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Abstract 

A Bayesian approach to the  assessment of fuel composition variability effects on grate -bed biomass 

combustion  

Mohammad Hosseini Rahdar, Ph.D.  

Concordia University, 2020  

Combustion systems are the most energy-intensive facilities in the world. They are responsible for releasing 

the majority of the greenhouse gases (GHG) and NOx into the earth’s atmosphere. Biomass is the only 

renewable energy source consisting of fixed carbon elements which can be substituted for fossil fuels in 

combustion systems. The main distinction between biomass and fossil fuel combustion is fewer pollutant 

emissions of biomass combustion, as well as, biomass combustion’s lower price and simpler storage facility. 

So far, direct combustion of the solid biomass is the most popular method, both thermally and economically, 

among all various bioenergy systems, which is due to the price of biofuels process cost. Grate firing 

technology is of interest to burn solid biomass because it has less sensitivity to feed composition and size, 

which shows the excellent potential of this technology. However, owing to the intrinsic composition 

variability of biomass, there are still uncontrolled deflections associated with biomass combustors 

operations.  

This study is an effort to quantify the overall impact of fuel compositions variability on moving bed biomass 

combustion, which will facilitate the understanding of biomass combustion. Randomly selected biomass 

pellets were individually investigated via a Thermogravimetric Analysis (TGA) to specify the fuel 

compositions; moisture, volatile, char, and ash. This data, together with the predefined fuel composition 

provided by fuel supplier are utilized to train a model using a Bayesian approach to populate our measured 

data. Simultaneously, a 1D transient numerical model of moving bed biomass combustion is deliberately 

developed corresponding to the research goals. The model iteratively runs with distributed fuel composition 

made by the Bayesian data generator and simulates the combustor under uncertain conditions. The 

comprehensive thermo-economic and environmental analysis of the biomass boiler operated with the three 

most common biomass types was conducted. Specifically, this includes biomass pellets, wood waste, and 

municipal solid waste and through this research showed that biomass pellets are the most efficient in terms 

of thermal operation and financial revenue. An experiment-based approach to the composition uncertainty 

impact of biomass pellets and bamboo chips on moving bed combustors were also practiced. While a notable 

heat flux deviation from mean operation conditions was observed for both, the pelletizing helped pellets to 

limit the level of uncertainty to a satisfying degree. Higher char content can limit the combustion uncertainty 
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to a strong extent, while the moisture content was found to be the main contributor to the level of uncertainty. 

As well, NOx emission arising from biomass combustion fluctuated up to 17% due to composition 

variability. Finally, combustor operations under more reliable input data via the Bayesian data generator 

showed a remarkable system deviation from that of predefined input conditions. Overlooking the fuel 

compositions variability caused an overestimation of heat generation of up to 8.5%. Moreover, a notable 

amount of unburned biomass particles was sent to an ash bin, which is not in line with biomass harvesting 

sustainability. To avoid this in the future, the system must be regulated to correspond to the fuel compositions 

offered by the Bayesian model. 
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Thesis Outline  

 

This dissertation is a compilation of scientific articles based on the PhD project objectives that were set to 

proceed with scientific and industrial goals. The main body of the thesis comprises 6 chapters, which are 

described below. 

Chapter 1 

Introduction: This chapter presents the motivation, problem statement, and objective of this PhD research 

on fuel composition variability effect on moving grate biomass combustors.  

Chapter 2 

Literature review: This chapter aims to provide a better understanding of the moving grate biomass 

combustors from aspects of modeling and experiment, and in the last part uncertainty analysis methods are 

introduced. The chapter discusses the recent research progress, gaps, and new ideas for future work.   

Chapter 3 

Fuel composition and Bayesian method: This chapter aims to quantify the fuel compositions variability 

taking the advantages of the Bayesian probabilistic method. A description of the uncertainties method is 

given with a focus on the Bayesian method. In a laboratory, a set of randomly selected fuel particles are 

tested to gather the particle compositions data, and in the combination of measured data and declared values 

by fuel supplier, the Bayesian model is formed. Thanks to our Bayesian model, the uncertainty interval of 

fuel compositions is provided and can be applied in the numerical model. 

Chapter 4 

Numerical modeling of combustion: This chapter describes the numerical model for moving grate biomass 

combustion. First, the boundary of the intended system is defined followed by chosen mathematical models 

of conversion sub-processes; drying, devolatilization, and char combustion. Initial and boundary conditions 

of the bed are deliberately described. Finally, the combustion model is integrated with fuel composition 

uncertainty, and the solution algorithm is introduced.  

Chapter 5 

Results and discussion: In this chapter, after validation of the model, the results of the research are presented 

in three sections. In the first section, the model is employed to evaluate the biomass boiler's operation under 

the three most common fuels from thermal, economic, and environmental views. In the next section, the 

variability of fuel composition is measured via the TGA experiment, and the relevant standard deviation is 

governed in the model to gauge combustion uncertainty for two different biomass fuels; bamboo chips and 

biomass pellets. In the last section, the developed Bayesian model is applied in order to take advantage of 

prior fuel data in addition to the measured data so that the operational system deflection from the theoretical 

one is addressed.   
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Chapter 6 

Conclusion and future works: The main conclusions of this research are highlighted here together with 

achievement and contribution by this study. Some possible improvements in this work as well as potential 

research areas in this field are recommended for future works. 
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1 Introduction 

 

This chapter presents the motivation, problem statement, and objective of this PhD research on the effects 
of fuel composition variability on moving bed biomass combustors.  

 

1.1 Motivation 

Today, due to climate change threads and the insecurity of energy supplies worldwide many types of research 

projects are defined to diversify energy supply resources and to create more sustainable and efficient energy 

systems.  Itis imperative to take advantage of renewable energies to support growing global energy demands, 

as well as, to limit threats that our global environment currently faces. Combustion systems are of the most 

energy-intensive systems, which are the largest source of pollutant emissions in the industry. Among all 

types of renewable energy, biomass, in different forms (solid, liquid or gas), is the only renewable energy 

with a source of fixed carbon elements that can be substituted for fossil fuels in the combustion systems [1]. 

The key difference of biomass combustion against fossil fuel combustion is identified as the fewer pollutant 

emissions from biomass, besides its lower price and simpler storage method in the case of solid fuels. Recall 

that the carbon emissions are released as much as they are absorbed by the sourcing plants [2,3]. This is a 

significant reason for conducting more research within the scope of biomass conversion that could 

considerably help to move away from using the combustion systems, and move toward more sustainable 

energy supplies. Nevertheless, the thermochemical conversion of biomass in contrasted with traditional 

fossil fuels especially gases and liquids, and deals with ambiguous processes, e.g., pyrolysis and char 

combustion [4,5]. Despite a lot of development in the biofuel industry, the direct combustion of biomass 

particles is still regarded as having commonly high biofuel processing costs [6–10]. Currently, there are 

different types of biomass incinerators, namely fixed-grate, moving grate, pulverized blast, and fluidized-

bed furnace [11]. Grate firing technology is of interest to burn solid biomass because of its decreased 

sensitivity to feed composition and the demanded size of particles [12–14]. Despite the lower combustion 

efficiency of the grate-firing biomass furnaces compared to the fluidized bed type, there is greater 

adaptability to (1) the various fuel types; (2) the possibility to be manufactured on a smaller scale; (3) less 

complexity in terms of the engineering and maintenance; and (4) the lower capital cost. In addition, the 

market appeal for these types of systems has been rising. Likewise, this technology is increasingly 

approaching the district heating system due to the fact that it can be economically manufactured from small-

scale to large-scale, as well as fuel that can be simply stored and locally supplied. 

Growing market claims toward biomass fuels due to the policy set on fossil fuel consumption and that of 

emission restrictions forces engineers to increasingly work on the optimization of the fixed-bed biomass 
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combustors which can deploy different sorts of particles such as chips, pellets, logs, and municipal solid 

waste. Although the moving grate biomass combustion technologies are already running in different 

industries, they have not yet been accounted for as a fully developed technology due to some performance 

deficiencies, such as low combustion efficiency, contaminant emissions, and combustion instability. 

Uncontrolled deflection of grate-firing biomass combustors from the design operating point is one of the 

most problematic issues associated with these systems to date. Generally, the experimental and numerical 

methods are approached in order to study the modification of biomass combustors. The experimental 

methods are expensive and they have some physical restrictions, while numerical modeling is a less 

expensive and more flexible practice that can effectively save time. Still, this needs experimental results for 

validation [15]. Taking both accuracy and the cost of practice into the account, numerical modeling of the 

fuel bed is the most reliable way to quantify deflections of the biomass combustion properties under variable 

initial and boundary conditions. 

1.2 Problem statement, objectives, and contributions 

As previously mentioned, there are some areas for grate-firing biomass combustors that have not been 

thoroughly examined. In order to drive the direct biomass combustion technologies towards a more well-

developed industry, it is important to minimize system unreliability to a great extent. An in-depth 

examination of the literature reveals that grate biomass furnaces suffer from fluctuating and lagging 

operations that have originated from the uncontrolled deviation in functional characteristics of the system 

and fuel feeding properties. One problematic feature of the proposed systems that have not been addressed 

so far is the feeding of the fuel compositions variability. Overlooking the uncertainty in feeding compositions 

results in fluctuating operation and consequently a greater source of deficiency in the system. Furthermore, 

the sensitivity analysis of fuel compositions cannot always be valid and can create misleading results since 

changing one biomass composition means a change in other compositions. Therefore, an uncertainty analysis 

is needed. Up until now, fuel composition variability is almost always discounted for in the biomass 

combustion analyses, while it has been quantified for some other modes of fuel combustion, e.g., biogas and 

nuclear combustion. Thanks to the fuel elements sampling devices such as the TGA device, the uncertainties 

of raw fuels fed to the system are more accountable.  

This research, firstly, quantifies the effect of biomass compositions variability on combustion properties. 

Next, operation adaptation for a small biomass boiler under different biomass fuel conditions is presented, 

and the economic, environmental consequence of fuel switching is pinpointed. Lastly, a preventive 

maintenance plan is proposed for a more efficient maintenance program of a vibrating grate biomass boiler. 

To conduct this, we will employ different tools and finally, integrate them in such a way to provide the 
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intended research aims. Figure 1 shows the flowchart of the governed tools and their relevant interlinks in 

order to deliver the proposed objective of the research. 

Based on the stated objective in this research, the following contributions will be expected: 

 A comprehensive literature review study on modeling and an experiment of the moving bed biomass 

combustors, as well as on the uncertainty methods. 

Approach: After forming the subdivisions of this review work, Google Scholar and Scopus were 

applied to obtain the documents based on keywords. For paper management aims and to keep track of 

them, a citation software called Mendeley was utilized. Based upon the subdivisions, several folders 

were made and in each of them, the related papers were stored. About 500 documents were collected by 

this searching method. The first action for filtering the articles was reading the abstract. Therefore, some 

of the irrelevant ones were detected and eliminated.  Creating the main summary of the importance of 

these papers helped to avoid an overlap of reading later on in the research process. The filtering in this 

step decreased the papers to approximately 250. Finally, by reading through the selected articles for each 

subdivision, the consecutive parts of the current manuscript were created.  

 Delivering a novel methodology that counts fuel compositions variability into the biomass 

combustion properties.  

Approach: To quantify the biomass particle compositions uncertainty, a sufficient amount of fuel 

composition sampling was required. Since the TGA experiment was time-consuming, a limited amount 

of 30 biomass pellets was examined based on the fact that T-distribution, which is used for small data, 

becomes quite similar to Gaussian distribution for 25 samples above. Having pre-defined fuel 

composition values provided by the fuel supplier, which were not necessarily equal or close to the 

measured values, allowed us to take advantage of the Bayesian method to reliably populate the data to 

a great extent. In an iterative way, a massive data set was formed and distribution of moisture, volatiles, 

char, and ash content was made.  

 Synchronizing moving bed biomass combustors using a developed combustion model in such a way 

to avoid incomplete fuel conversion. 

Approach: a 1D transient numerical model of moving bed biomass combustion was built up employing 

the most appropriate mathematical models for moisture evaporation, devolatilization, and char burnout. 

Although the geometry of the bed is in 2D, due to the negligible gradient of reactions in the horizontal 

direction, a 1D walking column approach was taken in this research. The model can simulate the 
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combustion process for every kind of biomass fuel in detail so that the system can be easily synchronized 

under each certain fuel condition. 

 Investigating the effect of biomass composition variation on system outputs for preprocessed and 

non-preprocessed fuel.   

Approach: The biomass combustion model and uncertainty model are the tools needed for this purpose, 

yet an implementation platform is required to join these tools. In doing so, through a Python routine 

code an iterative solution script was written so that in each cycle of fuel conversion, new compositions 

were randomly selected. When a desirable amount of data was collected and stored in a data frame, the 

system operation susceptibility to composition variation was investigated.  

 Analysis of economic and environmental impacts of biomass boiler utilization. 

Approach: A small-scale 25kW biomass boiler was used for the economical examination. Net Present 

Value (NPV), Annual Cost (AC) and Internal Rate of Return (IRR) indices were used to gauge the 

relative economical privilege of three various fuels; biomass pellets, wood waste, and refuse-derived 

fuel (RDF). All details of boiler costs were considered, and the cost of biomass generated heat was 

compared with the rate of the US electricity grid.  In the course of environmental analysis, SimaPro 

software, which is a well-known and robust life cycle analysis (LCA) tool was employed, and the North 

American database was applied. The LCA input data was provided from the model output, earlier 

literature, and from some logistic data.  

 Proposing an optimal maintenance plan for vibrating-grate biomass boilers. 

Approach: First, the critical components of the system were identified and classified. Using Failure 

Modes, Effects Analysis (FMEA), the criticality ranking of parts was determined. Since time-dependent 

failure rates were needed for mathematical calculation, Weibull regression was mapped over the constant 

failure data, and shape and intensity parameters were obtained. With the help of Fault Tree Analysis 

(FTA), a Reliability, Availability, Maintainability, Supportability, and implicitly Cost (RAMS+C) 

approach was practiced to analyze the proposed asset. Finally, a maintenance planning algorithm was 

proposed to reduce the maintenance cost while keeping the asset availability in the desired range.   

The rest of the thesis is structured as follows: Chapter 2 presents the comprehensive literature review on the 

fixed bed biomass boilers in viewpoints of numerical and experimental analysis as well as uncertainty 

methods. Chapter 3, provides the Bayesian uncertainty model along with the fuel particles experiment for 

biomass compositions uncertainty estimation. Chapter 4 presents the numerical model for biomass fuel 

combustion in a moving bed combustor along with an integrated solution algorithm.  In chapter 5, a paper-
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based summary of results is presented and important conclusions from this research are discussed. And 

finally, chapter 6 concludes a summary of the study, contributions, and key findings followed by 

recommendations for future works.   

1.3 Key assumptions 

The following principal assumptions are made during this research: 

 The reaction in the bed only occurs along the vertical direction. 

Justification: Because of the low moving speed of solid fuel on the grate, primary air flow keeps the 

combustion front limited to the air flow direction. Therefore, the assumption of one-dimensional reaction 

instead of two-dimensional is quite valid.  

 No air infiltration is accounted for in combustion properties calculation. 

Justification: In practice, since the combustion chamber is not sealed in moving bed combustors, they 

are associated with air infiltration that causes the heat loss in combustors. In this way, the local climate 

of the operating system site can change the calculation results to a high degree. In this study, however, 

local climate condition is neglected for the sake of focusing on the effect of biomass composition 

variability on the system. 

 Water vapor is not condensed inside the boiler. 

Justification: when fuel moisture evaporates inside the combustor, water vapor absorbs some heat by 

means of latent heat. If the temperature of a part of the combustion chamber is less than water saturation 

temperature, this heat can be recovered inside the chamber, otherwise, the water vapor leaves the furnace 

stack. As there is not any zone in the proposed combustor with the temperature lower than the water 

saturation temperature, water vapor is not condensed inside the boiler. 

 Ash content does not involve combustion modeling. 

Justification: Ash content is an inorganic compound of biomass that remains at the end of combustion. 

It can get melted at a temperature around 1400 ℃, yet this temperature never reaches in moving bed. In 

this study, ash content variability would be considered like other fuel compositions as they must be 

adding up to one, however, it will remain neutral throughout the combustion process.  

 Biomass property variability is only associated with the composition. 

Justification: Although the assumption of uniform size and constant porosity for biomass particles is 

not completely valid, the focus of this study is on fuel composition uncertainty. Therefore, to quantify 
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the effect of fuel composition variability on combustion properties, other aspects of uncertainty are 

overlooked.  

 

 

Figure 1. Research methodology  

 

                  



7 

 

2 Literature Review 

 

This chapter aims to provide a better understanding of the moving grate biomass combustors from aspects 
of modeling and experiment, and in the last part uncertainty analysis methods are introduced. The chapter 
discusses the recent research progress, gaps, and new ideas for future work.  

A version of this chapter was published as: “Hosseini Rahdar, M.; Nasiri, F.; Lee, B. A Review of 
Numerical Modeling and Experimental Analysis of Combustion in Moving Grate Biomass Combustors. 
Energy & Fuels 2019” 

 

2.1  Modeling and numerical simulation 

Moving grate biomass combustors are the most typical sort of biomass combustion system worldwide. From 

the modeling viewpoint, combustion in a moving grate biomass furnace can be divided into two parts: solid 

fuel bed, and overbed gas combustion. As can be observed in Figure 2, the bed is a place for feed conversion, 

and this conversion highly depends on fuel quality and the primary air which flows underneath of the grate. 

 

Figure 2. Schematic of a moving grate biomass boiler with the secondary and tertiary feeding air system 

 Here the fuel bed has the same functionality as the gas burner in the natural gas combustors. The fuel 

conversion inside the bed deals with various mechanisms consists of heat conduction between fuels and also 

between fuels and grate, heat convection between fuels and air, heat radiation from furnace walls to the fuels 

as well as between fuel particles, and mass transfer between solid and gas phase. more details about the fuel 

bed will be given in the next sections. On the other hand, overbed region (the yellow area in Figure 2) deals 

with the homogeneous gas reactions taking the secondary air and sometimes tertiary air to make the 
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combustion process complete. These two region interacts with each other continuously such that the species 

concentration, gas flow temperature and velocity from the fuel bed are received by overbed region as the 

boundary condition. Inversely, the radiation flux from the overbed region wall is contemplated as the bed 

boundary condition. Figure 3 schematically illustrates the interaction between the furnace bed and overbed 

zone. 

 

Figure 3. Modeling approach in the interaction of the bed and overbed for moving grate biomass combustor 

2.1.1 Classification of the moving grate combustor models 

Combustion of the grate firing biomass furnaces is generally modeled based upon the thermochemical 

reactions inside the fuel bed and the overbed [16,17]. These two zones are vigorously connected via the 

gaseous species released from fuel bed to the overbed and radiation flux from overbed walls to the fuel 

particles in the bed surface as is visualized in Figure 3. Combustion in the overbed region includes 

homogeneous gas reactions with turbulent flow regime which is predominantly responsible for pollutants 

emitted to the atmosphere. As the numerical modeling of the gas phase combustion has been documented 

well in the literature [18–20], the study here focuses on the fuel bed conversion. The numerical modeling of 

gas phase combustion will be briefly addressed in the last part of this section. 

So many studies have been fulfilled on the biomass conversion evaluation in the fuel bed in order to 

understand the conversion process more precisely. It is not unrealistic if one says that the fuel bed conversion 

is the most key part of the whole biomass furnace modeling respect to this fact that without the precise results 

of bed model, it is unlikely to obtain credible outcomes from the overbed simulation. All 

complete/incomplete combustion in overbed and inside the bed, the formation of NOx, SOx, PM and CO, 

combustion efficiency and instability are influenced by the biomass conversion attitude inside the bed.  

Take a delicate look at the papers in Table 1, the models can be grouped into three different approaches. The 

first approach which is a traditional approach integrates the bed and overbed zone in a single zone and 
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simulates the process of solid fuel conversion in a porous zone at the boundary of the furnace geometry 

along with the gas phase reaction simultaneously. This approach can be entirely modeled within commercial 

software such as Fluent or OpenFOAM. This method so-called porous media (traditional) is a numerical 

model which although is a non-expensive method, is not proper for sensitivity analysis of bed characteristics 

[21–25]. 

The second approach addresses the bed conversion on the measurement basis of the combustion system as 

a function of location in the fuel bed. Subsequently, the temperature and velocity of gases, as well as the 

species concentration inflowing the overbed, can be determined in terms of mass and heat balances between 

the fuel and primary air [26–37]. Although the experience-based method performance is highly prevailing 

in the analysis of the grate biomass boilers, it is an expensive practice by which it is not able to deliver the 

sensitivity analysis in order to evaluate the bed conversion process.  

Table 1. Objectives, methodology and solution platform of biomass combustors modeling in literature 

Modeling scale Main objective Methodology Bed model numerical solution Gas phase numerical 

solution 

 

Ref 

Single particle To provide accurate drying and 

pyrolysis sub-models 

Heat-mass balance around biomass 

particle 

Compiled C-code in ANSYS Fluent - [38] 

Single particle To identify pyrolysis regime 

depends on external temperature, 

particle size and thermal wave 

regime 

1D modeling of wet wood slab as 

porous solid using conservation 

equations 

Second-order finite difference using 

Fortran code 

- [39] 

Single particle To investigate effect of ash fusion 

and particle size on burnout rate and 

char conversion rate 

Single particle 1D modeling 

considering independent drying, 

pyrolysis, and char conversion 

Fully implicit difference method using 

tridiagonal matrix method in MATLAB 

- [40] 

Fixed bed To evaluate impact of different 

packing factors on gasification 

Biomass gasification modelled in a 

fixed bed for solid and gas phase 

separately 

C++ subroutine through user defined 

functions (udfs) 

ANSYS-Fluent simulation [41] 

Moving bed To optimize the combustion process 

in biomass steam generator via air 

distribution modification 

A commercial software was used to 

simulate the combustion process of 

gas phase 

Based on experiments within the fuel bed ANSYS-Fluent simulation [22] 

Moving bed To assess using recycled flue gas in 

bed and overbed on boiler 

performance 

Decoupled models; Empirical 1D 

model for conversion of waste wood 

and 3D numerical simulation for gas 

phase 

Second-order upwind scheme 

implemented in MATLAB 

3D steady CFD simulation 

on ANSYS-Fluent 

[42] 

Fixed bed To study effect of various chemical 

compositions on combustion 

characteristics 

Coupled interface of solid conversion 

model in UDF platform and gas phase 

model by commercial software 

User defined subroutine of bed 

conservation equations 

3D CFD model by AVL 

Fire 

[43] 

Single particle To compare different evaporation 

models for different particle shapes 

Heat-mass balance around single 

biomass particle 

Transient conservation equations 

discretized based on numerical methods 

- [44] 
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The last approach in this category is the independent fuel bed model which simulates feeding conversion on 

top of the grate independent from the overbed zone. Then, the solution of the model will terminate the 

temperature, species concentration and the flow velocity, which embark on the gas combustion domain. The 

independent bed modeling is unique from the viewpoint of its capability to study the sensitivity of the feed 

conversion behavior to the particle size, moisture, density, effective thermal conductivity and specific heat 

value, primary air flow rate, the rate of heat and mass transfer [45–56]. 

According to Table 2, which classifies literature within the three modeling approaches together with their 

objectives and methodology, more researchers recently approach independent modeling. This can be 

attributed to the fact that the independent model contributes to bed modeling to some details that the 

experiments cannot reach in spite of the high practice cost . 

In order to model the bed conversion independently, mass, energy, and species equations for the solid phase 

and the same equations plus the momentum equation for gas phase must be solved for the biomass feed, 

albeit comparison between literature shows discrepancies in equation’s terms. This can be expla ined by this 

fact that due to the complexity of the fuel bed, there always assumptions are engaged with the modeling or 

sometimes because of the certain objectives of the studies. In course of moving grate bed, it has often been 

assumed that the bed model to be a 1D unsteady model [45,57–59] such that a narrow fuel column is solved 

as a fixed bed conversion and then the effect of moving on the bed is contemplated by the elapsed time from 

bed entrance to the bed terminal. This approach can be fair taking low thermal gradient in the horizontal 

direction within the bed, while in more precise practices a 2D model reflects the horizontal heat transfer into 

the simulation [60–65]. From literature, the independent models can be classified according to the degree of 

bed homogeneity/inhomogeneity assumption to three principal classes encompassing: single-particle, 

continuous medium, and resolved particle as sorted out in Table 3.  

Table 2. Model classification of current literature in terms of different modeling approaches  

 Objective Methodology Ref 

Traditional 

method 

Present a 2D simulation to evaluate local value and 

shrinkage inside the bed 

Fortran subroutines coupled with AVL Fire [66] 

 Analyze effect of various water temperature of domestic 

biomass boiler on the combustion variables 

Mass and energy equation were coded in C-code and 

coupled to ANSYS Fluent  

[67] 

 Providing a numerical aided design of a new wood log 

fired stove 

An empirical model for wood log combustion was 

provided and numerical model for gas phase 

[15] 

 A 3D model of fixed bed reactor to analyze effect of 

different air flow rate 

The bed was modelled as a porous zone within UDF was 

introduced to numerical code 

[68] 
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 Studying heat-up, drying and pyrolysis of packed bed of 

large single particle and then deem packed bed as a finite 

number of particles 

Conservation equations were discretized by FVM 

approach and coded into UDF 

[69] 

Experience-based 

method  

Four different secondary air configurations and various 

primary air distribution were inspected to eliminate 

slagging problems and reduce emissions 

Incinerator bed was measured to find temperature 

profile and species concentration as boundary 

conditions for ANSYS Fluent to simulate whole 

combustor 

[23] 

 Different baffle configurations inside the radiation shaft 

were investigated to eliminate existing recirculation zone 

inside the shaft and reduce maintenance costs 

Based on experimental measurements, a mathematical 

model was developed using Fluent  

[22] 

 Improving thermal and environmental boiler performance 

by secondary air injection modification 

A sample of fuel was screened and analyzed to specify 

heating value and chemical composition 

[24] 

Independent 

method 

Potential of NOX reduction and flue gas recirculation on 

combustion process was investigated 

Bed was modelled with equilibrium calculation method 

(ECM) and boundary profiles was given to free board 

simulation 

[70] 

 2D pyrolysis numerical model was developed to 

determine kinetic of wood particles pyrolysis in packed 

bed reactor 

Three modes of heat transfer between particles were 

considered and governing equations were solved in 

FVM 

[71] 

 Mathematical model in terms of particle and reactor scale 

was made to consider details effects inside the bed 

A Jacobian structure was used for solving the governing 

equation into BzzMath library 

[72] 

 

Table 3. Classificat ion of bed modeling based on the resolution scale 

Homogeneity degree Governing equations Dimensionality Experiment Model type Sub-process Emission Ref 

0D/1D/2D/3D Standalone Porous zone Drying Pyrolysis Char oxidation 

Single-particle Mass/ Energy 1D ✓ ✓ ✕ ✓ ✓ ✓ ✕ [73] 

 Energy 1D ✕ ✓ ✕ ✓ ✓ ✓ ✕ [74] 

 Species/ Energy 0D ✕ ✓ ✕ ✕ ✕ ✓ ✕ [75] 

Continuous medium Species/ Energy 1D ✓ ✓ ✕ ✕ ✓ ✓ ✕ [76] 

 Mass/Energy/Species 3D ✓ ✕ ✓ ✓ ✓ ✓ ✕ [77] 

 Mass/Energy/Species 3D ✓ ✕ ✓ ✓ ✓ ✓ ✕ [78] 

Resolved particle Mass/Energy/Species 1D ✕ ✓ ✕ ✓ ✓ ✓ ✕ [72] 

 Species/ Energy 2D ✕ ✓ ✕ ✕ ✓ ✕ ✕ [71] 

 Mass/Energy/Species 1D ✓ ✓ ✕ ✓ ✓ ✕ ✕ [69] 

2.1.1.1  Single-particle model 

Although the biomass furnace bed is a solid-gas phase reacting zone, a homogeneous bed model presumes 

the biomass packed bed to be a single phase so that air and solid particles' thermal properties are aggregated 

into one equation or on the other words, both phase is assumed to have an equal temperature. Chemical 

reaction mechanism dominates the conversion in this method and the results of the single biomass particle 

model extend to the whole bed [4,40,41,46,75,79–92]. In course of the bed modeling of the grate bed 
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combustors, this method would not provide the precise outcomes as in reality the particles inside the bed 

have different boundary conditions, while this model can perform much better for fluidized bed modeling.  

2.1.1.2  Continuous medium model 

This simulation approach treats the biomass packed bed on a macro-scale that reckons the particles in the 

bed cell as a unified medium with same thermal and chemical properties regardless of the various shape and 

size of the particle in the bed, the identical shapes are employed for the particle with high aspect ratio [93]. 

In fact, this assumption is much fair for thermally thin particles. The temperature and element concentration 

gradient inside the particle is neglected together with conduction terms in both the solid and gas phase. It is 

supposed that reaction heat is generated throughout the solid phase and the heat transfer coefficient plays 

the role of heat carrier between two phases. In some articles [94,95] the continuous medium packed bed was 

put into the practice to model the large particles combustion process. This macroscopic approach of 

modeling against the microscopic approach of single-particle modeling does not need of precise arrangement 

of interface boundaries. It also prescribes conversion processes through continuous media with reference to 

differentiable parameters which facilitates the mathematical analysis. It is necessary to be noted that these 

benefits are at the expense of sacrificing the detailed microscopic information [63,77,78,96–98]. 

 

Figure 4. Continuous medium versus particle resolved approach in the moving grate combustor 

 

2.1.1.3  Particle resolved model 

This modeling method can count the internal gradient of the temperature and species concentration for large 

particles, though is applicable for the fine particle as well [99]. Unlike the continuous medium model, as 

shown in Figure 4, the resolved packed bed model incorporates gradient of diffusivity and heat conduction 
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inside the particle within the calculation of particle conversion. In fact, this method first uses a micro-scale 

particle method (single-particle model) and subsequently use the results into a macro-scale such that a more 

precise model is obtained at the expense of high computational cost. The particle resolved model abstracts 

a certain bunch of particles into a cell regardless of whether intra-particle heat and mass transfer are 

negligible or not and serves up a more accurate perception of the fuel bed conversion [59,99–104]. This 

model is rationally approached since the thermally thick particles are considered within the bed. Based on 

the literature [104], using the Biot number is a key to recognize there thermal gradient should be taken for 

the particle or not. 

𝐵𝑖 =
𝛼𝑑𝑝

𝑘
 (1) 

Where k  is solid thermal conductivity, 𝛼 is the heat transfer coefficient and finally, 𝑑𝑝 implies the particle 

diameter. This correlation evinces it is only particle diameter as an effectual factor in Bi value. It is proven 

that for particles with 𝑑𝑝 greater than 35 mm namely thermally thick particles, the temperature gradient can 

be over 400 ℃ evolved at the reaction front. Simultaneously, the conversion processes including drying, 

devolatilization, and char oxidation overlap each other along the length and height of the bed. For particles 

with Bi less than 2, the thermally thin particle is reckoned, which skips over the temperature gradient inside 

the particles.   

2.1.2  Degradation sub-processes  

Fuel conversion inside the moving grate bed can be rationally distinguished in three different sub-processes 

so-called evaporation, pyrolysis (devolatilization) and char oxidation. As Figure 5 depicts, the drying and 

pyrolysis processes are endothermic while the char oxidation is regarded as an exothermic reaction. During 

the fuel conversion, these sub-processes overlap each other and sometimes harm the others, e.g., efflux of 

volatile matters are impediments against the O2 diffusion to the char surface. More details are provided in 

the next sections for each sub-processes. 

 

Figure 5. Biomass particle conversion processes including drying, Devolatilizat ion, and char oxidation  
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2.1.2.1  Evaporation  

Undoubtedly, the moisture content has a severe influence on the different aspects of biomass combustion 

such as ignition rate, combustion efficiency, and pollutant emissions. The flame front temperature decreased 

by wetter fuels and it can shift the stoichiometric combustion to a fuel-lean condition. Moreover, higher 

moisture content resulted in lower CO and the other unburned gaseous elements, albeit a higher amount of 

O2 in overbed is achieved. The types of moisture in the woody biomass fuel can be categorized through three 

forms: 

Liquid water occupies within void space of particle and is approximated to compose more than 30% of the 

total water in the particle. To evaporate this type of moisture, energy equal to the latent heat of evaporation 

(Δ𝐻𝑒𝑣𝑎𝑝) is required. Bound water is adsorbed to the particle cell walls and takes lower than 30% of total 

water. The moisture leaves the particle by means of diffusion and required energy to evaporate this bound 

water is equivalent to adsorption heat along with latent heat of the water. Water vapour is considered as a 

result of liquid and bound water evaporation and is in equilibrium with liquid water and always is ignored 

due to the negligible amount compared to the other two. The particle temperature rises during the combustion 

process and water vapour pressure grows within the void spaces. As a result of richer water vapour, diffusion 

dominates the outflowing of vapour and subsequently, saturation pressure of the water vapour surpasses the 

external pressure and vapour effluxes via convection. As water vapour concentration drops in particle pores, 

the rest of the liquid water evaporates to fill the lean pores and when the whole liquid water is over, then the 

bound water tends to evaporate. Here the three most common mathematical drying models are presented 

[105].   

 Arrhenius law model 

This model undertakes a first-order kinetic reaction rate to simulate the drying reaction used in lots of surveys 

owing to convenient implementation and numerical stability [51,59,106,107]. The model assumes that water 

temperature and moisture mass fraction restrict the evaporation rate, and it is independent of saturation water 

vapour [39]. Drying rate is generally presented as follows: 

𝑟𝑑𝑟𝑦 = 𝑘𝑑𝑟𝑦𝜌𝑚𝑜𝑖𝑠𝑡𝑢𝑟𝑒     [𝑘𝑔/𝑚
3𝑠] ;     𝑘𝑑𝑟𝑦 = 𝐴𝑣𝑒𝑥𝑝(

−𝐸𝑣
𝑅𝑇𝑠
⁄ )    [1/𝑠] (2) 

In drying rate coefficient (𝑘𝑑𝑟𝑦) the terms 𝐴𝑣 𝑎𝑛𝑑 𝐸𝑣 are pre-exponential factor and activation energy 

respectively. These factors can be counted quite different values for a wide range of fuels in the different 

experimental conditions as it is apparent in Figure 6 that shows drying rate profiles for variant experiments.  
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Figure 6. Drying kinetic coefficient rate at the vicinity of evaporation temperature  

However, it is controversially argued that this method supposes drying in temperature less than 100 ℃ and 

the given kinetic data is hardly adapted to condition different from that where the data were derived. Bates 

and Ghoniem [108] modified the Arrhenius model by means of setting up the drying rate by 0 for temperature 

lower than the boiling temperature and making the boiling temperature dependence on the local moisture 

content. With respect to these adjustments, the Arrhenius model performance is significantly improved, 

taking this fact into account that the Arrhenius model is very easy to be mathematically implemented. Table 

4 summaries some kinetic rate coefficients from literature.   

Table 4. Kinetic rate coefficient and activation energy of drying rate Arrhenius model 

A (1/s) 𝐸𝑣 (j/mol) Ref Fuel type 

4.5 × 103 45,000 [108,109] Woody biomass 

5.13 × 1010 88,000 [39,44,87,110] Wood 

1.6 × 1027 207,850 [51] Wood 

1.43 × 104 88.6 × 106 [106] Pinewood 

2.822× 1010 87,995 [107] Straw 

7 × 104 83,000 [111] Woody biomass 

5.6 × 108 88,000 [112] Wood 

Constant temperature thermal model  

According to the thermal drying model which has been considerably approached in articles [99,113–120], 

the drying occurs since the particle temperature reaches the evaporation temperature (Tevap), typically set by 

100 ℃. Above this temperature, it is supposed that all heat absorbed to fuel, is consumed to evaporate the 

moisture no matter what sort of water exists. Indeed, it is imagined that all moisture inside the particle is 
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free water. The model is formulated based on the energy balance at Tevap in reaction front layer of the fuel 

bed which behaves like a heat sink, wherefore it is occasionally called Heat Sink  model, and heat transfer 

mechanism controls the drying rate. Some postulate this reaction front to be a very thin layer and separates 

the bed/particle to dried and wet parts. However, this approach exposes invalidity in the case of thick drying 

front although it is easy to implement for one-dimensional models. Another approach to drying zone is to 

engage conditional energy equation associated with the boiling temperature so that for temperature higher 

than the conditional one, the temporal term of energy conservation is set to zero and the drying rate is 

calculated respecting the heat flow divergence. This approach is not computationally efficient owing to steep 

discontinuities in the solution of the governing equation [121]. As the practical matter, evaporation and 

overheating occur simultaneously, so in order to reflect this fact into the model, some literature added a 

parameter (𝜏) to seize only a fraction of heat transfer into the particle for evaporation [63,77,78,122].  

{�̇�𝑚𝑜𝑖𝑠𝑡𝑢𝑟𝑒
′′′ = 𝜏

𝜌𝑝𝐶𝑝

𝐿𝐻𝑚𝑜𝑖𝑠𝑡𝑢𝑟𝑒

𝜕𝑇𝑠
𝜕𝑡
 ,   𝑇𝑠 ≥ 𝑇𝑒𝑣𝑎𝑝

0                                                   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 
(3) 

  Where, 𝐿𝐻𝑚𝑜𝑖𝑠𝑡𝑢𝑟𝑒 is water latent heat (around 2,260 kJ/kg), and 𝜌𝑝 is the moisture density of the particle.  

Equilibrium model 

The equilibrium model is based on the thermodynamic equilibrium between liquid water and water vapour. 

Therefore, it can be concluded that the drying rate has a direct correlation to the difference between the 

concentration of water liquid in the particle surface and current vapour in the particle which is justifiable for 

low temperature drying. The model is dominated by diffusion mechanism at temperature up to water boiling 

point and is dependent not only on the heat transfer but also on the mass transfer as it was presented in Ref. 

[123]. Since the temperature surpasses the boiling point, the equilibrium model would change to the thermal 

model.  

𝑟𝑒𝑣𝑎𝑝 = 𝑆𝑝ℎ𝑚(𝐶𝑚,𝑠−𝐶𝑚,𝑔), 𝑤ℎ𝑒𝑛 𝑇𝑠 < 100 ℃  (4) 

𝑟𝑒𝑣𝑎𝑝 = 𝑄𝑐𝑟/𝐻𝑒𝑣𝑎𝑝 ;  𝑇𝑠 ≥ 100 ℃ (5) 

Where, 𝑆𝑝  is particle surface (m
2), ℎ𝑚is the mass transfer coefficient between the solid and gas phase 

(m/s), 𝐶𝑚,𝑠, 𝐶𝑚,𝑔 are the concentration of liquid moisture and vapour (kg/m3) respectively, 𝑇𝑠 as solid 

temperature (K), 𝐻𝑒𝑣𝑎𝑝  is evaporation latent heat (J/kg) and 𝑄𝑐𝑟 is heat flux to the particle by radiation 

and convection sources (W): 

𝑄𝑐𝑟 = 𝑆𝑝ℎ𝑐(𝑇𝑔 −𝑇𝑠) + 𝜀𝑠𝜎𝑏𝑆𝑝(𝑇
4
𝑒𝑛𝑣−𝑇

4
𝑠)   (6) 
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Where ℎ𝑐 is convective heat transfer coefficient (W/m2 K), 𝑇𝑔 is gas temperature (K) and 𝑇𝑒𝑛𝑣 is the furnace 

temperature (K). The moisture mass transfer coefficient in the biomass particle can be assigned as 

follows[124]: 

ℎ𝑚,𝑣𝑎𝑝 =
3.66𝐷𝑒𝑓𝑓,𝐻2𝑂

𝑑𝑝𝑜𝑟𝑒
   (7) 

   𝐷𝑒𝑓𝑓,𝐻2𝑂 = exp (−9.9 −
4300

𝑇
+ 9.8𝑌𝑚) 

(8) 

2.1.2.2  Pyrolysis (devolatilization) 

Followed by the drying process, devolatilization of volatile matters which comprise the highest volumetric 

percentage of the biomass fuels starts at a certain temperature depending on the type and characteristics of 

fuels. Among all devolatilization models three of them namely single-step pyrolysis model, competitive 

parallel reactions pyrolysis model and secondary tar reaction pyrolysis model are most frequently exercised. 

Some other schemes, for instance, Ranzi scheme and Broido-Shafizadeh scheme, are omitted to be discussed 

in this work. 

 Single-step model 

This model simply presumes that dry biomass fuel converts to gases and char in one step reaction which 

follows the energy balance such that the radiation heat transfer replaces convection as the limiting mode. 

The volatile elements are supposed to be CmHn, CO, CO2, H2, CH4, CHxOy [45] and the product rate constant 

as a function of temperature is modeled by the Arrhenius law equation.   

Dry wood
 𝑘𝑣   
→   𝛼𝑉𝑜𝑙𝑎𝑡𝑖𝑙𝑒 + (1− 𝛼)𝐶ℎ𝑎𝑟      

𝑉𝑜𝑙𝑎𝑡𝑖𝑙𝑒 =  𝛾1𝐶𝑂+ 𝛾2𝐶𝑂2 +𝛾3𝐻2+𝛾4𝐶𝐻4 +𝛾5𝐶𝑚𝐻𝑛+𝛾6𝑡𝑎𝑟(𝐶𝐻𝑥𝑂𝑦) 

where 𝑘𝑣 denotes pyrolysis reaction rate, and 𝛼 is a mass fraction or stoichiometric coefficient, and the 

estimated ultimate volatile can be presented as 𝜌𝑣,∞ = 𝛼𝜌𝑠𝑑,0 where, 𝜌𝑠𝑑,0 is the initial volatile density in 

dry biomass and it is determined in the ultimate analysis of fuel. 

𝑑𝜌𝑣

𝑑𝑡
= 𝑘𝑣(𝜌𝑣,∞− 𝜌𝑣)     [

𝑘𝑔
𝑚3𝑠⁄ ]     ; 𝑘𝑣 = 𝐴𝑣exp (−𝐸𝑣/𝑅𝑇𝑠) 

(9) 

𝛼𝑉𝑜𝑙𝑎𝑡𝑖𝑙𝑒𝑠 =∑𝛾𝑖𝑉𝑜𝑙𝑎𝑡𝑖𝑙𝑒𝑖

6

𝑖=1

 
(10) 

This is a simple method from the implementation viewpoint and was employed in much earlier research 

[45,125,126]. However, the main weakness of the model is the inability of the recognition of the product 

rate of each species and therefore, the species portion must be estimated beforehand.   
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 Competitive parallel reactions model 

The three independent reactions model including permanent gases, tar and char are deployed to model the 

dry fuel degradation. The summation of mass fraction of the corresponding products must be unit at every 

time, and this is one and only relation among all three reactions. This parallel model is regarded as a robust 

and flexible model that was developed for the first time by Shafizadeh and Chin [127]. The volatile species 

in the parallel model are supposed the same as the one-step model and the composition of released gases are 

specified based on the experimental tests.  

 

Figure 7. Devolatilizat ion constant rate used through different research  

The very common approaches in this model were introduced in terms of three parallel reactions 

[61,68,82,114,128–130] consisting of gas, tar and char production, and the pyrolysis rate was represented 

via the sum of all three reaction rates. The residence time of the released elements is assumed to be short so 

that no meaningful reaction (particularly secondary pyrolysis reaction) occurs in this modeling approach. 

Figure 7 illustrates profiles of kinetic rate coefficients respect to devolatilization used in literature. The figure 

reveals that for some fuels, pyrolysis arises at a higher temperature than the other fuels depend on different 

chemical bound within the fuels, and also the experiments setting and measurement. 

𝑑𝜌𝑑𝑟𝑦(𝑡)

𝑑𝑡
 = −𝜌𝑑𝑟𝑦,0 ∑ 𝐴𝑖

3
𝑖=1 exp (−

𝐸𝑖

𝑅𝑇
)     [

𝑘𝑔
𝑚3𝑠⁄ ] (11) 

The pre-exponential factor and activation energy of Arrhenius equations for devolatilization sub-processes 

used in literature with the corresponding fuel type are reported in Table 5. 

Table 5. Devolatilizat ion rate coefficients for the Arrhenius model 

Fuel Kinetic rate A E Ref Fuel Kinetic rate A E Ref 

Pine wood Gas+Tar+Char 1.4× 1010 150,000 [131] Wood pellet Gas 111× 109  177× 103  [61] 

Wood Gas 1.3× 108 140298 [51]  Tar 9.28× 109  149× 103   
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 Tar 2.2× 108 133098   Char 30.5× 109  125× 103   

 Char 1.1× 107 121401  Beech Gas 1.3× 108 140,000 [82] 

Torrefied 

biomass 

Gas 602 42,500 [109]  Tar 2× 108 133,000  

 Char 8,000 130,000   Char 1.08× 107  121,000  

Wood pellet Gas 1.44× 104  88,600 [128] Wood Gas 8.607× 105  88,600 [132] 

 Tar 4.13× 106  112,700   Tar 2.475× 108  112,700  

 Char 7.38× 105  106,500   Char 4.426× 107  106,500  

Pine wood Cellulose 2× 109 146,000 [112]      

 Hemicellulose 7× 104 83,000       

 

 Secondary tar reaction pyrolysis model 

 Taking the assumption of the long residence time of primary volatile matters through the bed region, the 

secondary tar reaction was developed by Shafizadeh [133], and Thurner and Mann [132] based on adding 

this reaction to three primary parallel reactions model. The tar cracking yields are supposed to be light gases 

(CO and CO2) and char. Chan et al. [134] postulated the secondary gases and tars as the primary tar cracking 

outcome, while the main hindrance of this assumption referred to the calculation of the stoichiometric 

coefficient of this secondary reaction. The more common assumption of the secondary tar reaction yields 

supposes that the tar converts to gases and char by means of the tar cracking and repolymerisation [135], 

while k5 was reckoned forty times slower than k4. 

𝑑𝜌𝑑𝑟𝑦(𝑡)

𝑑𝑡
 = −𝜌𝑑𝑟𝑦,0(𝑘𝑣,1+𝑘𝑣,3 +𝑘𝑣,4 +𝑘𝑣,5)      [

𝑘𝑔
𝑚3𝑠⁄ ]                  (12) 

  To sum up, the single-step model is not enough accurate for reliable modeling and can be used only as an 

approximation. On the other hand, the three-parallel reaction model and tar cracking model describe the 

process much better in the cost of a moderate increase in computational cost. In the course of the tar cracking 

model, data for the secondary tar reaction is not widely available for every biomass fuel, and this is regarded 

as this model issue. Since the data for tar cracking is not available, the three parallel reaction model is the 

most preferable.   

2.1.2.3  Char burnout 

Contrary to the pyrolysis reaction, the char conversion is a heterogeneous reaction between the solid and 

gaseous reactants for which both kinetic of reaction and mass transfer are needed to be paid attention. Char 

is constituted mainly of carbon, over 90%, and a few amounts of oxygen, nitrogen, hydrogen [136]. The 

classical approach of char conversion postulated the reaction to be uniformly distributed through the particle 
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so that no temperature and species gradient are taken inside the solid fuel which is more sufficient for 

conversion at low temperature. The char combustion is referred to the reaction between char and oxygen, 

while once the char reacts with other gaseous reactants such as carbon dioxide and water vapour, and 

hydrogen, it is simply termed char gasification. In addition to the classical approach, char conversion can be 

categorized into surface reaction model by which reaction takes place fast, and particle zone model which is 

relatively slower. The surface reaction model happens at the particle surface since the reactants reach the 

surface and advances towards the particle center therefore, the conversion rate is proportional to the 

corresponding surface area. In the course of the zone model, the reaction occurs inside the particle and 

progresses through the particle so that it is proportional to the surface area inside the pores. The char 

oxidation and gasification reactions are assumed as follows: 

Ω𝐶 +𝑂2
    
→2(Ω− 1)𝐶𝑂+ (2 −Ω)𝐶𝑂2        R1 

  𝐶 +𝐶𝑂2
    
→2𝐶𝑂  R2 

𝐶 +𝐻2𝑂
    
→𝐶𝑂+𝐻2  R3 

𝐶 + 2𝐻2
    
→𝐶𝐻4  R4 

The first reaction is much faster than the gasification of char however since the oxygen is consumed by 

carbon the other reactants will be influential [137,138]. Laurendeau [139] narrated the process to start by 

diffusion of heat and mass agents surrounding the fuel surface, and consequently, these agents diffuse into 

the porous zone of the particle and react with char surfaces that involve internal and external particle surface. 

Finally, the gaseous products transport from the fuel surface toward the overbed.  

 

Figure 8. Schematic of char surface reaction of a biomass particle with the free gas stream 
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The term Ω signifies stoichiometric ratio of char combustion which would be often determined via the ratio, 

𝑟𝑐=CO/CO2  at which for some of them, it is rational up to a particle temperature threshold. For instance, in 

the model applied by Yang et al. [140], the 𝑟𝑐 is valid for temperature between 730 to 1170 K. Many authors 

only considered the char combustion reaction in their investigations regardless of gasification reactions 

effects on the modeling consequences due to the tiny fraction of these equations in char conversion 

[45,60,68,107,109,111,114,141]. Furthermore, in some other works, the gasification reaction of char with 

hydrogen was omitted for the negligible reaction rate than the other two gasification reactions 

[97,106,142,143]. A schematic of the char particle reacting with the free gas stream around the particle is 

shown in Figure 8. 

𝑑𝜌𝑐ℎ
𝑑𝑡

= − ∑𝐴𝑝𝑃𝑂2 (
1

𝑘𝑟,𝑖
+
1

𝑘𝑑,𝑖
)𝜌𝑖

4

𝑖=1

 (13) 

𝑘𝑟,𝑖 = 𝐴𝑣,𝑖exp (−𝐸𝑣,𝑖/𝑅𝑇𝑠) (14) 

𝑘𝑟  and 𝑘𝑑 are the chemical kinetic and diffusion rate coefficients respectively, 𝐴𝑝 is the volumetric area of 

char particle, 𝑃𝑂2 the oxygen partial pressure at the char surface. The char reaction rate data derived from 

the literature are sorted in Table 6. 

Table 6. Kinetic and diffusion factors of char reaction rate 

Ref Char reactions Reaction rate 𝐶𝑂 𝐶𝑂2⁄  Fuel 

[109] R1 𝑘 = 0.39exp (−47,500/𝑅𝑇𝑠) 

 

- Wood 

[61,144,145] R1 𝑘 = 1.715∙ 𝑇𝑠 ∙ exp (−9,000/𝑇𝑠) 

 

- Wood pellet 

 R2 𝑘 = 3.42 ∙ 𝑇𝑠 ∙ exp (−15,600/𝑇𝑠) 

 

  

 R3 𝑘 = 5.7114∙ 𝑇𝑠 ∙ exp (−15,600/𝑇𝑠) 

 

  

[45] R1 𝑘 = 8,620 exp (−15,900/𝑇𝑠) 12 exp (−3,300/𝑇𝑠) Straw 

[146] R1 𝑘 = 860∙ 𝑝𝑜2 ∙ exp (−18,000/𝑇𝑠) 

 

- - 

 R2 𝑘 = 10,400 ∙ 𝑝𝑐𝑜2 ∙ exp (−178,000/𝑇𝑠) 

 

  

[51,59] R1 
𝑟ℎ,1 = (1 −𝛼)Ω

𝐶𝑂2
1 𝑘𝑟1⁄ +1 ℎ𝑚⁄

 

𝑘𝑟1 = 1.715∙ 𝑇𝑠 ∙ exp (−9,000/𝑇𝑠) 

 

- Wood 

 R2 
𝑟ℎ,2 =

𝐶𝐶𝑂2
1 𝑘𝑟2⁄ + 1 ℎ𝑚⁄

 

𝑘𝑟2 = 3.42 ∙ 𝑇𝑠 ∙ exp (−15,600/𝑇𝑠) 

 

 

  

 R3 
𝑟ℎ,3 =

𝐶𝐻2𝑂
1 𝑘𝑟3⁄ + 1 ℎ𝑚⁄

 

𝑘𝑟3 = 3.42 ∙ 𝑇𝑠 ∙ exp (−15,600/𝑇𝑠) 

 

  

 R4 
𝑟ℎ,4 =

𝐶𝐻2
1 𝑘𝑟4⁄ + 1 ℎ𝑚⁄

 

𝑘𝑟4 = 3.42 × 10
−3 ∙ 𝑇𝑠 ∙ exp (−15,600/𝑇𝑠) 
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[114] R1 𝑘 = 301 exp (−149,380/𝑇𝑠) - Wood 

[111] R1 
𝑘𝑔𝑙𝑜𝑏𝑎𝑙 =

1

1 𝑘𝑟⁄ +1 𝑘𝑑⁄
 

𝑘𝑟 = 290 exp (−86,000/𝑅𝑇𝑠) 

 

2500 exp (−6,420/𝑇𝑠) Pine wood 

[106] R1 𝑘 = 1.63 × 1011 ∙ 𝑇−1.5 ∙ exp (−3,430/𝑇𝑠) - Pine wood 

 R2 𝑘 = 2.78 × 103 exp (−1,510/𝑇𝑠)   

 R3 𝑘 = 3.552× 1011 exp (−15,700/𝑇𝑠)   

 

2.1.2.4  Porosity and shrinkage model 

The particle and bed porosity are distinguished by means of the internal pores of particle and void space in 

the fuel bed respectively. While the conversion process proceeds toward the end of the grate, the particle 

mass is consumed and the particle porosity increases. The volumetric shrinkage of the particle is tracked 

within the conversion process to identify the bed porosity which influences the bed height [86]. The mass 

loss rate in the drying process is various depending on remained moisture content, and results in more particle 

porosity, whereas the bed porosity almost remains constant. The bed porosity can be regarded as a function 

of particle mass fraction change and the shrinkage factor, 𝑓:     

𝜖 = 𝜖0 + (1 − 𝜖0) ∑ 𝑓𝑖  (𝑌𝑖,0 −𝑌𝑖)     [−]𝑖   (15) 

Where 𝜖0 is initial bed porosity, 𝑌𝑖,0 initial mass fraction of i-th solid particle in the cell, 𝑓𝑖 shrinkage factor 

of i-th cell which can vary in the range of 0 to 1, where the value 0 means no bed porosity change, and value 

1 means the bed porosity changes by the whole particle volume. Some simplified models disregarded the 

particle shrinkage throughout drying and devolatilization [147–151], nevertheless, this hypothesis is far from 

reality when Thunman et al. [152] concluded 20 to 50% particle shrinkage in pyrolysis process, and 

Johansson et al. [51] observed 10% particle volume shrinkage during drying for a fuel with 50% moisture 

content. A general form of particle shrinkage model by counting all sub-processes including drying, 

pyrolysis and char conversion is mentioned as follows: 

𝑉

𝑉0
= 1− 𝑎1(𝑀0−𝑀)− 𝑎2(𝑉𝑀0− 𝑉𝑀)− 𝑎3(𝐶0−𝐶)  (16) 

Where 𝑎1, 𝑎2 𝑎𝑛𝑑 𝑎3 imply shrinkage factor of drying, pyrolysis and char oxidation respectively. For more 

detail of the proposed models in the literature, Table 7 is referred to. In another approach which could be 

held as an implicit method, the particle mass consumption inside the grid is observed until a porosity of 

100% in the grid is achieved. This means the whole mass in the grid has reacted and converted to the gas 

phase. In this way, bed shrinkage is taken into the account in the model while biomass conversion proceeds 

[46,153].     
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Table 7. Summary of shrinkage model and corresponding factors  

Model approach Shrinkage model Shrinkage factors Ref 

Single-particle 
𝜃 = 1+ (1−𝜃𝑚 )(

𝜌𝑚
𝜌𝑚0

−1) + (𝜃𝑚 −𝜃𝜈)(
𝜌𝑏𝑚
𝜌𝑏𝑚0

−1)+ (𝜃𝜈 −𝜃𝐶)(
𝜌𝐶
𝜌𝐶0
−1) 𝜃𝑚 = 0.9, 𝜃𝜈 = 0.75, 𝜃𝐶 = 0 [142] 

Single-particle 𝑉𝑠
𝑉𝑠0
=
(𝜌𝑊+𝜌𝐶 +𝜌𝑇)

𝜌𝑊0
 

- [148,149] 

Single-particle 𝑉 =𝑉𝑠 +𝑉𝑔  

𝑉𝑠
𝑉𝑤0

=
𝑀𝑤
𝑀𝑤0

+
𝛼𝑀𝐶
𝑀𝑤0

 

𝑉𝑔 =
𝑀𝑤
𝑀𝑤0

𝑉𝑔𝑖+ (1−
𝑀𝑤
𝑀𝑤0

)𝛾𝑉𝑔𝑖 +𝛽(𝑉𝑤0−𝑉𝑠 ) 

𝛼 = 0.3, 𝛽 = 0, 𝛾 = 0.3 [147] 

Fixed pack bed 1 −𝜀 = 𝑓𝑠ℎ
1−𝑛(1− 𝜀0) 𝑓𝑠ℎ =

𝑉𝑠
𝑉𝑠0

 
[86] 

Fixed pack bed 𝑉𝑝

𝑉𝑝0
= 1− 𝜃𝑑𝑟𝑦

𝑌𝑀0
𝑌𝑚,𝜃

(1 −
𝑌𝑀
𝑌𝑀0
) −𝜃𝑑𝑒𝑣 (1−

𝑌𝑣
𝑌𝑣0
)−𝜃𝑐𝑜𝑚𝑏 (1 −

𝑌𝐶
𝑌𝐶0
) 

𝜃𝑐𝑜𝑚𝑏 = 1−
𝑉𝑝,𝑎𝑠ℎ

𝑉𝑝0
−𝜃𝑑𝑟𝑦

𝑌𝑀0
𝑌𝑀,𝜃

−𝜃𝑑𝑒𝑣  

- [51,56] 

Fixed pack bed 𝑉𝐶𝑉
𝑉𝐶𝑉0

= 𝑓𝑠ℎ  
𝑓𝑠ℎ = 𝑓𝑠ℎ ,𝑚𝑖𝑛 + 𝜂(1−𝑓𝑠ℎ,𝑚𝑖𝑛) 

𝜂 =
𝑀𝑤
𝑀𝑤0

 

[50] 

Fixed pack bed 𝑉

𝑉0
= 1−𝑎1 × (𝑀0 −𝑀) − 𝑎2 × (𝑉𝑀0− 𝑉𝑀)− 𝑎3 × (𝐶0 −𝐶) 

𝑎1 = 𝑎2 = 𝑎3 = 0.8 [57,104] 

Single-particle - 𝑓(𝜙)= 1 +1.5(1−𝜙) [103] 

Moving bed 𝜕𝑉𝑠ℎ
𝜕𝑡

= 𝑓𝑠ℎ
1

(1− 𝜀0)

𝜕𝑉

𝜕𝑡
 

𝑓𝑠ℎ = 0.4 [154] 

 

2.1.3  Mathematical modeling specification  

The moving grate biomass furnace consists of solid-gas phase zone on the grate, and mathematical modeling 

of the bed and overbed are assigned to articulate the complex thermochemical conversion inside the bed as 

well as turbulence, oxidization, heat and mass reaction, and so on at the overbed zone. In general form, the 

conservation form of governing equations for independent variable 𝜑 as a porous media is formulated by: 

𝜕(𝜀𝜌𝜑)

𝜕𝑡
 + 
𝜕(𝜀𝜌𝜗𝜑)

𝜕𝑥
 = 

𝜕

𝜕𝑥
(Γ

𝜕𝜑

𝜕𝑥
) + 𝑆𝜑 (17) 

In LHS, the first term is the temporal term and the second one is convection term and on the other hand, 

diffusion and source terms in RHS, respectively. All transient equations consist of mass, momentum, species 

and energy equations follow this structure of partial differential equation (PDE), and respect to the grate 

firing biomass boiler, 𝜑, Γ and 𝑆𝜑 are determined as in Table 8.  

Table 8. Description of general conservation equation coefficients for each sort of equation  

Equation 𝜑 Γ 𝑆𝜑 
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Mass 1 0 r [kg/m3.s] 

Heterogeneous reaction rate 

Momentum V [m/s] 𝜇 [kg/m.s] 

Kinematic viscosity 

0 

Energy H [J/kg] 

Specific enthalpy 

𝜆𝑒𝑓𝑓/𝑐𝑝 [kg/m.s] 

Effective thermal conductivity over 

specific heat capacity 

�̇� [W/m3] 

Summation of Heat transfer rate 

Species Yi 

Mass fraction of each species 

𝜖𝜌𝐷𝑖 [kg/m.s] 

Bulk density times dispersion coefficient 

ri [kg/m3.s] 

Production/consumption rate of 

species 
     

The above equations are valid for both solid and gas phase just by reflecting each phase's properties into the 

parameters. The above mathematical description is in terms of the 1D model in a transient form which can 

suitably correspond to 2D steady-state model for grate firing boilers as shown in Figure 4. This method so-

called walking column method is a very proficient approach as it makes the calculation practice much easier 

while only a negligible error appears against the steady-state 2D model. This negligible error between 1D 

and 2D models can be explicated by this fact that the reaction front inside the packed bed predominantly 

moves in direction of the air flow. Despite the structure of the general form of the governing equation, the 

conservation equations can be composed in many different forms based upon the author’s view. The solution 

of conservation equations for the fuel bed extremely depends on the boundary conditions around the 

particles. Since the solid biomass fuels are generated from natural sources without any chemical process (at 

least in most of the cases), therefore the fuel quality uncertainties become an important objective of study. 

This could be the main reason behind of existing sheer number of biomass sub-models kinetic reactions 

which significantly impacts the main model behavior such that choosing a non-compatible sub-model can 

deviate the main model toward the wrong side.  

2.1.4  Biomass physical properties 

The radiation and conversion mechanisms are deemed as the most dominant factors at the boundaries to 

affect particles temperature growth [151,155–159]. Constant uniform radiative flux was adjusted to dictate 

heat flux to particles in some articles [151,160,161] while some used a simple approach of determinate 

background temperature [39,114,162]. In some literature, more sophisticated assumption of both convection 

and radiation flux concerning surrounding gas and flame temperature at the top boundary of biomass 

particles bed was taken [59,163,164]. The heat flux intensity can influence the char density at the boundary 

and inside the particle, so that the high heat flux results in the lower char density at boundary than inside, 

and moreover, it results in more tar in pyrolysis products [151]. During drying of the biomass particles, a 
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layer of steam covers the exterior surface so that it absorbs part of radiation and consequently cools down 

the surface temperature partially. This cooling effect was neglected in the majority of literature, excluding 

many few cases [165]. Even though consideration of radiation flux directly from combustion flame is a step 

toward reality, still the fluctuation and instability of the flame result in some uncertainties in radiation flux 

determination. One of the important parameters among boundary conditions which can change radiation flux 

absorbed by particles is particle emissivity. Different values for emissivity were determined in literature. for 

example, Refs. [98,143,166] set by 0.85 and Refs. [45,141] in value of 0.9 and Refs. [154,167,168] assigned 

0.8. It must be noted that emissivity of the particle changes during the conversion process from fresh particle 

to char, based on the fuel composition and it tends to increase as the conversion process proceeds. No clear 

principle can be found in the aforementioned works respect to specifying the emissivity coefficient. It could 

be concluded that it is adjusted to enforce the model to reach a better agreement with experiments, and there 

still is observed obscurity in chosen values. It must be noted that during char burning, as the ash layer is 

formed on the char surface, the emissivity declines and have a meaningful effect on the conversion [89]. 

This ash layer has a dual mechanism as it decreases heat loss from particle surface by means of decreasing 

in emissivity as well as by adding more resistance to O2 diffusion, therefore, brings the particle temperature 

down.  

 The heat and mass transfer coefficients were assumed fixed values in some works [151,155,169], while in 

more exact models [169–171], they supposed these coefficients as a function of other factors such as specific 

heat capacity (cp), effective thermal conductivity (λeff), mass dispersion coefficient (Di). From the initiation 

of fuel drying, up to the end of pyrolysis, the gases continuously efflux from the particle border resulting in 

a convective impediment which means a reduction in the heat transfer coefficient. The heat and mass transfer 

coefficients regarding these outflowing gases were corrected by means of Stefan correlation which acquired 

the effect of gases mass flow into the formulation [142,172]: 

ℎ𝑐 =
𝑚𝑔̇ 𝑐𝑝𝑔

exp (
�̇�𝑔𝑐𝑝𝑔
ℎ𝑐0

)−1

, ℎ𝑐0 =
𝑁𝑢𝑘𝑔

𝑑𝑐ℎ
 

(18) 

ℎ𝑚 =
𝑚𝑔̇ /𝜌𝑔

exp (
�̇�𝑔
𝜌𝑔ℎ𝑚0

) − 1

, ℎ𝑚0 =
𝑆ℎ𝐷𝐴𝐵

𝑑𝑐ℎ
 

(19) 

 Where 𝑑𝑐ℎ is characteristic particle length such as spherical particle diameter, Nu is the Nusselt number and 

Sh is Sherwood number, �̇�𝑔 = 𝜌𝑔𝑢𝑔𝐴𝑃  is outlet gases mass flow rate, 𝐴𝑃 is the particle surface area, and 

0 means initial state. 𝐷𝐴𝐵 is the diffusion coefficient from element A to B environment which strongly 

depends on temperature and pressure of flow gas as represented in Eq. 20.  
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𝐷𝐴𝐵 =
0.00143𝑇1.75

𝑃𝑀𝐴𝐵
0.5[(𝜈)

𝐴
1/3
+(𝜈)

𝐵
1/3]

2     [W/ m K] (20) 

Where 𝑃 is pressure, 𝑀𝐴𝐵
  is molecular weights of A and B, g/mol, and 𝜈 atomic diffusion volumes. This 

formulation is correct while radiation dominates the heat transfer mechanism. However, if convection 

overcomes the heat transfer, the correlations should be modified and it can decelerate the biomass 

devolatilization up to 20% [110]. It must be noticed that the diffusion coefficient is experimentally 

determined at a reference temperature (e.g., 273K or 297K) and needs to be updated for different physical 

environments as Eq. 21 [98,173–176]. 

𝐷𝐴𝐵 = 𝐷𝐴𝐵,𝑟𝑒𝑓(
𝑇𝑔

𝑇𝑟𝑒𝑓
)1.75  [W/ m K] (21) 

2.1.4.1  Specific heat capacity  

Identification of the biomass specific heat capacity involves lots of challenges due to a variety of fuel 

compositions together with this fact that primary specific heat capacity changes during the conversion 

process. Despite this fact, some works supposed the specific heat capacity of fuel to last consistent during 

conversion [114,177–179] while some authors assumed a linear variant of specific heat capacity in terms of 

temperature or combination of fresh fuel and char specific heat [45,98,142,154]. For instance, authors of 

Refs. [151,180] presumed a weighted-average specific heat capacity based on fresh fuel and char as follows: 

𝑐𝑝,𝑠 = 𝜂𝑐𝑝,𝑓 + (1− 𝜂)𝑐𝑝,𝑐    [kJ/kg K] (22) 

where, 𝑐𝑝,𝑓  is fresh fuel specific heat capacity and 𝑐𝑝,𝑐 is char specific heat capacity. For the gas phase, with 

respect to the different gaseous species such as moisture, air, pyrolysis gases, a fraction of the specific heat 

of each element is considered base on Eq. (23): 

𝑐𝑝,𝑔 = ∑ 𝑐𝑝,𝑖𝑋𝑖
𝑁
𝑖=1             [kJ/kg K]        (23) 

where 𝑋𝑖  is the volume fraction of each element. A list of specific heat capacity used in different literature 

can be found in Table 9. 

Table 9. Specific heat capacity employed for various biomass fuel 

Ref Biomass type )
1-

.K
1-

Formula (J.kg Ref Biomass type )
1-

.K
1-

Formula (J.kg 

[39,181] Basswood 𝑐𝑊 = 3.867(𝑇 −273.2)+ 103.1 [182] Wood 𝑐𝑝,𝑊=1200+2.45 (𝑇𝑠 − 273) 

  𝑐𝑝,𝐶 = 1390+ 0.36𝑇 [183] Softwood 𝑐𝑝,𝑊=231.6+3.69 𝑇𝑠 

  𝑐𝑝,𝑣𝑜𝑙 = 2400   𝑐𝑝,𝐶=-795.28+5.98T-3.8*10−3𝑇2 
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  𝑐𝑝,𝑀 = 4180 [98] wood 𝑐𝑝,𝑀=4200 

[69] Beech wood 𝑐𝑝= 2551.3 

 

 𝑐𝑝,𝑊=103.1+3.87 𝑇𝑠 

[114,178] Wood 

briquette 

𝑐𝑝,𝑀=4200 

 

 𝑐𝑝,𝐶=1390+0.36 𝑇𝑠 

  𝑐𝑝,𝑊=1380 [154] Wood char 𝑐𝑝,𝑠=𝑋𝐶𝑐𝑝,𝐶+ 𝑋𝑎𝑐𝑝,𝑎 

  𝑐𝑝,𝑣𝑜𝑙 =1100   𝑐𝑝,𝐶=2300 

  𝑐𝑝,𝐶=1250   𝑐𝑝,𝑎=754+0.586(𝑇𝑠 − 273) 

[179] Wood 𝑐𝑝,0=1670 [45] straw 𝑐𝑝=977.75 ln(𝑇𝑠)-4144.4 

  𝑐𝑝,𝐶=1000    

 

2.1.4.2  Effective thermal conductivity 

In biomass conversion, the thermal conductivity of the fuel is recognized as a variable depending on 

temperature, composition, density, and direction of heat transfer to the fuel particles. Thermal conductivity 

of char was determined constant in many research since the pure carbon is assumed to remain in char reaction 

[39,184]. Two different techniques are frequently employed to model effective thermal conductivity. In first 

Technique which was developed by Wakao and Kaguei [185], a fixed bed combustor is proposed to obtain 

thermal conductivity which ignores the effect of gas flow while the conduction correction factor α, is valued 

0.1 and 0.5 for axial and radial conduction flux respectively.  

The second technique is more sophisticated which develops effective thermal conductivity in terms of an 

adjusted summation of all elements of solid particles including water, volatile materials and char plus the 

contribution of particle mixing and radiation flux. Table 10 classifies some of the effective thermal 

conductivity models through the literature. 

Table 10. Effective thermal conductivity models for biomass fuels  

Formula (W.m-1.K-1) Ref Formula (W.m-1.K-1) Ref 

First Technique Second Technique 

𝑘𝑒𝑓𝑓 =𝑘𝑒𝑓𝑓,0 +0.5. 𝑃𝑟. 𝑅𝑒. 𝑘𝑓 [186] 𝑘𝑒𝑓𝑓 = (1− 𝜖𝑏)(𝑌𝑚𝑘𝑚 + 𝑌𝑊𝑘𝑊 +𝑌𝐶𝑘𝐶) +
16𝜎𝜖𝑏
3𝛽

𝑇𝑠
3 

𝑘𝑀 = 0.58,𝑘𝑊 = 0.20, 𝑘𝐶 = 0.10 

[98] 

𝑘𝑒𝑓𝑓 ,0 =  𝜂. (𝑘𝑓 +ℎ𝑟𝑣Δ𝑙) +
(1−𝜂)Δ𝑙

1 (𝑘𝑓 𝑙𝑣 +ℎ𝑟𝑠⁄ ) + 𝑙𝑠 𝑘𝑠⁄⁄
 

𝜆𝑒𝑓𝑓 = 𝜆𝑠 +𝜆𝑟𝑎𝑑  

𝜆𝑠 = 𝜀𝑝𝜆𝑔+ ∑ 𝑌𝑘𝜆𝑘𝑘 , 𝜆𝑟𝑎𝑑 = 4𝜀𝜎𝑏𝜔𝑑𝑝𝑇𝑠
3  

[122] 

𝑘𝑒 = 𝑘𝑒
𝑜 +(𝑘𝑒)𝑖 [187] 𝜆𝑠 = (1−𝜙)(𝜌𝑠 4511⁄ )3.5𝑇𝑠

0.5 +2.27× 10−7𝑑𝑝 (
𝜀

2 −𝜙
)𝑇𝑠

3 +𝜆𝑚𝑖𝑥  

𝜆𝑚𝑖𝑥 = 𝜌𝑠𝑏𝐶𝑝𝑠𝐷𝑠 

[63] 

𝑘𝑒𝑓𝑓 =
𝜂𝐶𝑡

𝜋𝐷
 

[188] 𝜆𝑒𝑓𝑓 = 𝜆𝑐𝑜𝑛𝑑 +𝜆𝑟𝑎𝑑  

𝜆𝑟𝑎𝑑 = 𝜀 (1− 𝜀)⁄ 𝜎𝜑𝑝𝑑𝑝4𝑇
3 

𝜆𝑐𝑜𝑛𝑑 = 𝜆𝑀 + 𝜂𝜆𝑊+ (1− 𝜂)𝜆𝐶 

 

[39] 
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𝑘𝑒𝑓𝑓 = 𝐺(𝐵+ 𝐶𝑀)+ 𝐴; 

A=0.01864, B=0.1941,  

C=0.004046 and M is moisture content 

[189]   

𝑘𝑤𝑜𝑜𝑑 = 0.1941𝜌𝑊 +0.0186 [184]   

𝑘𝑐ℎ𝑎𝑟 = 0.105    

𝑘𝑒𝑓𝑓 = 0.8𝑘+0.5𝑑ℎ𝑐𝑝𝜌𝑈/𝜀 [49]   

𝑘𝑒𝑓𝑓 = 𝑘𝑒𝑓𝑓,0 +0.5𝑃𝑟𝑅𝑒𝑘𝑓 [60]   

An expanded form of the governing equations for feed conversion inside the bed is given in Table 11. Quite 

often the momentum equation of solid phase is overlooked from the equation set owing to the almost 

stationary state of particles inside the bed. Furthermore, the solid phase species equation is spontaneously 

solved while the solid mass equation gets resolved.   

Table 11. Overall governing equation; gas and solid phases  

Transient equations for gas phase 

Mass 𝜕

𝜕𝑡
(𝜙𝜌𝑔) +∇. (𝜙𝜌𝑔𝑣𝑔) = 𝑆𝑟𝑒𝑎𝑐 

(24) 

Momentum 𝜕

𝜕𝑡
(𝜙𝜌𝑔𝑣𝑔) + ∇. (𝜙𝜌𝑔𝑣𝑔𝑣𝑔) = −∇𝑝𝑔+ 𝐹(�̅�𝑔) 

(25) 

Energy 𝜕

𝜕𝑡
(𝜙𝜌𝑔𝑐𝑝,𝑔𝑇𝑔) + ∇. (𝜙𝜌𝑔𝑣𝑔𝑐𝑝,𝑔𝑇𝑔) = ∇. (𝜆𝑔∇𝑇𝑔) + ℎ𝑆(𝑇𝑠 − 𝑇𝑔)+ 𝑆𝑠,𝑔 (26) 

Species 𝜕

𝜕𝑡
(𝜙𝜌𝑔𝑌𝑖) + ∇. (𝜙𝜌𝑔𝑣𝑔𝑌𝑖) = ∇. (𝜙𝜌𝑔𝐷𝑔,𝑖∇𝑌𝑖) +𝜙𝑆𝑠,𝑖 

(27) 

Transient equations for solid phase 

Mass 𝜕

𝜕𝑡
(𝜌𝑠) = −𝑆𝑟𝑒𝑎𝑐 

(28) 

Energy 𝜕

𝜕𝑡
(𝜌𝑠𝑐𝑝,𝑠𝑇𝑠) = ∇. (𝜆𝑒𝑓𝑓∇𝑇𝑠 ) +ℎ𝑆(𝑇𝑔 − 𝑇𝑠) + 𝑆𝑠,𝑠+ 𝑆𝑟𝑎𝑑 

(29) 

Momentum 𝜕

𝜕𝑡
((1 −𝜙)𝜌𝑠𝑣𝑠) + ∇. ((1 −𝜙)𝜌𝑠𝑣𝑠𝑣𝑠) = −∇.𝜎 −∇. 𝜏 +𝜌𝑠𝑔 +𝐴 

(30) 

Species 𝜕

𝜕𝑡
((1 − 𝜙)𝜌𝑠𝑌𝑖𝑠)+ ∇. ((1 −𝜙)𝜌𝑠𝑌𝑖𝑠𝑣𝑠) = −𝑆𝑟𝑒𝑎𝑐,𝑖 

(31) 

    

2.1.5  Overbed modeling 

In contrast to the complicated aspects of biomass conversion modeling in the fuel bed, the overbed 

homogeneous zone is well documented. Since the gaseous species are released from the biomass conversion, 

they react with the oxygen originated from secondary air and partially primary air as well. Here as the mixing 

rate is slower than the gaseous combustion, it becomes an important factor in combustion performance. The 

most of gas-phase numerical modeling in the moving grate biomass combustors focuses on the gases mixing 
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and optimization [16,30,35,190–194]. From the literature, the majority of the reactions between released 

gases from bed with oxygen within the overbed zone are reported in Table 12. 

Table 12. Homogeneous gas phase reactions originated from fuel bed conversion  

# 

Reaction 
Ref. 

 [78,166,195] [196] [197,198] [199,200] [51] [59] [201] [202] [16,61,77] [123] [110] [203] 

1 𝐶6𝐻6 +
9

2
𝑂2 → 6𝐶𝑂+3𝐻2𝑂 ✓      ✓ ✓ ✓    

2 𝐶𝐻4 +
3

2
𝑂2 → 𝐶𝑂+2𝐻2𝑂 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓   ✓ 

3 𝐻2 +
1

2
𝑂2 → 𝐻2𝑂 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓  ✓ ✓ 

4 𝐶𝑂 +
1

2
𝑂2 → 𝐶𝑂2 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ 

5 𝐶𝑂2 → 𝐶𝑂+
1

2
𝑂2  ✓       ✓     

6 0.006𝐶6𝐻6 .2𝑂0.2 + 2.9𝑂2 → 6𝐶𝑂+ 3.1𝐻2𝑂  
✓           

7 𝐶𝑙𝐻𝑚𝑂𝑛 +(
𝑙

2
+
𝑚

4
−
𝑛

2
)𝑂2 → 𝑙𝐶𝑂+

𝑚

2
𝐻2𝑂   ✓          

8 𝐶6𝐻6 .2𝑂0.2 + 2.8𝑂2 → 3𝐶𝑂+3.1𝐻2      ✓      ✓  

9 𝐶𝑂+ 𝐻2𝑂 → 𝐻2 +𝐶𝑂2      ✓    ✓   ✓ 

10 𝐻2 +𝐶𝑂2 → 𝐶𝑂+𝐻2𝑂     ✓    ✓   ✓ 

11 𝑁𝐻3 +𝑁𝑂 → 𝑁2 + 𝐻2𝑂 +
1

2
𝐻2         ✓     

12 𝑁𝐻3 +𝑂2 → 𝑁𝑂+ 𝐻2𝑂 +
1

2
𝐻2         ✓     

13 𝐶2𝐻4 + 2𝑂2 → 2𝐶𝑂+2𝐻2𝑂          ✓  ✓ 

It is a typical approach in the numerical modeling of the overbed combustion to create a three-dimensional 

model of the overbed zone in a CAD (computer-aided design) software on the real scale and mesh the 

geometry. The gas temperature profile, gas flow profile, and mass fraction of gaseous species calculated 

from fuel bed model are considered the boundary condition at the bedside. The other boundary conditions 

will be the secondary air properties such as air flow rate, temperature, pressure besides the furnace wall 

temperature and material. Then, the proper solvers regarding the turbulence, combustion, radiation, and NOx 

model must be governed. The conceptual modeling method of the complete biomass combustor domain is 

illustrated in Figure 9.   
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Figure 9. Scheme of the grate bed biomass furnace modeling 

2.2 Experiments 

Apart from combustion modeling of moving grate biomass combustors, the experimental efforts on these 

facilities play a vital role within this research area. These experiments are carried out in order to attain data 

to be used for three different purposes as shown in Table 13. The first application of the data is to validate 

the numerical modeling accuracy, depending upon the modeling objectives, these measured data can vary. 

Quite often, temperature and species concentration in some points through the bed, furnace and flue gas are 

recorded to see the error margin of models [17,52,97,110,204]. This is a very common approach for 

validation of moving bed models to use fixed column reactor data since distance along a grate corresponds 

to the time on the fixed column reactor. A wood chip cylindrical reactor was considered and temperature at 

various heights of bed and overbed with fuel mass consumption was recorded during the combustion process 

[128]. Ryu et al. [205] applied a developed FLIC code [206] for fixed bed combustion simulation. An 

experimental setup arranged to measure the temperature at 11 spots, more concentrated inside the bed, 

together with an ADC MGA3000 gas analyzer to record the CO/CO2/O2 concentration just above the bed. 

A typical configuration of lab-scaled fixed bed biomass reactor is displayed in Figure 10. In general, this 

apparatus is equipped with air flowmeter to regulate the primary and in a few cases secondary air attached 

with an adjustable valve to increase the accuracy of the flow rate. The air enters the stationary grate which 

supports the fresh fuel placed on the grate. 
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Figure 10. Schematic of a batch type laboratory-scale biomass furnace  

Depend on the experiment’s objectives, the system is equipped with the thermocouples and gas measuring 

sensors that are connected to a computer as a data logger to record the values as the function of time. To 

measure the mass loss during the test, it is a common idea to put the apparatus on the scale to record the fuel 

weight reduction. On the other hand, pure experimental surveys individually investigate the combustion 

system from viewpoints of conversion and thermal performance as well as pollutant emissions released in 

the atmosphere. Mathematical analysis of some phenomena regarding combustion in the fuel bed is still 

deemed challenging e.g., channeling effect. Hence, the experimental works interestingly come to attention 

to reliably analyze such daunting phenomena [73,207–209]. Cepic et al. [210] investigated wheat straw 

combustion in a fixed bed reactor for two different air flow rates to analyze the ignition front speed and 

burning rate behavior at various combustion conditions. The K-type thermocouples measure the inside bed 

temperature at different height levels, so the speed of the combustion front can be specified in this order.   

Table 13. Classificat ion of experimental works according to measurement usage 

Purpose Combustion system Measurement Ref 

Temperature Volatiles Emission Other  

Model validation 

 Wheat straw vibrating grate 

boiler 

✓ O2, CH4, CO2, H2 NO, NH3,CO ✕ [117] 

 Wood chips cylindrical 

reactor 

✓ ✕ ✕ Total mass of the bed [97] 

 Single-particle Pyrex reactor ✓ CxHy, CO2 CO Axial shrinkage, tar yield [151] 
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 Wood chip reciprocating 

boiler 

✓ O2, CO2 NOx, SO2, CO ✕ [197] 

 Wood pellet stationary 

sloping grate 

✓ O2 NO, CO Water flow rate in boiler wall plus inlet 

and outlet temperature 

 

[196] 

System evaluation 

 Lab-scale furnace ✕ ✕ ✕ Equivalent flame diameter 

-Luminous intensity 

[211] 

 Reciprocating grate furnace ✓ O2, CH4, CO2 NO, CO ✕ [212] 

 Single particle combustor ✓ O2 ✕ Combustion camera recorded [73] 

 Lab-scale pellet boiler ✓ O2, CH4, CO2 CO, NOx, PM1 Primary and secondary air flow [213] 

 Lab-scale cylindrical reactor ✓ O2, CxHy, CO2 CO Total mass [209] 

O verbed boundary condition 

 Straw grate boiler ✓ O2, CxHy, CO2, 

H2O 

CO, NO, SO2 Air flow velocity [214] 

 MSW sloping grate boiler ✓ O2, CO2 CO, NOx, SO2 Air flow velocity [22,23] 

 Wood sloping grate boiler ✓ CH4, CO2, H2O CO, NO, NH3 ✕ [37] 

 

The single wheat straw pellet was inspected to find how different sizes, shapes, primary air temperature, and 

velocity can influence on thermal and emission aspects within a combustor in a work by El-Sayed and Khairy 

[215]. Prior to the experiments, a TGA test was performed to obtain the conversion rate characteristics of 

the test sample under the ambient temperature by 1000 ℃ and heating rate by 30 K min-1. Two heaters 

powered 1.0 kW along the primary air inlet duct were mounted to adjust the primary air temperature, and a 

mechanical scale with an accuracy of 0.1 gm measured the mass loss during tests. In addition, K-type 

thermocouples were employed and fixed on pellet surface and inside the particle along with IMR 3000P gas 

analyzer to measure gas species concentration (CO, CO2, and O2), while the reactor external surface was 

insulated with ceramic-fiber material covered by galvanized steel sheet.     

 Moreover, measurement into the bed can be directly employed as the boundary conditions of the overbed 

simulation so that bed modeling can be avoided in such cases [21–24]. Stubenberger et al. [28] studied NOx 

precursors released during different woody biomass conversion in a lab-scaled batch reactor with 

measurement in a packed bed. They concluded that under air-rich conditions, NO was more dominant 

element, while under fuel-rich conditions, NH3 was the most important precursor. The experiment setup was 

equipped with two channels to facilitate the species concentration measurement consisting of H2O, CH4, CO, 

CO2, C2H6, C2H4, C2H2, NO, HCN, N2O and NH3 over the bed and several thermocouples within the packed 
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bed to build up a user-defined function (UDF) as the boundary condition for the overbed zone modeling. For 

more recent experimental literature, Table 14 is referred. 

Table 14. Experimental works on the grate type biomass combustion system; objectives and results  

Objectives Achievements Ref. 

Effect of oxygen excess ratio and exhaust gas ratio 

(EGR) was studied 

EGR is positive for thermal performance and contaminant emissions 

at low excess air (10-20%) 
[190] 

Effect of Sodium carboxymethyl cellulose (CMC) 
on the PM emissions 

-In general, adding CMC, increases the PM emission 

-Addition of CMC to biomass fuels enhances the pellets qualities 

-PM emissions of rice husk reduced by adding 5 wt% of CMC 

[216] 

Analyze the release of the NOx precursors for 

different fuels in a fixed bed reactor 

-NH3/HCN ratio increases for fuels with a higher nitrogen content  

-NO release decreases with higher nitrogen content 

[217] 

Inspect impact of excess air (up to 𝜆 = 2) and 

velocity and cold flue gas recirculation on reaction 

rate 

-higher excess air and velocity leads to higher reaction rate 

-Cold flue gas can decrease the peak temperature in the combustion 

chamber, and prevent ash melting 

-Cold flue gas decreases the reaction rate  

[207] 

Study the behavior of volatile matters and char 

residue using the images obtained from flame 
diameter and average luminous intensity 

-Two burning phases including enveloped faint volatile combustion, 

stable bright char combustion were observed 

-Two peak points in flame size profile was observed due to the 

hemicellulose and cellulose devolatilization 

-Estimated char combustion time to the volatile combustion time 

increases with the ratio of fixed carbon to volatile matter   

[211] 

Investigate the role of temperature on the K/Cl/S 
transformation and fine particle formation during 

combustion temperature range of 1000-1300℃ 

-With temperature growth from 1000 to 1300℃ concentration of fine 

particle reduces by about 50% 

-A certain amount of sulfur in PM 1 is observed at 1000℃, while it 

disappears above 1100℃ 

[218] 

Study the feasibility of internal flue gas recirculation 
technique (IFGRT) on minimizing the NOx emission 

while maintaining high thermal efficiency  

IFGRT can reduce NO formation through thermal, NNH and N2O 
routes, as well as reburning mechanism 

[70] 

Examine behaviour of selected alkali-metals during 

combustion 

-For woody particles, intensive radical CH, OH emissions were 

observed due to their nature 

-At low flame temperature 750℃, emission signal from selected 

metal ions is too weak in order to use for analysis 

-Sodium and calcium intense radiation occurs at the beginning of 
combustion from ignition to until pyrolysis stop 

[219] 

Study effect of feedstock properties and temperature 

on the PM emission 

-For PM 1, vaporization-condensation of the alkali compound is the 

main formation pathway 

-For PM 1-10, (1) direct transform of CA-/Mg- and Si-rich particles 
with heterogeneous condensation (2) formation of silicates and 

phosphates 

-From temperature from 1073 to 1473 K, total PM 10 decreases and 

PM 0.1 increases 

[220] 
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2.3 Uncertainty estimation methods 

Uncertainty in various courses can be described in different ways, however, uncertainty is typically the lack 

of exact awareness, regardless of what is driving factor of this inaccuracy [221]. With a quick look at the 

biomass conversion steps, the uncertainty is ordinarily observed on every step of the combustion process 

and analysis. The source of these uncertainties includes broad factors from the randomness of input data 

with respect to fuel intrinsic variability, sampling and system performance up to the mathematical equations 

of the kinetic reactions and solution methods. Hence, the uncertainty model should provide a realistic frame 

of the available knowledge and the possible shortcomings in the modeling results. Uncertainty is mainly 

represented as the probability distribution that reveals how probably each of the possible outcomes might 

occur. In literature, overlapping in definitions and classifications of uncertainties are widely observed [221–

223], but regarding the engineering problem modeling, they can be generalized and categorized basically 

into two categories in accordance with belonging nature: stochastic uncertainty, someone might say inherent 

randomness; and epistemic uncertainty caused by the deficient knowledge which might be removed to some 

extent by means of more efforts in those particular areas in opposite to the first type which is commonly 

intractable. As long as the above category is acceptable, the uncertainty stem is presented as following [224]: 

1. Inherent randomness. Despite we might be aware of the process and the initial conditions, still no one can 

guarantee what will show up as the outcomes exactly. This sort of randomness can be interpreted as nature 

inherent, and hopefully can quite often be quantified and manageable within the probabilistic models.  

2. Measurement error. As it is obvious from the name, it mirrors the uncertainty caused by the measured 

value of a parameter. To estimate for this type of uncertainty, statistical methods along with several measured 

samples are required, here the related uncertainty is accountable in probabilistic models.  

3. Systematic error. it basically originates from a biased sampling in measurements and is not easy to 

evaluate, therefore, it might be cumulated in the models.  

4. Natural variation. This type of uncertainty belongs to the change in the natural conditions of the system 

and so do the parameters. To quantify the uncertainty caused by the parameters, the possible range and its 

possibilities of the unknown parameter need to be estimated. 

5. Model uncertainty. Owing to the differences between the natural system and models which are the abstract 

of reality, this sort of uncertainty will arise. These differences include ignorance of some less critical 

variables and interactions within the natural system, and moreover, the functions often induce an abstract of 

real processes. In addition, insufficient knowledge in the proposed course can magnify this uncertainty. The 
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accounting procedure of the model parameters is carried out in the same way of natural variation, whereas 

the model structure uncertainty is truly a challenging task to be exercised.    

6. Subjective judgment. This kind of uncertainty occurs since the data are scares or error inclined, the 

interpretation becomes less accurate than the natural system, and as a result, more uncertainty will be 

generated. In reality, distinguishing the system uncertainties into the mentioned category deals with too 

many difficulties, however, knowing the various sources of uncertainty can aid the modeler to rationalize 

and play with these uncertainties.  

All of the numerical models of the grate firing biomass furnaces are almost deterministic, resulting in only 

a single output value respect to each variable, regardless of the uncertainty span or the anticipated variation 

around this single value. However, what if we know this single value would be never guaranteed by the 

model, in reality, owing to the different uncertainty mentioned above. Therefore, needs to use the uncertainty 

methods to take the output variable range into the account becomes crucial. The uncertainty modeling 

techniques have been increasingly developed in recent decades and they cover a wide range of techniques 

consist of probabilistic approaches, possibilistic approaches, hybrid possibilistic-probabilistic approaches, 

optimization approaches, etc. Each of these techniques can be of interest depend on the problem objectives. 

Owing to the type of our research problem and available measured data, as well as the robustness of 

probabilistic methods, the focus will be on this method in the following. 

2.3.1 Probabilistic approach 

This approach is basically assumed that the probability density function (PDF) of the input variables are 

known. Hence, according to this assumption, the most proper PDF, e.g., Weibull and normal PDF, which 

fits the uncertain input variable, is selected to model the input variable instead of fixed values.  

2.3.1.1 Numerical methods 

This method includes different type of Mont Carlo Simulations (MCS), which is of the most frequent and 

precise stochastic approaches by which it is employed since the system is highly complex and nonlinear.  

This can be attributed to the fact that this method is system-size independent. In general, the MCS follows 

the iterative procedure as follows: 

Phase 1: set MCS counter c to 1 

Phase 2: generate a random sample for the vector X by means of the PDF of each input variable xi 

Phase 3: calculate yc using PDF as 𝑦𝑐 = 𝑓(𝑋 ) 

Phase 4: calculate the expected value of y as 𝐸(𝑦) =
∑ 𝑦𝑐𝑐

𝑐
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Phase 5: calculate the variance of y, 𝜎(𝑦) = 𝐸(𝑌2) − 𝐸2(𝑌) 

Phase 6: if stopping criteria is met go to the end, otherwise, set counter c=c+1 

The MCS method is a very powerful method that supports all probability functions and it is relatively easy 

to implement when the problem is non-differentiable and complex. On the other hand, the count of 

simulation will increase as the degree of freedom of the solution space rises, which means more than 

thousands of simulation and millions of computational iterations, and is pondered as the weakness of the 

MCS method as well.  

2.3.1.2 Analytical methods 

This approach models the system and its inputs by means of the mathematical equations such as PDFs and 

fitting the given data to a mathematical expression. The main idea behind the analytical approach is to carry 

out the algebra with PDFs of the random input variables. This approach would be more attractive since the 

complexity of the system is presumed from the small scale up to the middle scale. 

2.3.2 Bayesian method 

A more comprehensive method to tackle with uncertainty is Bayesian model averaging (BMA) by which 

provides us to take advantage of results to replace the specifications in terms of posterior distributions with 

the coefficients and models. The main advantage of the BMA model is to use the prior belief or data about 

the purpose parameters in the uncertainty estimation. BMA became superior in statistics within the mid-90s 

and proceeded in the courses, e.g. economic, biology, ecology, and public health. Here could be said that 

BMA is particularly useful among three individual contexts. BMA is recognized rather informative since 

one wants to evaluate the evidence through two or more competitive measures of the same concept especially 

when there would be considerable uncertainty amongst the input variables. The second application is when 

there is uncertainty through the control variables, BMA can be applied to assess the robustness of the 

estimation in a more systematic way. Lastly, BMA might be used to estimate the impacts of large numbers 

of the possible predictor of an influential dependent variable. The Bayesian theory provides the probability 

of an event given the probability of another event that has already happened, and is mathematically presented 

as follows: 

𝑃(𝑦|𝑋) =
𝑃(𝑋|𝑦) 𝑃(𝑦)

𝑃(𝑋)
 

Where y is class variable and X is observed feature vector of size n which can be described as: 

𝑋 = (𝑥1, 𝑥2,𝑥3,… ,𝑥𝑛) 
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Now, with an assumption of independency between elements of X, we can expand the formula: 

𝑃(𝑦|𝑥1,… ,𝑥𝑛) =
𝑃(𝑥1|𝑦)𝑃(𝑥2|𝑦)…  𝑃(𝑥𝑛|𝑦) 𝑃(𝑦)

𝑃(𝑥1)𝑃(𝑥2)…𝑃(𝑥𝑛)
 

𝑃(𝑦|𝑥1,… ,𝑥𝑛) =
𝑃(𝑦)∏ 𝑃(𝑥𝑖|𝑦)

𝑛
𝑖=1

𝑃(𝑥1)𝑃(𝑥2)…𝑃(𝑥𝑛)
 

𝑃(𝑦|𝑥1,… ,𝑥𝑛) =
𝑃(𝑦)∏ 𝑃(𝑥𝑖|𝑦)

𝑛
𝑖=1

∑𝑃(𝑦)∏ 𝑃(𝑥𝑖|𝑦)
𝑛
𝑖=1

 

𝑃(𝑦|𝑥1,… ,𝑥𝑛) ∝  𝑃(𝑦)∏ 𝑃(𝑥𝑖|𝑦)
𝑛

𝑖=1
 

Recently, Bayesian model has been widely deployed to address uncertainty in input variables and 

measurement, input model, etc. A BMA method was utilized to map the input variables uncertainty on the 

future energy projection model [225]. The authors mentioned that quantification of uncertainty assists in 

predicting the potential energy scenarios and lets an investigation of possible consequences as progressed 

by energy scenarios in a highly uncertain economic, political, end environmental system. To avoid missing 

uncertainty associated with flood inundation, Liu and Merwade [226] applied BMA to combine ensemble 

predictions from variant hydraulic models to create a robust distributional prediction. It was pointed out that 

although BMA does not always outperform the best model in the ensemble, it predicts better than the 

ensemble mean prediction and provides the reliable deterministic flood stage projection. Yen et al. [227] 

applied the normally distributed random noise to the input parameters of a watershed process modeling to 

investigate whether the uncertainty model can perform better. It was concluded that using these random 

noises cannot guarantee the uncertainty model improvement, and should be carefully considered. More 

theoretical discussion on the Bayesian uncertainty method can be found somewhere [228,229]. 

2.4 Research gaps  

From the literature review, the following conclusions and gaps were derived which can be helpful for system 

diagnosis and modification, and the attention could be paid to them in future studies. 

1. From the review of the literature, it can be concluded that the properties of biomass fuels in the 

forms of wood chips, pellets, straw, etc. can vary to a significant extent. Fuel shape, size, and 

composition variability likely to have a further impact on combustion stability and efficiency. It is 

thus recommended to consider these fuel variabilities into the combustion uncertainty.   
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2. The solid particles column in the packed bed continuously moves during the conversion due to the 

particle collapse and bed shrinkage. These collapses significantly influence the local conversion rate 

in the bed, which should be taken into account to increase the accuracy of models.  

3. Heat generation from radiative heat transfer mechanism in the bed was recognized a considerable 

amount based on earlier research especially since the moisture evaporates. Here the particle size has 

the prominent role to play on the absorption of this radiation heat which accelerates drying and 

devolatilization of biomass particles. By virtue of modeling complexity respecting the different 

particle sizes in the packed bed, most models assume the same particle size over the grate and 

consequently, they ignore this radiative effect variation through the models.     

4. Mapping of biomass particle combustion properly to mathematical model involves many challenges 

which of key parameters are thermophysical properties, e.g., specific heat capacity, effective thermal 

conductivity, mass dispersion, etc. These factors must be chosen suitably in order to generate a 

relatively precise model. Nevertheless, these thermophysical properties may not be credible from 

many aspects like an incompatibility between the extracted lab-based model and the purposed 

modeling condition resulting in a meaningful error in some works. Also, the given lab-based models 

are valid in a certain temperature range while it could be in contradiction with the current model 

condition.  

5. Thanks to data science development within many different research areas in recent years, the 

application of data science should be vigorously developed in biomass combustion studies. For 

example, a high-speed infrared imaging tool is able to deliver the pure and accurate data during the 

biomass combustion, and these data could be analyzed and learned using machine and deep learning 

techniques to construct data-driven models.   

6. Apart from the thermochemical properties of biomass conversion, some geometrical characteristics 

of moving grate combustors are still not well recognized. Among all, grate hole arrangement and 

angle, grate to secondary air nozzles span adjustment, and the combustion chamber shape are 

recommended to be studied by a numerical simulation tool from aspects of the mixing rate, pollutant 

emission, and thermal performance. 

7. In the past decade, research has mainly focused on analysis of the biomass combustor performance 

from thermal, chemical and pollutant viewpoints and valuable accomplishments have been reported. 

However, economic analysis of biomass furnace applications such as replacing a fossil fuel boiler 

with a biomass boiler or modification of an existing biomass system has been almost disregarded to 

a large extent. A 3E (energy-economic-environment) analysis of a grate firing boiler using ships or 

hospitals wastes to produce heat and power instead of storage and disposal of them would be a future 

research area. This can particularly resolve the great issue of carrying the garbage by ships during a 

https://dictionary.abadis.ir/entofa/a/accomplishment/
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long journey on seas. By using such a system not only they can get rid of the garbage but also it 

would be a great energy resource instead.  

In what follows in this thesis, items 1, 2, 4, and 7 will be addressed and discussed. A numerical model 

regarding biomass combustion on the moving bed furnace will be developed so that to facilitate the research 

objectives. Mathematical terms and coefficients will have opted for the best match with the experiment. 

Then, fuel composition variability quantified with Bayesian analysis will be deployed in the combustion 

model. An economic analysis of using the biomass boiler for the heating purpose will be completely 

examined. LCA of replacement of coal combustor with biomass-fueled one will show the environmental 

consequences of biomass use.  
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3 Fuel Compositions and Bayesian Method  

 

This chapter aims to quantify the fuel compositions variability taking the advantages of the Bayesian 
probabilistic method. A description of the uncertainties method is given with a focus on the Bayesian method. 
In a laboratory, a set of randomly selected fuel particles are tested to gather the particle compositions data, 
and in the combination of measured data and declared values by fuel supplier, the Bayesian model is formed. 
Thanks to our Bayesian model, the uncertainty interval of fuel compositions is provided and can be applied 
in the numerical model. 

A version of this chapter was published as:” Hosseini Rahdar, M.; Nasiri, F.; Lee, B. Effect of Fuel 
Composition Uncertainty on Grate Firing Biomass Combustor Performance: A Bayesian Model 
Averaging Approach. Biomass Conversion and Biorefinery 2020.” 

 

3.1 Bayesian method 

The Bayesian analysis uses the probability statements to specify the unknown parameters within the 

statistical model. It relies on the assumption that all model parameters are random values based on prior 

knowledge. The Bayes’ theorem is used to build up the posterior distribution of the model parameters which 

is updated from the prior knowledge of model parameters and the observed data about the parameters. Then, 

the formed posterior distribution is used to obtain data such as posterior mean, medians, uncertainty 

intervals, etc. Moreover, every statistical test on the model parameters can be represented in terms of a 

probability distribution based upon the obtained posterior distribution function. Hence, the posterior 

expression is a function of two important terms so-called prior and likelihood distribution.  

Bayesian model perfectly fits the statistical problems with two data set. For the current study as there is a 

data set for predefined fuel composition values and another one for sampled fuel composition, Bayesian is 

an ideal choice in place of other common uncertainty estimator model such as Monte Carlo simulation.  

 

Figure 11. Diagram of Bayesian modeling implementat ion  
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The general form of conditional Bayesian probability rule is as follows: 

𝑝(𝐵|𝐴) =
𝑝(𝐴|𝐵)𝑝(𝐵)

∑𝑝(𝐴|𝐵)𝑝(𝐵)
 (32) 

where A and B are both random variables. 𝒑(𝑩)  gives probability of variable from prior distribution and 

𝒑(𝑨|𝑩) gives the probability of the chosen variable from prior distribution in likelihood distribution. From 

Figure 11, the process begins with the formation of prior and likelihood distribution based upon our prior 

and measured data. Next, a value for the purposed variable is randomly picked from the prior distribution 

and then, is mapped in the likelihood distribution. This process repeats for tons of times to provide a big 

amount of data and using the Eq. 32), the posterior distribution can be created. This posterior model, which 

is highly dependent on the number of measured data to some extent, then it can deliver uncertainty interval 

and the high probably expected value of fuel composition. 

3.2 Experiment on biomass fuels 

For examining the fuel composition uncertainty, 30 samples of the Switchgrass pellet were randomly picked 

from the different pellet bags. The experiments were carried out on a TGA lab thermobalance, which can 

heat up to 1800 K with heating rate range between 0.01 to 50 ℃/min. The pellet samples on the weight of 

33 ×10−6 kg was finely ground and put on the platinum crucible of the TGA apparatus according to ASTM 

E870 (Figure 12). 
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Figure 12. TGA device setup for biomass composition experiment  

 

 The amount of 12 mg of ground fuel is placed on crucible. The experiment was initiated under the inert 

environment of the nitrogen with a rate of 50 mL/min to avoid the ground fuels from oxidation in order to 

specify the moisture and volatile matter concentration. In the end, the experiments were terminated via dry 

air flow 50 mL/min to determine the ash content so as in this way, the fixed carbon can be easily defined by 

subtracting moisture, volatile and ash weight percentage from 100. The rate of temperature change in each 

step was determined as scan rate in Table 15. 

Table 15. Temperature evolution progress in the TGA experiment 

Step 1 2 3 4 5 6 7 8 9 10 11 12 13 

Tstart (K) 303 343 363 378 378 418 418 773 773 873 873 873 973 

Tend (K) 343 363 378 378 418 418 773 773 873 873 873 973 973 

Scan rate (K/min) 30 15 2 0 10 0 10 0 20 0 0 20 0 

Time (s) 80 80 450 1800 240 600 2130 3600 300 600 2400 300 600 

Reactant N2 N2 N2 N2 N2 N2 N2 N2 N2 N2 Air Air Air 

 

Referring to Table 15, the steps 1 to 4 were implemented to obtain the moisture content followed by the 

steps 5 to 10 regarding the volatile matter determination, and finally, the ash content of biomass particles 

was achieved through the steps 11 to 13. Indeed, within these steps, the other thermal properties of the fuel 

can be specified which are out of the scope of this section. During the experiments, the samples were 

weighted in the crucible as they are uniformly spread to diminish the measurement error in addition to the 

ignorance of the particle thermal gradient owing to the fine particle size. 
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Table 16. Measured compositions (Moisture, volatile, carbon and ash) 

Sample 

# 

Measured data  

M% V% C% Ash%  

1 8.5 65.98 22.52 3  

2 9 69.44 19.05 2.51  

3 11 63.09 21.39 4.52  

4 10.55 66.34 20.52 2.59  

5 11.51 63.92 18.57 6  

6 13.11 63.37 21.52 2  

7 12 60.88 23.59 3.53  

8 14 62.41 17.59 6  

9 9.55 66.95 20 3.5  

10 13.32 61.6 19.57 5.51  

11 12.01 62.33 19.25 6.41  

12 11.87 64.8 20.41 2.92  

13 13.2 59.24 21.12 6.44  

14 12.24 60.1 21.34 6.32  

15 11.21 66.85 18.97 2.97  

16 10.87 64.9 19.28 4.95  

17 10.12 63.95 20.17 5.76  

18 10.98 64.6 21.11 3.31  

19 9.81 62.73 21.34 6.12  

20 12.05 65.6 20.43 1.92  

21 11.36 61.2 20.61 6.83  

22 12.14 63.78 19.71 4.37  

23 13.15 65.32 18.99 2.54  

24 11.36 62.57 20.54 5.53  

25 12.17 61.4 21.32 5.11  

26 10.25 62.08 20.97 6.7  

27 11.09 64.53 19.87 4.51  

28 10.98 63.33 21.87 3.82  

29 11.37 67.61 18.77 2.25  

30 10.58 65.35 20.39 3.68  

The ground sample was heated up on 378 K in the nitrogen environment once a constant weight was 

obtained. The lost weight was considered as moisture content (M%) which can be achieved through the 
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following relation: 100 ×
(𝑚1−𝑚2)

𝑚1
, where 𝑚1is initial fuel weight and 𝑚2 the constant weight of sample at 

378 K. Similarly, volatile matter (V%) was determined using sample weight difference on the steps 5 and 

10 in the nitrogen atmosphere using the formula: 100 ×
(𝑚2−𝑚3)

𝑚1
, where the 𝑚3 means the fuel mass by 873 

K. The remaining inorganic mass after complete combustion was measured as the ash weight (𝑚4), so the 

ash content (Ash%) was calculated via 100×
(𝑚4)

𝑚1
. Consequently, the fixed carbon (FC) was calculated 

using 𝐹𝐶 = 100 − (M%+V%+ Ash%). The measurement results of samples are shown in Table 16, 

based on the composition content including moisture, volatile, char, and ash. In the next section, these data 

will be utilized to address the fuel composition uncertainty.   

Table 17. Declared primary biomass pellet characteristics by supplier 

Moisture (%) Volatile (%) Fixed carbon (%) Ash (%) HHV 

9 67 22 2 18.72 

C (%) H (%) O (%) N (%) S (%) 

44.49 5.25 42.4 1.28 0.29 

 

3.3 Uncertainty estimation 

On the BMA method basis, the prior and measured data are employed to achieve a credible interval of 

uncertainty for each fuel composition separately. Here the prior function is obtained according to prior given 

data from fuel supplier which reported in Table 17. Since no fuel characteristic deviation was reported by 

the supplier, it is supposed as one percent for each composition. Then, the likelihood function will be counted 

using the measured data, Table 16, and a posterior function will be presented by Eq. (32). 

  

(a) (b) 
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(c) 

Figure 13. Prior, likelihood and posterior distribution of (a) moisture content, (b) volatile matter, and (c) char 

based on Bayesian model 

  The standard deviation interval of each composition, which is used to phase in the possible range of 

compositions values, is estimated using the Bayesian analysis. These intervals are governed in combustion 

model as the fuel composition inputs which results in an output range instead of the spot results. Table 18 

sorts out the mean value and that of the standard deviation for the moisture, volatile, and char content in fuel 

samples derived from obtained posterior function. The prior, likelihood and posterior curves for each fuel 

composition are visualized through Figure 13. 

 

 

 

 

Table 18. Mean and standard deviation for moisture, volatiles and char composition 

Composition Mean Standard deviation 

Moisture 11.25 0.25 

Volatiles 64.34 0.45 

Char 20.43 0.30 

Ash 3.98 0.25 
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4 Numerical Modeling of Combustion  

 

This chapter describes the numerical model for moving grate biomass combustion. First, the boundary of 
the intended system is defined followed by chosen mathematical models of conversion sub-processes; drying, 
devolatilization and char combustion. Initial and boundary conditions of bed are deliberately described. 
Finally, the combustion model is integrated with fuel composition uncertainty, and the solution algorithm is 
introduced.  

4.1 Background 

A comprehensive combustion modeling of an industrial biomass furnace consists of reaction processes into 

the packed-bed and the overbed region. The bed conversion process which occurs on the moving grate is a 

daunting phenomenon due to the heterogeneous reactions and nature of solid biomass fuels accompanied by 

the intensive heat and mass transfer in the solid and gas phase. Contrarily, within the overbed zone, 

homogeneous reaction of gas species occurs, and simulation of the process deals with less complexity than 

the bed zone conversion. The schematic configuration of the moving grate biomass furnace is illustrated in 

Figure 14. This research mainly focuses on the modeling of solid-gas phase bed conversion although the gas 

reaction properties in the overbed zone are fairly considered in order to quantify the effect of biomass 

compositions variability on furnace outputs.    

 

Figure 14. Schematic of the moving grate biomass combustor with the reacting fuel bed 
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A one-dimensional transient model so-called walking column method is deemed for simulation of fuel bed 

conversion. Three heat transfer mechanisms consisting of radiation, convection and conduction, drive the 

conversion process while it is accelerated by chemical reactions inside the particles from a certain step. The 

radiation mechanism dominates the conversion for the particles on the bed surface until the moment of char 

combustion initiation, and from this moment the chemical reaction of carbon sways the process. A thin layer 

of reaction zone maintains on the bed top, and it quickly propagates to the grate surface when the char 

combustion is triggered for the surface particles. For the thick layer of fuels under the reaction zone, 

conduction and conversion mechanisms dominantly control the heat transfer so that convection is the 

controlling mechanism at the drying phase whereas conduction sways heat transfer at the rest of the process. 

Figure 15(a) demonstrates the existing heat transfer mechanisms inside the bed in which the radiation 

between particles is overlooked in the model. Since the surrounding particles in the bed are in the close 

temperature, ignorance of mechanism 3 would not cause a meaningful dispersion.  

  

(a) (b) 

Figure 15. Modeling perception in terms of continuous medium approach in a moving grate combustor; (a) heat 

transfer mechanisms within the bed, (b) process simulation in walking column  

In the system-scale, however, a narrow walking column is analyzed in 1D vertical space and the other 

direction is mapped out via time. Figure 15(b) portrays how the walking column is split to small cells, and 

each cell is simulated via approach presented in Figure15(a). The solid phase of cells including moisture, 

volatiles, and char is converted to gases over time until all mass turns in gas. Following assumption have 

been made for the bed combustion modeling: 

 The reaction in the bed only occurs along the vertical direction and horizontal gradient is negligible, 

so the assumption of one-dimensional modeling is credible. 
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 The fuel ignitor is installed in the overbed zone and the reaction front develops toward the grate. 

 The fuel properties along the width direction of the bed are propagated uniformly so modeling in 

that direction is out of interest.  

 The gas behaves such as ideal gases. 

 The gas-phase species are presumed to be CO, CO2, O2, H2, H2O, CH4,C6H6, NH3, HCN and N2. 

 The particles are thermally thin. 

 The solid phase momentum is negligible. 

 

Figure 16. A simplified biomass bed conversion perspective 

4.2 Conversion process 

4.2.1 Drying 

Drying is an endothermic process occurring in the vicinity of the boiling point dominantly under the diffusion 

mechanism (Figure 16). The heat balance model is selected to simulate the drying process in this work due 

to its ability to follow the trend of evaporation process. The effect of overheat is addressed in this model by 

adding coefficient of 0.5 so that only a part of the heat is exploited to evaporate the existing moisture and 

the rest will increase particle temperature [122]. 

𝑑𝜌𝑀
𝑑𝑡

= {−0.5
𝜌𝑝𝐶𝑝(𝑇𝑠−𝑇𝑒𝑣𝑎𝑝)

𝐿𝐻 ∆𝑡 
 ,   𝑇𝑠 ≥ 𝑇𝑒𝑣𝑎𝑝

0                               𝑂𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

 

 

(33) 
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4.2.2 Pyrolysis and decomposition 

Since the volatile matters compose most of the biomass content, the devolatilization step is important among 

the whole conversion process. The experiments have revealed that the pyrolysis is a wide series of interlinked 

reactions in which only one kinetic expression is not able to sufficiently model the behavior of these 

reactions. Here the pyrolysis is modeled using the three parallel reactions approach. Then, the total mass 

loss of particles during the pyrolysis reaction is the summation of all three reactions. At the end of the 

pyrolysis reaction, the particle will convert to the char but, it is not the only source of existing char in this 

step but, some part of tar converts to char as well as (Figure 17).  

 

Figure 17. Devolatilizat ion and char reaction mechanisms  

Referring to the general formula in Eq. (11), the devolatilization rate is obtained via summation of Arrhenius 

terms given in Table 19. Based on the pyrolysis rate, mass fraction converting to the char is calculated using 

the Eq. (41). 

Table 19. Arrhenius kinetic rate of devolatilizat ion and char combustion 

# Kinetic reaction model  

𝑘𝑉 ,1 1.44 × 104exp (−88.6 × 103/𝑅𝑇𝑠 ) (34) 

𝑘𝑉 ,2 4.13 × 106exp  (−112.7 × 103/𝑅𝑇𝑠) (35) 

𝑘𝑉 ,3 7.38 × 105exp  (−106.5 × 103/𝑅𝑇𝑠) (36) 

𝑘𝐶 ,1 4 × 103exp (−8 × 104/𝑅𝑇𝑠) (37) 

𝑘𝐶 ,2 3.6 × 104exp  (−1.76 × 108/𝑅𝑇𝑠) (38) 

𝑘𝐶 ,3 3.42exp (−1.297 × 108/𝑅𝑇𝑠) (39) 

Ω𝐶  2(1 + 4.3 exp(−3390/𝑇𝑠))

2 + 4.3exp(−3390/𝑇𝑠)
 (40) 

To determine the amount of volatile species released from the reacting biomass particle, mass fraction of 

each particular element is deemed according to the experimental results [230]. The corresponding source 

term of the gas phase species is known by means of Eq. (42) when the mass fraction of them was obtained. 
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In course of tar, it is assumed to be benzene with chemical formula C6H6 and LHV 26 MJ/kg [231], in 

addition, heat reaction of pyrolysis is approximated to take 300 kJ/kg [232]. 

𝑌𝑉,𝐶 =
𝑘𝑉,3

∑ 𝑘𝑉,𝑖
3
𝑖=1

 (41) 

𝑆𝑉,𝑘 = −𝑌𝑉,𝑘
𝑑𝜌𝑑𝑟𝑦

𝑑𝑡
 (42) 

4.2.3 Char oxidation and gasification 

Since the volatile matters escape from particle mass, the char is formed which instantly begins to react with 

oxygen on the mass surface resulting mainly in CO and CO2 as depicted in Figure 16. Despite the char 

contains a small amount of oxygen, hydrogen, and nitrogen, it is assumed that the char is pure carbon by 

which this simplification is in the sacrifice of very small dispersion. During the char burnout, the density of 

the char is presumed to remain constant over the whole particle volume. In this work, the heterogeneous 

reaction of char with the gaseous is considered to occur by means of three parallel reactions and the reaction 

of char with the hydrogen is easily neglected for simplicity. Please refer to Figure 17 for the intended 

reactions, and as it is obvious in the reactions, CO and CO2 are the major reaction products. Kinetic rate of 

these three reactions is sorted in Table 19 along with the stoichiometric coefficient of the char oxidation. 

The effective char conversion rate relies on the chemical reaction rate and on the diffusion rate to the particle 

surface as well. This simplified model ignores the decaying effect of gasification while it moves toward the 

fuel interior which this simplification has a tiny deviation compare to the intrinsic model. As the pyrolysis 

and char reaction overlap in thermally thick particle, in this course, the volatile emission decays the diffusion 

of the reactants to the particle, and therefore, the parameter 𝑓𝑏 is assigned to address this.  

𝑑𝜌𝐶,𝑗

𝑑𝑡
= −𝑓𝑏𝑀𝐶Ω𝐶𝑘𝑒𝑓𝑓,𝐶,𝑗 (43) 

𝑘𝑒𝑓𝑓,𝐶,𝑗 = 𝐴𝑠𝑝
𝑘𝐶,𝑗ℎ𝑚,𝑖

𝑘𝐶,𝑗 +ℎ𝑚,𝑖
𝐶𝑖 (44) 

𝑓𝑏 = 1 −
𝜌𝑠
𝜌𝑠,0

 (45) 

𝑆𝐶,𝑘𝑗 = Ω𝑘,𝑗
𝑀𝑘
𝑀𝐶

𝑑𝜌𝐶,𝑗

𝑑𝑡
 (46) 
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where j is count for char reactions, i is reactant O2, CO2, and H2O, Ci means the molar concentration of the 

reactant, 𝑆𝐶,𝑘𝑗 is the gas phase source term corresponding to the char consumption, 𝑀𝑘  and 𝑀𝐶 are molecular 

weight of the species and carbon, respectively. The mass transfer coefficient ℎ𝑚 can be calculated in 

associated with the diffusion coefficient as follows: 

ℎ𝑚 =
Sh𝐷𝑓

𝑑
 (47) 

𝐷𝑓 = 3.49𝑑 (
𝑇𝑚
1600

)
1.75

 (48) 

where Sh, 𝐷𝑓, 𝑑 are the  Sherwood number, diffusion coefficient (cm2/s), and particle diameter (cm) 

respectively. The Sherwood number which is the ratio of the convective mass transfer over the mass 

diffusivity represents the effectiveness of the mass convection at the surface and is a function of Reynolds 

(Re) and Schmidt (Sc) number as well.    

 Moreover, the reaction heat associated with each endothermic and exothermic conversion reaction including 

drying, pyrolysis and the char oxidation is given in Table 20, and consequently, the total heat source of 

conversion can be obtained as follows: 

𝑆𝑄,𝑠 =∑∆𝐻𝑟,𝑗
𝜕𝜌𝑠,𝑗

𝜕𝑡
𝜌𝑠

 , 𝑗 = 𝑑𝑟𝑦𝑖𝑛𝑔,𝑝𝑦𝑟𝑜𝑙𝑦𝑠𝑖𝑠, 𝑐ℎ𝑎𝑟 𝑏𝑢𝑟𝑛𝑖𝑛𝑔 (49) 

Table 20. Reaction heat of evaporation, pyrolysis, and char oxidation  

Reaction heat Value 

𝐻𝑚𝑜𝑖𝑠  −2.2465 × 106  

𝐻𝑉1−3 −3 × 105  

𝐻𝐶1  −14.3833 × 106 

𝐻𝐶2  −10.95 × 106 

𝐻𝐶3  (2(Ω𝐶 −1)9.8 × 10
6 + (2 − Ω𝐶)33.1 × 10

6 )/Ω𝐶 

Lumping the above coefficients and sub-models into the governing equation mentioned in Table 11 forms 

the system of partial differential equations which simulates the conversion of solid fuels inside the bed. 

Through these equations, 𝑆𝑟𝑒𝑎𝑐 is drying/devolatilization/char combustion rate, 𝑆𝑔 is set to zero, 𝑆𝑔,𝑖  is 

generation/consumption rate of gaseous species, 𝑆𝑠 means heat absorption/generation during 

drying/devolatilization/char combustion processes, 𝜙 the bed void fraction, 𝑌𝑖 is species mass fraction. Table 

21 displays the other gas and solid fuel characteristic functions and coefficients employed in the governing 

equations in this work.  
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Table 21. Arrhenius kinetic rate of devolatilizat ion and char combustion 

Property  Value Ref. 

Gas heat capacity, 𝐶𝑝,𝑔  (0.99 + 1.22 × 10−4𝑇𝑔 − 5.68 × 10
3𝑇𝑔

−2)× 103  [153] 

Gas viscosity, 𝑣𝑔  (m/s)  0.15 [98] 

Gas thermal conductivity, 𝜆𝑔  4.8 × 10−4𝑇𝑔
0.717 [98] 

Solid heat capacity, 𝐶𝑝,𝑠  ∑ 𝑌𝑘𝐶𝑝,𝑘𝑘  ,  k=drying, pyrolysis, char burning [122] 

Effective solid conductivity, 𝜆𝑒𝑓𝑓  ∑ 𝑌𝑘𝜆𝑘𝑘  ,  k=drying, pyrolysis, char burning [122] 

Bed void fraction, 𝜙  0.42 [122] 

Emissivity, 𝜔  0.85 [122] 

diffusion coefficient, m2/s  𝐷𝐻2𝑂−𝑎𝑖𝑟 0.219 [233] 

 𝐷𝐻2−𝑎𝑖𝑟  0.611 [233] 

 𝐷𝐶𝑂2−𝑎𝑖𝑟  0.138 [233] 

 𝐷𝐶𝑂−𝑎𝑖𝑟  0.162 [233] 

 𝐷𝐶𝐻4−𝑎𝑖𝑟  0.196 [233] 

 𝐷𝑂2−𝑎𝑖𝑟  0.178 [233] 

 𝐷𝐶6𝐻6−𝑎𝑖𝑟  0.119 [233] 

Updating term 
𝐷𝐴𝐵 =  𝐷𝐴𝐵,𝑟𝑒𝑓 (

𝑇𝑔

𝑇𝑟𝑒𝑓
)1.75 

[234] 

shrinkage 

𝑉

𝑉0
= 1 − 𝑎1(𝑀0 − 𝑀) − 𝑎2(𝑉𝑀0 − 𝑉𝑀) − 𝑎3(𝐶0− 𝐶) 

𝑎1 = 0.1, 𝑎2 = 0.15, 𝑎3 = 0.75 

[142] 

 

Table 22. Conservation equations regarding the solid and gas phase of fuel packed bed conversion  

Gas-phase governing equations  

Mass 
𝜕

𝜕𝑡
(𝜙𝜌𝑔 ) + ∇(𝜙𝜌𝑔𝑣𝑔 ) = 𝑆𝑚𝑜𝑖𝑠 + 𝑆𝑣𝑜𝑙 + 𝑆𝑐ℎ𝑎𝑟 

Momentum 𝜕

𝜕𝑡
(𝜙𝜌𝑔𝑣𝑔 ) + ∇(𝜙𝜌𝑔𝑣𝑔𝑣𝑔) = −∇𝑃𝑔 + 𝐹(�̅�𝑔 )  
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Energy 𝜕

𝜕𝑡
(𝜙𝜌𝑔 𝑐𝑝,𝑔𝑇𝑔) + ∇(𝜙𝜌𝑔𝑣𝑔 𝑐𝑝,𝑔𝑇𝑔) = ∇(𝜆𝑔∇𝑇𝑔) + ℎ𝑆(𝑇𝑠 − 𝑇𝑔) + 𝑆𝑔  

Species 𝜕

𝜕𝑡
(𝜙𝜌𝑔𝑌𝑖)+ ∇(𝜙𝜌𝑔𝑣𝑔𝑌𝑖)= ∇(𝜙𝜌𝑔𝐷𝑔,𝑖∇𝑌𝑖) + 𝜙𝑆𝑔,𝑖 

Solid-phase governing equations  

Mass 𝜕

𝜕𝑡
((1 − 𝜙)𝜌𝑠) = −𝑆𝑚𝑜𝑖𝑠 − 𝑆𝑣𝑜𝑙 − 𝑆𝑐ℎ𝑎𝑟 

Energy 𝜕

𝜕𝑡
((1 − 𝜙)𝜌𝑠 𝑐𝑝,𝑠𝑇𝑠) = ∇. (𝜆𝑒𝑓𝑓∇𝑇𝑠 ) + ℎ𝑆(𝑇𝑔 − 𝑇𝑠) + 𝑆𝑠 +𝑆𝑟𝑎𝑑  

 

4.3 Gas phase reactions 

Outflowing gas species from solid fuel conversion are presumed to be CO, CO2, CH4, H2, H2O, C6H6, NH3 

and HCN which some react with oxygen mainly in the overbed zone. Homogeneous gas-phase reactions 

[201] together with the corresponding enthalpy of reaction are presented in Eqs. (50-53). The overbed gas-

phase reactions along with the char combustion reaction inside the bed eventually form the source of heat 

generation in the combustion chamber. It must be noted that the share of primary and secondary air from 

total air flow is 40% and 60% respectively.  

𝐻2 +
1

2
𝑂2 → 𝐻2𝑂  

∆𝐻 = −241 .82 [𝑘𝑗/𝑚𝑜𝑙] (50) 

𝐶𝐻4+
3

2
𝑂2 → 𝐶𝑂 + 2𝐻2𝑂  

∆𝐻 = −464 .395 [𝑘𝑗/𝑚𝑜𝑙] (51) 

𝐶𝑂 +
1

2
𝑂2 → 𝐶𝑂2 

∆𝐻 = −283  [𝑘𝑗/𝑚𝑜𝑙] (52) 

𝐶6𝐻6+
9

2
𝑂2 → 6𝐶𝑂 + 3𝐻2𝑂  

∆𝐻 = −1471.29 [𝑘𝑗/𝑚𝑜𝑙] (53) 

Useful output heat of the combustor can be calculated using Eq. (6) where 𝑁𝑓is mole of fuel, ℎ𝑠 ,𝑓 sensible 

enthalpy of fuel, ℎ𝑠,𝑖 sensible enthalpy of each products, ℎ𝑓𝑔latent heat of water vapor, and 𝑞𝑙𝑜𝑠𝑠  is heat 

leakage [235]. It is assumed that flue gases leave the stack at the temperature 400 K. 

𝑞 = ℎ𝑠,𝑓 + 𝐻𝐻𝑉 +
𝑁𝑎𝑖𝑟

𝑁𝑓
ℎ𝑠,𝑎𝑖𝑟 −∑

𝑁𝑖

𝑁𝑓
ℎ𝑠,𝑖 −

𝑁𝐻2𝑂

𝑁𝑓
ℎ𝑓𝑔 −

𝑞𝑙𝑜𝑠𝑠

�̇�𝑓

𝐼

𝑖=1

 (54) 
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4.4 Solution algorithm 

Eventually, the governing equations of the solid and gas phase from Table 22 are handled to mathematically 

portray biomass conversion in the moving bed. The solution algorithm for numerical model of combustion 

considering the uncertainities in biomass compostion is presented in Figure 18. The model is implemented 

in the Python software, where the conservation equations are discretized using finite difference methods 

(FDMs).  

FDM is a well-documented method which suitably fits the simple geometries. A fully implicit scheme BTCS 

is picked to resolve the energy equation for solid phase (heat equation), upwind scheme for gas-phase mass 

and momentum equations using backward difference in time and central difference in space and finally, an 

upwind scheme for gas-phase energy and species equations (advection-diffusion equation) using backward 

difference in time, forward difference in first-order derivative term and central difference for second-order 

derivative term. Although the selected schemes are unconditionally stable, the accuracy of the solution will 

be protected by choosing the proper step size. Varied time steps (10-2 to 10-3 s) were picked along with 100 

grid cells to simulate the conversion process in the bed. As most elements of the time-space matrix were 

zero, a sparse matrix method was used to speed up the solution procedure. 
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Figure 18. Solution algorithm of biomass combustion integrated with uncertainty model in terms of composition  

variability  
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5 Results and discussion 

 

In this chapter, after validation of the model, results of the research are presented in three sections. In the 
first section, the model is employed to evaluate the biomass boilers operation under the three most common 
fuels from thermal, economic, and environmental views. In the next section, the variability of fuel 
composition is measured via TGA experiment, and relevant standard deviation is governed in the model to 
gauge combustion uncertainty for two different biomass fuels; bamboo chips and biomass pellets. In the last 
section, the developed Bayesian model is applied in order to take advantage of prior fuel data in addition to 
the measured data so that the operational system deflection from the theoretical one is addressed.   

5.1 Model validation 

The model was validated by practicing the temperature evolution and mass loss profile of fuel packed bed 

versus two earlier published experiments depicted in Figure 19. Profile of the temperature growth on the bed 

surface was simulated using the developed model based upon the given initial and boundary conditions of 

the packed bed experiment by Porteiro et al. [68]. Furthermore, the model was validated against another 

experimental result of mass loss presented within a work by Mahmoudi [236]. The validation results prove 

a quite good agreement between the developed model prediction and the experiments. The predicted 

temperature and mass loss profile follow the trend of the experiments results qualitatively and quantitively 

well, despite small deviation which can be attributed to the inherent errors in the modeling, model 

assumptions as well as the measuring errors. 

  

(a) (b) 

Figure 19. Validation of the model versus the experiments; (a) Ref [68], (b) [236] 
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The dispersion between temperature profile of the experiments and model prediction can be interpreted as 

in reality the fuel moisture resided inside the particle pores absorbs the most of heat coming from the overbed 

zone. In this situation the inside particle temperature increases while outer surface temperature which the 

thermocouple measures that does not increase at the same rate as inside. However, our continuous medium 

approach as shown in Figure 15, models the solid and gas phase of particles as a separate homogenous 

medium which evenly reflects temperature evolution even in the drying step. 

5.2 Summary of the results 

The results of the thesis are demonstrated in a paper-based format within four variant sections. In the first 

section, a comprehensive analysis of a moving grate boiler fed by three routine waste-based fuels, namely 

biomass pellet, wood waste, and refuse-derived fuel (RDF), is conducted. In the second section, the standard 

deviation of bamboo chips and biomass pellets composition obtained directly from TGA experiment is 

deployed in order to evaluate the combustion properties' uncertainty. Thirdly, the measured data are trained 

in the developed Bayesian model to generate a massive data set of fuel compositions, then biomass boiler 

operation under the uncertainty condition would be investigated. Lastly, an optimal availability-based 

maintenance plan regarding a vibrating-grate biomass boiler is proposed to cut the number of maintenance 

tasks down whereas the system availability remains in the desired region.  

5.2.1 Comparative analyses of variant types of biomass in grate bed boiler 

A version of this section was submitted as: “Hosseini Rahdar, M.; Nasiri, F.; Lee, B. Comparative 

Thermo-economic and Environmental Analysis of Biomass pellet, Wood Waste and Refuse Derived Fuel 

in Grate Bed Biomass Boilers. Sustainable Energy Technologies and Assessments, 2020.” 

Background 

Within the literature, heat generation from biomass boilers is almost always accounted via simplified 

empirical equations in a black-box mode while this approach only provides a weak estimation without 

identifying detail of the process. Heat generation from a moving grate biomass boiler fed with three routine 

waste-based fuels, namely biomass pellet, wood waste, and refuse-derived fuel (RDF), is carefully 

determined via a developed one-dimensional transient numerical model. This comparative study not only 

comprehensively dissects the system performance under each working fuel condition but facilitates 

adjustment of system setups regarding each fuel scenario. Furthermore, to illustrate the long-term 

environmental and economic impact of system operation with each fuel, Life Cycle Analysis (LCA) and 

Life Cycle Costing (LCC) are conducted. It should be highlighted that grate firing boilers can concurrently 

burn different fuel types such as what is applied in this study, in consequence, the results of this article can 

practically help boiler users to regulate their system for different fuel types.  
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Thermochemical analysis 

variant biomass fuel types including biomass pellets, wood waste, and RDF are examined in a grate firing 

biomass boiler. Fuel composition characteristics together with corresponding stoichiometric air ratio and 

particle density are represented in Table 23 [197,237,238]. A biomass boiler with a bed height of 20 

centimetres, a grate length of 2 metres, and an initial overbed temperature of 1250 K were applied in this 

study. This overbed temperature is an initial estimation of overbed temperature and would be updated during 

the calculation. It would also converge to the actual value as combustion proceeds. The primary air 

temperature was set on 100℃ to accelerate drying.  

 

Table 23. Fuel properties and stoichiometric air-fuel ratio 

 Biomass pellet Wood waste  RDF 

C, %wt 44.49 33.32  43.00 

H, %wt 5.25 4.09  5.30 

O, %wt 42.4 41.3  32.68 

N, %wt 1.28 1.39 - 

Fixed carbon, %wt 22 11.99 6.9 

Volatiles, %wt 67 47.44 61.8 

Moisture, %wt 9 26.1 17.9 

Ash, %wt 2 14.47 13.4 

Density, kg/m3 1000 714 810 

Stoichiometric air 5.51 4.38 6.59 

Bed height, cm 20 20 20 

HHV, MJ/kg 18.72 13.58 14.60 

The fuel properties are used within the developed model in order to compare the combustor’s properties 

under different feeding fuel conditions. The temperature contour of the fuel bed conversion for each fuel is 

shown in Figure 20. The reaction front in moving grate boilers with cross-current flow regime propagates 

from bed surface downward the grate (the first phase), and then inversely from the grate toward the surface 

of the bed until the fuels would be completely burned (the second phase). The first phase of reaction front 

for the system fed with biomass pellets finished earlier, by 11 minutes, compared to other fuel options by 15 

and 18 minutes for wood waste and RDF respectively. This can be attributed to the fact that biomass pellets 

contain less moisture content than the other two fuels. In the second phase, however, fuel with less fixed 

carbon content experiences a shorter conversion time. Furthermore, it can be concluded that the maximum 
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temperature inside the fuel bed has a direct correlation with the fixed carbon content of the fuel. From the 

system adaptation view, since the complete combustion of biomass pellets, wood waste, and RDF requires 

42.8, 35.23, and 34.56 minutes correspondingly, for a grate length of 2 metres, the grate velocity must be 

regulated by 0.77 mm/s, 0.94 mm/s, and 0.96 mm/s respectively. Moreover, as drying, pyrolysis and char 

oxidation happen in different lengths of the grate, the primary air distribution should be updated by the wind-

box mechanism under the grate in order to speed up the conversion process inside the fuel bed. According 

to Yin et al. [17,193], about 40% of primary air is injected to the fuel bed from grate opening until complete 

volatile decomposition, and the rest of air is distributed between middle and last zone with a ratio of 2:1. In 

the utilized biomass combustor, three equal wind-boxes are equipped under the grate in which the primary 

air is distributed for efficient conversion. Here Table 24. is proposed in order to adapt the primary air 

distribution of biomass bed regarding each waste fuel.   

Table 24. Primary air distribution of biomass combustor for different fuels  

 Zone 1 Zone 2 Zone 3 

Biomass pellets 40% 40% 20% 

Wood waste 25% 50% 25% 

RDF 20% 55% 25% 

 

 

 

(a) 
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(b) 

 

(c) 

Figure 20. Contour of solid temperature for combustion of: (a) biomass pellets, (b) wood waste, (c) RDF 

To elaborate on the mass loss of each proposed fuel during the combustion process, dashed-line profiles in 

Figure 21. are referred to. From the figure, it is clear that despite the lack of similarity between the bed decay 

of wood waste and RDF, the mass loss behavior is quite similar, while the biomass pellet shows a different 

trend. The mass-loss rate of wood waste and RDF in drying stage outperform biomass pellet because of less 

fuel particle density, nevertheless, as the moisture content of biomass pellet is far less than others, its 

devolatilization stage is triggered earlier and consequently, its mass loss dominates two other ones for a few 

minutes. In the final stage that char starts to burn out, again, wood waste and RDF mass loss surpass the 

biomass pellet, owing to less density and fixed carbon content.  

Solid particle temperature profiles of bed surface regarding each biomass fuel are shown in Figure 21., in 

which it demonstrates the decelerating effect of moisture content on temperature evolution. Due to the fact 

that biomass pellets include less moisture and more char content, the temperature rise takes place in the 

shorter grate length and results in higher heat generation per grate length for pellets which will be quantified 

later on.  
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Figure 21. Mass loss (dashed-line) and temperature evolution (solid line) profiles  of thethree fuels 

 

Figure 22. Volumetric concentration of emitting gases from fuel bed  

Volumetric concentration in terms of mole per hour for all emitting gas from the moving fuel bed is 

illustrated as Figure 22. Higher water vapor of the wood waste and RDF than the pellets was expected due 

to more moisture content in the fuel. Carbon monoxide outflowing rate for RDF dominates one for wood 

waste which can be interpreted by higher volatile matter whereas carbon dioxide rate originating from fixed 

carbon content was inversely higher for wood waste. Among the emitting gas species from fuel bed 

conversion, CO2 and H2O remain neutral and other combustible gases react with oxygen and together with 

heat flux from char oxidation form the heat source in the system. It is assumed that flue gases leave the stack 

at the temperature 400 K. 

According to the outcomes, the useful heat flux per kg of the wet biomass pellets was obtained 15.282 MJ 

while it lowered by 32% and 30% for wood waste and RDF respectively. It must be noted that water vapor 
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is not condensed within the combustor which wastes a notable amount of heat. Taking the conversion rate 

of each fuel into the account given in Table 25., annual heat generation from the proposed system was 

attained at 548 GJ for biomass pellets, contrasted with 48% and 35% lower in terms of wood waste and 

RDF. It was similarly concluded that for complete combustion of biomass pellets, a residence time of 42.8 

minutes must be accounted for, and it must be updated when wood waste or RDF are deployed.  

Gas species concentration emitted from the bed reactions are taken to find flame temperature of overbed 

zone via a black-box method. For a stoichiometric combustion, adiabatic flame temperature is presented for 

each fuel in Table 25. Due to the high air infiltrations rate in moving bed biomass boilers, flame temperature 

is much lower than stoichiometric condition in practice. According to the literature [202,239], excess air 

coefficient usually changing between 1.2-3 for such systems, the total excess air ratio of 2 is utilized  here. 

This unwanted excess air causes significant heat loss through the combustion chamber. Although applying 

a screw feeder can mitigate this, it still poses a great challenge against moving bed combustor. Less flame 

temperature of pellets to other fuels can be attributed to higher CO/H2 ratio  because the hydrogen flame 

temperature is almost 200℃ higher. 

Table 25. Operational characteristics of the heating system for each fuel 

 biomass pellets wood waste RDF 

Heat generation, MJ/kg 15.282 10.379 10.569 

Conversion rate, kg/h 4.10 3.107 3.84 

Annual energy generation, GJ/annual 548.868 282.488 355.524 

Maximum bed temperature, K 1396 1276 1249 

Residence time, min 
42.8 35.23 34.56 

Stoichiometric flame temperature, K 
1900 1915 1970 

Flame temperature with 100% total excess air, K 
1477 1490 1537 

 

Economic analysis 

Economic analysis with a focus on the annual cost (AC) and internal rate of return (IRR) for the proposed 

system in terms of each fuel scenario is carried out. Cost of producing heat from the proposed fuels depends 

on system capital cost (Cc), installation cost (Cin), fuel storage cost (Cst), fuel cost (Cf), electricity cost (Cel), 

maintenance cost (Cm), unseen cost (Cun), and salvation cost (Cs) which is the income at the end of system 

lifetime associated with equipment disposal. Table 26 displays the relevant values regarding the foregoing 

parameters for the 25 kW biomass boiler which can be updated via Eq. (55) for variant system size [240–

243]. 
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Table 26. List of breakdown costs for biomass boiler heating system 

cost type description cost ($) 

Capital cost, Cc 25 kW biomass boiler and accessories  13800-15300 

Installation cost, Cin piping, pumps, valves , and labors, etc. 9000-11500 

Fuel storage cost, Cst outdoor storage room 1000-2000 

Fuel cost, Cf biomass pellet 

wood waste 

RDF 

150/ton 

90/ton 

70/ton 

Electricity cost, Cel boiler electricity usage 40/month 

Maintenance cost, Cm cleaning and non-technical maintenance 0.01* (𝐶𝑐+ 𝐶𝑖𝑛 + 𝐶𝑠𝑡) 

Unseen cost, Cun system design and loss risks, etc. 0.01* (𝐶𝑐+ 𝐶𝑖𝑛 + 𝐶𝑠𝑡) 

Salvation cost, Cs system disposal 0.05*𝐶𝑐 

 

𝐶 = 𝐶0 (
𝑁

𝑁0
)
𝑔

 (55) 

where C and C0 are the capital cost of the new system and base system, and N and N0 are system capacity 

correspondingly along with factor g, ranging from 0.4-0.8 for process equipment. Hence, the life cycle cost 

(CLCC) of energy generation during system lifespan which is accounted for 25 years will be as follows: 

𝐶𝐿𝐶𝐶 = 𝐶𝑐+ 𝐶𝑖𝑛+𝐶𝑠𝑡−𝐶𝑠 +∑
(1 + 𝑐)𝑝

(1 + 𝑖)𝑝

𝑛

𝑝=1

(𝐶𝑓+𝐶𝑒𝑙+𝐶𝑚+𝐶𝑢𝑛) (56) 

where c and i are escalation rate 4% and interest rate 2% respectively. In this way, the annualized cost (Ca) 

can be obtained from Eq. (57) which is a function of capital recover factor (e) achieved from interest rate (i) 

and equipment lifespan (n) as pointed out via Eq. (58). Eventually, the cost of heat (COH) using annual 

generated heat Qann and the annualized cost is calculated by Eq. (59). Additionally, the IRR, which is the 

interest rate at which the NPV of every cash flows during the lifespan of a project becomes zero, is counted 

via Eq. (60) where CF means annual cash flow. 

𝐶𝑎= 𝑒. 𝐶𝐿𝐶𝐶 (57) 

𝑒 =
𝑖(1 + 𝑖)𝑛

(1+ 𝑖)𝑛−1
 (58) 
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𝐶𝑂𝐻 =
𝐶𝑎
𝑄𝑎𝑛𝑛

 (59) 

∑
𝐶𝐹𝑝

(1 + 𝐼𝑅𝑅)𝑝
= 0

𝑛

𝑝=0

 (60) 

Table 27. Economic analysis conclusion for the system under different fuel conditions  

 Biomass pellet 

pellet 

Wood waste RDF 

𝐶𝐿𝐶𝐶 , $ 224758 162295 154199 

𝐶𝑎, $ 12198 8808 8369 

𝐶𝑂𝐻, ¢/kWh  8.56 9.203 7.408 

IRR 33% 22% 29.5% 

 

   

(biomass pellet) (wood waste) (RDF) 

Figure 23. Life cycle cost contribution for 30 kW biomass boiler; Cc: capital cost, Cel: electricity cost, Cm,u n : 

maintenance+unseen cost, Cf: fuel cost 

The results of the economic analysis are presented in Table 27. Levelized COH reveals that RDF has lowest 

heat price by 7.408 ¢/kWh compared to 8.56 and 9.203 ¢/kWh for pellet and wood waste correspondingly, 

which can be attributed to lower fuel cost of RDF. Although the annualized cost of heat from the pellet-

fueled system is about 38% more than other ones, because of the corresponding higher annual heat 

production, the related COH factor has the marginal difference with two other options. Taking wood waste 

heat price into the account which is the highest reported value between all options in Table 27, still, it 

outperforms the US national average residential rate of 11.88¢/kWh, regardless of the potential government 

incentives supporting the energy generation from cleaner resources [244]. The LCC breakdown for each 
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particular scenario, as demonstrated in Figure 23, reveals the sway of fuel cost over the total life cycle cost 

of the system followed by system capital cost invested in the first year. Here in Figure 23, the capital and 

installation costs are aggregated in capital cost term which is roughly 14% for biomass pellet and 19% and 

20% for wood waste and RDF consecutively. Finally, higher IRR of pellet to RDF in spite of lower COH of 

RDF is explained by the fact that the boiler generates higher annual heat under pellet feeding condition.  

Environmental Life Cycle Analysis (LCA) 

An LCA approach is applied in this section in order to compare the environmental impacts of each alternative 

fuel. The LCA boundary from fuel preparation until the heat generation for proposed fuels is depicted in 

Figure 24. Since it is aimed to compare the impact of each fuel utilization on the ecosystem, the same energy 

production is assumed for all scenarios. Table 28 lists the main input data employed in the LCA. SimaPro 

database for North America (TRACI 2.1) was employed for pollutant indices calculation. It must be 

mentioned that fuels originated from wood resources are deemed neutral CO2 and therefore, no carbon 

dioxide emission is counted during the combustion process in LCA calculation while RDF as a mixture of 

biogenic and inorganic materials, oppositely emits CO2 in the combustion process. 

Table 28. Input data for LCA respecting biomass pellet, wood waste and RDF individually 

 biomass pellet wood waste RDF  

System load, GJ/yr 512 512 512 

Transportation, tkm 5194 7754 7731 

Boiler electricity use, kwh/yr 4576 4576 4576 

Treatment process   

CO2 emission kg/ton  N/A N/A 650 

 

 

Figure 24. System boundary for the LCA implementat ion 

Global warming impact probably is the most concerning factor among all sorted items in Table 29. From the 

results, the RDF has 3 times more negative impact on global warming than biomass pellets mainly caused 
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by emitted CO2 in combustion. In order to elaborate on the contribution of each particular subprocess on 

emitting greenhouse gases, Figure 25 is displayed which is only curbed to the top three substantial affecting 

contributors. By switching between alternative fuels from biomass pellets to wood waste and RDF the key 

contributor to the greenhouse emission is the pelletizing process, electricity use by the boiler, and pollutant 

emission from RDF combustion correspondingly.  

Table 29. Results of life cycle impact analysis for the heating system fed with proposed fuels  

Impact category Unit Biomass pellet Wood waste RDF  

Ozone depletion kg CFC-11 eq 0.001522529 0.000922053 0.000869097 

Global warming kg CO2 eq 11646.90648 4720.676333 37993.95694 

Smog kg O3 eq 3633.392563 1660.603144 3622.097337 

Acidification kg SO2 eq 148.7873245 66.24748127 213.5752426 

Eutrophication kg N eq 52.86016311 4.737583662 7.979050593 

Carcinogenics CTUh 0.000368746 5.549E-05 4.48904E-05 

Non carcinogenics CTUh 0.0022399 0.000330273 0.000270265 

Respiratory effects kg PM2.5 eq 8.869188507 2.109161827 2.506143909 

Ecotoxicity CTUe 64572.91424 10768.19211 8865.587757 

Fossil fuel depletion MJ surplus 21370.00448 11928.03796 11449.94358 

 

   

(biomass pellets) (wood waste) (RDF) 

Figure 25. Proportion of three key contributors to the greenhouse gases for each feeding fuel 
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5.2.2 Experiment-based analysis of composition variability effects on biomass combustion 

A version of this section was published as: “Hosseini Rahdar, M.; Lee, B.; Nasiri, F. Uncertainty 

Quantification of Biomass Composition Variability Effect on Moving Grate Bed Combustion: An 

Experiment-based Approach. Energy & Fuels, 2020.” 

Background 

Overlooking the uncertainty in biomass feeding compositions results in fluctuating operation and 

consequently a source of deficiency in the system. Up to now, fuel composition variability is almost always 

discounted in the biomass combustion analyses, while it has been quantified in some other types of fuel 

combustion such as biogas and nuclear fuel [245,246]. In this section, the fuel compositions mean value and 

corresponding standard deviation obtained from the TGA proximate analysis of a set of wood pellets and 

bamboo chips are deployed in the combustion study of the grate firing biomass boiler. The model runs for 

250 times with random compositions value chosen from the Gaussian distribution for each fuel and stores 

biomass combustion characteristics in each iteration [247]. 

Table 30. Statistical analysis of bamboo chips and wood pellets  

 Bamboo chips Wood pellet 

 Total set #80 Total set #30 

 mean range SD mean range SD 

MC, % 9.95 3.091 0.92 11.37 3 0.68 

VM, % 69.96 8.53 1.93 63.87 6.56 1.56 

FC, % 17.85 6.37 1.53 22.74 6 1.25 

A, % 2.27 3.080 0.57 2.02 3.25 0.7 

Density, kg/m3 750   1000  

The mean, range, and standard deviation (SD) of both proposed fuels are shown in Table 30. From the 

reported value in Table 30, it can be intuitively concluded that the pelletizing process can efficiently help to 

diminish composition uncertainty. 
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Figure 26. Ignition speed versus different amount of air flow rate for bamboo and wood pellet  

The reaction front speed in various air flow rate is evaluated for both fuels in Figure 26. Air flow rate is of 

the most influential parameters on combustion so that it limits the amount of oxygen inside the bed, and 

consequently governs the rate of the combustion process. In the low air flow (lean reaction), the reaction is 

restricted by inadequate oxygen, and the proceeding of reaction front is governed by competitive 

mechanisms amongst volatile light hydrocarbons and char combustion. While the air flow rate reaches in 

the vicinity of the stoichiometric ratio, a sufficient amount of oxygen is available for volatiles and char 

oxidation so that the ignition front propagates faster. As soon as the air flow exceeds the stoichiometric 

condition, the extra air causes cooling down the bed temperature using a convective heat transfer mechanism 

and in a certain amount of excess air, it can completely extinguish the bed combustion. The reference 

temperature of 973 K was factored in for ignition rate calculation in this study [68,248]. Ignition speed 

indicates how fast the temperature varies alongside the bed. In experimental studies, the ignition rate is 

accounted via metering the two consecutive thermocouples distance over the measured time of transient of 

high-temperature fuel conversion between that zone. A similar method is employed in modeling by dividing 

the vertical distance between two points in the bed by the time interval taken for each point to reach the 973 

K. The higher ignition front propagation for bamboo chips than wood pellets in Figure 26 is attributed mainly 

to less particle density of bamboo while higher volatile content can have an accelerating effect as well.  
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Figure 27. Solid temperature evolution versus composition variability over the fuel bed conversion process  

Until here, the combustor operation was inspected using fuel compositions mean value to show how the 

system functions on an average basis regardless of fuel variability. In practice, however, the system does not 

always operate on these average values due to random composition which causes system operation 

deflection. Hence, the standard deviation of fuel compositions is taken into account in order to simulate what 

occurs within the combustion system in practice. Solid temperature evolution for both fuels under 

composition variability is shown in Figure 27 which was distinguished in red and yellow theme 

corresponding to bamboo and wood pellet. As the solid phase temperature is a key parameter in the fixed-

bed biomass combustors operation, the illustrated variation in temperature profile high likely to make 

fluctuation in the operation. In doing so, the heat generated from the proposed combustor under composition 

variability for each studying fuels is monitored and the obtained values form a distribution as shown in 

Figure 28. Despite higher moisture of pellets compared to bamboo, pellets averagely produce 1 MJ/kg higher 

energy mainly owing to higher char content. Moreover, because of a slightly higher deviation in composition 

values regarding the bamboo, the corresponding interval of possible heat production is 3.2 MJ/kg opposed 

to 2.7 MJ/kg in terms of pellets.  
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Figure 28. Distribution of heat production under fuel composition variability 

   

Figure 29. Effect of fuel composition variability on the heat generation for bamboo chips and wood pellet  

combustion 
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Figure 30. Effect of fuel composition uncertainty on the flame temperature, mass conversion rate, and ignition  

rate 

In order to elaborate on the impacts of composition variability on heat generation in detail, uncertainty in 

produced heat associated with fuel compositions is individually displayed in Figure 29. Results revealed that 

while the moisture is the most detrimental contributor to the heat production uncertainty, reaching a higher 

heat generation level with less uncertainty strongly depends on the higher char content of the fuel. The heat 

variability originated from volatiles uncertainty even though is fewer than moisture, still not negligible 

because of the key impact of combustion of volatile gases in the overbed zone. The range of heat generation 

uncertainty is wider for bamboo than pellets because of higher fuel composition variability. Therefore, it can 

be intuitively concluded that thermal performance improvement can be achieved using biochar pellets in 

grate firing biomass boilers. 
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Figure 31. Straight correlation of ignition rate and heat generation in the biomass combustion 

Results from this study also reveal this fact that the sensitivity analysis of fuel composition alone can be 

misleading to some extent. The normal approach in sensitivity analysis is to change one single independent 

parameter while other independent parameters are fixed and then output features of the system are dissected. 

Using this approach in the course of biomass fuel compositions (moisture, volatile and char) is far from 

reality as, for example, reduction of moisture content changes the fraction of volatile and char content. Thus, 

the effect of moisture reduction on the system outputs might be intensified or offset by other compositions 

variation. Therefore, sensitivity analysis is not always correct with respect to fuel compositions, and 

uncertainty analysis is required. Correlation between fuel compositions and mass conversion rate in Figure 

30 confirms the latter expression where moisture shows an almost neutral impact on the mass conversion 

rate, and even slightly direct impact. This can be explained by this fact that moisture reduction probably 

results in higher char content which elongates the whole process. More volatile matters and less char content 

certainly accelerate biomass conversion rate as it was expected while moisture content causes great 

uncertainty in continuing reaction. In the course of wood pellets, the conversion rate can deviate about 13% 

percent, and it is even more for bamboo by 20%. Flame temperature, however, is less affected by 

composition variability so that it can fluctuate up to 15 ℃ which is negligible for high temperatures such as 

1840 K. Less flame temperature uncertainty can be explained due to the fact that the main contributor in 

overbed combustion is CO which is released in devolatilization and char burnout. Since volatile matters 

increase is likely to cause char content decrease, they offset each other’s effect. 
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Ignition of solid particles can competitively start either by char ignition on the particle surface or via volatile 

ignition in the fuel boundary depends on convective and radiative heat transfer rate to the particle, 

particularly on the bed surface. If radiation flux is high enough for the surface to quickly heat up to ignition 

temperature threshold of the carbon 973 K, fuels ignite instantly. On the other hand, if the surface heating is 

low, and the convective rate is high enough for the surface to quickly heat up, then the particle may ignite 

although volatiles is usually moved away from the bed zone before enough accumulation to satisfy 

combustion requirements. From the results, the ignition front rate develops by increasing char content and 

decreasing moisture and volatile content, and vice versa. Moreover, from Figure 30, it is noted that the 

ignition rate is highly sensitive to fuel composition uncertainty, especially for fuel with lower density. Also, 

a strong direct correlation between ignition front rate and energy generation of the biomass bed conversion 

was detected taking the composition variability into the account as shown in Figure 31. 

 

Figure 32. Mole fraction of outflowing gas species from biomass bed conversion  

During the combustion process, biomass decomposes to combustible and non-combustible gases [249] 

displayed in Figure 32. Apart from H2O evaporation in the drying phase, gas species including carbon 

dioxide and carbon monoxide are dominantly emitted in char burnout while hydrogen, methane, and tar in 

the devolatilization step. From Figure 32, uncertainty associated with the number of mole of hydrogen, 

methane, and tar is limited to a very short range versus the considerable uncertainty range of carbon dioxide 

and carbon monoxide. In this way, low fluctuation of flame temperature and high fluctuation of energy 

generation can rationally be interpreted so that the first one has a strong dependency on combustible gases 

variability, e.g., H2, CH4, CO, and tar, whereas the second one extremely involves with pure carbon 

oxidation.    
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Table 31. Reactions used in modeling of NOx precursor formation 

Reaction Rate expression Ref. 

𝑁𝐻3 + 𝑂2 = 𝑁𝑂 + 𝐻2𝑂 + 0.5𝐻2 1.21𝑒8 𝑇2 exp(−
8000

𝑇
)[𝑁𝐻3][𝑂2]

0.5[𝐻2]
0.5 

[250] 

𝑁𝐻3 + 𝑁𝑂 = 𝑁2 + 𝐻2𝑂 +0.5𝐻2 
8.73𝑒17 𝑇−1 exp(−

8000

𝑇
)[𝑁𝐻3][𝑁𝑂] 

[250] 

𝐻𝐶𝑁 +0.5𝑂2 = 𝐶𝑁𝑂 𝑘[𝑂2][𝐻𝐶𝑁] [251] 

𝐶𝑁𝑂 + 0.5𝑂2 = 𝑁𝑂 + 𝐶𝑂 𝑘[𝑂2][𝐻𝐶𝑁] ∗ (𝑘1/((𝑘1+ 𝑘2[𝑁𝑂])) [251] 

𝐶𝑁𝑂 + 𝑁𝑂 = 𝑁2 + 0.5𝑂2 +𝐶𝑂  𝑘[𝑂2][𝐻𝐶𝑁] ∗ (𝑘2/((𝑘1+ 𝑘2[𝑁𝑂])) 

𝑘 = 2.14e5 exp(−
10000

T
) 

𝑘1
𝑘2
= 1.02𝑒9exp(−

25460

𝑇
) 

[251] 

𝑐ℎ𝑎𝑟− 𝑁 + 0.5𝑂2 = 𝑁𝑂 
[char −N]

𝑑(𝑐ℎ𝑎𝑟)

𝑑𝑡
 

[251] 

NOx precursors in the combustion process are created in the three variant paths including thermal-NO, which 

is resulted from atmospheric nitrogen oxidation, prompt-NO, is formed from the reaction of atmospheric 

nitrogen with hydrocarbon radicals in fuel-rich regions, and finally, fuel-NO, which is produced from the 

oxidation of the fuel nitrogen bound. Since the combustion temperature in biomass furnace is not enough 

high for thermal-NO formation plus this fact that solid biomass fuel-N is relatively high, the focus here is 

paid on fuel NO generation from biomass conversion. During the pyrolysis, fuel-N is emitted in terms of 

NH3 and HCN and the rest of fuel-N remains in char element which in reaction with oxygen directly converts 

to NOx. The released NH3 and HCN in a series of oxidation and reduction processes transform into NOx and 

N2. The deployed fuel-N reactions yielding to NOx precursors are catalogued in Table 31.  

In the combustion chamber within the air-rich condition, NO is the main agent amongst all NOx element and 

conversely, NH3 contributes as a predominant precursor under fuel-rich condition. Since nitrogen elements 

react into an oxidizing atmosphere, fuel nitrogen is significantly expected to be formed, while the evolution 

of fuel nitrogen in an environment with lack of oxygen can result in more N2 instead of NO. Accordingly, 

caring about the timing of nitrogen evolution is essential in the combustion chamber so, in order to lessen 

NOx formation in the vicinity of the bed, early touch between nitrogen and oxygen should be evaded. Fuel 

NO is the dominant mechanism of NOx evolution into the combustion flame and routinely is responsible for 

about 80% of the entire NOx produced in the system [70]. Nitrogen content of 0.16 wt% is factored in 

regarding wood pellets and bamboo chips in the calculations. 



75 

 

 

(a) 

 

(b) 

Figure 33. Nitrogen precursors yield over the biomass combustion in the moving grate bed boiler; (a) NH3 and 

HCN (b) NO generation 

Figure 33 displays NOx precursors profiles detected above the fuel bed and that of uncertainty resulted from 

fuel composition variability. With respect to the high ratio of volatile yields to char yields hence, it can be 

reasonably observed that NH3 and HCN peaked while devolatilization rate is maximum, and NO formation, 
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which is the product of NH3 and HCN conversion, follows the profile of NH3 and HCN with a short delay. 

This signifies the required time of NO generation over the bed. After the peak then the NOx precursors 

gradually decline during char burnout. Concurrent with NOx precursors evolution in process, the uncertainty 

magnitude directly adheres to the trend. A maximum uncertainty of 22% and 17% were detected for 

NH3+HCN and NO respectively. By comparison of wood pellets and bamboo chips, more uncertainty in 

bamboo is detected. Regarding the fact that the highest uncertainty in raw fuels was found in volatile matters 

and that of the highest proportion in total fuel mass, the sway of volatile content can be rationally interpreted. 

Hence, here the substitution of biochar for the wood pellets or chips can be put forward as a solution to 

restrain NO formation and relevant uncertainty.   

5.2.3 Bayesian approach to composition variability effect on biomass combustion 

A version of this section was published as:” Hosseini Rahdar, M.; Nasiri, F.; Lee, B. Effect of Fuel 

Composition Uncertainty on Grate Firing Biomass Combustor Performance: A Bayesian Model 

Averaging Approach. Biomass Conversion and Biorefinery 2020.” 

Background 

Following the last section, here a Bayesian-based data generator is applied to quantify biomass compositions 

variability effect on the uncertainty of combustion system properties. It can provide us plenty of similar data 

to the measured fuel composition data, and improves the reliability of inputs. The Bayesian model was 

generated in combination with prior fuel data and measured data with respect to TGA experiment on 30 

samples of biomass pellets. Finally, an LCA is conducted to show the long-term environmental effect of 

using a regular biomass boiler, a modified one, and a coal-fueled boiler in an off-grid location.   

Table 32. Scenarios of system performance evaluation 

First scenario Idealistic approach factoring in the fuel composition as given by the supplier  

Second scenario Feasible scenario using obtained mean value for compositions by Bayesian model 

Third scenario System operation under fuel composition uncertainty condition 

As shown in Table 32, biomass combustor is evaluated in three different scenarios. in the first scenario, 

grate-bed biomass combustor is ideally assumed to work under the predefined fuel composition situation 

which was assigned by the fuel supplier. Then in the second scenario, the mean value of Bayesian-derived 

fuel composition regardless of fuel uncertainty is respected, and lastly, the third scenario analyzes the 

combustor under fuel composition uncertainty which puts forward what occurs in practice. Within these 

three scenarios, it is argued how biomass combustion system performance can differ under 1. unlikely 



77 

 

presumed fuel compositions, 2. expected mean value fuel compositions and 3. completely realistic fuel 

compositions. 

Uncertainty results 

 

(a) 

 

(b) 

Figure 34. Temperature contour of the biomass fuel bed in (a) 1st scenario (b) 2nd scenario 

Evaluating fuel bed temperature contour for the base scenario (a) and modified scenario (b) reveals some 

visual differences between system operation under these two circumstances (Figure 34). Counter-current 

reaction front develops from bed surface toward the grate and generated heat from reaction front moves 

against reaction front, as result evaporation and devolatilization of particles accelerate. The heat of the 

reaction front cannot move far from the reaction front owing to the opposing direction of heat and air flow. 

In doing so, the reaction front touches the grate surface almost 11 mins and 13 mins after the beginning of 

fuel conversion for the first scenario and second scenario correspondingly. At this point, another reaction 

zone is generated from grate to bed surface to complete char combustion. From Figure 34(a), the char 

combustion zone reaches a higher temperature and biomass fuel conversion is finished within 41 mins, while 

for the second scenario it needs more than 2 mins further to complete the conversion. Figure 35 illustrates 

more details of bed temperature evolution for all the first, second, and third scenarios simultaneously. The 

second scenario’s temperature profile is in the middle of temperature profiles respecting compositions 

uncertainty which meets our previous expectation.  
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Figure 35. Bed surface temperature evolution over the fuel bed conversion process  

By comparing the combustion system for the first and second scenarios, it is generally concluded that if the 

system is set on the first scenario’s fuel composition basis, it cannot deliver the designed tasks thoroughly. 

This can be attributed to the fact that the conversion rate of the system from almost 4.2 𝑘𝑔/ℎ𝑟 for the first 

scenario, which is an imagined scenario, lowers to 3.96 𝑘𝑔/ℎ𝑟 for the second scenario, which is the actual 

condition, and a complete pellet fuel conversion time on the grate increases from 41 mins to 43 mins 

respectively. 

 

Figure 36. Molar mass of emitting gases from particle conversion for first and second scenarios     

The number of moles of hourly emitting gas species from the solid fuels conversion for the first and second 

scenarios shown in Figure 36. Although it discloses higher moisture and less CO, H2, CO2, etc. for the second 

scenario than the idealistic scenario, the green column is what the first scenario will end up in practice. The 

higher char results in more CO2 and CO while a significant amount of CO is formed in pyrolysis reaction as 
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well. On the other hand, higher moisture content decelerates temperature growth and causes a slower ignition 

rate and conversion rate. As a result, the first scenario makes an overestimation on system output that can 

cause a shortage of demand delivery. 

Since the most grate-type biomass combustors are in small to medium scale systems and usually are used 

for applications such as district heating systems, independent heating system in an off-grid area, etc., they 

lack a sophisticated control system to be able to monitor the system continuously and adjust the system to 

perform corresponding to the feeding fuel properties deviation. In doing so, such systems are usually set on 

the fixed grate speed based on the presumed values for fuel composition, thus, a deviation between preset 

fuel composition and what is fed to the system in practice will result in system deficiency. In other words, 

the combustor underestimates or overestimates expected heat generation, along with incomplete particle’s 

combustion within the furnace.   

   

Figure 37. Produced heat fluctuation respect to fuel composition uncertainty in biomass boiler 

Figure 37 shows heat generation in the system with respect to fuel compositions variability. It is important 

to note that a small amount of composition uncertainty can remarkably change energy generation by almost 

1.5 MJ/kg. char content has the dominating role to energy generation among all compositions and causes 

less uncertainty in operation. Energy output from combustor reduces while moisture and volatile matter 

content increase. More volatile content is likely to cause less char and moisture content simultaneously. Less 

moisture results in higher heat generation while less char causes lower one. This can, therefore, demonstrate 

that char content outperforms moisture in the determination of biomass fuel quality. From Figure 37, it can 

be also observed that the first scenario is at the border of the expected range of system operation and unlikely 

to be met.  
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Figure 38. correlation between fuel compositions variability and ignition rate, conversion rate and flame 

temperature 

Correlation between moisture, volatiles, and char variability with flame temperature, solid fuel conversion 

rate and ignition rate shown in Figure 38, identify valuable facts in terms of fuel bed combustion. Moisture 

uncertainty has an unbiased effect on flame temperature and fuel conversion but a strong negative impact 

on the ignition rate. Meanwhile, the flame temperature would not fluctuate significantly with composition 

variability as it is slightly dependent on volatile matter and char content in which emitting gases converted 

from these two compositions are the key determinants in overbed combustion. Volatiles would accelerate 

conversion in bed however it has a minor impact on ignition rate. Finally, char content in which its 

combustion is a slow reaction and makes the conversion time longer has an opposite impact on the flame 

temperature so as more char content means less volatile matter. The direct relation between char content and 

ignition rate can be interpreted based on solid combustion fundamental pointing that the ignition of fuel 

starts mainly in char reaction. 
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Figure 39. Heat generation from biomass combustion in the grate-firing combustor for various scenarios 

Distribution of heat generation regarding fuel composition uncertainty together with that of first and second 

scenario in Figure 39 shows that the heat of system can deviate in a range of 13 to 15 MJ/kg while in average 

the expected value is around what is obtained in the second scenario by 14.2 MJ/kg. From the results, the 

boiler is predetermined to annually produce 512 GJ based upon idealistic scenario while it will practically 

generate 481 GJ on average, in other words, system setting on the first scenario causes 8.3% overestimation 

in system output.     

Life cycle analysis (LCA) 

A Life Cycle Analysis (LCA) on the proposed biomass boiler using both first and second scenarios 

conditions as well as a coal firing boiler on the same energy generation load is conducted. As a case study, 

a grate-firing boiler located in Alma town in Quebec province is selected for system installation [252]. The 

boundary of LCA is limited to fuel transportation from a source location to the wholesale distributor and 

then to the operation site, and facility operation for both coal and biomass systems along with biomass pellet 

production for biomass scenarios.  

Major data deployed for LCA are shown in Table 33. It must be noted that the proposed distance was counted 

upon nearest wholesale fuel distributors for both biomass pellets and coal fuel. 

Table 33. Input data for LCA analysis; first, second biomass scenario and coal-fueled case 

 First scenario Second scenario Coal-fueled scenario 

Distance from fuel supplier (km) 161 161 180 

System load (Gj/year) 492 492 492 
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Fuel consumption (kg/year) 36,300 34,689 18,945 

Transportation type road road road 

Fuel waste   

While there has been yet some controversial idea of whether biomass is a neutral CO2 or not, the authors 

strongly believe that CO2 emission resulted from biomass combustion should not be deemed. CO2 amount 

fed in biomass resources from the atmosphere during growth is closely equal to what is emitted back to the 

atmosphere from combustion or degradation over the life cycle. Therefore, CO2 emission is overlooked in 

biomass scenarios, and only particulate matter (PM), NOx, SOx are counted while CO2 is the main pollutant 

in terms of coal plus those regarded to biomass fuel [253].  

Table 34. LCA results of proposed scenarios based upon characterization indicator 

Impact category Unit First scenario Second scenario Coal 

Ozone depletion kg CFC-11 eq 0.000138 0.000134 0.000548 

Global warming kg CO2 eq 1961.406 1937.524 48410.67 

Smog kg O3 eq 3498.394 3456.845 499.5801 

Acidification kg SO2 eq 91.93243 91.70835 31.87388 

Eutrophication kg N eq 11.59707 11.58003 9.957723 

Carcinogenics CTUh 7.74E-05 7.71E-05 8.78E-05 

Non-carcinogenics CTUh 0.000412 0.000409 0.000474 

Respiratory effects kg PM2.5 eq 2.059332 2.048117 3.156442 

Ecotoxicity CTUe 8706.071 8642.604 11078.96 

Global warming impacts might be the most important factor among all, at least nowadays. As Table 34 

illustrates, the coal system scenario has by far the highest influence on climate change owing to mainly coal 

fuel combustion and slightly from fuel transportation. In terms of biomass scenarios, the source of 

greenhouse gases originates from transportation and then marginally from pellet production. The breakdown 

of GHG contributors for all scenarios is elaborately presented in Figure 40. 
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Figure 40. GHG contributors’ breakdown for each scenario 

Acidification mainly caused by SOx and CO2 emissions again is more intense for the biomass boiler due to 

higher sulfur content in biomass. Comparing two biomass scenarios, the first scenario partially causes more 

acidification than another one predominantly sourced from biomass combustion pollutants. On the other 

hand, ecotoxicity, which is originated from toxic materials like brake wear and tire wear emissions, and 

causes social health problems, is worse for the coal scenario due to further distance from mining sites than 

the other two scenarios. Other environmental impacts also can be observed for the proposed scenarios in 

Table 34.  

5.2.4 An improved predictive maintenance plan for a vibrating-grate biomass boiler 

A version of this section was published as: “Hosseini Rahdar M, Nasiri F, Lee B. Availability-based 

Predictive Maintenance Scheduling for Vibrating-grate Biomass Boilers. Safety and Reliability 2020.” 

Background 

Apart from importance of suitable biomass particle conversion inside combustor affecting the combustor 

operation efficiency, a reliable maintenance plan of the whole system is another key factor mitigating the 

possibility of the system downtime which is put in higher priority order than combustion efficiency. Biomass 

boilers are particularly beneficial for remote areas where there is no access to the electricity grid with enough 

agricultural or forestry waste resources in the vicinity. In such circumstances, the availability of boiler 

systems is a critical factor due to some reasons. Access to most of the remote areas would be restricted 

particularly during the harsh winter owing to bad weather conditions along with their far distance from the 

cities. In this way, the supportability of such a system is fewer than a city-located system. This condition 

results in the difficulty of the maintenance arrangement when any breakdown occurs . 
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There are different methodologies of maintenance analysis for industrial assets such as Reliability-

Availability-Maintainability (RAM), risk-based maintenance (RBM), and Bayesian network. While 

Reliability-Availability-Maintainability (RAM) model has served a well-established approach for product 

and asset management so far, nowadays rising complexity of systems requires more comprehensive 

approaches to deal with other aspects of management such as supportability, economics, environment, and 

politics [254]. 

In this section, a novel maintenance model for vibrating-grate biomass boilers is presented. The model aims 

to schedule the maintenance such that to minimize the number of maintenance tasks while the system 

availability remains intact. The reliability distribution parameters of the system and its components are 

estimated using regression analysis. A typical obstacle against using fault tree for the maintenance planning 

optimization is that with a simple breakdown of the system associated with a high number of components, 

the results are unlikely to be truly practical. Here authors recommend an approach to overcome this 

challenging issue by means of fault tree reconfiguration in a sophisticated way so that the maintenance of 

some components is integrated into a single practice to avoid over-maintenance. Finally, the optimization 

results for the biomass boiler maintenance would be verified by the expert judgment method. 

The given system is a biomass boiler burning wood chips or pellets to produce heat for district heating and 

has several subsystems consists of feeding, combustion, boiler unit, ash gathering, flue gas and finally 

controlling part schematically disclosed in Figure 41. 
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Figure 41. System configuration and instrument diagram of a 750 kW vibrating grate biomass boiler 

 

Figure 42. The model overview and interface of tools  
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Materials and methodology 

A conceptual scheme of methodology deployed in this section is demonstrated in Figure 42. The asset 

components are delivered to Failure Modes and Effects Analysis (FMEA) to specify components failure 

modes, potential failure effects and their priority. The selected components are used in fault tree analysis 

and their relative failure data are gathered. In this article a RAMS+C approach is employed in order to 

address Reliability, Availability, Maintainability, Supportability, and implicitly Cost factors 

correspondingly for the proposed asset. The proposed optimization model provides us with optimal 

maintenance intervals and subsequently, the maintenance plan is assigned for expert judgment and final 

decision making. Following the system is being broken down, 33 unique critical components were 

recognized in consultation with experts. Failure incidents are defined as what physically occurs to equipment 

where a repair task is issued. Table 35 presents more common failure modes and possible effects of some 

critical components of the asset [255].   

Table 35. failure modes and potential failure effects of asset components  

part common failure modes potential effects of failure 

sensor insulator breakdown; high temperature; leakage current; dirt  
 inaccurate sampling 

 loss of data recording 

belt belt wear; cracks in cog; breakage 
 poor-efficient operation  

 vibration 

 loss of operation 

relief valve seal leakage; thermal effect on spring 
 pressure change 

 loss of operation 

mixing valve seal leakage; pilot malfunctioning 
 impaired operation 

 pressure loss 

pulley deformation; seat fracture; hub fracture 
 vibration 

 noise 

 belt degradation 

fan impeller damage; shaft and bearing deterioration 
 poor airflow 

 noise 

 vibration 

 loss of operation 

water tank leakage; corrosion; blockage 
 inadequate water supply 

 damage to water pump 

flowmeter display panel; seal leakage; board hardware fault 
 losing data reading 

 inaccurate operation 

switch high electricity field; dielectric breakdown; thermal aging 
 intermittent operation 

 loss of operation 

expansion joint deformation; corrosion; thermal creep; cyclic fatigue 
 vibration on system 

bearing local fatigue; wear damage; surface fatigue 
 poor operation of attached 

system 
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transformer insulation failure; thermal aging; winding failure 
 loss of operation 

pipe fitting leakage; reduced wall thickness 
 heat & pressure loss  

gearbox seal leakage; teeth fracture; bearing defect 
 impaired operation 

 damaging electromotor 

 loss of operation 

PLC I/O modules; ground integrity; short circuit; power supply 

issue; heat 

 moderate to very-high asset 

malfunctioning 

 loss of operation 

VFD high voltage; blown capacitor 
 imperfect electric motor 

operation 

pump seal leakage; impeller fracture; bearing deterioration; 

corrosion; erosion; shaft fracture & deformation 

 pressure loss 

 shortage in hot water supply 

wiring overload field fracture; failing of solder; wire melting;  

insulation damage; loss of continuity 

 danger for staff 

 intermittent operation 

 loss of operation 

motor bearing defect; insulation fracture; wiring melting; current 

overload; overheating; dirt & moisture 

 higher electricity consumption 

 poor output 

 loss of operation 

The principal portion of the failure events in the given references originates from the useful lifetime which 

is occasionally known as a critical failure, where the rate of failure is approximately constant. A time-

independent failure rate does not fit in the modified failure density function and a process of regression 

would be imperative to turn the equipment failure density function to the Weibull distribution function which 

can reflect the effect of the maintenance. 

The failure density function of repairable components after maintenance needs to be modified concerning 

maintenance interval time (T), which seizes the frequency of preventive maintenance. Thereby, if f(t) would 

be the current failure density function of a component, the modified failure density function of the 

component after maintenance would be represented as follow [256]: 

𝑓𝑇
∗(𝑡) =∑𝑓(𝑡 − 𝑘𝑇)𝑅𝑘𝑇

∞

𝑘=0

 (61) 

where k  is operation period and is equal to 0 in the first operational period, 1 in the second operational period 

and so on. T is maintenance interval time and 𝑅𝑘𝑇 is a scaling factor which means the lower effect of 

maintenance over the life of the component. Likewise, the modified reliability function of Weibull 

distribution would be: 

https://www.powerthesaurus.org/imperative/synonyms
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𝑅𝑇
∗ (𝑡) = ∑exp [−(

𝑡 − 𝑘𝑇

𝛼
)
𝛽

]𝑅𝑘𝑇

∞

𝑘=0

 
(62) 

Since the failure rates are constant over operating time, it is deemed a hindrance against using the failure 

rate in our mathematical equations as the maintenance effect cannot be reflected in the system reliability. 

One solution to overcome this issue is to map the exponential function as the failure distribution on a Weibull 

function, and subsequently, the Weibull distribution parameters are extracted. In doing so, a regression task 

is carried out to determine the Weibull density function parameters (α and β) which provide the possibility 

of indication of maintenance impact mathematically respecting inconstant hazard function over time. Firstly, 

the failure data over the lifetime of each component were generated by virtue of the corresponding failure 

rate then, the regression regarding the Weibull distribution was performed to fit a Weibull distribution 

function to the data [257]. The α and β accompanying this fitted function were chosen as the new failure 

parameters for each component separately. Deviation of the fitted function came out in a reasonable range 

with reference data so that the goodness of fit resulted in a range of 0.022-0.035 for Kolmogorov Smirnov 

test. The results of the regression analysis can be found in Table 35 through Appendix I.  

The proposed method in this study is based on the impact of the component’s availability on the system 

availability which is so-called maintenance impact. It is aimed to reduce the number of maintenance tasks, 

which implicitly results in the lower maintenance cost while the system availability remains above its 

primary value. The fixed-interval preventive maintenance is often adopted to ensure high system availability 

coming up with the over-maintenance in most cases. The advantage of the optimal maintenance method to 

the traditional one is not only suggesting more reliable scheduling but also diminishing the maintenance 

cost. The reliability is generally referred to present a specific degree of assurance that the components of a 

system will stay successfully in working conditions over a certain period.    

Maintenance impact plays a key role in the optimal maintenance scheduling, which is quantitatively 

described as the change in the system availability caused by the change in component’s availability through 

the vicinity of average maintenance-interval types, and can be expressed as follow: 

∆𝐴𝑗,𝑘𝑗 = 𝐴(𝑎𝑗,𝑘𝑗)−𝐴 (𝑎𝑗,𝑘𝑗+1) (63) 

where 𝐴(𝑎𝑗,𝑘𝑗) and 𝐴 (𝑎𝑗,𝑘𝑗+1) are system availability influenced by component j with kjth average 

maintenance-interval type and (kj+1)th average maintenance-interval type respectively. It has been assumed 

that kjth is shorter maintenance period than (kj+1)th. To achieve a precise optimal maintenance scheduling, 
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the accurate element availability calculation is vitally needed. The availability of component j with kjth 

average maintenance-interval type can be obtained as follows: 

𝑎𝑗,𝑘𝑗 =
𝑀𝑗,𝑘𝑗

𝑀𝑗,𝑘𝑗 +𝑀𝑟+𝑠,𝑘𝑗
 

(64) 

where 𝑀𝑗,𝑘𝑗 is the mean time to failure (MTTF) of component j with the kjth average maintenance-interval 

type, and 𝑀𝑟+𝑠,𝑗 summation of mean time to repair (MTTR) and mean time to supply (MTTS) of the 

component j  in the system. Fault tree analysis of the system shown in figure 43. 

 

 

Figure 43. The fault tree analysis of serious incident of the vibrating biomass boiler  



90 

 

The MTTF is defined as working hours of the component during the life cycle prior to probable failure and 

mathematically defined as the integration of reliability of a component, while the MTTR+S depicts the 

demanded time for repair or replace a component merged with the logistic required time which was dug up 

from relative references and by consulting with a manufacturer to come up with more rational results. 

𝑀𝑇𝑇𝐹∗ = ∫ 𝑡𝑓𝑇
∗(𝑡) 𝑑𝑡

∞

0

 (65)  

The initial service time interval for all elements has been assumed to be 12 months except for O 2 sensor 

which is 6 months due to the negative effect of ash deposition arising from bed combustion. 

The optimization problem has one objective (Ω) implying the total number of maintenance effort over the 

life of the system which must be minimized given that the updated system availability (𝐴𝑠
∗) would never be 

under the initial system availability (𝐴𝑠).   

Optimization problem 

Minimize Ω (overall number of maintenance task) 

Subject to 

𝐴𝑠
∗ > 𝐴𝑠 
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Figure 44. Optimizat ion algorithm including two separate loops (Bottom-loop and Top-loop) for maintenance 

scheduling 

 

Figure 45. List of components based upon the maintenance effect corresponding to the fault tree analysis  

The optimal maintenance plan schedules the periodic maintenance with respect to the maintenance impact 

of each component. In other words, components having a higher effect on the system availability should be 
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served higher consideration when periodical service is intended. Accordingly, it is indispensable to establish 

a sorted list of parts showing how they pertain to the availability of the system if the maintenance interval 

shift for a few months. To examine maintenance impact, the maintenance interval of all elements is changed 

from 12 to 16 months one-by-one, and the system availability deviation is measured for each element 

individually. 

The optimization algorithm utilized to determine the optimal maintenance planning is displayed in Figure  

44. First of all, the whole number of maintenance tasks in the lifetime of system as well as the current 

availability of the system, with the equal maintenance interval (every 12 months unlike O2 sensor which is 

6 months) is calculated. The latter system availability is pondered as the threshold criterion so that the 

modified system availability must never go down the threshold. Then, the six elements with the highest 

maintenance impact are called bottom-loop and the rest of them are called top-loop. Start with the element 

from the bottom-loop with the highest maintenance impact among the sorted list, and decrease its 

maintenance interval one unit of time (1 month) followed by system availability calculation. Thereafter, the 

process would be transferred to the top-loop of the algorithm initiating with a component having the lowest 

maintenance impact. The respective maintenance impact would be extended one unit of time and keep going 

to the next component through the top-loop list again followed by system availability computation in each 

step prior to the system availability goes under the threshold. It would move on to bottom-loop once more 

and the second element would be selected. This practice goes over and over up to the maintenance impact 

of all the components from bottom-loop would be shortened few months so that the top-loop could rationally 

compensate for the decreasing effect of bottom-loop on the system availability. Since the last element in 

bottom-loop interfaces with the last element of the top-loop, the stop criterion would be triggered and the 

process of optimization after the last step goes to the end where the optimal maintenance scheduling has 

been acquired and the number of service tasks could be counted to find out how many maintenance tasks 

have economized. 

Results and discussion 

The aforementioned mathematical modeling was implemented within a developed code by MATLAB to 

obtain the optimal maintenance schedule. The maintenance impact of components is illustrated in Figure 45, 

exposing the higher effect of the fan package, feed screw package, ash package, and ID fan package along 

with inversely the small impact of temperature transmitter and level switch, and flowmeter on the system 

availability. Comparison between maintenance impact and the failure rate of elements reveals that there is 

not necessarily a direct relationship between these two factors.  
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Figure 46. Optimal maintenance plan of the biomass boiler components  

The results of maintenance optimization are presented in Figure 46. In accordance with this optimal 

maintenance scheduling, a significant reduction through the maintenance task has been achieved for the 

biomass boiler. In this course, the initial maintenance plan stipulates 310 service tasks for 10 years while in 

the optimal version of maintenance plan 210 tasks would be accomplished whereas the system availability 

remains over the initial availability. The results notify that if the maintenance of the subsystems/components 

in bottom-loop would be performed every 9 months instead of 12 months, despite the growth of maintenance 

actions from 60 to 80 in the bottom-loop, nevertheless, the maintenance efforts in the top-loop would 

decrease from 250 to 130 over 10 years. The optimal scheduling in comparison with the conventional one 

can reduce the number of maintenance tasks by 32.26% over 10 years. From the industrial aspect, this value 

is appreciated as a significant amount of cost-saving. 
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6 Conclusion and future works 

 

The main conclusions of this research are highlighted here together with achievements and contributions by 
this study. Some possible improvements in this work as well as potential research areas in this field are 
recommended for future works. 

6.1 Summary 

In this study, practical aspects of moving bed biomass combustors were investigated by means of numerical 

modeling of biomass combustion and fuel particles experiment. The main focus of this study was on the 

thermal operation of biomass combustors while the environmental, economic, and reliability of systems were 

also addressed. The proposed methodology can be deemed a preventive control strategy to help biomass 

combustion improvement and to reduce incomplete solid combustion, especially inside the fuel bed. 

 

6.2 Contributions 

In this PhD thesis, experimental data of biomass pellets compositions were collected and trained to be 

integrated into the developed numerical model of moving bed biomass combustion. The aim was to quantify 

the effect of fuel composition variability on the biomass combustion properties. The following 

accomplishments have been made in this research: 

 A TGA experiment was set up in order to measure the biomass particle compositions. 30 samples 

of biomass pellets were randomly gathered from different fuel bags, and moisture, volatile, char, 

and ash content of each particle were determined under the standard condition of the TGA 

experiment. The TGA experiment is accounted a micro-scale test that provides results with higher 

resolution than a furnace-based proximate analysis which is a macro-scale one. In order to assure 

repeatability of the experiment, the first pellet sample was tested twice.    

 A Bayesian data generator model was created to populate data with the help of measured fuel 

compositions and the prior knowledge of fuel compositions claimed by the supplier. Then, a 

Gaussian distribution was mapped over the generated data, and subsequently the mean and standard 

deviation of each fuel composition were determined. Since there was an independency condition in 

fuel’s sampled attributes, Gaussian distribution properly fits the problem.  

 A 1D transient numerical model of biomass combustion on the moving grate was developed using 

the walking column approach. The model was properly regulated to be deployed for fuel 

composition variability analyses. Implicit schemes were governed for discretization so that a larger 

time step was possible.  
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 The Bayesian model and combustion model were integrated through a developed Python code in 

order to solve and visualize combustion properties under the uncertainty conditions. 

 A comprehensive analysis of a small-scale biomass boiler was performed under different biomass 

fuels conditions. Required readjustments for system operation regarding each fuel were 

recommended and expected system outputs were obtained. Followed by expected operation, 

economic and environmental impacts for using each fuel in the proposed system were represented.  

 An availability-based maintenance model for a vibrating-grate biomass boiler was conducted to 

improve the preventive maintenance condition of the proposed boiler. The RAMS+C approach was 

employed to count the component’s availability.  

 

6.3 Key Findings 

Based upon the above contributions, several practical conclusions were achieved throughout this study, 

and here the most significant ones are briefly highlighted. 

From this study, some practical conclusions were drawn for specialists and system owners. This work 

firstly delivers a useful tool for system operation readjustment when switching between various biomass 

waste fuels. The results of the simulation propose how air flow rate, primary air flow distribution, and 

fuel feeding rate should be readjusted for efficient system operation. Secondly, the feeding rate in 

moving bed biomass combustor must be counted using the actual fuel composition and relevant 

uncertainty instead of routine predefined composition so that avoiding the shortage of heat generation 

and waste of unburnt fuel in such systems. Last but not least, an availability-based preventive 

maintenance strategy was recommended in order to mitigate the cost of the maintenance program for a 

vibrating grate biomass boiler while system availability remains above initial availability. This 

maintenance model is quite practical for mid-scale moving bed boilers.     

Significant biomass composition variability was realized for solid biomass even for the preprocessed 

fuel, such as biomass pellets. Repeatability examination of the first fuel particle experiment revealed 

that TGA analyzer provides high-resolution sampling. 30 biomass pellets samples sufficed the minimum 

amount of measured data, based on the fact that T-distribution, which is used for small data, becomes 

quite similar to Gaussian distribution for 25 samples above. Bayesian model properly used two sets of 

data: predefined fuel compound and measured fuel compound, in order to estimate fuel composition 

variability. The contribution of this variability on the combustion properties led to a remarkable variance 

in system outputs respecting the conversion rate inside the fuel bed and heat generation at overbed zone. 

In this way, the numerical modeling was found to be a robust tool for biomass combustion analyses, yet 
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it is far cheaper and more flexible than experimental analysis. Validation of model versus experiment 

data obtained from the packed beds proved that deploying one-dimensional transient model in place of 

two-dimensional steady-state model can sufficiently picture the fuel bed combustion in a less 

computational cost. 

By comparison between the results of the current study and previous literature, it was concluded that 

fuel composition sensitivity analysis on combustion characteristics is not necessarily valid. For example, 

uncertainty analysis revealed that the fuel conversion rate had an unknown correlation with moisture 

content which is not in line with sensitivity analysis. Flame temperature showed a negligible sensitivity 

to fuel composition variability, while attributes such as ignition rate and conversion speed remarkably 

diverge especially for moisture and volatile content. Output heat flux as the most important parameter 

of the boilers showed a high sensitivity to fuel composition variability so that overlooking the biomass 

pellets composition variability caused a considerable overestimation in system output. In the course of 

char content, heat generation variability is limited to a small range, whereas this variation significantly 

increases concerning the moisture and volatile content. Hence, output heat generation uncertainty can 

be mitigated by using fuel with higher char content and lower moisture and volatile for example, biochar.   

From the point of environmental impact, deploying biomass in the combustion system can significantly 

mitigate GHG emissions, although it has a minor impact on some other environmental terms such as 

Acidification and Eutrophication. Based on the results, switching from wood waste to biomass pellets, 

and from biomass pellets to biochar pellets, not only are the effective steps in order to restrain the 

biomass combustion uncertainty but improve the system thermal efficiency to a significant degree. Since 

the biomass conversion inside the bed is a very slow process, even systems equipped with a control unit 

can only improve the gas-phase combustion and it is not able to guarantee better solid-phase combustion. 

This study proposed a passive control strategy for moving bed biomass combustors which generally 

outperform the baseline operations.     

From the economic aspect, it was concluded that the cost of heat from the biomass boiler in terms of 

various biomass fuels is at a competitive rate with the grid rate for North America. Respect to the fact 

that the boiler under the proposed biomass pellets feeding annually generates more heat than the 

proposed wood waste and RDF, higher revenue can be achieved using the pellets. From the maintenance 

viewpoint, taking the availability effect of each subsystem maintenance into the account, the proposed 

optimal maintenance schedule could reduce the maintenance cost of the biomass boiler by about 30%. 
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6.4 Future works 

Since this research focused on the biomass composition variability, the combustion model was 

developed in a way to meet research requirements. It is recommended to survey the effect of particle 

size and shape uncertainty on the biomass combustion by applying required modifications to the 

combustion model. In this course, since the sampling of particle size and shape is relatively easy, the 

uncertainty model can be reliably created using a high number of data. 

In this research, it was concluded that using biomass pellets instead of biomass chips can mitigate 

operation uncertainty mainly because of higher char content and less moisture of fuel. A comprehensive 

evaluation of grate biomass boiler under biochar pellets feeding is recommended.  

Apart from grate biomass boilers, fluidized bed biomass boilers are widely used in big power plants. A 

similar approach to the current study can be extended for fluidized bed furnaces.  

With engaging the explicit maintenance cost of each component individually, a multi-objective model 

could be developed to find the feasible scenarios between maximum system availability and minimum 

total maintenance cost. Similarly, the system availability would be the lower constraint for the system 

availability and upper and lower restriction of service actions could be speculated in consultation with 

manufacturers and experts as well. 

Data science development has provided a wide range of research areas in recent years, thus, the 

application of data science should be vigorously developed in biomass combustion studies. For example, 

a high-speed infrared imaging tool is able to deliver pure and accurate data during the biomass 

combustion, and these data could be analyzed and learned using deep learning techniques to construct 

data-driven models. 

One interesting research topic around biomass fuels could be a feasibility study of the use of left-overs 

from cargo ships as fuel in biomass combustor. Carrying garbage is a challenging issue for cargo ships 

while most of the garbage can be burned on the ships for heating purposes. A comprehensive study of 

benefits, challenges, and feasibility of a garbage-fueled combustor on a cargo ship is recommended.  
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Appendix I 

Table 36. Components characteristics regarding failure distribution and maintenance time  

Components 
Failure rate 
(per 106 hr) 

Weibull distribution 
MTTR+S (hr) Components 

Failure rate 
(per 106 hr) 

Weibull distribution 
MTTR+S (hr) 

α β α β 

O2 Sensor 10 85305 1.1239 171 Pres Sensor 5.8 96546 1.5722 26 

Coupling 1.907 93212 1.5181 74 VFD 1.2 145140 1.5186 75 

Belt 23.719 42075 1.0134 49 Manual Switch 0.46 150960 1.5799 25 

Level Switch 0.273 152430 1.5962 74 Flex joint 14.2 57917 1.1455 174 

Water 
Storage Tank 

0.074 153990 1.6142 348 Relay 0.3 152210 1.5939 24.25 

Temp Switch 0.228 152780 1.6002 78 Bearing 7.99 96638 1.1746 78 

Speed Switch 0.48 150800 1.5781 25 Piping 0.03 154340 1.618 76 

Rotary Valve 9.26 89291 1.1407 342 Transformer 2.5 91290 1.4889 76 

Relief Valve 3.84 124830 1.3443 76 Circuit Breaker 0.2 152990 1.6027 25 

Temp 
Transmitter 

0.437 151140 1.5819 26 Pipe Fitting 3.26 129190 1.3774 52 

Pulley 12.609 72931 1.0787 74 Gearbox 5 83312 1.3815 339 

Flowmeter 3.26 129190 1.3774 76 PLC 5 116370 1.286 88 

Fan 2.5 91290 1.4889 339 Pump 20.52 45370 1.0728 78 

ID Fan 2.5 91290 1.4889 726 Soot Blower 42 34060 1.1722 171 

Pres 
Transmitter 

0.414 151320 1.5839 26 Wiring 0.627 149650 1.5656 50 

Mixing Valve 10.06 84995 1.1227 76 Motor 28.44 34559 1.0315 340 

Temp Sensor 4.57 119460 1.3065 26 Electric 
connection 

0.145 153420 1.6075 25 
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Appendix II 

FDM-based solution code for combustion model: 

Finite difference method (FDM) was utilized to approximate the governing equations using the implicit 

technique for solving the set of equations which provides model stability regardless of the value of time step. 

The average parameter method was introduced to identify the unknown parameters after a specified time 

interval. All mass, momentum and energy equations are formulated as a function of the average mass, 

velocity and temperature within each cell. In this appendix, the mass, momentum and energy balance 

equations for the heat and mass transfer media of a complete system are presented and solved referring to 

the system in Section 4.2.  

1- Mass equation 

𝜙(𝜌𝑖
𝑡+1 − 𝜌𝑖

𝑡)

∆𝑡
+
𝜙𝑣𝑖  (𝜌𝑖 +1

𝑡+1 − 𝜌𝑖 −1
𝑡+1)

2∆𝑥
= 𝑆𝑡𝑜𝑡𝑎𝑙 

𝜌𝑖
𝑡+1 +

𝑣𝑖∆𝑡

2∆𝑥
(𝜌𝑖 +1
𝑡+1− 𝜌𝑖 −1

𝑡+1) = 𝜌𝑖
𝑡 +

𝑆𝑡𝑜𝑡𝑎𝑙 ∆𝑡

𝜙
;          𝛼 =

𝑣𝑖∆𝑡

2∆𝑥
 , 𝑆 =

𝑆𝑡𝑜𝑡𝑎𝑙  ∆𝑡

𝜙
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2- Momentum equation 

(𝑣𝑖
𝑡+1 − 𝑣𝑖

𝑡)𝜙

∆𝑡
+
(𝑣𝑖+1
𝑡+1 − 𝑣𝑖−1

𝑡+1)𝜙𝑣𝑖

∆𝑥
= −

𝑃𝑖 − 𝑃𝑖 −1

𝜌𝑔  ∆𝑥
 

𝑣𝑖
𝑡+1 +

𝑣𝑖∆𝑡

∆𝑥
(𝑣𝑖+1
𝑡+1 − 𝑣𝑖−1

𝑡+1) = 𝑣𝑖
𝑡 −
(𝑃𝑖 − 𝑃𝑖−1)∆𝑡

𝜙 𝜌𝑔  ∆𝑥
;   𝛼 =

𝑣𝑖∆𝑡

∆𝑥
, 𝑆 =

−(𝑃𝑖 − 𝑃𝑖−1)∆𝑡

𝜙 𝜌𝑔  ∆𝑥
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3- Energy equation 

Gas phase 

(𝑇𝑖
𝑡+1− 𝑇𝑖

𝑡)

∆𝑡
+
𝑣𝑖 (𝑇𝑖+1

𝑡+1 − 𝑇𝑖
𝑡+1)

∆𝑥
=
𝜆𝑔  (𝑇𝑖+1

𝑡+1 − 2𝑇𝑖
𝑡+1 + 𝑇𝑖−1

𝑡+1)

𝜙𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2

+
ℎ𝑆(𝑇𝑠 − 𝑇𝑔) + 𝑆𝑖

𝜙𝑐𝑝,𝑖 𝜌𝑖
 

(−
𝜆𝑔  ∆𝑡

𝜙𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2
)𝑇𝑖−1
𝑡+1 + (1 −

𝑣𝑖 ∆𝑡

∆𝑥
+

2 𝜆𝑔∆𝑡

𝜙𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2
)𝑇𝑖
𝑡+1 + (

𝑣𝑖  ∆𝑡

∆𝑥
−

 𝜆𝑔∆𝑡

𝜙𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2
)𝑇𝑖+1

𝑡+1 = 𝑇𝑖
𝑡 +
ℎ𝑆(𝑇𝑠 − 𝑇𝑔 ) + 𝑆𝑖

𝜙𝑐𝑝,𝑖 𝜌𝑖
∆𝑡 

F= 
𝜆𝑔  ∆𝑡

𝜙𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2 , L= 

𝑣𝑖 ∆𝑡

∆𝑥
 , S= 

ℎ𝑆(𝑇𝑠−𝑇𝑔)+𝑆𝑖

𝜙𝑐𝑝,𝑖 𝜌𝑖
∆𝑡 
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Solid phase 

(𝑇𝑖
𝑡+1− 𝑇𝑖

𝑡)

∆𝑡
=
𝜆𝑒𝑓𝑓 (𝑇𝑖+1

𝑡+1 − 2𝑇𝑖
𝑡+1 + 𝑇𝑖−1

𝑡+1)

(1 − 𝜙)𝜌𝑖 𝑐𝑝,i  ∆𝑥
2

+
(ℎ𝑆(𝑇𝑔 − 𝑇𝑠) + 𝑆𝑠+ 𝑆𝑟𝑎𝑑)

(1 − 𝜙)𝜌𝑖 𝑐𝑝,i
 

(−
𝜆𝑒𝑓𝑓 ∆𝑡

(1−𝜙)𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2 )𝑇𝑖−1

𝑡+1 + (1 +
2 𝜆𝑒𝑓𝑓  ∆𝑡

(1−𝜙)𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2)𝑇𝑖

𝑡+1 + (−
𝜆𝑒𝑓𝑓 ∆𝑡

(1−𝜙)𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2 )𝑇𝑖+1

𝑡+1 = 𝑇𝑖
𝑡 +

(ℎ𝑆(𝑇𝑔−𝑇𝑠)+𝑆𝑠+𝑆𝑟𝑎𝑑)

(1−𝜙)𝜌𝑖𝑐𝑝,i
∆𝑡 ; 

F= 
𝜆𝑒𝑓𝑓 ∆𝑡

(1−𝜙)𝑐𝑝,𝑖 𝜌𝑖∆𝑥
2  , S= 

(ℎ𝑆(𝑇𝑔−𝑇𝑠)+𝑆𝑠+𝑆𝑟𝑎𝑑)

(1−𝜙)𝜌𝑖𝑐𝑝,i
∆𝑡 
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