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Abstract  

 

Characterization of Carbon-Nanotube-Reinforced-Polymer-Composite 

Material based on Multiscale Finite Element Model and Probabilistic 

Approach 

 

 

Jorge Alberto Palacios Moreno, Ph.D. 

Concordia University, 2019 

Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) materials have generated 

widespread interest over the last several years in practical engineering applications, such as 

aeronautical and aerospace engineering structures. However, studies still need to be carried out to 

characterize their mechanical properties, especially the dynamic properties, and the effects of 

defects on the mechanical properties. Experimental investigations intended for this purpose have 

limitations and, in most cases, reliable cost-effective experimental work could not be carried out. 

Computational modelling and simulation encompassing multiscale material behavior provide an 

alternate approach in this regard to characterize the material behavior. A probabilistic approach 

serves as a suitable approach to characterize the effects of material and structural defects. The 

present thesis reports the development of a computational framework of the Representative 

Volume Element (RVE) of a CNRPC material model to determine its static and dynamic 

responses, and also for the evaluation of its static and dynamic reliabilities based on a probabilistic 

characterization approach. A 3D multiscale finite element model of the RVE of the nanocomposite 

material consisting of a polymer matrix, a Single-Walled-Carbon-Nanotube (SWCN) and an 

interface region has been constructed for this purpose. The multiscale modeling is performed in 

terms of using different theories and corresponding strain energies to model the individual parts of 

the RVE of the CNRPC material. The macroscale continuum mechanics is used for the polymer 

matrix, the mesoscale mechanics is used for the interface region, and the nanoscale-level atomistic 
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mechanics is used for the SWCN. The polymer matrix is modeled using the Mooney-Rivlin strain 

energy function to calculate its non-linear response, while the interface region is modeled via the 

van der Waals links. The SWCN is first modeled as a space frame structure by using the Morse 

potential, and then as a thin shell based on a suitable shell theory. For this purpose, the suitability 

and the accuracy of popular shell theories for use in the multiscale model of the RVE are assessed. 
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Chapter 1. Introduction  

 

 

1.1 Carbon-Nanotube-Reinforced-Polymer-Composites 

A considerable amount of opportunities and challenges exist in the development and 

characterization of engineering materials. Polymers are increasingly becoming an attractive option 

for a wide variety of industries. There is an increase in the use of polymer materials in engineering 

applications due to their ease of manufacture and processing, low cost, low weight, and excellent 

chemical properties. After the introduction of structural adhesives, numerous recent technological 

achievements, especially those associated with particular applications, have become possible. 

However, there has always been an essential need to apply novel polymer materials with enhanced 

properties in industry, such as in aeronautical and aerospace industries. Such materials, known as 

polymer-based nanocomposites, are preferred over conventional polymer materials because of 

their superior mechanical properties. There are different techniques to enhance the material 

properties of this type of nanocomposites, such as reinforcements [1, 2], material coating [3], and 

thermal treatment [4]. One option to enhance their mechanical properties is by using Carbon 

Nanotubes (CNs) [5] as reinforcement. CNs have attracted significant research attention from 

various disciplines of engineering and science due to their outstanding chemical and physical 

characteristics such as high stiffness, high strength but very low density [6-11]. These hollow 

cylinder-shaped nanostructures are created by hexagonal unit cells, which were discovered by 

Iijima in 1991 [5]. Many studies have been conducted in order to estimate and to develop the 

characteristics of CNs in their stiffness and dynamic responses. These studies mainly focus on 

modal analysis, considering zigzag and armchair nanotubes, and sometimes, varying chirality by 

using Molecular Dynamics (MD) [12-15].  

Hence, a Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material consists of 

a polymer material in which carbon nanotubes are used as reinforcement material to enhance its 

physical and mechanical properties and material behavior. Due to their multifunctional properties, 

CNRPCs are currently used in a wide range of industries, including but not limited to electronics, 

aerospace, aeronautical and biomedical/bioengineering. CNRPCs have great potential in 
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structural/non-structural and other specialized applications such as electromagnetic interference 

shielding and electrostatic discharge, improving the performance of topcoat on airplanes and high-

performance adhesives for repair patches, and aircraft components in the aerospace industry [16]. 

The CNRPC soft coating has also been successfully applied to replace the heavy metal mesh used 

for EMI shielding [17-21]. Researches have also shown that CNRPCs are promising candidates 

for interior panels and brake pads of aircraft [22, 23]. Other noteworthy areas of application of 

CNRPCs include thermal management [24-29] and the introduction of combined electrical/thermal 

multifunctionality in spacecrafts and airplanes [30-33]. There are many engineering applications 

in which CNRPCs exhibit a better performance than other types of materials, such as plain 

polymers and epoxies. To understand and to develop the modeling of carbon nanotubes, a 

description of their atomic structures is required, as well as information about graphene sheets. 

CNs are obtained from graphene sheets. Hence, in the next sub-section, the atomic structure of 

carbon nanotubes is explained in detail.  

1.1.1 Atomic Structure of Carbon Nanotubes 

The hexagonal arrangement of atoms in carbon nanotubes and graphene sheets can be 

described in terms of the tube’s chirality or helicity, using the chiral vector, ℂℎ or the chiral angle 

𝜑. The chiral vector, ℂℎ, also known as the roll-up vector, is defined by the following equation: 

ℂℎ = 𝑛 𝒂𝟏 + 𝑚 𝒂𝟐 (1.1) 

where the integers 𝑛 and 𝑚 are the numbers of steps along the lattice vectors (unit vector)  𝒂𝟏 

and 𝒂𝟐, as defined in Figure 1.1. The lattice vectors can be expressed as follows:  

 𝒂𝟏 = (
√3

2
𝑎,

3

2
𝑎)  and   𝒂𝟐 = (

√3

2
𝑎,− 

3

2
𝑎)  (1.2) 

where 𝑎 is the length of each unit vector and is defined as 𝑎 = √3𝑎𝑐−𝑐, where 𝑎𝑐−𝑐 is the covalent 

bond length. In carbon nanotubes, the covalent bond length is 𝑎𝑐−𝑐 = 1.42 Angstroms, and thus, 

𝑎 = 2.46 Angstroms [34, 35]. The chiral angle 𝜑 determines the amount of twist of the carbon 

nanotube. Hence, the carbon nanotubes are fundamentally classified into three main categories 

according to their chiral vector, ℂℎ. A chiral (𝑛,𝑚) nanotube has unequal, non-zero 𝑛 and 𝑚 

integers, i.e. 𝑛 ≠ 𝑚 ≠ 0 and the chiral angle 𝜑 is between its two limits (0° < 𝜑 < 30°), whereas 
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for the two limiting cases, i.e. zigzag nanotube with a chiral angle equal to zero (𝜑 = 0°) and 

armchair nanotube with 𝜑 = 30°, the integers are represented as (𝑛, 0) and (𝑛, 𝑛), respectively. 

These last two cases are generally known as symmetric carbon nanotubes [34]. The chiral, 

armchair and zigzag carbon nanotubes sometimes exhibit different properties. For instance, chiral 

and zigzag nanotubes show semiconducting behavior, whereas armchair carbon nanotubes are 

categorized as metal and are considered conducting materials [36]. In addition to chirality, the 

number of layers is also another factor that is considered for categorizing carbon nanotubes. Hence, 

they are classified as Single-Walled-Carbon-Nanotube (SWCN) and Multi-Walled-Carbon-

Nanotube (MWCN).  

A SWCN can be described as a graphene sheet that has been rolled into a tube or cylinder. 

The thickness of the cylinder’s wall is considered equal to that of a graphene sheet, which is about 

0.34 nm [33, 37, 38]. For a given (𝑛,𝑚) SWCN, the diameter 𝑑𝑛 of the cylinder can be calculated 

using chiral vector integers, 𝑛 and 𝑚, as follows: 

𝑑𝑛 =
𝑎

𝜋
√𝑛2 + 𝑛𝑚 + 𝑚2 (1.3) 

Moreover, the translational vector T can be defined as:  

T =
𝑛 + 2𝑚

𝑔𝑐𝑑
 𝒂𝟏 +

2𝑛 + 𝑚

𝑔𝑐𝑑
 𝒂𝟐 (1.4) 

where 𝑔𝑐𝑑 is the greatest common divisor of 𝑛 + 2𝑚 and 2𝑛 + 𝑚. Note that vector T is 

perpendicular to the vector ℂℎ and decides the size of the unit cell of the nanotube together with ℂℎ. 

The CNRPCs are not perfect, so that their structures possess defects. In the next section, structural 

defects in CNRPCs are introduced and explained in detail.  
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Figure 1.1. Description of carbon nanotube 

 

1.2 Defects in Carbon-Nanotube-Reinforced-Polymer-Composites 

Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) materials are not perfect in 

practical engineering applications, so that their structures possess imperfections. In CNRPCs, the 

effects of the random arrangement and orientation of carbon nanotubes in a polymer matrix, the 

entanglement of fillers and kinking, are probably dominant. However, to the extent that the 

mechanical properties of the nanotube reinforcement influence the properties of the 

nanocomposite, there would be a corresponding sensitivity of the nanocomposite property to the 

variations in the properties of the nanotube reinforcement and interface properties. This source of 

randomness can be compared to the other sources mentioned before. Hence, considering the 

randomness due to defects in a carbon nanotube or interphase, while assuming that the carbon 

nanotubes are correctly aligned is duly justified in the references from the literature. Moreover, 

the use of stochastic modeling to analyze the effects of structural vacancies in the Single-Walled-

Carbon-Nanotube (SWCN) is also of interest in manufacturing, due to the fact that vacancies are 

randomly distributed in the SWCN and are unavoidable in engineering applications [39-42]. In the 
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next sub-section, the random distribution and orientation of SWCNs inside a polymer matrix 

material, the entanglement of fillers, and kinking are explained, as well as structural defects in the 

structure of the nanocomposite material.  

1.2.1 Single-Walled-Carbon-Nanotube distribution in a polymer matrix material, entanglement 

of fillers, and kinking 

Fiber orientation and concentration play important roles on the properties of composites. At 

nanoscale however, analytical investigation on the influence of defects in the arrangement of 

Carbon Nanotubes (CNs) inside the matrix material would be very difficult. On the other hand, 

experimental studies would be also very expensive. Hence, modeling and simulation of 

nanocomposite behavior under various situations are very likely to be employed for predicting the 

influence of imperfect dispersion of fibers into matrix. In some investigations, innovative 

techniques for simulating non-homogenous dispersion of CNs, inside the polymer material matrix, 

as schematically illustrated in Figure 1.2(a) for orientation of CNs and in Figure 1.2(b) for 

orientation and distribution density of CNs, have been achieved.  

In terms of orientation, the fibers can be parallel or randomly distributed with respect to each 

other. Different approaches have been employed to predict the elastic behavior of CN-based 

composites with aligned short fibers. However, relatively less attention has been paid to study 

randomly distributed short fiber composites. In initial investigations on the topic, simple two-

dimensional [43] and three-dimensional [44] random arrangements of CN have been investigated. 

The general orientation distribution [45] was also studied briefly in 1989. Though, in more recent 

investigations for simulating various CN orientations, introducing CN-Matrix islands with various 

CN degrees was suggested in Ref. [46] and randomness, in terms of distribution density, was also 

studied in Ref. [47]. 

Regarding the entanglement of fillers and kinking, this defect is also important because it 

can cause that the structure of the nanocomposite is weak and fragile. For instance, if a repeated 

stress or strain is constantly applied on the nanocomposite material, it can suffer several damages, 

such as a crack or fracture in its structure [48]. 
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Figure 1.2. Random distribution of CN fibers inside a polymeric matrix, in terms of (a) 

orientation and (b) orientation and distribution density proposed in Ref. [48]. 

 

1.2.1 Structural vacancy defects in the nanocomposite material 

 A vacancy defect is a point defect that occurs naturally in the ideal hexagonal lattice of 

Carbon Nanotubes (CNs), as shown in Figure 1.3(a), in which one or several atoms are missing 

from the structure [48]. Vacancies, as illustrated in Figure 1.3(b) through Figure 1.3(d), may be 

formed during solidification process, as a result of the vibrations of atoms, or they may happen 

due to local rearrangement of atoms after plastic deformation, or by heavy ion bombarding and 

irradiation of high-energy beams [49, 50]. Once the atom is knocked out its lattice site, the dangling 

bonds in the vacant site rehybridize to create some new bonds [50] and the atom returns back to 

the surface of the structure to participate in a new bonding arrangement. Initial reconstruction of 

the three dangling bonds is in a way that two of the three free bonds, in a mono vacancy defect, 

bridge to form a strained 5-membered pentagonal ring, leaving a single dangling bond, shown in 

Figure 1.3(e). Finally, in Figure 1.3(f), a Stone-Wales (SW) defect is shown. In a SW defect [48], 

four adjacent hexagons are converted into two pentagons and two heptagons with a 90° rotation of 

the horizontal bond of the hexagonal structure. In the present thesis, different structural vacancies 

(i.e. missing carbon atoms and covalent bonds) in the Single-Walled-Carbon-Nanotube (SWCN) 

will be modeled and discussed to obtain the reliability of the nanocomposite material. Hence, in 

the next section, modeling and simulation of Carbon-Nanotube-Reinforced-Polymer-Composite 

materials are explained in detail.  
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Figure 1.3. (a) Ideal structure, (b) monovacancy, (c) double-vacancy, (d) triple-vacancy, (e) 

reconstructed monovacancy and (f) Stone-Wales defect proposed in Ref. [48]. 

 

1.3 Modeling and simulation of Carbon-Nanotube-Reinforced-Polymer-Composites 

During the last decades, the application of Carbon-Nanotube-Reinforced-Polymer-

Composite (CNRPC) materials in engineering applications has become increasingly popular, 

mainly in the aerospace and aeronautical industries [51].  Molecular Dynamics (MD) and 

Molecular Mechanics (MM) computational methods are atomistic-based methods which are the 

most common tools used for simulation of such materials. However, fully atomistic methods are 

limited in length and time scales and are not capable of simulating coarse-scale systems. Recently, 

some authors have proposed different research lines concerned with the modeling of 

nanocomposite materials using a Representative Volume Element (RVE) of the material model 

and multiscale modeling [52].  The concept of RVE is important in the study of the mechanical 

response of heterogeneous materials. Mathematically, a RVE is the length scale limit relative to 

the microscale (or the length scale of a single heterogeneity), where the material appears uniform, 

and therefore, the continuum concepts are applicable. A RVE is useful for modeling the effect of 
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nano and mesoscale heterogeneities on the overall mechanical response of the macro-size 

components of the material [53]. On the other hand, multiscale modeling refers to a technique of 

modeling in which multiple models at different scales are used simultaneously to describe a 

material or mechanical system. The different models regularly focus on different scales of 

resolution. They sometimes consider physical laws of varying nature, for example, one from 

continuum mechanics and one from MD. Therefore, the need for multiscale modeling comes from 

the fact that the available macroscale models are not accurate enough. Moreover, the microscale 

models are sometimes felt to be not efficient enough and/or offer too much information to process 

[54].  

By combining both points of view, it is possible to arrive at a reasonable compromise 

between accuracy and efficiency. Hence, the RVE modeling and multiscale modeling are 

alternative methods to model CNRPC materials as well as their large-scale response to the small-

scale behavior using the features of both atomistic and continuum-based computational 

calculations [51, 52, 55, 56]. In such methods, atomistic modeling could be applied in localized 

regions where the atomistic-scale dynamics are essential, while continuum simulation could be 

used in the rest of the material [57-59]. The main difficulties of these types of approaches are 

related to boundary conditions between the models and the selection of suitable parameters for the 

multiscale operations [54, 56, 57]. Currently, there are multiscale approaches developed to study 

the mechanical behavior of different types of composite materials by defining a RVE of the 

composite model, such as polymers reinforced with single-walled carbon nanotubes, in problems 

related to elasticity [60-65], molecular dynamics [66-70], and vibration analysis [55, 71-75]. Most 

multiscale modeling techniques implement either coupled or atomistic-based continuum 

approaches to model the reinforcement of nanocomposites with carbon nanotubes. In the 

following, some general features of each multiscale method are explained. 

1.3.1 Coupled methods 

In the coupled methods, it is common to employ Molecular Dynamics (MD) for atomistic 

scales and Finite Element Method (FEM) for continuum scales. The coupled MD-FEM approaches 

can be further subdivided into hierarchical and concurrent coupling methods.  
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1.3.1.1 Hierarchical methods 

Hierarchical multiscale methods fall under the category of coarse-graining methods where 

simulation results of lower spatial scales are used as input to the next level simulation step (Figure 

1.4) [52]. The underlying assumption for the hierarchical multiscale methods is that the problem 

considered can be easily separated into processes that are ruled by different length and time scales 

[54, 58]. Hierarchical multiscale methods have two significant limitations [52, 54, 56]: (1) the 

nature of dependence of physical laws governing different length scales must be known a priori. 

In other words, the information received from the lower length scale simulations must be utilized 

in determining the parameters that govern the process at coarser length scale. Hence, the accuracy 

of coarse-scale parameters depends on the accuracy and reliability of lower length scale 

simulations, and (2) if the governing laws for different spatial scales show a strong dependence on 

each other, one-time exchange of information from lower length scale to higher length scale may 

not be enough and may require an iterative approach. 

 

Figure 1.4. Schematic diagram of the information flow in hierarchical multiscale modeling 

proposed in Ref. [52]. 
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1.3.1.2 Concurrent methods 

In the concurrent multiscale methods, the information is continuously exchanged between 

different spatial levels and the entire simulation, involving multiple scales, is performed 

simultaneously (Figure 1.5) [52]. The modeling scheme does not demand any assumption about 

the physical phenomenon under consideration. The process evolves under the constitutive laws of 

each length scale and the coupling among them and a priori information about scale inter-

dependence are not required. In these methods, the entire simulation is performed in one step. 

Therefore, a reliable and accurate handshake coupling zone is necessary to facilitate smooth 

exchange of data between regions representing the different spatial scales involved [54, 58]. Most 

concurrent multiscale techniques suffer from one or more of the following significant limitations 

[52, 54, 56]: (1) the FEM regions down to the atomic scale induces physical inconsistencies and 

numerical difficulties, (2) contamination of the solution resulting from the improper description of 

the transition zone, (3) the combination of different energy levels (FEM/MD) produces erroneous 

nonphysical effects in the transition region. 

 

Figure 1.5. Schematic diagram for information embedment in concurrent multiscale modeling 

proposed in Ref. [52]. 
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1.3.2 Atomistic-level based continuum methods 

The atomistic-level based continuum technique has the advantage of describing atomic 

positions, their interactions, and their governing interatomic potentials in a continuum framework 

(Figure 1.6). The interatomic potentials (deformation measures) considered in the model capture 

the atomistic structure of the different phases considered. Thus, the influence of the nanophase is 

considered via appropriate atomistic constitutive formulations [76]. Consequently, these measures 

are fundamentally different from those in the classical continuum theory. The strength of 

atomistic-level based continuum methods lies in their ability to avoid a large number of degrees 

of freedom found in the discrete modeling techniques while allowing for the description of the 

nonlinear behavior of the components of the system [54, 58, 76]. Hence, in the next section an 

atomistic- level based continuum approach to model Carbon-Nanotube-Reinforced-Polymer-

Composite materials is explained.  

 

Figure 1.6. Schematic of the atomistic-based continuum modeling technique as it relates to 

simulating SWCN structures presented in Ref. [76]. 



12 
 

1.4 Atomistic-level based continuum method for Carbon-Nanotube-Reinforced-Polymer 

Composite materials 

In the development of a Representative Volume Element (RVE) for the study of nano-

reinforced polymer systems, it is essential to define an atomistic-level based continuum method to 

consider the coupling of atomistic and continuum scales, and the nonlinearity of the atomic 

interactions. Hence, the description of the interatomic potentials must be included during the 

analysis because they provide the constitutive relations for these types of nanocomposites at the 

atomistic scale. The interatomic potentials also describe how the atomic interactions act under 

different loading conditions. The general form of an interatomic potential is expressed as follows: 

𝐸𝑡𝑜𝑡𝑎𝑙 = 𝐸𝑏𝑜𝑛𝑑𝑒𝑑 + 𝐸𝑛𝑜𝑛𝑏𝑜𝑛𝑑𝑒𝑑 
(1.1) 

where the bonded interactions 𝐸𝑏𝑜𝑛𝑑𝑒𝑑 can be subdivided as: 

𝐸𝑏𝑜𝑛𝑑𝑒𝑑 = 𝐸𝑠 + 𝐸𝑏 + 𝐸𝐼 + 𝐸𝑡 (1.2) 

where 𝐸𝑠 corresponds to the bond stretching potential, 𝐸𝑏 corresponds to the bond-angle bending 

potential, 𝐸𝐼 corresponds to the inversion potential and 𝐸𝑡 corresponds to the torsion potential. In 

the case of the nonbonded interactions 𝐸𝑛𝑜𝑛𝑏𝑜𝑛𝑑𝑒𝑑, these interactions are represented as follows: 

𝐸𝑛𝑜𝑛𝑏𝑜𝑛𝑑𝑒𝑑 = 𝐸𝑣𝑑𝑊 (1.3) 

where 𝐸𝑣𝑑𝑊 corresponds to the van der Waals (vdW) forces based on the Lennard-Jones potential. 

The atomic interaction deformations can be appreciated from Figure 1.7. The interatomic 

potentials are nonlinear so that their nonlinearity must be taken into account in any analysis. The 

approaches to develop a RVE of a nano-reinforced polymer system have mostly been linear [32, 

38, 77, 78]. Thus, these formulations become unable to predict the appropriate nonlinear response 

of the nanocomposite material.  
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Figure 1.7. Atomic bond interactions. 

 

In this thesis, a nonlinear atomistic-level based RVE for the study of the mechanical behavior 

of a Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material is developed. The RVE 

of the CNRPC material consists of a Single-Walled-Carbon-Nanotube (SWCN), a surrounding 

polymer matrix, and a SWCN–polymer interface region, as depicted in Figure 1.7. Due to the 

nanoscale involved in simulating SWCN structures, a continuum-atomistic description is 

incorporated. The Carbon-Carbon (C-C) covalent bonds in the SWCN structure are described 

using the Morse potential [79]. The nanostructure of the SWCN is also modeled using a suitable 

shell theory [80, 81]. In the case of the polymer matrix material, solid finite elements are used to 

describe its mechanical behavior in a continuum domain. The nonlinear response of the polymer 

matrix is modeled using the Mooney-Rivlin strain energy [82]. In the interface region, the atomic 

van der Waals (vdW) interactions between the atoms in the SWCN and the atoms in the inner 

surface of the polymer matrix are described using the Lennard-Jones potential [83]. This 

description implies the assumption of a nonbonded interfacial region. All the components used in 

the development of the RVE of the nanocomposite material are represented in Figure 1.8(a) and 

1.8(b). As it was mentioned in section 1.2, Carbon-Nanotube-Reinforced-Polymer-Composite 

(CNRPC) materials are not perfect. Hence, it is important to obtain the reliability and hazard 

associated with their material properties. In the next section, a reliability-based probabilistic 

approach is explained to quantify the risk and safety of CNRPC materials in practical applications.  
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Figure 1.8. (a) Representative Volume Element (RVE) of the Carbon-Nanotube-Reinforced-

Polymer-Composite (CNRPC) material and (b) Components used in the development of the 

RVE. 

 

1.5 Reliability-based probabilistic approach 

Reliability is a time-dependent characteristic, which provides the probability that a product 

or service will operate properly for a specified period of time (design life) under the design 

operating conditions without failure [84]. Hence, reliability can be defined as the probability that 

a unit performs its expected mission over an intended time under some specified conditions of use. 

The concept of reliability usually consists of four basic parts [85]: probability, adequate 

performance, time and operating conditions. Probability provides the numerical input for the 

assessment of the reliability of a component or system, and also the first index of system adequacy. 

On the other hand, adequate performance, time and operating conditions provide information about 

all engineering parameters. In engineering applications, the concept of reliability is applied to 

components and structures to determine the probability of a component or a system performing its 
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function (purpose) adequately for the period of time intended under the operating conditions 

encountered. In this thesis, the reliability concept is applied to the Representative Volume Element 

(RVE) of the nanocomposite model at the nano-level through the stress-strength model and 

prediction approach to determine if the nanocomposite material has the capacity to tolerate 

damage. The strength is considered as the capacity of the nanocomposite material to tolerate 

damage, while the stress is regarded as the challenge that the nanocomposite material must tolerate. 

The stress-strength model and prediction approach is based on the challenge-capacity model, 

which describes that a mechanical system fails when the capacity of the system is less than the 

challenge that the system must face, where both capacity and challenge are random variables [53]. 

The reliability of the nanocomposite material is determined as a function of the mechanical 

properties of the RVE of the nanocomposite material instead of a certain period of time. In this 

thesis, the concept of hazard is also applied because it provides more inside information about the 

material system than the reliability analysis and quantifies the risk associated with the material 

system [86]. In practical applications, the nanocomposite material is not perfect, and it possesses 

structural defects. Hence, to perform the reliability analysis, it is necessary to apply the Monte 

Carlo Simulation (MCS) technique to simulate and model the structural defects in the 

nanocomposite material [84]. MCS technique is a computerized mathematical technique that can 

be used to account for risk in quantitative analysis and decision making. 

The results of the probabilistic analysis using the MCS technique provide information about 

different material properties of the nanocomposite material, which are considered as random 

variables. The probability distributions of the random variables can be calculated using the 

assumptions of Weibull and Gaussian distributions [87]. However, a more accurate and efficient 

approach such as the Maximum Entropy Method [88] should be used for estimating the probability 

density function (pdf) of each random variable. The Maximum Entropy Method (MEM) was 

suggested in Ref. [89], as a rational approach for estimating the pdf of a random variable under 

specified moment constraints when little information is available on the data. The approach results 

in the least biased probability distribution among all possible distributions that are consistent with 

available data. The MEM is widely recognized as an efficient stochastic modeling tool especially 

when a small number of samples are available, which has been successfully applied to many 

problems and in a wide variety of fields. Therefore, in the next sub-section, a brief description 

about the MCS technique and the MEM are provided.  



16 
 

1.5.1 Monte Carlo Simulation technique 

Monte Carlo Simulation (MCS) technique is a computational approach that relies on 

repeated random sampling to obtain numerical results [84]. The underlying concept is to 

use randomness to solve problems that might be deterministic in principle. Hence, the MCS 

technique has six essential elements [84]: (1) defining the problem in terms of all the random 

variables; (2) quantifying the probabilistic characteristics of all the random variables in terms of 

their probability density functions (pdfs) and the corresponding parameters; (3) generating the 

values of these random variables; (4) evaluating the problem deterministically for each set of 

realizations of all the random variables, that is, numerical experimentation; (5) extracting 

probabilistic information from 𝑁 such realizations; and (6) determining the accuracy and 

efficiency of the simulation. This technique is mainly used in three types of problems: 

optimization, numerical integration, and generating random data from a probability distribution 

[85].  

In this thesis, the MCS technique will be utilized to determine the probability distributions 

of the material properties of the nanocomposite material, considering different structural problems 

in the material model. A general procedure of the MCS technique is provided as follows [85]: 

1. Determine the function relating the independent random variables 𝑠 to the dependent random 

variable 𝑌, or relating the inputs to the output as 

𝑌 = 𝑓(𝑠1, 𝑠2 ⋯𝑠𝑛 ) (1.4) 

2. Determine the distribution of each independent variable, or input, or 

𝑓(𝑠1), 𝑓(𝑠2)⋯𝑓(𝑠𝑛) (1.5) 

or the pdfs of each component. 

3. Determine the cumulative distribution function (cdf) of each variable, or input, or 𝐹(𝑠𝑖), where 

𝑖 = 1, 2,⋯𝑛. 

4. Generate a random number 𝑢, uniformly distributed between zero and one, for each random 

variable. The uniform distribution function is given by 

https://en.wikipedia.org/wiki/Computation
https://en.wikipedia.org/wiki/Random_sampling
https://en.wikipedia.org/wiki/Randomness
https://en.wikipedia.org/wiki/Deterministic_system
https://en.wikipedia.org/wiki/Optimization
https://en.wikipedia.org/wiki/Numerical_integration
https://en.wikipedia.org/wiki/Probability_distribution
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𝑓(𝑢) = {
1 0 ≤ 𝑢 ≤ 1
0 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒

 (1.6) 

5. Obtain a set of randomly chosen values for each random variable from 

𝑢𝑖 = ∫ 𝑓(𝑠𝑖)𝑑𝑠
𝑠𝑖

−∞

 (1.7) 

where 𝑠𝑖 represents the random variable involved. 

6. Repeat many times, for instance, 10000 or more, preferably. 

7. Substitute the values of each set; i.e., 𝑠1,1;  𝑠2,1  ⋯ 𝑠𝑛,1  into the output function, and determine 

a random value of the output, or 

𝑌1 = 𝑓(𝑠1,1;  𝑠2,1 ⋯𝑠𝑛,1 ) 

⋮ 

𝑌𝑁 = 𝑓(𝑠1,𝑁;  𝑠2,1 ⋯𝑠𝑛,𝑁 ) 

(1.8) 

8. Arrange 𝑌, or 𝑠, values in ascending value or order, or as 𝑌1 ≤ 𝑌2 ≤ 𝑌𝑁, where 𝑁 = 10000 or 

more preferably. 

9. Calculate the four moments from the Monte Carlo values of the output, or of 𝑠, if it is necessary. 

In the next sub-section, the Maximum Entropy Method is explained that seeks and obtains a 

more realistic distribution of each material property of the nanocomposite material.  

1.5.2 Maximum Entropy Method 

The principle of Maximum Entropy (ME) [88] can represent stochastic information in data 

using a probability density function (pdf) that depends on its moment constraints. For a random 

variable 𝑥, whereby its realization 𝑥 takes on all values over an integral of real numbers with 

unique pdf 𝑓(𝑥), the Entropy 𝑆𝐸 can be defined as [86]: 
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𝑆𝐸(𝑥) = −∫𝑓(𝑥)
 

ℝ

ln 𝑓(𝑥)𝑑𝑥 (1.9) 

In the moment-based ME method, the Entropy 𝑆𝐸 is maximized subject to: 

∫𝑥𝑖𝑓(𝑥)
 

ℝ

𝑑𝑥 = 𝑚𝑖 (1.10) 

where 𝑚𝑖 are the constrained moments, (𝑖 = 0, … , 𝑛) and 𝑛 is the number of moments. Using the 

method of Lagrange multipliers [90], the optimization problem with 𝑛+1 constraints is then 

reduced to the optimization of the unconstrained function: 

ℒ(𝝀) = ∫ 𝑒𝑥𝑝(∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

)𝑑𝑥 − ∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

 
 

ℝ

 (1.11) 

where 𝝀 = {𝜆𝑖} for 𝑖 = {0,… , 𝑛} are the Lagrange multipliers for its corresponding 𝒙 = {𝑥𝒊}. 

Equation (1.11) has a solution for 𝑓(𝑥) as follows [88]: 

𝑓(𝑥) = 𝑒𝑥𝑝 (∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

) (1.12) 

All the ME distributions are achieved when 𝜕ℒ 𝜕𝝀 = 0⁄ , which satisfies the moment 

constraints in Equation (1.10) and takes the general form of 𝑓(𝑥) in Equation (1.12). Note that 

since 𝑥0 = 1 (for 𝑖 = 0) in Equation (1.12), 𝜆0 can be determined by using the following 

expression: 

𝜆0 = −𝑙𝑛 ∫ 𝑒𝑥𝑝 (∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

)𝑑𝑥
 

ℝ

 (1.13) 

In the next section, a literature review on Carbon-Nanotube-Reinforced-Polymer-Composite 

materials is provided, including references about RVE modeling in static and dynamic responses, 

and considering defects in the nanocomposite material. 



19 
 

1.6 Literature review on Carbon-Nanotube-Reinforced-Polymer-Composites 

Both coupled and atomistic-level based continuum multiscale methods have been applied to 

simulate Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) materials [51, 52]. 

Generally, the atomistic modeling is incorporated at lower length scales as the first step in these 

multiscale schemes to study the primary response fields (displacement, vibrational frequency, etc.) 

and energetics (potential and kinetic energies), while the continuum modeling is incorporated at 

higher length scales [51, 52, 76].  A suitable selection of boundary conditions and design 

parameters would make multiscale modeling an efficient technique to solve complex problems in 

elasticity, molecular dynamics, and vibration analysis.  

It is a standard practice to use a Representative Volume Element (RVE) in the simulation 

and modeling of any type of composites (that are metal-based, ceramic-based and polymer-based) 

[53]. For studying the static response of polymer matrices with Single-Walled-Carbon-Nanotubes 

(SWCNs) as reinforcement, Liu and Chen [77] evaluated the effective properties of SWCN-based 

composites through the development of a RVE based entirely on continuum mechanics. However, 

their RVE did not include a model for the interface region, nor did it include an atomistic 

description. Hu et al. [32] developed a RVE that included the SWCN–polymer interface region. 

However, the interface was simulated using solid FE elements with linear material properties. 

Tserpes et al. [30] constructed their RVE by representing the SWCN as a hollow beam element 

embedded in a solid polymer matrix. However, their work did not include an interface region in 

their RVE. Li and Chou [38, 91] constructed their RVE using a space frame structure for the 

SWCN, solid elements for the polymer matrix, and truss rods to represent the interface region. The 

SWCN and the polymer matrix presented a linear behavior, while the interface surface presented 

a nonlinear response. Shokrieh and Rafiee [78] extended the model of Li and Chou [38, 91] to 

incorporate a nonlinear interface region based on the Lennard–Jones potential. However, their 

model did not include a nonlinear description of the SWCN and the surrounding polymer. 

Georgantzinos et al. [92] proposed a modification of the rule of mixtures that can consider the 

interfacial effects between the reinforcement consisting from a SWCN and the polymer matrix, to 

predict the effective Young’s modulus of the nanocomposite simulated as a RVE. They used two-

noded interfacial joint elements of variable stiffness for modeling the interface region. However, 

its interface region had a linear behavior as well as the SWCN.  
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Later, Georgantzinos et al. [79] included the nonlinear behavior of the SWCN modeled by 

using the Morse potential, but the interface region still had a linear behavior. Recently, Spanos et 

al. [93] extended the work conducted in Ref. [79] considering a nonlinear response in the 

interfacial elements for the interface region, but the SWCN was modeled with linear material 

properties. Mohammadpour et al. [94] presented a RVE of a polymer matrix reinforced with a 

SWCN, replacing the SWCN with a solid model constructed from nonlinear elements in the shape 

of a hollow cylinder and integrating the mechanical properties into solid elements. Despite 

modeling the interface region with contact elements saving computing efforts, this model cannot 

study other types of mechanical behavior as bending, buckling and torsion. Later, Wernik and 

Meguid [76] proposed a nonlinear RVE to investigate the useful mechanical properties of a nano-

reinforced polymer, including nonlinear effects on the SWCN and the interface region. 

Later, Ionita [95] conducted atomistic and mesoscale simulations to estimate the effects of 

the diameter and weight fraction of SWCNs on the mechanical behavior and glass transition 

temperature of SWCN-reinforced epoxy resin composites. Spanos et al. [43] extended the work of 

Ref. [79] to study the stress transfer between the SWCN and the polymer matrix. The interfacial 

effects between the two materials were simulated by stiffness variations defining a heterogeneous 

region. Other works, such as that of Ghorbanpour et al. [96], conducted the static stress analysis 

of the RVE under non-axisymmetric thermo-mechanical loads and uniform electromagnetic fields. 

Their results showed that the fatigue life of the composite material was dependent on magnetic 

intensity, angle orientation and volume fraction of SWCN. 

On the other hand, Ghasemi et al. [97] studied the effects of carbon nanofibers on thermo-

mechanical properties of a RVE and their impact on residual stress. Jia et al. [98] proposed to 

analyze the stress transfer properties of a RVE with a SWCN and a Double-Walled-Carbon-

Nanotube (DWCN) at low temperatures environments. The results were obtained for both 

reinforcements (SWCN and DWCN). However, a perfect bonding was assumed between the 

polymer matrix and the SWCN and the DWCN. Later, Kyu et al. [99] determined the mechanical 

behavior of a RVE made with aluminum and a SWCN. In this work, the interface region between 

both the materials was modeled using van del Waals interactions.  

Recently, Garcia-Macias et al. [100] developed a RVE to study its effective elastic moduli, 

including an atomistic-based computational model and a micromechanics approach at the nano 

and micro-scales, respectively. The covalent bonds of the SWCN were modeled as Timoshenko 
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beams. Later, Papadopoulos and Impraimakis [101] proposed a hierarchical multiscale approach 

in order to evaluate the nonlinear constitutive behavior of concrete reinforced with SWCNs. Other 

authors, such as Sun et al. [102], presented a multiscale computational analysis based on RVE 

modeling and molecular dynamics simulations to investigate the microscopic failure mechanisms 

of unidirectional carbon fiber reinforced polymer composites, while Chevalier et al. [103] 

proposed a multiscale approach to characterize and to model the transverse compression response 

of a unidirectional carbon fiber reinforced epoxy. 

Despite most of the works done on polymer matrices with SWCNs as reinforcement are on 

static response, there are very few works that study the dynamic response of this type of 

nanocomposite material. Latibari et al. [104] extended the model of [38, 91], including a nonlinear 

interfacial region based on the Lennard–Jones potential to calculate the damping ratio of the 

nanocomposite material by evaluating its dissipation energy. However, their model did not 

incorporate a nonlinear description of the SWCN. Later, Jamal-Omidi et al. [105]  analyzed a 

SWCN embedded in volume element using 3D finite element and analytical methods to compute 

its natural frequencies with different aspect ratios. Shokrieh et al. [106] predicted the viscoelastic 

properties for an embedded SWCN in a polymer matrix by using a time-dependent formulation of 

the interface region. The SWCN was modeled using space frame beam, the interface region was 

modeled using non-linear springs based on van der Waals interactions and the polymer matrix 

using solid continuum elements. Later, Gajbhiye and Singh [107] proposed a RVE for a 

polypropylene matrix along with different percentages of SWCNs to evaluate its natural 

frequencies, rate-dependent characteristics and damping properties. The covalent bond of the 

nanotube was modeled using Tersoff–Brenner potential, and the interaction between the nanotube 

and the polymer matrix was modeled using Lennard–Jones potential represented by nonlinear 

spring elements.  

In the case of nano-reinforced polymer systems with structural imperfections, such as 

vacancy defects, Shokrieh and Rafiee [41] developed a stochastic multiscale modeling technique 

to estimate the mechanical properties of carbon nanotube-reinforced polymers considering valid 

parameters at nano, micro, meso, and macro-scales. Later, Davoudabadi and Farahani [108] 

investigated the influence of different vacancy defects on Young’s modulus of a SWCN - 

reinforcement polymer composite in the axial direction by using a structural model in commercial 

software ANSYS®. In another work, Ghasemi et al. [39] studied the uncertainties propagation and 
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their effects on the reliability of polymeric nanocomposite continuum structures considering 

material, structural, and modeling uncertainties. They considered the length, waviness, 

agglomeration, orientation, and dispersion of the SWCNs as random variables. Yuan and Lu [109] 

proposed a geometric generation algorithm to produce a 3D finite element model of a polymeric 

composite with randomly dispersed and wavy SWCNs to analyze its elastic-plastic properties, as 

well as Joshi et al. [110], who proposed a multiscale 3D RVE approach for modeling the elastic 

behavior of carbon nanotube reinforced composites with vacancy defects. Other authors, such as 

Ju et al. [42], investigated the interfacial strengths between polypropylene-carbon fiber composites 

through experimental observation as well as using molecular dynamics simulation to determine its 

optimal chemical functionalization groups, while Rafiee and Mahdavi [40] presented a theoretical 

characterization of the interaction between a SWCN and a surrounding polymer using molecular 

dynamics simulation. They conducted a stochastic analysis treating numbers of established 

covalent bonds between the SWCN and the polymer material, and their positions as random 

parameters.  

Later, Chawla et al. [111] explored the effect of vacancy defects on SWCN reinforced 

polypropylene composites using molecular dynamics simulation and comparing the influence of a 

perfect and an imperfect SWCN as reinforcement. Ozden-Yenigun et al. [112] studied the 

crosslinking route and interfacial interactions for achieving superior properties in a SWCN-

reinforced epoxy by using multiscale modeling. Other authors, such as Zhu et al. [113], presented 

a probabilistic multiscale approach to model the random spatial distribution of local elastic 

properties arising from the different waviness and orientation of SWCN fillers within a 3D 

microscale continuum RVE of a SWCN-reinforced polymer matrix. Recently, Jeong et al. [114] 

proposed a 3D stochastic computational homogenization model for SWCN-epoxy matrix 

composites. They found that stochastic waviness, agglomeration, and orientation of SWCN fillers 

caused random spatial variations of the elasticity tensor of the SWCN-epoxy matrix within a 

microscale RVE, resulting in probabilistic changes of the homogenized stiffness of the RVE. In 

the next section, the research motivation of this thesis that focuses on Carbon-Nanotube-

Reinforced-Polymer-Composite materials will be explained in detail.  
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1.7 Research Motivation 

During the last few decades the application of Carbon-Nanotube-Reinforced-Polymer-

Composite (CNRPC) materials, in engineering applications, has become increasingly popular, 

particularly in the aerospace and aeronautical industries. However, further and more 

comprehensive studies are still required to be carried out, especially on their dynamic response 

and on the reliability and hazard (related to risk) corresponding to their static and dynamic 

responses. Experimental investigations for this purpose have limitations and, in most cases, 

appropriate experimental work could not be carried out. Therefore, the computational modeling of 

a Representative Volume Element (RVE) of the CNRPC material and simulation encompassing 

multiscale material behavior provide an alternate approach to study the material behavior of this 

type of nanocomposite material. The RVE modeling of the CNRPC material allows to study the 

mechanical behavior of the nanocomposite material by considering the following features: (1) the 

microstructure, global mechanical properties such as elastic modulus, and micro-mechanical 

response of the RVE are statistically similar to those of a macro-size specimen of the same 

nanocomposite material, and (2) the micro-mechanical response of the RVE is unique for a given 

loading direction, although different loading directions may yield different micro-mechanical 

responses due to non-uniform nature of the micro-structure. Nevertheless, in practical applications, 

CNRPC materials are not perfect and their structures possess defects. 

Hence, the primary motivation is to characterize the mechanical behavior of an imperfect 

CNRPC material through probabilistic modeling and to calculate its reliability and hazard so as to 

quantify the risk and safety conditions in practical applications. For this purpose, a reliability-

based probabilistic approach should be used to be able to characterize the structural defects of the 

CNRPC material by using the Monte Carlo Simulation (MCS) technique, and to obtain a more 

realistic distributions of the reliability and hazard functions by using the Maximum Entropy 

Method (MEM). Hence, in the next section, the problem statement of this thesis is presented. 

1.8 Problem Statement  

Experimental investigations to study the material behavior of Carbon-Nanotube-Reinforced-

Polymer-Composite (CNRPC) materials have limitations. Hence, the computational modeling of 

the Representative Volume Element (RVE) of the nanocomposite material and simulation 
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encompassing multiscale material behavior provide an alternate approach to study the mechanical 

properties of such materials. The material properties of CNRPC materials have been studied and 

analyzed in many works in the literature. In these works, the rule of mixtures provides an approach 

to predict the material properties of a CNRPC material made up of continuous and unidirectional 

fibers, based on the weighted contributions from the fiber filler and the matrix. According to the 

rule of mixtures, the properties of composite materials that can be calculated are density, Young’s 

modulus, coefficient of thermal expansion, shear modulus and Poisson’s ratio. However, material 

properties such as ultimate strength, loss factor, dissipation energy, structural damping coefficient, 

and viscous damping ratio can not be calculated following this approach. 

 Moreover, there are a few studies that analyzed and characterized the dynamic material 

properties of CNRPC materials. However, there has been a lack of research on the reliability and 

hazard evaluation of the mechanical properties of CNRPC materials, considering imperfections in 

their structure. Therefore, a CNRPC material model is developed in this thesis to study and to 

characterize the mechanical behavior of this type of nanocomposite materials, by using a 3D 

multiscale finite element model of the RVE of the nanocomposite material. Moreover, the 

reliability and hazard evaluation of the CNRPC material is proposed and used as a characterization 

approach for nanocomposite materials. The RVE represents the smallest material volume element 

of the CNRPC material with discontinuous carbon nanotubes (as is shown in Figure 1.9). The RVE 

of the CNRPC material is considered and analyzed in this thesis work. Figure 1.10 shows the 

methodology to build the computational model of the RVE of the CNRPC material. As it was 

mentioned in section 1.7, the Single-Walled-Carbon-Nanotube (SWCN) is first modeled as a space 

frame by using the Morse potential and then as a thin shell based on a suitable shell theory. The 

polymer matrix material is simulated by using the Mooney-Rivlin strain energy to calculate its 

non-linear response, while the interface region between the SWCN and the polymer matrix is 

modeled via van der Waals (vdW) links. In the next section, the scope and objectives of this thesis 

are presented and explained in detail.  
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Figure 1.9. Representative Volume Element (RVE) of the nanocomposite material. 

 

 

Figure 1.10. Methodology used to develop the CNRPC material model.  
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1.9 Scope and objectives of the thesis 

1.9.1 Scope of the thesis 

There are techniques based on multiscale modeling to solve different types of engineering 

problems in nanocomposite materials. However, further studies still need to be carried out to study 

and to characterize their mechanical properties. Therefore, the scope of this thesis is to study the 

stiffness and dynamic responses of a Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) 

material by developing and using a 3D multiscale finite element model of the Representative 

Volume Element (RVE) of the nanocomposite material. The stiffness response is studied in terms 

of its stress-strain behavior, while the dynamic response in terms of its natural frequencies, steady-

state response and damping properties. The reliability and hazard of the CNRPC material are also 

determined based on its stiffness response and natural frequencies as a characterization approach 

by using the challenge-capacity model. Hence, a computational model consisting of a Single-

Walled-Carbon-Nanotube (SWCN), an interface region and the polymer matrix material has been 

constructed for this purpose. The multiscale modeling is performed in terms of using different 

theories and corresponding strain energies to model the individual parts of the RVE of the CNRPC 

material. The macroscale continuum mechanics is used for the polymer matrix, the mesoscale 

mechanics is used for the interface region, and the nanoscale-level atomistic mechanics is used for 

the SWCN. The SWCN is modeled as a space frame structure by using the Morse potential and 

also as a thin shell based on a suitable shell theory. The polymer matrix is modeled with the 

Mooney-Rivlin strain energy to calculate its non-linear response and the interface region is 

modeled via van der Waals links based on the Lennard-Jones potential. The CNRPC material is 

also called as Carbon-Nanotube-Reinforced-Polymer (CNRP) material in certain chapters because 

some journals preferred that kind of wording. In the next section, a breakdown of the objectives of 

this thesis is provided.   

1.9.2 Objectives of the research work 

The objectives of this research work are listed below: 

1. To develop a 3D multiscale finite element model of the Representative Volume Element (RVE) 

of the Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material to conduct a 

parametric study to determine its static and dynamic responses. The static analysis is carried out 
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in terms of its stiffness response, while the dynamic analysis is carried out in terms of its modal 

and steady-state responses and damping properties. The RVE of the CNRPC material considers 

different volume fractions of SWCNs and a perfect structure for the Single-Walled-Carbon-

Nanotube (SWCN) and van der Waals (vdW) links. Moreover, the results of its viscous and 

structural damping mechanisms are compared with the experimental data available from the 

literature.  

2. To develop an advanced probabilistic analysis to determine the static and dynamic reliabilities 

of the CNRPC material for achieving reliable and safe design, considering structural defects in the 

nanocomposite material that are unavoidable in practical engineering applications. The 

longitudinal modulus and ultimate longitudinal strength of the CNRPC material are used to 

quantify the risk in terms of the static reliability and static hazard. Moreover, the characterization 

of dynamic reliability and dynamic hazard is based on the modal parameters of the CNRPC 

material. For this purpose, the frequency sweep of the excitation and the nearness to resonance of 

the material system are considered as a viable characterization approach. 

The content of this thesis can be appreciated from Figure 1.11. A flowchart is used to show 

the process of developing the CNRPC material model and each study performed on it to determine 

its static and dynamic responses, considering a perfect SWCN and a perfect interface region, and 

then an imperfect SWCN and an imperfect interface region.  
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Figure 1.11. Flowchart of the contents of the thesis. 
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1.10 Overview of the Thesis  

This thesis is a manuscript-based thesis that is organized into seven chapters. Moreover, 

there are forewords that provide expository transitions between the different journal papers. The 

chapters of this thesis are organized as in the following: 

Chapter 1 provides a brief introduction to Carbon-Nanotube-Reinforced-Polymer-Composite 

(CNRPC) materials and their applications. This chapter also presents a brief overview of the 

different modeling and simulation techniques introduced in the literature to model CNRPC 

materials, and the overview of the atomistic-level based continuum multiscale technique chosen 

as the simulation tool of the Representative Volume Element (RVE) of the Carbon-Nanotube-

Reinforced-Polymer-Composite (CNRPC) material. This chapters also provides a brief description 

of reliability-based probabilistic approach. It also includes a literature review on CNRPC material 

considering the definition of a RVE of the nanocomposite material. It also covers the research 

motivation, scope and objectives, and an overview of the thesis. 

Chapter 2 focuses on the first step of the thesis: modeling the Single-Walled-Carbon-Nanotube 

(SWCN) as a space frame structure and as a thin shell. The SWCN is modeled as a space frame 

structure by using the Morse potential and as a thin circular shell by using a shell theory. A 

comparison between various shell theories is also provided to determine which theory is more 

suitable to model the SWCN based on its aspect ratio and chirality. Stress-strain behavior and 

modal and steady-state responses of different types of SWCNs are analyzed in this chapter.  

Chapter 3 describes the development of a 3D multiscale finite element model of the 

Representative Volume Element (RVE) of the Carbon-Nanotube-Reinforced-Polymer-Composite 

(CNRPC) material to determine its stiffness response, in terms of its stress-strain behavior, and its 

dynamic response, in terms of its modal and steady-state responses and damping properties. A 

computational model consisting of a polymer matrix, an SWCN and interface region between the 

SWCN and the polymer matrix is constructed for this purpose.  

Chapter 4 describes a parametric study of the RVE of CNRPC with 4% volume fraction of 

SWCN, to compare its viscous and structural damping mechanisms with the experimental data 

available from the literature.  
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Chapter 5 presents a parametric study to determine the static reliability and static hazard of the 

CNRPC material, considering a RVE with an imperfect SWCN and imperfect interface region. 

The imperfect SWCN possesses structural vacancies, which are characterized by using the Monte 

Carlo Simulation (MCS) technique. The static reliability and static hazard functions of the CNRPC 

material are obtained using the Maximum Entropy Method (MEM) along with Gaussian and 

Weibull distributions based on stress-strength (challenge-capacity) modeling and prediction. The 

ultimate longitudinal strength of CNRPC is considered as the capacity of the system and an applied 

stress as the challenge that the CNRPC material must tolerate. 

Chapter 6 presents a parametric study to determine the dynamic reliability and dynamic hazard 

of the CNRPC material, considering a RVE with an imperfect SWCN and imperfect interface 

region. The imperfect SWCN possesses structural vacancies, which are characterized by using the 

MCS technique. The dynamic reliability and dynamic hazard characterization are performed by 

using the challenge-capacity modeling and prediction based on the modal parameters of the 

CNRPC material. The consideration of the frequency sweep of the excitation and the nearness to 

resonance of the material system is used as a basis for the characterization of dynamic reliability 

and dynamic hazard. The dynamic reliability and dynamic hazard functions are obtained using the 

MEM.  

Chapter 7 provides conclusions and contributions of this thesis and makes recommendations for 

future studies on the CNRPC material. 
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Chapter 2. Dynamic response of Single-Walled-Carbon-Nanotubes 

based on various shell theories  

 

 

Foreword  

 

This chapter contains the journal paper: J. A. Palacios and R. Ganesan, "Dynamic response of 

single-walled carbon nanotubes based on various shell theories," Journal of Reinforced Plastics 

and Composites, vol. 38, no. 9, pp. 413-425, 2019. 

 

In this chapter, different studies are performed, in terms of the stiffness response, modal analysis 

and steady-state response of Single-Walled Carbon Nanotubes (SWCNs) by using a 3D finite-

element model of the SWCN, under different types of boundary conditions, to provide more results 

in this field. The SWCN is modeled as a space frame structure by using the Morse potential and 

as a thin shell model based on various shell theories. A parametric study on chirality effects and 

aspect ratio is also conducted to determine which shell theory is more suitable to model the 

mechanical behavior of SWCNs. 
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2. Dynamic response of Single-Walled-Carbon-Nanotubes based on various shell theories 

 

2.1 Abstract 

Carbon nanotubes are used in several engineering applications because of their superior 

mechanical properties. Scientific works still need to be carried out, especially on their dynamic 

response. These studies mainly focus on modal analysis, considering zigzag and armchair 

nanotubes, and sometimes, varying chirality. However, these works do not present any results on 

the steady-state responses. Therefore, the objective of this chapter is to perform different studies, 

in terms of the stiffness response, modal analysis and steady-state response of Single-Walled 

Carbon Nanotubes (SWCNs) by using a 3D finite-element model of the SWCN, under different 

types of boundary conditions, to provide more results in this field. The SWCN is modeled as a 

space frame structure by using the Morse potential and as a thin shell model based on various shell 

theories. Static analysis is performed to compare the stress-strain behavior between the Morse 

potential and the thin shell model. A parametric study on chirality effects and aspect ratio is also 

conducted to determine which shell theory is more suitable to model the mechanical behavior of 

SWCNs. Finally, the analysis of the harmonic response is conducted to describe the steady-state 

response between both models. 

2.2. Introduction 

The discovery of carbon nanotubes [5] established a new era in the field of materials science. 

The exceptional mechanical properties of nanotubes have shown great promise for a wide variety 

of applications, such as nano-transistors, semiconductors, hydrogen storage devices, structural 

materials, and molecular sensors [115]. Their exceptional and multipurpose properties have 

stimulated many researchers to incorporate them into polymers as a reinforcing agent for a new 

generation of composite materials. During the last few decades, the application of carbon 

nanotubes as an option of reinforcing element in nanocomposites has become considerably 

popular, particularly in a wide variety of structural applications in automotive, aerospace, 

aeronautical, mass transit, and nuclear industries. However, nanotube properties do not necessarily 

translate into the same properties for the nanocomposite. Several issues about the alignment, 

dispersion, length, size, chirality, orientation, and load transfer need to be considered and 
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optimized to obtain the best properties of the composite. Since experimentation at the nanoscale is 

still a developing field, the most effective way of quantifying the effects of such parameters is 

predominantly through computational modeling techniques [52]. 

In the analysis of Single-Walled Carbon Nanotubes (SWCNs), there are in the literature 

three-dimensional finite element models [116-118] for armchair, zigzag and chiral SWCNs, 

wherein the bonds between carbon atoms are considered as connecting load-carrying members, 

while the carbon atoms as joints of the members. To create the Finite Element (FE) models, nodes 

are placed at the locations of carbon atoms, and the bonds between them are modeled using three-

dimensional elastic beam elements. In other approaches [31, 119], the finite element method is 

used to analyze the structure, and the modified Morse interatomic potential is used to simulate the 

non-linear force field of the C–C bonds. In these studies, just the bond stretching potential is 

considered since the bond stretching dominates nanotube strength, and the effect of angle-bending 

potential is small.  In order to represent the stretching bond interactions between carbon atoms, 

non-linear beam elements are utilized. Recent works study the behavior of a SWCN as a thin 

cylindrical shell [120-122] by using the mechanical behavior of the SWCN obtained from 

molecular dynamics and different shell theories, such as Donnell’s Shell Theory [80], combined 

with other approaches [123].  

Despite the scientific work done on carbon nanotubes, further and more comprehensive 

studies are still required to be carried out especially on their dynamic response. Scientific works 

done on the dynamic response of carbon nanotubes are mainly focus on modal analysis, 

considering zigzag and armchair nanotubes, and sometimes, varying chirality. However, these 

works do not present any results on the steady-state responses. Therefore, the contribution of this 

chapter is to model and to conduct different studies, in terms of the stiffness response, natural 

frequencies and steady-state response of Single-Walled-Carbon-Nanotubes by using a 3D finite-

element model of the SWCN, under different types of boundary conditions, to provide more results 

in this field. The SWCN is modeled as a space frame structure by using the Morse potential [79] 

and as a thin shell based on various shell theories, including Donnell’s Shell Theory [80]. A 

parametric study on chirality effects is conducted to compare and to analyze the stress-strain 

behavior obtained from the thin shell model with results obtained from Morse potential.  A 

parametric study on aspect ratio and chirality effects on natural frequencies is also conducted to 

determine which shell theory is more suitable, considering different values of aspect ratio and 
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chirality, to model the mechanical behavior of SWCNs. Harmonic analysis is performed to analyze 

and compared the steady-state response between both models. The novel aspects of this chapter 

are the following: (1) the stress-strain non-linear behavior of the nanotube is utilized into the shell 

model along with its density to perform vibration analysis, such as modal and harmonic analyses, 

through the Finite-Element analysis; (2) the numerical values of the shell thickness of 0.066 nm 

[120] instead of the common value of nanotube thickness of 0.34 nm [52]; (3) the comparison 

between different shell models for SWCNs is provided in terms of their aspect ratios; and (4) the 

steady-state response of two types of SWCNs, zigzag and armchair, is compared between the 

Morse potential and a shell model. 

2.3 Non-linear analysis of SWCN 

Non-linear mechanical behavior of a SWCN is based on its atomistic nanostructure with 

radius 𝑟𝑛. The nanotube is considered as a space frame structure wherein carbon atoms are 

represented by nodes and their positions in three-dimensional space are defined with the following 

algorithm. The concept of the algorithm for the generation of the atomic coordinates of nanotubes 

is simply to roll a graphene sheet to make a cylinder. Therefore, the nanotube can be generated 

according to its classification by a chiral vector ℂℎ = (𝑛,𝑚) given with respect to the Bravais 

lattice vector 𝑎1 and 𝑎2 of the graphene monolayer. Then, it is possible to obtain the mean radius 

𝑟𝑛 = 𝐶ℎ 2𝜋⁄ , where 𝐶ℎ is the magnitude of ℂℎ. The translational vector T =

(𝑛 + 2𝑚, 2𝑛 + 𝑚) 𝑔𝑐𝑑⁄ , where 𝑔𝑐𝑑 is the greatest common divisor of 𝑛 + 2𝑚 and 2𝑛 + 𝑚. Note 

that vector T, given in the Bravais lattice vector and perpendicular to the vector ℂℎ, decides the 

size of the unit cell of the nanotube together with ℂℎ. For simplicity, the original coordinate system 

of the graphene sheet is transformed into a new system such that T is along the z-axis. Finally, the 

graphene atomic coordinates (𝑥′, 𝑦′) are converted to (𝑥, 𝑦, 𝑧) with the following transformation 

equation [124]: 

(𝑥, 𝑦, 𝑧) = (𝑟𝑛𝑐𝑜𝑠 (
𝑥′

𝑟𝑛
) , 𝑟𝑛𝑠𝑖𝑛 (

𝑥′

𝑟𝑛
) , 𝑦′) (2.1) 

The nodes that arise by using the Equation (2.1) are connected with non-linear beam elements in 

order to represent the potential energy of the interatomic interactions, which is expressed by the 
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Morse potential. The effect of angle-bending potential is negligible so that the bond stretching 

potential describes the nanotube behavior and can be calculated as follows [79]: 

𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ = 𝐷𝑒 ([1 − 𝑒−𝛽∆𝑟]
2
− 1) (2.2) 

where 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ represents the energy corresponding to bond stretching, ∆𝑟 = 𝑟 − 𝑟0  is the bond 

length variation, and 𝐷𝑒 and 𝛽 are the force parameters in the potential energy.  The stretching 

force 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ of the non-linear behavior of these beams can be obtained by differentiating 𝑈𝑠𝑡𝑟𝑒𝑡ℎ 

potential as follows: 

𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ(∆𝑟) = 2𝛽𝐷𝑒(1 − 𝑒−𝛽∆𝑟)𝑒−𝛽∆𝑟 (2.3) 

C-C bond is assumed to break at 19% bond strain, according to [79], where the force parameters 

are: 𝐷𝑒 = 6.03105 x 10-19 Nm, 𝛽 = 2.625 x 1010 m-1 and 𝑟0 = 1.421 x 10-10 m. The non-linear beam 

elements have six degrees of freedom at each node, which include translations in the x, y, and z 

directions and rotations about the x, y, and z directions. Although the Morse potential can be used 

to predict the stress-strain behavior of nanotube and to obtain its Young’s modulus 𝐸𝑛, this 

potential can be also used to perform a free vibration and harmonic analysis by adding the 

numerical values for the density 𝜌𝑏 = 2.3 x 103 kg/m3 for the beams and the mass of the carbon 

atom 𝑚𝑐= 2.0 x 10-26 kg [125]. 

2.4 Thin shell model for carbon nanotubes 

Due to the similarity of the geometry of a SWCN to a cylinder, the SWCN structure can be 

modeled as a cylindrical shell. Therefore, instead of performing MD simulations, it is possible to 

replace the molecular model with a thin shell model based on a shell theory constructed from 

nonlinear elements in the shape of a circular hollow cylinder [94], as depicted in Figures 2.1 and 

2.2. The nanostructure can be modeled using Finite Element Method (FEM) by assuming the 

Poisson’s ratio of nanotube 𝑣𝑛 = 0.19, its thickness 𝑡𝑛 = 0.066 nm and its radius 𝑟𝑛 (depending on 

its chirality), as given in [120], in which these parameters were estimated by equating the axial 

rigidity and bending rigidity of SWCNs calculated from MD simulation with the axial rigidity and 
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bending rigidity expressions obtained using thin shell theory. These simulations can include 

nonlinear effects from the stress-strain curve of the nanotube and its density 𝜌𝑛, calculated as in 

[126]. The effective transversal area for the thin shell is calculated with the diameter 𝑑𝑛 of the 

nanotube and the new thickness, which is expressed by 𝜋𝑑𝑛𝑡𝑛 (1 −⁄ 𝑣𝑛
2). Elements of 8 nodes, 

with six degrees of freedom (three translations and three rotations corresponding to the 3D 

coordinate system) per node, are employed for this purpose. These elements can offer good 

accuracy in vibration analysis and include the effects of transverse shear deformation. Regarding 

the shell theory used to predict the mechanical behavior of the nanotube, the thin shell model can 

be based on different shell theories, such as Donnell’s Shell Theory [80], Flugge’s Shell Theory 

[81] and Sanders’ Shell Theory [81]. These shell theories are explained in the following sub-

sections for performing a free vibration analysis.   

 

 

Figure 2.1. Procedure for incorporating SWCN’s properties into a thin shell: (a) SWCN modeled 

with the modified Morse potential, (b) Stress-strain behavior of the SWCN and (c) SWCN 

modeled as a thin shell model. 

 

2.4.1 Donnell’s Shell Theory 

Figure 2.2 shows a thin cylindrical shell model, where 𝐿𝑛 is the length of the cylinder. An 

orthogonal coordinate system (𝑥, 𝜃, 𝑧) is fixed on the middle surface of the cylindrical shell. 𝑢, 𝑣, 𝑤 

denote the components of the deformation of the cylindrical shell with reference to the coordinate 
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system in 𝑥, 𝜃, and 𝑧 directions, respectively, as shown in Figure 2.2. For Donnell’s Shell Theory 

(DST), the equations of motion of a thin cylindrical shell are given by the following expressions: 

𝑟𝑛
2
𝜕2𝑢

𝜕𝑧2
+

1 − 𝑣𝑛

2

𝜕2𝑢

𝜕𝜃2
+ 𝑟𝑛

1 + 𝑣𝑛

2

𝜕2𝑣

𝜕𝑧𝜕𝜃
− 𝑣𝑛𝑟𝑛

𝜕𝑤

𝜕𝑧
= 𝜌𝑛

1 − 𝑣𝑛
2

𝐸𝑛
𝑟𝑛

2
𝜕2𝑢

𝜕𝑡2
 (2.4a) 

𝜕2𝑣

𝜕𝜃2
+ 𝑟𝑛

2
1 − 𝑣𝑛

2

𝜕2𝑣

𝜕𝑧2
+ 𝑟𝑛

1 + 𝑣𝑛

2

𝜕2𝑢

𝜕𝑧𝜕𝜃
−

𝜕𝑤

𝜕𝜃
= 𝜌𝑛

1 − 𝑣𝑛
2

𝐸𝑛
𝑟𝑛

2
𝜕2𝑣

𝜕𝑡2
 (2.4b) 

𝑣𝑛𝑟𝑛
𝜕𝑢

𝜕𝑧
+

𝜕𝑣

𝜕𝜃
− 𝑤 − 𝑘 (𝑟𝑛

2
𝜕4𝑤

𝜕𝑧4
+ 2𝑟𝑛

2
𝜕4𝑤

𝜕𝑧2𝜕𝜃2
+

𝜕4𝑤

𝜕𝜃4
) = 𝜌𝑛

1 − 𝑣𝑛
2

𝐸𝑛
𝑟𝑛

2
𝜕2𝑤

𝜕𝑡2
 (2.4c) 

where 𝑘 = (1 12⁄ )(𝑡𝑛 𝑟𝑛⁄ ) is the non-dimensional thickness parameter, 𝜌𝑛 is the density of the 

shell (representing the nanotube density) and 𝐸𝑛 its Young’s modulus (carbon nanotube).  

 

Figure 2.2. Sketch of a thin cylindrical shell. 

 

Equations (2.4a-c) can be rewritten in a matrix form as follows: 

[𝐿𝐷] {
𝑢
𝑣
𝑤

} = 𝜌𝑛

1 − 𝑣𝑛
2

𝐸𝑛
𝑟𝑛

2
𝜕2

𝜕𝑡2
{
𝑢
𝑣
𝑤

} (2.5) 
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where the differential operator [𝐿𝐷] is defined in Appendix 2.1. The solution of equations (2.4a-

c), satisfying all the specific boundary conditions, is given in the form of wave propagation, 

associated with an axial wavenumber 𝜆𝑚 and circumferential wavenumber n, by [127]: 

𝑢 = 𝐴𝑚𝑛𝑒−𝑖(𝜆𝑚𝑧+𝑛𝜃−𝜔𝑡) (2.6a) 

𝑣 = 𝐵𝑚𝑛𝑒−𝑖(𝜆𝑚𝑧+𝑛𝜃−𝜔𝑡) (2.6b) 

𝑤 = 𝐶𝑚𝑛𝑒−𝑖(𝜆𝑚𝑧+𝑛𝜃−𝜔𝑡+𝜋 2⁄ ) (2.6c) 

where 𝐴𝑚𝑛, 𝐵𝑚𝑛and 𝐶𝑚𝑛 are, respectively, the wave amplitudes in the z, 𝜃, x directions, and 𝜔 is 

the angular frequency. By substituting expressions (2.6a-c) into Equations (2.5), a matrix equation 

defining an eigenvalue problem can be obtained as follows: 

[∆𝐷] {

𝐴𝑚𝑛

𝐵𝑚𝑛

𝐶𝑚𝑛

} = {0} (2.7) 

where [∆𝐷] is defined in Appendix 2.1. By imposing the non-trivial solution condition, and setting 

the determinant of the characteristic matrix equal to zero, the eigenvalue Equation (2.7) can be 

solved to obtain the following bicubic characteristic equation: 

Ω̃6 − 𝐾2Ω̃
4 + 𝐾1Ω̃

2 − 𝐾0 = 0 (2.8) 

where Ω̃ = (1 − 𝑣𝑛
2)𝜌𝑛𝜔𝑛𝑟𝑛 𝐸𝑛⁄  is a frequency parameter, 𝜔𝑛 is the natural frequency and the 

coefficients 𝐾𝑖 are given as follows: 

𝐾2 = 1 +
3 − 𝑣𝑛

2
(𝑛2 + 𝜆𝑚

2 𝑟𝑛
2) + 𝑘(𝑛2 + 𝜆𝑚

2 𝑟𝑛
2)2 (2.9a) 

𝐾1 =
1 − 𝑣𝑛

2
[(3 + 2𝑣𝑛)𝜆𝑚

2 𝑟𝑛
2 + 𝑛2 + (𝑛2 + 𝜆𝑚

2 𝑟𝑛
2)2 +

3 − 𝑣𝑛

1 − 𝑣𝑛
𝑘(𝑛2 + 𝜆𝑚

2 𝑟𝑛
2)3] (2.9b) 

𝐾0 =
1 − 𝑣𝑛

2
[(1 − 𝑣𝑛

2)𝜆𝑚
4 𝑟𝑛

4 + 𝑘(𝑛2 + 𝜆𝑚
2 𝑟𝑛

2)4] (2.9c) 
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The Equation (2.8) gives three-real roots for any couple of m and n values. The 

corresponding eigenvectors are three different natural modes, one associated with a radial, one 

with a longitudinal and one with a circumferential prevalent displacement, each one having its 

distinct natural frequency. The lowest natural frequency is usually associated with a mode with 

predominant radial displacement.  

It is possible to obtain the frequencies corresponding to forward wave and backward wave 

using the polynomial Equation in (2.8), once the axial wavenumber 𝜆𝑚 is determined for a 

cylindrical shell with specific boundary conditions. However, an exact value of the axial 

wavenumber is difficult to calculate, so that in flexural vibration, mode shapes of a cylindrical 

shell in the axial direction are assumed to have the same form as mode shapes of a transversely 

vibrating beam as in [128, 129]. Thus, 𝜆𝑚 can be determined by using the wavenumber of an 

equivalent beam with similar boundary conditions as the cylindrical shell. For example, the 

characteristic equation of a beam with both ends simply supported is: sin (𝜆𝑚𝐿𝑛) = 0, so that the 

axial wavenumber can be calculated by the expression 𝜆𝑚 = 𝑚𝜋 𝐿𝑛⁄ . For other types of boundary 

conditions, expressions for wavenumbers were proposed in [130] and are: 𝜆𝑚 = (2𝑚 − 1)𝜋 2𝐿𝑛⁄  

for Clamped-Free and  𝜆𝑚 = (2𝑚 + 1)𝜋 2𝐿𝑛⁄   for Clamped-Clamped . 

2.4.2 Flugge-Lu’e-Byrne’s Shell Theory 

According to the Flugge-Lu’e-Byrne’s Shell Theory, the equations of motion of a thin 

cylindrical shell are given by: 

([𝐿𝐷] + 𝑘[𝐿𝑀𝑂𝐷1]) {
𝑢
𝑣
𝑤

} = 𝜌𝑛

1 − 𝑣𝑛
2

𝐸𝑛
𝑟𝑛

2
𝜕2

𝜕𝑡2
{
𝑢
𝑣
𝑤

} (2.10) 

where [𝐿𝐷] is defined in Appendix 2.1, 𝑘 = (1 12⁄ )(𝑡𝑛 𝑟𝑛⁄ ) is the non-dimensional thickness 

parameter and [𝐿𝑀𝑂𝐷1] in Appendix 2.2. Substituting equations (2.6a-c) into (2.10), the eigenvalue 

problem can be written as:  

([∆𝐷] + 𝑘[∆𝐹]) {
𝐴𝑚𝑛

𝐵𝑚𝑛

𝐶𝑚𝑛

} = {0} (2.11) 
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where ∆𝐷 is defined in Appendix 2.1 and ∆𝐹 in Appendix 2.2. The eigenvalues can be calculated 

as follows: 

Ω̃6 − (𝐾2 + 𝑘∆𝐾2)Ω̃
4 + (𝐾1 + 𝑘∆𝐾1)Ω̃

2 − (𝐾0 + 𝑘∆𝐾0) = 0 
(2.12) 

where Ω̃ = (1 − 𝑣𝑛
2)𝜌𝑛𝜔𝑛𝑟𝑛 𝐸𝑛⁄  is a frequency parameter, 𝜔𝑛 is the natural frequency and the 

coefficients 𝐾𝑖 are given by equations (2.9a-c) and ∆𝐾𝑖 by: 

∆𝐾2 = ∆𝐾1 = 0 (2.13a) 

∆𝐾0 =
1 − 𝑣𝑛

2
[2(2 − 𝑣𝑛)𝜆𝑚

2 𝑟𝑛
2𝑛2 + 𝑛4 − 2𝑣𝑛𝜆𝑚

6 𝑟𝑛
6 

−6𝜆𝑚
4 𝑟𝑛

4𝑛62(4 − 𝑣𝑛)𝜆𝑚
2 𝑟𝑛

2𝑛4 − 2𝑛6] 

(2.13c) 

The eigenvalues are obtained and used, as explained in the case of Donnell’s Shell Theory. 

2.4.3 Sanders’s Shell Theory 

Following a similar methodology as in Flugge’s Shell Theory, the equations of motion of a 

thin cylindrical shell for Sander’s Shell Theory are given by: 

([𝐿𝐷] + 𝑘[𝐿𝑀𝑂𝐷2]) {
𝑢
𝑣
𝑤

} = 𝜌𝑛

1 − 𝑣𝑛
2

𝐸𝑛
𝑟𝑛

2
𝜕2

𝜕𝑡2
{
𝑢
𝑣
𝑤

} (2.14) 

where [𝐿𝐷] is defined in Appendix 2.1, 𝑘 = (1 12⁄ )(𝑡𝑛 𝑟𝑛⁄ ) is the non-dimensional thickness 

parameter and  [𝐿𝑀𝑂𝐷2] in Appendix 2.3. Substituting equations (2.6a-c) into (2.14), the eigenvalue 

problem can be solved, and the eigenvalues can be obtained as follows:   

Ω̃6 − (𝐾2 + 𝑘∆𝐾2)Ω̃
4 + (𝐾1 + 𝑘∆𝐾1)Ω̃

2 − (𝐾0 + 𝑘∆𝐾0) = 0 (2.15) 

where Ω̃ = (1 − 𝑣𝑛
2)𝜌𝑛𝜔𝑛𝑟𝑛 𝐸𝑛⁄  is a frequency parameter, 𝜔𝑛 is the natural frequency and the 

coefficients 𝐾𝑖 are given by equations (2.9a-c) and ∆𝐾𝑖  by: 
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∆𝐾2 =
9(1 − 𝑣𝑛)

8
𝜆𝑚

2 +
9 − 𝑣𝑛

8
𝑛2 (2.16a) 

∆𝐾1 =
9(1 − 𝑣𝑛)

8
𝜆𝑚

2 +
9 − 𝑣𝑛

8
𝑛2 +

9(1 − 𝑣𝑛)

8
𝜆𝑚

4 −
1

4
(4 − 3𝑣𝑛 + 3𝑣𝑛

2)𝜆𝑚
2 𝑛2 

             −
11 − 5𝑣𝑛

8
𝑛4 

(2.16b) 

∆𝐾0 =
1 − 𝑣𝑛

2
[
9(1 − 𝑣𝑛

2)

8
𝜆𝑚

4 + 4𝜆𝑚
2 𝑛2 + 𝑛4 − 6𝜆𝑚

4 𝑛2 − 8𝜆𝑚
2 𝑛4 − 2𝑛6] (2.16c) 

The eigenvalues are obtained and used, as explained in the case of Donnell’s Shell Theory.  

2.5 Results and discussion 

2.5.1 Stress-strain behavior of SWCN 

Static analysis is performed on SWCNs with different chiralities in order to compare their 

stress-strain behavior obtained in the literature, using the Morse potential and the stress-strain 

behavior obtained here by using a thin shell model based on Donnell’s Shell Theory. To investigate 

the stress-strain behavior of SWCNs, a tensile displacement is applied to one side of the SWCN, 

and the other side is clamped. In the literature, a thickness 𝑡𝑛 = 0.34 nm is used to predict the 

mechanical behavior of SWCNs with the Morse potential, while for a thin shell the thickness is 

0.066 nm. Figure 2.3 shows the stress-strain curves for different types of SWCNs obtained from 

the literature with length 𝐿𝑛 = 7.96-10 nm compared with stress-strain curves obtained here by 

using a thin shell model with the same numerical values for length, that is, 𝐿𝑛 = 7.96-10 nm.   

Table 2.1 shows the Root Mean Square Error (RMSE) and the Chi-square error for the 

comparison between the stress-strain curves obtained using the Morse potential and the thin shell 

model. For the case of (5,5) SWCN [131], the RMSE and the Chi-square are 0.5319 and 0.5179 

respectively, while for (8,0) SWCN [132] and (9,0) SWCN [131] the RMSE and the Chi-square 

error are 0.3739 and 0.4977, and 0.2840, respectively. In the case for SWCNs with similar 

diameters, such as (20,0) [79], (12,12) [119] and (16,8) SWCNs [119], the RMSE and the Chi-

square error present a range between 0.3172-0.4931 and 0.3313-0.6006, respectively. For SWCNs 

with similar diameters, such as (16,0) [76] and (9,9) SWCNs [76] the RMSE and the Chi-square 
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error present a range between 0.1431-0.2478 and 0.3083-0.3894, respectively. These ranges of the 

RMSE and the Chi-square error indicate a high degree of correlation between the compared stress-

strain curves. The results in Figure 2.4 and Table 2.1 show that a thin shell model is a good option 

for predicting the mechanical behavior of carbon nanotubes. However, it is necessary to select a 

shell theory with its appropriate parameters to model the SWCNs with better accuracy. In the next 

section, a parametric study is conducted to determine which shell theory is the best option to 

perform a vibration analysis in nanotubes.  

 

Figure 2.3. Comparison of stress-strain curves obtained using the Morse potential and the thin 

shell model based on Donnell’s Shell Theory. 

 

Table 2. 1. RMSE and Chi-square error for SWCNs.  

Nanotube  

(Chirality) 
RMSE Chi-square error 

(5,5) 0.5319 0.5179 

(8,0) 0.3739 0.4977 

(9,0) 0.2471 0.2840 

(16,8) 0.4931 0.6006 

(20,0) 0.3811 0.4783 
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(12,12) 0.3172 0.3313 

(16,0) 0.1431 0.3083 

(9,9) 0.2478 0.3894 

 

2.5.2 Natural frequencies of SWCN  

Free vibration analysis is carried out for a (16, 0) SWCN, with 𝐿𝑛 = 10 nm and 𝑡𝑛 = 0.34 

nm, to compare its natural frequencies obtained using the Morse potential as described in section 

2.3 with frequencies calculated using the proposed thin shell model using Finite Element Method 

(FEM) as described in section 2.4, with 𝑡𝑛 = 0.066 nm and 𝐿𝑛 = 10 nm, for two types of boundary 

conditions: Clamped-Free (CF), Clamped-Clamped (CC). There are two numerical values for 

thickness 𝑡𝑛: one for the Morse potential and another for the thin shell as in [120]. The values of 

first mode frequencies in bending and axial deformations are studied and are reported in Table 2.2. 

The mode shapes obtained using both models are depicted in Figure 2.4, which shows a good 

agreement between the results obtained using the Morse potential and the thin shell model, as 

described in section 2.4. The percentage errors in the frequencies with respect to thin shell model 

between the results of both models for CF boundary conditions are in the range of 1.41-4.39%, 

while for CC boundary conditions are in a range of 1.97-4.69%. It can also be appreciated that the 

thin shell model presents lower natural frequencies than the Morse potential model. Analyzing the 

first bending mode frequency for CF boundary condition, this frequency for the thin shell model 

is 0.74 GHz, while for Morse potential is 0.774 GHz. In the case of first axial mode frequency, the 

thin shell presents a natural frequency of 7.890 GHz, while for the Morse potential is 8.017 GHz. 

Regarding CC boundary condition, the first bending mode frequency for the thin shell shows a 

natural frequency of 3.98 GHz, while for the Morse potential the first bending mode is 4.176 GHz. 

In the case of first axial mode frequency, the thin shell presents a natural frequency of 9.665 GHz, 

while for the Morse potential is 9.895 GHz. 
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Figure 2.4. Mode shapes, first bending and first axial, of a (16, 0) SWCN with different 

boundaries conditions: (1) Clamped-Free and (2) Clamped-Clamped. Mode shapes based on 

Morse potential are located on the left side, and that for the thin shell model are on the right side. 

Table 2.2. Natural frequencies (GHz) of a (16, 0) SWCN with different boundary conditions 

 Clamped – Free Clamped – Clamped 

Mode  
(16,0) 

SWCN 
Thin Shell - FEM 

Error 

(%) 

(16,0) 

SWCN 
Thin Shell - FEM 

Error 

(%) 

1 (First bending) 0.771 0.74 4.39 4.176 3.98 4.69 

2 0.774 0.741 4.26 4.178 4.02 3.78 

3 4.219 4.112 2.53 9.542 9.352 1.99 

4 4.221 4.118 2.44 9.543 9.355 1.97 

5 (First axial) 8.017 7.890 1.62 9.895 9.665 2.32 

6  10.144 9.981 1.60 15.140 14.821 2.10 

7 10.146 9.982 1.61 15.141 14.823 2.10 

8 14.178 13.978 1.41 15.938 15.542 2.48 

9 15.013 14.721 1.94 15.939 15.545 2.49 

10 15.014 14.720 1.95 15.988 15.621 2.29 



45 
 

In order to validate the results for the thin shell model, Table 2.3 and Table 2.4 show the 

comparison for the first bending mode natural frequencies of different types of SWCNs with 

different chiralities obtained from the Morse potential model and the thin shell model with various 

shell theories, for CF and CC boundary conditions, respectively. The shell theories used in the 

present chapter, as described in section 2.4 are: Donnell’s Shell Theory (DST), Flugge’s Shell 

Theory (FST) and Sanders’ Shell Theory (SST). Regarding the error percentages between the 

frequencies obtained from the thin shell model using FEM and the above shell theories, Table 2.3 

also shows that DST presents a percent error in a range of 2.64-18.22%; while FST presents an 

error of 6.94-27.09% and SST presents an error of 6.42-27.03%, for CF boundary conditions. 

Table 2.4 also shows the error percentages for CC boundary conditions between the thin shell 

model using FEM and the shell theories, where DST presents a percentage error in a range of 5.14-

19.50%, FST presents a range of 0.8-21.21%, and SST presents a range of 1.31-21.38%. It should 

be noted that DST shows a range of error four times lower than the range of error from FST and 

SST for CF boundary conditions; while for CC boundary conditions, percent error from DST are 

approximately two times higher than percentage error from FST and SST.  

 

Table 2.3. Comparison of natural frequencies in GHz obtained using different shell theories for 

the first bending mode (CF). 

Nanotube 

(Chilarity) 

Morse 

Potential 

Thin 

Shell - FEM 

Donnell Error 

(%) 

Flugge Error 

(%) 

Sanders Error 

(%) 

(20,0) 1.504 1.546 1.664 7.69 1.127 27.09 1.128 27.03 

(8,0) 0.629 0.574 0.652 13.58 0.502 12.54 0.503 12.36 

(14,0) 1.08 1.006 1.123 11.63 0.894 11.13 0.896 10.93 

(5,5) 0.692 0.576 0.681 18.22 0.536 6.94 0.539 6.42 

(9,9) 0.771 0.756 0.821 8.59 0.625 17.37 0.624 17.26 

(16,0) 0.774 0.7 0.751 7.28 0.641 8.42 0.642 8.28 

(12,12) 1.563 1.519 1.57 3.39 1.125 25.87 1.126 25.82 

(16,8) 1.497 1.442 1.59 2.64 1.145 24.55 1.146 24.5 
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Table 2.4. Comparison of natural frequencies in GHz obtained using different shell theories for 

the first bending mode (CC). 

Nanotube 

(Chirality) 

Morse 

Potential 

Thin           

Shell - FEM 

Donne

ll 

Error 

(%) 

Flugge Error 

(%) 

Sanders Error 

(%) 

(20,0) 6.726 6.924 7.57 9.33 7.468 7.76 7.473 7.85 

(8,0) 3.724 3.574 3.916 9.58 3.602 0.8 3.62 1.31 

(14,0) 5.602 5.504 6.48 17.74 5.992 8.86 6.001 9.04 

(5,5) 4.019 3.538 3.356 5.14 3.656 3.35 3.672 3.79 

(8,8) 4.079 3.464 4.102 18.4 4.125 19.08 4.126 19.11 

(16,0) 4.176 3.46 4.135 19.5 4.194 21.21 4.200 21.38 

(12,12) 6.928 6.994 7.764 11.01 7.67 9.67 7.676 9.75 

(16,8) 6.985 7.06 7.67 8.76 7.593 7.55 7.596 7.62 

 

In order to validate the results obtained based on the three shell theories, a study is performed 

on SWCNs to compare and to discuss the natural frequencies obtained based on DST, FST and 

SST with the frequencies obtained in reference [133], which were calculated from Molecular 

Dynamics (MD) simulations based on Timoshenko beam model. The material parameters of 

SWCNs used in these simulations are: rigidity 𝐸𝑛𝑡𝑛 = 278.25 GPa⸱nm, the ratio of Young’s 

modulus and mass density, 𝐸𝑛 𝜌𝑚𝑎𝑠𝑠⁄  = 3.6481 x 108 m2/s2, Poisson’s ratio 𝑣𝑛= 0.2 and diameter 

d = 6.86645 x 10-10 m. for CC and CF boundary conditions. Tables 2.5 and 2.6 show the natural 

frequency (THz) as a function of 𝐿𝑛 𝑑⁄  (length-to-diameter ratio) for nanotubes with CC and CF 

boundary conditions, respectively, for the first vibration mode (m, n) = (1, 1). For CF-SWCNs (see 

Table 2.5), the calculations are performed with 12 different values of 𝐿𝑛 𝑑⁄  (4.68, 6.47, 7.55, 8.28, 

10.07, 13.69, 17.30, 20.89, 24.50, 28.07, 31.64 and 35.34), where the results show a good 

agreement for the whole length-to-diameter ratio range. DST presents a percent error between 

0.86-24.21%, FST between 0.72-12.86% and SST between 0.3-12.50%.  For CC-SWCNs (see 

Table 2.6), the calculations are performed with 11 different values of 𝐿𝑛 𝑑⁄  (4.86, 6.67, 8.47, 10.26, 

13.89, 17.49, 21.06, 24.66, 28.31, 31.85 and 35.53), where the results show a good accuracy for 

the whole length-to-diameter ratio range. DST presents a percent error between 5.18-31.91%, FST 

between 1.02-17.6% and SST between 0.6-17.21%.  
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Table 2.5: Comparison of frequencies in GHz of CF-SWCNs for the first vibration mode (m, n) 

= (1, 1). 

𝐿𝑛 𝑑⁄  MD 

[133] 

Donnell Error 

(%) 

Flugge Error 

(%) 

Sanders Error (%) 

4.67 231.93 229.93 0.86 206.70 10.87 207.56 10.50 

6.47 128.72 149.52 5.21 115.86 9.98 116.34 9.61 

7.55 97.66 117.33 7.14 87.12 10.78 87.49 10.41 

8.28 79.35 84.51 6.53 73.27 7.65 73.58 7.26 

10.07 54.93 67.60 24.21 50.49 8.07 50.70 7.68 

13.69 30.52 37.74 23.65 27.84 8.74 27.96 8.36 

17.30 18.31 22.32 21.9 17.59 3.91 17.66 3.51 

20.89 12.21 13.41 9.8 12.12 0.72 12.17 0.3 

24.50 9.16 10.92 10.21 8.83 3.51 8.87 3.11 

28.07 6.90 7.93 10.49 6.74 2.25 6.77 1.83 

31.64 6.10 7.21 8.19 5.31 12.86 5.33 12.50 

35.34 4.58 5.21 9.75 4.26 6.89 4.28 6.50 

 

Table 2.6: Comparison of frequencies in GHz of CC-SWCNs for the first vibration mode (m,n) 

= (1, 1). 

𝐿𝑛 𝑑⁄  MD 

[133] 

Donnell Error 

(%) 

Flugge Error 

(%) 

Sanders Error (%) 

4.86 1068.12 898.41 10.88 880.05 17.60 884.22 17.21 

6.67 646.97 596.78 7.75 580.43 10.28 582.98 9.88 

8.47 433.35 425.68 1.76 408.70 5.68 410.43 5.28 

10.26 305.18 304.01 0.51 302.06 1.02 303.33 0.60 

13.89 183.11 182.41 0.32 181.21 1.03 181.96 0.62 

17.49 115.97 152.97 31.91 120.08 3.54 120.58 3.97 

21.06 76.29 95.97 6.47 85.23 11.72 85.58 12.18 

24.66 57.98 71.35 23.05 63.30 9.19 63.57 9.64 



48 
 

28.31 45.78 51.09 10.96 48.63 6.22 48.83 6.67 

31.85 36.62 39.39 8.02 38.74 5.79 38.90 6.24 

35.53 30.52 32.40 5.98 31.32 2.65 31.46 3.08 

 

It should be noted that, in CF boundary conditions, if 𝐿𝑛 𝑑⁄  ratio value increases, the natural 

frequencies decrease considerably from 229.32 to 5.21 GHz for DST, from 206.70 to 4.26 GHz 

for FST and from 207.56 to 4.28 GHz for SST. In the case of CC-SWCNs, the natural frequencies 

present a similar behavior, the frequencies decrease from 898.41 to 35.40 GHz for DST, from 

880.05 to 31.32 GHz for FST and from 884.22 to 31.46 GHz for SST. The computed results of the 

present chapter are in good agreement, in most of the given cases, with that obtained using MD 

simulations [133] in the literature with present numerical values generally under predicting the 

natural frequencies. However, there a few discrepancies in the calculations in CF boundary 

conditions, such as in DST with 𝐿𝑛 𝑑⁄  = 10.07, 13.69 and 17.30 with a percentage error of 24.21%, 

23.65% and 21.90%, respectively.  For FST and SST, there is a discrepancy in 𝐿𝑛 𝑑⁄  = 31.64 with 

a percentage error of 12.86% and 12.50%, respectively.  Regarding CC boundary conditions, there 

are a few discrepancies for DST in  𝐿𝑛 𝑑⁄  = 17.49 and 24.66 with a percentage error of 31.91% 

and 23.05%, respectively. In the case of FST and SST, there is a discrepancy in 𝐿𝑛 𝑑⁄  = 4.86 with 

a percentage error of 17.6% and 17.21%, respectively. These discrepancies can occur because of 

the selection of the appropriate parameters for each shell theory, such as the non-linearity of the 

stiffness response of carbon nanotubes or its density. For values of 𝐿𝑛 𝑑⁄  > 10.07 for CF-SWCNs, 

FST and SST are more suitable than DST, except for a value of 𝐿𝑛 𝑑⁄  = 31.64.  However, for 

values of 𝐿𝑛 𝑑⁄  < 8.28, DST is more suitable than FST and SST. For CC-SWCNs, for values of 

𝐿𝑛 𝑑⁄  > 17.49 FST and SST are more suitable, except for a value of 𝐿𝑛 𝑑⁄  = 21.06. For values of 

𝐿𝑛 𝑑⁄  < 13.89 DST is more suitable than FST and SST.  

 In the present chapter, a (16, 0) SWCN, with d = 1.253 nm, 𝐿𝑛 = 10 nm and 𝐿𝑛 𝑑⁄  = 7.98, 

and a (9, 9), with d = 1.221 nm, 𝐿𝑛 = 10 nm and 𝐿𝑛 𝑑⁄  = 8.19, are utilized to study the steady-

state response of SWCNs. In this way, it can be noticed from Tables 2.3 and 2.4 that for these 

types of SWCNs, DST presents a percent error of 7.28-8.59% in CF boundary condition and 18.40-

19.50% in CC boundary condition; while FST presents a percent error of 8.42-17.37% in CF and 

19.19-21.21% in CC, and SST presents a percent error of 8.28-17.26% in CF and 19.11-21.38% 
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in CC. In Table 2.5, for a 𝐿𝑛 𝑑⁄  value = 8.28, which is the closest value related to 𝐿𝑛 𝑑⁄  = 7.98 for 

the (16, 0) SWCN and 𝐿𝑛 𝑑⁄  = 8.19 for the (9, 9) SWCN, DST presents a percentage error of 

6.53% that is lower than the percentage error of 7.65% for FST and 7.26% for SST. Regarding the 

calculations related to MD simulations [39] in Table 2.6, a 𝐿𝑛 𝑑⁄  value = 8.47 shows a percent 

error of 1.76% for DST, 5.68% for FST and 5.28% for SST. Thus, a thin shell model based on 

Donnell’s Shell Theory is selected, from the analysis results of the parametric study, to model the 

mechanical behavior of a (16, 0) SWCN and a (9, 9) SWCN. In the next section, the steady-state 

response of a (16, 0) SWCN and a (9, 9) SWCN are studied to verify that a thin shell model based 

on Donnell’s Shell Theory can be used to represent the mechanical behavior of SWCNs. 

2.5.3 Steady-state harmonic response of SWCNs 

Regarding the computation of the steady-state harmonic response, the boundary conditions 

of the SWCNs are applied as a cantilever for an axial and a transversal sinusoidal force, which are 

applied in the free end of the SWCN, with amplitude 𝐹0 = 1𝑥1011𝑁 and an excitation frequency 

𝜔 in the range of 0 - 60 GHz. Figures 2.5(a) and 2.5(b) show the results of a harmonic analysis 

applying an axial and a transversal sinusoidal force at the free end of both nanotubes, respectively, 

on the (16, 0) SWCN modeled with the Morse potential and by using a thin shell model based on 

Donnell’s Shell Theory. The sinusoidal forces are applied at one side of the SWCN, and the other 

side is clamped. It can be appreciated that both steady-state responses in Figure 2.5 have similar 

behavior with good accuracy for excitation frequencies no higher than 25 GHz in axial loading 

case and no higher than 23 GHz in transversal loading case. However, in the Figure 2.5(a) for the 

axial sinusoidal force, the amplitude of the shell model is higher than that of the Morse potential 

model for excitation frequencies higher than 25 GHz, while for the transversal sinusoidal force, in 

Figure 2.5(b), for excitation frequencies higher than 23 GHz, there is a phase-shifting in the 

amplitudes of both models. 

 In the case for the (9, 9) SWCN, Figures 2.6(a) and 2.6(b) show the results of a harmonic 

analysis applying an axial and a transversal sinusoidal force, respectively. For (9, 9) SWCN, the 

results show discrepancies for the axial loading case for frequencies higher than 30 GHz, while in 

the transversal loading case, the amplitude is higher in the Morse potential than the shell model 

for excitation frequencies higher than 13 GHz.  There is also a phase-shifting for frequencies higher 

than 40 GHz, while for the axial loading case for frequencies higher than 30 GHz, the results show 
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a light phase shifting. Regarding the predictivity of the shell model, in the axial loading case for 

the (16, 0) SWCN, the shell model is less predictive in the amplitude of the steady-state response, 

but the axial frequencies agree in the Morse potential and shell models. This can be due to the non-

linearity of the stiffness response of the nanotube used in the shell model. In the case of transversal 

loading case of (9, 9) SWCN, the shell model is also less predictive due to the non-linearity of the 

nanotube used in the shell model, which has an effect on the phase shifting for frequencies higher 

than 40 GHz and a lower amplitude than that of the Morse potential model. 

 

Figure 2.5. The steady-state harmonic response of a (16, 0) SWCN with an (a) axial and (b) 

transversal sinusoidal force with amplitude 𝐹0 = 1𝑥1011𝑁 and an excitation frequency 𝜔 in the 

range of 0 – 60 GHz. 
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Figure 2.6. The steady-state harmonic response of a (9, 9) SWCN with an (a) axial and (b) 

transversal sinusoidal force with amplitude 𝐹0 = 1𝑥1011𝑁 and an excitation frequency 𝜔 in the 

range of 0 – 60 GHz. 

 

2.6 Conclusion 

The main objective of the present chapter was to study the mechanical behavior of SWCNs 

by using the Morse potential and various shell theories, such as Donnell’s Shell Theory (DST), 

Flugge’s Shell Theory (FST) and Sanders’ Shell Theory (SST). Static, modal analysis and 

harmonic analyses were carried out to determine the stress-strain behavior, natural frequencies, 

and harmonic response of the SWCNs.  

In the analysis, the stress-strain behavior of different types of SWCNs modeled with the 

Morse potential and as a thin shell using the Finite-Element Method was analyzed to calculate the 

accuracy to predict the mechanical behavior of nanotubes by using a thin shell. The RMSE and 

Chi-error were used to determine the accuracy of these simulations between the results obtained 

from the thin shell and results from the literature. Regarding the natural frequencies of SWCNs 

with different chirality, a parametric study was performed to compare the results obtained for the 

thin shell model and Morse potential with different shell theories that are DST, FST, and SST in 

Clamped-Free and Clamped-Clamped boundary conditions. Another parametric study that 

considers the aspect ratio of SWCNs was also performed to compare the results obtained for 
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different shell theories with results obtained from the literature. The results of these parametric 

studies show that a thin shell model based on Donnell’s Shell Theory is suitable for the physical 

properties of SWCNs for aspect ratios lower than 8.28 for Clamped-Free boundary conditions and 

13.89 for Clamped-Clamped boundary conditions. For aspect ratios higher than the previous ones, 

Flugge’s and Sanders’ Shell Theories are more suitable, except for an aspect ratio of 31.64 in CF 

boundary conditions and an aspect ratio of 21.06 in CC boundary conditions. The thin shell model 

presents enough accuracy of SWCN modeling and allows to study other mechanical properties, 

such as bending, buckling, and torsion response.  

In the harmonic response of SWCNs, the amplitudes of both models show a good agreement 

for the (16, 0) SWCN with an axial sinusoidal force for excitation frequencies no higher than 25 

GHz and no higher than 23 GHz in transversal loading case. On the other hand, in the axial loading 

case, the amplitude of the shell model is higher than that of the Morse potential model for excitation 

frequencies higher than 25 GHz, while for the transversal sinusoidal force for excitation 

frequencies higher than 23 GHz, there is a phase-shifting in the amplitudes of both models.  In the 

case of the transversal sinusoidal force for the (9, 9) SWCN, the amplitudes of Morse potential 

model show a considerable increase with respect to the amplitudes of the thin shell model for 

excitation frequencies higher than 13 GHz. There is also a phase-shifting for frequencies higher 

than 40 GHz, while for the axial loading case for frequencies higher than 30 GHz, the results show 

a light phase shifting. This behavior can occur due to the non-linearity of the stress-strain behavior 

obtained using the Morse potential model for both nanotubes, (16, 0) SWCN and (9, 9) SWCN, 

and which is utilized in the thin shell model.  

Appendix 2.1 

Differential operator [𝐿𝐷] for Donnell’s Shell Theory is given by: 

 



53 
 

[𝐿𝐷]

=

[
 
 
 
 
 
 𝑟𝑛

2
𝜕2

𝜕𝑧2
+

1 − 𝑣𝑛

2

𝜕2

𝜕𝜃2
𝑟𝑛

1 + 𝑣𝑛

2

𝜕2

𝜕𝑧𝜕𝜃
−𝑣𝑛𝑟𝑛

𝜕

𝜕𝑧

𝑟𝑛
1 + 𝑣𝑛

2

𝜕2

𝜕𝑧𝜕𝜃

𝜕2

𝜕𝜃2
+ 𝑟𝑛

2
1 − 𝑣𝑛

2

𝜕2

𝜕𝑧2

𝜕

𝜕𝜃

𝑣𝑛𝑟𝑛
𝜕

𝜕𝑧

𝜕

𝜕𝜃
−1 − 𝑘 (𝑟𝑛

2
𝜕4

𝜕𝑧4
+ 2𝑟𝑛

2
𝜕4

𝜕𝑧2𝜕𝜃2
+

𝜕4

𝜕𝜃4
)
]
 
 
 
 
 
 

 

 (2.17) 

where the differential operator [𝐿𝐷] becomes symmetric by changing the sign of the third column 

which is equivalent to taking w positive outward. Operator  [∆𝐷] for eigenvalue problem is defined 

as:  

[∆𝐷] = [
𝑀11 𝑀12 𝑀13

 𝑀22 𝑀23

𝑠𝑦𝑚.  𝑀33

] (2.18) 

where  

𝑀11 = 𝜆𝑚
2 𝑟𝑛

2 +
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2
𝑛2 − Ω2,   𝑀12 = 𝜆𝑚
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2
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  (2.19a) 
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2 + 𝑛2)2 − Ω2 (2.19b) 

Ω̃2 = (𝜌𝑛 𝐸𝑛⁄ )(1 − 𝑣𝑛
2)𝜔2𝑟𝑛

2 (2.19c) 

 

Appendix 2.2 

Operator [𝐿𝑀𝑂𝐷1] for the equations of motion of a thin cylindrical shell for Flugge-Lu’e-

Byrne’s Shell Theory is defined as follows: 
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Operator  [∆𝐹] for eigenvalue problem is defined as:  
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Appendix 2.3 

Operator [𝐿𝑀𝑂𝐷2] for the equations of motion of a thin cylindrical shell for Sander’s Shell 

Theory is defined as follows: 
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Chapter 3. Dynamic response of Carbon-Nanotube-Reinforced-

Polymer materials based on multiscale finite element analysis 

 

 

Foreword  

 

This chapter contains the journal paper: J. A. Palacios and R. Ganesan, "Dynamic response of 

Carbon-Nanotube-Reinforced-Polymer materials based on multiscale finite element analysis," 

Composites Part B: Engineering, vol. 16, pp. 497-508, 2019.  

 

In this chapter, a 3D multiscale finite element of the Representative Volume Element of Carbon-

Nanotube-Reinforced-Polymer-Composite material is developed to conduct a parametric study to 

determine its dynamic response, in terms of its modal and steady-state responses and damping 

properties, for different volume fractions of SWCNs. A model consisting of an SWCN, an interface 

region, and the polymer matrix has been constructed for this purpose. 
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3. Dynamic response of Carbon-Nanotube-Reinforced-Polymer materials based on 

multiscale finite element analysis 

 

3.1 Abstract 

Nanocomposites are preferred over conventional materials because of their superior mechanical 

properties. Studies need to be carried out, especially on the dynamic response of the composite 

material. The objective of the present chapter is to study the dynamic response of Carbon-

Nanotube-Reinforced-Polymer (CNRP) material by developing a 3D multiscale finite-element 

model of the Representative Volume Element (RVE) of the composite material to determine its 

dynamic properties, in terms of its natural frequencies and damping properties. A computational 

model consisting of a Single-Walled Carbon Nanotube (SWCN), an interface region and the 

polymer matrix is constructed for this purpose. The SWCN is modeled as a space frame structure 

by using the Morse potential and as a thin shell model based on Donnell’s Shell Theory. The 

polymer matrix is modeled with the Mooney-Rivlin strain energy to calculate its non-linear 

response and the interface region is modeled via van der Waals links based on the Lennard-Jones 

Potential. The natural frequencies of CNRP are compared with the natural frequencies of the 

polymer matrix. A relation between damping ratio and natural frequencies is then obtained. 

Finally, the analysis of harmonic response is conducted to characterize the effects of the SWCN 

reinforcement in the polymer material. 

3.2 Introduction 

The exceptional and multipurpose properties of Carbon Nanotubes (CNs) have stimulated 

many researchers to incorporate them into polymers as a reinforcing agent for a new generation of 

composite materials [115]. The models that have been developed to reveal the reinforcement 

mechanism in nanocomposite materials have predominantly been based upon either traditional 

continuum mechanics or purely atomistic methods. However, traditional continuum mechanical 

models are incapable of accurately describing the influence of the dispersion of nanofillers into 

composites upon their mechanical properties because they lack the appropriate constitutive 

relations that govern the behavior of these composites at this scale [134]. For this reason, a 
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multiscale approach is the best option to analyze the mechanical behavior of a nanocomposite 

because it is a technique involving the analysis at different scales, which means problem analysis 

can connect different levels of modeling from diverse models (such as molecular dynamics or 

continuum mechanics). Currently, there are several multiscale methods in the literature used to 

solve problems related to elasticity, molecular dynamics, and vibration analysis. Most multiscale 

modeling techniques adopt either coupled, or atomistic-based continuum approaches to treat the 

reinforcement of nanocomposites with CNs. In the coupled approach, it is common to employ 

Molecular Dynamics (MD) for atomistic scales and Finite Element Method (FEM) for continuum 

scales. The coupled MD-FEM methods can be further subdivided into sequential and concurrent 

coupling methods. The sequential approach assumes that the problem considered can be easily 

separated into processes that are governed by different lengths and time scales. On the other hand, 

concurrent methods perform the entire multiscale simulation simultaneously and continually feed 

information from one length scale to the other in a dynamic way.  Regarding the atomistic-based 

continuum technique, this approach has the advantage of describing atomic positions, their 

interactions, and their governing interatomic potentials in a continuum framework.  

One of the most common techniques to simulate and to model a nanocomposite is the 

definition of Representative Volume Element (RVE) of the material [53]. For studying the static 

response of polymer matrices with CNs as a reinforcement, Liu and Chen [77] evaluated the 

effective properties of CN-based composites through the development of a RVE based entirely on 

continuum mechanics. However, their RVE did not include a representation of the interface, nor 

did it include an atomistic description. Li and Chou [38, 91] constructed their RVE using a space-

frame structure for the CN, solid elements for the polymer, and truss rods to represent the 

interfacial region. Constant material properties were used throughout the model and nonlinear 

behavior for the interface surface. Shokrieh and Rafiee [78] extended the model of Li and Chou 

[38, 91] to incorporate a nonlinear interfacial region based on the Lennard–Jones potential. 

However, their model did not attempt to incorporate a nonlinear description of the CN and the 

surrounding polymer. Georgantzinos et al. [92] proposed a modification of the rule of mixtures 

that can consider the interfacial effects between the reinforcement consisting from a single-walled 

carbon nanotube and the polymer matrix, to predict the effective Young’s modulus of the 

nanocomposite simulated as RVE. They used two-noded interfacial joint elements of variable 

stiffness for modeling the interface region. However, its interface region had a linear behavior as 
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well as the SWCN. Later, Georgantzinos et al. [79] included the nonlinear behavior of a SWCN 

modeled by using the Morse potential, but the interface region still had a linear behavior. 

Mohammadpour et al. [94] presented a RVE of a polymer matrix reinforced with a SWCN, 

replacing the SWCN with a solid model constructed from nonlinear elements in the shape of a 

hollow cylinder and integrating the mechanical properties into solid elements. Despite modeling 

the interface region with contact elements saving computing efforts, this model cannot study other 

types of mechanical behavior as bending, buckling, and torsion. Later, Wernik and Meguid [76] 

proposed a nonlinear RVE to investigate the effective mechanical properties of a nano-reinforced 

polymer, including nonlinear effects on the SWCN and the interface region. Ionita [95] conducted 

atomistic and mesoscale simulations to estimate the effects of the diameter and weight fraction of 

SWCNs on the mechanical behavior and glass transition temperature of SWCN-reinforced epoxy 

resin composites. Spanos et al. [93] extended the work of Ref. [79] to study the stress transfer 

between the SWCN and the polymer matrix. Stiffness variations defining a heterogeneous region 

simulated the interfacial effects between the two materials. Other works such as that of 

Ghorbanpour et al. [96] conducted the static stress analysis of the RVE under non-axisymmetric 

thermo-mechanical loads and uniform electro-magnetic fields. Their results showed that the 

fatigue life of the composite material was dependent on magnetic intensity, angle orientation, and 

volume fraction of SWCN. On the other hand, Ghasemi et al. [97] studied the effects of carbon 

nanofibers on thermo-mechanical properties of a RVE and their effect on residual stress. Jia et al. 

[98] proposed to analyze the stress transfer properties of a RVE with a SWCN and a Double-

Walled-Carbon-Nanotube (DWCN) at low temperatures environments. The results were obtained 

for both reinforcements (SWCN and DWCN). However, a perfect bonding was assumed between 

the polymer matrix and the SWCN and the DWCN. Later, Kyu et al. [99] determined the 

mechanical behavior of the RVE made with aluminum and a SWCN. In this work, the interface 

region between both the materials was modeled using van del Waals interactions. Recently, 

Garcia-Macias et al. [100] developed a RVE to study its effective elastic moduli, including an 

atomistic-based computational model and a micromechanics approach at the nano and micro-

scales, respectively. The covalent bonds of the SWCN were modeled as Timoshenko beams. 

Most of the existing works on polymer matrices with SWCNs as reinforcement are on the 

static response; there are very few models that study the dynamic response of this type of 

nanocomposite. Latibari et al. [104] extended the model of [38, 91], including a nonlinear 
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interfacial region based on the Lennard–Jones potential to calculate damping ratio of 

nanocomposite by evaluating its dissipation energy. However, their model does not incorporate a 

nonlinear description of the SWCN. Jamal-Omidi et al. [105] analyzed a SWCN embedded in 

volume element using 3D finite element and analytical methods to compute its natural frequencies 

with different aspect ratios. They studied two models with Lennard-Jones potential and one with 

perfect bonding between the SWCN and the surrounding polymer. Gajbhiye and Singh [107] 

proposed a RVE for a polypropylene matrix along with different percentages of single-walled 

carbon nanotubes to evaluate its natural frequencies, rate-dependent characteristics, and damping 

properties. The covalent bond of the nanotube is modeled using Tersoff–Brenner potential, and the 

interaction between nanotube and polymer matrix is modeled using Lennard–Jones potential 

represented by nonlinear spring elements. Recently, Xu et al. [135] developed a method that can 

extract elastic modulus over a range of strain rates and temperatures from the dynamic mechanical 

analysis data for nanocomposites. The steady-state harmonic response of CNs and nanocomposites 

have not so far been studied in existing works in the literature. 

Despite the scientific work done on nanocomposites, further and more comprehensive studies 

are still required to be carried out especially on their dynamic response, in terms of their free 

vibration and steady-state harmonic response. Experimental investigations for this purpose have 

limitations and, in most cases, appropriate experimental work could not be carried out. 

Computational modeling and simulation encompassing multiscale material behavior, especially by 

using an atomistic-behavior-based continuum technique, provides an alternate approach to study 

the material behavior. Therefore, the purpose of the present chapter is to model and to analyze and 

to conduct a study on the dynamic and harmonic response of Carbon-Nanotube-Reinforced-

Polymer (CNRP) material by developing and using a 3D multiscale finite-element model of the 

Representative Volume Element (RVE) of the composite. The RVE investigated in this chapter 

consists of a single-walled carbon nanotube embedded in a polymer matrix and an interface region 

between the SWCN and the polymer material. The SWCN is modeled as a space frame structure 

by using the Morse potential [79] and as a thin shell based on Donnell’s Shell Theory [80]. The 

polymer matrix is modeled using the Mooney-Rivlin strain energy [82] to calculate its non-linear 

response, and the interface region is modeled via van der Waals links based on the Lennard-Jones 

Potential [83]. Polyamide-imide (PAI) is considered as matrix material due to their applications in 
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the aeronautical and aerospace industries. This material exhibits high mechanical performance and 

thermal properties, including creep resistance and low flammability. 

3.3 Multiscale Finite Element Modeling of the Representative Volume Element 

The Representative Volume Element (RVE) investigated in the present chapter consists of a 

Single-Walled Carbon Nanotube (SWCN) embedded in a polymer matrix and an interface region 

between the SWCN and the polymer material (Figure 3.1). The interactions between the SWCN 

and the polymer matrix are treated as nonbonded van der Waals interactions. The volume fraction 

of the SWCN in the composite material denoted as 𝑉𝑛, with respect to the RVE can be calculated 

as follows [79]: 

𝑉𝑛 =
8𝑟𝑛𝑡𝑛

4𝑟𝑚2 − (2𝑟𝑛 − 𝑡𝑛)2
 (3.1) 

where 𝑟𝑛 is the mean radius of the nanotube, 𝑟𝑚 is the radius of the matrix material and 𝑡𝑛 is the 

thickness of the nanotube. The matrix is regarded as a continuum medium since the matrix volume 

is far higher than that of the SWCN for the volume fractions considered. The RVE length is the 

same as that of the matrix length and nanotube length 𝐿𝑛 (Figure 3.1). 

 

Figure 3.1. Finite element modeling of the representative volume element: (a) Polymer matrix, 

(b) Interface region: van der Waals links, and (c) Carbon nanotube: Thin Shell model, (d) frontal 

view of the region surrounding the nanotube. 

http://www.craftechind.com/blog/UL-Testing-Plastic-Components-for-Flammability
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3.3.1 Space frame model of SWCN 

The mechanical behavior of a SWCN depends on its atomistic nanostructure. For 

computational modeling, the SWCN is modeled as a space frame structure wherein the carbon 

atoms are represented by the so-called nodes of the frame finite-element and their positions in 

three-dimensional space are defined with the following algorithm. The concept of the algorithm 

for the generation of the coordinates of the carbon atoms in the nanotube is to obtain the nanotube 

by rolling a graphene sheet into a cylinder. Therefore, the nanotube geometry can be generated by 

a chiral vector ℂℎ = (𝑛,𝑚) given with respect to the Bravais lattice vector 𝑎1 and 𝑎2 of the 

graphene monolayer, in which 𝑎1 and 𝑎2 are the unit vectors of the graphene. The two integer 

indices (𝑛,𝑚) define the nanotube diameter and their chirality, respectively. In terms of this 

notation, the armchair nanotubes are indicated by (𝑛, 𝑛) and the zig-zag nanotubes are denoted as 

(𝑛, 0). Then, it is possible to obtain the mean radius 𝑟𝑛 = 𝐶ℎ 2𝜋⁄ , where 𝐶ℎ is the magnitude of 

ℂℎ, given by 𝐶ℎ = ‖(𝑛,𝑚)‖ . The translational vector T = (𝑛 + 2𝑚, 2𝑛 + 𝑚) 𝐺𝐶𝐷⁄ , where 𝐺𝐶𝐷 

is the greatest common divisor of both the quantities 𝑛 + 2𝑚 and 2𝑛 + 𝑚. Note that the vector T 

is given in the Bravais lattice vector and perpendicular to the vector ℂℎ. It decides the size of the 

unit cell, which consists of two carbon atoms of the nanotube together with ℂℎ. For simplicity, the 

original coordinate system of the graphene sheet is transformed into a new system such that T is 

along the z-axis, where the z-axis is, as shown in Figure 3.1, the longitudinal axis of the nanotube 

as well as the RVE.  Hence, the graphene sheet atomic coordinates (𝑥′, 𝑦′) are converted to 

nanotube cylindrical coordinates (𝑥, 𝑦, 𝑧) using the following transformation equation [124]: 

(𝑥, 𝑦, 𝑧) = (𝑟𝑛𝑐𝑜𝑠 (
𝑥′

𝑟𝑛
) , 𝑟𝑛𝑠𝑖𝑛 (

𝑥′

𝑟𝑛
) , 𝑦′) (3.2) 

The nodes, the coordinates of which are defined by the equation (3.2), are connected by non-linear 

frame finite elements in order to represent the potential energy of the interatomic interactions. This 

potential energy is expressed by using the Morse potential. The effect of angle-bending potential 

is negligible, so that the bond stretching potential, denoted by 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ, alone can adequately 

describe the nanotube behavior. 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ  can be calculated as follows [79]: 
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𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ = 𝐷𝑒 ([1 − 𝑒−𝛽∆𝑟]
2
− 1) (3.3) 

where 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ represents the potential energy corresponding to bond stretching, ∆𝑟 = (𝑟 − 𝑟0  ) is 

the bond length variation, and 𝐷𝑒 and 𝛽 are the force parameters in the potential energy.  The 

stretching force 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ of the non-linear behavior of the frame finite element can be obtained by 

differentiating 𝑈𝑠𝑡𝑟𝑒𝑐𝑡ℎ potential with respect to ∆𝑟. Hence, 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ is obtained to be: 

𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ = 2𝛽𝐷𝑒(1 − 𝑒−𝛽∆𝑟)𝑒−𝛽∆𝑟 (3.4) 

It is considered that the C-C bond breaks at 19% bond strain, according to Ref. [79], and 

correspondingly the force parameters are: 𝐷𝑒 = 6.03105 x 10-19 Nm, 𝛽 = 2.625 x 1010 m-1 and 𝑟0 = 

1.421 x 10-10 m. BEAM188 element, which is available in commercial software ANSYS®, is used 

to model the non-linear frame finite element. This element, which is shown in Figure 3.2(a), is 

capable of uniaxial tension or compression along with torsional and bending deformations and it 

has six degrees of freedom at each of its end nodes, which include the translations in the x, y, and 

z directions and rotations about the x, y, and z axes. The density 𝜌𝑏 = 2.3 x 103 kg/m3 is used for 

the frame element, in accordance with Ref. [125], and the mass of carbon atom 𝑚𝑐= 2.0 x 10-26 kg 

[125]. The mass 𝑚𝑐 is used at the nodes, representing the mass of the carbon atoms. The number 

of elements of the SWCN is 4512. 
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Figure 3.2. Elements used in the finite element modeling of the representative volume element: 

(a) BEAM188 element, (b) SHELL281 element, and (c) SOLID185 element, (d) COMBIN39 

element.  

3.3.2 Thin shell model of SWCN 

Due to the similarity of carbon nanotube’s geometry to a cylinder, nanotube structure can be 

modeled as an equivalent cylindrical shell. It is possible to replace the molecular structure of 

SWCN with a thin shell model based on a shell theory of continuum mechanics in the shape of a 

circular hollow cylinder [94], as depicted in Figure 3.3. The thin shell structural model can then 

be modeled using Finite Element Method (FEM) by assuming the Poisson’s ratio of nanotube 

𝑣𝑛 (= 0.19), its thickness 𝑡𝑛 (= 0.066 nm) and its radius 𝑟𝑛 (value depending on its chirality). As 

given in Ref. [120], these parameters were estimated by equating the axial rigidity and bending 

rigidity of SWCN that are calculated from Molecular Dynamics (MD) simulations with the axial 

rigidity and bending rigidity expressions obtained using thin shell theory. Regarding the shell 

theory used to predict the mechanical behavior of the nanotube, Donnell’s thin shell theory can be 

used [80]. These simulations can include nonlinear effects from the stress-strain curve of the 

nanotube and its density 𝜌𝑛, that were calculated as in Ref. [126]. The effective transversal area 

for the thin shell is calculated using the diameter 𝑑𝑛 of the nanotube and the equivalent thickness, 

which is expressed by 𝜋𝑑𝑛𝑡𝑛 (1 −⁄ 𝑣𝑛
2). SHELL281 element, which is available in commercial 

software ANSYS®, is used to model the thin shell. This element is suitable for analyzing thin to 

moderately-thick shell structures and in large strain nonlinear applications. This element, which is 

shown in Figure 3.2(b), also consists of 8 nodes, with six degrees of freedom (three translations 
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and three rotations corresponding to a 3D coordinate system) per node. The number of elements 

of the shell model is 3040. 

 

Figure 3.3. Procedure for incorporating SWCN’s properties into a thin shell: (a) SWCN modeled 

with the Morse potential, (b) Stress-strain behavior of the SWCN and (c) SWCN modeled as a 

thin shell. 

 

3.3.3 Polymer matrix 

The polymer matrix is modeled by using linear three-dimensional hexahedral isoparametric 

finite element SOLID185 available in commercial software ANSYS®, which is capable of 

simulating both material and geometrical nonlinearities of hyperelastic material. This element, 

which is shown in Figure 3.2(c), is defined by eight nodes having three degrees of freedom at each 

node: translations in the nodal x, y, and z directions. Although a 20-node solid element would be 

more compatible with SHELL218 element to perform the simulations, SOLID185 element (with 

eight nodes) is suitable for modeling general 3-D solid structures. It allows for prism, tetrahedral, 

and pyramid degenerations when used in an irregular region. In order to describe the mechanical 

behavior of the polymer matrix, the following Mooney–Rivlin strain energy density function is 

utilized in conjunction with the SOLID185 element [82]: 
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𝑊(𝐼1, 𝐼2, 𝐼3, 𝑣𝑚) = 

𝑐1𝑚(𝐼1 − 3) + 𝑐2𝑚(𝐼2 − 3) + 𝑐3𝑚(𝐼1 − 3)(𝐼2 − 3) +
1

2
𝑘𝑚(𝐼3 − 3)2 

(3.5) 

 

where 𝐼1, 𝐼2, and 𝐼3 define the invariants of the strain tensor, 𝑣𝑚 is the Poisson’s ratio, 𝑐1𝑚, 𝑐2𝑚 

and 𝑐3𝑚 are material parameters and 𝑘𝑚 is the bulk modulus of the material. Polyamide-imide 

(PAI) is considered as the polymer matrix material. Tension experiments were carried out by 

Richeton et al. [136]  to determine the mechanical properties of PAI. The fitting of the experimental 

stress-strain behavior of this material with the specific Mooney-Rivlin parameters is made in the 

present chapter by using the method of least squares, which is a standard approach in regression 

analysis to the approximate solution of the overdetermined system. The stress-strain curve thus 

determined is depicted in Figure 3.4 with the Mooney-Rivlin parameters 𝑐1𝑚= -1.052 GPa, 𝑐2𝑚= 

1.443 GPa, 𝑐3𝑚= 0.231 GPa and 𝑘𝑚= 2.041 GPa.  

The model parameters for the polymer material consist of internal radius, and external radius 

and 10.0 nm length. The Young’s modulus 𝐸𝑚 of the polymer material is obtained from the stress-

strain curve in order to perform the vibration analysis. Hence, the mechanical properties of PAI 

used in the vibration analysis are as follows: 𝐸𝑚= 2.45 x 109 Pa, density 𝜌𝑚 = 1.4 x 103 kg/m3 and 

Poisson’s ratio 𝑣𝑚= 0.3. The number of elements of the polymer matrix material is 36480. 

 

Figure 3.4. Stress-strain behavior of PAI under uniaxial loading. 
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3.3.4 Interface modeling 

The most important factor determining the advantage of SWCNs in improving the properties 

of polymers at the nanoscale level is the efficiency of the transfer of loads from the matrix to 

nanotubes, which occurs through the interface region between the nanostructure and the polymer 

matrix. From the atomistic point of view, the governing interactions between the SWCN and the 

surrounding polymer are weakly nonbonded van der Waals (vdW) interactions in the absence of 

chemical functionalization [137]. If the covalent cross-links between the carbon atoms of the 

nanotube and the molecules of the polymer are introduced, the functionalization process can 

enhance the load transferring ability [138]. However, for convenience in the calculations, just the 

vdW interactions between the nanotube and the inner surface of the polymer matrix are considered. 

Therefore, the interface region is treated as that providing the nonbonded interactions and is 

modeled using vdW interactions. From the structural point of view, the interface can be simulated 

either as a continuum or as a discrete region. However, in this chapter the interface region is 

represented with the use of truss finite elements, also called LINK elements in commercial 

software ANSYS®, connecting carbon atoms of the discrete structure of the SWCN to nodes of 

the internal surface of matrix elements. COMBIN39 element, which is shown in Figure 3.2(d), is 

used to model trusses, links, and springs and it is a uniaxial tension-compression element with 

three degrees of freedom at each node: translations in the nodal x, y, and z directions. For 

simulations of van der Waals interactions at the nanotube-polymer interface, a truss element 

model, which was introduced in Ref. [76], is adopted. The properties of the LINK elements, shown 

in Figure 3.5, are obtained by using the corresponding van der Waals forces based on the Lennard-

Jones potential, which is expressed as [83]: 

𝑈(𝑟) = 4𝜀̃ [(
�̃�

𝑟
)
12

−  (
�̃�

𝑟
)

6

] (3.6) 

where 𝑟 is the distance between interacting atoms of the nanotube and the polymer, 𝜀̃ and �̃� are 

the Lennard–Jones parameters. For carbon atoms, the Lennard–Jones parameters are 𝜀̃ = 0.0556 

kcal/mole and �̃� = 3.4 Angstroms. Based on the Lennard-Jones potential, the van der Waals force 

𝐹𝑣𝑑𝑊 between interacting atoms is determined as follows: 



67 
 

𝐹𝑣𝑑𝑊(𝑟) = −
𝑑𝑈(𝑟)

𝑑𝑟
= 24

𝜀̃

�̃�
[2 (

�̃�

𝑟
)
13

− (
�̃�

𝑟
)
7

] (3.7) 

The activation of the truss element in the computational simulation is determined by the distance 

between an atom (a node) in the nanotube and a node in the internal surface of the polymer matrix, 

such that if this distance is less than 2.5�̃� (0.85 nm), the truss element is activated. A macro file is 

written using Python language to create the interface, which can be appreciated in Figure 3.1(d), 

in the finite element modeling. The number of elements of the interface region is 7560. 

 

 

Figure 3.5. (a) Lennard–Jones potential and van der Waals force versus interatomic distance, (b) 

Load-displacement curve of the nonlinear truss element. 

 

3.4 Damping properties of CNRP 

3.4.1. Concept of ‘‘stick-slip’’ behavior 

The “stick-slip” mechanism in a nanocomposite is shown in Figure 3.6. When normal tensile 

stress is applied to a composite, this mechanism starts elongating (showing an increase in its length 

denoted as ∆𝐿𝑛). Because of this applied stress, the polymer matrix, in turn, applies shear stress, 



68 
 

𝜏, on the nanotube, thus causing the load transfer to the nanotube. Consequently, a normal strain 

develops in the nanotube, which elongates accordingly. When the applied stress is small, the 

nanotube remains fully bonded to the polymer matrix. Both the polymer matrix and the nanotube 

move together during this phase, and the strains are equal in both elements. As the applied stress 

is increased, the shear stress on the nanotube increases. At a certain value of shear stress (called 

the critical shear stress, 𝜏𝑐𝑟), the nanotube debonds from the polymer matrix. When the shear stress 

on the nanotube increases beyond this value (because of increased applied stress), the polymer 

matrix starts flowing over the surface of the nanotube (thereby causing a change in its length 

denoted as ∆𝐿𝐶𝑛). The strain in the nanotube remains constant at its maximum level, while the 

strain in the polymer matrix increases (slipping phase). In this phase, there is no load transfer 

between the nanotube and the polymer matrix, but there is energy dissipation due to the slippage. 

Because of this energy dissipation, the so-called structural damping develops in the 

nanocomposite. 

 

Figure 3.6. Stick-slip behavior of SWCN-based composite: (a) when 𝜏𝑟𝑧 < critical shear stress 

𝜏𝑐𝑟 and (b) when 𝜏𝑟𝑧 > critical shear stress 𝜏𝑐𝑟. 
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3.4.2 Loss factor and damping ratio 

As described in the sub-section 3.4.1, one of the important causes of damping in the 

nanotube-reinforced composite is the friction between the nanotube and matrix. Dissipated energy 

via interfacial movement of nanotube and matrix is equivalent to the shear force and the differential 

displacement between the nanotube and matrix. To determine the loss factor 𝜂, the total dissipation 

energy (𝑈𝑑𝑖𝑠𝑠), and dissipation energy (∆𝑈), the following equations can be used [139]: 

𝜂 = 𝑠𝑖𝑛−1 (
Δ𝑈

2𝜋𝑈𝑑𝑖𝑠𝑠
) 

(3.8) 

𝑈𝑑𝑖𝑠𝑠 = ∫
𝜎𝑖𝑗𝜀𝑖𝑗

2

 

𝑉

𝑑𝑉 (3.9) 

Δ𝑈 = 2𝜏𝑐𝑟(2𝑟𝑛𝐿𝑛
2 )(𝜀0 − 𝜀2) 

(3.10) 

where 𝑟𝑛 is the radius of the nanotube, 𝐿𝑛 is the length of the nanotube, 𝜀0 is the strain of matrix 

material due to loading, 𝜀2 is the strain between the nanotube and polymer matrix and 𝜏𝑐𝑟 is the 

maximum value of bonding stress (shear stress ) 𝜏𝑟𝑧 associated with the longitudinal shear stress 

between nanotube and matrix material, which is obtained when the maximum normal stress and 

strain are reached due to loading. Hence, 𝜏𝑐𝑟 can be calculated as a function of 𝜀2 as follows [139]:  

𝜏𝑐𝑟 = 𝐸𝑒𝑞 ∙ 𝜀2 ∫
𝑠𝑖𝑛ℎ(𝛽(𝐿𝑛 2⁄ − 𝑧))

𝑐𝑜𝑠ℎ(𝛽 𝐿𝑛 2⁄ )

𝐿𝑛 2⁄

0

𝑑𝑧√
𝐺0

𝐸𝑒𝑞

1

2𝑙𝑛(𝑟𝑚 𝑟𝑛⁄ )
 (3.11) 

where 𝑟𝑚 is the radius of the polymer matrix; 𝐺0 is the shear modulus of matrix material (𝐺0 = 0.2 

GPa for polymers) and 𝐸𝑒𝑞 is the equivalent modulus of nanotube which can be calculated as: 

𝐸𝑒𝑞 = 2𝑡𝑛𝐸𝑛 𝑟𝑛⁄ , where 𝑡𝑛 is the thickness of carbon nanotube, 𝐸𝑛 is Young’s modulus of the 

nanotube. Parameter 𝛽 can be obtained from the following equation [140]: 

𝛽 = (
𝐺02𝜋

𝐸𝑒𝑞𝐴𝑙𝑛(𝑟𝑚 𝑟𝑛⁄ )
)
1 2⁄

 (3.12) 
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where 𝐴 = (2𝑉𝑛 𝑟𝑛)𝑉⁄  is the contact area between the nanotube and polymer matrix and 𝑉 is the 

volume of the polymer matrix and 𝑉𝑛 is the volume fraction of nanotube. 𝜏𝑐𝑟 can also be determined 

if a tensile displacement is applied to one side of the RVE when the other side is clamped. The 

displacement is applied until the nanotube strain, and polymer matrix’s strain become different. 

At that strain, the maximum shear stress 𝜏𝑐𝑟 occurs. Hence, the strain 𝜀2, between the nanotube and 

the polymer matrix, is obtained as follows: 

𝜀2 =
𝜏𝑐𝑟(𝐿𝑛 2⁄ )

𝐸𝑒𝑞 ∫
𝑠𝑖𝑛ℎ(𝛽(𝐿𝑛 2⁄ − 𝑧))

𝑐𝑜𝑠ℎ(𝛽 𝐿𝑛 2⁄ )
𝐿𝑛 2⁄

0
𝑑𝑧√

𝐺0

𝐸𝑒𝑞
1

2𝑙𝑛(𝑟𝑚 𝑟𝑛⁄ )

 
(3.13) 

The total dissipation energy 𝑈𝑑𝑖𝑠𝑠 and dissipation energy ∆𝑈 are calculated from equations (3.9) 

and (3.10), respectively, with the numerical values of 𝜏𝑐𝑟,  𝜀2 and tensile stress at each strain level 

of the applied tensile displacement. The loss factor 𝜂 is then determined from equation (3.8) with 

the values of 𝑈𝑑𝑖𝑠𝑠 and ∆𝑈. Using the numerical values of the loss factor 𝜂, it is possible to 

determine the quality factor 𝑄−1, which is used for estimating the interfacial damping ratio 𝜁, as 

follows [141]: 

𝑄−1 = √1 + 𝜂 − √1 − 𝜂 (3.14) 

Here, 𝜂 represents the loss factor. Using the numerical value of the quality factor 𝑄−1, the 

interfacial damping ratio 𝜁 is then determined by the relation [142]: 

𝜁 = 𝑄−1 2⁄  (3.15) 

3.5 Dynamic analysis 

3.5.1 Free vibration response 

The generalized equation of motion for the CNRP system is given as follows [142]: 

[𝑀]{�̈�} + [𝐶]{�̇�} + [𝐾]{𝑢} = {𝐹} (3.16) 
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where [𝑀] is the mass matrix, {�̈�} is the acceleration vector, [𝐶] is the damping matrix, {�̇�} is the 

velocity vector, [𝐾] is the stiffness matrix, {𝑢} is the displacement vector, and {𝐹} is the force 

vector. Modal analysis is used for the determination of the natural frequencies and mode shapes 

while the damping is ignored. The equation of motion for an undamped system under free motion 

is given by: 

[𝑀]{�̈�} + [𝐾]{𝑢} = {0} (3.17) 

For a linear system, free vibrations can be harmonic with the following form: 

{𝑢} = {𝜑}𝑖𝑐𝑜𝑠(𝜔𝑛𝑖
𝑡) (3.18) 

where {𝜑}𝑖 is the vector of the mode shape for the ith natural frequency 𝜔𝑛𝑖
 and t is the time. Thus, 

Equation (3.17) can be expressed as:  

(−𝜔𝑛𝑖

2 [𝑀] + [𝐾]){𝜑}𝑖 = {0} (3.19) 

This equality is satisfied if |[𝐾] − 𝜔𝑛𝑖

2 [𝑀]| = 0. Hence, this matrix equation represents an 

eigenvalue problem which can be solved for n values of 𝜔𝑛
2 and n eigenvectors which satisfy the 

Equation (3.17), where n is the number of degrees of freedom. Block Lanczos method [143] is 

used for the extraction of the eigenvalues and eigenvectors, and the normalization of each 

eigenvector is performed concerning the mass matrix according to: 

{𝜑}𝑖
𝑇[𝑀]{𝜑}𝑖 = 1 (3.20) 

3.5.2 Steady-state harmonic response 

Regarding the steady-state harmonic response [144], harmonic analysis is used to determine 

the steady-state response of a mechanical system under loads that vary sinusoidally (harmonically) 

as a function of time.  The objective of this analysis is to calculate the CNRP system's response at 

several frequencies and to obtain a graph of a response quantity (usually displacement) versus 
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frequency. The steady-state harmonic response is obtained from the equation of motion, given by 

Equation (3.16), where the force vector {𝐹} can have three components 𝐹𝑗 (j = 1,2,3), which are 

expressed as follows: 

𝐹𝑗 = 𝐹0j𝑠𝑖𝑛(𝜔𝑗𝑡) (3.21) 

where 𝐹0j is the amplitude of the force and 𝜔𝑗 denotes the excitation frequency. 𝐹0j can be 

calculated by performing an eigenvalue buckling analysis in the undamped CNRP system to obtain 

the critical compressive loads that induce the different ways in which the structural system can be 

deformed. The harmonic analysis used to calculate the steady-state harmonic response utilizes 

the full system matrices so that no mass matrix approximation is involved [144]. The particular 

solution for a 1D equation of motion is a steady-state oscillation having the same frequency 𝜔 as 

the exciting force and a phase angle 𝜙 and it can be written as follows:  

𝑥𝑝 = 𝑋𝑐𝑜𝑠(𝜔𝑡 − 𝜙) (3.22) 

where 

𝑋 =
𝐹0

√(𝑘 − 𝑚𝜔2)2 + (𝑐𝜔)2
 (3.23a) 

𝜙 = 𝑡𝑎𝑛−1 (
𝑐𝜔

𝑘 − 𝑚𝜔2
) (3.23b) 

where 𝑘 is the stiffness of the system, and 𝑚 is the mass of the system. Using the natural frequency 

𝜔𝑛 of the system and the damping ratio 𝜁, the following expressions can be defined: 

𝑋0 =
𝐹0

𝑘
 (3.24a) 

𝑟 =
𝜔

𝜔𝑛
 (3.24b) 
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where 𝑋0 is the deflection under the static force 𝐹0 and 𝑟 is the frequency ratio. Thus, an equation 

for the magnification factor M can be determined as follows: 

𝑀 =
𝑋

𝑋0
=

1

√(1 − 𝑟2)2 + (2𝜁𝑟)2
 (3.25) 

and the phase angle 𝜙 is expressed as:  

𝜙 = 𝑡𝑎𝑛−1 (
2𝜁𝑟

1 − 𝑟2
) (3.26) 

3. 6 Results and discussion 

3.6.1 Stress-strain behavior of CNRP 

Regarding the Carbon-Nanotube-Reinforced-Polymer (CNRP) properties, the stress-strain 

curve of a polymer matrix, Polyamide-imide (PAI), that is reinforced with a (16, 0) SWCN or a 

(9, 9) SWCN, is determined based on modeling the nanotube as a thin shell based on Donnell’s 

Shell Theory. The RVE is loaded under, and the volume of the polymer is varied to investigate the 

effect of SWCN volume fraction on the mechanical properties of the CNRP material. The 

boundary conditions of CNRP correspond to a cantilever, where the translational and rotational 

movements of one end of the matrix are prevented, while the other end is free to move so that the 

SWCN transfers its mechanical properties onto the matrix via the vdW links. The length of the 

CNRP material is 10 nm. The diameter of the (16, 0) SWCN is 1.2535 nm, while the diameter of 

the (9, 9) SWCN is 1.2213 nm. Hence, the aspect ratio (that is defined as length of 

nanotube/diameter of nanotube) of the (16, 0) SWCN is 7.977 and the aspect ratio of the (9, 9) 

SWCN is 8.187. 

The CNRP material reinforced with a (16, 0) SWCN is analyzed considering the polymer 

material with different volume fractions of nanotubes, and the results are given in Figure 3.7(a). It 

can be noticed in Figure 3.7(a) that the addition of nanotube, into the PAI matrix (CNRP-PAI) 

improves the load-carrying capacity of the matrix material PAI. Nanotube has better tensile 

properties compared to the polymer so that when the SWCN is combined with the polymer 
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material, it improves the overall mechanical properties of the nanocomposite material by sharing 

some of the applied stress. Figure 3.7(b) shows the stress-strain curves for CNRP-PAI reinforced 

with a (9, 9) SWCN for different volume fractions and a length of 10 nm. It can be appreciated 

that the stress-strain curves also confirm that the (9, 9) SWCN acts as a better reinforcing agent 

when compared to the (16, 0) SWCN. Regarding Young’s modulus of CNRP-PAI, Young’s 

modulus of PAI increased with a (16, 0) SWCN as a reinforcement from 2.56 GPa to 4.39 GPa for 

1% of SWCN volume fraction and from 2.56 GPa to 60 GPa for 10% of SWCN volume fraction. 

Using a (9, 9) SWCN as a reinforcement, Young’s modulus of PAI increased from 2.56 GPa to 

4.99 GPa for 1% of SWCN volume fraction and from 2.59 GPa to 78.52 GPa for 10% of SWCN 

volume fraction. In Appendix A, a convergence study is provided regarding the element size (and 

the number of elements) of the finite element model of the polymer matrix that is used to discretize 

the RVE of the CNRP material. The convergence analysis is performed for the CNRP with 5% 

volume fraction of SWCN. The reinforcement used for this analysis is a (16, 0) SWCN. The 

convergence analysis is conducted for the non-linear analysis of the stress-strain curve and 

Young’s modulus of the CNRP, and its first bending and first axial mode frequencies. The 

convergence study shows that the number of elements used to discretize the RVE of the CNRP are 

suitable and appropriate to study its stiffness, free vibration response, and steady-state harmonic 

response.  

 

Figure 3.7. Stress-strain curves for CNRP for different (a) (16, 0) SWCN and (b) (9, 9) SWCN 

volume fractions. 
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3.6.2 Natural frequencies of CNRP 

The changes in the natural frequencies of the matrix material caused by the addition of 1%, 

2%, 5% and 10% volume fractions of SWCN are studied in this section. A modal analysis is 

performed for the RVE of the CNRP nanocomposite and the PAI material to investigate the 

influence of SWCN on the natural frequencies of the polymeric material. The Block Lanczos 

method [143], which is often utilized in analyses where high accuracy is required, is used to 

perform the modal analysis. Clamped-Free (CF) boundary conditions are applied to the 3D 

multiscale finite-element model of the RVE of the CNRP material and the polymer material. In 

this case, two configurations of the nanotube are also considered: armchair (9, 9) and zigzag (16, 

0), as in the last section. The variations of the natural frequencies of the plain PAI material and the 

nanocomposite material CNRP-PAI are shown in Figure 3.8. It can be appreciated from Figure 3.8 

that the natural frequencies for the first and second mode numbers of the CNRP with both 

reinforcements, (16, 0) SWCN and (9, 9) SWCN, present almost the same numerical values for 

1%, 2%, 5% and 10% volume fractions of SWCN. However, from 3rd mode number onward, the 

values of the natural frequencies increase considerably due to the presence of higher volumes of 

SWCN. 

 

Figure 3.8. Natural frequencies for CNRP-PAI with CF boundary condition containing: (a) (16, 

0) SWCN and (b) (9, 9) SWCN. 
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Also, the percentage increase in the natural frequencies of the first 15 modes of the polymer 

material with 5% of SWCN volume fraction is tabulated in Table 3.1. It is observed from Table 

3.1 that the addition of nanotubes significantly improves the natural frequencies of the polymer 

material, especially for the first mode number, which is the first bending mode frequency. This is 

attributed to the high stiffness of the carbon nanotube reinforced polymer compared to that of the 

plain polymeric material. For CNRP-PAI the frequencies increase in a range of 52.53-140.88% 

with (16, 0) SWCN as reinforcement and a range of 55.85-135.0% with (9, 9) SWCN as 

reinforcement. If the first bending mode frequency is analyzed in detail, it can be noticed that for 

CNRP-PAI, the corresponding natural frequency increases by 140.88% due to reinforcement with 

(16, 0) SWCN, while for reinforcement with (9, 9) SWCN, the first bending mode frequency 

increases by 135.0%. For the first axial mode (4th mode number), the corresponding natural 

frequency increases by 95.43% due to reinforcement with (16,0) SWCN and by 92.11% with (9, 

9) SWCN as reinforcement.  

 

Table 3.1: Comparison of natural frequencies with 5% SWCN volume fraction of polymer matrix 

PAI and CNRP-PAI in GHz. 

Mode PAI 
CNRP-PAI 

(16, 0) SWCN 
(%) Increase 

CNRP-PAI 

(9, 9) SWCN 
(%) Increase 

1 0.094 0.227 140.88 0.222 135.00 

2 0.094 0.227 140.88 0.222 135.00 

3 0.233 0.394 69.19 0.390 67.42 

4 0.331 0.646 95.43 0.635 92.11 

5 0.366 0.646 76.58 0.635 73.58 

6 0.366 0.693 89.23 0.714 95.19 

7 0.471 0.702 48.96 0.735 55.85 

8 0.471 0.702 48.96 0.735 55.85 

9 0.471 0.725 53.85 0.751 59.39 

10 0.471 0.725 53.85 0.751 59.39 

11 0.484 0.739 52.53 0.768 58.54 

12 0.484 0.739 52.53 0.776 60.27 
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13 0.484 0.745 53.81 0.776 60.27 

14 0.484 0.745 53.81 0.781 61.23 

15 0.491 0.767 56.16 0.790 60.99 

 

3.6.3 Damping properties of CNRP 

Considering the stick-slip behavior, which was described in sub-section 3.4.1, that is 

exhibited by the SWCN and the polymer matrix, one side of the RVE is clamped, and the other 

side is pulled by applying a displacement in the axial direction. It can be observed that, up to a 

certain strain in the finite element model, the nodes of nanotube and corresponding nodes of the 

polymer matrix, have similar displacement, and by increasing the strain, at the interface of matrix 

and nanotube slip occurs. Because of this, the displacement of matrix nodes will be larger than that 

of the corresponding nodes of the nanotube. 

Damping properties can be obtained, if the RVE behaves exactly as per the mechanism of 

stick-slip motion and follows the equations that govern this mechanism. From the results of finite 

element simulations, the critical shear stress 𝜏𝑐𝑟 and dissipation energy 𝑈𝑑𝑖𝑠𝑠 are determined and 

used with the model properties of the CNRP such as radius, area, and Young’s modulus to calculate 

the interfacial damping ratio from the equations given in sub-section 3.4.2. The dissipation energy 

and loss factor of the CNRP for different SWCN volume fractions of (16, 0) SWCN and (9, 9) 

SWCN are investigated, and the results are shown in Figures 3.9(a) and 3.9(b), respectively. It can 

be noticed that the dissipation energy increases due to nanocomposite’s strain, where the 

magnitude of the increase is lower when SWCN volume fraction decreases. The loss factor 

decreases due to nanocomposite’s strain, and the magnitude of the decrease is higher when SWCN 

volume fraction decreases for both types of carbon nanotubes. By increasing the volume fraction, 

it appears that the SWCNs influence positively in the dissipation energy and results in decreasing 

the loss factor, which means that by adding more SWCNs more damping capacity of CNRP is 

achieved.  

 In Figure 3.9(a), the dissipation energy presents a similar value for strains lower than 0.05 

for all volume fractions of both SWCNs in the CNRP, while for strain values higher than 0.05, 

there is a difference in the dissipation energy values for all volume fractions of SWCNs in the 

CNRP, especially for 10% volume fraction. In Figure 3.9(a), the dissipation energy corresponding 
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to 10% volume fraction of (9, 9) SWCN is also considerably higher than the dissipation energy 

corresponding to 10% volume fraction of (16, 0) SWCN for strain values higher than 0.05. In 

Figure 3.9(b), the values of loss factor are similar for strain values higher than 0.125 for all volume 

fractions of both SWCNs, thus exhibiting the same volume fraction effect beyond this strain value.  

 

Figure 3.9. (a) Dissipation energy and (b) loss factor for CNRP-PAI for different volume 

fractions of (16, 0) SWCN and (9, 9) SWCN. 

 

Regarding the damping ratio, Figure 3.10 shows the influence of SWCN volume fraction on 

the damping ratio for the CNRP as a function of natural frequencies. It can be noticed that there 

are different values for the damping ratio for different SWCN volume fractions for any natural 

frequency value. In the case of (16, 0) SWCN, the values for the damping ratio are within a range 

of 0.0021 (for 10% volume fraction) - 0.0863 (for 0.1% volume fraction). In the case of (9, 9) 

SWCN, the values for the damping ratio are within a range of 0.0007 (for 10% volume fraction) - 

0.0436 (for 0.5% volume fraction). In Figures 3.10(a) and 3.10(b), it can be appreciated that the 

values of damping ratios decrease with higher values of natural frequencies for all volume fractions 

of CNRP. In the natural frequency range from 0.6 GHz to 0.8 GHz in Figure 3.10(a), it can also 

be noticed that the volume fraction effect (for 5% and 10%) is same with (16, 0) SWCN, however 

in Figure 3.10(b), the volume fraction effect is not same with (9, 9) SWCN. Comparing values of 

damping ratios for 5% volume fraction of (16, 0) SWCN and (9, 9) SWCN in Figure 3.10, it can 
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be observed that the reinforcement with (16, 0) SWCN presents lower values of damping ratios 

than the reinforcement with (9, 9) SWCN. 

 

Figure 3.10. Damping ratio for CNRP-PAI with CF boundary condition containing different 

volume fractions of (a) (16, 0) SWCN and (b) (9, 9) SWCN. 

 

The damping ratio of the CNRP with 5% volume fraction of (16, 0) SWCN are compared in 

Table 3.2 with that of the 5% volume fraction of (10, 0) SWCN-epoxy [104], which consists of a 

polymer matrix (Young’s modulus = 3.3 GPa and Poisson’s ratio = 0.3), and a (10, 0) SWCN with 

length of 10 nm. It can be appreciated from Table 3.2 that the CNRP shows similar natural 

frequencies as the natural frequencies of (10, 0) SWCN-epoxy, but different values of damping 

ratios. The values of natural frequencies of (10, 0) SWCN-epoxy are 0.35, 0.76 and 1.619 GHz, 

while for (16, 0) SWCN-PAI, the CNRP studied in the present chapter, the values are 0.271, 0.775 

and 0.995 GHz.  
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Table 3.2. Comparison of damping ratios of CNRP-PAI with 5% volume fraction of 

SWCN and 5% SWCN-epoxy [104] as a function of natural frequencies (GHz). 

5% (10, 0) SWCN - Epoxy [104] CNRP-PAI - 5% (16, 0) SWCN 

Natural Frequency Damping ratio Natural Frequency Damping ratio 

0.35 0.0032 0.271 0.0442 

0.76 0.0033 0.775 0.0157 

1.619 0.0037 0.995 0.0122 

 

3.6.4 Steady-state harmonic response of CNRP 

Regarding the computation of the steady-state harmonic response, the boundary conditions 

for a 5% (16, 0) SWCN reinforced polymer and the polymer material are defined for an axial and 

a transversal sinusoidal forces with amplitude 𝐹0 = 1𝑥108𝑁 and an excitation frequency 𝜔 in the 

range of 0 - 4 GHz. The boundary conditions are applied as a cantilever, where at one end of the 

cylindrical RVE only the nodes of the polymer matrix are fully restrained; while, at the other end 

of the RVE a sinusoidal force is applied on the polymer matrix for axial and bending motions. 

Figures 3.11(a) and 3.11(b) show the results of the harmonic analysis of CNRP and PAI material 

RVEs applying an axial and a transversal sinusoidal forces, whereas the natural frequencies of 

CNRP are higher than that of PAI, the amplitudes of vibrations of CNRP are lower than that of 

PAI due to the reinforcement with the nanotubes. 

In Figure 3.11, the axial vibration amplitude of CNRP decreased by about 69%, while the 

amplitude of the transversal vibration decreased by about 85% from that of PAI. Figure 3.12(a) 

shows the magnification factor M [144]  as a function of frequency ratio (𝑟 = 𝜔 𝜔𝑛⁄ ) for each 

natural frequency 𝜔𝑛 (of first bending and first axial mode frequencies) of CNRP with (16, 0) 

SWCN as the reinforcement, considering their respective damping ratios, which were calculated 

in sub-section 3.6.3.  Figure 3.12(b) shows the phase angle [144] of response for CNRP as a 

function of frequency ratio (𝑟 = 𝜔 𝜔𝑛⁄ ). It can be noticed that the phase angle is higher for first 

bending mode than for first axial mode for CNRP due to its damping, which also reduces the value 

of the magnification factor. Table 3.3 summarizes the information about the natural frequencies 

and damping ratios used for calculating the maximum value of magnification factor M and also 
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the damped natural frequency 𝜔𝑑 = 𝜔𝑛√1 − 𝜁2. It can be noticed that any amount of damping 𝜁 

> 0 reduces the magnification factor M for all the values of the forcing frequency 𝜔. For 0 < 𝜁 < 

1 √2⁄ , the maximum value of M occurs when 𝑟 = √1 − 2𝜁2 . Furthermore, the maximum value 

of M (when 𝑟 = √1 − 2𝜁2) is given by 𝑀 = 1 2𝜁√1 − 𝜁2⁄ . For the CNRP, the maximum value 

of M for the first bending mode is 9.72, and for the first axial mode it is 230.4, while the damped 

natural frequency 𝜔𝑑 is 0.2266 GHz for the first bending mode and 0.6459 GHz for the first axial 

mode. It can be appreciated that the magnification factor for the first axial mode is 23 times higher 

than the magnification factor for the first bending mode.  

 

Figure 3.11. The steady-state harmonic response of the CNRP-PAI and PAI with (a) an axial and 

(b) a transversal sinusoidal force with amplitude 𝐹0 = 1𝑥108𝑁 and excitation frequency 𝜔 in the 

range of 0 - 4 GHz. 
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Figure 3.12. Magnification factor and phase angle as a function of natural frequencies (first 

bending and first axial mode) of CNRP-PAI. 

 

Table 3.3. Natural frequencies and damping ratio used for calculating magnification factor M. 

Mode 𝜔𝑛 (GHz) Damping ratio 𝜁 Maximum value of M 𝜔𝑑 (GHz) 

First bending 0.227 0.0517 9.72 0.2266 

First axial 0.646 0.00217 230.41 0.6459 

 

3.7 Conclusion 

The main objective of the present chapter was to study the influence of a Single-Walled-

Carbon-Nanotube (SWCN) as reinforcement in a polymer matrix. The analysis was performed on 

a Representative Volume Element (RVE) of the Carbon-Nanotube-Reinforced-Polymer (CNRP) 

material to determine its modal and harmonic response, considering different volume fractions of 

SWCNs. Regarding the mechanical behavior of CNRP, static analysis was performed on the CNRP 

material to obtain its stress-strain curve for different volume fractions of (16, 0) SWCN and (9, 9) 

SWCN. Cantilever boundary conditions were applied onto the CNRP material, and its first 15 

vibration modes were determined and compared in free vibration analysis. The results show an 

increase in the natural frequencies of the CNRP for all volume fractions of SWCN, with both types 
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of reinforcements, that are, (16, 0) SWCN and (9, 9) SWCN. Also, the natural frequencies of 

CNRP with 5% volume fraction of SWCN were compared to that of polymer material PAI, and an 

increase in the natural frequencies of PAI is observed, especially for the first bending mode due to 

the reinforcement with both types of nanotubes.  

Regarding the damping properties of CNRP, the concept of the stick-slip motion behavior 

was used to obtain the critical shear stress, dissipation energy, and loss factor in order to calculate 

the interfacial damping ratio of CNRP for different volume fractions of (16, 0) SWCN and (9, 9) 

SWCN. The dissipation energy and loss factor were analyzed for all volume fractions of both 

SWCNs in the CNRP material. The influence of SWCN volume fraction on the damping ratio of 

the CNRP as a function of the natural frequencies of CNRP was also analyzed and compared with 

the results available in the literature. The values of damping ratios of the CNRP material decrease 

with higher values of natural frequencies of the CNRP for all volume fractions of the SWCN. 

Comparing the values of damping ratios of the CNRP for 5% volume fraction of (16, 0) SWCN 

and (9, 9) SWCN, it was observed that the reinforcement with a (16, 0) SWCN presents lower 

values of damping ratios than the reinforcement with a (9, 9) SWCN. 

In the harmonic analysis, the results expose that the amplitude of the vibration for the CNRP 

(PAI with a (16, 0) SWCN as reinforcement) decreased considerably due to the reinforcement with 

the SWCN, while for the polymer material the amplitude of the vibration was a lot higher. 

Regarding the magnification factor and phase angle, these parameters were determined 

considering the damping ratios calculated for the CNRP material. The maximum values for the 

magnification factor and damped natural frequency were obtained for first bending and first axial 

mode frequencies of CNRP, where it was also noticed that the maximum value for the 

magnification factor depends on the value of damping ratio. From the results for the phase angle, 

it can be noticed that this parameter takes on a higher value for the first bending mode frequency 

than the first axial mode frequency of the CNRP material due to its damping ratio, which also 

reduces the value of the magnification factor. 

Appendix 3.1 Convergence study 

A convergence study is performed on the finite element model of the RVE of the CNRP 

material with 5% volume fraction of SWCN to determine the most reliable and accurate size of 

the finite elements of the polymer matrix in the CNRP material that can be used to discretize the 
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RVE. The reinforcement used in this analysis is a (16, 0) SWCN. Figure 3.13 shows the element 

size used to discretize the RVE where the element length is denoted by Lp and element width by 

wp. Considering that the shape of the element of the RVE is not rectangular but trapezoidal, the 

element size is determined with the coordinates of its nodes. The element length Lp is determined 

using a straight line that runs from the bottom surface to the top surface of the element, as shown 

in Figure 3.13. The element width wp is considered to be equal to that of the bottom surface of the 

element, as shown in Figure 3.13.  

 

Figure 3.13. Aspect ratio of the element of the polymer matrix in the CNRP material. 

 

The convergence analysis is performed for the non-linear analysis of the stress-strain 

behavior and Young’s modulus of the CNRP material.  The largest element size of the polymer 

matrix is determined in terms of the aspect ratio wp Lp⁄ .  The numerical values of the aspect ratio 

wp Lp⁄  of the element in the mesh used in the convergence, study are: 0.125 which corresponds to 

12160 elements, 0.15 which corresponds to 18240 elements, 0.175 which corresponds to 24320 

elements, 0.2 which corresponds to 30400 elements, 0.375 which corresponds to 36480 elements 

and 0.5 which corresponds to 42560 elements. Figure 3.14 shows the convergence of the stress-

strain curve and Young’s modulus. It can be appreciated from Figure 3.14(a) that the stress-strain 

curves of the CNRP for all aspect ratios of the element are very close to each other. However, as 

shown in Figure 3.14(b), Young’s modulus takes on different numerical values for  wp Lp⁄  values 

lower than 0.375, and the same numerical value for values of  wp Lp⁄  higher than 0.375. Therefore, 
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the element size used to discretize the RVE of the CNRP corresponds to 0.375, which in turn 

corresponds to 36480 elements, as shown in Figure 3.13.  

 

Figure 3.14. The convergence of (a) the stress-strain curve and (b) Young’s modulus of the 

CNRP material. 

 

A convergence study is also performed on the first bending and first axial mode frequencies 

with the same element sizes used in the convergence study of the stress-strain curve and Young’s 

modulus. Figure 3.15(a) shows the convergence of the first bending mode frequency to the same 

numerical value for values of wp Lp⁄  higher than 0.375, while Figure 3.15(b) presents the 

convergence of the first axial mode frequency to the same numerical value for values of  wp Lp⁄  

higher than 0.375. It can also be noticed that for values of wp Lp⁄  lower than 0.375 the variations 

of the modal response of the CNRP material are more than that of the stiffness response of the 

CNRP material. As in the case of stiffness response, the element size used to discretize the RVE 

of the CNRP material corresponds to the aspect ratio of 0.375, as shown in Figure 3.13. 
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Figure 3.15. The convergence of (a) the first bending and (b) the first axial mode frequencies of 

the CNRP material. 
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Chapter 4. Enhancement of stiffness and dynamic mechanical 

properties of polymers using single-walled-carbon-nanotube – a 

multiscale finite element formulation study 

 

 

Foreword  

 

This chapter contains the journal paper: J. A. Palacios and R. Ganesan, "Enhancement of stiffness 

and dynamic mechanical properties of polymers using single-walled-carbon-nanotube – a 

multiscale finite element formulation study," Journal of Polymer Research, vol. 26, no. 124, pp. 1-

15, 2019.  

 

In this chapter, a parametric study of the RVE of CNRPC considering 4% volume fraction of 

SWCN is developed to compare its viscous and structural damping mechanism with the 

experimental data available from the literature. 
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4 Enhancement of stiffness and dynamic mechanical properties of polymers using single-

walled-carbon-nanotube – a multiscale finite element formulation study 

 

4.1 Abstract 

The static and dynamic mechanical properties of polymeric materials can significantly be 

enhanced by using carbon nanotubes as reinforcement material. However, studies still need to be 

carried out to characterize the dynamic mechanical properties of polymer materials reinforced with 

carbon nanotubes. Experimental investigations for this purpose have severe limitations and, in 

most cases, appropriate and reliable experimental work could not be carried out. Computational 

modeling and simulation encompassing multiscale material behavior provide an alternate approach 

to study the material behavior. The objective of the present work is to study the enhancement of 

stiffness and dynamic mechanical properties of Carbon-Nanotube-Reinforced-Polymer (CNRP) 

material by using a 3D multiscale finite-element model of the representative volume element of 

the CNRP material. A composite material model consisting of a polymer matrix, an interface 

region, and a Single-Walled Carbon Nanotube (SWCN) is constructed for this purpose. The 

polymer matrix is modeled with the Mooney-Rivlin strain energy function to calculate its non-

linear response and the interface region is modeled via van der Waals links. The SWCN is modeled 

as a space frame structure by using the Morse potential and as a thin shell model based on 

Donnell’s Shell Theory. The stiffness response of the CNRP material is calculated, and the natural 

frequencies of the CNRP material are also determined. The viscoplastic behavior of the polymer 

matrix material is considered, and the rate-dependent characteristics of the CNRP material are 

studied. The damping properties of the CNRP material are investigated based on its viscous and 

structural damping mechanisms. The effectiveness of the SWCN reinforcement is quantified and 

characterized.  

4.2 Introduction 

During the last few decades, the application of polymer materials in engineering applications 

has become considerably popular, particularly in a wide variety of structural applications in 

automotive, aerospace, aeronautical, mass transit, and nuclear industries. However, in many 
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engineering applications, polymer properties need to be improved to present a better performance. 

There are different techniques to enhance their material properties such as reinforcements [1, 2], 

material coating [3] and thermal treatment [4]. One of the best options to improve the mechanical 

properties of a polymer is by using Carbon Nanotubes (CNs) [5] as a reinforcement to create a 

nanocomposite, but nanotube properties do not necessarily translate into the same properties for 

the nanocomposite [52]. One of the best techniques to simulate and to model the mechanical 

behavior of a nanocomposite is a multiscale approach, which is a technique involving the analysis 

at different scales, through the definition of the Representative Volume Element (RVE) of the 

composite material [53].  

For studying the static response of polymer matrices with Single-Walled Carbon Nanotubes 

(SWCNs) as a reinforcement, Li and Chou [38, 91] constructed their RVE using a space-frame 

structure for the nanotube, solid elements for the polymer, and truss rods to represent the interfacial 

region. Constant material properties were used throughout the model and nonlinear behavior for 

the interface surface. Later, Georgantzinos et al. [79] included the nonlinear behavior of a SWCN 

modeled by using the Morse potential and two-noded interfacial joint elements of variable stiffness 

for modeling the interface region, but the interface region had a linear behavior. Mohammadpour 

et al. [94] presented a RVE of a polymer matrix reinforced with a SWCN, replacing the SWCN 

with a solid model constructed from nonlinear elements in the shape of a hollow cylinder and 

integrating the mechanical properties into solid elements. Despite modeling the interface region 

with contact elements saving computing efforts, this model cannot study other types of mechanical 

behavior as bending, buckling, and torsion. Later, Wernik and Meguid [76] proposed a nonlinear 

RVE to investigate the effective mechanical properties of a nano-reinforced polymer, including 

nonlinear effects on the SWCN and the interface region. Later, Sadek et al. [145] conducted a 

study on the mechanical and electrical properties of multi-walled carbon nanotubes reinforced poly 

(vinyl alcohol) composites. The nanocomposites were prepared by dispersion techniques. 

Recently, Wang et al. [2] studied the influence of carbon spheres on thermal and mechanical 

properties of epoxy composites. The reinforcement using carbon spheres was synthesized by 

hydrothermal methods, and the carbon spheres-epoxy composite was prepared using a 

polymerization technique. 

Despite most of the works on polymer matrices with SWCNs as reinforcement, which are on 

the static response, there is a lack of models that study the dynamic response of this type of 
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nanocomposite. Latibari et al. [104] extended the model of [38, 91], including a nonlinear 

interfacial region based on the Lennard–Jones potential to calculate damping ratio of 

nanocomposite by evaluating its dissipation energy. However, their model does not incorporate a 

nonlinear description of the SWCN. Jamal-Omidi et al. [105] analyzed a SWCN embedded in 

volume element using 3D finite element and analytical methods to compute its natural frequencies 

with different aspect ratios. They studied two models with Lennard-Jones potential and one with 

perfect bonding between SWCN and the surrounding polymer. Later, Qi-lin and Xin [146] 

conducted a study to determine the effect of the polymer matrix and nanofiller on non-bonding 

interfacial properties of nanocomposites. They performed experiments using different nanofillers, 

such as graphene and carbon nanotube, in various polymer matrix systems including polyethylene, 

poly (methyl methacrylate), polytetrafluoroethylene and poly (vinylidene chloride). They 

simulated the interfacial properties via van der Waals forces based on Lennard-Jones potential. 

Despite the scientific work done on polymers and their engineering applications, further and 

more comprehensive studies are still required to be carried out especially on the enhancement of 

their mechanical properties. Therefore, the purpose of the present research is to model and to 

analyze and to conduct a study on the static and dynamic material properties of a polymer matrix 

by using a single-walled carbon nanotube as reinforcement. Carbon-Nanotube-Reinforced-

Polymer (CNRP) material is developed by using a 3D multiscale finite-element model of the 

Representative Volume Element (RVE) of the composite. The RVE investigated in this work 

consists of a single-walled carbon nanotube embedded in a polymer matrix and an interface region 

between the SWCN and the polymer material. The polymer matrix is modeled using the Mooney-

Rivlin strain energy [82] to calculate its non-linear response. Polyetheretherketone (PEEK) is 

considered as matrix material due to its applications in the aeronautical and aerospace industries. 

This material exhibits high mechanical performance and thermal properties, including creep 

resistance and low flammability. The SWCN is modeled as a space frame structure by using the 

Morse potential [79] and as a thin shell based on Donnell’s Shell Theory [80], and the interface 

region is modeled via van der Waals links based on the Lennard-Jones Potential [83]. The stress-

strain behavior is computed for 4% volume fraction of SWCN, while the dynamic material 

properties of CNRP are analyzed in terms of its natural frequencies and damping properties. The 

viscoplastic behavior of the polymer matrix material is considered, and the rate-dependent 

characteristics of CNRP are studied, while the damping properties of CNRP are analyzed in terms 

http://www.craftechind.com/blog/UL-Testing-Plastic-Components-for-Flammability
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of its viscous and interfacial damping mechanisms. Finally, viscous and the structural damping 

mechanisms are compared and analyzed.  

4.3 Multiscale finite element modeling procedure for the composite material 

The polymer material reinforced with a Single-Walled Carbon Nanotube (SWCN) is 

analyzed with Representative Volume Element (RVE) of the composite material, as depicted in 

Figure 4.1. The RVE investigated in the present work consists of a SWCN embedded in a polymer 

matrix and an interface region between the SWCN and the polymer material. The interactions 

between the SWCN and the matrix are treated as nonbonded van der Waals interactions. The 

volume fraction of SWCN in the composite denoted as 𝑉𝑛 with respect to the RVE can be 

calculated as follows [79]: 

𝑉𝑛 =
8𝑟𝑛𝑡𝑛

4𝑟𝑚2 − (2𝑟𝑛 − 𝑡𝑛)2
 (4.1) 

where 𝑟𝑛 is the mean radius of the nanotube, 𝑟𝑚 is the radius of the matrix material and 𝑡𝑛 is the 

thickness of the nanotube. The matrix is regarded as a continuum medium since the matrix volume 

is higher than the SWCN for the volume fractions considered. The RVE length is the same as that 

of the matrix length and nanotube length 𝐿𝑛. 

 

Figure 4.1. Multiscale modeling for representative volume element: (a) Polymer matrix, (b) 

Interface region: van der Waals links, and (c) Carbon nanotube: Thin Shell model.   
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4.3.1 Polymer matrix 

 

The polymer matrix is modeled by using linear three-dimensional hexahedral isoparametric 

finite element SOLID185 available in commercial software ANSYS®, which is capable of 

simulating both material and geometrical nonlinearities of hyperelastic material. This element is 

defined by eight nodes having three degrees of freedom at each node: translations in the nodal x, 

y, and z directions. In order to describe the mechanical behavior of the polymer matrix, the 

following Mooney–Rivlin strain energy density function is utilized in conjunction with the 

SOLID185 element [82]: 

𝑊(𝐼1, 𝐼2, 𝐼3, 𝑣𝑚) = 

𝑐1𝑚(𝐼1 − 3) + 𝑐2𝑚(𝐼2 − 3) + 𝑐3𝑚(𝐼1 − 3)(𝐼2 − 3) +
1

2
𝑘𝑚(𝐼3 − 3)2 

(4.2) 

where 𝐼1, 𝐼2, and 𝐼3 define the invariants of the strain tensor, 𝑣𝑚 is the Poisson’s ratio, 𝑐1𝑚, 𝑐2𝑚 

and 𝑐3𝑚 are material parameters and 𝑘𝑚 is the bulk modulus of the material. Polyetheretherketone 

(PEEK) is considered as the polymer matrix material. Tension experiments were carried out by El-

Qoubaa et al. [147]  to determine the mechanical properties of PEEK. The fitting of the 

experimental stress-strain behavior of this material with the specific Mooney-Rivlin parameters is 

made in the present work by using the method of least squares, which is a standard approach in 

regression analysis to the approximate solution of the overdetermined system. The stress-strain 

curve thus determined is depicted in Figure 4.2 with the Mooney-Rivlin parameters: 𝑐1𝑚= -3.75 

GPa, 𝑐2𝑚= 4.82 GPa, 𝑐3𝑚= 1.5 GPa, and 𝑘𝑚= 4.083 GPa. 

The model parameters for the polymer material consist of internal radius, and external radius 

and 7.96 nm length. The Young’s modulus 𝐸𝑚 of the polymer material is obtained from the stress-

strain curve in order to perform the vibration analysis. Hence, the mechanical properties of PEEK 

used in the vibration analysis are as follows: 𝐸𝑚= 4.9 x 109 Pa, density 𝜌𝑚 = 1.3 x 103 kg/m3 and 

Poisson’s ratio 𝑣𝑚= 0.3. The number of elements of the polymer matrix material is 36480. 
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Figure 4.2. Stress-strain behavior of PEEK under uniaxial loading. 

 

4.3.2 Non-linear analysis of SWCN 

The mechanical behavior of a SWCN depends on its atomistic nanostructure. For 

computational modeling, the SWCN is modeled as a space frame structure wherein the carbon 

atoms are represented by the so-called nodes of the frame finite-element and their positions in 

three-dimensional space for a particular (𝑛 ,𝑚) SWCN are defined with the following 

transformation equation [124]: 

(𝑥, 𝑦, 𝑧) = (𝑟𝑛𝑐𝑜𝑠 (
𝑥′

𝑟𝑛
) , 𝑟𝑛𝑠𝑖𝑛 (

𝑥′

𝑟𝑛
) , 𝑦′) 

(4.3) 

where (𝑥′, 𝑦′) are the graphene atomic coordinates which are converted to the nodes in the (𝑥, 𝑦, 𝑧) 

coordinates. The nodes, the coordinates of which are defined by the Equation (2), are connected 

by non-linear frame finite elements in order to represent the potential energy of the interatomic 

interactions. This potential energy is expressed by using the Morse potential. The effect of angle-

bending potential is negligible, so that the bond stretching potential, denoted by 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ, alone 

can adequately describe the nanotube behavior. 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ  can be calculated as follows [79]: 
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𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ = 𝐷𝑒 ([1 − 𝑒−𝛽∆𝑟]
2
− 1) (4.4) 

where 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ represents the energy corresponding to bond stretching, ∆𝑟 = 𝑟 − 𝑟0  is the bond 

length variation, and 𝐷𝑒 and 𝛽 are the force parameters in the potential energy.  The stretching 

force 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ of the non-linear behavior of the frame finite element can be obtained by 

differentiating 𝑈𝑠𝑡𝑟𝑒𝑡ℎ potential with respect to ∆𝑟. Hence, 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ is obtained to be: 

𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ(∆𝑟) = 2𝛽𝐷𝑒(1 − 𝑒−𝛽∆𝑟)𝑒−𝛽∆𝑟 (4.5) 

It is considered that the C-C bond breaks at 19% bond strain, according to [79], and 

correspondingly the force parameters are: 𝐷𝑒 = 6.03105 x 10-19 Nm, 𝛽 = 2.625 x 1010 m-1 and 𝑟0 = 

1.421 x 10-10 m. BEAM188 element, which is available in commercial software ANSYS®, is used 

to model the non-linear frame finite element. This element is capable of uniaxial tension or 

compression along with torsional and bending deformations, and it has six degrees of freedom at 

each of its end nodes, which include the translations in the x, y, and z directions and rotations about 

the x, y, and z axes. The density 𝜌𝑏 = 2.3 x 103 kg/m3 is used for the frame element, in accordance 

with Ref. [125], and the mass of the carbon atom 𝑚𝑐= 2.0 x 10-26 kg [125]. The mass 𝑚𝑐 is used 

at the nodes, representing the mass of the carbon atoms. The number of elements of the SWCN is 

4512. 

Due to the similarity of carbon nanotube’s geometry to a cylinder, nanotube structure can be 

modeled as a cylindrical shell. It is possible to replace the molecular structure of SWCN with a 

thin shell model based on a shell theory of continuum mechanics in the shape of a circular hollow 

cylinder [94], as depicted in Figure 4.3. The thin shell structural model can then be modeled using 

Finite Element Method (FEM) by assuming the Poisson’s ratio of nanotube 𝑣𝑛 (= 0.19), its 

thickness 𝑡𝑛 (= 0.066 nm) and its radius 𝑟𝑛 (value depending on its chirality). As given in Ref. 

[120], these parameters were estimated by equating the axial rigidity and bending rigidity of 

SWCN that are calculated from Molecular Dynamics (MD) simulations with the axial rigidity and 

bending rigidity expressions obtained using thin shell theory. Regarding the shell theory used to 

predict the mechanical behavior of the nanotube, Donnell’s thin shell theory can be used [80]. 

These simulations can include nonlinear effects from the stress-strain curve of the nanotube and 
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its density 𝜌𝑛, that were calculated as in Ref. [126]. The effective transversal area for the thin shell 

is calculated using the diameter 𝑑𝑛 of the nanotube and the equivalent thickness, which is 

expressed by 𝜋𝑑𝑛𝑡𝑛 (1 −⁄ 𝑣𝑛
2). SHELL281 element, which is available in commercial software 

ANSYS®, is used to model the thin shell. This element is suitable for analyzing thin to moderately-

thick shell structures and in large strain nonlinear applications. This element also consists of 8 

nodes, with six degrees of freedom (three translations and three rotations corresponding to a 3D 

coordinate system) per node. The number of elements of the shell model is 3040. 

 

 

 
Figure 4.3. Procedure for incorporating SWCN’s properties into a thin shell: (a) SWCN modeled 

with the modified Morse potential, (b) Stress-strain behavior of the SWCN and (c) SWCN 

modeled as a thin shell model. 

 

4.3.3 Interface modeling 

The interface can be simulated either as a continuum or as a discrete region. For convenience 

in the calculations, just the van der Waals (vdW) interactions between the nanotube and the inner 

surface of the polymer matrix are considered. Hence, in this work the interface region is 

represented with the use of truss finite elements, also called LINK element in commercial software 

ANSYS®, connecting carbon atoms of the discrete structure of the SWCN to nodes of the internal 

surface of matrix elements. COMBIN39 element is used to model trusses, links, and springs, and 
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it is a uniaxial tension-compression element with three degrees of freedom at each node: 

translations in the nodal x, y, and z directions. For simulations of van der Waals interactions at the 

nanotube-polymer interface, a truss element model, which was introduced in Ref. [76], is adopted. 

The properties of the LINK elements, shown in Figure 4.4, are obtained by using the corresponding 

van der Waals forces based on the Lennard-Jones potential, which is expressed as [83]: 

𝑈(𝑟) = 4𝜀̃ [(
�̃�

𝑟
)
12

−  (
�̃�

𝑟
)
6

] (4.6) 

where, 𝑟 is the distance between interacting atoms of the nanotube and the polymer, 𝜀̃, and �̃� are 

the Lennard–Jones parameters. For carbon atoms, the Lennard–Jones parameters are 𝜀̃ = 0.0556 

kcal/mole and �̃� = 3.4 Angstroms. Based on the Lennard-Jones potential, the van der Waals force 

𝐹𝑣𝑑𝑊 between interacting atoms is written as follows: 

𝐹𝑣𝑑𝑊(𝑟) = −
𝑑𝑈(𝑟)

𝑑𝑟
= 24

𝜀̃

�̃�
[2 (

�̃�

𝑟
)
13

− (
�̃�

𝑟
)

7

] (4.7) 

The activation of the truss element in the computational simulation is determined by the distance 

between an atom (a node) in the nanotube and a node in the internal surface of the polymer matrix, 

such that if this distance is less than 2.5�̃� (0.85 nm), the truss element is activated. The number of 

elements of the interface region is 7560. 
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Figure 4.4. (a) Lennard–Jones potential and van der Waals force versus interatomic distance, (b) 

Load-displacement curve of the nonlinear truss element. 

 

4.4 Viscous damping of CNRP 

4.4.1 Rate-dependent behavior of CNRP 

The rate-dependent plasticity (viscoplasticity) behavior of nanocomposite material is studied 

in this section. Viscoplasticity describes the flow rule of materials, that depends on time. The 

deformation of materials is assumed to develop as a function of strain. Arriaga et al. [148] studied 

the 20% mineral-filled polypropylene homopolymer under impact loading using simulation and 

experiments. They carried out the simulation in commercial software ANSYS® and LS-DYNA® 

to validate the elastoplastic strain rate sensitive constitutive models implemented in both codes, 

where it is possible observed that the test result from force-time and velocity-time curves are in 

good match with the viscoplastic strain rate sensitive Perzyna's model [149]. Galliot and 

Luchsinger [150] investigated the mechanical behavior of ETFE foils under uniaxial and biaxial 

loading using experimental work and finite element calculations, in which the foil material 

behavior was predicted by using Perzyna material model with different strain rates. Vasiukov et 

al. [151] studied the behavior of glass and fiber laminate composite plates with various stacking 

sequences, in which a viscoplasticity model based on modified Hoffman criterion in combination 

with Perzyna model was used to simulate the time dependence of the material response. Similar 
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strategy of analyzing the viscoplastic behavior of material is used in the present work to study the 

rate-dependent characteristics of nanocomposite reinforced with a SWCN. The viscoplastic 

behavior of polymer matrix is modeled using Perzyna model, which is available in commercial 

software ANSYS®, along with the nonlinear material properties of stress-strain behavior. The 

Perzyna model is given by the following expression [148]: 

𝜎𝑦𝑖𝑒𝑙𝑑 = [1 + (
𝜀�̇�𝑙𝑎𝑠𝑡𝑖𝑐

𝛾
)
𝑚

] 𝜎0 (4.8) 

where 𝜎𝑦𝑖𝑒𝑙𝑑 is the rate-dependent true yield stress, 𝜎0 is the static true yield stress, 𝜀�̇�𝑙𝑎𝑠𝑡𝑖𝑐 is the 

true plastic strain rate, and, 𝑚 and 𝛾 are the parameters that describe the material strain hardening 

and viscosity, respectively. 

4.4.2 Loss factor and viscous damping ratio 

To investigate the viscous damping of composite material, the same design and material 

properties of the RVE of CNRP are used, including Perzyna model [149], which was explained in 

sub-section 4.4.1. The loss factor 𝜂 was originally introduced as a measure of intrinsic damping of 

viscoelastic materials. However, a definition in terms of energy concept with respect to steady-

state oscillations can be used as follows: 

𝜂 =  
Δ𝑈

2𝜋𝑈𝑑𝑖𝑠𝑠
 (4.9) 

where Δ𝑈 stands for the energy dissipated per cycle of harmonic motion (or equivalently the 

amount of energy to be provided to maintain steady-state conditions) and 𝑈𝑑𝑖𝑠𝑠 is the total 

dissipation energy associated with the vibration. The loss factor can also be expressed in terms of 

cyclic stress and strain of harmonic strain, given by 𝑠𝑖𝑛[2 ×  𝜋 ×  𝜔 ×  𝑡], where 𝜔 and 𝑡 are the 

frequency and period, respectively. Therefore, the following expression can be used to calculate 

the numerical value of the loss factor: 
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𝜂 = 𝑡𝑎𝑛 (
2𝜋 × 𝑃ℎ𝑎𝑠𝑒 𝑠ℎ𝑖𝑓𝑡

𝑇𝑖𝑚𝑒 𝑝𝑒𝑟𝑖𝑜𝑑
) (4.10) 

where the phase shift is the phase angle between cyclic stress and strain. To investigate the loss 

factor related to viscous damping, an axial harmonic strain is applied to one side of the RVE, while 

the other side is clamped. The loss factor can be obtained using the phase angle between cyclic 

stress and strain, and period of the axial harmonic strain. Using the numerical values of the loss 

factor 𝜂, it is possible to determine the quality factor 𝑄−1, which is used for estimating the damping 

ratio 𝜁, as follows [141] 

𝑄−1 = √1 + 𝜂 − √1 − 𝜂 (4.11) 

Here 𝜂 is the loss factor. The viscous damping ratio 𝜁 can then be determined using the numerical 

value of the quality factor 𝑄−1 by the relation [142]: 

𝜁 = 𝑄−1 2⁄ . (4.12) 

 

4.5 Structural Damping of CNRP 

4.5.1 Concept of ‘‘stick-slip’’ behavior 

The “stick-slip” mechanism in a nanocomposite material is shown in Figure 4.5. When 

normal tensile stress is applied to a composite, this mechanism starts elongating (showing an 

increase in its length denoted as ∆𝐿𝑛). Because of this applied stress, the polymer matrix, in turn, 

applies shear stress, 𝜏, on the nanotube, thus causing the load transfer to the nanotube. 

Consequently, a normal strain develops in the nanotube, which elongates accordingly. When the 

applied stress is small, the nanotube remains fully bonded to the polymer matrix. Both the polymer 

matrix and the nanotube move together during this phase, and the strains are equal in both 

elements. As the applied stress is increased, the shear stress on the nanotube increases. At a certain 

value of shear stress (called the critical shear stress, 𝜏𝑐𝑟), the nanotube debonds from the polymer 

matrix. When the shear stress on the nanotube increases beyond this value (because of increased 
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applied stress), the polymer matrix starts slipping over the surface of the nanotube (thereby causing 

a change in its length denoted as ∆𝐿𝐶𝑛). The strain in the nanotube remains constant at its maximum 

level, while the strain in the polymer matrix increases (slipping phase). In this phase, there is no 

load transfer between the nanotube and the polymer matrix, but there is energy dissipation due to 

the slippage. Because of this energy dissipation, the so-called structural damping develops in the 

nanocomposite. 

4.5.2 Loss factor and structural damping coefficient 

As described in the sub-section 4.5.1, one of the essential causes of damping in nanotube-

reinforced composites is the friction between nanotube and matrix. Dissipated energy via 

interfacial movement of nanotube and matrix is equivalent to the shear force and the differential 

displacement between tube and matrix. For investigating loss factor 𝜂, total dissipation energy 

(𝑈𝑑𝑖𝑠𝑠), and dissipation energy (∆𝑈) in structural damping, the following equations can be used to 

calculate their numerical values [139]: 

𝜂 = 𝑠𝑖𝑛−1 (
Δ𝑈

2𝜋𝑈𝑑𝑖𝑠𝑠
) 

(4.13) 

𝑈𝑑𝑖𝑠𝑠 = ∫
𝜎𝑖𝑗𝜀𝑖𝑗

2

 

𝑉

𝑑𝑉 (4.14) 

Δ𝑈 = 2𝜏2(2𝑟𝑛𝐿𝑛
2 )(𝜀0 − 𝜀2) 

(4.15) 

where 𝑟𝑛 is the radius of the nanotube, 𝐿𝑛 is the length of the nanotube, 𝜀0 is the strain of matrix 

material due to loading, 𝜀2 is the strain between the nanotube and polymer matrix and 𝜏𝑐𝑟 is the 

maximum value of bonding stress (shear stress) 𝜏𝑟𝑧 associated with the longitudinal shear stress 

between nanotube and matrix material, which is obtained when the maximum normal stress and 

strain are reached due to loading. Hence, 𝜏𝑐𝑟 can be calculated as a function of 𝜀2 as follows [139]:  

𝜏𝑐𝑟 = 𝐸𝑒𝑞 ∙ 𝜀2 ∫
𝑠𝑖𝑛ℎ(𝛽(𝐿𝑛 2⁄ − 𝑧))

𝑐𝑜𝑠ℎ(𝛽 𝐿𝑛 2⁄ )

𝐿𝑛 2⁄

0

𝑑𝑧√
𝐺0

𝐸𝑒𝑞

1

2𝑙𝑛(𝑟𝑚 𝑟𝑛⁄ )
 (4.16) 
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where 𝑟𝑚 is the radius of the polymer matrix; 𝐺0 is the shear modulus of matrix material (𝐺0 = 0.2 

GPa for polymers) and 𝐸𝑒𝑞 is the equivalent modulus of nanotube which can be calculated as: 

𝐸𝑒𝑞 = 2𝑡𝑛𝐸𝑛 𝑟𝑛⁄ , where 𝑡𝑛 is the thickness of carbon nanotube, 𝐸𝑛 is Young’s modulus of the 

nanotube. Parameter 𝛽 can be obtained from the following equation [140]: 

𝛽 = (
𝐺02𝜋

𝐸𝑒𝑞𝐴𝑙𝑛(𝑟𝑚 𝑟𝑛⁄ )
)
1 2⁄

 (4.17) 

where 𝐴 = (2𝑉𝑛 𝑟𝑛)𝑉⁄  is the contact area between the nanotube and polymer matrix and 𝑉 is the 

volume of the polymer matrix and 𝑉𝑛 is the volume fraction of nanotube. 𝜏𝑐𝑟 can also be determined 

if a tensile displacement is applied to one side of the RVE when the other side is clamped. The 

displacement is applied until the nanotube strain, and polymer matrix’s strain become different. 

At that strain, the maximum shear stress 𝜏𝑐𝑟 occurs. Hence, the strain 𝜀2, between the nanotube and 

the polymer matrix, is obtained as follows: 

𝜀2 =
𝜏𝑐𝑟(𝐿𝑛 2⁄ )

𝐸𝑒𝑞 ∫
𝑠𝑖𝑛ℎ(𝛽(𝐿𝑛 2⁄ − 𝑧))

𝑐𝑜𝑠ℎ(𝛽 𝐿𝑛 2⁄ )
𝐿𝑛 2⁄

0
𝑑𝑧√

𝐺0

𝐸𝑒𝑞
1

2𝑙𝑛(𝑟𝑚 𝑟𝑛⁄ )

 
(4.18) 

The total dissipation energy 𝑈𝑑𝑖𝑠𝑠 and dissipation energy ∆𝑈 are calculated from Equations (4.14) 

and (4.15), respectively, with the numerical values of 𝜏𝑐𝑟,  𝜀2 and tensile stress at each strain level 

of the applied tensile displacement. The loss factor 𝜂 is then determined from Equation (4.13) with 

the values of 𝑈𝑑𝑖𝑠𝑠 and ∆𝑈. Using the numerical values of the loss factor 𝜂, it is possible to 

determine the quality factor 𝑄−1, which is used for estimating the structural damping coefficient 

𝜆, as follows [141]: 

𝑄−1 = √1 + 𝜂 − √1 − 𝜂 (4.19) 

Here, 𝜂 represents the loss factor. Using the numerical value of the quality factor 𝑄−1, the structural 

damping coefficient 𝜆 is then determined by the relation [142]: 

𝜆 = 𝑄−1 2⁄  (4.20) 
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Figure 4.5. Stick-slip behavior of SWCN-based composite: (a) when 𝜏𝑟𝑧 < critical shear stress 

𝜏𝑐𝑟 and (b) when 𝜏𝑟𝑧 > critical shear stress 𝜏𝑐𝑟. 

 

4.6 Results and discussion 

4.6.1 Stiffness response of CNRP 

Regarding the Carbon-Nanotube-Reinforced-Polymer (CNRP) properties, the stress-strain 

curve is examined for a polymer matrix, made with Polyetheretherketone (PEEK), reinforced with 

a (20, 0) Single-Walled-Carbon-Nanotube (SWCN), with modeling the nanotube as a thin shell 

based on Donnell’s Shell Theory. The RVE is loaded under tension to provide the respective 

properties, and the volume of the surrounding polymer is defined as 4% volume fraction of SWCN 

on the mechanical properties. The boundary conditions of CNRP correspond to a cantilever, where 

the translational and rotational movements of one end of the matrix are prevented, while the other 

end is free to move so that the SWCN transfers its mechanical properties into the matrix via the 

vdW links. The length of the CNRP is 7.96 nm and the diameter of the (20, 0) SWCN is 1.569 nm. 

Hence, the aspect ratio of the (20, 0) SWCN is defined as length of nanotube/diameter of nanotube. 

The aspect ratio of the (20, 0) SWCN is then calculated as 5.070. 

Figures 4.6(a) and 4.6(b) show the stress-strain curve for the CNRP with 4% volume fraction 

of SWCN and PEEK, respectively.  It can be appreciated from Figure 4.6(a) that Young’s modulus 

of the nanocomposite 𝐸𝑐 is 42.78 GPa, while for PEEK, the Young’s modulus 𝐸𝑚is 4.9 GPa. The 
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Young’s modulus 𝐸𝑐 is eight times higher than that of PEEK, which shows the SWCN’s influence 

in the polymer. It can also be observed that the ultimate strength of the nanocomposite is higher 

than that of the plain polymer, where the ultimate strengths of the nanocomposite and the polymer 

are 4.29 GPa and 0.18 GPa, respectively.  Although according to the theory, these stress levels 

would be possible, in practical application, it is not possible to approach these levels of strength 

magnitude in the CNRP material because the nanocomposite material could have different defects 

that affect its mechanical properties. These defects include the effects of the random arrangement 

of carbon nanotubes in a polymer matrix, the entanglement of fillers and kinking, and structural 

imperfections (vacancy defects, etc) of the nanocomposite. These defects play important roles in 

the properties of composites because they can cause that the structure of the nanocomposite is 

weak and fragile suffering several damages, such as a crack or fracture. Another important defect 

is that a poor interface induces the debonding of nanoscale fillers from the polymer matrix during 

loading, possibly weakening the polymer matrix.  

 

Figure 4.6. Stress-strain curves of (a) CNRP and (b) PEEK. 

 

4.6.2 Comparison of the present CNRP simulation model with other models 

In order to compare the effectiveness of the present simulation model to that of other existing 

models, the results obtained in the present chapter using the present Representative Volume 

Element (RVE) simulation model of the CNRP material are compared with the stress-strain curves 
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obtained using the RVE proposed by Wernik and Meguid [76]. The RVE proposed in Ref. [76]  

consists of a polymer matrix, which is a two-component epoxy adhesive (SikaDur330), reinforced 

with different volume fractions of (16, 0) SWCN and (9, 9) SWCN. The tensile stress-strain curves 

of both RVEs are depicted in Figure 4.7(a) and 4.7(b). It can be noticed from Figure 4.7 that the 

stress-strain behavior is similar for both models so that the CNRP model proposed in the present 

work can be used to model different types of polymer materials reinforced with SWCNs.  

 

Figure 4.7. Comparison of the stress-strain curves of the RVE models proposed in Ref. [76] and 

in the present work, for the CNRP containing different volume fractions of, (a) (16, 0) SWCN 

and (b) (9, 9) SWCN. 

 

The Root Mean Square Error (RMSE) and the Chi-square error were also calculated to 

determine further the effectiveness of the RVE simulation model proposed in the present work. 

Table 4.1 shows the Root Mean Square Error (RMSE) and the Chi-square error for the comparison 

between the stress-strain curves obtained using the RVE simulation model proposed in Ref. [76] 

and the RVE simulation model proposed in the present work. For the case of (16, 0) SWCN, the 

RMSE and the Chi-square error for the RVE with 1% volume fraction of (16, 0) SWCN are 0.4385 

and 0.3256, respectively, while for 2% volume fraction, the RMSE and the Chi-square error are 

0.3268 and 0.4287, respectively. For 5% volume fraction, the RMSE and the Chi-square error are 

0.4235 and 0.3682, respectively, while for 10% volume fraction, the RMSE and the Chi-square 
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error are 0.2791 and 0.4395, respectively. In the case of (9, 9) SWCN, the RMSE and the Chi-

square error for 1% volume fraction are 0.3521 and 0.4135, respectively, while for 2% volume 

fraction, the RMSE and the Chi-square error are 0.2943 and 0.3916, respectively. For 5% volume 

fraction, the RMSE and the Chi-square error are 0.3275 and 0.3785, respectively, while for 10% 

volume fraction, the RMSE and the Chi-square error are 0.3472 and 0.4861, respectively. These 

ranges of RMSE and Chi-square error indicate a high degree of correlation between the compared 

stress-strain curves. The results in Figure 4.7 and Table 4.1 show that the RVE simulation model 

of the CNRP proposed in the present work is a good option for predicting the mechanical behavior 

of the polymer matrix material reinforced with a SWCN. 

 

Table 4.1. The RMSE and Chi-square error for the 

simulation model of the CNRP.  

Volume fraction RMSE Chi-square error 

1% - (16, 0) SWCN 0.4385 0.3256 

2% - (16, 0) SWCN 0.3268 0.4287 

5% - (16, 0) SWCN 0.4235 0.3682 

10% - (16, 0) SWCN 0.2791 0.4395 

1% - (9, 9) SWCN 0.3521 0.4135 

2% - (9, 9) SWCN 0.2943 0.3916 

5% - (9, 9) SWCN 0.3275 0.3785 

10% - (9, 9) SWCN 0.3472 0.4861 

 

4.6.3 Natural frequencies of CNRP 

Effect on natural frequencies of the matrix material by addition of 4% volume fraction of 

SWCN is studied in this section. A modal analysis is performed on the CNRP material constructed 

and the polymer: PEEK, to investigate the influence of SWCN on the natural frequencies of the 

polymer matrix. Block Lanczos method [143] is used to perform the modal analysis on the model, 

which is often utilized in analyses where high accuracy is required. Clamped-Free (CF) boundary 

conditions are applied to the 3D multiscale finite-element model and the polymer material.  
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The natural frequencies of the first 15 modes of CNRP with 4% of SWCN volume fraction 

are compared in Table 4.2 to the natural frequencies of PEEK. It is observed from Table 4.2 that 

the addition of nanotubes significantly increases the natural frequencies of the polymer matrix, 

especially for the first mode number, which is the first bending mode frequency. This is explained 

by the high stiffness of the carbon nanotube reinforced polymer. The natural frequencies increase 

in a range of 21.05-63.35% with a (20, 0) SWCN as reinforcement. It can be noticed that for CNRP, 

the first bending mode frequency increases by 63.35% (first row in Table 4.2), while the first axial 

mode frequency increases by 21.05 % (fourth row in Table 4.2). Figure 4.8 shows the mode shapes 

for the first bending and the first axial mode frequencies of CNRP.  

 

Table 4.2. Comparison of natural frequencies of the polymer matrix and CNRP in GHz for CF 

boundary condition. 

Mode PEEK CNRP 
 

(%) Increase 

1 0.161 0.263 63.35 

2 0.169 0.274 62.13 

3 0.222 0.309 39.18 

4 0.380 0.460 21.05 

5 0.389 0.577 48.32 

6 0.390 0.580 48.71 

7 0.391 0.582 48.84 

8 0.394 0.588 49.23 

9 0.394 0.592 50.25 

10 0.397 0.597 50.37 

11 0.397 0.602 51.63 

12 0.399 0.624 56.39 

13 0.399 0.624 56.39 

14 0.405 0.635 56.79 

15 0.418 0.637 52.39 
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Figure 4.8. Mode shapes, first bending and first axial, of CNRP-PEEK for Clamped-Free 

boundary conditions: (a)-(b) first bending shape mode and (c)-(d) first axial shape mode. 

4.6.4 Rate-dependent behavior of CNRP 

The rate-dependent stress-strain curve of CNRP was determined using computations 

performed in commercial software ANSYS® based on the nonlinear stress-strain curve and the 

material parameters of Perzyna model [148], which is a widely-used viscoplastic formulation for 

this type of material. The Perzyna model parameters for the polymer matrix material are the 

material strain hardening parameter 𝑚 and viscosity 𝛾, which are taken as 0.25 and 0.5 [150], 

respectively, from the literature.  The nonlinear stress-strain behavior of the polymer matrix is 

taken from Figure 4.6(a), and the same design of CNRP with 4% volume fraction is used in this 

study, as discussed in Section 4.3. Clamped-Free boundary conditions are applied on the RVE of 

CNRP to obtain the rate-dependent behavior of the composite material, where one end of the RVE 

is constrained, and a strain rate is applied at the free end. The strain rate used in this analysis is 

10% strain (in nm/nm unit) per second, which is utilized in other applications for viscoplastic 

behavior of polymers [148]. Figure 4.9 shows a comparison between the rate-dependent stress-

strain curve of CNRP and the static stress-strain behavior of the same composite material. It can 

be observed that the CNRP shows higher stress carrying capacity when it is pulled at a strain rate 

of 10% strain/sec compared to the static behavior, while there is a considerable decrease in the 

failure strain of the composite material.  The ultimate strength at a strain rate of 10% strain/sec is 

5.16 GPa, while in the static behavior, the ultimate strength is 4.29 GPa. In other words, the 

ultimate strength at a strain rate of 10% strain/sec is 20% higher than that of the static behavior. 

Regarding the failure strain, in the static behavior, this strain is 0.1601, while at a strain rate of 
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10% strain/sec, the failure strain is 0.0533. In other words, the failure strain at static behavior is 

66% higher than that at a strain rate of 10% strain/sec.  

 

 

Figure 4.9. Stress-strain curves of CNRP at 10% strain rate and static loading conditions.  

 

4.6.5 Viscous damping properties of CNRP 

 

In viscous damping, when mechanical systems vibrate in a fluid medium such as air, gas, 

water, or oil, the resistance offered by the fluid to the moving body causes energy to be dissipated. 

In this case, the amount of dissipated energy depends on many factors, such as the size and shape 

of the vibrating body, the viscosity of the fluid, the frequency of vibration, and the velocity of the 

vibrating body. In viscous damping, the damping force is proportional to the velocity of the 

vibrating body. On the other hand, in structural damping, when a material is deformed, energy is 

absorbed and dissipated by the material. The effect is due to friction between the internal planes, 

which slip or slide as the deformations take place. Hence, the viscous damping of the Carbon-

Nanotube-Reinforced-Polymer (CNRP) material is then sensitive to its natural frequencies, while 

the structural damping is sensitive to strain rate. 

To investigate the damping of composite material, the same design and material properties 

of the RVE of the CNRP material are used as mentioned in the last sub-section. CF boundary 

conditions are applied, in which one end of CNRP is constrained and an axial harmonic strain 

𝑠𝑖𝑛[2 ×  𝜋 ×  𝜔 ×  𝑡] is applied at the other end at 0.161 GHz and 0.38 GHz, which are the first 

bending mode frequency and first axial mode frequency, respectively. The 𝜔 and 𝑡 are the 
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frequency and period, respectively. The stress and strain responses corresponding to the free end 

of CNRP at the first bending and first axial mode frequencies are shown in Figure 4.10, where the 

phase lag between the stress and strain is used to calculate the damping properties of the 

nanocomposite. The viscous damping material model can be calculated from Figure 4.10 by using 

the equations given in sub-section 4.4.2. It can be noticed from Figure 4.10 that the phase shift, 

between the cyclic stress and strain, for the first bending mode frequency is higher than the phase 

shift for the first axial mode frequency. In addition, it can be observed, in Figure 4.10(b), that the 

value of cyclic stress is higher in the first axial mode frequency than that in the first bending mode 

frequency in Figure 4.10(a).  

 

 

Figure 4.10. Stress and strain histories of CNRP subjected to an axial harmonic strain at first 

bending and first axial frequencies. 

 

The viscous damping ratio is sensitive to the values of frequency of CNRP material, while 

the structural damping coefficient is associated to the contact between the structure of carbon 

nanotube and the polymer matrix material. The computed values of viscous damping ratio for each 

natural frequency are shown in Figure 4.11, where their numerical values are within a range of 

0.0333-0.0860. it can be appreciated that the viscous damping ratio decreases considerably within 

a range between 0.263 - 0.577 GHz, while for natural frequencies higher than 0.577 GHz, the 

values of viscous damping ratios are similar. In Figure 4.12, the values of the viscous damping 
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ratio (corresponding to the 5th to 15th natural frequencies) are compared to the experimental results 

for an epoxy reinforced with Multi-Walled Carbon Nanotubes (MWCNs), which were presented 

in Ref. [152]. Diglycidyl ether of Bisphenol A (DGEBA) is used as epoxy in the experimental 

tests. For the experimental data, the weight percentage of the Carbon Nanotubes (CNs) for each 

sample are 0.25%, 0.5%, and 0.75%. The total number of samples is 3 for each case, but each 

sample has a different length. Hence, the three samples of Ref. [152] are defined in the present 

work as: CN-1, CN-2, and CN-3. From Figure 4.12, it can be appreciated that the values of the 

viscous damping ratio are 3.5 times higher than that of the damping ratio reported in Ref. [152]. 

In the next section, the structural damping properties are calculated. 

 

 

Figure 4.11. Viscous damping ratio for CNRP with Clamped-Free boundary condition. 
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Figure 4.12. Comparison of the viscous damping ratio of CNRP with the experimental results for 

an epoxy-based nanocomposite material with MWCN given in Ref. [152]. 

 

4.6.6 Structural damping properties of CNRP 

Structural damping properties are determined following the same design that was mentioned 

in section 4.3, but not considering the properties of Perzyna model in the polymer matrix material. 

By considering the stick-slip concept, which is introduced in sub-section 4.5.1, between the SWCN 

and the polymer matrix, one side of the RVE is clamped, and the other side is pulled by applying 

a displacement in the axial direction. It can be obtained that, up to a specific strain, the nodes of 

nanotube and corresponded nodes of the matrix, have similar displacement, and by increasing the 

strain, at the interface of matrix and nanotube slip occurs. Because of this, the displacement of 

matrix nodes will be larger than that of the corresponded nodes of the nanotube. 

Damping properties can be obtained, if the RVE behaves exactly as per the mechanism of 

stick-slip motion and follows the equations that govern this mechanism. From the results of finite 

element simulations, the critical shear stress 𝜏𝑐𝑟 and dissipation energy 𝑈𝑑𝑖𝑠𝑠 are determined and 

used with the model properties such as radius, area, and Young’s modulus to calculate the 

structural damping properties from the equations given in sub-section 4.5.2. The dissipation energy 

and loss factor are investigated, and the results are shown in Figure 4.13 for the CNRP with 4% 
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volume fraction of SWCN. It can be noticed that for the CNRP, the dissipation energy increases 

due to nanocomposite’s strain, and the loss factor decreases due to nanocomposite’s strain. In 

Figure 4.13(a), the dissipation energy presents a similar value for strains lower than 0.03, while 

for strain values higher than 0.03, the dissipation energy values increase considerably. In Figure 

4.13(b), the values of loss factor decrease considerably for strain values in a range between 0.03 

and 0.135, however for strain values higher than 0.135, the loss factor takes on similar values. In 

Figure 4.13(b), the results of the loss factor are also compared to that of experimental results for 

5% SWCN – Epoxy beam obtained from Ref. [140]. The epoxy is made of Epon 9405 (75 parts 

by weight), Epodil 749 for lowering viscosity (25 parts) and Ancamine 9470 hardener (41.4 parts). 

It can be appreciated that the values of the loss factor associated with the 5% SWCN – Epoxy 

beam decrease considerably for strain values in a range between 0.005 and 0.05. The loss factor 

of the CNRP also exhibits a similar behavior but in the range of strain values between 0.03 and 

0.135. 

 

Figure 4.13. (a) Dissipation energy and (b) loss factor for CNRP and experimental results for 5% 

SWCN – Epoxy beam given in Ref. [140]. 

 

Regarding the structural damping, Figure 4.14(a) shows the structural damping coefficient 

for CNRP as a function of natural frequencies. The values for the structural damping coefficient 

are within a range of 0.0661 - 0.1597, and it can be appreciated that their numerical values decrease 

considerably within a range of natural frequencies of 0.263 - 0.577 GHz. The values of the 
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structural damping coefficient are similar for natural frequencies within a range of 0.577 - 0.637 

GHz. In Figure 4.14(b), the values of the structural damping coefficient are compared to the 

experimental results for SWCN – Epoxy beam and MWCN – Epoxy beam given in Ref. [153] for 

different volume fractions. The epoxy is made of an epoxy resin and an amine hardener. It can be 

noticed that the values of the structural damping are seven times higher than that of MWCN – 

Epoxy beam and 16 times higher than that of the SWCN- Epoxy beam. In the next sub-section, a 

comparison between viscous and structural damping mechanisms is provided.  

 

Figure 4.14. (a) Structural damping coefficient for CNRP with Clamped-Free boundary 

condition and, (b) structural damping coefficient for CNRP and experimental results for SWCN 

– Epoxy beam and MWCN – Epoxy beam given in Ref. [153]. 

 

4.6.7 Comparison between viscous and structural damping mechanisms 

In this section, a comparison between viscous and structural mechanisms is provided to 

analyze the dynamic properties of CNRP. Table 4.3 shows the numerical values of both types of 

damping properties. In the case of viscous damping ratio, the numerical values are within a range 

of 0.0343 - 0.0830, while for structural damping coefficient, the numerical values are within a 

range of 0.0675 - 0.1597.  According to Ref. [154], an approximate relationship between viscous 

damping ratio 𝜁 and structural damping coefficient 𝜆 is given by 𝜆 ≈ 2𝜁. It can be appreciated 

from Table 4.3 that 𝜆 is approximately 2 times higher than 𝜁. For example, in the case of the first 
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bending mode frequency (of 0.161) GHz, 𝜁 is 0.0830 and 𝜆 is 0.1597 which means that the 

structural damping coefficient  𝜆 is 1.92 times higher than the viscous damping ratio 𝜁. For the 

case of the first axial mode frequency, 𝜁 is 0.0511 and 𝜆 is 0.0914, which means that the structural 

damping coefficient 𝜆 is 1.78 times higher than the viscous damping ratio 𝜁. 

 

 

Table 4.3. Comparison between viscous and structural damping mechanisms for CNRP (Vol. 

fract. = 4% - (20 0) SWCN). 

Viscous damping ratio 𝜁 Structural damping coefficient 𝜆 

0.0830 0.1597 

0.0815 0.1534 

0.0714 0.1362 

0.0511 0.0914 

0.0382 0.0729 

0.0375 0.0726 

0.0357 0.0723 

0.0355 0.0716 

0.0354 0.0711 

0.0353 0.0705 

0.0351 0.0699 

0.0343 0.0675 

0.0343 0.0675 

0.0334 0.0663 

0.0333 0.0661 

 

4.7 Conclusion  

Regarding the mechanical behavior of the Carbon-Nanotube-Reinforced-Polymer (CNRP) 

material, static analysis was performed on the CNRP material with 4% volume fraction of (20, 0) 

SWCN as reinforcement to obtain its stiffness response in terms of its stress-strain behavior. The 
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Young’s modulus of the nanocomposite 𝐸𝑐 was 42.78 GPa, while for the unreinforced PEEK 

material, the Young’s modulus 𝐸𝑚 was 4.9 GPa. Hence, the Young’s modulus 𝐸𝑐 is eight times 

higher than that of PEEK, and this shows the influence of SWCN in the polymer matrix. The 

ultimate strength of the nanocomposite was higher than that of the plain polymer, where the 

ultimate strengths of the nanocomposite and the polymer were 4.29 GPa and 0.18 GPa, 

respectively. Also, the natural frequencies of the CNRP material with 4% volume fraction of (20, 

0) SWCN as reinforcement were compared to that of PEEK. An increase in these frequencies, as 

much as 63.35%, especially for the first bending mode frequency, has been observed, due to the 

reinforcement with the SWCN.   

Regarding the damping properties of CNRP, the viscoplastic behavior of the polymer matrix 

material was considered, and the rate-dependent characteristics of CNRP were studied, while the 

viscous damping ratio was calculated based on the loss factor obtained by applying an axial 

harmonic strain at free end in CF boundary conditions. The computed values of viscous damping 

ratio for each natural frequency were within a range of 0.0333-0.0860. On the other hand, the 

concept of stick-slip motion behavior was used to obtain the critical shear stress, dissipation 

energy, and loss factor to calculate the structural damping coefficient of CNRP. The values of the 

structural damping coefficient were within a range of 0.0661 - 0.1597. Both damping mechanisms 

were compared and analyzed to obtain a close relationship between both properties. From this 

analysis, it was determined that the structural damping coefficient is approximately two times 

higher than the viscous damping ratio. For example, in the case of first bending mode frequency, 

the viscous damping ratio was 0.0830, and the structural damping coefficient was 0.1597, which 

means that the structural damping coefficient is 1.92 times higher than the viscous damping ratio. 

For the case of the first axial mode frequency, the viscous damping ratio was 0.0511, and the 

structural damping coefficient was 0.0914, which means that the structural damping coefficient is 

1.78 times higher than the viscous damping ratio. 
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Chapter 5. Reliability Evaluation of Carbon-Nanotube-Reinforced-

Polymer Composites based on Multiscale Finite Element Model 

  

 

Foreword  

 

This chapter contains the journal paper: J. A. Palacios and R. Ganesan, "Reliability evaluation of 

Carbon-Nanotube-Reinforced-Polymer composites based on multiscale finite element model," 

Composite Structures, vol. 229, p. 111381, 2019.  

 

In this chapter, a 3D multiscale finite element of the Representative Volume Element of the 

Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material is developed considering 

5% of volume fraction and structural vacancies in the SWCN and the interface region based on 

Monte-Carlo Simulation technique. The structural vacancies are represented by missing carbon 

atoms and covalent bonds in the SWCN and van der Waals links in the interface region. The stress-

strength (challenge-capacity) model prediction is utilized to perform the reliability evaluation of 

the stiffness response of the RVE of CNRPC material by using the Maximum Entropy Method. 
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5 Reliability Evaluation of Carbon-Nanotube-Reinforced-Polymer Composites based on 

Multiscale Finite Element Model 

 

5.1 Abstract 

Experimental investigations to study the material behavior of nanocomposites have 

limitations. Hence, computational modeling and simulation encompassing multiscale material 

behavior provide an alternate approach to study the mechanical properties of such materials. The 

objective of the present chapter is to develop a computational framework for performing a 

probabilistic analysis of a Carbon-Nanotube-Reinforced-Polymer (CNRP) material by using the 

stress-strength model to determine the reliability and hazard associated with its mechanical 

properties, in terms of its longitudinal elastic modulus and ultimate longitudinal strength. A 3D 

multiscale finite element model of the Representative Volume Element of the nanocomposite 

consisting of a polymer matrix, an imperfect Single-Walled-Carbon-Nanotube (SWCN) and an 

imperfect interface region has been constructed for this purpose. The polymer matrix is modeled 

with the Mooney-Rivlin strain energy, the imperfect SWCN is modeled as a space frame structure 

using the Morse potential, and the interface region is modeled via van der Waals (vdW) links. In 

practical applications, the SWCN is not perfect, and it possesses structural defects, and moreover, 

the vdW links are not perfect. Such imperfections are characterized using the Monte Carlo 

simulation technique. The reliability and hazard functions of the CNRP material are calculated 

using the Maximum Entropy Method. 

 

5.2 Introduction 

Composite materials have been increasingly used in not only aeronautical and aerospace 

applications but also in many other engineering applications due to their many unique advantages, 

such as higher stiffness and strength to weight ratios, corrosion resistance, long fatigue life, and 

durability, compared to metals. Hence, the use of carbon nanotubes as reinforcement in polymer 

materials is common in several engineering applications. Single-Walled-Carbon-Nanotubes 

(SWCNs) incorporated into polymers because of their exceptional and multipurpose properties 

create a new generation of nanocomposite materials [51]. Since experimentation at the nanoscale 
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is still a developing field, the most effective way of quantifying the effects of such parameters is 

predominantly through computational modeling techniques.  

It is a standard practice to use a Representative Volume Element (RVE) in the simulation 

and modeling of any type of composites (that are metal-based, ceramic-based and polymer-based) 

[53]. For studying the mechanical properties of a polymer matrix with Single-Walled-Carbon-

Nanotubes (SWCNs) as reinforcement, Li and Chou [91] constructed the RVE using a space frame 

structure for a SWCN, solid elements for the polymer, and truss rods to represent the interfacial 

region. However, some studies included non-linearities in the SWCN by using the Morse potential, 

such as Georgantzinos et al. [79], and in the interface region by using van der Vaals links, such as 

Wernik and Meguid [76]. In the case of the dynamic response of this type of nanocomposite, 

Latibari et al. [104] extended the model of [91] to calculate the damping ratio of the nanocomposite 

by evaluating its dissipation energy. Later, Jamal-Omidi et al. [105] analyzed a SWCN embedded 

in a volume element using 3D finite-element and analytical models to compute its natural 

frequencies considering different aspect ratios. Shokrieh et al. [106] predicted the viscoelastic 

properties for an embedded SWCN in a polymer matrix by using a time-dependent formulation of 

the interface region. The SWCN was modeled using a space frame beam, the interface region was 

modeled using non-linear springs based on van der Waals interactions and the polymer matrix 

using solid continuum elements. Later, Papadopoulos and Impraimakis [101] proposed a 

hierarchical multiscale approach to evaluate the nonlinear constitutive behavior of concrete 

reinforced with SWCNs. Other authors, such as Sun et al. [102], presented a multiscale 

computational analysis based on RVE modeling and molecular dynamics simulations to 

investigate the microscopic failure mechanisms of unidirectional carbon fiber reinforced polymer 

composites, while Chevalier et al. [103] proposed a multiscale approach to characterize and to 

model the transverse compression response of a unidirectional carbon fiber reinforced epoxy.  

In the case of nano-reinforced polymer systems with structural imperfections, such as 

vacancy defects, Davoudabadi and Farahani [108] investigated the impact of different vacancy 

defects on Young’s modulus of a SWCN – a reinforcement polymer composite in the axial 

direction by using a structural model in commercial software ANSYS®. Joshi et al. [110] proposed 

a multiscale 3D RVE approach for modeling the elastic behavior of carbon nanotube reinforced 

composites with vacancy defects. Later, Chawla et al. [111] explored the influence of vacancy 

defects on SWCN reinforced polypropylene composites using molecular dynamics simulation and 
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comparing the influence of a perfect SWCN and an imperfect SWCN as reinforcement. Other 

effects in polymer matrix composites, such as those due to the arrangement of carbon nanotubes, 

were studied by other authors. For instance, Zhu et al. [113] presented a probabilistic multiscale 

approach to model the random spatial distribution of local elastic properties arising from the 

heterogeneous waviness and orientation of SWCN fillers within a 3D microscale continuum RVE 

of a SWCN-reinforced polymer matrix. Recently, Jeong et al. [114] proposed a 3D stochastic 

computational homogenization model for SWCN-epoxy matrix composites. They found that 

stochastic waviness, agglomeration, and orientation of SWCN fillers caused random spatial 

variations of the elasticity tensor of the SWCN-epoxy matrix within a microscale RVE, resulting 

in probabilistic changes of the homogenized stiffness of the RVE. The effects of the random 

arrangement of carbon nanotubes in a polymer matrix, the entanglement of fillers and kinking, are 

probably dominant in polymer matrix composites. However, to the extent that the mechanical 

properties of the nanotube reinforcement influence the properties of the nanocomposite, there 

would be a corresponding sensitivity of the nanocomposite property to the variations in the 

properties of the nanotube reinforcement and interface properties. This source of randomness can 

be compared to the other sources mentioned before. Hence, considering the randomness due to 

defects in a carbon nanotube or interphase, while assuming that the carbon nanotubes are correctly 

aligned is duly justified in the references from the literature. Moreover, the use of stochastic 

modeling to analyze the effects of structural vacancies in the SWCN is also of interest in 

manufacturing, due to the fact that vacancies are randomly distributed in the SWCN and are 

unavoidable in engineering applications [39-42]. 

Another essential aspect of composites is their structural reliability. As for the reliability 

analysis of this type of materials, there are studies on laminated composite structures [155-157], 

including multiscale modeling [158]. However, there are no works that consider SWCN- polymer 

composites. Despite the work done on polymer composites with SWCNs as reinforcement, studies 

that characterize and analyze the structural vacancy problems using a stochastic modeling 

technique and the reliability of nanocomposite systems still need to be carried out. Hence, the 

objective of the present chapter is to perform probabilistic modeling and analysis of a Carbon-

Nanotube-Reinforced-Polymer (CNRP) material to determine the reliability of its mechanical 

properties by using the stress-strength (challenge-capacity) modeling and prediction method [159]. 

The mechanical properties of the CNRP material analyzed in the present chapter are carried out in 
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terms of its longitudinal elastic modulus and ultimate longitudinal strength, which are considered 

as random variables. For modeling the CNRP material, a 3D multiscale finite-element model of 

the RVE of the nanocomposite material is developed. The CNRP material consists of a polymer 

matrix material, an imperfect SWCN, and an imperfect interface region. The multiscale modeling 

is performed in terms of using different theories and corresponding strain energies to model 

individual parts of the Representative Volume Element of the CNRP material. The macroscale 

continuum mechanics for the polymer matrix, the mesoscale mechanics for the imperfect interface 

region, and nanoscale-level atomistic mechanics for the imperfect SWCN. The polymer matrix is 

modeled with the Mooney-Rivlin strain energy function [82]. The imperfect SWCN is modeled as 

a space frame structure by using the Morse potential [79], while the imperfect interface region is 

modeled via van der Waals (vdW) links [83]. The structural vacancies of the imperfect SWCN and 

the interface region are modeled by using the Monte Carlo Simulation (MCS) technique [85]. The 

stress-strength (challenge-capacity) model is used to study the reliability of the CNRP material 

based on its longitudinal elastic modulus and ultimate longitudinal strength random variables. The 

probability distributions of the random variables are calculated using the Maximum Entropy 

Method [88] along with Gaussian and two-parameter Weibull distributions [87]. Finally, a 

reliability function is obtained for each distribution calculated, and a comparison is provided, as 

well as the hazard function as a measure of safety and risk [86]. To demonstrate and highlight the 

sensitivity of the material properties of the CNRP material to the imperfections in the SWCN and 

the vdW links, a comparative study is conducted.  The values of the longitudinal elastic modulus 

of the CNRP material that has the SWCN as reinforcement of a perfect structure and perfect vdW 

links in the nanostructure, and that of the CNRP material that has the SWCN of an imperfect 

structure and imperfect vdW links, are determined. They are compared with the longitudinal elastic 

modulus of two SWCN-reinforced polymer systems, one with perfectly aligned SWCNs and 

another with randomly aligned SWCNs, using the material property data obtained from the 

literature. In this comparison, a (16, 0) SWCN-reinforced Polyetheretherketone (PEEK) is 

considered as the CNRP material. 

5.3 Finite Element Modeling and Analysis of Representative Volume Element (RVE) 

The Representative Volume Element (RVE) investigated in the present chapter consists of a 

Single-Walled-Carbon-Nanotube (SWCN) embedded in a polymer matrix and an interface region 
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between the SWCN and the polymer material (Figure 5.1). The interactions between the SWCN 

and the polymer matrix are treated as nonbonded van der Waals interactions. The volume fraction 

of the SWCN in the composite material denoted as 𝑉𝑛, with respect to the RVE, can be calculated 

as follows [79]: 

𝑉𝑛 =
8𝑟𝑛𝑡𝑛

4𝑟𝑚2 − (2𝑟𝑛 − 𝑡𝑛)2
 (5.1) 

where 𝑟𝑛 is the mean radius of the nanotube, 𝑟𝑚 is the radius of the matrix material and 𝑡𝑛 is the 

thickness of the nanotube. The matrix is regarded as a continuum medium since the matrix volume 

is far higher than that of the SWCN for the volume fraction considered.  

 

Figure 5.1. Representative Volume Element (RVE) of the nanocomposite. 

 

5.3.1 Space frame model of Single-Walled-Carbon-Nanotube (SWCN) 

The mechanical behavior of a Single-Walled-Carbon-Nanotube (SWCN) depends on its 

atomistic nanostructure. For computational modeling, the SWCN is modeled as a space frame 

structure wherein the carbon atoms are represented by the so-called nodes of the frame finite-
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element. Their positions in three-dimensional space for a particular (𝑛 ,𝑚) SWCN are defined 

with the following transformation equation [124]: 

(𝑥, 𝑦, 𝑧) = (𝑟𝑛𝑐𝑜𝑠 (
𝑥′

𝑟𝑛
) , 𝑟𝑛𝑠𝑖𝑛 (

𝑥′

𝑟𝑛
) , 𝑦′) 

(5.2) 

where (𝑥′, 𝑦′) are the graphene atomic coordinates which are converted to the nodes in the (𝑥, 𝑦, 𝑧) 

coordinates. The nodes, with coordinates defined by the Equation (5.2), are connected by non-

linear frame finite elements to represent the potential energy of the interatomic interactions. This 

potential energy is expressed by using the Morse potential. The effect of the angle-bending 

potential is negligible, so that the bond stretching potential, denoted by 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ, alone can 

adequately describe the nanotube behavior. 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ  can be calculated as follows [79]: 

𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ = 𝐷𝑒 ([1 − 𝑒−𝛽∆𝑟]
2
− 1) (5.3) 

where 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ represents the energy corresponding to bond stretching, ∆𝑟 = 𝑟 − 𝑟0  is the bond 

length variation, and 𝐷𝑒 and 𝛽 are the force parameters in the potential energy. The stretching 

force 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ of the non-linear behavior of the frame finite-element can be obtained by 

differentiating 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ potential with respect to ∆𝑟. Hence, 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ is obtained to be: 

𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ(∆𝑟) = 2𝛽𝐷𝑒(1 − 𝑒−𝛽∆𝑟)𝑒−𝛽∆𝑟 (5.4) 

It is considered that the C-C bond breaks at 19% bond strain, according to Ref. [79], and 

correspondingly, the force parameters are: 𝐷𝑒 = 6.03105 x 10-19 Nm, 𝛽 = 2.625 x 1010 m-1 and 𝑟0 = 

1.421 x 10-10 m. BEAM188 element, which is available in commercial software ANSYS®, is used 

to model the non-linear frame finite-element. This element is capable of uniaxial tension or 

compression along with torsional and bending deformations, and it has six degrees of freedom at 

each of its end nodes, which include the translations in the x, y, and z directions and rotations about 

the x, y, and z-axes. The density 𝜌𝑏 = 2.3 x 103 kg/m3 is used for the frame element, following 

Ref. [125], and the mass of the carbon atom 𝑚𝑐= 2.0 x 10-26 kg, following Ref. [125]. The mass 
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𝑚𝑐 is used at the nodes, representing the mass of the carbon atoms. The number of elements of the 

SWCN is 4512. 

5.3.2 Polymer matrix 

The polymer matrix is modeled by using linear three-dimensional hexahedral isoparametric 

finite-element SOLID185, which is available in commercial software ANSYS®. SOLID185 

element is capable of simulating both material and geometrical nonlinearities of the hyperelastic 

material. This element is defined by eight nodes having three degrees of freedom at each node: 

translations in the nodal x, y, and z directions. In order to describe the mechanical behavior of the 

polymer matrix, the following Mooney–Rivlin strain energy density function is utilized in 

conjunction with the SOLID185 element [82]: 

𝑊(𝐼1, 𝐼2, 𝐼3, 𝑣𝑚) = 

𝑐1𝑚(𝐼1 − 3) + 𝑐2𝑚(𝐼2 − 3) + 𝑐3𝑚(𝐼1 − 3)(𝐼2 − 3) +
1

2
𝑘𝑚(𝐼3 − 3)2 

(5.5) 

where 𝐼1, 𝐼2, and 𝐼3 define the invariants of the strain tensor, 𝑣𝑚 is the Poisson’s ratio, 𝑐1𝑚, 𝑐2𝑚 

and 𝑐3𝑚 are material parameters and 𝑘𝑚 is the bulk modulus of the material. Polyetheretherketone 

(PEEK) is considered as the polymer matrix material. Tension experiments were carried out by El-

Qoubaa et al. [147] to determine the mechanical properties of PEEK. The fitting of the 

experimental stress-strain behavior of this material with the specific Mooney-Rivlin parameters is 

carried out in the present chapter by using the method of least squares, which is a standard approach 

in regression analysis to the approximate solution of the overdetermined system. Thus, the stress-

strain curve determined is depicted in Figure 5.2 with the Mooney-Rivlin parameters 𝑐1𝑚= -3.75 

GPa, 𝑐2𝑚= 4.82 GPa, 𝑐3𝑚= 1.5 GPa, and 𝑘𝑚= 4.083 GPa. 

The model parameters for the polymer material consist of an inner radius, an outer radius 

and 10.0 nm length. The Young’s modulus 𝐸𝑚 of the polymer material is obtained from the stress-

strain curve to perform the vibration analysis. Hence, the mechanical properties of PEEK used in 

the vibration analysis are the following: 𝐸𝑚= 4.9 x 109 Pa, density 𝜌𝑚 = 1.3 x 103 kg/m3 and 

Poisson’s ratio 𝑣𝑚= 0.3. The number of elements of the polymer matrix material is 36480. 
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Figure 5.2. Stress-strain behavior of PEEK under uniaxial loading. 

 

5.3.3 Interface modeling 

The interface can be simulated either as a continuum or as a discrete region. For convenience 

in the calculations, only the van der Waals (vdW) interactions between the nanotube and the inner 

surface of the polymer matrix are considered. Hence, in this chapter the interface region is 

represented with the use of truss elements, also called LINK elements in commercial software 

ANSYS®, connecting carbon atoms of the discrete structure of the SWCN to nodes of the internal 

surface of the matrix elements. The COMBIN39 element is used to model trusses, link, and springs 

and it is a uniaxial tension-compression element with three degrees of freedom at each node: 

translations in the nodal x, y, and z directions. For simulations of van der Waals interactions at the 

nanotube-polymer interface, a truss element model, which was introduced in Ref. [76], is adopted. 

The properties of the LINK elements are obtained by using the corresponding van der Waals forces 

based on the Lennard-Jones potential, which is expressed as [83]: 

𝑈(𝑟) = 4𝜀̃ [(
�̃�

𝑟
)
12

−  (
�̃�

𝑟
)
6

] (5.6) 
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where 𝑟 is the distance between interacting atoms of the nanotube and the polymer matrix, and  𝜀̃ 

and �̃� are the Lennard–Jones parameters. For carbon atoms, the Lennard–Jones parameters are 𝜀̃ = 

0.0556 kcal/mole and �̃� = 3.4 Angstroms. Based on the Lennard-Jones potential, the van der Waals 

force 𝐹𝑣𝑑𝑊 between interacting atoms is written as follows: 

𝐹𝑣𝑑𝑊(𝑟) = −
𝑑𝑈(𝑟)

𝑑𝑟
= 24

𝜀̃

�̃�
[2 (

�̃�

𝑟
)
13

− (
�̃�

𝑟
)

7

] (5.7) 

The activation of the truss element in the computational simulation is determined by the distance 

between an atom (a node) in the nanotube and a node in the internal surface of the polymer matrix, 

so that if this distance is less than 2.5�̃� (0.85 nm), the truss element is activated. The number of 

elements of the interface region is 7560. 

5.4 Probabilistic Modeling and Analysis 

5.4.1 Monte Carlo Simulation (MCS) of structural vacancy defects in Single-Walled-Carbon-

Nanotube (SWCN) and the interface region 

A Macro file is written and developed in MATLAB and run in commercial software ANSYS 

® to investigate the effect of structural vacancy defects in the Single-Walled-Carbon-Nanotube 

(SWCN) and the interface region on the mechanical behavior of the nanocomposite. To represent 

their structural vacancy defects the Macro file contains the geometry of the perfect SWCN and 

perfect interface region along with a computer code based on the Monte Carlo Simulation (MCS) 

technique [85]. This computer code randomly removes C-C bonds and van der Waals (vdW) links 

in the nanostructure and the interface region, following a specific statistical distribution. The 

parameters of the distribution and the positions of C-C bonds and vdW links removed (belonging 

to the missing atoms) along the axial and circumferential directions of the SWCN and the interface 

region are pre-selected. The total number of simulations of this computational algorithm is 10,000 

to achieve good accuracy in the results due to the stochastic implementation of the MCS technique 

[85].  It should be noted that if there is an element removed at any of the ends of the Representative 

Volume Element (RVE) of Carbon-Nanotube-Reinforced-Polymer (CNRP) material, the code will 

generate a new specific statistical distribution to remove C-C bond and vdW links. Thus, the model 
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is checked carefully prohibiting this specific local effect. The flowchart of the code simulating the 

stochastic SWCN and the stochastic interface region with vacancy defects is described in Figure 

5.3.  

 

Figure 5.3. Flowchart of modeling and analysis process for imperfect SWCN and imperfect 

interface region based on Monte Carlo simulation technique. 

 

Regarding the MCS technique, the mechanical properties of the SWCN are determined for 

every simulation of the nanostructure. Therefore, these mechanical properties depend on the 

configuration of the SWCN (carbon atoms and C-C bonds) and change for every simulation of the 

MCS technique. The MCS technique starts with an input uniform distribution to select the position 

and the distribution of the missing carbon atoms. Then, the C-C bonds and vdW links, which 

belong to the missing carbon atoms, along the axial and circumferential directions of the SWCN 

and the interface region are selected and removed following the input distribution. In the present 

chapter, a (16, 0) SWCN is used as reinforcement material and is modeled through in each 

simulation, with different vacancy defects (missing atoms and C-C bonds), until reaching 10000 

simulations. Figure 5.4 shows the MCS process of the (16, 0) SWCN for a percentage of atomic 

vacancies of 5% for different simulations of its ultimate longitudinal strength. It can be noticed 
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that in every iteration, the SWCN shows different vacancy defects in its structure. Hence, the 

mechanical properties of the (16, 0) SWCN change in every simulation as is depicted in Figure 

5.4, so that a specific statistical distribution is determined for each mechanical property. It should 

be mentioned that for each atomic vacancy, the vdW links in the interface surface of the 

nanocomposite are also removed along with each iteration of the MCS technique. 

 

Figure 5.4. Monte Carlo Simulation process for a (16, 0) SWCN. 

 

5.4.2 Maximum Entropy Method 

The principle of Maximum Entropy (ME) [88] can represent stochastic information in data 

using a probability density function (pdf) that depends on its moment constraints. This principle 

states that any stochastic data can be described, among all the probability distributions compatible 

with the information available in data, by the pdf with the highest entropy, in other words, the pdf 

that best represents the information in data. According to the principle of ME, all likelihoods are 

to be considered based on the information available in data, which in this case is the set of truncated 

moments related to the distribution of interest. For a random variable 𝑥, whereby its realization 𝑥 

takes on all values over an integral of real numbers with unique pdf 𝑓(𝑥), the Entropy 𝑆𝐸 can be 

defined as [86]: 

𝑆𝐸(𝑥) = −∫𝑓(𝑥)
 

ℝ

ln 𝑓(𝑥)𝑑𝑥 (5.8) 
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In the moment-based ME method, the Entropy 𝑆𝐸 is maximized subject to: 

∫𝑥𝑖𝑓(𝑥)
 

ℝ

𝑑𝑥 = 𝑚𝑖 (5.9) 

where 𝑚𝑖 are the constrained moments, (𝑖 = 0, … , 𝑛) and 𝑛 is the number of moments. Using the 

method of Lagrange multipliers [90], the optimization problem with 𝑛+1 constraints is then 

reduced to the optimization of the unconstrained function: 

ℒ(𝝀) = ∫ 𝑒𝑥𝑝(∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

)𝑑𝑥 − ∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

 
 

ℝ

 (5.10) 

where 𝝀 = {𝜆𝑖} for 𝑖 = {0,… , 𝑛} are the Lagrange multipliers for its corresponding 𝒙 = {𝑥𝒊}. 

Equation (5.10) has a solution for 𝑓(𝑥) as follows [88]: 

𝑓(𝑥) = 𝑒𝑥𝑝 (∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

) (5.11) 

All the ME distributions are achieved when 𝜕ℒ 𝜕𝝀 = 0⁄ , which satisfies the moment 

constraints in Equation (5.9) and takes the general form of 𝑓(𝑥) in Equation (5.11). Note that since 

𝑥0 = 1 (for 𝑖 = 0) in Equation (5.11), 𝜆0 can be determined by using the following expression: 

𝜆0 = −𝑙𝑛 ∫ 𝑒𝑥𝑝 (∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

)𝑑𝑥
 

ℝ

 (5.12) 

The gradient 𝜕ℒ 𝜕𝝀⁄  and the elements 𝐻𝑖𝑗 of Hessian matrix [𝐻] of the Lagrangian function 

in Equation (5.10) are given, respectively, as follows: 

(∇ℒ)𝑖 =
𝜕ℒ

𝜕𝜆𝑖
= ∫𝑥𝑖𝑓(𝑥)

 

ℝ

𝑑𝑥 − 𝑥𝑖 (5.13) 

𝐻𝑖𝑗 = ∫𝑥𝑖+𝑗𝑓(𝑥)
 

ℝ

𝑑𝑥 (5.14) 
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The Lagrange multipliers 𝝀 in Equation (5.11) can be found by using the methodology 

proposed in Ref. [88], which involves the Newton method [90].  

5.4.3 Reliability Evaluation based on the stress-strength (challenge-capacity) model 

A mechanical system fails when the strength 𝑆 (the capacity of the system) is less than the 

applied stress 𝑠 (the challenge of the system), where both strength and stress are random variables. 

The strength is considered as the capacity of the system to tolerate damage, while the stress is 

regarded as the challenge that the system must tolerate [159]. The probability density function for 

the stress is denoted by 𝑓𝑠(𝑠) and that for strength by 𝑓𝑆(𝑆). If the probability density function 

curves for both strength and stress interfere, as shown in Figure 5.5(a), then the shaded area where 

the curves interfere is an indication that the component will fail, because the stress exceeds its 

strength. The failure probability of the system 𝑃𝑓, which is the probability that the stress exceeds 

the strength, is expressed as follows: 

𝑃𝑓 = 𝑃(𝑆𝑡𝑟𝑒𝑠𝑠 ≥ 𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ) (5.15) 

also, the reliability 𝑅, which is the probability that the stress is less than the strength, is expressed 

as follows: 

𝑅 = 𝑃(𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ ≥ 𝑆𝑡𝑟𝑒𝑠𝑠) 
(5.16) 

 

Figure 5.5. (a) Probability of failure from stress-strength distributions and (b) Reliability from 

interference variable. 
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The reliability of a mechanical system can be calculated if the density functions for the 

strength 𝑓𝑆(𝑆) and the stress 𝑓𝑠(𝑠) are known.  However, if a variable is defined as 𝛿 ≡ 𝑆 − 𝑠, 

where 𝑆 and 𝑠 are independent random variables and both are greater than or equal to zero, the 

reliability can be then obtained based on this variable [159]. The variable 𝛿 would also be 

considered as a random variable, which is called interference random variable.  Therefore, the 

reliability 𝑅 can be defined as follows:  

𝑅 = 𝑃(𝛿 ≥ 0) (5.17) 

Thus, the reliability can be calculated by the expression given by: 

𝑅 = ∫ 𝑓𝛿(𝛿)𝑑𝛿
∞

0

 
(5.18) 

This probability in terms of the area under the density function of the interference random 

variable 𝛿 is shown in Figure 5.5(b), where 𝜇𝛿 = 𝜇𝑆 − 𝜇𝑠 is the mean value of 𝛿, 𝜇𝑆 is the mean 

value of strength 𝑆, 𝜇𝑠 is the mean value of stress 𝑠, and 𝜎𝛿  represents the standard deviation of 𝛿. 

Similarly, the unreliability 𝑄 is given by: 

𝑄 = ∫ 𝑓𝛿(𝛿)𝑑𝛿
0

−∞

 
(5.19) 

The areas corresponding to 𝑅 and 𝑄 are shown in Figure 5.5(b). It is possible to evaluate the 

reliability or unreliability of a mechanical system considering various density functions of stress 

and strength.  

5.5 Results and discussion 

5.5.1 Comparison of results with data from the literature 

The effects of random arrangement of carbon nanotubes in a polymer matrix, the 

entanglement of fillers and kinking are probably dominant in polymer matrix composites, as it was 

mentioned before. However, the use of stochastic modeling to analyze the effects of structural 

vacancies in the Single-Walled-Carbon-Nanotube (SWCN) is also of interest in manufacturing, 
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because such vacancies are randomly distributed in the SWCN and are unavoidable in engineering 

applications [39-42]. To the extent that the mechanical properties of the nanotube reinforcement 

influence the properties of the nanocomposite, there would be a corresponding sensitivity of the 

nanocomposite property to the variations in the properties of the nanotube reinforcement and 

interface properties. Hence, a comparison of the results between a Poly {(m-phenylenevinylene)-

co-[(2,5-dioctoxy-p-phenylene)vinylene]} matrix [100], known as PmPV, with perfectly aligned 

SWCNs, and the Carbon-Nanotube-Reinforced-Polymer (CNRP) material is provided. The results 

of the SWCN-reinforced PmPV were calculated for its longitudinal elastic modulus considering 

different chiralities of zigzag SWCNs. The CNRP material used for this comparison is a (16, 0) 

SWCN-reinforced PEEK, considering a perfect structure for the SWCN and the van der Waals 

(vdW) links. The volume fractions of SWCN used for the longitudinal elastic modulus were 0.035, 

0.070, 0.105, 0.140, and 0.175. Figure 5.6 shows the comparison of the longitudinal elastic 

modulus of the SWCN-reinforced PmPV and the (16, 0) SWCN-reinforced PEEK. It can be 

appreciated from Figure 5.6 that the longitudinal elastic modulus of the (16, 0) SWCN-reinforced 

PEEK shows a similar tendency as the results of the SWCN-reinforced PmPV.  

 

 

Figure 5.6. Comparison of the longitudinal elastic modulus of the (16, 0) SWCN-reinforced 

PEEK and the SWCN-reinforced PmPV [100], considering perfectly aligned SWCNs. 
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In the case of structural vacancies in the SWCN and the vdW links, the longitudinal elastic 

modulus of the CNRP material is determined for an imperfect (16, 0) SWCN-reinforced PEEK, 

considering a perfectly aligned SWCN. The imperfect (16, 0) SWCN-reinforced PEEK presents 

5% atomic vacancies in the nanotube. The results of the imperfect (16, 0) SWCN-reinforced PEEK 

are compared to that of the perfect SWCN-reinforced PmPV with randomly aligned SWCNs. In 

Figure 5.7, the longitudinal elastic modulus of the imperfect (16, 0) SWCN-reinforced PEEK is 

approximately two times higher than that of the perfect SWCN-reinforced PmPV with randomly 

aligned SWCNs. The results of the imperfect (16, 0) SWCN-reinforced PEEK also show a similar 

tendency as the results of the perfect SWCN-reinforced PmPV. These results indicate an increase 

of the longitudinal elastic modulus considering higher values of SWCN volume fraction.  

 

Figure 5.7. Comparison of the longitudinal elastic modulus of the imperfect (16, 0) SWCN-

reinforced PEEK and the SWCN-reinforced PmPV [100] with randomly aligned SWCNs. 

 

Regarding the CNRP material reinforced with a perfect or an imperfect SWCN, Figure 5.8 

shows the comparison of the longitudinal elastic modulus of the (16, 0) SWCN-reinforced PEEK 

considering a perfect SWCN and an imperfect SWCN. The longitudinal elastic modulus decreases 

if there are structural vacancies in the nanostructure. For example, in the case of 3.5% volume 

fraction, the longitudinal elastic modulus decreases by about 37%, while in the case of 17% volume 
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fraction, the longitudinal modulus decreases by about 29%. Hence, in sub-section 4.2, a 

probabilistic analysis is performed on the CNRP material with structural vacancies to determine 

its reliability and hazard associated with its ultimate longitudinal strength and an applied external 

stress. Such vacancy defects are essential randomness to be considered in a conservative and safe 

design of the nanocomposite.  

 

Figure 5.8. Comparison of the longitudinal elastic modulus of the (16, 0) SWCN-reinforced 

PEEK, considering a perfect and an imperfect SWCN. 

 

5.5.2 Probabilistic analysis of mechanical properties of Carbon-Nanotube-Reinforced-Polymer 

(CNRP) material 

Probabilistic analysis of the mechanical properties of the Carbon-Nanotube-Reinforced-

Polymer (CNRP) material is discussed in this section. The case study is performed on a CNRP 

material with 5% volume fraction of Single-Walled-Carbon-Nanotube (SWCN), considering an 

imperfect (16, 0) SWCN along with an imperfect interface region. The percentage of atomic 

vacancies in the imperfect (16, 0) SWCN is 5%, which implies having C-C bonds and van der 

Waals (vdW) links correspondingly removed in the structure for the SWCN and the interface 

region, respectively. The vacancy defects in the imperfect SWCN are characterized based on the 

Monte Carlo Simulation (MCS) technique. Therefore, several iterations are required to meet the 
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mentioned convergence criterion (10,000 simulations) [85]. The length 𝐿𝑛 of the CNRP material 

is 10 nm and the thickness 𝑡𝑛 of the SWCN is 0.34 nm. The diameter of the (16, 0) SWCN is 

1.2535 nm. Hence, the aspect ratio (length /diameter) of the (16, 0) SWCN is 7.977. The boundary 

conditions for this analysis are Clamped-Free (CF), where one end of the polymer matrix material 

is fully constrained, and an axial displacement is applied at the other (free) end. 

The statistical distributions for the longitudinal elastic modulus and the ultimate longitudinal 

strength of the CNRP material are obtained based on the MCS technique, as well as the applied 

stress of the stress-strength model. For each distribution, the skewness, the median, the mean and 

the mode are calculated to determine if the statistical distributions are symmetric or asymmetric. 

The skewness for the longitudinal elastic modulus is -0.5623, which means that it is a left-skewed 

distribution with its median higher than its mean. The median of the longitudinal elastic modulus 

is 25.585 GPa, the mean is 25.536 GPa, and the mode is 25.539 GPa. For the ultimate longitudinal 

strength, the skewness is -0.5605, which means that this distribution is also a left-skewed 

distribution with its median higher than its mean. The median of the ultimate longitudinal strength 

is 3.572 GPa, the mean is 3.565, and the mode is 3.566 GPa. In the case of the applied stress for 

the stress-strength model, the skewness is -0.5612, which means that this distribution is also a left-

skewed distribution. The median of the applied stress is 3.247 GPa, the mean is 3.240 GPa, and 

the mode is 3.242 GPa. Hence, from the analysis of the skewness of the statistical distributions, it 

can be noticed that the distributions are asymmetric. Thus, an entropy distribution can show a more 

realistic probability density function (pdf) for each random variable.  

The pdfs studied in the present chapter are the Maximum-Entropy distribution with four-

moments (ME4) and the Maximum-Entropy distribution with five-moments (ME5), along with 

Gaussian and two-parameter Weibull distributions [87]. Table 5.1 lists the moment constraints in 

calculating the maximum entropy distributions for the material properties mentioned before and 

the applied stress. In Table 5.1, there are available four-moment constraints for the ME4 

distribution and five-moment constraints for the ME5 distribution for each random variable. 
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Table 5.1. Moment constraints used in calculating maximum entropy distributions 

Material 

properties 

First order  

(GPa) 

Second order 

(GPa2) 

Third order 

(GPa3) 

Fourth order 

(GPa4) 

Fifth order 

(GPa5) 

Longitudinal 

elastic 

modulus 

25.536 6527.137 16698.243 427562.727 109572808.624 

Ultimate 

longitudinal 

strength 

3.564 12.720 45.430 162.395 580.990 

Applied 

stress 
3.240 10.512 34.132 110.918 360.749 

 

Figure 5.9 shows the longitudinal elastic modulus frequency histogram along with ME4, 

ME5, Gaussian and Weibull pdfs in a range of 22-28 GPa and a Relative Uncertainty (RU) of 

3.021 x 10-13 Pa, which is obtained as RU = 𝜎𝑅𝑈 𝜇𝑅𝑈√𝑛𝑅𝑈⁄ , where 𝜎𝑅𝑈 is the standard deviation, 

𝜇𝑅𝑈 is the mean value, and 𝑛𝑅𝑈 is the number of simulations. Their corresponding cumulative 

distribution functions (cdfs) are also plotted along with the Empirical Frequency cdf of 

Longitudinal Elastic Modulus (EFLEM cdf). EFLEM cdf is determined by calculating first the 

area of each frequency bar in the histogram (of the longitudinal elastic modulus). Then, each of 

these areas (of each frequency bar) is added to the area of the previous one until all of these  areas 

(of all frequency bars) are included. The initial value of the cumulative sum of the areas is zero, 

and the final value is 1. The frequency histogram of the ultimate longitudinal strength of the CNRP 

material is illustrated in Figure 5.10 along with ME4, ME5, Gaussian, and Weibull pdfs in a range 

of 3-4 GPa and an RU of 3.023 x 10-13 Pa. Their corresponding cdfs are also plotted along with 

the Empirical Frequency cdf of Ultimate Longitudinal Strength (EFULS cdf). EFULS cdf is 

calculated using the same procedure as that of EFLEM cdf but considering the frequency 

histogram of the ultimate longitudinal strength. Regarding the applied stress, Figure 5.11 shows 

its frequency histogram along with ME4, ME5, Gaussian, and Weibull pdfs in a range of 2.8-3.6 

GPa and an RU of 3.022 x 10-13 Pa. Their corresponding cdfs are also plotted along with the 

Empirical Frequency cdf of Applied Stress (EFAS cdf). EFAS cdf is calculated using the same 
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procedure as that of EFLEM cdf and EFULS cdf but considering the frequency histogram of the 

applied stress.  

 

Figure 5.9. Frequency histogram and probability density and distribution functions of the 

longitudinal elastic modulus. 

 

Figure 5.10. Frequency histogram and probability density and distribution functions of the 

ultimate longitudinal strength. 
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Figure 5.11. Frequency histogram and probability density and distribution functions of applied 

stress. 

 

Table 5.A-1 in Appendix A summarizes the computed Lagrange multipliers for the 

mechanical properties mentioned before and the applied stress. Each Lagrange multiplier has been 

considered with three-digits after the decimal, which is required to guarantee the accuracy of 

computation since their small changes may cause an extreme variation in the exponential 

probability function. The maximum iteration numbers in searching acceptable Lagrange 

multipliers never exceed 20 for the random variables in the present chapter. The entropy quantity 

has the lowest numerical value for the ME5 distribution, regardless of the random variable 

considered.  

Table 5.2 summarizes the computed Gaussian and Weibull parameters for each mechanical 

property of the CNRP material and the applied stress. The Weibull parameters for the longitudinal 

elastic modulus are: scale-parameter 𝛽 = 25.894 GPa and shape-parameter 𝛼 = 37.628, while the 

Gaussian parameters are: mean value 𝜇 = 25.536 GPa and standard deviation 𝜎 = 0.771 GPa. In 

the case of the ultimate longitudinal strength, the Weibull parameters are: scale-parameter 𝛽 = 

3.614 GPa and shape-parameter 𝛼 = 37.608, while the Gaussian parameters are: mean value 𝜇 =

 3.564 GPa and standard deviation 𝜎 = 0.107 GPa. Regarding the applied stress, the Weibull 
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parameters are: scale-parameter 𝛽 = 3.286 GPa and shape-parameter 𝛼 = 37.608, while the 

Gaussian parameters are: mean value 𝜇 = 3.240 GPa and standard deviation 𝜎 = 0.097 GPa. 

 

Table 5.2. Weibull and Gaussian parameters computed for different material properties. 

Material properties Weibull parameters Gaussian parameters 

 𝛽 (GPa) 𝛼 𝜇 (GPa) 𝜎 (GPa) 

Longitudinal elastic modulus 25.894 37.628 25.536  0.771 

Ultimate longitudinal strength 3.614 37.608 3.564 0.107 

Applied stress 3.286 37.608 3.240 0.097 

 

Regarding the reliability analysis based on the stress-strength model, an interference random 

variable 𝛿 is calculated to obtain the reliability of the CNRP material involving its ultimate 

longitudinal strength and an applied stress. The reliability is obtained based on the probability 

density function of 𝛿 for values of 𝛿 higher than or equal to zero. Therefore, the distribution of 𝛿 

is computed by using the MCS technique with the ultimate longitudinal strength and the applied 

stress, considering the definition 𝛿 ≡ strength - stress. Calculating the skewness of variable 𝛿 is 

possible to define if its statistical distribution is symmetric or asymmetric. The skewness of 

variable 𝛿 is 0.3645, which means that this distribution is a right-skewed distribution with its 

median lower than its mean. The median of the variable 𝛿 is 0.38 GPa, the mean is 0.4 GPa, and 

the mode is 0.28 GPa. Hence, it can be observed that this distribution is asymmetric. Thus, an 

entropy distribution can show a realistic pdf for this variable, as well as the distributions of the 

mechanical properties of the CNRP material and the applied stress already calculated. 

Figure 5.12 shows the frequency histogram of variable 𝛿 along with ME4, ME5, Gaussian, 

and Weibull pdfs when 𝛿 > 0 with an RU of 5.95 x 10-12 Pa. Their corresponding cumulative 

distribution functions (cdf) are also plotted along with the Empirical Frequency cdf of Interference 

Random Variable (EFIRV cdf). EFIRV cdf is determined by calculating first the area of each 

frequency bar in the histogram (of variable 𝛿). Then, each of these areas (of each frequency bar) 

is added to the area of the previous one until all of these areas (of all frequency bars) are included. 

The initial value of the cumulative sum of the areas is zero, and the final value is 1. Table 5.A-2 

in Appendix A summarizes the moment constraints in calculating ME4 and ME5 distributions for 
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the interference random variable 𝛿, as well as the corresponding Lagrange multipliers, and the 

Weibull and Gaussian parameters for their pdfs shown in Figure 5.12.  

 

Figure 5.12. Frequency histogram and probability density functions of interference random 

variable 𝛿 and its cumulative distribution functions. 

 

Figure 5.13 shows the reliability of the CNRP material for values of the operational stress 

obtained from the random variable 𝛿 for different distributions: ME4, ME5, Weibull, and 

Gaussian. It can be appreciated from Figure 5.13 that the operational stress is in a range of 3.11-

4.16 GPa. It can also be observed that the reliabilities based on ME4 and ME5 distributions fit 

better the Empirical Frequency of Operational Stress (EFOS) reliability than that of the Weibull 

and Gaussian distributions. EFOS is obtained by using the values of EFIRV cdf associated to the 

frequency histogram of variable 𝛿. However, the comparison between the reliability values based 

on the different distributions plotted in Figure 5.13, and that of the EFOS reliability is provided 

based on the Root-Mean-Square-Error (RMSE) and Chi-Square Error. Table 5.3 shows the RMSE 

and Chi-Square Error for the reliabilities based on the different distributions with respect to EFOS 

reliability, corresponding to the operational stress in the CNRP material. From Table 5.3, it can be 

appreciated that the ME4 reliability presents a RMSE of 0.0075604 and a Chi-square error of 

0.0002294, while the ME5 reliability presents a RMSE of 0.0071344 and a Chi-square error of 
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0.0001659. Regarding the Weibull reliability, this distribution presents a RMSE of 0.1119983 and 

a Chi-square error of 0.0013706, while The Gaussian reliability presents a RMSE of 0.1485945 

and a Chi-square error of 0.0021110. The errors calculated in Table 5.3 show that Weibull and 

Gaussian reliabilities give a RMSE that is 15 times higher than that of ME4 and ME5 reliabilities. 

In the case of the Chi-square error, the Weibull reliability is six times higher than that of the ME4 

reliability and eight times higher than that of the ME5 reliability, while the Gaussian reliability is 

nine times higher than that of the ME4 reliability and 12 times higher than that of the ME5 

reliability.  Therefore, it can be observed that ME4 and ME5 distributions are closer to EFOS than 

Weibull and Gaussian distributions, which lead to a better calculation and characterization of the 

reliability and performance of the CNRP material. 

 

Figure 5.13. Reliability of the CNRP material for different distributions of 𝛿. 

Table 5.3. RMSE and Chi-square error for variable 𝛿  

Distribution RMSE Chi-square error 

ME4 0.0075604 0.0002294 

ME5 0.0071344 0.0001659 

Weibull 0.1119983 0.0013706 

Gaussian 0.1485945 0.0021110 
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The reliability analysis is a needed component of design. Therefore, it is possible to 

determine, from the reliability results, the Mean-Stress-To-Failure (MSTF) [160] and the Mean-

Residual-Strength (MRS) [160]. As the name indicates, the MSTF denotes the expected stress to 

failure for a non-repairable system. On the other hand, the MRS is defined as the expected value 

of the remaining strength of the system after a fixed stress point, which can be determined when 

the reliability value decreases until reaching values close to zero. The fixed stress point to calculate 

the MRS is determined from Figure 5.13 when the reliability value presents a considerable change 

in its behavior towards an area with low-reliability values close to zero, and from the MSTF results. 

This fixed stress point is denoted as 𝑆𝑓 and it can be appreciated in Figure 5.13. The reliability 

zone after 𝑆𝑓 can be considered as a failure zone, which can be further characterized by the hazard 

function. The value of 𝑆𝑓 is calculated by using the values of MSTF shown in Table 5.4, which 

shows the MSTF and the MRS for each distribution and EFOS. The MSTF of EFOS is 3.5283 

GPa, and the MRS of EFOS is 4.6965 GPa. It can be appreciated in Table 5.4 that the maximum 

value of the MSTF based on the distributions is 3.6502 GPa, so the value of 𝑆𝑓 should be lower 

than the maximum value of the MSTF. In this analysis 𝑆𝑓 has a numerical value of 3.365 GPa.  

Regarding the analysis of the MSTF based on the distributions, the ME4 distribution presents 

a percent error of 0.00031 with respect to EFOS, the ME5 distribution presents a percent error of 

0.00028 with respect to EFOS, the Weibull distribution presents a percent error of 0.00277 with 

respect to EFOS and the Gaussian distribution shows a percent error of 0.00345 with respect to 

EFOS. It can be noticed for the MSTF that the error percentage of the Weibull distribution is eight 

times higher than that of the ME4 distribution and nine times higher than that of the ME5 

distribution, while for the Gaussian distribution, the error percentage is 11 times higher than that 

of the ME4 distribution and 12 times higher than that of the ME5 distribution. Hence, it can be 

observed that the results obtained from ME4 and ME5 distributions are more suitable and 

appropriate for a high-performance design of the CNRP material than that of Weibull and Gaussian 

distributions concerning EFOS. Regarding the analysis of the MRS based on the distributions, the 

error percentage of the Weibull distribution is five times higher than that of the ME4 distribution 

and 20 times higher than that of the ME5 distribution, while for the Gaussian distribution, the error 

percentage is 10 times higher than that of the ME4 distribution and 40 times higher than that of 

the ME5 distribution. Therefore, it can be appreciated, as in the results of MSTF, that the results 
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of ME4 and ME5 distributions lead to a better conservative design than that of Weibull and 

Gaussian distributions concerning EFOS.  

 

Table 5.4. MSTF and MRS for each distribution. 

Distribution MSTF (GPa) Error* (%) MRS (GPa) Error* (%) 

EFOS 3.5283 - 4.6965 - 

ME4 3.5294 0.00031 4.6585 0.00809 

ME5 3.5293 0.00028 4.6869 0.00204 

Weibull 3.6262 0.00277 4.4995 0.04190 

Gaussian 3.6502 0.00345 4.3155 0.08112 

*with respect to EFOS 

 

Regarding the hazard analysis, the hazard function is more physically meaningful as a 

measure of performance, safety and risk than is the reliability function itself [86]. Therefore, from 

the reliability results, the cumulative hazard function 𝐻 can be calculated with the following 

expression: 𝐻 = 𝑙𝑛(1 𝑅⁄ ), where R is the reliability function [86]. Figure 5.14 shows the 

cumulative hazard function corresponding to the different distributions and EFOS, where it can be 

appreciated that with the increase of the operational stress, the CNRP material can fail more 

catastrophically because of its structural problems. If  the fixed stress point 𝑆𝑓 is observed in Figure 

5.14, it is possible to identify two zones for the hazard function, the zone for values lower than 𝑆𝑓, 

which is considered as the useful strength for the CNRP material, and the region for values higher 

than 𝑆𝑓, which is considered as the failure zone of the CNRP material. Hence, the MSTF and 𝑆𝑓 

can be used to determine a safety factor 𝑆𝐹𝑐 for the CNRP material by using the most repetitive 

value (the mode) of the applied stress, which is 3.242 GPa. The safety factor 𝑆𝐹𝑐 can be calculated 

as: 𝑆𝐹𝑐 = strength/applied stress [161]. Table 5.5 shows different values of 𝑆𝐹𝑐 based on the MSTF 

for the probability distributions and 𝑆𝑓. The 𝑆𝐹𝑐 obtained from the MSTF of EFOS is 1.0883, 

while from the ME4 and ME5 distributions it is 1.0886. The 𝑆𝐹𝑐 obtained from the Weibull 

distribution is 1.1185 and from the Gaussian distribution is 1.1265, while the 𝑆𝐹𝑐 obtained from 

𝑆𝑓 is 1.0379. Therefore, it is observed that ME4 and ME5 distributions give safety factor values 
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lower than that of Weibull and Gaussian distributions. Thus, these distributions and 𝑆𝑓 lead to a 

conservative, safe, and reliable design of the CNRP material, as in the reliability analysis.  

 

Figure 5.14. Cumulative hazard function of the CNRP material for different distributions of 𝛿. 

 

Table 5.5. Safety Factor (𝑆𝐹𝑐) based on various distributions and 𝑆𝑓 . 

Distribution MSTF (GPa) 𝑆𝐹𝑐 

EFOS 3.5283 1.0883 

ME4 3.5294 1.0886 

ME5 3.5293 1.0886 

Weibull 3.6262 1.1185 

Gaussian 3.6502 1.1265 

 𝑆𝑓 𝑆𝐹𝑐 

 3.365 1.0379 
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5.6 Conclusion 

In the present chapter, a comparison of the longitudinal elastic modulus of the Representative 

Volume Element (RVE) of the Carbon-Nanotube-Reinforced-Polymer (CNRP) material with 

results from the literature was performed. The results showed that structural vacancies constitute 

an essential randomness to be considered in the design of a nanocomposite. In the present chapter, 

a perfect (16, 0) Single-Walled-Carbon-Nanotube (SWCN) and an imperfect (16, 0) SWCN were 

considered during the analysis. Atomic vacancies of 5% were considered in the imperfect (16, 0) 

SWCN. Hence, the longitudinal elastic modulus decreased with the presence of structural 

vacancies in the CNRP material. For instance, the longitudinal elastic modulus decreased by about 

37% with 3.5% volume fraction of SWCN, while in the case of 17% volume fraction of SWCN, 

the longitudinal modulus decreased by about 29%. 

Reliability analysis was also performed on the RVE of the CNRP material, considering an 

imperfect (16, 0) SWCN as reinforcement and an imperfect interface region between the SWCN 

and the polymer matrix material. The imperfect (16, 0) SWCN was simulated with 5% of atomic 

vacancies by using the Monte Carlo Simulation (MCS) technique. The distributions based on the 

the MCS technique were obtained for the longitudinal elastic modulus and the ultimate 

longitudinal strength of the CNRP material, and the applied stress of the stress-strength model. 

The distributions obtained for each random variable were based on the Maximum Entropy Method, 

along with two-parameter Weibull and Gaussian distributions. The Maximum Entropy (ME) 

distributions used in the present chapter were determined with four-moment constraints (ME4) 

and with five-moment constraints (ME5).  

During the reliability analysis based on the stress-strength model, the reliability distributions 

were compared to the empirical distribution obtained using the data collected from the interference 

random variable 𝛿. The results showed that ME4 and ME5 distributions were more appropriate 

and accurate than Weibull and Gaussian distributions. The errors calculated in this analysis showed 

that Weibull and Gaussian reliabilities presented a Root-Mean-Square-Error (RMSE) that was 15 

times higher than that of ME4 and ME5 distributions. In the case of the Chi-square error, the 

Weibull reliability was six times higher than that of the ME4 distribution and eight times higher 

than that of the ME5 distribution, while the Gaussian reliability was nine times higher than that of 

the ME4 distribution and 12 times higher than that of the ME5 distribution. Although the RMSE 
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and Chi-square error were higher in Weibull and Gaussian distributions, these distributions are 

also appropriate to obtain the reliability function using the analysis presented in this chapter.  

 In addition to the reliability functions, the Mean-Stress-To-Failure (MSTF) and the Mean-

Residual-Strength (MRS) were determined. Also, a fixed stress point 𝑆𝑓 was established based on 

the results of the reliability analysis. The results showed that the MRS was higher than the MSTF. 

The error percentage of MSTF for the Weibull distribution was eight times higher than that of the 

ME4 distribution and nine times higher than that of the ME5 distribution, while for the Gaussian 

distribution, the error percentage was 11 times higher than that of the ME4 distribution and 12 

times higher than that of the ME5 distribution. The error percentage of MRS for the Weibull 

distribution was five times higher than that of the ME4 distribution and 20 times higher than that 

of the ME5 distribution, while for the Gaussian distribution, the error percentage was ten times 

higher than that of the ME4 distribution and 40 times higher than that of the ME5 distribution. 

Hence, ME4 and ME5 distributions were more suitable and precise to calculate the reliability of 

the CNRP material than Weibull and Gaussian distributions.  

The hazard function was also computed based on the results of the reliability analysis for 

each distribution as a measure of safety and risk. From the hazard analysis, it was possible to 

identify two zones for the hazard function, the zone for values lower than 𝑆𝑓, which was considered 

as the useful strength for the CNRP material and the region for values higher than 𝑆𝑓, which was 

regarded as the failure zone of the CNRP material. Different values of the safety factor 𝑆𝐹𝑐 were 

determined for the CNRP material in a range of 1.0379-1.1265 based on the results obtained from 

the MSTF for the different distributions and 𝑆𝑓. Hence, ME4 and ME5 distributions gave the 

lowest values of the safety factor, which indicates that these distributions lead to a high-

performance, safe, conservative, and reliable design of the CNRP material. By combining the 

finite-element modeling and analysis of the RVE with the probabilistic analysis and modeling 

(based on the MCS technique and the stress-strength model), it was possible to provide an 

alternative solution to study and to characterize the material behavior of the nanocomposite with 

structural problems (i.e. missing carbon atoms and C-C bonds in the SWCN).  
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5.7 Appendix A 

Tables 5.A-1 and 5.A-2 are presented in this section. 

Table 5.A-1. Lagrange multipliers computed for different material properties. 

Material 

properties 
 Lagrange multipliers Entropy 

  𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5  

Longitudinal  

elastic 

modulus 

ME4 4973.7 -863.97 56.600 -1.65 0.018  1050.67 

ME5 92714 -18588.3 1487.069 -59.30 1.17 -0.0093 1050.05 

Ultimate 

longitudinal 

strength 

ME4 4838.2 -6032.51 2839.426 -596.04 46.96  -5516.48 

ME5 91931 -132071 75708.31 -21634.3 3080.2 -174.73 -5520.99 

Applied 

stress 

ME4 4838.1 -6635.75 3435.700 -793.33 68.75  -6762.56 

ME5 91925 -145271 91602.06 -28793.7 4509.6 -281.38 -6767.52 

 

Table 5.A-2. Moment constraints, Lagrange multipliers and, Weibull and Gaussian parameter for 

variable 𝛿. 

 
First order  

(GPa) 

Second order 

(GPa2) 

Third order 

(GPa3) 

Fourth 

order 

(GPa4) 

Fifth 

order 

(GPa5) 

Random 

variable 𝛿 

based on 

ultimate 

longitudinal 

strength and 

applied stress 

0.4063 0.2227 0.1421 0.0997 0.0747 

Lagrange multipliers Entropy 

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5  

ME4 1.0706 -16.769 60.2701 -84.0182 42.0924  -224.488 

ME5 1.0869 -19.058 81.0124 -146.407 117.3528 -31.4214 -231.239 

Weibull parameters Gaussian parameters 

𝛽 (GPa) 𝛼 𝜇 (GPa) 𝜎 (GPa) 

0.4519 1.6474 0.4063 0.2401 
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Chapter 6. Reliability Evaluation based on Modal Parameters of 

Carbon-Nanotube-Reinforced-Polymer-Composite Material using 

Multiscale Finite Element Model 

 

 

Foreword  

 

This chapter is a journal paper in preparation.  

 

In this chapter, a 3D multiscale finite element of the Representative Volume Element of the 

Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material is developed considering 

5% of volume fraction and structural vacancies in the SWCN and the interface region to study its 

dynamic reliability and dynamic hazard. The structural vacancies are represented by missing 

carbon atoms and covalent bonds in the SWCN and van der Waals links in the interface region. 

The imperfections in the SWCN are characterized using the Monte-Carlo Simulation technique. 

The evaluation of dynamic reliability and dynamic hazard is performed by using the challenge-

capacity model for on the modal parameters of CNRPC material to determine if an external 

excitation frequency is close to any of those frequency. Hence, it considers the frequency sweep 

of the excitation and the nearness to resonance of the material system as a characterization 

approach. 
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6 Reliability Evaluation based on Modal Parameters of Carbon-Nanotube-Reinforced-

Polymer-Composite Material using Multiscale Finite Element Model 

 

6.1 Abstract 

Nanocomposite materials exhibit a much more extensive range of scatter in material properties 

than that of conventional materials. The objective of the present chapter is to develop a 

computational framework to perform a probabilistic analysis of Carbon-Nanotube-Reinforced-

Polymer-Composite (CNRPC) material by using a 3D multiscale finite element model of the 

Representative Volume Element (RVE) of the nanocomposite material to determine the dynamic 

reliability and dynamic hazard based on its modal parameters. The consideration of the frequency 

sweep of the excitation and the nearness to resonance of the material system is used as a basis for 

the evaluation of dynamic reliability and dynamic hazard. A computational model consisting of a 

polymer matrix, an imperfect Single-Walled-Carbon-Nanotube (SWCN) and an imperfect 

interface region has been constructed for this purpose. The polymer matrix is modeled with the 

Mooney-Rivlin strain energy function, while the imperfect interface region is modeled via van der 

Waals (vdW) links. The imperfect SWCN possesses structural vacancies, which are characterized 

by using the Monte Carlo simulation technique, and is modeled using the Morse potential. The 

challenge-capacity model is used to calculate the dynamic reliability and dynamic hazard of the 

CNRPC material for its natural frequencies associated with bending and axial modes. The dynamic 

reliability and dynamic hazard functions of the CNRPC material are determined as a measure of 

safety and risk using the Maximum Entropy Method.  

6.2 Introduction 

Single-Walled-Carbon-Nanotubes (SWCNs) incorporated into polymers because of their 

exceptional and multipurpose properties create a new generation of nanocomposite materials [51]. 

However, the main problem in their structural design is to properly account for the uncertainties 

in their material properties [52]. The structural analysis under uncertainty is the main task of the 

stochastic or probabilistic analysis, which has developed fast in the last decades mainly focused 

on the use of finite element approaches in connection with stochastic or probabilistic methods 

[162].  
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It is a standard practice to use a Representative Volume Element (RVE) in the simulation 

and modeling of any type of composites (that are metal-based, ceramic-based and polymer-based) 

[53]. Hence, there are a few studies that analyze the structural aspects, such as vacancy defects, in 

a polymer matrix reinforced with a SWCN. For example, Shokrieh & Rafiee [41] developed a full 

stochastic multiscale modeling technique to estimate mechanical properties of carbon-nanotube-

reinforced-polymers considering valid parameters at nano, micro, meso, and macro-scales. Later, 

Davoudabadi and Farahani [108] investigated the influence of different vacancy defects on the 

Young’s modulus of a SWCN - reinforcement polymer composite in the axial direction by using 

a structural model in commercial software ANSYS®. In other work, Ghasemi et al. [39] studied 

the uncertainties propagation and their effects on the reliability of polymeric nanocomposite 

continuum structures considering material, structural, and modeling uncertainties. They 

considered the length, waviness, agglomeration, orientation, and dispersion of the SWCNs as 

random variables. Yuan & Lu [109] proposed a geometric generation algorithm to produce a 3D 

finite element model of a polymeric composite with randomly dispersed and wavy SWCNs to 

analyze its elastic-plastic properties, as well as Joshi et al. [110], who proposed a multiscale 3D 

RVE approach for modeling the elastic behavior of carbon nanotubes reinforced composites with 

vacancy defects. Other authors, such as Ju et al. [42], investigated the interfacial strengths between 

polypropylene-carbon fiber composites through experimental observation as well as using 

molecular dynamics simulation to determine its optimal chemical functionalization groups, while 

Rafiee & Mahdavi [40] presented a theoretical characterization of the interaction between a SWCN 

and a surrounding polymer using molecular dynamics simulation. They conducted a stochastic 

analysis treating numbers of established covalent bonds between the SWCN and the polymer 

material, and their positions as random parameters. Moreover, Rafiee et al. [163] investigated 

experimentally the vibration and damping characteristics of epoxy composites reinforced by 

pristine and functionalized multiwalled carbon nanotubes for potential use as integral passive 

damping elements in structural composite applications. 

Later, Chawla et al. [111] explored the effect of vacancy defects on SWCN reinforced 

polypropylene composites using molecular dynamics simulation and comparing the influence of a 

perfect and an imperfect SWCN as reinforcement. Ozden-Yenigun et al. [112] studied the 

crosslinking route and interfacial interactions for achieving superior properties in a SWCN-

reinforced epoxy by using multiscale modeling. Other authors, such as Zhu et al. [113], presented 
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a probabilistic multiscale approach to model the random spatial distribution of local elastic 

properties arising from the heterogeneous waviness and orientation of SWCN fillers within a 3D 

microscale continuum RVE of a SWCN-reinforced polymer matrix. Recently, Jeong et al. [114] 

proposed a 3D stochastic computational homogenization model for SWCN-epoxy matrix 

composites. They found that stochastic waviness, agglomeration, and orientation of SWCN fillers 

caused random spatial variations of the elasticity tensor of the SWCN-epoxy matrix within a 

microscale RVE, resulting in probabilistic variations of the sufficient homogenized stiffness of the 

RVE.  

The consideration of the randomness due to defects in a carbon nanotube or interphase while 

assuming that the carbon nanotubes are correctly aligned is duly justified in the references from 

the literature. Moreover, the use of stochastic modeling to analyze the effects of structural 

vacancies in the SWCN is also of interest in manufacturing, due to the fact that vacancies are 

randomly distributed in the SWCN and are unavoidable in engineering applications [39-42]. 

Another essential aspect of composites is the study of their structural reliability. 

 In the analysis of reliability, there are studies of laminated composites [156, 157], including 

multiscale modeling [158]. However, there are no works considering SWCN polymer composites. 

Despite the work done on this type of composites, studies to characterize and to analyze its 

structural reliability considering a stochastic modeling technique still need to be carried out. 

Hence, the objective of the present chapter is to perform probabilistic modeling and analysis of a 

Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material to determine the dynamic 

reliability and dynamic hazard of its modal response by using the challenge-capacity modeling and 

reliability prediction method [159]. The modal response of the CNRPC material analyzed in the 

present chapter is carried out in terms of its bending and axial mode natural frequencies, which are 

considered as random variables. For modeling the CNRPC material, a 3D multiscale finite-element 

model of the RVE of the composite material is developed. The CNRPC material consists of a 

polymer matrix material, an imperfect SWCN, and an imperfect interface region. The multiscale 

modeling is performed in terms of using different theories and corresponding strain energies to 

model individual parts of the Representative Volume Element of the CNRPC material. The 

macroscale continuum mechanics for the polymer matrix, the mesoscale mechanics for the 

imperfect interface region, and nanoscale-level atomistic mechanics for the imperfect SWCN. The 

polymer matrix is modeled with the Mooney-Rivlin strain energy [82]. The imperfect SWCN, with 
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structural vacancies, is modeled as a space frame structure by using the Morse potential [79], while 

the imperfect interface region is modeled via van der Waals (vdW) links [83]. The structural 

vacancies of the imperfect SWCN and the imperfect interface region are modeled by using the 

Monte-Carlo Simulation (MCS) technique [82]. The probability distributions of the random 

variables are calculated using the Maximum Entropy Method [88]. The challenge-capacity model 

for the natural frequencies and the excitation frequency is used to study the dynamic reliability 

[164] and dynamic hazard [86] functions of the CNRPC material in bending and axial modes as a 

measure of safety and risk.  

6.3 Finite Element Modeling and Analysis of Representative Volume Element (RVE) 

The Representative Volume Element (RVE) investigated in the present chapter consists of a 

Single-Walled Carbon Nanotube (SWCN) embedded in a polymer matrix and an interface region 

between the SWCN and the polymer material (Figure 6.1). The interactions between the SWCN 

and the polymer matrix are treated as nonbonded van der Waals interactions. The volume fraction 

of SWCN in the composite material denoted as 𝑉𝑛, with respect to the RVE, can be calculated as 

follows [79]: 

𝑉𝑛 =
8𝑟𝑛𝑡𝑛

4𝑟𝑚2 − (2𝑟𝑛 − 𝑡𝑛)2
 (6.1) 

where 𝑟𝑛 is the mean radius of the nanotube, 𝑟𝑚 is the radius of the matrix material and 𝑡𝑛 is the 

thickness of the nanotube. The matrix is regarded as a continuum medium since the matrix volume 

is far higher than that of the SWCN for the volume fractions considered.  

 

Figure 6.1. Representative Volume Element (RVE) of the nanocomposite. 
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6.3.1 Space frame model of Single-Walled-Carbon-Nanotubes (SWCN) 

The mechanical behavior of a Single-Walled-Carbon-Nanotube (SWCN) depends on its 

atomistic nanostructure. For computational modeling, the SWCN is modeled as a space frame 

structure wherein the carbon atoms are represented by the so-called nodes of the frame finite-

element. Their positions in three-dimensional space for a particular (𝑛 ,𝑚) SWCN are defined 

with the following transformation equation [124]: 

(𝑥, 𝑦, 𝑧) = (𝑟𝑛𝑐𝑜𝑠 (
𝑥′

𝑟𝑛
) , 𝑟𝑛𝑠𝑖𝑛 (

𝑥′

𝑟𝑛
) , 𝑦′) (6.2) 

where (𝑥′, 𝑦′) are the graphene atomic coordinates which are converted to the nodes in the (𝑥, 𝑦, 𝑧) 

coordinates. The nodes, with coordinates defined by the Equation (6.2), are connected by non-

linear frame finite elements in order to represent the potential energy of the interatomic 

interactions. This potential energy is expressed by using the Morse potential. The effect of the 

angle-bending potential is negligible, so that the bond stretching potential, denoted by 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ, 

alone can adequately describe the nanotube behavior. 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ  can be calculated as follows [79]: 

𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ = 𝐷𝑒 ([1 − 𝑒−𝛽∆𝑟]
2
− 1) (6.3) 

where 𝑈𝑠𝑡𝑟𝑒𝑡𝑐ℎ represents the energy corresponding to bond stretching, ∆𝑟 = 𝑟 − 𝑟0  is the bond 

length variation, and 𝐷𝑒 and 𝛽 are the force parameters in the potential energy.  The stretching 

force 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ of the non-linear behavior of the frame finite-element can be obtained by 

differentiating 𝑈𝑠𝑡𝑟𝑒𝑡ℎ potential with respect to ∆𝑟. Hence, 𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ is obtained to be: 

𝐹𝑠𝑡𝑟𝑒𝑡𝑐ℎ(∆𝑟) = 2𝛽𝐷𝑒(1 − 𝑒−𝛽∆𝑟)𝑒−𝛽∆𝑟 (6.4) 

It is considered that the C-C bond breaks at 19% bond strain, according to Ref. [79], and 

correspondingly the force parameters are: 𝐷𝑒 = 6.03105 x 10-19 Nm, 𝛽 = 2.625 x 1010 m-1 and 𝑟0 = 

1.421 x 10-10 m. BEAM188 element, which is available in commercial software ANSYS®, is used 

to model the non-linear frame finite element. This element is capable of uniaxial tension or 
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compression along with torsional and bending deformations, and it has six degrees of freedom at 

each of its end nodes, which include the translations in the x, y, and z directions and rotations about 

the x, y, and z-axes. The density 𝜌𝑏 = 2.3 x 103 kg/m3 is used for the frame element, in accordance 

to Ref. [125], and the mass of the carbon atom 𝑚𝑐 = 2.0 x 10-26 kg, following Ref. [125]. The mass 

𝑚𝑐 is used at the nodes, representing the mass of the carbon atoms. The number of elements of the 

SWCN is 4512. 

6.3.2 Polymer matrix 

The polymer matrix is modeled by using linear three-dimensional hexahedral isoparametric 

finite-element SOLID185, which is available in commercial software ANSYS®. SOLID185 

element is capable of simulating both material and geometrical nonlinearities of hyperelastic 

material. This element is defined by eight nodes having three degrees of freedom at each node: 

translations in the nodal x, y, and z directions. In order to describe the mechanical behavior of the 

polymer matrix, the following Mooney–Rivlin strain energy density function is utilized in 

conjunction with the SOLID185 element [82]: 

𝑊(𝐼1, 𝐼2, 𝐼3, 𝑣𝑚) = 

𝑐1𝑚(𝐼1 − 3) + 𝑐2𝑚(𝐼2 − 3) + 𝑐3𝑚(𝐼1 − 3)(𝐼2 − 3) +
1

2
𝑘𝑚(𝐼3 − 3)2 

(6.5) 

where 𝐼1, 𝐼2, and 𝐼3 define the invariants of the strain tensor, 𝑣𝑚 is the Poisson’s ratio, 𝑐1𝑚, 𝑐2𝑚 

and 𝑐3𝑚 are material parameters and 𝑘𝑚 is the bulk modulus of the material. Polyetheretherketone 

(PEEK) is considered as the polymer matrix material. Tension experiments were carried out by El-

Qoubaa et al. [147] to determine the mechanical properties of PEEK. The fitting of the 

experimental stress-strain behavior of this material with the specific Mooney-Rivlin parameters is 

carried out in the present chapter by using the method of least squares, which is a standard approach 

in regression analysis to the approximate solution of the overdetermined system. Thus, the stress-

strain curve determined is depicted in Figure 6.2 with the Mooney-Rivlin parameters 𝑐1𝑚= -3.75 

GPa, 𝑐2𝑚= 4.82 GPa, 𝑐3𝑚= 1.5 GPa, and 𝑘𝑚= 4.083 GPa. 

The model parameters for the polymer material consist of an inner radius, an outer radius, 

and 10.0 nm length. The Young’s modulus 𝐸𝑚 of the polymer material is obtained from the stress-
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strain curve in order to perform the vibration analysis. Hence, the mechanical properties of PEEK 

used in the vibration analysis are as follows: 𝐸𝑚= 4.9 x 109 Pa, density 𝜌𝑚 = 1.3 x 103 kg/m3 and 

Poisson’s ratio 𝑣𝑚= 0.3. The number of elements of the polymer matrix material is 36480. 

 

Figure 6.2. Stress-strain behavior of PEEK under uniaxial loading. 

 

6.3.3 Interface modeling 

The interface can be simulated either as a continuum or as a discrete region. For convenience 

in the calculations, only the van der Waals (vdW) interactions between the nanotube and the inner 

surface of the polymer matrix are considered. Hence, in this chapter the interface region is 

represented with the use of truss finite elements, also called LINK elements in commercial 

software ANSYS®, connecting carbon atoms of the discrete structure of Single-Walled-Carbon-

Nanotube (SWCN) to nodes of the internal surface of matrix elements. The COMBIN39 element 

is used to model trusses, links, and springs, and it is a uniaxial tension-compression element with 

three degrees of freedom at each node: translations in the nodal x, y, and z directions. For 

simulations of van der Waals interactions at the nanotube-polymer interface, a truss element 

model, which was introduced in Ref. [76], is adopted. The properties of the LINK elements are 

obtained by using the corresponding van der Waals forces based on the Lennard-Jones potential, 

which is expressed as [83]: 
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𝑈(𝑟) = 4𝜀̃ [(
�̃�

𝑟
)
12

−  (
�̃�

𝑟
)
6

] (6.6) 

where 𝑟 is the distance between interacting atoms of the nanotube and the polymer, 𝜀̃ and �̃� are 

the Lennard–Jones parameters. For carbon atoms, the Lennard–Jones parameters are 𝜀̃ = 0.0556 

kcal/mole and �̃� = 3.4 Angstroms. Based on the Lennard-Jones potential, the van der Waals force 

𝐹𝑣𝑑𝑊 between interacting atoms is written as follows: 

𝐹𝑣𝑑𝑊(𝑟) = −
𝑑𝑈(𝑟)

𝑑𝑟
= 24

𝜀̃

�̃�
[2 (

�̃�

𝑟
)
13

− (
�̃�

𝑟
)

7

] (6.7) 

The activation of the truss element in the computational simulation is determined by the distance 

between an atom (a node) in the nanotube and a node in the internal surface of the polymer matrix, 

so that if this distance is less than 2.5�̃� (0.85 nm), the truss element is activated. The number of 

elements of the interface region is 7560. 

6.4 Probabilistic Modeling and Analysis 

6.4.1 Monte Carlo Simulation (MCS) of structural vacancy defects in Single-Walled-Carbon-

Nanotube and the interface region 

In order to investigate the effect of structural vacancy defects in the Single-Walled-Carbon-

Nanotube (SWCN) and the interface region on the mechanical behavior of the nanocomposite, a 

Macro file is written and developed in MATLAB and run in commercial software ANSYS®. To 

represent their structural vacancy defects the Macro file contains the geometry of the perfect 

SWCN and perfect interface region along with a computer code based on the Monte Carlo 

Simulation (MCS) technique [85]. This computer code randomly removes C-C bonds and van der 

Waals (vdW) links in the nanostructure and the interface region following a specific statistical 

distribution. The parameters of the distribution and the positions of C-C bonds and vdW links 

removed (belonging to the missing atoms) along the axial and circumferential directions of the 

SWCN and the interface region are pre-selected. The total number of simulations of this 
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computational algorithm is 10,000 to achieve good accuracy in the results due to the stochastic 

implementation of the MCS technique [85].  It should be noted that if an element is removed at 

any of the ends of the Representative Volume Element (RVE) of the Carbon-Nanotube-

Reinforced-Polymer-Composite (CNRPC) material, the code will generate a new specific 

statistical distribution to remove the C-C bonds and the vdW links. Thus, the model is checked 

carefully prohibiting this specific local effect. The flowchart of the code simulating the stochastic 

SWCN and the stochastic interface region with vacancy defects is described in Figure 6.3.  

 

 

Figure 6.3. Flowchart of modeling and analysis process for imperfect SWCN and imperfect 

interface region based on Monte Carlo simulation technique. 

 

Regarding the MCS technique, the natural frequencies of the SWCN are determined for 

every simulation of the nanostructure. Therefore, these natural frequencies depend on the 

configuration of the SWCN (carbon atoms and C-C bonds) and change for every simulation of the 

MCS technique. The MCS technique starts with an input uniform distribution to select the position 

and the distribution of the missing carbon atoms. Then, the C-C bonds and vdW links, which 

belong to the missing carbon atoms, along the axial and circumferential directions of the SWCN 

and the interface region are selected and removed following the input distribution. In the present 

chapter, a (16, 0) SWCN is used as reinforcement material and is modeled through in each 

simulation, with different vacancy defects, until reaching 10000 simulations. Figure 6.4 shows the 
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MCS process of the (16, 0) SWCN with a percentage of atomic vacancies of 5% for different 

simulations of its first bending mode frequency. It can be noticed that in every iteration, the SWCN 

shows different vacancy defects in its structure. The natural frequencies of the (16, 0) SWCN 

change in every simulation as is depicted in Figure 6.4, so that a specific statistical distribution is 

determined for each natural frequency. It should be mentioned that for each atomic vacancy, vdW 

links in the interface surface of the nanocomposite are also removed with each iteration of the 

MCS technique. 

 

Figure 6.4. Monte Carlo Simulation process for a (16, 0) SWCN. 

 

6.4.2 Maximum Entropy Method 

The principle of Maximum Entropy (ME) [88] can represent stochastic information in data 

using a probability density function (pdf) that depends on its moment constraints. According to 

the principle of ME, all likelihoods are to be considered based on the information available in data, 

which in this case is the set of truncated moments related to the distribution of interest. For a 

random variable 𝑥, whereby its realization 𝑥 takes on all values over an integral of real numbers 

with unique pdf 𝑓(𝑥), the Entropy 𝑆𝐸 can be defined as [86]: 

𝑆𝐸(𝑥) = −∫𝑓(𝑥)
 

ℝ

ln 𝑓(𝑥)𝑑𝑥 (6.8) 
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In the moment-based ME method, the Entropy 𝑆𝐸 is maximized subject to: 

∫𝑥𝑖𝑓(𝑥)
 

ℝ

𝑑𝑥 = 𝑚𝑖 (6.9) 

where 𝑚𝑖 are the constrained moments, (𝑖 = 0, … , 𝑛) and 𝑛 is the number of moments. Using the 

method of Lagrange multipliers [90], the optimization problem with 𝑛+1 constraints is then 

reduced to the optimization of the unconstrained function: 

ℒ(𝝀) = ∫ 𝑒𝑥𝑝(∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

)𝑑𝑥 − ∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

 
 

ℝ

 
(6.10) 

where 𝝀 = {𝜆𝑖} for 𝑖 = {0,… , 𝑛} are the Lagrange multipliers for its corresponding 𝒙 = {𝑥𝒊}. 

Equation (6.10) has a solution for 𝑓(𝑥) as follows [88]: 

𝑓(𝑥) = 𝑒𝑥𝑝 (∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

) (6.11) 

All the ME distributions are achieved when 𝜕ℒ 𝜕𝝀 = 0⁄ , which satisfies the moment 

constraints in Equation (6.9) and takes the general form of 𝑓(𝑥) in Equation (6.11). Note that since 

𝑥0 = 1 (for 𝑖 = 0) in Equation (6.11), 𝜆0 can be determined by using the following expression: 

𝜆0 = −𝑙𝑛 ∫ 𝑒𝑥𝑝 (∑𝜆𝑖𝑥
𝑖

𝑛

𝑖=0

)𝑑𝑥
 

ℝ

 (6.12) 

The gradient 𝜕ℒ 𝜕𝝀⁄  and the elements 𝐻𝑖𝑗 of Hessian matrix [𝐻] of the Lagrangian function 

in Equation (6.10) are given, respectively, as follows: 

(∇ℒ)𝑖 =
𝜕ℒ

𝜕𝜆𝑖
= ∫𝑥𝑖𝑓(𝑥)

 

ℝ

𝑑𝑥 − 𝑥𝑖 (6.13) 

𝐻𝑖𝑗 = ∫𝑥𝑖+𝑗𝑓(𝑥)
 

ℝ

𝑑𝑥 
(6.14) 
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The Lagrange multipliers 𝝀 in Equation (6.11) can be found by using the methodology 

proposed in Ref. [88], which involves the Newton method [90].  

6.4.3 Dynamic reliability evaluation based on the challenge-capacity model for natural 

frequencies 

A mechanical system fails when the capacity of the system is less than the challenge that the 

system must face, where both capacity and challenge are random variables [159]. In the present 

chapter, the capacity is represented by the natural frequencies of the Carbon-Nanotube-

Reinforced-Polymer-Composite (CNRPC) material, and the challenge is represented by the 

excitation frequency of the dynamic force that is applied on the CNRPC material. The natural 

frequencies are the frequencies at which the CNRPC material tends to oscillate in the absence of 

any applied force and when subjected to initial conditions. The motion patterns of the 

nanocomposite oscillating at its natural frequencies are called the normal modes (if all parts of the 

nanocomposite move sinusoidally with that same frequencies). The excitation frequency at which 

the amplitude of the motion of the nanocomposite is highest is known as the resonant frequency. 

Hence, the n-th natural frequency 𝜔𝑛 is the capacity of the CNRPC material to oscillate in the 

absence of any applied force and the excitation frequency Ω is the challenge that the CNRPC 

material must tolerate to keep itself away from resonant frequencies. The probability density 

function of the excitation frequency is denoted by 𝑓Ω(Ω) and that of the n-th natural frequency by 

𝑓𝜔𝑛
(𝜔𝑛). If the probability density function curves for both natural frequency and excitation 

frequency interfere, as shown in Figure 6.5(a) and 6.5(b), then the shaded area where the curves 

interfere is an indication that the component will be in resonance condition, because the excitation 

frequency is very close to the natural frequency. The failure probability of the system (𝑃𝑓) is 

defined as the probability that the excitation frequency is very close to any one of the natural 

frequencies of the system. 𝑃𝑓 can be expressed as follows: 

𝑃𝑓 = 𝑃(𝐸𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 = 𝑁𝑎𝑡𝑢𝑟𝑎𝑙 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦) (6.15) 

Moreover, the dynamic reliability 𝑅𝐷 is the probability that the excitation frequency is far away 

(represented by < or > symbol) from any one natural frequency of the system, which is expressed 

as follows: 

https://en.wikipedia.org/wiki/Oscillation
https://en.wikipedia.org/wiki/Normal_mode
https://en.wikipedia.org/wiki/Resonant_frequency
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𝑅𝐷 = 𝑃(𝑁𝑎𝑡𝑢𝑟𝑎𝑙 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 < or > 𝐸𝑥𝑐𝑖𝑡𝑎𝑡𝑖𝑜𝑛 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦) (6.16) 

 

Figure 6.5. (a) Probability of failure based on excitation frequency (challenge) and natural 

frequency (capacity) distributions when 𝜇𝜔𝑛
< 𝜇Ω, (b) probability of failure based on natural 

frequency (challenge) and excitation frequency (capacity) distributions when 𝜇Ω < 𝜇𝜔𝑛
, and (c) 

Dynamic reliability based on frequency interference variable. 

 

The dynamic reliability of the CNRPC material can be calculated if the density functions for 

the natural frequency 𝑓𝜔𝑛
(𝜔𝑛) and the excitation frequency 𝑓Ω(Ω) are known. If a variable is 

defined as 𝛿𝑓 ≡ 𝜔𝑛 − Ω, where 𝜔𝑛 and Ω are independent random variables and both are greater 
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than or equal to zero, then the dynamic reliability can be obtained based on this variable. The 

variable 𝛿𝑓 would also be considered as a random variable, which is called herein as “frequency 

interference random variable”. The random variable 𝛿𝑓 represents the nearness to the resonance 

condition for the considered natural frequency, with 𝛿𝑓 = 0 representing the resonance condition. 

Since 𝜔𝑛, Ω and hence 𝛿𝑓 are continuous random variables, 𝑃(𝛿𝑓 = 0) is undefined. To 

circumvent the resulting problem in reliability calculation, a very narrow band for 𝛿𝑓 with 

bandwidth Δ𝛿𝑓 is defined as shown in Figure 6.5(c). This band characterizes the nearness to 

resonance of the nanocomposite material system. 

 Correspondingly, according to Figure 6.5(c), the dynamic reliability 𝑅𝐷 can be ideally 

defined as:  

𝑅𝐷 = 𝑃(𝛿𝑓 < 0 or 𝛿𝑓 > 0 ) (6.17𝑎) 

However, this definition can be redefined as: 

𝑅𝐷 ≃ 𝑃 (𝛿𝑓 >
Δ𝛿𝑓

2
 or −𝛿𝑓 > −

Δ𝛿𝑓

2
 ) 

(6.17𝑏) 

Thus, the dynamic reliability can be calculated by the expressions given by: 

𝑅𝐷𝐿
= 𝑃(𝛿𝑓 < 0) ≃  ∫ 𝑓𝛿𝑓

(𝛿𝑓)𝑑𝛿𝑓

−Δ𝛿𝑓/2

−∞

  (6.18𝑎) 

𝑅𝐷𝑅
= 𝑃(𝛿𝑓 > 0) ≃  ∫ 𝑓𝛿𝑓

(𝛿𝑓)𝑑𝛿𝑓

∞

Δ𝛿𝑓/2

 (6.18𝑏) 

This probability in terms of the area under the density function of the frequency interference 

random variable 𝛿𝑓 is shown in Figure 6.5(c), where 𝜇𝛿𝑓
= 𝜇𝜔𝑛

− 𝜇Ω is the mean value of 𝛿𝑓, 𝜇𝜔𝑛
 

is the mean value of the natural frequency 𝜔𝑛 and 𝜇Ω is the mean value of the excitation frequency 

Ω, and 𝜎𝛿𝑓
 represents the standard deviation of 𝛿𝑓. Correspondingly, the dynamic unreliability 𝑄𝐷 

is given by: 
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𝑄𝐷 = ∫ 𝑓𝛿𝑓
(𝛿𝑓)𝑑𝛿𝑓

Δ𝛿𝑓/2

−Δ𝛿𝑓/2

 (6.19) 

The areas under the 𝑓𝛿𝑓
(𝛿𝑓) curve corresponding to 𝑅𝐷 and 𝑄𝐷 are shown in Figure 6.5(c).  

6.5 Results and discussion 

6.5.1 Comparison of results with data from the literature 

The effects of the random arrangement of carbon nanotubes in a polymer matrix, the 

entanglement of fillers and kinking, are probably dominant in polymer matrix composites. 

However, the use of stochastic modeling to analyze the effects of structural vacancies in the Single-

Walled-Carbon-Nanotube (SWCN) is also of interest in manufacturing, because such vacancies 

are randomly distributed in the SWCN and are unavoidable in engineering applications [39-42]. 

To the extent that the mechanical properties of the nanotube reinforcement influence the properties 

of the nanocomposite, there would be a corresponding sensitivity of the nanocomposite property 

to the variations in the properties of the nanotube reinforcement and interface properties. Hence, a 

comparison of the results of the longitudinal elastic modulus of the Carbon-Nanotube-Reinforced-

Polymer-Composite (CNRPC) material and a SWCN-reinforced polymer [41] is provided. The 

SWCN-reinforced polymer was represented as an elastic and isotropic resin with Young’s modulus 

of 10 GPa and 0.3 as Poisson’s ratio, reinforced with randomly aligned zigzag SWCNs (which are 

not specified in Ref. [41]). The CNRPC material used for this comparison is a (16, 0) SWCN-

reinforced PEEK, considering an imperfect structure for the SWCN and the van der Waals (vdW) 

links, and considering a perfect structure for the SWCN and the vdW links. The perfect and 

imperfect structures for the SWCNs of the CNRPC material are perfectly aligned. The imperfect 

SWCN of the CNRPC material considers 5% of atomic vacancies. The volume fractions of SWCN 

used for the longitudinal elastic modulus were 0.050, 0.055, 0.060, 0.065, 0.070, and 0.075. 

Figure 6.6 shows the comparison of the longitudinal elastic modulus of the (16, 0) SWCN-

reinforced PEEK with a perfect structure and an imperfect structure for the SWCN and the vdW 

links, and the SWCN-reinforced polymer with randomly aligned zigzag SWCNs [41]. The results 

display that the longitudinal elastic modulus of the imperfect (16, 0) SWCN-reinforced PEEK is 

two times higher than that of the SWCN-reinforced polymer with randomly SWCNs. The results 
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also show that the longitudinal elastic modulus of the perfect (16, 0) SWCN-reinforced PEEK is 

three times higher than that of the SWCN-reinforced polymer with randomly aligned zigzag 

SWCNs.  

Figure 6.6 also shows the comparison of the longitudinal elastic modulus of the (16, 0) 

SWCN-reinforced PEEK considering a perfect SWCN and an imperfect SWCN. The longitudinal 

elastic modulus decreases by about 37% because of the structural vacancies in the nanostructure. 

Hence, in sub-section 6.5.2, dynamic reliability evaluation is performed on the CNRPC material 

with structural vacancies to determine if an excitation frequency is close to any of its resonant 

frequencies. Such vacancy defects are essential randomness to be considered in a conservative and 

safe characterization of the nanocomposite. 

 

Figure 6.6. Comparison of the longitudinal elastic modulus of the perfect and imperfect (16, 0) 

SWCN-reinforced PEEK, and the SWCN-reinforced polymer with randomly aligned zigzag 

SWCNs [41].  
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6.5.2 Dynamic reliability evaluation of CNRPC based on natural frequencies and excitation 

frequency 

The dynamic reliability of the Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) 

material is obtained based on the challenge-capacity model prediction, where the bending and axial 

mode natural frequencies are defined as the capacity of the system and an external excitation 

frequency is defined as the challenge that the system must tolerate. The CNRPC material analyzed 

in this section is considered to possess structural defects and it consists of an imperfect (16, 0) 

Single-Walled-Carbon-Nanotube (SWCN) and an imperfect interface surface. The structural 

defects of the imperfect (16, 0) SWCN are modeled based on the Monte-Carlo Simulation (MCS) 

technique considering a percentage of atomic vacancies of 5%. The CNRPC material considers 

5% volume fraction of SWCN, a length 𝐿𝑛 of 10 nm and a thickness 𝑡𝑛 for the SWCN of 0.34 nm. 

The diameter of the (16, 0) SWCN is 1.2535 nm. Hence, the aspect ratio (length /diameter) of the 

(16, 0) SWCN is 7.977. The boundary conditions considered for this analysis are Clamped-Free 

(CF), where one end of the polymer matrix material is fully constrained, and the other end is free 

to move. 

In sub-section 6.5.2.1, the dynamic reliability analysis based on the first bending mode 

natural frequency of the CNRPC material and an external excitation frequency is performed, based 

on the challenge-capacity model prediction, to determine if the CNRPC material system is close 

to the first bending resonance condition. In sub-section 6.5.2.2, the dynamic reliability analysis of 

the CNRP material system is continued, following the results obtained in sub-section 6.5.2.1, but 

considering the second and third bending mode frequencies of the nanocomposite. Finally, in sub-

section 6.5.2.3, the dynamic reliability analysis is performed on the CNRPC material system by 

applying an excitation frequency in axial mode. 

6.5.2.1 Dynamic reliability analysis for the first bending mode resonance 

The statistical distribution of the first bending mode natural frequency 𝜔𝑏1
 of the Carbon-

Nanotube-Reinforced-Polymer-Composite (CNRPC) material is obtained based on the Monte 

Carlo Simulation (MCS) technique, while the excitation frequency Ω is represented by a small 

uniform distribution (Ω − ΔΩ/2) < Ω < (Ω + ΔΩ/2), where ΔΩ → 0. Both distributions are used 

for the application of the challenge-capacity model to determine the dynamic reliability associated 
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with the first bending resonance condition of the CNRPC material. For the distribution of the first 

bending mode natural frequency, the skewness, the median, the mean and the mode are calculated. 

The skewness for the first bending mode natural frequency (Figure 6.7) is -0.7311, which means 

that it is a left-skewed distribution with its median higher than its mean. The median of the first 

bending mode natural frequency is 0.2290 GHz, the mean is 0.2282 GHz, and the mode is 0.2290 

GHz. Hence, from the analysis of the skewness, it can be noticed that this distribution is 

asymmetric. Therefore, a more efficient and accurate approach such as the Maximum Entropy 

Method [88] should be used for estimating the probability density function (pdf) of this random 

variable.  

The pdfs studied in the present analysis are the Maximum-Entropy distribution with four-

moments (ME4) and the Maximum-Entropy distribution with five-moments (ME5), along with 

Gaussian and two-parameter Weibull distributions [87]. Table 6.1 lists the moment constraints in 

calculating the maximum entropy distributions for the first bending mode natural frequency.  

Table 6.1. Moment constraints used in calculating the maximum entropy distributions for the 

first bending mode natural frequency.  

Frequency 
First order  

(GHz) 

Second order 

(GHz2) 

Third order 

(GHz3) 

Fourth order 

(GHz4) 

Fifth order 

(GHz5) 

First 

bending 
0.2282 0.0520 0.0118 0.0027 0.0006 

 

Figure 6.7 shows the frequency histogram of the First Bending mode Natural Frequency 

(FBNF) along with ME4, ME5, Gaussian, and Weibull pdfs in a range of 0.205-0.240 GHz. Their 

corresponding cumulative distribution functions (cdfs) are also plotted along with the Empirical 

Frequency cdf of First Bending mode Natural Frequency (EFFBNF cdf). EFFBNF cdf is 

determined by calculating the area of each frequency bar in the histogram (of the first bending 

mode natural frequency). Then, each of these areas (of each frequency bar) is accumulated with 

the previous one until completing all of these areas (of all frequency bars). The initial value of the 

cumulative sum of the areas is zero, and the final value is 1. Table 6.A-1 in Appendix 6.A 

summarizes the computed Lagrange multipliers and Gaussian and Weibull parameters for the first 

bending mode natural frequency. The maximum iteration numbers in searching acceptable 

Lagrange multipliers never exceed 20 for the natural frequencies in the present chapter.  
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Figure 6.7. Frequency histogram and probability density and distribution functions of first 

bending mode natural frequency. 

 

Regarding the excitation frequency Ω, an uniform distribution over a very small range of 

excitation frequency is used to represent the values of this frequency. In this analysis, the central 

value of this uniform distribution Ω is defined by using the value of the mode of the first bending 

mode natural frequency (which is 0.2290 GHz), while ΔΩ is defined as 0.002 GHz.  Hence, the 

uniform distribution is determined over: Ω − ΔΩ/2 = 0.228 GHz and Ω + ΔΩ/2 = 0.230 GHz. 

Figure 6.8 shows the uniform band that represents the excitation frequency in bending mode. 
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Figure 6.8. Uniform distribution that represents the excitation frequency Ω in bending mode, 

considering Ω − ΔΩ/2 and Ω + ΔΩ/2. 

 

Regarding the dynamic reliability analysis based on the challenge-capacity model, a 

frequency interference random variable 𝛿𝑓 (for bending mode) is calculated to obtain the dynamic 

reliability of CNRPC material based on the first bending natural mode frequency 𝜔𝑏1
 and the 

excitation frequency Ω. The dynamic reliability is obtained based on the probability density 

function of 𝛿𝑓 for values of 𝛿𝑓 higher or lower than zero, considering the definition 𝛿𝑓 ≡ 𝜔𝑏1
− Ω. 

Hence, the random variable 𝛿𝑓 represents the nearness to the first resonance condition for bending 

mode, with 𝛿𝑓 = 0 representing the first resonance condition. First, considering the condition that 

the first bending mode natural frequency 𝜔𝑏1
 <  excitation frequency Ω, it is possible to calculate 

the dynamic reliability (𝑅𝐷𝐿
= 𝑃(𝛿𝑓 < 0) ) function before reaching the resonance condition (𝛿𝑓 

= 0).  

By calculating the skewness of variable 𝛿𝑓, it is possible to define if its statistical distribution 

is symmetric or asymmetric. The skewness of variable 𝛿𝑓 is -0.0222, which means that it is a left-

skewed distribution with its median higher than its mean. The median of the variable 𝛿𝑓 is -0.0090 

GHz, the mean is -0.0092 GHz, and the mode is -0.0040 GHz. From the analysis of the skewness, 
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it can be observed that this distribution is asymmetric. Thus, an entropy distribution can show a 

realistic pdf for this variable. Figure 6.9 shows the frequency histogram of the variable 𝛿𝑓 along 

with ME4, ME5, Gaussian, and Weibull pdfs when 𝛿𝑓 < 0. Their corresponding cumulative 

distributions functions (cdf) are also plotted along with the Empirical Frequency cdf of Frequency 

Interference Random Variable in bending mode (EFFIRV cdf – bending mode). EFFIRV cdf – 

bending mode is determined by calculating the area of each frequency bar in the histogram (of 

variable 𝛿𝑓 ). Then, each of these areas (of each frequency bar) is accumulated with the previous 

one until completing all of these areas (of all frequency bars). The initial value of the cumulative 

sum of the areas is zero, and the final value is 1. Table 6.A-2 in Appendix A summarizes the 

moment constraints in calculating maximum entropy distributions, ME4 and ME5, for the 

interference variable 𝛿𝑓 for bending mode when 𝛿𝑓 < 0, as well as the corresponding Lagrange 

multipliers, and the Weibull and Gaussian parameters for their pdfs shown in Figure 6.9.  

 

Figure 6.9. Frequency histogram and probability density and distribution functions of the 

frequency interference random variable 𝛿𝑓 (for bending mode) and its cumulative distribution 

functions when: first bending mode frequency 𝜔𝑏1
 <  excitation frequency Ω. 
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Figure 6.10 shows the dynamic reliability of the CNRPC material for various values of the 

operational frequency obtained from the random variable 𝛿𝑓 (for bending mode) for different 

distributions: ME4, ME5, Weibull, and Gaussian. It can be appreciated from Figure 6.10 that the 

operational frequency obtained from the challenge-capacity model is in a range of 0.212-0.229 

GHz. It can also be observed that the dynamic reliability functions present a considerable change 

in their behavior towards an area with low-reliability values close to zero before reaching the 

resonance condition. The Empirical Frequency of Operational Frequency in bending mode (EFOF 

– bending mode) reliability is obtained by using the values of EFFIRV cdf – bending mode 

associated with the frequency histogram of the variable 𝛿𝑓. The comparison between the 

reliabilities based on the different distributions plotted in Figure 6.10 and that of the EFOF – 

bending mode is provided based on the Root-Mean-Square-Error (RMSE) and Chi-Square Error. 

Hence, Table 6.2 shows the RMSE and Chi-Square Error for the reliabilities based on the different 

distributions with respect to EFOF – bending mode reliability 

From Table 6.2, it can be appreciated that ME4 reliability presents a RMSE of 0.0117212 

and a Chi-square error of 0.0005302, while ME5 reliability presents a RMSE of 0.0099296 and a 

Chi-square error of 0.0003785. Regarding the Weibull reliability, this distribution presents a 

RMSE of 0.1464053 and a Chi-square error of 0.0022561, while the Gaussian reliability presents 

a RMSE of 0.1920637 and a Chi-square error of 0.0047490. The errors calculated in Table 6.2 

show that the Weibull reliability presents a RMSE that is 12 times higher than that of the ME4 

reliability and 14 times higher than that of the ME5 reliability, while the Gaussian reliability 

presents a RMSE that is 16 times higher than that of the ME4 reliability and 19 times higher than 

that of the ME5 reliability. In the case of the Chi-square error, the Weibull reliability is four times 

higher than that of the ME4 reliability and six times higher than that of the ME5 reliability, while 

the Gaussian reliability is eight times higher than that of the ME4 reliability and 12 times higher 

than that of the ME5 reliability.  Therefore, it can be observed that ME4 and ME5 distributions 

are closer to EFOF – bending mode than Weibull and Gaussian distributions, which lead to a better 

calculation and characterization of the CNRPC material behavior. 
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Figure 6.10. Dynamic reliability of the CNRPC material system for different distributions of 𝛿𝑓 

for bending mode when the first bending mode natural frequency 𝜔𝑏1
 <  excitation frequency Ω 

(𝛿𝑓 < 0). 

 

Table 6.2. RMSE and Chi-square error for dynamic reliability in bending mode when 𝛿𝑓 < 0.  

Distribution RMSE Chi-square error 

ME4 0.0117212 0.0005302 

ME5 0.0099296 0.0003785 

Weibull 0.1464053 0.0022561 

Gaussian 0.1920637 0.0047490 

 

In a similar manner, the condition that the first bending mode natural frequency 𝜔𝑏1
 > 

excitation frequency Ω is considered. Figure 6.11 shows the dynamic reliability (𝑅𝐷𝑅
=

𝑃(𝛿𝑓 > 0) ) of the CNRPC material for different distributions of the frequency interference 

random variable for bending mode when 𝜔𝑏1
 >  Ω in a range of 0.230-0.238 GHz. It can be noticed 

that the dynamic reliability functions present a considerable change in their behavior towards an 
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area with high-reliability values close to one after passing through the resonance condition. If the 

dynamic reliability functions of both conditions (i.e. 𝜔𝑏1
 > Ω and 𝜔𝑏1

< Ω)   are considered 

together, it is possible to determine the dynamic reliability function for a conservative, safe, and 

reliable characterization of the CNRPC material.  

 

Figure 6.11. Dynamic reliability of the CNRP system for different distributions of 𝛿𝑓 for bending 

mode when the first bending mode natural frequency 𝜔𝑏1
 > excitation frequency Ω (𝛿𝑓 > 0). 

 

6.5.2.2 Dynamic reliability analysis for the first, second and third bending mode resonances 

Dynamic reliability analysis is performed now on the Carbon-Nanotube-Reinforced-

Polymer-Composite (CNRPC) material following the results obtained in sub-section 6.5.2.1 and 

considering the second and third bending mode natural frequencies of the CNRPC material, and 

considering different values of the excitation frequency Ω through frequency sweep, corresponding 

to startup and shutdown service conditions. The statistical distributions of the second and third 

bending mode natural frequencies are obtained based on the Monte Carlo Simulation (MCS) 

technique. In the case of the second bending mode natural frequency 𝜔𝑏2
, the skewness is -0.7311, 

which means that this distribution is a left-skewed distribution with its median higher than its 
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mean. The median of 𝜔𝑏2
 is 0.4580 GHz, the mean is 0.4564 GHz, and the mode is 0.4580 GHz. 

Regarding the third bending mode natural frequency 𝜔𝑏3
, the skewness is -0.7312, which 

represents a left-skewed distribution with its median higher than its mean. The median of 𝜔𝑏3
 is 

0.6870 GHz, the mean is 0.6846 GHz, and the mode is 0.6870 GHz. Both bending natural 

frequencies are asymmetric. Thus, the Maximum Entropy Method (MEM) [88] should be used for 

estimating their probability density functions (pdfs). The Maximum-Entropy distribution with 

five-moments (ME5) is used to represent the values of the second and third bending mode natural 

frequencies, according to the results calculated in Table 6.2.  

In the previous analysis, the dynamic reliability function of the CNRPC material 

corresponding to the first bending resonance condition was determined. By considering now the 

uniform distribution of the excitation frequency Ω shown in Figure 6.8, it is possible to determine 

the dynamic reliability and dynamic hazard associated with the first, second and third bending 

mode natural frequencies of the CNRPC material. Figure 6.12(a) shows the frequency histograms 

of the first, second and third bending mode natural frequencies along with their ME5 distributions. 

In Figure 6.12(a), it can be observed that the first bending mode natural frequency 𝜔𝑏1
has the same 

statistical distribution as in the previous analysis. Table 6.A-3 in Appendix A summarizes the 

moment constraints used in calculating the ME5 distributions for 𝜔𝑏2
 and 𝜔𝑏3

, as well as the 

corresponding Lagrange multipliers for their pdfs shown in Figure 6.12(a).  

The challenge-capacity model prediction is used to determine the frequency interference 

random variable 𝛿𝑓, in order to obtain the dynamic reliability and dynamic hazard functions by 

using the ME5 distribution. The conditions corresponding to the first bending mode natural 

frequencies (i.e. 𝜔𝑏1
>  Ω and 𝜔𝑏1

< Ω) are now considered along with the conditions corresponding 

to the second and third bending mode natural frequencies, which are: 𝜔𝑏2
< Ω and 𝜔𝑏2

> Ω, and 

𝜔𝑏3
< Ω and 𝜔𝑏3

> Ω, respectively.  

Figure 6.12(b) shows the dynamic reliability function for the bending mode natural 

frequencies obtained from the challenge-capacity model in a range of 0.100-0.750 GHz, 

considering the excitation frequency Ω shown in Figure 6.8. It can be observed that the dynamic 

reliability function remains stable at a value equal to one during the passage through the first 

bending mode natural frequency 𝜔𝑏1
, when 𝜔𝑏1

> Ω. However, the dynamic reliability values 

present a considerable change in their behavior towards an area with low-reliability values close 
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to zero before reaching the resonance condition corresponding to 𝜔𝑏1
. This resonance condition 

occurs when 𝜔𝑏1
= Ω.  After this condition, the dynamic reliability function presents a considerable 

change towards an area with high-reliability values close to one after leaving the resonance 

condition, when 𝜔𝑏1
< Ω. When the excitation frequency Ω goes through the second bending mode 

natural frequency 𝜔𝑏2
 and the third bending mode natural frequency 𝜔𝑏3

, the dynamic reliability 

values remain equal to one because of the conditions: 𝜔𝑏2
< Ω and 𝜔𝑏2

> Ω, and 𝜔𝑏3
< Ω and 𝜔𝑏3

> 

Ω, respectively. 

If the probability of failure or dynamic unreliability 𝑄𝐷 is determined, it is possible to define 

the values of the dynamic reliability 𝑅𝐷 for the bending mode natural frequencies, which are shown 

in Table 6.3. Regarding the first bending mode natural frequency, the probability of failure 𝑄𝐷 is 

represented as 𝑃(Ω = 𝜔𝑏1
) = 1. Thus, the dynamic reliability is defined as 𝑅𝐷 = 1 − 𝑄 = 0, 

which means that the CNRPC system is in a resonance condition. For the second bending mode 

natural frequency, the probability of failure 𝑄𝐷 is represented as 𝑃(Ω = 𝜔𝑏2
) = 0. Thus, the 

dynamic reliability is defined as 𝑅𝐷 = 1, which means that 𝜔𝑏2
 is far from Ω. In the case of the 

third bending mode natural frequency, the probability of failure 𝑄𝐷 is represented as 

𝑃(Ω = 𝜔𝑏3
) = 0. Thus, the dynamic reliability is defined as 𝑅𝐷 = 1, which means that 𝜔𝑏3

 is far 

from Ω. 

Table 6.3. Dynamic reliability and dynamic unreliability of the bending mode natural frequencies 

considering the excitation frequency Ω in Figure 6.8. 

Condition Dynamic reliability (𝑅𝐷) Dynamic unreliability (𝑄𝐷) 

𝑃(Ω = 𝜔𝑏1
). 0 1 

𝑃(Ω = 𝜔𝑏2
) 1 0 

𝑃(Ω = 𝜔𝑏3
) 1 0 

 

From the dynamic reliability results, it is possible to calculate the dynamic hazard function 

of the CNRPC material for the bending mode natural frequencies. The dynamic hazard function is 

more physically meaningful as a measure of performance, safety and risk than is the reliability 

function itself [86]. Hence, the cumulative dynamic hazard function 𝐻𝐷 can be calculated with the 

following expression: 𝐻𝐷 = 𝑙𝑛(1 𝑅𝐷⁄ ), where 𝑅𝐷 is the dynamic reliability function [86]. Figure 
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6.12(c) shows the cumulative dynamic hazard function corresponding to the ME5 distributions of 

the bending mode natural frequencies.  It can be appreciated that the dynamic hazard function 

increases in its magnitude in the zone where 𝜔𝑏1
≅ Ω, which is considered as the failure zone of 

the CNRPC material because of the resonance condition. For the zones representing the conditions: 

𝜔𝑏1
< Ω, 𝜔𝑏1

> Ω, 𝜔𝑏2
< Ω, 𝜔𝑏2

> Ω, 𝜔𝑏3
< Ω and 𝜔𝑏3

> Ω, the dynamic hazard function remains with 

low-magnitude values. Therefore, these areas are considered as the safe zones for the CNRPC 

material. Hence, the dynamic reliability and dynamic hazard analyses lead to a better conservative 

and safe characterization of the CNRPC material, considering different bending mode natural 

frequencies.  

Vibration data collected through the frequency sweep of Ω, corresponding to startup and 

shutdown service conditions and the nearness to resonance of the material system, provides a 

wealth of information on the dynamic response of the CNRPC material that is not available from 

steady-state data. Most importantly, it provides the ability to study the vibration amplitude 

throughout the entire frequency range considering any small fluctuation of the excitation 

frequency. This small fluctuation can cause that the material system is in a resonance condition, 

and thus, it can cause violent swaying motions and even catastrophic failures in the structure of 

the nanocomposite. Resonance is characterized by a large increase in vibration at the resonant 

frequencies, but generally lower amplitudes at all other frequencies. Moreover, this type of 

vibration analysis generates overall information on the natural frequencies of the CNRPC material.  

 

 

 

 

 



175 
 

 

Figure 6.12. (a) Frequency histogram and probability density and distribution functions of the 

bending mode natural frequencies of the CNRPC material, (b) dynamic reliability function for 

the CNRPC material with an excitation frequency in the first bending resonance condition and 

(c) dynamic hazard function for the CNRPC material with an excitation frequency in the first 

bending resonance condition. 

 

If an excitation force is now applied on the CNRPC material, considering an uniform 

distribution for the excitation frequency Ω as before, as is shown in Figure 6.13(a), the dynamic 

reliability and dynamic hazard functions are then different compared to that of the previous 

analysis corresponding to Figure 6.12. In Figure 6.13(a), the frequency histograms and ME5 

distributions of the bending mode natural frequencies of the CNRPC material can be observed 
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along with the new excitation frequency Ω. The dynamic reliability function can be calculated 

based on the frequency interference random variable 𝛿𝑓, which is obtained from the challenge-

capacity model. In Figure 6.13(b), it can be appreciated that the reliability remains constant and at 

a value equal to one during the passage through the bending mode natural frequencies (𝜔𝑏1
, 𝜔𝑏2

 

and 𝜔𝑏3
) because the excitation frequency Ω is far from these natural frequencies. Thus, the 

CNRPC material is not close to or at any resonance condition. Table 6.4 shows different values 

for the dynamic reliability 𝑅𝐷 and dynamic unreliability 𝑄𝐷 corresponding to the bending mode 

natural frequencies. It can be noticed that the dynamic unreliability 𝑄𝐷 is represented as: 

𝑃(Ω = 𝜔𝑏1
) = 0, 𝑃(Ω = 𝜔𝑏2

) = 0 and 𝑃(Ω = 𝜔𝑏3
) = 0. Thus, the dynamic reliability is defined 

as 𝑅𝐷 = 1 − 𝑄𝐷 = 1 for all the bending mode natural frequencies.  

 

Table 6.4. Dynamic reliability and dynamic unreliability of the bending mode natural 

frequencies considering the excitation frequency Ω in Figure 6.13(a) 

Condition Dynamic reliability (𝑅𝐷) Dynamic unreliability (𝑄𝐷) 

𝑃(Ω = 𝜔𝑏1
). 1 0 

𝑃(Ω = 𝜔𝑏2
) 1 0 

𝑃(Ω = 𝜔𝑏3
) 1 0 

 

Regarding the dynamic hazard analysis, Figure 6.13(c) shows the cumulative dynamic 

hazard function of the bending mode natural frequencies. It can be noticed that during the passage 

of the excitation frequency Ω through the bending mode natural frequencies, the magnitude of the 

dynamic hazard function remains at low-magnitude values because Ω is far from any of these 

natural frequencies. Hence, these areas are considered as safe zones for the CNRPC material.  

If a comparison between Figures 6.12(b) and 6.13(b) is provided, the influence of the 

excitation frequency Ω on the dynamic reliability function can be appreciated. If Ω is close to any 

bending mode natural frequency as is shown in Figure 6.12(b), the dynamic unreliability 𝑄𝐷 is 

represented as 𝑃(Ω = 𝜔𝑏 
) = 1, and thus, the dynamic reliability is defined as 𝑅𝐷 = 1 − 𝑄𝐷 = 0. 

On the other hand, if Ω is far from any bending mode natural frequency as is shown in Figure 

6.13(b), the dynamic unreliability 𝑄𝐷 is represented as 𝑃(Ω = 𝜔𝑏 
) = 0, and thus, the dynamic 

reliability is defined as 𝑅𝐷 = 1 − 𝑄𝐷 = 1. In Figures 6.12(c) and 13(c), similar behavior is 
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presented in the dynamic hazard function. In Figure 6.12(c), the magnitude of the dynamic hazard 

function increases considerably during the passage of Ω through the first bending resonance 

condition, which means that this area is considered as a failure zone for the CNRPC material. In 

Figure 6.13(c), the hazard function remains constant at low-magnitude values during the passage 

of Ω through the bending mode natural frequencies, which means that these areas are represented 

as safe zones for the CNRPC material. 

 

Figure 6.13. (a) Frequency histogram and probability density and distribution functions of the 

bending mode natural frequencies of the CNRPC material, (b) dynamic reliability function for 

the CNRPC material with an excitation frequency far from any bending resonance condition and 

(c) dynamic hazard function for the CNRPC material with an excitation frequency far from any 

bending resonance condition. 
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The operational frequency of the CNRPC material system can be calculated from the 

frequency interference random variable 𝛿𝑓 based on the challenge-capacity model. Figure 6.14(a) 

shows the dynamic reliability function for different values of the operational frequency of the 

CNRPC material. The operational frequencies used in this analysis are the following: 0.229 GHz, 

0.458 GHz and 0.687 GHz. These values of operational frequency correspond to the first, second 

and third bending mode natural frequencies, respectively.  It can be noticed that for each bending 

mode resonance, the dynamic reliability reaches low values close to zero. Hence, Table 6.5 shows 

different values for the dynamic reliability 𝑅𝐷 and dynamic unreliability 𝑄𝐷 corresponding to each 

bending mode resonance. It can be noticed that the dynamic unreliability 𝑄𝐷 is represented as: 

𝑃(Ω = 𝜔𝑏1
) = 1, 𝑃(Ω = 𝜔𝑏2

) = 1 and 𝑃(Ω = 𝜔𝑏3
) = 1. Thus, the dynamic reliability is defined 

as 𝑅𝐷 = 1 − 𝑄𝐷 = 0 for all the bending mode resonances. 

 

Table 6.5. Dynamic reliability and dynamic unreliability of the bending mode resonances 

considering the operational frequency of the CNRPC material in Figure 6.14(a).  

Condition Dynamic reliability (𝑅𝐷) Dynamic unreliability (𝑄𝐷) 

𝑃(Ω = 𝜔𝑏1
). 0 1 

𝑃(Ω = 𝜔𝑏2
) 0 1 

𝑃(Ω = 𝜔𝑏3
) 0 1 

 

Regarding the hazard function, Figure 6.14(c) shows the cumulative dynamic hazard 

function of the bending mode resonances based on the operational frequency of the CNRPC 

material. It can be observed that the dynamic hazard function increases considerably in its 

magnitude during the passage through each bending mode resonance, which means that these areas 

are failure zones for the CNRPC material. On the other hand, the areas where the dynamic hazard 

function remains constant at low-magnitude values are considered as safe zones for the operational 

frequency of the CNRPC material. The dynamic reliability and dynamic hazard analyses also allow 

exploring the characterization of the CNRPC material by using frequencies of other types of 

excitation. Hence, in the next sub-section, a dynamic reliability analysis is now performed on the 

CNRPC material by considering different values of an excitation frequency in axial mode through 

a frequency sweep.  
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Figure 6.14. (a) Dynamic reliability function of the operational frequency of the CNRPC 

material in bending mode and (b) dynamic hazard function of the operational frequency of the 

CNRPC material in bending mode. 

 

6.5.2.3 Dynamic reliability analysis for the first, second and third axial mode resonances  

A dynamic reliability analysis is now performed on the Carbon-Nanotube-Reinforced-

Polymer-Composite (CNRPC) material, considering different values of the excitation frequency 

Ω in axial mode, through frequency sweep, corresponding to start up and shut down service 

conditions. The challenge-capacity model is used to determine if the excitation frequency is close 

to any axial mode natural frequency. Regarding the excitation frequency Ω, a small uniform 

distribution is used to represent the values of this frequency. In the first analysis of this sub-section, 

the central value of this uniform distribution Ω is defined by using the value of the mode of the 
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second axial mode natural frequency (which is 0.7807 GHz), while ΔΩ is defined as 0.002 GHz.  

Hence, the uniform distribution is determined over: Ω − ΔΩ/2 = 0.7797 GHz and Ω + ΔΩ/2 = 

0.7817 GHz. Figure 6.15 shows the uniform distribution that represents the excitation frequency 

in axial mode. 

 

Figure 6.15. Uniform distribution that represents the excitation frequency Ω in axial mode, 

considering Ω − ΔΩ/2 and Ω + ΔΩ/2. 

 

The statistical distributions of the first, second and third axial mode natural frequencies of 

CNRPC material are obtained based on the Monte Carlo Simulation (MCS) technique. The 

skewness of the first axial mode natural frequency 𝜔a1
 is -1.0840, which represents a left-skewed 

distribution with its median higher than its mean. The median of 𝜔a1
 is 0.5860 GHz, the mean is 

0.5858 GHz, and the mode is 0.5870 GHz. In the case of the second axial mode natural frequency 

𝜔a2
, the skewness is -1.085, which means that this distribution is a left-skewed distribution with 

its median higher than its mean. The median of 𝜔a2
 is 0.7793 GHz, the mean is 0.7791 GHz, and 

the mode is 0.7807 GHz. Regarding the third axial mode natural frequency 𝜔a3
, the skewness is -

1.086, which represents a left-skewed distribution with its median higher than its mean. The 

median of 𝜔a3
 is 0.9727 GHz, the mean is 0.9725 GHz, and the mode is 0.9744 GHz.  
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From the analysis of the skewness of the statistical distributions of the first, second and third 

axial mode natural frequencies, it can be noticed that the distributions are asymmetric. Thus, the 

Maximum Entropy Method [88] should be used for estimating their probability density functions 

(pdfs). The Maximum-Entropy distribution with five-moments (ME5) is used according to the 

results calculated in Table 6.2. By considering now the uniform distribution of the excitation 

frequency Ω shown in Figure 6.15, it is possible to determine the dynamic reliability and dynamic 

hazard based on the axial mode natural frequencies of the CNRPC material. Figure 6.16(a) shows 

the distributions obtained from the ME5 distributions and the frequency histograms of the first, 

second, and third axial mode natural frequencies. Table 6.A-4 in Appendix 6.A summarizes the 

moment constraints used in calculating the ME5 distributions for 𝜔a1
, 𝜔a2

 and 𝜔a3
, as well as the 

corresponding Lagrange multipliers for their pdfs. 

The challenge-capacity model is used to determine the frequency interference random 

variable 𝛿𝑓, in order to obtain the dynamic reliability and dynamic hazard functions by using the 

ME5 distribution. The conditions corresponding to the second axial mode natural frequency:  𝜔a2
> 

Ω and 𝜔a2
< Ω are considered along with the conditions corresponding to the first and third axial 

mode natural frequencies, which are: 𝜔a1
< Ω and 𝜔a1

> Ω, and  𝜔a3
 < Ω and 𝜔a3

 > Ω, respectively.  

Figure 6.16(b) shows the dynamic reliability function for the axial mode natural frequencies 

obtained from the challenge-capacity model in a range of 0.550-1.000 GHz, considering the 

excitation frequency Ω shown in Figure 6.15. It can be observed that the dynamic reliability 

function remains constant at a value equal to one during the passage through the first axial mode 

natural frequency 𝜔a1
, when 𝜔a1

< Ω and 𝜔a1
> Ω, and during the passage through the second axial 

mode natural frequency 𝜔a2
, when 𝜔a2

< Ω. However, the dynamic reliability values present a 

considerable change in their behavior towards an area with low-reliability values close to zero 

before reaching the resonance condition corresponding to 𝜔a2
. This resonance condition occurs 

when 𝜔a2
= Ω.  After this condition, the dynamic reliability function presents a considerable change 

towards an area with high-reliability values close to one after leaving the resonance condition, 

when 𝜔a2
> Ω. When the excitation frequency goes through the third axial mode frequency 𝜔a3

, 

the reliability values remain constant at a value equal to one because of the conditions:  𝜔a3
 < Ω 

and 𝜔a3
> Ω .  
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If the probability of failure or dynamic unreliability 𝑄𝐷 is analyzed, it is possible to define 

the value of the dynamic reliability 𝑅𝐷. Hence, Table 6.6 shows different values for the dynamic 

reliability and dynamic unreliability corresponding to the axial mode natural frequencies. 

Regarding the second axial mode natural frequency, the probability of failure 𝑄𝐷 is represented as 

𝑃(Ω = 𝜔a2
) = 1. Thus, the dynamic reliability is defined as 𝑅𝐷 = 1 − 𝑄𝐷 = 0, which means that 

the CNRPC material system is in a resonance condition. For the first axial mode natural frequency, 

the probability of failure 𝑄𝐷 is represented as 𝑃(Ω = 𝜔a1
) = 0. Thus, the dynamic reliability is 

defined as 𝑅𝐷 = 1, which means that 𝜔a1
 is far from Ω. In the case of the third axial mode natural 

frequency, the probability of failure 𝑄𝐷 is represented as 𝑃(Ω = 𝜔a3
) = 0. Thus, the dynamic 

reliability is defined as 𝑅𝐷 = 1, which means that 𝜔a3
 is far from Ω.  

 

Table 6.6. Dynamic reliability and dynamic unreliability of the axial mode natural frequencies 

considering the excitation frequency Ω in Figure 6.15. 

Condition Dynamic reliability (𝑅𝐷) Dynamic unreliability (𝑄𝐷) 

𝑃(Ω = 𝜔a1
). 1 0 

𝑃(Ω = 𝜔a2
) 0 1 

𝑃(Ω = 𝜔a3
) 1 0 

 

From the dynamic reliability results, it is possible to calculate the dynamic hazard function 

of the CNRPC material for the axial modes. Figure 6.16(c) shows the cumulative dynamic hazard 

function corresponding to the ME5 distributions of the axial mode natural frequencies of the 

CNRPC material. It can be appreciated that the dynamic hazard function increases in its magnitude 

in the zone where 𝜔a2
≅ Ω, which is considered as the failure zone of the CNRPC material because 

of the resonance condition. For the zones representing the conditions: 𝜔a1
< Ω, 𝜔a1

> Ω, 𝜔a2
< Ω, 

𝜔a2
> Ω, 𝜔a3

< Ω and 𝜔a3
> Ω, the dynamic hazard function remains with low-magnitude values. 

Therefore, these areas are considered as safe zones for the CNRPC material. The dynamic 

reliability and dynamic hazard analyses lead to a better conservative and safe characterization of 

the CNRPC material, considering different axial mode natural frequencies.  
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Figure 6.16. (a) Frequency histogram and probability density and distribution functions of the 

axial mode natural frequencies of the CNRPC material, (b) dynamic reliability function for the 

CNRPC material with an excitation frequency in the second axial resonance condition and (c) 

dynamic hazard function for the CNRPC material with an excitation frequency in the second 

axial resonance condition. 

 

If an excitation force is now applied on the CNRPC material, considering an uniform 

distribution for the excitation frequency Ω as before, as is shown in Figure 6.17(a), the dynamic 

reliability and dynamic hazard functions are then different compared to that of the previous 

analysis corresponding to Figure 6.16. In Figure 6.17(a), the frequency histograms and ME5 

distributions of the axial mode natural frequencies of the CNCPC material can be observed along 

with the new excitation frequency Ω. The dynamic reliability function can be calculated based on 
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the frequency interference random variable 𝛿𝑓, which is obtained from the challenge-capacity 

model. 

 In Figure 6.17(b), it can be appreciated that the dynamic reliability remains constant and at 

a value equal to one during the passage through the axial mode natural frequencies (𝜔a1
, 𝜔a2

 and 

𝜔a3
) because the excitation frequency Ω is far from these natural frequencies. Thus, the CNRPC 

material is not close to or at any resonance condition. Table 6.7 shows different values for the 

dynamic reliability 𝑅𝐷 and dynamic unreliability 𝑄𝐷 corresponding to the axial mode natural 

frequencies. It can be noticed that the dynamic unreliability 𝑄𝐷 is represented as: 𝑃(Ω = 𝜔a1
) =

0, 𝑃(Ω = 𝜔a2
) = 0 and 𝑃(Ω = 𝜔a3

) = 0. Thus, the dynamic reliability is defined as 𝑅𝐷 = 1 −

𝑄𝐷 = 1 for all the axial mode natural frequencies.  

 

Table 6.7. Dynamic reliability and dynamic unreliability of the axial mode natural frequencies 

considering the excitation frequency Ω in Figure 6.17(a) 

Condition Dynamic reliability (𝑅𝐷) Dynamic unreliability (𝑄𝐷) 

𝑃(Ω = 𝜔a1
). 1 0 

𝑃(Ω = 𝜔a2
) 1 0 

𝑃(Ω = 𝜔a3
) 1 0 

 

Regarding the dynamic hazard analysis, Figure 6.17(c) shows the cumulative dynamic 

hazard function of the axial mode natural frequencies. It can be noticed that during the passage of 

the excitation frequency Ω through the axial mode natural frequencies, the magnitude of the 

dynamic hazard function remains at low-magnitude values because Ω is far from any of these 

natural frequencies. Hence, these areas are considered as safe zones for the CNRPC material.  

If a comparison between Figures 6.16(b) and 6.17(b) is provided, the influence of the 

excitation frequency on the dynamic reliability function can be appreciated. If Ω is close to any 

axial mode natural frequency as is shown in Figure 6.16(b), the dynamic unreliability 𝑄𝐷 is 

represented as 𝑃(Ω = 𝜔a) = 1, and thus, the dynamic reliability is defined as 𝑅𝐷 = 1 − 𝑄𝐷 = 0. 

On the other hand, if Ω is far from any axial mode natural frequency as is shown in Figure 6.17(b), 

the dynamic unreliability 𝑄𝐷 is represented as 𝑃(Ω = 𝜔a) = 0, and thus, the dynamic reliability 

is defined as 𝑅𝐷 = 1 − 𝑄𝐷 = 1. In Figures 6.16(c) and 6.17(c), similar behavior is presented in 
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the dynamic hazard function. In Figure 6.16(c), the magnitude of the dynamic hazard function 

increases considerably during the passage of Ω through the second axial resonance condition, 

which means that this area is considered as a failure zone for the CNRPC material. In Figure 

6.17(c), the dynamic hazard function remains constant at low-magnitude values during the passage 

of Ω through the axial mode natural frequencies, which means that these areas are represented as 

safe zones for the CNRPC material. 

 

Figure 6.17. (a) Frequency histogram and probability density and distribution functions of the 

axial mode natural frequencies of the CNRPC material, (b) dynamic reliability function for the 

CNRPC material with an excitation frequency far from any axial resonance condition and (c) 

dynamic hazard function for the CNRPC material with an excitation frequency far from any axial 

resonance condition. 
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The operational frequency of the CNRPC material system in axial mode can be calculated 

from the frequency interference random variable 𝛿𝑓 based on the challenge-capacity model 

prediction. Figure 6.18(a) shows the dynamic reliability function for different values of the 

operational frequency of the CNRPC material in axial mode. The operational frequencies used in 

this analysis are the following: 0.587 GHz, 0.780 GHz and 0.974 GHz. These values of operational 

frequency correspond to the first, second and third axial mode natural frequencies, respectively.  It 

can be noticed that for each axial mode resonance, the dynamic reliability reaches low values close 

to zero. Hence, Table 6.8 shows different values for the dynamic reliability 𝑅𝐷 and dynamic 

unreliability 𝑄𝐷 corresponding to each axial mode resonance. It can be noticed that the dynamic 

unreliability 𝑄𝐷 is represented as: 𝑃(Ω = 𝜔a1
) = 1, 𝑃(Ω = 𝜔a2

) = 1 and 𝑃(Ω = 𝜔a3
) = 1. Thus, 

the dynamic reliability is defined as 𝑅𝐷 = 1 − 𝑄𝐷 = 0 for all the axial mode resonances. 

 

Table 6.8. Dynamic reliability and dynamic unreliability of the axial mode resonances 

considering the operational frequency of the CNRPC material in Figure 6.18(a).  

Condition Dynamic reliability (𝑅𝐷) Dynamic unreliability (𝑄𝐷) 

𝑃(Ω = 𝜔a1
). 0 1 

𝑃(Ω = 𝜔a2
) 0 1 

𝑃(Ω = 𝜔a3
) 0 1 

 

Regarding the dynamic hazard function, Figure 6.18(c) shows the cumulative dynamic 

hazard function of the axial mode resonances based on the operational frequency of the CNRPC 

material. It can be observed that the dynamic hazard function increases considerably in its 

magnitude during the passage through each axial mode resonance, which means that these areas 

are considered as failure zones for the CNRPC material. On the other hand, the areas where the 

dynamic hazard function remains constant at low-magnitude values are considered as safe zones 

for the operational frequency of the CNRPC material. Therefore, the dynamic reliability and 

dynamic hazard analyses allow exploring different types of failure, considering frequencies of 

several types of excitation. 
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Figure 6.18. (a) Dynamic reliability function of the operational frequency of the CNRPC 

material in axial mode and (b) dynamic hazard function of the operational frequency of the 

CNRPC material in axial mode. 

 

6.6 Conclusion 

The dynamic reliability analysis of the material system was performed on the Representative 

Volume Element (RVE) of the Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC)  

material, based on the challenge-capacity model, to determine the dynamic reliability and dynamic 

hazard associated with its modal parameters. The modal parameters were based on the bending 

and axial mode natural frequencies, which were considered as random variables. The distributions 

based on the MCS technique were obtained by using the Maximum Entropy Method. In the 

dynamic reliability and dynamic hazard analyses, the challenge-capacity model was used to 
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determine the frequency interference random variable 𝛿𝑓 considering different distribution values 

for the excitation frequency Ω in bending and axial modes. The distributions of the excitation 

frequency Ω were placed close to or far from any natural frequency to determine the corresponding 

different behaviors of the dynamic reliability and dynamic hazard functions. 

 In the case of the bending mode natural frequencies, the distribution of the excitation 

frequency Ω was first placed close to the first bending mode natural frequency 𝜔𝑏1
 of the CNRPC 

material to study its behavior corresponding to this resonance condition. Later, the second and 

third bending mode natural frequencies were included in the analysis to calculate their dynamic  

unreliability 𝑄𝐷 and dynamic reliability 𝑅𝐷. As Ω was close to 𝜔𝑏1
, the dynamic unreliability 𝑄𝐷 

was determined as 𝑃(Ω = 𝜔𝑏1
) = 1, and thus, the dynamic reliability as 𝑅𝐷 = 0, which means 

that the CNRPC system was in a resonance condition when Ω = 𝜔𝑏1
. On the other hand, as Ω was 

far from the second and third bending mode natural frequencies, 𝜔𝑏2
 and 𝜔𝑏3

, respectively, the 

dynamic unreliability was calculated as 𝑄𝐷 = 0 and the dynamic reliability as 𝑅𝐷 = 1. In the case 

of a distribution of Ω far from any of the bending mode natural frequencies, the dynamic 

unreliability 𝑄𝐷 was represented as 𝑃(Ω = 𝜔𝑏 
) = 0 and the dynamic reliability as 𝑅𝐷 = 1. For 

the operational frequency, the dynamic unreliability 𝑄𝐷 was represented as 𝑃(Ω = 𝜔𝑏 
) = 1 and 

the dynamic reliability as 𝑅𝐷 = 0. The dynamic hazard function was utilized to determine the 

failure and safe zones corresponding to the bending mode frequencies of the CNRPC material, 

considering the failure zones as resonance conditions.  

Corresponding, in the case of the axial mode natural frequencies, the distribution of the 

excitation frequency Ω was first placed close to the second axial mode natural frequency 𝜔a2
 of 

the CNRPC material to study its behavior associated with this resonance condition, including the 

first and third axial mode natural frequencies, 𝜔a1
 and 𝜔a3

, respectively. As Ω was close to 𝜔a2
, 

the dynamic unreliability 𝑄𝐷 was determined as 𝑃(Ω = 𝜔a2
) = 1, and thus, the dynamic reliability 

as 𝑅𝐷 = 0, which means that the CNRPC system was in a resonance condition. On the other hand, 

as Ω was far from 𝜔a1
 and 𝜔a3

, the dynamic unreliability was calculated as 𝑄𝐷 = 0 and the 

dynamic reliability as 𝑅𝐷 = 1. In the case of a distribution of Ω far from any of the axial mode 

natural frequencies, the dynamic unreliability 𝑄𝐷 was represented as 𝑃(Ω = 𝜔𝑎 
) = 0 and the 

dynamic reliability as 𝑅𝐷 = 1. For the operational frequency, the dynamic unreliability 𝑄𝐷 was 
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represented as 𝑃(Ω = 𝜔𝑎 
) = 1 and the dynamic reliability as 𝑅𝐷 = 0.  The dynamic hazard 

function was used to determine the failure zones corresponding to the axial mode frequencies of 

the CNRPC material. These zones are considered as resonance conditions of the CNRPC material. 

The dynamic reliability and dynamic hazard analyses, based on the challenge-capacity 

model, led to a high-performance, conservative, and reliable characterization of the CNRPC 

material system associated with its dynamic response. By combining the finite-element modeling 

and analysis of the RVE with the probabilistic analysis and modeling (based on the MCS technique 

and the challenge-capacity model), it was possible to provide an alternative solution to study the 

dynamic material behavior of the nanocomposite with structural problems (i.e. missing carbon 

atoms and C-C bonds in the SWCN). Moreover, vibration data collected through frequency sweep 

of Ω, corresponding to startup and shutdown service conditions and the nearness to resonance of 

the material system, provides a wealth of information on the dynamic response of the CNRPC 

material that is not available from steady-state data. Most importantly, it provides the ability to 

study the vibration amplitude throughout the entire frequency range considering small fluctuations 

of the excitation frequency. 

Appendix 6.A 

Tables 6.A-1, 6.A-2, 6.A-3 and 6.A-4 are presented in this section.  

 

 

Table 6.A-1. Lagrange multipliers and Weibull and Gaussian parameters computed for the first 

bending mode natural frequency. 

Lagrange multipliers 

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 

ME4 2.89x105 -5.23x106 3.56x107 -1.07x108 1.21x108  

ME5 2.74x106 -5.98x107 5.20x108 -2.26x109 4.91x109 -4.25x109 

Weibull parameters Gaussian parameters 

𝛽 (GHz) 𝛼 𝜇 (GHz) 𝜎 (GHz) 

0.2298 78.82 0.2282 0.0034 
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Table 6.A-2. Moment constraints, Lagrange multipliers and, Weibull and Gaussian parameters 

for the variable 𝛿𝑓 in bending mode (𝛿𝑓 < 0). 

Random 

variable 

𝛿𝑓 based 

on first 

bending 

and 

excitation 

frequency 

First order  

(GHz) 

Second order  

(GHz2) 

Third order 

(GHz3) 

Fourth 

order 

(GHz4) 

Fifth 

order 

(GHz5) 

0.0085 9.74x10-5 1.25x10-6 1.71x10-8 2.45x10-10 

Lagrange multipliers  

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5  

ME4 -3.02 -915.3 2.20x105 -1.95x107 5.70x108   

ME5 -3.02 -982.8 2.55x105 -2.50x107 9.66x108 -9.18x109  

Weibull parameters Gaussian parameters 

𝛽 (GPa) 𝛼 𝜇 (GHz) 𝜎 (GHz) 

0.0094 1.6100 0.0085 0.0050 

 

 

Table 6.A-3. Moment constraints and Lagrange multipliers for the second and third bending 

mode natural frequencies. 

Second 

bending 

mode 

frequency 

First order  

(GHz) 

Second order  

(GHz2) 

Third order 

(GHz3) 

Fourth 

order 

(GHz4) 

Fifth 

order 

(GHz5) 

0.4564 0.2083 0.0951 0.0434 0.0198 

Lagrange multipliers  

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 

ME5 2.0x106 -2.27x107 9.83x107 -2.12x108 2.29x108 -9.86x107 

Third 

bending 

mode 

frequency 

First order  

(GHz) 

Second order  

(GHz2) 

Third order 

(GHz3) 

Fourth 

order 

(GHz4) 

Fifth 

order 

(GHz5) 

0.6846 0.4688 0.3211 0.2200 0.1507 
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Lagrange multipliers  

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 

ME5 2.0x106 -1.48x107 4.29x107 -6.18x107 4.44x107 -1.27x107 

 

 

Table 6.A-4. Moment constraints and Lagrange multipliers for the first, second and third axial 

mode natural frequencies. 

First axial 

mode 

frequency 

First order  

(GHz) 

Second order  

(GHz2) 

Third order 

(GHz3) 

Fourth 

order 

(GHz4) 

Fifth 

order 

(GHz5) 

0.5861 0.3435 0.2013 0.1180 0.0691 

Lagrange multipliers  

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 

ME5 8.08x109 -6.90x1010 2.36x1011 -4.03x1011 3.44x1011 -1.17x1011 

Second 

axial mode 

frequency 

First order  

(GHz) 

Second order  

(GHz2) 

Third 

order 

(GHz3) 

Fourth 

order 

(GHz4) 

Fifth 

order 

(GHz5) 

0.7795 0.6076 0.4737 0.3693 0.2878 

Lagrange multipliers  

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 

ME5 2.23x109 -1.45x1010 3.78x1010 -4.93x1010 3.21x1010 -8.38x109 

Third axial 

mode 

frequency 

First order  

(GHz) 

Second order  

(GHz2) 

Third 

order 

(GHz3) 

Fourth 

order 

(GHz4) 

Fifth 

order 

(GHz5) 

0.9729 0.9466 0.9210 0.8962 0.8720 

Lagrange multipliers  

 𝜆0 𝜆1 𝜆2 𝜆3 𝜆4 𝜆5 

ME5 1.88x109 -9.60x109 1.96x1010 -2.00x1010 1.02x1010 -2.08x109 
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Chapter 7. Conclusions, contributions and future work 

 

 

7.1 Conclusions 

The main objective of this thesis was to study the static (stiffness and strength) and dynamic 

responses of polymer matrix materials reinforced with a perfectly aligned Single-Walled-Carbon-

Nanotube (SWCN). The different analyses were carried out on the Representative Volume 

Element (RVE) of a Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material. A 3D 

multiscale finite element model consisting of a polymer matrix material, a Single-Walled-Carbon-

Nanotube (SWCN) and an interface region between the polymer material and the SWCN was 

constructed for this purpose. The polymer matrix was modeled by using the Mooney-Rivlin strain 

energy function to calculate its non-linear response and the interface region was modeled via van 

der Waals (vdW) links. The SWCN was modeled as a space frame by using the Morse potential 

and then as a thin shell by using a suitable shell theory. However, in practical applications, the 

SWCN is not perfect, and it possesses structural defects and further, the vdW links are not perfect. 

Such imperfections were characterized in this thesis by using the Monte Carlo simulation 

technique. The challenge-capacity modeling and prediction approach was used for the reliability 

and hazard characterization of the stiffness response and natural frequencies of the CNRPC 

material. The overall conclusions of this thesis are explained in the following paragraphs.  

The Single-Walled-Carbon-Nanotube (SWCN) modeled as a thin shell model based on 

Donnell’s Shell Theory is suitable for the physical properties of SWCNs for different values of 

aspect ratio (that was defined as length of nanotube/diameter of nanotube) lower than 8.28 for 

Clamped-Free (CF) boundary conditions and lower than 13.89 for Clamped-Clamped (CC) 

boundary conditions. For aspect ratios higher than the previous ones, Flugge’s and Sanders’ Shell 

Theories are more suitable, except for an aspect ratio of 31.64 in CF boundary conditions and an 

aspect ratio of 21.06 in CC boundary conditions. Hence, the thin shell model presented enough 

accuracy of SWCN modeling and allowed to study other mechanical properties, such as bending, 

buckling, and torsion response.  

The RVE of the CNRPC material showed an increase in its natural frequencies for all volume 

fractions of SWCN compared to that of the plain polymers, such as Polyamide-imide (PAI) and 
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Polyetheretherketone (PEEK). Regarding the damping properties of the CNRPC material, the 

concept of the stick-slip motion behavior was used to obtain the critical shear stress, dissipation 

energy, and loss factor in order to calculate the structural damping ratio of the CNRPC material 

for different volume fractions. The values of damping ratios of the CNRPC material decreased 

with higher values of the natural frequencies of the CNRPC material for all volume fractions of 

SWCN, considering PAI as a polymer matrix material. Correspondingly, in the case of PEEK as a 

polymer matrix material, the values of the structural damping coefficient were within a range of 

0.0661-0.1597 for 4% SWCN volume fraction. The structural damping coefficient values 

decreased with higher values of the natural frequencies of the CNRPC material.  

In the case of the viscous damping ratio of  the CNRPC material, which considered PEEK 

as polymer matrix material and 4% SWCN volume fraction,  the viscoplastic behavior of the 

polymer matrix material was considered, and the rate-dependent characteristics of the CNRPC 

material were studied, while the viscous damping ratio was calculated based on the loss factor 

obtained by applying an axial harmonic strain at free end in CF boundary conditions. The 

computed values of the viscous damping ratio for each natural frequency were within a range of 

0.0333-0.0860. A comparison between structural damping mechanisms was provided, and it was 

determined that the structural damping coefficient was approximately two times higher than the 

viscous damping ratio. In the harmonic analysis, the results expose that the amplitude of the 

vibration for the CNRPC material decreased considerably due to the reinforcement with the 

SWCN, while for the polymer material the amplitude of the vibration was a lot higher. The RVE 

of the CNRPC material considered PAI polymer matrix.  

In the static characterization, the results showed that the Maximum Entropy (ME) 

distributions for the reliability function were more appropriate and accurate than Weibull and 

Gaussian distributions. The errors calculated in this analysis showed that Weibull and Gaussian 

distributions presented a Root-Mean-Square-Error (RMSE) that was 15 times higher than that of 

ME distributions, while for the Chi-square error, the Weibull and Gaussian distributions were 

between 6-12 times higher than that of the ME distributions. In addition to the reliability functions, 

the Mean-Stress-To-Failure (MSTF) and the Mean-Residual-Strength (MRS) were determined. 

Also, a fixed stress point 𝑆𝑓 was established based on the results of the reliability analysis to 

differentiate two zones in the reliability plot: a zone for reliability values close to one and a zone 

for reliability values close to zero. In the static hazard analysis, it was possible to identify two 
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zones for the hazard function, the zone with low-magnitude values, which was considered as the 

useful strength for the CNRPC material and the region for high-magnitude values, which was 

regarded as the failure zone of the CNRPC material. From the hazard analysis, it was possible to 

define a safety factor 𝑆𝐹𝑐, which was defined as 𝑆𝐹𝑐 = strength/applied stress. The values of 𝑆𝐹𝑐 

were determined for the CNRPC material in a range of 1.0379-1.1265 for the different 

distributions. The 𝑆𝐹𝑐 values for the ME distributions were 1.0386, while for the Weibull and 

Gaussian distribution were 1.1185 and 1.1265, respectively.  

In the dynamic characterization, when the excitation frequency Ω was close to a natural 

frequency 𝜔𝑛, the dynamic unreliability 𝑄𝐷 was determined as 𝑃(Ω = 𝜔n) = 1, and thus, the 

dynamic reliability as 𝑅𝐷 = 0, which means that the CNRPC system was in a resonance condition 

when Ω = 𝜔n. On the other hand, as Ω was far from the other natural frequencies, the dynamic 

unreliability was calculated as 𝑄𝐷 = 0 and the dynamic reliability as 𝑅𝐷 = 1. In the case of a 

distribution of Ω far from any of the natural frequencies, the dynamic unreliability 𝑄𝐷 was 

represented as 𝑃(Ω = 𝜔𝑛) = 0 and the dynamic reliability as 𝑅𝐷 = 1. For the operational 

frequency, the dynamic unreliability 𝑄𝐷 was represented as 𝑃(Ω = 𝜔𝑛) = 1 and the dynamic 

reliability as 𝑅𝐷 = 0. The dynamic hazard function was utilized to determine the failure and safe 

zones corresponding to the natural frequencies of the CNRPC material, considering near-

resonance conditions as the failure zones. By combining the finite element modeling and analysis 

of the RVE with the probabilistic analysis and modeling (based on the MCS technique and the 

challenge-capacity model), it was possible to provide an alternative solution to study the dynamic 

behavior of the nanocomposite material with structural defects (i.e. missing carbon atoms and C-

C bonds in the SWCN). 

7.2 Contributions 

In this section, the major contributions of this thesis are presented as follows: 

1- Development of a 3D finite element model of the Single-Walled-Carbon-Nanotube (SWCN) to 

determine its mechanical and dynamic properties. The SWCN was first modeled as a space frame 

structure by using the Morse Potential and then as a thin shell based on shell theory. The non-

linear behavior obtained from Morse potential was used to model the SWCN as a thin circular 
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shell. Then, a comparison between various shell theories was provided to determine which shell 

theory was more suitable for modeling the SWCN.  

2- Development of a 3D multiscale finite element model of the Representative Volume Element 

of Carbon-Nanotube-Reinforced-Polymer-Composite (CNRPC) material to conduct a parametric 

study to determine its dynamic response, in terms of its modal and steady-state responses and 

damping properties, for different volume fractions of SWCNs. A model consisting of an SWCN, 

an interface region, and the polymer matrix was constructed for this purpose. 

3- Development of a parametric study of the RVE of the CNRPC material with 4% volume fraction 

of SWCN to compare its viscous and structural damping mechanisms with the experimental data 

available from the literature.  

4- Development of a 3D multiscale finite element model of the RVE of the CNRPC material with 

5% of volume fraction, that considers the structural vacancies in the SWCN and the interface 

region based on Monte Carlo Simulation (MCS) technique. The structural vacancies were 

represented by missing carbon atoms and covalent bonds in the SWCN and van der Waals links in 

the interface region.  

5- Development of an advanced probabilistic analysis to determine the probability density 

functions (pdfs) of the material properties and natural frequencies of the RVE of the CNRPC 

material based on the results of the MCS technique by using the Maximum Entropy Method 

(MEM).  

6- Using the stress-strength (challenge-capacity) model prediction to obtain the static reliability 

and static hazard characterization of the stiffness response of the RVE of CNRPC material based 

on the results of the MCS technique and the pdfs obtained from MEM along with Gaussian and 

Weibull distributions. The ultimate longitudinal strength of CNRPC was considered as the capacity 

of the material system and the applied stress as the challenge that the CNRPC material must 

tolerate. 

7- Using the challenge-capacity model prediction to obtain the dynamic reliability and dynamic 

hazard characterization of the modal response of the RVE of CNRPC based on the results of the 

MCS technique and the pdfs obtained from MEM. The reliability and hazard characterization were 

performed by using the challenge-capacity model for the natural frequencies of CNRPC to 
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determine if an external excitation frequency was close to or far from any of its natural frequencies. 

The consideration of the frequency sweep of the excitation and the nearness to resonance of the 

material system was used as a basis for the characterization of dynamic reliability and dynamic 

hazard. The dynamic reliability and dynamic hazard functions were obtained using the MEM.  

7.3 Future work 

In this section, a few avenues for future work regarding nano-reinforced polymer systems 

are proposed as follows: 

7.3.1 Different types of structural defects in the nanocomposite material 

The mechanical behavior of the Representative Volume Element (RVE) of the Carbon-

Nanotube-Reinforced-Polymer-Composite (CNRPC) material can be determined using different 

types of structural defects. The Single-Walled-Carbon-Nanotube (SWCN) can present an 

imperfect structure considering defects, such as Stone-Wales (SW) defects. In a SW defect, four 

adjacent hexagons are converted into two pentagons and two heptagons with a 90° rotation of the 

horizontal bond of the hexagonal structure. In the analysis, the nanocomposite structure can be 

analyzed including SW and vacancy defects in the imperfect SWCN. A comparison of the results 

between these types of defects in the SWCN can be provided as well.  

7.3.2 Random vibration analysis 

Random vibration analysis can be performed on the RVE of the CNRPC material to 

determine its mean square response. Random vibrations can be measured with a technique called 

spectrum analysis that is a method in which the results of the modal analysis are used with a 

known spectrum (which is a graph of spectral value versus frequency that captures the intensity 

and frequency content of time-history loads) to calculate displacements and stresses in the RVE of 

the CNRPC material. It is mainly used in place of a time-history analysis to determine the response 

of structures to random or time-dependent loading conditions. 

 For non-deterministic random vibration analysis, a Power Spectral Density (PSD) spectrum, 

which is a statistical measure defined as the limiting mean-square value of a random variable, can 

be used to study the behavior of a structure or mechanical system under random loads (such as 

white-noise, broad-band, and narrow-band loads). In a PSD spectrum, the instantaneous 
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magnitudes of the response can be specified only by probability distributions that show the 

probability of the magnitude taking a particular value. Besides, a PSD spectrum can be represented 

as a graph of the PSD value versus frequency, where the PSD may be a displacement PSD, velocity 

PSD, acceleration PSD, or force PSD. Mathematically, the area under a PSD-versus-frequency 

curve is equal to the variance (square of the standard deviation of the response). This method can 

be utilized in a FEM software to get the response to the PSD, which may be used to determine a 

safety factor for random loading conditions for stationary systems. 

7.3.3 Random vibration and reliability 

The results of the random vibration analysis of the CNRPC material can be used to obtain its 

reliability. In this case, the reliability concept is the probability of the nanocomposite material not 

failing within a specified time interval. Furthermore, it is necessary to define a failure criterion. It 

is assumed that the CNRPC material fails if its deformations exceed some specific value 𝜂 (a 

threshold). This problem in the literature is referred to as the “first passage problem” [165-167]. 
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