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Introduction

In his 1973 paper, Formes modulaires et fonctions zéta p-adiques [Ser73], J.P. Serre
showed that if a sequence of modular forms (thought of as power series expansions with
coeflicients in Z,)) converge (in the p-adic uniform topology) then so do their weights
in the group of continuous characters of Z;. Such a p-adic limit of modular forms
was his definition for a p-adic modular form. The proof relied on certain congruence
relations for the coefficients of Eisenstein series due to Kummer and Clausen-von
Staudt. More precisely, for any prime p > 5, E,_; = 1 mod p. Hence for any m > 1,
(Ep_l)f"m_1 = 1 mod p™. Thus modulo p™ a modular form f of weight k is equal to
the modular form ]‘“(Ep_l)pm_1 whose weight is congruent to k mod (p —1)p™~!. Serre
proved the converse, i.e. if two non-zero modular forms are equal mod p™, then their
weights are equal mod (p — 1)p™~1. The proof used the structure theorem of mod p
modular forms due to Swinnerton-Dyer [Swi73], and in particular the fact that the

graded algebra of mod p modular forms is integrally closed.

These results become more transparent upon studying the geometry of modular curves
classifying isomorphism classes of elliptic curves, with some level N structure prime to
p to avoid representability issues. In this optic meromorphic modular forms become
sections of a line bundle w on the affine modular curve Y (IV), and are said to be
holomorphic if they can be extended to the cusps. The line bundle in question is the
direct image of the sheaf of differential on the universal elliptic curve, which locally
on Y(N) is nothing but the sheaf of invariant differentials on the universal elliptic
curve. A global section of the k-th power of this sheaf is a modular form of weight
k. This is the approach taken by N.M. Katz in his paper p-adic properties of modular
schemes and modular forms [Kat73]. Chapter 1 of this thesis studies this approach

with a brief section on elliptic curve. We follow Katz-Mazur [KM85] for the section



on elliptic curves, and Katz [Kat73] for the section on modular forms.

Since over [F), we have the Hasse invariant, which is a modular form of weight p—1 whose
g-expansions at the cusps are all equal to 1, in a p-adic theory of modular forms one
expects a lift of the Hasse invariant to be invertible. This is made precise by Katz by
focusing on “rigid analytic” open subsets of the modular curve obtained by removing
p-adic discs of various radii around the supersingular points. In particular one can
focus on the locus where the Hasse invariant is invertible, called the ordinary locus.
One can consider the formal scheme associated to the compatible family of Z/p™Z-
schemes corresponding to the open subscheme where any lift of the Hasse invariant is
invertible, and get the formal ordinary locus X°*¢. A p-adic ordinary modular form
according to Katz’s definition is a section of w* over the formal ordinary locus. We
study this in detail in Chapter 2, closely following Katz [Kat73].

Over Z/p™Z the sheaf w becomes trivial once the connected part of the p™-torsion
(or dually the étale quotient) of the universal elliptic curve is trivialized. That is
if we consider a cover of the ordinary locus, that classifies isomorphism classes of
elliptic curves with good ordinary reduction and a trivialization of the connected part
of the p™-torsion, then this cover is representable and the projection is étale of degree
o(p™) = (p—1)p™ L. Tt is also a (Z/p™Z)*-torsor, with the group acting naturally on
the generators of E[p™]° (dually E[p™]®). Thus a section of w* over this cover descends
to a section over the ordinary locus iff it is invariant under the action of the Galois
group (Z/p™Z)™. This construction of the cover for varying m gives rise to the Katz
tower, at the infinite level of which, the formal group of the universal elliptic curve
has been trivialized. Ordinary p-adic modular forms are just the ring of functions on

this space, transforming via a continuous character of Z.

In a similar fashion one can construct the tower which simultaneously trivializes both
the connected part and the étale quotient of E[p>] or equivalently extensions of E[p™]
as fpo — E[p®] = Q,/Z,. This is called the Igusa tower and it is an étale Galois
extension over the Katz tower. There is a natural section of the projection Migysa —
M., given by the duality of E[poo] and [poo]ét. Over Migusa One can consider covers
classifying splittings of E[p>]. One can show that these covers are representable too,
but unfortunately no longer étale. In fact they are totally ramified, and the tower at
the infinite level, called the big Igusa tower is the perfection of the Igusa tower over

[F,.This is the object of study of Chapter 3. We primarily follow the article by Sean
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Howe [How18].

Nevertheless the My;g 1gusa tower has nice geometric properties. Since it classifies split-
tings of E[p>], it also gives an isomorphism of the universal cover [SW12, Section 3.1]
of E[p™®] with gy~ x Q,. In fact while it does not classify “isomorphism” classes of

ordinary elliptic curves F with an isomorphism of E[p>®] = fi,% X Q,, one can show

that it does classify “quasi-p-isogeny” classes of such objects.

The big Igusa tower has a group action coming from the automorphisms of piye x
Qp/Z,. The previous paragraph shows that this action can be extended to include
automorphisms of the universal cover. The natural projection Mg 1gusa —+ Migusa
realizes Mg 1gusa @S a fpqc T pipee-torsor over Migusa. One can consider the unipotent
subgroup g~ of the extended group. The X°d-automorphisms of Migys, (say My) act
via conjugation on this unipotent group and the semi-direct product extends the semi-
direct product Tppyee x My, The quotient of these two groups is exactly @;, which
extends the usual action of My on Migusa- This action no longer induces a morphism
over X°"4. But one can show with some computation that the image of Mgat, under the
canonical section is left invariant by this action. Hence the extended action descends

to an action over Mgk, too.

In his paper Serre [Ser73] showed using p-adic Hecke operators that the Eisenstein series
F5, which is not a modular form in the classical sense, is in fact a p-adic modular form.
If one recalls the classical result that (6 — k/12Es) f is a modular form of weight k + 2
for any f of weight k, then one sees immediately that € is an operator of weight 2 on
the space of p-adic modular forms. Katz showed that # is the dual derivation of the
square of the canonical differential coming from the trivialization of w over Mk,¢,. In
the work of Sean Howe [How18], he shows that the § operator arises as the derivation
of the @;—action on M., by studying its effect on g-expansion. Chapter 4 is an
extended study of this action. We build the necessary theory of p-divisible groups

following Messing [Mes72]. For the rest we follow Sean Howe’s article [How18].
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Chapter 1

Moduli Scheme and ¢-Expansion

Principle

1.1 Elliptic Curves

Definition 1.1.1. An elliptic curve E over a scheme S is a proper, smooth morphism
p: E — S, whose geometric fibres are connected curves of genus 1, together with a

distinguished section ¢ : S — F

'|)

S

Theorem 1.1.1. (Abel) There exists a unique structure of commutative group scheme
on E/S such that for any S-scheme T', and any three points P, Q), R in E(T) = Ep(T),

we have

P+Q=R

iff there exists an invertible sheaf £9 on T and an isomorphism of invertible sheaves

on Er

Py I1(Q) ® 1(0) = I (R) ® pr(Lo).

Proof. We recall that over an algebraically closed field k£ the group structure is given

by constructing an isomorphism between the set of closed points of the curve and



Pic’(Ey/k), given by
P P —[e]
where [e] is the zero section. The general case follows by reducing it to the case of

algebraically closed fields. For a complete proof, [cf. KM85, Theorem 2.1.2]. [

Let us prove a general fact about the sheaf of relative differentials of a separated group
scheme p: G — S.

Lemma 1.1.1. Suppose p: G — S is a separated group scheme. Let e : S — G be the
zero section. Suppose T is the sheaf of ideal of the zero section (thought of as a closed

subscheme of G ). Then there is a canonical isomorphism
P*(I/IQ) = Qé‘/s
Proof. Consider the two group scheme homomorphisms

G GxsG

¢ G xs@
Both are closed immersions since G is separated over S. If 7 is the ideal sheaf of A(G)
then Qf, s =ANTIT 2). Since A is a closed immersion we will henceforth drop the
pull back and simply write Qf, /s = J/J?. We have a commutative fibre diagram

p,id e,id
(p;id) (

SxsG 9N axeG — @

I b b

S —°¢ Gg—r g9

G

Hence the ideal sheaf of (ep,id)(G) is (p')*(Z). Let ¢ : G x G — G x G be the map

which is described on points as

GxG5GxG
(9, h) = (gh, h)

Then ¢ is an isomorphism of group schemes and we have A = po(ep,id). In particular



we have the following commutative diagram

0 > J > OGXG i > OG > 0
1\ % (ep,id)#
0 —— (P)'Z — Ocxe » Og > 0

Since both the vertical arrows are isomorphisms, we get an isomorphism J = (p')*Z.
This induces an isomorphism J/J? ~ (p')*Z/(p')*T? ~ (p/)*(Z/Z?). Since Z/I? is
supported on the zero section, (p')*(Z/Z?%) ~ p*(Z/Z?) which proves the lemma. [

Fact: Serre-Grothendieck duality defines a canonical trace isomorphism R f,QJ, /s =

Oy of formation compatible with arbitrary base change.

Definition 1.1.2. Given an elliptic curve p : E — S, define

wYg/s = p*Q}lE/S

Lemma 1.1.2. wg /g is an invertible sheaf on S, whose formation commutes with

arbitrary change of base.

Proof. Note that Q}, /g 18 S-flat as it is an invertible Og-module and E is S-flat. So
we can apply the cohomology and base change formalism developed in the appendix.
Consider the base change maps induced on higher direct image sheaves by the inclusion

maps of points s € S, Speck(s) — S
s R'pQp s ®o, k(s) — H'(E, Q}E/SS)

By Remark A.0.1, we know that ¢, : R'p,Qp s®0, k(s) = H'(Es, Qg ) is surjective
for all s € S. In fact the canonical trace isomorphism coming from Serre-Grothendieck
duality as stated above, shows that R'p,QF, /s is free of rank 1. Thus ¢Y is surjective
for all s € S by Theorem A.0.1. Since ¢! is trivially surjective, this implies that Wg/s
is locally free, necessarily of rank 1 as the geometric fibres of p are connected genus
1 curves. Also, Proposition A.0.1 implies that the formation of wp,¢ commutes with

arbitrary change of base. m



The natural adjunction map QJ, /s e.e* /s induces a map of invertible Og-modules
1 *1 *1
Wryg = PeSlpg = pese™ Qg g = Qg g

Lemma 1.1.3. Over any geometric fibre this map is precisely the map that assigns to

a non-vanishing 1-form its corresponding invariant differential.

Proof. Indeed, over an algebraically closed field k, an elliptic curve E/k has the prop-
erty that the sheaf Z/Z% of Lemma 1.1.1 is a one-dimensional k-space, by virtue of
being regular. Then Q}E E= Og. In particular, the global sections are just the constant

multiples of any chosen basis of the invariant differentials. O

Thus wp,g can be naturally identified Zariski locally with the invariant differentials of

E. Also, the invertible sheaf Q}, /g 18 fibrewise of degree 0.

1.1.1 The Structure of the Multiplication by N Map

We follow [KM85, (2.2)] to sketch the fact that if £//S is an elliptic curve, then Zariski

locally on S, F is given by a Weierstrass cubic in P%.

We have seen that Zariski locally on S, wp/g is free. So supposing S = Spec 4, over
which wp/ ¢ admits a basis w, we see that the formal completion E of E along its 0
section is of the form

E = Spf (A[[T]))

where T is a formal parameter at 0 which is adapted to w, i.e.

w = (1 + higher terms) dT’

Let L(e) = Z7! where Z is the ideal sheaf of the zero section. We see that f,(L(ne))
is locally free of rank n on S, since by Riemann-Roch and Serre duality on the fibral
cohomology, H'(E;, L(ne)) vanishes for all n > 0. In fact since by our assumption
we have a formal parameter 7" at 0, these sheaves are free with (non-unique) basis as

follows
f«(L(2e)) is free on 1, x



where x ~ 1/T?(1 + higher terms), and
f«(L(3e)) is free on 1, z,y

where y ~ 1/T3(1 + higher terms). The powers of z and y give basis for f.(£(ne)) for
n > 4. We see that 1,z,y, 2% zy is a basis for n = 5 and y*> — 2 € f.(L(5¢)) since the
poles of order 6 cancel each other. Thus we get a relation

y2 + a1y + azy = x>+ a2x2 + asx + ag

Such an equation is called a generalized Weierstrass equation.

The affine ring of the complement of the zero section is given by Deligne’s formula

HY(E\0,0g) ~ @HO(E,ﬁ(ne))

and the right side is just Az, y|/(the Weierstrass equation).

We quote a result about regularity in ring extensions:

Theorem 1.1.2. Suppose A and B are Noetherian local rings and A — B is a local
homomorphism via which B is a finite A-module. Assume A is reqular. Then B is

Cohen-Macaulay iff B is free as an A-module.

Proof. [See Ser12, Theorem 13, pg. 83]. O

Lemma 1.1.4. Suppose E/k is an elliptic curve over an algebraically closed field k.
If N s invertible in k, the map “multiplication by N7

[N|: E— FE
is finite étale, and the kernel is isomorphic to Z/NZ X Z/NZ.
Proof. [N] induces a map by pull-back on the cotangent space at 0 given by

[N]* : m/m? — m/m?

rx— Nzx



Since N is invertible in k& this map is an isomorphism. Hence, in fact the map on the

stalks is an isomorphism as the local rings are DVR.

E[N| —— Speck

| |

™M g

Since any map between complete, non-singular curves over an algebraically closed field
is either constant or finite, this shows that [/V] is a non-constant finite morphism. Thus
E[N] is a finite group scheme over Speck. We need to show that it is étale. If A =
I'(E[N], Ogn), and my the augmentation ideal of A (i.e. the ideal sheaf of 0), then
An, = Ogo/[N](m) = k. Thus my/m?% = 0. This implies Q45 = A ® (ma/m?%) = 0.
Thus A is separable and E[N] is étale.

The result about the kernel follows from basic group theory as E[N] is a finite etale

group scheme over an algebraically closed field, and hence constant. O

Theorem 1.1.3. Let S be an arbitrary scheme, E/S an elliptic curve, N > 1 an
integer. Then the S-homomorphism “multiplication by N7

[N]: E— E

is finite locally free of rank N2. If N is invertible on S, its kernel E[N] is finite étale
over S, locally for the étale topology on S isomorphic to Z/N7Z x Z/NZ.

Proof. We have seen in the beginning of the subsection that Zariski locally on S, E is
given by a Weierstrass cubic in P% with origin at (0 : 1 : 0). Conversely any smooth
Weierstrass cubic is an elliptic curve with origin (0 : 1 : 0). Hence by reduction to the
universal case, we may assume that S is the open set in Spec(Z|ay, as, as, a4, ag|) over
which the cubic

y* 4+ arxy + asy = 2° + asx? + asx + ab

is smooth. Note that S is regular in this case. Hence E' is also regular, being smooth

over S.

We first show that [N]: E — FE is finite. This would imply by Theorem 1.1.2 that it



is also flat. Being proper over S, it suffices to show that the geometric fibres are finite.
If Speck is a geometric point such that char(k) does not divide N, [N] is finite étale
over k by the above lemma. So [/N] is finite étale over S[1/N], and over an étale cover
of S[1/N], E[N] is isomorphic to (Z/NZ)>.

For the general case, in order to show that [N] is finite flat, we need to show that it is
not the zero map over geometric fibres. Take an integer M, prime to N and char(k)
where Speck is a geometric point. Then E(k) has M? points of order M. Because
(N, M) =1, [N] induces an automorphism of these points. Hence [N] is not constant.
Therefore [N] is always finite flat. To prove that E[N] is locally free of rank N? it
suffices to pass to a geometric fibre (in fact any geometric fibre as S is connected and
the rank is locally constant). There it follows from the classical theory [cf. Sil09, III,
Theorem 6.2]. O

We saw in the above thoerem that E[N] is étale whenever N is invertible on S. Thus

it makes sense to ask if E[N] is in fact the constant group scheme (Z/NZ)%.

Definition 1.1.3. Given an elliptic curve F/S such that N is invertible on S, a level

N structure is an isomorphism
ay : (Z/NZ)% — E[N]

Definition 1.1.4. Given two elliptic curves F, E' over S, a S-homomorphism f :
E — FE' is called an isogeny if it is finite locally free. In this case the kernel of the
homomorphism is finite, locally free of locally constant rank. If the rank is a constant

d, we say f is of degree d.

Definition 1.1.5. Given two elliptic curves F and E’ over aring R, wesay f : E — E’
is a p-isogeny if it is an isogeny of elliptic curves of degree p" for some n. A global
section f of Hompy(E, F') ®z Q is called a quasi-p-isogeny if p™f is a p-isogeny for

some m.

Theorem 1.1.4. (Rigidity) Let S be an arbitrary scheme, E; and Ey two elliptic
curves over S, and f : Ey — FEy an S-homomorphism. Then Zariski locally on S,

either f =0 or f is an isogeny, i.e., f is finite locally free.

Proof. [See KM85, Theorem 2.4.2]. O



Theorem 1.1.5. Let E/S be an elliptic curve. The structure of an S-group scheme on
E/S as given by Theorem 1.1.1 is the unique structure of S-group scheme on E/S for
which [e] = 0 is the origin. If E and E' are two elliptic curves over S, any S-morphism
f:E— E with f(0) =0 is a homomorphism.

Proof. [See KM85, Theorem 2.5.1]. O

Theorem 1.1.6. Let f : E — E’ be an isogeny of elliptic curves over a connected
base S. Then there exist a unique dual isogeny f': E' — E such that f'f = deg(f).

Proof. We recall the construction of the dual isogeny for elliptic curves E, E’ over a
field k. For the general case, [cf. KM85, Theorem 2.5.1, Theorem 2.6.1]. Under the

identification
E —=— Pic"(E/k)

| Js
E' —~— Pic"(E'/k)

the dual map is given by the pull-back
f*:Pic®(E'/k) — Pic®(E/k)

If deg(f) = d, then for any point @ € E’, f*([Q]) = (deg, f)([P1] + ... [Ps]) where
YQ) = {P,..., P} and deg, f is the inseparable degree of f, which is the same
as the ramification index for all the P;. Here s is the separable degree deg, f of f.
Similarly, f*([0]) = (deg; f)([T1] + - - - + [Ts]) where f~(0) = {T1,...,Ts}. Hence

S

Q1 = [0]) = (deg; ) Y _([P] — [T))

i=1

By choosing one particular P € f~1(Q), we see that all the P; are the translates of
P by the T;’s. That is, [P] = [P] + [T5)] — [0] for some permutation o of {1,...,s}.

Hence the equality becomes

FH1QI = [0]) = (deg; f)(deg, f)([P] = [0]) = (deg f)([F] - [0])

Applying this to @ = f(P) we get the desired map. The uniqueness of f* follows from



the surjectivity of f in the fppf topology. O]
Theorem 1.1.7. For a pair of dual isogenies f : E — E' and f': E' — E of degree

N between elliptic curves over a base S, there is a canonical bilinear pairing of finite

locally free commutative S-group schemes called the Weil pairing.
er ker f x ker f — uy

Proof. [See KM85, (2.8)]. O

1.1.2 Lattices and Elliptic Curves

Given a lattice L C C, we can form the quotient C/L, which is a one-dimensional com-
plex torus with an abelian group structure inherited from that of C. The Weierstrass

o function gives an embedding of C/L into P? by the inhomogeneous equation
y? = 42® — gox — g3

such that the translation invariant 1-form w = dz is the differential dz/y. The em-
bedding is given as
0#z€C/L(p(z1),¢(z L))

where

b=z ¥ (=)

1eL—{0}

g2 =60 > 1/ gz=140 Y  1/I°

leL—{0} leL—{0}

The inhomogeneous equation defines a non-singular, cubic curve which thus is an
elliptic curve. Conversely, given an elliptic curve E/C, together with a non-vanishing
everywhere holomorphic differential w, it arises in the above way from the lattice of
periods of w,

L(E,w) = {/w | yeHl(E;Z)} c C.

o

Under this correspondence the effect of replacing (E,w) by (E, \w), A € C*, is to



replace L by AL.

1.2 Modular Forms

1.2.1 Classical Complex Modular Forms

Definition 1.2.1. A complex modular form of weight k& and level 1 is a holomorphic
function f(7) defined on the upper half plane which satifies the following transforma-

tion equation
at +b

ct +d

A

)=[f(r) - (er+d)f ¥V (2})€SLy(Z)

Associated to such a f one can define a function of lattices. Given a lattice L =
Zw, + Zw, with Tm(w; /w,y) > 0 one can define F(L) = wy*f(wi/w,). Then F is the
unique function such that f(7) = F(Z7 +7Z), and which is homogeneous of degree —k
in L,ie. F(AL)= A"*F(L) for a homothety A € C*.

By Weierstrass, we can thus associate to f a “holomorphic” function F of pairs (F,w)
consisting of an elliptic curve over C together with a nowhere vanishing differential
which is homogeneous of degree —k in the second variable. F(E,w) := F(L(E,w)).

This leads us to the modern, algebraic definition of modular forms. But before we get

to it, we will recall the definition of the Tate curve.

1.2.2 Holomorphy at oo and the Tate Curve

Recall that a complex modular form f(7) is said to be meromorphic (resp. holomor-
phic) at oo, if the periodic function f(7) = f(7 + 1), when viewed as a function of
q = exp(2miT), holomorphic for 0 < |¢| < 1, in fact extends to a meromorphic (resp.

holomorphic) function of ¢ in |¢| < 1.

In terms of F we are asking about the behaviour of

F(C/27iZ + 2miTZ, 2midz) = F(C* /¢*, dt/t)

10



(where t = exp(2miz) is the parameter on C*, and ¢Z denotes the subgroup of C*
generated by ¢), as ¢ tends to 0. By standard calculations, the curve C/L, L =
2miZ, 4+ 2miTZ with differential 2widz is given as the plane cubic

E E
Y2 =4X° — 1—§X + ﬁ with differential dX/Y (1.1)

The coefficients are the Eisenstein series

12 (27i)*ga(7) = By = 14 240 Z os3(n)q"
216 - (2mi)°g3(r) = Bg = 1— 504> _05(n)q"
Thus to ask that the modular form f be meromorphic (resp. holomorphic) at oo is to

ask that F(Y? = 4X% — E; /12X + E¢/216,dX/Y) lie in the ring C((g)) of finite tailed

Laurent series (resp. that it lie in C[[¢]], the ring of formal power series in ¢).

Equation (1.1) in fact defines an elliptic curve over the ring Z[1/6]((¢)). In fact, if we
let
X=zx+1/12, Y=2+2y

then we can rewrite the equation in the form
y* +zy =2’ + B(g)x + C(q) (1.2)

with coeflicients

Equation (1.2) defines an elliptic curve over Z((q)) whose restriction to Z[1/6]((¢))
is the above curve, and the nowhere vanishing differential dz/2y + x restricts to give
dX/Y over Z[1/6]((q)).

By definition the Tate curve Tate(q) with its canonical differential weay is the elliptic
curve over Z((q)) defined by equation (1.2), with differential we,, = dz/2y+z. For each
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integer n > 1, the Tate curve Tate(¢") with its canonical differential we,, is deduced

from (Tate(q),wean) by the extension of scalars Z((q)) — Z((q)) sending ¢ +— ¢™.

Let ¢, be a primitive nth root of unity. The points of order n on C*/q"% are the
images of the n? points
(G, 0<ij<n—1

Using the explicit expressions for x and y as functions of ¢ = exp(2miz)

nk nk
q™t q
() =D 4= e~ 2 "
keZ(l_q t) e’
<an)2 an
=) ———
y(> Z(l_ant)?)_'_Zl_an’
keZ k>1

one sees that each of the non-zero points of order n has z and y coordinates in Z[[g]] ®z
Z[Cn, 1/n]. Hence all level n structures on Tate(q™) over Z((q)) are defined over Z][¢q]|®z
Z[Cn, 1/n] (rather than just over Z[(,, 1/n]((q))).

1.2.3 Modular Forms of Level 1

Definition 1.2.2. A modular form of weight £ € Z and level 1 is a rule f which
assigns to any elliptic curve E/S a section f(FE/S) of (wg/s)®* over S such that the

following two conditions are satisfied:
1. f(E/S) depends only on the S-isomorphism class of the elliptic curve E/S.

2. The formation of f(E/S) commutes with arbitrary change of base g : S" — S;
ie. f(Es/S) = g F(E/S).
We denote by M(Z; 1, k) the Z-module of such forms.

Equivalently, a modular form of weight k£ and level 1 is a rule f which assigns to every
pair (E/R,w) for aring R together with a basis w of wg , an element f(E/R,w) € R,

such that the following three conditions are satisfied:

1. f(E/R,w) depends only on the R-isomorphism class of the pair (E/R,w).

12



2. f is homogeneous of degree —k in the“second variable”; i.e. for any A € R*,

f(E, ) \w) = X"f(E,w)

3. The formation of f(E/R,w) commutes with arbitrary extension of scalars g :
R — Rlv Le. f(ER//RlawR/) = g(f(E/va))

The correspondence between the two notions is given by the formula
f(B/SpecR) = f(E/R,w) - w®*

(valid whenever wp, p is a free R-module, with basis w).

If in the preceding definitions we restricted ourselves to the category of elliptic curves
over a fixed base scheme Spec Ry, we obtain the notion of a modular form of weight £
and level one defined over Ry, the Ry module of which is denoted by M (Ry; 1, k).

A modular form of weight k and level 1 defined over Ry can be evaluated on the pair
(Tate(q), wean) R, consisting of the Tate curve and its canonical differential, viewed as

an elliptic curve with differential over Z((q)) ®z Ro.

Definition 1.2.3. The g-expansion of a modular form f is defined to be the finite

tailed Laurent series
f((Tate(q), Wean) o) € Z((q)) @z Ro

Definition 1.2.4. A modular form f is called holomorphic at oo if its g-expansion
lies in the subring Z[[¢]] ®z Ry. The module of all such is denoted by S(Ry; 1, k).

Remark 1.2.1. The g-expansion of a modular form f lies in Z((q)) ®z R, i.e., it is a
finite Ry-linear combination of elements of Z((¢)). This implies for instance that if Ry
is the field of fractions of a discrete valuation ring, then the g-expansion coefficients of

any modular form of weight k& and level 1 over Ry have bounded denominators.

13



1.2.4 Modular Forms of Level N

Definition 1.2.5. Assume S is a scheme where N is invertible. A modular form of
weight k& and level N is a rule which assigns to each pair (E/S, ay) consisting of an
elliptic curve together with a level N structure, a section f(E/S, an) of (wg/s)** over
S, in a way which only depends on the S-isomorphism class of (E/S, ay), and which

commutes with arbitrary change of base g : S — S.

Exactly as in the case of modular forms of level 1, one can define the notion of a mod-
ular form of weight £ and level NV defined over a ring Ry, by restricting to the category
of elliptic curves over Ry. The Ro-module of all such is denoted by M (Rg; N, k).

A modular form of weight k and level N defined over Ry which contains 1/N and a N-th
root of unity (i can be evaluated on the triples ((Tate(q"), Wean, @n)Rr,) consisting of
the Tate curve Tate(q") with its canonical differential, viewed as defined over Z((q))®z

Ry, together with any of its level IV structures.

Definition 1.2.6. The g¢-expansions of the modular form f are the finitely many

finite-tailed Laurent series

f((Tate(qN):wcana OéN)RO) € Z((Q)) X7z RO

obtained by varying over all the level NV structures.

Definition 1.2.7. A modular form defined over any ring R, is said to be holomorphic
at oo if its inverse image on Ry[1/N, (y] has all its g-expansions in Z|[q]|®z Ro[1/N, (.
The module of all such is denoted by S(Ro; N, k).

A modular form (resp. holomorphic at co) of weight k& and level N which does not
depend on the “last variable” ay is a modular form (resp. holomorphic at oco) of
weight £ and level 1 defined over Ry[1/N].

1.2.5 The Modular Schemes Y (/N) and X (V)

In this section we are going to assume the existence of the modular scheme Y (V) which

represents the moduli problem that classifies for each integer N > 3 the isomorphism
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classes of elliptic curves with level N structure over Z[1/N]. We are going to state
some facts and properties of this scheme following Katz, [Kat73, Section 1.4] whose

proofs are beyond the scope of this work.

The modular scheme Y (N) is an affine smooth curve over Z[1/N], finite and flat of
degree = #(GLy(Z/NZ)/£1) over the affine j-line Spec(Z[1/N, j]), and étale over the
open set of the affine j-line where 7 and j — 1728 are invertible. We will denote the uni-
versal elliptic curve over Y (N) as £/Y (V). The normalization of the projective j-line
IP%1 sv) I Y (N) is a proper and smooth curve X (N) over Z[1/N], whose global sections
are Z[1/N,(y]. The curve Y(N) ®zn/n Z[1/N, (n] (resp X (N) ®zpyn Z[1/N, () is
a disjoint union of (V) affine (resp. proper) smooth geometrically connected curves
over Z[1/N, (y], the partitioning into components given by the ¢(N) primitive roots
of 1 occurring as values of the Weil pairing on the basis of E[N] specified by the level
N structure. The scheme X (N) — Y(N) with its reduced induced structure is finite
and étale over Z[1/N], and over Z[1/N,(y], it is a disjoint union of sections, called
the cusps of X (V). The completion of X(N) along any of the cusps is isomorphic
to Z[1/N,(n][[q]]. The cusps correspond naturally to the set of isomorphism classes
of level N structures on the Tate curve Tate(q") viewed over Z((q)) ®z Z[1/N,y].
The completion of the projective j-line Pé[l INCN] along oo itself is isomorphic to
Z[1/N,(n][[q]], via the formula j(Tate(q)) = 1/¢ + 744 + ..., and the endomorphism
of Z[1/N,(y][[q]] arising from the projection X (N) — P! is given by q — ¢".

1.2.6 The Invertible Sheaf w on X(/N), and Holomorphic Mod-

ular Forms
There is a Kodaira-Spencer isomorphism
®2
(C—Ue/wm) = Qv ziyn
There is a unique invertible sheaf w on X (N) whose restriction to Y (N) is we/y ()

and whose sections over the completion Z[1/N, (x][[g]] at each cusp are precisely the
Z[1/N, (n][[g]] multiples of the canonical differential of the Tate curve. The Kodaira-
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Spencer isomorphism extends to an isomorphism

(C_U)®2 = Q%((N)/Z[l/N} (log(cusps))

Over Z[1/N,(x][[q]], the square of the canonical differential we., on Tate(q") corre-
sponds to NV - dq/q.

Putting together our definition of a modular form (resp. holomorphic) from before

and the existence of a universal elliptic curve over the modular scheme Y (N), we get

Definition 1.2.8. A modular form of level N and weight %k defined over any ring R
is a global section of the line bundle (wg/y(xy)®* on Y (N) @zp/n) Ro.

A modular form is called holomorphic at oo if such a section can be extended to a
section of (w)®* on X (N) ®z1/n Ro.

1.2.7 The g-Expansion Principle

For any Z[1/N]-module K, we define a modular form of level N and weight &, holo-
morphic at oo, with coefficients in K, to be an element of H°(X(N), (w)®* ®Qzp/n K).
As each cusp, such a modular form has a g-expansion in K ®z1/n Z[1/N, (n] ®z Z[q]).

The g-expansion principle tells us that a holomorphic modular form can be determined

by its g-expansions at the cusps.

Theorem 1.2.1. Let N > 3, K a Z[1/N]-module, and f a modular form of level N
and weight k, with coefficients in K. Suppose that on each of the ¢(N) connected
components of X(N) ®zp/n) Z[1/N, (x| there exist at least one cusp at which the g-

expansion vanishes identically. Then f = 0.

Proof. By considering the ring of dual numbers on K, D(K) = Z[1/N] @ K, (where
multiplication is given by (a, k)(d’, k") = (ad’, ak’ + a'k)) we are reduced to the case
where K is a ring over Z[1/N]. Since the formation of cohomology of quasi-coherent
sheaves commutes with filtered colimits, we are reduced to the case where K is a
finitely generated ring over Z[1/N]. Then by localising we assume K is a Noetherian,

local ring. By faithful flatness of completion of a Noetherian local ring, we pass to the
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completion. Using the theorem on formal functions we are reduced to the case of an
Artin local ring K. Suppose x € X (V) ®zp/n K[(n] be a cusp such that f vanishes
in the completion along x. (Note that it makes sense to talk of a cusp as a point as
Spec K [(y] is singleton). Consider an affine neighbourhood of x, say Spec A. Assume
x is cut out by an ideal I. Then denoting the [-adic completion of A by A, we see
that f lies in the kernel of the natural map A — A. By Krull’s intersection theorem,
this implies that there exists some g € 1 + [ such that gf = 0. Thus f vanishes
identically on D(g). Hence around each cusp there is an open neighbourhood where f
vanishes identically, which in turn implies that f vanishes on an open dense subset of
X(N)® K. Thus Supp(f) is a closed subset Z of X(N) ® K which does not contain
any of the generic points of the irreducible components. Suppose z is a generic point
of Z. Then f is supported in the maximal ideal m. of O, x(nex. Since w is invertible,
we can identify f (non-canonically) with an element of O, x(n)gK such that for any
h € m,, h"f = 0 for some n > 0. Thus every element of m, is a zero divisor and
hence z has depth 0. Since X(N) ® K is smooth over K which is Artin local, it is
Cohen-Macaulay. Hence the only points of depth 0 are the generic points. This is a
contradiction. O

Corollary 1.2.1. (The g-expansion principle) Let N > 3, K a Z[1/N]-module, L. C K
a Z[1/N] submodule. Let f be a modular form of weight k, level N, holomorphic at
oo, with coefficients in K. Suppose that on each of the ¢(INV) connected components
of X(N) ®zp1/n) Z[1/N, (n] there is at least one cusp at which all the g-coefficients of
fliein L ®zp N Z[1/N,n]. Then f is a modular form with coefficients in L.

Proof. The exact sequence of Z[1/N]-modules
0—-L—-K—K/L—0
induces on cohomology an exact sequence
0— H(X(N), L ®w®) = H(X(N),K ®w®) — H(X(N), (K/L) ® w®)

The theorem then applied to the image of f in HY(X(N), (K/L) ® w®) proves the

corollary:. O
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1.2.8 Base-change of Modular Forms of Level N > 3

Theorem 1.2.2. Let N > 3, and suppose either that k > 2 or that k =1 and N < 11.
Then for any Z[1/N]-module K, the canonical base-change map

K © H'(X(N),w") = H(X(N), K ® w*)
18 an isomorphism.

Proof. As stated in Corollary A.0.1, it is enough to show that H'(X(N),w") = 0.
The isomorphism (w)®? ~ QQ(N) sz n(log(cusps)) and the fact that each connected
component of X (N)®z1/nZ[1/N, (x| contains at least one cusp shows that the degree
of w®* is strictly greater than 2g — 2 where g is the (common) genus of any of these
connected components. Then Riemann-Roch shows that H'(X(N),w®*) = 0. The

other cases follow by explicit calculation. O

1.2.9 Base-change of Modular Forms of Level 1 and 2

Theorem 1.2.3. Let Ry be any ring in which 2 is invertible. For every integer k > 1,
the canonical map S(Z;2,k) @z Ry — S(Ro;2, k) is an isomorphism.

Proof. Modular forms of level 2 and weight &, holomorphic at co over any ring Ry > 1/2
are precisely those modular forms of level 4 and weight k which are invariant under the
action of the subgroup of GLy(Z/47) consisting of those matrices which are = I mod 2.
As this group has order 16, a power of 2, we apply the projector % Zgzl (2)9 to the
base-change isomorphism of Theorem 1.2.2 to get the result. O

Remark 1.2.2. There are no non-zero modular forms of level 2 and odd weight k.
The automorphism —I transforms (E,w, as) to (E, —w, —a3). But ag = —ay. Hence
f(vaa 042) = f(E’ —W, _042) = (_1)kf<va7 OQ)'

Theorem 1.2.4. Let Ry be any ring in which 6 is invertible. For every integer k > 1,
the canonical map
S(Z, 1; /{) ®z Ry — S(Ro; 1, k)

s an isomorphism.

18



Proof. A modular form of level 1 can be viewed as a modular form of level 4 (resp.
level 3) invariant under GLy(Z/4Z) (resp. GLo(Z/37Z), defined over Ry. GlLo(Z/4A7Z)
has order 96 and GL(Z/3Z) has order 48. Their only prime factors are 2 and 3. Hence

using the projection technique as above, we see that
S(Z[1/6];1, k) ®z16) Ro — S(Ro; 1, k)

is an isomorphism. Now we only need to pass from Z[1/6] to Z. But for any ring R,

we have the fibre diagram

S(R;1,k) ————— H°(X(3) ® R,w®")

| |

HO(X(4) ® R,w®) —— H°(X(12) @ R,w®")

As the formation of the diagram above commutes with flat extension of scalars, the

extension Z — Z[1/6] gives the desired result. O

1.2.10 Modular Schemes of Level 1 and 2

We state some facts about moduli schemes of level 1 and 2. Interested readers can
look up [Kat73, Section 1.9] for more details. The moduli problems for level 1 and 2

are not representable. But, for each NV > 3, one can form the quotients

Y (N)/GLy(Z/NZ) = the affine j — line A%WN]
X(N)/GLy(Z/NZ) = the projective j — line Pz,

which fit together for variable N to give the affine and projective j-lines over Z. We
define Y (1) = A}, and X (1) = P},.

Similarly for N = 2 we define

~

—~
[\

S~—
I

Y (4)/the subgroup of GLy(Z/47) consisting of matrices = I mod 2
X(2) = X (4)/the subgroup of GLy(Z/4Z) consisting of matrices = I mod 2
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The scheme Y'(2) is SpecZ[A][1/2A(1 — A)], and X (N) is the projective A-line IP’%WQ].

1.2.11 Modular Forms of Level 1 and 2: ¢-Expansion Princi-
ple

Definition 1.2.9. For N = 1,2, and any Z[1/N]-module K, define a modular form
of level N and weight &, holomorphic at co, with coefficients in K to be (i) for N =1,

an element of the fibre product of the diagram

S(K:1,k) » HO(X(3), w® @z /3 (K ®z Z[1/3]))

J |

HO(X(4), w®* @zpa (K @7 Z[1/4])) —— H(X(12), 0" @zp/12) (K ®2 Z[1/12]))

(ii) for N = 2, an element of H°(X (4),w®" ®z/1/4 K) invariant under the action of the
subgroup of GLy(Z/47) consisting of matrices = I mod 2.

The module of all such is denoted S(K; N, k).

Corollary 1.2.2. (g-expansion principle) Let N = 1 or 2, K a Z[1/N]-module, and
L C K aZ[1/N]-module. Let f be a modular form of weight k, level N, holomorphic
at oo, with coefficients in K. Suppose that at one of the cusps (for N = 1 there is
exactly one, j = oo, while for N = 2 there are 3, A = 0,1, 00), the g-coefficients of f

all lie in L. Then f is a modular form with coefficients in L.

Proof. Follows from Theorem 1.2.1. O]
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Chapter 2

p-adic Modular Forms

2.1 The Hasse Invariant

Let S be an F,-scheme and consider an elliptic curve E/S. Let us recall the Frobenius

isogeny and its dual Vershchiebung.

2.1.1 Frobenius and Verschiebung

Definition 2.1.1. For any IF,-scheme S, the absolute Frobenius is defined to be the
map Frob : S — S which is identity on the underlying topological space, and induces
the IF,-endomorphism z — 2 on the sheaf Og.

For a scheme X/S/F,, the absolute Frobenius defines a scheme X as the base change
of X through Frob : S — S. That is, we have the following commutative diagram

X0 — 5 X

S Frob S



The absolute Frobenius for both X and S gives a commutative diagram

Z

Definition 2.1.2. For any scheme X/S/F, the S-linear map Fx/g defined by the
above construction is called the relative Frobenius. When there is no confusion about

the schemes, we will write F' = Fy 3.

If we assume both S = Spec A and X = Spec B are affine, and

B = A[x17...,xn]/(f17""fm>
then X(P) — Spec B(p) with
B(p) = A[l’l, ce ,xn]/(fl(p), . 7fr(rf))

where the polynomials fi(p ) are obtained from fi just by raising their coefficients to the

p-th power. On R-valued points the relative Frobenius F' is given by

(ay,ag,...)— (af,db,...)

Let us now suppose E/S is an elliptic curve and F' = Fp/g the relative Frobenius of
E over S.

Lemma 2.1.1. If S = Speck where k is an algebraically closed field of characteristic
p, then Fgys is an isogeny of degree p.
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Proof. The description of F' on affine coordinates as

(z,y) = (2", y")

shows that it is a non-constant surjective map. Also F'(0) = 0 and thus F' is an isogeny.
If K is the function field of E then the function field of E® is K?. This follows from
the local description of the affine coordinate ring of E' and the fact that k is perfect.
The statement about degree then follows from the fact that K is a finite extension of

k(t) for some parameter ¢ and the multiplicativity of degrees for field extensions. [
Corollary 2.1.1. If S is an F,-scheme, and E/S an elliptic curve, then the relative

Frobenius Fg/g: E — E®) is an isogeny of degree p.

Proof. 1t’s enough to check over geometric fibres. O]

Definition 2.1.3. Given £/S an elliptic curve, the dual isogeny of Fg /g is called the
Verschiebung, denoted as Vg (or V' when there is no confusion). It is of degree p and
satisfies the property VF = [p] and F'V = [p].

One can also consider the iterates F™ of F' and V" of V and the duality of F' and V'

gives duality for the iterates. This gives the exact sequence for all n > 0
0 — ker F" — E[p"] = ker V" — 0
Recall that the Weil pairing introduced in Theorem 1.1.7 gives the Cartier duality

ker V" ~ (ker F™)"

Over an algebraically closed field k, F' is purely inseparable of degree p and hence
ker ' consists of only 1 point, i.e. [0] is a generator for ker F'. This means ker F' is
a connected finite flat group scheme over k of order p. Hence by the classification of
connected group schemes of order p over algebraically closed fields, it can either be p,

or a,, depending on whether ker V' is étale or connected respectively.

Before proceeding to the definition of the Hasse invariant, we need to define the formal

group of an elliptic curve.
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Let S be a scheme, and X,Y with Y <— X two sheaves on S for the fppf topology.

Definition 2.1.4. Inf{(X) is the subsheaf of X whose sections over an S-scheme
T are given as follows: I'(T,Infy(X)) := {t € T'(T, X)| there is a covering {T; —
T} and for each T; a closed subscheme T); defined by an ideal whose k+1 power is 0
with the property that ¢|T; € I'(T;,Y)}

Lemma 2.1.2. If X and Y are schemes and Y — X 1is a closed immersion then this
definition coincides with the usual one of [Gro67, §16].

Proof. [See Mes72, I, Lemma 1.02]. O

Lemma 2.1.3. Let E/S be an elliptic curve. Let E be its formal completion along

the zero section. Then E is a group object in the category of formal schemes.

Proof. Tt is enough to show that E is closed under addition. Soif f, g € I(T,Inf*(E)),
where Inf*(F) is the k-th infinitesimal neighborhood of the zero section, we need to
show that there is & > k such that f + g € ['(T,Inf*¥ (E)). Choose a covering family
T; — T and nilpotent immersions of order k T; < T; such that f|z = 0. Choose
covering T; — T and nilpotent immersions of order k Tj — T} similarly for g. Then
T; x T; — T is a covering such that T; x Tj — T; x T} are nilpotent immersions of
order 2k. f + glg,, 7, = 0 and hence f + g € I'(T, Inf?*(E)). O

Let X be a sheaf on S and ex : S — X be a section. Let Inf¥(X) be Inff(X) where
Y is the subsheaf defined by ex.

Definition 2.1.5. A pointed sheaf (X, ex) is ind-infinitesimal if X = ligInfk(X).
Definition 2.1.6. A pointed sheaf (X, ex) on S is said to be a formal Lie variety if
the following conditions are satisfied:

1. X is ind-infinitesimal and Inf*(X) is representable for all k& > 0.

2. Wy = e}(QIInfk(X)/S

sheaf on the right side is the same).

) is locally free of finite type. (Note that for any k& > 0 the
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3. Let gr'™(X) be the unique graded Og-algebra, such that gr™(X

i

= gr;(Inf*(X))
holds for all i > 0. Then we have an isomorphism Sym (wy ) — gr™(X) induced
by the canonical mapping wy — gri®(X).

Definition 2.1.7. A formal Lie group over S, (G, e¢) is a group object in the category

of formal Lie varieties.

Proposition 2.1.1. With the definitions as above, the formal completion of an elliptic

curve E/S along its zero section, denoted by E,isa formal Lie group.

Proof. E is by definition ind-infinitesimal, and Inf*(E) is clearly representable. We
have seen that the sheaf of invariant differentials wp/g is locally free of rank 1 and
wrs =1 /Z? where T is the ideal sheaf of the zero section. These two facts imply that
E satisfies the last two conditions of Definition 2.1.6. [

Remark 2.1.1. Locally on S, a formal Lie group (G, eq) is represented by the formal
spectrum of a power series ring. Indeed, one only needs to have a trivialization of w

to get such a representation.

2.1.2 The Hasse Invariant

Definition 2.1.8. The Hasse invariant A is a modular form of weight p — 1 and level
1 defined as the tangent of the Verschiebung map V : E®) — E

tg(V) € Homg(Lie(E® /S), Lie(E/S))
= Homg((Lie(E/S)®?, Lie(E/S))
= H(S, ()55 ")

The fact that Lie(E® /S) = (Lie(E/S))®? follows from the base-change theorem ap-
plied to the base-change map Frob: S — S.

There are a bunch of ways to compute the Hasse invariant, listed in [KM85, (12.4)].

Here we mention one of them.
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First we assume by localising that S = SpecR is affine and wp g is free of rank 1.
Choose an R-basis of wg /g, say w € H(E, Q}E/R). Choose a local coordinate X for
the formal group E /R which is adapted to the invariant differential w, i.e.

w = (1 + higher terms)dX

In terms of the basis w we have A = A(E,w)w®~! where A(F,w) € R.

Calculating A: In the formal group expression of “multiplication by p” on E as a
power series in X,

pI(X) = V(F(X)) = V(X7)

Hence we see that A(F,w) = tg(V') = coefficient of X? in [p](X).

Theorem 2.1.1. Over any Fy-algebra R, the value of the Hasse invariant on the Tate
curve Tate(q)/R((q)) is given by

A(Tate(q), wean) = 1

Proof. Let ¢ean : Tate(q) — @; be the unique isomorphism of formal Lie groups

*

under which Wean = Pean

(dX/X). Computing the coefficient of X? in the power series

expression of “multiplication by p” on @; we see that
BIX) = (14 X) = 1= X7
Thus A(Tate(q), wWean) = 1. O

This theorem proves that the zeroes of the Hasse invariant lie away from the cusps.

The next theorem, due to Igusa shows that the zeroes are actually simple.

Theorem 2.1.2. (Igusa) If k is a perfect field of characteristic p, and (R, m) an Artin
local k-algebra with residue field k, then for any elliptic curve E/R, the following

conditions are equivalent:
1. The Verschiebung V : E® — E has tg(V) =0

2. There exists a supersingular elliptic curve Ey/k and an R-isomorphism Eq®y R ~
E.
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Proof. (2) = (1) is clear. Let us prove the converse. If tg(V') = 0, ker(V') which is
finite flat of rank p, and a subgroup of E®[p] must coincide with the connected part
of E®[p], having non-zero sheaf of differentials. Thus it is a subgroup of the formal
group of E®.

Being formal groups over characteristic p, E and E® has an action of Zy,, given by
taking limit of the endomorphisms induced by truncated p-adic expansions. (The
limit exists as [p](X) C (X?)). Choose a coordinate X for E which linearizes the

action of p, 1 C Z,, and use the pullback of X on E® . For any R-homomorphism

f: E® — F, given by

the formulas

for a primitive (p — 1)th root of unity ¢, implies that

Ca(n) = ¢"a(n)
for all n. This implies that a(n) = 0 unless n = 1 mod (p — 1) and a(1) = tg(f).
Therefore if tg(V') =0,

V(X) = a(p)X? + higher order terms.

a(p) € R* because modulo m, F is a supersingular elliptic curve over a field where we
know the result by classical theory. Also ker(V') = ker(F) with both coinciding with
the connected part of E®[p], and is more explicitly given by X? = 0.

Thus we have an isomorphism

E® /ker(V) —— E® /ker(F)

§ Js

E ~ > B0
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Iterating this isomorphism, we get

2n)

E~E®P) ~ BV ~ oo B0~

Since R is Artin local, Frob®” : R — R factors through k for sufficiently large n. Thus

27L)

E~EP") ~ (E®zk)"") @, R

]

Corollary 2.1.2. Let k be an algebraically closed field of characteristic p, (p, N) = 1,
Y (N);, the affine modular curve over k (which is regular). The Hasse invariant A has

only simple zeroes on Y (N)y.

Proof. We have seen the Hasse invariant is non-zero at the cusps. Hence it vanishes
only at closed points of Y(N)g. Suppose y € Y (), is such a point. Denote the
local ring at y by (Oy,,m,). This is a DVR by regularity and we need to show that
(A) = m,. Suppose not. Then (A) = m} for some n > 1. Let R = Oy,/m7. Then
the natural map ¢ : Spec R — Y (N); determines an elliptic curve E/R with a level
N structure. For any basis wg of the invariant differentials of F, A(E,wg) = 0. But
then by Igusa’s theorem F comes from some Ey/k. Since N is coprime to p, the level
N structure descends to a level N structure on FEj by étaleness, and hence defines a
point ¢ : Speck — Y (N); such that ¢ factors through ¢. Also the thickening map
R = Oyy/my — Oy, /m, = k defines a k-valued point which must be the same as (.
Hence A(Ey,wg,) = 0 which contradicts the assumption that ord,(A) > 1. O

2.2  Deligne’s Congruence A = F,_; mod p

Recall from the classical theory that for all even integer k > 4, the Eisenstein series

E} is a modular form of weight k£ and level 1 over C whose g-expansion is

Ek =1- Qk/BkZGk_l(TL)qn

n>1

28



where By, is the k-th Bernoulli number and

or_1(n) = Z d"1

dn
d>1
As its g-expansion coefficients lie in QQ, Fj, is defined over Q by the g-expansion prin-

ciple.

Lemma 2.2.1. Let k € N.

1. (Kummer’s congruence) p — 1 { k iff B,/2k € Z,. Moreover,

Bi/2k = By /2K modp if k =k #0 modp—1

2. (Clausen-von Staudt congruence) If p—1|k, then pBy, € Z, and pBy, = —1 mod p.

In particular, v,(Bg) = —1.
Proof. [See BS86, Section 5.8, Theorem 4, Theorem 5]. ]

The lemma shows that for k = p — 1, p > 5, the coefficients of E,_; lie in Z,) (the
localization of Z at the prime (p)) and moreover, E, 1 = 1 mod p. We have already
seen a modular form of level 1 and weight p — 1 over [F, whose g-expansion is 1 — the

Hasse invariant. Thus we conclude by the g-expansion principle that £, ; = A mod p.

For p = 2,3 it is not possible to lift A to a modular form of level 1, holomorphic at
00, over Z). However, for p =2 and 3 < N <11, 21 N we can lift A to a modular
form of level N and weight 1, holomorphic at oo, over Z[1/N] using the base-change
theorem (Theorem 1.2.2). For p = 3 and any N > 3, 3 1 N, we can lift A to a
holomorphic modular form of level N and weight 2, over Z[1/N] again by the same
theorem. Anyway, for each of these cases we choose a lift of A of level N (as described

above) and call it £, ;.
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2.3 p-adic Modular Forms with Growth Conditions

In this section we will give a definition of a p-adic modular form as functions of elliptic
curves over Z, whose Hasse invariant (or rather its lift) has p-adic absolute value
greater than some chosen constant. So we will be removing p-adic discs of various
radii around the supersingular points and consider the sections of w®* restricted to

the remaining “rigid analytic” open subsets.

Definition 2.3.1. Let Ry be a p-adically complete ring. Choose r € Ry. For any
integer N > 1, prime to p (resp. 3 < N < 11 for p = 2, and N > 2 for p = 3) we
define a p-adic modular form over Ry of growth r, level N and weight k as a rule which

assigns to any triple (E/S,ay,Y') consisting of:
1. an elliptic curve E/S, where S is a Ry-scheme where p is nilpotent
2. alevel N structure ay
3. a section Y of c_u%}ls_p ) satisfying Y - E,1=r

a section f(E/S,an,Y) of &%I/Cs over S, which depends only on the isomorphism class

of the triple, and whose formation commutes with abitrary base change of Ry-schemes.
The module of all such is denoted by M (Ry;r, N, k).

Equivalently, choosing a basis w of wg g, one can define f to be the rule that attaches
to each quadruple (E/R,w,ay,Y) an element of R whose formation depends only on

the isomorphism class of the quadruple, commutes with base extensions, and satisfies
f(E/R, v, an, \P7Y) = X" f(E/R,w,an,Y)
for A € R*. By passing to the limit, we can allow R to be a p-adically complete ring

in the above definition.

f is said to be homlomorphic at oo if for any integer n > 1, its value on
(Tate(q™), Wean, an, 7(Ep_1(Tate(q"), Wean)) ™), lies in Z[[¢]] ® (Ro/p™ Ro)[Cx], for each
level N structure ay. We denote by S(Rg;r, N, k) the submodule of M(Ry;r, N, k)

consisting of forms holomorphic at co.

30



Clearly,

M(Ry;r,N, k) = @M(Ro/p”Ro;r, N, k)
S(Ro;r, N, k) = @S(Ro/p"Ro;r, N, k).

2.3.1 The Ordinary Locus Y (N)°*d

We assume that p is nilpotent in Ry. In this section we will show that the moduli
problem classifying isomorphism classes of triples (E/S, ay,Y) over Rg-schemes S is

representable for any N > 3.

Define the moduli problem

Sch/R, -2 Sets

S+ S-isomorphism classes of triples (E/S, an,Y)
where everything is defined as above. The data of a triple (FE/S,ay,Y) is the same
as the data of
1. A Ry-morphism ¢g: S — Y(N) ® Ry

2. A section Y of g*(w®(~P)) satisfying Y - g*(E,_1) = 7.
Theorem 2.3.1. Pg, , is representable.

Proof. Denote w®!~? by £ for notational convenience. Clearly Pg, , is a subfunctor of

the functor

Sch/R, 2> Sets
S +— {Rp-morphisms g : S — Y (), plus a section Y of g*(£)}

P’ is clearly representable by the geometric vector bundle V(£7) on Y (V) ® R, asso-
ciated to £ which is the relative affine spectrum of the symmetric algebra on the line
bundle £ [see Harl3, II, exercise 5.18]. Then the subfunctor Pg, . is represented by
the closed subscheme of V(£7) defined by the vanishing of E,_y — . The universal

elliptic curve with level N structure is just the pullback of the universal elliptic curve
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E/(Y(N) ® Ryp) under the natural projection

vie)
|
)

Y(N)® Ry

Remark 2.3.1. The scheme representing Pg, , is in fact affine.

Having seen that Pg, , is representable it’s now obvious that the module M (Ry; 7, N, k)
is the global sections of the pullback of w on this scheme. But before we get to a good

description of this module, let us say a few more things about the representing scheme.

Although we defined p-adic modular forms of growth r for any r € Ry, the case of
most importance to us will be when r = 1. Now further assume that Ry = IF,. Let us

also denote by Pg, ,, the scheme representing the functor.

Note firstly, that E,_; = A as we are over F,. Following the construction of the
scheme P, 1, we see that it is exactly the open subscheme of Y (N )]Fp where the Hasse
invariant is invertible. This open subscheme is obtained by removing the finitely many

closed points on Y (N)g, corresponding to the supersingular elliptic curves.

We see that Pr, 1 is a closed subscheme of Pz/,mz 1 defined by the vanishing of p which
is nilpotent. Hence the underlying topological spaces of both these schemes are the

same. Thus we are in a situation where we have
1. a directed system of affine schemes {Pz/pmz 1 }men,
2. thickenings Pz pmz1 — Pz/pnz1 for every m < n.

Then we can take the colimit of this system and get an affine formal scheme which we
denote by X°rd,

Definition 2.3.2. The formal ordinary locus is defined to be X°*d. It is an affine
formal scheme over SpfZ,.

This definition also solves the problem of choice involved in a lift of A for p = 2, 3.

Since the underlying topological space depends only on A, we can define the ordinary
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locus in that case to be the formal completion of the structure sheaf of Y (V) restricted

to the non-vanishing locus of A, along p = 0.

For r # 1, one can still consider the compatible system of Z/p™Z family of schemes
Pz/pmz., only this time it is not guaranteed that the underlying topological space can
be viewed as an open subspace of Y (V). Nevertheless one can consider the formal

scheme associated to this compatible family, and call it Y (N)(Ry,r).

2.3.2 M(Ry;r, N, k) and S(Ry;r, N, k) when p is Nilpotent in R,

Proposition 2.3.1. When p is nilpotent in Ry, and N > 3 is prime to p, there is a

canonical isomorphism

M(Ry;7, N, k) = H (Pry.r, w™)
( ) ® Ro, ©j20(w)* ") /(E, | — 7‘))
(because Y (N) is affine) = ( ) @ Ro, ®j0(w) =) /(B, , —7)
= @,50M(Ro; N,k + j(p — 1)) /(Ep_y — 7).

Proposition 2.3.2. Let N > 3, p{ N. Under the isomorphism of Proposition 2.3.1
the submodule S(Ro;r, N, k) C M(Ro;7, N, k) is

S(Ro;r, N, k) = H° (X(N) ® R, ®;20 w* P J(E, 4 — 7’)>

Proof. 1t suffices to treat the case Ry 3 (. The completion of X (N) along any of its
cusps is isomorphic to Ry|[g]]. Just as in the proof of Theorem 2.3.1, we can consider
the geometric vector bundle over X (N)® Ry associated to £ Call it V(£). Denote by
Pry.» the closed subscheme of V(£°) defined by E,_; —r. Then the ring of completion

of Pr,. along the inverse image of any cusp is 1somorph1c to

Rolla][Y]/(Y - Ep-1(Tate(q"), Wean, ) — 7) 2 Ro[q]
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as E,_; is invertible at the cusps. Thus a p-adic modular form f seen as a section
of w®* over Pg,, is holomorphic at oo iff it extends to fRM. The description of the

module is then obvious. O

2.3.3 Determination of S(Ry;r, N, K) in the Limit

Theorem 2.3.2. Let N > 3 and suppose either that k > 2 or that k =1 and n < 11,
or that k = 0 and p # 2, or that k =0, p =2 and n < 11. Let Ry be a p-adically

complete ring and suppose r € Rq 1s not a zero-divisor in Ry. Then the homomorphism

lim HO(X (N), ®jz0 w*V) @g1/n1 (Ro/p" Ro) [ (Bp1 — 1)

1))
S(Ro;r, N, k) = @S(Ro/p"Ro;r, N, k)

s an isomorphism.

Proof. Denote by § the quasi-coherent sheaf @;>¢ W= on X(N) and put §, =

§ ® Ro/p"Ry. The inverse system of short exact sequences
Ep_1—7r
0—Fn ———Fn = Zu/(Epr—7) =0
induces an inverse system of long exact sequence in cohomology

0 — HYX(N),§n) — HY(X(N),§n) — HY(X(N),8n/(Ep-1—71)) j

[—> HY(X(N),8n) — HY(X(N),§n) — H'(X(N),§n/(Ep-1—1)) — 0

Suppose first that & > 0. Then under our hypothesis the base-change theorem (1.2.2)
applies and we see that H°(X(N),§,) = H(X(N),F)®R/p" Ry, and H* (X (N),F,) =
0. Thus the H° terms form a short exact sequence of inverse systems, the first of which
has surjective transition morphisms. Hence the inverse limit forms the desired short

exact sequence.

For k=0and p#2or k=0 p=2andn < 11, we have H'(X(N),w®) = 0 for
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all k > 2. Hence H'(X(N),§) = H'(X(N),O) and then again by cohomology and
base change we get H(X(N),F,) = H*(X(N),F) ® Ro/p"Ry. The sequence on H*

becomes

HY(X(N),0)® Ry/p"Ry — H'(X(N),0) ® Ry/p" Ry — H (X (N),O) ® Ry/(p",r)

For variable n they form a six-term exact sequence of inverse systems. If their

inverse limit was exact the theorem would follow because multiplication by r on
H°(X(N),0) ® Ry is injective.

The proof for the exactness follows using spectral sequences of hypercohomology for
the functor lgn which the author is not familiar with. Interested readers can look up
[Kat73, Lemma 2.5.2]. O

Remark 2.3.2. In terms of the formal scheme (Section 2.3.1) one can interpret p-adic
modular forms over a p-adically complete ring Ry as H° <Y(N )(Ro, ), g®k>. One can
also consider the formal completion along p = 0 of the vector bundle above X (N).
Denoting it by X (NV)(Ry,r) we see that p-adic modular forms which are holomorphic
at the cusps are exactly H° (X(N)(RO, r),g@)k). That is

M(Bo:r, N.k) = H (Y (N)(Bo. 1), )

S(Ro:7, N, k) = H" <X(N>(Ro, T),g@k)

When r = 1 this means that p-adic modular forms of weight k are global section of

k

w® over the ordinary locus X°*¢. This will be our definition of p-adic modular forms

in the next chapter.

2.4 A “Basis” of S(Ry;r, N, k) in the Limit

Lemma 2.4.1. Under the numerical hypotheses of Theorem 2.3.2, for each j > 0 the

imjective homomorphism

Ep_1
_—

HO(X(N) Q Zp’£®k+j(p—1)) HO(X(N) ® Zp7£®k+(j+1)(17—1)) (2'1)
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admits a section.

Proof. 1t is necessary and sufficient to show that the cokernel of (2.1) is a finite, free

Z, module. First consider the exact sequence of sheaves on X (N) ® Z,
0— OX(N) Ell—) c_u®p_1 — c_u®p_1/Ep_1 — 0 (22)

We claim that w®~! /E,_1 is a flat Z, sheaf. Denote this sheaf by §. Choose a
point z € Supp(F) and assume without loss of generality that z lies over the closed
point of SpecZ,. Choosing a trivialization of w, suppose §, ~ Ox./(f) for some
f € m;. We need to show that Ox, is a flat Z,-algebra, or in other words p is not
a zero-divisor in this ring. From the Tor exact sequence it is sufficient to show that

Tor%p(@xw /(f),F,) =0. Since Oy, is a domain we have an exact sequence

0= Ox. L Ox, = Ox,/(f) =0
Over [, this sequence is exact as the Hasse invariant has simple zeros by Igusa’s
theorem (Corollary 2.1.2). Thus Tor%p vanishes. This proves our claim.

Thus we can apply the cohomology and base-change formalism to (2.2) twisted by
w®kHiP=1) and get an exact sequence of finite free Z,-modules whose formation com-

mutes with arbitrary change of base.

0 —— HO (X(N) ®Zp’g®k+j(p71)> h HO (X(N) ®Zp,g®k+(j+1)(p’1)> j

L H° (X(N) ® Ly, w1 ®s) — H! (X(N) ®Zp7g®k+j(pfl)> 0

Note that H* (X (N)RZ,, FRwErt (p_1)> vanishes because § is a skycraper sheaf over

[F,, again by Igusa’s theorem.

From this exact sequence we see that the cokernel of (2.1) is the kernel of a surjective

map of finite free Z,-modules, and hence is itself finite free. m

For each N, k satisfying the conditions of Theorem 2.3.2, and each j > 0 choose once
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and for all a section of the “multiplication by E,_;” map in (2.1), and denote its kernel

by B(N,k,j+ 1). Thus for 7 > 0, we have a direct sum decomposition

HO(X(N), w0000 ) = B,y HO(X(N), w0 0) @ B(N, K, j +1)

Definition 2.4.1. H°(X(N),w®*) = B(N, k,0).

Definition 2.4.2. B(Ry, N, k,j) = B(N,k,j) ® Ry for any p-adically complete ring
Ry.

The Ry analogue of the direct sum decomposition above gives

éB(RO,N, k,a) = S(Ro; N,k + j(p—1)) (2.3)

a=0
Z b, — Z EI”{b,

Definition 2.4.3. Define B"9(Ry;r, N, k) to be the Ry-module consisting of all for-
mal sums .

> ba, ba € B(Ro, N, k,a)

a=0
whose terms tend to 0 in the p-adic topology, i.e. for any n € N, b, € p"B(Ry, N, k, a)
for all a > 0.

Proposition 2.4.1. Hypotheses as in Theorem 2.5.2, the inclusion of B"9(Ry;r, N, k)
in the p-adic completion of H° (X(N), B0 g@’“j(”_l)) induces via (2.3) an isomor-

phism

B9 Ry;r, N, k) = S(Rg;r, N, k) (2.4)
Z ba — Z re- ba/(Epfl)a
a>0

where Y, 50" baf/(Ep-1)® = 050 ba(E/S,an) - Y on (E/S, ay,Y).

Proof. For injectivity, we need to show that if Y . b, € B"8(Ry;r, N, k) can be
written as (E,-1 — 7)Y, 50 Sa With s, € S(Ro; N,k + a(p — 1)), and s, tending to 0
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as a — 0o, then all b, = 0. It suffices to prove that for any n > 0, b, = 0 mod p".
But modulo p™ both b, and s, are finite sums. Suppose b, = s, = 0 mod p" for all
a > M. Let us show the congruence for a = M and use descending induction. As
0= by = Ep_15y mod p”, spy = 0 mod p". Hence by = E,_15y—1 mod p”, hence
by = 0 mod p" by (2.3).

For surjectivity, we use (2.3) again. Given s, with s, € S(Ro; N,k + a(p — 1))

tending to 0, we can decompose s, = Y. (E,_1)'b;(a), with b;(a) € B(Ro, N, k,j)
i+j=a
and b;(a) tends to 0 as @ — oo, uniformly on j. Then

Y sa=>_ ) (Ey1)'bj(a)

a i+j=a
=D D @)+ (B =) D0 Y bila) Y (B)'
a it+j=a a it+j=a utv=i—1

Hence Y s, and . > 7'b;(a) have the same image in S(Ro;r, N, k). But for each j,

a i+j=a
Z 7'b;(i+ j) converges to an element b; € B(Ro, N, k,j), and b; tends to 0 as j — oo.
Thus ;)b; have the same image in S(Ro;r, N, k) as z;()sa. ]
J=Z az

Corollary 2.4.1. With hypotheses as above, there is a natural transformation of func-

tors

PRo,l — PRQ,T
(E/S,an,Y)— (E/S,ay,rY)

for any Ry where p is nilpotent. For any p-adically complete Ry we see that the
transformations for Ry/p™ Ry for varying n are compatible. This then induces a map
between the associated formal schemes Y (N)(Ro, 1) — Y (N)(Ro,r) under which p-
adic modular forms of growth r pull back to p-adic modular forms of growth 1. This
map restricts to a map S(Ro;7, N, k) — S(Rp; 1, N, k) between p-adic modular forms

holomorphic at oco. The corresponding map in terms of the bases is given by

B89 Ry;r, N, k) — B"8Y(Ry; 1, N, k)

Zba — Zr“ba.
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2.4.1 Banach Norm and ¢-Expansion for » =1

Proposition 2.4.2. Hypothesis as in Theorem 2.3.2, let x € Ry be any element which
divides a power of p. Then the following conditions on an element f € S(Ro;1, N, k)

are equivalent for k > 0:
1. fex-S(Ry;1,N, k)
2. the q-expansion of f all lie in z - Ry[(n][[q]]
3. on each of the p(n) connected components of X(N) ®zn/ny Z[1/N,(n], there is
at least one cusp where the q-expansion of f lies in x - Ro[(n][[q]]-
Proof. (1) = (2) = (3) is clear. We will prove (3) = (1). Firstly, we have

S(Ro/zRo; 1, N, k) ~ B"8Y(Ry/xRy; 1, N, k) ~ B"8Y(Ry; 1, N, k) /z - B89 (Ry; 1, N, k)

Replacing Ry by Ry/xRy we are reduced to the case where p is nilpotent. Hence f €
Brgd(Ry; 1, N, k) is a finite sum > b,, with b, € B(Rg, N, k,a). It’s g-expansion at
(Tate(q"), wean, an, (Ep—1)7") is

y : o _ 2oa—oba (Ep1)""
L;o b By )" = (E,_1)"

By hypothesis, Y " b,(E,_1)""® has g-expansion 0 at one or more cusps on each
geometric component of X(N). Hence by the g-expansion principle (Corollary 1.2.1)
Yo oba(Ep_1)""* = 0. By (2.3) each b, = 0. O

Proposition 2.4.3. Let N, k, Ry satisfy the hypothesis of Theorem 2.3.2. Suppose
given for each cusp o of X(N) a power series fo(q) € Ro[Cn][[q]]. The following are
equivalent:

1. The f, are the g-expansion of an (necessarily unique) element f € S(Ro; 1, N, k).

"1 and a

2. For every power p"™ of p, there exists a positive integer M = 0 mod p
true modular form g, € S(Ro;n,k+ M (p—1)) whose g-expansions are congruent

mod p" to the given f,.
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Proof. (1) = (2). Replace Ry by Ry/p"Ry. As we saw in the proof of Proposition
2.4.2, f has the same g-expansion as g/(E,_1)™ where g is a true modular form of
weight k+ M (p—1). Multiplying numerator and denominator by a suitable power of p,
assume M = 0 mod p"~'. Now E, ; =1 mod p implies that (Ep,l)pn*1 = 1 mod p".
Thus f mod p™ has the same g-expansion as g.

n—1

(2) = (1). Multiplying g,, by a power of (E,_;)? , we can assume that the weights
k+ M,(p — 1) of g, are strictly increasing with n. Let A,, = M,,;1 — M,,. Then the
g-expansions of g,.1 — gn(Ep,l)A" are divisible by p™. Hence the difference lies in
p"S(Ro; N,k + M,.1(p — 1)) by the g-expansion principle (Corollary 1.2.1). Hence
> (Gnt1 — gn(Ep—1)?" converges to an element of S(Ry;1, N, k) whose g-expansion

coefficients are congruent to those of g, modulo p™. O]

40



Chapter 3

The Katz, Igusa and Big Igusa
Moduli Problems

3.1 The Moduli Problem Mxgats Ny

We briefly make a summary of the important results that we saw in the last two
chapters and will need in this one. Henceforth always assume that p and N are
coprime. For N > 3, the moduli problem classifying isomorphism classes of elliptic
curves with tame level N structure is represented by an affine smooth curve over
Z[1/N] denoted by Y (N) which is finite and flat over the affine j-line Z[1/N, j]. There
is a universal elliptic curve p : £ — Y/(N). Denote the invariant differentials p, 2} JY(V)
by we v (). The normalization of the projective j-line in Y'(N) is a proper and smooth
curve X (V). There is a unique invertible sheaf w on X (/V) whose restriction to Y (V) is
w and whose sections over the completion Z[1/N, (x][[¢]] at each cusp are precisely the
Z[1/N,(n][[g]] multiples of the canonical differential of the Tate curve. The Kodaira-

Spencer style isomorphism
Wy () = Dy vz

extends to an isomorphism

w? >~ Qy(wy/zpn (10g(cusps))
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Modular forms of weight & and level NV are global sections of we v N)k. Modular forms

which are holomorphic at oo are sections of w*.

Over F,, the Verchiebung V : £®) — £ induces a map on the Lie algebra

tg(V) € Homy (v ((Lie(€))® — Lie(€))
= H(Y(N),o"™)

which we call the Hasse invariant A. The locus in Y (N) where A generates the stalk
of wP~! is called the ordinary locus Y (N )%;d. This is an open subscheme of Y'(N)g .
Over Z/p™Z for some m > 1, the underlying topological space of Y (N)z/,mz is the
same as Y (N)g . Denote by Y(N)%r/(;mz the open subscheme of Y (NN)z/,mz whose
underlying topological space is the same as Y (N )ﬁd. When there is no confusion
about the base scheme we will simply write Y (N)°¢. The formal scheme associated

to these compatible system of affine schemes is denoted by X°.

Recall from Section 2.1.1 we had a short exact sequence of finite locally free group

schemes over any [F,-scheme S and for all n > 0
0 — ker I — E[p"] = ker V" — 0

ker F™ and ker V" are locally free of rank p®. Over the ordinary locus Y (N)°d, V
induces an isomorphism of invariant differentials of E and E®. Hence V is an étale
morphism and ker V" is étale for all n > 0. Over an algebraically closed field k, ker F™"
consists of a single point and hence is represented by the affine spectrum of an Artin
local ring over k. Since V™ is étale, and hence isomorphic to Z/p"Z over k, ker F™ is

isomorphic to p,» by Cartier duality coming from the Weil pairing.

A sequence as above is an instance of connected-étale sequence for finite group schemes.
One can prove that such a sequence always exists for any finite group scheme over a
perfect field [cf. Wat12, pg. 52]. But over arbitrary basis, we need to make precise the
notion of the connected part of a finite group scheme. The correct notion is that of a
scheme which is radiciel over the base. The next proposition and the corollary following
it shows that any finite locally free group scheme can be written as an extension of a
finite locally free étale group scheme by a finite locally free radiciel group scheme if

the separable rank of its fibres is locally constant.
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Proposition 3.1.1. Let f : X — S be finite and locally free. Then the separable rank
of the fibres of f is locally constant iff there are morphismsi: X — X' and f': X' — S
which are finite locally free with i radiciel and surjective, f' etale and f = f' oi. The

factorisation is unique upto unique isomorphism and functorial in X/S.

Proof. We sketch a proof of this proposition omitting some details. For a complete
proof, [cf. Mes72, II, Lemma 4.8].

Because of the uniqueness assertion, it suffices to prove the proposition locally on S.
So assume S = Spec R and the (separable rank (X)) is constant. The if part is trivial.
Since X is finite locally free, and in particular finitely presented and flat over S, we

can assume that S is Noetherian. The proof is accomplished in several steps:
1. existence and uniqueness when S is a field.
2. existence and uniqueness when S is a complete (Noetherian) local ring.
3. uniqueness for arbitrary S = Spec A, A Noetherian.
4. existence of f': X’ — S when S is a local ring.
5. existence of i : X — X’ when S is a local ring.
6. existence for arbitrary S = Spec A, A Noetherian.
7. functoriality.

1) If S = Speck and X = SpecB, X' is the affine spectrum of the unique maximal
separable subalgebra of B. Write B as a product of Artin local rings B = By X ... X B,..
If k] is the maximal separable extension of k in the residue field of B;, there is a unique
lift of the natural inclusion k — B; to k; — B, since B; is Artin.

2) Since complete Noetherian local rings are Henselian, and any finite local algebra
over a Henselian local ring is also Henselian, we see that there is a unique solution to

the problem by Hensel’s lemma.

3) Let X 4 x5 sand X 5 X7 L5 S be two solutions. To construct a unique
isomorphism between them it suffices to do so for localisation at any point s € 5,
because our rings are Noetherian and thus any such isomorphism extends to a neigh-

borhood of s, and on intersections two such extensions agree by uniqueness. Hence
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we assume S = SpecA where A is a Noetherian local ring. Let S’ = Spec/l and
S = Spec(fl ®a fl) The morphism S’ — S is faithfully flat and quasi-compact and

hence we apply fpqc descent. By 2) we have a commutative diagram

Xé/ > Xg/

n
i’s,
igr
XS/

n is an isomorphism by 2). We need to show that 7 is a morphism of objects with
descent data. To see this, let 7x (resp. 7xs,7x~) denote the canonical isomorphism

pi(Xs) = p3(Xs) (vesp. ...). we need to show

Txn 0 pi(n) = p5(n) o Tx

We know

p3(n) o Txr 0 pi(is) = p3(n) o Pyisr o Tx
=py(i'y) oTx
= 7xn o pi (i)

= 7xn o pi(n) o piis)

But i : X — X' is faithfully flat and hence so is pj(is/). Hence it is an epimorphism

of schemes and this completes the proof.

4) To show f': X — S exists, we will show that, using the notation of 3) above, the
X' which we know from 2) to exists over S’ descends to S. Thus we have the standard
situation S” 2 S’ —— S and we have a solution of our problem for Xg. Call
this solution Y. We want to descend Y to S. By the uniqueness proved in 3) we see
there is an isomorphism pi(Y) = p3(Y). But using the uniqueness of isomorphisms
between solutions we see the isomorphism pi(Y) = p5(Y) must satisfy the cocycle

condition and hence Y can be descended to an X’ étale and finite over S.

5) From 2) and 4) we know that over S’ we have a morphism ig : Xg — Xg. We

want to show that this morphism descends to a similar morphism ¢ : X — X’ over S.
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Pulling back to S”, we get a commutative diagram

XS”
pi (i y K;(i g7)
XL, ~ y X7,

While g might not be identity, it is an isomorphism by the uniqueness assertion of
part 3). Also by the same reason, it satisfies the cocycle condition pj 5(p) = p3 3(1t) 0
pio(p). Hence there exist a scheme T, finite and étale over S, and an isomorphism
o Xt = Tg, such that X’ with descent datum g is isomorphic to Ty with its
canonical descent datum via ¢. A computation reveals that poi : Xg — Ty is a
morphism between objects with descent data and hence can be descended. We omit

showing the computation. Readers can look up [Mes72, II, Lemma 4.8].

6) The solution from 4) and 5) can be extended to a neighborhood of s for all s € S
[cf. Mes72, I, Lemma 4.8]. By the uniqueness proved in part 3) they can be patched

together to give a solution over all of S.

7) Functoriality is obvious for the case of a base field. Also the fact that there is an
equivalence of categories between finite étale algebras over a Henselian ring (R, m, k)
and the category of finite étale algebras over k gives functoriality for the case when
S = SpecA for a complete Noetherian local ring A. To know we can descend the

morphism from S’ to S, we consider the following diagram

pi(X) ——— pi(Y)

Y

P3(X) ——— py(Y)

All the faces except possibly the bottom one are commutative. Moreover pi(i) is an

epimorphism. This gives functoriality when S is the spectrum of a local ring. Now
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extend this first to a neighborhood of any point and finally to all of S. [

Corollary 3.1.1. If f : G — S is a finite locally free group scheme whose fibres have

locally constant separable rank, there is a canonical factorization
05G° —-G—G"—=0

where G® is a finite locally free étale group scheme and G° is a finite locally free

radiciel group scheme.

Proof. Proposition 3.1.1 gives an epimorphism i : G — G where G is a finite
locally free étale scheme. The functoriality assertion and the fact that the construction
commutes with fibre products imply that G® is a group and 7 is a homomorphism. G°

is then defined to be keri. It is radiciel because 7 is radiciel. O

Let’s now return to the case of elliptic curves. Assume that £/S is an ordinary elliptic
curve, such that p is locally nilpotent on S. Localizing, we may assume that p is

nilpotent and S is a Z/p™Z-algebra. From Corollary 3.1.1 we get an exact sequence,
0— E[p"]° — E}p"] — E[p"]" — 0

owing to the fact E is ordinary, and hence the separable rank of E[p"] over fibres is
constant and equal to p". Over the special fibre of Z/p™Z we have seen the exact
sequence

0 — ker F" — E[p"] = ker V" — 0

The first sequence restricts to the second over F,, by the uniqueness of the factorization.
The morphisms £ ENy - E/E[p]° and E' % E = E'/E[p|* are dual isogenies of
degree p which lift the relative Frobenius F' and the Verschiebung V' respectively.

Let’s recall that in Section 2.1 we constructed the formal group E of an elliptic curve
E/S. Let us now assume that £/S/F, is an elliptic curve. We want to relate £ with
the connected part of the p"-torsion for all n.

Lemma 3.1.1. Let E/S/F, be an elliptic curve. Then E ~ lim ker F™.
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Proof. Since the question is local on S, we may assume S = Spec R such that wp /g
has a basis. In that case E ~ Spf R[[T]] for a formal parameter T’ adapted to wp /s
Now the isomorphism is obvious. O

Remark 3.1.1. The proof didn’t use any particular property of the elliptic curve other
than the fact that E is a formal Lie group. Hence the statement holds for any formal
Lie group. Moreover we have the following stronger result concerning formal Lie groups

over characteristic p.

Proposition 3.1.2. Let S be a F,-scheme. A sheaf of groups G on S is a formal Lie
group iff the following three conditions hold:

1. G is F-torsion, i.e. G = lﬂG(n) where G(n) = ker F".

2. G is F-dwisible, i.e. F: G — G is an epimorphism.

3. G(n) are finite and locally free group schemes.
Proof. The necessity of the conditions is immediate from the fact that locally on S, G

is represented by the formal spectrum of a power series ring. For the sufficiency [cf.
Mes72, 11, Theorem 2.1.7] or [Tat67, Proposition 1]. ]

Lemma 3.1.2. Let E/S/F, be an ordinary elliptic curve. Then

~

E[p"] ~ ker F"" = E[p"]°

Proof. Follows from the fact that V : E® — F is an isomorphism and [p"] = V*F™.
0

This shows that for ordinary elliptic curves over F,-schemes the connected part of the
p"-torsion is the same as the p"-torsion of its formal group. We would like to have
a similar result even for base schemes where p is locally nilpotent. First a few words

about the p-divisible group of an elliptic curve.

Definition 3.1.1. Let S be a scheme where p is locally nilpotent. Let E/S be an
elliptic curve. Consider its p-divisible group E[p>]. Define the formal group of E[p™]
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to be

o —

E[p=] := lig Inf*(E[p*])

Lemma 3.1.3. Let S be a scheme where p is locally nilpotent. Let E/S be an elliptic

—

curve. Then the natural inclusion E[p>] — E is an isomorphism.

Proof. We need to prove that for any &, there is N > 0 such that Inf*(E) — E[p"].
Since the question is local on S, assume E = Spf R][[T]], where S = Spec R, p nilpotent
on R and T is a formal parameter adapted to wy/s. Then [p]#(I) C (pI,I?). Since
Inf*(E) = Spec R[T]/(T*) and p is nilpotent, we get the result. O

Next we state a result that links the formal group of a p-divisible group with its
connected part, over a scheme where p is locally nilpotent. The proof of the statement
is technical and we postpone it to the next Chapter, where we devote a section to

p-divisible groups.

Theorem 3.1.1. Let p be locally nilpotent on S and G be a p-divisible group on S. Sup-
pose G[p"| has locally constant separable rank over fibres and (separable rank G[p™]s) =
(separable rank G|p|s)™. For each n > 0 denote the connected part of G[p"] by G[p"]°
and the étale part by Glp"|”. Then {G[p"]°}n and {G[p"]*}n are p-divisible groups
and G = lim Gp"]°.

Proof. See Chapter 4, Theorem 4.1.3. O

Corollary 3.1.2. Let p be locally nilpotent on S. Let £/S be an ordinary elliptic curve.
Then E[p"] ~ E[p"]°

Proof. The separable rank of E[p"] is constant and is equal to p". Since the formal
group of the p-divisible group is the same as the formal group of £ by Lemma 3.1.3,
we get the result by Theorem 3.1.1. O]

3.1.1 Representability of Mkats v

Definition 3.1.2. Over Z/p™Z, the moduli problem Mgat, v, classifies for any scheme

S, the isomorphism classes of tuples (F,®, ay) where E is an elliptic curve over S,
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¢ E[p"] = ppn and ay : (Z/NZ)? = E[N].

In this section we will show that this problem is represented by a curve which has a
natural map to the ordinary locus Y (IV)°"4 simply by forgetting . We can also define a
problem which classifies for schemes S, the isomorphism classes of tuples (E, ¢*, ay)
where % : Z/p"Z = E[p"]/E[p"]. Since E[p"] and E[p"]/E[p"] are dual to each
other and so are p,» and Z/p"Z, we see that this problem is naturally isomorphic to
Mxatan.n- We will show that the natural map from Mg, n., to Y (N)™ is finite, étale
and Galois for the action of the group (Z/p"Z)*.

We first point to a proof that is found in the book of Katz-Mazur [KM85]. It uses the
notion of full sets of sections and while we are not going to provide the details of the
proof, we mention it because it might be a useful strategy for proving more general

results.

Full sets of sections :

We define full sets of sections following Katz-Mazur [KM85, Section (1.8)]. Let S be
a scheme, and Z/S a finite, locally free S-scheme of rank N > 1. For every affine S-
scheme Spec R — S, the R-scheme Zg/R obtained by base change is of the form Spec B
where B is a finite, locally free R-algebra of rank N. Since B is locally free of rank N
over R, we can speak of the characteristic polynomial of the R-linear endomorphism
f B — B for any f € B. Indeed, we can choose an open set in Spec R over which
B is free and note that the characteristic polynomial is independent of the choice of a

basis.

Definition 3.1.3. We say that a set of IV not-necessarily distinct points P, ..., Py in
Z(S) is a “full set of sections” if for every affine S-scheme Spec R and for every f € B

as above, we have
N

det(T — f) = [[(T - f(P)

i=1

For any scheme S, the constant group scheme Z/NZ for any N € N is given by the

relative affine spectrum of the algebra
0560 X 0561 X e X OSGN,1
where the Og-algebra structure is given by the diagonal embedding. It is a finite free
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group scheme of rank N. For any T'/S, Z/NZy ~ Ty U --- U Ty where each T; = T.

Definition 3.1.4. Suppose £/S is a finite flat group scheme. Define the functor
Hom(Z/NZ,E) := Hom(Z/NZ, E)(T) = Homy o,(Z/NZ, E7)

for any S-scheme T

Suppose we have a T-group scheme homomorphism ¢ : Z/NZ, — Ep. Let ¢1 = ¢|p,
the restriction. This is a 7" point of Ep[N]. Conversely given any 1" point of Er[N]
(say P), we will show that there is a T-gp homomorphism Z/NZ 2Py Br such that
¢ = P.

Lemma 3.1.4. Hom(Z/NZ, E)(T) = Hom,,(Z/NZ, E(T)) = E[N)(T)

Proof. Given P € Ep[N|(T) define ¢; : T; — Er as ¢; = [i] o P. Since [N] kills P, the
¢;’s together give a T-gp homomorphism Z/NZr or, Ep. The assignments

O P P ¢p

are both natural transformations and are inverse to each other by construction. Thus
Hom(Z/NZ, E) ~ E[N].

This says that the T point ¢; uniquely determines the map ¢. Intuitively, the image of
“1” determines ¢. Conversely, given any T point P € E[N](T'), we get a well defined
map by declaring the image of “1” to be P. Thus we see that for any S-scheme T,

Hom(Z/NZ, E)(T) = Homg,(Z/NZ, E(T)) = E[N|(T)
]

Let’s fix a base scheme Spec(Z/p™Z). Denote by Y (N)™d the ordinary locus of the
modular scheme over Z/p™Z. Suppose £/Y (N)*d is the universal elliptic curve. Let
& [p"]ét be the étale quotient of the p"-torsion of £. &£ [p"]ét is a finite flat, étale group
scheme of order p" over Y (NN)ord.

Proposition 3.1.3. Mg N, s representable.
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Proof. As we saw above, the scheme &[p"]® represents the functor Hom(Z/p"Z, £[p"]®").
Let us denote the subfunctor of Hom(Z/p"Z, £[p"]®) classifying those ¢ which are in
fact isomorphisms, by Isom(Z/p"Z, E[p"]®"). Then it is clear that Isom(Z/p"Z, E[p"]")

is precisely Mxatz N -
Consider the universal homomorphism ¢,;,. Under the identification
Hom(Z/p"Z, E[p"]*)(T) = Homy, (Z/p"Z, E[p"]*(T))

consider the sections Guniy(0), . . . , Guniv(p"—1). Define the functor (Z/p"Z)-Gen(E[p™]*")
as

T >—>{¢ L Z)p"Z — E[P™*(T) group homomorphisms, such that ¢(0),...,¢(p" — 1)

are a full set of sections}

Katz-Mazur [KM85] show in Proposition 1.10.12 (pg 47) that since £[p"]*" is finite
étale,
(Z/p"Z)-Gen(E[p"]") ~ Isom(Z/p"Z, E[p"]")

In [KMS5, Proposition 1.10.13] they show that (Z/p"Z)-Gen(E[p"]®) is given by the

closed subscheme Z of Hom(Z/p"Z, E[p™]®") which is universal for the relation

“Ouniv(0), ..., Guniv(p"™ — 1) are a full set of sections”.

Having provided a reference to the proof in the literature, we describe another way to

prove representability of Myat, -

Alternate proof:

Proposition 3.1.4. For n = 1 this subscheme is the complement of the zero section
of E[p] “ The complement is open and closed and thus it is finite, locally free and étale
over Y (N)°™ of degree o(p) = p—1. Over a scheme S — Y (N)°™ where E[p] admits
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a generator P, this subscheme is given by the Cartier divisor

> [nP]

1<n<p—1

Proof. To prove this, note that Y (N)*d (resp. S[p]ét) are affine, represented by say R
(resp. A). A is a Hopf algebra and denoting the augmentation ideal by I we have a
decomposition of R-modules A = R I. Since I/I? = 0, by Nakayama’s lemma there
exists an element f = 1 mod [ such that fI = 0. Then f(1 — f) = 0 and hence f
is an idempotent such that Af = R and A(1 — f) = 1. Thus A = Af x A(1 - f) ~
A/(1 — f) x A/(f). Suppose P : A — B is an R-algebra homomorphism. This
determines a Spec B point of <5’[p]ét and hence a B-Hopf algebra homomorphism

A®r B 25 Bey x -+ x Bep_i
where A®gr B ﬂ Be; and eg, €1, ..., ¢, are the obvious idempotents corresponding
to the points “0”, “1”, ..., “p— 1" of (Z/pZ) g resprectively. We will show that ¢p is an
isomorphism iff P factors through A/(f) ~ A(1— f) = 1.

Suppose first that ¢p is an isomorphism. Localising, assume B is local. Then since B
is connected, either Pf =0 or P(1— f)=0. If P(1— f) =0, Po[i](1 = f) =0 for
all 7 and hence P factors through ¢ : A ®g B — B and is trivial. Thus P cannot be

an isomorphism in this case.

To prove the converse, it is enough to show that the map induced by the projection
A — A/(f), is an isomorphism

A@r A/(f) = A/(f) x - x A/(f)

It is enough to show this is an isomorphism over any geometric point of A/(f) because
both the modules are finite locally free. To show isomorphism over a geometric point
Speck of A/(f) it is enough to show that the projection A — A/(f) — k is a non-zero
point of E[p]*(k), because then it generates the group of order p. But this is obvious

because it cannot factor through the zero section A/(1 — f).

The other assertions follow by construction. O]
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Proposition 3.1.5. For n > 1 Mg, nn @5 given by the inverse image of Mgqi.n 1

under the projection
niét P! ¢
Ep" = Ep)”

Proof. Indeed, P € E[p"]“(S) generates the group iff [p]"~'(P) generates E[p]”(S).
Thus Mxat, n. is finite, flat and étale over Y (N)ord. If £ [p"]ét admits a generator P

over some S, Mkat, Nne 1S given b
? ,AV,ng

Z laP]

(a,p)=1
0<a<p™

This also shows that Mgai, v is of degree p(p™) over Y (IN)ord. O

3.2 p-adic Modular Forms

Varying n over N, we get an inverse system of affine schemes Myat, v Over Y (N )Ord

where our base scheme is still fixed as Spec (Z/p™7Z). The universal elliptic curve £ over

Matz N comes with an universal isomorphism upto an action of Aut(pyn) = (Z/p"Z)*
Pn  E[P"]° = E[P"] = pipm
such that the diagram commutes

EP] 2 i

[P] l[p]

Elp"] —2— ppn

We will now vary the base scheme and to keep track of it introduce new notation. Let
Mxatz N = Tmn = SpecV,, ,, where the index m denotes that we are working over
Spec (Z/p™Z). Take the limit of these schemes

SpecV, oo = Thnoo = @Tm,n = Spec(ling,n)
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m

™
To = Y(N) over Z/p™Z. We have natural projections T, v — T, for all
n’ > n and closed immersions Ty, <> Tng1.- We have Vi1 oo /P Vit o ™ Vi oo

Denote by Vg oo = l'glem.

Let us simply write 7" for 7);. Let w be the invariant differentials for £/T},, 0. The
invariant differentials of £ over T, ,, is (7]")*w. These are the same as the invariant

differentials of its formal group &. For any n € N we have the exact sequence

N

0—>£[p”]—>c‘f[—pln—>é'

Lemma 3.2.1. The invariant differentials of £ is isomorphic to the invariant differ-
entials on E[p"] ~ E[P"]° for all n > m.

Proof. Let T be the ideal sheaf of the zero section of £. Since [p]#(I) C (pI,I?) and
p" = 0 for all n > m, we see that [p"|#(I) C IP for all n > m. Hence the statement
follows. [

Lemma 3.2.2. The invariant differentials for p,» over a Z/p™Z-algebra R has a
canonical basis given by AT /T, where pn = Spec R|T]/(T?" — 1) for all n > m.

Proof. Let A = R[T|/(T"" —1). Let f =T" —1. Then df = 0 and hence Q}, p, is
free of rank 1 over A. Let A: A — A ®p A be the comultiplication map. Then

d(AT)/(AT) = AT T)/(TeT)=d1eT)/1aT)+dTe1)/(To1)

shows that dT'/T is an invariant differential. It is a basis of the invariant differentials

because it is a basis of 9}4/3~ O

The invariant differentials for £[p"] has a canonical basis given by ¢*(dT/T') where

n

ppn = Spec (Vi n[T]/(T7" = 1))

Thus it is free. Hence,
(mp)*w" = O, , (&5,(dT/T))*

for all k € Z, n > m. In particular, w is free over T,, o, for all m.
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Let X°™ be the formal scheme over SpfZ, given by the compatible family of Z/p™Z
schemes Y (N)°d. Let Mkai, be the formal scheme over X°'¢ given by the family of
Tinoo- Myat, classifies isomorphism classes of tuples (E/R, $, ay) where R is a p-
adically complete Z, algebra, ay a level N structure and ¢ : E[p®]° = E[p™] & fiye
is an isomorphism. Let 7 : Mga, — X9 be the projection. For each n, 7 factors

through the formal completion of 7}, ,,.

The trivializations of w over T}, o, for all m > 0 show that 7*w is trivial over Mgat,.

Again any automorphism over Z/p™Z extends uniquely to an automorphism over
Z/p™ 7, and thus M,y is Galois over ¥°rd with Galois group G = Z;.

Action of G:
The action of g € G on Oyy,,,, is given by the map induced by pullback via the action

of g7! on Miats.-

Remark 3.2.1. g € G acts on Mgai, by sending (E/R, ¢, ay) — (E/R, gp,an). So
one might also define the action of g € G on Oy, as induced by pullback via the
action of g on Mk,,. But we chose the other convention because it gives a natural
left action on the structure sheaf. Note, this is also the definition in [Kat75, A.1.5,
pg. 356].

Lemma 3.2.3. For any k € 7Z,

Wk ~ (m, (7 W))C

Proof. Tt’s enough to prove over Z/p™Z for all m and for k = 1. As w is invertible,

locally on T, o
(my(m*w))¢ = w ® (W*(’)Tmm)G

As T, is Galois over T, with group G, (7,07, )% = Oy (nyora. Hence the right

hand side is precisely w. O
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Let Quniy : £ — oo be the universal trivialization of £ over My, Then
ﬂ-*w = OMKatz : @ZHIV(dT/T)

Since the action of ¢ € G on 7m*w is given by pullback via the action of ¢! on Mkai,,

ﬂ-*wk = OMKatz ® Z_k

for all k& € Z, where z is the identity character of G. By the lemma above we thus get
that p-adic modular forms of integral weight k is the subspace of H°(X, Oy ) =
Veo,00 Where G acts via the character 2k,

Generalizing this, we get to Katz’ definition of p-adic modular forms:

Definition 3.2.1. Suppose R is a p-adically complete, separated algebra, and k :
Z, — R* is a continuous character. Then we define p-adic modular forms of naive
level I'(N) of weight k over R as the R module

M) R ) = { £ € (%50, Oure) | ¥ 9 €25 g1 = Ko}

Henceforth we will slightly abuse notation to write 7*w = Oy, dT/T.

3.2.1 6 Operator
Consider the universal derivation

M(D(N), B k) € H(Micatur: Ortnsr) > H (Micatam, Qb )
fr=df

Since g induces a R automorphism of M., r, the action commutes with the universal
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derivation. Thus we have the following diagram

M(T(N), R, k) — H° ( Matzr; %KM/R>

k r

M(T(N), R, k) —%— HO <MKatZR, Ql, /R>

Now by the Kodaira-Spencer isomorphism 7*w? ~ Q}WKM /R Thus

HO (MKatZR7 Q}WKatz/R> ~ HO (MKatZR7 OMKatzR) (dT/T)2

Definition 3.2.2. Suppose f is a p-adic modular form of weight k. Define the 6
operator to be 0(f) = h such that df = h(dT/T)>.

Proposition 3.2.1. The 0 operator is an operator of weight 2.

Proof. If f is a p-adic modular form of weight k € Cont(Z,, R*), then by definition
g- f==k(g)f. Then by the above diagram,

d(g- f) =g (MAT/T)?)

This gives k(g)df = (g- h)g~2(dT/T)?* which shows g - h = k(g)g*h. Thus 6 is a map
between M (D(N), R, k) & M(T(N), R, k + 2). O

In order to understand the effect of # on g-expansions of p-adic modular forms at a
cusp, note that d7'/T" is the canonical differential we,,. We then recall from Section
1.2.6 that over Z[1/N, (x][[q]], w2, > N-dg/q. Since 6 is dual to (dT/T)?, this implies

that
1 d

0 = —g—
quq
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3.3 The Moduli Problems Migysa and Mg 1gusa

3.3.1 Mgy

Fix base scheme Z/p™Z. The moduli problem Mi, v, is defined as the functor clas-
sifying isomorphism classes of tuples (E, @, o®, ay) where ay is a level N structure

and
¢ Ep" ) S o ¢ Zp"Z S BT

Mg N is represented by Mkats N Xy (Nyord MKatz,N,n Where the first projection forgets
¢® and the second projection forgets ¢. Thus My, v, is finite, etale and Galois over

Mxatsnn of order p(p™).

3.3.2  Mgpiit,Nn

The moduli problem Mt n,,, classifies isomorphism classes of tuples (E, ¢, an) where
¢ E[p"] = ppn X Z/p"7Z is a splitting of the p"-torsion. This functor has an obvious

projection to Mig v -
Proposition 3.3.1. M, N, 15 representable.
Proof. We claim that Mg, v, is represented by the following fibre product

X ——— Mignn

T

g[pn] — (Z/an)MIg,N,n

where the lower arrow is the projection followed by the universal isomorphism of the
etale quotient with Z/p"Z. Indeed, given any (F,p, ay) a tuple over a ring R, there
is a unique map f : Spec R — M, v, corresponding to the tuple (E, @, p*, ay) where
¢ and ¢ are defined from ¢ in the obvious way. We will show that X satisfies the

universal property of Mgyt n,,. We have the following diagram.
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Spec R oty Mg Ny

wpr /
L “1”

2/ T —— (T)p"T)

MIg,N,n

All the squares except the right square is commutative. We also have a section ¢ ~1(1) :
Spec R — E[p"] of the projection E[p"] — Spec R which commutes with all the arrows

of the left square. We need to show that the following two compositions are the same.

“p»

SpecR ER Mg nn — (Z/p"Z)

Mg, N.n

Spec R Zs Bl = Ep"] - B4 5 (2/p'2)

MIg,N,n

But this follows from the commutativity of the other squares. Thus there is a unique

map from Spec R to X.

Conversely, the fibre product has the property that the following diagram commutes

X — &)

P

(Z/p"Z)x — (Z/p"Z)

Mig,N,n

Hence this gives a splitting of the p"-torsion of the universal elliptic curve over X.

Hence X represents My, N - O
Let’s try to understand the projection Myt N — Mig, N -

Proposition 3.3.2. M n., — Mn,y s finite flat of rank p". Moreover it is a

fpn-torsor.
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Proof. E[p"] — E[p"|* ~ (Z/p"Z) Mig.n. 18 an epimorphism of finite locally free group
schemes. Hence it is finite locally free. Hence Mgy, v — Mig v, is finite locally free.
To show it is a pyn-torsor, we will show that E[p"| — (Z/p"Z)a, ., is & ppn-torsor.

That is, we need to show the following map is an isomorphism

((upn)Z/pnz Xz/pnz EP"] 2= fipn Xty o € [p"]) — E[p"] Xzpnz E[P"]

(a,z) — (a-z, )

where a - x is the multiplication in £[p"]. But the isomorphism is clear on points as
E[p"]® ~ E[p")/ppm. Hence by Yoneda’s lemma, the map of schemes is an isomorphism.

Thus Mpiit, N — Mig,n,n 1S a pyn-torsor, since it is the base change of a ju,»-torsor. [

Over any ring R, such that Mg, v, (R) is non-empty, suppose two points project to
the same point of My, n,(R). Suppose the two points are (E, ¢, an) and (E, ¢, ay).
Then ¢ and ¢ are related by an R-group automorphism of (p,n X Z/p"Z)g. Consider
the ring functor

Hom(ptn, pipr) Hom(Z/p"Z, ppn)
Hom(pn, Z/p"Z) Hom(Z/p"Z,Z/p"Z)

Lemma 3.3.1. Assume p is locally nilpotent on S. Then Hom(uyn, Z/p"7Z) = 0 on
Sch/S.

Proof. Fix any base scheme, which we can assume to be affine, say Spec R, and such
that p is nilpotent in R. Then any homomorphism of R-group schemes p,n — Z/p"Z
is given by a R-Hopf-algebra homomorphism R[Z/p"Z] — R[T]/(T?" —1). Denote the
obvious idempotents of R[Z/p"Z] by ey, e1,...,em_1. Suppose f is a R Hopf-algebra
homomorphism. Let f; = f(e;) for all i.

Since both the algebras are finite, free modules over R we can assume that R is local.
Since p is nilpotent in R, specialising at p doesn’t collapse connected components. If
p = 0in R, then R[T]/(T?" — 1) is a local ring and hence connected. Thus p,n is
connected over any local ring R. Hence f; = 0 for all i # 0 and f, = 1, which shows

that the only homomorphism is the trivial one. Thus we have proved the lemma. []

The lemma shows that the lower left entry of the matrix above is 0. Aut(u,» x Z/p"Z)
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is a subfunctor (as multiplicative monoids) of the matrix above, and is given by

Aut(ppr) Hom(Z/p"Zyppn) \ _ ((Z/p"Z)* pipn
0 Auw(Z/p"Z) | 0 (Z/p"Z)*

Going back to our discussion about the fibre of the projection Myt N — Mig,nn, We
see that (E, ¢, an) and (F, ¢’ ay) project to the same point iff ¢ and ¢’ are related
by an unipotent matrix. Thus the subgroup functor of Aut(u,» x Z/p"Z), consisting
of the unipotent matrices, which is exactly p,» acts simply transitively on Mgic v p-

This also shows that Myt N 1S @ pipn-torsor over Mig n .

3.3.3 The Frobenius

Proposition 3.3.3. There exists a natural isomorphism My N — Mg N, over F,

such that the following diagram commutes

Msplit,N,n ? M[g,N,n

1 %n

MIg,N,n

Proof. For any elliptic curve E/R where R is an F,-algebra, denote as usual by E®")
the base change of E by the Frobenius morphism of R.

E?) — 5 F

| |

SpecR Frob, SpecR

The relative Frobenius F7 R E — E®") is the product of the structure morphism
E — Spec R and the absolute Frobenius F} : £ — E induced by the map on structure
sheaf  + 2P". The relative Frobenius is an isogeny of degree p™ whose kernel is a

connected subgroup of E[p"]. Whenever there is an inclusion

pipn — E[p"]
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Fg /R vanishes on the image of u,» and hence it is exactly the kernel.

The natural transformation M, v, Frob™, Mg N, sends a R-valued point (E, @, ot a N)

to the R-valued point (E(”"),aﬁ(pn),goét(p n),aN(pn)), where the isomorphisms are ob-

tained by change of base R LLLLINY -3

The isomorphism ¢ : Z/p"Z = E[p"]® ~ E[p"]/ iy — E/(upn)[p"] = E®)[p"] gives
a splitting of E®")[p"]
ot X" 5 pipn X Z/p"Z.

where

-1 ét

0 M = (@ N1 and @7 zymz =

Define a natural transformation Mg n i> Mpiie, N by sending

Migxn(R) £ Mt v (R)
(E7 @7 gpét7 OéN) — (E(pn)a ©, aN(p"))
Upon composing f with the projection on Myg y,, We get the point (E®") ") € o\ ")

FE(P")/R t
_—

where €' is the composition Z/p"Z <— E®)[p] B,

®")

The commutativity of the following diagram shows that ¢ R Fozjmzy /R = s

Z/p"Z —s E@O[p)
F(Z/pﬂZ)/Rl lFE@“)/R (3.1)
é
]

Z]p"L ——» E@)[pr
(Pét(P )

But relative Frobenius on the constant group scheme Z/p"Z is just identity. Thus
ft = SDét(p )
Thus we have proved that

f
Mg Ny —— Mg, Ny — Mignp
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We need to construct the inverse map of f. Given a point (E, ¢, an) € Mpiit,nn(R),
let E' = E/(Z/p"Z) and denote the projection by 7 : E — E’. Define (¢')~! to be the

-1
inclusion fi,n < E[p"] & E'[p"]. Then
E") ~ F'jypn ~ E/Ep"| ~ E
Now, E'[p"]®" — E'®")[p"] = E[p"]. Define ¢& : Z/p"Z = E'[p"]* to be the restriction

© Yz/pnz. Since
FE//R

E U y B
[p"]

> B

Fg/gr: E' — E induces an isomorphism of the N-torsion. Define o’y to be the unique

level N structure such that the following diagram commutes

E'[N] Tem BN
w V
(Z/NZ)?

Under the base change R Frob”, R, the map 7™ becomes EIR E®") — E, which is

the dual of F;, ;. The dual of diagram (3.1) shows that ¢ o Vg = ¢P") . It’s obvious
from the definition that gogt(p ") = ©®. Also by construction a?v(p ") = ay. Therefore

we can define the map ¢ to be

g9
Msplit,N,n — MIg,N,n

(E, ¢, an) — (B, &, ¢, aly)

Then by construction g followed by the projection is Frob™. It’s easy to check that f

and ¢ are inverses of each other. This gives the required natural isomorphism. O

Remark 3.3.1. We showed that over Z/p™Z both M, N, and Mgy v, are repre-
sentable. One can consider the tower of {Mig nn }nen OF { Mpiit, N.n fnen just as we did
for Miat,. One can then take the limit. In the first case we define Migusa = l'&ln Mig N
and in the second case, Myig 1gusa = @n Mpiis, Nn- We note that in both cases the in-

verse system consists of affine schemes with the transition maps affine. Hence the
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limits are representable and represented by the direct limit of the respective direct

system of rings.

One can also vary the base scheme and doing so get a system of thickenings of Migysa

and Mg 1gusa Which define affine formal schemes over xord,

We will study Myp;g 1gusa in more detail in the next chapter. This functor classifies
isomorphism classes of tuples (E/R, ¢, ay) where E/R is an elliptic curve over R €
Nilp;, , ¢ : E[p>®] = e X Qp/Zy, and ay @ (Z/NZ)* = E[N].
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Chapter 4

The @; Action

4.1 p-divisible Groups

Definition 4.1.1. Let R be a ring. A p-divisible group over R is a sequence {G,, },en
of finite, locally free group schemes over R, equipped with closed immersions i,, : G,, —
Gn41 such that

1. G, is p"-torsion
2. i, identifies G, with G,,1[p"]
3. Multiplication by p is a fppf surjection G, 1 — G,

Each G, defines a fppf sheaf of abelian groups on Algy’. The transition maps are
all injective. Since every object of Alg® is quasi-compact in the fppf topology, this
implies that the direct limit presheaf G := hgn G, is already a sheaf, i.e. for any

SpecA € Alg, (lim G )(A) = lim G (A).

To say that each G, is finite, locally free over R it is enough to demand that G is so,
because each G,, is a multiple extension of group schemes isomorphic to GG;. The data
that G is p-torsion then implies from the theory of finite group schemes over fields,
that the fibres of G; are of rank p” for a locally constant function h on Spec R. This
leads us to the equivalent definition of a p-divisible group due to Tate [Tat67, section
2.1].
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Definition 4.1.2. A p-divisible group on R is a direct system of finite, locally free

group schemes (G, i, )nen such that
1. The rank of a fibre of G,, is p™* where h is a locally constant function on Spec R

2. i, identifies G, with G,,1[p"]

Ezxample 4.1.1. 1. ppeo = ]_iﬂ/,bpn.
2. Q,/zZ, = ligZ/p”Z.

3. For any elliptic curve E/R the p™ torsion E[p*] is a p-divisible group of height
2.
Definition 4.1.3. For GG a p-divisible group on R, we define the formal neighborhood
of the identity G by
G = lig Inf*(@)
k

Definition 4.1.4. For a p-divisible group G on Nilpy’, we define the universal cover
following [SW12, section 3.1] as the sheaf on Nilp}’

Gi=lim G G &G &
Definition 4.1.5. We define the Tate module of G as a subsheaf of G

2.

T,G »=lim 0 L Glp) & ap

For A € Nilp%, write an element of é(A) as a sequence (xg, 1, ...) such that pxr; 1 = x;

for all 4 > 0. Then we have an exact sequence
0—-T,G—G—G

by projecting onto the first coordinate.
Lemma 4.1.1. T,,G s representable by an affine scheme.

Proof. This is because each G, is affine and the transition maps are all affine. m
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Lemma 4.1.2. If G is a p-divisible group
0—=T,G—=G—G—0
18 an exact sequence in the fpqc topology.

Proof. If G, = SpecR, then G xg G[p"] is represented by Spec (hgpn R;). The
inclusion R, — hﬂpn R; is an fpqc cover. This proves the lemma because any A-
point of G, Spec A — G factors through some G[p"]. ]

A homomorphism of p-divisible groups in Tate’s terminology [Tat67] is a morphism of

direct system of group schemes.

Definition 4.1.6. Let G and G’ be two p-divisible groups over R. A homomorphism
f G — G is called an isogeny if it is an fppf epimorphism of sheaves with finite,
locally free kernel. A quasi-isogeny is a global section f of Homg(G,G") ®7 Q such

that p" f is an isogeny for some n > 0.

Example 4.1.2. A p-isogeny of two elliptic curves f : E — E’ over R induces an isogeny
of their p-divisible groups. An isogeny of E and E’ of degree coprime to p induces
an isomorphism of their p-divisible groups. Similarly quasi-isogenies of elliptic curves

induce quasi-isogenies of their p-divisible groups.

One can extend our definition of p-divisible groups over arbitrary base scheme S. We

have the following proposition.

Proposition 4.1.1. Suppose S is connected or quasi-compact (eg. affine). A mor-
phism f : G — G of p-divisible groups over S is an isogeny iff there exist a morphism
g: G — G and an integer N > 0 such that go f = pNidg and f o g = pNidg.

Proof. Suppose f is an isogeny. Since f is an epimorphism there is an isomorphism

G/ker f = G

Suppose N be such that ker f C G[p"]. Then the map p~ : G/ker f — G/ ker f lifts
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through G
G/ker f 2 G/ ker f

T
N -
p -

o
N

Then g : G' ~ G/ker f = G is the morphism we are looking for. Clearly, g o f =

pNidg. Also, fogo f=pidg o f. Since f is an epimorphism, f o g = pVidg .

Conversely, suppose fog=p" and go f = p". Then

show that ker f|qp~v = im gl vy The inclusion im g|eipn C ker flgpn is clear. If
x € ker f NG[p"] then fppf locally x = pNy = g(f(y)) for some y. Then f(g(f(y))) =
f(z) = 0 implies f(y) € G'[p"].

Now ker f = ker f|q,n~ is finite over S of finite presentation. Also since g|q v is an

epimorphism, it is flat over S. O

Lemma 4.1.3. A quasi-isogeny of p-divisible groups induce an isomorphism of uni-
versal covers.

Proof. This is trivial as p is invertible in the universal cover. O]

Theorem 4.1.1. If S € Nilp}, and G is a p-divisible group over S, then G is formally
smooth.

Proof. [See Mes72, 11, Theorem 3.3.13]. O

Lemma 4.1.4. Let G be a p-torsion group on S, (i.e. G = lignG[p”]), with all G[p"]
representable. Assume X' is an S-scheme and X — X' is a subscheme defined by
an ideal I such that ¥\ = 0 and pNI/I?> = 0. Then if f' : X' — G is such that
f="Fflx: X' = Gp"], we have f: X' — G[p"+*N].

Proof. The problem is local on X’ and S and hence we can assume both X’ = Spec B
and S = Spec R are affine and so quasi-compact. But then f’ € I'(X’, G[p"]) for some
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n'. Therefore we assume that G is representable, say by SpecA. We use induction

on k. If we could show that f'|y w1 V(I*¥) = G[p"™*~DN]  then by the case k = 1
we would know f’: X’ — G[p"*t*N]. Thus it suffices to show for k = 1, i.e. I? = 0.
Since f : X — G[p"] we have [p"]f = 0. So [p"]f' : X — G is a map whose restriction
to X is zero. Since I? = 0 and G is representable, the X’ valued points of G whose
restriction to X is zero are in bijection with the R derivations A — I. In particular,
if g: A — R — B is the zero of the group G(X’) then [p"]f’ — g € Dergr(A,I) and
conversely, for any ¢ € Derg(A, I), g+ is a map whose restriction to X is zero. Since

p kills I, we have [p™][p"]f’ = 0 which proves the lemma. O

Corollary 4.1.1. Let p¥ = 0 on S and let G be as in Lemma 4.1.4. Then the k-th
infinitesimal neighborhood of G[p"] in G is the same as that of G[p"] in G[p"™"]. In
particular Inf*(G) = Inf*(G[p*N]) and is therefore representable.

Proof. 1f f : T" — G belongs to the k-th infinitesimal neighborhood of G[p"] in G,
then there is a covering family {7/ — T’} and schemes T; such that T; — T/ is a

nilpotent immersion of order k and f|r, : T; — G[p"]. But then by Lemma 4.1.4
flor + T = G[p"™*N] and hence f € T(T", G[p"™N]). O

Corollary 4.1.2. If p¥ = 0 on S and if k < p* we have Inf*(G) c G[p"+"N~'] and hence
Inf*(G) = Inf*(G[pN-1).

Proof. Let X’ be an S-scheme and X < X’ be a nilpotent immersion of order k.
Denote with the subscript “o” the object obtained by reducing a given object modulo
p. Given f' : X' — G whose restriction to X is zero, then we have f! : X! — G,
belongs to Inf*(G,). Since k < p*, Inf*(G,) C Go[p"]. But this means that the
restriction of f' € G(X') to G(X!) = Go(X!) lies in G[p™](X]). O

Theorem 4.1.2. Let S € Nilpy, and G a p-divisible group on S. Then G (Definition
4.1.3) is a formal Lie group.

Proof. By Lemma 2.1.3 we know Gis a subgroup of G. We need to show that it is
a formal Lie group. By Corollary 4.1.1 Inf* (G) is, locally on S, representable and
therefore is globally representable by the sheaf property and gluing lemma.
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By Theorem 4.1.1 we know G is formally smooth and this implies that G is formally
smooth. This tells us that Inf*(G) satisfies the lifting condition on points. Since
locally on S, Inf*(G) = Inf*(G[p™]) for appropriate m, and G[p™] is finite locally free,
(and hence of finite presentation) over S it follows from general facts about smooth
algebras [cf. Mes72, II, Theorem 3.1.1] imply that locally on S, Inf*(G) is isomorphic
to a pointed scheme (i.e. a scheme over S with a section to the structure morphism)
of the form
SpecOs[Th, ..., T/ (Th, ..., Tp)"

This shows that G satisfies condition 2 and 3 of Definition 2.1.6 and hence it is a
formal Lie group. [

Lemma 4.1.5. If S € Nilpy} and G is a formal Lie group, then G is of p-torsion.

Proof. We must show G = lim | G[p"]. We can assume that S = SpecA with p
nilpotent on A and G is given by a power series ring A[[ X, ..., Xy]|]. If T is any affine
S-scheme, say T' = Spec B, then an element of G(T) will be an N-tuple (by,...,dy)
with each b; nilpotent. Let I be the ideal generated by {by,...,bxy}. Then each
component of [p]#(by, ..., by) belongs to pI + I2. Since p and I are both nilpotent, we
see that G is p-torsion. O

Proposition 4.1.2. Let S € NilpyY and G a p-divisible group on S. Then G=0iff
G is ind-étale.

Proof. 1t G is ind-étale, then locally a point of Inf k(G) with values in an S-scheme T
which we can assume to be affine, must be a point of G[p"] for some n, and hence is
0 since G[p"] is étale. Conversely, if G = 0, then for any s € S, G, = 0, which implies
G[p"]s has no connected part for all n and all s and hence is étale. But G[p"] is flat

over S and has étale fibres. Hence it is étale. O

Lemma 4.1.6. Let 0 - G — H — K — 0 be a complex of finite locally free groups
on S. The sequence is exact iff for all s € S, the sequence 0 — Gy — Hy — K, — 0

15 exact.

Proof. (=) is clear.
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( <) By the fibrewise criterion of flatness, we know that H — K is an epimorphism
if all maps H; — K are epimorphisms. Thus it remains to prove the map G — keru
is an isomorphism. This can be checked locally on S. Hence we assume S = Spec A,
G = SpecC, keru = SpecB where B and C' are finite projective A-modules. To
show B — (' is an isomorphism, it suffices to prove this at each point. Hence we can
assume A is a local ring with maximal ideal m. By hypothesis B/mB — C/mC' is an

isomorphism. By Nakayama B — C'is surjective, and it is injective since C'is flat. [J

Lemma 4.1.7. Let S € Nilpyy and let 0 — G, — Gy — G3 — 0 be an exact sequence
of p-divisible groups on S. Then 0 — Gy — Gy — G3 — 0 is also ezact.

Proof. The sequence for the formal Lie groups is left exact as they are subgroups of
the corresponding p-divisible groups. We need to prove Gy — G is an epimorphism.
Let T be an S-scheme and y € Gg(T). Since Gy — (3 is surjective, there is a covering
- By
passing to a covering of each 7; we can assume y|7, has the property that y|z = 0

{T; — T} such that for each i, there is an z; € G3(T;) whose image is y

where T; — T, is a nilpotent immersion and 7} is affine. But then xz|7 € Gl(Ti).
Since G is formally smooth, we know there is an z} € G1(T;) which lifts ;|7 . Then
z; — ) — y|r. and has its restriction to T; equal to 0. Hence z; — 2} € Go(T}) and

hence the map Gy — G is an epimorphism. O]

With all the above preparations, we come to the proof of the Theorem promised in
Section 3.1 (Theorem 3.1.1). We state the result in more generality than in Theorem
3.1.1.

Theorem 4.1.3. Let p be locally nilpotent on S and G a p-divisible group on S. The

following conditions are equivalent:
1. Gisa p-divisible group.

2. G is an extension of an ind-étale p-divisible group G” by an ind-infinitesimal

p-divisible group G'.

3. G is an extension of an ind-étale p-divisible group by a p-divisible formal Lie

group.

71



4. For all n, G[p"] is an extension of a finite étale group scheme by a finite locally

free radiciel group scheme.
5. Glp| is an extension of a finite étale group by a finite locally free radiciel group.

6. Separable rank of the fibres of G[p| over S is a locally constant function.

Proof. (6) = (5) follows from Corollary 3.1.1.
(5) = (6) is clear.

(4) = (5) is clear.

(5) = (4) follows from the fact that

separable rank of G[p"]s = (separable rank of G|[p|s)"
This follows from the exact sequences

0— Gp" = Gp"] = Glp] = 0

(4) = (2) For each n we have an exact sequence
0—Gp"—Gp"] =GPl —0

with G'[p"] finite locally free and radiciel, and G”[p"] finite and étale. We will show
that the systems {G'[p"]|},, and {G"[p"|}, give us p-divisible groups. To do this it
suffices to see that if 0 - G — H — K — 0 is an exact sequence of finite locally
free groups satisfying the condition of the lemma, then the corresponding sequences
of étale quotients or radiciel kernels are exact. By Lemma 4.1.6 it suffices to prove
this statement over geometric fibres. But in that case it is obvious because any finite
group H has a splitting H = H° x H*.

Therefore by applying the above discussion to the sequences 0 — G[p] — G[p"] &
G[p"] = 0 we see that G/ = hA’IG/[pn] and G" = ligG”[p"] are p-divisible groups.
Furthermore, G’ is ind-infinitesimal and G” is ind-étale.

(2) = (4) follows from the observation that an exact sequence 0 — G’ — G —
G"” — 0 induces by snake lemma an exact sequence 0 — G'[p"] — G[p"] — G"[p"] — 0.
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Note that till now we didn’t use the assumption that p is nilpotent on .S. We will use

it now.

(2) = (3) G’ being ind-infinitesimal, we have G’ = G’ and it is therefore a formal
Lie group, by Theorem 4.1.2.

(3) = (2) Let 0 » G" - G — G"” — 0 be an exact sequence with G’ a p-divisible
formal Lie group and G” an ind-étale p-divisible group. We need to show G’ is a p-
divisible group, i.e. it is p-torsion and G’[p| is finite locally free. Lemma 4.1.5 implies
G’ is p-torsion. To show G'[p] is finite locally free we apply snake lemma again to the
exact sequence, with vertical arrows being multiplication by p, and this gives an exact

sequence 0 — G'[p] — G[p] — G"[p] — 0. This proves the implication.

(2) = (1) Lemma 4.1.7 and Proposition 4.1.2 imply that ¢/ = G and hence G is a
p-divisible group.

(1) = (2) If G is a p-divisible group then we can form the sequence 0 — G — G —
G/ G — 0. Tt is a fact that quotient of two p-divisible groups is a p-divisible group [cf.

Mes72, pp. I, 2.4.3]. But Lemma 4.1.7 implies G/G = 0. Hence by Proposition 4.1.2
it is ind-étale. This completes the proof. n

Theorem 4.1.4. Let R be a ring where p is nilpotent. Assume G is a p-divisible group
that is isogenous to an extension of an ind-étale p-divisible group by a connected p-
divisible group. Then the functor G s representable by a formal scheme, which locally

admits a finitely generated ideal of definition.

Proof. First assume G is ind-étale. Since G[p"*!] is étale, the zero section is an open
(and closed) immersion. Hence every inclusion i, ,.1 : G[p"] < G[p"™'] is an open
immersion, being the base change of the zero section by the map p" : G[p"*'] — G[p"].

Then the representability follows from the gluing lemma for schemes.

For the general case, since the question is local on Spec R, assume R is such that G
is the formal spectrum of a power series ring. We want to show that G x e G¢*[p"] is
ét

representable by a formal scheme for all n. This will imply that G = lim G X g G[p"|

is representable because the transition maps are open immersions.

Over an étale cover S’ = Spec R — SpecR = S where G¢[p"] splits into sections,
G xge Gp"] is the disjoint union of copies of G. Suppose (G X e G[p"])s = Spf A
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where A is a ring complete w.r.t. a finitely generated ideal I. We get a descent datum

©:SpfA xgS — S x5 Spf A by the sheaf property. Set X equal to the coequalizer

in the following diagram
pT1
Spf A xg 5’ p:g} SpfA —— X
r20

Since Spf A = hﬂk Spec A/I*, the coequalizer exists and is equal to hﬂk X}, where X,
is the descent of Spec A/I* to S [Stacks, Lemma 0245]. The X} are affine and the
transition maps X — X satisfy the property that they are nilpotent thickenings
over the étale cover S’ of S. Hence they are nilpotent thickenings themselves. Thus X is
an affine formal scheme with finitely generated ideal of definition because the property
of a morphism being of finite presentation is local on the target for the étale topology.
Finally X represents G x g G[p"]® by the sheaf property [Stacks, Tag 02W4]. O

Theorem 4.1.5. Let R be as above. Assume that G is isogenous to an extension of an
ind-étale by a connected p-divisible group. Then G is representable by a formal scheme

which locally admits a finitely generated ideal of definition.

Proof. Since the question is local on R, assume by Theorem 4.1.4, GG is represented
by the formal spectrum of a R-algebra A which is complete w.r.t. a finitely generated
ideal I. Since the maps G 2 G are finite locally free, and in particular affine, G is
represented by Spf B where B = ligp A, the ideal of definition being the ideal generated
by the image of I under the inclusion of the first component and the completion being
w.r.t the ideal of definition. O]

Theorem 4.1.6. If R is perfect of characteristic p, G is connected and Lie(G) is free
of dimension d, then
G = SpfR[lxy™" ... 2" ]

Proof. Let G®") = G x°P R, Consider the relative Frobenius isogeny F : G®") —
G and its dual, Verschiecbung V : G#"™) — G0 VF = p-idgen and FV =
p - idgn+1. There is a natural transformation of functors V : l'glpG — 1£1F G,
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given by
G < G < G <

G —— Gr ™ = GP™?) ——

We claim that V is an isomorphism. Since G is connected, there exists m > 1 such
that G[p] C ker F™. Then F™ = pu for some isogeny u : G® ™) — G. Use the symbol
u to denote the base change to G®™ ™) — G(pfm("fl)), for any n € Z so that u™ is an
isogeny G® ™) — G. Denote by U the natural transformation 1&1 o Gr " — @p G
induced by the u™. We will show that &/ and V are inverses of each other upto the
isomorphism l&n » Gr™) ~ @Fm G®™") This last isomorphism comes from the fact
that the later inverse system is cofinal in the former. Explicitly, the isomorphism
(denoted by ¢) is given on points by

(CL(),CLl,...) i (CLo,CLm,...>
Let us check that U o ¢ oV = id on points.
v P m u m
(agp, a1, ...) = (ag, Vay,...) = (ag, V", ...) = (ag, uV"™"ap, ...)

Now, uV™p = puV™ = F™V™ = p™. This implies that uV™ = p™~! since p is an

m—1

epimorphism. Thus uV™a,, = p™ ‘a,, = a;. Similarly one can check for the higher

indices.

Conversely, let us check that Volf o ¢ = id.
(ag, a1, ...) = (ag, am, ..) LN (ag, Uy, -..) Y, (ag, Vuany,, ...)

Now, Vup = VF™ = pF™=! = = 1p. Hence Vu = F™ ! again using the fact that
p is surjective. Thus Vua,, = F™ 'a,, = a,. The check for higher indices is similar.
Finally, it is clear that G is represented by the formal spectrum of the completion of

ligﬁFR[[xl,...,xd]]. O

Theorem 4.1.7. Let S — R be a surjection with nilpotent kernel J and p nilpotent in
S. Assume G is a p-divisible group over R which has a lift Gg to S. Then GS(S) =
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G(R).

Proof.

G<R) = T,G(R)[1/p] = Homp(Q,/Zy, G)[1/p]
The natural map Gg(S) — G(R) is surjective by formal smoothness of G' (Theorem
4.1.1). We need to show that the map is injective. Suppose f — 0. Since p is invertible
on Gy it is enough to show that p"f = 0 € éS(S) for some n > 0. We can even assume
that G5 is connected, i.e. a formal group. Suppose [ is the augmentation ideal of the

formal group.

Denoting by f# : Og — Oq,,z, the induced map on sheaves we see that f#(I) C
JOq,,z,- Since modulo p, the isogeny [p] factors through F', we have [p]I C (pl, I?).
Thus f#[p|(I) C (pJ, JP)Oq,,z,. Since both p and J are nilpotent, f#([p"].J) = 0 for
N > 0. ]

4.1.1 An Equivalent Definition of Mg 1gusa

Recall that we defined Myg 1gusa OVer Z/p™Z as classifying splittings of the p-divisible
group of ordinary elliptic curves with level N structure. More generally we can assume

the base ring to be a ring R where p is nilpotent.

In this section, we will define another functor F' to Sets on Alg® and show that

Mg 1gusa 1s naturally isomorphic to F'.
Definition 4.1.7. Let F' be the functor on Alg® defined as follows:

s {(B/S,@.am)}/ ~

e~ —

where @ : E[p®] = [y~ x Q, and two such tuples are equivalent if they are related by

a quasi-p-isogeny of elliptic curves.

Remark 4.1.1. Given any two tuples representing the same point they are related by
a necessarily unique quasi-p-isogeny, as any p-isogeny of an elliptic curve inducing

identity on the universal cover of its p-divisible group must be the identity itself.
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We see that there is a natural map Myig 1gusa — £ sending the isomorphism class of
(E,p,ay) to the quasi-p-isogeny class of (E, @, ay) where ¢ is induced by ¢ in the
obvious way. We will show that this map is a natural isomorphism.

Theorem 4.1.8. With definitions as above, Myiy rgusa s naturally isomorphic to F.

Proof. We need to produce an inverse to this natural map. Thus we need to show that
given any (F/S, @, ay) there is an F’/S, a splitting ¢’ : E'[p>] = ppe x Q,/Z, and
a quasi-p-isogeny f : ' — E’ such that

Elp~) ! » Bp~]
SN T

i X Q,

where ¢’ is induced by ¢

Let’s denote pye X Q,/Z, by G to simplify notation. Consider E’[y\y_;} LN NYE
where 7 is the projection onto the first coordinate as in Lemma 4.1.2. Restricting
this map to T,E = T,E[p>]| we get a T,E valued point of G. Note that by Lemma
4.1.1, T,E is represented by an affine scheme. Since G(T,E) = h_l’l;lGn(TpE) this
implies that 7 o ¢|r, z factors through some G, for n big enough. This implies that

7o © Plprr,z = 0. Thus 7 o @ factors as follows

where 7, is the projection onto the (n + 1)st coordinate. Reasoning similarly for ¢!
we get an m such that my o ¢~! factors through 7,,. Choosing N > max(n,m) we get

the following commutative diagram

—_—

E[p®] —2— fip= x Q, —— E[p~]

bk

E[p™] — e X Qp/Zy, S E[p>]
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Note also that my = 7y o p" implies the commutativity of

—_—— ~

E[p®] —— fpe x Q,

bk

Ep>] — Hpoo X Qp/Zp

Thus ho g = p?V idgpe~) and go h = p?Nide. In particular g and h are isogenies. Let
H be the kernel of g. Then H is a finite, locally free group scheme over S which is a
subgroup of E[p*"]. Let £’ = E/H. The natural projection induces an isomorphism
E'[p™] LN fpee X Q,/7Z,. Denoting the projection £ — E’ by ¢ it’s easy to see that

f = p~Nq is the quasi-p-isogeny we are looking for. This proves the theorem. O

Definition 4.1.8. Given z € F(S) we will call (E, ¢, an) € Myig 1gusa(S) a distin-
guished representative for x if it represents x under the natural isomorphism described

above. Any two distinguished representatives are related by a unique isomorphism.

4.2 Group Actions

Let’s revisit some of the Galois groups and their actions we have seen so far. Let us
assume our base ring is R where p is nilpotent. We have seen that My, is Galois

over X' with Galois group Zx. For a R-algebra S, g € ZX(S) acts as follows

(E7¢7QN> = (Eaggaa&]\f)

Migusa is Galois over X°rd with Galois group My = Z}f X Z;. For a R-algebra S,
9= 1(9.9%) € Z; x Z)(S) the action is given as follows

MIgusa(‘S) — Mlgusa<S)

ét ét—1

(E7¢7§0ét7aN>'_>(E7§¢790 g 7aN>
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4.2.1 Projection From Migysa to MKkats

The natural projection Migusa to Mkat, by forgetting 0% is equivariant w.r.t. the action
of Zy. We remarked in Section 3.1.1 that the problem of classifying tuples (E, ¢, ay)
is equivalent to the problem of classifying tuples (E, ¢, ay) by duality and used this
later to prove the representability of Migysa. Let’s try to understand this duality more

carefully.
Weil Pairing : Given a pair of dual isogenies £ = E’ and E’ % E of degree n there

is a canonical perfect alternating bilinear pairing called the Weil pairing.

er kerm x kerm — u, C G,

Thus we have a Weil pairing E[p"] x E[p"]" — p,» which identifies one as a Cartier
dual of the other. Under this duality, given an isomorphism ¢ : E[p"] = pin we obtain
a dual isomorphism ¢® : Z/p"Z — E [p”]ét which sends “1” to the unique element x
such that

<¢_1('),$> S pn = fpn

is the identity. Thus we have a natural isomorphism

MKatZ(S) T_S> MIv(atz(S)
(E,(ﬁ,OéN) = (EvgpétvaN)

where ¢ is defined as above, for any R-algebra S. We will sometimes loosely write

T(p) = ¢**. This natural isomorphism has the property that for any g € ZX(.5)
Ts(E, gp,an) = (B, ¢%g, an)

In Section 3.3.1, we said that Mig n.n = MKatz,Nn Xy (n)ord MKatz,N,n Where we identified

the second component with MKa;Z, N, using this natural isomorphism.

There is a natural section of the projection Migysa —+ Mkar, Which is given by the

diagonal embedding Mxkat, A> Migusa- On points this is given as
. A R .
(Eﬂ@OKN) — (E790aT(90)7aN)
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Let us understand how this section commutes with Z; action.

N A N N N N
(E,g9¢,an) = (E, 99, T(99), an) = (E, 94, T(9)g, an)

This suggests that if we consider the embedding of Z in M} as a + (a, a™1), the

canonical section commutes with the Z; action.

4.2.2 Projection from Myg 1gusa t0 Migusa

We have discussed this in detail in Section 3.3.2. Let’s just recall the results from that

section.

Let B := Aut(uy~ x Q). As matrices

B° — Aut(pipe) Hom(Qp/Zy, pipe) _ Ly~ Tppipeo
g 0 Aut(Q,/Z,) 0 Zy

Let Ny := Hom(Q,/Zy, ptp=) = Typp~ There are natural inclusions of M, < B> and
N, <= B, which realizes B} as a semi-direct product B, = N, x M.

The projection Mpig 1gusa — Migusa 15 equivariant for the M; action and realizes

Mg 15usa as an fpqc N, torsor over Migyga-

Note that so far the actions described for all the groups above give X°*%-morphisms.
We will now describe a group and its action on My 1gusa in the light of Section 4.1.1

that will not be a X°*d-morphism.

Let

( oo X Qp)
ut(pp) x Aut(Q,) = Q, x Qy
om(Qy, fipe =) = ﬁ;;

\’> \°>

B
M,
N,

We saw in Section 4.1.1 that Mg 1susa can be interpreted as classifying quasi-p-isogeny
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classes of tuples (£, ¢, o). This gives a B, action on Mg 1gusa described on points as

Mbig Igusa(S) — Mbig Igusa(S)
<E7¢7QN) = (th@?aN)

for g € B,(5) for any R-algebra S.

4.3 The @ Action

4.3.1 Extending the Action on Migysa

We have seen Mig,s, admits a natural action of My and Migysa = N;\Mbig Tgusa-

Let Bl’y = N, x M; C B,. As matrices

B/ — Z; [/j/;;
p X
0 Z

Then N, is a normal subgroup in B). The conjugation action is given as

-1 1
a vy 1 =z a; Yy (1 ate
0 ay) \0 1 0 a) \0 1

Using Lemma 4.1.2, we see that there is a fpqc quotient
/ o o . r~I o
Bp/Np = B, :=Gp, x M,

coming from
1 = Tyoppe = fipee = Gy, = 1

Using the action of B, on My;g 1gusa, We see that the action of B;/) descends to an action
of B, on Migus, and the equivariance of the projection w.r.t. the M action shows that
the B, action extends the M]j action on Migysa. The new part of the action is that of
@; = p/ N, ; :
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4.3.2 Extending the Action on Mgkat,

We have a canonical embedding of My, inside Mgy, as described in Section 4.2.1. We
want to show that the closed subscheme of Mgy, defined by the diagonal embedding
is invariant under the extended action of G,,. Then this will give us an extension of

the Z; action on Mkag,. But before proving that we need some more preparation.

For an elliptic curve E//R recall that since p™ : E — E is self dual the p"-Weil pairing

is a perfect, bilinear, antisymmetric pairing
E[p"] x E[p"] = ppn

Lemma 4.3.1. Given E ™% E' ™% E. Then for any P € kerm,(S) for an R-algebra
S and Q € ker(my o mp)(S)

€rgomy <P7 Q> =Cm <P7 fr?(Q»
Proof. [See KM85, (2.8.4.1)]. O

Suppose we have a splitting ¢ : E[p"] = pin x 1/p"Z/Z. Let w : E — E/E[p"]. Then

7 om = p". Applying the above lemma to this situation, we see that

o =moyp™ 1/p"Z/Z = Efp")”
is T'(p) ift

ep”<9071<-)7 Qpil(l/pn» N (4.1)
is the identity.

Remark 4.3.1.
epr {07 () 7 () ¢ Hpn X ppn = iy
is trivial by Lemma 4.3.1.

The p"-Weil pairings for varying n induce an antisymmetric Q,-bilinear pairing




where
S

cx = (ai, bj)y,

for i +j = k 4+t + s and t large enough for the right-hand side to make sense. It can
be checked easily that e is well-defined.

A point € Migusa(S) lies in A(Mkat,)(S) iff equation (4.1) holds.

Lemma 4.3.2. Equation (4.1) holds iff

for any a € - (S) and b € Q,(S) for any R-algebra S.
Proof. Obvious. m

Now we can prove that the extended group action stabilizes the canonical section.
Indeed, suppose (E, ¢, an) € Myig 15usa(S) be a distinguished representative for a point
x. Let g € B,(S). Suppose (E', ¢, o/y) be a distinguished representative for the point
gz.

Proposition 4.3.1. Suppose (det g)p~*»(9°t9) = 1. Then equation (4.1) holds for ¢ iff
it holds for ¢'.

Proof. Write det, g = (det g)p~vrldete)

By definition of a distinguished representative, there exists a unique quasi-p-isogeny
f:+ E — E' such that

E[p®] —— [y x Q,
|7 lg

E/[poo] L> ﬁ;; X Qp

det g)

From this diagram we see that deg f = p¥! . It is enough to show that equation

4.1) holds for ¢ implies that it holds for ¢'. So assume (2) for ¢. Suppose
2 12 2

)
0 o 0 Q)
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Then

For z € p1,(S) and y € Q,(S),

&@ (@), ¢ W) = (fo N (g ), fe N (g y))

~_ a 1 _ —(aa’ —1 _ e
= (@@ ), @7 (= v Ty
~_ ~_ e —1
= (¢ (@), ¢ (y)) e
where we use bilinearity and Remark 4.3.1 in the last step. This proves the proposition.
O
Corollary 4.3.1. Let Z; — M, by a — (8a91). Then the action of (/}; X 2, C

G,, x M; stabilizes the canonical section.

Proof. Given (E, $, 0%, ay) € A(Mga,)(S) choose a fpqce cover of S where the exten-
sion
@71 0 (pét
ppoe — Ep*] — Q,/Z,

splits and the given element of @; lifts to an element of fi,. Then apply Proposition
4.3.1. O

Thus we have extended the action of Z, to an action of @; X 725 on Mgag,.

4.4 Kummer p-divisible Groups

For any ring R and ¢ € R* we will construct an extension of p-divisible groups over
SpecR,
Eq . /,Lpoo — Gq — @p/Zp

We will call the G, arising from such extensions Kummer p-divisible groups. Our

construction will be modeled on the p-divisible group of the Tate curve.

84



Consider the fppf sheaf in groups
Roots, C G,,, x Z[1/p]

consisting of pairs (x, m) such that for k sufficiently large, 2P = qpkm.

Projection to the second component gives a natural map Roots, — Z[1/p] whose kernel

is pp. The projection admits a canonical section over Z given by 1 — (g, 1). Let
G, = Roots,/Z
be the quotient by the image of this section.

Lemma 4.4.1. G is a p-divisible group, and the maps
fpee — Roots, and Roots, — Z[1/p)
induce the structure of an extension
E, : ppe — G, = Q,/Z,

Proof. Let Roots;, be the subsheaf of sets of Roots, of elements (x, m) with m € Z[1/p]

for 0 < m < 1. The group law induces an isomorphism
Roots;, x Z — Roots,

Thus Roots; as a sheaf of sets is isomorphic to Roots,/Z. For any R-algebra A with
Spec A connected
G,(A) = Roots,/(g,1)*

Any element of G;(A) has a unique representative of the form (z,m) € Roots,(A)
with 0 < m < 1. Such an element is p*-torsion iff m € 1/p*Z and " = qpkm. In
‘]

particular G, = hgk G4[p®]. Moreover multiplication by p is an epimorphism in the

fppf topology. Thus to see that G, is a p-divisible group we nee to show G,[p"] is
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finite, locally free over R. But this is obvious as G,[p¥] is represented by

k

with multiplication given by carrying, i.e. for x; a root of ¢** and x5 a root of ¢*2, in

the group structure

T12o as a root of ¢+ if a; + ay < p*
T+ T = e .
r1Ta/q as aroot of ¢ T2 P if qy + ag > "
This is clearly a finite, flat group scheme. O

Ezample 4.4.1. As noted in the beginning, for the Tate curve over Z((q)), Tate(q)[p™] =
Gy

4.5 Serre-Tate Lifting

For R a ring in which p is nilpotent, and Ry = R/I for I a nilpotent ideal, let
Def(R, Ro)

be the category of triples
(E07 G7 6)

where Fy/ Ry is an elliptic curve, G is a p-divisible group, and € : G|z, — Eo[p™] is an

isomorphism.

For the category Ell/R of elliptic curves over R, there is a natural functor

Ell/R — Def(R, Ry) (4.2)
B (ERO7 E[poo]> GE)

where €g : E[p™®]r, — Fr,[p*] is the canonical isomorphism.

Theorem 4.5.1. (Serre-Tate) The functor (3) is an equivalence of categories.
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Proof. [See Kat81, Theorem 1.2.1]. O
Here we list two immediate corollaries of Theorem 4.5.1 whose proofs are obvious.

Corollary 4.5.1. For R € Nilp; , and 7 nilpotent in R, the natural reduction map

Mbig Igusa(R) — Mbig Igusa(R/ﬂ—)

is a bijection.

Let A be a p-adically complete ring and let m € A be a topologically nilpotent element
for its p-adic topology. Consider the moduli problem Migys.~ Which classifies for

Spec R € Nilp9, the isomorphism classes of quadruples

(EOa Ea 77Z)7 aN)

where Ej is an elliptic curve over R/m, ay is a level N structure on Ey, E is an

extension of p-divisible groups over R
E: pipe = Gg = Q,/Zy

and ¢ : Ey[p™] = Gg|p/x-

There is a natural map Migusa,a — Migusa-r given by sending

(E/R7 @7 goéta OéN) = (E(R/ﬂ')v EE[pOO],@,goét? wcanu &’R/W)

where E g 5 e 18 the extension defined by ¢ and ¢* and tcan © Egryx[p™] =~ E[p™|g)x

is the canonical isomorphism.

Corollary 4.5.2. The map Migusa,a — Migusa-= described above is an isomorphism.
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4.6 Computing the @;L Action

4.6.1 Action of the Unipotent Subgroup on the Distinguished

Representatives

In order to describe the ([/}; action on M.y, it will be useful to understand the action of
the unipotent subgroup N, = pi, (Section 4.2.2) on the distinguished representatives
of Mbig Igusa-

Suppose I € Nilp; , n = ((x) € Np(R) and let I be a nilpotent ideal of 12 containing
C() — 1. Then
nmod I = (1,{(; mod I,...)

is an element of Ny(R/I) = Tyup=(R/I). Now if z = (E,§, ay) € Mg gusa(R) is a

distinguished representative for x such that ¢ comes from an isomorphism

@ Ep™®] = pipe X Qp/Zy

then
n-x=(FE, cﬁ’,o/N)

where £’ is the Serre-Tate lift from R/I to R of Er/; determined by the isomorphism

(nmod I) o pryr: Eryi[p™] = (e X Qp/Zp) g1,

¢’ is the natural isomorphism E'[p®] = (py~ x Q,/Z,) and oy is the unique lift of

OéN’R/I-

Theorem 4.6.1. Let R be a p-adically complete ring. Suppose ¢ € (/};(R) and T € R
is such that ( =1 mod 7, and (Eo, Ey, ¥, an) € Miguser(R) where E, is the Kummer
extension of Section 4.4 and q € G,,(R). Then

C' (EOJEqaw?OéN) = (EU>]EC_1q>¢,7OéN)
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where ' is the composition of 1 with the canonical identification

IEq|R/7r = EC*1q|R/7r
coming from q = ("tq mod 7.

Proof. If we write z; for the point (Ey, E,, ¥, an) and x4 for the point ¢ - x4, it suffices
to show that over the cover R[ql/pw,cl/pw], these points lift to points Z; and 7, in
Myjig 1gusa, and there is a lift 5 of ¢ in N, = = such that 597;1 = Z9. The desired lifts
are given by the splittings

1/p™ = (¢, 1/p") and 1/p" = (TP g7 1/p")

of E, and E.-1, respectively, and ¢ = (¢Y*"),. That ¢ - & = iy follows from the

commutativity of the following diagram mod 7

Gq — ’ GC*lq
1/p"H(q1/pn71/p")T Tl/p"H(C‘l/”nql/”n,l/P")

@XQP/ZP 1—<~> @;XQP/ZP

9

4.6.2 Action on the Tate Curve and ¢-Expansions

Definition 4.6.1. A cusp for Mxay, g for a p-adically complete ring R is a R((q)) val-
ued point of Mkat, g which corresponds to the Tate curve Tate(¢") with the canonical

trivialization of its formal group and any level N structure.

Let R = Z,[(n]((¢q)) and consider the Tate curve Tate(¢") over R. We have the

canonical trivialization

—

ean : Tate(qV) = G,

We have a basis (Cy, q) for the N-torsion. The Tate curve (Tate(¢"), Pean, an) corre-

sponds to one of the cusps ¢ (say).
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Corollary 4.6.1. Suppose g € M(I'1(N), A, k), with A p-adically complete. For the

cusp ¢ of Mkat,, suppose the g-expansion of g is given by

Z aqu € AR
k> M
Mez
Then for any ¢ € @;(R)
Cg=1(")""yg

has g-expansion at ¢

Z 1/N Z <k/Nakq

E>M k>M

Proof. 1t follows from Theorem 4.6.1 that

¢+ (Tate(q"), @eans (v, a)) = (Tate(Ca™), Geans (G, ¢ )

This is the base change of Tate(¢") through ¢ — ¢*/V¢. Hence the corollary follows.
]

To differentiate the action of @; is to compose the action with the canonical tangent

vector to @; at the identity. This corresponds to the R[e] valued point given by

Rz]] — Rl¢]

T +—r €

where €2 = 0 and 1 + z is the multiplicative coordinate on @; Applying this to
Corollary 4.6.1, we get

Corollary 4.6.2. For ( = 1+ ¢ € G (R[e]), the effect on g-expansions induced by
pullback through the action on Mkaiwry, (¢)* -9 = ¢ l.gis

Zakq »—>Z k/Naqu: <1d—e— —)Z kq

Thus, differentiating the @; action on Mg, we get back —6.
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Appendix A

Cohomology and Base Change

In this appendix we recall some results about cohomology and base change for proper,

smooth morphisms. We follow a handout by [Con].

Theorem A.0.1. (Grothendieck) Let f : X — S be a proper morphism of schemes
with S locally Noetherian, and let § be a S-flat coherent sheaf on X. Let s be a point
in S. Assume for all i > 0, the natural base change morphism ¢\ : R f.(F) R0y,
k(s) = H'(Xs,§s) is surjective. Then @', is an isomorphism for all s’ in a suitable

netghbourhood of s. Moreover, the following are equivalent:

1. ¢t s surjective

2. R'f.(J)s is finite free.

Proof. The theorem is proved in [Harl3, III, Theorem 12.11] for the case when X/S
is projective. The more general result for proper morphisms is proved in [Gro61,
Proposition 4.6.1]. O

Corollary A.0.1. If H'(X,,Ts) = 0 for some s € S, then
1. % is an isomorphism for all s’ near s
2. R'f.(¥) vanishes near s

3. gpé?l is an isomorphism for all s’ near s.
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In the case i = 1, f.§ is locally free near s and ¢% : f. s ®og ., k(s) = H (X, §s)

is an isomorphism for all s’ near s.

Proof. (1) follows from Theorem A.0.1. (2) follows from (1) using Nakayama’s lemma.
(3) follows from (2) using Theorem A.0.1. O

Corollary A.0.2. Let f : X — S be a proper, surjective, flat map whose geometric
fibres are reduced and connected. Then the natural map Og — f.Ox is an isomor-

phism.

Proof. For any s € S the k(s)-algebra of global sections of X is non-zero and finite-
dimensional since X, is proper and non-empty. Its formation commutes with any
extension on k(s). After passing to the geometric fibre, we get a reduced, proper,
connected scheme over an algebraically closed field whose global sections thus will

be equal to k(s). Thus HY(X,, Oy,) is one-dimensional and hence the natural map
k(s) — H°(X,, Ox,) is an isomorphism.

Since X is flat over S, we can apply Theorem A.0.1 to Ox. The natural map
¢S 1 fo(Ox) ®os, k(s) = H(X,,Ox,) = k(s)

is surjective as 1 — 1. Thus it is an isomorphism. Since @, ! is trivially surjective,
f+Ox is free near s, necessarily of rank 1 as it is so over the fibre. Thus f,Ox is a line
bundle. The structure morphism Og — f.Ox is an isomorphism as it is so modulo

the maximal ideal of Og. n

Remark A.0.1. A special case of Corollary A.0.1is ¢ = d + 1 when f is a morphism
whose fibres have dimension < d. In that case H4"'(X,,§,) vanishes for all s € S by
Grothendieck vanishing. This implies that ¢? is a surjection (hence an isomorphism)
for all s € S by the corollary.

Now consider the general setup of Theorem A.0.1. We will use the fibral base change

morphisms ¢! to study more general base change morphisms.

Proposition A.0.1. Assume ¢' is an isomorphism for all s € S, and that ;' is

also an isomorphism for all s € S (or equivalently, that R'f.(F) is locally free on S).
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Consider a locally Noetherian S-scheme S’, the resulting Cartesian diagram

X 24X

[

LN S

and the S'-flat coherent coherent sheaf § = ¢*§ on X'. The natural base change
morphism p*(R'f.§) — R f.(F') is an isomorphism.

Proof. We recall that the formation of coherent cohomology commutes with flat base
change (because flat base change of a Cech complex is a Cech complex). Hence in

particular for any s’ € S’ lying over s € S, the natural base change map
/{(S/) Rk(s) Hi(XS,SS) — Hi(X;/,S;/) (A.l)

is an isomorphism.

The natural pullback map R’ f.(§,) ®o,, O,y — R'fL(F')s induces the commutative
diagram
RZf*(Ss) ®Os,s k(sl) — sz»ﬁ(gl)S’ ®Os/,s’ k(‘sl)

@il l‘ﬂif

Hi(Xsags) ®k(s) k<3/) = Hi(XSUS;/)

Hence the surjectivity of % implies the surjectivity of ¢’,. Thus the hypothesis implies
that both ¢!, and ¢’ are surjective for all s’ € S’. Thus R'f/(§’) is finite locally
free on S’. Thus to prove that the natural base change map is an isomorphism (at the
stalk at s € §) it is enough to prove it modulo the maximal ideal my of Og ¢ which

is exactly the isomorphism of (A.1). O
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