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Abstract

The main contribution of this paper is to study the applicability of the bootstrap to estimating
the distribution of the standard test of overidentifying restrictions of Hansen (1982) when the model
is globally identified but the rank condition fails to hold (lack of first-order local identification).
An important example for which these conditions are verified is the popular test of common condi-
tionally heteroskedastic features proposed by Engle and Kozicki (1993). As Dovonon and Renault
(2013b) show, the Jacobian matrix for this model is identically zero at the true parameter value,
resulting in a highly nonstandard limiting distribution that complicates the computation of critical
values.

We first show that the standard GMM bootstrap fails to consistently estimate the distribution
of the overidentification restrictions test under lack of first-order identification. We then propose
a new bootstrap method that is asymptotically valid in this context. The modification consists of
adding an additional term that recenters the bootstrap moment conditions in a way as to ensure
that the bootstrap Jacobian matrix is zero when evaluated at the GMM estimate.

1 Introduction

GMM estimators are commonly used in economics to estimate parameters defined by moment con-
ditions. Under standard regularity conditions, including the rank identification condition, the GMM
estimator is v/T-consistent and asymptotically normal, as shown by Hansen (1982) in his seminal
paper. Nevertheless, the bootstrap is often used to estimate the distribution of the GMM estimator
and related test statistics because the first-order asymptotic distribution is a poor approximation to
the GMM finite-sample distribution for the sample sizes typically found in practice.

The main goal of this paper is to study the applicability of the bootstrap for GMM inference
when the standard rank identification condition fails but the model is still globally identified. Global

identification, which requires that a unique parameter value 6y solves the moment conditions, ensures
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that the GMM estimator is consistent for 6y. As is well known, global identification is equivalent to
the rank identification condition for linear models. The rank identification condition, which requires
that the expected value of the Jacobian matrix of the moment conditions with respect to 6 is of full
column rank, is an example of a local identification condition that is important to derive the first-
order asymptotic distribution of the GMM estimator. For nonlinear models, and as first discussed
by Sargan (1983), it is possible to maintain global identification of the model and at the same time
have a rank deficient Jacobian matrix. Failure of the rank identification condition (or first-order
underidentification) implies that the first-order asymptotic distribution of the GMM estimator and
related test statistics are highly nonstandard, thus motivating the use of the bootstrap as an alternative
method of inference.

In this paper, we focus on bootstrapping the test of overidentification restrictions proposed by
Hansen (1982) when the model is globally identified but the expected Jacobian matrix is identically
zero. Our motivation for considering this special case of rank deficiency is the test for common con-
ditionally heteroskedastic factors studied by Dovonon and Renault (2013b) (henceforth D&R (2013)),
for which the expected Jacobian matrix is nil when evaluated at the true parameter value. In this
case, local identification is ensured by imposing identification conditions on higher order derivatives
of the moment conditions. Under these conditions, D&R (2013) show that this popular test (which
amounts to a test of appropriately defined overidentifying restrictions) is no longer asymptotically
distributed as a X%pr random variable (where H denotes the number of moment conditions and p
the number of parameter coefficients in ). Instead, its asymptotic distribution is a fifty-fifty mixture
of X%I—l and X%I when p = 1, leading to an oversized test under the null of common conditionally
heteroskedastic features when the standard X%{A distribution is used, independently of the sample
size. When p > 1, the correct asymptotic distribution is the minimum over RP of a certain stochastic
process whose distribution is highly nonstandard and depends on nuisance parameters. Our main
goal here is to propose a bootstrap method that is able to estimate the correct distribution of the
overidentification test in this context. The bootstrap will be especially useful when p > 1 because it
avoids the use of conservative critical values, which were proposed by D&R (2013) based on their proof
that the asymptotic distribution of the test lies between X%[_p and X%{ when p > 1. An alternative to
the bootstrap in this case is to simulate critical values from the nonstandard asymptotic distribution
by replacing the nuisance parameters with consistent estimates and solving for the minimum of the
simulated stochastic process. The bootstrap avoids solving this minimization problem explicitly, which
can be computationally very challenging when p is large.

Our contributions are as follows. First, we show that the standard bootstrap overidentification
test statistics (as proposed by Hall and Horowitz (1996)), where one resamples the moment conditions
recentered around the bootstrap population mean evaluated at the GMM estimate éT, is not valid
when the Jacobian matrix is degenerate. The reason for this failure is that the bootstrap Jacobian

matrix is the sample Jacobian matrix evaluated at éT and this is typically not zero. Thus the standard



GMM bootstrap does not mimic the degeneracy of the expected Jacobian matrix at y. To remedy this
problem, we propose two alternative bootstrap methods where the bootstrap GMM estimator is defined
as the minimum of a quadratic form of a set of modified recentered bootstrap moment conditions. The
first modification that we propose consists of recentering the moment condition that the bootstrap
resamples twice: first we subtract off the bootstrap mean of the bootstrap moment conditions evaluated
at éT, as proposed by Hall and Horowitz (1996). Second, we subtract off a term that is equal to the
sample Jacobian matrix evaluated at éT multiplied by the difference between 6 and éT. We label this
the corrected bootstrap. The second modification differs from the first one by letting the Jacobian
matrix be evaluated at the unknown parameter. Because of its continuous correction nature, we label
this as the continuously corrected bootstrap. In both alternatives, the modified bootstrap moment
conditions are equal to zero when evaluated at A7 (as in Hall and Horowitz (1996)), but in addition
are such that the first-order derivative with respect to 6 is zero when evaluated at O . Consequently,
the bootstrap expected Jacobian matrix is degenerate and this restores the asymptotic validity of the
bootstrap for estimating the overidentification test when the expected Jacobian matrix is zero under
the true model.

Another approach to conduct overidentification tests under first-order underidentification is to
exploit the information contained in the zero Jacobian matrix. This idea was recently proposed
by Lee and Liao (2016) and Sentana (2015) as a way to overcome the difficulties created by the
lack of first-order local identification for GMM-based tests (see also Doz and Renault (2006) for an
earlier implementation of this idea in the context of conditionally heteroskedastic common factors). In
particular, by augmenting the set of original moment conditions with the moment conditions implied by
the zero Jacobian matrix, the GMM estimator recovers the standard V/T-rate of convergence and tests
based on the augmented GMM estimator have the standard asymptotic distributions. Our simulations
show that the overidentification test based on the augmented set of moment conditions for which the
standard chi-squared critical values apply can be very oversized in finite samples. An alternative test
also proposed by Lee and Liao (2016) is an overidentification test for the augmented set of moment
conditions that relies on a GMM estimator obtained from a subset of these conditions (in particular,
those induced by the zero Jacobian matrix). This test is no longer asymptotically distributed as a chi-
squared distribution and also requires simulated critical values. Although it is much better behaved
in finite samples than the efficient GMM test, it can lead to over-rejections under the null that are
avoided by the continuously corrected bootstrap. In addition, the null hypothesis that it tests nests
the original moment conditions, which can result in a loss of power in certain directions.

The rest of this paper is organized as follows. In Section 2, we introduce our assumptions and
provide the asymptotic distribution of the overidentification test when the expected Jacobian matrix
is zero. These results generalize some of the results in D&R (2013) by allowing for general nonlinear
moment conditions that are not necessarily quadratic in 6. Section 3 establishes the inconsistency

of the standard bootstrap distribution for the test of overidentification conditions when first-order



underidentification occurs. Section 4 introduces the new bootstrap methods based on the doubly
recentered bootstrap moment conditions and proves their asymptotic validity. Section 5 contains
Monte Carlo simulation results and Section 6 concludes. Two mathematical appendices contain the

proofs.

2 Setup, examples, assumptions, and asymptotic theory

We consider a sample {X; : ¢t =1,...,T} of random variables described by the moment conditions

E((X4,0)) =0, (1)

where (-, -) € R¥ is a known function and § € © C RP? is the parameter of interest. In the following,
we will often write ¢ (6) = ¥ (X¢,0) whenever convenient. Throughout we maintain the assumption
that the model is globally identified, i.e. there exists a unique parameter vector 6y that solves the

moment conditions E(1(X¢,0p)) = 0. Letting

Qr (0) = Y (0)Wrdr(0),

where Y7 (0) = + ST ¥(X4,0) and Wy a symmetric positive definite random matrix, we can define
the GMM estimator éT as

Or = i 0).
T Fargmin Qr ()
The statistic of interest is

Jr = TP (0r)Wrir (0r).
When Wy is such that Wy 5 W = Y1, where ¥ = Var (¢(X1,6p)), we obtain Hansen’s (1982)
GMM overidentification test statistic. This statistic has the standard X%{_p as T'— oo under the rank
identification condition that Rank (%p (60)) = p, where p(0) = E (¢ (X1,0)).

Our aim in this section is to derive the asymptotic distribution of Jp whenever the rank identifi-

cation condition fails. First, we provide two examples where this is the case.

2.1 Examples of first-order underidentification

Our first example is studied by D&R (2013) and is the main motivation for our paper. It illustrates
a model that is globally identified at some parameter vector 8y for which the Jacobian matrix is nil

whatever the value of 6.

Example 2.1 (Testing for common conditionally heteroskedastic factors)
Following D&R (2013), consider n assets and (Yy41): the vector process of their returns that is assumed
stationary with each component conditionally heteroskedastic with respect to an increasing filtration

$¢ that contains at least returns up to t. These n returns have common conditionally heteroskedastic



features if there exists a n x K matriz A of rank K < n, a symmetric positive definite n X n matric

Q, and a diagonal K x K matrix Dy that is §:-measurable such that
Var(Yis1|8:) = ADA + Q.

A natural consequence of the common conditionally heteroskedastic features is the existence of so-called

co-feature vectors 6 # 0 in R™ that offset the conditionally heteroskedastic patterns from (Yiq1)e:
Var(H’YtJrﬂ&) = 9,99,

a constant matriz. Assuming that E(Yi41|§:) = 0, a test for common conditionally heteroskedastic

factors can be based on the conditional moment restriction:

E((0'Ye41)%I8t) = ¢,

for some constant c. If we let ¢ = c(§) = E(0'Y;11)?, this moment restriction can be translated into

an unconditional moment restriction:

E ((21,Ye41,0)) = E (2 (Y1) = ¢(8))) =0, (2)

where z; is a vector of instruments belonging to §¢. Testing for common conditionally heteroskedastic
features amounts to testing the validity of the moment conditions in (2) and the standard overidentifi-
cation test statistic is routinely used to do so. DER (2013) show that the model (2) globally identifies
the parameters of interest under suitable normalization of 0 if K = n — 1. They also establish that

regardless of the normalization chosen,

0
E <87’(/1},(2t7yvt+1790)) = 07

where 8 is the collection of free parameters after normalization.

Our next example considers a less extreme case of first-order underidentification in which the

Jacobian matrix is not identically zero although it is rank deficient.

Example 2.2 (Nonstationary panel AR (1) model with individual fized effects)
Consider the standard AR(1) panel data model with individual specific effects,

yit:pyi,t—1+ni+€it7 ’L'Il,...,N, t:07172

2

£
E(eiseir) =0 for s #t, s,t =0,1,2, E(nf) = 0727, E(yfo) = 08, E(eqn;) =0, E(eityio) =0,t=0,1,2,
and E(yion:) = oon-

Assume that the vector (Yio,Mi,€il,--- &) 48 i.i.d. across i with mean 0 and that E(e3) = o

Let 0 = (p,og, 0’07,,(7%,0'?), denote the vector of parameters in this model. Writing y;1 and y;2 in

terms of yio, and then Var((yio,yi1,vi2)') in terms of 6, we can easily show the following moment



restrictions hold:

E((y;,0)) =0, )
where y; = (yio, yi1, yiz) and
Yio — 9%
Yiolil — PYin — Oon
P(yi,0) = YioYi2 — PYioYil — Oon

YA — vioYiz — 072, + (1 = p)oo, — a2
YilYi2 — PYH — 0r — pooy
(yia — pyin)? — op — 02

These moment restrictions are equivalent, up to a linear one-to-one mapping, to those considered
by Madsen (2009, Eq. (5)). We can show that this model is globally identified over a large set of
parameter values, i.e. if the true parameter value 0* belongs to that set, (3) is uniquely solved at 6*.

However, as it turns out, the usual rank condition is not satisfied for all 6* in that parameter
space. In particular, it fails when the true value is 6* = (1, 032,0, 0, a;k?). This parameter configuration

corresponds to a panel AR(1) model with a unit root and no individual fixed effects:
yit:yi,t—l+€itu i:17'°'7n7t207172°

More specifically, we can show that the Jacobian matriz evaluated at 0* = (1, 06‘2, 0,0, 0?2) 18

0 -1 0 0 0
—oy’ 0 -1 0 0
Y —ot 0 -1 0 0
E = (y;,0") ) = 0
<80'<y’ )> 0 0 0 -1 -1 |
—o’ =0 0 -1 -1 0
0 0 0 -1 -1

which is of rank 4 < 5. Hence, the usual rank identification condition fails, implying that the overi-
dentification test statistic does not have the usual limiting chi square distribution. Similarly, a test for

unit root will not have the standard limiting distribution.

The failure of the rank condition in Example 2.2 is not as extreme as in Example 2.1 since the
expected Jacobian matrix is not nil. Although our assumptions in the next section impose that the
expected Jacobian matrix is zero, we discuss in Section 4 how our bootstrap methods can be modified

to cover situations like Example 2.2.

2.2 Assumptions

The previous examples show that for nonlinear moment condition models, local first-order identifica-
tion cannot be taken for granted even when the model is globally identified. As D&R (2013) showed for
Example 2.1, the lack of first-order identification results in nonstandard limiting distributions for the
overidentification test statistic. Here we extend their results by considering general moment conditions

and by studying bootstrap inference. Our assumptions are as follows.



Assumption 1 (DGP) Let (Q, F,P) denote a complete probability space. We observe an i.i.d.
sample given by {X; : Q - R, 1eNt=1,...,T}.

Assumption 2 (global identification) 6, is an interior point of ©, a compact subset of RP, p € N,

and it is the unique solution in © to the equation E (¢ (X¢,0)) = 0.
Assumption 3 (regularity conditions on )

(i) {¥ (z,0)} is continuous on O for all  in the support of Xj.

(ii) E (supgee ||¥ (X1,0)]]) < .
(iii) E (|[¢(X1,60)]]*) < oo and ¥ = Var (¢(X1,6p)) is positive definite.
Assumption 4 (regularity conditions on derivatives on )

(i) {¢(x,0)} is twice continuously differentiable with respect to 6 in a neighborhood A of 6, for all
x in the support of X; and there exists a function m (z) such that E(m(X;)) < oo and for
any 01, 02 € N, H%(x,@l) - %(m,%)” < m(x)||6h — 02|, for h=1,...,H, for all x in the
support of X;.

(ii) B (|| 50X, 00)[|") < 00 and B (|| 505 0n(X1.60) ) < o0, for h=1,.... H.
Assumption 5 (weighting matrix) Wp L W, a symmetric positive definite matrix.
Assumption 6 (local identification)

(i) E(35¢(X1,00)) = 570 (60) = 0, where p (0) = E (¢ (X1,0)) .

(i) V0 € O, [(9 —0)'E (ag—gg,wh(xl, 00)) = 90)] g =00 =60,

Assumptions 1, 2, 3 and 5 are standard in the GMM literature but Assumptions 4 and 6 are not.
Assumption 4(i) is useful to control the remainder of second-order Taylor expansions of the estimating
function while the first part of Assumption 4(ii) ensures the applicability of a central limit theorem
to the sample mean of the Jacobian matrix of the estimating function evaluated at the true value
0o. The second part of Assumption 4(ii) along with Assumption 4(i) ensures that the second-order
derivatives of the estimating function are uniformly dominated in a neighborhood of 6y, allowing for
the application of a uniform law of large numbers. Part (i) of Assumption 6 states that the expected
value of the Jacobian matrix is zero. This is a violation of the standard rank identification condition,

which requires the rank of a%(g,o) to be equal to p. Given the lack of first-order identification, part

(ii) of Assumption 6 ensures local identification of 6y through second-order derivatives. In particular,

letting

= e (%50) e () |



denote an H x p? matrix, Assumption 6(ii) is equivalent to
G -vec ((6 — 60)(0 — 6)") # 0 for all 6 # 6. (4)

When p = 1, (4) is equivalent to G # 0, i.e. % # 0 for at least one h = 1,...,H. In the
general case, the condition that G # 0 is obviously necessary for (4) but it is not sufficient. It is hard
to provide more primitive conditions in this case as this amounts to giving conditions for a unique
solution of a set of H nonlinear equations in . An important example that satisfies (4) are the moment
conditions underlying the test for common conditionally heteroskedastic features (Example 2.1). See
D&R’s (2013) Lemma 2.3.

Before introducing our asymptotic results, we further discuss the previous assumptions in con-
nection with Examples 2.1 and 2.2. Even though Assumption 1 imposes i.i.d samples for simplicity
of presentation, our main results continue to hold if we assume that X; is a stationary process and
»(X¢,00) is a martingale difference sequence with respect to the past of X;. In that respect, Exam-
ple 2.1 is also covered by our results. The fact that the estimating functions in both examples are
quadratic functions of parameters makes Assumption 4(i) hold in both settings. In Example 2.1, the
existence of some moments imposed by Assumptions 3(ii, iii) and 4(ii) rules out some conditionally
heteroskedastic processes with heavy tails. Nevertheless, a large class of processes fits in, including
GARCH processes with innovations having finite eighth moment.!

Example 2.2 does not fit into the second-order local identification pattern imposed by Assumption
6 since the Jacobian of the moment function (3) at the true value is not nil. The kind of rank deficiency
presented by this example is covered by the general formulation of second-order local identification in
Assumption 6’ in Section 4. Assumptions 1-5 are fulfilled in this example by a wide choice of joint
distribution for (y;0, i, €i1, €:2)-

Next, we derive the asymptotic distribution of Jp under Assumptions 1-6. Although in practice Jr
requires the choice of the weighting matrix Wy, we abstract from this choice in the paper. However, we
note that our Assumption 5 is consistent with the usual choice of Wy that guarantees efficiency when
the rank condition for identification is satisfied. In particular, under our assumptions, a consistent

estimator of W = ¥ 7! is given by the inverse of
1 - -
T > wi(Or)en (7)),
t=1
where O is a first-step GMM estimator that is consistent for 6 (e.g. a GMM estimator based on
Wr =1,).
2.3 Asymptotic results

Proposition 2.1 Under Assumptions 1-3 and 5, O — 6y = op (1).

'See He and Terisvirta (1999) for a discussion on the existence of moments of GARCH processes.



Proposition 2.1 shows that the GMM estimator is consistent for 6y despite the lack of first-order
identification. This is an immediate consequence of global identification and the uniform convergence
of Qr (6) towards

Q0) = E (4 (X, 0)) WE (¢ (X, 0)) = p(6) Wp(0),

where p (0) = E (¢ (X4, 0)) .
Our next result derives the rate of convergence of 67 — 6y when local identification is achieved

through second-order local conditions.

Proposition 2.2 Under Assumptions 1-6, (i) HéT - HOH =Op (T‘1/4) and (i) T/* (éT - 90> has at

least a subsequence that converges in distribution to some random variable V' such that P (V # 0) > 0.

1/4

Part (i) of Proposition 2.2 shows that the convergence rate of O — 0y is at least T~/4 whereas

part (ii) shows that this rate is sharp, i.e. there is a subsequence of TYA <éT — 90) which converges

in distribution to a nondegenerate random variable V. This implies that T1/4 (éT - 90> cannot be
op (1) (if it were then any subsequence would converge in distribution to 0).

To understand why the lack of first-order identification implies a slower than /T rate of conver-
gence, note that we can write a second-order Taylor expansion of the moment conditions v/Tr (éT)

as

VT (éT) = VTr (6o) + %ﬁwﬁ (éT - 90) + %RT (éT) , (5)

=op(1) under Assumption 6(i)

where the remainder is such that

R (b) = G(0n) oee (10 (30— 00) 7 (5 - 00) ).
~——

lp
G

under A6(ii)

where for any 6,

G(0) = [ vee (Zgg®) - vee (Zs®) | (6)

is a random H x p? matrix. Because the Jacobian matrix is nil, /T %59(,'9 ) = 0p (1) (by the CLT)

and since 7 — 0y = op (1), it follows that the second term in (5) is op (1). Thus, identification is
achieved at the second order. In particular, Assumption 6(ii) guarantees that Rp (0T> is an Op (1)
term that is not op (1), implying that 7/4 (éT — 90) =0p(1).

To describe the asymptotic distribution of Jr we need to introduce some additional notation.
Following D&R (2013), let

Zr(0o) = (%Wﬁ@ﬂ@o))

1<i,5<p



denote a symmetric random p X p matrix whose limit in distribution is given by the following random

Gaussian matrix
9%p' (6o)
Z(X)=| ———WX
(X) (69i89j w > ’

1<i,5<p

with X ~ N(0,). Similarly, define the RP-indexed stochastic process
1
J(v) = X'WX + X'WG vec (vv') + Evec’ (vv') WG vec (') (7)

where v € RP and note that the sample paths of .J are continuous functions of v.

Theorem 2.3 If Assumptions 1-6 hold, then as T — oo,
Jr % J = min J(v).
vERP

and the function x — P (J < x) is continuous at x, for all x € R.

The first part of Theorem 2.3 extends Theorem 3.1 of D&R (2013) to the case of general moment
conditions satisfying Assumptions 1-6. In particular, we do not restrict ourselves to quadratic functions
of 6. The second part of this theorem is new. It shows that the asymptotic distribution of Jp is
continuous. This result is essential to prove that the bootstrap methods that we introduce in this
paper (see Sections 4) are uniformly consistent. Regarding the first part of Theorem 2.3, the main
insights of D&R’s (2013) proof remain valid here. Specifically, we consider the following stochastic
process indexed by v € RP,

Jr (v) = Tyr <¢90 + T*1/4v>/ Wribr (90 + T71/4’U> ;

where v is implicitly defined as v = T4 (0 — 6), with § € O. Let £ (K) denote the space of
bounded real-valued functions on a compact subset K C R?, equipped with the supremum norm
supyek |7 (v)|.2 We show in the Appendix that Jp = J in £*° (K) for every compact K C R?,
which is equivalent to E (h(Jp)) — E (h(J)), for any h : £*°(K) — R bounded and continuous
with respect to the sup norm. Let oy = T/4 (éT — 00) . Since jT = Jr (or) = minyep, Jr (v),
where Hy = {v ERP:p=TV4 (6 —6p),0 € @} is such that Ur>oH7r = RP, uniform tightness of
O € argmin,ep, Jr (v) and of ¥ € argmin,egre J(v) suffice to show that the minimum of Jr (v)
converges in distribution to the minimum of J (v) (see Lemma B.5 of D&R (2013)).

Theorem 2.3 provides the asymptotic distribution for the GMM overidentification test statistic jT
under second-order local identification (the standard case where Wy B W =3 is included as a
special case). As it makes clear, and as was already discussed by D&R (2013) in the context of the test
for common conditionally heteroskedastic features, the lack of first-order identification implies that this
distribution is no longer the standard chi-squared distribution with H — p degrees of freedom. Instead,

the correct distribution of Jp is the distribution of J which, as we show in this paper, is continuous.

*Note that for given w € €, the sample paths of v + J (w,v) and v = Jr (w,v), v € K are elements of £ (K).
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Except for the special case when p = 1, for which D&R (2013) showed that this distribution is a
fifty-fifty mixture of x2, and x%_,, critical values of J are not available. This is the main motivation

for proposing the bootstrap.

3 Asymptotic inconsistency of the standard bootstrap distribution

Given Assumption 1, we let {X; :t=1,...,T} denote a (conditionally) i.i.d. bootstrap sample ob-
tained by resampling with replacement the original sample Xr = {X;:t=1,...,n}.3 A standard
application of the bootstrap for GMM estimators involves recentering the bootstrap moment condi-
tions by subtracting the term* E* (w (Xt*, éT>) from 1 ST 4t (X, 6) when defining the bootstrap

criterion function, i.e.
Q7 (0) = i r (0) Widir (0),
where W7 is a symmetric positive definite weighting matrix that may depend on the bootstrap sample

and
T
Gip(0) = T7'Y 4 (X7,60), with
t=1

Ve (X7,0) = 0 (xG.0) B (v (xX7.0r)).
Letting 7 (0) = ¢ (X{,0) and ¢}, (0) = Y. (Xf,0) for t =1,...,T and 0 € O, it follows that
w2, (0) =i (0) — B (v7 (0r)) -
Recentering ensures that the bootstrap moment conditions are equal to zero when evaluated at the

“true parameter” Or, i.e. that we have E* (_C’T <9T>> = 0. Instead, by the properties of the i.i.d.

bootstrap, without recentering, we have that

(1= (s N g .
E (T;m (9T)> 72 (0r) = T2 (x1.6r),
which is not necessarily zero when the model is overidentified.

As shown by Hahn (1996), recentering of the moment conditions in the bootstrap world is not
necessary for the consistency of the bootstrap distribution of the bootstrap GMM estimator. (See
also Lee (2014).) Nevertheless, it is important to obtain asymptotic refinements for bootstrap tests
and intervals based on Wald tests, as first shown by Hall and Horowitz (1996) and further studied
by Andrews (2002) and Inoue and Shintani (2006), among others. For bootstrapping the distribution

of the overidentification test, recentering is crucial even for first-order asymptotic validity of the

3Under weak dependence of {X¢:t=1,...,T}, a block bootstrap would be appropriate. We do not consider this
possibility here because our focus is on the impact of the first-order local underidentification on bootstrap validity rather
than on the impact of weak dependence.

4Here and throughout, we let E*,Var* and P* denote the bootstrap expectation, variance and probability measure
induced by the resampling, conditional on the original sample. Appendix B gives more details on these bootstrap
definitions.
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bootstrap. This was discussed by Brown and Newey (2002), who proposed using a weighted bootstrap
scheme, where the bootstrap probabilities are the implied empirical likelihood probabilities instead of
the empirical probabilities given by 1/7.

The goal of this section is to study the asymptotic properties of the standard GMM bootstrap
when local identification is achieved at the second order as described by Assumption 6. The bootstrap

GMM estimator and the corresponding overidentification test statistic are defined as
O = avgmin Q7 (0) and Jj = Ty (07 ) Wi (07)
c ; :
We require W7 to converge to W under the bootstrap measure P* with probability P approaching

one, i.e. Wr. Bwin prob-P (see Appendix B for the formal definition of this mode of convergence).

One possible choice for W7 which is covered by our assumptions is the inverse of
1 & . .
T D e (00)0E (07 (8)
t=1

where GN} is a first-step GMM estimator.
Our first result shows that é} is consistent for 6y under P* with probability approaching one.

Given Proposition 2.1, this result implies the usual result that é} is consistent for éT in probability.

Proposition 3.1 Under Assumptions 1-6 and if W 2w oin prob-P, then é:’; — 0y = op~ (1) in
prob-P.

The proof of this result is rather standard and requires showing that supgeg |Q7 (f) — Q (0)| =
op (1) and supgee |@% (0) — Q7 (8)| = op« (1) in prob-P. This together with the fact that 6 is the
unique solution to the moment conditions p (6) = 0 (and hence the unique minimizer of @ (6) over ©)
deliver the result.

Our next result shows that the standard GMM bootstrap method does not consistently estimate the
distribution of J. Specifically, we show that the unconditional limiting distribution of the bootstrap
overidentification statistic .]Aq*ﬂ does not coincide with the asymptotic distribution of Jp. To simplify
the arguments, we consider only the case where p = 1, but the asymptotic invalidity of the standard
bootstrap method extends to the general case p > 1.

Because our proof of invalidity is based on the unconditional distribution of f:*;, we need to intro-
duce the joint probability measure P = P x P* that accounts for the two sources of randomness in j}
the randomness that comes from the original data (and which is described by P) and the randomness
that comes from the resampling, conditional on the original sample (described by P*). See Appendix
B for more details on the properties of P and its relation to P* and P.

To characterize the bootstrap distribution of j}, we introduce the following stochastic process

indexed by v € R,
n N 1/4 ! n ) 1/4
Tp () = TPy (9T + 7V v) Wi (eT VY v) :
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where v is implicitly defined as v = T'V/4 (0 — éT>, with § € ©. Note that
J3 = J3 (0%) = min J} (v),

veV

where Vp = {v eER:v=TY" (9—0}) ,0 € @}.
Theorem 3.1 Suppose that the assumptions of Proposition 3.1 hold with p = 1. It follows that:

(i) |

0 — 00| = O (T71/4).

(ii) There exists at least one subsequence of
(ﬁ?/_}T (6o) , VT (1/_1} (6p) — 7 (00)) T4 (éT — 90> ,TYA <é} — éT>) which converges in dis-
tribution under P towards (X, X*,V,U*), where X and X* have the same distribution N(0,3),
X* is independent of (X,V), and P(U* # 0) > 0.

(iii) Along that same subsequence, J3 converges in distribution under P towards J* = minyeg J* (v),

where

1 ! 1 1 ! 1
J*(v) = (X* — 2GV2> W (X* — 2GV2) + (X* — 2GV2) WGv? + 1G’WGU‘*.
(iv) If, in addition, W = X1, then E(J*) = E(J) — i

Part (i) of Theorem 3.1 shows that the convergence rate of 65 — 6 is T—'/* whereas part (i) shows
that this rate is sharp. Thus, the standard bootstrap method replicates the convergence rate of the
GMM estimator despite first-order underidentification. Nevertheless, and as shown by part (iii), the
limit process of Jr(v) does not look like the unconditional limit of the bootstrap process J7.(v) since
the latter depends on V2, the limit distribution of \/T(éT — 00)2. This is a strong indication that the
minima (J, and J*) of these limit processes may not have the same distribution. This is precisely the
point made by part (iv) which, for W = X 7!, shows that the expected values of these minima differ by
1/27, which in particular implies that the standard bootstrap distribution is asymptotically biased.

The main reason for the inconsistency of the standard bootstrap distribution of the overidentifica-
tion test is that while the sample mean of the Jacobian matrix of the estimating function evaluated
at the population value 6y, d9(6y)/d¢’, is of order Op(T~1/?), its bootstrap analogue is of order
OP(T_l/ 4). This rate is not fast enough to make the terms depending on this Jacobian matrix van-
ish from the expansion of the bootstrap test statistic, creating a discrepancy between the limiting

distributions of the original statistic and its bootstrap analogue.

4 Modified bootstrap moment conditions

In this section, we propose two alternative modifications to the standard GMM bootstrap. Both

alternatives involve a double recentering of the bootstrap moment conditions. This double recentering
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ensures that not only the bootstrap expected value of the bootstrap moment conditions at éT is zero,

but that the bootstrap expected Jacobian matrix at éT is also zero.

4.1 The corrected GMM bootstrap

The first method considers the following bootstrap moment conditions,

i o) =i 0) - (v (0r)) - E ( i (0 )) (0=dr),

where ¢:(1) @) = v (X;,0) for any t = 1,...,T and § € ©. Thus, we recenter the original boot-
strap moment function ¥} (0) = ¢ (X, 0) twice: first by subtracting off its bootstrap expected value
evaluated at éT (as in the standard GMM bootstrap), and second by subtracting off the product of
the expected bootstrap Jacobian matrix evaluated at 1 with the factor § — 6. We call this method
the “corrected” GMM bootstrap. Similarly to the standard GMM bootstrap, we have that

(i (0) =0

which ensures E* (1/_1;(1) (0)) = 0 when 6 = 0, where 1/_1;(1) 0) =13, djf(l) (0) . Nevertheless,
and contrary to the standard GMM bootstrap, the second recentering ensures that the expected value

of the bootstrap Jacobian matrix

()i (20)

is zero when 6 = fp. Thus, the corrected GMM bootstrap is able to mimic the lack of first-order

identification at 6y that affects the original moment conditions.
Let

“W9) = 30 (o) Wy (0,

where W*(l) is a symmetric positive definite weighting matrix that may depend on the bootstrap
sample. The modified bootstrap GMM estimator 6, () is defined as the minimum of Q*( ) (0 (0) over

0 € O. The corresponding overidentification test statistic is given by
2x(1 (1 ~x(1 *(1) 7%(1 ~x(1
JT( ) _ TwT( ) (GT( )) WT( )wT( ) (GT( )) )

We note that since E* ( %w: @ (éT>) = 0, the second recentering term ensures that \/T&Z;(l) (éT) /06" =
Op+ (1) in prob-P, thus mimicking the fact that v/T9¢r (6g) /06’ = Op(1) under first-order underi-
dentification.

We first show that é;(l) is consistent for fy under the bootstrap probability measure P* with
probability approaching one. We impose the additional moment condition, which is a strengthening

of Assumption 4(ii).

Assumption 7 E (SuPee@ Haw(a);;:,e) “)
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This assumption is not particularly restrictive when % is a polynomial function of # as in Examples

2.1 and 2.2. In this case, since © is compact, it is not needed if Assumption 4(ii) is maintained.

Proposition 4.1 Under Assumptions 1-7, if W;(l) 2w oin prob-P, then é;(l) = Oy + op~(1) in
prob-P.

Given Proposition 2.1, Proposition 4.1 implies that é;(l) = 01 + op- (1) in prob-P. The next result
shows that the convergence rate of the bootstrap GMM estimator é;(l) is T~/4 and that this rate is
sharp.

Proposition 4.2 Under the same assumptions as in Proposition 4.1, (i) ‘ é;(l) - éT“ = Op+ (T’1/4)

in prob-P, and (i) T4 (é;(l) - éT) has at least a subsequence that converges in distribution to some
random variable V* under P*, a.s. -P, such that for some § >0, P (||V*]| # 0) > 4.

Part (ii) shows that f}:*p(l) =714 (é;(l) - éT) is not op= (1), a.s.-P, which suffices to show that the
rate of convergence derived in (i) is sharp. Next, we show that the modified bootstrap statistic j;(l) has
the same asymptotic distribution as jT, the original test statistic, under first-order underidentification.

To characterize the bootstrap distribution we introduce the following stochastic process indexed by
v € RP,

Tk A — / * Tk - —
J;(l) (v) = Tqu}Tu) (HT LA 1/41)> WT(IWJT(I) <9T +T 1/47}) :
where v is implicitly defined as v = T'V/4 (0 — éT>, with § € ©. As before, note that

2x(1 *(1 ~k(1 . *(1
JT( ) _ JT( ) (UT( )) _ 52‘1}; JT( )(v)’

where Vp = {v ERP:p=TY4 (9 — éT> ,0 e @}. Our first result shows that conditionally on the
original sample, J;(l) (v) converges weakly to J (v) in £*° (K) in probability for every compact K C RP.
This is denoted as J;(l) ="" J in ¢ (K), in prob-P, and it means that E* (h (J;(1)>) — E(h(J))

in prob-P for any h : £*° (K) — R bounded and continuous with respect to the sup norm.

Lemma 4.1 Under Assumptions 1-7, if W;(l) Bw in prob-P, we have that J;(l) (v) =" J(v) in
¢ (K), in prob-P.

Lemma 4.1 is instrumental in deriving the following result.

Theorem 4.1 Under Assumptions 1-7, ifW;:(l) B Win prob-P, we have that (i) j;(l) LN min,ere J(v) =

J,in prob-P, and (i) sup,cp P*(j;(l) <z)— P(Jp <z)| =0, in prob-P.

Theorem 4.1 shows that the bootstrap distribution of the corrected bootstrap overidentification
test statistic j;(l) is consistent for the distribution of the original statistic Jp. This result justifies using

the corrected bootstrap method to compute the critical values of Jp when testing for overidentifying
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restrictions, which is particularly useful when p > 1, for which there is no closed form expression for
the asymptotic distribution of Jp.
Letting ¢} (1 — o) denote the 100 (1 — «) % quantile of the bootstrap distribution of j;(l), Theorem

4.1 implies that the bootstrap test has correct pointwise asymptotic size in the sense that
lim sup Pr(pg,) (jT > ¢p (1 — a)) = a,
T—o00

where Pr(pg,) denotes the probability of the indicated event for a given distribution of the data (as sum-
marized by P) and a true parameter value §y. Note that under our set of assumptions, pointwise valid-
ity of the test implies uniform validity (in the sense that lim supy_, .. sup(p,g,)Pr(p,90) (jT > (11— a))
«). This is true because we assume that the Jacobian matrix is nil at §p (whatever value of 6y is)
and therefore we rule out the possibility that there is a discontinuity of the asymptotic distribution of
the overidentification test. If we were to relax this assumption, then a discontinuity in the asymptotic
distribution of J would arise and pointwise results would not necessarily imply uniform results. Next,
we offer a brief discussion of what happens if we relax Assumption 6(i).

Consider the special case where p = 1, where relaxing Assumption 6 (i) amounts to allowing
for the possibility that the Jacobian is either non-zero (and of rank 1) or zero (and of rank 0). In
the first case (which is the regular case), Jr is asymptotically distributed as X%I—l whereas in the
second case it is asymptotically distributed as a fifty-fifty mixture of x% and x%_, (as shown by D&R
2013). Take a fixed value of 6y such that the expected Jacobian matrix is either zero or non-zero
and consider a bootstrap test based on the modified moment conditions. Given that by construction
\/T(?J};(l) (éT> /00" = Op~ (1) in prob-P, we can verify that the conclusion of part (i) of Theorem 4.1
holds without Assumption 6(i) provided the bootstrap estimator converges to 6y in probability, i.e.
é:*r(l) = 6y + op+«(1) in prob-P. Letting D = E (9¢(X3,6p)/00") , we can show that this is the case if
the equation E (¢(X¢,0)) — D(0 — 6y) = 0 is uniquely solved at 6 = 6. Under these conditions, the
bootstrap distribution is asymptotically equal to a fifty-fifty mixture of x% and x%_;, independently
of whether the Jacobian is zero or not, and since the critical values from qufl are smaller than those
from the mixture, we can conclude that the bootstrap is pointwise valid in this case (in the sense that
its asymptotic size is smaller or equal than the nominal level).

When p > 1, asymptotic (pointwise or uniform) validity of the bootstrap is even harder to explore
when we relax Assumption 6 (i). The main reason is that in this case a failure of the rank condition
of the expected Jacobian matrix is equivalent to the rank being any integer 0 < r < p — 1. Although
the bootstrap distribution of j} is still consistent towards the distribution of J, it is hard to compare
the critical values of this distribution with the critical values of Jp when r takes any value from 0 to
p. However, if we consider the case where r = p (which amounts to the regular situation of full column
rank), a sufficient condition for our corrected bootstrap method to be pointwise valid is that the critical
values of J are larger or equal to those of a X%rfp distribution. We can show that J stochastically

dominates Xszrank(G)’ implying that the modified bootstrap method we propose is (pointwise) valid
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when the Jacobian matrix is of full column-rank if rank (G) < p. D&R (2013) show that this condition
is verified for Example 2.1 (see their Lemma 3.1).

Because our bootstrap methods are based on knowing the rank of the Jacobian matrix, they are
not designed to be uniformly valid against departures of this assumption. Whether they remain valid
in this more general context is a challenging question left for future research. A recent paper that
proposes specification tests that are uniformly valid and robust to the rank deficiency of the Jacobian
matrix in the context of moment (in)equality models is Bugni, Canay and Shi (2015).

To end this section, we now discuss the power properties of the proposed tests. We consider fixed
alternatives under which the model is not correctly specified in the sense that no parameter value
in the parameter space © solves the moment condition model, i.e., u(6) = E(yx(0)) # 0, V0 € ©.
In this case and as mentioned by D&R (2013), Jr diverges to infinity, which guarantees that the
overidentification test is consistent under fixed alternatives. This together with the fact that we
can show that the bootstrap statistic j;(l) is Op~« (1), in prob-P, under the alternative, imply the
consistency of the bootstrap test. To see why j;(l) is Op~ (1), in prob-P, note that

j;(l) - quj;(l)/ g;}(l)) W;(l)z/?}(l) (g;(1)>
T@Zé}(l)/ éT) W;(l)vﬁ;(l) (éT)
T (95(6r) - 920n) Wi (536r) - 92 (0))

IN

with ¢4.(0) = %ZtT:l ¥ (#). Under our assumptions, vT (&}(égp) - @T(éT)> = Op+(1), in prob-P,
implying the result.

4.2 The continuously-corrected GMM bootstrap

The second modification we consider is based on the following modified moment conditions:
*(2) _ * _ * * A o * i * _ ~
i@ 0 =t 0) - £ (v1 (6r)) - £ (501 ©)) (0~ ).

where the expected bootstrap Jacobian matrix is evaluated at 6 instead of éT. Because this bears
a resemblance with the continuous-updated GMM, in which the weighting matrix is evaluated at 6
and not at O, we call this method the “continuously-corrected” GMM bootstrap. As our simulations
show, the finite-sample null rejection rates of this method are closer to desired nominal level than
those of the corrected bootstrap method, which is our main motivation for studying its theoretical
properties here.

The Jacobian matrix of 1/);(3) (0) (h=1,...,H) is given by

6 * 8 % * 62 * ) * a *
a0 hft2) ) = %d’h,t 0)-F ((%89,¢h,t (0)> (9 B QT) -k (%wh’t (9)) ’
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implying that its bootstrap expectation at § = éT is also equal to zero:

< 1/’*(2)( )) = F (gewzvt (éT)> -F <aeaefwht( )) (éT_éT>
B (aaa%t (éT)> = 0.

The set of moment conditions that the “continuously-corrected” GMM bootstrap implements, 1 (2)( 0),

converge uniformly towards a modified set of moment conditions given by

B (@ (x0,0) = Bw(x1,0) - 8 ( 24 0 00,

where we let

0¢(x,0)
a6’

To ensure that these modified moment conditions identify 6y, we need to impose the following assump-

O(x,0) =(x,0) — (0 —6).

tion.
Assumption 8 6 is the unique solution to the equation E (® (X1,0)) = 0.

Assumption 8 imposes the restriction that fy, the parameter vector that uniquely identifies the
original moment conditions given by Assumption 2, also uniquely identifies the modified moment
conditions E (® (X7,6)) = 0. One leading case where this requirement is satisfied is when the original
moment conditions 1 (z,0) are quadratic in € and and the expected Jacobian matrix is nil at 6.
Actually, in this case, E(®(x,0)) = —E(y(x,)), for all §. Note that the test for common conditionally
heteroskedastic features (Example 2.1) fits into this category. It is also worthwhile to mention that
E(®(x,0)) = 0 has the same local identification properties at 6y as E(¢(z,6)) = 0. In particular, we

can see that

B(2E) ot fo-ore (P28 0] —oe-m

Under Assumptions 1-8, we can show that é;(z), the bootstrap GMM estimator that minimizes
*(2 Tx(2 *(2) 7x(2
A ORRARE O A OF

over § € O, is consistent towards 6y. Here and throughout, W;(Q) denotes a symmetric bootstrap

random weighting matrix that converges to W in probability P*, in prob-P.

Proposition 4.3 Under Assumptions 1-8, if W;@) W oin prob-P, then é;@) = Oy + op~(1) in
prob-P.

Given é;@), we can form the bootstrap overidentification test statistic

J® Tw*@)’( e ) WA g (g;(z)).
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To show that the bootstrap distribution of j;@) is consistent for the distribution of jT, we need to

impose the following additional regularity condition, which strengthens Assumption 4(i).

Assumption 9 {¢ (z,0)} is three times continuously differentiable with respect to 6 in a neighbor-

hood N of 6y for all z in the support of X; and F (SUPeeN Hﬁzjaew (Xl,b’)H) < oo for all
ii=1,....p.

Note that this assumption is trivially satisfied by Examples 2.1 and 2.2 since their respective estimating

functions are quadratic in the parameters.

Theorem 4.2 Under Assumptions 1-9, the conclusions of Theorem 4.1 hold with j;(l) replaced with
j;@) provided W;(Q) B W in prob-P.

Theorem 4.2 is the analogue of Theorem 4.1 for the continuously-corrected GMM bootstrap (and
the same remarks apply here regarding the implications for pointwise/uniform validity and power
properties of the test). As the proof in Appendix B shows, it follows by establishing the analogues of
Proposition 4.2 and Lemma 4.1 for this bootstrap method.

4.3 Extension to rank deficient but non-vanishing Jacobian matrix

So far we have focused on the particular case where first-order local identification failure is expressed
in the form of a null Jacobian matrix at the true parameter value. The goal of this section is to show
how our bootstrap methods can be adapted to the case where the Jacobian matrix is rank deficient
but different from zero, as in Example 2.2.

Suppose that

0
Rank (85/(90)> =r, 0<r<p.

Dovonon and Renault (2009) study the asymptotic properties of the overidentification test statistic
in this setting. They show in particular that when r = p — 1, Jp is asymptotically distributed as a
fifty-fifty mixture of X%hr and X%Lp When r < p— 1, the asymptotic distribution of Jr lies between
x%_, and x%[_p with non-tractable critical values. In this case, it is possible to perform conservative
tests with the X%[_T bound.

In order to apply the bootstrap to this context, we need to modify the bootstrap estimating
function. Consider first the simpler case where the Jacobian matrix is full rank in the first r directions
and nil in the last p — r directions. More specifically, suppose that we can write 6 = (6], 95)/, where
01 is a r x 1 vector and 62 an (p — r) x 1 vector and

Rank (5&(9@) =r, and 592(90) =0.
In this case the second recentering of the bootstrap estimating function shall be applied only in the

direction of #3. In particular, for our first bootstrap method, the estimating function used in the
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bootstrap shall be:
(00 = ui(0) — £ (41000) B (501 0n)) (602 bor)
A similar correction works for the continuously-corrected bootstrap method based on 1, @ (0) with
the only difference that the bootstrap Jacobian matrix with respect to 5 is left as a function of 6
instead of being evaluated at Or.
In general, a clear rank partition of the Jacobian matrix might not exist. But, since the null space

of %(90) has dimension p — r, there exists a p X (p — r) full-rank matrix R such that

Let R; be any p x r matrix such that R = (R1|R2) is a p X p nonsingular matrix and consider the
parameterization 7 = R™'0. Given R, it is obvious that the GMM overidentification test statistic is

invariant when computed using the moment condition

p(n) = E(¢(X¢, Rn)) =0

and the GMM estimator of 7 is iz = R™107. The true value of 7 is 79 = R~ '0y. Let n = (1}, n})’ €

R"™ x RP~". Clearly, 9p(mo) %Rl is full rank while %77,0) = %Rg = 0. In this context, the
2

any
bootstrap estimating function is given by
1 . 5 «f 0 5 .

60 = w(xt Ra) — B (67 0n)) — B (501 60) ) Ralo = ). Q
where 7op is the last (p — r) components of 7p. To implement the continuously corrected bootstrap,
we can replace fp in the first-order derivative by Rp.

In applications, R has to be estimated in general. Next we show that the modified bootstrap
based on (9) is still asymptotically valid when we replace R with a consistent estimator R and local
identification is ensured at the second order.

We replace Assumption 6 with the following more general local identification assumption.
Assumption 6’

1 ank ( 557(0p) ] = rfor some 0 < r < p. It r =0, let R = Ry = an 1 =0;1fr =p, let

i) Rank (55(6 f 0 Ifr=0,let R =Ry = I, and Ry = 0; if 1
R = Ry = I and Ry = 0. Otherwise, let R = (R1|R2) be a p x p nonsingular matrix such that
Rank (%(9@&) — 7 and 22 (69) Ry = 0.

(ii) For all u in the range of %—%,(90) and for all v in the null space of its transpose, we have that

Ip /82Ph
— (6 u+(v (6o)v =0]=(u=v=0).
(aef 0) 0000"""°"") | cherr

Assumption 6’ generalizes Assumption 6 by allowing for any rank configuration of the expected

Jacobian matrix as long as this is known information. The focus of this section is on the intermediate
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rank deficiency case where 0 < r < p, but Assumption 6’ includes also as special cases r = 0 (studied
in the previous section) as well as » = p (the standard full column rank case). Part (ii) is the second-
order local identification condition of Dovonon and Renault (2009). If » = 0, this condition boils down
to our previous Assumption 6(ii). Assumption 6°(ii) is fulfilled by Examples 2.1 and 2.2 because the
moment conditions involved are globally identified with second-order polynomial (in parameters) as
estimating functions.

Let G, be the H x (p — r)? matrix such that, for all v € RP™",

V'R, & (60) Rov = G,vec(v’)
0006’ L\ <h<H

and
1 N /2 1/2 1 /
Ji(v) = | X + §Grvec(vv ) ) WHYMW X+ iGrvec(vv ),

where X ~ N(0,%) and M = Iy — WY2D(D'WD)"'D'W'/2, D = 2% (9y)R;.

In general, when 0 < r < p, R is unknown and is not unique while a consistent estimator is required
to implement the bootstrap algorithm. For this purpose, it is useful to fix one candidate that can be
consistently estimated. Since dp(y)/96¢’ is of rank r, it has r rows that are linearly independent. Let

us assume, up to rearrangement of its rows and columns, that
dp ([ My Mo
7/<90) — )
a0 My Moo
where M1 is an 7 X r nonsingular matrix and M;;’s have conformable dimensions. Let
M ~M M
R1—< }1), R2—< 1 12>, and R = (R |Rz).
M, Ip—r
It is not hard to see that this choice of R fulfills the requirements of Assumption 6’(i). Also, R is a
continuous function of the Jacobian matrix dp(6y)/06 and a consistent estimator of R can be based

on any consistent estimator of dp(6y)/00’, e.g. its sample mean analogue evaluated at the GMM

estimator of 6.

Remark 1 It is possible that 9p(6p)/00" is known to be of rank r (0 < r < p) but its analysis does
not make easily transparent a candidate nonsingular r X r submatriz M1, on which one can base the
estimation procedure previously described. In this case, one can rely on the tests for rank of matrices
proposed by Cragg and Donald (1997) and Wright (2003) that can be sequentially applied to detect the

relevant submatriz.

We have the following result.

Theorem 4.3 Assume that Assumptions 1-5, 6 and 7 hold and W}(l) it W in prob-P. Let R be a

consistent estimator of R and let j}f? denote the bootstrap test statistic based on (9) with R replacing
R. Then: (i) J}*f? N min,ecgp—r J1(v), in prob-P, and (ii) sup,ecp P*(j;(ll) <z)—P(Jp<z)|—0,

in prob-P.
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Theorem 4.3 generalizes Theorem 4.1 by allowing for the possibility that the expected Jacobian
matrix has an intermediate rank deficiency where 0 < r < p. In this case, the theorem shows that
using the bootstrap estimating function (9) with R in place of R is asymptotically valid provided
R is consistent for R. Note that when r = 0, R = Ry = I, and Ry = 0, which implies that (9)
is equivalent to the bootstrap estimating function underlying the corrected bootstrap studied in the
previous section. Similarly, when r = p, R = Ry = I, and Ry = 0, in which case (9) is equivalent to
the standard bootstrap estimating function of Hall and Horowitz (1996). Thus, Theorem 4.3 shows
that the bootstrap is asymptotically valid for any value of r provided we know it and can use this

information to design the bootstrap estimating function.

Remark 2 FEven though the stochastic process Ji(v) depends on a specific choice of parameteri-
zation matriv R = (Ry | Ra), the limit distribution of the GMM overidentification test statistic,
min,cgrp—r J1(v), does not depend on R. This is due to the fact that any candidate choice of pa-
rameterization matriz, say R, can be written R = (R1Q1 | RoQ2) where Q1 and Qy are (r,r) and
(p — r,p — r) nonsingular matrices, respectively and it is not hard to see that replacing R by R in
the definition of Ji(v) does not change its minimum. This does not come as a surprise since the test
statistic itself, as already mentioned, is not sensitive to such parameterizations. Nevertheless, one has
to rely on a given parameterization to obtain the bootstrap critical values even though, similarly to the

bootstrap test statistic, they are insensitive to any specific parameterization.

We can use similar arguments to show the asymptotic validity of the continuously corrected boot-
strap under Assumption 1-5, 6’ and 7-9, provided Assumption 8 is rewritten as: “E(®(z,n)) = 0 is
uniquely solved by n9 = R0y, with ®(z,n) = ¢ (z, Rn) — %(m, Rn)Ra(n2 — no2)”. As previously
mentioned, this condition is not restrictive if the estimating function is quadratic in the parameters
as in our two examples.

Theorem 4.3 can be applied to Example 2.2 by setting:

0 —o02 0 —02-0o? 1/0?

-1 0 0 0 0
R, = 0O -1 0 -1 , and Ry=| —o03/0?

0 0o -1 -1 -1

0 0o -1 0 1

Consistent estimators of Ry and R can be obtained using GMM estimators of o and o2.

5 Monte Carlo simulations

In this section, we illustrate the finite-sample properties of the proposed tests in the context of testing
for common conditionally heteroskedastic factors. Specifically, we consider an n x 1 return vector Y;41

with the following conditionally heteroskedastic factor representation,

Yit1 = AR + Uy, (10)
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where A is the n x K matrix of factor loadings, F;y1 is the K x 1 vector of conditionally heteroskedastic
and mutually independent factors and Uy 1, the n x 1 vector of idiosyncratic shocks. We let Uyy1 ~
iid. N(0,al,), where a is a constant that determines the signal-to-noise ratio and I,, denotes the

n X n identity matrix. The generic component fi11 of Fy;; follows a Gaussian-GARCH model,
fir1 = 01141, 02 =w+aff +Bol; w,a,B>0and g ~iid. N(0,1).

In addition, &; and U; are mutually independent and independent of {F, Y, : 7 < t}.
Let §¢ be the increasing filtration given by the sigma algebra generated by returns heteroskedastic

factors up to date t. We have:
Var(Yt+1|3t) = ADtA/ + Q,

where ) = al, is the conditional variance of U,y and D, is the diagonal K x K matrix of af’s. If
K = n, there are no common conditionally heteroskedastic features for the returns in Y;;; whereas
K < n implies that the returns have common conditionally heteroskedastic features (see Example 2.1).

We will test for common conditionally heteroskedastic features in Y; 11 using the moment condition
(2) or more precisely its equivalent form exploited by D&R (2013), namely: Cov(z, (8'Y;41)?) = 0.
However, this moment restriction is not feasible since ¢(f) = E((#'Y;4+1)?) and E(z;) are unknown in
general. As suggested by D&R (2013), we consider the feasible moment restriction that replaces these

population means by their sample counterparts:
Ho: B (Y (9)) =0, by (8) = (20— 21) (i) — e 9))

with e7 (0) = T—1 Zthl (0'Yis1)? and zp = % Zthl z¢. In order to globally identify 6, a normalization
on @ is imposed. We follow D&R (2013) and assume that 327" 6; = 1 and set 6, = 1 — 7~ §; in
our derivations. Therefore, p = n — 1 in our applications.

We consider models with n = 2 and 3 asset return series and vary K, the number of factors,
between 1 and 2 for n = 2 and 2 and 3 for n = 3. Each factor follows an independent GARCH(1,1)
model as specified above with w; = 0.2, a; = 0.2 and 81 = 0.6 for the first factor; wy = 0.2, g = 0.4
and (B2 = 0.4 for the second factor, and wg = 0.1, ag = 0.1 and B3 = 0.8 for the third factor. The
conditional variance-covariance matrix of the idiosyncratic errors Uyt is = al,, where a = 1/2 and
a = 1, corresponding to relatively high and low signal-to-noise ratios, respectively. This yields a total

of 8 simulation designs, which are summarized in the following table.
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Table 1: simulation designs

Number Number Factor Signal-to-noise ratio: «a
of assets: n of factors: K loadings: A Q=al,
Design 1 2 1 ( ! ) 0.5
0.5
1 0
Design 2 3 2 1 1 0.5
0.5 0.5
Design 3 2 1 1 1
(0s)
1 0
Design 4 3 2 1 1 1
0.5 0.5
Design 5 2 2 I 0.5
Design 6 3 3 I3 0.5
. 1 0
Design 7 2 2 ( 05 1 ) 1
1 0 2
Design 8 3 3 1 1 0 1
0.5 05 2

The first four designs correspond to models that have either 2 or 3 assets and where the number of
factors is one less than the number of assets so that the null hypothesis of a common heteroskedastic
factor is true. In particular, the factor loading matrix A is of dimension n x K with K =n —1. Given
the normalization of 6, the moment conditions tested by Hg have only one solution for these designs
so that global identification of the co-feature vector is ensured and our theory applies. Designs 1 and 2
were considered by D&R (2013) and correspond to a relatively high level of signal-to-noise ratio with
a = 0.5. Designs 3 and 4 are new and correspond to a lower signal-to-noise ratio a = 1. Fiorentini,
Sentana and Shephard (2004) considered both scenarios in their seminal paper on the estimation of
conditionally heteroskedastic factor models. Designs 5 through 8 simulate models under the alternative
hypothesis that there are no common factors among the n assets so that K = n. The factor loadings
and the value of € is the same as in D&R (2013) for designs 5 and 6; designs 7 and 8 correspond to
a=1.

The GMM estimations are carried out with H = 2 and z; = (th, Y22,t)/ for the designs with 2 assets,
and with H = 3 and 2z = (Yﬁt, Yz%t, Yg%t)/ for the designs with 3 assets. The sample sizes start with
T = 50,500,1000 and then increase by increments of 1000 up to 20,000. Because the convergence
rate of the GMM estimator is T%/4, it is important to allow for sample sizes larger than usual to
evaluate the performance of the methods in this context. The simulated rejection rates, computed at
the nominal level of 5%, are based on 10,000 Monte Carlo replications with 399 bootstrap replications
for each Monte Carlo replication throughout. Figures 1 through 8 contain the results.

The bootstrap samples consist of random draws with replacement® of T'— 1 realizations (Y, 2)

5This i.i.d. bootstrap scheme is justified by the fact that the estimating function 1) 7(f) has its sample mean
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from {(Y2,21), (Y3,22), -+, (Y7, 27-1)}. The bootstrap estimating function is given by
ir(0) = (27 — 2r)(0'Y, — er(9)).

The standard bootstrap (labeled as “BootST” in the figures) and the modified bootstrap methods
proposed in Section 4 are considered. The choice of the weighting matrices is done according to (8)
with ¢} () replaced by 1, M (-) and v, (2)(~) for the corrected (“Boot-(1)”) and continuously-corrected
bootstraps (“Boot-(2)”) , respectively.

For comparison purposes, we also include asymptotic-based tests. For the designs with 2 assets
(cf. Figures 1, 3, 5 and 7), the number p of parameters in 6 is equal to 1. Thus, the resulting
overidentification test statistic is asymptotically distributed as a fifty-fifty mixture of x? and x3 when
the null is true (cf. Designs 1 and 3). Rejection rates obtained with this asymptotic distribution are
labeled as “Asymp”. For the designs with 3 assets (cf. Figures 2, 4, 6 and 8), p = 2 and therefore
we do not know the critical values of the null limiting distribution of Jr in this case. However, as
suggested by D&R (2013), this test can be carried out conservatively using the quantiles from x3. We
label these results as “Chi2-3”. We also include the rejection rates associated with the standard x?
critical values (H = 3 and p = 2 implies H —p = 1). Alternatively, we can simulate critical values from
the limiting distribution J = min,ecgre J(v), where the stochastic process J (v) is defined in (7) and
depends on unknown quantities (such as ¥ and @) that need to be replaced by consistent estimates.
When p is relatively small (as in our designs with 3 assets, where p = 2), this approach is a feasible
alternative to the bootstrap, but it might become computationally very demanding when p is large
due to the fact that we need to minimize J (v) over v € RP. Results obtained with this approach are
labeled as “Sim-Asymp” in Figures 2, 4, 6 and 8.

As mentioned already in the Introduction, another approach to conduct overidentification tests
under first-order underidentification is to exploit the information contained in the zero Jacobian matrix
and it is interesting to include this approach in our simulations. We follow Lee and Liao (2016) and
consider two alternative implementations. Both are based on an overidentification test based the

moment conditions E (my (#)) = 0, with m; (6) = ( ¢ur (0) gi1 (0) )/, where 1) 7 (6) are the original

moment conditions and where g, 7 (§) = vec ((8%;(9))’) is of size Hp x 1, but differ in the way
they estimate 6. One method estimates 6 with the efficient GMM estimator based on the full set of
moment conditions F (m (6)) = 0. The resulting overidentification test is asymptotically distributed
as X%{ +Hp—p- The results obtained with this method are labeled “Eff-GMM”. A second method
estimates 6 using only the moment conditions implied by the zero Jacobian matrix E (g, 7 (0)) = 0
(these are sufficient to ensure the global and local first-order identification of 6y, as shown by Lemma

4.3 of Lee and Liao (2016)) but then constructs an overidentification test for the full set of moment

that is equal to the sample mean of a martingale difference sequence up to an oP(Tfl/Q) term. Specifically, ¢r(0) =
5(6) + Do (6) + 0p(T~Y/2), where 5(8) = £ Y1, 1(cl0) — (6'Yi41)), dor(8) = 2 S0y 21((6'Yen)? — c(0))s 1z = E(z0)
(see Equation (9) of D&R (2013)). Note that (0'Yi41)* — ¢(6) is a martingale difference sequence with respect to F:
under the null of constant conditional variance of 6'Y;41.
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conditions my (f). Note that the GMM estimator ég is very easy to compute since the estimating
equations g; 7 (0) are linear in 6 in our application. Following Lee and Liao (2016), we use the identity
matrix to obtain ég and to compute the corresponding overidentification test. Its asymptotic null
distribution is non-pivotal but can be simulated (cf. Theorem 2.2 of Lee and Liao (2016)). We label
the results of this test as “Sim-GMM”.

Figure 1 gives the simulated null rejection rates for Design 1. This design was considered by D&R
(2013) and corresponds to a design where the null hypothesis is true and the signal-to-noise ratio is
relatively high. Since n = 2, p = 1 and therefore critical values for the standard overidentification
asymptotic test under the non-standard asymptotics are available (“Asymp”). The results confirm
the failure of the standard bootstrap (“BootST”) reflected by a systematic over-rejection of the null
hypothesis with a rejection rate above 8% in large samples. The corrected bootstrap (“Boot-(1)”)
also over-rejects for small sample sizes, but its rejection rate declines as the sample size grows. The
continuously-corrected bootstrap (“Boot-(2)”) tracks closely the asymptotic distribution, with rejec-
tion rates close to 5% for almost all samples sizes. From these results, the continuously-corrected
bootstrap is noticeably better than the corrected bootstrap, a feature that we observe throughout
the remaining designs satisfying the null hypothesis. The results from the overidentification test for
the augmented set of moment conditions that include those implied by the zero Jacobian matrix are
interesting. The efficient GMM approach (“Eff-GMM”) over-rejects the null by a large amount, espe-
cially for the smaller sample sizes, where it is even worse than the standard bootstrap. However, its
rejection rates converge to the nominal level as we increase the sample size. Instead, the simulated
approach of Lee and Liao (2016) (“Sim-GMM?”) tends to under-reject under the null, even at large

b

sample sizes. Overall, the best approaches for this DGP are “Boot-(2)” and “Asymp”, closely followed
by “Sim-GMM”.

Figure 2 shows the results for Design 2 where the number of assets is 3 and the number of factors
is 2 (so that the null is still true) and the signal-to-noise ratio is as in Figure 1. Note that critical
values for the asymptotic distribution are not available for this design, but we can simulate them
using consistent estimates of the nuisance parameters that enter J (v). As observed for Design 1, the
standard bootstrap approximation over-rejects systematically, yielding a rejection rate of about 8.5%
in large samples, confirming its theoretical invalidity. This figure also shows that using critical values
from x3 yields rejection rates well below the desired nominal level, which implies an unnecessary loss of
power in comparison to the corrected bootstrap methods (this is particularly true when comparing this
conservative test with the continuously-corrected bootstrap). We can also see that using critical values
from the standard x? (thereby ignoring the local identification failure) leads to large over-rejections
under the null. Both “Boot-(1)” and “Boot-(2)” yield null rejection rates that tend to the nominal
level of 5%, with the difference that “Boot-(1)” is oversized whereas “Boot-(2)” is undersized. The

7

extent of size distortions for “Boot-(2)” are nevertheless very small, with rejection rates between 3.8

and 5% across all sample sizes. It is interesting to note that “Boot-(2)” tracks closely the performance
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of “Sim-Asymp” for the largest sample sizes but dominates it for values of T" < 8000, avoiding the
larger under-rejections that characterize “Sim-Asymp”. For these smaller sample sizes, “Boot-(2)” also
outperforms “Sim-GMM?”, which tends to over-reject. As in Figure 1, “Sim-GMM?” is much better
behaved than its efficient GMM version which is grossly over-sized.

The results for Designs 3 and 4 are shown in Figures 3 and 4. These figures are the analogues of
Figures 1 and 2, with the difference that we increase the idiosyncratic errors variances from 0.5 to 1.
The effect of this lower signal-to-noise ratio is to increase the actual null rejection rates of all methods.
For bivariate returns, a comparison between Designs 3 and 1 shows that the rejection curves for all
methods shift up when a increases from 0.5 to 1. This translates into over-rejections for all methods
for all sample sizes, except the smallest ones. The best bootstrap method is still “Boot-(2)”, but this
method now over-rejects (whereas it underejected slightly in Design 1), except for 7' < 1000. The
degree of over-rejection is much smaller than that of “Boot-(1)”, “BootST” and “Eff-GMM” (which
is the worst procedure for this DGP), but is larger than that for “Sim-GMM” and “Asymp”, which
show smaller size distortions. In particular, the results favor “Sim-GMM?” for the largest sample sizes.
Figure 4 considers the same low signal-to-noise ratio but for trivariate returns. The comparison with
Figure 2 shows that increasing a to 1 when n = 3 also shifts all rejection curves upwards. This implies
an over-rejection for all methods for all but the smallest values of T. An exception is the approach
based on the x2 distribution, which is undersized for all values of T', although much less so than when
a = 0.5. The ranking between “Boot-(2)” and “Sim-GMM” favors the bootstrap, whose rates are
closer to the nominal 5% level and converge to those of “Sim-Asymp”. For this DGP, “Sim-Asymp”
is the best performing method when T' > 4000 (excluding the conservative approach based on x3).

The main conclusion from Figures 1 through 4 is that the continuously-corrected bootstrap “Boot-
(2)” is the best performing bootstrap method in terms of size control. It performs similarly to the
approach based on either the true asymptotic distribution (for n = 2) or its simulated version (for
n = 3) when T is large, but a clear ranking cannot be established for the smaller sample sizes as it
depends on the DGP. The simulated GMM approach of Lee and Liao (2016) is also able to deliver
good size control when T is large, but it is clearly dominated by the continuously-corrected bootstrap
for all designs but Design 3 (with n =2, K =1 and a = 1).

We now turn our attention to the analysis of power, based on Figures 5 through 8. Starting with
Figure 5, where n = 2, K = 2, and a = 0.5, we see that “Boot-(2)” has the lowest power among
the methods considered, including “Sim-GMM” and “Asymp”, the closest procedures in terms of size
control. So, for this alternative, it is clear that the cost of the good size properties of “Boot-(2)” is a
loss of power. The ranking between “Boot-(2)” and “Sim-GMM?” is reversed in Figure 7, where n = 2,
K = 2 but a = 1, implying that a clear ranking between the two methods cannot be given under
the alternative. Figures 6 and 8 are the analogues of Figures 5 and 7, but for trivariate returns. The
patterns are largely the same. For a = 0.5, Figure 6 shows that “Boot-(2)” and “Sim-Asymp” perform

very similarly in terms of power, and both are less powerful than the remaining approaches, except
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for the conservative approach based on X%- For a = 1, the main feature of notice in Figure 8 is that
“Sim-GMM?” is now the least powerful approach, being even less powerful than the “Chi2-3” method.
This occurs despite the fact that “Sim-GMM?” over-rejects under the null when a = 1 (cf. Figure 4).
Overall, Figures 5-8 suggest that there is no clear ranking in terms of power among “Boot-(2)” and
“Sim-GMM?”. When p = 1 and the asymptotic distribution is fully known, the trade-off between power
and size favors the asymptotic test based on the mixture of chi-square distributions, but this is not
necessarily true when p > 1. In this case, we need to simulate an estimated version of the asymptotic

distribution of the test, making this approach comparable to the bootstrap in terms of power.
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6 Conclusion and some possible extensions

The main contribution of this paper is to propose a new bootstrap method for GMM inference in the
context of nonlinear overidentified models that are globally identified but not locally identified at the
first order. In particular, we focus on the special case of a degenerate rank identification condition,
which was recently analyzed by Dovonon and Renault (2013b) in the context of tests for common
conditionally heteroskedastic factors. We show that the standard method of bootstrapping the overi-
dentification test statistic as proposed by Hall and Horowitz (1996) fails under this condition. The
main reason for the failure of the bootstrap is that the bootstrap moment conditions do not replicate
the singularity of the Jacobian matrix present in the population. We offer an easy modification of
the standard bootstrap method that consists of further recentering the bootstrap moment function by
subtracting off a term that is proportional to the sample Jacobian matrix multiplied by 6 — éT. This
second recentering of the bootstrap moment condition ensures that the bootstrap Jacobian matrix
is also degenerate in the bootstrap world, restoring the asymptotic validity of the bootstrap overi-
dentification test. Several extensions of our work are worth considering in future work. From the
simulations, the continuously-corrected bootstrap test has better properties under the null than the
corrected bootstrap test. It would be interesting to investigate this analytically through higher order
expansions of the bootstrap statistics. Such expansions are made complicated by the non-standard
nature of the problem being studied. Another interesting avenue for future research is the study of the
asymptotic uniform validity of our bootstrap tests when we relax the assumption of a zero Jacobian
matrix. A recent contribution along this line is Andrews and Guggenberger (2015). Finally, boot-
strapping the distribution of the GMM estimators éT themselves when the Jacobian matrix is rank
deficient is an interesting unresolved question. This is a difficult extension because the asymptotic
distribution of A7 has not yvet been studied under general form of rank condition failure. In recent
work, Dovonon and Hall (2015) have derived the asymptotic distribution of the GMM estimator in
the special case where the Jacobian matrix is of rank p — 1. Their results highlight the non standard
nature of this asymptotic distribution which also involves nuisance parameters. This echoes the results
of Sargan (1983) who has derived the asymptotic distribution for nonlinear IV regressions when the
rank of the Jacobian matrix is equal to p — 1 and showed that the asymptotic distribution of the IV
estimators is a mixture of two conditional distributions. Given that these distributions are difficult
to estimate in practice, developing a bootstrap method that replaces analytical approximations would
be an important contribution to this literature, in particular with the focus on general form of rank

condition failure.
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Appendix A: Proof of results in Section 2

This Appendix contains the proofs of results Section 2. The following lemma will be useful to establish the
continuity of the distribution of J as stated in Theorem 2.3. This result relies on some notions of real algebraic
geometry and requires that we introduce the notion of real semialgebraic set. We refer to Bochnak, Coste and
Roy (1998) for more details.

Definition A.1 A real semialgebraic subset of R™ is a subset of (x1,x2,...,2,) € R™ satisfying a boolean
combination of polynomial equations and inequalities with real coefficients.

Lemma A.1 Let (z,y) — f(z,y), with x € R™ and y € R™ be a polynomial function of the components of x
and y with coefficients in R. Let C be a finite subset of R and define:

A= {x eR™: mﬂi@n f(z,y) is reached and belongs to C’}.
yeR™

Then, A is a semialgebraic subset of R™ and, as such, if the Lebesque measure of A is positive, then A has a
nonempty interior.

Proof of Lemma A.1. We first show that A is a semialgebraic set. Since finite unions of semialgebraic sets
are also semialgebraic sets, we assume without loss of generality that C' is a singleton containing c¢*. The sets

Al = {(z,y) eR" xR™: f(z,y) = c*},
A% = {(z,y) eR"XR™: f(z,y) < '}

are semialgebraic subsets of R® x R™. Therefore, by Theorem 2.2.1 of Bochnak, Coste and Roy (1998), 7(A!)
and 7(A?) are also semialgebraic subsets of R”, where 7(-) is the projection of R” x R™ on the space of the
first n coordinates. It is not hard to see that :

A=n(AY)\ w(A?)

showing that A is a semialgebraic subset of R™.

We now show the second part of the lemma which is a rather general property of semialgebraic sets with
positive Lebesgue measure. By Proposition 2.9.10 of Bochnak, Coste and Roy (1998), as a semialgebraic set,
A is a disjoint union of a finite number of Nash manifolds M; of R™ that are each diffeomorphic to an open
hypercube ]0, 1[#™(M:) (with ]0,1[° being a point). Those M;’s with dimension smaller than n have Lebesgue
measure null in R™. Since A has positive Lebesgue measure, at least one of these manifolds has positive Lebesgue
measure, hence is diffeomorphic to ]0,1[* and therefore is a (nonempty) open subset of R”. This shows that A
has a nonempty interior.

Proof of Proposition 2.1. The proof that b — 6y = op (1) follows by Theorem 2.6 of Newey and McFadden
(1994) under our Assumptions 1-3.

Proof of Proposition 2.2. For part (i), we follow the proof of Proposition 3.1 of D&R (2013). The only
difference is the fact that the moment conditions v considered here are not necessarily quadratic. For each

h=1,...,H, by a Taylor expansion of 1 5, (éT) =Yy (Xt, éT) around 6y, we have that

) ..
; e (00) (5 1/ (v ()
La) y 0 ’7(9 —9) 7(9 —0)7(9 —9),
(i ( T Ve.n (00) + o0 T—0)+5 (07— 5050 T — 0o
where 67 is a p x 1 vector on the segment connecting 1 and 6, that may depend on h. The superscript (h)
reflects the fact that the mean value may be different for each element ) 5, (6) of ¥ (6). Stacking this equation
over h =1,..., H, summing over ¢ and multiplying the result by /T yields

VGr (i) = Ve (00) + VT2 (3, ) + Ly (i) (A1)
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where the remainder Rt (0T> is a H x 1 vector defined as

(i) = | 5oy 2D 5, g

h=1,...H
For h=1,..., H, we can write
_ ~(h) _ ~(h)
-0y Z0 ) o) e (P B (o) o).

since tr (AB) = vec (A") vec (B). Tt follows that
R (Br) = VTG (i) vee ( (37— 00) (32~ 00) ) = G (5r) wee orop).

where o7 = T4 (éT - 90) and G (GT) is the random H x p® matrix G () defined in (6) evaluated at 6.

Given our assumptions and the fact that 61 £ 6, we can show that G (QT) =G+ op (1) (see e.g. Lemmas
2.4 and 2.9 of Newey and McFadden (1994)). Thus,

Ry (é‘g”) = Gvec (irdly) +op (HﬁTHZ) .

This implies that

VT (éT) = VT¢r (6o) + ﬁ% (éT - 90) + %GU@C (0r07) 4 op (H@THQ)
= VT (80) + G vec (orih) + op (1) + op ([lor ). (A.2)

where the op (1) term is equal to \/T% (éT —90) = Op (1) x op (1) since under Assumption 6(i),

E (%) = 0 and thanks to Assumption 4(ii), therefore ﬁ% = Op (1) by a CLT applied to {W} .
It follows that

Tq[’/T(éT)WTJ)T (éT) = TV (00)Wrir (o) + ivec/(ﬁT’f)})G/WTG vec(Hrdh)
+ved (o707 G WrVTUr(00) + op(1) + op(|ir|%) + op([[oz[|*).

The expected result follows from the same arguments as those used by D&R (2013) to prove their Proposition
3.1. The additional op(|or||*) term that appears here does not alter the reasoning. ~We now establish (ii).
Since Zr(6p) = Op(1) and o7 = Op(1), we have (vec (Zr (6o)),04) = Op(1). Therefore, from Prohorov’s
theorem (see Theorem 2.4 of van der Vaart (1998)), the joint sequence has a subsequence that converges in
distribution to (vec’(Z(X)), V'), say, where

2 ./ 0,
Z(X) = <8p(0)WX> :
90,00, 1<i,j<p
and X ~ N(0,X). Let “Z(X) > 0” denote the event “Z(X) is positive semi-definite and “Z(X) > 07 its
complement. Under Assumption 6(ii), D&R (2013, Proposition 3.2) show that P(Z(X) > 0) < 1/2, which
implies that P(Z(X) > 0) > 1/2 > 0. Since

P(V+£0)>P(V£0,Z(X)20) =P (V£0Z(X) >0)P(Z(X)=0),

it suffices to show that P(V = 0/Z(X) > 0) = 0. To this end, we follow the proof of Proposition 3.2 of D&R
(2013). The second order necessary condition for an interior solution for a minimization problem implies that,
for any unit vector e € RP,

S 0% - , _
e <6989’wT (0) Wrir (9) |9=éT> e >0,
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which is equivalent to ¢/ (Zr + Ny)e > 0, with

Zr = <(’99(?;9]¢% (éT) WrVTyr (éT>>

The result follows exactly along the lines of the proof of D&R (2013) once we establish that

, and Np = \/T%QFT (éT) WT%@T (éT) .

1<i,j<p

90’ (6o)

- 1
Zr = Z7(0o) + 5 (6(%5‘(%

WG vec (177%7})) +op(1), (A.3)

1<i,j<p

and

9p' (0o) ., 9*p (6o)
Np = [ 9/ 0 1). A4
! (vT 96,00 90;00" UT)lSi,jSP (G Ay

To show (A.3), we observe that from part (i), (A.2) implies that
_ /. _ 1
\/T’L/JT ((QT) = \/T”L/JT (90) + iG vec (@TQA}%) + Op(l). (A5)

Given the dominance condition in Assumption 4(i) and the fact that o 5 o, it follows that

62’(/7} (éT) 82 /
_op (6o0)
0,00, "7~ “ap08, T or):

which together with (A.5) implies (A.3). To obtain (A.4), by a mean-value expansion of % around 6y, we
get that for all : =1,...,p,

o (0 - 27 (n
W%/2T1/4wT(T) _ W}/QTl/‘*M Wl/zlf’? Yr (0) /4 (éT B 90) _ W1/2M@T +op (1),

00, 00; T 00,00’ 00,00

where 0 € (6, éT) and may differ from row to row. We obtain (A.4) by writing this equation for any ¢, j = 1,...,p
and taking the inner product of each hand side.

Proof of Theorem 2.3. We follow the proof of Lemma B.6 of Dovonon and Renault (2013a) (henceforth D&R
(2013a)). By a second-order mean value expansion of v — T4 (0 + T~/*v) at 0, we have that

VTijr (6’0 + T_1/4v) = VTr (6) + T1/4aa% (Oo)v+ =G (6’ (v)) vec (vv')

1
2
where 6 (v) € (90, 0o + T_1/4v) and may differ from row to row. It follows that
- - 1 1, -
VT (90 + T_1/4v) = VT9yr (6) + §G vec (vv') + 3 (G (60) — G) vec(vv')
OYr
o0y’

+% (G (9 (’U)> -G (90)) vec (v') + T4

(90) V.

Next, we show that the last three terms in the equation above are 0p(1) uniformly over any compact subset K
of RP. Starting with the first of these terms, note that G (fy) — G = op (1) and since v € K C R?, this term
converges to zero uniformly over K. For the term that follows, note that since g is an interior point of © and K
is compact (hence bounded), then #(v) € A, a neighborhood of 6y, for all v € K and T sufficiently large. Hence,
from Assumption 3(i), using the triangle inequality, the h-th row of G (9(1})) — G(6), say G, (9(1})) — Gn(bo)
satisfies
1 & 1 &
V.. _ . i
IGR(O(v)) = Gro)ll < > m(X)|6(v) = 6ol = T D om(X) (1= a)T o],
t=1

t=1
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for some 0 < o < 1. Thus, this term is op (1) uniformly over K. Finally, note that 831@? (60) = Op (T~Y/2) by

the CLT since E (%’f (90)) = 0. This implies that the last term is also op (1) uniformly over K. As a result,

VTG0 + T~Y40) = VT (0) + %Gvec(vv') +on(1),
implying that
Jr(v) = VTP (00)W VT U7 (00) + ved (00" )G WV T (8) + ivec’(vv')G'WG vec(vv') + op(1),

where the neglected terms are uniformly (asymptotically) negligible over any compact subset K. Since this
is the analogue of equation (B.4) of D&R (2013a), the rest of the proof follows exactly the same lines as the
proof of D&R’s (2013a) Lemma B.6. To complete the proof of Theorem 2.3, we show that the random
variable J = min,ege J(v) has a continuous distribution. We adopt the notation J(X,v) for J(v) to highlight
its dependence on X which is its only source of randomness. We show that Ve € R, Prob(J =¢) = 0. It is
easy to see that

J(X,v) = <X + ;Gvec(vv')>IW (X + ;Gvec(m/)> .

Since W is symmetric positive definite, J(z,v) > 0, Vr € RY and v € RP. As a result, Prob(J = ¢) =
0, Ve < 0. We show next that J cannot have an atom of probability at any ¢ > 0. Let us assume by
contradiction that there exists ¢* > 0 such that Prob(J = ¢*) > 0. Let

A= {xG]RH : min J(z,v) :c*}.
vERP

By definition, Prob(X € A) = Prob(J = ¢*) > 0. As a result, since the distribution of X is absolutely
continuous with respect to the Lebesgue measure on R¥, A has a positive Lebesgue measure. Also, J(z,v) is a
polynomial function of the components of z and v and for each z € R min,cg» J(x,v) is reached. (see Lemma
B.6(ii) of D&R (2013a), for a proof). This is essentially due to the fact that, for each x € R¥ | J(2,v) — oo as
||lv]| = o0.) From Lemma A.1, we deduce that A has a nonempty interior and therefore, contains an open ball
centered at a certain 2o € R¥, say B(zo,e) = {x € R¥ : ||z — x9|| < €} for some ¢ > 0. This implies that
Vd e RE : ||d| <€, minyere J(z0 +d,v) = c*. Let vy € argmin,egre J(20,v). Since xg € A, J(z9,v0) = c*
and Vd € Rf ;. ||d|| < ¢, we have that

J (zo,v0) = Helﬁgll J(zo + d,v) < J(xo + d,v0) = J(x0,v0) + 2d' Wz + dWd + d Woec(vouy).
(The second equality above is obtained by expanding the expression of J(xg + d,vp).) That is,
1 1
2d’ (W(gco + iG vec(vovp)) + 2Wd) >0, VdeB(0,¢). (A.6)

Note that since J(zo,v0) = ¢* = a/W~1a > 0, we must have a = W (2o + $GVec(vovp)) # 0. Fix a; # 0, the j**
element of a that is different from zero. Equation (A.6) implies that if we choose d with all entries equal to zero
except dj such that —e < dj < €, then dj(Qaj + Wjjdj) > 0 for all such dj. Since Wjj > 0, dj (2@_7' + Wjjdj) =0
has two roots, 0 and —2a;/W;; # 0. It follows that the sign of the polynomial d;(2a; + W;;d;) must change in
a neighborhood of zero, implying that it is impossible to have d;(2a; + W;;d;) > 0 for all —e < d; < e. Thus,
it must be that Prob(J = ¢*) = 0 for any ¢* > 0. To complete the proof, we need to show that J does not
have an atom of probability at 0. To this end, we show that there exists a random variable L that is such that
0<L<J and Prob(L=0)=0.Let L= ming, _p,2 (X + %Gu)' w (X + %Gu) Clearly, L < J. Assume
that Rank(G) = r. Given the second-order local identification condition, G # 0 and r > 0. Consider a rank
factorization of G: G = G1Gs, where Gy is H x r and Gs is r x p%, both of rank r. The first-order condition
associated with I solved at 4 implies that Gt = —2(GiWG1) G W X. Consequently, we can write

1 ! 1
L= (X + 2G1G2ﬁ,> w (X + 20102a> = X'W'\2pw'/2x, (A7)
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where P = Iy — WY/2G(G\WG1) "Gy W1/2 is the orthogonal projection matrix on the subspace of dimension
H —r that is orthogonal to the space spanned by the columns of W'/2G;. Hence, there exists an H x H matrix
Q such that Q'Q = Iy and P = Q' DQ, where D = diag (Igy_,,0). Thus, L = Y'DY, with Y = QW'/2X ~
N(0,8) and S = QW'/2SW/2Q’ positive definite. Hence, L = 31" Y2, Clearly, Prob(L = 0) < Prob(Y; =
0) = 0. This concludes the proof.

Appendix B: Proofs of results in Sections 3 and 4

B.1 Preliminaries

A convenient way to formalize the bootstrap is as follows (see Gongalves and White (2004) for a similar frame-
work). Given the underlying probability space (€2, F, P), we observe a sample of size T":

Xr = {X; (w), X2 (w),...,Xr (w)} from a given realization w € . Suppose we obtain a bootstrap sample
Xy ={X7,X3,...,X}} by resampling from X7p. For each w € Q, we view {X; : t =1,...,T} as the realization
of a stochastic process defined on (A, G, P*), another probability space, such that for each t =1,...,T,

Xt* (UJ,)\) = X‘rt()\) (w) ) (B'l)

where v : A — {1,2,..., N} denotes the random index generated by the resampling scheme for each ¢ =
1,2,...,T (independently of w). Thus, P* describes the probability of bootstrap random variables, conditional
on the observed data X, i.e. P* describes the probability induced by A, conditional on w. We write E* and
Var* to denote the expected value and the variance with respect to P*, respectively. As (B.1) makes clear, X'
depends on two sources of randomness, one related to the observed data (and indexed by w) and the other related
to the resampling mechanism (as measured by 7 (A)). When the joint randomness is of interest, we can view the
bootstrap statistic as being defined on the product probability space (2, F, P) X (A, G, P*) = (Q x A, F x G,P),
where P = P x P* denotes the unconditional (or joint) probability. We write E and Var to denote expected

value and variance with respect to P, respectively. Given any bootstrap statistic Z7., we say that Z7. 2 0in
prob-P (or Z} = op« (1) in prob-P) if for any €,d > 0, P (P* (|Z5| > €) > §) — 0 as T — oco. Similarly, we say
that Z5 = Op-+ (1) in prob-P if for any § > 0, there exists 0 < M < oo such that P (P*(|Z}| > M) >6) —» 0
as T — oco. Lemma B.2 in Appendix B describes the transition between the bootstrap and the non-bootstrap
stochastic orders. = The following lemma is very useful when proving bootstrap results as it describes the
transition between the bootstrap and the non-bootstrap stochastic orders. The proof is found in Cheng and
Huang (2010, Annals of Statistics, Lemma 3).

Lemma B.2 Suppose that
Z1 = op~ (1) in prob-P, and Wi = Op~ (1) in prob-P.

Then, we have that (al) if Ar is defined only on (0, F,P) and it is op (1) [Op (1)], then it is also op« (1) in
prob-P [Op+ (1) in prob-P]; (a2) if Ar is defined only on (Q,F,P) and it is op (1) [Op (1)], then it is also
op (1) [Op (1) |; (a83) A% = op+ (1) in prob-P [Op- (1) in prob-P] <= A% = op (1) [Op (1)];

(a4) By = Z5x W5 = op« (1) XOp=« (1) = op« (1) in prob-P; (a5) Cy = Z5xOp (1) = op» (1)xOp (1) = op~ (1)
in prob-P, and (a6) A% = Z% x op (1) = op~ (1) x op (1) = op~ (1) in prob-P.

For a sequence of random variables (or vectors) Z7., we also need the definition of convergence in distri-
bution in prob-P. In particular, we write Z —% Z, in prob-P, if E*f (Z) — E(f(Z)) in prob-P for every
continuous and bounded function f.  Finally, we define weak convergence of a random process Zj (v) in
¢> (K) in prob-P. We write Z5 =9 Z in ¢* (K) in prob-P if SUPpepL, (e (k) B (W (Z7)) — E(h(2))] 5o
where BL; (¢°° (K)) is the space of functions h : £ (K) — R with Lipschitz norm bounded by 1, i.e. for
any h € BLy (% (K)), sup.cpe (k) [ (2)] < 1 and |h(z1) — h(22)| < d(21,22) for all 21,22 in > (K), where
d(z1,%2) = SUPuek |21 (V) — 22 (v)|. The bounded Lipschitz distance between distribution functions metrizes
weak convergence in distribution and therefore this definition is equivalent to saying that E* (h(Z})) —
E (h(Z)) in prob-P for any h : £ (K) — R continuous and bounded with respect to the sup norm. The
following result is the bootstrap version of Lemma B.6 of D&R (2013a) and is useful to prove Lemma 4.1.
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Lemma B.3 Suppose Ji(v) =" J(v), in £°(K), in prob-P, for any compact subset K of RP. If there exist
05 € argmingege J5(v) and ¥ € argmin,ere J(v) such that ©5 = Op«(1) in prob-P and v = Op(1), then

Ji = JE (05) = mingers Ji(0) D J = mingegs J(v), in prob-P.

Proof of Lemma B.3. We show that E* (h (J}. (05))) — E (h(J (0))) 50 for any continuous and bounded
function A : R — R. This is equivalent to showing that for any €,6 > 0,

P(IE" (h(Jr (7)) = E(h(J(0)))| > €) <0
for all T sufficiently large. Let €, § > 0 and let M denote the upper bound on the absolute value of h. Since
0% = Op«(1) in prob-P and ¢ = Op(1), there exists A > 0 such that

)<g, and P (][9] >A)<§. (B.2)

<
6)M

Since for all compact subset K, J7(v) converges weakly towards J(v) in £°°(K), in prob-P, by the continuous

P (P*(llo3] > 4) >

mapping theorem we have that min, <4 J7(v) LN min,|<a J(v), in prob-P. Hence, with o] and 73 denoting
the argument of the minimum over K = {|jv|| < A} of J5.(v) and J(v), respectively, we have that E*(h(J5(07)))—
E(h(J(02))) converges in probability to 0. As a result, for all T sufficiently large,

P (1B* (h(7367)) — B @) > £) < 2. (B.3)

By the triangle inequality, we can write

[E" (h (J7 (07))) = E(h(J ()] < [E*(h(J7 (07))) = E (h (7 (27)))]
+IE" (h (J7 (07))) — E (b (J (22)))]
+[E(h(J(22))) = E(h(J(0)))]- (B4)

It follows that
P(|IE" (h(J(07))) — E(h(J(9)))] >€) < P (lE* (h (Jr (07))) — E7 (h (J7 (91)))] > E)

3
+P (1B* (h (J3(57))) = B (b (J(2)] > £ ) (B.5)
+P (IB(h (T (22)) = E(h (T () > 5) =L+ L+ 1.

To bound I, note that

E* (b (Jr (07))) = E* (h (J7 (07))) = E7 (b (J7 (07)) — h (J7 (07)) |07 € K) P* (07 € K)
+ B (h(Jr (07)) = h (J7 (7)) [o7 & K) P* (07 ¢ K),
where the first term is zero since if 0% € K, J5.(97) is necessarily equal to J3.(0%). It follows that
|E" (h (Jr(07))) — E* (h (J7(01)))| < 2M P* (07 ¢ K),

where we have bounded the function h by its upper bound M. Thus, by (B.2),

L <P(2MP* (05 ¢ K) > ) = P (P07 £ K) > o) < g

for all T sufficiently large. Similarly, Io < §/3 by (B.3). Finally, to bound I3, note that by the same reasoning
used above to bound I,

Iy =P (|E(h(J (32)) = E(h(J (8)] > 50 € K) P (0 € K)
+ P (IB(h(J (@) = E(h(J ()] > 5o ¢ K) P (0 ¢ K) < P(0 ¢ K) < 0/3,

given (B.2). The result now follows from (B.5).
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B.2 Proofs of bootstrap results

Proof of Proposition 3.1. We would like to show that for any ¢ > 0, limp_, o, P <P* ( 9%

—OOH >£) >E) =
0. Because 6 is the unique minimizer of @ (), for any & > 0 such that || — 6y|| > €, there is § > 0 such that
Q(0) —Q(0p) > 6 > 0. It follows that

(- ) < (2 i) -aim >
<P (Q(0r) - @r (0) + Qr (67) - @5 (91) + @1 (67) - Qr (é ) +@r (6r) —Q(00) > 8)
< P*(Q(87) - @r (9) + Qr (67) - @i (%) + Q7 (6r) — Qr (9r) + Q1 (60) - Q (60) > )
< P (200100 (0)- QO) > 5/2) + P* (250107 (0) - Qo (0)] > /2)

where the third inequality uses the fact that Q% <HA}) < Q7 (éT) and Qr (éT) < Qr (6p) by definition of é}
and éT, respectively. Thus, for any € > 0,

P(P*( s

P (P (250100 @) - Q)1 > 5/2) > </2) + P (" (2300107 0) — Qr (0] > 5/2) > </2)

—GOH >5) >5)

IA

IN

1 e o
sP (2swi0r 0) - Q) > 672) + P (P (2509 105.0) - @r 01> 0/2) > ¢2). (o)

where the first term in the second inequality is obtained by first noting that
P* (2supgyee |Qr (0) — Q ()] > 6/2) = 1{-} (where 1{-} denotes the indicator function containing the expres-
sion inside P* (-)) and then applying Markov’s inequality. From (B.6), it is clear that it suffices to show that
(A) supsee |@r (9) — Q (9)] = op (1) and (B) suppee Q5 (6) — Qr (6)] = op- (1) in prob-P. (A) by standard
arguments under our assumptions (see e.g. Theorem 2.6 of Newey and McFadden (1994)). Thus, we only need

to show (B). By definition, \ -

Qr (0) = ¥2r () Wil (0),
where ¢} 1 (0) = ¥ (0) — E (1&} (éT)) =4 (0) — Yr (5T>, given the properties of the i.i.d. bootstrap. It
follows that
(45 )

Qr0) = (430~ br (0r)) Wi (45 0) — ir (0r))
= G (6) Wiy (60) — 205 (6) Wibr (1) + 0% (9r) Wi (6r)
= OF(O) Wih (0) + rir (0) + 7,

which implies that

sup |Q7 (6) — Qr (0)| < sup |7 (0) Wiz (0) — ¥ (0) Wripr (8)| + sup |rig (8)] + 37
€O 0cO 0cO

N2
Now, 75, < HwT <9T)H W3 = op (1) x Op« (1) = op« (1) in prob-P, given Lemma B.1 and given that
oy (éT) = op (1) and W3 = Op- (1) in prob-P. Similarly, we can show that supycg |75 (6)] = op~ (1) in

prob-P using in particular the fact that sup, ||@Z} (H)H = Op= (1) in prob-P. For the first term, note that we can
write

3(0) Wi (0) — & () Wrdbr (0)
(05 (0) — b (0)) Wib3 (0) + P (8) Wi (95 (0) — br (0)) + br () (Wi — W) drr (6)
165 0) = @ IW2] (|25 O)]| + | & B)]]) + |[&r 0] W — W

IN
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Since supgeg |[¢r ()| = Op (1); Wi — Wr = op- (1); [|[W7| = Op- (1); and supgeg |97 ()[| = Op- (1) in
prob-P, it suffices to show that supgcg ||w32 (0) —yr (9)” = op+ (1) in prob-P. This follows by the bootstrap
law of large numbers of Giné and Zinn (1990, Theorem 3.5), concluding the proof.

Proof of Theorem 3.1. (i) Given Proposition 3.1, 62, i 0o, prob-P. Let % = T/4(0% — 6,). To show that
W% = Op(1), it suffices to show that for some v > 0 and 2 > 0,

[ + 0p(1) < 1208 (1) + ”i |)2 T op(1).

A second-order mean value expansion of 1/;: T(G}) around 6y gives:

\/Tl/;:T(éEkr) \F¢CT(90)+‘/7

1-. - ~ A
LA (00) 0 — ) + VTG (B oee( (85 — 60) 5 — 60)),
where % € (0%,6;) and may differ from row to row, and G*(6) is defined the same way as G(6#) but with
bootstrap data. By a bootstrap uniform law of large numbers (c¢f. Giné and Zinn, 1990, Theorem 3.5),
supgen IG*(0) — G(0)| = op(1). This together with supyep [|G(0) = G(0)]| = op(1) and the fact that

0% — 0o = op (1) imply that G*(6%) = G + op(1). Also, \Fagg,T (60) = Op(1). To see this, write

;7 Wl 1 Iy O
VT =5 (0) =VT ( a5 (00) = 5 (00) | + VT (60)
and note that the first term is Op (1) by the bootstrap CLT applied to 2 6 L (6y) — %@T (Ao) whereas the second

term is Op (1) (hence Op (1)) by a CLT for %ﬁ/ (fo) given that the expected value of the Jacobian is zero by
the local identification condition. As a result,

VTG n(B5) = VTG 1(600) 5 Guee (i) +ov(1) + 05 (7). (B.7)

where 4 (00) = (¥5(00) — r(00)) + ¥ (00) — P (0r) = Oe(T~12) + Op(T~V/2) + Op(T~1/2) = Ox(T~1/?),

and where the order of magnitude of zZ_)T(GAT) is obtained through a second-order Taylor expansion of ¥ (éT

around 6y:
VTir(0r) = VTir(6o) + %Gvec(T1/4(éT — 00)T"*(0r — 60)') + 0p(1). (B.8)
Thus,
Ty (87) Widir (0) = @ (6) Wik 1 (60) + VT2l (60) WG vee (i)

1 Ak Ak Ak Ak ~ ~
+vec (@) G'WGvece (apay) + op(1) + op([|az 1) + op(llaz ")
By definition,
Tl (07) Wit (67) < 62l (60) Wi (60) + 05(1),
which implies that
1 Ak Ak K Ak Ak ~ k% ~
Jved (iray) G'WGvee (air) < VTP (00)W G vee (a7a7) + 0p(1) + op([[a7 1) + oz(||az ")

From Lemma A.1 of D&R (2013a) and given Assumption 6(ii), we have that jvec (@}.a3) G'W G vec (@a3) >
y1||@%||* for some 41 > 0. Thus, the previous inequality together with Cauchy Schwarz inequality imply that

Y@ < v2lVTE 7 (80) @712 + 0p (1) + op(la71%) + or (|||,

where 2 = ||W||||G||, which completes the proof of part (i). Next, we prove part (ii). We can show that the
random vector

(ﬁ% (60) VT (37 (60) — ¥ (60)' TV/* (6 — 60)  TV/* (67 éT)')/ = 0: (1).
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In particular, VT9r (6p) = X ~ N (0,%), implying that the first term is Op (1) (hence Op (1)), whereas by an
application of the bootstrap CLT, T (1/_):"; (6o) — Ur (90)) —% X* ~ N (0,%), implying that the second term is
Op- (1) in prob-P (hence, it is Op (1) by Lemma B.2.a3)). Finally, Proposition 2.1 and part (i) of this theorem
justify the Op (1) for the last two terms. By Prohorov’s theorem (cf. van der Vaart and Wellner (1990)), it
follows that this random vector has at least one subsequence® which converges in distribution under P towards
(X, X*,V,U"), say, where X* is independent of (X, V') (to obtain this last result, we apply Lemma 3.1 of Sen,
Banerjee and Woodroofe (2010)). Next, we will show that P(|U*| > 0) > 0. By the second-order condition for
the minimization problem underlying éi},

82
962

)

v (0) Wil o (9)

>0
0=07,
which can be written as 3
Z7 4+ Nj >0, (B.9)

where

% 62 CIT N * Tk Nk * 81’/_}: T (p* * aqﬁz T ([ H*
Zp = =55t (aT) WiVT P! 7 (eT) and  Nj = VT—5 (eT) Wit <9T) .
From part (i) of this theorem, and equations (B.7) and (B.8), we can show that

. 1 1 f
Zy = 27 - 5G'WG + §G’Wca*; +op(1),
where Zi = G'WVT (¥4(0) — 1r(0o)) and Nj = G’WG?)}2 + op(1). From (B.9), we have that

— 75+ AD2 — 340 < op(1),

with A = G'WG/2 > 0 since G # 0 given the second-order local identification assumption. By the continuous
mapping theorem, —Z5 + Ad2 — 3Ad; —% —Z* + AV2 — 3AU*" under P. Using the same arguments as
in Lemma B.2 of D&R (2013a), we can claim that P(—Z* + AV? — 3AU < 0) = 1, which implies that
P(U** #0|2* <0,V =0) = 1. Hence, P(U* # 0) > P(Z* < 0,V = 0). Since Z* = G'WX* is independent of
V', we have that P(Z* < 0,V =0) = P(Z* < 0)P(V = 0), where P(Z* < 0) = 1/2 (since Z* is a non-degenerate
Gaussian random variable) and we can show (similarly to the proof of Proposition 3.1 of D&R (2013)) that
P(V =0) =1/2 when p = 1. As a result, P(U* # 0) > 1/4 > 0. Next, to prove part (iii), we apply Lemma
B.5 of D&R (2013a). First, note that J:(u) and J* (u) have continuous sample paths (in particular, J*(u) is
a polynomial function in u for each value of V' and X*). Also, Hyr is a non-decreasing sequence of sets and,
since 6y is interior point in ©, | J;~ o Hyr =R. It remains to check conditions (i)-(iii) of that lemma. (ii) follows

from part (i) of this Theorem by choosing uk € argmin,ecp,. j}(u) equal to 4. Similarly, we can show that
u* € arg min,egr J*(u) is tight by relying on Lemma B.6(ii) of D&R (2013a). To show (i), it suffices to show that
Yii(u) = ¥% 5 (60 + T~'/*u) converges in distribution under P towards Y* = X* — 1GV? + {Gu?, in £ (K).
For this, since K equipped with the usual metric on R is totally bounded as any compact subset of R, we show
that (al) The marginals (Y (u1), ..., Y} (ug)) converge in distribution to (Y*(u1),...,Y ™ (ux)) with respect to

P for any uq,...,u; € K, and (a2) The stochastic process Y;i(u) is asymptotically equicontinuous, i.e. Ve > 0,
lim lim sup P sup |Y7(ur) = Y (u2)|| > €] =0.
=0 7o u1,u2 €K:|ug —uz| <6

(al) follows by two second-order mean-value expansions: one for v/T'Y;:(u) around 0, and another forv/T4r(f7)
around 6y. This implies that

VTY; (u) = VT (¢ (6) — ¥r(6o)) — %Gﬁ% + %GuQ + op(1),

where (VT (% (6y) — D (60p)) , o1 ) converges in distribution towards (X*, V) with respect to P. We can then
T g

apply the continuous mapping theorem and conclude that (Y7 (u1),...,Y/(ux)) converge in distribution to
(Y*(u1),...,Y*(ug)) with respect to P. To prove (a2), observe that

Y7 (u1) = Y7 (u2)|| < CllGl[Jur = ]| + 0p (1),

5To simplify the notation, we keep the same index T to denote this subsequence throughout this proof.
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for some C' > 0 and where the neglected terms are uniformly negligible over K. This implies (a2) and ends the
proof of part (iii). Finally, we prove part (iv). The first-order condition for the problem min,ecg J*(u) is

(ex"We - GWwav?) + Gweu” ) u* =0,

Hence, the possible minimizers are u* = 0 and u* such that G'WGu* = G'WGV?2—2X*WG. The second-order
necessary condition for a minimum imposes that

IXYWG — G'WGV? + 3G'WGu* > 0.

Thus, if 2X*WG — G'WGV? > 0, then J*(u) is minimized at v* = 0 and

!
J =T = X"WX* - X"WGV? + i(;’wav4 = (X* — ;GV2> 1474 (X* — ;GV2> ;

otherwise, if 2X*WG — G'WGV? < 0, then J*(u) is minimized at u* satisfying G'WGu* = G'WGV? —
2X*WG@G, in which case we can show that
I = J3= XWYR (I - WHRGGWE) T W) W
It follows that
E(J*) = B(JI2X"WG —G'WGV? > 0)¢* + E(J32X"WG — G'WGV? < 0)(1 — ¢*), (B.10)

with ¢* = PXYWG — G'WGV? > 0). We claim that J} is independent of V and G'W X*. To see this, note
that
Iy = XYW My o W2 X,

where My1/2¢ = Iy — WY2G(G'WG)~*G'W/2. Tt follows that
E (G’WX* (X*’Wl/QMwl/zG)) — GWEWY2 My o = GWY2 My o = 0,

where we used the fact that W = X~!. Since X* is Gaussian, a null covariance amounts to independence,
implying that J3 is independent of G'W X*. Moreover, J3 is also independent of V' because it depends only on
X*, which is independent of V. As a result, we have that

E(J32X*"WG - G'WGV? <0)=FE(J3)=H—1

)

since J5 ~ x?(H — 1). Next, we show that ¢* = 3/8. Using the definition of ¢*, we can show that

¢ = P(G'WX*>GWGV?22[V =0)P(V =0)+ P(G'WX* > G'WGV2/2|V # 0)P(V # 0)
P(GWX* > 0]V =0)P(V =0) + P(G'WX* > G'WGV?2/2|V # 0)P(V # 0)
— LL1lp(@WX* > GWGV2/2V #0),

where the last equality uses the fact that P(G'WX* > 0|V = 0) = P(G'WX* > 0) = 1/2 (since X* is
independent of V and G'WX* is a non-degenerate mean zero Gaussian variable) as well as the fact that
P(V=0)=P(V #0)=1/2 when p = 1. In addition, we can show that V2 = —le,%é 1(G'WX < 0), which
implies that

P(G'WX* > G'WGV2/2|V #0) P(G'WX* +G'WX > 0|G'WX < 0)

_ GWX* G'WX G'WX
- P( GWG + GWG 20‘\/G’WG < O)'

Hence,

P(X1+ X, >0,X,<0)  1/8 1
PGWX* = GWGV?/2V #0) = P(X1 + Xa = 0[X, < 0) = L1 J;(;( 7<0’0) 250) _ 1;2 =3
2 >
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where P(X3 < 0) = 1/2 (since X5 is zero-mean non degenerate Gaussian on R) and P(X; + X3 > 0, X3 <0) =
1/8 (since it equals the probability that a zero-mean non-degenerate R2-valued random vector lies in half of a
quadrant). Thus, ¢* = %. To finish the proof, we evaluate E(J][2X*WG — G'WGV? > 0). We have that

E(J{2X*"WG — GWGV? > 0) = (a) + (),

with
(a) = B(J|V =0,2G'WX* —G'WGV? > 0)P(V = 02G'WX* — G'WGV? > 0)

and

(b) = E(JI|V #0,2GWX* — GWGV? > 0)P(V # 02G'WX* — GWGV? >0).
We start with (a). We have that
E(J|IV =0,2GWX* —G'WGV?>0) = EX"WX*GWX*>0) =FEX*WX*)=H,

where the first equality follows because V' = 0, the second uses the fact that X*W X* is independent of the
event (G'WX* > 0) (see the proof of Corollary 3.2 of D&R (2013) for details on how to obtain this result) and
the third follows because X*'W X* ~ x?(H). Moreover,

P(V _ O|ZG/WX* o G/WGV2 > O) _ P(VIO,(Z*WX*ZO) _ P(G/WXEO;G/WX*EO)
_ P(G'WX>0)P(G'WX*>0) 4
o q A
Thus, (a) = 4’;[*. Let us now derive (b). We can show that
P (V 402G W X* — GWGV? > 0) Y, P(waXSO,G/ZZX*JrG/WXZO)
P(X;<0,X14+X2>0) 1
q* T 8g?

using the fact that X; and X5 are two independent standard normal random variables. In addition,
E(J5|V #0,2G'WX* — G'WGV? > 0)

! / !
E < (X +GEws) w (X +aauy) ’ GWX <0,GWX +GWX* > 0)
(b1) + 2(b2) + (b3),

where
(b1) = EX"WX*IG'WX <0,G'WX +GWX* >0),
_ GWX* G'WX* ’ ’ ’ %
02) = B (G5 GG WX <0.0WX +GWX 20),
GwWX* N
®3) = E(CWX WX <0,G'WX +GWX* > o).

Since X* and X are independent, (b1) = E(X*WX*|G'WX +G'WX* > 0). Let Q be the rotation matrix that

. . . . . 1/2 "
transforms the canonical basis of R¥ into the orthonormal basis (a1,a2,...,ag) with ag = % Let Y* be
the coordinate of W'/2X* in this new basis. We have Y* = Q'W2X* and since Q'Q = Iy, Y* ~ N(0,Iy),
where the last component of Y* is Y}; = G'GV,VV;(G and X*WX* = Y¥Y* =Y +-- 4+ Y} |+ Y}, with Y;*’s
independent and identically distributed N(0,1). Thus,

(b1) = B+ Yy, + Y |GWX + WX >0)
= BV 4+ Y )+ EYF|IGWX +GWX* >0)
= H—-1+E(Y};|GWX+GWX* >0).

But E(Y§2|G’WX +GWX* >0) = BE(X?|X; + X2 >0) =1, with X; and X5 independent standard normal
random variables (we can prove this last equality by relying on the properties of standard random normal
variables). Thus, (b1) = H. Similarly,

= GWX* GWX" | GWX GWX | GCWX*
(02) = B(GHa x| GUX <o, GUX 4 GUXT > 0)
= B(X1Xo|X1 <0,X;1+ X0 >0)=—2,
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by again relying on the properties of standard normal random variables. A similar argument shows that (b3) = 1,
implying that

4
B(Ji|lV #0,2GWX* —G'WGV?>0)=H — — + 1,
Qo

and therefore (b) = % (H—2+1). Hence,

/ H 1 4 1 4
B(L2X" WG = GWGV? 2 0) = (a) + () = 7 - S <H— +1) == <3H—+1>.
iy

Plugging these results in (B.10) gives the expected result.

Proof of Proposition 4.1. The proof follows closely that of Proposition 3.1, so we only highlight the differ-
ences. To prove part (B) in that proof, using the definition of Q*T(l) (#), we can show that

Qi (0) 2 (95 (0) —br (7)) Wi L (0r) (0 )

(0o (ggpor () w30 st () (0 )

= Qr(0)+Sir (0) + 51 (0),

QM (0)

where Q% (6) is as defined in Proposition 3.1 but using the weighting matrix W;(l). We proved already that
supg |QF (0) — Qr (0)| = op~ (1), in prob-P, thus it suffices to show that the two last terms above are op- (1),

in prob-P, uniformly over ©. Since %&T (éT) Bo, S5 (0) is op~ (1) in prob-P uniformly over § € © given in
particular the fact that HG — éT“ is bounded with probability P converging to 1 (given the compactness of ©
and the fact that éT LN 0o € ©). We also have:

‘ -
(Sgpuq/);( = 9r(O)] + 2500 [[4r (0 ||>Hw*(l)HH1/)T(9T)

00’
= (OP*(l) + Op*(l)) X Op*(l) X Op*(l) X Op*(l)
= OP*(l).

|51 (0)]

IN

) = i1 0+ ir-6) = by (0r) | |5 | s (51)

gy (o) o=

IA

o]
6

That is supy |Si7 (0)] = op+ (1) in prob-P.

Proof of Proposition 4.2. We follow the proof of Proposition 2.2. (i) A second-order mean value expansion
of (1) ( *(1)) around Or gives

R (5) =T (52) +VTOSES (60) (50 - 0n) + S0 @)

where

R (03) = VTG O (6 )vec<(é;<1>—éT) (é;<1>—éT)’>EG*<1> (87) vee (0323

with 6% € (é;(l),éT> and may differ from row to row and G*(1)(0) is defined the same way as G(0) but

Vyith 1/;_T (0) replaced with 1[};(1) (#). By Proposition 4.1, é*T(l) = 99 + op+ (1)7111 prob-P, which implies that
G*M) (63) = G + op- (1) in prob-P (using the fact that supgee [|G*)(8) — G(8)|| = op-(1) in prob-P and
supgpee [|G(0) — G(0)[| = op(1)). Thus,

~k(1 2

i >H )

R;(l) (67) = Gvec (ﬁ;(l)ﬁ;(l)/) + op~ (
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in prob-P. By the bootstrap CLT and under our assumptions, we have that

VTG (4 ( ) T (,/;; (gT) - (éT)) = Op+(1), in prob-P, and

\/T&,b*(l) <0T) —JT (81&} (éT) _ OYr (éT)) = Op+(1) in prob-P.

oo’ 0" a0’
As a result,
VIE® (60) = vTE (6r) + ;G (85650) + op- (1) +0p- (177]12) . (B.12)
in prob-P. Thus,
T¢*<1)/( *<1>) *(1>¢*<1>( *<1>) — Ty (b ( )sz*“) (QT) " i”ec (A*(l)wu)/)GWGM(A*u)A»«(l)/)

+vec (@;(1)@;(1)/)G’W\/T1/?;(1) (éT) +op+(1)

A~k (1 ~%(1
05 V112) + op- ([0 14),

+op-(

given in particular the fact that W*(l) W + op~ (1), in prob-P. By definition,

T?ﬂ*(l)/ ( *(1)) *(1)w*(1) ( *(1)) < T¢*(1)/ ( )W;U)QZ}(D < ) TW(I)/ ( )W¢*(1) (GT) +op- (1),

in prob-P. Thus,

1 * * A~k A~k A~k Ak Tk A
Zvec’ (f)T(l)sz(l)/) GWG vec(vT(l)vT(l)/) + vec’(vT(l)vT(l)/)G/W\/Td)T(l) (QT)

+op- (1) + op- (|05 12) + op- (|05 7]|1) < 0p- (1),

in prob-P, implying that
1 * Ak Ak Ak Ak Ak Tk N
Zvec' (ﬁT(l)vT(l)/> G'WG vec (UT(l)vT(l)/) < ved (030G WVTHY (0T>
~x(1 ~Ax(1
+op+ (1) + op- (07 ]2) + 0p- (57]14).

Given Lemma B.1 of D&R (2013a) and Assumption 6(ii), we have that
1 A*(1)A*(1)/ y A*(1)A*(1)/ #(1) )4
- >
4vec ( ) G WGvec( ) Y llop |
for some y; > 0. Hence,
”A*(l) L winehivTaE® (6 5x(1)2 1 sx(1))2 5x(1) )4
Yillop 1" < IWIIGHIVTSp 7 (07 ) [lllop I + op- (1) + op-([[o7 (%) + op- (1o (1),

implying that
Opx* (1)

A*(1)H2 +op-(1).

157 12 + 0 () < WG | VTG (6r) |+
This shows that ||13;(1)H2 is at most of the same order as Hﬁ&}(l) (éT) , which is Op+ (1) in prob-P, thus

concluding the proof of part (i). To prove part (ii), note the second-order optimality condition for an interior
solution of a minimization problem implies that, for any vector e € RP,

82 Tk i * Tk
¢ soag |97 OWi VG0 0)]

e > 0.

—gr»
0=03

This can be written as B
¢ (z; + N;:) >0, (B.13)
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where

% 621;*(1) Ax(1 * Tx(1) / f* * a'(/;*(l)/ Ax(1 * 8¢ *
Zr = (8959, (OT( ))WT(I)ﬁ¢T( )(GT(I)) and Np = VT- (')TG (OT( ))WT(I) g/ (QT(U)'
B 1<i,j<p
From part (i), we can show that
Tk Nk * ]- A~k A~k !
ﬁwT(l)(OT(l)) = VT (1)( or) + §G vec(vT(l)vT(l) )+ op+(1),
ot o2 A R
1/49%1 *(1)y 4 174/ 5%(1)
TS0 = g 0T O ) +op- (1),

in prob-P, for i = 1,...,p. The last equality follows from the mean-value expansion of 8w*(l) 1)) /06; around

O7; the uniform convergence of G*(6) and G(6) in a neighbourhood of 6, then allows to replace the sample
means in the second-order derivatives by the population mean p(-). The uniform convergence argument also

implies that 827,/_1;(1)(9;(1))/891‘89‘ = 0%p(0y)/00;00; + op~(1), in prob-P. Hence,

= % A*(1)A*(1)
Zr =77+ = (89 o0, (00)W G vec (v ) 1§i,jgp+0P*(1) and
2/
x(1) O°p >p peIe)
Nt = ( 57" 6,06 00 a0 00)07 >1§i,j§p+0p*(1)’

where Z5 = (%(OO)W\/TJJ;(U(@T)) . From (B.13) and some successive applications of the Cauchy-

Schwarz inequality, we can claim that there exists A > 0 such that for any (unit) vector e € RP,

1 (1) ||?
—e'Zre — Al|op H < op«(1).

— ~ !
Since (\/Tw;(l)/(ﬁT), @;(1)/> = Op-(1), in prob-P, it follows that ( z%, 6;(1)> = Op (1) (by Lemma B.2). Thus,
by Prohorov’s Theorem (cf. Theorem 2.4 of van der Vaart (1998)), we can find a subsequence of <Z;, A*(1)> ,

(Z},, ﬁ;(/l)) say, which converges in distribution to (Z*,V*) under P. Consequently, by the continuous mapping
theorem,

Y5 =—€Zpe— A l

@;SUH Y= —eZ% — A||V*|?,

along this subsequence. This means that for any metric d metrizing weak convergence, d (£ (Y, L (Y*)) =¥ 0,
where £ () denotes the law of the random variable in question. A second application of Lemma B.2 implies
that d (L (Y}),L(Y™")) 2 0in prob-P along the subsequence indexed by T’. But this is equivalent to say-
ing that there is a further subsequence Y, of Y7, for which d (L (Y},),L(Y™)) B0 as-P. Fix w in the
probability set on which this event occurs (whose probability P is one). By the same argument as used by

D&R (2013) in their proof of Proposition 3.2, we can conclude that v, converges in distribution to V* with
P([V*|>0)>1—-P(Z*>0) > 1/2 = for all w in a set of probability one. This completes the proof of part

(i),
Proof of Lemma 4.1. Letting Y} (v) = \fdj*(l)( + T~ Y4%), with v = T/* (9 — éT>, and noting that

*(1)('0) Y (v) W;(l)Y* (v), by the Continuous Mapping Theorem (see Pollard (1984, p. 70)) it is suffices to
show that

(W;“),Y;(u)) =P (W,Y* (v)), in €¥(K), in prob-P, (B.14)

where Y*(v) = X* 4 $Gvec(vv’) with X* ~ N(0,%), implying that Y* (v) =4 Y (v) = X 4+ ;G vec (vv') . Since

W;i(l) = W + op+(1) in prob-P, WT(I) —@" W, in prob-P and since it does not depend on v, it also converges

weakly towards W in ¢°(K), in prob-P. Given that W is constant, Slutsky’s theorem (Kosorok (2008, Theorem

7.5)) ensures that (B.14) holds once we show that Y3:(v) =" Y*(v), in £>°(K), in prob-P. To establish this,

observe that as a compact subset of RP, K equipped with the usual metric is totally bounded. Following the
proof of Giné and Zinn (1990, Theorem 3.1), it remains to show that
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(@) (Y5 (1), Y5 (o) =% (Y* (v1),...,Y* (vg)), in prob-P, for any v1,...,v;, € K.
(b) For any € > 0, there exists § > 0 sufficiently small such that

lim sup P (E* ( sup Y7 (v1) = Y7 (v2)||> > e) =0.

T— o0 [[vr—v2]|<8,v1,v2 €K

Starting with (a), by a second-order mean value expansion of Y7 (v) around 0, we have that
* (1) 1/481/_’;(1) ) 1 Ax(1) (7% ’
Vi (v) = VT ( ) +T 50 (QT) v+ QG (9 (v)) vec (vv') |

where 0% (v) € (éT, O + T_1/4v) and may differ from row to row; the matrix G*(!) () is defined as in (6) with
1/?;(1) () in place of ¥r (6). We can write

Y (v) = VT3 (8 )—O—%Gvec(vv/)—i—r} (v),
where 77, (v) = rip (v) + 130 (v) + 137 (v) With
1 /- A
* - = x(1) _ /
i (v) 7 (G (GT) G) vec(vv'),
@) = L@ (5 ) - O (b)) vee () and rip ) = 705 (G
rop (V) = 5( ( v) (T))vec vv') and rip (v 50 (T)
We can show that for j = 1,2,3, 777 (v) is op~ (1) in prob-P uniformly over K. For j = 1, note that
G0 () -G =G0 (0r) =& (br) + G (07) - G,

where we can show that G*(1) (éT) -G (éT) = op« (1) in prob-P and G (éT) —G = op (1) (for the first result, we
rely on the fact that supycg ||G*(1) 0) — G (0) H = op» (1) in prob-P whereas the second result follows from the

uniform convergence of G (6) towards G (6), the fact that 07 £ 8y, and the definition G = G (6p)). Sincev € K, a
compact subset of RP, this proves the result for j = 1. For j = 2, the result follows from the uniform convergence

of G*() (#) towards G (#) and the fact that é;(l) — 6z, i 0, in prob-P (see e.g. Lemma A.6 of Gongalves and
7D g
White (2004)). Finally, r35 (v) = op+ (1) in prob-P uniformly over K because Tlﬂ% (0T> = Op« (1) by
7<) /A
the bootstrap CLT applied to Tlm% (OT) (note that its mean is zero given the double recentering). Since

\/Tz/?;(l) (éT) X~ N(0,%), in prob-P, we conclude that Y7:(v) =4 X* + 3G vec (vv') = Y*(v), in prob-P

for any fixed v € K. Similarly, for any fixed (vy,va,...,v;) € KF, consider ¢ = (c1,...,c;) € R¥ such that
cc=1. It follows that

k k k
* Tk N 1 *
E ¢ Y7 (v5) = c/\/fl/}T(l) <9T) + §G g cjvec (vv]) + g cry (v5),
Jj=1 Jj=1 Jj=1

where the last term is op« (1) in prob-P uniformly over K by the same arguments as those used above. It follows
that 2521 oYy (v;) =4 /X* + 3G Z?Zl cjvec (v;v}) in prob-P and the result follows by the Cramer-Wold
device. Next, we establish (b). From the second-order expansion of Y} (v) above, we can write

* * 8’¢) A 1 Sk 0% 1 Ak )%
Yii (1) — Vit (vg) = T/ 879", (eT) (01— v2) + 3G (9 (1)1)) vee (vyvf) + 3GV (e (vg)) vee (vavh)

ag# (éT) (v —v2) + %G*(l) (é* (Ul)) [vee (((v1 —v2) vy — vz (01 —02)"))]

+ % [G*(l) (9* (Ug)) -G (0* (vl)ﬂ vec (vav5) .

_ T1/4
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Hence,

Wi - vieal < |02 (i)

- Jor = wall + 5 @0 (8 00) [ lor = o2l + el

5 1G D (B (02)) = GO (8 (w0) Nl

Since K is compact, there exists M > 0 such that

TYVAZIL 8¢ (éT)

Y7 (01) = Yr(v2)| < o

Jor = vall + M| GO (8 (w) | o2 = va

M| G (9 (vg)) e (9 (vl)) I

implying that

/a9 0Py (GT)

5+ ME*
o0 +

E( sup ||Y;(v1>—YT*<v2>||) < E G E

[[v1 —v2]|<d,v1,v2€K

FME G (6" (v2)) = GO (6% (00)) .

Thus, for any € > 0, there exists 6 > 0 such that

P

E” ( sup Y7 (1) — Y7 (W)II) > 6]
&

lv1 —va||<8,v1,v2 €K.
< P (E* T1/4839/ (9T) 365> L P (E* () (9* (01 )H < 3M5>

+P (BG 0 (6% () = & (8 (00) || > 537

can be made arbitrarily small as T' — oco. In particular, it is sufficient to show that

(b1) B* ( ’T1/4 2 (or) > — 0p(1),

G (9 (vl)) H — 0p(1), and

(b3) E*||G*(™1) (0* (v2)> -G <t9* (Ul)) | = op(1), uniformly on K. Starting with (b1), by Jensen’s inequality,

)

2 (1) 7%(1) 2
o R o R
E* =12 LT (g = T/? B 2T (4
( ) ﬂ(ae] ( ) 12 90, (T) ’
where z/;z(? is the h-th component of 15;(1) . Since

7,*(1) -
T (0r) = 3 (G (x0.00) = 2 (o)),

where X is i.i.d. from {X3,..., X, }, we have that
p (255 (3,0} W (3, 07) = 25 (5,)) = 0zt
a6, (T) _T2Z< (“ T)_ 00, (T>> =O0p(T).
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(b2) E*

(1)
Tl/4a’¢} (eT)

_ a¢*(1)
o’

a0’

(07)

T1/4azg;f” (6r)




2
« BIZ);(D ~
Thus, £ (HTU‘*%, (0r)
showing (bl). For (b2), for some constant C' < oo,

1 {0247 (6 (1) L1 50|
HG*<1>(9*(U1))H§C; agga/ vl) g ;QSSEHW

T
where the last inequality uses the fact that 6* (v) € (éT, O + T4 ) which is included in NV, a neighborhood

) = Op(T~/?) = 0p(1) (uniformly on K since it does not depend on v € K),

I

of g, for all T sufficiently large with probability P approaching one (glven that éT i o). Hence,

2 * 2
(9* )H <y ZE* Yn (X,0) s OYn (X0, 0) ||
ge/\f 0000’ — 96_/\/' 0000’
which is Op (1) uniformly on K given that % is Lipshitz continuous on N and F HW ‘ < 00.

Similarly, we have that

1o ot (X0 wn) o (X500 (1)

*( ) Ao (1) ¢ i 1 B
oo -ame w| < o33 — g om0
T
< CZ Zm 6* (vy) — 6* (UQ)H SZ (sz(Xt*)) T-4¢,
h=1 t=1

where the last inequality uses the fact that sup,, ,,cx HO* (v1) — 6% (UQ)H < CT—'/* for some constant C' < 0o
given the definitions of 6* (v1) and 6* (vy). Because X; is iid. on {Xi,...,X,}, E* (% 25:1 m(Xt*)) =
% Zthl m (X:) = Op (1) given Assumption 4(i) and we conclude that

E* || GO (6% (v1)) — G* D (6" (v2) H< ( ZE* X7) )T—1/4cop (T_1/4):OP(1)7

uniformly in v; and vs.

Proof of Theorem 4.1. Part (i) follows by Lemmas 4.1 and B.3. In particular, & € arg min,ege J (v) = Op (1)
by Lemma B.6(ii) of D&R. (2013a). Similarly, 17*(1) =T (é*(l) - éT) € argmin,ey, Ji (v) is Op- (1) in
prob-P by Proposition 4.2 (i). Note that we can show that o A*( ) is also the minimizer of J;(l) (v) over RP

since f7 it 0o, an interior point of ©, which implies that with probability P approaching one, the union of Vp
over all T' > 1 covers RP. Part (ii) follows from Polya’s theorem given that J (v) is continuous from Theorem 2.3.

Proof of Proposition 4.3. The proof follows by the same arguments as the proof of Proposition 3.1. In
particular, under the new global identification (Assumption 8), 6y is the unique arg ming Q® (6), where

Q@ (0) = E (¥ (X1,0)) WE (® (X1,9)).
Thus, the result follows if we show that with probability P converging to 1,
sup ‘Q;(Z) 0) - Q® (9)] 2o, (B.15)
€

Letting Q% () = &% (0) Wrdy (0), where &7 (0) = b7 (0) — 297 (6) (0 — 6p), (B.15) follows from: (A)
SUPyco *(2) 9) — Q(TQ) (6) LN 0, in prob-P; and (B) supycg ’Qg?) 6) — Q@ (9)‘ £ 0. We can show that

G20 = 50 -5 (5 (0r)) - (0 ) (0 0r)
Br 0~ (or @) (0-0r).

48



where 97 1. (6) = §5 (0) — E* (zﬁ; (éT)) = 9% (0) — Pr (éT) . This implies that

70 = S OW )
= Qi 0) 2020 (0) Wi i 0) (6 br)

!/
_0 +(2) 0 )
+(6-0r) ( 5 0r (9>> Wi =2 (0) (0= 0r )
= Qr () + Rir (0) + Rar (0),
where Q% (0) is as defined in Proposition 3.1 but using the weighting matrix W;(Q). Similarly, we can write
r6) = B (0)Wrdr ()

= Op (0) Wripr (0) — 247 (6) Wr— 1/JT( ) (0 — o)

00’
!
+0—00) (0 0)) W 0r (0) (0 -0
= Qr(0)+ Rir (0) + Rar (0) .
Thus, to show (A), it suffices to show that

Sug Q7 () — Q7 (8)] = op-(1), in prob-P; (B.16)
€
sup |Rip (0) — Rir ()] = op+ (1), in prob-P; and (B.17)
0€©
sup [R5 () — Rar ()] = op~ (1), in prob-P. (B.18)
0€©

Proposition 3.1 implies (B.16) whereas we can show that (B.17) and (B.18) follow by relying on the fact that
7 5 0y; and that SUPyco ’@Z_J:T (0) — 7 (0)| = op~ (1) and W;@) — Wy = op- (1), in prob-P. To prove (B),
let u(6) = E((X,1,0)) and d(0) = E (W) We have that

QPO -Q20) = [FrOWrirO) = OWuo)] 2 | FrOws "n — wowae)] © - o)
#0000 | 2w 20— aoywato)| 0 - )

= [U+[21+3]

By definition, [1] = Q7 () — Q(#) = op (1) uniformly over © (see proof of Proposition 3.1). Moreover,

)y T YT (8
subpeo |32 < (supgee 0]l + 180ll) x (supgee 102 (8) — w@IIWrll 3 Sy supgeo || 252 |
oY (0
+supgee (@) | [Wr — W+ S/ supgee H el )H
OYr (0
+supgee 1OV | suppeo | 2552 — d(@)])

We can show that [2] = op (1) uniformly on © by relying in particular on the fact that supycg |[t07(0) — u(0)| =
op (1), |[Wr —W|| = op (1), and supycg H 8%7;@ d(G)H = op (1) under our assumptions. The proof that [3] =

op (1) uniformly on © follows by similar arguments once we show that MBLG(G)W WBLQEQ) —d'(O)Wd(0) = op (1)
uniformly on ©.

To prove Theorem 4.2, we first prove the following two auxiliary results, which are the continuously-corrected
bootstrap analogues of Proposition 4.2 and Lemma 4.1, respectively.

Lemma B.4 Under Assumptions 1-8, if W;(Q) 5w oin prob-P, (i) ‘

é;@) - éTH = Op- (T_1/4) in prob-P,

and (ii) T4 (é;(g) - éT) has at least a subsequence that converges in distribution to some random variable V*
under P*, a.s. -P, such that for some § > 0, P (||[V*| # 0) > 4.
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Lemma B.5 Under Assumptions 1-9, if W*(z) B win prob-P, we have that J*(Q) (v) =7 J (v) in = (K), in

prob-P, where JT( ) (v) is defined as J;(l) (v) but with 1/)T( ) and WT( ) replaced with 1/;;(2) and W;(Q), respectively.

Proof of Proposition B.4. We follow the proof of Proposition 4.2. First, note that for all 7,5 =1,...,p,

9 ;) R 4
50,75 0 = 507 0) = o (501 ©)) (0-0r) = 5550 (6)
" 92 @ i o ; 92
90,00 r (0)= 96,00, Y1 (0) — m (00’ Ur (9)> (0 — GT) — QWwT (0).
Hence,

3@ (9T> = i (éT) and 5%1 P (éT) = % pel) (éT> fori=1,...,p.

By a second-order mean value expansion of 1/7;(2) (é;(z)) around éT, we can then write

I (57) = VI (i) 05 (o) (589 ) S ),

where R*(z) (0_*) = G*®@ (é* ) vec (A*(2)A*(2)/) and v*(2) = T4 (é;@) - éT) and 0_} lies between é;@) and
Op. Here, G*(0) is as G*1 () but with w*(l) (0) replaced with 1,5;(2) (#). By a standard bootstrap uni-
form law of large numbers (sce e.g. Giné and Zinn (1990)) and the fact that 6 £ 8y, we can show that
supy ‘60 o0, 7,/)*(2) (0) — ki j (9)‘ = op~ (1), in prob-P, where

0? 0 52
Kij (0) = ~ 96,06, (Wp(9)> (0 —0o) — mﬂw).

By the continuous mapping theorem, x; (9}) = 7%{’;%p () + op+ (1), in prob-P, which implies that

VIR (05) = VI (ir) - 56 vee (35705) + o () + or-

We can now follow exactly the same arguments as in the proof of Proposition 4.2.(i). To prove part (ii), we also
follow the proof of Proposition 4.2.(ii). We can show that

@;,<2>H) . (B.19)

— A * 1 ¥ Nk '
VT <z>(eT‘2)) = VT (0r) — G vec(o? ) + op- (1),

&b Ak (2 32P *(2

T1/4%%T T i )y _ _ 0 (2) (1

89 ( T ) 89180/ ( O)U + op ( )

in prob-P, for i = 1,...,p. Hence, the second-order optimality condition for an interior solution of the mini-

5*(2)

mization problem that 6" solves implies that for any vector e € RP,

¢ (Z;+N;) e>0,

where now . o2y _
7= =75 — — [ 2L (00)W G vec(ii PP +op-(1) and
06,00, 1<ij<p
Ak a P ~%(2)
N ( G OO G 0 +op-(1)

r=\""" 96,00 89 aef \<ii<p
where Z7 = (%(ﬁo)Wﬁﬁ;@)(éﬂ)Kij<p. Thus, there exists A > 0 such that for any (unit) vector
e € RP, o

2
¢ Zie — A ﬁ;@)H < op-(1).
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Following the same argument as in the proof of Proposition 4.2, we can show that there is a subsequence of
(Z},, @;(2)) which converges in distribution to (Z*,V*) under P, where Z* is a deterministic linear function of

a Gaussian vector. Thus,

Y} =eZfe—

Als®|| Sy =ezre—apve,

along this subsequence. Because Z* is a linear function of a Gaussian vector, Y* is equal in distribution to
—e'Z*e — A||V*|]* and the argument of D&R (2013) can now be applied to this limiting process to show that

there exists a further subsequence of 17;(2) that converges in distribution to V* such that P (||V*|| > 0) > 4.

Proof of Lemma B.5. The proof follows exactly that of Lemma 4.1, given Lemma B.4. The main differ-
ence is that the stochastic process Y (v) = \/T&}@) (éT + 7Y 41}) now converges weakly in prob-P towards
Y (v) = X — %G vec (vv'). Since X ~ N (0,%), then X =% —X, where =% denotes equality in distribution,
which implies that ¥ (v) =¢ =Y (v) = — (X + $Gvec(vv')), where Y (v) was defined in Lemma 4.1. Thus,

JE® () = Vi (0) WPV (0) =P Y (0) W (=Y (v)) = Y () WY (v) = J (v), given that W2 &5 W, in
prob-P, concluding the proof.

Proof of Theorem 4.2. Part (i) follows as the proof of Theorem 4.1, given Lemmas B.5 and B.3 whereas part
(ii) follows from Polya’s theorem.

Proof of Theorem 4.3. We provide a sketch of proof for this result. The bootstrap estimating function is:
*(1) * P * %0 > ~
i () =9(X{, Ry —E (wt (GT)) N (ae/ i (9T)> Ry (n2 — fr),

with Rijp =07 and R = (Ry|Ry) £ R. We use the partition n=(n,n5) € R" x RP",

1. Consistency of bootstrap GMM estimator: The proof follows by the same arguments as the proof of Propo-
sition 3.1. Because E* (%w,’f(éﬂ) R,52 507 (00)Ro = 0 and E* (wt (GT)) =1 Zle V(Xy, 07) £ 0, and using
the bootstrap uniform law of large numbers, we have

Zw*(” E(y(Xy, Ry),

in prob-P uniformly over the compact parameter set {R=10,0 € ©}. Then, the global identification condition

ensures that the bootstrap GMM estimator converges in probability to the GMM estimator: 77 i N in prob-P.
2. Local identification property of bootstrap estimating function: We have:

o (i) _ e (00 . -
E* ( 8772 =K (80/ (Xt70T)> (aelwt (OT)> RQ—O,
o} (1)( ) - oY, . p Op
F ( tﬁm >_E (89/(Xf’9T)>R 5 (00) B,

which is full rank. The bootstrap central limit theorem guarantees that % ZtT 197 (Xt ,HT) (%U’f (éT)) =
Op-(T~'/2) in prob-P and therefore,
;™ (ir) -
= Op. (T2
T ; o, Op-( )

in prob-P.
3. Rate of convergence: Similar expansions to those in the proofs of Proposition 3.2 of Dovonon and Renault
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(2009) and Theorem 1(a) of Dovonon and Hall (2015) also apply readily to this bootstrap setting with ‘local
identification’ patterns as in 2. above and an analogue of Proposition 4.2 can be derived yielding:

Air — e = Op-(T™Y?), and  #5p — for = Op-(T/%),

in prob-P and these rates are sharp.
4. The asymptotic distribution of the bootstrap overidentification test statistic: The bootstrap test statistic is

given by:
GO

— (), L 7D,
Jra =T¢"  (ap)'Wr ™ (i)
Consider the local parameterization: v = VT (1 — i) and vg = T4 (g — far); v = (v}, v5)’. Let:

e (D [ R ! (1) =, (1) [, R
Ty () = T (mT + 01 VT, oy + UQ/T1/4> Wi g (771T + 0y VT o + UQ/T1/4) .
Letting 0%, = VT (7}p — iir) and 94, = T4 (3%, — flar), We can see that:

£ (D (1) (1)

JTl JTl( )_Eelﬁ%I})JTl()'

The derivation of the asymptotic distribution follows the same strategy as in Lemma 4.1 and Theorem 4.1(i):
We show that J;ffi) (v) converges in distribution to Jy(v) uniformly over any compact set and then conclude that

J{Fi) (07) converges in distribution to min,ege Jo(v) using Lemma B.2, where

1 ' 1
Jo(v) = <X + Duvy + 2Grvec(vgvé)> w (X + Dvy + 2Grvec(vgvé)>

for all v = (v}, v5)" € R" x RP~". The proof of uniform convergence follows similar lines as in the proof of Lemma
4.1: a second-order mean value expansion of v — ﬁ{}*m <771T + 1 /T, for + vz/T1/4) around v = 0 yields:

\/T@*m (ﬁlT + 01 VT, flor + UQ/T1/4>

«(1)

— VT (i) + VT2 (i )or VT + VT2 (e /T + M(i%?fgn/ <v>v1) ;
1<h<H

% (1) 2 7x(1)
1 / deh . 1 ;0 wh .
+ i <U1 Fn10m; (0)ve + 35| V2 Dn20m] (0)va )
\<h<H 1<h<H

with v € (0,v) and may differ from row to row. Under our assumptions, we have:

/. . . g , 02 et
\/TT/J*( ) (an + 01 /VT, flar + vz/T1/4) = \/Tib*( )(77T) + v — ()1 + vy Vi 7 (0)va +op-(1),
oy 2 020, 1<h<H

with the op~(1) terms uniformly negligible over any compact set. Note that:

6’[/J*(1) aw . 821/;*( . T 21/}]1 i A )
o =T Zaa/ (X7 Rir) R, and 50 () = gaeae/ (7. Fi) Fe

with 9 € (), 7). By the bootstrap uniform law of large numbers we have:

Z 00 (xi. hie) i 75 22 00) Ry = D

in prob-P and

azlph x > P /
< 2R 8089’ (X ,Rn) Rova — Grvec(vavy)
1<h<H
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in prob-P and in both cases, the convergence holds uniformly over any compact set of v’s. We can then claim
that:

—e( [ . — 1
VT (771T + 01 /VT, ot + U2/T1/4) = VT (i) + Dvy + iGrvec(vzvé) +op+(1)

with uniformly negligible op-(1) terms over compact sets. Note that, by the bootstrap central limit theorem,
VT 1/7*(1) (77) converges in distribution to X. Thus the marginals of the stochastic process:
\/Tl/’,*m (ﬁ1T + 01 VT, o + vg/T1/4) converge in distribution to X + Dvy + %Grvec(vgvé). The stochastic

equicontinuity of this random process can be established along the same lines as in the proof of Lemma 4.1. We
then conclude that

_ * 1
ﬁw*m (771T + vl/\/f, floT + 1)2/T1/4) 9Dx 4+ Dv, + iGrvec(vgvé),

in prob-P uniformly over any compact set. The continuous mapping theorem allows to write that

e

o
Jra1 (v) = Jo(v),
in prob-P, uniformly over any compact set. We can now apply Lemma B.2 to conclude that

ax(1) dF .
Jry = min Jo(v)

in prob-P.

5. To obtain (i), it suffices to show that min,egr Jo(v) = min,cge—» J1(v). This is straightforward once it
is seen that Ji(v2) = miny, err Jo(v1,v2). 6. (ii) follows from the fact that min,cgs-+ J1(v) is the asymptotic
distribution of Jr under the conditions of the theorem.
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