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ABSTRACT
Information Geometry of Statistical Models

Xi Yang

Information Geometry is a relatively young branch of Mathematics, which roots back
to studies of invariant geometrical structure involved in statistical inference. It de-
fines a Riemannian metric together with dually coupled affine connections in a mani-
fold of probability distributions. These structures provide tools not only for studying
statistical inference but also for research in wider areas of information sciences, such
as machine learning, signal processing, optimization, and even neuroscience, not to
mention mathematics and physics. The aim of this thesis is to give a brief intro-
duction to Information Geometry with focus on the exponential family. In Chapter
1, we first introduce the notion and basic properties of statistical models. We then
define some common notions in information geometry such as Fisher information,
Christoffel symbols, connections, Skewness tensor, geodesic and Jeffreys Prior. We
also introduce the geometry of entropy, including entropy, Kullback-Leibler diver-
gence (or relative entropy) and information energy on statistical models. Chapter 2
focuses on the geometry of the exponential family of probability distributions. Ex-
amples and properties of exponential families are firstly discussed in this chapter.
Fisher metric and geodesics are worked out explicitly for common exponential fam-
ilies. Chapter 3 contains important examples of exponential families for which the
entropy, Kullback-Leibler relative entropy and information energy are worked out

explicitly. This chapter deals also with the problem of finding the density of max-

il



imum entropy subject to the first N moment constraints, with unique solutions for

the cases N < 2.
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Chapter 1

Introduction to Information

Geometry of Statistical Models

Information geometry explores the world of information by means of modern geome-
try. It is a method to characterize the structure of statistical models from a viewpoint
of differential geometry. By considering families of probability distributions as mani-
folds with coordinate charts determined by the parameters of each individual model,
the tools of differential geometry such as divergences and metric tensors provide
additional means to study statistical inference, information loss, and estimation.
Information geometry traces its roots back to the work of C. R. Rao in the
mid-1940s [6]. Rao developed a way to measure the statistical distance between
two populations through a Riemannian metric which was shown to be equivalent to
Fisher’s information matrix. Further contributions were made in the decades fol-

lowed by H. Jeffreys, D. Cox, B. Efron, O. Barndorff-Nielsen, N. N. Chentsov, and



S. Amari among many others [1]. Information geometry reached maturity through
the work of S. Amari and other Japanese mathematicians in the 1980s. Today, infor-
mation geometry is a filed that is increasingly attracting the interest of researchers
from many different areas of science, including mathematics, statistics, geometry,
computer science, signal processing, physics and neuroscience [4]. It is an active area
of research with international conferences held regularly. Springer is launching a new
topical journal “Information Geometry” in 2018.

The thesis can be read as a brief introduction to information geometry. It is
structured into three chapters.

In Chapter 1, we introduce the notion of statistical models, which is a space
of density functions, and discuss the basic properties of statistical models. In this
chapter, we also define some common notions in information geometry such as Fisher
information, Christoffel symbols, connections, Skewness tensor, autoparallel curves
and Jeffreys Prior. We also introduce the geometry of entropy, including entropy,
Kullback-Leibler divergence (or relative entropy) and information energy on statis-
tical models.

Chapter 2 focuses on the geometry of the exponential family of probability dis-
tributions. The exponential family is not only a typical statistical model, including
many well-known families of probability distributions, but is associated with a con-
vex function (used in the definition for each exponential family). Examples and
properties of exponential families are discussed in this chapter. Fisher metric and
geodesics are worked out explicitly for common exponential families.

Chapter 3 contains important examples of exponential families for which the



entropy, Kullback-Leibler relative entropy and information energy are worked out
explicitly. This chapter deals also with the problem of finding the density of maxi-
mum entropy subject to the first N moment constraints.

The thesis work is mainly based on the book of O. Calin and C. Udrigte (C&U)
[4], published in 2014. Other important reference used for this work are the book of S.
Amari [2], published in 2016, and the book of Ay et al. [3], published in 2017, which
claiming the standard reference of the field. In this thesis, while many propositions
and corollaries are cited directly or in a modified form from the book [4], many
propositions and useful results for the exponential family of probability distributions
have also been obtained by the author and supplemented. Some mistakes and typos

in C&U’s book [4] have also been corrected in this thesis.

1.1 Statistical Models

We first introduce the notion of statistical models by associating it with a family
of probability distributions. We restrict our work on the statistical models given
parametrically. When the family of distributions can be described smoothly by a
set of parameters, it can be considered as a multidimensional hypersurface. Upon
specifying the parameters of a distribution, we determine a unique element of the

family or a unique point on the hypersurface.



1.1.1 Probability Spaces and Random Variables

Let (S, F, P) be a probability space, where the finite or infinite set S is the sample
space, F is a o-field over S, and P is the probability measure. A random variable X
is a measurable function used to measure the random outcomes contained in S.

A discrete random variable X takes finite or countably infinite values, X : S —
X = {z', 22 2%,...}. The probability for X (s) = 2% € X is described by a probability

mass function p : X — [0, 1]
pr=p(E")=PX=2"=P{seS$;X(s)=a"€X}), Vk>1,

satisfying k1 Pk = 1. A discrete probability distribution is characterized by a prob-
ability mass function. The function p (z) defines a probability distribution function
F: X —0,1],

N

F(x)= Zp(x), Vol <o <2V

k=1

The Bernoulli distribution, binomial distribution, the geometric distribution and
the Poisson distribution are among the most common discrete probability distribu-
tions.

A continuous random variable X takes a continuous range of values, X : S —
X C R". The probability for X € D, an open set in X, is described by a probability

density function p : X — [0,1] satisfying [, p(z) =1,

P(XED):/p(x)dx.

D



A continuous probability distribution is characterized by a probability density func-

tion. When X = R, p (z) defines a probability distribution function F': R — [0, 1],

The normal distribution, the lognormal distribution, the exponential distribu-
tion, the gamma and the beta distributions are some most well-known examples of

continuous probability distributions.

1.1.2 Parametric Models

Parameters are descriptive measures of the characteristics of a population that may
be used as the inputs for a probability distribution function. This section deals
with a family of probability density functions described by a set of parameters.
Such a family can be organized as a parameterized hypersurface, each point on the
hypersurface representing a probability density.

Let S = {pe =p(z;€) | = (£,...,&") € E} be a family of probability distribu-
tions on X', where each element pe can be parameterized by n real-valued variables
€= (&...,£") and the set E C R" is called the parameters space. The set S is a

subset of the infinite dimensional space of functions

P(X):{f;f:X%R,fzo,/fdle}.
X

Definition 1.1.1. The set S = {pe = p(;&) |£ = (£4,...,£") € B} is called a sta-



tistical model or a parametric model of dimension n if the mapping
L E—P(X), (&) = pe

s one-to-one and has rank n = dim E.

The rank n implies that {@pg}?:l is a set of linearly independent functions, where
0; = %. This condition defines the reqularity of the statistical model.

The one-to-one condition of the mapping ¢ : E — P (X), ¢(£) = pe for a sta-
tistical model implies that it is reasonable to consider the inverse function ¢ : & —
E CR", ¢ (pe) = £ Since ¢ assigns a parameter { to each pe, we can take ¢ as a
coordinate system for our statistical model.

Although a statistical model may change its parametrization, the geometric re-

sults obtained in one parametrization are valid for all parametrization. Thus, it is

better to choose a convenient parametrization to work with.

1.1.3 Basic Properties of Statistical Models

We will also use the abbreviations S = {p¢} and S = {p(x;&)} when there is no
doubt on the parameters space or sample space. The functions 9;p¢ (), or denoted
by ¢; (x;€), are basic vector fields for the model S = {p¢} . The vector field ¢, is a

differentiation on smooth mapping f: S — F (X, R)

i (f) = 780;295)).



A frequently-used mapping is the log-likelihood function ¢ : S — F (X, R) defined
by

C(pe) (v) = Inpe (),

which is sometimes denoted by ¢, (§) = ¢ (pe (z)). Its derivatives are

01
oite(© = T o) 1< <,

which play a core role in the information geometry of statistical models.

It is often easier to check the linear independence of {0;¢, () }_, than of {9;pe}7_;.

Theorem 1.1.1. [4] The regularity condition in the definition of the statistical model
S = {pe} holds if and only if for any & € E the set {0;(, (5)};‘:1 is a system of n

linearly independent functions of x.

Proof. Since

Tt O~ g @, D

Y

0
il (§) = @lnp(x; )=

the two systems {0;¢, (§)},_, and {0;p¢};_, are proportional. Hence, their linear

independence is equivalent.

We will often use the facts that,

A@j(x)dx:aijg(x)dx:ajl:O, Vie{l,...,n}; (1.2)



for continuous distributions, and

Zgoj(xk) zﬁijg(xk) =0,1=0,V1<y

k>1 k>1

<n.

(1.3)

for discrete distributions. In equation (1.2), the interchangeability of the derivative

with the integral holds if assuming the boundedness of X or the integrability of p¢ (x);

while in equation (1.3), the derivative can be taken out of the sum by assuming X

finite or the uniform convergence of the series.

Theorem 1.1.2. [j/Assume that the equations (1.2) and (1.3) hold. The expectation

of 0;l, (§) with respect to pe is zero,

Ef [ajgcc (S)] =0.

Proof. According to equations (1.1) and (1.2), we have

Be 0yt (€)= B | e ()| = e |

_/X%(x;g)dx_o.

1
p(7;€)

Similarly, in the discrete case, we have

E[0;0: () = pe () 05 npe (wx) = > 0;pe (wx) = 9;>_pe (w) = 0.

k>1 k>1

03 (& s)]

k>1

(1.4)



1.2 Information Geometry of Statistical Models

1.2.1 Fisher Information

The Riemannian metric tensor ¢ is a fundamental object in differential geometry.

Similarly, we define a metric structure on a statistical model.

Definition 1.2.1. The Fisher information matriz for a statistical model with the

parameter £ = (€4,...,&") € E is defined by
9ij (§) = Ec[0:€(£) 0;4(9)],  Vi,j €{l,...,n}, (1.5)

where £ (€) and 0; denotes Inpg () and a% respectively.

Proposition 1.2.1. [}/ The Fisher information matriz can be represented as

05 (©) =4 [ 00 /e (0105 fpe () (16)

The discrete analogue is

915 (€) = 4300 /e (100, [pe (@), (1.7)



Proof. We prove the discrete case. The proof to the continuous case is similar.

9i5 (§) = E¢ [0 (£) 0;£ (€)]
_pr ) 0i Inpe () 0; In pe ()

_ Z ng 8]p5 (z)

pg pe ()

zpf Jpﬁ( )
- 42 2¢/pe (x 2\/295

= 4300 [pe (2)931 /e (@)

O

Proposition 1.2.2. [}/ The Fisher information matriz on any statistical model is

symmetric, positive definite and non-degenerate.

Proof. The symmetry follows from the definition (1.5).

For a statistical model S with the parameters £, Vv € T¢S and v # 0, we have

vigy = Zgijvivj =4 Z/X (vi&- \/p5 (z)v70; \/pg (m)) dx
2 2

:4/X <Zvi@- Pe (x)) <Zvj8j Pe (x)) dx

J

_ /}((Zw@ pg(x)) dz > 0.

)

So, g is non-negative definite.

10



Since we have

vtgv:O<:>/X<Zv"8M/p§(x)> dr =0 <

Z v 0/ pe (¥) = 0 = Zvi@-pg (x) =0,

by the linear independence of {9;p¢ (z)} for a statistical model, v* = 0 for all i,
1.e.v = 0, which contradicts our assumption. Thus, ¢ is non-degenerate and positive-

definite.

O

The Fisher information matrix provides the coefficients of a Riemannian metric
on the hypersurface S. We can measure distances, angles, and define connections on

statistical models by Fisher metric.

Theorem 1.2.1. [}/ The Fisher information matriz can be represented as
9i3 (§) = —E¢ [0:0;£ (£)] (1.8)
Proof. We start from the normalization condition

/ng (x)dx = 1.

Differentiating with respect to &' yields

/ O;pe (z) dz = 0.
x

11



So, we have

Ec [0 (&)] = /X& Inpe (x) - pe (x) do = /X@Z-pf (x)dx = 0.

Differentiating in [, 9; Inpe () - pe () doz = 0 again with respect to &/ yields

/ 0;0; Inpe (x) - pe (x) dx + / OiInpe (x) - Ojpe (x)dx =0

x x

<= E¢[0;0;Inpe (x)] + / 0;Inpe (x) 0jInpe (z) - pe (x) dz =0
X

> —E¢ [0;0;Inpe (v)] = E¢ [Inpe (z) 9; Inpe (7)] = gij.

O

Proposition 1.2.3. [}/ The Fisher metric is invariant under reparametrizations of

the sample space.

Proof. Consider an invertible transform of sample spaces f : X — ), where X, ) C
R”, defined by Y = f (X). Denote by p¢ (z) and p¢ (y) the density functions associ-
ated with the random variables X and Y respectively. The relation between pg ()

and pe (y) is given by

Since the log-likelihood functions are given by

of (x)
ox '

(&) = Inpe () = Inpe (y) + In

12



we have

Oci Inpe () = O Inpe (y) .

Hence,

g (€) = /X 0: I pe () 9 Inpe () - pe ()

= [ ompcwo )50 2L o

_ /y 95 In Pe (y) 05 In pe (y) pe (y) dy

= Gij (§) -
[l

Theorem 1.2.2. [4] The Fisher metric is covariant under reparametrizations of the

parameters space.

Proof. Let &€ = (£4,...,&") and n = (n!,...,n") be two sets of parameters related by
the invertible relationship & = £ (). Let p, () = pe(y) ().

By chain rule, we have

9 oE”

. 0 ok R .
aﬂipﬂ - a—nipﬁ - Xk: a—niaﬁkpﬁa anjpn = a—njpn = a—nj@gv-pg.

13



So, we have the covariance relation between the components of g and g,

Gi; (n /6 Inp, (x lnﬁn(x)ﬁn(x)da:
= —82 0,0, (1) dx
/Xm) B (2) O,y (2)

oEk o¢r
= OekPeOerpedr | —— ——
ZZUM% PPl o o

€k 8"
—ngr &) le=e) o o

= ngr &) le=etmy Jrielri

where J is the Jacobian matrix J (£, 7). Writing in the matrix form, we have g (n) =

Jtg (&) J, where J' is the transpose of J. O

1.2.2 Christoffel Symbols

The Christoffel symbol is the most simple connection on the statistical model S.

Definition 1.2.2. Let g;; denote a Riemannian metric, particularly the Fisher in-

formation matriz, then the Christoffel symbols of first kind are defined by
1
Lijr = 5 (0igjk + 0jgri — Orgij) (1.9)

where we used the notation 0; = Ogi. The Christoffel symbols of second kind are

14



defined by

1
Fil;' = §9pk (0igjk + O0j9ri — OkGiz) » (1.10)

Proposition 1.2.4. [/ The Christoffel symbols of first kind can be represented in

the following equivalent forms.

(1) Tijr = % (E¢ [(0:0;0) Ol] — E¢ [(0;010) Oil] — Eg [(0x0i€) 050] — Eg¢ [0;0;0L]) ;

(i) Tige =1 | 2.0,/plwi)0n /ol €.
x
Proof. By equation (1.8),

Ougis () = — 0B [0,0,0
= —ak/)((aﬁjﬁ)p(x;ﬁ)dl’
—— [ @000 0w e)ts — [ 00,0 dplie)as
S /X (000;0;0) p(; €)da — /X (0;0;¢) (OrL) p(; §)da

= —E¢ [000,0;(] — E¢ [(0:0;() (OxL)] -
Similarly, we have

9igik(§) = —E¢ [0:0;0l] — E¢ [(9;0k0) (0:0)] ,

15



0j9ri(§) = —E¢ 0:0;040] — B [(940if) (9;0)] -

Substituting the above three results into (1.9) gives (7).

By the definition equation (1.5), we have

3k9ij(f) = ak:Eé [@Eajﬁ]
= 8kL(8i€8j€) p(z; &)dx
- / (Ou030) (0,0) pla; €)dr + / (0u0,0) (B,0) pla: €)da + /X (9:£0,0) Dpla: €)

= E; [akaiﬁajﬁ] + E [akajﬁﬁiﬁ] + E [@ﬁajﬁﬁkﬁ] . (1.11)
Similarly, we have
8Z-gjk(§) = Eg [828]&%6] -+ Eg [818k£8]£] + Eg [8]&%6826] ,

8jgki(§) = Eg [8]8k£82£] + Eg [8]816@6] + Eg [8&816836] .

Substituting the above three results into (1.9) gives (ii).

By Proposition 1.2.1, we have

01y (€) =401 [ 0fne (0003 fne (o

:4/)(8k8i\/p5 (x)aj\/pg (x)dx+4/Xam/p§ (2)0k0;1/ pe (z)dx.

16



Similarly, we have

aigjk:4/}(aiaj\/p§ (x)ak\/pg (x)d:l?+4/Xaﬂ/p§ (2)0;0k\/ e (x)dz,
0;g1i = 4 /X 0,05\ pe ()00 /e () + 4 /X e/ pe ()00 /pe (2)de.

Substituting all three results into (1.9), we obtain (7). O

1.2.3 Connections

Definition 1.2.3. The coefficients given by (1.5) induce a Riemannian metric on

S, which is a 2-covariant tensor g defined locally by

9(Xe, Yo) = Y 05 () (OV (), pc €S (1.12)
ij=1
where Xe = Y77 a'(§)0ipe and Ye = Y77V (§)0;pe are vector fields in the 0-
representation on S. Observe that {Oipe};_,, or simplified as {0;};_,, forms a basis
of the tangent space T¢S. The tensor g is called the Fisher-Riemannian metric. Its
associated Levi-Civita connection is denoted by VO and is defined by

g(v50;.0,) =18

ijk (1.13)

where Fg??k is the Christoffel symbols of first kind defined in (1.9).

17



Definition 1.2.4. Using the Fisher metric g, the V) -connection is defined by

o (990, 0.) = 1)

ij,k

(&) = E¢ [(9:0;£) Okt], (1.14)

where £ is the log-likelihood function.

Definition 1.2.5. Using the Fisher metric g, the V=V -connection on a statistical

model S is defined by

g (V505 ) = T30 (€) = Ee [(@:0,¢ + 0,00,0) (9,0)] (1.15)

ij,k

where £ is the log-likelihood function.

Proposition 1.2.5. [4] The relation among the foregoing three connections is given
by

VO = (v) 4 v, (1.16)

N —

Proof. 1t suffices to show

re=4(rod +ri).

ijk ijk
By equations (1.14), (1.15) and (i7) in Proposition 1.2.4, we have

Y+ T, = B [(0:0;€ + 8:£0;6) (0x0)] + Ex [(9,0,) 040)

- zES[(aiaje + %aieajz) Oul]

0
=21,

)

18



O

Proposition 1.2.6. [4] For any vector fields X, Y, Z on the statistical model S =

{pe}, we have
Zg(X,Y) =g <V(Zl)X, Y) +g <X, vg‘”y) . (1.17)

Proof. Choosing X = Zaz ipe, Y = Zb Ojpe and Z = chakpg with the basis

k
Oipe}r_ | of the tangent space 1.5, we have
§Si=1 £

Zg (X, Y) =7 (Z gijaibj> == chak (Z gijaibj> .
i,7 k i,J

By equations (1.14) and (1.15), we have

g (V(Z”X, Y) Y (vgjx, Y) —S o> ab
k k ,J

g (X, vg‘”y) =Y ag <X, vgj’Y) =S a > ab Y,
k k i,J

Thus, it suffices to prove

1
8k92] = Fl(c] z) Fl(m)]'

By equations (1.14), (1.15) and (1.11), we have

reD 4 ' — B [(0:0;€ + 0p0,0) (8:0)] + Ex [(8,0:0) 9;()

kj,i ki,j —

= akgij-

19



Definition 1.2.6. We define the 1-parameter family of connections

1 1-
v — ;O‘Vuur 2O‘v<—1>, (1.18)

with real parameter o on the statistical model S. Using the Fisher metric g, the

connection components are denoted by

@ —

ij,k

(va 0, ak)

The connection components are given by the following proposition.

Proposition 1.2.7. [4]

I = Kaa 0+ —— 20,00, 6) ake} . (1.19)

Proof. Writing definition (1.18) in terms of components and then use equations (1.14)

and (1.15), we obtain

a)_l-i-Oé 1) l—« (—1)
Fij,k - 2 FZ] k + 2 FZ],k

1 1—
= LB (00,0 0ul) + — B [(00,¢ + 0:t0;0) (940)

[(88£+ 8686) Okl].
U

Proposition 1.2.8. [4] For any vector fields X, Y, Z on the statistical model S =

20



{pe}, we have
Zg(X,Y) =g (v;“)x, Y) Yy <X, v;—%f) . (1.20)

Proof. Similar to the proof to Proposition (1.2.6), it suffices to show

ak:gij — F(—Oé) + F(Ol)

kj,i ki,j-

By equations (1.19) and (1.11), we find

1—

! 5 O‘akeaie) 9,

rod+ )= Eg[(akaje + ; O‘akfajﬁ) o] + Ed(ak@-f +

kji

= akgij (f ) .
U
1.2.4 Skewness Tensor
The difference of two linear connections is a tensor field.
Definition 1.2.7. We define the generalized difference tensor by
K@ (x,7)=v{Y - v{Y. (1.21)
We define a 3-covariant, symmetric tensor T with components

21



T is called the skewness tensor.

Proposition 1.2.9. [}/ The skewness tensor T satisfies the following equation:

a—p
2

g (K (X,Y),2) = T(X,Y,Z), (1.23)

where g is the Fisher metric.

Proof. We prove the local coordinates version of the above equation by applying
Proposition 1.2.7:

(8) (a) 1-p l1—a
I'i6(&) = ' (&) = Ee[| 0:0;0 + T@E@-ﬁ Ol] — E¢[| 0,0;¢ + Taifajﬁ Okl

_a—p
2

B [0: 0,0 00) .

O
Proposition 1.2.10. The skewness tensor is covariant under reparametrizations.

Proof. Let Ty, (€) = B¢ [0,00;00(] and n* = n' (&*,...,&") for i € {1,...,n} be a
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reparametrization of £&. Then, similar to the proof to Theorem1.2.2,

Ty (1) = E, [0:40;(0,0

/ Opi Inpy, () Oy Inpy, () Oy In Py () - Py () de

_ / 0 lpn ( ) anﬂpn ( ) ankﬁn ({L") dx
x (P (2))?
Ogepe (x) Opops () Oeepe (x) | | 0 98" OE°
"2 [/ ( dx]

e Pt (7)) o' o’ on*
=3 | [ mae e )0 e )i o) L
= ZTabc &) Jaidvj Je-
a,b,c
0

Proposition 1.2.11. The skewness tensor is invariant under transformations of the

random variable.

Proof. Consider an invertible transform of sample spaces f : X — ), where X, ) C
R", defined by Y = f (X). Denote by p¢ (z) and p¢ (y) the density functions associ-
ated with the random variables X and Y respectively. The relation between pg ()

and pe (y) is given by

Since the log-likelihood functions are given by

£(6) = npe (r) =g ) + 0 22,
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we have

Oci Inpe () = O Inpe (y) .
Hence,

nmgwaéamm@mmwa@@mm@»m@wx

B /X 9; In.pe (y) 0 In pe (y) Ok In pe (y) - Pe (y) aj(;ix>

_/@m@@mmmawmmm@»m@my
Yy

=Ty (€).

1.2.5 Autoparallel Curves

A curve on the statistical model S = {p¢} is defined by

V() =1(§(s)) =pe(s), s€l0,T].

The velocity of the curve v (s) is given by

3(9) =0 (€6)) = L (€05)) = pe(s).

dx

(1.24)

(1.25)

Definition 1.2.8. A curve v : [0, T] — S is called V'™ -autoparallel if % (s) is par-

allel transported along v (s). So, the acceleration with respect to the V(@) connection
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vanishes,
¥ (s)=0, Vsel0,T]. (1.26)
In local coordinates ~y (s) = ('yk (s)), the autoparallelism means, for each fized k,

ZF(” L(5)4 (s) =0, (1.27)

where, for fixed i, j, I Z ng is evaluated along v (s), and g denotes the
Fisher metric. This is a chcatz system of ordinary differential equations (ODEs).
In particular, if o = 0, the autoparallel curves become geodesics with respect to the

Fisher metric g.

Proposition 1.2.12. [/] Let a # 3. If a curve v(s) is both V™ and V¥-

autoparallel, then

for any vector field X along the curve 7 (s).

Proof. By equation (1.26), we have VE/(S

(s) = 0 and V() 4(s) = 0. Then, by

equation (1.21), we have

K@D (3(s),4 () = V')

3(s)7

i (s) = VL (s) = 0.

Hence, by Proposition 1.2.9, we obtain 7' (¥ (s), 7 (s), X ) = 0 for any vector field X

along the curve v (s). O
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1.2.6 Jeffreys Prior

Definition 1.2.9. Let S = {p¢;& € E} be a statistical model, and G (§) = det g (€)

denote the determinant of the Fisher information matrixz. Assume the volume

Vol (S) :f VG ()de < . (1.28)

Then, Jeffreys prior is a probability distribution on E, defined by

G (§). (1.29)
Proposition 1.2.13. Jeffreys prior is invariant under reparametrizations of the pa-
rameters space IE.

Proof. Let &€ = (€Y,...,€") and n = (n',...,n™) be two sets of parameters of a
statistical model §. Suppose we have the invertible relationship £ = £ ().
By Theorem 1.2.2; the Fisher metric is covariant under reparametrizations of the

parameters space, i.e.

gy =JEn) gEMm)JEmn).
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So, we have

G (n) =det g (n) =det (J (&) g(£(n) J (§.n))
= det J (&,m)" det g (€ (n)) det J (€, )

= G (€ (n)) [det J (&, )",

Vol (8) = [ /G (man
— [ VGEm)|det J (¢.m)|dn
= [ VE©u

=Vol(S).

Hence, we have

VEEW det I €m)]

Vol (S)
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1.3 The Geometry of Entropy on Statistical Mod-

els

1.3.1 Entropy

Definition 1.3.1. The entropy is a function H : E — R, which is defined by

— Jyp (@, &) np (2, &) dx, if X is continuous;

H () (1.30)

— _Zp (x’ 5) Inp (]J, 5) ’ if X is discrete.

rzeX

Thus, the entropy is equal to the megative of the expectation of the log-likelihood

function, H (§) = —Ep, [l (§)].

Proposition 1.3.1. [4] The entropy is a concave function, i.e. for any densities

PiyesDPpoon X and N; € [0,1] with Y1, A = 1, we have

H (Zn: )\ipi> > zn:)\iH (pi) - (1.31)

Proof. We know that f (u) = —ulnu is concave for u € RT. So, we have

f (Z >\ipz'> > Z Aif (pi) -

Integrating (summing in the discrete case) over X leads to

H <Z )\ipi> > Z)\iH (pi) -
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Definition 1.3.2. Let S = {p¢ (v):x € X, € E} be a statistical model. A point

q € S is a critical point for the entropy H if
X (H)=0,VX €T,S. (1.32)

Proposition 1.3.2. [4] The probability distribution pe is a critical point of the en-

tropy H if and only if

/lnp(x,f)ﬁgip(x,ﬁ)dx—o, vie{l,.. ..n}. (1.33)
X

In the discrete case, the above equation is replaced by

> Inp (2,8 0ap (x.6) =0, Vi€ {1,....n} (1.34)

reX

Proof. Choose X = Ogi = 0;. Since {0;} form a basis of TS, by Definition 1.3.2, we

obtain that the point ¢ = pe € S is a critical point for A if and only if

O.H (€) =0, Vi€ {l,...,n},

29



1.e.

OH = —0), / p(2,6)Inp (z,€) du
X
- /X (Oup (2, €) np (2, €) di + Oyp (x,€)) da

- —/Xlnp(x,§) Oip (z,&) dx =0,

or, similarly in the discrete case,

0;H = Zlnp(x,g) Ogip (,&) = 0.

reX

Proposition 1.3.3. [// The Hessian of the entropy is given by
0;0;H (§) = —gi; (§) — hi; (€),
where g;; (§) is the Fisher-Riemann metric and

hij(§) = Ee [(9;€(§) 0:L (€) + 0:0;£(£)) £ (8)] -
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Proof. The first derivative of the entropy can be expressed as

O.H (€) = — /X up (2, €) Op (2,€) da
. /X p(2,€)Inp (z,€) & lnp (.€) da
— B [0(©)aL(€)].

Hence the Hessian of the entropy can be expressed as

9,0, (€) = —0), /X p(2,€) £ (€) il (€) da
— - /X (0 (2.€) O, (€) 0L (€) + Dy (.€) £(€) Wl (€) + p (2, €) € () D0, (€)) dx
— - /X (0 (2,€) D5 (€) Bl (€) + p (2. €) DL (€) L (€) DL (€) + p (1, €) € (€) 0;05L (€)) dix

= —E¢ [0 () 0;L ()] — B¢ [(0;€ () 0i (§) + 0;0; (£)) £ (S)]
= —gij (§) — hi; ().

1.3.2 Kullback-Leibler Relative Entropy

Definition 1.3.3. The Kullback-Leibler relative entropy is a non-commutative mea-

sure of the difference between two probability densities p and q on the same statistical
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hypersurface, and it is defined by

Jyp(z)n Mdas, if X is continuous;
D 0ll) = £ 2] - @ "
I > e P (2 In b Exzs , if X isdiscrete.
q(x

The Kullback-Leibler relative entropy can also be expressed as the expectation

of the difference of two log-likelihood functions

Dxr (pllg) = Ey [6,)] — Ey [€y] -

Proposition 1.3.4. [}/ Let S be a statistical manifold.
(i) The relative entropy Dk, (pllq) > 0 for any p,q € S with Dk, (p|lq) = 0 if
and only if p = q.
(17) The relative entropy is symmetric, i.e. Dgr (p|lq) = Dxkr (¢||p) if and only
if
/X (p(x)+q(z)) lnwdx =0.

(1ii) The relative entropy satisfies the triangle inequality, i.e. Dy, (p|lq¢)+Dxr (q||r) >
Dy (pllr) if and only if
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Proof. (i) Since Inz < —1 4+ z for > 0 with equality if and only if z = 1, we have

with equality if and only if p = q.

(77) and (i7i) are obtained by direct computations.

0

Note that in the previous proposition the notations are only given for the con-

tinuous cases.

This proposition shows that the Kullback-Leibler relative entropy

does not satisfy all the axioms of a metric on the manifold §. The non-symmetry

can be removed by defining the symmetric Kullback-Leibler quasimetric D (p,q),

D (p,q) = Dk, (pllq) + Dk (q||p). However, in general, the problem of the triangle

inequality cannot be fixed.

Definition 1.3.4. The cross entropy of p with respect to q is defined as

S(p,q) = —Ep[Ing] =

By direct computations, we have the following result.

— Jxp (@) Ing (z)de,

=2 pex P (2)Ing (z),

if X iscontinuous;

if X isdiscrete.

Proposition 1.3.5. [}/ The relative entropy Dy, (p|lq), the entropy H (p) and the
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cross entropy S (p,q) are related by

S (p,q) = Dk (pllg) + H (p) . (1.35)

The following proposition gives the minimum of cross entropy, i.e. min S (p, q) = H (p).
q

Proposition 1.3.6. [4] The entropy H (p) and the cross entropy S (p,q) satisfy the
inequality

S(p,q) > H (p) (1.36)
with equality if and only if p = q.
Proof. This is the result of (i) in Proposition 1.3.4 and Proposition 1.3.5. O

Proposition 1.3.7. [4] The diagonal part of the first variation of the Kullback-

Leibler relative entropy s zero,

Oei Dicr, (Pgo[pe) le=¢o = Oi D (Dol |pe) le=¢0 = 0- (1.37)
Proof.
pe, (T
9 D1, (peol Ipe) le=¢o = 0; / pg, () In LUdI\S:so

X pe ()

= [ o @0 (0) ol

—~ [ @2t (G do
X

= —E¢, [0, (§)] = 0,
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by Theorem 1.1.2. O

Proposition 1.3.8. [// The diagonal part of the Hessian of the Kullback-Leibler

relative entropy is the Fisher metric,

0;0; Drc1, (pey | |pe) le=eo = 915 (€0) - (1.38)

Proof. We have

pe, (T
0i0; Drcr, (peolpe) =g = &0]-/ Pe, () In 6 ( )d93|§=§o
X D¢ (517)

= —/Pso (7) 0;0; Inpe () dv|e—g,
X

_— / P () B0t (60) de
X

= —FE¢, [0:0;0. (&)] = 945 (&0)

by Theorem 1.2.1. O

Corollary 1.3.1. [4] The density pe, is a minimum point for the functional pe —

D1, (peo|pe)-

Proof. By Proposition 1.2.2, the Fisher information matrix g is positive definite, and

by Proposition 1.3.8, the point p¢, is a minimum. O

Definition 1.3.5. Suppose p and q are two points on a statistical manifold S. The
Fisher distance, d (p, q), represents the information distance between densities p and
q. It is defined as the length of the shortest curve on S between p and q, i.e. the

length of the geodesic curve joining p and q.
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Proposition 1.3.9. [}/ The Kullback-Leibler relative entropy and the Fisher distance

are related as

Dxr, (pllg) = %CP (p.q) + o (d* (p,q)) - (1.39)

Proof. Consider a geodesic v (s) on the statistical model S joining densities p and g,
satisfying v (s) = ¢ (£ (s)) = pes) with v (0) = pe, = p and 7 (t) = pe = ¢. Since the
arc length along the geodesic is the Riemannian distance, we have d (p, q) = t.

Consider the function ¢ (s) = f(£(s)), with f(§) = Dkyr (pe,||pe). Write the

second order expansion of ¢ about t = 0,

t2

P (8) = @ (0) + 16 (0) + 59" (0) +0 () .

By Propositions 1.3.7 and 1.3.8, we have

0 (0) = f(£(0)) = Dz (pe lIpey) = 0,

Z aé'z 0’

and

Zaw (&) € (0)¢ (0 +Za£2 (£)€(0)

=3 0 @) 0)10).
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Hence, we have

Dict (pla) = £ (€(1)) = 2 ) = 5 3 g3 (€0) € (0)€ (0) + 0 (1)

= 59(5(0),5 () + 0 (#)

where ¢ (% (0),4(0)) = 1 since geodesics parametrized by the arc length are unit

speed curves. O

Corollary 1.3.2. [4] Let the Kullback-Leibler quasimetric D (p,q) be defined as

D (p,q) = Dikr (pllg) + Dkr (q|lp). Then

D (p,q) =d*(p,q) + o (d*(p.q)) - (1.40)

Proposition 1.3.10. [}/ The diagonal part of the third mized derivatives of the

Kullback-Leibler relative entropy is the negative of the Christoffel symbol, i.e.

— 0010y Dicr, (Peope) le=eo = 1), (€0) - (1.41)
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Proof. We have

A
0;0;Drcr, (peollpe) = @'aj/ P, (1) In Pay )dif
X Pe (93)

= —/ Pe, () 0;0; Inpe (x) dx.
x

Differentiating in &} yields

— 0 0¢i0gs Dic1, (Peo pe) = Oy / P, () 9;0; In pe () da
X

— [ 0 e, ()00, lpe &) ey (o)
X

Considering the diagonal part, we have

—0er0ci 01 Dic 1, (Deo | [Pe) le=¢o = B [0:0;¢ (€) Ol (€)]

1.3.3 Informational Energy

Definition 1.3.6. Let S = {pe = p (z;&) | £ = (&, ..., &™) € E} be a statistical model.

The information energy on S is a function I : E — R defined by

[P (z,&)dx,  if X is continuous;
I€)=4" : (1.42)

Zze)( p? (x,€), if X isdiscrete.
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Proposition 1.3.11. [4/ The informational energy of a system with n elementary

outcomes is bounded above by 1 and below by 1/n, i.e.,
1/n<T<1.

The minimum of the informational enerqgy is realized for the uniform distribution.

Proof. The information energy is bounded above by 1 since

n 2 n n n
1= (Zm) ="+ ppi =Y pi=1
=1 =1 =1

i

Let the distribution ¢ = {¢;} with ¢; = p; + s;, @ = 1,...,n, be the perturbed

distribution of p = {p;}. We have s, = — S.7""s; since 3.7 | s; = 0. Therefore,

n—1
I(g)=) ¢ +q
=1

n—1
= Z (i + 5:)* + (o + 5n)°
i=1
n—1 n—1 2
= Z(pi+$i)2+ <pn _Zsi) :
i=1 i=1

We obtain that the uniform distribution is a critical point since

ol n—1 ‘
0= a—si‘m:..:sn_l:o = (2 (pl + Si) —2 <pn - kz_; Skz)] |31:...:sn_1:0, Vi = 17 B 17
<l:>pl_pn: ,VZ:L ’n—l
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The (n — 1) x (n — 1) dimensional Hessian, (H;;) = <%‘s1=...=sn71:0>, is

4 2 2
2 4 . 2
H, =
2 2 4
since
0%1
H’L = 5 5 S1=...=Sp_1= — 251 2.
asi68j| T 0 J +

The Hessian is non-degenerate since we have

4 2 2 2 1 1
2 4 ... 2 1 2 1
det H,, = det = 2" et
2 2 4 11 2
n n n 1 1 1
1 2 ... 1 1 2 1
=2""1 det =n2" 1 det
1 1 2 11 2
11 1
01 ... 0
=n2" 1 det =n2""1 Vn > 2.
0 0 . 1
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Furthermore, since all of the leading principal minors of H, are positive, H, is
positive-definite.

It follows that the uniform distribution realizes the minimum for the informational

energy with min I =1 (p) = >0, (1)2 =1 -

Proposition 1.3.12. [}/ The informational energy functional, defined on continuous

distributions on [a, b, satisfies the inequality

1
b—a

<I(p).
The minimum of the informational energy functional is realized by the uniform dis-
tribution p (z) =1/ (b — a).

Proof. Since, by Cauchy-Schwarz inequality,

1/2

[ @i < (/p <x>dx)1/2 ([¢wa)

we have, by letting ¢ (z) = 1,

:/abp(x)dxg (/:p2(x)dx)l/2(b—a)1/2<:>1=/:p2(x)dx> !

“b—a

The equality is reached when p(z) and ¢(x) = 1 are proportional, i.e., p(x) is

constant. Thus, p(z) =1/(b—a). O
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Chapter 2

The Informational Geometry of

Exponential Family

2.1 Exponential family

Definition 2.1.1. The exponential family is a set of probability distributions whose
probability density function (or probability mass function, for the case of a discrete

distribution) can be expressed in the form
p(z; &) = C@FEFD) =) (2.1)

where C (z), Fy (z),...,F,(x) are real-valued smooth functions on X C RF such
that {1} U{F; (z)} are linearly independent, and 1 (§) is the normalization function

such that pr (x,€)dx = 1. The parameter space E is chosen to be a non-empty set
of & with ¢ (§) < oo.
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The exponential model § = {p (z;€)}, with p (z; ) given by equation (2.1), is also
called an exponential family and &7 are its natural parameters. The parameter space
[E is an open subset of R" and its dimension is called the order of the exponential
family.

The set S is a statistical model according to the following facts. First, consider
the mapping ¢ : E — S. Assume ¢(§) = ¢(6). Then Inp(z;&) = Inp(z;0), and
(& =0 F; (z) — (¥ (§) — ¢ (A)) = 0. By the linear independence of {1} U {F; ()},
we have £ = ' for all 4 and hence the infectivity of +. Second, by differentiating the

logarithm of equation (2.1), we have

0t (€) = 0; (C () + £'F; () =¥ (€)) = Fj () — 950 (€). (2.2)

Because {F; (x)} are linearly independent, so are {0;¢, (§)}. This implies that ¢ is

also regular.

2.1.1 Examples of Exponential family

Here are some common examples of exponential family which are described in terms
of functions C (z),{F;(x)} and ¥ (). Note that reparametrizations of the usual

parameters space are often necessary to obtain the form of (2.1).

e Bernoulli Distribution
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The sample space is X = {0, 1} and the parameter space is E = [0, 1]. The Bernoulli

distribution is given by

p(z:0)=0(1—-60)"" zeX §ck. (2.3)

This forms a one-dimensional statistical model. Since

Inp(z;0) =zln +1In(1-6),

1—-6

we choose

£=1In ,C(2)=0, Fi(z) =z, v =—-In(1-0)=In(1+¢). (24)

1-46
e Binomial Distribution

The sample space is X = {0, 1,...,n}, where n is the number of trials and is fixed,

and the parameter space is E = [0, 1]. The binomial distribution is given by
n n—x
p(z;0) = *(1—-6)"" ze X, 0ck. (2.5)

Since

n
Inp(z;0) =1In +xln
x

— +nin(1-6), (2.6)
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we choose

lenlfe,C(x):ln ! ,
Fi(z) =z, ¢ () =-nln(l—0)=nln(1+¢€) (2.7)

e Multinomial Distribution

The sample space is X = {0, 1,...,n}, where n is the number of trials and is supposed

to be fixed, and the parameter space is
E={(0"....0""):0' > 0fori=1,.. kY00 =1}

The multinomial distribution is given by

p (x;0) = In( ! ) (01 (6%)™ = In( k”! T 09" (2.8)
ry ... Tk szl i=1

where z; € X, (0*,...,0"") € E and S =n.

This is a (k-1)-dimensional statistical model. Since

k k
Inp(x;0) =Inn! —In in! + le In 67, (2.9)
i=1 i=1
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we may choose

6’ 6’
&= ln—zlanor]’E{l,...,k‘—l},

ek
1— Zei
=1

k
C(x)zlnn!—anxi!, F;(z) =xjforje{1,...,k—1},

i=1

k—1 gi
¢(§):—nln9k:—nln<1 1%12—}‘358)_”11“ —|—Z€§Z (2.10)

Note that a multinomial distribution reduces to a categorial distribution if there
is only 1 trial. In that case, let the sample space be X' = {xl, 2. ,xk}, a set of n

individually identified items, and the parameter space
E = {(92...,9“) 0> 0fori=1,....k S5 0 = 1},
the probability mass function of a categorial distribution is given by
k i
— Hei[w:“, (2.11)
i=1

where [z = 2] evaluates to 1 if 2 = 2, 0 otherwise.

This is a (k-1)-dimensional statistical model. Since

Inp (z;0) = Z_: [ =2']In6" + [z = 2"]In <1 — X_:@Z> : (2.12)

i=1 i=1
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if we choose the same parametrization as in (2.10), we have

C(x)=0, Fj(v) = [z =] forj € {1,...,k— 1},

Y () =1+ e, (2.13)
where we used the fact 25, [z =2"] =1

e Geometric Distribution

The sample space is X = {0,1,2,...} and the parameter space is E = [0,1]. The

geometric distribution is given by
p(x:0)=0(1—-0)"", zeXx, 0k, (2.14)

This is a one-dimensional statistical model. Since

Inp(z;0) =In +zln(l1-0),

1-46

we choose

E=In(1-0),C(z)=0, Fi(x)==z, ¢ () =1In =In (2.15)

where £ € (—00,0).
e Poisson Distribution

The sample space is X = {0,1,2,...} and the parameter space is E = (0,00). The
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Poisson distribution is given by
p(z; ) =e "—. (2.16)
This forms a one-dimensional statistical model. Since
Inp(z;0) = =A+zln A —Inzl,

we choose

=)\ C(x)=—Ina!, Fi(z) =2, ¥ (&) =)= €. (2.17)
e Joint Poisson Distribution

Consider m independent Poisson distributions with parameters \;; 2 = 1,..., m. The
joint probability mass function is given by

p:) = [T (@) = [T
bl )\Z 1 IZ' bl

i=1 i=1

where A = (\1,...,A\p) €EE=(RN" and z = (z1,...,2,,) € X = (NU{0O}™.

This forms an m-dimensional statistical model. Since

Inp(x; ) Z Ai +x;In )\ —Inax!),
1=1

we choose

&=1In\, C(x Zlnxz,i J=, () =) A=) €. (2.18)



e Normal Distribution

Let X =R and E =R x (0, 00). The normal distribution is defined by the formula

1 _(e—w)?

T, 0) = e 22 rxeX, (u,o) €k 2.19
p(z;p,0) o7 (1, 0) (2.19)
Since
(z — p)*
Inp(z;pu,0)=—Ino —Inv2r — BET R (2.20)
o
we choose
1 H oo 1
5 _0_275 - 20_27

C(x)=0, F\(z) =x, Fy(z) =22,

¥ (&) = % +1In <U\/%> = _ig)Q + %ln (;—;T) : (2.21)

where (£%,£?) € R x (—00,0).
e Multivariate Normal Distribution

The multivariate normal distribution with a mean vector p and a covariance matrix

A is defined by

1
€
(27)%/2 (det A)M?

p(zp, A7) = —gle-p AT @) = RE (2.22)

with the parameter space

E = {(,u, A_l) .1 € R* positive definite A™! € ]R’”k} )
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: : : E(k+1) . .
Since A~! is symmetric, there are k + % independent entries in each element

of E.

The log-likelihood function for this statistical model is

lo (1, A1) = Inp (2, A7)

= —% (x—p) A7 (& —p) + % In (det A™") — gln (2m) . (2.23)

A multivariate normal distribution is an exponential family, which can be verified

by choosing

g=Ap &= —%A‘l, (2.24)
with
L oy—1 41 L oy-1
M:—Q(f) 57A2_5<§) )
and
k t
C(z) = —iln(27r), F () =z, Fy(x) =z,
V(e =~ (€)' ()€~ S mdet(-262). (225)

e Lognormal Distribution
Let X = R* and E = R x R, The lognormal distribution is defined by the formula

1 _(nz—p?

p(z;p,0) = Nor T 2 xeX, (po0) €k (2.26)
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Since

1 N2
np (w;1,0) = —Inz —In (0v2r) (= g7

202
1
=—Ilnz—In <Uv2ﬂ)+%lnx—?(lnx)2—% (2.27)
we choose
R N
6 - 0_27 6 20_27

C(z)=—Inz, Fi(z)=1Inz, F(z)=(Inz)*,

b (&) = 2“722 +1In (m/%) — _g)z + %m (;—f) , (2.28)

where (£%,€%) € R x (—00,0).
e Exponential Distribution

Let X = [0, 00) and consider the one-dimensional parameter space E = (0, 00), which
is an open interval in R. The exponential distribution with parameter £ is given by

the formula

p(x;6) = e (2.29)

This is corresponding to the case, in (2.1), choosing n = 1 and

C(e)=0, Fy(x) = —z, €' =€, ¢(€) = —In¢. (2.30)

e Gamma Distribution
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The sample space is X = [0,00) and the parameter space is E = (0, 00) x (0, 00).

The Gamma distribution is given by

plx;a,p) = Bar;m)xa_le_w/ﬁ, reX, (o,f) €E, (2.31)

where I' (o) is defined by the Gamma function

I'(a)= Jzota_le_tdt, a> 0.

Since
Inp(z;\) = =In (T (o)) —Inz + alnx — %,
we choose
f=a &= _717 C(x)=—Inz, Fi (z) =Inz, F(z) =z,
C1\¢
Y (&) =In(B°T (o)) = 1In <<§—21) r (51)) : (2.32)

Since the Chi-squared distribution is a special case of Gamma distribution,

i.e. X2 (k) =T (k/2,2), so it is among the exponential family.
e Beta Distribution
The sample space is X = [0, 1] and the parameters (a,b) € E = (0, 00) x (0,00) . The

Beta distribution is given by

2 (1 —a2)h (2.33)

p(z;a,b) =



where B (a,b) is defined by the Beta function
1
B(a,b) = jota—l (1—6)""dt, a,b> 0.

Note that

Since
Inp(z;\) = —In(B(a,b)) —In(z(1—2z))+alnz+bln (1 —z),
we choose

=a &=0b,Cx)=-Inxl-2), F() =h, F()=In(-2),

Y (&) =In(B(a,b)). (2.34)

2.1.2 Properties of Exponential Family

The following results show that, for distributions in exponential family, the expecta-
tions of F; with respect to pe are the corresponding derivatives of ¢ (£) with respect

to &7; furthermore, their covariance matrix is exactly the Fisher information matrix.

Proposition 2.1.1. Suppose the sample space X of an exponential family is bounded

and E¢ [F;] < oo for all F; (x). Then

Ee[Fjl =014 (§), 1<j<n, (2.35)
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9i (§) = B¢ [0ilz (§) 9,4 (§)] = Cov (F}, F}), (2.36)

In particular,

Var (F}) = E¢ [020, (€)] . (2.37)

Proof. Differentiating [, p (z,£) dr = 1 and using the notation 9; = %, we have

/@p(x,f)dm—o &
x

/p(x,f)ajﬁ(x,ﬁ)dx:() &
X

by (2.2),
[ p@ 15 @ -0 @) =0 =
/Xp<x,5>ﬂ-<x>—ajws)/xp(x,f)dm

Ee[F;] = 0,4 (£) -

By equations (2.2) and (2.35), we have 0,(, (§) = Fj (x) — E¢ [F}], which leads to

9i5 (§) = E¢ [0tz (€) 9,4, (§)] = Ee [(Fi (v) — Eg [F]) (Fj (x) — B¢ [F])]

= Cov (E, F]) .

O

This is another way to verify that the Fisher information matrix on statistical
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models in exponential family is symmetric and positive definite.
There are several other important properties of exponential family as described

in the following results.

Proposition 2.1.2.
0;0;0, (§) = —0;0; (£) - (2.38)

Proof. This is the immediate result of differentiating (2.2) with respect to &. O

Theorem 2.1.1. The Fisher information matrixz for an exponential family is given
by
9ij = 0:0;0 (§) , (2.39)

where ¥ (§) is the normalization function.

Proof. By equations (1.8) and (2.38), we obtain

9ij = _ES [aiajfx (5)] = —Es [_aiaﬂb (f)] = aiaﬂb (5)

O

Proposition 2.1.3. In an exponential family model, the normalization function ¢ (&)

1S conveg.
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Proof. By differentiating equation (2.35) with respect to £¥, we have

OuDjth (€) = Oy [T, () do
- fxaﬁ7<ecﬁﬂ+f”%@0—w@>fy(zg) da
= [y OO (2) (Fi (2) = 040 (€)) du
= B [Fy (v) Fe (1)) = E[F; (2)] 0k (€)
= B [Fy (x) Fe (2)] = E [F; ()] E [y ()]
= Cov[F; (2)., Fi ()]
Var (F}), ifj =k;

0, if j £ k.

This implies that the Hessian matrix of second partial derivatives of ¢ (§) is

positive definite. O

Proposition 2.1.4. The Christoffel symbols of first kind for an exponential family

can be expressed as

1
Dy = 500,000 (€). (2.40)
where ¥ (§) is the normalization function.

Proof. By equations (2.2), (2.38) and (2.35), we have

Ee [(0:0;0) Opl] = E¢ [(=0:0;0) (B, (z) — Op)]
= 0,0;0 (—E¢ [Fy, (z)] + 0¢) = 0. (2.41)
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Similarly, we have

Substituting into equation (7) in Proposition 1.2.4, we obtain

(e [(0,0;0) 040] — B¢ (90,0 01€) — B [(9:0,6) ;1] — Ee [0:0,0,0)

Lijn =

N | —

— LBl (0,0:0)] = L E[0,(0,000)] = 100,00 (6).

0

Proposition 2.1.5. The Christoffel symbols of first kind for an exponential family

s covariant under reparametrization.
Proof. By equation (iz) in Proposition (1.2.4) and equation (2.41), we have

1 1
i (§) = §E£ [0i£0; L0kl = §Tij,k (&),

From Proposition 1.2.10 we know that the skewness tensor is covariant under

reparametrization, and so is each Christoffel symbol. O

2.2 The Fisher Metric

In this section, we will work on some common exponential families to derive their
Fisher information matrices. Both the method using the definition of Fisher infor-
mation matrix, equation (1.5), and that based on equation (2.39) will be applied

and, when it is necessary, be compared.
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e Binomial Distribution

Under the parametrization £ = 6, the log-likelihood function for a binomial distri-

bution model is
n
Inp(z;&) =In +arzlné+(n—a)n(l—=¢). (2.42)

Hence, the Fisher information is given by

911 () = —E¢ [0, (€)] = —E¢ { 5 - ﬂ}

-
Eelxe] n—Ecz] n& n—né n
- =4 = . 2.43
¢ 1-¢* & (1-¢* £1-9 (249)
Under the parametrization,
0 n
n=1In — C(x)y=In( ), Fi(z)=z,¢(n)=-nln(l—0)=nln(l+¢e"),
x
it is easy to obtain the Fisher information,
_ 2 B ne’ | ne'
o (1) = 30 n) = 0y | | = 244

By Theorem 2.1.1, we can verify that Fisher matrix is covariant under reparametriza-
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tions of the parameter space,

)  ne’ 1 i
g1 (€) = gu (n) JuJu = (14 em)? (9 (1- ‘9))

= nf (1—0) (ﬁ)Q - 5(1n—§>’

_ 9, _ 0 0 —_1 _
where Jy; = 2 = a0 hlm — 09(1-0)"

e Multinomial Distribution

By equation (2.9), we have

k k
l,(0) =Inp(z;0) =Inn! —In in! + le In ¢,
i=1 i=1

k k—1 k—1
A9 Ly (0) = DL, (0) = & [lnn! —In ) x4+ ) a6+ aln <1 - Zm)]

i=1 i=1 i=1
Z; Ty
—H T
1=>0
i=1
ZEi(Sij Ty
00 (0) =~ = T T
[-2)
i=1

59



Hence, the Fisher information under natural parametrization is given by

0 (0) = ~EplDidn b 0] = By | T35 +
L =1 .
~ "o, nok
=N
=1
Ors 1
=N ?—FT ,7’,86{1,...,]{?—1}. (245)

1— Zei
=1

A multinomial distribution reduces to a categorial distribution when there is only
1 trial, i.e. n = 1. For a categorial distribution with the probability mass function

given by equation (2.11), we can similarly obtain the Fisher information matrix as

Srs 1
G (0) =704 rse{l.. k—1},rse{l....k—1}.  (246)

97”
1-> 0
i=1

Under the reparametrization,

, 07 07
§J:ln—:lanorj6{1,...,k—1},

1—292‘

i=1
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k—1

the Jacobian matrix J (£, ) is given by ‘;’“ﬁ + kl_l
>
=1 r,s=1

By equation (2.10) for a multinomial distribution, we have

k-1 .
O (§) = no, ln(1+;eﬁi) %.

So, the Fisher information matrix is given by

ef”
Grs (5) = asar¢(§) = a (1 —|—Zk 1 51)
el et°
= ne e + ndrsct ,Vrose{l,... k—1}.

N —1
(1+xites) 1EEme
Similarly, for a categorial distribution, the Fisher information matrix is given by

_657‘ 658 6/]"866”‘

(1+Z ) IS

Grs (§) = CVrose{l,... k—1}. (2.47)

By Theorem 2.1.1, we confirm the same result for the parameters space E =
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{0;,i € {1,... k —1}},

Grs (0 Z pq (&) le=e©) Jpr Jas

p,q=1

k—1
—ef" e n5pq65p Opr 1 Ogs 1
:nz k-1 i2+1—|—2 £ (9_1”—’_8’“)(%4_8"3)
=1 <1 + 2 € )

k—1
Sor 1Y\ (845 1
=n Zl — 007 + 5,,07) (ep +ﬁ) (Q‘fq + ek)
p,q=

g Pe 9 6. 1
1

p:
5y 1
(% * ek)

Zk 10p0q eq
—TLZ —eq—%‘i‘éqr%—e_

o, 1
n(@’“ ﬁ),r,se{l,...,k—l}.

A third way to compute the Fisher information matrix is using the proposition
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1.2.1

Grs (0) = 4 _0:\/po ()07 o (v)

— 4nzk:6r \/pg ()0s \/pa ()

k—1
i (S ovFoNT + ar\/e_kas¢ﬁ>
j=1

k—1
b5 O ~1 ~1
in ;2\/@ 2\/@ + k—1 k—1
2 1—293'2 1—29]‘
j=1 J=1
0 % TR (2.48)
1-> ¢
j=1

where we used the fact that, for each trial among n trials, we have py (z;) = ¢ for
j=1,...,k. When n = 1, the result is the Fisher information matrix of a categorial

distribution.
e Poisson Distribution

By equation (2.17), we have

T
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For the natural parameter A, the Fisher metric is given by

x]:EA[x] 1

g =911 (\) = —Ex [0\l (§)] = —E) [_ﬁ 2 =) (2.49)

For parameters n = In\, by equations (2.17) and (2.39), the Fisher metric is
given by

g=gun) =0 () =0 (") =¢" (2.50)

By Theorem 2.1.1, we can verify that Fisher matrix is covariant under reparametriza-

tions of the parameter space,

1 2 1 2 1
— q — el = — _ —
g11 ()\) g11 (77) Jiidu € ()\) A (A) N

where J;; = %n = %ln)\ = ;.
e Joint Poisson Distribution

By applying equation (2.35) to the joint distribution of m independent Poisson dis-

tributions (see equation (2.18)), we have
By lay) = By [F] = 0 (n) = ¥, ¥j € {1,....,m}. (2.51)

According to equation (2.18), we have

Lj

Aj

L

: =1

Then, using the natural parameters, the Fisher information for the joint distribution
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of m independent Poisson distributions is obtained as

g (\) = —Bx [040,62 (V)] = — B [—%@-k]

By ;] 1 1
- o= — 8N = —0; 2.52
22 Ojk )\?djk)\] )\j5yka (2.52)

J

where we used the fact expressed in equation (2.51).

By equation (2.18), we have

95 (n) = €, 0j3b (n) = € jp..

For parameters nn = {Iln \;}." |, by equations (2.18) and (2.39), the Fisher metric
is given by

Gk (n) = OO () = €™ 1. (2.53)

Since the Jacobian of (n, A) is

L 0
1
J(m,\) = A :
0 1

we can verify the covariant relation between the Fisher information under reparametriza-
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tions of the parameters space,

11
Gk (A Zglm ) Jij Ik = gjk)\_j)\_k
11 1
_ g — s
L VO VR Vel

e Normal Distribution

By Equation (2.20), we have

TRCEE (—3) S S P VN P Ll [

o 2 o3 o o o

T

- 1
augcc (6) = 7'“7 aigx (6) - _§> aaaugx (6) - auaagcc (6) = T 5 - (254)

For parameters (&1, £2) = (i, o), the Fisher-Riemann metric components are given
by
) 1] 1
g1 (§) = —E¢ [0, ()] = — B¢ |~ | = =

912 (§) = g21 (§) = — B¢ [0,0L, (€)] = —Ex {_2 (xa; u)} _ 2 (Effg] —1_y
922 (5) = _E5 [aggw (5)] = _E§ % - k (x(; ,U) ] —% + %Eg [(m — M)Q]
—_%"‘ 3V&f[$—ﬂ] ——%—F%Var[x] —%. (2.55)

For parameters (n',n?) = (4, —5%), by equations (2.21) and (2.39), the Fisher-
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Riemann metric components are given by

~ — 12 1 — 1
gu (n) = {2 (n) = O ( iZQ) 5 <n_§)> = 5

G12(n) = g1 (n) = 02019 () = Oy (_771) o

20° ) 2(P)”
. o -y L= Y 1
G2 (1) = 30 (n) = 0 ( w3 (n2 )) =20 - o (2.56)

By Theorem 2.1.1, we can verify that Fisher matrix is covariant under reparametriza-

tions of the parameter space,

g11 (&) = gu () JinJir + 12 () JirJar + Go1 () JarJi1 + Goo (0) Ja1Jo

. 111 111

g12 (f) =gn (77) Jiidiz2 + g1z (77) Ji1d2 + g2 (77) Jo1J12 + G22 (77) Ja1J22

1 2 11
= 0'2— <——M) + 2,&0'2—2—3 +0+0=0,
o° 0

921 (f) =gn (77) Ji2Ji1 + gi2 (77) Ji2J21 + ga1 (77) JaoJi1 + g22 (77) Jao o1

= g12(§) =0,
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g22 (§) = g11 (n) JiaJ12 + G12 () JiaJaa + Go1 () JazJr2 + Goa () JagJao
21\ ° 20\ 1 1\* 2
:0'2 (—E) "‘2/1/0'2 (—E) g2+20'2 (2M2+U2) (;) :;,

where the Jacobian is

L
Jm& =17 °
0o &

e Multivariate Normal Distribution

With the notation

H= (:ulu"'nuk)u A= (Az'j), A_l = (Aij),

2
__a ZA” (x —p x—,u)]]
-2 X 47 @, ) (2 =)y + DA (@ = ), By, (= p),)
1 [ = i
3|2 ]

= %Z (A7 + A7) (5 — 1)
= A (x; —py), ¥re{1,... k}. (2.57)
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By Jacobi’s formula [5] for the differential of a determinant,

%det M (t) = det M (¢) tr(M (¢)~" %M (), (2.58)
we have
9 -1 _ —1 9

=det A" 'tr (AB),

where B = (B,,;), and B;; = 1, B, = 0 for p # i or ¢ # s. Denote C = AB,

: A—l _ —1
A det det A= tr (C)
where C), = Zle A, By, for p,q € {1,...,k}. We have Cps = A,;, and Cy, = 0 for
g#sandte{l,... k}.

Since on the diagonal of C' the only possible nonzero entry is Cy, = Ay = Ajg,

we obtain

0 A;
——det A7 =det AT A, = :
aAzs € € det Av (2 59)
where we applied (det A) (det A™1) = 1.
Hence, we have
In(det A) = — In (det A™") = 9 det A1 = —A
§AB §AB det A1 §AaB o
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and, by equation (?7),

k
L1 1
Dpasly (Ma A 1) = iAa,B - iaAaﬁ Z A7 (z = p); (x — U)]]
ij=1

1 1

S _ = B (r_ _
2Aa5 28Aa/3 [A (x—p), (z ,u)ﬁ]
1 1

— s (o o) — ) (2:60)

We choose the components of x4 and the entries of the upper triangle part of A=1

as parameters, denoted by

€= (61"“7€k+@>

= (p1s ooy, A AR A% AR AR AP Akk)
For 1 < r s <k, by equation (2.57), we have

Grs (5) - _Ef [8387«£ (5)]

s (Z A () — Mj))]

j=1

— —E;

= B [-AT] = A (2.61)

Forl <r<kandk+1<s<k+ k(k;l), by equations (2.57) and (2.60), we

70



have

Grs (6) = Gsr (6) = _Ef [asarg (S)]

O, (Z A (x5 — Mj))]

Jj=1

— —E;

= B [1; — ;] =0, (2.62)

where j is an index such that Ari = &.

Fork+1<r<s<k+ k(k;l), let A% = ¢ A = ¢5. By equation (2.60), we

have

grs (§) = —E¢[0:0,L (§)] = —E¢ [04ca000L (€)]

= B [ous (30 = o = o= ) )]

1 1
= —§E§ [0gcaAap] = —565/1@;, (€). (2.63)

k(k+1)

Thus, we obtain the £ + ==—-dimensional Fisher information matrix of a mul-

tivariate normal distribution:

Al 0, ket
9= e P , (2.64)

0 k(k2+1) <k Bk(k2+1) % k(k2+1)
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where

Oy1An (&) .. Oy btesn Any ()

Op1A (&) - O ke Avg (§)

2

D142 (&) .. aﬁwflm(@

Bk(kJrl)Xk(kJrl) = ——
2 2

0k+1Akk (6) e 8k+ k(k2+1) Akkz (f)

We can also use the vector/matrix parameters n = (u, A™!) directly. Then, we

have
Ouly (1, A1) =09, {—% (x—p) A (z—p)+ =In (det A™") — = In(27)
e
= A" (2 —p), (2.65)
Oa-1ly (1, A") = 0pa [—% (x—p) Az —p) + % In (det A™") — gln (2m)
_ —% (x— ) (z — ) + %A. (2.66)
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g12 (M,A_l) = 921 (MaA_l) = -k, [@Laﬁlgr (:“vA_l)]
__pg, {aﬂ (-% (x =)' (2 — 1) + %AH

=Ey[z —p] =0,

Hence, we obtain the Fisher information matrix for the vector/matrix parameters

n=(u, A7"):

A7t 0
g(p, A7) = : (2.67)
0 142

When k£ = 1, the above result reduces to the Fisher information matrix for a uni-

variate normal distribution:

For this case, we confirm the covariance of the Fisher information matrix (see equa-

tion (2.55)):
~ _ _ 1
g (p,0) = Zgrs (%U 2) Jrids1 = gn (%U 2) = 2
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§12 (:uv U) - §21 (:U’? U) - 07

2
§22 (,U,O') = ng ([L,O'_Q) JTQJSQ = @92 ([L,O'_Q) (—) ==

e Lognormal Distribution

By equation (2.27), the log-likelihood function of a lognormal distribution is

1
Inp(x;p,0) =—Inz —In (a\/27r> + ﬂlnx - (lnx)2 _ B .
o? 202 202

For parameters (£1,&6%) = (u,0),
2 1 1
Q/x (&) =20, {—F (Inz — p) (—1)} =—=,

R = 0 |~ (o= | = 2 = 2 o= ),
g g g

0,0,y (&) = 0y, {—% + % (Inx — ,u)z] =-— (Inz — p).

By equations (2.28), (2.35) and (2.37), we have

Fi [lne] = B [F ()] = 00 (6) = 0y [‘Afz) fim (;—”)] == n (269
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Var [Inz] = E¢ [(In x)Q] — (E¢ [Ina])”
= E¢[F ()] — (B¢ [Fy (2)])°
= 050 (€) — (0¥ (€))?
- 1, (== 2

€y’ 1 2

462> 28
+

o? — i =o’. (2.69)

12

The Fisher-Riemann metric of a lognormal distribution coincides with that of a

normal distribution model, as shown by

€)= B¢ 02 (6] = ~Ee | 5| =
12 (€)= 90 (6) = ~ ¢ 0,058, (&) = ¢ | -2t | - 2EL =0 o,

g2 (§) = — L [&3@ (f)] = —FE¢ =——+ —E [(lnx - M)z]

1 3(lnx—,u)2] 1 3

o2 o4 o? ot
1 3 1 3 2
== + ;Var Mz —pl = = + ;Var [lnx] = =t (2.70)

where we applied Equations (2.68) and (2.69).
From equations (2.21) and (2.28), we see that the normalization functions of
the normal and lognormal distributions are the same. By (2.39), the Fisher metric

components are given by equation (2.55), which agree well with the result in equation

1)



(2.70).
e Exponential Distribution

For the exponential distribution, starting from the log-likelihood function

Inp(2;)) = —€x + €,

we have
1
afgﬂﬁ (6) =T+ =
3
1
Then, the Fisher information is given by
1
9(&) = gu (&) = —E¢ [0¢: (§)] = & (2.71)

e Gamma Distribution

For the gamma distribution, starting from the log-likelihood function

Inp(z;\) = —alnf—InT (o) —Inz+ alnz — E,

B
we have
T
aﬁgx (5) = -2+ E’
where £ = (£',6%) = (, B),
1
DaOsly (&) = ~5



o 2x

Ouly (&) = —lnﬁ—%—l—lnx: —Inpg—1vY(a)+Inx,

where ¥ () = % is the digamma function of «,

2, (&) = =1 (@) = =ty (@),

where ¥y () =9 (a) is the trigamma function of a.

Then, the Fisher information is given by
911 (€) = — B¢ [024: (€)] = Ee [ ()] = 1 (a)

921 (&) = 912 (§) = —FE¢ [0,030, (§)] = —E {_1] _1!

Bl B
2 2F, 2

If we choose n = (nt,n?) = <a, —%), by equation (2.32), we have
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Hence, the Fisher information under this reparametrization is given by

1

o ) =216 =8 i (53)" T ) | = [ () 40 )

=0 |~ (=) 05 | = ().

22 (n) = 034 (n) = 05 [=n" In (—n*) + InT (n')]
1 1
n n
_a [__] _n (2.73)
LRl )2
With the Jacobian,
1 0
J (77, 6) = . )
0 &

we have

g11 (&) = gu1 () JinJir + G2 () Jiidar + o () JarJi1 + Goo () Ja1Jon

= g1 (n) JuJu =1 (n') = ¢ (@),

912 (§) = g1 () J1rJ12 + G12 () Ji1Jaa + Gor () JarJr2 + Goa () Ja1 Jaz

= G12 () Ji1 S22 = (—%) (%) = ﬁz = %,
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921 (§) = gu1 () JiaJ11 + G12 () JiaJar + Go1 () JazJ11 + Goa (0) JazJor

= g12(§) =0,

922 (§) = 11 (n) J1aJ12 + G12 () JiaJaa + Go1 () JazJr2 + Goa (0) JagJao

1 2
g n 1 o
e Beta Distribution

For the beta distribution, starting from the log-likelihood function

Inp(z;\) = —In(B(a,b)) —In(x (1 —z))+alnz +bln (1 — x)

_ (M) Cn(e(1— ) +alne +bln (1 —2),

[ (a,b)
we have
ube (€)= ~Triph + Tt +In(L—3),

where & = (£4,€%) = (a, b). Therefore,
0aOpls (§) = b1 (a+ D),
0yt (€) = —11 (b) + 41 (a+ D),

_ I +0)
&lﬁw(f)——r(a) + a5 b) +Inx,




0ol (€) = —¥n (a) + 1 (a+1D),

where 1, is the trigamma function.

Then, the Fisher information is given by

911 (§) = —E¢ [07¢, ()] = ¢1 (@) =¥ (a + D),

921 (&) = 912 (§) = —E¢ [0a0pls (§)] = —th1 (a + D),
g2 (§) = —E¢ [aggx (f)} =1 (b) —¢Y1(a+b). (2.74)

By equation (2.34), the normalization function for the beta distribution is given

by

- ()

We can directly compute the Fisher information under the same parametrization by

equation (2.39) and thus obtain the same results.

(€ =3 (© =02 [in (2 ) | = v @)~ 0+,
921 (§) = 912 (§) = 02019 (§) = D20 [lﬂ (Féox()(fb()b))] =~ (a+b),

922 (€) = OBy (€) = 2 [ln (%)] ()~ (a4 D).
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2.3 Christoffel Symbols

In this section, we compute the Christoffel symbols for some common statistical

models based on Definition 1.2.2 and Proposition (2.1.4).
e Binomial Distribution

We obtained the Fisher information for the binomial distribution in equation (2.43),
g€ = i g Lhe inverse g (&) is %
The Christoffel symbols of first and second kind are given by

(2.75)

n ) n(—1+ 2¢)

1 1
TR (f) = 9 (61911 + 01911 — a1911) = 566 (5 (1 _ 5) - 262 (1 _ 5)2’

rh (€)= 9" (©Tua (@) = 022 ;‘é : ? =0

Under the parametrization n = In %, by Proposition (2.1.4) and equation (2.7),

the Christoffel symbol of first kind is given by

i (1) = 508 () = 505 (nln (1 -+ €)
_ne”(l—e”)_}n B B
= i = -9 (-2,

By equations (1.9) and (2.44), we have the same result:

ne” ):M, (2.77)

2(1+en)?

1 1
Fya(n) = B (01911 + 01911 — O1gn1) = 5377 (m

The covariance of the Christoffel symbols for an exponential family (see Proposi-
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tion 2.1.5) can be verified by the results in equations (2.75), (2.77) and the Jacobian
Ji (777 3 ) = 5(1—1_5)

By equations (1.10), the Christoffel symbol of second kind is given by

PL () = g () Taay () = ECSnend=el) | 1=t

ne’  2(1+4en)®  2(14en)’ (2.78)

e Poisson Distribution

We obtained the Fisher information for the Poisson distribution in equation (2.49),

g(\) = 1. The inverse g~' (X) is \.

The Christoffel symbols of first and second kind are given by

1 1 1 1
F11,1 = 5 (81911 + 81911 - 81911) = 5@\ ()\) = _ﬁ7
1 1
Il =g Tua=A <—2—)\2) =5y (2.79)

e Normal Distribution

We obtained the Fisher information matrix for the normal distribution in equation
(2.55),

1
9 (p,0) =
0 %
The inverse matrix is given by
L a2 0
g™ (. 0) = ,
0 %
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By a straightforward computation, we obtain the nonzero Christoffel symbols of

first kind with parameters (¢!, €2) = (u, o),

1 1 1 1
[12==(0 O1ga1 — O =—0,| = | = —,
11,2 2( 1g12 + 01921 — O2911) 5 (02) e
1 1 1 1
F - = a a - 8 f— —80_ —_— = -,
12,1 2( 1921 + O2911 — 01912) 5 <02) 3
1 1 2 2
Lo = 3 (02922 + Oagaz — Oagna) = 550 <—2) == (2.80)
o o
Accordingly, the Christoffel symbols of second kind are:
[, =¢" T+ 9T =0,
Fl o Fl o llr 12F 2 1 _ 1
an=1lp=9g li1+g lps=0 3T T
T3y = g"'Tag1 + g"°Ta90 = 0,
2
1
2, = T PPy = e = o
n=9 1ui1+971ne 553 2y
Fgl = F%z = 921F1271 + 922F12,2 =0,
F2 _ g21F +g22r _ 0—_2 _3 — _l (2 81)
22 22,1 22 = o3 pt :

e Exponential Distribution

We obtained the Fisher information matrix for the exponential distribution in equa-

tion (2.71), g (§) = 5% The inverse ¢! (£) is &2
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The Christoffel symbols of first and second kind are given by

[y =

1 1 1
(01911 + 01911 — O1g11) = 565 (?) — _?’

NN

1 1
Fil = gllrll,l = 52 (——3) = ——. (282)
§ §
e Gamma Distribution

We obtained the Fisher information matrix for the gamma distribution in equation

(2.72),

g(0, B) = Y1 ()

QYo wI=

1
B
The inverse matrix is given by

1 a -

9" (e, ) = ——<—
(@) =1\ _g3 4 ()3

By a straightforward computation, we obtain the Christoffel symbols of first kind

with parameters (&1, €?) = (a, 3),

1 1
[ = B (01911 + 01911 — Ohvg1) = 5% (@),

1
o= 5 (01912 + 01921 — O2011) = 0,
1
o1 =T121 = 2 (01921 + 02911 — 01g12) = 0,

1 1
21,2 122 = 5 (01922 + G291 hG12) 25
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1 3
[yoq = 3 (02g21 + O2g12 — O1922) = —2—527
Tars = = (Dagon + 0 Dogs) = ~05 L) = — 2 (2.83)
222 = 5 2922 2922 2922) = 598 32 e .
Accordingly, the Christoffel symbols of second kind are:
/
L — T Lp ary (a)
n=9 lui1+g1lug 2 (awy (@) — 1)’
1—\1 :Fl :glll—\2 +gl21—\22:_ 1
T e T = g ()~ 1)
L — Jir Lp o
/
2 — 2T 2p By ()
n=9 lur+tg7lue 2 (atn (@) — 1)’
2 — T2 — 2T 2p Y1 (@)
21 12=9 L1 +97 1122 2 (i (@) — 1)’
T2 = 200t + 200 0 — o’ 2\ _ 32 (a) (2.84)
2 =9 1221 T G la2= 5 73 ) T 28 (et (@) —1)° :

e Beta Distribution

We obtained the Fisher information matrix for the beta distribution in equation

(2.74),

Y1 (a) — 1 (a+b) —t1 (a +b)
—11 (a+b) Y1 (b) — 1 (a +b)

1 1 1

_ Z (a+n)®  (a+b+n)? (a+b+n)?
p— _ 1 1 1
- (a+b+n)? (b+n)?  (a+b+n)?
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The inverse matrix is given by

1 [ =tiat) Y1 (a+b)
et@® | i) i) -viatrt) )

where det (g (a,b)) = 91 (a) ¢1 (b) — [t (a) + b1 ()] ¥1 (@ +b) .
By a straightforward computation, we obtain the Christoffel symbols of first kind

with parameters (&1, £%) = (a, b),

1 S 1 L
Iyl = 3 (O1g11 + 01911 — Orgu1) = Z <_ (a+ n)3 + (a+b+ n)g) 7

n=0

1 - 1
1,2 =5 (01912 + 019 hG11) nE:o (atbt n)3’
r T L (O1gn + 0 O1912) EOO: !
, = , = — g g — g = — =2,
21,1 12,1 5 1921 2011 1912 2 (a+b+n)3
Ty1s = Tizs = = (Digas + 0 Dagra) = f: !
21,2 12,2 5 1922 2021 2012 o (a iy n)?”
Ty — (Dyg21 + O 0 EOO:
22,1 5 2021 2012 1922 2 a iy n

1 - 1 1
a0 = 3 (02922 + 02922 — O2g22) = ; <— b+ n>3 + (@+b+ n)g) . (2.85)
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Accordingly, the Christoffel symbols of second kind are:

Iy = 911F1171 + 912F11,2

_ Y1 (b) — 1 (a+) f: -1
Y1 ()i (b) — [t (a) + 1 (D)) 1 (a +b) <= (a + n)’
Y1 () = 1
T (@) 61 () = [91 (@) + 61 (0)] 41 (@ + D) ; (a+b+n)*

F%l = FiQ = 911F12,1 + 912F12,2

iy (b) =
WO H O T @Ol @D = axo )

n:O

F%z = 911F22,1 + 912F22,2

B 1 (b) < 1
—  (a) Y (b) — [y ()+w1()]¢1(a+b);(a+b+n)3

i (a+b) = -1
@R O @ Ol @D 2 b )

I} = 921F1171 + 922F11,2

. ¢1(&+b) >
4 (a) vy (b) — [t (a) + 1 (b)] 41 (a + b) ; (a+n)?

Y1 (a) S 1
" Y1 (@) Y1 (b) — [¥1 (@) + ¥y (b)] 91 (a + D) Z (@a+b+n)
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Fgl = F%z = 921F12,1 + 922F12,2

Y1 (a) -
Y1 (a) Y1 (b) — [ (@) + 91 (D)] 91 (a + b) Z a+b+n 3

n=0

I3, = 921F22,1 + 922F22,2-

_ Y1 (a) —
Y1 (a) Y1 (b) — [¢1 (@)

(

)

+
a)
+

~1
(b+n)?
= 1
1 (b)] 1 (a+b) 2:; (a+b+n)*

n

1 (a + b)
Y1 (b)] 1 (a + b)

hE

[e=]

n=

Y1

1 (a) 1 (b) — [¢1 (a

n (2.86)

2.4 Geodesics

The geodesic equations (1.27) are solutions of a Riccati ODE system. In this section,

we work on some examples of common statistical models.
e Binomial Distribution

Based on the results obtained in equation (2.78), we have

s =142 a2
Let € = u, thenézfl—z:‘;—z':fé—zu. So, we have
du -1+2¢

gt T -9"

Rewrite it as d (Inu) = 25(11”55 d¢ = 5 (1%5 - %) d¢. Integrating gives
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—¢

+ Ch.

1
In|ul ==1In

So, we have
- [1-¢ | € | € /
=u= — ——d¢ = Csd ——d¢ = ds.
E=u=0C, : — 1—55 Cbs¢::/ 1—55 Cyds
Let € = sint, then dé = 2sint costdt, and
/2sin2tdt—/(1—cos2t)dt—C'2$+C'3<:>sin2t—As+B

with constants A and B. So, the geodesic equations are

1—coth_1_\/1_(A3+B)2

L2
= t = 2.88
£(s) = sin : : , (2.8%)
where the parameter s is at the value such that 1 — (As + B)* > 0.
e Poisson Distribution
Based on the results obtained in equation (2.79), we have
Ao (A) =0 2.89
-~z () =0 (2:89)
Writing the equation as
A
A 2)

and integrating yields In |A| = In+/C"\ with €’ > 0 constant. Rewrite it as % =C
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and integrating gives the geodesic equations
A(s) = (Kys + K,)? (2.90)

with K, Ky constants.
e Normal Distribution

Based on the results obtained in equations (2.80) and (2.81), we have

1.
ji — 2= e = 0, (2.91)
o
1 1
G4+ — (1) —=(6)* =0. (2.92)
20 o
By equation (2.91), we have
o 20 . . 2
—=—<=dhnpg=2dno <= =co (2.93)
w oo

with ¢ constant.

If ¢ =0, then ft = 0. and thus p is a constant, which corresponds to a vertical

half line since ¢ > 0. By equation (2.92), we have

] .
G==(6) 2= = dlns=do.
o o o
By integrating, we have
o(s) = K%, s€[0,T]. (2.94)
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with ', Ky positive constants.

Hence, the geodesics in this case have the following equations:
p(s) = ci, (2.95)
o(s)=0c(0)e™*, s€[0,T] (2.96)

with constants ¢; € R, € RT.
If ¢ # 0 in equation (2.93), substituting /1 = co? into equation (2.92) gives

G+ % (co?)” - % () =0. (2.97)

Let ¢ = u, so we have ¢ = Z—gu. The above equation becomes

du ot 9
—uo+—— —u" =0,

do 2

Multiplying by the integrant factor ﬁ leads to the exact equation

Mdu + Ndo = 0.
with
Mot oyoCo v (2.98)
o2 2 o3’ '
since

oM . 2u ON

do o3 Ou’
Now we look for the function f (o, u) such that df (o,u) = Mdu+ Ndo = 0. We

91



start by

Integrating yields

f(ou) = % +h(0) (2.99)

By differentiating result with respect to ¢ and comparing the result to IV,

Ao w0 do
do o3 2 o3
we obtain
Ao
4 = —
) =5,
SO
2 2
h(o) = % + e,
with ¢y constant. Thus
u? 2o

with K5 positive constant. Solving for u, we have

202 ) / 202 4K
u? = 202 K2—i — — = 2K2—i:i —2—02:i C2 — o2
4 o 2 V2V &2 V2

where C% = %. Integrating the above equation, we have

Q

s

o(s) do c
LA (2.101)
/U(so) o/C2—02  Js V2
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By the integral formulae

dz 1 (T
/m = —asech (5) + O,

we obtain

c 1 (a(s)
7 (s —sg) = C,2sech (—02 ) + K3,

where

1 —1 (7 (s0)
K3—C2sech ( G )

Solving for o, we have

o (s) = Chsech {02 (K3 ~ S s 30))] .

V2

2

Since j1 = co”, we have

1 (s) = / C2sech? {02 <K3 - % (t — so))} dt

s 02
= CC’QSGCh2 |iCQK3 — C— (t — 80):| dt
/< 7
= 0022% {tanh |ngK3 — 0_552 (8 — 80):| — tanh (CgKg)}
= —\/502 tanh |:02K3 — 6—02 (S — So):| + K4,
V2
where K4 = \/502 tanh (CgKg)
Since we have
1 41K
o (s)”+ B (1 (s) — Ky)* = 0—22,

(2.102)

(2.103)



the geodesics are half-ellipses with o > 0.
e Exponential Distribution

Based on the results obtained in equation (2.82), we have

.1 /A2
i : (5) — 0. (2.104)
Writing the equation as '
£_¢
RS

and integrating yields Iné = In (C€) with C' > 0 constant. Rewrite it as % = C and

Integrating gives the geodesics equation
£(s) = Ke®, s€0,T] (2.105)

with C, K > 0 constants.
Gamma Distribution
Based on the results obtained in equation (2.84), the geodesic equations are the

solutions of the system of ODEs:

A Oﬁﬂi(o&) d2_ 1 d'_ o . 2:
T2y (@) — 1) (@) B (ot (@) — 1) B 252 (athr (@) — 1) (5) 0, (2.106)
5 5@% (a) & 9 Uy (a) N . 3 — 2a (a) N _
p 2 (g (o) — 1) (@) + 2 (ot (a) — 1) pt 28 (ayy (a) — 1) <B> 0. (2.107)
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2.5 a-Autotoparallel Curves

e Normal Distribution

We obtained the following results in equation (2.54):

1 —)? 9 1 N2 T
(0 == =BG () - B 0 - ST
_ ) Vi
Ol () = 1‘0_—2“, Otz (§) = ——5. 0o 0Lz () = 0,0l (§) = _%.

By Proposition 1.2.7, we compute the components of V(®-connection for the

normal distribution. We have

et 1-
i = e | (e 15 @0 o

<_%+ 1;@ (ma—z,u)2> (x;ﬂ)]

where we used the fact, E; [(x - ,u)%ﬂ] = 0 for k € Z. Similarly, we obtain the
other zero components:

1), = 1l = 1) = .
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We also have

o 1—a
iy, = B Kaﬁe +—— (aue)Q) 004

1 1—a/z—p\’ 1 (x—p)
I I I G o7
5<02+2<02))<0+ o3
1 a—=3@x—p’ 1-a(@—p
— 4 E
03+ 12 od o 2 o’
B 1_i_oz—3<72 1—a3o!
o3 2 o° 2 o
l -«
et 0-3 .

where we used the fact, E¢ [(z — p)°] = 0% and E¢ [(z — p)'] = 30 Similarly, we
obtain the other nonzero components:

14+«

2(142a)
. o

(@) _
) F2272 - g3

Based on the Christoffel symbols of first kind obtained as above, we compute the

Christoffel symbols of second kind:

(@1 _ 1lpa 27a 27«
Fij =49 Fz‘j,1 +9g Fij,2 =0 Fij,l
14+a 1+a
> 0 -5 0 —-=
= O’ = 5
_I;r_ga 0 _P;Ta 0
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2

)2 16% (0% 9 (0%
i = 921Fij,1 + 922Fij72 = 71—‘1']',2

2 11—« 11—«
o U_ o3 0 - 20 0
2 2(1+2
0 242 0 _lt2a
a a

Hence, the Riccati equations (1.27) for the a-autoparallel curves are given by

1
_Qﬂl‘w:o’
o
. 1—=0,. 14 2a .
6+ () = (0)" = 0.
o o
By equation (2.108), we have
2(1 +
r_ A +a)o —dnp=2(1+a)dlne < j= o1+
i o

with ¢ constant. Substituting into equation (2.109) gives

P l-a 2 4(1+a) _ 1+ 2a (6)2 = 0.
20 o
Let 0 = u, so we have ¢ = Z—gu. The above equation becomes
d 1— 2 4(1+a) 1 2
du (1—-a)co 1+ @2
do 20 o

Multiplying by the integrant factor ﬁ leads to the exact equation

Mdu + Ndo = 0.
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with

. - (2.112)

since

oM (4a+2)u  ON

do glatd gy’

Now we look for the function f (o, u) such that df (o,u) = Mdu+ Ndo = 0. We

start by
Integrating yields
F(ou) = ﬁ; +h (o) (2.113)

By differentiating result with respect to ¢ and comparing the result to N,

df (o,u) (200 + 1) u? 1-a)c*c (14 2a)u?

J— / — —
do T gda+3 +h'(0) = 2 glot+3 7
we obtain
, (1—a)c’o
h _
(U> 2 Y
SO
1 —a)c?o?
hie)= 1207 o,
with ¢y constant. Thus
u? (1—a)c?o?
flow)=gqom + 1 =K, (2.114)
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with K5 positive constant. Solving for u, we have

U2 — 20_4a+2 <K2 o (1 - Of) 620—2)

4
o) (1 —a)c*o? 0202 l—a 4K, ) l—a /75
@W—\/QKQ \/ \/1_a —0° =2¢C 9 02—0'
where C2 = % Integrating the above equation, we have

o(s) do 5 1 -«
/U(SO) Uzaﬂmz/so ¢y~ —dt. (2.115)

By equation (2.110), the u-component is given by

w= c/a(s)z(Ha) ds. (2.116)

If « = —1, the above equation becomes

o(s) F
dt.
/0'(80 AV 02 — 02 /

The integrating result is

G o0 = e S s s

= o(s)=,|C3—

\/022—0(30)2—0\/1;a(s—so)] (2.117)
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with C2 = 2K2 By equation (2.116), the p-component is given by

p=cs+p(0). (2.118)

e Exponential Distribution

For the exponential distribution, we have the following derivatives:

Ol (€) = — + %
1

By Proposition 1.2.7, the component of V(®-connection for the exponential dis-

tribution is

(—é+“7“<—w+%)2) (~+})

a—1

-

where we used the fact, E¢ [2"] = g—; for n € Z.
Based on equation (2.71) and the Christoffel symbol of first kind obtained as

above, we obtain the Christoffel symbol of second kind:

o a-1 a-1
F() —911F51)1—€2 IE = e
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Hence, the equation (1.27) for the a-autoparallel curves is given by

§+ag1 <€)2=O- (2.119)

Therefore,

%z(l—a)% — dlné=(1—a)dlné = Iné = (1 —a)n(C,)

with C7 > 0 constant. Rewrite it as 515,& = O]® = (C, and integrating, we have

/ﬁa_ldﬁ = (s + O,
If o # 0, we obtain the equation of a-autoparallel curves:
¢(s) = (Cs+ D)™, se[0,T]. (2.120)
with C, D constants.

2.6 Jeffreys Prior

e Normal Distribution

We consider the prior on a normal distribution model with the mean fixed,
S, ={pe; B¢ [x] = p, Var [z] > 1} = {p(u,a);a > 1} )
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This is a vertical half line in the upper-half plane. The determinant of Fisher infor-

mation matrix is

QN| —
(@)
DO

G (&) =detg (&) = det =7

Then the volume is

Vol (S,) = J:O\/G(ﬁ)da = J:O %da =V2 < 0.

Hence, the Jeffreys prior on S, is given by

e Exponential Distribution

We consider a statistical model of the exponential distribution as
1
Sy =9px; Eyx] = X’)\ €l,elp ={py;A€[l,e]}.
The determinant of Fisher information matrix is

G(A)—detg()\)—%.
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Then the volume is

Vol (Sy) = fj\/(; (V)d) = ﬁ%dA —1< o0

Hence, the Jeffreys prior on Sy is given by
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Chapter 3

The Geometry of Entropy of

Exponential Families

3.1 Entropy

In Section 1.3.1, we gave the definition of entropy on a statistical model. The en-
tropy for some distributions of the exponential family is computed in the following

examples.
e Poisson Distribution

The probability mass function of a Poisson distribution is

xT

p(x;ﬁ):e_fg— reNeR.

x!’
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The entropy is

H(&) ==Y p,&hp(x,E)

zeN
==Y (@, (=6 +xné —Ina)
zeN
_ IS
=¢—InéE [z] +e 5Zalnx!
zeN
B &% In !
=¢((1—1In¢) +e 52 I
zeN
1-1 -1
Note that lim H = lim ng = lim /§ = (). Since
£—0+ e—0+  1/¢ £—0+ —1/&2
z+1 n(z41)!
lim | . (x1+(1)?r1)' T In(z+ 1)!
m|— | =¢lim ———— 72~ —
s-roo & lnal z=oo (x4 1) Ina!l

x!

the series Z%ﬁ“' has an infinite radius of convergence. Hence, H (§) < oo.
zeN

e Normal Distribution

The density of a normal distribution is

1 z—p)?
e s e X =R, (1,0) € R x (0,00).

p(x;p,0) =
o\ 21
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The entropy is

H(p,0) = —/Xp(x;u,a) np (25 p,0) dx

—/p(x;,u,a) (lna%—ln\/ﬂ—FM) dx

202

2
:1n0+ln\/27r+/ p(z;p,0) udas
x

202

1
=Ino+1Inv2r + — - o

202
=1In (O’\/%) :

It follows that the entropy is independent of p. The change of coordinates ¢ :

E — E under which the entropy is invariant are only the translations ¢ (pu,0) =

o (u+c,0),c e R. Also, the entropy is increasing logarithmically as a function of

o, with lim H = —oo0 and lim H = cc.

o—0+ T—00

e Lognormal Distribution

The density of a lognormal distribution is

1 (Inz—p)?

e 22 x>0, (p0)€Rx(0,00).

106



By equation (2.35) in Proposition 2.1.1 and equation (2.28),

Elnz| = E[F (z)] = 01 (§)

_51

g

E[(nz)*] = B [Fy (2)] = 8 (€)

_ 0 |-y L (o
_652[ e T2 (52)]
€1
4(¢2 28

= uQ + 02
The entropy is

H(p,0) = —/p(w;u,a)lnp(x;u,a)dw
X

:_/Xp(x;u,a)< 1nx—1n<a\/_)+—1nx—i(1nx) —L)dx

202 202
~(1- —) E[lnz]+In (N_) B ()] + 2%2
(1= 2 e (ovR) + m+ﬂ+£5

1
:,u+lna—|—§+ln\/27r.

It follows that, being different from the case for a normal distribution, the entropy

of a lognormal distribution is linearly dependent on pu.

107



e Exponential Distribution

The density of an exponential distribution is
(@) =8, 2>0,£>0.
The entropy is

H<s>=—/0°°p<x>1np<x>dx
— [Tr@ e -en)ds
__1n§—|—§/oooxp(m)dx

=1-—1In¢.

It follows that the entropy is a decreasing function of . If we choose the parameter

A=L HO) =1+

1
é‘ )
e Gamma Distribution

The density of a gamma distribution is

b
pel (a)

e P > 0,a>0,8>0.

p(r;a,f) =
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By equation (2.35) in Proposition 2.1.1 and equation (2.32),

Elnz] = E[F (z)] = 0.¢ (€)

0
=% [alnf+InT (a)]
" (o)
I'(a)
=g+ (a), (3.1)

=Inpg+

where v (o) is the digamma function. Hence, the entropy is

)= [ p@hp@d
——/Ooop(x) (—ln(ﬁaF(a))—lnx+alnx—%) da
—ln(BOT(oz))—(oz—l)/oolnxp(x)dx—i—%/Oooxp(x)dx

0

=alnf+InT (o) — (a—1)[Ing+ ¢ (a)] + %aﬁ

=a+nl(a)+(1—-a)y(a)+1Ings.

e Beta Distribution

The density of a beta distribution is

x“_l(l—x)b_l, O<x<l,a>0,b>0.
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where B (a,b) is defined by the Beta function
1
Bmwy:jJ%w1—w“%maw>o.

Note that
B (a,b) =

By equation (2.35) in Proposition 2.1.1 and equation (2.34),

Elnz] = E[F (z)] = 0,4 (£
0
= %mB(a, b)

= 0T (@) + T () ~ T (a+ b))

=¥ (a) = (a+b), (3.2)

Elln(l—1z)] = E[F ()] =0y ()
0
= %IHB(G, b)

0
=% InT (a) +InT (b)) —InT (a + b)]

= (b) — ¢ (a+D). (3:3)
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The entropy is

H(a,b):—/ooop(x)lnp(x)dx
:—/oop(x)[—lnB(a,b)—lnx—ln(l—x)+alnx+bln(1—x)]dx
—lnB(a,b)+(1—a)/Ooop(x)lnxdx—i-(l—b)/ooop(x)ln(l—a:)dx

= B(a,b) + (1 —a)[¢(a) =9 (a+b)]+ (1 =0)[¢(b) — ¢ (a+b)]

—WmBab)+(1—a) (@) +1-b)®d) +(@+b—2)v(a+b). (3.4)

3.2 Maximum Distributions

In this section, we deal with the problem of finding the density p of maximum entropy
subject to the first N moment constraints. Given the numbers mq,mo, ..., my, we
are interested in finding the distribution p that maximizes the following entropy

functional with Lagrange multipliers

N
J(p) = —/ p(x)Inp (z)dr + Z)\j (/ 2/p (z) dw — mj), (3.5)
X im0 X
where we choose my = 1 for convenience. By

dJ (p)
dp

N
:—lnp(x)—l—l—Z)\jxj =0,
=0
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we obtain that the maximum entropy distribution belongs to the following exponen-

tial family

_ 2 N 2 N
p(flf) —e 1+ o+ A1z+ Aoz +...+ANT — Ce)\lx-l—)\gz +...FANT (36)

with C' = e7'™ and Lagrange multipliers \; determined by the moment constraints.
First of all, we show that the existence of the maximum entropy distribution for
any number of constraints, i.e. among all distributions ¢ (z) that satisfy the moment

constraints

/xjp(x)dx:mj, Vj=0,1,...,N
X

where mg = 1, the distribution given by equation (3.6) reaches the maximum entropy.
By the non-negativity and non-degeneracy of the Kullback-Leibler relative entropy,

we have that the arbitrary entropy H (q) is less than or equal to H (p),

H(Q)——/CIIHQ——/CIIH(%P)——/qm%—/qlﬂp
X X X X

:—DKL(QHP)—/QmPS—/qlnP

X X

__/Q(x)<—1+>\0+)\11’+)\21’2+...—|—)\N1’N)d1’
X

:—(—1—0—)\0+>\1m1+)\2m2+...+)\NmN)

——/p(x) (—1+)\0+)\1x+)\2x2+...+)\NxN)dg:
X

Z—/XplanH(p),

with equality when p = ¢.

However, the uniqueness of the maximum entropy distribution is a complicated
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problem for general N. For the cases N < 2, we will show the uniqueness by showing

the uniqueness of the Lagrange multipliers \; satisfying the given constraints.
e Case N = 0: Constraint-Free Distribution

Proposition 3.2.1. [4] Among all distributions defined on the finite interval (a,b),

the one with mazimum entropy is the uniform distribution.

Proof. In this case, the distribution given by equation (3.6) is

By the only constraint

we have

b
/ p(x)de =e (b —a) =1,

M=1—-In(b—a).

Hence, the uniform distribution is the unique constraint-free distribution with

maximum entropy. U
e Case N = 1: Matching the Mean

Proposition 3.2.2. [}/ Among all distributions defined on (0,00), with given posi-
tive mean u, the one with maximum entropy is the exponential distribution p (x) =

e

==
=8

113



Proof. In this case, equation (3.5) becomes

J(p):—/ooop(x)lnp(x)dx+)\1 (/Oooxp(x)dx—u) + o (/Ooop(x)dx—l).

(3.7)
The maximum entropy density given by equation (3.6) is
p(x) = CeM®, C =Mt
with the constants C' and Ay to be determined from the constraints
/ p(x)de = / CeMdr = 1, / xp (x)de = / 2CeMdr = pu.
0 0 0 0
We obtain C' = %, A = —%. Hence, the maximum entropy distribution is the expo-
nential distribution with the parameter % O

e Case N = 2: Matching Mean and Variance

Proposition 3.2.3. [}/ Among all distributions defined on R, with given positive
mean p and variance o, the one with mazimum entropy is the normal distribution
(@—w?

p (x) _= —U 1271—6_ 2052 .

Proof. In this case, the constraints are

/Oop(x)dx— ,/_Oomp(x)dx—,u, /OO (r—u)?p(x)de =0 (38)

—00 oo —0o0
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We write

1 == [ p@mp@de ([ @ w - o)

[e.e] —00

18 (/_pr(x)dx—u) +a(/:;p(x)dx—1)

=/ [~plnp —y(x—p)’p+ B (x—p)p+ap+yo?—aldr.

The Euler-Lagrange equation can be written as

0
a—p[—plnp—v(w—u)2p+6(w—u)p+ap+wz—a] =0

s —Inp—1—v(@—p)’+B@—p +a=0

& —y@—p)’+B—p) +a—1=Ihp.
Hence, the distribution takes the form

Y

p(z) = Ol @) +B(z—p)

where C' = e~ 1.

Hence, by the constraints given in equation (3.8), we have

- / Ty (z) do = / T et e gy

[e.e] —0o0

o 2
— ea—l/ e +,Bzdx

[eS)
m ﬁ -1
-y S
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(3.10)

(3.11)



(E) forat (3.12)

o* = / (¢ — )’ p () do = ea—l/ (v — p)2 e Y@ m B gy

[o¢]
— _ 2
=e” 1/ eV P gy

:\E%( ;) G-t (3.13)

By equation (3.12), 5 = 0. Substituting § = 0 into equations (3.11) and (3.13)
yields \/% =el7 0% = % Therefore, by equation (3.10), we have

p(z) = e~ @) +B(z—p)

1 _(e-p)?

3.3 Kullback-Leibler Relative Entropy

In Section 1.3.2, we gave the definition of Kullback-Leibler relative entropy on a
statistical model. We shall compute Kullback-Leibler relative entropy for pairs of

densities in the same class of the exponential family.
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e Poisson Distribution

Consider Poisson distributions

)\CC 527
) A L) — €S
p(]},>\)—€ I!’ Q(xaé-)_e JI'
We have
p(x)
D
xr (pllg) = Zp @)
—Zp {5 A)+zln— }
=&—A+1In— pr
:c 0
£
={—A—Aln=
3 n+
£ £
“A[-mS4+ S
)\( n)\—l—)\
Hence
Diy (pllg) = Af <§),
with f(x) = —Inz + 2 — 1 > 0. This verifies Dk, (p|lg) > 0, the equality being

reached if and only if % =1,ie if &=\
e Normal Distribution

For two normal densities

1 _—w)?




we have

OO p1 ()
Dgr (p1llp :/ p1 (z)In dx
KL( 1H 2) . 1( ) D2 (IL')
2 2
* o2 (=) | (z— )
= In — — d
/_oopl (x) [n o 20% + 203 x
R /oo ,1/— = [( )+ ( )P d
=In——-+4+— —e 1 T — — T
e 5 20% oor H1 1 — 2
02 ]_ ]_ 2
:lna—§+@[03+0+(ﬂ1—ﬂ2)}
1 o\’ (o)’ (1 — po)?
== |-In(—=) +(=) —1| + == (3.14)
2 2 09 20’2
> (1 —M2)2
- 203

with equality being reached for £ =1, i.e. 09 = 0.

oo
e Multivariate Normal Distribution

Counsider two multivariate normal distributions

1 VR
Pl A) = o e Ay e,

(7; p2, Ag) = L —3(@—p2)" A7 " (z—p2)
P2 \T; f2, A2) = (27?)"/2 (detA2)1/2€ .
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Applying the following equalities,

EtrA] = trE [4],
tr (ABC) = tr (BCA) = tr (CAB),

vat = (& —p) (@ =)' +p (e —p)' + (@ — p) p' +

where A, B, C' are matrices, we have

Dic () = By [ 2112

pa ()
1 det A2 _ _
= 3 g~ =) AT o )+ (o ) A7 o )
1 detA 1
= SIn———2 4 DB, [—tr (A7 (@ — ) (2 — )") + tr (A3 (2 — poo) (@ = p12)")]
det Al 2

det A2 1
+ —
det Al 2

2
1
2
% In ji ﬁj — %n - %tr (AZH (Ax + g = 2p0pa + piopi)) =
1
2
1
2

E,, [—tr (Al_lAl) +tr (Az_l (xatt — 2wub + Mzﬂ;))]

—n+tr (A7 Ar) + tr (LA i — 2p A e + ,thAgl,ug)]

ngea, ~nth (A7 AL) + (2 — )" A3 (p2 — ul)} . (3.15)

which, when n = 1, reduces to the univariate case in equation (3.14).
e Exponential Distribution

For two exponential densities

p(x) =&, q(x) =ne "™,
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we have

Dics (llg) = / ) 1n%dx

e —£x
— / 56_5”” In _fe dx
0 ne-"r

- /Oofe_@” [ln§ +(n=¢) x} dx
0 n

§ .1
=In=+-=--1
no <
Hence
_ n
Dk (pllg) = f (g) )
with f(z) = —lnz 4+ 2 — 1 > 0. This verifies Dgy (p|lg) > 0, the equality being

reached if and only if g =1,ie ifp=gq.
e Gamma Distribution

Consider two gamma distributions

1

“a b)) = —— a—1_—x/b
p ("r7 CL’ ) ba‘F (CL) "’Ij 6 Y
q(z;c,d) = ! ¢ leme/d
T deT (c) ‘
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By applying the result in equation (3.1), we have

zhummzzfmwm%lm

_ /Ooop(x) {ln Z;Eg; +(a—c)lnz+ (é - %) x} di
§§8§+@—fﬂmb+¢w»+(§—%)w

—(a—c)w(a)—lnF(a)+lnF(c)+cln%l+ T

where 1 (a) denotes the digamma function.
e Beta Distribution

Consider two gamma distributions

. o 1 a—1 . b—1
p(:&a,b) - B(a,b)x (1 Ilf) ’
(x;c,d) = L DA B L
q ) ) B(C7 d) *

By applying the results in equations (3.2) and (3.3), we have

Dyr (plla) = /0 p(x Z)Egdx
/ x){ ggii +(a—c)lmz+(b—d)In(l—x)|de
B(c,d)

=In

+(a—c)(@(a) =¥ (a+0)+(b—d) (¥ () —¢(a+Db))

B (a,b)
B(c,d)
B (a,b)

=In
a,b)

+(a—c)(a)+ (b—d)i(b)
+(—a—b+c+d)Y(a+Db). (3.17)
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3.4 Informational Energy

In Section 1.3.3, we gave the definition of information energy on a statistical model.
Here, we shall compute the information energy for a few distributions in the expo-

nential family.
e Poisson Distribution

Consider the Poisson distribution given by

p(n;€) = 6_5%
We have
GRSy
=e %1 (26), (3.18)
where

S
—~
N
S~—
Il
Mg
—
N
~
[\
N—
o
3

(n])?

n=0

is the modified Bessel function of order 0. The informational energy decreases to 0

as & — 0o. Hence, () < 1(0)=1 for any £ > 0.

e Normal Distribution
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Consider the normal density

We have

I(p,0) =/sz (z; 1, 0) do

1 _(e-p)?
= 5 e o2 dx
2mo? Jp

1
T 2no? VT
1

NS (3.19)

Note that the information energy does not depend on the mean p and decreases by

increasing the standard deviation o.
e Lognormal Distribution

Consider the lognormal distribution given by

1 _ (nz—uw)?
2

(& 20
V2rox

p(x;p,0) =
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Using the substitution y = Inz — p, we have

I(p,0) =/ p? (5 1, 0) da
0

1 1 _(ne—w?
= —e 2 dx
2ro? J, x?

1 / 6_£-—2y—2,udy

202

1 0.2_2
=53 mo2e #
1 o2
= 50" 2, (3.20)

It follows that, being different from the case for a normal distribution, the infor-

mation energy of a lognormal distribution is dependent on .
e Exponential Distribution

Consider the exponential density

p(x, &) =&

We have

(3.21)

Hence, the information energy of an exponential distribution is linear in &.
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e Gamma Distribution

Consider the gamma distribution given by

b
pel (a)

xa—le—z/b"

p(r;a,f) =

Assuming o > 1/2 and using the substitution & = 2o — 1 and b = /2, the

information energy becomes

I (e, B) —/0 P’ (x5 p,0) do

_ 762@1(&)2 (g)m_l I (20 —1)
I(2a - 1)

SETETTa (3.22)

The case a < 1/2 is eliminated by the divergence of the improper integral.

By the Legendre’s duplication formula

22a—1

VLS

I'(20) = 2T (a)T (a + %) | (3.23)
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equation (3.22) becomes

~ T'(2a—1)
220147 ()
r (a + %)
VT (20— 1) BT (a)
_ F(a+3)
- T'(1/2)(2a = 1) BT (a)
1

" B2a—1)B(a,1/2) (3:24)

I'(a, B)

e Beta Distribution

Consider the gamma distribution given by

p(z;a,b) =

Assuming a > 1/2, b > 1/2 and using the substitution « = 2a — 1 and 5 = 2b — 1,

we have

1
1(a,b) =/ P (e 1, 0) da
0

1 ! 2a—2 2—2
B2 (al) /0 x ( x) dx
1

1
- - a—1 o a\B-1
= 5 (a,b)/o 2 (1 —2)" dr

_ B(o,8) B(2a—1,20—1)
- B%(a,b) B2 (a,b) ' (3.25)

The case a < 1/2orb < 1/2 is eliminated by the divergence of the improper

integral.
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By equation (3.23), we have

B(2a—1,2b—1)
B?(a,b)
B I'(2a)T (20) T (a + b)?
C (2a—1)(2b— 1T (2a+2b—2)T (a)*T (b)?

I(a,b) =

(20420 —1)(2a+2b—2) T (2a) T (2b) T (a + b)”

B (2a —1)(2b—1) ' (2a + 2b) T (a)*T (b)*

_(a+b0—-1/2)(a+b—1) T'(a+1/2)T(b+1/2)T (a+) (3.26)
(a—1/2)(b—1/2) 2yal(a+b+1/2)T (a)T (b) '
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