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ABSTRACT 

 

A STUDY OF NEGATIVE FEEDBACK DAMPING PROPERTY OF ROLL-COUPLED 

HYDRO-PNEUMATIC SUSPENSIONS 

 

NAVANEETHAN SUNDARESAN 

 

The design of a vehicle suspension involves complex compromises due to conflicting ride 

comfort and handling requirements. High load capacity and high mass center commercial vehicles, 

especially, impose greater design challenges due to their relatively low rollover immunity. Road 

vehicles, invariably, employ auxiliary roll stiffeners such as antiroll bars to realize a better 

compromise among the roll dynamic and ride comfort performance. The anti-roll bars, however, 

add considerable weight, exhibit negligible damping and cause stronger coupling between the roll 

and vertical modes. Alternatively, roll-connected hydro-pneumatic suspensions offer superior anti-

roll performance, while preserving the soft vertical ride characteristics. Reported studies have 

shown that such suspensions can provide anti-roll characteristics similar to an antiroll bar but with 

considerable roll damping and less weight. The feedback effects of the hydraulic couplings in such 

suspensions yield negative damping force in the vertical mode, which have not yet been explored. 

This thesis research presents a systematic study of negative damping features of the roll-

coupled hydro-pneumatic suspensions and its significance for realizing variable damping 

properties. Three different configurations of hydro-pneumatic struts were conceived for realizing 

hydraulic couplings in the roll plane. Analytical models of the roll-coupled suspensions were 

formulated considering ideal gas law, turbulent flows through orifices and damping valves, 

laminar flows through interconnections, floating piston dynamics and fluid compressibility. The 

analytical formulations were used to describe the negative damping feature attributed to the flow 

feedbacks. The vertical and roll mode damping and stiffness properties of the proposed 

configurations were derived via analytical relations, which showed that hydraulic couplings yield 

high roll stiffness and damping with only minimal effect on the vertical mode properties. The 

simulation results demonstrated two negative damping force components of a strut attributed to 

flows through the interconnecting pipes and flows through orifices in the connected strut. These 

negative damping force components, however, contributed to only positive roll damping moment. 

A methodology to enhance negative damping force of the connected struts was proposed for 

realizing variable damping properties similar to those of the conventional damping valves. 

Deployments of small size multiple interconnections or the flow-control valves across the struts 

resulted in comprehensive magnitudes of negative damping force components.  Simulation results 



 

  

were obtained under lateral acceleration excitation idealizing the centrifugal force encountered 

during a steady-turn maneuver, a road bump, and in-phase and out-of-phase harmonic road 

excitations. The results were obtained for unconnected and connected struts with and without the 

damping valves and interconnection flow valves. Comparisons of the results revealed that 

interconnection valves can provide variable damping properties similar to the damping valves. The 

interconnection valves, however, offer greater design/tuning flexibility since these are mounted 

externally. The results suggested that further efforts in parameterization of the coupling flows will 

be worthy for realizing optimal damping properties of the roll-coupled hydro-pneumatic 

suspensions.   
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𝑇𝜃        Roll moment imposed on the sprung mass while vehicle experiencing lateral acceleration     

inputs. 

𝑇          Suspension track length. 

𝑉𝑗𝑜       Static equilibrium volume of the chamber j (j = 1, 2, 3, 4). 

∆𝑉2𝑖 Change in volume of chamber 2 of the strut i (i=l, r). 

𝑉𝑐          Charge volume of the gas chamber. 
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𝑉𝑐𝑜𝑚𝑝 Change in volume of hydraulic chamber due to fluid compressibility. 
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𝑎𝑦  Lateral acceleration. 
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𝑥𝑠  Vertical displacement of the sprung mass. 
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𝑥𝑢  Vertical displacement of the unsprung mass. 
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�̇�𝑢 Absolute velocity of the unsprung mass. 

𝑥0𝑖  Road input on the wheels of the vehicle side  i (i=l, r). 

𝑥1𝑖  Displacement of the main piston. 

�̇�1𝑖 Absolute velocity of the main piston in strut i (i=l, r). 

𝑥2𝑖  Displacement of the floating piston. 

�̇�2𝑖 Absolute velocity of the floating piston in strut i (i=l, r). 

�̈�2𝑖 Acceleration of the floating piston in strut i (i=l, r). 

𝑥𝑗0𝑖  Initial length of the chamber j in strut i (i=l, r). 

𝜃𝑠  Roll angle of the sprung mass. 

𝜃𝑢  Roll angle of the unsprung mass. 

�̇�𝑠 Roll velocity of the sprung mass. 

�̇�𝑢 Roll velocity of the unsprung mass. 

𝛽 Diameter ratio. 

𝜎 Smoothening parameter. 

𝜏𝑠  Time constant. 

𝛾 Pulse frequency. 

𝜔 Excitation frequency. 
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CHAPTER 1 

INTRODUCTION AND LITERATURE REVIEW 
 
 

1.1 GENERAL 

 

The design of a vehicle suspension system involves complex compromises among the ride, 

handling and directional control performance characteristics. A suspension design with a soft 

spring and light damping is desirable to achieve good ride performance by isolating the vehicle 

body from the road irregularities. Relatively stiff and well damped suspensions are desirable for 

improved cornering, acceleration, braking and directional control performance of the vehicle. 

Although high suspension damping provides better control of resonant oscillations, it deteriorates 

the ride performance in the frequency range considered significant in view of human comfort. 

Owing to conflicting design requirements, the vehicle suspensions are invariably designed to 

provide relatively low stiffness in the vertical mode and high stiffness in the lateral and roll modes. 

Mechanical interconnections between the axle wheels such as anti-roll and pan hard bars provide 

higher roll stiffness and thereby improved handling characteristics, although these may degrade 

the ride performance due to greater coupling among different modes [1, 2]. Mechanical 

interactions such as anti-roll bars also increase the warp mode stiffness. Such interconnections, 

however, do not help to increase effective damping, which is also essential for improved handling 

performance. 

Alternatively, hydro-pneumatic interconnection between the left and right wheel suspensions 

in an axle offers enhanced roll stiffness and roll damping moment, while retaining low vertical 

stiffness. Such suspensions thus provide better compromise between the ride and handling 

performance of road vehicles. Moreover, the hydro-pneumatic coupled suspension struts can 

integrate restoring element in the form of air spring and damping valves within the same compact 

strut. Such struts also enable control of ride height with relative ease, which is especially vital for 

commercial vehicles that encounter considerable load variations. The high roll stiffness feature of 

the interconnected suspension struts also permits elimination of the bulky antiroll bar; thereby, the 

vehicle weight is reduced. The interconnections in the roll and pitch planes further offer potential 

to reduce the extent of coupling between the roll, pitch and warp modes of the vehicle [3-6]. 

Apart from the above, the hydraulic interconnections yield negative feedback damping effect, 

which has not yet been explored. The negative damping effect of such struts could facilitate 

realization of desired damping variation in an entirely passive manner and may help eliminate the 
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use of damping valves [7, 10]. In this study, different configurations of roll-coupled hydro-

pneumatic suspension struts are investigated in view of their negative damping effects. The effects 

of valves or flow resistance in the interconnections are investigated with a goal to enhance the 

negative damping characteristics. The negative damping effect is enhanced to achieve variable 

suspension damping, namely a higher damping coefficient at low strut velocities and lower 

damping coefficient at higher strut velocities. This dissertation research particularly focuses on 

negative damping effect of interconnected suspension and its potential for realizing desired 

damping properties. 

 

1.2 LITERATURE REVIEW 

 

In last four decades, vast improvements in passive, semi-active, and active vehicle suspensions 

have been realized based on simulations as well as experimentations. Several studies can be found 

in the literature that explore the concept of interconnected suspension for enhancement of roll and 

pitch performance. While there are some early studies of mechanical and pneumatic 

interconnection, all recent studies explored interconnection using hydro-pneumatic struts. There 

are studies that focus on either roll or pitch interconnections as well as studies that explore 

combined roll and pitch interconnections. In view of the focus of present investigation on negative 

damping effects, a thorough review of literature is carried out on interconnected suspensions and 

its state of art. 

 

1.3 INTERCONNECTED VEHICLE SUSPENSION 

 

Mechanical Interconnections between conventional suspensions are used to enhance roll and 

lateral stiffness and thereby improve the handling performance of the passenger cars. An 

interconnection between the front and the rear suspensions can greatly affect the pitch motion of 

the vehicle, especially during acceleration or braking. Similarly, interconnection between the left 

and right suspensions would control the roll motion of the vehicle while permitting lower stiffness 

in the vertical mode. 
 

Newton [1] described two different mechanical interconnection schemes which are shown in 

Figure 1.1. 
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(a) (b) 

 

Figure 1.1: Schematics of passive mechanical interconnection [1]. 

 

In the scheme, shown in Figure 1.1(a), a mechanical link C in the form of a beam pivoted about O 

is introduced between the front and rear wheels to achieve higher pitch mode stiffness. The 

relatively soft vertical ride is achieved via softer springs A and A1, located between the sprung 

mass and the wheels. Relatively hard springs B and B1, located between the beam and the sprung 

mass, on the other hand, provide higher pitch mode stiffness. An alternate scheme shown in Figure 

1.1(b) utilizing two sets of spring and a beam to realize similar characteristics for the suspension 

in the bounce and pitch modes. 

 

Possible pitch plane interconnection for pneumatic suspensions, utilizing constant and variable 

piston area were also described in [1]. For constant effective area, as shown in Figure 1.2(a), the 

cg of the vehicle has to be located exactly at the center of vehicle, otherwise one of the pneumatic 

chamber piston will reach its extreme position. This is overcome by introducing variable effective 

area as shown in Figure 1.2(b). In this case, the pneumatic chambers having variable effective area 

will generate larger force P2 to support larger load than the force P1 at the other chamber, while 

the excess fluid could transfer to the other chamber via interconnecting pipe. It is further suggested 

that the pneumatic chambers could be filled with hydraulic fluid and an auxiliary chamber A 

(shown in Figure 1.2) filled with gas connected to interlink pipe, could replace both spring and 

damper of the suspension. 

 

In 1927, Hawley [2] proposed few possible interconnections between and across the axles with 

hydraulic shock absorbers (Roll, Pitch, and Warp mode), as shown in Figure 1.3. However, the 

analytical models are not developed for the interconnection configurations. 
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Figure 1.2: Pneumatic interconnection in pitch plane: (a) constant effective area; and (b) variable 

effective area [1]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 1.3: Hawley’s interconnected suspension arrangements [2]. 

 

Zapletal [11] described a conceptual suspension system, in which a balance plate (75) is 

introduced at the rear side of vehicle to act as an anti-roll bar. It also carries the vertical (91) and 

pitch (90) springs, and the hydraulic pipelines are connected between front and rear, right and left 

wheels as shown in Figure 1.4. The study suggested that additional valves to be fitted in the 

hydraulic lines to increase damping.  

 

Though the proposed scheme achieves full modal decoupling and eliminates the warp stiffness, 

but the mechanism of bounce mode damping is not explicitly revealed. Furthermore, the difference 

in unsprung masses between the front and rear causes significant inertial effect around the wheel 

hop frequencies. Buj [12] proposed a novel hydro-pneumatic interconnection scheme accompanied 

with a central unit. The central unit consists of spring and damper valves, which work only under 

when vehicle experiences pitch and bounce mode oscillations. In addition to central unit, hydro-

pneumatic struts are located at each wheel stations and connected to the central unit via hydraulic 

lines, as shown in Figure 1.5. The experimental study discloses that complete modal decoupling is 

achieved due to interconnection layout and the central unit, but there was no analytical model 

investigated for this concept. The study also suggested that implementation of semi-active 
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damping module will improve the overall performance of vehicle and provide greater design 

flexibility. 

 

 

Figure 1.4: Balance plate mechanism [11]. 

 

Although above mentioned conceptual schemes are proposed with interconnection between 

the suspensions with either mechanical linkages or hydraulic pipelines, due to insufficient analysis 

on tuning damping characteristics─ the significance of interconnected systems could not be 

analyzed much in detail. 

 

Figure 1.5: Schematic of the conceptual hydraulic scheme [12]. 
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Several studies experimentally analyzed and simulated various damping schemes to enhance the 

shock attenuation and vibration isolation properties of a suspension, irrespective of the spring 

element (conventional or gas) considered. 

 

Sharp et al. [13] simulated a quarter car model with conventional spring and damper for 

different road profiles at different speeds. The study suggested a relatively higher damping 

coefficient is essential to control the oscillations of vehicle model at lower speeds, whereas 

relatively light damping is needed for the vehicle when it travels at higher speeds to improve ride 

performance. Moreover, a higher damping coefficient at higher speeds deteriorates the vibration 

isolation performance of the vehicle. Karnoop et al. [14] investigated a Single Degree-of-Freedom 

(SDOF) system incorporated with active suspension and compared it with an equivalent active 

damper isolation system (semi-active), as shown in Figure 1.6, for the simple harmonic inputs. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1.6: Semi active damping schematic [14]. 

 
  

The acceleration gain K1 and velocity gain K2 produce command signal in the active system. 

This command signal alters the resultant force of spring and damper units presented in the active 

suspension unit (F). Whereas in active damper isolation system, the instantaneous values of gain 

K1 and K2 change the damping ratio only. The study suggested that performance of an active 

damper isolation system is a compromised scheme based on cost as compared with the active 

system. Later, Krasnicki et al. [15] experimentally analyzed an on-off control damper scheme in a 

SDOF system and compared it with an equivalent passive conventional system. The result obtained 

from the harmonic analysis shows that on-off damper outperforms passive system only at lower 

frequencies. In contrast, a different on-off control scheme has proposed with relative velocity as a 

condition function to switch the modes of damper, but the time delay occurred while switching the 

modes of damper causes jerks and that could enhance instability of the system [16, 17]. 
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In the meantime, a passive sequential damper model is proposed, as shown in Figure 1.7, and 

compared its time and frequency domain responses with a constant orifice damper in a quarter vehicle 

model [18]. Constant orifices progressively exhibit high damping coefficient as velocity increases and 

provide better shock attenuation performance, but light damping is needed for better vibration isolation 

performance. Sequential damping could be obtained by adding an external pressure relief valve to the 

constant orifice, in which preset pressure of the valve depends upon the relative velocity. Besides 

dissipative force, an additional restoring force is obtained from the proposed damper and gives design 

flexibility to alter the equivalent suspension rate of the system. Result shows that passive sequential 

damper provides better shock attenuation and vibration isolation characteristics than equivalent 

sequential semi-active and constant orifice dampers. 

   
Figure 1.7: Schematic of constant orifice and passive sequential damping [18]. 

 
  

Apart from the above, studies suggested that asymmetric damping would enhance the ride 

performance of the heavy vehicle as compared with the symmetric damping in the compression 

and extension region. Asymmetric damping factor is defined as the ratio between the damping 

coefficient in the rebound and compression region [19]. The studies reveal that asymmetric 

damping factor should be nearly more than 5 to achieve better ride performance by controlling 

sprung mass acceleration of the heavy vehicle. Also, it reduces the Dynamic Load Coefficient 

(DLC) of the vehicle, which is a significant performance measure to avoid rutting of the 

pavements. [19, 20]. These studies have been further investigated with three different springs 

(Coil, Leaf and Air spring) in the quarter car model for various terrain conditions at different 

speeds. Based on simulation, air spring with asymmetrical damper reduces sprung mass 

acceleration and DLC of the vehicle considerably as compared with the other two springs 

accompanied with asymmetric dampers. Whereas, the ideal gas law is used to obtain the stiffness 

rate of air spring is isothermal rather than adiabatic. Besides damper, leaf spring itself creates 
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damping effect due to interlayer friction, and that changes the equivalent damping coefficient of 

the suspension. 

By following this, Rakheja et al. [21] experimentally analyzed the damper performance of an 

urban bus to reduce DLC and weighted Root Mean Square (RMS) acceleration of the sprung mass. 

The laboratory tests for the damper were taken at various amplitudes with the frequency range of 

0.5-12 Hz for 50˚-70˚C. The force-velocity characteristics exhibit higher force in rebound than in 

compression, irrespective of the excitation frequency. The hysteresis effect was found only at 

higher frequencies, which is attributed to inertia of the fluid. Additionally, the formulated mean 

force-velocity curve of the damper reveals that either one- or-two stage damping in compression 

and two- or three-stage in rebound damping was giving optimal damping performance of the 

suspension for the velocity range from 0 to 0.8 m/s. It was concluded that asymmetric variable 

damping has improved the performance of the vehicle rather than considering symmetric variable 

damping. Nevertheless, asymmetric damping will change dynamic equilibrium position of the 

system and that affects rattle space of the suspension. Furthermore, a study reveals that relatively 

lower spring rate in extension with rebound biased variable asymmetric damping will improve the 

ride and handling qualities of a vehicle [22]. 

 
 

1.3.1 Passive Roll Plane Interconnected Suspension 
 
 

Roll over propensity is mainly related to the off-road and commercial vehicles rather than 

passenger cars due to their high cg location. In addition to the cg location, the lateral compliance, 

effective roll stiffness, and tire properties are also to be considered when evaluating dynamic anti-

roll performance of the vehicle [23]. The primary overturning moment experienced by the vehicle 

due to lateral acceleration is the major cause to initiate vehicle roll. In earlier passive suspension 

designs anti-roll bar and pan hard rod are used to improve the roll and lateral stability of the 

vehicle, respectively. However, these mechanical linkages only provide auxiliary stiffness, to 

deliver better stability, with the nominal suspension units employed in the vehicle.  A simulation 

study [24] on the roll plane analysis with conventional springs in a heavy vehicle states that 

mechanically coupled springs with anti-roll bar, shown in Figure 1.8 (b), improves not only the 

design flexibility but also reduces the dynamic tire force effectively, as compared with the 

conventional anti-roll bar suspension system when vehicle experiences roll mode inputs. Though 

conventional anti-roll bar system yields relatively better anti-roll performance it deteriorates the 

ride performance at higher speeds due to its additional weight on unsprung masses.  
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Figure 1.8: Schematic of the suspension configurations: (a) Conventional anti-roll bar system; 

and (b) Mechanically coupled suspension system [24]. 

 

On the other hand, fluidic coupling between the suspension units in the roll plane offers more 

design flexibility than the mechanically coupled suspension systems [7]. The major cause to opt 

passive hydro-pneumatic suspension is its variable stiffness attributed to the gas spring. The 

schematic of a conventional independent hydro-pneumatic strut is shown in Figure 1.9.  

 

 
Figure 1.9: Schematic of an individual hydro pneumatic strut [3]. 

  

The gas chamber connected via the throttle valve acts as a gas spring, where the spring force 

could be calculated from the polytropic gas law. Owing to high compressibility of the gas, the 

spring rates are varied in the compression and extension region, and this would enhance the ride 

performance of the vehicle as compared with the passive conventional suspension systems [22]. 

Felez et al. [3] investigated independent and interconnected hydro-pneumatic suspensions in a 

crane vehicle, as shown in Figure 1.10. In interconnected configuration, the clockwise angular 
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movement of the sprung mass could be stabilized by the increase of pressure in the upper chamber 

of the right strut due to flow across the struts. Thus, the roll plane interconnected (IC) configuration 

offers better roll control performance than the independent configuration.  

 
(a) 

 
(b) 

 

Figure 1.10: Schematic of a passive hydro-pneumatic suspension: (a) independent cylinder 

suspension; and (b) interconnected suspension [3]. 

 

A newer model of independent hydro-pneumatic strut has been investigated, to improve the 

roll stability of a tracked vehicle, as shown in Figure 1.11 [25]. Unlike the earlier studies [3], gas 

chamber volume has been varied by the displacement of the floating piston. Moreover, these 

independent hydro-pneumatic struts exhibit relatively larger effective area than the IC hydro-

pneumatic suspension [4, 7, 25]. Thereby, the static equilibrium pressure of the suspension system 

has been reduced considerably. However, a newer model of interconnected hydro-pneumatic strut 

with comparatively larger effective area, shown in Figure 1.12, delivers more design flexibility in 

tuning the suspension properties [26].   
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Figure 1.11: Schematic of the hydro pneumatic strut [25]. 

 

 
Figure 1.12: Schematic of the interconnected hydro-pneumatic suspension [7, 26]. 

 

Also, the studies [7, 26] suggested that interconnected hydro-pneumatic struts exhibit higher 

effective roll stiffness, as compared with the equivalent unconnected hydro-pneumatic suspension 

struts due to fluid flow across the struts. As a result, IC hydro-pneumatic suspensions possess 

better anti-roll performance when vehicle subjected to a lateral acceleration inputs. Furthermore, 

increase in annular area of the IC hydro-pneumatic strut enhances the effective roll stiffness of the 

suspension unit [4, 27].  

 

The flow-resistance occurs across the orifices and struts is the prime cause to yield pressure 

differentials, and thus the resultant damping force. Liu et al. [28] investigated constant orifice and 

variable damping scheme in the conventional IC hydro-pneumatic struts, as shown in Figure 1.13. 

Firstly, the constant orifice damping scheme exhibits nearly quadratic force-velocity 
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characteristics; secondly, the variable damping scheme includes the passive preset pressure-relief 

valve which actuates under the thresholds of pressure differentials obtained across the valves. 

These valves are particularly used to reduce the high speed force-velocity characteristics and the 

schematic of pressure-relief valve mechanism is shown in Figure 1.14 (a).  

 
Figure 1.13: Schematic of the conventional interconnected hydro-pneumatic suspension [28]. 

 

 
(a) 
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(b) 

Figure 1.14: Variable damping: (a) mechanism of the preset pressure relief valve; and (b) force-

velocity characteristics of the IC hydro-pneumatic suspension [28]. 

 

As an example, the force-velocity characteristics of a hydro-pneumatic strut when equipped 

with passive pressure relief valve is shown in Figure 1.14(b). However, the presented analytical 

models were not provide the smooth transitions nearby the transition regions [28, 29, 30]. The 

result shows that constant orifice scheme exhibits better shock attenuation performance and the 

addition of pressure-relief valve improves the design flexibility in tuning the damping 

characteristics. Also, the addition of valves in interconnection reduces the total system mean 

pressure and stress between the hydraulic chambers as compared with the constant orifice damping 

[31]. A newer analytical model of a shim-stack valves employed in a hydro-pneumatic struts has 

been investigated to improve the damping characteristics especially near the transition regions to 

yield continuous damping force. The schematic of the single gas chamber hydro-pneumatic strut 

equipped with shim-stack valve is shown in Figure 1.15 [32]. 

 
Figure 1.15: Schematic of single gas chamber struts with shim-stack valves [32]. 
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However, the valve loss co-efficient and variation in discharge co-efficient of the shim-stack 

valve have not been explained in detail. A study stated that roll plane interconnected hydro-

pneumatic struts (Figure 1.12) exhibit larger roll mode damping force than the equivalent 

unconnected configurations due to negative feedback effect in damping [26]. These negative 

damping force components chiefly depend on parameters, namely, orifice area, fluid flow rate, 

discharge co-efficient, interconnection pipe diameter and the hydraulic fluid density. It is also 

noted that vertical or roll stiffness of the interconnected struts are highly depends on the bulk 

modulus of the hydraulic fluid, when fluid compressibility is considered [8]. Smith et al. [33] 

investigated hydraulically interconnected suspension (HIS) system and simulated in a half car 

model, as shown in Figure 1.16. 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.16: Schematic of the HIS system in a half-car vehicle model [33]. 

 

Unlike previous studies [eg 7, 26, 32], valves and gas units are located in the interconnection 

lines to provide restoring and dissipative forces with the conventional springs. The results from 

the simple harmonic analysis states that mean system pressure, position of the valve, valve loss 

co-efficient, gas egg volume and fluid viscosity are the essential parameters to tune the stiffness 

and damping properties of the suspension. However, there is no detail on estimating valve 
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characteristics and the valve loss co-efficient. In addition, the conventional springs accompanied 

with hydro-pneumatic suspension system could reduce the system pressure but the presence of 

conventional springs deteriorate the anti-roll performance of its counterpart, when vehicle 

experiences transient lateral acceleration inputs [6]. Smith et al. [34] suggested that valves located 

near the cylinders, in the HIS system, are highly effective when vehicle subjected to roll; thus, the 

relatively larger roll damping moment is obtained. Whereas, valves presented near the gas units 

are highly effective when vehicle experiences bounce mode inputs. As a result, roll mode damping 

property of the HIS system could be independently tuned without altering the vertical mode force-

velocity characteristics. Furthermore, the two different roll-plane interconnection configurations 

of the HIS system, as shown in Figure 1.17, are investigated when the half–car vehicle model 

experiences transient roll inputs. The results suggested that anti-synchronous arrangement, as 

shown in Figure 1.17(a), enhances the vehicle to roll due to the configuration layout. When 

interconnection is being done across the pistons, the anti-oppositional arrangement reduces the roll 

motion of the vehicle effectively, as compared with the anti-synchronous configuration [35, 36]. 

 

 

 
 
 
 
 
 
 
 
 
 
 
  

 

Figure 1.17: HIS roll-plane interconnection layout; (a) anti-synchronous arrangement; and (b) 

anti-oppositional arrangement [35, 36]. 

 
 

Cao et al. [37] analyzed interconnected twin gas chamber hydro-pneumatic struts in the half-

car vehicle model to improve its anti-roll performance. Unlike single gas chamber hydro-

pneumatic struts, the struts shown in Figure 1.18, exhibits nearly symmetrical suspension rate in 

the compression and extension regions. However, the gas chambers volumes should be adjusted, 

so as to yield the identical suspension rates based on the gas law considered. Due to the addition 

of gas chamber, the roll and vertical stiffness rates of the twin gas chamber struts are relatively 

lower than the struts as indicated in Figure 1.15 [38]. Moreover, the negative feedback coupling 
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effects between the twin gas IC hydro-pneumatic struts are relatively weaker when the pneumatic 

chambers are connected between each other, as shown in Figure 1.19 [39].  

 
Figure 1.18: Schematic of twin gas chamber struts with shim-stack valves [37]. 

 

 
Figure 1.19: Schematic of the interconnected hydro-pneumatic twin gas chamber struts [39]. 

 

1.1.2 Active Roll Plane Interconnected Suspension 
 

 Active suspension systems are rarely investigated in a roll plane, as a benchmark prototype, 

due to its high operating and capital cost. Though active suspensions have many limitations in 

view of its application, the performance of these systems are relatively better under subjective 

analysis. Few studies [40, 41] investigated active anti-roll bar with a feedback control unit, as 

shown in Figure 1.20. The active anti-roll bars are connected to the rotary actuators, and its angular 

displacement is controlled by the hydraulic subsystem consisting of reservoir, pump and 

directional control valve. The lateral acceleration signal perceived by the sensors located at cg of 
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the vehicle, is send to the control unit and the control command is passed to the valve block which 

controls the rotational displacement of the actuator. The high operating and capital costs for the 

hydraulic pump and control unit, however, limits the application of such concept in mass produced 

vehicles. 

    

 

Figure 1.20: Schematic of an active roll control system [41]. 

 

 As an improvement to the physical concept, the rotary actuators utilized above could be 

replaced by the linear actuators to reduce the cost of the hydraulic subsystem. It has also been 

shown in [42] that the presence of linear actuators enhance the design flexibility to improve the 

restoring roll moment for a given actuator pressure. The restoring roll moment 𝑀𝐴 using linear 

actuators, can be easily controlled by changing the length of lever arm as illustrated by, 

𝑀𝐴 =
𝑃𝐿𝜋𝑑2

4
                     (1.1) 

where L is the length of the lever arm which connects the tie rod and actuator, d is the effective 

diameter of the actuator, and P refers to the operating pressure of the hydraulic system. 

Rosam et al. [43] experimentally investigated active anti-roll bar with interconnected hydra-gas 

suspension units. While the primary interconnection layout, as shown in Figure 1.21, provides 

better anti-pitch performance, an addition of hydraulic subsystem and shuttle device connecting 

the left and right suspension form the active anti-roll control unit. The shuttle device, shown in 

Figure 1.22, provides a larger restoring rolling moment by displacing hydraulic fluid to one side 

Hydraulic subsystem
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of the vehicle, based on the acceleration demand signal send through the control unit. Thereby, a 

relatively larger spring rate would be obtained due to the compression of gas chamber in the hydra-

gas suspension units. Owing to progressive stiffness and damping characteristics, the performance 

of active anti-roll control unit in the hydra-gas suspension is highly economical, as compared with 

the other conventional active anti-roll bar systems [eg 40, 41]. 

 

 

Figure 1.21: Hydra-gas roll control system [43]. 

 

However, in such system the inherent time delay attributed to hydraulic lines, produces jerks 

in the system. Furthermore, the leakage of oil in the shuttle device could form emulsion which is 

likely to make the device less effective to control roll of the vehicle.  

 

 

Figure 1.22: Schematic of the Hydra-gas roll control shuttle [43]. 

 

Shuttle device

Hydra-gas suspension
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Cronje et al. [44] introduced an active anti-roll bar (AARB) system with four different 

suspension settings. The stiffness and damping characteristics of the suspension units are altered 

to provide better ride comfort without deteriorating the anti-roll performance of the AARB system. 

The study of an SUV claims that AARB system mitigates the roll angle considerably, while 

performing double lane change maneuver. The mechanism for suspension settings are not detailed 

or explained in the study. A new active roll control device in a half-car vehicle model, shown in 

Figure 1.23 was investigated by Wang et al. [45] is referred to as Demand Dependent Active 

System (DDAS). The DDAS consists of two different hydraulic circuits, namely, circuit I and 

circuit II. Circuit I consists of actuators and interconnection pipelines, and termed as mode-select 

circuit. The connections in the Circuit I could be altered to control the desired mode (roll or pitch) 

of the vehicle. Whereas, circuit II represents the force-control unit which consists of controllers 

and proportional pressure relief valve. The experimental results generated from the fishhook 

maneuver of a vehicle show that time delay inherent in the hydraulic system leads to increase in 

the roll mode natural frequency of the sprung mass from 2.5 to 3 Hz. To avoid this condition, a 

relatively higher proportional gain should be considered for the controller unit which in turn may 

lead to an increases in the response overshoot of the system. Also, the study suggests that circuit 

II could be replaced with an electrically controlled force unit in order to reduce the time delay, 

which may impose additional costs. 

 

 
 

Figure 1.23: Schematic of the hydraulic and force control circuits of DDAS [45]. 
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1.1.3 Pitch Plane Interconnected Suspension 

 

Design and analysis of interconnected suspension in the pitch-plane are in general more 

cumbersome in comparison to the roll-plane interconnection due to the fact that the load 

distribution on the front and rear suspension units of road vehicles are not equal. Furthermore, 

difference in vertical input at the front and rear axle introduces pitch mode oscillations which if 

persists is considered annoying from passengers ride perspective. In practice, a limited control of 

the pitch vibrations is realized at low speeds by introducing different spring rate at the front and 

rear axles. Such design essentially attempts to increase the natural frequency of the rear sprung 

mass in comparison to the front end of the vehicle. Olley [46] suggested that the suspension rate 

of the front suspension should be 30% lower than the rear suspension rate in order to suppress the 

dominancy of pitch motion by converting it to more tolerable bounce motion. Higher suspension 

rate at the rear on the other hand will not provide smoother ride, due to larger vertical accelerations 

of the sprung mass, when vehicle traveling at lower speeds (Less than 15 kmph) [47, 48]. Crolla 

et al. [49] investigated a four-DOF pitch-plane passenger vehicle model to improve its anti-pitch 

and ride performance. The results show that cg location and front/rear stiffness ratio are the 

prominent design parameters to improve anti-pitch performance, without affecting ride comfort of 

the vehicle when wheel base filtering effect is considered. Additionally, the front/rear stiffness 

ratio should be less than unity to reduce the pitch acceleration considerably. In brief, a relatively 

softer front suspension yields improved pitch mode oscillations. However, owing to lower 

suspension rate in the front necessitates an anti-roll bar to suppress the roll oscillations of the 

vehicle.  

As an alternative to differential spring rate, as well as to control excessive pitch motions of 

road vehicles in braking and acceleration due to soft suspension, researchers have been exploring 

the interconnection of suspension in the pitch plane. Odhams et al. [50] analyzed a conventional 

mechanical pitch interconnection scheme in a passenger car to improve the ride comfort and reduce 

the pitch attitude of the passenger vehicle by evaluating different performance measures. The 

vertical and pitch mode suspensions are connected between the sprung mass and a rigid mechanical 

linkage, as seen in Figure 1.24. The value of the body mode coupling parameter, Lk determines the 

coupling effect of pitch and vertical mode oscillations of the vehicle model.  
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Figure 1.24: Schematic of the pitch-plane mechanically coupled suspension [50]. 

 

The study shows that bounce mode spring, (Kb) should be located near-midway between the 

front and rear axles to minimize dynamic tire force: whereas, vertical acceleration of the sprung 

mass could be minimized by placing the bounce mode spring near to front end of the car. Also, 

these performance measures could be calculated more precisely by considering the time delay 

(wheelbase filtering effect), experienced between the front and rear inputs of the vehicle [51].  

 

Moulton et al. [52, 53] introduced two different fluidic pitch-plane interconnected suspension 

scheme in a saloon car to evaluate the suspension properties, as compared with passive 

conventional suspensions. The pitch plane interconnection layout of the two different 

configurations, namely, Hydrolastic and Hydragas under bounce and pitch motions are shown in 

Figure 1.25. In both the configuration, under pure roll or bounce excitation, there is no flow of 

working fluid between the chambers. Under pitch mode input, however, as shown, the front wheel 

causes the taper piston to transfer a large amount of hydraulic working fluid to the rear wheel; 

thereby, either rubber (hydrolastic) or gas spring (hydragas) units at the front suspension compress 

slightly as compared to the rear unit which expand significantly compensating for the pitch motion. 
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Figure 1.25: Schematic of the pitch plane interconnection layout of the hydrolastic and hydra gas 

suspension configurations [52, 53]. 

 

In addition such suspension mechanism exhibits progressive stiffness, and thus eliminates the 

need for anti-roll bar in the suspension design. Thus the fluidic pitch interconnections eliminate 

the addition of anti-roll bar in the suspension units.  The interconnection in the hydrolastic 

suspension is above and the hydraulic lines and are connected in series with the rubber flap valves, 

which is employed to achieve variable damping characteristics in the individual suspension units. 

Whereas, in hydragas system, the interconnection is under port and in parallel with the dampers 

present in the suspension unit. Apart from this, the prime difference between the hydragas and 

hydrolastic is essentially the use of die-cast housings instead of pressed steel clips, respectively.  

The study further states that pitch plane interconnection with hydra-gas suspension units also 

decouples the pitch and bounce mode oscillations based on the pitch rate moment ratio defined in 

the following.  

 

Figure 1.26: Free body diagram of the saloon car with its reaction forces [53]. 
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 The decoupling parameter, Pitch Rate Moment Ratio (PRMR) of the vehicle suspension unit 

could be calculated from the following: 

 

                         𝑃𝑅𝑀𝑅 =  
𝑎𝐾𝑃𝐹

𝑏𝐾𝑃𝑅
                                                                              (1.2) 

 

where 𝐾𝑃𝐹 and 𝐾𝑃𝑅 are the front and rear suspension rates of the suspension units, respectively. 

Whereas, a and b are the distances measured from the cg location of the vehicle to the front and 

rear wheel centers, as shown in Figure 1.26, respectively. The result obtained from the 

deterministic profile inputs shows that the vehicle predominantly experiences bounce mode 

oscillations if the PRMR is below 0.8. Whereas, a relatively larger suspension rate in the front 

yields excessive pitch mode oscillations with a PRMR greater than unity. Furthermore, the vehicle 

decouples the pitch and bounce mode oscillations when PRMR is equals to unity.  

 

Cao et al. [54] investigated the properties of four different hydro-pneumatic suspension 

configurations with single and twin gas chamber struts in the pitch plane, as shown in Figure 1.27. 

The results show that configurations A, B, and C exhibit negative feedback effects of the couplings 

involving gas chambers 3 of the struts. Whereas, the configuration D, exhibit relatively lower pitch 

stiffness due to the positive feedback effects of the couplings. Furthermore, the hydraulic and 

hybrid coupling configurations (B and D) retain higher pitch damping moment and that offers 

benefits in reducing the pitch attitude and suspension travel when the vehicle experiencing straight-

line braking inputs [55]. Later, Cao et al. [56] analyzed the twin gas chamber struts in a pitch plane 

interconnection layout. The results obtained from the braking torque inputs show that twin gas 

chamber struts could reduce the stopping distance effectively due to symmetrical pitch suspension 

rates in the compression and extension regions. On the other hand, tuning of pitch mode suspension 

properties does not affect the vertical mode restoring and damping properties of the interconnected 

struts [57]. This shows that fluidic interconnections reduce coupling between the bounce and pitch 

mode suspension properties and offer considerable design flexibility.  
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Figure 1.27: Various pitch plane interconnected hydro-pneumatic suspension configurations 

[54]. 

 

1.1.4 Experimental analysis of a hydro-pneumatic suspension 

 

Though various analytical models of interconnected hydro-pneumatic suspension provided 

general insight and understanding of their potential performance, and theoretical characteristics of 

the suspension units, very few studies attempted experimental validation or evaluation.                                                                          

Among few, Rosam et al. [58] experimentally evaluated interconnected hydragas suspension units 

in a roll plane to improve the anti-roll performance of a saloon car. The test setup shown 

schematically in Figure 1.28, consists of accelerometers and transducers which are used to measure 

suspension accelerations (Roll, Yaw and Lateral) and deflections at each wheel stations. The roll 

angle of the vehicle body was determined by finding the difference between the suspension 

deflections on each side of the vehicle, and the suspension track width. The test results obtained 

from the steerpad maneuver at 30 km/hr show that interconnected hydragas suspension can limits 

the body roll angle and lateral oscillations.  In addition, polytropic index of the gas process 

identified as 1.45 is shown to provide best fit for the experimental results. Further experiments 

were performed using the interconnected hydragas suspension units, for simple harmonic study to 
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characterize bilinear and linear stiffness/damping coefficients over the frequency range 0 to 10 Hz 

with the amplitude varying from 2 to 10 mm [59]. The results were obtained under both static and 

dynamic conditions using load cells and pressure gauges as shown in Figure 1.28.  

 

 

Figure 1.28: Schematic of the interconnected Hydragas suspension test setup [58, 59]. 

 

The experimental results show that bilinear model predicts the experimental behavior of the 

suspension units well at very low frequencies, however, at higher frequencies, fluid 

compressibility and inertial effects should be considered in the modeling to predict more accurate 

results. In addition, the force-velocity characteristics of the hydro-pneumatic strut could also vary 

with varying hydraulic oil temperature, especially when it lies above 75̊ C [60].  

 

In another study, Wilde et al. [61] investigated anti-roll performance of the Honda CRV for 

different suspension settings by altering stiffness and force-velocity characteristics of the kinetic 

H2 suspension. The kinetic H2 system, as shown in Figure 1.29, consists of ten damper valves, 

four double acting hydraulic cylinder, two accumulators, and flexible hoses. These flexible hoses 

supersede hydraulic pipelines to allow free motion of the hydraulic cylinders.  
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Figure 1.29: Schematic of the anti-roll mode kinetic H2 suspension [61]. 

 

Moreover, the damper valves located near the cylinders are mainly responsible to provide 

damping in bounce motion of the vehicle; whereas, the valves located near the accumulators are 

mainly active when the vehicle experiences roll mode inputs. The test results from the fishhook 

maneuver, at the vehicle speed of 70 km/hr, show that anti-roll performance of the kinetic H2 

suspension is comparatively better than the conventional anti-roll bar system, and this is due to 

higher roll stiffness and damping inherent in the kinetic H2 suspension system. Smith et al. [10] 

experimentally analyzed hydraulically interconnected suspension (HIS) system, with two different 

interconnection layouts, namely, anti-oppositional and anti-synchronous, in a test rig by varying 

roll inertia and mean pressure of the system. The schematics shown in Figure 1.30 (a) and (b) give 

the layout for the actuators and their interconnections for the anti-oppositional and anti-

synchronous configurations, respectively.  Here, the pipelines with relatively smaller diameter is 

used to connect across the struts, while the damper valves and accumulators are located on the 

pipelines. The experimental results from the frequency domain study was used to illustrate the 

highly complex nature of the valve damping characteristics.  Hence, the estimation of the roll and 

vertical damped natural frequencies of the sprung mass is also difficult. Simulation of flow through 
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valve using CFD package would yield appropriate valve characteristics, and thus used to predict 

the behavior of the HIS system.  

 

Figure: 1.30 Schematic of HIS interconnection arrangement: (a) anti-oppositional; and (b) anti-

synchronous [10]. 

 

The results of the study also demonstrate that anti-oppositional arrangement provides better 

anti-roll performance than the anti-synchronous arrangement. This is attributed to larger fluid flow 

rate when the interconnection is across the piston of suspension units. It is thus concluded that the 

diameter of the connecting pipe influencing both damping and stiffness parameters of HIS system 

will play significant role in the design and performance. 

 

Later, HIS system with anti-oppositional arrangement fitted in a SUV is experimentally 

investigated to evaluate its performance in a constant steer maneuver [62]. The test results show 

that HIS system with conventional springs can provide improved vehicle roll angle when compared 
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with conventional anti-roll bar systems. Moreover, the additional torsional stiffness due to the 

presence of anti-roll bar reduces the suspension travel and increases lateral oscillations, whereas, 

these oscillations could be eliminated when HIS system is installed in the vehicle. Furthermore, 

the reduction in suspension travel owing to anti-roll bar exhibits an increase in the dynamic tire 

load. Zhou et al. [63] investigated an anti-warp HIS system in an off-road vehicle in order to 

control lateral oscillations and dynamic tire load of the vehicle. The test results show that though 

anti-warp interconnection could mitigate the lateral oscillations and dynamic tire force without 

affecting the ride comfort, these performance measures could also be realized by employing anti-

roll HIS system due to its relatively higher damping in the roll mode. Hua et al. [64] investigated 

air spring retained roll-plane interconnected HIS system in a coach bus to enhance the anti-roll 

performance and compared those results with the equivalent anti-roll bar system. The results from 

the pylon course slalom field test show that HIS system with air spring vary the roll natural 

frequency of the coach bus by varying the mean system pressure of the suspension. 

 

In brief, HIS and Kinetic H2 suspensions offer the potentials to significantly improve road 

vehicle anti-roll performance. However, importance must be given in selecting the size of 

interconnecting pipes and the usage of external valves in the pipelines. It will also be necessary to 

characterize the valve loss coefficients appropriately in order to predict the system behavior, 

particularly at higher frequencies. Moreover, for practical applications, it may be necessary to 

reduce the effective area of the double acting hydraulic cylinders as compared with those 

investigated in [7, 32].  It may therefore be necessary to adopt additional spring element in order 

to carry the static load, particularly for the heavy vehicles.    

 

1.2 SCOPE OF THE INVESTIGATION 

 

The experimental and theoretical studies mentioned in the literatures expounded that roll plane 

IC hydro-pneumatic suspensions offer better anti-roll performance without compromising the ride 

comfort, particularly for the heavy vehicles. The properties of IC hydro-pneumatic suspensions 

could be further improved by altering stiffness and damping characteristics of the struts. Owing to 

progressive suspension properties, the characteristics of hydro-pneumatic suspension could be 

highly improved by tuning the design variables which are associated with the force components of 

the corresponding strut. Addition of valves could be used to tune the damping characteristics of 

the hydro-pneumatic struts. The valves installed in the pipelines could further enhance the 
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performance of interconnected hydro-pneumatic struts due to its inherent negative feedback 

effects. Alternatively, implementation of Ride Height Valves (RHV) in the hydro-pneumatic 

suspension would alter the restoring property of the struts owing to payload variations. Despite 

pay load variation, the use of RHV will allow the suspensions to yield nearly constant sprung mass 

natural frequency as well as maintain a ride height irrespective of the variation in static load. 

Furthermore, an extensive parametric study of all the above parameters can be undertaken to 

realize desirable load carrying capacity and dynamic characteristics of the strut.  

 

1.3 OBJECTIVE OF PRESENT INVESTIGATION 

 

The roll-plane interconnected configurations, could be identified from the interconnection 

layouts, are evaluated and commented based on the deterministic and frequency responses of the 

system. The specific objectives of this thesis are: 

1. To synthesize roll plane models of vehicle employing unconnected and interconnected 

hydro-pneumatic suspensions, in terms of their restoring and dissipative force components. 

2. To analyze the effect of ride height valves and fluid compressibility while evaluating 

stiffness property of the corresponding suspension configurations.  

3. To improve anti-roll and ride performance of the interconnected suspension configurations, 

negative feedback components could be further explored in terms of its design parameters; 

additionally, damping valves would be used in the unconnected struts to improve its ride 

performance.  

4. To augment negative damping components, damping and interconnection valves would be 

utilized in interconnected configurations in view to enhance anti-roll without exploiting 

ride performance of the interconnected struts. 
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CHAPTER 2 

DEVELOPMENT OF ANALYTICAL MODELS FOR THE ROLL PLANE 

INTERCONNECTED SUSPENSION 
 

2.1 INTRODUCTION 

 

The objective of a suspension system in a vehicle is to attain a satisfactory compromise among 

ride comfort, handling and directional control performance of the vehicle in the most economical 

and reliable manner. Good ride quality can be achieved by a suspension system with a soft spring 

and light damping, whereas hard spring and heavy damping are required to realize better 

directional stability and handling control. Hydro-pneumatic suspension systems offer considerable 

benefits over the conventional mechanical and purely pneumatic or hydraulic suspensions. These 

permit integration of the energy restoring and damping properties within a single unit and can 

provide ride height control with self-levelling in a relatively simple manner. Furthermore, variable 

stiffness could be achieved by nonlinear spring characteristics, which permits adequate natural 

frequency of the vehicle with varying loads. The hydro-pneumatic struts, proposed in earlier 

studies, encompassed an external accumulator to achieve desired restoring property and offered 

relatively lower effective area, which necessitated higher charge pressure for supporting the 

desired load. [3, 5]. The hydro-pneumatic struts with integrated accumulator and damping valves 

have been proposed to realize more compact design and damping tuning [8, 25]. Furthermore, Cao 

et al. [8] proposed a strut design with an enhanced effective area in order to reduce the operating 

pressure and thereby decrease the amount of seal friction. The hydro-pneumatic suspensions 

further offer flexibility to introduce either hydraulic or pneumatic couplings within or across the 

axle suspensions, which have shown to provide enhanced roll and pitch performance, while 

retaining relative soft vertical property [7, 32]. Such couplings or strut interconnections, however, 

yield negative feedback damping effect, which has not yet been explored. The negative damping 

effect may help achieve variable suspension damping and thereby permit elimination of the 

damping valves. 

In this chapter, a four-degrees-of freedom (DOF) roll plane model of a vehicle with laterally 

interconnected hydro-pneumatic struts is formulated to analyze the roll and bounce mode 

properties of the suspension. The suspension model is analyzed to derive its roll and vertical mode 

suspension properties. The components of damping arising from hydraulic flows within and across 

the struts are derived to illustrate the negative feedback damping effect of the interconnected 
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suspension. The properties of the interconnected system are also compared with those of the 

unconnected system to demonstrate the significance of hydraulic interconnections. 

 

2.2 HYDRO-PNEUMATIC SUSPENSION STRUTS 

 

A hydro-pneumatic strut integrating a gas chamber, damping orifices and a floating piston, 

shown in Figure 2.1, is considered for the analysis. Three different configurations of the strut are 

considered for the analysis, which are denoted as type-I, type-II and type-IIa. The type-I strut 

comprises a gas chamber (4), a floating piston that separates the gas chamber from the oil chamber 

(2) and a main piston, as shown in Figure 2.1(a). The main piston comprises flow orifices that 

permit flows between chambers 1 and 2. This strut configuration provides larger effective area, 

thereby static equilibrium pressures are relatively low as compared with the conventional struts 

considering identical load carrying capacity. Type-II and type-IIa struts consist of a floating piston 

and the gas chamber (4), as shown in Figures 2.1(b) and (c). These configurations also include a 

fixed damping orifice plate that permits hydraulic flows between chambers 1 and 2. The type-II 

and type-IIa struts are identical except for additional orifices introduced between the chambers 1 

and 3, which permit different interconnections, as described in the following sections. 

 
Figure 2.1: Schematics of the hydro-pneumatic suspension strut configurations: (a) Type-I; (b) 

Type-II; and (c) Type-II with additional flow orifices in the main piston. 

 

2.3 ROLL PLANE MODEL OF HYDRO-PNEUMATIC SUSPENSION STRUTS 

 

Hydraulic interconnections of the struts are conceived in the roll plane considering a four-DOF 

roll plane model of a vehicle, as shown in Figure 2.2. In this model, 𝑚𝑠 represents the sprung mass 

of the entire vehicle and 𝑚𝑢 is the unsprung mass due to the axles, which are lumped together in 
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the single roll plane. The roll mass of inertia of the sprung and unsprung masses are denoted by 𝐼𝑠 

and 𝐼𝑢, respectively. The tires are represented by their equivalent stiffness (𝐾𝑡𝑖) and damping (𝐶𝑡𝑖) 

constants using point-contact with the road. The vertical displacements of mass centers (cg) of the 

sprung and unsprung masses are denoted by 𝑥𝑠 and𝑥𝑢, respectively. Similarly, 𝜃𝑠 and 𝜃𝑢 describe 

the roll displacements of the sprung and unsprung masses, respectively, about their roll centers, 

assumed to be located at the respective cg. The roll-plane model of the vehicle with unconnected 

(UC) suspension struts is also formulated to study the effects of hydraulic interconnections. In this 

case, the hydraulic interconnections are replaced by a roll stiffener (𝐾𝑒) representing the 

conventional anti-roll bar, as shown in Figure 2.3. 

 

The equations of motion of the two vehicle models can be summarized as follows: 

 𝑚𝑠�̈�𝑠 = 𝐹𝑙 + 𝐹𝑟                   (2.1) 

𝐼𝑠�̈�𝑠 = −𝐹𝑙𝐿𝑠𝑙 + 𝐹𝑟𝐿𝑠𝑟 + 𝑇𝜃 − 𝑇𝑅                (2.2) 

𝑚𝑠�̈�𝑢 = −𝐾𝑡𝑙(𝑥𝑢 − 𝑥𝑜𝑙 + 𝐿𝑡𝑙𝜃𝑢) − 𝐾𝑡𝑙(𝑥𝑢 − 𝑥𝑜𝑟 + 𝐿𝑡𝑟𝜃𝑢) − 𝐶𝑡𝑙(�̇�𝑢 − 𝐿𝑡𝑙�̇�𝑢 − �̇�𝑜𝑙)  − 𝐶𝑡𝑟(�̇�𝑢 −

                                          𝐿𝑡𝑟�̇�𝑢 − �̇�𝑜𝑟) − 𝐹𝑙 − 𝐹𝑟            (2.3) 

𝐼𝑢�̈�𝑢 = 𝐾𝑡𝑙𝐿𝑡𝑙(𝑥𝑢 − 𝑥𝑜𝑙 + 𝐿𝑡𝑙𝜃𝑢) − 𝐾𝑡𝑟𝐿𝑡𝑟(𝑥𝑢 − 𝑥𝑜𝑟 + 𝐿𝑡𝑟𝜃𝑢) + 𝐶𝑡𝑙𝐿𝑡𝑙(�̇�𝑢 + 𝐿𝑡𝑙�̇�𝑢 − �̇�𝑜𝑙) −

                           𝐶𝑡𝑟𝐿𝑡𝑟(�̇�𝑢 + 𝐿𝑡𝑟�̇�𝑢 − �̇�𝑜𝑟) − 𝐹𝑙𝐿𝑠𝑙 + 𝐹𝑟𝐿𝑠𝑟 + 𝑇𝑅        (2.4) 
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Figure 2.2: Four-DOF roll plane model of the vehicle with roll-coupled hydro-pneumatic 

suspension struts (Type-I). 

 

In the above equations, 𝐿𝑡𝑙  and 𝐿𝑡𝑟 are lateral positions of the left- and right-tires, respectively, 

with respect to the unsprung mass cg. 𝐿𝑠𝑙 and 𝐿𝑠𝑟 are the lateral positions of the suspension struts 

with respect to the sprung mass cg. 𝐹𝑙 and 𝐹𝑟 are the forces developed by the left- and right-

suspension struts, respectively, and 𝑇𝑅 is the moment due to antiroll bar in case of the unconnected 

suspension. The road inputs at the left- and right-tires contact points are denoted as 𝑥𝑜𝑙  and 𝑥𝑜𝑟, 

respectively. 
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Figure 2.3: Four-DOF roll plane model of the vehicle with unconnected hydro-pneumatic 

suspension struts (Type-I) with an anti-roll bar. 

 

Apart from the road input, the vehicle is subject to a lateral acceleration excitation during 

steering maneuvers. The roll moment 𝑇𝜃 imposed on the sprung mass may be defined using a 

simplified roll-plane schematic, shown in Figure 2.4, such that: 

𝑇𝜃 = 𝑚𝑠𝑎𝑦ℎ2 +𝑚𝑠𝜃𝑠ℎ2𝑔                  (2.5) 

 

In the above equation, the roll angle 𝜃 is assumed to be small, 𝑎𝑦 is the lateral acceleration 

encountered during a steering maneuver, ℎ2 is the distance between cg of the sprung mass and the 

roll centre of unsprung mass, and g is acceleration due to gravity. However, the suspension roll 

center is assumed to be located at a fixed distance from the sprung mass cg.  
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Figure 2.4: Simplified roll plane model of the vehicle during turning maneuvers. 

 

2.4 SUSPENSION FORCES 

 

The forces developed by the suspension struts in the UC configuration are derived from the 

flow continuity and fluid pressure relations. For this purpose, type-I, type-II and type-IIa 

unconnected strut models are reduced, as shown in Figure 2.5. It should be noted that struts used 

in UC configuration contain additional orifices in the main piston that permit flows between 

chambers 1 and 3. Furthermore, both the models consider struts with identical static pressures in 

the gas chamber, and thereby the identical load carrying capacity. 

 
(a)                                                                               (b) 

Figure 2.5: Reduced model of the unconnected struts used for deriving the strut forces:  

(a) Type- I; and (b) Type-II. 
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2.4.1 Unconnected Suspension Struts 

 

Both, type-I and type-II, suspension struts yield identical force-displacement and force-

velocity relationships, when unconnected, although the floating piston areas differ, as seen in 

Figure 2.5. The effective areas of both the struts are also identical. Identical static equilibrium 

pressures are thus selected to ensure same load carrying capacity of both types of struts. The charge 

pressure and static equilibrium fluid pressure of the struts are obtained for the given sprung weight 

of the vehicle. The static load 𝑊𝑖 supported by strut i (i =l, r) is related to the effective strut area 

and the fluid pressure, such that: 

 

𝑊𝑖 = (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒; i=l, r                 (2.6) 

where 𝑃4𝑜  refers to the absolute static equilibrium gas pressure in chamber 4, 𝑃𝑎 is the atmospheric 

pressure, and l and r refer to left- and right-wheel struts, respectively. 𝐴𝑒 is the effective area of 

the strut, which is equal to the floating piston area for type-I strut (𝐴𝑒 = 𝐴2), and the rod area for 

type-II strut (𝐴𝑒 = 𝐴1 − 𝐴3). 𝐴1 and 𝐴3 are the cross-section areas of the main piston, and the 

annular region between the rod and the main piston. In static equilibrium condition, the fluid 

pressures in all the chambers (𝑃𝑗𝑜; j = 1, 2, 3, 4) are considered to be identical. 

For the unconnected (UC) struts, the flow and pressure relations are initially derived assuming 

incompressible flows, negligible seals friction, negligible floating piston mass and turbulent flows 

through damping orifices. As referred from the Figure2.5, 𝑥1𝑖 = 𝑥𝑠 ± 𝐿𝑠𝜃𝑠 is the absolute 

displacement of the main piston in strut i (i=l, r). The rate of change of fluid volume in chamber 

1 of strut i, 𝑄1𝑖, is related to the strut velocity �̇�𝑖 , which can also be expressed by the following 

flow continuity equation: 

 𝑄1𝑖 = 𝐴1�̇�𝑖 = −𝑄12𝑖 − 𝑄13𝑖;  i=l, r               (2.7) 

where 𝑄1𝑘𝑖 refers to the fluid flow rate between chamber 1 and chamber k (k= 2, 3) of the same 

strut i (i =l, r). For turbulent flows through orifice restrictions, rates of fluid flows between 

chambers 1 and 2 as well as chambers 1 and 3 of strut i (i=l, r), can be expressed as: 

𝑄12𝑖 = 𝐶𝑑𝑎12𝑖𝑢2√2(𝑃12𝑖)/𝜌  𝑠𝑔𝑛(𝑃12𝑖)              (2.8) 

𝑄13𝑖 = 𝐶𝑑𝑎13𝑖𝑢3√2(𝑃13𝑖)/𝜌  𝑠𝑔𝑛(𝑃13𝑖)              (2.9) 

where 𝑃1𝑘𝑖 = 𝑃1𝑖 − 𝑃𝑘𝑖  (𝑘 = 2,3) are the pressure differentials across the orifices in strut i (i=l, 

r), 𝑎12𝑖 and 𝑎13𝑖 are cross-section areas of each orifice separating chambers 1 from chambers 2 
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and 3, respectively, for the strut i. 𝑢2 and 𝑢3 are the number of orifices between chambers 1 and 

2, and chambers 1 and 3, respectively, 𝐶𝑑  is flow discharge coefficient and 𝜌 is the fluid mass 

density. The sgn function ensures the direction of fluid flow in phase with the pressure difference. 

Assuming polytropic gas process, the instantaneous pressure of gas in chamber 4 (𝑃4𝑖)  can be 

related to change in the gas volume, which further relates to strut displacement, 𝑥𝑖 and the floating 

piston cross-section area  𝐴𝐹𝑃 . The instantaneous gas pressure is thus obtained, as: 

𝑃4𝑖 = 𝑃4𝑜𝑉4𝑜
𝑛 1

(𝑉4𝑜−𝐴𝐹𝑃𝑥𝑖)𝑛
                     (2.10) 

where 𝑉4𝑜 is the gas volume corresponding to static equilibrium position of the strut i and n is the 

polytropic constant. The floating piston area is also equal to 𝐴4, which is different for the two 

struts, as seen in Figure 2.5. 

Considering incompressible fluid flows, the change in gas volume is identical to the change in 

volume of the oil in chamber (2), ∆𝑉2𝑖 , which can be related to the main piston and annular areas, 

as: 

∆𝑉2𝑖 = 𝐴2𝑥𝑖                      (2.11) 

In case of type-I strut, 𝐴2 can be expressed as the difference between the main piston and annular 

areas,  

 𝐴1 − 𝐴3 = 𝐴2 .          

Dynamic strut forces 

The dynamic force developed by a strut (𝐹𝑖; 𝑖 = 𝑙, 𝑟) is directly related to the pressure forces acting 

on the main piston, such that:  

𝐹𝑖 = 𝑁𝑢[𝑃1𝑖  𝐴1 − 𝑃3𝑖  𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒]             (2.12) 

where 𝑁𝑢 refers to the number of struts used on each track of the vehicle. The strut force can be 

further expressed in terms of pressure differentials, 𝑃12𝑖 and 𝑃13𝑖 , as: 

𝐹𝑖 = 𝑁𝑢[(𝑃4𝑖 − 𝑃4𝑜)𝐴𝑒 + 𝑃12𝑖 𝐴𝑒   +  𝑃13𝑖𝐴3  +  𝑃𝑎𝐴𝑒]          (2.13) 

In the above equation (2.13), 𝑃4𝑖 = 𝑃2𝑖 is assumed by considering negligible seal friction and 

floating piston inertia. Upon substituting for pressure differentials 𝑃12𝑖 and 𝑃13𝑖 from equations 

(2.8) and (2.9), respectively, and 𝑃4𝑖 from equation (2.10), the dynamic force developed by strut i 

can be expressed in the following manner:  

𝐹𝑖 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 1

(𝑉4𝑜−𝐴𝐹𝑃𝑥𝑖)
𝑛 𝐴𝑒 +

ρ

2
(

−A𝑒�̇�𝑖

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴𝑒 𝑠𝑔𝑛 (�̇�𝑖) + 
ρ

2
(

−A3�̇�𝑖

𝐶𝑑𝑢3𝑎13𝑖
)
2

 𝐴3 𝑠𝑔𝑛 (�̇�𝑖) −

(𝑃4𝑜 − 𝑃𝑎)𝐴𝑒]                                          (2.14) 
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In the above equation, first term describes force due to gas spring, while the next two terms 

describe damping forces attributed to fluid flows between chambers 1 and 2, and 1 and 3, 

respectively. The last term, (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒 denotes the static load carried by the strut. 

2.4.2 Roll Plane Interconnected Suspension (Type-I Struts) 

 

Figure 2.6 illustrates schematic of the type-I struts connected in the roll plane of the vehicle, 

where chambers 1 and 3 of the left-strut are connected to chambers 3 and 1 of the right-strut, 

respectively, via hydraulic lines. Unlike the unconnected struts, the flow orifices between 

chambers 1 and 3 are eliminated. The equation of static equilibrium for the interconnected struts 

are identical to those of the UC struts, as described in equation (2.6).  

 
Figure 2.6: Interconnected strut model used for deriving the strut forces (Type-I). 

 

Assuming incompressible fluid flow, the rate of change of volume in chamber 1 of the left-

strut (𝑄1𝑙) is related not only to the flow between chambers 1 and 2 of the same strut (𝑄12𝑙)  but 

also the fluid flows to chamber 3 of the right-strut through the interconnecting pipe (𝑄1𝑙3𝑟). The 

flow continuity equation for the left-strut can thus be expressed as: 

𝑄1𝑙 = −𝑄12𝑙 − 𝑄1𝑙3𝑟 = −𝐴1�̇�𝑙                (2.15) 

Similarly, the rate of change of fluid volume in chamber 1 of the right-strut (𝑄1𝑟)  is related to 

the flows between chambers 1 and 2 of the right-strut (𝑄12𝑟) and to chamber 3 of the left-strut 

(𝑄1𝑟3𝑙), such that: 

𝑄1𝑟 = −𝑄12𝑟 − 𝑄1𝑟3𝑙 = −𝐴1�̇�𝑟                (2.16) 

Similar to the UC struts, assuming turbulent flows through orifice restrictions between 

chambers 1 and 2 of the strut i (i=l, r), the pressure differentials across the orifices can be obtained 

from: 

𝑄12𝑖 = 𝐶𝑑𝑎12𝑖𝑢2√2(𝑃12𝑖)/𝜌  𝑠𝑔𝑛(𝑃12𝑖)              (2.17) 
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The fluid flows across the two struts via the interconnecting lines are considered to be laminar. 

Using the Hagen-Poiseuille relation, the flow rates through the lines can be expressed as: 

𝑄1𝑙3𝑟 =
𝜋𝐷4𝑃1𝑙3𝑟

128 𝜇 𝐿 
; 𝑄1𝑟3𝑙 =

𝜋𝐷4𝑃1𝑟3𝑙

128 𝜇 𝐿 
               (2.18) 

In equation (2.18), L and D are the length and diameter of the interconnecting pipes, 𝜇 denotes 

the dynamic viscosity of fluid, and 𝑃1𝑙3𝑟 = 𝑃1𝑙 − 𝑃3𝑟  and 𝑃1𝑟3𝑙 = 𝑃1𝑟 − 𝑃3𝑙 are the differential 

pressures due to flows through the interconnecting pipes. 

The instantaneous pressure of gas in chamber 4 of strut i, which is identical to the oil pressure 

in chamber 2 (𝑃2𝑖), is related to deflection of the floating piston (𝑥2𝑖), in the same strut i. Assuming 

polytropic process of the gas, the gas pressures in the left- and right-struts are obtained from: 

𝑃4𝑙   = 𝑃4𝑜𝑉4𝑜
𝑛    

1

(𝑉40−𝐴𝐹𝑃𝑥2𝑙)
𝑛

                 (2.19) 

𝑃4𝑟  = 𝑃4𝑜𝑉4𝑜
𝑛    

1

(𝑉40−𝐴𝐹𝑃𝑥2𝑟)𝑛
                 (2.20) 

In above relations, the static equilibrium gas pressures (𝑃4𝑜) and volumes (𝑉4𝑜) are considered 

to be identical for both the struts. It should be noted that the change in volume of the gas chambers 

in left- and right-struts are related to deflections of floating pistons (𝑥2𝑙 and 𝑥2𝑟) of both the struts, 

such that: 

𝐴𝐹𝑃𝑥2𝑙 = (𝐴1𝑥𝑙 − 𝐴3𝑥𝑟); 𝐴𝐹𝑃𝑥2𝑟 = (𝐴1𝑥𝑟 − 𝐴3𝑥𝑙)           (2.21) 

Dynamic strut forces 

The dynamic force 𝐹𝑖 developed by the strut i (i =l, r) can be related to the pressure forces, as: 

𝐹𝑖 = 𝑁𝑢 [(𝑃1𝑖 − 𝑃1𝑜) 𝐴1 − (𝑃3𝑖 − 𝑃3𝑜) 𝐴3 − 𝑃𝑎𝐴2]           (2.22) 

It should be noted that the static equilibrium pressures of fluids within all the chambers are 

identical, such that 𝑃1𝑜 = 𝑃2𝑜 = 𝑃3𝑜 = 𝑃4𝑜. The above relation can also be expressed in terms of 

gas pressure, and pressure differentials across the orifices (𝑃12𝑖) and the interconnecting 

lines (𝑃1𝑟3𝑙 𝑎𝑛𝑑 𝑃1𝑙3𝑟), such that: 

𝐹𝑙 = 𝑁𝑢 [(𝑃4𝑙 − 𝑃4𝑜) 𝐴1 − (𝑃4𝑟 − 𝑃4𝑜) 𝐴3 + 𝑃12𝑙𝐴1 − 𝑃12𝑟𝐴3 − 𝑃1𝑟3𝑙𝐴3 − 𝑃𝑎𝐴2]   

𝐹𝑟 = 𝑁𝑢 [(𝑃4𝑟 − 𝑃4𝑜) 𝐴1 − (𝑃4𝑙 − 𝑃4𝑜) 𝐴3 + 𝑃12𝑟𝐴1 − 𝑃12𝑙𝐴3 − 𝑃1𝑙3𝑟𝐴3 − 𝑃𝑎𝐴2]   (2.23) 

Upon substituting for 𝑃4𝑖  from equations (2.19) and (2.20), and for the pressure differentials 

from equations (2.17) and (2.18), the dynamic forces developed by the left- and right-struts can be 

obtained, as: 
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𝐹𝑙 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 +

ρ

2𝐶𝑑
2 {(

A1�̇�𝑙−𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑙) − (
A1�̇�𝑟−𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑟)} − 
𝐴3

2�̇�𝑙 128 µ 𝐿 

𝜋𝐷4
]    (2.24) 

𝐹𝑟 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛
−  

𝐴3

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛
} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 +

ρ

2𝐶𝑑
2 {(

A1�̇�𝑟−𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑟) − (
A1�̇�𝑙−𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑙)} − 
𝐴3

2�̇�𝑟 128 µ 𝐿 

𝜋𝐷4
]    (2.25) 

The above relations show that dynamic force developed by a strut is dependent not only on its 

own motion but also the motion of the connected strut. This is due to fluid coupling between the 

two struts. The dynamic force developed by each strut comprises following force components: 

 

(a) Gas spring force, 𝐹𝑠𝑖  
 

The gas spring force developed by each strut is related to motions of both the struts (𝑥𝑙, 𝑥𝑟), 

as seen from first two terms in equations (2.24) and (2.25). The gas spring force due to left- 

and right-struts can be expressed as:  

 𝐹𝑠𝑙 = 𝑁𝑢 {𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2}    (2.26) 

 𝐹𝑠𝑟 = 𝑁𝑢 {𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2}    (2.27) 

 
(b) Damping force due to orifice flows within the same strut, 𝐹𝐷𝑆𝑖 
 
 

The dynamic force components in equations (2.24) and (2.25) are attributed to flows 

through orifices within the same strut and flows across the struts through interconnecting 

lines, respectively. The damping force components related to flows within the same strut 

are given by: 

 𝐹𝐷𝑆𝑙 =
ρ𝑁𝑢

2𝐶𝑑
2 (

A1�̇�𝑙−𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑙)             (2.28) 

  

  𝐹𝐷𝑆𝑟 =
ρ𝑁𝑢

2𝐶𝑑
2 (

A1�̇�𝑟−𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑟)             (2.29) 

From the above relation, it is evident that the fluid flows within the same strut are affected by 

relative velocities across both the struts.  
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(c) Damping force due to orifice flows in the connecting strut, 𝐹𝐷𝐶𝑖  
 
  
 

The orifice flows within the left-strut contribute to a negative damping component in the 

dynamic force developed by the right-strut. This coupling effect is evident from terms 

−𝑃12𝑟𝐴3 and −𝑃12𝑙𝐴3 in the forces developed by the left- and right-struts, respectively, 

given in equation (2.23). Negative feedback damping components for the left- and right- 

struts are also evident from the 5th terms in equations (2.24) and (2.25), given by: 

 

 𝐹𝐷𝐶𝑙 = −
ρ𝑁𝑢

2𝐶𝑑
2 (

A1�̇�𝑟−𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑟)             (2.30) 

  

  𝐹𝐷𝐶𝑟 = −
ρ𝑁𝑢

2𝐶𝑑
2 (

A1�̇�𝑙−𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑙)             (2.31) 

(d) Damping force due to flows across the struts, 𝐹𝐷𝐿𝑖  
 
 

The damping force component attributed to laminar flows through the interconnecting lines 

is related to motion of the same strut alone, such that:  

 

 𝐹𝐷𝐿𝑖 = −
𝐴3

2�̇�𝑖 128 µ 𝐿 

𝜋𝐷4
                  (2.32) 

 

The damping force components, described in (c) and (d), constitute the negative effects on 

the damping force developed by each strut, which is attributed to flows across the two 

struts. 

2.4.3 Effects of Compressibility and Floating Piston Dynamics 

 

The dynamic forces formulated in the previous section consider negligible contribution due to 

fluid compressibility, seals friction and floating piston dynamics. Considering high pressure 

requirements, especially for heavy vehicles applications, both the seals friction and fluid 

compressibility may exhibit notable effects on the dynamic forces developed by the struts. In this 

section, the dynamic forces are derived considering fluid compressibility, the friction due to 

floating piston seals and the floating piston mass. 
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For the compressible hydraulic fluid, the rate of change of fluid volume in chamber 1 of the 

left-strut (𝑄1𝑙) is related to flow rates through orifices (𝑄12𝑙) and the interconnecting pipe 

(𝑄1𝑙3𝑟), and the fluid compressibility effect. The flow rate (𝑄1𝑙) is further related to velocity of 

the strut �̇�𝑖. The flow continuity equation for the left-strut can thus be expressed as: 

𝑄1𝑙 = −𝑄12𝑙 − 𝑄1𝑙3𝑟 +
𝑑𝑉1𝑙

𝑑𝑡
= −A1�̇�𝑙              (2.33) 

where the term 
𝑑𝑉1𝑙

𝑑𝑡
 relates to the rate of change of fluid volume in chamber 1 of strut l due to 

compressibility, which is related to fluid bulk modulus E, and the rate of change of fluid pressure 

in chamber 1 of the left-strut, such that: 

𝑑𝑃1𝑙

𝑑𝑡
= −𝐸

𝑑𝑉1𝑙
𝑑𝑡

𝑉1𝑙
                    (2.34) 

Equations (2.33) and (2.34) yield the following relation for the rate of change of pressure of 

the fluid in chamber 1 of the left-strut: 

𝑑𝑃1𝑙

𝑑𝑡
= −𝐸 (

𝑄1𝑙+𝑄12𝑙+𝑄1𝑙3𝑟

𝐴1𝑥10𝑙+𝐴1𝑥𝑙
)                 (2.35) 

The flow continuity equation for the right-strut is obtained in the similar manner, as: 

𝑄1𝑟 = −𝑄12𝑟 − 𝑄1𝑟3𝑙 +
𝑑𝑉1𝑟

𝑑𝑡
= −A1�̇�𝑟              (2.36) 

The rate of change of pressure in chamber 1 of the right-strut is also derived in a similar 

manner, as: 

𝑑𝑃1𝑟

𝑑𝑡
= −𝐸 (

𝑄1𝑟+𝑄12𝑟+𝑄1𝑟3𝑙

𝐴1𝑥10𝑟+𝐴1𝑥𝑟
)                 (2.37) 

In equations (2.35) and (2.37), 𝑥10𝑖  is the initial length of chamber 1 of strut i (i =l, r) 

corresponding to the static equilibrium condition, which determines the instantaneous volume of 

the fluid in chamber 1. 

The dynamic force developed by a strut is obtained from the pressure forces, as: 

𝐹𝑖 = 𝑁𝑢 [(𝑃1𝑖 − 𝑃1𝑜) 𝐴1 − (𝑃3𝑖 − 𝑃3𝑜) 𝐴3 − (𝑃4o − 𝑃𝑎)𝐴2];  i=l, r     (2.38) 

The above equation can also be expressed in terms of pressure differentials and gas pressures, 

as: 

𝐹𝑙 = 𝑁𝑢 [𝑃2𝑙  𝐴1 − 𝑃2𝑟  𝐴3 + 𝑃12𝑙𝐴1 − 𝑃12𝑟𝐴3 − 𝑃1𝑟3𝑙𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴2]   

𝐹𝑟 = 𝑁𝑢 [𝑃2𝑟 𝐴1 − 𝑃2𝑙 𝐴3 + 𝑃12𝑟𝐴1 − 𝑃12𝑙𝐴3 − 𝑃1𝑙3𝑟𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴2]     (2.39) 
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Apart from the above, the inertia force due to the floating piston mass and the seal friction 

force lead to difference in pressures of fluid in chambers 2 and 4. This is evident from equation of 

motion for the floating piston, given by: 

𝑚𝑓�̈�2𝑖 +𝑚𝑓𝑔 + 𝑃4𝑖𝐴2 + 𝐹𝑐  𝑠𝑔𝑛(�̇�2𝑠𝑖) = 𝑃2𝑖𝐴2            (2.40) 

where 𝑚𝑓  is the floating piston mass and g is acceleration due to gravity, and �̇�2𝑠𝑖 = �̇�2𝑖 − �̇�1𝑖  

denotes the relative velocity of the floating piston with respect to that of the rod. �̇�1𝑖  is the absolute 

velocity of the main piston in strut i. 𝐹𝑐 is the magnitude of friction across the floating piston seals. 

The dynamic force developed by each strut is obtained upon substituting for the gas pressures from 

equations (2.19) to (2.21), pressure differentials from equations (2.17) and (2.18), and 𝑃2𝑖 from 

equation (2.40) into equation (2.39), such that: 

𝐹𝑙 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 +

ρ

2𝐶𝑑
2 {(

−A1�̇�𝑙+𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑙) − (
−A1�̇�𝑟+𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑟)} − 
𝐴3

2�̇�𝑙 128 µ 𝐿 

𝜋𝐷4
+ (�̈�2𝑙𝐴1 −

�̈�2𝑟𝐴3)
𝑚𝑓

𝐴2
− (𝐴1 𝑠𝑔𝑛(�̇�2𝑠𝑙) − 𝐴3 𝑠𝑔𝑛(�̇�2𝑠𝑟))

𝐹𝑐

𝐴2
+𝑚𝑓𝑔]         (2.41) 

 

𝐹𝑟 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 +

ρ

2𝐶𝑑
2 {(

−A1�̇�𝑟+𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑟) − (
−A1�̇�𝑙+𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑙)} − 
𝐴3

2�̇�𝑟 128 µ 𝐿 

𝜋𝐷4
+ (�̈�2𝑟𝐴1 −

�̈�2𝑙𝐴3)
𝑚𝑓

𝐴2
− (𝐴1 𝑠𝑔𝑛(�̇�2𝑠𝑟) − 𝐴3 𝑠𝑔𝑛(�̇�2𝑠𝑙))

𝐹𝑐

𝐴2
+𝑚𝑓𝑔]         (2.42) 

Comparison of above two equations with equations (2.24) and (2.25) suggests additional 

coupling terms attributed due to the floating piston inertia and the seal friction. 

2.4.4 Roll Plane Interconnected Suspension (Type-II struts) 

Figure 2.7 illustrates schematic of the roll-plane connected type-II struts. Similar to type-I 

configuration, chambers 1 and 3 of the left-strut are connected to chambers 3 and 1 of the right-

strut, respectively, while the orifice flows are eliminated across chambers 1 and 3. 
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Figure 2.7: Interconnected strut model used for deriving the strut forces (Type-II). 

 

Assuming incompressible hydraulic fluid, the rate of change of volume in chamber 1 of the 

left-strut (𝑄1𝑙) is related to the fluid flows across the orifices between chambers 2 and 1 of the 

same strut (𝑄21𝑙), and the flows from chamber 3 of the right-strut via interconnecting pipe (𝑄3𝑟1𝑙), 

such that: 

𝑄1𝑙 = 𝑄21𝑙 + 𝑄3𝑟1𝑙 = 𝐴1�̇�𝑙                 (2.43) 

Similarly, the rate of change of volume in chamber 1 of the right-strut (𝑄1𝑟)is related to the 

flows across the fixed orifices between chambers 2 and 1 of the same strut (𝑄21𝑟) and fluid flows 

from chamber 3 of the left-strut through the connecting pipe (𝑄3𝑙1𝑟). The flow continuity equation 

for the right-strut can thus be described as: 

 𝑄1𝑟 = 𝑄21𝑟 + 𝑄3𝑙1𝑟 = 𝐴1�̇�𝑟                 (2.44) 

The above equations, (2.43) and (2.44), are identical to equations (2.15) and (2.16), 

respectively, derived for roll-connected type-I struts, with the exception of direction of flows due 

to strut geometry. The flow rates across the orifices and the interconnecting pipes are also identical 

to the relations obtained for type-I struts, defined in equations (2.17) and (2.18). 

Although, the expressions for instantaneous gas pressures in chambers 4 of the connected struts 

are identical to those obtained for type-I struts, the gas volume 𝑉4𝑜 in type-II struts is greater than 

that used in type-I struts. Owing to larger floating piston area, initial gas charge pressure (𝑃𝑐) in 

type-II struts is lower than that used in type-I struts, given by: 

  𝑃𝐶 = 𝑃4𝑜 (
𝑉4𝑜

𝑉𝐶
)
𝑛

                    (2.45) 

The above equations suggest that type-I and type-II roll interconnections would yield identical 

force-velocity characteristics in the roll and vertical modes, when contributions due to floating 
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piston inertia and seals friction are neglected. The force-displacement properties are also identical 

in the vertical mode due to identical effective area, while those differ in the roll mode.  

2.4.5 Effects of Compressibility and Floating Piston Dynamics 

The dynamic forces developed by roll-connected type-II struts are also influenced by the fluid 

compressibility, friction due to floating piston seals and floating piston dynamics. The equation of 

motion for the floating piston mass is obtained as: 

𝑚𝑓�̈�2𝑖 + 𝑃2𝑖𝐴1 + 𝐹𝑐  𝑠𝑔𝑛(�̇�2𝑠𝑖) = 𝑃4𝑖𝐴1 +𝑚𝑓𝑔            (2.46) 

The above equation is identical to that derived for type-I struts, described in equation (2.40), 

except for the relatively larger floating piston area, 𝐴1. The dynamic force developed by each strut 

is obtained upon substituting for the gas chamber pressures from equations (2.19) and (2.20), 

pressure differentials due to orifice flows and flow across the pipes from equations (2.17) and 

(2.18), and 𝑃2𝑖 from the above equation (2.46) into equation (2.39), such that: 

𝐹𝑙 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 +

ρ

2𝐶𝑑
2 {(

−A1�̇�𝑙+𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑙) − (
−A1�̇�𝑟+𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑟)} − 
𝐴3

2�̇�𝑙 128 µ 𝐿 

𝜋𝐷4
− (�̈�2𝑙 +

𝐴3

𝐴1
�̈�2𝑟)𝑚𝑓 − ( 𝑠𝑔𝑛(�̇�2𝑠𝑙) +

𝐴3

𝐴1
 𝑠𝑔𝑛(�̇�2𝑠𝑟)) 𝐹𝑐 +𝑚𝑓𝑔 (1 −

𝐴3

𝐴1
)]       (2.47) 

𝐹𝑟 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 +

ρ

2𝐶𝑑
2 {(

−A1�̇�𝑟+𝐴3�̇�𝑙

𝑢2𝑎12𝑟
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑟) − (
−A1�̇�𝑙+𝐴3�̇�𝑟

𝑢2𝑎12𝑙
)
2

𝐴3 𝑠𝑔𝑛(�̇�𝑙)} − 
𝐴3

2�̇�𝑟 128 µ 𝐿 

𝜋𝐷4
− (�̈�2𝑟 +

𝐴3

𝐴1
�̈�2𝑙)𝑚𝑓 − ( 𝑠𝑔𝑛(�̇�2𝑠𝑟) +

𝐴3

𝐴1
 𝑠𝑔𝑛(�̇�2𝑠𝑙)) 𝐹𝑐 +𝑚𝑓𝑔 (1 −

𝐴3

𝐴1
)]       (2.48) 

 
Comparisons of the dynamic forces developed by type-II configuration with those derived for 

type-I configuration in equations (2.41) and (2.42), show that the contribution due to floating 

piston seals and dynamics is related to the area ratio 𝐴3 𝐴1⁄ . Since this area ratio for type-II struts 

is relatively small compared to type-I struts, the effect of the floating piston seals and dynamics is 

expected to be lower. 
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2.4.6 Roll Plane Interconnected Suspension (Type-IIa struts) 

The effective roll stiffness and damping properties of an interconnecting hydro-pneumatic 

suspension are strongly dependent upon the fluid volume in the interconnecting chambers and the 

interconnection layout. Figure 2.8 illustrates an alternate interconnection of the type-II struts, 

where chambers 2 and 3 of the left-strut are coupled with chambers 3 and 2 of the right-strut, 

respectively. This configuration is analyzed to study the effect of variations in the interconnection 

arrangement on the resulting roll mode suspension properties. 

 
Figure 2.8: Interconnected strut model used for deriving the strut forces (Type-IIa). 

 

The fluid flow rates and pressure relations are initially derived assuming incompressible 

hydraulic fluid, turbulent flows through damping orifices between chambers 1 and 2, and laminar 

flows through interconnecting pipes. Unlike type-I and type-II struts, the rate of change of fluid 

volume in chamber 1 (𝑄1𝑖) is related only to the flow rate from chamber 2 through the orifices, 

𝑄21𝑖, derived as: 

𝑄1𝑖 = 𝑄21𝑖 = 𝐴1�̇�𝑖; i=l,r                 (2.49) 

Similarly, the flow continuity equations for chamber 3 of the left- and right-struts involves the 

flows through the interconnecting pipes alone, given by: 

𝑄3𝑙 = −𝑄3𝑙2𝑟 = −𝐴3�̇�𝑙; 𝑄3𝑟 = −𝑄3𝑟2𝑙 = −𝐴3�̇�𝑟            (2.50) 

The fluid flows across the two struts via interconnecting pipes, are obtained assuming 𝑄3𝑙2𝑟 

and 𝑄3𝑟2𝑙, as laminar flows, such that: 

𝑄3𝑙2𝑟 =
𝜋𝐷4𝑃3𝑙2𝑟

128 𝜇 𝐿 
; 𝑄3𝑟2𝑙 =

𝜋𝐷4𝑃3𝑟2𝑙

128 𝜇 𝐿 
               (2.51) 

Dynamic strut forces 

The dynamic suspension forces produced by left- and right-struts can be expressed in terms of 

gas pressures and pressure differentials, as: 
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𝐹𝑙 = 𝑁𝑢 [𝑃2𝑙  𝐴1 − 𝑃2𝑟  𝐴3 − 𝑃21𝑙𝐴1 − 𝑃3𝑙2𝑟𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒]   

𝐹𝑟 = 𝑁𝑢 [𝑃2𝑟 𝐴1 − 𝑃2𝑙 𝐴3 − 𝑃21𝑟𝐴1 − 𝑃3𝑟2𝑙𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒]       (2.52) 

For the incompressible fluid flow and negligible seal friction, 𝑃2𝑖 = 𝑃4𝑖. The relationships 

between the strut forces and motions are thus obtained upon substituting for the gas pressure and 

pressure differentials, as: 

𝐹𝑙 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 −

                                         
ρ

 2𝐶𝑑
2 {(

A1�̇�𝑙

𝑢2𝑎12𝑙
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑙)} − 
𝐴3

2�̇�𝑙 128 µ 𝐿 

𝜋𝐷4
]       (2.53) 

𝐹𝑟 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴2 −

                                               
ρ

2𝐶𝑑
2 {(

A1�̇�𝑟

𝑢2𝑎12𝑟
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑟)} − 
𝐴3

2�̇�𝑟 128 µ 𝐿 

𝜋𝐷4
]      (2.54) 

The above equations reveal that damping force components of the type-IIa configuration are 

different from those derived for the type-I and type-II configurations, presented in equations (2.24) 

and (2.25). The gas spring force developed by each strut is identified from first two terms in 

equations (2.53) and (2.54). It is concluded that all three interconnected (IC) configurations exhibit 

identical force-displacement relationship in the vertical mode, while type-II and type-IIa struts 

possess lower spring rates in roll mode due to the larger gas volume. Three different dynamic force 

components of an interconnecting strut may be identified excluding the static force component, 

which are described below. 

 (a)  Damping force due to orifice flows within the same strut, 𝐹𝐷𝑆𝑖 

The damping force component, which is a function of same strut velocity (�̇�𝑖) in equations 

(2.53) and (2.54), is attributed to flows through orifices within the same strut and expressed 

as: 

 𝐹𝐷𝑆𝑙 =
ρ𝑁𝑢

2𝐶𝑑
2 (

A1�̇�𝑙

𝑢2𝑎12𝑙
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑙)              (2.55) 

  

  𝐹𝐷𝑆𝑟 =
ρ𝑁𝑢

2𝐶𝑑
2 (

A1�̇�𝑟

𝑢2𝑎12𝑟
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑟)              (2.56) 

 



 

48 

 

Equations (2.55) and (2.56) reveal that 𝐹𝐷𝑆 of a type-IIa strut is larger than the other two IC 

configurations, presented in equations (2.28) and (2.29), for the identical strut velocity �̇�𝑖. This is 

due to different fluid flow rates across the orifices in the same strut. 

The damping force due to orifice flow in the connected strut 𝐹𝐷𝐶, is absent in type-IIa IC 

configuration. This is because of interconnection layout, described in Figure 2.8, and fluid flow 

rates across the orifices, and flows through interconnecting pipes. In other words, damping 

obtained through orifices could be tuned independently in type-IIa without affecting the orifice 

flows in the connecting strut.   

(b) Damping force due to flows across the struts, 𝐹𝐷𝐿𝑖  
 
 

The damping force component attributed to laminar flows through the interconnecting lines 

is related to the velocity of same strut alone, such that:  

 

 𝐹𝐷𝐿𝑖 = −
𝐴3

2�̇�𝑖 128 µ 𝐿 

𝜋𝐷4
                  (2.57) 

 

The above equation constitutes the negative effect on the damping force developed by each 

strut, due to flows across the pipelines. This negative damping component (𝐹𝐷𝐿) is identical to 

that obtained for the other two interconnected configurations, and it is significant for tuning of 

damping properties of a strut, where the damping valves may be eliminated. 

2.4.7 Effects of Compressibility and Floating Piston Dynamics 

In consideration of compressible hydraulic fluid, the rate of change in fluid volume in chamber 

3 of the left-strut (𝑄3𝑙) is related to flow rates through the interconnecting pipe (𝑄3𝑙2𝑟), and the 

fluid compressibility effect. The flow rate is further related to velocity of the same strut �̇�𝑙. The 

flow continuity equation for the left strut can thus be expressed as: 

𝑄3𝑙 = −𝑄3𝑙2𝑟 −
𝑑𝑃3𝑙

𝑑𝑡
(
𝐸

𝑉3𝑙
) = −A3�̇�𝑙               (2.58) 

Similarly, the flow continuity equation for chamber 3 of the right-strut (𝑄3𝑟) can be expressed 

as: 

𝑄3𝑟 = −𝑄3𝑟2𝑙 −
𝑑𝑃3𝑟

𝑑𝑡
(
𝐸

𝑉3𝑟
) = −A3�̇�𝑟               (2.59) 
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where the term 
𝑑𝑃3𝑖

𝑑𝑡
 relates to the rate of change of fluid pressure in chamber 3 due to fluid 

compressibility of the strut 𝑖(𝑖 = 𝑙, 𝑟).  

The dynamic force 𝐹𝑖 developed by the strut i can be expressed as functions of the pressure 

forces, as: 

𝐹𝑖 = 𝑁𝑢 [(𝑃1𝑖 − 𝑃1𝑜) 𝐴1 − (𝑃3𝑖 − 𝑃3𝑜) 𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒]         (2.60) 

The above equation can also be expressed in terms of pressure differentials, static force and 

gas pressures, as: 

𝐹𝑙 = 𝑁𝑢 [𝑃2𝑙  𝐴1 − 𝑃2𝑟  𝐴3 − 𝑃21𝑙𝐴1 − 𝑃3𝑙2𝑟𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒]   

𝐹𝑟 = 𝑁𝑢 [𝑃2𝑟 𝐴1 − 𝑃2𝑙 𝐴3 − 𝑃21𝑟𝐴1 − 𝑃3𝑟2𝑙𝐴3 − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒]       (2.61) 

Apart from the above, the inertia force due to floating piston mass and the seal friction force 

also contributes to difference in fluid pressures between chambers 2 and 4. This can be realized 

from equation of motion for the floating piston which is given by: 

𝑚𝑓�̈�2𝑖 + 𝑃2𝑖𝐴1 + 𝐹𝑐  𝑠𝑔𝑛(�̇�2𝑠𝑖) = 𝑃4𝑖𝐴1 +𝑚𝑓𝑔            (2.62) 

Equation (2.62) is identical to the equation (2.46), which suggests that type-II and type-IIa 

configurations hold identical force-displacement characteristics in roll and vertical modes. The 

dynamic force developed by each strut is obtained upon substituting for the gas chamber pressures 

from equations (2.19) and (2.20), pressure differentials due to orifice flows and flow across the 

pipes from equations (2.17) and (2.51), and 𝑃2𝑖 from the equation (2.62) into equation (2.61), such 

that: 

𝐹𝑙 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒 +

ρ

2𝐶𝑑
2 {(

A1�̇�𝑙

𝑢2𝑎12𝑙
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑙)} − 
𝐴3

2�̇�𝑙 128 µ 𝐿 

𝜋𝐷4
− (�̈�2𝑙 +

𝐴3

𝐴1
�̈�2𝑟)𝑚𝑓 − ( 𝑠𝑔𝑛(�̇�2𝑠𝑙) +

𝐴3

𝐴1
 𝑠𝑔𝑛(�̇�2𝑠𝑟))𝐹𝑐 +𝑚𝑓𝑔 (1 −

𝐴3

𝐴1
)]               (2.63) 

𝐹𝑟 = 𝑁𝑢 [𝑃4𝑜𝑉4𝑜
𝑛 {

𝐴1

(𝑉40−𝐴1𝑥𝑟+𝐴3𝑥𝑙)
𝑛 −  

𝐴3

(𝑉40−𝐴1𝑥𝑙+𝐴3𝑥𝑟)
𝑛} − (𝑃4𝑜 − 𝑃𝑎)𝐴𝑒 +

ρ

2𝐶𝑑
2 {(

A1�̇�𝑟

𝑢2𝑎12𝑟
)
2

𝐴1 𝑠𝑔𝑛(�̇�𝑟)} − 
𝐴3

2�̇�𝑟 128 µ 𝐿 

𝜋𝐷4
− (�̈�2𝑟 +

𝐴3

𝐴1
�̈�2𝑙)𝑚𝑓 − ( 𝑠𝑔𝑛(�̇�2𝑠𝑟) +

𝐴3

𝐴1
 𝑠𝑔𝑛(�̇�2𝑠𝑙)) 𝐹𝑐 +𝑚𝑓𝑔 (1 −

𝐴3

𝐴1
)]               (2.64) 
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Comparisons of equations (2.63) and (2.64) with those obtained for type-II struts in equations 

(2.47) and (2.48) suggest that type-IIa struts yield considerably different damping force component 

FDS due to difference in the damping plate geometry.  

2.5 SUSPENSION PROPERTIES 

 

The static and dynamic suspension properties for the UC and IC configurations are derived in 

terms of load carrying capacity, and vertical and roll modes stiffness and damping properties. 

These are described in the following subsections.  

2.5.1 Load Carrying Capacity 

 

The load carrying capacity of the UC and IC struts are related to effective area 𝐴𝑒 , the static 

gas charge pressure (𝑃4𝑜), and gas volume (𝑉4𝑜) of the strut. The rod area serves as the effective 

area for supporting the vehicle’s load, and it is identical for both the IC and UC struts, irrespective 

of the configuration. Owing to relatively larger rod area as compared with conventional struts [4], 

the static equilibrium pressure of the strut has been reduced considerably. The load carrying 

capacity of the UC and IC configurations is given by: 

𝑊 = 𝑁𝑢(𝑃4𝑜 − 𝑃𝑎)𝐴𝑒                         (2.65) 

The initial gas charge pressure, 𝑃𝐶, and the static deflection of the suspension (𝑥𝑜) are 

determined from the initial charge volume of the strut, such that: 

𝑃𝐶 = 𝑃4𝑜 (
𝑉𝐶−𝐴𝑒𝑥𝑜

𝑉𝐶
)
𝑛

                    (2.66) 

In above equation, 𝑃𝐶  𝑎𝑛𝑑 𝑉𝐶 are the initial charge pressure and initial charge volume of gas 

chambers in the strut.  

2.5.2 Suspension Rates  

Type-I struts 

The suspension rate of an interconnected hydro-pneumatic suspension is derived from its 

dynamic force components, which are functions of gas and fluid pressures of the strut i, as 

described in the section 2.4.2. The spring rate of the strut can be obtained from the restoring force 

component attributed to the gas pressure, 𝐹𝑠𝑖, such that: 

𝐾𝑥𝑖 =
𝑑𝐹𝑠𝑖

𝑑𝑥𝑖
                      (2.67) 

Where 𝐾𝑥𝑖 is the vertical spring rate of strut i (i=l, r). Under a pure vertical relative displacement 

input (𝑥𝑙 = 𝑥𝑟 = 𝑥𝑖), the displacements of floating pistons are identical in the left- and right-struts. 

In addition, the restoring force of strut i could be derived from equation (2.22) as: 
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𝐹𝑠𝑖 = (𝑃1𝑖 − 𝑃𝑎)𝐴1 − (𝑃3𝑖 − 𝑃𝑎)𝐴3 = 𝑃2𝑖𝐴𝑒;  i=l, r         (2.68) 

For the identical vertical displacement inputs, the difference between the displacements of the 

floating and main pistons are related to the fluid compressibility, such that: 

𝑉2𝑖

𝐸
(𝑃2𝑖 − 𝑃2𝑜) = 𝐴𝑒(𝑥1𝑖 − 𝑥2𝑖)                (2.69) 

where 𝑉2𝑖 is the instantaneous hydraulic fluid volume in chamber 2 of strut i and 𝑃2𝑖 is the 

instantaneous pressure of fluid in strut i (i=l, r). 𝐴𝑒𝑥1𝑖 refers to the total hydraulic fluid volume 

displaced by the main piston when the strut is subjected to a vertical displacement. Substituting 

for 𝑥2𝑖 from equation (2.69) into equation (2.19), yields following relationship for fluid pressure:  

𝑃4𝑖 [𝑉4𝑜 − 𝐴𝑒𝑥1𝑖 +
𝑉2𝑖

𝐸
(𝑃2𝑖 − 𝑃2𝑜)]

𝑛

= 𝑃4𝑜𝑉4𝑜
𝑛  i=l, r         (2.70) 

The above relation is the function of instantaneous fluid pressure 𝑃2𝑖 and main piston 

displacement 𝑥1𝑖. The derivative of 𝑃2𝑖 with respect to 𝑥1𝑖 is subsequently obtained as: 

 
𝑑𝑃2𝑖

𝑑𝑥1𝑖
=

𝜕∅ 𝜕𝑥1𝑖⁄

𝜕∅ 𝜕𝑃2𝑖⁄
=

𝑛𝑃4𝑖𝐴𝑒

𝑉4𝑜−𝐴𝑒𝑥1𝑖+
𝑉2𝑖

𝐸𝐴𝑒
[𝑃2𝑖−𝑃2𝑜]

             (2.71) 

where 𝑉4𝑜 refers to the volume of gas chamber (4) under the static equilibrium condition in strut i. 

Furthermore, the suspension rate in equation (2.67) can be directly related to the rate of change of 

fluid pressure with respect to the piston motion, such that: 

𝐾𝑥𝑖 = 𝐴𝑒
𝑑𝑃2𝑖
𝑑𝑥1𝑖

                     (2.72) 

The vertical suspension rate of the type-I strut is thus be obtained from equations (2.71) and 

(2.72), as: 

𝐾𝑥𝑖 =
𝑛𝑃4𝑖𝐴𝑒

2

𝑉4𝑜−𝐴𝑒𝑥1𝑖+
𝑉2𝑖
𝐸𝐴𝑒

[𝑃2𝑖−𝑃2𝑜]
                 (2.73) 

Likewise, assuming incompressible hydraulic fluid, the suspension rate of the type-I strut in 

connected as well as unconnected configurations is related to the function of strut displacement, 

𝑥𝑖 as: 

𝐾𝑥𝑖 =
𝑛𝑃4𝑜𝑉4𝑜

𝑛𝐴𝑒
2

(𝑉4𝑜−𝐴𝑒𝑥𝑖)
𝑛+1                   (2.74) 

Type-II and Type-IIa struts  

For type-II struts (Figure 2.1), the vertical spring rate is derived in a similar manner. The spring 

rate is related to change in fluid pressure 𝑃2𝑖  with respect to the main piston deflection 𝑥1𝑖 , such 

that: 

𝐾𝑥𝑖 = 𝐴𝐹𝑃
𝑑𝑃2𝑖

𝑑𝑥1𝑖
                     (2.75) 
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It should be noted that 𝐴𝐹𝑃  in type-II struts differ from that of type-I struts. Under pure vertical 

displacement inputs (𝑥𝑙 = 𝑥𝑟 = 𝑥𝑖), the change in volume of the fluid in chamber 2 is also related 

to fluid compressibility and expressed as: 

𝑉2𝑖

𝐸
(𝑃2𝑖 − 𝑃2𝑜) = 𝐴𝑒𝑥1𝑖 − 𝐴𝐹𝑃𝑥2𝑖               (2.76) 

In the above equation, term 𝐴𝐹𝑃𝑥2𝑖 refers to total volume change in the gas chamber of strut i, 

which is evidently larger than that in type-I struts. Equations (2.76) and (2.19) yield the following 

relationship, for the fluid pressure as a function of the piston deflection: 

𝑃4𝑖 [𝑉4𝑜 − 𝐴𝑒𝑥1𝑖 +
𝑉2𝑖

𝐸
(𝑃2𝑖 − 𝑃2𝑜)]

𝑛

= 𝑃4𝑜𝑉4𝑜
𝑛  i=l,r         (2.77) 

The rate of change of fluid pressure in strut i, with respect to the relative vertical displacement 

of the main piston can be derived as:              

𝑑𝑃2𝑖

𝑑𝑥1𝑖
=

𝜕∅ 𝜕𝑥1𝑖⁄

𝜕∅ 𝜕𝑃2𝑖⁄
=

𝑛𝑃4𝑖𝐴𝑒

𝑉4𝑜−𝐴𝑒𝑥1𝑖+
𝑉2𝑖

𝐸𝐴𝑒
[𝑃2𝑖−𝑃2𝑜]

             (2.78) 

Equation (2.78) is identical to equation (2.73), but the static equilibrium volume of gas 

chamber in type-II strut is larger than the type-I strut. The vertical suspension rate 𝐾𝑥𝑖, for the type-

II and type-IIa struts is subsequently obtained as:  

𝐾𝑥𝑖 =
𝑛𝑃4𝑖𝐴𝑒𝐴𝐹𝑝

𝑉4𝑜−𝐴𝑒𝑥1𝑖+
𝑉2𝑖
𝐸𝐴𝑒

[𝑃2𝑖−𝑃2𝑜]
                 (2.79) 

Like type-I struts, the vertical suspension rates of type-II and type-IIa strut configurations are 

also obtained considering incompressible hydraulic fluid, as: 

 𝐾𝑥𝑖 =
𝑛𝑃4𝑜𝑉4𝑜

𝑛𝐴𝐹𝑃𝐴𝑒

(𝑉4𝑜−𝐴𝐹𝑃𝑥𝑖)
𝑛+1                     (2.80) 

2.5.3 Vertical Damping Properties  

 

The vertical damping properties of different strut configurations are obtained assuming 

turbulent flows through damping orifices and laminar flow across the interconnecting pipes. For 

type-I connected struts, the damping force components developed by the strut have been described 

in equations (2.28) to (2.32), when the fluid compressibility effect is considered negligible. The 

total damping force developed by the strut is the sum of force components attributed to flows 

through orifices within the strut (𝐹𝐷𝑆𝑖), flows through orifices in the connecting strut (𝐹𝐷𝐶𝑖) and 

flows across the struts (𝐹𝐷𝐿𝑖), such that: 

𝐹𝐷𝑥𝑖 = 𝐹𝐷𝑆𝑖 + 𝐹𝐷𝐶𝑖 + 𝐹𝐷𝐿𝑖                 (2.81) 
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where 𝐹𝐷𝑥𝑖 is the total damping force. Under pure vertical motion (�̇�𝑖 = �̇�𝑟 = �̇�𝑙), the vertical 

damping force developed by type-I IC struts can be expressed as:  

𝐹𝐷𝑥𝑖 = 𝑁𝑢 [
ρ

2
(

𝐴2�̇�𝑖

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴1sgn (�̇�𝑖) − 
ρ

2
(

𝐴2�̇�𝑖

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴3sgn(�̇�𝑖) − 
𝐴3

2�̇�𝑖 128 µ 𝐿 

𝜋𝐷4
]         (2.82) 

From equation (2.82), it is evident that last two terms are significant in view of the negative 

damping effect due to interconnection in roll plane. Since type-I and type-II exhibit identical 

dynamic force components, as described in equations (2.24) and (2.25), the vertical mode damping 

force components of the type-II are identical to those of the type-I configuration. 

The damping force developed by type-IIa struts, however, differ from those of type-I and type-

II configurations due to absence of the coupling component 𝐹𝐷𝐶𝑖, as described in section 2.4.6. 

The vertical damping force due to type-IIa struts is thus obtained from equations (2.55) to (2.57), 

as:  

𝐹𝐷𝑥𝑖 = 𝑁𝑢 [
ρ

2
(

A1�̇�𝑖

𝐶𝑑𝑢2𝑎21𝑖
)
2

𝐴1𝑠𝑔𝑛(�̇�𝑖) −
𝐴3�̇�𝑖 128 µ 𝐿 

𝜋𝐷4
𝐴3  ]                              (2.83) 

Comparison of equations (2.82) and (2.83) suggests that type-IIa struts may yield higher 

damping force than type-I and type-II struts for a given relative velocity, �̇�𝑖.  

Unconnected configurations 

All three UC configurations yield identical fluid flow rates across the orifices; therefore, the 

vertical mode damping properties are identical. Similar to IC configuration, the total vertical mode 

damping force of the UC configurations is given by: 

𝐹𝐷𝑥𝑖 = 𝑁𝑢 [
ρ

2
(

−A2�̇�𝑖

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴2𝑠𝑔𝑛 (�̇�𝑖) + 
ρ

2
(

−A3�̇�𝑖

𝐶𝑑𝑢3𝑎13𝑖
)
2

𝐴3𝑠𝑔𝑛(�̇�𝑖) ]                     (2.84) 

It is observed that by comparing equations (2.82) to (2.84), the negative damping force 

components could be obtained only when the struts are interconnected, which indicates the 

enhanced design flexibility in tuning the vertical damping force components for IC configurations 

than the unconnected configurations. 

2.5.4 Roll Stiffness for Different Strut Configurations 

Interconnected configuration (Type-I) 

The sprung mass of a vehicle experiences roll motion due to external rolling moment, which 

yields relative vertical and roll displacements between the sprung and unsprung masses, given by 

𝑥𝑖 = (𝑥𝑠 − 𝑥𝑢 ± 𝐿𝑠𝜃) and 𝜃 = (𝜃𝑠 − 𝜃𝑢). Suspension roll stiffness could be derived from 

restoring rolling moment,(𝑅𝑚), developed by suspension subject to a static roll angle, such that:  

𝐾∅ =
𝑑𝑅𝑚

𝑑𝜃
                      (2.85) 
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The roll deflection across the suspension is considered by applying out-of-phase pure vertical 

displacement inputs (𝑥𝑙 = −𝑥𝑟) 𝑎𝑛𝑑 𝜃 = 0 . For the type-I configuration, the volume of fluid in 

chambers 1, 2 and 3 of the left strut and chamber 1 of the right strut yields the following 

relationship: 

𝑥𝑙𝐴1 − 𝑥𝑟𝐴3 = 𝑥2𝑙𝐴𝑒 + ∆𝑉𝐶𝑜𝑚𝑝                (2.86) 

The above equation satisfies the change in gas chamber volume of the strut l, when main piston 

undergoes extension, whereas  𝑥2𝑙𝐴𝑒 refers to the change in volume of the gas chamber in strut l 

due to the displacement of floating piston. ∆𝑉𝐶𝑜𝑚𝑝 in the above equation relates to change in 

volume due to fluid compressibility. The restoring rolling moment imposed by the struts in the 

left- and right-tracks can be computed from:  

𝑅𝑚 = (𝐹𝑠𝑙 − 𝐹𝑠𝑟)𝐿𝑠                   (2.87) 

where 𝐿𝑠 refers to half the suspension track width or the horizontal spacing between the suspension 

strut mount and projection of the cg of the sprung mass on the lateral axis, which is identical for 

both left- and right-struts in the roll plane. The change in volume of the left strut due to fluid 

compressibility could be written as:  

𝑥2𝑙𝐴𝑒 −
𝑉4𝑙

𝐸
(𝑃4𝑙 − 𝑃4𝑜) = 𝑥1𝑙𝐴𝑒 − 𝐿𝑠𝜃(𝐴1 + 𝐴3)           (2.88) 

When the suspension experiences a roll mode input, 𝑥1𝑙𝐴𝑒term in equation (2.88), refers to the 

total fluid volume change due to vertical displacement of the main piston in strut l. 𝑉4𝑖 is the 

instantaneous fluid volume of the strut 𝑖(𝑖 = 𝑙, 𝑟). Similarly, chambers 1, 2 and 3 of the right strut 

and chamber 1 of the left strut, are related to the fluid compressibility, which can be expressed as:  

𝑥2𝑟𝐴𝑒 −
𝑉4𝑟

𝐸
(𝑃4𝑟 − 𝑃4𝑜) = 𝑥1𝑟𝐴𝑒 + 𝐿𝑠𝜃(𝐴1 + 𝐴3)           (2.89) 

Under pure roll motion of the struts, 𝑥1𝑙𝐴𝑒 − 𝑥1𝑟𝐴𝑒 = 0, the equations (2.88) and (2.89) have 

been manipulated, which is a function of angular deflection, 𝜃 and thus can be expressed as: 

𝜓(𝑃4𝑙, 𝜃) = [(
𝑃4𝑜

𝑃4𝑙
)
1/𝑛

− (
𝑃4𝑜

2𝑃4𝑜−𝑃4𝑙
)
1/𝑛

] 𝑉4𝑜 + 2𝐿𝑠𝜃(𝐴1 + 𝐴3) =
2𝑉4𝑙

𝐸
(𝑃4𝑙 − 𝑃4𝑜)    (2.90) 

In equation (2.90), 𝑃4𝑟 has been expressed in terms of  𝑃4𝑙 by using static equilibrium equation 

(2.6) of the connected left- and right-strut. In other words, the equation (2.6) has been transformed 

as: 

2𝑃4𝑜𝐴𝑒 = (𝑃4𝑙 + 𝑃4𝑟)𝐴𝑒                   (2.91) 

The change in gas pressure of the left strut with respect to roll deflection can thus be derived 

as: 
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𝑑𝑃4𝑙

𝑑𝜃
=

𝜕𝜓 𝜕𝜃⁄

𝜕𝜓 𝜕𝑃4𝑙⁄
=

2𝐿𝑠(𝐴1+𝐴3)

[(2𝑃40−𝑃4𝑙)
−(
1
𝑛
+1)

−(𝑃4𝑙)
−(
1
𝑛
+1)

]
𝑉4𝑜 √𝑃4𝑜

𝑛

𝑛
+
2𝑉4𝑙
𝐸

         (2.92) 

The roll stiffness of the hydraulically interconnected suspension is subsequently obtained from 

equations (2.85), (2.87) and (2.92), such that: 

𝐾∅ = 2𝐿𝑠(𝐴1 + 𝐴3)
𝑑𝑃4𝑙

𝑑𝜃
=

4𝐿𝑠
2(𝐴1+𝐴3)

2

[(2𝑃4𝑜−𝑃4𝑙)
−(
1
𝑛
+1)

−(𝑃4𝑙)
−(
1
𝑛
+1)

]
𝑉4𝑜 √𝑃4𝑜

𝑛

𝑛
+
2𝑉4𝑙
𝐸

       (2.93) 

The roll stiffness of the unconnected configurations is derived in a similar manner, such that: 

𝐾∅ = 2𝐿𝑠(𝐴1 − 𝐴3)
𝑑𝑃4𝑙

𝑑𝜃
=

4𝐿𝑠
2(𝐴𝑒)

2

[(2𝑃4𝑜−𝑃4𝑙)
−(
1
𝑛
+1)

−(𝑃4𝑙)
−(
1
𝑛
+1)

]
𝑉4𝑜 √𝑃𝑜

𝑛

𝑛
+
2𝑉4𝑙
𝐸

       (2.94) 

Similarly, roll stiffness for the interconnected suspension struts with incompressible fluid is 

given by [7]:  

𝐾∅ = 𝑛𝑁𝑢𝑃4𝑜𝑉4𝑜
𝑛(𝐴1 + 𝐴3)𝐿𝑠 {

(𝐴1+𝐴3)𝐿𝑠−(𝐴1−𝐴3)
𝑑𝑥

𝑑𝜃

[𝑉4𝑜+(𝑥−𝐿𝑠𝜃)𝐴1−(𝑥+𝐿𝑠𝜃)𝐴3]𝑛+1
+

(𝐴1+𝐴3)𝐿𝑠+(𝐴1−𝐴3)
𝑑𝑥

𝑑𝜃

[𝑉4𝑜+(𝑥+𝐿𝑠𝜃)𝐴1−(𝑥−𝐿𝑠𝜃)𝐴3]𝑛+1
}  

                        (2.95) 

Likewise, the roll stiffness for the incompressible unconnected suspension struts is given by 

[7]: 

𝐾∅ = 𝑛𝑁𝑢𝑃4𝑜𝑉4𝑜
𝑛𝐴𝐹𝑃

2𝐿𝑠
2 {

1−
𝑑𝑥

𝑑𝜃
/𝐿𝑠

[𝑉4𝑜+(𝑥−𝐿𝑠𝜃)𝐴𝐹𝑃]𝑛+1
+

1+
𝑑𝑥

𝑑𝜃
/𝐿𝑠

[𝑉4𝑜+(𝑥+𝐿𝑠𝜃)𝐴𝐹𝑃]𝑛+1
}      (2.96) 

At static equilibrium, the vehicle experiences zero roll displacement (𝜃 = 0), the static roll 

stiffness of the suspension can thus be obtained from equation (2.95), and expressed as:  

𝐾∅
𝑜 =

2𝑛𝑃4𝑜(𝐴1+𝐴3)
2𝐿𝑠

2

𝑉4𝑜
                   (2.97) 

Similarly, the static roll stiffness of the UC configuration from equation (2.96) has been 

obtained as: 

𝐾∅
𝑜 =

2𝑛𝑃4𝑜(𝐴𝑒)
2𝐿𝑠

2

𝑉4𝑜
                    (2.98) 

In the above equations (2.95) and (2.96), the term 𝑥 refers to the relative displacement of the 

sprung and unsprung masses in vertical direction and 𝜃 is the relative angular displacement 

between the sprung and unsprung masses. The ratio between the static roll stiffness for the 

interconnected configuration and the unconnected configuration has been expressed as roll 

stiffness amplification factor (RSAF), which emphasizes the enhanced roll stiffness property of 

the interconnected over the unconnected configuration [5]. Equations (2.97) and (2.98) show that 
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type-I strut exhibits higher roll stability than its corresponding UC configuration for the given 

identical static charge pressure and volume of the gas chamber. 

Interconnected configurations (Type-II and Type-IIa) 

Type-II and type-IIa configurations have been shown in Figures 2.7 and 2.8, respectively. 

Under extension of each strut, the volume of fluid in chambers 1, 2, 3 of the left strut and chamber 

3 of the right strut yields the following relationship: 

𝑥𝑙𝐴1 − 𝑥𝑟𝐴3 = 𝑥2𝑙𝐴𝐹𝑃 + ∆𝑉𝐶𝑜𝑚𝑝               (2.99) 

Similar to the equations (2.88) and (2.89), the relationship between the fluid compressibility 

and deflections of the left- and right-struts can be expressed as: 

𝑥2𝑙𝐴𝐹𝑃 −
𝑉4𝑙

𝐸
(𝑃4𝑙 − 𝑃4𝑜) = 𝑥1𝑙𝐴𝑒 − 𝐿𝑠𝜃(𝐴1 + 𝐴3)       

𝑥2𝑟𝐴𝐹𝑃 −
𝑉4𝑟

𝐸
(𝑃4𝑟 − 𝑃4𝑜) = 𝑥1𝑟𝐴𝑒 + 𝐿𝑠𝜃(𝐴1 + 𝐴3)           (2.100) 

Rearranging equations (2.91) and (2.100) yield following expression as a function of angular 

deflection 𝜃: 

𝜓(𝑃4𝑙, 𝜃) = [(
𝑃4𝑜

2𝑃4𝑜−𝑃4𝑙
)
1/𝑛

− (
𝑃4𝑜

𝑃4𝑙
)
1/𝑛

] 𝑉4𝑜 −
2𝑉4𝑙

𝐸
(𝑃4𝑙 − 𝑃4𝑜) + 2𝐿𝑠𝜃(𝐴1 + 𝐴3) = 0    

                        (2.101) 

The change in instantaneous gas pressure of the left strut can be derived by solving equation 

(2.101) with respect to its roll deflection, such that: 

𝑑𝑃4𝑙

𝑑𝜃
=

𝜕𝜓 𝜕𝜃⁄

𝜕𝜓 𝜕𝑃4𝑙⁄
=

2𝐿𝑠(𝐴1+𝐴3)

[(𝑃4𝑙−2𝑃4𝑜)
−(
1
𝑛
+1)

+(𝑃4𝑙)
−(
1
𝑛
+1)

]
𝑉4𝑜 √𝑃4𝑜

𝑛

𝑛
+
2𝑉4𝑙
𝐸

         (2.102) 

The restoring roll moment for the IC configuration could be expressed in terms of pressure 

forces, as described in equation (2.52), such that: 

𝑅𝑚 = (𝑃4𝑙 − 𝑃4𝑟)(𝐴1 + 𝐴3)𝐿𝑠                (2.103) 

The roll stiffness of the type-II and type-IIa interconnected suspensions is thus obtained as:  

𝐾∅ = 2𝐿𝑠(𝐴1 + 𝐴3)
𝑑𝑃4𝑙

𝑑𝜃
=

4𝐿𝑠
2(𝐴1+𝐴3)

[(𝑃4𝑙−2𝑃40)
−(
1
𝑛
+1)

+(𝑃4𝑙)
−(
1
𝑛
+1)

]
𝑉4𝑜 √𝑃𝑜

𝑛

𝑛
+
2𝑉4𝑙
𝐸

       (2.104) 

The roll stiffness for the compressible and incompressible type-II configurations is identical as 

that of the type-IIa configuration. The relatively larger gas volume of type-II and type-IIa 

configurations, however, yields lower dynamic roll stiffness, which will be discussed in the 

following chapter.   
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2.5.5 Roll Mode Damping Properties of Different Strut Configurations  

 

The roll mode damping forces for different suspension configurations could be derived upon 

considering out-of-phase (�̇�𝑙 = −�̇�𝑟 = �̇�𝑖) velocity inputs for the left- and right-struts. The roll 

mode damping property of the suspension can be presented in terms of the damping moment (𝑀𝑑), 

where 𝐹𝑑𝑙 and 𝐹𝑑𝑟 are the damping forces developed by the strut i (i=l, r). The significance of 

interconnection in the roll mode is mainly illustrated by its enhanced roll mode damping property. 

The fluid flows across the connected struts enhance the roll mode damping property of the 

interconnected struts. The relative velocities across the two struts are related to vertical and roll 

deflections of the sprung and unsprung masses in the following manner:   

 �̇�𝑙 = (�̇�𝑠 − �̇�𝑢) − 𝐿𝑠(�̇�𝑠 − �̇�𝑢) ;                   

�̇�𝑟 = (�̇�𝑠 − �̇�𝑢) + 𝐿𝑠(�̇�𝑠 − �̇�𝑢) ;                 (2.105) 

Unconnected configurations 

The suspension struts employed in UC configurations generate damping force due to fluid 

flows through bleed orifices between chambers 1 and 2, and 1 and 3. The total roll mode damping 

force (𝐹𝑑∅) of a UC strut could be obtained as:  

𝐹𝑑∅ =
ρ

2
(
(�̇�𝑠−�̇�𝑢−𝐿𝑠�̇�)𝐴𝑒

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴𝑒𝑠𝑔𝑛(�̇�𝑖) +
ρ

2
(
A3(�̇�𝑠−�̇�𝑢−𝐿𝑠�̇�)

𝐶𝑑𝑢3𝑎13𝑖
)
2

𝐴3𝑠𝑔𝑛(�̇�𝑖)         (2.106) 

The above relation is obtained by substituting equation (2.105) into equation (2.14), where the 

damping force components are functions of the relative velocity, �̇�𝑖 and �̇�. Since, the inputs are 

out-of-phase , the total roll damping moment for the unconnected strut could be expressed in terms 

of angular velocity, which can be obtained by substituting �̇�𝑠 − �̇�𝑢 = 0 in equation (2.106), such 

that: 

𝑀𝑑 =
ρ

2
(

𝐿s�̇�

𝐶𝑑𝑢2𝑎12𝑖
)
2

(𝐴𝑒 + 𝐴3) 
3𝑠𝑔𝑛(�̇�𝑖)               (2.107) 

The above equation is valid only if the total orifice area between the chambers 1 and 2 are 

identical to the total orifice area between the chambers 1 and 3 (𝑢2𝑎12𝑖 = 𝑢3𝑎13𝑖). 

Type-I Configuration 

Unlike unconnected struts, the total roll mode damping force of the interconnected 

configuration (𝐹𝑑∅)  consists of coupled damping components, as described in equations (2.24) 

and (2.25), such that:   
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𝐹𝑑∅   = 𝑁𝑢 [
ρ

2
(
A1(�̇�𝑠−�̇�𝑢−𝐿s�̇�)−𝐴3(�̇�𝑠−�̇�𝑢+𝐿s�̇�)

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴1𝑠𝑔𝑛(�̇�𝑖) −

ρ

2
(
A1(�̇�𝑠−�̇�𝑢+𝐿s�̇�)−𝐴3(�̇�−𝐿s�̇�)

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴3𝑠𝑔𝑛(�̇�𝑖) −   
𝐴3

2(�̇�𝑠−�̇�𝑢−𝐿s�̇�) 128 µ 𝐿 

𝜋𝐷4
]              (2.108) 

Considering a pure roll motion across the struts (�̇�𝑠 − �̇�𝑢 = 0 ), the roll damping moment in 

terms of angular velocity can be obtained as: 

𝑀𝑑 = 𝑁𝑢 [
ρ

2
(

𝐿s�̇�

𝐶𝑑𝑢𝑎12𝑖
)
2

(𝐴1𝑖 + 𝐴3𝑖) 
3𝑠𝑔𝑛 (�̇�𝑖) +

𝐴3
2𝐿s�̇�128 µ 𝐿 

𝜋𝐷4
]         (2.109) 

The first term in the above equation represents the damping moment due to flows through the 

orifices, while the second term denotes the contribution due to flows across the two struts. The 

type-II configuration also yields identical expressions for the total roll mode damping force and 

roll damping moment. 

Type- IIa configuration 

The total roll mode damping force and roll damping moment for the type-IIa strut is given as:   

𝐹𝑑∅   =   𝑁𝑢 [
ρ

2
(
A1(�̇�𝑠−�̇�𝑢−𝐿s�̇�)

𝐶𝑑𝑢2𝑎12𝑖
)
2

𝐴1sgn(�̇�𝑖) − 
𝐴3(�̇�𝑠−�̇�𝑢−𝐿s�̇�) 128 µ 𝐿 

𝜋𝐷4
𝐴3]         (2.110) 

The above equation has been obtained from equation (2.53), by substituting the relative 

velocities of the strut as described in equation (2.105). Similar to type-I configuration, the roll 

mode damping moment of the type-IIa strut could be described as: 

𝑀𝑑 = 𝑁𝑢 [
ρ

2
(

𝐿s�̇�

𝐶𝑑𝑢2𝑎12𝑖
)
2

(𝐴1) 
3𝑠𝑔𝑛(�̇�𝑖) +

𝐴3
2𝐿s�̇�128 µ 𝐿 

𝜋𝐷4
]          (2.111) 

From equations (2.109) and (2.111), it is evident that the roll damping moment for the type-

IIa configuration is lower than the type-I and type-II configurations. Furthermore, the roll mode 

damping does not exhibit the negative damping effect. The negative damping force components 

yield only positive damping moment. The result of substantially higher roll mode damping of IC 

suspension could help enhance the roll stability and handling quality of the vehicle.  

 

2.6 ENHANCEMENT OF NEGATIVE DAMPING VIA INTERCONNECTING PIPES 

 

As illustrated in section 2.4.2, the interconnection between the struts in roll plane yield negative 

damping force components due to flows across the struts. The force component due to flows 

through interconnecting pipes, FDL enhances roll mode damping moment and could help tune the 

bounce mode damping properties for a better ride comfort without deploying valves inside the 

interconnected struts. The negative damping effect of the IC suspension may be emphasized by 

introducing multiple interconnecting pipes of relatively small size opening area, as shown in 
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Figure 2.9. Based on the Hagen-Poiseuille relation, differential pressures across the struts is given 

by:  

∆𝑃 =
128𝜇𝐿𝑄𝐽

𝜋𝐷4
                      (2.112) 

where 𝑄 denotes the fluid flow rate across the interconnecting pipes and 𝐽 refers to the number of 

interconnecting pipes in the configuration.  

 
Figure 2.9: Schematic of the multiple interconnection (Type-I strut). 

 

Implementation of large number of interconnecting pipes of relatively small opening area, 

however, may pose certain design complexities. The small size pipes may limit the fluid flows and 

cause hydraulic lock under a relatively high velocity. Moreover, multiple pipes also increase the 

potential for leakage. Alternatively, flow valves may be employed to achieve variable pressure 

drop across the interconnecting pipe and thereby greater flow resistance and negative damping 

effect.  

A normally open valve is proposed so as to realize greater flow area under low magnitude 

motions. The opening area is gradually decreased with increasing pressure differential in order to 

enhance the negative damping effect under high magnitude motions. The schematic of the effective 

valve diameter is shown in Figure 2.10. 
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Figure 2.10: Proposed variation in the valve opening as a function of the pressure differential 

across the interconnecting pipe. 

 

Figure 2.10 illustrates the proposed variation in the valve diameter as a function of the pressure 

differential ∆𝑃. The saturation of the valve opening corresponding to the higher pressure 

differential, 𝑃𝑐ℎ, is denoted as the ‘closed’ portion of the valve.  

The normally open valve permits effective flow diameter D at relatively low motions when the 

pressure differential is less than a preset low limit, 𝑃𝑐𝑙  (∆𝑃 < 𝑃𝑐𝑙). The valve opening decreases 

gradually when pressure differential exceeds 𝑃𝑐𝑙 and saturates near 𝑑 as the pressure differential 

approaches the upper limit 𝑃𝑐ℎ. The variations in the flow area of the valve may be realized in a 

linear manner, such that: 

𝐷 =

{
 

 
         𝐷                                     0 ≤ ∆𝑃 < 𝑃𝑐𝑙

𝐷 − (𝐷 − 𝑑) ((
∆𝑃−𝑃𝑐𝑙

𝑃𝑐ℎ−𝑃𝑐𝑙
))                               𝑃𝑐𝑙 ≤ ∆𝑃 < 𝑃𝑐ℎ                                  

𝑑                                      𝑃𝑐ℎ ≤ ∆𝑃

  (2.113) 

Identical valve characteristics are considered for the compression as well as extension modes, 

such that 𝑃𝑒𝑙 = 𝑃𝑐𝑙 and 𝑃𝑒ℎ = 𝑃𝑐ℎ. It is also recognized that linear variations in the valve opening 

may cause sudden variations in the negative damping forces in the vicinity of the transition regions 

(∆𝑃 ≃  𝑃𝑐𝑙 or 𝑃𝑒𝑙). An alternative function is thus proposed to realize somewhat smoother 

variations in the valve opening, given by: 

𝐷 = {

                        𝐷                                   0 ≤ ∆𝑃 < 𝑃𝑐𝑙

 
(𝐷−𝑑)

2
𝑐𝑜𝑠 (

2𝜋

𝐾(𝑃𝑐ℎ−𝑃𝑐𝑙)
) (∆𝑃 − 𝑃𝑐𝑙) +

(𝐷+𝑑)

2
                 𝑃𝑐𝑙 ≤ ∆𝑃 < 𝑃𝑐ℎ                          

                   𝑑                                  𝑃𝑐ℎ ≤ ∆𝑃

(2.114) 
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In equation (2.118), 𝐾 is the severity parameter by which valve openings could be adjusted to 

yield smooth transition and provide continuous damping force. The above relationship between 

the valve opening and the pressure differential is also illustrated in Figure 2.10. 

 2.7 SUMMARY 

 

A new strut design is proposed to enhance the effects of negative damping when struts are 

interconnected in the roll-plane. Three different interconnected and their corresponding 

unconnected configurations are analytically described by their spring and damping forces. In 

addition to the floating piston dynamics, fluid compressibility effect has been introduced to derive 

the suspension forces. The dynamic suspension force components for all suspension configurations 

are derived based on flow and pressure equations, and their static and dynamic properties are 

formulated. Though suspension configurations vary in their dynamic properties, the strut 

geometry, load carrying capacity and static equilibrium pressures are maintained identical in order 

to compare the relative merits and demerits of the suspension units. Due to larger floating piston 

area, a large amount of gas volume is needed for type-II and type-IIa as compared with type-I 

configuration. All three unconnected configurations provide identical vertical and roll mode 

suspension properties.  

Damping force components of the interconnected configurations are expressed in terms of roll 

and bounce modes separately. Type-I and type-II configurations possess three different damping 

force components, which are named as FDS (damping force attributed to orifice flows within the 

same strut), FDC (coupling component due to orifice flows from the connected strut) and FDL 

(linear damping component due to flows across the struts). The type-IIa configuration possesses 

only FDS and FDL damping force components. It is proposed that the negative damping effect of 

the interconnection may be emphasized by increasing the pressure differential across the 

interconnecting pipes via a flow control valve, the formulation derived in this chapter are used to 

study the vertical and roll mode stiffness and damping properties of different configurations in the 

following chapter. 
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CHAPTER 3 

PROPERTY ANALYSIS OF DIFFERENT HYDRO-PNEUMATIC CONFIGURATIONS 

 

3.1 INTRODUCTION 

 

The analytical models of the hydro-pneumatic suspension struts and interconnection 

arrangements, presented in the previous chapter, revealed design flexibility in view of load 

carrying capacity, roll mode stiffness and damping characteristics. Moreover, the strut design 

offers relatively large working area compared to those in the reported studies [3, 5, 6]. The charge 

pressure required for a given load capacity could thus be reduced, and the design of seals may be 

simplified. Roll plane interconnections offer not only enhanced roll stiffness and roll damping but 

also reduce the coupling between the vertical and roll mode motions of the vehicle.  

Analytical models also revealed negative damping force components due to flows through roll-

plane interconnections. This has been cited as negative feedback damping [7], although the 

significance of these components for suspension tuning has not been explored. In this chapter, 

analytical formulations are used to evaluate relative vertical and roll mode stiffness properties of 

the proposed configurations, in addition to the load carrying capacity of the suspension. The 

negative damping force arising from the interconnection flows is evaluated and its potential for 

tuning of the damping properties is explored. The ride height leveling feature of the hydro-

pneumatic suspension struts is further discussed considering the design of a ride-height valve. 

Apart from the ride height control, it is shown that the ride-height valve could minimize variations 

in the vertical mode frequency under varying loads.  

 

3.2 STATIC PROPERTIES OF THE STRUTS 

 

The static properties of the strut designs, described in chapter 2, are evaluated considering 

identical working area and load carrying capacity. This also implies identical fluid pressure 

corresponding to the static equilibrium condition. Furthermore, identical static deflections of the 

selected strut designs are assumed to ensure same ride height of different suspension 

configurations. Table 3.1 summarizes the simulation parameters for the roll plane vehicle model 

with different suspension configurations, presented in Figure 2.3. The simulation parameters are 

taken as those of a highway bus reported in [65], while the hydraulic fluid properties are adopted 

from an earlier study [7]. Table 3.2 presents the geometric parameters of the struts employed in 

unconnected (UC) and connected (IC-I, IC-II and IC-IIa) suspension configurations.  
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Table 3.1: Simulation parameters of the vehicle model. 

Symbols   Description Parameter values 

𝑚𝑠 Sprung mass 17748 kg 

𝑚𝑢 Unsprung mass 2500 kg 

𝐼𝑠 Roll mass moment of inertia of the sprung mass 32000 kgm2 

𝐼𝑢 Roll mass moment of inertia of the unsprung mass 3050 kgm2 

𝐾𝑡𝑙,  𝐾𝑡𝑟 Stiffness coefficients of the left and right tires 3574800 N/m 

𝐶𝑡𝑙, 𝐶𝑡𝑟 Damping coefficients of the left and right tires 12000 Ns/m 

𝐿𝑠𝑙 , 𝐿𝑠𝑟  Lateral distances from left and right struts to sprung mass cg 0.8 m 

𝐿𝑡𝑙, 𝐿𝑡𝑟  Lateral distances from left and right tires to unsprung mass cg  1.03 m 

ℎ2 Vertical distance between sprung mass roll center to the ground 1.179 m 

𝐶𝑑 Discharge coefficient 0.7  

𝑛 Polytropic constant 1.38 

𝑁𝑢 Number of struts used on each side 2 

𝑝𝑎 Atmospheric pressure 101325 Pa 

𝜇 Dynamic viscosity of the fluid 0.082 Ns/m2 

𝜌 Mass density of the fluid 912 kg/m3 

D Interconnecting pipe diameter 0.03 m 

 

 Owing to the differences in the floating piston area, the struts used in the proposed suspension 

configurations employ different initial charge volume of the gas (𝑉𝑐). It is ensured that all the 

configurations yield identical fluid pressure corresponding to static equilibrium so as to evaluate 

their relative properties under identical load carrying capacity. The suspension strut parameters are 

also chosen to ensure identical static deflections under the given load.  
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Table 3.2: Strut parameters for different configurations. 

Strut Specifications UC/IC-I UC/IC-II UC/IC-IIa 

Main piston area, 𝐴1(𝑚
2)  0.01434 0.01434 0.01434 

Annular area, 𝐴3(𝑚
2)                 0.0024              0.0024      0.0024 

Rod area, 𝐴𝑒(𝑚
2)         0.01194                0.01194        0.01194 

The volume of gas corresponding to static equilibrium and initial charge pressure (𝑃𝐶) thus 

differ for different suspension configurations. The gas chamber volume at static equilibrium (𝑉4𝑜) 

is obtained from:  

𝑉4𝑜 = 𝑉𝐶 (
𝑃𝐶

𝑃4𝑜
)

1

𝑛
                    (3.1) 

where the static equilibrium gas volume is related to static deflection 𝑥𝑜 of the strut, such that 

𝑉4𝑜 = 𝑉𝐶 − 𝐴𝐹𝑃𝑥𝑜. The initial charge pressure for different configurations is chosen to achieve 

identical static deflection, such that: 

 𝑃𝐶 = 𝑃4𝑜 (
𝑉𝐶−𝐴𝐹𝑃𝑥𝑜

𝑉𝐶
)
𝑛

                  (3.2) 

 In the above equation, 𝐴𝐹𝑃 = 𝐴𝑒  for type-I struts. The polytropic process of the gas yields 

progressively hardening property of the suspension struts in compression and softening force-

deflection property in extension, as it is evident in Equations (2.74) and (2.80). The equivalent 

linear vertical mode static stiffness (𝐾𝑥𝑜) of the struts is obtained from the first-order Taylor series 

approximation about 𝑥𝑜, as: 

𝐾𝑥𝑜 =
𝑛𝑃4𝑜𝐴𝐹𝑃𝐴𝑒

𝑉4𝑜
                    (3.3) 

The static deflection of the strut is subsequently obtained from Equations (3.2) and (3.3), as: 

𝑥𝑜 =
𝑉4𝑜

𝑛𝐴𝐹𝑃
                                     (3.4) 

The selected parameters yield identical static stiffness and thus the vertical mode natural 

frequency of the sprung mass, which is obtained as 1.5 Hz. The static suspension rates of different 

configurations in vertical and roll modes are listed in the Table 3.3. The static roll stiffness values 

of the unconnected configurations are relatively lower than corresponding roll mode 

interconnected configurations due to hydraulic coupling across the struts. The static roll stiffness 

of the UC-Roll bar is made identical with the IC-II and IC-IIa, in order to compare the relative 

merits and demerits over the suspension configurations. 
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Table 3.3: Static properties of different struts based on their configurations. 

Property UC UC-Roll bar  IC- I IC- II and IC- IIa 

Load carrying capacity (kg) 4437.04 4437.04 4437.04 4437.04 

Suspension rate (kN/m) 406.7 406.7 406.7 406.7 

Roll stiffness (kNm/rad) 520.6 851.8 1023 851.8 

 

On the other hand, variations in the payload would yield different ride height of the vehicle 

and thereby the static equilibrium pressure of the gas chamber (𝑃4𝑜) and vertical mode natural 

frequency. Ride height valves can be conveniently implemented in the hydro-pneumatic 

suspensions to ensure constant static ride height of the vehicle, irrespective of the load. 

Figure 3.1 illustrates the roll-plane model of the vehicle with a hydro-pneumatic suspension, 

where each strut is equipped with a ride-height control valve. The control valve is regulated by a 

leveling link BH, coupling the sprung mass with the valve housing mounted on the axle. The valve 

consists of a beam pivoted at K. An increase in the payload causes the beam to rotate clockwise 

about the pivot K, which permits the flow of air from the reservoir to the gas chamber of the strut. 

The gas volume in chamber 4 increases to raise the sprung mass until the valve beam approaches 

a horizontal position. The static equilibrium pressure of the gas chamber also increases to support 

the higher vehicle load. Similarly, a reduction in the payload causes the beam to rotate in the 

counter-clockwise direction, which permits the flow of air from chamber 4 to the ambient through 

a check valve until the beam approaches a horizontal position. The gas pressure decreases, while 

the gas volume is held to the nominal value. The ride-height valve (RHV), shown in Figure 3.1, 

provides control of static height alone and cannot compensate for height changes induced by 

dynamic motion of the vehicle. 
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 Figure 3.1: Proposed schematic of the ride height valve. 

 

The influence of variations in the vehicle load acting on a single strut is evaluated to identify 

static stiffness by considering 25% and 50% variations about the nominal load W. The change 

in gas pressure with varying static load alters the static stiffness of the strut. Assuming a single- 

degree-of-freedom (DOF) representation of a strut supporting one-quarter of the sprung mass, it 

can be shown that the natural frequency remains constant, irrespective of the vehicle load. The 

natural frequency of the single DOF system can be obtained from the static stiffness, defined in 

Equation (3.5), as: 

𝑓𝑛 =
1

2𝜋
√
𝑛𝐴𝐹𝑃𝑔

𝑉40
                     (3.5) 

 

The above equation suggests that vertical mode natural frequency is independent of the vehicle 

mass, while the static equilibrium volume of the gas chamber 𝑉40 remains constant when a RHV 

is used. Table 3.4 compares the variations in static stiffness of the strut with and without the RHV 

and the vertical mode natural frequency, when the sprung weight is varied by 25% and 50% 

about the nominal weight. 
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Table 3.4 Static properties of the different struts with and without ride height valves. 

Static 

load 

(kN) 

With RHV Without RHV 

Natural 

frequency 

(rad/s) 

Static 

stiffness 

(kN/m) 

Static 

deflection 

(m) 

Natural 

frequency 

(rad/s) 

Static 

stiffness 

(kN/m) 

Static 

deflection 

(m) 

65.3 9.44 604.5 0.11 10.90 805.7 0.08 

54.4 9.44 505.6 0.11 10.21 592.0 0.09 

43.5 9.44 406.7 0.11 9.44 406.7 0.11 

32.6 9.44 307.7 0.11 8.53 251.4 0.13 

21.8 9.44 208.8 0.11 7.41 128.8 0.17 

 

The results are obtained considering nominal static deflection of the strut as 0.11 m and 

corresponding gas volume of 0.0018 𝑚3 for type-I struts, and 0.0022 𝑚3 for type-II struts. It is 

evident that the natural frequency remains constant for the entire range of variations in the mass, 

when RHV is employed. In the absence of the RHV, the natural frequency increases by nearly 

15% with 50% increase in the vehicle mass. The natural frequency decreases by nearly 20% with 

50% reduction in the vehicle mass, which is attributed to softening tendency of the strut under 

extension. It is further seen that static stiffness of the strut increases with increasing vehicle mass. 

The change in stiffness with the mass, however, is considerably large in the absence of the RHV. 

The nominal value of static stiffness increases by nearly 98% with 50% increase in the vehicle 

mass and decreases by nearly 68% with 50% decrease in the nominal weight, when RHV is not 

installed in the vehicle. This is due to variations in the gas volume 𝑉40 with change in the vehicle 

mass. 

The suspension rate in the vertical mode varies by nearly 24% symmetrically for every 25% 

change in vehicle load when RHV is deployed in the vehicle, as shown in Figure 3.2. In brief, 

presence of RHV in the vehicle, symmetrically shifts the suspension rate in the compression and 

extension regions, with respect to the load variation considered from the nominal load condition. 

Furthermore, the use of ride-height control system ensures identical suspension travel in 

compression and rebound. In the absence of RHV, the strut yields unequal travel in compression 

and rebound, and may encounter bump stop impacts. For instance, a 50% increase in the sprung 

mass causes static deflection of 0.08 m as opposed to 0.11 m for the nominal mass, as seen in 

Table 3.4. This will reduce effective suspension travel during compression and extension by 3cm. 
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Figure 3.2: Influence of variations in sprung weight on the suspension rates of type-I and type-II 

struts with the ride height control system.  

 

3.2.1 Vertical and Roll Suspension Rates  

 

 The vertical suspension rates of type-I and type-II (type-IIa) struts are depicted in Figures 3.3(a) 

and 3.3(b), respectively. The suspension rates are obtained for incompressible and compressible 

hydraulic fluids. Moreover, the effect of fluid compressibility on the vertical suspension rates is 

also presented by considering two different values of the fluid bulk modulus (E): 7e+08 𝑁 𝑚2⁄  

(nominal); and 7e+07 𝑁 𝑚2⁄ . Besides the smaller gas volume, the area ratio of the main and 

floating pistons is larger in type-I strut compared to the type-II strut. As a result, the instantaneous 

fluid volume in chamber 2 of type-I struts is comparatively larger than the type-II and type-IIa 

struts. The type-II and type-IIa struts thus exhibit relatively higher suspension rates than type-I 

strut, when the hydraulic fluid compressibility is considered. This is also evident from Equations 

(2.73) and (2.79). The results suggest highly asymmetric spring rates in compression and extension 

for both types of struts, which is attributed to compressibility of the gas. Reducing the fluid bulk 

modulus, however, mitigates the degree of asymmetry in the gas spring force, as seen in Figures 

3.3. 
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Figure 3.3: (a) Effect of fluid compressibility on the vertical suspension rates of the hydro-

pneumatic struts: (a) type-I strut (UC/IC); and (b) type-II and type-IIa struts (IC/UC). 

 

The vertical suspension rates, shown in Figures 3.3(a) and 3.3(b), have been evaluated 

considering a single strut. The vertical spring rates remain identical for both unconnected (UC) as 

well as interconnected struts. The interconnections, however, yield significant roll stiffness of the 

suspension, as discussed in section 2.5.4. The effective roll stiffness characteristics of different 

interconnected struts are evaluated under out-of-phase deflections of the right- and left-struts, as 

described in section 2.5.4. The suspension roll stiffness is subsequently obtained from the roll 

moment, using Equations (2.87) and (2.103). Figure 3.4 (a) shows the roll stiffness of IC-I 

configuration considering incompressible and compressible hydraulic fluids.  
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Figure 3.4: Roll stiffness of interconnected suspension configurations and the effect of fluid bulk 

modulus: (a) IC- I configuration; and (b) IC-II and IC-IIa configurations.  

  

The results show large roll stiffness corresponding to the static equilibrium position. The 

effective roll stiffness, however, decreases rapidly with increasing roll deflection. Owing to its 

smaller static equilibrium gas volume, the IC-I configuration yields considerably higher roll 

stiffness compared to the IC-II and IC-IIa configurations, in the entire range of roll deflection. The 

larger ratio of main piston area to the floating piston area of type-I struts also contributes to a 

higher reduction rate in the roll stiffness as the roll deflection increases. The static roll stiffness of 

the IC-II and IC-IIa configurations are nearly 17% lower than that of the IC-I configuration, when 

the fluid compressibility is neglected. The difference in roll spring rates of type-II and type-I struts 

tend to be slightly smaller, when fluid compressibility is considered (14.7 – 16.5%). This suggests 

that type-II struts with relatively larger gas volume are less sensitive to the fluid compressibility 

effect. Furthermore, the relatively larger floating piston area of the type-II struts yields lower rate 

of change in the roll stiffness with increasing roll deflection. It should be noted that effective roll 

stiffness of the IC configurations can be varied by varying the geometric parameters of the struts. 

As explained in Equations (2.93), (2.94) and (2.104), increase in the main piston (𝐴1) and annular 

(𝐴3) areas can lead to greater roll stiffness. 
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Unlike the IC configurations, there is no fluid flow across the struts in the UC configurations, 

which results in considerably lower effective roll stiffness, as shown in Figure 3.5. The lower roll 

stiffness of the UC configuration can be attributed to two main factors. Firstly, the change in gas 

volume is smaller compared to the corresponding IC configurations due to relatively smaller 

floating piston deflection. Secondly, the hydraulic flow to the annular chamber in the UC struts 

yields lower change in the gas volume and thus the spring rate compared to the IC struts. The 

above factors are also evidenced from Equations (2.97) and (2.98). The unconnected suspensions, 

invariably, employ an anti-roll bar to supplement the suspension roll stiffness. Figure 3.5 illustrates 

the effective roll stiffness of the UC suspension with an anti-roll bar. The anti-roll bar in this case 

is selected to achieve total roll stiffness equal to that of the IC-IIa configuration, as presented in 

Table 3.3. The Figure 3.5 also illustrates the effect of fluid bulk modulus on the effective roll 

stiffness. A reduction in the fluid bulk modulus yields lower vertical stiffness and thereby the 

effective roll stiffness. 

 
Figure 3.5: Roll stiffness of the unconnected suspension configurations with and without antiroll 

bar, and the effect of fluid compressibility. 

 

The roll stiffness of the UC and IC suspension configurations is also related to the strut 

geometry, namely, A1 and A3, as seen in Equations (2.93) and (2.94). Figures 3.6(a) and 3.6(b) 

illustrate the effect of variations in (𝐴1) on the roll stiffness of the IC-I and IC-II (IC-IIa) 

configurations, respectively. The results are obtained for ±5% variations in 𝐴1, while the static 

equilibrium pressure and effective area of the strut are held to the nominal values. An increase in 
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𝐴1 thus yields an increase in 𝐴3 . The results show that an increase in the cross-sectional area of 

the main piston (𝐴1)  yields higher roll stiffness of all the interconnected configurations. Though 

IC-II and IC-IIa strut configurations yield relatively lower roll stiffness compared to IC-I 

configuration in the entire range of roll deflection considered, the IC-I struts exhibit greater rate of 

reduction with increasing roll deflection. This is due to relatively larger displacement of the 

floating piston in IC-I struts. 

 

 
Figure 3.6: Effect of variation in main piston area on the roll stiffness of the interconnected 

suspension configurations: (a) IC- I configuration; and (b) IC-II and IC-IIa configurations.  

 

It should be noted the vertical spring rate of an IC-I struts depends on the floating piston area 

alone, which directly relates to the change in gas volume. The vertical suspension rate of an IC-I 

strut thus does not directly depend on the main piston area, 𝐴1 . The vertical suspension rates of 

the IC-II and IC-IIa struts, however, are dependent on the cross-sectional area of the main piston, 

as shown in Figure 3.7. This is due to identical floating and main piston areas, and the results are 

obtained considering incompressible hydraulic fluid. The results show that the equivalent static 

stiffness of the IC-II and IC-IIa struts increases with increase in the main piston or floating piston 

area, although effect of area is very small during extension.  
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Figure 3.7: Effect of main piston area (𝐴1 ) on the vertical suspension rates of the struts.  

 

3.3 VERTICAL DAMPING PROPERTIES  

 

The damping characteristics of the unconnected and interconnected configurations are 

evaluated while the hydraulic fluid is considered as incompressible. It should be noted that the 

number and sizes of orifices in both types of struts are selected so as to achieve identical flow rates 

through orifices and thereby identical force-velocity characteristics. The flows through constant 

area orifices yield nearly quadratic relationship between the damping force and the velocity, as 

seen in Equation (2.84). The damping force thus increases rapidly with increasing velocity. Such 

damping characteristics of the strut are known to be detrimental in view of control of ride vibration 

of the vehicle. The dampers are invariably designed to provide high damping coefficient at a lower 

velocity but substantially lower damping coefficient at higher velocities to achieve improved ride 

performance [6]. Damping valves are thus introduced so as to control the increase in hydraulic 

pressure and resistance to flows at higher velocities. In this study, shim-stack valves are considered 

in the main piston, which permit higher flow areas across the piston when the velocity exceeds 

0.15 m/s. The damping force-velocity characteristics of a suspension strut can be conveniently 

tuned through valve design, namely, the flow area ratio, the transition velocity and rate of change 

of the valve opening area. The area ratio for an unconnected strut is defined as the ratio of the total 

flow area due to orifices and valve to that of the orifices alone. Transition velocity refers to the 

strut velocity at which the valve begins to open. As an example, Figure 3.8(a) illustrates the 

variations in the flow area and the resulting force-velocity characteristics of the unconnected strut 
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considering three different area ratios (G), ranging from 2 to 3. It can be seen that total flow area 

increases gradually from the effective orifice area (A= 0.75 × 10-4 m2) to the maximum flow area, 

as described by the following relationship:  

𝑇𝑜𝑡𝑎𝑙 𝑓𝑙𝑜𝑤 𝑎𝑟𝑒𝑎 =

{

                        𝑢2𝑎12𝑖                                                                   0 ≤ ∆𝑃 < 𝑃𝑐𝑙

−(𝑁𝑢2𝑎12𝑖) 𝑐𝑜𝑠 (
𝜋

(𝑃𝑐ℎ−𝑃𝑐𝑙)
) (∆𝑃 − 𝑃𝑐𝑙) + (𝑁 + 1) 𝑢2𝑎12𝑖             𝑃𝑐𝑙 ≤ ∆𝑃 < 𝑃𝑐ℎ     

           (2𝑁 + 1) 𝑢2𝑎12𝑖                                                         𝑃𝑐ℎ ≤ ∆𝑃

           (3.6) 

 

where N is the smoothening parameter selected to achieve smoother variation in the opening area, 

𝑃𝑐𝑙 is lower limit of the pressure difference across chambers 1 and 2 at which the valve opening 

begins and 𝑃𝑐ℎ is the pressure difference when valve approaches its fully open position. The 

results, presented in Figure 3.8(b), are obtained considering identical valve characteristics in the 

compression and extension modes for three different area rations, G= 2, 2,5 and 3.  The transition 

velocity is taken as 0.15 m/s, which corresponds to pressure differential 𝑃𝑐𝑙 across the valve. The 

pressure differential, however, increases with further increase in strut velocity, while the rate of 

increase in pressure differential depends on the instantaneous strut velocity and thereby the valve 

flow area. The valve opening saturates near the maximum flow area, as the pressure differential 

reaches 𝑃𝑐ℎ. The valves are configured to provide gradual increase in the flow area until the strut 

velocity approaches 0.6 m/s. A larger valve opening constitutes a relatively lower flow resistance 

and thus greater reduction in the resulting damping force. Meanwhile, such damping valves could 

also be configured with relatively lower transition velocities, due to smaller effective orifice area, 

and utilized in interconnected configurations to reduce the high speed damping force.       
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Figure 3.8: Variations in (a) total flow area and (b) force-velocity characteristics of the strut for 

different area ratios. 

 

Figure 3.9 compares the force-velocity characteristics of each strut employed in the IC-I, IC-

II and IC-IIa interconnection arrangements when subjected to an in-phase vertical excitation. The 

results are obtained considering flows only through the orifices and interconnecting pipes. 

Identical effective orifice area (A = 58 × 10-06 m2) is chosen for both IC-I and IC-II suspension 

struts. The IC-I and IC-II suspensions thus yield identical fluid flow rates through orifices and 

connecting pipelines. The IC-IIa configuration, however yields substantially higher total damping 

force (FDT) due to absence of negative coupling component (FDC) associated with orifice flows 

in the connected strut. Consequently, a relatively larger orifice opening area (A = 70 × 10-06 m2) 

was selected for the IC-IIa struts to achieve comparable damping force at low speeds. 

The total vertical damping force (FDT) developed by a strut in the IC-I and IC-II suspension 

configurations comprises three damping force components, namely, damping force attributed to 

flows through orifices within the same strut (FDS), damping force obtained due to flows through 

orifices in the connected strut (FDC) and damping force due to flow across the two struts via the 

interconnecting pipes (FDL). The force developed by the IC-IIa configuration, however, consists 

of only two components, FDL and FDS, as evident in Equations (2.83). The individual damping 

force components of three different suspension configurations are analyzed so as to gain 

knowledge on the negative feedback damping effect, which are subsequently explored to seek 

tuning of the damping force without the flow modulations by a valve within the strut. However, 
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damping valves in interconnected configurations are configured with a transition velocity of 0.045 

m/s to reduce the high speed damping force, which could control the ride vibration of the vehicle 

at higher velocities. 

 
Figure 3.9: Total vertical mode force-velocity characteristics of each strut in different 

interconnected configurations. 

 

To summarize, the flows through the damping valves help reduce the total damping force 

developed at high velocities to enhance ride comfort. The damping properties of a hydraulic 

damper are thus tuned by tuning the valve flow characteristics. However, limited accessibility of 

the valve deters the tuning of valves in a strut. Unlike the unconnected struts, the negative feedback 

effects, inherent in the IC configurations, offer an attractive potential for tuning of the overall 

damping force. The factors affecting the negative damping force are thus further explored in order 

to utilize these for tuning of the total damping force. These include the diameter and length of the 

interconnecting pipes, and effective flow areas.  

 

3.4 ENHANCEMENT OF NEGATIVE DAMPING AND DAMPING FORCE TUNING  

 

The negative damping effect of the interconnected suspensions can be enhanced by increasing 

the magnitudes of FDC and FDL components. The coupling component, FDC, is directly 

influenced by the effective orifice area of the strut and discharge coefficient, as seen in Equation 

(2.82), which could be tuned by employing damping valves in the IC-I and IC-II struts. Variations 
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in these factors also affect the magnitude of FDS, which is the dominant component of the total 

damping force developed by a strut. Variations in the orifice area and discharge coefficient thus 

resulted in relative small changes in the proportion of FDC in the total damping force (FDC/FDT). 

However, the enhancement of negative damping force via these design factors is determined as 

like unconnected struts and the responses of the vehicle model, with IC suspensions, employing 

damping valves are presented in the next chapter.  

Alternatively, the negative feedback effect of an interconnection may be emphasized by 

increasing the damping force component attributed to flows across the connected struts (FDL). 

This can be realized through variations in the flow resistance of the interconnecting pipes, which 

do not affect the FDS component. The enhancement of the FDL component can thus permit 

variations in the total force in an IC suspension configuration, in a manner similar to the damping 

valves. From Equations (2.82) and (2.83), it is evident that FDL component could be varied to a 

greater extent by varying the diameter of the interconnecting pipe rather than its length. The pipe 

diameter could be altered in multiple ways to vary the flow resistance across the struts. Two 

different methods for enhancing the FDL component are explored, which include: 

(i) Introduction of capillary tubes across the struts. 

(ii) Introduction of a normally-open valve in the connecting pipelines. 

The effects of these methods on the resulting FDL component and the overall damping force 

are presented in the following subsections.  

3.4.1 Effect of Capillary Interconnecting Tubes 

 

Although all three IC configurations possess identical fluid flow rates across the struts, as 

observed in section 2.5.3, comparable resultant damping forces are achieved, which are obtained 

from summation of the individual force components. Preliminary simulations suggested that a 

reduction of 60% in the diameter of the interconnecting pipes from the nominal diameter (D =0.03 

m) could yield appreciable FDL components in the IC-I and IC-II configurations. The diameter of 

the interconnecting pipes has thus been varied by ±60% (D = 12, 30 and 48 mm) to identify the 

effect on the FDL components of the IC-I and IC-II configurations. On the other hand, owing to 

absence of the coupling component, FDC, in case of the IC-IIa configuration, the interconnecting 

pipe diameter is varied by ±70% (D = 9, 30 and 51 mm). Table 3.5 summarizes the effects of 

interconnecting pipe diameter on the FDL force component, which is expressed as a proportion of 

the total damping force (FDT). 
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The fluid flow across the struts via interconnection lines is considered laminar, assuming 

negligible contributions due to entry and exit losses. The viscous damping force of the hydraulic 

fluid flow dominates at very low velocities, while the ratio FDL/FDT decreases considerably at 

higher velocities.  This is due to the fact that the total damping force increases substantially at 

higher velocities due to flows through constant area orifices, as seen in Figure 3.8. The results are 

thus limited to low velocities of 0.01 and 0.05 m/s. As seen in Table 3.5, decreasing the pipe 

diameter to 12 and 9 mm yields substantially higher FDL/FDT ratio in all the IC configurations at 

the very low strut velocity of 0.01 m/s. This ratio decreases considerably for the strut velocity of 

0.05 m/s. The results also show that increasing the pipe diameter to 48 or 51 mm results in 

negligible magnitude of the FDL component compared to the total damping force.  

Table 3.5 also presents the effect of the pipe diameter on the damping force components 

attributed to orifice flows within the same strut (FDS) and flows in the coupled strut (FDC). It can 

be seen that the damping force is mostly dominated by the flows within the same strut, which 

increases substantially with decrease in the pipe diameter, especially at low velocities.  The FDC 

component for the IC-I and IC-II configurations also increases, although only slightly, with 

decrease in the pipe diameter. It should be noted that the FDC component does not exist for the 

IC-IIa configuration. The results thus suggest that decreasing the interconnecting pipe diameter 

enhances the ratios of the FDL and FDS components to FDT at low velocities. Decreasing the pipe 

diameter to 9 mm yields 42% and 170% increase in the negative FDL and FDS components at the 

low velocity of 0.01 m/s, respectively, for the IC-I and IC-II configurations. The corresponding 

changes at 0.05 m/s are 6% and 127%. The IC-IIa configuration yields largest increases in FDL 

and FDS components, 416% and 516%, respectively, at the low velocity of 0.01 m/s. These reduce 

substantially to 19% and 119% at the velocity of 0.05 m/s.  
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Table 3.5: Vertical mode damping force component ratios for different pipe diameters with low 

strut velocities.  

Damping 

force 

component 

ratio 

Diameter of the interconnecting pipe (m) 

0.012 m 0.009 0.03  0.048 0.051 

 IC-I/IC-II IC-IIa IC-I/IC-II IC=IIa IC-I/IC-II IC=IIa 

Strut 

velocity 

(m/s) 

0.01 0.05 0.01 0.05 0.01 0.05 0.01 0.05 0.01 0.05 0.01 0.05 

FDS/FDT 1.70 1.27 5.16 1.19 1.2 1.2 1.0 1.0 1.2 1.2 1 1 

FDC/FDT -0.28 -0.21 0 0 -0.2 -0.2 0 0 -0.2 -0.2 0 0 

FDL/FDT -0.42 -0.06 -4.16 -0.19 0 0 0 0 0 0 0 0 

 

3.4.2 Effect of Normally Open Valves in the Interconnecting Pipes 

 

Alternatively, the variations in the negative damping force components are explored using a 

normally open valve in the interconnecting pipes, which tends to close with increasing pressure 

difference. Figure 3.10(a) presents a schematic of the normally open valve, which is introduced in 

the interconnection, as shown in Figure 3.10(b). As described in Equation (2.114), the valve yields 

higher pressure differentials across the struts as the valve opening decreases with increasing strut 

velocity. The fluid flow across the interconnecting pipes is considered to be laminar except for the 

flow through the valve, where it is considered to be turbulent. Referring to Figure 3.10(b), the total 

pressure drop (∆𝑃𝑇𝑜𝑡𝑎𝑙) across the interconnecting pipe is the sum of drops in the pipe segments 

and the valve, such that:  

 

  ∆𝑃𝑇𝑜𝑡𝑎𝑙 = (𝑃1 − 𝑃1
′) + (𝑃1

′ − 𝑃2
′) + (𝑃2

′ − 𝑃2)            (3.7) 
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(a) 

 

 
(b) 

Figure 3.10: (a) Schematic of the normally open valve; and (b) pressure drop in the 

interconnecting pipe with the valve. 

 

In above Equation, 𝑃1
′ and 𝑃2

′refer to the fluid pressures in the upstream and downstream 

directions of flow across the valve, as shown in Figure 3.10(a). 𝑢1
′ and 𝑢2

′ are the upstream and 

downstream flow velocities, respectively.  𝑃1 and 𝑃2 denote the fluid pressures at the inlet and 

outlet of the interconnecting pipe, respectively. The pressure drops are computing assuming 

incompressible fluid and negligible contributions due to entry and exit losses. The pressure 

difference across the valve, 𝑃1
′ − 𝑃2

′ is related to difference in squares of the flow velocities. For 

incompressible flow, the mass flow rate of the fluid across the valve can be estimated from [66]: 

 𝑄𝑚
∗ =

𝐶𝑑

√1−𝛽4
𝐴𝑣√2𝜌∆𝑃                  (3.8) 

Where Cd is discharge coefficient of the valve, 𝛽 is ratio of instantaneous valve opening diameter 

(𝐷𝑣) to the pipe diameter (D). Av is the valve opening area. The discharge coefficient, 𝐶𝑑, of the 
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valve is related to the Reynold’s number and the diameter ration, and is estimated from the Stoltz 

Equation, as [67]: 

𝐶𝑑  =  0.5959 + 0.0312𝛽2.1 − 0.184𝛽8 + 0.0029𝛽2.5 (
106

𝑅𝑒𝐷
)
0.75

+
0.09𝐿1𝛽

4

(1−𝛽4)
− 0.0337𝐿2𝛽

3  

                        (3.9) 

Where 𝑅𝑒𝐷 is the Reynold number of the flow, 𝐿1 and 𝐿2 are the constant distances of the valve 

inlets and outlets, as shown in Figure 3.10(b).  The ∆𝑃 across the valve is further estimated from 

[67]:  

∆𝑃 = 𝑃1
′ − 𝑃2

′ =
(1−𝛽4)𝑄𝑚

∗2

2𝐶𝑑
2𝜌(𝐴𝑜𝑢𝑡𝑙𝑒𝑡)

2                (3.10) 

The total pressure differential across the interconnecting pipes with the valve is obtained by 

summing the pressure drops in the valve and the pipe sections, where the flow is assumed to be 

laminar, as:  

∆𝑃𝑇𝑜𝑡𝑎𝑙 =
8𝜌𝑄2

𝐶𝑑
2𝜋2𝐷𝑣

4 (1 −
𝐷𝑣

4

𝐷4
) + 2 (

128𝜇𝐿𝑄

𝜋𝐷4
)             (3.11)  

 

The first term in the above Equation, refers to the differential pressures related to fluid flow 

across the valve, which results in nearly quadratic relationship between the pressure difference and 

the velocity. The second term is dominated by the viscous damping force associated with laminar 

flows through the two pipe sections of identical length L.  

Figure 3.11 presents the change in opening area of the valve as a function of the pressure drop, 

𝑃1
′ − 𝑃2

′. The opening area of the normally open valve is identical to that of the cross-sectional 

area of the pipe at very low velocities.  The valve begins to close at a preset pressure differential 

corresponding to transition flow velocity of 0.08 m/s. Subsequently, the valve opening area 

decreases with increase in the pressure difference and approaches to its minimum opening 

corresponding to flow velocity of 0.6 m/s.  
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Figure 3.11: Variation in opening area of the normally open valve with respect to strut velocities. 

 

Figure 3.12 illustrates variations in the resulting total damping force and its component due to 

each interconnected strut in the IC-I and IC-II configurations. The results are presented for the two 

configurations with and without the valve. It is evident that the interconnection without the valve 

yields negligible FDL component compared to the FDS component. The addition of the valve 

yields substantially higher FDL component with negligible effect on the FDS and FDC 

components, as seen in Figure 3.12(b).   For the chosen valve opening, the magnitude of the FDL 

component exceeds that of the FDC component as the strut velocity exceeds 0.23 m/s. The increase 

in magnitude of the FDL component is mainly due to turbulent flows across the valve, as evidenced 

in Equation (3.11). The addition of the valve thus yields substantial reduction the total damping 

force (FDT) as velocity exceeds 0.23 m/s. The total damping force at 0.6 m/s is only about 28% 

of that achieved in the absence of the valve. The valve opening approaches its minimum at this 

velocity. It should be noted that a further reduction in the valve opening can lead to higher 

magnitude of FDL component compared to the FDS component, which can lead to negative overall 

damping.  
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Figure 3.12: Variations in total damping force and force components developed by a strut in the 

IC-I and IC-II configurations with the strut velocity: (a) without valve; and (b) with normally 

open-valve. 

 

The variations in the total damping force and force components of the strut used in IC-IIa 

configuration are illustrated in Figure 3.13. The results are presented for the interconnection 

without and with the normally open valve (Interconnection valve). Owing to the absence of the 

FDC component in this configuration, the valve final effective valve opening is further reduced to 

3 mm in order to realize similar variations in the total damping force. This resulted in relatively 

higher magnitude of the FDL component, as seen in Figure 3.13(b). The results presented in 

Figures 3.12(b) and 3.13(b) suggest that addition of  normally open valves in the interconnecting 

pipes emphasizes the negative damping force component FDL and thereby helps limit the total 

damping force at higher velocities. Table 3.6 summarizes the proportions of different damping 

force components of all the three IC suspension configurations in the 0.1 to 0.6 m/s velocity range.   
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Figure 3.13: Variations in total damping force and force components developed by a strut in the 

IC-IIa configurations with the strut velocity: (a) without valve; and (b) with normally open valve. 

 

 

 

Table 3.6: Vertical mode damping force component ratios for the struts in different IC 

suspension configurations employing normally open valves in the interconnecting pipes. 

 

  

Strut 

velocity 

(m/s) 

IC-I/IC-II IC-IIa 

FDS/FDT FDC/FDT FDL/FDT FDS/FDT FDL/FDT 

0.1 1.25 -0.20 -0.04 1.03 -0.03 

0.2 1.49 -0.25 -0.24 1.25 -0.25 

0.3 2.27 -0.38 -0.89 1.98 -0.98 

0.4 2.48 -0.41 -1.07 2.18 -1.18 

0.5 3.21 -0.53 -1.67 2.89 -1.89 

0.6 3.9 -0.65 -2.24 3.57 -2.57 
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3.5 ROLL DAMPING PROPERTIES 

 

The roll damping moment due to interconnected struts are obtained by imposing out-of-phase 

velocity excitations to the left- and right-struts (�̇�𝑙 = −�̇�𝑟), as described in section 2.5.5. The roll 

damping moment of an IC configuration is not only dependent on the relative velocity of the same 

strut but also the velocity of the connecting strut. Due to fluid flow across the struts, roll damping 

moments of all the IC configurations are considerable larger than those of the corresponding 

unconnected configurations, which is also evident from Equations (2.107), (2.109) and (2.111). 

Figure 3.14 illustrates roll damping moment-roll velocity characteristicsof the three IC suspension 

configurations together with those of the unconnected struts without the damping valves. The 

results are also presented for the unconnected struts with damping valves integrated within each 

strut in order to illustrate the effects of the damping valves. Unlike the vertical mode damping, the 

negative damping force components (FDC and FDL) yield positive damping roll moment, as seen 

in Equations (2.109) and (2.111) for all the IC suspension configurations. The IC suspensions thus 

yield substantially higher roll damping moment when compared to the UC suspension. 

 
Figure 3.14: Comparisons of roll damping moment developed by of different interconnected and 

unconnected suspension configurations. 
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It should be noted that an anti-roll bar does not contribute to the roll mode damping property 

of the unconnected suspension. An unconnected suspension will thus yield substantially lower roll 

damping compared to an IC suspension. Moreover, addition of the shim-stack valves in the UC 

struts yields further reduction in the damping moment, as observed in Figure 3.14. The results also 

show considerably lower roll damping moment of the IC-IIa configuration compared to the IC-I 

and IC-II suspensions. This is due to absence of coupling component FDC associated with the 

orifice flows in the connected struts, as observed in Figures 3.12  and 3.13. The results show that 

the roll damping moment of the IC-IIa configuration is nearly 43% of that of the IC-I and IC-II 

configurations at the roll velocity of 0.6 rad/s.  

Figure 3.15(a) illustrates variations in the roll damping moment developed by the IC-I and IC-

II suspension configurations, as a function of the roll velocity. The roll damping moment for the 

IC-IIa suspension configuration is presented in Figure 3.15(b). The roll velocity is computed 

considering the out-of-phase velocity excitation and the suspension track width. The results are 

presented for the configurations without and with valves in the interconnecting pipes. It is evident 

that the roll damping moment increases with the roll velocity in a quadratic manner for all the 

configurations. The addition of valves in the interconnecting pipes yield higher roll moment as the 

roll velocity exceeds 0.28 rad/s. The magnitude of roll moment due to IC-IIa suspension is 

relatively smaller than that of the IC-I/IC-II suspensions in the entire roll velocity range. This is 

due to absence of the FDC component in the IC-IIa suspension.  

From the results presented in Figure 3.15, it is evident that enhancement of negative damping 

effect would contribute to even greater roll damping moment, while it limits the effective vertical 

mode damping, as seen in Figures 3.12 and 3.13. The IC suspensions with appropriately tuned 

interconnecting flow valves can thus lead to high roll damping for improving handling 

performance of the vehicle and lower vertical mode damping at higher velocities for realizing 

improved ride perfromance.  
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Figure 3.15: Roll damping moment –roll velocity characteristics of IC suspensions without and 

with valves in the interconnecting pipes: (a) IC-I/IC-II suspension; and (b) IC-IIa suspension. 

 

3.5 SUMMARY 

 

The strut parameters of the unconnected and interconnected configurations are selected to 

obtain identical load carrying capacity, static deflection, and static vertical suspension rate. Ride 

height valves are installed in the vehicle to maintain the identical static ride height for various 

static load conditions. The restoring and dissipative forces of the different configurations are 

analyzed in the vertical and roll modes. Stiffness properties of the struts are investigated in view 

of the fluid compressibility effect. It is shown that the struts interconnected in the roll plane yield 

substantially higher roll stiffness compared to that of the unconnected struts. The roll plane 

interconnection of the struts can thus serve as an effective hydraulic antiroll bar. The properties of 

damping force developed by the interconnected struts are thoroughly investigated to emphasize 

the negative feedback effects while considering the hydraulic fluid as incompressible. A 

methodology is proposed to enhance the negative damping effect attributed to flows across the 

connected struts. The addition of pressure-sensitive valves in the interconnected pipes showed 

enhanced negative damping force component with negligible effect of the force component 

attributed flows within the struts. It is shown that enhancement of negative damping effect would 
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contribute to even greater roll damping moment, while it limits the effective vertical mode 

damping. The IC suspensions with appropriately tuned interconnecting flow valves can thus lead 

to high roll mode damping for improving handling performance of the vehicle and lower vertical 

mode damping at higher velocities for realizing improved ride perfromance. The performance 

characteristics of the IC suspensions with and without the valves is explored are further 

investigated in the following chapter using a roll-plane vehicle model subject to excitations arising 

from the road and a steering input.   
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CHAPTER 4 

DYNAMIC RESPONSE CHARACTERISTICS OF DIFFERENT SUSPENSION 

CONFIGURATIONS 

 

4.1 INTRODUCTION 

The ride and handling performance of a vehicle strongly relies on properties of the suspension 

system, road roughness and tire-road interactions. It has been shown that the proposed 

interconnected hydro-pneumatic suspensions can provide high roll stiffness while preserving low 

natural frequency in the vertical mode. The interconnected suspensions are thus expected to 

provide vertical ride performance similar to those of the unconnected suspensions. The ride 

performance of the vehicle, however, is also affected by damping characteristics of the suspension 

system. The conventional suspensions are designed to provide higher damping coefficient at low 

suspension velocities so as limit low frequency roll oscillations and thereby improved handling 

performance [15, 19]. Such suspensions provide considerably lower damping coefficient at higher 

velocities to achieve effective attenuation of terrain-induced ride vibration [18]. Such variable 

damping characteristics of the conventional suspensions are realized through modulations of 

hydraulic flows through damping valves such as blow-off and shim-disc valves, as described in 

section 3.3.  

In the previous chapters, it is shown that interconnected hydro-pneumatic suspensions exhibit 

negative damping force components due to cross flows and interconnections between the 

individual wheel suspensions. The negative damping features of the interconnected suspensions 

could be explored to achieve variable suspension damping in lieu of the damping valves. The 

modulations of flows through the pipes coupling the right- and left-suspension struts, in-particular, 

could help enhance the negative damping feature of the coupled suspension, as it is demonstrated 

in section 3.4. In this chapter, the response characteristics of the coupled hydro-pneumatic 

suspension configurations with damping and interconnecting valves are investigated under 

idealized road- and maneuver-induced excitations. The vertical and roll vibration isolation 

properties of the suspension system are evaluated through simulation of the roll plane vehicle 

model under in-phase and out-of-phase harmonic excitations at the tire-road interfaces. The 

vertical and roll mode responses are also evaluated under a road bump input. The roll dynamic 

response is further evaluated under a rounded-step lateral acceleration excitation idealizing a 

steady-turn maneuver. Both the ride and handling performance potentials of the proposed 

suspensions with enhanced negative damping force components are discussed on the basis of the 
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responses in terms of vertical and roll displacements and accelerations of the sprung and unsprung 

masses, and sprung mass roll rate. The significance of the negative damping is illustrated by 

comparing the responses of the coupled suspensions with and without the interconnection valves. 

 

4.2 DESCRIPTION OF EXCITATIONS  

The handling and anti-roll performance potentials of suspensions can be assessed in terms of 

roll displacement and roll rate of the vehicle’s sprung mass under both road- and steering 

maneuver-induced excitations [26, 32, 68].  In this study, the lateral acceleration excitation 

encountered during a steady-turning maneuver is considered for analyses of roll response 

characteristics of the vehicle model with different interconnected hydro-pneumatic suspension 

configurations. The lateral acceleration excitation is idealized by a rounded step function [28], as 

shown in Figure 4.1, and expressed as: 

 

𝑎𝑦(𝑡) = 𝑋𝑚𝑎𝑥[1 − 𝑒
−𝜎𝑡(1 + 𝜎𝑡)]               (4.1) 

where 𝑎𝑦 is the lateral acceleration excitation, 𝑋𝑚𝑎𝑥 is magnitude of steady lateral acceleration, 

and 𝜎 is a smoothing parameter, which also determines the rise rate, and is given by: 

 

𝜎 =
𝜋

𝑓𝜏𝑠
                      (4.2) 

where 𝑓 denotes the oscillation frequency and 𝜏𝑠 is a constant. Reported studies have shown that 

the steady-turning rollover threshold acceleration of commercial high c.g. vehicles may range from 

0.35 to 0.5 g [69]. The steady lateral acceleration magnitude of 3 m/s2 is thus chosen to evaluate 

responses of the proposed suspension configurations.  

The response characteristics of the suspension configuration are also evaluated under transient 

excitations arising from a road bump, while the vehicle is assumed to travel at a constant forward 

speed v. The vehicle model is analyzed under in-phase and out-of-phase pulse excitations at the 

right and left tire-road interfaces. The responses of the sprung and unsprung masses are obtained 

to assess shock attenuation characteristics of the suspension configurations. The instantaneous 

displacement excitation due to the road bump𝑥𝑜𝑖 (𝑡) , idealized by a pulse shown in Figure 4.2, 

can be expressed as: 

𝑥𝑜𝑖(𝑡) = {
𝑎 sin(2𝜋𝛾) ∗ (𝑡 − 𝑏𝑜) ;  𝑏𝑜 ≤ 𝑡 ≤ 𝑏𝑒

                0;                                     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 ;  (i=l, r)       (4.3) 
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In the above equation, subscript i=l, r refers to left and right tire, a determines the height of 

the pulse input, 𝛾 is the pulse frequency, 𝑏𝑜 is the lapse time, when the contact between the wheel 

and the pulse is initiated and 𝑏𝑒 is the time when the wheel exits the pulse input. The pulse input 

is synthesized using the following parameters: a = 0.05, 𝛾 =1.333, while the vehicle speed is held 

at 8  𝑚/𝑠 , as shown in Figure 4.2. 

 
Figure 4.1: Rounded step lateral acceleration excitation. 

 

 
Figure 4.2: Vertical displacement due to the pulse input applied at the tire-road interface.  
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4.3 RESULTS AND DISCUSSIONS 

The vertical and roll response characteristics of the proposed interconnected suspension 

configurations are analyzed using the roll plane vehicle model, presented in chapter 3 together 

with the simulation parameters. The response characteristics obtained for the IC-I, IC-II and IC-

IIa suspension configurations are compared with those of the unconnected suspension system with 

and without an antiroll bar to illustrate the relative performance benefits of the connected 

suspensions. The unconnected suspension with the antiroll bar, hereafter, is denoted as ‘UC-

Rollbar’. The responses are also obtained, considering incompressible hydraulic fluid, for 

connected and unconnected struts suspensions employing damping valves and interconnection 

valves. The results are subsequently discussed in view of the damping tuning via negative damping 

force components of the interconnected struts.  

4.3.1 Responses to Lateral Acceleration Excitation 

Figure 4.3(a) compares the sprung mass roll angle responses of the vehicle models with 

unconnected and connected suspension struts. The UC suspension configuration with considerably 

lower roll stiffness exhibits highest peak roll angle response. The peak roll angle response of the 

UC suspension approaches nearly 0.06 radians, while the oscillation frequency is about 0.63 Hz. 

The addition of the anti-roll bar to the UC suspension yields a relatively lower peak roll angle of 

0.05 radians, while the oscillation frequency increases to about 0.68 Hz due to additional roll 

stiffness of the anti-roll bar. All of the IC suspension configurations exhibit considerably lower 

peak sprung mass roll angle and higher roll mode frequency due to higher roll mode stiffness and 

damping of the suspension, as illustrated in sections 3.2 and 3.5, respectively. Though IC-IIa and 

UC-Rollbar configurations possess identical static roll stiffness, the magnitude of the peak 

response for the IC-IIa configuration is smaller due to its larger roll damping moment. The IC-I 

suspension exhibits higher roll mode frequency of 0.92 Hz due to its higher roll mode stiffness 

compared to the IC-II and IC-IIa suspensions, which show roll mode frequencies of 0.83 and 0.85 

Hz, respectively. Furthermore, the IC-I suspension exhibits lowest peak roll angle response, in the 

order of 0.027 radians, while the peak roll angle responses of IC-II and IC-IIa suspensions are 

0.031 and 0.035 radians, respectively.  
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Figure 4.3: Comparisons of sprung mass roll angle responses of the vehicle model employing 

different suspension configurations under a rounded-step lateral acceleration excitation: (a) 

unconnected (UC and UC-Rollbar) and connected (IC-I, IC-II and IC-IIa) suspensions; (b) 

unconnected and connected suspensions with damping valves; and (c) connected suspensions 

with interconnection valves. 

 

The considerably lower peak roll response of the IC suspensions is mostly due to their higher 

roll mode damping. In section 3.5, it was shown that the negative damping force components (FDC 

and FDL) of the IC suspensions yield positive roll moment and thereby substantially higher roll 

mode damping, when compared to that of the UC suspensions. The higher effective damping of 

the IC suspensions is also evident from the relative rapid decays in the sprung mass roll responses. 

The addition of damping flow valves across chambers 1 and 2, as described in section 3.3, yield 

relatively lower sprung mass roll angle responses of all the IC suspension configurations, as 

illustrated in Figure 4.3(b). This is due to the fact that damping valves in the IC suspensions are 

tuned at relatively lower transition velocities to reduce the roll angle and roll rate responses of the 

sprung mass. It should be noted that the damping valves for the IC and UC suspensions were 

configured to yield transition velocities of 0.045 m/s and 0.15 m/s, respectively. A higher transition 

velocity for the UC struts was selected to its relatively larger orifices. A reported study has also 

shown that the damper valve with low transition velocity is beneficial for better vibration control 

performance, especially when the vehicle is travelling on rough roads [30]. Since the 
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interconnection valves do not affect the low velocity damping characteristics, the sprung mass roll 

responses of IC suspension with such valves are comparable with those with damping valves, as 

seen in Figure 4.3(c). The flow valves, installed in pipelines, emphasize the negative damping 

force components only at higher velocities, as illustrated in section 3.4. Such valves thus do not 

affect the vertical and roll mode damping properties of the struts at very low velocities.   

 

Figure 4.4: Comparisons of sprung mass roll rate responses of the vehicle model employing 

different suspension configurations under a rounded-step lateral acceleration excitation: (a) 

unconnected (UC and UC-Rollbar) and connected (IC-I, IC-II and IC-IIa) suspensions; (b) 

unconnected and connected suspensions with damping valves; and (c) IC suspensions with 

interconnection valves. 

 

Figure 4.4(a) illustrates the sprung mass roll velocity responses of the vehicle model with 

unconnected and connected suspensions. The roll rate responses of the suspensions with damping 

valves and IC suspensions with interconnecting valves are shown in Figures 4.4(b) and 4.4(c), 

respectively. The roll rate responses of the unconnected and connected suspensions exhibit trends 

similar to those observed in roll angle responses, shown in Figures 4.3(a) and 4.3(b). The 

unconnected suspensions exhibit higher roll rate and lower oscillation frequencies compared to the 

IC suspensions. The addition of interconnecting valves show only negligible effect on the roll rate 
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responses, shown in Figure 4.4(c). The comparisons of the roll rate responses of the IC suspensions 

with interconnecting valves suggest relatively higher sprung mass roll rate of the IC-IIa suspension 

compared to the IC-I and IC-II suspensions.  This is attributed to the absence of FDC component 

in the IC-IIa configuration, which leads to relatively smaller roll damping moment. Although the 

IC-I and IC-II configurations possess identical roll mode damping properties, the relatively larger 

gas volume of the IC-II struts contributes to slightly lower low roll stiffness, and thereby higher 

peak roll angle and roll rate responses.   

 

Figure 4.5: Comparisons of unsprung mass roll angle responses of the vehicle model employing 

different suspension configurations under a rounded-step lateral acceleration excitation: (a) 

unconnected (UC and UC-Rollbar) and connected (IC-I, IC-II and IC-IIa) suspensions; (b) 

unconnected and connected suspensions with damping valves; and (c) IC suspensions with 

interconnection valves. 

 

Figures 4.5 illustrate the unsprung mass roll angle responses of the vehicle model with different 

UC and IC suspension configurations with and without the damping and interconnection valves. 

The unsprung mass roll angle during a steering maneuver directly relates to the dynamic load 

transfer from the inboard to the outboard track of the vehicle, which is considered as an effective 

indicator of the dynamic roll stability of the vehicle [70]. The results show that IC suspensions 

yield relatively lower unsprung mass roll compared to the UC suspensions, with the exception of 
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the IC-IIa suspension, as seen in Figure 4.5(a).  The peak roll angle response of the vehicle model 

with IC-IIa suspension configuration is higher than that of the model with UC-Rollbar suspension.  

This is due to the larger gas volume and thus the lower roll stiffness of the IC-IIa suspension.  This 

suspension also provides relatively lower roll mode damping compared to the IC-I and IC-II 

suspensions, as discussed above. The damping and interconnecting valves in the suspensions yield 

only negligible effects on the unsprung mass roll angle as observed in Figures 4.5(b) and 4.5(c), 

respectively.  

4.3.2 Responses to Transient Pulse Excitations  

 

Figures 4.6 and 4.7 illustrate sprung mass vertical displacement and acceleration responses, 

respectively, of the vehicle model with different UC and IC suspensions subject to in-phase pulse 

excitation (Figure 4.2). Owing to their nearly identical vertical mode properties, the UC and IC 

suspensions yield comparable vertical displacement responses of the sprung mass, as shown in 

Figure 4.6(a). The IC suspensions exhibit slightly faster decay in the displacement response 

compared to the UC suspensions. This is due to relatively higher vertical mode damping of the IC 

suspension struts, which employ slightly smaller size orifices compared to the UC suspension 

struts. The IC-IIa suspension with damping valves shows slightly faster decay in the vertical 

displacement response compared to the IC-I and IC-II suspensions, as seen in Figure 4.6(b). This 

is due to slightly different vertical mode damping properties of the IC-IIa suspension struts, as 

described in section 2.5. Comparisons of the responses in Figures 4.6(b) and 4.6(c) suggest that 

the damping tuning via interconnecting flow valves yields slightly lower negative peak 

displacement response compared to that obtained with the damping valves. The results exhibit 

similar trends and further suggest that interconnecting valves provide damping tuning similar to 

the damping valves. 
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Figure 4.6: Comparisons of sprung mass vertical displacement responses of the vehicle model to 

an  in-phase pulse excitation: (a) unconnected (UC and UC-Rollbar) and connected (IC-I, IC-II 

and IC-IIa) suspensions; (b) connected suspensions with damping valves; and (c) IC suspensions 

with interconnection valves. 

 

The vertical acceleration response of the sprung mass constitutes an important performance 

measure related to vehicle ride, and shock and vibration control performance of the suspension 

system [53]. The IC suspensions yield slightly higher acceleration peaks compared to the UC 

suspensions, as seen in Figure 4.7(a). The magnitude of the negative peak occurring near 0.87s is 

particularly slightly higher for the IC suspensions. This is due to differences in damping properties, 

especially at higher velocities, corresponding to the IC and UC suspensions. The magnitude of the 

second peak of the UC and UC-Roll bar configurations is about 7.34 m/s2, and it reduces to 6.54 

m/s2 when damping valves are employed, as shown in Figure 4.7(b). The damping tuning via 

damping valves does not affect the magnitude of the first peak, but the magnitudes of the second 

and third peaks are reduced considerably for both the UC and IC suspension configurations. 

Additionally, while employing damping valves, there is considerable reduction in the magnitude 

of the negative peak (Figure 4.7(b)) for the IC-I and IC-II suspensions (from about 7.84 m/s2 to 

nearly 5.82 m/s2). Comparisons of the results shown in Figures 4.7(b) and 4.7(c) suggest that 

interconnection flow valves yield considerably lower acceleration responses comparable to those 
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obtained with the damping valves, especially in reducing the negative peak magnitude of the IC-

IIa suspension configuration. This is due to relatively larger FDL/FDT ratio of the IC-IIa 

configuration, as compared with other two configurations. This suggests that the interconnecting 

flow valves can provide equally effective damper tuning through enhancement of the negative 

damping force components of the IC suspensions.   

 

Figure 4.7: Comparisons of sprung mass vertical acceleration responses of the vehicle model to 

an  in-phase pulse excitation: (a) unconnected (UC and UC-Rollbar) and connected (IC-I, IC-II 

and IC-IIa) suspensions; (b) connected suspensions with damping valves; and (c) IC suspensions 

with interconnection valves. 

 

The vehicle model responses to out-of-phase pulse excitation are presented in Figures 4.8 and 

4.9 in terms of roll angle and roll acceleration of the sprung mass, respectively. The results are 

presented for the UC, UC-Rollbar, IC-I, IC-II and IC-IIa suspensions in Figures 4.8(a) and 4.9(a). 

The responses are also presented for the suspension struts with damping valves in Figures 4.8(b) 

and 4.9(b), and the interconnection valves in Figures 4.8(c) and 4.9(c). The UC and UC-Rollbar 

suspensions yield considerably higher peak roll angle of the sprung mass (0.09 and 0.075 radians, 

respectively) compared to the IC suspensions, as seen in Figure 4.8(a). The UC suspensions also 

exhibit substantially lower rate of decay of roll oscillations and require considerably longer settling 
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time compared to the IC suspensions. This is due to lower roll mode damping of the UC 

suspensions. The peak sprung mass roll angle responses of the IC-I and IC-II suspensions are 

considerably reduced when damping valves are employed, as compared with the identical 

configurations equipped with interconnecting valves. It shows that tuning of damping valves 

improve both the vertical and anti-roll performance of the corresponding IC configurations. 

Whereas, the roll angle responses of the IC-IIa configuration (Figure 4.8(b)) is slightly larger than 

those of the IC-I and IC-II configurations, as seen in Figure 4.8(a). This is not only due to absence 

of the FDC component in IC-IIa, but also the presence of damper valves that reduce the total roll 

damping moment. Furthermore, the relatively longer settling period is also evident for the IC-IIa 

suspension compared to the IC-I and IC-II suspensions. The roll responses of the sprung mass are 

negligibly affected by the interconnection valves, as seen in Figure 4.8(c), and this is due to the 

relatively higher transition velocity of the interconnection valves. Moreover, similar trend is also 

observed in terms of the roll acceleration responses, as shown in Figures 4.9(a) and 4.9(c). 

 
Figure 4.8: Comparisons of sprung mass roll angle responses of the vehicle model to out-of-

phase pulse excitation: (a) unconnected (UC and UC-Rollbar) and connected (IC-I, IC-II and IC-

IIa) suspensions; (b) unconnected and connected suspensions with damping valves; and (c) IC 

suspensions with interconnection valves. 
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Figure 4.9: Comparisons of sprung mass roll acceleration responses of the vehicle model to out-

of-phase pulse excitation: (a) unconnected (UC and UC-Rollbar) and connected (IC-I, IC-II and 

IC-IIa) suspensions; (b) unconnected and connected suspensions with damping valves; and (c) IC 

suspensions with interconnection valves. 

 

 Owing to relatively higher transition velocity of the damper valves employed in the UC 

suspensions, the responses obtained with and without the damping valves are quite comparable, as 

seen in Figures 4.9(a) and 4.9(b). The addition of the damping valves to the IC-I configuration, 

however, shows a reduction in the peak roll acceleration from 3.22 rad/s2 to 2.44 rad/s2. The IC-

II and IC-IIa configurations also exhibit reductions in the peak acceleration responses from nearly 

4.10 rad/s2 to 2.80 rad/s2, when damping valves are introduced. The results thus suggest that 

damping tuning via valves could improve both anti-roll and ride performance of the IC 

suspensions. The IC suspensions with flow valves in the interconnecting pipelines also yield 

improved ride performance, while preserving the low speed roll mode damping property. 
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4.5 VIBRATION TRANSMISSIBILITY CHARACTERISTICS 

 Frequency response characteristics of the 4-DOF roll plane vehicle model employing different 

suspension configurations are evaluated in terms of vertical and roll displacement transmissibility 

characteristics of the sprung and unsprung masses. The relative vertical and roll displacement 

transmissibilities of the sprung and unsprung masses are evaluated under in-phase and out-of-

phase harmonic excitations at the left –and-right tires, respectively, such that xe(t)=𝑋𝑒sin (𝜔𝑡). A 

constant amplitude of excitation (0.01m) is considered and the steady-state transmissibility 

magnitudes are evaluated in the 1 to 15 Hz frequency range, as:  

Vertical displacement transmissibility of sprung mass, Zxs =
Xs

Xe
 

Vertical displacement transmissibility of unsprung mass, Zxu =
Xu

Xe
 

Roll displacement transmissibility of sprung mass, Zθs =
Tθs

Xe
 

Roll displacement transmissibility of unsprung mass, Zθu =
Tθu

Xe
 

Where T refers to the suspension track, Xs and Xu are magnitudes of vertical displacements of the 

sprung and unsprung masses, respectively; Xe is the amplitude of harmonic excitation; θs and θu 

are magnitudes of roll angles of the sprung and unsprung masses, respectively.  

 Figures 4.10(a) and 4.10(b) present comparisons of displacement transmissibility of the 

sprung and unsprung masses of the model with UC and IC suspensions without the damping/flow 

valves. The results show vertical mode resonance frequencies of the sprung mass near 1 and 1.2 

Hz, respectively, for the IC and UC suspensions. The peak transmissibility magnitudes of the UC 

suspensions (2.15) are substantially higher than those of the IC suspensions (near 1.8). Although 

the UC and IC suspensions struts were configured to yield identical spring rates, the UC struts 

employed relatively larger size orifices, which contributed to lower damping compared to the IC 

struts. Relatively higher peak magnitudes and resonance frequencies of the UC suspensions are 

due to their lower damping compared to the IC suspensions. The lower damping of the UC 

suspensions, however, yields considerably lower transmissibility magnitudes at frequencies above 

2.5 Hz, as seen in Fig. 4.10(a).  
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Figure 4.10: Comparisons of vertical mode transmissibility responses of the vehicle model 

equipped with unconnected and connected suspension configurations: (a) sprung mass; and (b) 

unsprung mass. 

 

The relatively higher damping of the IC suspension struts yields unsprung mass peak responses 

at considerably lower frequencies compared to the typical unsprung mass resonance frequencies, 

as seen in Figure 10(b). The unsprung mass displacement transmissibility peaks are observed near 

4.2 Hz for the IC-I and IC-II suspension, and about 4.05 Hz for the IC-IIa configuration. The UC 

suspensions exhibit peak responses at a relatively higher frequency of 4.5 Hz. Both the sprung and 

unsprung mass transmissibility magnitudes of the IC suspensions are substantially higher than 

those of the UC suspensions at frequencies above 2.5 Hz. From the results, it is evident that high 

damping attributed to smaller size orifice flows in IC struts is beneficial for sprung mass resonance 

control but detrimental for the ride performance. The reduction in the high-speed damping property 

of the struts via damping or interconnecting valves is thus essential to achieve better ride 

performance.  

The presence of damping valves in the IC struts could alter the FDS and FDC components, 

which contribute to lower total damping force at higher velocities. Figures 4.11 illustrate sprung 

and unsprung mass vertical displacement transmissibility responses of the suspension 

configurations with damping valves. The struts with the damping valves thus yield considerable 

reductions in the sprung mass transmissibility magnitudes at frequencies above 2 Hz, when 
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compared to the responses of the suspensions without the valves, shown in Figure 4.10(a). The 

peak sprung mass transmissibility magnitudes of the suspensions with damping valves, however, 

are comparable with those of the suspensions without the valves. Lower suspension damping at 

higher velocities causes the unsprung mass response peaks to shift to a substantial higher 

frequency, in the order of 10 Hz, as seen in Figure 4.11(b). Comparisons of the responses in 4.10(b) 

and 4.11(b) show that the damping valves results in higher peak unsprung mass transmissibility of 

the UC suspensions, while the effect on the peak response of the IC suspensions is very small.   

 

 
Figure 4.11: Comparison of vertical mode transmissibility responses of the vehicle model with 

different suspension configurations with damping valves: (a) sprung mass responses; and (b) 

unsprung mass responses. 

 

Figures 4.12 present the vertical displacement transmissibility responses of the sprung and 

unsprung masses of the IC suspensions employing interconnecting valves in lieu of the damping 

valves. The results show that the peak responses in the vicinity of the sprung mass resonance 

frequency are comparable with those obtained with the damping valves. The tuning of the negative 

damping component, FDL, via the interconnection valves also yields reductions in the higher 

frequency transmissibility magnitudes comparable to the damping valves. Although the 

magnitudes of the unsprung mass transmissibility are considerably lower compared to those 

obtained for the struts without the valves, the IC suspensions with interconnection valves exhibit 

peak response in the 3.5 to 4 Hz range, as seen in Fig. 12(b). The results, however, show relatively 
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lower displacement transmissibility of the unsprung mass in the 7 to 15 Hz frequency range, as 

compared to those of the configurations employed with damping valves, shown in Figure 4.11(b).  

The results suggest that damping tuning can be effectively achieved through external 

interconnection valves, although further efforts would be desirable to seek optimal settings of the 

valves for realizing improved ride comfort performance.  

 

 
Figure 4.12: Comparison of vertical mode transmissibility responses of the vehicle model with 

IC suspensions employing interconnection valves: (a) sprung mass responses; and (b) unsprung 

mass responses. 

 

Tables 4.1 and 4.2 summarize frequencies corresponding to the peak vertical mode sprung and 

unsprung mass responses, respectively, of the model with different suspension configurations 

under 0.01 m in-phase harmonic excitations. These may be considered as resonance frequencies 

of the model, which in case of the IC suspensions differ considerably from the target natural 

frequencies of the model due to higher damping. The results suggest comparable sprung mass 

frequencies of the UC and IC suspensions with damping valves, although the frequency of the IC-

IIa suspension is lower due to its relatively larger gas volume. The reduction in the high-speed 

damping via interconnection valves (FDL component) also yields lower sprung mass resonance 

frequency compared to the suspension with damping valves. The UC and IC suspensions without 

the damping valves yield peak unsprung mass responses in the 4 to 4.5 Hz range.  This frequency, 

however, increases to 9.8Hz for the UC suspensions, and above 10 Hz for the IC-I suspensions, 

when high-speed damping is reduced via the damping valves. The frequencies corresponding to 
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the unsprung mass peak responses, however, tend to be lower when interconnection valves are 

used. The results suggest that damping tuning can be effectively achieved through external 

interconnection valves, although further efforts would be desirable to seek optimal settings of the 

valves for realizing improved ride comfort performance. The interconnection valves in IC 

suspensions offer superior design/tuning flexibility compared to the damping valves placed inside 

the IC struts.  

 

Table 4.1: Frequencies corresponding to peak sprung mass displacement transmissibility of the 

vehicle model with different suspension configurations. 

 

Table 4.2: Frequencies corresponding to peak unsprung mass displacement transmissibility of the 

vehicle model with different suspension configurations. 

 

Roll displacement transmissibility characteristics of the sprung and unsprung masses of the 

vehicle model with UC and IC suspension configurations are compared in Figure 4.13.  The UC 

and UC-Roll bar suspensions, owing to their relatively lower roll stiffness, yield peak roll angle 

responses near the respective resonance frequencies of 0.63 and 0.68 Hz, as seen in Figure 4.13(a). 

The IC suspensions exhibit higher resonance frequencies and lower peak responses, which are 

attributable to their higher roll stiffness and damping compared to the UC suspensions. The IC-I 

and IC-II suspensions are configured to yield identical roll mode damping properties, the slightly 

higher gas volume of the IC-II struts contributes to lower roll stiffness compared to the IC-I 

suspension. The peak roll response magnitude of the IC-II suspension is thus slightly higher than 

Suspension configurations UC/UC-Rollbar IC-I/IC-II IC-IIa 

Without valves 1.2 Hz 1 Hz 1 Hz 

With damping valves 1.2 Hz 1.15 Hz 1 Hz 

With interconnection valves - 1.15 Hz 1 Hz 

Suspension configurations UC/UC-Rollbar IC-I/IC-II IC-IIa 

Without valves 4.5 Hz 4.2 Hz 4.05 Hz 

With damping valves 9.8 Hz 10.8 Hz 10.4 Hz 

With interconnection valves - 3.7 Hz 3.6 Hz 
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the IC-I suspension. As described in section 3.3, the effective roll damping of the IC-IIa suspension 

is considerable smaller than the IC-I/IC-II configurations due to absence of the damping force 

component FDC, associated with orifice flows in the connected strut. This suspension thus yields 

substantially higher peak roll response compared to the other IC configurations. The UC 

suspensions with their low roll mode damping provide substantially lower sprung mass roll 

response in the 1 to 8 Hz frequency range compared to the IC suspensions at frequencies. Similarly, 

the IC-IIa suspension also yields relatively lower roll response in the 1.3 to 8 Hz frequency range 

compared to IC-I/IC-II suspensions. The lighter damping of the UC and IC-IIa suspensions, 

however, cause higher roll response of the unsprung mass at frequencies above 4 Hz, as seen in 

Fig. 4.13(b).  

 
Figure 4.13: Comparison of roll transmissibility responses of the vehicle model with UC and IC 

suspensions: (a) sprung mass responses; and (b) unsprung mass responses.  

 

Figure 4.14 illustrates the sprung and unsprung mass roll transmissibility responses of the 

vehicle model with UC and IC suspensions with damping valves. The valves limit the damping 

force of the struts at higher speeds, especially the FDS and FDC components of the IC suspensions. 

This contributes to lower roll mode damping and thereby relatively lower roll transmissibility at 

frequencies above 1 Hz. The lower roll mode damping also causes the peak unsprung mass roll 

response to shift to higher frequencies, which is clearly evident for the UC. UC-Rollbar and IC-

IIa configurations, as seen in Figure 4.14(b). The magnitudes of the unsprung mass roll response, 
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however, are considerably higher compared to the IC-I/IC-II suspensions. This can be attributed 

to greater contributions of the negative FDC component to the overall roll mode damping of the 

IC-I/IC-II configurations. Figures 4.15(a) and 4.15(b) also show similar effects of the 

interconnecting valves on the roll responses of the vehicle model confirming that the 

interconnecting valves can provide equally effective damping tuning of the suspension system. 

   

 

Figure 4.14: Comparison of roll transmissibility responses of the vehicle model with UC and IC 

suspensions with damping valves: (a) sprung mass responses; and (b) unsprung mass responses.  
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Figure 4.15: Comparison of roll transmissibility responses of the vehicle model with UC and IC 

suspensions with interconnection valves: (a) sprung mass responses; and (b) unsprung mass 

responses.  

 

Tables 4.3 and 4.4 summarize frequencies corresponding to the peak roll mode sprung and 

unsprung mass responses, respectively, of the model with different suspension configurations 

under 0.01 m out-of-phase harmonic excitations. The results suggest comparable sprung mass roll 

mode resonance frequencies of the UC and IC suspensions, while the IC-I suspension exhibits 

highest resonance frequency (0.92 Hz) followed by the IC-IIa and IC-II suspensions.  The sprung 

mass roll resonance frequency is not affected by the damping valves for all the suspension 

configurations. This is due to relatively low suspension velocity (below the transition velocity) in 

the vicinity of the resonance frequencies. The interconnection valves also exhibit identical roll 

mode frequencies. The UC suspensions without the damping valves yield peak unsprung mass roll 

responses in the 5.5 to 5.6 Hz range.  This frequency, however, shifts to 12.8Hz, when high-speed 

damping is reduced via the damping valves. The IC suspensions with their high roll mode damping, 

however, suggest relatively small effects of the damping or interconnection valves on the unsprung 

mass resonance frequencies. This is due to the fact that the damping valves help limit the 

contributions of the FDS and FDC damping force components, with only small effect on the overall 

roll mode damping. The interconnected valves, on the other hand, emphasize the FDL damping 

force component and thereby the roll damping moment.  
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Table 4.3: Frequencies corresponding to peak sprung mass roll displacement transmissibility of 

the vehicle model with different suspension configurations. 

 

Table 4.4: Frequencies corresponding to peak unsprung mass displacement transmissibility of the 

vehicle model with different suspension configurations. 

 

4.6 SUMMARY 

The ride and handling performance of different hydro-pneumatic suspension configurations 

are investigated in terms of vertical and roll responses to steady lateral acceleration, and in-phase 

and out-of-phase road bump excitations. It is shown that the high damping of the IC suspensions 

can provide improved handling but relatively poor ride performance compared to the UC 

suspensions.  The tuning of the suspension damping via valves is thus considered vital to achieve 

adequate vibration isolation. It is further shown that the interconnection valves can provide tuning 

of the suspension damping similar to the conventional damping valves by making use of the 

negative damping features of the hydraulic interconnections. The externally mounted 

interconnection valves, however, offer superior design/tuning flexibility.  

Suspension configurations UC UC-Rollbar IC-I IC-II IC-IIa 

Without valves 0.63 0.68 0.92 0.83 0.85 

With damping valves 0.63 0.68 0.92 0.83 0.85 

With interconnection valves - - 0.92 0.83 0.85 

Suspension configurations UC UC-Rollbar IC-I IC-II IC-IIa 

Without valves 5.55 5.6 3.1 3.2 4.1 

With damping valves 12.8 12.8 3.3 3.24 4.4 

With interconnection valves - - 3.2 3.26 4.8 
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CHAPTER 5 
CONCLUSIONS AND RECOMMENDATIONS 

 

5.1 MAJOR CONTRIBUTIONS 

 

In this dissertation research, the negative damping features of hydraulically interconnected 

suspensions are explored and a methodology is proposed to achieve tuning of the damping property 

through control of flows across the coupled suspension struts. The major contributions of this 

thesis research are summarized below:  

a. Three different configurations of the roll coupled hydro-pneumatic suspension struts are 

analytically modeled to describe the negative damping mechanisms. 

b. Interconnection flow valves are proposed to emphasize the negative damping component 

attributed to the hydraulic flows across the coupled struts. 

c. The negative damping force component is exploited to achieve tuning of the damping 

property of the suspension for improved ride and handling performance potentials of the 

suspension system. It is shown that the proposed interconnection valves can provide 

damping tuning similar to the conventional damping valves, while providing high roll 

mode damping for enhanced control of the roll motion.  

d. A strut design with greater floating piston area (type-II) is proposed in order to reduce 

the gas charge pressure of the strut for a given load carrying capacity.  

e. Ride height valves are introduced to achieve nearly constant vertical and roll mode 

natural frequencies of the vehicle, irrespective of the load.  

f. The ride and handling performance potentials of the coupled suspensions with damping 

as well as interconnecting valves are investigated to demonstrate significance of the 

negative damping and relative merits of the interconnection valves. 

5.2 MAJOR CONCLUSIONS 

Major conclusions drawn from the study are summarized below: 

 The damping force components of the coupled hydro-pneumatic suspensions are 

strongly related to the interconnection layout, while the load carrying capacity and the 

stiffness property is affected by the strut design.  

 Hydraulic interconnections yield substantially higher suspension roll stiffness, which 

can effectively substitute for the antiroll bar. The roll stiffness, however, tends to 

decrease with increase in the roll angle. The rate of reduction in the roll stiffness can 
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be reduced by decreasing the ratio of the main piston area to that of the floating piston. 

It is thus suggested to design struts with identical areas of the floating and main pistons 

(type-II).   

 The ride height control via height valves ensures not only the constant ride height of 

the sprung mass but also provides nearly constant roll and vertical mode natural 

frequencies of the vehicle, irrespective of variations in the payload.   

 The roll coupled hydro-pneumatic suspensions yield negative damping force 

components attributed to hydraulic flows across the struts and pressure drop across the 

orifices in the connected strut. The primary vertical mode damping of each strut is 

directly related to orifice flows within the same strut. 

 The negative damping force components help to reduce the overall vertical mode 

damping of each strut but significantly emphasize the effective roll damping moment 

of the coupled struts.  

 Owing to relatively smaller annular area, the pressure drops across the interconnecting 

pipes exhibit dominant effect on the overall negative damping force. Higher flow 

resistance of the interconnecting lines can lead to overall negative damping of the 

suspension, which may affect the system stability.  

 The negative damping force component attributed to hydraulic flows across the struts 

can be enhanced by increasing the flow resistance of the interconnecting pipes. This 

negative force component can be applied to achieve lower effective damping at higher 

velocities for improving ride performance potential of the suspension.  

 Reducing the effective damping at higher velocities via flow valves integrated within 

the suspension dampers is vital for limiting the peak acceleration response of the sprung 

mass under a transient road excitation and for achieve improved vibration isolation in 

the ride frequency range. 

 The interconnection valves permit tuning of the damping property similar to the 

conventional damping valves. The externally mounting interconnection valves, 

however, provide greater design/tuning flexibility. 

5.3 RECOMMENDATIONS FOR THE FUTURE WORK 

 

This dissertation research is carried out to evaluate the anti-roll and ride performance potentials 

of three different interconnected hydro-pneumatic suspension configurations. The results of the 
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study show important negative damping features of the coupled suspension struts, which can be 

applied for tuning of the suspension damping similar to the conventional damping valves. Since 

the external interconnection valves offer superior design/tuning flexibility of the suspension 

systems, it is suggested that further systematic investigations be carried out to explore the design 

factor affecting the magnitudes of the negative force components.  Some of the potential further 

studies are listed below: 

 

 The externally tunable negative damping force together with a conventional damping valve 

can provide variable damping forces due to flows within the same strut and flows across 

the coupled struts. A more comprehensive model of the struts is thus desirable to explore 

the effects of both the flow valves.  

 Since the negative damping features of the coupled suspension have not yet been explored, 

it is strongly recommended to undertake laboratory experiments to establish thorough 

understanding of such features. For this purpose, a comprehensive experiment design 

should be undertaken for characterizing each damping force component through 

measurements of pressure drops across: (i) interconnecting lines; and (ii) piston orifices.  

The component attributed to orifice flows of the connected strut can perhaps be quantified 

by imposing motion of one of the struts, while holding one of the struts stationary.  

 Further efforts are also needed to develop reliable models of the flow coefficients. In this 

regard, it would be worthy to develop fluid-structure interaction (FSI) models of the hydro-

pneumatic struts with computational fluid dynamics (CFD) tools.   
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