.4. Remarks on ramification. Note that it is enough to consider the totally ramified
case. Indeed, suppose more in general that

pOL = pea
with f =[Or/p:F,]. Then the f embeddings O%fp — W (k) induce an isomorphism

s
OLeW(k) = EzBl(W(k)[T]/(Ei(T))),
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where the E;’s are polynomials with coefficients in W (k) and degree e. We have moreover
that ;

Ok~ Q_?(k:[T]/(Te))
We may therefore decompose the local model further, but the methods would not change

(see [AGO4, Section 5.4] for details).

7. Proof of the main statements

In order to describe deeper geometric properties of the strata, we need to extract informa-
tion provided by the description of the local deformation theory. In particular, the explicit
description of the variation of Frobenius, by means of the theory of Dieudonné displays
(Section (6)), will allow us to understand the local structure of the W, j7n)’s.

As a consequence to the construction of the local model obtained in Section (4), we
obtain local equations for the S(; ;’s:

PROPOSITION 7.0.1. Consider a geometric point x = (A ER B) € M, (k) with singularity
indices j(A) = j" and j(B) = j. In the notation of Section (4), the deformations to S s,
with 7 <j and j' < 3" are described locally by the closed subscheme defined by the ideal

(g, bp, crydie | 0< k< —1), when j = 7§/,
(ap, by, o, dy | 0<k<j—1,0<k <57 = 1), when j =35 and j = 5" +1,
(A, by ey dir | 0<k<j-1,0<k <5/ 1), when j =7 +1 and j = j' +1.

PROOF. Let x = (A EN B) € M,(k) be a geometric point with j(B) = j and j(A) = j".
Assume j < 7,7’ < 7', which implies that z € Sy The completed local ring O, s a
’ 753
quotient of Oy, .. Indeed the closed immersion
Sy = M

induces the surjection
OMp,x —>> OS Y

G
In Section (4) we have determined the universal ring @) Mo = O\Np,(wl,wg)- The universal
object for the Grassmannian local model changes according to whether j = 5/ or 5 # j'. Let
us analyse in detail the two possibilities.

e 7 =7 we know that the completed local ring O M.« 18 isomorphic to @\va( Frry and
the universal object for the Grassmannian local model is

ol R f=Tie, +ae; +bes P u(f)f Tiel +ael + bTel,
u'(f') =Ties +cTer+dey Fr=Tiel, +ce, +del

with
i-1 j-1 i-1 j-1
azZasTs, bzz:bSTS, CZZCSTS, d:stTs.
s=0 s=0 s=0 s=0

The deformations of (F E ) to S@ jny are parametrized by

ey + aey + bey I'e + ael + bTel
1 1 2

i ~ 7 ) P A Y
TYey + cT'e; + dey Tel, + ce| + de
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where
=1 _oJ-1 i-1 -1 L
(7.1) a=> a,T*, b=> bT", c=Y c,T°, d=>d,T* if j =4,
s=j s=j s=j j
=1 _oJ-l i-1 -1 L
(7.2) a=Yy a,T" b= ZbSTS, é=Y ¢ T°, d= ZdSTS if j=4"+1.
s=J =j s=j’ =5’

The description of the deformation in (7.1) concludes the proof n the case j = j.
On the other hand, looking at the deformation of F in the case j = j/+1 we see that
d~ =0.
. j = 7'+ 1: The universal object for the deformation of the local model is in this case
i f=Tiey +ae; +bes P u(f) =Ti'e, +aTe, + bel
ut(f")=Tiey+cey +dTey fr="Ti'e}+ce, + de}

with
i-1 j-1 -1 -1
a=Y aT" b= > bT", c=Y ¢T%, d= > d,T".
s=0 s=0 s=0 s=0

The deformations of (F, F") to S j) are now parametrized by

(7.3) Tiey + ey + bey T et + aTe, + bel,
' Tieg+ce; +dTey T7' €}y + el +dely
with
i-1 41 i'-1 i1 - .
(7.4) a= ZaSTs, b= stTs, c=> cT7, d= Z d,T?, if j=74',
s=j s=j s=j j
i-1 -1 i'-1 i1 ~ ~
(7.5) a=y aT®, b=> bT7, é=> ¢,T%, d= > d,T°, if =4 +1.
S=3 s:‘}' 3:]7’ S_j~l

The description in (7.4) Concludes the proof in the case j = j’. In order to conclude
the proof of the case when j = j/ + 1 we just need to look at the deformation of F
and conclude that ¢ = 0.

O

COROLLARY 7.0.2. The SO ) s are locally closed. Given a geometric point © = (A ER

B) e M, (k) of singularity mdzces (4,7, the formal neighborhood of S?
to

i) at x 1s isomorphic

k[[Cj, Cj+1, ce 7Cg7j’71]]~
In particular, S?j iy 18 non-singular of dimension g—j' —j.
PRrROOF. We just need to apply Proposition (7.0.1) with j = j and j” = j. 0
COROLLARY 7.0.3. The stratum S; ;» has dimension g—j'—j and its generic points have

singularity indices (j,7).

COROLLARY 7.0.4. The points A EN B with singularity index (j(A),7(B)) = (0,0) are
dense in My. In particular the Hilbert modular variety with I'o(p)-level structure M, has
dimension g.
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Note that there are the following relations between the S(OM,)’S and the singularity-slope
subsets:
e When j ¢ {0,[g/2]}:
SCi1y = W) B Wigeni-150) B Wi sao15v2) U - U Wi o515 U Wiiigmjjm1,6-5+1) -
.
5?071) = W(0,1,171) U W(0,2,1,2) L--- U W(o,g—1,1,g—1) U W(o,g,1,g—1)-

e When g is even:

5?9/2,9/271) = Wigj2.9/2.912-1,912) Y Wig/2.9/2.9/2-1,9/2+1)-
e When g is odd:

SUo-1)/2.00-1712-1) = Wilg-1)/2,6-1)/2.(5-1)/2-1,(9-1)/2) U W((g-1)/2.(9-1)/2,(g-1)/2-1,(5-1) 2+ 1)
e We always have
Sty = Wi
By Lemma (6.3.1) we obtain a local description of the W(;,, j .,y as a consequence of the
construction of universal Dieudonné displays obtained in Section (6).

LEMMA 7.0.5. Fiz a geometric point x = (A EN B) € Wijmjrmny- For (7,7) < (4',5),
locally around x, the deformations to W(]f,ﬁ,,jﬁ) are parametrized by the closed subscheme of

deformations to S(j',j) intersected with the closed subscheme given by relations TJ‘~'+”~'|F22 and
Ti+h|F2,

PROOF. By taking Dieudonné displays in their normal form as in Section (6.3) we see
through direct computations that

=2 T2
+n +n
T Fg, T Fy,

and T+l 4 B2 Ti'+n FQA. For instance, when j(A) = j(B), the Dieudonné displays in
normal form are

a( %) (W) saewormiem),

(note that for instance n =n’ when j = j). Hence

—9 T2n 0 —9 T2n 0
FBz(Tj+n 0)7 FAz(Tj+n 0)'

The computations for the case j = j’ are similar. See (6.3.1) for details. 0

COROLLARY 7.0.6. Given a geometric point of parameters (j,n,j',n'), the formal neigh-
bourhood of Wi n j'ny at x is isomorphic to

k[[c'n,’ Cn+ly- -+, cg—j’—l]]‘

In particular, W jr 1y 18 locally irreducible, non-singular of dimension g - j'—n'. Finally,
the generic points of S jry have parameters (3,7,7',7).
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PROOF. The results follows from Corollary (7.0.2) when j = j/. Indeed in this case n = n'

and W) = S?j i) Let us therefore show the result in the case j = 3’ + 1. This comes from
0

a direct application of Lemma (7.0.5). As W, jrn) © S(ny» by Corollary (7.0.2) we may

simplify I} and F;. We get namely

Tn Tig_Fé T T“lg—TFé
Fl:(Tj —Fé )7 F2:(Tj_1 _Fé ,
with ¢ = Zg;;’_l csT%. For convenience, let us denote 7'(29?-4—1 csT*) the Teichmiiller lift of

5=]
>9771 ¢, T%. The condition T7+"|F? is the condition

. . . . . 2 . 2 . . 2 . .
itny T2 +T9g-TIFr(c;TI +cj1 TI* + .. .cg;TI7T) Trig-TnF ¢ —2TZgF e+ Fr(e;Ti+. .. cg- 97 YE T (e;T9 + .. cg_;T97T)
TI* L TIF (e TT + ... cqyTI) TIG-TIF e+ Fr(e;TI + ...y TI N 7(c;TI +...cqyTIT) '

from which we get
Cj=Cjy1 =" =Cp-1 = 0.
On the other hand, the condition T7-1+"|F translates into

-1’ T 4 195~ TI P Tr(e;T7 + ejnTIH + gy T979) Tn,+i+1§—Tn’FQ%—Ti+1§F25+TFé.FQT(CjTj+...‘Cg,j)
TI=tn y TI- Er(eTI + . gy TI79) TIG-TIVTEF e+ TEeF 7(c;TI + ... cy_yTITT),

from which we obtain the conditions
Cj=Cjs1=...Cpr—1 = 0.

Since n < n' we conclude the proof. O
REMARK 8. Note that n can be different from n' only on superspecial points.
DEFINITION 7.0.7 (a-number strata). Let 0 < a,a’ < g. Denote by Z(Ow,) the locally closed

subset of M, whose geometric points A ER B e M, (k) are such that a(A) =a and a(B) = d'.
PROPOSITION 7.0.8. The Z(44)’s are non-empty.

ProOF. This follows from the definition of slope n as the difference of the a-number and
the singularity index. In particular, we have the relations

(76) Z(ava’) = H W(jznzjlrn’)'

j+n=a,j’+n'=a’
Since the W(;,, j» n)’s are non-empty, the Z, .-y’s are non-empty. 0
In particular the following relations occur.
e if g is even:
0<a=a <gwitha=a"even, or 0<a=a"+1<g with a even and a’odd.
e if g is odd:
0O<a=da"<g-1witha=a"even,ora=a"=¢g, or0<a=a"+1<g with a odd and a even.
We always have the following identification:
Wjn,jrnr) = S?j,j') n Z?j+n,j'+n')'
PROPOSITION 7.0.9. The sel Z(qq) has dimension g —a’, when o’ < g and g -1 when

a' =g.

ProOOF. The assertion follows from Corollary (7.0.6) and from (7.6). O
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7.1. Some examples in low dimension.
7.1.1. Case when g=1. There are the following strata:

g=1
(0,1,0,1) Sthoy = Mt =M, dim(W1,01)) =0
(0,0,0,0) dim(Wio,00,0)) = 1
7.1.2. Case when g=2. Here is the stratification of the space:
9=2
(1; 1,0, 2) 5?1’0) = W(1,1,0,2) U W(1,1,0,1)
Klllzll]‘] (17 17 07 ]') S?l,l) = W(lvlvlvl)
0,0,0,0) M = 50y = Wi0.000)

The various strata have the following dimensions:
dim(Sf ) =2,  dim(Sp ) =1, dim(Sg ;) =0
dim(W(LLO’l)) = 1, dim(W(LLo,g)) = 0
7.1.3. Case when g=3. There are the following singularity-slope strata:
g=3

(1,2,0,3) 5?1,0) =W U Wa202 UWa20s)

5?1’1) = W(1,2,1,2) U W(l,l,l,l) (1727172) (17270’2)
(1,1,1,1)| |(1,1,0,1)
(0,0,0,0), Sty = Wo.000)

The strata have the following dimensions:
dim(S?U,o)) =3, dim(5?1,o)) =2, dim(S?LU) =1,
dim(Waon) =2, dim(Waaan) =1, dim(Was02) =1,

dim(W(Lg,l’g)) = 0, dim(W(LQ’()’g)) = O

Consider z = (A EN B) with j(A) =1=j(B). After the local model
@mp,x = k[[al, bo, co, Cl]]/((bocl - al)(boco —aibocy - a%)).

According to Lemma (7.0.1) we obtain the following local description for the stratum S o):
S(I,O) “loc Spf(k[[cl]])
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7.2. The closure of the W(; , i/ ,;y. Let us now show that the closure of a locally closed
subset W(; ., j# n) is a union of sets of type W(iﬁj,’ﬂ,), that is, the W, ,, j» vy are a stratification
of the space M,,.

With the notation introduced in Section (5), we have

T Wim) = Wimagan = U Wi,

(4",n")eA(4n)

that is, the fiber of a stratum in M is a union of strata in M,. In what follows we are going
to use extensively the notation

Winagny = U Wemgrm-
(' )eA(jin)

THEOREM 7.2.1. The W(; . j'n)’s are a stratification of the moduli space M,. In partic-
ular, given (j,n) e J and (j',n') € A(j,n), we have

Wongay=( U Weangan) (U Wagangm):

(J,)eA(j,n) (7" n")eA" ")

where A was defined by Andreatta and Goren [AG03, Theorem 8.14] as the unique function
A:27 — 27 characterized by the following relations for 0 < j < g/2:

A ={G")ed:5<i"y AG.g-7)={0U.9-7)}  AG-1,n)=AAGNn)).
PROOF. Assume first j,j’ > 0. Recall that
Wiimirnty =m0 (Wigmy) 075 (Wi an)-
By [AG03, Lemma 8.4] both 7 and 7y are proper. From this, it follows that
T (Wiimgrnty) = T (Wiim.jrnry) = Wigimys
T (Wijm.jrny) = Ta(Wiim,jrmy) = Wiy,
from which we get that

7T{1 (W(j’n)) m ’/Ti1 (W(j’,n’) ) c W(j,n,j’,n’) .
Note moreover that by [AGO03, Proposition 8.7] we have that
T (Wom) =71 Wim)s m (W) = 73! (Wgran)

and hence

Wiimgrary = 70 (Wimy) Ny (W)
g Wil(W(Jyn)) m Wil(W(j’,n’))
=1 (W) (72 (W)

We obtain hence the equality
Wiingrary = 70 (W) (V72" (W)

Andreatta and Goren described the closure of a stratum W(;,) in M as follows:

Wimy =Wagm = U Wia,

(J,)eA(jn)
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see [AG03, Theorem 8.14] for details. Therefore we have that the closure of the fiber is the
union of strata:

T Wim) =m0 Wagm) = U Wianga):
(7,n)eA(5,n)
Assume now that j =0 and 5’ > 0. It follows that j/ = 1, that is, we want to understand
the closure of Wy 1n,). Observe that

Wiy =71 (Wiom Nzt (W)
= W(O,n,l,n’) N 7T2_1(W(1,n’))
= 7T2_1(W(1,7’L’))7

the last equality being true since obviously W, 1.1y € 751 (W(1,y). Therefore we recover
the previous case. 0

From deformation theory we have seen that
Wiigam = S6.4):
In particular,
Wi0,000) = S(0.0) = M.
Here is a description of the closure relations in low dimension.

g=1 9=2 9=3
(0,1,0,1) (1,1,0,2) (1,2,0,3)
4 / !
(0,0,0,0) (1,1,1,1) = (1,1,0,1) (1,2,1,2) =<— (1,2,0,2)
f } }
(0,0,0,0) (1,1,1,1) =—— (1,1,0,1)
!
(0,0,0,0)
g=4 g=8
(1,3,0,4) (1,7,0,8)
} A
(2,2,1,3) <— (1,3,0,3) (2,6,1,7) < (1,7,0,7)
e e A A
(29.2.9) o 2/F1 ) “ ﬁo ) (3,5,2,6) < (2,6,1,6) < (1,6,0,6)
b b b < b b b < K K k) 4\ 4\
A A (4,4,3,5) < (3,5,2,5) = (2,5,1,5) < (1,5,0,5)
(1,1,1,1) =— (1,1,0,1) A A
A (4,4,4,4) < (4,4,3,4) < (3,4,2,4) = (2,4,1,4) = (1,4,0,4)
(0,0,0,0) A A A A
(3,3,3,3) < (3,3,2,3) < (2,3,1,3) = (1,3,0,3)
A A A
(2,2,2,2) < (2,2,1,2) < (1,2,0,2)
A A
(1,1,1,1) = (1,1,0,1)
A

(07 07 07 O)
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7.3. Proofs of the Main statements.

PROOF OF THEOREM (5.4.1). (1): From the description of the S?M,)’s as a disjoint union
of W(;n.j'n)’s we obtain that the S?j’j,)’s and the S(; j)’s are non-empty since the W, ,, jr nn)’s
are non-empty. By Corollary (7.0.2) we get that the S?j’j,)’s are non-singular, locally irre-
ducible of dimension g -7 — 5.

(2): This comes from Corollary (7.0.3). O

PROOF OF THEOREM (5.4.2). (1) This is a consequence of Corollary (7.0.6). (2) In Sec-
tion (7.2) a description of the closure of a set W(; , js ny is provided. In particular W(;, js nn

is described as the union of other strata, from which we get that the W, jnn’s are a
stratification of M,,. O
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APPENDIX A

Witt vectors

For a full introduction on Witt vectors, see [Ser79, Zin02, FJM].

In what follows, p is a fixed prime. Let R be a commutative ring of characteristic p. We

set
W(R) = RV

as sets. We would like to give W (R) a ring structure such that the relation between R and
W (R) generalizes the relation between F, the field with p elements, and Z,, the ring of the
p-adic integers. _

We define W,(X) = Y p'X? " the Witt polynomials associated to the sequence X =
(Xo,. s Xy o)

Denote by

ZIX,)Y]=Z[Xo,..., X0, -, Yo, .., Yo, ]

One can prove that for any polynomial ® € Z[ X, Y] there exists a unique sequence {®,,},, of
polynomials in Z[X Y] such that

(0.1) (W (X), Wo(Y)) = (20(X, Y))"" +p(21(X,Y))P

In fact one has

n—1

oo+ " (00 (X Y).

O, eZ[Xo, X1,..., X, Yo, Y1,... Y,
In the above notation, if & = X +Y, we denote by ¥; the associated ®;; if ® = X - Y, we
denote by II; the associated ®;. Remark that both ¥, 11; € Z[ X, ..., X,, Yo,..., Y, ].
For two elements a = (ag, ..., an,...),0=bo,...,by,...) € W(R), we define their sum and
multiplication respectively

a+b=(So(ao,bo), X1 (ao, ar,bo,b1),...), a-b=(Ilg(ao,bo), Iy (ao, ar, by, b1),...).
From (0.1) we may deduce explicitly some of these polynomials. We have namely:
Yo(Xo,Yo) = Xo + Yo, I (Xo, Yo) = XoY0,
p-1l9q ) )
El(X(),Xl,}/E], }/1) = Xl + }/1 - Z _(?)Xé}/i)p_z’ HI(X07X17 }/E)? }/1) = Xé)}/l + Xl}/op +pX1Y1-

i=1 P\

The expressions become rather complicated as n grows. However we can easily see that for

n > 1, the equality

Wn(X)Wn(Y) = (HO(X(]?}/O))pn_'_p(Hl(XOa X17 Yb; )/1))1)”714_' : '+pn(Hn(X07 v 7Xn7 YE)7 s JYTL))7

can be written as
DS RPN D D WD D W D W
=1 =1 =1 =1
= XEYP 4 p(XEY, + X Y2 4 pXa V)P e p (X, -, Xy Yo, ., Y0)).
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From this we obtain that
(aO,O,...,O,...)-(bO,O,...,O,...):(aobO,O,...,O,...).

It is not true in general that (ag,0,...,0,...) + (bo,0,...,0,...) = (ap + by, 0,...,0,...).
The map
W(R) SN RN

a=(ag,a1,...) — (Wy(a),Wi(a),...)

is a ring homomorphism. It is an isomorphism if p is invertible in R.
EXAMPLE. One has W(F,) = Z,.

0.1. Maps related to Witt vectors. The Witt polynomials induce ring homomor-
phisms
W(R) SN R
n n—1

(.To,...,l’m...) —> ;pg +px11)7 +...+pnxn

We denote by I(R) the kernel of wy.

We define moreover the Verschiebung map (or shift) as

ViW(R) - W(R)
(o, Tpy-..) — (0,20,...,2p,...)

Denote I(R) =VW(R).

Given an element of R, this can be seen as embedded in the Witt vectors W (R) through
the Teichmiiller map

R — W(R)
x +— T=(x,0,...,0,...)
Suppose now that R has positive characteristic p. Then the Frobenius homomorphism
ocoR — R

r > xP
induces a ring homomorphism on the Witt vectors

FW(R) - W(R)
(1'0,1‘1,...) — ([Elg,l‘zf,)

It is called the Frobenius map on the Witt vectors.
The following relations between Frobenius and Verschiebung are satisfied:

Vi=p,  V(faxy)=2"y,  xz,yeW(R).
LEMMA 0.1.1. We have that

F

FI(R) < pW (R).
PROOF. Since I(R) = VW (R), for a given an element 7 € I(R), there exists an element
0 e W(R) such that V0 =n. Therefore £n =¥V = pf, hence the conclusion. O

The Witt vectors construction is functorial. Given a ring homomorphism ¢: A - B, we
obtain a ring homomorphism
W(o): W(A) — W(B)
(a0, @, ...) +— (¢(ao), d(ar),...)
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0.2. The Witt vectors of a perfect field. Let k£ be a perfect field of positive char-
acteristic p. Then W (k) is a discrete valuation ring with maximal ideal generated by p
and fraction field of characteristic 0. More precisely, the element p in W (k) is the vector
(0,1,0,...) and the maximal ideal is {(0,21,22,...)}. In this case ¥ and V' commute with
each other and I(k) = pW (k). The Witt vectors construction is universal in this case.

THEOREM 0.2.1. Let R be a complete noetherian local ring with perfect residue field k of
characteristic p. Then there is a uinque canonical map ¢:W (k) = R such that the following
diagram commutes

wW(k) 2~ R

/pW(mi /
k

PROOF. See [FJM, Theorem 0.40] O

0.3. On F-linearity. Let R be a ring of positive characteristic, and let P; and P, be
two modules over W(R). An F-linear homomorphism ¢: P, - P, is a homomorphism of
abelian groups between P; and P, such that ¢(wm) = Fwo(m), for m € Py and w € W(R).

Consider Pl(a) = W(R) ®y (g),r P, it has the following structure of W (R)-module:
wy(we ® ) = (W we) ® T, Wy ® Wiz = Fwjwsy ® , wy,ws € W(R),x € Py.
Then we consider the linearization of ¢
gt: P — P
wa®r > wep(x)

Following Zink Zink, we will call ¢ an F'-linear epimorphism (resp. isomorphism) if ¢t is an
epimorphism (resp. isomorphism).
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