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ABSTRACT This paper deals with the problem of maximizing the spectral efficiency in a massive multi-user
MIMO downlink system, where a base station is equipped with a very large number of antennas and serves
single-antenna users simultaneously in the same frequency band, and the beamforming training scheme is
employed in the time-division duplex mode. An optimal resource allocation that jointly selects the training
duration on uplink transmission, the training signal power on downlink transmission, the training signal
power on uplink transmission, and the data signal power on downlink transmission is proposed in such a
way that the spectral efficiency is maximized given the total energy budget. Since the spectral efficiency
is the main concern of this work, and its calculation using the lower bound on the achievable rate is
computationally very intensive, in this paper, we also derive approximate expressions for the lower bound of
achievable downlink rate for the maximum ratio transmission (MRT) and zero-forcing (ZF) precoders. The
computational simplicity and accuracy of the approximate expressions for the lower bound of achievable
downlink rate are validated through simulations. By employing these approximate expressions, experiments
are conducted to obtain the spectral efficiency of the massive MIMO downlink time-division duplexing
system with the optimal resource allocation and that of the beamforming training scheme. It is shown that
the spectral efficiency of the former system using the optimal resource allocation is superior to that yielded
by the latter scheme in the cases of both MRT and ZF precoders.

INDEX TERMS Massive MIMO, power control, resource allocation, spectral efficiency, channel state
information acquisition.

I. INTRODUCTION
The use of massive multiple-input multiple-output (MIMO)
systems, where a number of users communicate with the base
station (BS) with a very large number of antennas, is viable
approach for achieving significant improvement in spectral
efficiency (SE) [1]–[6]. It has been shown that by employing
a very large number of antennas at BS, the interference among
the users is canceled, the uncorrelated noise is eliminated and
small-scale fading effects are averaged out [7]. In addition,
linear detectors such as zero-forcing (ZF) andmaximum-ratio
combining (MRC) detectors on the uplink (UL) transmission
have a near optimal performance along with an acceptable
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complexity in massive multiuser MIMO (MU-MIMO) sys-
tems. In these systems, linear precoders such as ZF and
maximum-ratio transmission (MRT) precoders on the down-
link (DL) transmission also offer lower complexity alongwith
a near optimal performance [8]. Due to the aforementioned
advantages, massive MIMO systems are studied for next
generation of cellular networks [9]–[15].

In the cellular networks such as the fifth generation (5G)
of mobile communication systems, all users occupy full time-
frequency resources both in UL and DL transmissions. In a
DL transmission, BS needs to ensure that each user receives
only the data intended for it. In a UL transmission, BS
requires to recover the individual signals transmitted by the
users. In view of this, BS has to perform the huge amount of
multiplexing and de-multiplexing signal processing, which is
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feasible using a massive number of antennas and having the
channel state information (CSI) at BS [4], [9].

For DL transmission in amassiveMIMO system, acquiring
the CSI is one of the most challenging topics. BS requires
CSI to transmit the precoded signal and the users also require
CSI to decode the transmitted signal in DL transmission [16].
This CSI can be estimated by received pilot signals or can
be obtained through the feedback from the receiver to the
transmitter. In frequency-division duplexing (FDD) opera-
tion, the users estimate CSI from DL pilots sent by BS and
communicate the estimated CSI back to BS over a feed-
back channel [17]. This feedback is very costly in massive
MU-MIMO, since the number of DL pilots is determinedwith
the massive number of antennas at BS. On the other hand,
in time-division duplexing (TDD) operation, BS estimates
CSI from UL pilots sent by the users. Due to the channel
reciprocity between UL and DL channels in TDD systems,
once BS estimates theUL channel, it automatically has a valid
estimate of the DL channel. Therefore, the pilot transmission
is determined with the number of the users in TDD operation.
Typically, the users are smaller than the antennas at BS in
massive MIMO systems. As a result, CSI acquisition under
TDD mode is more economical and preferable than FDD
mode [4], [5].

In DL transmission under TDD operation, the users need
to obtain CSI in order to accurately detect the received data
symbols. To this end, one simple method is that BS transmits
pilot sequences to the users so that each user estimates the
DL channel based on the received pilot sequences. This over-
head of channel estimation is not effective, since this method
depends on the number of antennas at BS. In view of this,
it is commonly assumed that the users are aware merely of
the statistical properties of the channels and the perfect CSI
is not available [18]–[20].

To solve this problem, in [21], the authors have introduced
the beamforming training (BT) method in such a way that
each user efficiently obtains the estimate of CSI in DL mas-
sive MU-MIMO transmission. In this method, BS transmits
a short pilot sequence to the users and each user estimates
the efficient channel gain using the minimum mean-square
error (MMSE) channel estimation method. This channel esti-
mation method depends only on the number of users. Thus,
the BT scheme is preferable in DL transmission for massive
MIMO systems. In [22], the BT scheme has been employed
in association with the pilot contamination precoding (PCP)
scheme to improve SE in a massive MU-MIMO DL trans-
mission. In [23], a blind algorithm for the estimation of
the effective gain is proposed in which no DL pilots are
required. It is shown in this paper that the performance of
this method is better than that of the BT scheme in [23].
However, the complexity of this method is not negligible
since the method is based on the blind channel estimation
algorithm. In blind estimation, squares of the absolute values
of all the symbols in one data block are required in order to
calculate the sample power of the received signal resulting in
a high complexity. In particular, the complexity significantly

increases when the coherence interval is large. Furthermore,
in the blind estimation algorithm, the sum of all the large
scale fading coefficients is required in order to estimate the
effective channel gain of each user. In addition, some of the
parameters, such as the expectation of the channel estimates,
are numerically computed using Bayes’ rule and Riemann
sum. These numerical computations significantly increase the
complexity. Hence, in this paper, we employ the BT scheme
which requires much less complexity and can be easily imple-
mented.

In addition, some methods have been presented to reduce
the dimension of the channel required to be estimated in
massive MIMO by applying the spatial basis expansion
model [24], [25]. Specifically, in [24], a beam-domain full-
duplex scheme has been proposed to make co-time co-
frequency uplink and downlink transmissions possible in
which a small number of pilot symbols is required. In [25],
a method of beam-domain hybrid time switching and power
splitting protocol has been proposed in a full-duplex massive
MIMO system in order to reduce the pilot symbols.

One of the typical problems in wireless MIMO networks is
to study as to how much training is required to estimate CSI.
The effect of training sequences on the achievable rate has
been investigated in [26] and [27]. In case of multiuser TDD
MIMO systems, an attempt has beenmade in [28] to deal with
the problem as to how much time should be spent in training
for a given number of transmit antennas, number of receive
antennas, and length of the channel coherence time. In addi-
tion, it has been shown in [29] that, by varying the transmit
powers for the pilot and data sequences, the optimal number
of pilot symbols is equal to the number of transmit antennas.
In [30] and [31], the performance of channel estimation has
been studied for different pilot symbol designs, where a
lower bound on the achievable rate has been expressed as a
function of the Cramer-Rao bound (CRB). In [32], a hybrid
pilot channel estimation technique is proposed for multi-cell
multiuser massive MIMO systems, where the pilot duration
is optimally selected to maximize SE.

To improve SE of massive MU-MIMO systems, power
control among the pilot sequences and payload signals is
essential [33]. This power control strategy is employed in UL
transmission for different purposes [34]–[36]. For instance,
a power allocation scheme has been proposed in [34] in order
to optimize the training and data symbols power, in which SE
is maximized for a given total energy budget. In [35], a power
control scheme based on the channel quality of each user has
been proposed in order to maximize the minimum achievable
rate of each user, where aMRC detector is used at BS. In [36],
a power allocation method over training and data symbols
power has been proposed in order to maximize SE, where a
ZF receiver is employed. In DL transmission, power among
the user is allocated by BS in order to improve the SE of
massiveMU-MIMO systems [37]–[43]. For instance, a power
allocation scheme among the users has been proposed in [37]
in order to maximize SE under the total power constraint at
BS. In [38], a power control method among the users has been
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studied in order to maximize SE, where a regularized zero
forcing (RZF) precoder is employed. In [39], a power control
scheme is proposed to maximize SE in multi-cell massive
distributed antenna systems, where the pilot contamination
effect is studied. In [40], a power allocation method along
with a pilot design is proposed in order to maximize SE
in multi-cell massive MIMO systems. A method of power
control among the users in conjunction with the BT method
has been proposed in [41] based on the waterfilling approach
to maximize SE. In [42], a power control scheme between
the data and pilot symbols has been proposed in order to
improve SE, where the BT scheme is employed. In [43],
a method of power allocation among each of the pilot and
data symbols of all the users is proposed to maximize SE,
where the total power budget per coherence interval for all
users is given. In spite of the fact that there are a number of
works on the SE maximization in DL transmission, none of
these has considered a resource allocation scheme that jointly
optimizes the pilot power, data power and duration of training
in the BT scheme.

We propose, in this paper, a resource allocation scheme
that maximizes SE in DL massive MU-MIMO transmission
assuming the pilot and data powers to be different, and in
which MRT or ZF precoding is employed. The specific con-
tributions are given below.

• Closed-form approximate expressions for the achievable
rates of the aforementioned precoders, where the BT
scheme is employed in DL transmission, are derived.
To validate the closed-form approximate expressions,
the performance of the SE based on the achievable rates
is studied by conducting simulation irrespective of the
method employed for allocating the resources.

• An optimal resource allocation, which jointly optimizes
the training duration in UL and DL transmissions,
the training signal power on UL and DL transmissions,
and the data signal power on DL transmission for a given
total energy budget spent in a coherence interval in order
to maximize SE, is proposed.

• It is shown that the performance of the proposed
resource allocation scheme is superior to that of other
existing schemes in terms of SE.

In spite of the fact that the multi-cell scenario is more prac-
tical, there is still much interest in the single-cell scenario,
since it can be deployed in specific applications such as in
stadiums and rural wireless broadband access [33]. In view
of this, in this paper, the single-cell scenario is considered
in order to develop the proposed method. This approach
developed in the present paper should be helpful in dealing
with the multi-cell scenario which will be investigated in the
future.

The system model is described in Section II, where the
BT method is employed for DL transmission in massive
MU-MIMO systems. The achievable rates for MRT and ZF
precoders are derived, and the spectral efficiency is defined
in Section III. Approximate expressions for the achievable

FIGURE 1. Massive MU-MIMO system model.

rates for MRT and ZF precoders are derived in Section IV,
and the proposed resource allocation scheme is presented in
Section V. Section VI provides numerical results to compare
the achievable SE using the proposed resource allocation
scheme with that of the BT method. Finally, Section VII
concludes the paper by summarizing and highlighting the
work of undertakes therein.

It should be pointed out that in this paper the same symbols
are used for the derivation of the achievable rates for both the
MRT and ZF precoders.

II. MASSIVE SINGLE-CELL SYSTEM MODEL
In this section, the DL transmission is studied in a single-cell
massive MU-MIMO system, where a BS withM antenna ele-
ments simultaneously communicates with K single antenna
users as shown in Fig. 1. It is assumed that M � K
and BS employs linear precoding technique before the DL
transmission to all the users. Thus, BS requires CSI, which
is obtained through the UL training. Due to the channel
reciprocity between UL and DL channels in TDD operation,
BS uses the obtained CSI in order to precode the data for the
users.

A. UPLINK CHANNEL ESTIMATION
The orthogonal pilot sequences of length τu symbols per
coherence interval are simultaneously transmitted by all
users in the cell. Since the pilot sequences are orthogonal,
τu ≥ K . The pilot matrix of K users is denoted by 9 =

[φ1, φ2, . . . , φK ] ∈ Cτu×K with the orthogonality property
9†9 = IK, where φk denotes the pilot sequence of kth user
and (.)† denotes the Hermitian operation of the associated
matrix.

Let H ∈ CM×K be the channel matrix. In this paper,
the elements of H are independent Gaussian distributed with
zero mean and unit variance. Since our proposed resource
allocation is not dependent on the large-scale fading coeffi-
cient, we neglect the effect of this coefficient for simplicity.
Thus, the M × τu pilot matrix received at BS can be written
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as [21]

Yu =
√
τupu H 9†

+ Nu, (1)

where pu and Nu ∈ CM×τu denote respectively, the average
pilot transmission power of each user and the received noise
matrix at BS.We assume that the elements ofNu are indepen-
dent Gaussian distributed with zero mean and unit variance.
Using the received pilot matrix given by (1), the minimum
mean-square error (MMSE) estimate of H can be written
as [44]

Ĥ =
τupu

τupu + 1
H +

√
τupu

τupu + 1
Ñu, (2)

where Ñu = Nu9 has the same distribution as Nu. In this
case, H is decomposed as

H = Ĥ+ ε, (3)

where ε denotes the channel estimation error. Since MMSE
estimation is employed, ε and Ĥ are independent. In addi-
tion, ε and Ĥ have i.i.d CN (0, 1

τupu+1
) and CN (0, τupu

τupu+1
)

elements, respectively [21].

B. TRANSMISSION IN DOWNLINK CHANNEL [21]
BS first uses the channel estimate Ĥ obtained in the previous
subsection to precode the symbols, and then BS transmits the
precoded symbols to the users in DL transmission. In view
of this, let sk be the symbol that BS transmits to the kth user,
with E{|sk |2} = 1 and W ∈ CM×K be the linear precoding
matrix. In this case, the M × 1 transmit signal vector can be
written as

x =
√
pd Ws, (4)

where pd denotes the average transmit power at BS and
s , [s1, s2, . . . , sK ]T , where (.)T denotes the transpose
operator. The linear precoding matrix W should be chosen
in such a way that the power constraint at BS is satisfied.
Hence, we have E

[
||x||] = pd , where ||.|| denotes Euclidean

norm, or equivalently, we have

E
[
tr
(
WW†)]

= 1. (5)

In view of this, the received vector at the users can be written
as

y =
√
pd HTWs+ n, (6)

where n ∼ CN (0, 1) denotes an additive white Gaussian
noise. We define aki , hTk wi, where hj and wj denote the jth
columns of H andW, respectively. In view of this definition,
the received signal at the kth user can be decomposed as

yk =
√
pd akksk +

√
pd

K∑
i=1,i 6=k

akisi + nk . (7)

For accurately detecting the transmitted signal in DL trans-
mission, each user needs to obtain CSI. A conventional
method of channel estimation is that BS transmits pilot

symbols in such a way that the users estimate the channel
using minimum mean-square error (MMSE) estimation. This
method is inefficient since the overhead on the aforemen-
tioned channel estimation is proportional to M , which tends
to infinity in a massive MU-MIMO system. It can be seen
from (7) that the user k just needs akk , which is a scalar
value, in order to detect sk . Thus, each user does not require to
obtain the knowledge of H or W . Therefore, the BT scheme
is employed to estimate akk for each user in which just a small
amount of the coherence interval is spent [21]. In the BT
scheme, the channel estimation is proportional to K , which
is much smaller thanM . In the next subsection, we explain as
to how to estimate akk .

C. BEAMFORMING TRAINING
In the BT scheme, BS beamforms the pilot sequences in
DL transmission after channel estimation in the UL training.
Then, the effective channel gain aki is estimated at each user
by the received pilot sequences. We define Sp ∈ CK×τd to be
a pilot matrix in the DL channel, where τd denotes the number
of symbols for pilot sequences. Using this definition, the pilot
matrix is given by

Sp =
√
τdpp 8. (8)

where pp and 8 denote the power of each pilot symbol and
the pilot sequence matrix in DL transmission, respectively.
Since the pilot sequences are orthogonal, we have 88†

=

IK , which requires that τd > K . In the BT method, using
the precoding matrix W, BS beamforms the pilot sequence
for the users. In other words, the transmitted pilot matrix is
WSp. Thus, the received pilot matrix in DL transmission can
be expressed as

YT
p =
√
τdpp HTW8+ NT

p , (9)

whereNT
p denotes the noise matrix in the received signal with

i.i.d. CN (0, 1) entries. To estimate the channel, we use the
orthogonality of pilot sequences. In view of this, let ỸT

p ,
YT
p8

†. In this case, we have

ỸT
p =
√
τdpp HTW+ ÑT

p , (10)

where ÑT
p , NT

p8
† has i.i.d CN (0, 1) elements. By decom-

posing ỸT
p given by (10), we have

ỹTp,k =
√
τdpp hTkW+ ñTp,k =

√
τdpp aTk + ñTp,k , (11)

where ỹp,k and ñTp,k represent the kth columns of Ỹp and ÑT
p ,

respectively and ak , [ak1ak2 . . . akK ]T . From (11), kth user
estimates ak . Although the elements of ak are correlated and
should be jointly estimated, it has been shown in [21] that the
performance loss due to independent estimation is negligible.
As a result, ak1,. . . ,akK are estimated independently. In view
of this, the ith element of ỹp,k is employed to estimate aki
using MMSE channel estimation. In this case, the estimation
of aki can be expressed as [44]

âki=E[aki]+
√
τdppVar(aki)

τdpp Var(aki)+ 1

(
ỹp,ki−

√
τdppE[aki]

)
(12)
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where ỹp,ki denotes the ith entry of ỹp,k and Var(aki) repre-
sents the variance of aki. This expression looks similar to (10)
in [21]. However, in [21] the transmit power for pilot and data
symbols are assumed to be the same in DL transmission. It is
to be emphasized that in the present paper, we distinguish
between the pilot transmit power pp and the data transmit
power pd in DL transmission.

We define εki to be the channel estimation error. Since
MMSE estimation is employed, the estimate âki and the esti-
mation error εki are uncorrelated. In view of this, the effective
channel gain aki is given by

aki = âki + εki. (13)

Substituting (13) into (7), we have

yk=
√
pd âkksk+

√
pd

K∑
i=1,i 6=k

âkisi+
√
pd

K∑
i=1

εkisi + nk . (14)

III. ACHIEVABLE DOWNLINK RATE AND SPECTRAL
EFFICIENCY
Employing an approach similar to that used in [45], it can be
shown that the achievable DL rate (ADR) for kth user is lower
bounded as

Rk=E
[
log2

(
1+

pd |âkk |2

pd
∑K

i=1 E{|εki|2}+pd
∑K

i 6=k |âki|
2 + 1

)]
.

(15)

Even though this expression is similar to that obtained in [21],
it is noted that the values of âki and âkk in (15) are different
from those in [21] in view of our distinguishing the pilot
transmit power from the data transmit power.

A. MRT PRECODER
When BS uses the MRT precoder in the DL transmission,
the precoding matrix is defined as

W = αMRT Ĥ∗, (16)

where (.)∗ denotes the conjugate operation of the associated
matrix and αMRT is a constant which is employed to satisfy
the power constraint given by (5). Thus, we have [21]

αMRT =

√
τupu + 1
MKτupu

. (17)

Proposition 1: Using MRT precoding technique, âki and
E{|εki|2} are given by

âki =
√
τdpp

τdpp + K
ỹp,ki i 6= k

âkk =
√
τdpp

τdpp + K
ỹp,kk +

K
τdpp + K

√
τupuM

K (τupu + 1)
i = k

E{|εki|2} =
1

τdpp + K
i ∀ k

(18)

The proof of this proposition is given in Appendix A.

Substituting E{|εki|2} = 1
τdpp+K

into (15), we obtain the
lower bound of ADR for kth user as

RMRTk =E
[
log2

(
1+

pd |âkk |2

K pd
τdpp+K

+ pd
∑K

i 6=k |âki|
2 + 1

)]
. (19)

B. ZF PRECODER
When BS uses the ZF precoder in the DL transmission,
the precoding matrix is defined as

W = αZF Ĥ∗
(
ĤT Ĥ∗

)−1
, (20)

where αZF is a normalization constant for satisfying the
transmit power constraint given by (5). Thus, we have [21]

αZF =

√
(M − K )τupu
K (τupu + 1)

. (21)

Proposition 2: using ZF precoding technique, âki and
E{|εki|2} are given by

âki =
√
τdpp

τdpp + K (τupu + 1)
ỹp,k,i i 6= k

âkk =
√
τdpp

τdpp + K (τupu + 1)
ỹp,k,k

+

√
M (M − K )τupu(τupu + 1)
τdpp + K (τupu + 1)

i = k

E{|εki|2} =
1

τdpp + K (τupu + 1)
i ∀ k

(22)

The proof of this proposition is given in Appendix B.
Substituting E{|εki|2} =

1
τdpp+K (τupu+1)

into (15),
we obtain the lower bound of ADR for kth user as

RZFk =E
[
log2

(
1+

pd |âkk |2

K pd
τdpp+K (τupu+1)

+pd
∑K

i 6=k |âki|
2 + 1

)]
.

(23)

C. SPECTRAL EFFICIENCY
The spectral efficiency S is defined by [21]

S =
T − τu − τd

T

K∑
k=1

Rk , (24)

where Rk is the lower bound on ADR for the kth user given
by (19) and (23) for the MRT and ZF precoders respectively,
and T is the length of the coherence interval in DL trans-
mission. The estimate for âki and âkk depend on whether
the MRT or ZF precoder is used. These estimates are given
by (18) and (22) for the MRT and ZF precoders, respectively.
In order to obtain âki and âkk , Monte-Carlo simulations are
to performed, wherein the channel and noise matrices are
generated. This process requires a large amount of calcula-
tions. This motivated us to present a close approximation for
the lower bound on ADR, wherein only a low amount of
calculations is required.
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IV. APPROXIMATION FOR THE LOWER BOUND OF
ACHIEVABLE DOWNLINK RATE
To obtain a close approximation of the achievable rate given
by (19) and (23) for the MRT and ZF precoders, respectively,
we use the following Lemma [37].
Lemma 1 [37]: When X and Y are independent positive

random variables,

E
[
log2

(
1+

X
Y

)]
≈ log2

(
1+

E{X}
E{Y }

)
. (25)

It has been shown in [37] that when M increases and goes
to infinity, the approximation (25) becomes asymptotically
exact.

A. MAXIMUM-RATIO TRANSMISSION PRECODING
Employing Lemma 1, a tractable expression for the lower
bound of the achievable DL rate for the MRT precoder, given
by (19), can be approximated as

RMRT
k ≈ log2

(
1+

pd E{|âkk |2}
K pd
τdpp+K

+ pd
∑K

i 6=k E{|âki|2}+1

)
, (26)

Proposition 3: Substituting (18) into the lower bound of
the achievable DL rate given by (26), it can be shown that

RMRT
k ≈ log2

(
1+ SINRMRT

k

)
= R̃MRT

k , (27)

where

SINRMRT
k =

pd [a τ 2d p
2
p + b τdpp + c]

τ 2d p
2
p(d pd + 1)+ τdpp(e pd + f )+ g(pd + 1)

,

(28)

and

a = α2MRT
( τupu
τupu + 1

)2M (M + 1)+ α2MRT
τupu

(τupu + 1)2
M ,

b =
2 τupuM
(τupu + 1)

+ 1,

c =
K τupuM
(τupu + 1)

,

d =
K − 1
K

,

e = 2K − 1,

f = 2K ,

g = K 2. (29)

The proof of this proposition is given in Appendix C.

B. ZERO-FORCING TRANSMISSION
Employing Lemma 1, a tractable expression for the lower
bound of the achievable DL rate for the ZF precoder, given
by (23), can be approximated as

RZFk ≈ log2

(
1+

pd E{|âkk |2}
K pd

τdpp+K (τupu+1)
+ pd

∑K
i 6=k E{|âki|2} + 1

)
,

(30)

Proposition 4: Substituting (22) into the lower bound of
the achievable DL rate given by (30), it can be shown that

RZFk ≈ log2

(
1+ SINRZF

k

)
= R̃ZFk , (31)

where

SINRZF
k =

pd [a τ 2d p
2
p + b τdpp+c]

τ 2d p
2
p(dpd + 1)+τdpp(epd+f )+ gpd + h

, (32)

and

a =
1

K (τupu + 1)
+ α2ZF ,

b = 2
√
(M − K )τupu + 1 ,

c = K (M − K )(τupu + 1)τupu,

d =
K − 1

K (τupu + 1)
,

e = (2K − 1) ,

f = 2K (τupu + 1) ,

g = K 2(τupu + 1) ,

h = K 2(τupu + 1)2. (33)

The proof of this proposition is given in Appendix D.

C. SPECTRAL EFFICIENCY
Substituting in (24), the approximate expressions R̃MRT

k and
R̃ZFk for the achievable rates given by (27) and (31) for
the MRT and ZF precoders, respectively, we can obtain
approximate values for SE for the two precoders. Thus, SE
is obtained directly without requiring any simulation and
involves only simple calculations. In SectionVI, we show that
SE obtained using R̃MRT

k (R̃ZFk ) is very close to that obtained
using RMRT

k (RZFk ).

V. OPTIMAL RESOURCE ALLOCATION
In this section, we present the proposed resource allocation
scheme in order to maximize SE. It has been shown in [33]
that allocating optimal powers for the training symbols and
data symbols increases SE, where SE is a function of the
energy per bit (EPB) defined as

η ,
τd
T pp +

τu
T pu + (1− τd+τu

T )pd
S

. (34)

It can be observed from (34) that when pp = pu = pd and
τd = τu, we have η =

pd
S . Moreover, it can be observed from

(24) that when the transmit power is reduced below a certain
threshold, the bit energy increases. Hence, the minimum bit
energy is obtained at a non-zero SE [34]. Operating below
this SE is evidently inefficient. However, this regime can be
operated by increasing the transmit power for training and
reducing the transmit power for data. Motivated by these
observations, we propose an optimal resource allocation to
jointly select the training duration on UL transmission (τu),
the training duration on DL transmission (τd ), the training
signal power on DL transmission (pp), the training signal
power on UL transmission (pu), and the data signal power
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on DL transmission (pd ) in order to maximize SE for a given
total energy budget spent in a coherence interval. In view of
this, let the total transmit energy constraint at BS and each
user be Etd and Etu, respectively. Thus, we have

τdpp + (T − τd − τu)pd ≤ Etd , (35)

and

τupu ≤ Etu. (36)

From (35), the channel estimate is degraded when τdpp
decreases, but the energy for the data transmission phase
(T−τd−τu)pd is increased under the total energy constraint at
BS. Hence, SE may improve. Moreover, the accuracy of the
channel estimate is improved by allocating more energy to
the training transmission phase. However, less energy should
be allocated to the data transmission phase to satisfy (35).
Hence, SE may again improve. In addition, from (36), it is
straightforward that total energy constraint at each user is
allocated to the UL training transmission phase in order to
improve SE. In view of this, there are optimal values of τu, τd ,
pp, pu, and pd which maximize SE for given Etd , Etu, and T .
Mathematically speaking, we have

max
pu,pd ,pp,τu,τd

S

s.t.



τdpp + (T − τd − τu)pd ≤ Etd
τupu ≤ Etu
pp ≥ 0, pd ≥ 0, pu ≥ 0
τu ≥ K , τd ≥ K
τu + τd ≤ T

(37)

Lemma 2: The energy constraint given by (35) is satisfied
with equality at the optimal solution.

Proof: Since the expressions for SINR given by (28)
and (32) are monotonically increasing with pp for a given
pd and vice versa, it can be observed from (24) that S is
an increasing function of pp when pd is given. In addition,
S is an increasing function of pd when pp is given. Hence,
S is maximized when BS uses all the energy budget in one
coherence interval, i.e., τdpp + (T − τd − τd )pd = Etd . �
Lemma 3: The energy constraint given by (36) is satisfied

with equality at the optimal solution.
Proof: Since SINRs given by (28) and (32) are mono-

tonically increasing with pu, it can be observed from (24)
that S is an increasing function of pu. Hence, S is maximized
when each user employs all energy budget in one coherence
interval, i.e., τupu = Etu. �
Remark 1: It has been shown in [29] that when the transmit

powers for pilot and data sequences are allowed to vary,
the optimal number of training symbols is equal to the number
of transmit antennas M . On the other hand, if the training
and data powers are to be made equal, the optimal number of
training symbols can be larger than the number of transmit
antennas M . In massive MIMO systems, M is very large.
Thus, it is ineffective that we optimally choose τd = M .
On the other hand, the BT scheme is employed to efficiently

estimate the channel gain for each user in order to reduce the
number of training symbols in DL transmission. In view of
this, in this paper, following the work in [21], we relax τd in
the optimization problem given by (37).

According to Lemma 1, Lemma 2, and Remark 1, the opti-
mization problem given by (37) can be rewritten as

max
pd ,pp,pu,τu

S

s.t.


τdpp + (T − τd − τu)pd = Etd
τupu = Etu
pp ≥ 0, pd ≥ 0, pu ≥ 0
K ≤ τu ≤ T − τd

(38)

There are optimal values of τu, pu, pp and pd which maxi-
mize SE. In the next subsections, we intend to find the optimal
values of τu and pu, and simplify the optimization problem
given by (38) for two linear precoders, namely, MRT and ZF.
To this end, we first introduce the following theorem.
Theorem 1: The function

g(x) = x log2

(
1+

βk

ςk + µk x

)
(39)

is a strictly increasing function in x ∈ (0,∞), where βk > 0,
ςk > 0, and µk > 0.

Proof:When βk , ςk , and µk are positive, we have

g′(x)=
−1
ln 2

(
βkµkx

(ςk+µkx)(βk+ςk+µkx)
−ln

(
1+

βk

ςk + µkx

))
,

(40)

and

g′′(x) =
1
ln 2

−βkµ
2
k (βk + 2ςk )x − 2βkςkµk (βk + ςk )

(ςk + µkx)2(βk + ςk + µkx)2
< 0,

(41)

where g′(x) and g′′(x) are first and second derivatives of g(x),
respectively. From (41), we conclude that g′(x) is a strictly
deceasing function in x since g′′(x) < 0. As a result, g′(x) >
g′(∞) = 0 which implies that g(x) is a strictly increasing
function in x ∈ (0,∞). �

A. MAXIMUM-RATIO TRANSMISSION
To satisfy the first constraint of the optimization problem
given by (38), we have pd =

Etd−τdpp
T−τd−τu

. Using MRT precoder

and substituting pd =
Etd−τdpp
T−τd−τu

into (27) and then, (27) into
(24), we have

S(pu, τu, pp, pd ) =
K∑
k=1

gk (pu, τu, pp, pd ) (42)

where

gk (pu, τu, pp, pd ) =
(
1−

τd + τu

T

)
log2(

1+
βk

ςk + µk (1−
τd+τu
T )

)
, (43)
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and

βk =
(Etd − τdpp)

T

[
a(τdpp)2 + b(τdpp)+ c

]
,

ςk =
(Etd − τdpp)

T

[
d (τdpp)2 + e (τdpp)+ g

]
,

µk =
(
(τdpp)2 + f (τdpp)+ g

)
. (44)

Proposition 4: The optimal value of τu given by the opti-
mization problem (38) is K .

Proof: Assume that τ ∗u , p
∗
u =

Etu
τ∗u

, p∗p, and p∗d =
Etd−τdp∗p
T−τd−K

are the optimal solution of the optimization problem
given by (38) which satisfy the constraints where τ ∗u > K .
Then, we choose τu = K , pu = τ ∗u p

∗
p/K , pp = p∗p, and

pd =
Etd−τdp∗p
T−τd−K

satisfying the constraints of the optimization
problem given by (38). Note that with this choice, we have
τupu = τ ∗u p

∗
u = Etu. Substituting pu, τu,pp, and pd into (43)

yields

gk (pu, τu, pp, pd ) =
(
1−

τd + K
T

)
log2(

1+
βk

ςk + µk (1−
τd+K
T )

)
(45)

where

βk =
(Etd − τdp∗p)

T

[
a(τdp∗p)

2
+ b(τdp∗p)+ c

]
,

ςk =
(Etd − τdp∗p)

T

[
d (τdp∗p)

2
+ e (τdp∗p)+ g

]
,

µk =
(
(τdp∗p)

2
+ f (τdp∗p)+ g

)
. (46)

Knowing τupu = τ ∗u p
∗
u and using Theorem 1 and the fact τ ∗u >

K , we have

gk (pu, τu, pp, pd )

>

(
1−

τd + τ
∗
u

T

)
log2

(
1+

βk

ςk + µk (1−
τd+τ∗u
T )

)
= gk (p∗u, τ

∗
u , p
∗
p, p
∗
d ). (47)

Thus, from (42) and (47), we have

S(pu, τu, pp, pd ) > S(p∗u, τ
∗
u , p
∗
p, p
∗
d ). (48)

There is a contradiction between the equation given by (48)
and the assumption. Thus, we have τ ∗u ≤ K . Moreover, since
the pilot sequences are orthogonal, we also have τ ∗u ≥ K .
As a result, τ ∗u = K , i.e., the optimal value of τu given by the
optimization problem (38) is K . �
At this stage, we find the optimal value of pu with help of

the following lemma.
Lemma 4: The optimal value of pu in the optimization

problem given by (38) is p∗u = Etu/K .
Proof: To satisfy the second constraint of the optimiza-

tion problem given by (38), we have τ ∗u p
∗
u = Etu. Since

τ ∗u = K , thus, p∗u = Etu/K . �

According to Lemma 4 and Proposition 4, the optimization
problem given by (38) can be rewritten as [42]

max
pd

S|
pp=

Etd
τd
−

(
T−τd−K

τd

)
pd

such that
{
0 ≤ pd ≤

Etd
T − τd − K

. (49)

Lemma 5: The objective function of the optimization prob-
lem given by (49) is concave with respect to pd .

Proof: First, we substitute pp =
Etd
τd
−
(T−τd−K

τd

)
pd into

(27) which yields a concave function with respect to pd in
the range 0 ≤ pd ≤

Etd
T−τd−K

. Knowing that log2(1 + x) is a
concave function, we conclude that log2(1+SINR

MRT
k ) is also

concave. Moreover, since the summation of concave func-
tions is also concave, we conclude the proof of Lemma 5. �
In view of this, there is a global maximum point for the

optimization problem given by (49). To obtain a globally
optimal solution, any convex optimization scheme can be
employed. We have employed the FMINCON function in
MATLAB’s optimization toolbox to derive the optimal solu-
tion of the optimization problem given by (49). It can be seen
from (34) that when SE is maximized, EPB is minimized
for a given Etd . As a result, this solution also provides the
minimum value of EPB.

B. ZERO-FORCING
To satisfy the first constraint of the optimization problem
given by (38), we have pd =

Etd−τdpp
T−τd−τu

. Using ZF precoder

and substituting pd =
Etd−τdpp
T−τd−τu

into (31) and then, (31) into
(24), we have

S(pu, τu, pp, pd ) =
K∑
k=1

gk (pu, τu, pp, pd ) (50)

where

gk (τu, pu, pp, pd )=
(
1−

τd + τu

T

)
× log2

(
1+

βk

ςk+µk (1−
τd+τu
T )

)
, (51)

and

βk =
(Etd − τdpp)

T

[
a(τdpp)2 + b(τdpp)+ c

]
,

ςk =
(Etd − τdpp)

T

[
d (τdpp)2 + e (τdpp)+ g

]
,

µk =
(
(τdpp)2 + f (τdpp)+ h

)
. (52)

Proposition 5: The optimal value of τu given by the opti-
mization problem (38) is K .

Proof: Assume that τ ∗u , p
∗
u =

Etu
τ∗u

, τ ∗u , p
∗
p, and p

∗
d =

Etd−τdp∗p
T−τd−K

are the optimal solution of the optimization problem
given by (38) which satisfy the constraints where τ ∗u > K .
Then, we choose τu = K , pu = τ ∗u p

∗
p/K , pp = p∗p, and

pd =
Etd−τdp∗p
T−τd−K

satisfying the constraints of the optimization
problem given by (38). Note that with this choice, we have
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τupu = τ ∗u p
∗
u = Etu. Substituting pu, τu,pp, and pd into (51)

yields

gk (pu, τu, pp, pd ) =
(
1−

τd + K
T

)
× log2

(
1+

βk

ςk+µk (1−
τd+K
T )

)
, (53)

where

βk =
(Etd − τdp∗p)

T

[
a(τdp∗p)

2
+ b(τdp∗p)+ c

]
,

ςk =
(Etd − τdp∗p)

T

[
d (τdp∗p)

2
+ e (τdp∗p)+ g

]
,

µk =
(
(τdp∗p)

2
+ f (τdp∗p)+ h

)
. (54)

Knowing τupu = τ ∗u p
∗
u and using Theorem 1 and the fact τ ∗d >

K , we have

gk (pu, τu, pp, pd )

>

(
1−

τd + τ
∗
u

T

)
log2

(
1+

βk

ςk + µk (1−
τd+τ∗u
T )

)
= gk (p∗u, τ

∗
u , p
∗
p, p
∗
d ). (55)

Thus, from (50) and (55), we have

S(pu, τu, pp, pd ) > S(p∗u, τ
∗
u , p
∗
p, p
∗
d ). (56)

There is a contradiction between the equation given by (56)
and the assumption. Thus, we have τ ∗u ≤ K . Moreover, since
the pilot sequences are orthogonal, we also have τ ∗u ≥ K .
As a result, τ ∗u = K , i.e., the optimal value of τu given by the
optimization problem (38) is K . �
At this stage, we find the optimal value of pu with help of

the following lemma.
Lemma 6: The optimal value of pu is p∗u = Etu/K .
Proof: To satisfy the second constraint of the optimiza-

tion problem given by (38), we have τ ∗u p
∗
u = Etu. Since

τ ∗u = K , thus, p∗u = Etu/K . �
According to Lemma 6 and Proposition 5, the optimization

problem given by (38) can be rewritten as

max
pd

S|
pp=

Etd
τd
−

(
T−τd−K

τd

)
pd

such that
{
0 ≤ pd ≤

Etd
T − τd − K

. (57)

Lemma 7: The objective function of the optimization prob-
lem given by (57) is concave with respect to pd .

Proof: First, we substitute pp =
Etd
τd
−
(T−τd−K

τd

)
pd into

(31) which yields a concave function with respect to pd in the
range 0 ≤ pd ≤

Etd
T−τd−K

. Knowing the fact that log2(1+x) is
a concave function, we conclude that log2(1+SINR

ZF
k ) is also

concave. Moreover, since the summation of concave func-
tions is also concave, we conclude the proof of Lemma 7. �
In view of this, there is a global maximum point for the

optimization problem given by (57). To obtain a globally
optimal solution, any convex optimization scheme can be
employed. We have employed the FMINCON function in

MATLAB’s optimization toolbox to derive the optimal solu-
tion of the optimization problem given by (57). It can be seen
from (34) that when SE is maximized, EPB is minimized
for a given Etd . As a result, this solution also provides the
minimum value of EPB.

VI. EXPERIMENTAL RESULTS
We first validate the approximate expressions R̃MRT

k and R̃ZFk
for the lower bound of the achievable rate given by (27) and
(31) for the MRT and ZF precoders, respectively. We then
utilize these approximate expressions to study the SE perfor-
mance of the proposed optimal power allocation and compare
the results with that of equal power allocation. In all the
experiments conducted, we define SNR , Etd

T . Since Etd
is the total transmit energy spent in a coherence interval T
and the noise variance is 1, SNR has the interpretation of
average transmit signal-to-noise ratio (SNR). Thus, SNR is
dimensionless. We also choose τd = K , and T = 200
(corresponding to a coherence bandwidth of 200 KHz and a
coherence time of 1 ms) in all examples.

A. VALIDATION OF THE APPROXIMATE EXPRESSION
FOR SE
In order to obtain SE for the MRT and ZF precoders, we first
substitute the estimates of aki given by (18) and (22) in the
expression for Rk given by (19) and (23), respectively. Then,
we substitute (19) and (23) in the expression for SE given by
(24). In order to obtain aki, 1000 Monte-Carlo simulations
are carried out, where in the channel and noise matrices
are generated for each snapshot. This process needs a large
amount of calculation for a given SNR (for example, the run
time for obtaining the SE for a given SNR is 21.76 seconds,
usingMATLAB software and a PCwith Intel(R) Core(TM) i5
@ 2.7 GHz processor and 4 GB installed memory (RAM)).
In order to validate the approximate expressions for SE for
the MRT and ZF precoders, we substitute the lower bound
of ADR given by (27) and (31), respectively, in the expres-
sion for SE given by (24). In this case, a small amount of
calculation without any Monte-Carlo simulation is required
(for example, the run time for obtaining the SE for a given
SNR is 0.01 seconds, using MATLAB software and a PC
with Intel(R) Core(TM) i5 @ 2.7 GHz processor and 4 GB
installed memory (RAM)).

Figs. 2 and 3 show SE versus SNRwhenM = 10 andM =
50 employing the MRT and ZF precoders, respectively. It can
be seen from Fig. 2 that SE obtained using the approximate
expressions for R̃MRT

k is very close to that obtained using
the actual one, for equal power allocation as well as for
optimal power allocation when the MRT precoder is used.
It can also be seen from Fig. 3 that SE obtained using the
approximate expressions for R̃ZFk is very close to that obtained
using the actual one, for equal power allocation as well as
for optimal power allocation when the ZF precoder is used.
Hence, we can simply employ the approximated expressions
R̃MRT
k and R̃ZFk given by (27) and (31) in order to obtain

SE for the MRT and ZF precoders, respectively, rather than
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FIGURE 2. SE versus SNR when Etu = 6.9dB and K = 5.

FIGURE 3. SE versus SNR when Etu = 6.9dB and K = 5.

using (15) to obtain SE with a high complexity. We expect
that for other methods of power allocation, the approximate
expressions can be used to obtain SE.

B. PERFORMANCE COMPARISON OF THE PROPOSED
SCHEME AND THAT OF EQUAL POWER ALLOCATION
It can be seen from Figs 2 and 3 that the proposed method
outperforms the BT method of [21] in terms of SE using both
precoders. This superiority in the performance is attributed
to the optimal transmitted power p∗d and p∗p and the optimal
training duration τu which have been obtained in order to
maximize SE. Moreover, it can be also seen from Fig 3 that
the superiority of the proposed resource allocation scheme is
more outstanding at high SNR. The reason for this is that the
proposed resource allocation method outperforms whenmore
energy budget is allocated to the users.

Furthermore, Fig. 4 shows the variation of the ratio of the
optimal pilot power pp to the optimal transmitted data power
pd for the MRT and ZF precoders. We can see that in order
to maximize SE, more power should be allocated to the data
symbols at high SNR and less power at low SNR. It is also
seen that the approximately half of the total energy budget is
employed for DL training and the other half is employed for
DL data transmission at low SNR.
Besides, we compare SE of the proposed method with a

genie receiver where the channel estimation error given by
(13) is zero. It is assumed that kth user can perfectly estimate
ak and the power is equally allocated to pp and pd in the BT

FIGURE 4. Ratio of the optimal pilot power to the optimal data power
when Etu = 6.9dB and K = 5.

FIGURE 5. SE versus SNR when Etu = 6.9dB and K = 5 for the ZF
precoder.

scheme. In this case, the SE is given by [21]

SG =
T − τd − τu

T

K∑
k=1

E
[
log2

(
1+

pd |âkk |2

pd
∑K

i6=k |âki|
2 + 1

)]
.

(58)

Fig. 5 compares SE of the proposed method given by (37)
with that of provided by (58). Here, we choose K = 5. It can
be seen from Fig. 5 that the proposed method outperforms the
method presented in [21] with a genie receiver at high SNR in
terms of SE. In addition, at low SNR the difference between
the performance of the proposed method and that provided
with a genie receiver is negligible in terms of SE. As a result,
the proposed method performs better than a genie receiver.

Finally, Figs. 6 and 7 show SE versus the number of anten-
nas at BS (M ) for the MRT and ZF precoders, respectively.
From these figures, it can be seen that the performance of
the proposed method is better than that provided in [21] in
terms of the higher SE. In addition, when the number of
antennas M is increased at BS, the difference between SE
of the proposed method and that provided in [21] increases.
As a result, the proposed method is an appropriate scheme for
massiveMIMO systems, whereM goes to infinity. Moreover,
it can also be seen from these figures that when the number

VOLUME 7, 2019 182767



O. Saatlou et al.: SE Maximization of a Single Cell Massive MU-MIMO Down-Link TDD System

FIGURE 6. SE versus SNR when Etu = 6.9dB for the MRT precoder.

FIGURE 7. SE versus SNR when Etu = 6.9dB for the ZF precoder.

of users increases, the performance of the proposed resource
allocation scheme significantly improves in terms of SE for
both theMRT and ZF precoders. Hence, the proposedmethod
is also an appropriate scheme for MU-MIMO systems, where
multi-users are served in a cell.

C. COMPLEXITY
The optimization problems given by (57) and (49) are con-
vex and are solved by FMINCON function in MATLAB’s
optimization toolbox using the interior point method. This
method requires log(nc) number of iterations, where nc is
the total number of constraints [46]. Each iteration requires
O(ncn2v) operations, where nv is the number of variables. As a
result, the total computational complexity for solving each
problem is [46]

C = O((ncn2v) log(nc)). (59)

In the optimization problems given by (49) and (57),
we have nc = K and nv = 1. Thus, C = O(K log(K )).
In addition, the run times for solving the optimization prob-
lems given by (49) and (57) are 0.074471 and 0.098622
seconds, respectively, (using MATLAB software and a PC
with Intel(R) Core(TM) i5 @ 2.7 GHz processor and 4 GB
installed memory (RAM)). This indicates that the complexity
of the proposed method is very low.

VII. CONCLUSION
This paper has investigated the downlink transmission in
a multi-user massive MIMO system under time-division

duplexing operation via a beamforming training method.
We have derived an approximate expression for the achiev-
able downlink rate and the accuracy of this approximation has
been verified by obtaining numerical results. We have also
proposed a resource allocation method in order to maximize
the spectral efficiency and evaluated the performance of the
proposed scheme conducting simulations.We have found that
the number of pilot sequences for the channel estimation in
the uplink channel should be equal to the number of users
in order to maximize the spectral efficiency. We have also
found that the spectral efficiency is remarkably improved at
high SNR by allocating more power to data symbols for a
given total power budget. In addition, we have shown that the
performance of the proposed method is superior to that of the
beamforming training method of [21] in terms of the spectral
efficiency.

In a future work, we intend to extent these results to the
multi-cell scenario.

APPENDIXES
APPENDIX A
PROOF OF PROPOSITION 1
Using the MRT precoder, we have aki = αMRThTk h

∗
i [21].

Thus, E{aki} and Var(aki) are given by [21]
E{aki} = 0 i 6= k

E{akk} =
√
τupuM

K (τupu + 1)
i = k

Var(aki) =
1
K

i ∀ k

(60)

Substituting (60) in (12), we can obtain âki and âkk given
by (18). To prove Proposition 1, we also need to calculate
E{|εki|2}.

For i = k , using (13) and (18), E{|εkk |2} can be written as

E{|εkk |2} = E
{∣∣∣∣ K
τdpp + K

akk −
√
τdpp

τdpp + K
ñp,kk

−
K

τdpp + K

√
τupuM

K (τupu + 1)

∣∣∣∣2}
=
( K
τdpp + K

)2E{|akk |2} + τdpp
(τdpp + K )2

. (61)

We also know that E{|akk |2} = α2MRT

( τupu
τupu+1

)2M (M +
1) + α2MRT

τupu
(τupu+1)2

M [21]. Substituting E{|akk |2} into (61),
we have

E{|εkk |2} =
1

τdpp + K
. (62)

For i 6= k , using (13) and (18), E{|εki|2} can be written as

E{|εki|2} = E{|
K

τdpp + K
aki −

√
τdpp

τdpp + K
ñp,ki|2}

=
( K
τdpp + K

)2E{|aki|2} + τdpp
(τdpp + K )2

. (63)
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We also know that E{|aki|2} = 1
K [21]. Substituting E{|aki|2}

into (63), we have

E{|εki|2} =
1

τdpp + K
. (64)

Substituting (60) in (12) and having (62) and (64), we con-
clude the proof of Proposition 1.

APPENDIX B
PROOF OF PROPOSITION 2
Using the ZF precoder, we have aki = hTk w

∗
i [21], where wi

is the ith column of matrixW given by (20). Thus, E{aki} and
Var(aki) are given by [21]

E{aki} = 0 i 6= k
E{akk} = αZF i = k

Varaki =
1

K (τupu + 1)
i ∀ k

(65)

Substituting (65) in (12), we can obtain âki and âkk given
by (22). To prove Proposition 2, we also need to calculate
E{|εki|2}.
For i = k , using (13) and (22), E{|εki|2} can be written as

E{|εkk |2}

= E
{∣∣∣∣ K (τupu + 1)
τdpp + K (τupu + 1)

akk −
√
τdpp

τdpp + K (τupu + 1)
ñp,kk

−
1

τdpp + K (τupu + 1)

∣∣∣∣2}
=

(
K (τupu + 1)

)2E{|akk |2}(
τdpp + K (τupu + 1)

)2 + τdpp
(τdpp + K (τupu + 1))2

−
21K (τupu+1)E{akk}(
τdpp+K (τupu+1)

)2+ 12(
τdpp+K (τupu+1)

)2 . (66)

where 1 =
√
K (M − K )τupu(τupu + 1) . We also know

that E{|akk |2} = 1
K (τupu+1)

+ α2zf and E{akk} = αzf [21].
Substituting E{|akk |2} and E{akk} into (66), we have

E{|εkk |2} =
1

τdpp + K (τupu + 1)
(67)

For i 6= k , using (13) and (22), E{|εki|2} can be written as

E{|εki|2} = E{|
K

τdpp + K
aki −

√
τdpp

τdpp + K
ñp,ki|2}

=
( K
τdpp + K

)2E{|aki|2} + τdpp
(τdpp + K )2

. (68)

We also know that E{|aki|2} = 1
K (τupu+1)

[21]. Substituting
E{|aki|2} into (68), we have

E{|εki|2} =
1

τdpp + K (τupu + 1)
(69)

Substituting (65) in (12) and having (67) and (69), we con-
clude the proof of Proposition 2.

APPENDIX C
PROOF OF PROPOSITION 3
To prove Proposition 3, first, we calculate E{|âki|2} for MRT
precoding.

E{|âki|2}:
For i = k , from (18) and using the fact that E{|akk |2} =

α2MRT

( τupu
τupu+1

)2M (M + 1) + α2MRT
τupu

(τupu+1)2
M and E{akk} =√

τupuM
K (τupu+1)

[21], we have

E{|âkk |2}

=
1

(τdpp + K )2
E
[∣∣τdppakk +√τdppñTpkk + KE{akk}

∣∣2]
=

1
(τdpp + K )2

[
E{|akk |2}(τdpp)2 + 2K

(
E{akk}

)2(τdpp)
+ (KE{akk})2

]
=

1
(τdpp + K )2

[(
α2MRT

τupu
(τupu + 1)2

M

+α2MRT
( τupu
τupu + 1

)2M (M + 1)
)
(τdpp)2

+
( 2τupuM
τupu + 1

+ 1
)
τdpp +

τupuMK
(τupu + 1)

]
(70)

For i 6= k , from (18) and using the fact that E{|aki|2} = 1
K

and E{aki} = 0 [21], we have

E{|âki|2} =
τdpp

(τdpp + K )2
[τdpp
K
+ 1

]
(71)

Then, by substituting (70) and (71) into (26), the proof of
Proposition 3 is completed.

APPENDIX D
PROOF OF PROPOSITION 4
To prove Proposition 4, first, we calculate E{|âki|2} for ZF
precoding.

First, E{|âki|2}:
For i = k , from (22) and using the fact that E{|akk |2} =
1

K (τupu+1)
+ α2zf and E{akk} = αzf [21], we have

E{|âkk |2}

=
1

(τdpp+K (τupu + 1))2
E
[∣∣τdppakk +√τdppñTp,kk +1∣∣2]

=
1

(τdpp + K (τupu + 1))2

[
E{|akk |2}(τdpp)2

+
(
21E{akk} + 1

)
τdpp +12

]
=

1
(τdpp + K (τupu + 1))2

[( 1
K (τupu + 1)

+ α2zf
)
(τdpp)2

+
(
21αzf + 1

)
τdpp +12

]
(72)

where 1 =
√
K (M − K )τupu(τupu + 1).

For i 6= k , from (13) and (22), we have

E{|âki|2} =
τdpp

(τdpp + K (τupu + 1))2
[ τdpp
K (τupu + 1)

+1
]

(73)

Then, by substituting (72) and (73) into (30), the proof of
Proposition 4 is completed.
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