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Abstract

Invariant Measures of Random Dynamical Systems with Constant Probabilities

Eyad AlFarajat, Ph.D.

Concordia University, 2021

In this PhD thesis we are concerned with the existence of the invariant measures and the abso-
lutely continuous invariant measures under one-dimensional transformations. The thesis consists of
two articles [1], [21].

We establish the existence of invariant measures for random maps with constant probabili-
ties and for nonautonomous random dynamical systems generalizing Krylov-Bogoliubov Theorem.
We present results on the existence of an absolutely continuous invariant measure for the nonau-
tonomous random maps on [a, b] using the theory of bounded variation.

We study the dynamics of a new family of transformations. We defined a general formula for the
density function for any transformation belonging to our family, and we find some special properties
for this family. This allowed us to study the random maps with constant probabilities based on these
maps and to prove that the density function f of random map which is constructed from our family
maps T' = {7,, Ty, .-y T, Pys Doy --» D, } 18 the combination f(x) = p,f, + p,f, + .. + 0, [,
where f,, f,,..., f, are the invariant density functions of 7,,7,,..., 7, respectively. We defined
another family of transformations, and we proved that the density functions for any transformations
belonging to this family are f(x) = 1. We present an example to find the density function of the
random maps by conjugations.

We created two classes of chaotic maps with desired invariant densities using two methods of
solving the inverse Frobenius-Perron problem (IFPP). We studied the Lyapunov exponent and the

autocorrelation properties for one of these classes.
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Chapter 1

Introduction

Ergodic theory is the mathematical study of the long-term average behaviour of systems, con-
cerned with study of dynamical systems from the point of view of orbits’ statistical behaviour under
a transformation. The basic ingredients are a measurable space, a measurable transformation acting
on points in the measurable space and an invariant measure on the measurable space. Most special-
ists consider it is as a study of invariant measures of dynamical systems. Dynamical systems can
have a large set of invariant measures. One of the most important problems in the ergodic theory of
dynamical systems is the existence of absolutely continuous invariant measures.

In this thesis, we present results about the absolutely continuous invariant measures in dynam-
ical systems of a simple single maps, in the random dynamical systems and in nonautonomous
random dynamical systems.

The importance of absolutely continuous invariant measures follows from the fact that they
are considered physically significant, for example, only these measures can be visualized using
computers. The existence of acim, theory and examples of the maps of [0, 1] into itself has a long
history. See for instance, the works of Ulam and von Neumann ([52] 1947), Rényi ([44] 1957),
Lasota and Yorke ([36] 1973) and Jablofiski, G6ra and Boyarsky ([29] 1996).

There is a natural procedure for finding an absolutely continuous invariant measure. It is the
iterating of the canonical measure y. First construct the images of y under the mapping p, =

*

w o 7", then take the averages v, = ZZ;S) ux/n and take some *-weak accumulation point.

Special properties of the mapping (e.g. its uniform expansion) may be reflected in the properties of



the limit measure (absolute continuity). An alternative way is to iterate the density function with
the transfer operator, and use the properties of 7 to prove a compactness property of a resulting
sequence. The existence of an absolutely continuous invariant measure is not granted and is due
in many cases to hyperbolic properties of the mapping, such as large derivatives on big sets of
points. Once found, the absolutely continuous invariant measure serves via the ergodic theorem to
pronounce statements about typical (with respect to the canonical measure) behaviour of the system
[26].

The main tool we shall use throughout is the Frobenius-Perron Operator. The Frobenius-Perron
operator describes the evolution of density functions in a dynamical system, the invariant density
is a fixed point of P, P-(f) = f. The existence of invariant densities for a class of chaotic point
transformations has been proved by Lasota and Yorke [36]. We can approximate the fixed point of
the Frobenius-Perron operator P, by the fixed point of a matrix operator. Frobenius-Perron operator
is an example of Markov operator [35], and possesses nice properties such as linearity, positivity,
preservation of integrals. With the aid of this operator we will be able to find meaningful invariant
measures, study their properties, and show why they are important in describing chaotic phenomena
[11].

A random dynamical system of special interest is a random map where the process switches
from one map to another according to fixed probabilities [42]. Random maps with constant prob-
abilities are an important special case of skew products. Let " = {7,,7,,...,T,; P1, P2, ..., Pk }»
be a random map with constant probabilities, where {7, 7,,...,7,} is a set of measurable trans-
formations, and {p1, pe, ..., pr} is a set of constant probabilities, that is p, > 0,7 = 1,2,...,k,
Zle p, = 1. In the case that p; are not constant functions, the random map is said to have a po-
sition dependent probabilities p;(x) and the random map is a position dependent random map. A
measure (4 is called invariant under the random maps with constant probabilities 7" if it satisfies the
condition that u(A) = Zf:o p, (7 (A)), for each measurable set A. The existence and properties
of invariant measures for random maps reflect their long-time behaviour and play an important role
in understanding their chaotic nature. In 1984, Pelikan [42] proved sufficient conditions for the
existence of acim for random maps with constant probabilities. For the theory of the existence and

properties of invariant measures for random maps see [42, 11, 5, 50, 8, 30, 9]. Random dynamical



systems provide a useful framework for modeling and analyzing various physical, social, finance
and economic phenomena [50, 12, 48]. A random map as a model was introduced by mathemati-
cians half a century ago [40]. Since the 1970s, the random map model has attracted the attention of
physicists [32]. Such a dynamical system has recently found application in the study of fractals [7],
in modeling interference effects in quantum mechanics [13], and in computing metric entropy [49].

Autonomous systems are rare in nature. A more realistic approach to modeling real life pro-
cesses is to consider non-autonomous models. In this thesis we review the framework for studying
a nonautonomous random dynamical systems. We consider the non-autonomous dynamical system
{T,.} , where T,, = {Tl(n) s Togmy - Tigny 3 P15 P25 o0y pk}. See the definition in Section 4.1. We study
the existence of the invariant measures and the absolutely continuous invariant measures under one-
dimensional non-autonomous random transformations. We present results on the existence of an
absolutely continuous invariant measure (acim) on [a, b] using the theory of bounded variation.

The general solution of the inverse Frobenius— Perron problem (IFPP), i.e., constructing a
chaotic dynamical system with given invariant density is obtained for the class of one-dimensional
unimodal complete chaotic maps. There are different approaches to solving the IFPP. We presented
two approaches from them. The first approach is matrix approach. Matrix method is outlined in the
work of P. Géra and A. Boyarsky (1993 [22]), the work of Bollt (1999 [10]), the work of McDonald
and Wyk (2017 [39]), the work of Rogers, Shorten and Naughton (2007 [45]) and the work of Nie
and Coca (2016 [41]). The matrix method, gives us a simple relationship between the given density
f and 7, where f is any piecewise constant density function. That is by expressing f in the form of
the leading eigenvector, one we can determine the Ulam’s matrix and hence the chaotic map 7. The
column stochastic matrix can be treated as Ulam’s transition matrix. The second approach is the
conjugation approach, this approach was developed by Ulam (1960 [51]) Grossman and Thomae
(1977 [24]), Gyorgyi and Szepfalusy (1984 [25]), Baranovsky and Daems (1995 [6]) and Jiang
(1995 [31]). Conjugation function approach, makes use of the following equivalence relation be-
tween two mappings: The map 7 : I — I is conjugate to a piecewise linear map o : J — J ,i.e.,
there exists a one-to-one map h : [ oM J such that 7 = hoooh ', for a o with a uniform
invariant density, 7 can then be found via the conjugating function (see Example 2.5.14).

The thesis is organized as follows.



In Chapter 2, we introduce some relevant concepts of random dynamical system including nec-
essary theorems from measure theory and ergodic theory.

In Chapter 3, we proved the existence of invariant measure for random maps with constant
probabilities, which is constructed from a continuous maps on compact space. These results are a
generalization of Krylov-Bogoliubov Theorem.

In Chapter 4, we prove the existence of invariant measure for nonautonomous random dynam-
ical systems. These results are a generalization of Krylov-Bogoliubov Theorem. We present the
properties of the Frobenius-Perron operator with respect to T\(? We obtain a Lasota-Yorke inequal-
ity under an expanding on average condition. We present results on the existence of an absolutely
continuous invariant measure for the nonautonomous random maps on [a, b] using the theory of
bounded variation.

In Chapter 5, We present results about a new class of families of piecewise linear transformations
and about random maps with constant probabilities constructed from those transformations on the
interval [0, 1]. We present the properties of these families. The main result is in Proposition 5.2.2.
For another family of transformations we prove that the invariant density for any transformation of
the family is f = 1. Finally, we present an example of finding the density function of the random
maps by conjugations.

In Chapter 6, We present a particular class of Markov transformations.

In Chapter 7, We created two classes of chaotic maps with desired invariant densities using
two methods of solving the inverse Frobenius-Perron problem (IFPP). We studied the Lyapunov

exponent and the autocorrelation properties for one of these classes.



Chapter 2

Background

2.1 Review of dynamical systems and ergodic theory

Let us consider a probability space (X, B, u) where X is a set, ‘B is a o-algebra of subsets of
X and p is a measure such that u(X) = 1. The measurable transformation 7 : X — X is said
to be p-preserving transformation if pu(771(A4)) = p(A) for all A € B. Sometimes we say that p
is 7-invariant measure. The quadruple (X, B, i, 7) is called a dynamical system, while one refers
to 7 as the dynamics. It models a system with motion; being at an instance in state g, in the next

instance the system is going to be in state 7(xz¢). For a zp € X the elements of the set

{me(xo), 7'2(350), }

are called iterates of o where 771! = 7" o 7 = 7 0 7", the whole set is called the orbit starting in
x¢ and the collection of all such orbits is called discrete dynamical system in X induced by 7. Here
“discrete” refers to the fact that we may think of n as a discrete time parameter.

If 7 is a (one to one) transformation from X to itself, then it said to be invertible and the
condition for 7 to be measure preserving in this case can be written as p(7(A4)) = u(A) for all
AcB.

A measurable set A is said to be invariant under 7 (with respect to x) provided

pANTHA) = p(rH(A)\ 4) =0,



that is, modulo sets of measure 0, 7-!(A) = A. The dynamics on A is independent of X \ A
and (X, B4, 1|4, 7|4) is a dynamical system as well.

If A is any set, the characteristic function of A, x, is the function on X defined by x, = 1 if
x € A, and 0 otherwise. It is clear that the function  , is measurable if and only if the set A is

measurable. For any measurable set A,
A is invariant under 7 if and only if x , o 7 = x, almost everywhere (abbreviated as a.e.) on X.

Another interesting behaviour is the accumulation of states around some subset of the phase space.
We call a compact set A C X an attractor if the iterates of every bounded set B C X are uniformly
tending to A. Sometimes not all states in X tend to A.

Ergodicity describe a dynamical system which has same behaviour averaged over time as aver-

aged over the space of the system states, here is the formal definition.

Definition 2.1.1. A measure preserving transformation is ergodic if for every A € B, such that

77 HA) = A, p(A) =0or u(X \ A) = 0.
Lemma 2.1.2. [34] 7 is ergodic if and only if every measurable invariant function is constant.

The most fundamental idea in ergodic theory is the following fact proved by G.D. Birkhoff in

1931.

Theorem 2.1.3. (Birkhoff’s Ergodic Theorem) [11]: Suppose T : (X,B, u) — (X, B, u) is mea-
sure preserving, where (X,B, ) is o—finite, and f € L'(X,B, 1). Then there exists a function
f* € LY X, B, p) such that

n—1

> @) — 1 - ae. 2.1.4)

k=0

1
n
Furthermore, f* o1 = f* u— a.e. and if n(X) < oo, then fX ffdu = fX fdu. Moreover if T is

ergodic and (X, B, p) is a normalized measure space, then f* is constant and

n—1

l Tk x
= f ))—>/deu (2.1.5)

k=0

for almost every x.



The Birkhoff’s Ergodic Theorem implies that if 7 : (X, B, u) — (X, *B, p) is ergodic and p is
T-invariant and F is a measurable subset of X, then the orbit of almost every point of X visits the

set £/ with asymptotic frequency u(E).

Definition 2.1.6. Let y» and v be two measures on the same measurable space. We say that v is
absolutely continuous with respect to 4, (and write v < ) if for every A € 9B for which u(A) = 0,

we have v(A) = 0.

Definition 2.1.7. Let (X,B, 1) be a normalized measure space. Then 7 : X — X is said to

be nonsingular if and only if 7.y < u, i.e., if for any A € B such that u(A) = 0, we have
rp(A) = p(r=1(4)) = 0.

To test absolute continuity it is often useful to use the next theorem.

Theorem 2.1.8. [16] v < p if and only if for given ¢ > 0 there exists 6 > 0 such that u(A) < §

implies v(A) < e.

If v < p, then it is possible to represent v in terms of p. This is the essence of the Radon-

Nikodym Theorem:

Theorem 2.1.9. [11] Let (X,B) be a space and let v and i be two normalized measures on

(X,B). If v < 1, then there exists a unique f € L'(X,B, i) such that for every A € B,

v(A) = / fdp < p. (2.1.10)
A
f is called the Radon-Nikodym derivative and is denoted by dv /d .

Example 2.1.11. p is the length measure on X. v assigns to each subset Y of X, twice the length

of Y. Then, g—z = 2.

2.2 Frobenius-Perron Operator

Let I = [a,b] and consider the measure space (I, B, \) where B is a o-algebra of subsets of /

and A is the normalized Lebesgue measure on I. Let 7 : I — [ be a non-singular transformation,



i.e., \(T71(A)) = 0 whenever A(A) = 0, and ;1 be a measure absolutely continuous with respect to
A (1 < A\) where p has a density f . Let us assume that 7 is nonsingular, we define the Frobenius-

Perron operator P, on L' corresponding to 7 by

/ P, fd\ = pu(t71(A)) = / fdx (2.2.1)
A T-1(A)

forall A€ B and f € L'. Let A = [a, 2], differentiating both sides, we obtain,

P f(z) = d/ fdX, a.e., (2.2.2)
Az J7-1((a,a))

and the corresponding Frobenius-Perron operator P, can be expressed by

Pfx)= Y J(w) (2.2.3)

wer—1(x)

The existence and the uniqueness of P, follows by the Radon-Nikodym Theorem. The oper-

ator P; transforms probability density functions into probability density functions under the trans-

formation 7, where 7 is assumed to be nonsingular. One of the most important properties of P; is
that its fixed points are the densities of measures invariant under 7 [11].

Next we will state some useful properties for Frobenius-Perron operator in general.

Proposition 2.2.4. [11] Let f,g € L', h € L™, and o, € R. P : L' — L' satisfies the

following properties:
* (Linearity) P;(af + Bg) = aP-f + BPrg, a.e.
* (Positivity) If f > 0 then P, f > 0.
* (Preservation of Integrals) fl P fd\ = fI fdA.
* (Contraction property) || Pr|| < || f]-

» (Composition property) If 7,0 : I — I are nonsingular, then Pro, f = P; o Py f. In particu-

lay, Prnf = P f.



* (Adjoint property) [;(P.f) - gd\ = [, f - UrgdX, where Uy : L® — L% is called the

Koopman operator and is defined by U,g = g o T.

The following proposition says that a density f* is a fixed point of P, if and only if it is the

density of a T—invariant measure , absolutely continuous with respect to a measure \.

Proposition 2.2.5. [11] Let 7 : X — X be nonsingular. Then P, f* = f* a.e., if and only if the
measure (i = [*-\, defined by i(A) = [, f*d\ is T—invariant, i.e., if and only ifpu(t=rA) = u(A)

for all measurable sets A, where f* > 0and || f* |1= 1.

Let
D=D(X,B,u) ={f € L"(X,B,u): f>0and | [, =1},

denote the space of probability density functions. A function f € D is called a density function
or simply a density.
If f € D, then
v(A) = /Afdu L p

is a measure and f is called the density of v and is written as dv/dpu.

2.3 Spaces of Functions and Measures

The results which are presented in this section are derived from the books of Géra and Boyarsky
[11] (1997), Royden and Fitzpatrick [47] (2010), Kingman and Taylor [34] (1966), Roussas [46]
(2014), Walkden [53] (2002).

We recall some fundamental ideas from measure theory.

Definition 2.3.1. Let F be a linear space. A function || - || : F — R™ is called a norm if it has the

following properties for each f,g € F and o € R,
M [fll=0=f=0

@) [lecf]l = lefll £



Q) IIf +gll < 171+ Mlgll-

The space F endowed with a norm || - || is called a normed linear space.

Definition 2.3.2. A sequence {f,} in a normed linear space is said to converge to f in the metric

space F provided

lim || f — f|| = 0.
n—00

Definition 2.3.3. A sequence {f,} in a normed linear space is a Cauchy sequence if for any € > 0,

there exists an NV > 1 such that for any n,m > N,

an - me <€

Every convergent sequence is a Cauchy sequence.

Definition 2.3.4. A normed linear space F is complete if every Cauchy sequence converges, i.e., if
for each Cauchy sequence { f,,} there exists f € F such that f,, — f. A complete normed space is

called a Banach space.

Let (X, B, 1) be a normalized measure space. If a property is true except for a subset having

measure zero, then we say this property is true almost everywhere.

Definition 2.3.5. Let 1 < p < oo. The family of real-valued measurable functions (or rather

a.e.-equivalence classes of them) f : X — R satisfying

/X |f(z)[Pdp < oo (2.3.6)

is called the LP(X,®B, ) space and is denoted by LP(u) when the underlying space is clearly
known, and by LP where both the space and the measure are known. The integral in 2.3.6 is assigned

a special notation

1= (. rf<x>rpdu);,

and is called the L” norm of f. LP with the norm || - ||,, is a complete normed space, i.e., a Banach

space. The space of almost everywhere bounded measurable functions on (X, B, 1) is denoted

10



by L°°. Functions that differ only on a set of y—measure 0 are considered to represent the same

element of L°°. The L norm is given by
[flloc = esssup f(x) = inf {M : p{x: |f(z)| > M} = 0}.

The space L> with the norm || - ||~ is a Banach space.

Definition 2.3.7. The space of bounded linear functionals on a normed space F is called the adjoint
space of F' and is denoted by F*. The weak convergence in F is defined as follows: a sequence
{fn}7" C F converges weakly to an f € F if and only if for any G € F*, G(f,,) — G(f) as
n — oo. Similarly, a sequence of functionals {G), }7° C F* converges in the *—weak topology to a

functional G € F* if and only if for any f € F, G,,(f) — G(f) asn — oc.

Theorem 2.3.8. (Kakutani-Yosida Theorem) [11]: Let F be a Banach space and letT : F — F
be a bounded linear operator. Assume there exists ¢ > 0 such that |[T"|| < ¢, n = 1,2,....

Furthermore, if for any f € A C F, the sequence { f,,}, where
1 n
fo= Ly,
k=1
contains a subsequence { fn, } which converges weakly in F, then for any f € A,

1 n
> TFf— f €F
n

k=1

(norm convergence) and T'(f*) = f*.

We now consider spaces of continuous and differentiable functions. Let X be a compact metric

space.

Definition 2.3.9. Let f be a real valued function defined on a set A of real numbers. We say that f
is continuous at the point z( in A provided that for each ¢ > 0, there is a § > 0 for whichif z € A
and |z — xzg| < d, then | f(x) — f(zo)| < €. The function f is said to be continuous (on A) provided

it is continuous at each point in its domain A.

11



The following definitions and theorems are from [11].

Definition 2.3.10. C°(X) = C(X) is the space of all continuous real functions f : X — R, with

the norm

[fllco = sup | f(x)]. (2.3.11)
zeX

Definition 2.3.12. Let » > 1, C" (X)) denotes the space of all r—times continuously differentiable

real functions f : X — R, with the norm

- (k)
Ifller = max sup [T (x)]- (2.3.13)

SEST ze X

where f(*) () is the k—th derivative of f(z) and O (z) = f(z).

Definition 2.3.14. M (X) denotes the spaces of all measures p on *B(X). The norm, called the

total variation norm on M (X), is defined by

llull = sup {lu(A)| + . + [u(AN)} - (2.3.15)

AU UAn=X

where the supremum is taken over all finite partitions of X.

Theorem 2.3.16. Let X be a compact metric space. Then the adjoint space of C(X),C*(X), is
equal to M(X).

Theorem 2.3.17. (Scheffé’s Theorem) If f, > 0, [ fod\ =1,n=1,2,...and f, — f a.e. with
[ fdx =1, then f,, — f in L' — norm.

Definition 2.3.18. Let X be a metric space and x a measure defined on the o- algebra of Borel sets.

We say that p is a Radon measure if ;1(K) < oo for all compact sets and

w(E)= inf pwU)= sup wu(K),forall EC B(X).
UDE KCE
U—open K—compact

Theorem 2.3.19. (Lusin’s Theorem)[18] Suppose that . is a Radon measure on metric space X

and f : X — C is a measurable function that vanishes outside a set of finite measure. Then for any

12



€ > 0 there exists g € C°(X) such that g = f except on a set of measure < €. If f is bounded, g

can be taken to satisfy

sup |g(z)| < sup [f(z)].
zeX reX
Where C¢(X) is the linear space of continuous real-valued functions on X.

Definition 2.3.20. The weak topology of measures is a topology of weak convergence on M (X).
ie.,

un%uﬁ/gdunﬁfgdu
forall g € C(X).
In view of Theorem 2.3.16 this is sometimes referred to as the topology of x—weak convergence.

Theorem 2.3.21. The weak topology of measures is metrizable and any bounded (in norm) subset

of M(X) is compact in the weak topology of measures.
We now present an important corollary of Theorem 2.3.16.
Corollary 2.3.22. The set of probability measures is compact in the weak topology of measures.

Definition 2.3.23. A function f : X — R is simple if it takes only a finite number of different

values.

Note these values must be finite. Writing them as a;, 1 < ¢ < N, and letting A; = {z € X : f(x) = a;},

we can write
N
F=Y"aixa,
i=1
where x , is the characteristic function of A.

Theorem 2.3.24. Simple Approximation Theorem [47] Let (X,B, 1) be a measure space and f a
measurable function on X. Then there is a sequence {1, } of simple functions on X that converges

pointwise on X to f and has the property that

|tn| < | f| on X for all n.

13



(1) If X is o—finite, then we may choose the sequence {1} so that each 1,, vanishes outside a

set of finite measure.

(2) If f is nonnegative, we may choose the sequence {1, } to be increasing and each v, > 0 on

X.

(3) if f is bounded on X. Then for each € > 0, there are simple functions ¢. and 1. on X such
that pe < f <Y and 0 < Y. — ¢ < eon X.

2.4 Krylov-Bogolyubov Theorem

Theorem 2.4.1. [/1] Let 7 : X — X be a measurable transformation of (X,B, u). Then T is

p—preserving if and only if

[ t@dn= [ st (242)

forany f € L. If X is compact and (2.4.2) holds for any continuous function f, then T is

—preserving.

Proof. Assume T is u—preserving. Let f € L. For a simple function f = X7, crx4,, since 7 is

measure preserving,

n

/fon/i:/[éck'XAk OT] dMZ/[ZCk'XT—I(Ak)] dp

. k=t (24.3)
=> o p(Ap) Z/fdu
k=1

Therefore, the Equation (2.4.2) holds for f simple, for this reason and according to the Simple
Approximation Theorem 2.3.24, there is an increasing sequence { f,, } of simple functions on X that
converge pointwise on X to f. Hence { f,, o 7} is an increasing sequence of simple functions on X
that converge pointwise on X to f o 7. By using the Monotone Convergence Theorem twice, we

have

/fOTd,u: lim /fnomlu: lim /fndu:/fdu
n—oo n—oo

14



Conversely, assume (2.4.2) holds. For A € B, since u(X) < oo, the function f = x, belongs to
LNX,p)and foT = x,-14).

u(r iy = |

T

fdMZ/AfOTdMZ/AfdMZM(A)-

—H(A)
O

Krylov-Bogolyubov Theorem says that for every a probability measure v, every limit point of

the sequence

18 an invariant measure.

Theorem 2.4.4. (Krylov-Bogoliubov ) [11] Let X be a compact metric space and let 7 : X — X

be continuous. Then there exists a T—invariant normalized measure on X.

Proof. Let v be a normalized measure on X . Consider the sequence p,, defined by

1 n—1 ‘
==Y iy, (2.4.5)
n
1=0

where the operator 7/ = vor ", The sequence {1, }7- ; contains a weakly convergent subsequence
{4iny }oe s since it is precompact in the weak topology of measures. Let y be a limit point of this
subsequence. We will prove that p is 7—invariant normalized measure on X. To this end it is
enough to show that for any continuous function g the Equation (2.4.2) holds. We have

|ug) = nlgom)| = lim |pn,(g) — pn,(g07)|

1 ne—1 1 ng—1
i —i—1

= dim e 2 erle) = e D e ()
— lim —Ju(g) —vor"*(g)]

k—ro0 N,

2

< lim 25l _

k—oo n

and Equation (2.4.2) is proved. Note that since 7 is continuous g o T is continuous for any

continuous g and then the x—weak convergence of ji,,, implies pi,,, (9o 7) = p(go 7). O]

15



2.5 Some theorems on the existence of acim’s

In this section we will present some results about the existence of an absolutely continuous
invariant measure for a piecewise differentiable mapping on an interval.
Let P = {L,Is,....I,} , I;;,= (x;—1,2;), i = 1,2,...,n be a partition of I, 7 : I — [ and

7; = T)1;- T is a Markovian map for {I;} if it satisfies::
M1 (Piecewise smoothness) 7; has a C?2—extension to the closure I; of I;,
M2 (Local invertibility) 7; is strictly monotone,
M3 (Markov property) 7(1;) is a union of some intervals I;.

If foreachi = 1,2, ...,n, if 7; is linear, then 7 is called a piecewise linear Markov transformation.
The class of piecewise linear Markov transformations is a simple class of piecewise monotonic
transformations and the matrix representation of the corresponding Frobenius—Perron operator can

be calculated easily. In fact, it is a matrix which follows from the following theorem.

Theorem 2.5.1. [11] Let 7 : (I,B,\) — (I,B, \) be a piecewise linear Markov transformation
with respect to the partition P = {I1, I, ..., I,}. Then there exists a n X n matrix M, such that
P, f = fMZ for every piecewise constant f = (f1, f2, ..., fn). The matrix M, = (mij;) is defined

by
ML Nt~ HI))

Where T denotes transpose.

Example 2.5.2. Letw : [0, 1] — [0, 1] be a piecewise linear Markov transformation on the partition

{0,%,3,2,1}, defined by

1 —4x, f0r0§x<i

@) 2(z — 1), for; <z <%
w(zx) =

1-2-1), fori<a<?

4x — 3, for%§x<1
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0.89

0.69

044

029

Figure 2.1: The map w in Example 2.5.2.

w-map is piecewise expanding and satisfy the conditions of Theorem 2.5.5. The matrix repre-

sentation of P, is M, where

11 1 1
1 1 1 1
11
53 3 00
M, =
11
5 3 00
11 1 1
Ll 4 4 4 1 |

Let f = [z, x2, x3, 24] , Where z; = f|I;, I; = [%, ﬂ, 1 =1,2,3,4. The normalized density of

the map w is the left eigenvector of M, with eigenvalue 1. Hence
f=103,3,11].

Therefore, the density of the invariant measure with respect to the Lebesgue measure is

Theorem 2.5.3. (Folklore theorem)[11] Assume that (M1-M3) hold, and T satisfy:
F1 (Aperiodicity) there exists an integer n such that 7" (I;) = X for all i.
F2 (Eventually expansive) there exist n € N and a constant C' > 1 such that the derivative is

17



defined and |(7™)'| > C.

Then T has an ergodic invariant probability measure i such that du = pdzx, where p is piecewise

continuous and satisfies 1/A < p(x) < A for some A > 0.

Theorem 2.5.4. [43] The invariant measure is unique and has density bounded if it’s satisfy:
Ul T is a Markov transformation.
U2 |7"/(7")?| < 0 < oo where 7/, 7" are defined,
U3 |7'(x)] > X > 1, where 7' are defined.

Let V(.) be the standard one dimensional variation of a function and BV (I) be the space of
functions of bounded variations on I equipped with the norm ||.||py = V(.) + ||.||[z:. Lasota
and Yorke [36] proved the following important result for the existence of an acim for a single

transformation using bounded variation methods:

Theorem 2.5.5. [36] Let 7 : [0,1] — [0, 1] be a piecewise C? transformation such that inf |7'| > 1.

Then for any f € L[0,1] the sequence 1 S"7_| P¥ f is convergent in norm to f* € L'[0,1]. The

n

limit function has the following properties:
(1) f>0= f*>0.
(2) [y fdx= [y frdA.
(3) Prf* = f* and consequently du* = f*dX\ is invariant under 7.

(4) f* € BVI[0,1]. Moreover there exists ¢ independent to the choice of initial f such that

Vo f* <cll £l

Example 2.5.6. [11] Let 7 : [0,1] — [0, 1] be defined for any a € (0,1), 7(z) = L. X(0.0 (%) +
e
1—
1 T, X1 (%), and let f(z) = 1. Then f(x) is the invariant density of 7 on [0, 1], P; f = f.
o :

Prf(2) = (@) + (1 —a) = 1

18



Example 2.5.7. Let 7 : [0,1] — [0, 1] be defined by 7(z) = x+a2(mod1), and let h(z) = 2+ .

Then h(x) is the infinite invariant density of 7 on [0, 1], P;h = h.

Pohz) = M @) b (@)
(1‘ (2)) (721(9«“))
1 1
_ _5+%m %+§m Tee  Lee (2.5.8)

_|._
+ (—1++v1+4x) 14 (=1+ 5+ 4x)
2 2
_2<4x+4—|—4x> = hiz)

Definition 2.5.9. Two transformations 7 : I — I and o : J — J on intervals I and J are called

conjugate if there exists a bijective continuous map h : I — J such that:
o(z) = (hoToh ) (z).

The map h is called the conjugation.

Theorem 2.5.10. [/1] Let 7 : I — I be nonsingular and let h : I — I be a diffeomorphism. then

we have:
(1) P.f = f implies P,g = g, wherec = hotoh tandg= (foh 1).|(h71)];
(2) if f is a T—invariant density, then g is a c—invariant density.

Proof. (1) Let P, f = f. Using the composition property for Frobenius-Perron operator we get

P,(Pyf) = PyoProPy-10Pyf=P,oP:0P,1.,f = PyoPrf = Pyf. (2.5.11)

We have to show that P, f = ¢g. But that immediately follows from

Pof(x Zfohll Y Xy = (Fo B D] = g. (2.5.12)

where h is monotonic (n = 1), since it is a diffeomorphism. By using the Equation 2.5.11, we
get

Py(9) = P,(Pyf)=Pnf =g
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Figure 2.2: Top left graph is the map 79(x). Top right graph is the map G4(z). Bottom graph
shows the conjugation map h(x). For Example 2.5.14.

(2) Let [, fdA = 1. Then [, gd\ = [, PofdA = [, fdx = 1. O

Corollary 2.5.13. If 7, is the tent map and 7, and 7, are conjugated by h (1, = ho 1, o h™1), then

From corollary 2.5.13 we can find the relation,
—1 z
h (z)= i/ f,(t)dt.
0

Example 2.5.14. Let X = [0, 1]. Consider the map 79 : [0, 1] — [0, 1] defined by 79 = 1 — |2z — 1|

(tent map) and G4 : [0,1] — [0, 1] be the logistic map that is defined by G4 = 4x(1 — z). Let,
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moreover, & : [0, 1] — [0, 1] be defined by h(z) = sin?(Z£). 9 and G are conjugated by h.
Notice that the probability density function of 7y is g(x) = 1. By applying Proposition 2.5.10,
g=(foh™).(h7")

, where h=!(z) = 2 arcsin(,/z), and then we have,
g=1-(h"Y(2))".

Therefore, using the change of variables formula we obtain,

and g is the invariant density of the logistic map.

Example 2.5.15. Let X = [0, 1], and let us consider the maps

2
73:, for0<z<v2-1
_ ) 1—2a2
n={1-2 ,
, forv2—1<z<1
X
(50
z 5(./90
100z 1 : .
m-}—g, forg(\/29—5)§$<§
25 — 150z

1 1 5 2
10822 — 360 —72 "6 OraST<gVZog

32 —x—2 1

5 2 1(. /99
3z —x —2
=z for J(v29—1) <z <1
5 —4x
3
. . . 4 1
The invariant densities for 7, and 7, are f, (z) = T and
80
_ for 0 < 1
725+ 1622) VST
foz) =
10 1
for 5 <z <1,

m(322 —x + %3)7

respectively. 7, and 7, are conjugated by h(z) = (3z)x_, + (2= + %)X[2 e
g:

[0.2] ]
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2.6 Random dynamical systems

Let (X, B x, 1) be a probability space and let 7 be an ;1 —preserving measurable map on X. A
random dynamical system f on the measurable space (Y, By ) over (X,Bx, u, 7) is generated

by mappings f, , @ € X, so that:
(1) the map (o, x) — fq(x) is measurable, and
(2) it satisfies the cocycle property 7™ = Fliny © fa forall n,m € ZT, a € X.

The associated random orbits are zg, x1, ..., where 9 € Y and 11 = fin (@) (). This
random dynamical system is denoted by (X, B x, i, 7, f).
Let X be a nonempty set and T be the set of two sided or one sided discrete or continuous times

(T=R,R*,R~,2,2%,27).

Definition 2.6.1. [3](Random dynamical systems) Let (X, B, u, {¢(t),t € T}) be a metric dy-
namical system and (Y, F) be a measurable space. A random dynamical system on (Y, F) over
(X, B, 1, {p(t),t € T})isamapping @ : T x X xY = Y, (t,z,y) — 0(t,x,y) satisfying the
following condition: the mappings 6(t,z) : 0(t,z,-) : Y — Y form a cocycle, that is, they satisfy
(i) 0(0,z) =idy, forallz € X (if 0 € X); (ii) O(t + s,z) = 0(t, ¢(s)z) 0 O(s, x) for all t, s € R,
r e X.

0.89

0.69

0.4

Figure 2.3: The map 7(x) in Example 2.6.2.

22



Example 2.6.2. ([0, 1],B, A, 7) is a metric dynamical system where 7 : [0,1] — [0,1] is defined

by 7(x) = 3z(modl) and X is the Lebesgue measure on [0,1].
Definitions 2.6.3. [3]

(1) A random dynamical system on (Y, F) over (X, B, u, {¢(t),t € T}) is a measurable random

dynamical system if B(T) x B x F, F measurable.

(2) A measurable random dynamical system on (Y, F) over (X, B, u, {¢(t),t € T}) is a con-
tinuous or topological random dynamical system if Y is a topological space and 6(.,z,.) :

T x Y — Y is continuous for every x € X.

(3) A continuous or topological random dynamical system on (Y, F) over (X, B, , {¢(t),t € T})
is a smooth random dynamical system of class C¥ if Y is a manifold and 0(¢, z) = 0(t, z,.) :

Y =+ YisCF, 1<k <ooforevery (t,z) € T x X.

2.6.1 Skew product

Let (2, A,0,v) be a dynamical system and let (Y, B, 7y, ftw)wen be a family of dynamical
systems such that the functions 7,,(z) are A x B measurable. A skew product of o and {7, },,c(, is

a transformation S : Q X Y — € x Y defined by

S(w,z) = (o(w), 7w(x)), (2.6.4)

wherew € Qandz € Y.

In fact, An important application of a skew product construction is the random maps with con-
stant probabilities. Let (X, B, \) be a measure space and 2 = X7 = {1,2,3,...,k:}{NU0} =
fw={w;};2,:wi €{1,2,3,....,k}}, be the set of set of all one sided infinite sequences. Let
T X =X, =12, k be nonsingular piecewise one-to-one transformations and p1, pa, .., Pk
be constant probabilities such that Z;‘?:lpj = 1. The topology on (2 is the product of the discrete

topology on {1,2, 3, ...,n} and the Borel probability measure /i, on 2 is defined as

/’Lp ({'U) cWo = ival = il? ey Wy = ZTL}) = pioapila cees Diyy -
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Let o : © — Q be the left shift. Now consider the skew product S : 2 x X — € x X defined by

S(w,z) = (o(w), Tw, (), (2.6.5)
where w € Qand z € X,
S%(w, ) = (02(W), Tw, © Twy (), (2.6.6)
and for any integer N > 1,
SN(w7 x) = (aN(u)),Tw]W1 O Tyyp_g O +or O Tyyy O Tapo (X)), (2.6.7)

A random map with constant probabilities is

T = {7—177—27"‘7Tk;p17p27"”pk}7

with constant probabilities p, > 0, Zle p, = 1. The random map with constant probabilities
T is defined by choosing 7, with probability p,, i.e., for any x € X, T'(z) = 7,(x) with probability
p,. For any integer N > 0, the iterates of the random map T are TV (z) = Tin OTin_, 0T (7)

with probability H;V: 1P, TN (x) can be viewed as the second component of the S” of the skew

product S. Pelikan [42] defined a T-invariant measure m as follows:

Definition 2.6.8. Let 7" be a random map on X and p be a measure on X. The measure p is

invariant under the random map 7 if

w(E) = S5 el (E)), (2.6.9)

for any measurable set £ € 5.
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2.7 The existence of absolutely continuous invariant measures for ran-

dom maps

Pelikan [42] gives the following sufficient condition for the existence of absolutely continuous

invariant measures for these random maps 7' = {7,, 7y, ..., 7,; Dy, Doy --s Dy, }
k
P;
Y L <a<l, (2.7.1)
— | 7/|
g=1"13J

for some constant «. the existence of acim, theory and examples of the maps of [0, 1] into itself
has a long history. See for instance, the works of Ulam and von Neumann ([52] 1947), Rényi ([44]
1957), Lasota and Yorke ([36] 1973) and Jabloniski, Géra and Boyarsky ([29] 1996).

The Frobenius-Perron operator Pr with respect to the random map with constant probabilities

T is given by
k
i=1
where Pr is the Frobenius-Perron operator of the transformation 7,. Operator Pr can be expressed
by
¢ L3 S @)
Prf(x)=>>_p, (P () (@) =>_p> |T/(T7—1(x))|Xﬂ'([%w%})(m)' (2.7.3)
i=1 i=1  j=1 irj
Where Xia, ) is the characteristic function of the interval [z, ,, 7 ], i.e., Xia, ) () = 1if
r € [z, ,,x,], and 0 otherwise. The key for the indices in Equation (2.7.3):
1 = transformation numbers, i = 1,2,--- , k.
n, = the total number of sub-transformation foreach 7,7 = 1,2,--- | k.
J = sub-transformation numbers 7, , = 7,, ,j =1,2,--- ;n,andi =1,2,--- | k.
? J

Measure p is T'—invariant measure if and only if ©(A) = Z?:o piu(rH(A)) for all A € B.
Prf* = f*if and only if 4 = f*\ is T'—invariant absolutely continuous measure.
Next we will state some useful properties for Frobenius-Perron operator with respect to the

random map .
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Proposition 2.7.4. [50] Let o, B be constant. Then if f,g € L'([0,1]), h € L*([0,1]), and .

Pr: LY([0,1]) — L'([0, 1)) enjoys the following properties:
(1) (Linearity) Pr(af + 8g9) = aPrf + SPrg,a.e.
(2) (Positivity) If f > O then Ppf = S, piPr f > 0.
(3) (Preservation of Integrals) f[o,u Prfd\ = (ZkK:MUk) f[O,l] fd\ = f[QU fd.
(4) (Contraction property) | Prfll1 < ||f]1-
(5) (Composition property) If T, R : L*([0,1]) — L([0, 1]) are two random maps, then Pror f =
Pr o Ppf. In particular, for any n > 1, Pra f = P2f.

Lemma 2.7.5. Prf* = f* ifand only if u = f*\ is T—invariant.

2.7.1 Random maps of piecewise linear Markov transformations and the Frobenius-

Perron operator:

One of the important property for the piecewise linear Markov transformations is the invariant
densities can be computed easily since the Frobenius-Perron operator can be represented by a finite-
dimensional matrix (see Theorem 2.5.1). This property is inherited by random maps which are

constructed from piecewise linear Markov transformations (see Section 3.4.6. in [50]).
Example 2.7.6. Consider the random map
113
T= ==,
{7_177—2’7-37 9’ 87 8} 3
where 71, 72 and 73 are the piecewise linear Markov transformations shown in Figure 2.4.

Using, Theorem 2.5.1 and the Frobenius-Perron operator Pr, we have

1 (& 3 C
SMr+ Mgl

1 c
PTf == (§M7-1 + 8

Where ¢ denotes transpose. It can be easily shown that the solution of the matrix equation
prﬂf =nlis
r_[230 2684 24 ¢
483737037 23’
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Figure 2.4: Top left: 71 (x). Top right: 72(x). Bottom: 73(x), Example 2.7.6.

and the invariant density of 7" is

5497

2 for0 << 1
35050" =TS
3876
—_— f l< <l
fl) = 170757 A= TS
5796 ) ,
ﬁ, for§§x<z
11109 ,
m, f0r1§x<1
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Figure 2.5: The invariant density of 7', Example 2.7.6.
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Chapter 3

Existence of invariant measures for

continuous random maps.

In this section 3.2 we prove necessary and sufficient conditions for existence of an invariant
measure for random maps. Before that in section 3.1, we mentioned some basics and discussed
some rationale. The Krylov-Bogoliubov Theorem 2.4.4 is one of the theory which establishes the
existence of invariant measures for continuous transformations (regardless it’s expanding or nonex-
panding transformations) on a compact space. In [3], For a Polish space, the author introduces a
topology of weak convergence of measures which let him carry over the Krylov-Bogoliubov theo-
rem and prove that each continuous random dynamical system on a compact space has at least one

invariant measure and he generalized that to a random compact set.

3.1 Measurable transformation

Let X be a compact metric space and consider the measure space (X, B, 1), where B is a o-
algebra of subsets of X and p is the normalized measure on X. Let M(X) denotes the spaces of

all measures on B(X). A random map

T = {7—1,7'2,...,7']‘;;])17])2,...,pk}7
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where 7,,7,, ..., 7, be a collection of measurable transformations from (X, B) to (X,B), p, >
0, Zle p, = 1. The random map with constant probabilities 1" is defined by choosing 7, with
constant probability p,, in other words for any x € X , T'(xz) = 7,(z) with probability p,. For an
integer N > 0, the iterate of the random map 7" is performed as follows:

™V (2) = Tiy OTin_, O 0T, (x),

with probability Hj\[: 1D The transition function of the Markov process of the random map 7 is

the following

P(z, A) = p,x, (1,(2)) + ... + px4 (7, (2)),

from a point z € X into a set A € B(X), and x, is the characteristic function of the set A on
X that takes the value 1 on A and 0 on X \ A.

Given the random map with constant probabilities 7" and g : X — Y we can consider the
composition g(T") : X — Y to generate a random map with constant probabilities ¢(7")(z) =
{9(7,(x)),9(7,(x)), ..., g(7,.()); Py s Do, ---» P}, } »- In particular if g : X — R* is an extended real-
valued function on X (R* is the extended real number system defined by adding two points —oo

and +o0 to the real numbers), then g(7") defines an extended random map on X.

Lemma 3.1.1. Let 7, it = 1,2, ..., k, be a collection of measurable transformations from (X, *B) to
(X,B)and g : X — R* ameasurable as a function with extended real-values, then the composition

g(T,) is measurable.

Proof. For each ¢ and for any Borel set in B in R* we have

{z:g(r)(z) eBy =7 " {y:g(y) € B}

—1

=17, (A),forsome A € B
U

If 11 is a measure on (X,®B) and 7' is a random map with constant probabilities constructed
by collection of measurable transformations from (X, B8) to (X, B) then we can use 7" to define a
measure v on ‘B by putting

-1

v(A) = pu(T  (A)), forA € B. (3.1.2)
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By this definition of v, (X, B, v) is a measure space.

The following change of variable formula in an integral.

Theorem 3.1.3. Let g : X — R* be a measurable function. Then we have

/g(T)du:/gdv (3.1.4)
X X

Proof. Consider non-negative functions g : X — R™. It is enough to prove (3.1.4) when g = x,

is the characteristic function of the set A (where x 4 is the characteristic function , and g o T" =

Z?:o pig o T = Z?:o piXTi—l). Then
1, ifzer (A)
9(7)(x) = ,
0, ifxgr (A)

so that g(7,) is the characteristic function of 7'1,_1 (A), asetin *B. Thus, by 3.1.2

K
[ o = o) = 1 (W) = Y pontr, (4)
X —
K K
Adp = P
k:]_/’rk—l(A)pk K /X;Pkm( k( ))du

K
kzlpk /X 9(7,,(x))dp = /X 9(T(z))dp.

The proof is completed. O

Definition 3.1.5.  is called T'—invariant measure if and only if it satisfies the following condition:

K K
A) = Ldu(z) = (T (A)). 3.1.6
u(A) ;/ﬁ;ump ) = 3opnter () (.16

Lemma 3.1.7. Let X be a compact metric space and let (X,B, i) be a measure space with nor-
malized measure | and T' be a random map on X. Then  is T'—invariant measure if and only if

for any function g € C(X)

/gdu — /gon,u,, (3.1.8)
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where goT = """ pig o T

Proof. Assume (3.1.8) holds. For the measurable function g, by Theorem 3.1.3 we have [ 9o
Tdp = [y gdv. By Theorem 2.3.16, we infer from 3.1.8 that u(T~*(A)) = u(A) for every
measurable set A.

Conversely, assume p is T'—invariant measure. X is a compact metric space, then the adjoint
space of C'(X) is equal to M(X) (Theorem 2.3.16). First we have to prove that 3.1.8 holds when

f = xa for the characteristic function .

/fon,u,:/XAon,u,:/lonu
A

:Zpk/ 1OdeM=Zpk/_l ldp
k=1 A

k=1 7 (A)

= o () = p(4) = [ xudi= [ s
;pku . p /x m /A n

For a simple function f = X7, ¢, x a0 since p is T'—invariant measure,

/fonM:/[éck.XAkoT

Thus,

n

dp :/ !Z Ck:Pk~XTk—1(Ak)] dp =" cppu(Ag) = /fdﬂ-

k=1 k=1

/fd,u:/fonu, (3.1.9)

Therefore (3.1.8) holds for f simple. According to the the Simple Approximation Theorem (Theo-
rem 2.3.24), there is an increasing sequence { f,, } of simple functions on X that converge pointwise
on X to the any continuous function g. Hence { f,, o T'} is an increasing sequence of simple func-
tions on X that converge pointwise on X to g o T'. By using the Monotone Convergence Theorem

two times and applying the equality of (3.1.9) for simple functions, we have

/gonu:nlingo/fnonp:nh_)Irolo/fndu:/gd,u.
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3.2 The Generalization of Krylov-Bogoliubov Theorem for random

maps

Next, we generalize Krylov-Bogoliubov Theorem to random maps. An analogous result, for
continuous time Random Dynamical Systems, is proven in Theorem 1.5.8. of Arnold’s book [3].

For simplicity we consider k = 2.

Theorem 3.2.1. (The Generalization of Krylov-Bogoliubov Theorem) Let X be a compact metric
space and let (X,B, \) be a measure space with normalized measure X and let 7, : X — X, i =
1,2 be continuous transformations. Consider the random map T' = {7,,T,,p,,p, } with constant

probabilities p,, p,. Then there exists a T'—invariant normalized measure 1.

Proof. Let v in M(X) be a normalized measure ( for example we can take a Dirac measure ). De-

fine the sequence i, € M(X) by

Then for B € B

pn(B) == (v+Tv+..+T" ') (B)

~/~
T

LB + ..+ Z/(T_(”_l)(B))>

S| :\HS\H

Zpkl Ty B))+..+ Z Py, Py, pkn( 17—,:21"'7—,;1(3))

ki1=1 k1,k2;...kn
where H?;ll p,, is the probability of 7"~ 1(z) . For example,

> Pr, P V(17 N (B)) = piv(r(B)+pypyv(r o (B)) pypov (7 (B))+pv(r, 2 (B))
k1,k2

Since M (X) is weak™ compact, some subsequence i, converges, as k — 0o, to a measure
uw € M(X), We shall show that y is T'—invariant, and for that it is enough to show that for any
function f € C(X).
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/ Fdu = / foTdp. (3.2.2)

We have,
u(f) —p(foD)[= Um |un,(f) = pin,(foT)|

ng —-+00

L ) () - L T £ T ()
ng N

1
= 1 — — Tk
() = T
< lim

2sup|f| _
T np—4o0 ng ’
Therefore, 1 is T'—invariant, as claimed. ]

= lim
ng—>—+00
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Chapter 4

Existence of an absolutely continuous
invariant measure for nonautonomous

random maps

We present results on the existence of invariant measures for nonautonomous random dynami-
cal systems. We prove the existence of an absolutely continuous invariant measure for the nonau-
tonomous random maps on [a, b] using the theory of bounded variation.

In Section 4.1, we give the definitions and introduce the notation to the nonautonomous random
dynamical systems. In Section 4.2, we prove the generalization of the Krylov-Bogoliubov Theorem
to the nonautonomous random dynamical systems. In Section 4.3, we prove the existence of an
absolutely continuous invariant measures for the limit random map 7. In Section 4.4, we introduce
the properties of Frobenius-Perron operator for nonautonomous random maps. Finally, in Section
4.5, we prove a form of the Lasota-Yorke inequality and we prove the existence of invariant BV

densities for nonautonomous random maps.
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4.1 Definitions and notations for nonautonomous random dynamical

systems.

Let X be a compact metric space and let (X, B, \) be a measure space, B is a o-algebra of sub-

sets of X with normalized measure \. Let 7

Limy? Ta(my 2+ Tr(my D€ @ k sequences of a transformations

with a continuous limits 7,, 7,, ..., 7, respectively. Consider the random maps

T, = {Tj[(n))TQ(n)) s Tinys P15y Pas ...,pk}

which converge uniformly to a continuous random map

T = {7—177-2?"'7Tk;p17p27"‘7pk}7

with constant probabilities p,, p,, ..., p,, p, > 0, Zle p, = 1.

Definition 4.1.1. The nonautonomous random dynamical systems on the metric compact space X

is defined by:
Tmt1 = Ton(Tm), m =0,1,2, ...

are the identity transfor-

where zg € X and Ty = {TI(O),TQ<O>, s Toy s P1o Pas ...,pk}, where Ti0)

mations for all ¢. This generates the discrete time process fﬁl , which is defined for all x € X
T\ﬁ@ =Th,oTh 10..0Tl 10T, m< n.

In particular,

o =Tpo0Ty—10..0T1 0T
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4.2 Existence of invariant measures for continuous nonautonomous

random maps.

In [23] Gora, Boyarsky and Keefe proved the generalization of the Krylov-Bogoliubov’s Theo-

rem to the nonautonomous setting : every limit point of the sequence

is a T-invariant measure for every probability measure v. We generalize this result to random maps.

Theorem 4.2.1. Let TSL be as defined as in Section 4.1. Let v be normalized measure on X. Define
the measures ju, = Z?;ol (T\é)*y Let 1 be a x—weak limit point of the sequence {ji},~,. Then

w is a T'—invariant normalized measure.

Proof. We follow the proof of original Krylov-Bogoliubov theorem. We use £ = 2. We have the
random maps

T, = {Tl(n)’TQ(n);p17p2} ,n=12 ..

Which converge uniformly to the continuous random map
T= {TlaTz;plapz} )

with constant probabilities p, , p,.

For B € B, we have
in(B) = — (v(B) + (T)u(B) + .. + (Ty ™) (B))

(v(B)+ (Th o Tp)v(B) + ... + (Th—1 0 ... 0o T1 0 Tpp) v (B))

S 3/=3|=

2
—1 —1
B+ > PP V(T 0y © Ty (B + -

J1=1,j2=1

2
—1 —1 —1 —1
. . I ) 38 @] (@] O...0
+ > Py, Py Py by, V(T o Lo ool (B))
J1=1,j2=1,j3=1,....jn—1=1

By assumption, y is a *-weak limit point of the sequence {1}, , some subsequence i

converges, as j — 00, to a measure p. We shall show that p is T- invariant, and for that it is
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enough to show that for any function g € C(X), u(g) = pu(go T).

We have,
|1(g) = p(g o T)| = lim [0 (9) — pin; (g 0 T)|
1 njf1 1 njfl
=lim |~ > ((Té)*l/> (9)—— > ((Tg)*u> (goT)
7 i=0 I i=0
1 T NG — - A~
—tim— |(v(go T) + .+ v(go Ty ™)) = (MgoToTg) + ..+ v(goT o Ty 1))’
nj
1 nj—l
= lim — V(QOT\Ol)"‘ Z (V(gng)—V(gOToT\éfl)) —V(goToT\gj_l)
" =1
1 n;—1
= lim — V(QOTOl)“‘ Z (V(goTioTéil)—I/(goToTéfl)) —U(goTngLj_l)
" i=1
1 n;—1
=lim — | [ v(goTy) + (V ((goTi—gOT)(T8_1)>)—y(goTngLjfl)
" =1

We have,
v((goTi—goT)T™)) <suplgoTi — g0 T| < wy (sup|Ty — T))
2
< Wy ij sup |7, — 7,1,
j=1
where w is the modulus of continuity of g,

wg = sup |g(z)—g(y)l.
pla,y)<é

By assumption, 7, — 7, uniformly so we can find N > 1, such that for an arbitrary € > 0 there
exist § > 0 when w, () < eand sup p(7,,, — 7;) < dforalli > N.

Therefore, for n; > N, we have
1
lug) = ulg o T)| < lim —((2N +2) - sup|g| + (1; — N)e).

J

Thus, p is T'—invariant, as claimed. OJ
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4.3 Existence of an absolutely continuous invariant measure for the
limit map.
The next definition is for Frobenius-Perron operator with respect to 7.

Definition 4.3.1. Let 7' = {7,,7,,...,7,; Dy, Py, ---, P, } be a random map constructed from nonsin-

gular transformations {Ti}le on I. Forall f € L*(I)

k
Prf=Y p-P.f (4.3.2)

i=1

where Frobenius-Perron operator P, can be expressed by

Pfa)= Y flw) (4.3.3)

weT~1(z)

Incase 7 =7, ,07, , 007, o the Frobenius-Perron operator P, can be expressed by

Pfx)= Y g (w) (4.3.4)

werT—1(x)
where D is the first derivative of the composite function 7.

Theorem4.3.5. [50] Let T = {7,,7,,...,T,; Dy, Pss -, D, } be a random map and Pr be its Frobenius-

Perron operator. For every density f*, Prf* = f*, a.e., ifand only if u = f*X is T—invariant.
We going to prove the following theorems.

Theorem 4.3.6. Let 1), and T be as defined as in Section 4.1 and let T,, — T uniformly, f, is the

invariant density associated with Ty, and f, — f weakly in L'. Then Prf = f.

Proof. To prove that Prf = f, it is sufficient to prove that for any continuous function g on X,

| / o(f — Prf)dA| = 0.
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We have

‘ g(f_PTf)d)‘| < | g(f_fn)d/\|+| g(fn_PTnfn)dM
/ / /

+ | /g(PTnfn — Prfn)dA| + | /Q(PTfn — Prf)dA|

Since f, — f weakly in L' the first summand tends to 0. The second is equal to 0 since Pr, f,, =

-

Let us set

L= / o(Pr, o — Prfa)dA

I, = |/9(PTfn — Prf)d\|

We have,
5L = /(goTn—goT)fndM

| [(Xng0m,) = Yonlgor)fudn
< Z(pi suplgoT,,, —goT) / | fnldA

< Z (piwg (sup ITM) - 7'i|)) / | fuld\ — 0,

we reached this through the assumption, for every 7, 7,

(4.3.8)

, — 7, uniformly, [ |fn|dX are uni-

formly bounded and w, is the modulus of continuity of g.

I < /(g o T)|f — fldA — 0 43.9)

Since f, — f weakly and g o T is bounded. Hence, Prf = f. O

4.4 Properties of the Frobenius-Perron operator with respect to ZA}?.

The Frobenius-Perron operator P, for the nonautonomous random map 7 is coming from
0

random maps composition property, and it is given by
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Pj“\(;if = PTnoTn,lo...oTloTof = PTn o PTn,1 0...0 PT1 o PTofa (441)

where Pr, is the Frobenius-Perron operator of the random map 7%, k € {0, 1,2, ...,n}.
The properties of P-, resemble the properties of the classical Frobenius-Perron operator of a
0

single transformation see [11].

Proposition 4.4.2. Let o, B be constant. Then if f,g € L*([0,1]). P

e+ L1([0,1]) = L([0, 1)),

PA has the following properties:
(1) (Linearity) P (af + 89) = aPpn f + P g.
(2) (Positivity) If f > 0 then Pﬁ?f > 0.
(3) (Preservation of Integrals) f[OJ} Pfalfd)\ = f[O,l] fdA.
(4) (Contraction property) HPTo"f”l < |Ifll.
(5) (Composition property) Iffé‘, ﬁg : L1([0,1]) — LY(]0,1]) are two nonautonomous random
maps, then PAgoﬁgf = PA(? nf In particular, for any m > 1, P mf Pm ' f, where

o P

s M times. 4.4.3)

P2 f =P, 0 P4, 0
Ty f 0 ° I3
Proof. Itis enough to prove this properties for T 1 = TpoT,_1,whereT;, = {7'1 (ny? Ta(my s P1s P2 }

Using the properties of the Frobenius-Perron operator with respect to 7 and 7.

(1) (Linearity) Let F' = af + g. Then,

PA (F) = PTnOTn—l(F) = PTn 0 PTn—l (F)

n 1

:plp‘F (PTn—l(F)> +p2PT2(n) (PTn—l(F))
1(n—1) (F) +p1p2PTl (n) © PT2(n71) (F)

o (F)+ 2P 0P (F).

1(n)

_pIP OP’?’

+ D, PTQW o P
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Then by using the linearity of P, two times, we have

P, (af +Bg) = apiPr,  oP.

Ti(n-1)

2
(f)+BpiPr, o P (9)

+app, Pr, o P

2(n—

o () +BpipaPry 0 Pry o (9)

+ ap1p2P72(n) © PTl(nfl) (f) + ﬂppoPTQ(n) © PT1(n71) (g)
2

1 (f) + BPQPTQ(H) © PTQ(n—l) (9)

:OéPTn f—|—,8PAn g.
n—1 n—1

2
+ ap; PTM ° PTQ(n_

(2) (Positivity) Let f > 0 by using the positivity of P, two times, then we have

_ .2
Pfg_l(f) _p1P7'1<n) o P,

1(n—

1) (f) +p1pzpfl(n) o P7'2<n71> (f)

2
+ ppoPTQ(n) o P, Ty (f)+ D, PTQ(n) o Prg(n_l) (f)

1(n

> 0.

(3) (Preservation of Integrals) By using the preservation of integrals of P, two times, then we
have

. — 2
/[071] PT”_lfd)\ /[071] plp‘rl(n)OTI(n—1) (f) +p1p2P7-1(n)072(n_1) (f)

n

2
+ p1p2PT2<n) oT 1) (f) + pQPTQ(n) Ty (n—1) (f)d)‘

_ 2
- /T_l ([0,1]) PP (D)aA+ /—1 PP Pr , (F)dA
1(n—1) U9

Tg(n_l) ([0’1])

1(n—

+ / PpaPr. (f)dA+ / PP, (f)dA

Ty (0.1 2 Toe 1y ([0,1))

= / p?Pﬂ(n) (f)d)‘ + / plp?PTl(n) (f)d/\
[0,1] [0,1]

[ by, (an+ [ BP (A

" (0,1]

:p?/ 1 fd)\+p1p2/ ) fdX
iy (0.1) il (0]

S IS S

S ([0.1]) 2 (0.1])

= (0, +,)° / fax= [ rax

[0,1] [0,1]
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(4) (Contraction property) Let f € L([0,1]). Let f* = max(f,0) and f~ = max(—f,0).
Then f+, f~ € L'([0,1]), f = f* — f~ and | f| = f* + f~. By the linearity of P3, we
n—1
have

Ppo f=Pp. (f"=f7)=Pp. " —=Pp. f~

and

1Pry fl= [ |Pp flaxs [ Py iflax= [ iflan= sl
" o1 " o1 " [0,1]

(5) (Composition property) Let T\,?_l, Az_l : L'([0,1]) — L*([0,1]) are two nonautonomous

random maps, then by using the composition property of Pr two times we have

Pj}"r?—loﬁz_lf = PT”OTn—IORnORn—lf = PTn ° PTn—l o PRn ° PRn—lf = Pfﬁ_1 © PEZ—lf

4.5 Existence of an absolutely continuous invariant measure for the

nonautonomous random maps on [a, b].

In this section we present results on the existence of an absolutely continuous invariant measure
for the nonautonomous random maps on [a, b] using the theory of functions of bounded variation.
The original result for maps is due to Lasota and Yorke 1973 [36], Since then, the bounded variation
proof has been generalized in a number of directions [29, 4, 27, 23].

Let I = [a,b] and (I, B, \) be a measure space, where A is normalized Lebesgue measure on 1.

Let Tg be as defined as in Section 4.1. fgl is a nonautonomous random maps for the random maps

Tn = {Tl(n)7T2(n)7 RS Tk(n);pupga 7pk} )

where T

1> Tany? = Trny 2T€ k sequences of a transformations of [ into /. For all n they are

piecewise one-to-one and differentiable, nonsingular transformations on a partition P of I, P =
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{I1, I, ..., I, }. Denote by V (-) the standard one dimensional variation of a function, and by BV (I)
the space of functions of bounded variations on I equipped with the norm || - ||[py = V() + || - ||1.

The following theorems come from [11].

Theorem 4.5.1. Let f and g be of bounded variation on I = [a, b|. Then so are their sum, difference
and product. Also, we have

Vi(f £9) < Vif+ Vig,
Vi(f-g9) < AVif + BVig,
where A = sup{|g(z)| : x € I}, B =sup{|f(x)|: z € I'}.

Theorem 4.5.2. Let f : [a,b] — R have a continuous derivative f' on [a,b]. Then

b
Viap f = / | f () ]dX (4.5.3)

Theorem 4.5.4. Let A,B C [ and \(AN B) = 0. If f € BV(AU B), then,

Vaus(f) = Va(fla) + Ve(fs)-

Theorem 4.5.5. (Yorke’s Inequality) Let f : I — R be of bounded variation. Let A C I and let
X 4 be the characteristic function of the interval A. Assume | = [(A) > 0. Then fx , is of bounded

variation and

Vithx) <2Valfl)+ 5 [ 1fian 456
A

Theorem 4.5.7. (Helly’s First Theorem) Let an infinite family of functions F' = { f} be defined on
all interval [a,b]. If all functions of the family and the total variation of all functions of the family

are bounded by a single number, i.e.,
‘f(l‘)| < K, ‘/[a,b]f <K, forall f € F,

then there exists a sequence { f,,} C F that converges at every point of [a, b] to some function f* of

bounded variation, and Vi, f* < K.
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Let g;(n) (x) = |f" B i =1,..., k. We assume the following conditions for all n

i(n)

Cl1 (Average expanding condition) » _; g;(n)(7) < a <1,z € I.
C2 gimy € BV([0,1]),i=1,2,..., k.
We going to prove the following theorem.

Theorem 4.5.8. Let f € L'(I) and 7, : I — I be a piecewise C? transformations on a partition

P of I. Suppose I; € P. For m > 1 let us define
T=r,07, 0 -0T,0T, 4.5.9)

T; = T|r, and Dy(x) = 7/ (7,,_,0---o1)-7" _(7,, _,0---01)-coi (1)) -7/ (). If f|1, € BV (I;).

Then
-1 -1
Vaay ((£-1D71) o 17 (@) <T- W4, <f|zi)+A/I Flax, (4.5.10)
max \(D;,l)’]

7

min [(D3,')]

K3

where I’ = sup(Di,l) and A =

Proof. We have

Vr 1) (f . |Di_1| o TZ._1> = /T(I) |d (f : ’Dil\ o Ti_1> |, by Theorem 4.5.2,

7

= / |d (f . \Dil |) |, using the standard change of variables,
I;
< [1£ 107+ [ 17107 ax

<.V, <f|fi>+A/I fldA
' 4.5.11)

where I' = sup(Dil) and A = O
In [42], Pelikan proved a form of the Lasota-Yorke inequality for Random maps.

Lemma 4.5.12. Let T = {7,,7,,....,T,; P, Dy ---, P, } be a random map, where T, are piecewise

monotonic transformations that satisfy the C'1 and C2 conditions, then, for any f € BV (I),

Vi (Pr(f(x))) < AVi (f)+ Bl flh. (4.5.13)
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where

and

. Jj_1d ;J
wzthoi—\ﬁwi

o= ()

Theorem 4.5.14. Let T, be a sequence of random maps as defined as in Section 4.1, for the random
map which is constructed from piecewise C? transformations that satisfying the Condition 4.5.13,
with common constants 0 < A < 1 and B < oo. Then, for any density f € BV (I), the sequence
f, = % S Pff f forms a pre-compact set in L' and any convergent subsequence converges to a

density of an acim of the limit map T.

Lemma 4.5.15. Under the assumptions of Lemma 4.5.12, for any density f € BV (I)

B

— 4.5.1
Tt (4.5.16)

Vi (Pg (1) < AVi () +

where 0 < A < 1, and B > 0.

Proof. The Frobenius—Perron operator P, preserves the integral of positive functions and since f
1
is a density function, we have [ |Px, f|d\ = || f||1 = 1forall n > 1. Since Py, f = Pr, o Pr,_, 0
1 1

... o Pp, f, by applying the Lasota-Yorke inequality for Random maps 4.5.13, we have

n>1.

Vi () <41 (1) + BY. A7 < A3 () + -2 n>

=1

O

Lemma 4.5.17. Let T}, and T be as defined as in Section 4.1 and let T,, — T’ uniformly. Under the

assumptions of Theorem 4.5.14, for any density function f, Pr, f — Prf weakly in L', as n — oc.

Proof. We will prove that for any density function f, Py, f — Prf weakly in L', as n — oo. Let
g € L*°(I, \) be an arbitrary bounded function, fix an ¢ > 0. By Lusin’s 2.3.19 for any 6 > 0

there exists an open set U C I, A(U) < §, and a continuous function G € C°(I) such that g = G
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on I \ U and sup |G| < ||g|lcc - The Frobenius—Perron operator is a conjugate of the Koopman
operator, that is for any f € L' and any g € L>°, we have I} ; Prfgd\ = I} 1 fg o TdA. Therefore,

we can write

k k
[ Prso - Pesgan = [ <Zpi LNIED IR fg> ax
. i=1 i=1
<3pl [ (Pt Pas )
k
<30 [ lgor, —goni
zzl
—z;pi/lf]gOTi(n) —Gor,, +Gor,  —Gor,+Gor, —gor,|d\

k

=1 I
—|—/f|GO7'Z.—goQ|d)\)

I

Let sup |G| < [lglloc = M. Let If(t) = supa.x(ay<t [ 4 [f|dA. Tt is known that I¢(t) — 0 as
t — 0. Let we be the modulus of continuity of G i.e. wg (t) = supp,_, <, |G(x) — G(y)|. We have,
wa(t) — 0ast — 0. By Lemma (5) in [23] there exists a constant K such that for any interval .J

we have A(71(J)) < KA(J). Then we have

| / (Pr, fg — Prfg)d\ < 2M,I;(K6) +wa(suplr,, —7.]) + 2M,T;(K6)
(4.5.18)

= WG(Sup ||Ti(n) -7 ||OO) + 4Mglf(K6)

Let us fix an € > 0. Since |7, — 7,[[cc = 0, as n — 0 we can find N > 1 such that for all

n > N we have wg(sup |7, — 7, |lc) < €. We can also find an § > 0 that 4MyI;(K0) <e. [

(n)
The proof of Theorem 4.5.14 follows the ideas of the proof of Theorem 4 in [23].

Proof of Theorem 4.5.14. By the assumption, let f be a density function, f € BV(I). Let f, =
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% > Pff f. Using the Equation 4.5.16, P,fli fand f , ¢,n > 1 have uniformly bounded varia-
tion. Hence, for a bounded variation density f, these functions are uniformly bounded and Helly’s
Theorem 4.5.7 implies the existence of a subsequence {f,, }x>1 convergent almost everywhere
to a function f* of bounded variation. Thus, by the Lebesgue dominated convergence theorem,
J; f*dX = 1. Therefore, by Scheffé’s Theorem 2.3.17, f,, — f* in the L'-norm. Thus, the
sequence f, = % Sy P:Ff f forms a pre-compact set in L',

By Lemma 4.5.17, for any density function F, Py, ' — PrF weakly in L', as n — co. Now,
let { fn };>; be a subsequence of {f,},~; convergent in L' to f*. We will show that f* is the

density of an acim of 7T". We have
Prf* =Py ( lim fnk) = lim Prfy,
N —r00 N —00

We will show that Pr f,,, — fy, converges weakly in L'to0. Let ¢; = Pz f,i=1,2,.... Moreover,
1

$it1 = Pr,,,¢i. Then, fr, = L(¢1 4 ¢o + ... + pn—1 + ¢n), . We have

Prfn, — fn, = nlk(PT% + Progs + + Prép—1+ Proy, ) — nlk(¢1 + o2+ + b1+ dn,)
1 1 e
= E(PT¢nk —¢1) + " Zz; (Pro; — ¢iy1)
1 1 e
= n*k(PTﬁbnk —¢1) + e ; (Pro; — Pr,, ¢i)

Let N and 6 be chosen as in Lemma 4.5.17 . Let n > N + 2. Then, using estimate 4.5.18, we have

1
| /I (Prfu = Fa)od] < - /I (Prén, — é1)gldA

N ng—1
1 1
+ S [1Proi = Proiglar+ o > [1(Pros— Priéngli
ng I ng I
=1 i=N+1
2 2 1-N
< M, + —NM, + 2= ="" ().
ny ny ng

The right hand side becomes smaller than (2¢) as n;, — co. Since € > 0 is arbitrary this proves that

Prfn, — fn, converges weakly in L'to0and Prf* = f*. 0
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Chapter 5

On the absolutely continuous invariant

measures for the random maps:

We study the dynamics of a new family of transformations. We find a general formula for
the invariant density of any transformation in our family. The properties of the family allow us to
prove that the invariant density function f of random map constructed from our family maps 7' =
{7y Tyy ey T,)3 Dy s Dy -y D, } 18 the combination f = p, f, + p, f, + ... + p, f,, where f,, f,, ..., [,
are the invariant density functions of 7, 7,, ..., 7, , respectively. We also consider another family of
transformations, and prove that the invariant density for any transformation of the family is f = 1.

We present an application example to find the density function of the random maps by conjugations.

5.1 Introduction

A dynamical system, a space X with a mapping 7 : X — X or a family of mappings 7,
may have a large number of invariant measures. There are invariant measures that are absolutely
continuous with respect to some canonical measure on X. When X is an interval those which are
playing the most important role are measures absolutely continuous with respect to the Lebesgue
measure. The importance of absolutely continuous invariant measures (acim) is due to a heuristic
belief that canonical measures are the ones that represent physical objects. Regarding previous

studies of the absolutely continuous invariant measures, there are many examples of transformations
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on an interval and the absolutely continuous measures invariant under those transformations. Rényi
(1957) [44] was the first one to define a class of transformations that have an acim. He introduced
a family of one-dimensional maps 73(z) = fx(modl), B € (1,00), z € [0,1), where 5 > 1 is
not necessarily an integer. Lyubich (2002) [38] proved that almost any real quadratic map 7. : z —
22 + ¢,c € [~2,1/4], has either an attracting cycle or an acim. The literature on the existence and
the properties of acim is very rich, see for example references in [20, 36, 11, 28].

In this chapter we will consider some families of piecewise linear maps. Let [ be the interval
[0,1]. Let P = {I,, ..., Iy} where [ = U, and I, NI = 0,0 # j, N > 2and I, = [z, ,,z,].

We assume that N is even and z , = % There is no condition for the intervals to be of the same
2
length. Let 7 be a transformation of I onto itself, and 7, = 77, foreach ¢ = 1,2, ..., N. We assume

the following conditions:

C1. 7(x)is a piecewise linear map, and for every I, C [O, %] there exist I, C [%, 1] such that they
have the same image and the same slope of the line, i.e., 7(Z,) = 7(Z;) with |7/(z)| = |7/ (y)|,

x € I,y € I,. The I, corresponding to different /,’s are different.

C2. 7(z,) € {0,1,1} where z,,i = 1, ..., N are the partition points, 7(1;) € {[0,1], [0, 3], [3,1]}

and 7(I) = [0, 1].

These conditions define the family of simple maps from the unit interval to itself. Let .7 be the
family of all transformations that are satisfying the above conditions. The graphs in Figure 7.1
show some examples.

Maps of our class .7 find application in modelling and designing true random number generators
(TRNG) with decreased voltage supply sensitivity in electronics [19].

In Section 5.2,we present the notation and summarize the results that we will need in the sequel.
In Section 5.3, we study properties of .7 and give some examples. The main result is proved in
Section 5.4. More results about the random map I" with constant probabilities are in Section 5.5. In
Section 5.6, we present examples of transformations and study the density functions of these trans-
formations by the conjugations. In Section 5.7, we define another new family of transformations

and we prove its properties.
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Figure 5.1: Examples of a transformations satisfying C'1 and C2.
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5.2 Some properties of .7 and the main result with motivating exam-

ples.

Let us consider the random map with constant probabilities 7' = {7,,7,;p,,p, }, where 7, :
[0,1] — [0,1]; & = 1,2 are piecewise expanding maps. If 7, preserves a density f, and 7, pre-
serves a density f,, then consider the combination f = p, f, +p, f,. We can ask if our random map

T preserves the density f? In general, the answer is no. We have

PTf:PT(p1f1+p2f2)
:p1PTf1 +p2PTf2
=D [pIPTlfl +p2P7'2f1} + D, [p1P7'1f2 +p2P7'2f2]

=plf + 0y [Pr fo + Pr f)] + 05 f
in general different from f.

Example 5.2.1. Let T = {7,w; 4,1} and

1—4x, for0<x<

PN

4z, f0r0§x<i
23:—%, for%§x<

D=

T(x) = %—2:):, fori§x<%, w(z) =

=~

1
5—2x, f0r§§:n<

3 3
\2:5—5, forg <z <1

4z —3, for3<z<1

The invariant densities for 7 and w are f_(x) = %X[o,%] (x) + gx[%’l] (), f () = %X[o,%] (x) +
%X[l | (z), respectively. Thus, the combination of the invariant density functions of 7 and w is
2

f= %X[O’%](m) + %X[%,l] (x)and Prf = %X[O’%](x) + %X[%J] (x). Therefore, f is not the fixed

point for Pr.

For transformations of family .7 this property holds. The following proposition presents some

properties of 7.
Proposition 5.2.2. Any 7 € 7 has the following properties:

(1.) T is a piecewise monotonic expanding map.
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(2.) The unique invariant density function of T is piecewise constant on [0, H and [%, 1], i.e.,

2
fz) = (e)x

o1 () + (2 - C)X[l | (x). The invariant density of T can be also expressed as
53 bR

N

- 1
10 =3 P 1

(3.) Let f,, f,, ..., f, bethe invariant densities of T,,T,, ..., T, respectively, T, € 7,1 =1,2,...,n.

Then, for each j,

forany i = 1,2,....,n. Moreover, the invariant density function of the random map T =

{T17T27"'7Tn,;p17p27"'7pn} lsf :plfl +p2f2 + o +pnfn'

We will prove the Proposition 5.2.2 in the next section. The following examples illustrate prop-

erties described in Proposition 5.2.2.

Example 5.2.3. Let I = [0, 1], consider the transformations:

1

7\
i/7AE

™.
e

Figure 5.2: 7, and 7,, for example 5.2.3.
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ox, for0§$<% %x, f0r0§gv<ll0

5 3 1 1 5 1 2 1
1rty forjg<z<y 32+ forg<a<jy
7'1(3:): > TQ(x): .
13_5 1 9 i _5 1 8
5 — %, forg <z <3 6 — 3%, fors <x <

9 5 8
5 — ox, forl—ogac<1 — 5, f0r1—0§m<1

5
2
\
The invariant densities for 7, and 7, are f, () = %X[o,%] ($)+%X[%,1] (x)and f,(z) = %X[o,%] (x)+

S

gx[ 1. ]( x) respectively. Consider the random map 7, = {r,,7,;p,,p,}, Where p,,p, > 0 and

p, +p, = 1. Let f =p, f, + p, f,. Then, we have

(= &) o (Ol b (3 e

We want to prove that 7', preserves the density f We need to find the Frobenius-Perron operator:

Py, f(a zpk o z z |<>

T;” z))
b Onih o 3
B I R e
oo (3) 00 (5) e 2 1 (5) 2 (5)]
ot O on (g onile ()0 O,
= [p} <225> +p,p, ;i,)) +p? <25> +p,p, <265> +p,p, (245
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Pr, f(z) = [p? (;2) + 01, Gg + ;g) P (32)} Xjo4]
o[t () +om (3+8) 2 (5)]
= :pl Gg) (p, +p,) + 1, (;g) (p, +p2)] Xjo 4]
+ {pl (;LO> (p, + 1) +p, @g) (p, +p2)] X3
b e s b Q) n G

The proof is complete.

The following example of seven different piecewise linear transformations from family .7 il-

lustrates property (3.) in Proposition 5.2.2.

Example 5.2.4. Consider the following seven transformations defined on different partitions of the

interval [0, 1]. The first map:

Lz, for0 <z < ag

1 (x—oq)—l—%, for o <o < g

1
(x—ag)+1, forax <z <3

T
Ty (33) = { He2my)
—1 1 1 .
2(042—%)(35 —3)+g, forg<z<ay
2(042_—1041) (r—ay)+1, forag<z<as
%<£—a5)+%) f0r0{5§x<1

Wherea0:0<a1<a2<oz3:%<oz4<a5<a6:1,a4:1—a23nda5:1—a1.

The invariant density of 7, () is f, (z) = (4aq)x; ,,(z) + (2 —4a1)x ](x)

[03] (32

The second map:
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1
038 /
06

A \

1

Figure 5.3: 7, with oy = % and ap = 3.

ﬁx—f—% for0 <z < fy

1 1
ﬁ(fﬂ—ﬁl), forﬁl S$<§

(x—3)+1, fori<a<py

ﬁ(x—1)+%, for s <z <1

\
Where S = 0 < 51 < B2 = 5 < B3 < B4 = 1 and B3 = 1 — B;. The invariant density of

1
2

7 (@)is fy(x) = (2614 x, e

. A

os T

/Y

. [N

04 / \
N/ T/
RS 1/
NN 7

Figure 5.4: 7, with 51 = %

First we show that P f, = f,:
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. LM @)
P7'1 fz (x) = Z mxﬁ([zplvzib(x)

=1 1 1,4

+ (281 + 1) (2a2 — 2a) Xy + (281 +1) (1 — 2a2) x

[31]

+ (1 — 251) (2041) X[

.

03]
+ (1 - 2,81) (1 - 2042) X[

= (261 +1) 21) X[

0%]

NI
[T

-+ (1 — 251) (2042 — 20(1) X[

1] 1]

= (40081 + 201 + 2001 — 404151))([0 1]
°2

+ (40&251 — 4&1,@1 + 20090 — 2001 — 40&251 + 261 — 209 + 1

— 200 + 1 4+ 4o — 262 + 20 — 201 — a1 + 4aq 1)

(3]
~ ey + &= deoxy,
= fl (l‘)
Now, P‘r2f1 = fz :
~ L @)
PTQ fi(z) = Z mx‘b([miflvzi])(x)

i=1 "2\ 2,

— (4a) (261) g, + () (5 = 1) X
@) (= 1) g+ (2 dan) (281 g,

= (8(1151 4+ 201 — 4o P +1—2061 — 2071 + 4o 51 + 451 — 86%1,31))(

o]

+ (201 — 4B + 1 —2aq — 2061 + 4a151)x

[31]

NI

= (281 + )x; ,; + (1 =261)x,,
[0-3] [31]
= f2($)
The third map:
;—Ex—i—l, for0<z<m
1__2171('17_%)_{_%7 f0r71§1:<%
TS(x) =

ﬁ(w—%)—i—%, for 3 <z <13
%(w—l)—i—l, forys <z <1
\

Where 79 =0 < 71 < 72 = % < 73 < 4 = Ll and 73 = 1 — ;. The invariant density of 7, (x)
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is f,(x) = (2’)/1)X[0_é](x) +(2- 271)X[%!1] (@).

02 04 06 038 1

Figure 5.5: 7, with y; = 1.

fo(r (@)
WX@([%—L%]) ()

i=1 '2\"2,
1
] + (271) 5 - Bl X[()’l]

= (2m1) (261) X,
1
#2=2m) (5 ) o + 2~ 20) (280,

Nj—=

4]

=@nfr+7 —2mb1+1=281 — 71+ 2B + 461 — 47151)X[

0,

=

+(nm—2mp1+1—71—26+ 27151)X[

1
?1]

= (@4 + 1), + (- 280)x,

3] 3]

= f2 (:C)
Now, Pr f, = f;
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= L(r (@)
P’7'3 fz (x) = z_: mxfg([zi,l,zi]>(m)

= (281 1) () X, + 2B+ D) (1-2m)x;,

+(1—-261)(1—27)x 1] +(1—=281) (n) Xo,1]

3.

= +2mb+m— 27151)X[

[

0,%]

+ (2B +1 =27 +261 =41+ 1 =27+ 26+ 4vifr +7 — 27151)96[ ]

(S

=(2 +(2-2
( 'Yl)X[O%] ( 'Yl)X[%’l]
= f3($)
The fourth map:
.
e+, for0 <z <y
sy (€ —01) + 5, ford <z <y
;__1;2(1‘—97 foré <z < 3
7—4(37) =
2751(93*%)+1, for%§x<54
m&—&;)—k%, ford, <z < 05
(1), for 05 <z < 1
\ 292

Where(50:0<(51<<52<53:%<(54<55<<56:1,54:%+51and55:%+(52.The

invariant density of 7, (z) is f,(z) = (1 — 252)X[0 1 (r) +(1+ 252))([; . (z).
5 2

1

08

LA
SN \

Figure 5.6: 7, with §; = % and dp = %
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Now, P f; = f4 :
7' z))

PT4 f3 Z | :E 74([zi71,zi])(x)
1
= (2m1) (201) X[y 5+ (291) (202 = 201) X, + (271) { 5 — 02 ) X0,
[31] [31] 2 o
1
+(2—=2m) (2601) xp,  +(2=2m) (202 —261) X[, ; +(2=27) | 5 =02 ) X4
[31] [31] 2 0.1
= (71 —2m02+1—71 — 262 + 27152)X[0 3]
2

+ (47161 + 49102 — 47101 + 91 — 27102 + 461 — 47101

+ 409 — 401 — 4y102 + 47101 + 1 — 200 — 71 + 27152)X[1 ]
?1

= (1 — 2(52))(

ol

+(1+ 262)X[ N

Nl

[0:4]

:f4()
Now, Pr_ f, = f3.
x)

P73f4 Z | 7_ .7: 7-3([9c1-_1,xi])(x)
= (]- - 252) (’71) X[O,l] + (1 - 252) (1 - 271) X[ 71]

(L 202) (1= 2m)xy o+ (14262) (90) X

o=

= (7 —2mb2+71 + 27152)X[

03]

+ (71— 2762+ 1 =291 — 250 +4y102 + 1 — 291 + 262 — 4y102 + 71 + 27152)X[1 ]
gﬂ

NI

= (271)X[0 ] + (2 - 271)X[

1]

Nl
[N

=fs (z)
The fifth map:
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ab for0 <z < (q

2((21—@) (:U - Cl)v for(1 <z <
1_ (x_7)7 fOI'CQS;I;<,
7'5(:x) = 22 2 2
Cll(x_%)7 for%§x<c4

m(ff—%—ﬁ), for(y <z < (s

,71 (x_l)a fOI'C5§;[;<1
2

Where (0 =0< (1< <(=3<<(G<C=10=3+¢and( =3+ (. The

invariant density of 7, (z) is f;(x) = (1 +2(¢2 — Cl))X[O’%](l‘) + (1 —2(¢2 — Cl))x[ N ().

L
LA
R i
VA LN I A

N

Figure 5.7: 7, with (1 = % and (, = 2—74.

Now, Pr_f, = f; :
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N ACICD)

Pr fy(a) = ; WX%([IFLH])(CE)
= (1= 262) (Q1) Xoy + (1= 202) (262 = 20) xp, ) + (1= 202) <; - C2> Xpo.
1
] + (1 + 252) <2C2) Xpo,1)

1
4202 +4G102 + 5 = G2 = 02+ 2C202 + G + 2102

+ (1 +202) (C1) Xy + (1 +202) (262 *QCl)X[O

(S

= ((1 — 2C162 +2C — 2¢ —
126y — 2C + 4Cay — 4016 + 1 ot 6y — 26ad2)x [ ]

+ (¢1 — 2¢102 + = — G2 — 02 + 2¢202 + (1 + 2¢102 + = —Co+ 62 — 2¢262)x [

K\J\H

g

l\.’)\»—‘

=(14+2(¢— Cl))X[Dy%] +(1—2(¢ - Cl))x[%,ﬂ
= fs(m)
Now, Pr f, = f4 :

7'4 x))
PT4 f5 Z | .T 7'4([931'—1’11']) (x)

4

= (1+2(C — 1) (261) X+ (1+2(G — 1)) (202 — 201) X3

Nl

+ (1 +2(¢—G)) <; - 52> Xy T (1 —2(¢2 — 1)) (261) X[y
120G - Q) 28 - 200, 1+ (1= 2062 = ) (5 62 ) o

= (201 + 4¢201 — 4101 + 262 + 4202 — 4C102 — 201 — 4201 + 4¢161

1
+ 5 — 09 + (o — 2C252 -+ 2C152 + 261 — 4C251 + 4C151 + 269 — 4C252

1
+4C102 — 201 + 4201 — 4161 + 5~ 02 — G2 + 2¢202 + (1 — 2(152)X[0 n
’2

1 1
(= — 024 (2 — 2¢202 — (1 — 2¢102 + 3~ 02 — (2 + 2C202 + 1 — 2(252)X[1 |
?7

+(1+ 252)X[ N

Nl

= (1 — 2(52))([0’ ]

NI

= f4($)

The sixth map:
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5T+ 3, for0<z<m

—L(x—1), form<az<i

Te(x) =q2 "
ljn (x —ms3), for % <x<ns
2
ﬁ(m—l)—i—l, forms <z <1

Where o =0<n <12 = % < m3 <mng=1,n3 =1—mn; . The invariant density of 7, (z) is

folw) = (1 =2m)x, o (@) + (L +2m)x, | ().

1

. \
AN /
LN

IREEER

] 02 04 06 08 1

Figure 5.8: 7, withn; = %.
Now, P f, = f, :
L fi(r @)
P o) = 2 i e @)
i=1 "6\ "6,
1
= (1 + 2(C2 - Cl)) (2771) X[%J] + (1 + 2(C2 - Cl)) (2 - 771) Xio,1]

2

ol

+(1=2(¢—G)) <1 - 771) Xy T (1 —2(C2 — 1)) (2m) X[34)

1 1
= (5 —m+ G —2Cn — G +2CGm + 5 —n1 — G+ 2¢m + ¢ — 2(1771)X[0

2 ]

Nl

1 1
+ (21 + 4¢am — 4Gm + 5~ m+t G2 —2Gm — ¢+ 2¢im + 5 M- G2

+2Cm + ¢ — 2Cm2n1 — 4Gen1 + 4C1771)X[ N

NI

= (L= 2m)xp, o + (04 2m)x,

1
2

= fe (:C)
We have Pr_fi(z) = Pr_f,(z) = f; .
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The seventh map:

1
290> for0 <z <

2(#—1191)(35—191)4-1, for¥; <z <9y

(,I—%)’ f0r192§1'<%
m(%—%), fOr%§x<q94

Z(Tl—z’ﬁ)(x_q%)‘f‘l, for 9y < x < Vs

\%*1192(:67195)’ fords <z <1

Where Jg =0 < 1 < o < VU3 =5 <y <5 <V =10s=3+0andJs5 = 3 + Vs.

The invariant density of 7, () is /. () = (1= 2(92 — 201))x,, , (&) + (1 +2(92 = 201))x, _ (2).
vj 7,

AN
. /1
A /
JO ]
D Vil

0 02 04 06 08 1

Figure 5.9: 7, with ¥, = 1—10 and ¢ = %

Now, PT7f6 = f7 :
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P7'7f6 (z) = Z WWXT7([zilvzi]>(m)

=(1=2m) (201) x; ,; + (1 —2m) (202 — 201) x

] g = 2m) (; - 192> Xou

1
L 2m) (20 - 200)xg, o+ (k20 (5 )

(ST
[SE

[0,
+ (14 2m) (291) x

Nl

o

1 1
= (201 —491m + 3~ Vo —m1 + 209m1 + 291 + 4011 + = — o+ 11 — 2192771)X[0

2 ]

Nl

1
=+ (2’(92 — 2191 — 4192171 + 4191771 + 5 — 192 -1 + 2’[92’/]1 + 2192

1
— 201 + 492m1 — 491 + 3~ Yo +m — 202m1) X

[31]

Nl

= (1=2(02 = 201))x, o, + (1 +2(02 = 201))x , |
' 2
= f7(l')
And, eventually, P; f, = f :
Tou ()

A Crl €9
P‘rg f7 ($) = ; WXTG([IZ'—I’Z'L]) (x)

=(1-2(02—2v1)) (2m) x N + (1 = 2(02 — 2¢4)) <; - 771) Xo,1]

[

+ (1 + 2(192 - 201)) <; - 771> X[O,l] + (1 + 2(192 - 2’[91)) (2?71) X[

NI

3.1]

1 1
= (5 —m — V2 + 209m + 201 — 4911 + 3~ mt Uy — 209m — 201 + 4192771)X[0 1]
°2

1 1
+ (2m — 492m1 + 891 + 5 M- V9 + 209m + 201 — 49111 + 3

—m + V2 — 2091 — 201 + 402m1 + 2m1 + 402m1 — 8191771)X[1 ]
27

= (1= 2m)xp, )+ (14 2m2)x

N

] (3]

nj—

= fﬁ(aj)

5.3 The main result proof.

We can describe three types of transformations that belong to 7. The first type: the maps are

1

symmetric around z = 3. The second type: the graphs of the maps in (0,1) and in (3,1) are

identical. The third type: is neither symmetric nor identical maps and satisfying the conditions C'1

and C2.
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Figure 5.10: Examples of a .7 transformations types.
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5.3.1 Proposition 5.2.2 proof.

(1.) 7(x) is a piecewise monotonic expanding map, since for every interval [; = (x,_,, z,) we

i—17 71
have |7(z,) — 7(z,_,)| € {3,1} and |z, — z,_,| < . Thus, |7/(z)| > 1 forall z € I;.
(2.) In this proof we will start with the first type of maps in the family .7, when the transforma-
tions are symmetric. The other types are treated similarly.

Let 7 be a piecewise linear symmetric transformation with N branches, 7 € .. N is even

number, there are % branches on each side of x ,, = % The interval [0, %] is the domain of the
2

branches 7, 7,, ..., T% and the interval [%, 1] is the domain of the branches T%H , T%Jﬂ, ey Ty. The

where 1 = 1...%, have the same image and the same slope of the line. For more

().

pairs 7, TN+1—1',

clarity, see Figure 5.11. We consider the density in the form f(z) = (¢)x , (z)+(2—¢)x ,

[0,5] [3.1]

We have

T T.
1 3 TI,‘ Te Ts T] 0

Figure 5.11: An example of a .7 transformation of the first type with N = 10.
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i=1
C 4 + C
= 1o Xz e T ——1 X
Do T ey ey
+ 2—c 4ot 2—c
— X N R Ry o evD G .
7_/%+1 <7—%{H (.I'))‘ T({I%@%_H]) ‘le\r(TNl(x))‘ ([ N-D ND
c+2—c c+2—c
= T 1o X (e .z T 1 X
|7/ (7 ()| "7 oD 7 (731 (@) T{mﬂflw})
2 2 2 2
2 T 2
= 1o Xz e T ——1 X
|7/ (7)) oD |70, (T (@) f{w,l w})
2 2 2 2
< S ) n
= — — XT S
@] T (@] ) o
+ ! + !
/ 1 / —1 X
|T% (T% (m))’ |T%+1( %+1($))’ ([Iﬂil’IN:b
1 T 1
= — XT Tg,T o —
|7/ (7 ()| 7 oD 7 (731 (@) T{zﬂflw})
2 2 2 2
1
+ - X Tt T X s
Ty Ty @ gy ) G @) Moo

al 1
= T 1N x).
; |TZ(T1($))\Xn-([mmb( )
For each i, the interval 7,([z, ,,z,]) is equal to one of the intervals [0, ], [2
Ji={i:1<i<N,0,3] Cr([mimr,a])}and Jo = {i: 1 <i < N,[3,1]

and J, are not necessarily disjoint. Then, we have

i€J2

,1] or [0, 1]. Let

C T([l‘ifl,l‘i})}. J1

N 1 1 1
Pt @) =2 =t oo = 2 g @+ 2 it @

i€Jy

And by the linearity property of each of 7,, first derivative of 7, is constant. Therefore,
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Since it is a density C, = 2 — C. If we set

1
=2 @)l

i€Jy

we proved that f(z) = (c)x0,1/2)(z) + (2 — ¢)x[1/2,1)(®) is Pr invariant. It is easy to show that
¢ j 2 given conditions C1 and C2. The uniqueness of the invariant density, follows, for example,
by the Folklore Theorem 6.1.1. of [11]. The proof is complete for the symmetric transformations
type. If 7 belongs to the second type or the third type of .7 then the construction of the proof in an
analogous way.

(3.) Let7,,7, € .7 and f,, f, be the density functions of 7, 7, respectively. First, we want to

prove that, P, f, (z) = f,(x) and P; f,(z) = f, ().

n -1
fi(r, (2))
P = R L
i) ;|Té(7’gil(x))|x*2<[zi1vr¢]>(‘r)
C1 c1
= X ey (L) F o X ()
|7, ()| "2 oD \7-2’%(3:)| TQ([I%A,I%])
2—0 2—0
+ () + ... + ——X (x)
rg i @ ey ag ) RGOS
c1+2—c c1+2—c
= T X (g (B) o X (v)
|77 ()] (oD \72/%(95)| (e _yeg))
2 2
= X oy (T) F o (z)
’Tzl,l(x)’ 2(lr0-21) ‘T, (x)| T2([“171 I"])
1 1
= T X (e (B) o T X (v)
|77, ()] e foead 7, (@)l my(en_ren))
+ @+t @)
X T . X x
17, g @ 2 rg g ] 7}, (2)] 2 en-rien)
= f2($)

Note that the linearity of 7, gives us |7} (7, }(x))| = |7} («)|. The proof of P f, = [, will be
the same argument, and the same proof steps for any two transformations in .7.

Next, we claim that the invariant density function of the random map

T = {T177-27 vy Ty P1y Pas "‘7pn}7

is f=p,f, +0,f, +...+p,f,. Wehave to prove that f is a fixed point for Pr. For this we will
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use the properties of Frobenius—Perron operator for random maps and the .7 property, P, f, = f..
J

Therefore,
PTf(x) = PT(p1f1 (x) +p2f2 (.’L‘) + .. +pnfn(33))

=p Prf(x) +p,Prf,(z) + ...+ p,Prf,(z)

=p, [P Pr f1(2) + Do Pr fi(2) + . + 0, Pr, fi(2)] + py[p, Pr fo(2) + 9, Pr fo()
+ o0, P ()] 4 4, [P Pr [ () + o P f(2) + o+, Pr f (2)]

=py [P fi(@) + P fo (@) + oo+ 0, f (@) + 0o [0 f1 (@) + 0o fo(2) + 4 2, ] ()]
+ ot p, [0 fi (@) + 0 fo(2) + o+ 2, ] (2)]

=p, [f(@)]+p, [f(@)] + ... +p, [f(2)]

= f(@)[p, + Py + . +p,] = f(2).

This completes the proof.

5.4 More results in random map with constant probabilities which is
constructed from 7.
The result in Theorem 2.5.10 can be generalized to random maps.

Theorem 5.4.1. Let 1,,7, € 7, T, = {7,,7,;Dp,,D, } be a random map with constant probabilities

D,y >0,p, +p, =1 andlet h: I — I be a diffeomorphism function. Then we have:

(1) Pr f = fimplies Pr,g = g, where T,, = {7, 7,;p,,p, }, Ty = hor,oh™, 7, =hoT,0h™!
and g = (f o h=").J(A71)'];

(2) if f is a T, —invariant density, then g is a T, —invariant density.

Proof. We follow the proof of the Theorem 2.5.10.
(1) Let Pr, f = f where f = p, f, +p, f,. Using the composition property for Frobenius-Perron

operator in random map and the properties of the family .7 we get
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Pr,(P,f)=p, Pr,(P.f) +p,Pr, (P, f)
=p, ProPr oPy-10Pyf+p,PpoPr0PF,-10P,f
=p,PpoPr o Ppionf +p,PpoPry o Py, f
=pPhoPr f+p,Prolr f
=pProPr (pfy +0,fs) + Py Pro P, (D fy + 0, fs)
=p, Py (p, Pr [, + 0. Pr [,) + 0 Pn (o Pry fo 4+ 0o Pry 1)
=p,Pn (0 fy +0.11) + 0, B0 (0, fs + 0, 12)
= p. Puf, + Py Pufy + pia Pufy + LBt
= (prhfl +p1p2th2) + (plnghf1 +p§th2)
=p, P (P, fy + 0. 15) T 0P (01 fy + 0, 15)
=p, Pof + D0, Prf
= Puf (p, +D,)

=Pnf

We have to show that P, f = ¢g. But that immediately follows from

Pof(@) =Y foh (i) Xjarr,an(@) = (fo R DI =g.
=1

where h is monotonic (n = 1), since it is a diffeomorphism.

Therefore,

Pr,(9) = Pr,(Pnf) =Puf =g
(2) Follow the proof of Proposition 2.5.10 property number 2. O

Definition 5.4.2. Let T, = {7,,7,;p,,p,} and T, = {0,,0,;p,,p, } be a two random maps with
constant probabilities p,, p,p,,p, > 0, p, +p, = 1 and p, + p, = 1. Where the transformations

7,: 1 = Tando, : J — Jonintervals I and J. T} and T, are called conjugate if there exists a
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bijection continuous map h : I — J such that

o,(x) = (hor oh™!)(x).

The map h is called the conjugation transformation.

Corollary 54.3. If

and
4x, f0r0§x<i 1— A4z, f0r0§$<i
%—21:, fori§x<% 2:1:—%, for%§x<%
o(x) = , w(x) = ,
4x — 2, for%§x<% 3—21‘, for%§x<%
%—Qm, for%§x<1 4z — 3, for%§$<1

. . R 1 3 _ 3 1
The invariant densities are f_(x) = 5)([07%](30) + 35X (@), f.(z) = X1, + X1 4 €O
respondingly. Thus, the invariant density of T, is f(x) = 1. T,and T, are conjugated by h, then

invariant density of T, is
g=Ih")l

From corollary 5.4.3 we can find the relation,
—1 z
h (z)= i/ f,(t)dt.
0

5.5 Examples of the conjugation transformations.

In this section, we give three examples. The first two examples show application of the Theorem

2.5.10. The last example is application of Theorem 5.4.1.
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Example 5.5.1. Let & : [0,1] — [0, 1] be defined by h(z) = sin?(%E), and let

3z, f0r0§x<%

3 1 1 1

§CC+Z, f0r6§$<§

A (z) = .
3 7 1 5

—5¢+ g, for§§x<g

3 — 3z, for%§1:<1

The map A, (x) belongs to family .77, with a density function fa, (x) = %X[o,%] (x) + %X[%,I] ().

Consider the map A, (z) = (ho A, o h™!) (z). Using trigonometric identities, we obtain:

x(4zx — 3)% for0 <z < %
A@) =14 - @) (1-2)"7 + @) + o (1=2)"?+@)'7), for 252 <o < 208
(1—2)(4(1 — 2) — 3)2, for 2+4‘/§ <z<l1

By Theorem 2.5.10, the density function of A, is f, = (f, oh71).[(h71)'|, and we have

1

2 1 1
£ forO0 <z < s
3 ay/z(1-2)’ - 2
fAQ(x): =(1-=)
4 1 1
3ada ) for s <<l

Example 5.5.2. In this example, we show a sequence of transformations that are conjugate to the
tent map (7, = 1 — |2z — 1|) through conjugating functions &, (z) = sin®*(%t). Consider 7, (z) =
(h, o, oh 1Y) (z), h L(z) = 2 arcsin(xﬁ). Then,

R

7, (x) = 2%"x(1 — x%)”

n

Note that, if n = 1 we get the logistic map 7, (z) = 4x(1 — x). The invariant density of the tent

map T, is constant f,(z) = 1. By applying Theorem 2.5.10, we have f, = (f, o h_1).[(h 1|
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Figure 5.12: (a) A, and A, maps. (b) The graph of fA2 (x). (c) The histogram of 25000 iterations
of A,.
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Therefore,

is the invariant density of the 7,,.

1

0.8

0.6

04

02

0.8+

0.6+

0.4+

0.2+

Figure 5.13: (a) 7,,7,,7,, 7, and 7, maps. (b) h,, h,, h, and h,.

Example 5.5.3. In this example, we use transformations from Example 5.5.1 and from Example

5.5.2. LetT, = {7’0, A %, %} be a random map with constant probabilities. By applying Propo-

sition 5.2.2, the invariant density function of the random map T} is f(z) = 3f,(z) + 3 fa, (x),

i.e.,



Consider the random map 7, = {TI,AQ; %, %} Applying Theorem 5.4.1, the invariant density
function of the random map T}, is g = (f o h~1).|(h~!)’|. We have

1
T forO0 <z <3

T 1 for%§x<1

my/z(1—z)’
5.6 Absolutely continuous invariant measures for a large class of trans-

formations

Let I be the unit interval, and let P be a finite partition of [ into subintervals. More specifically,
P=A{l,...I,},where = JI,I N Ij0 =0,i#j,N>2and I, = [z, ,,z,]. Let 7* denote
the class of a piecewise linear transformations 7 : I — I'and 7, = 775, ¢ = 1,2, ..., N. We assume

the following conditions:
C*1. The image of every subinterval I, belonging to [0, 3], is equal to [0, 3] or equal to [3,1].

C*2. For every subinterval I, belonging to [0, %], there exist I, € [%, 1] such that 7(I;) = [0,1] \

(7(1))°, and |7/(2)| = |7/ (2)|
The graphs in Figure 5.14 show some examples of maps in .7 *:

Lemma 5.6.1. Let T be a piecewise linear transformations T : [0, %] — [0, 1], defined on the

partition 2 = {I;} and T, = T @ = 1,2,..., K. If the image of every subinterval I, € 2, is

equal to [O, %] or equal to [%, 1] then,

3

1
tan(6,)

=1, (5.6.2)
=1

where 0, are the angles made by the graphs of T, with the lines y = 0 or y = % An example is

shown in the Figure 5.15.

Proof. Let 2 = {Ii = (x x ) 1 =1,2, ,K} be a partition of [O, %], where 0 =z, <z, <

i—17 4

e < Ty <Xy = %, and it satisfies the lemma condition. Then we have tan(f,) = W
3 1—1

(3

76



0.75

0.5
02“/ ,
0
0 025 0.5 0.75 1

0.75 / \

025 / \

0.75

025 \

0 0.25 0.5 0.75 1

Figure 5.14: Examples of transformations satisfying C*1 and C*2.
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for all . Therefore,

n

Zmnl(a) =2(x, —0)+2(x, —z,) +2(z, —x,) + ... —|—2(% —z, ) =1.
=1

(3

Figure 5.15: We have tan(6,) = i,tan(@z) = ﬁ,tan(ﬁ‘g) = m,tan(@) = 95,21,

and tan(6,) = 71_5% Doy rnl(ei) =1.

Proposition 5.6.3. Any 7(z) € T* enjoys the following properties:
* (1.) 7(x) is a piecewise monotonic expanding map.

i [zifl’zib

* (3.) The invariant density of T is f(z) = 1.

Proof. We will prove (2.). Let 2 = {IZ- = (331-717551-) i=1,2, ,K} be a partition of [0, 1],
where 0 =z, <z, <..<zx, = % STy < <Ty, <Ty = 1. Let the transformation
2 2

T € " be defined on the partition 2 and 7, = 7);, , then T, satisfies the conditions C*1 and C*2 .

Then we have:
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|

N
Z%X (x =
i=1 |Ti(7-i (17))| (EE )]

1 1
2 mEaed®@t 2 e @

r=[31] m(1)=[3.1]

Nl

Yy ¥
- ;ww(x))r Xog) ) ;v;(n-%xm X

By Lemma 5.6.1, we have > 2 — L — 1. The proof is complete. O

= @)

The following example gives a piecewise linear map in .7 *.

1

|y
17

0.25

0

0 025 0.5 0.75 1

Figure 5.16: Map 7, of Example 5.6.4 (z1 = % and x9 = %).

Example 5.6.4. Let X = [0, 1], and let us consider the following map in the family .7*.

x, forO0 <z <

(x—3)+1, forz; <z<3

2(L—19)
T, (z) = 2
) 1 _1 1
2(1711)@ 5); for 5 <x < a3
2
i(w—l)—i—l, forzs <z <1

Where 2 = 0 < 1 < 29 = % < x3 < x4y = 1,23 =1 — x1. We claim that, the invariant

density of 7, () is f(z) = 1.
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Chapter 6

On a particular class of Markov

transformations

In the this chapter we will present a class of transformations which are P-semi-Markov trans-

formations but after more detailed analysis turn out to be P-Markov transformations as well.

6.1 Preliminaries

In this section, we going to present some results about Markov transformations and semi-
Markov transformations and the matrix representation of the corresponding Frobenius—Perron op-

erator.

Definition 6.1.1. Let P = {I}, s, ....I,,} , I;,= (x;—1,x;), i = 1,2,...,n be a partition of I,
7:I — Iand 7; = 7. If foreach ¢ = 1,2,...,n 7; is a homeomorphism from J; to a connected

union of intervals of P, then 7 is called a P-Markov transformation.

The partition P = {Iz}ZL:1 is referred to as a Markov partition with respect to 7. Let us define

the class of transformations 7, as
T ={7:|7'(x)| > 0,0neach I} .

If each 7, is also linear on I, we say 7 is a piecewise linear P-Markov transformation and denote
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this class of P-Markov transformations by £,, C 7T,,. The class of piecewise linear P-Markov
transformations is a class of piecewise monotonic transformations and the matrix representation of
the corresponding Frobenius—Perron operator can be calculated easily. In fact, it is a matrix defined

in the following theorem.

Theorem 6.1.2. [11] Let 7 : (I,B,\) — (I,B,\) where T € L,, with respect to the partition
P ={I1,Is, ..., I,}. Then there exists anxn matrix M, such that P, f = fM? for every piecewise

constant f = (f1, f2, ..., fn). The matrix M = (myj),_, ., is defined by
mij =

The following theorem is proved in [14].

Theorem 6.1.3. If a transformation T € L,, and is piecewise expanding, then any T-invariant

density is constant on intervals of P.

In [22], the authors introduce a new class of piecewise linear transformation called a P-semi-
Markov. They prove a number of theorems about these new maps, showing that given a piecewise
constant density on intervals of a partition, it is always possible to find a P-semi-Markov transfor-

mation that leaves the density invariant.

Definition 6.1.4. A transformation 7 : I — I is called P-semi-Markov transformation if there

exist disjoint intervals Q; " such that for any¢ =1,..., N wehave I, = Uj(:i Q; ), T .. is monotonic,

Q'
J

and T(Q;i>) cP.
Theorem 6.1.3 can be generalized to the semi-Markov case.

Theorem 6.1.5. [22] Let T be a P-semi-Markov transformation, and T (
Q'

J

greaterthan 1 for j = 1, ...,k(i), i = 1, ..., N. Then any T-invariant density is constant on intervals

b IS linear with slope

of P.

Next theorem from [22] and [54] allows us to represent a Frobenius-Perron operator of a P-

semi-Markov map as a matrix.
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Theorem 6.1.6. Let 7 : (I,B,\) — (1,8, \) be a piecewise linear P-semi-Markov transforma-

tions. The Frobenius-Perron matrixis M_ = (a,.),, .., , where
J/1<i,j<n

@\ -1 . ()
Sl (7)1 @) =1,
0, otherwise.

Let f = [f,, [y [.)- If f = fM_, [ is a fixed point of the Frobenius-Perron operator P_ of

T, 1.e., forall j,

n f T}iz) :13 _1)
Py g / Tk) $ 1)’ XT(Q}(;))((L.) - f]’7 (617)

where the second summation runs over all subintervals of I, such that T(Q( )) = I,. This equation

can be simplified by noticing that f(Tk (x)~1) = f;» so

n

"

=1 k

fi
Z ‘ (@)’
k

n

(X b )0
=1 k k

a,-f, = f;

1

3

-
Il

Hence equation (6.1.7) is equivalent to f = fM .

6.2 A class of transformations belonging to the class of Markov trans-

formations

It is easy to notice that any P-Markov transformation is P-semi-Markov and there are many

P-semi-Markov transformations that are not P-Markov.
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Let Z denote the set of integers. Define the class of transformations 7 as
T, = {7- : |7-’(g;)\ =z, >0,oneach ],z € Z} .

If each 7, is also linear on I, we say 7 is a piecewise linear transformation. We define the class

L., = {1 € T,; 7 is a piecewise linear transformation}.

Theorem 6.2.1. If 7 : (I,B,\) — (I,B,\), where T € L with respect to the partition P =
P{x1,x2,...,xn}, where x1,x2, ...,y are rational numbers. Then there is a finite partition of 1

with equal subintervals P* = P* {x7], x5, ..., 2 } such that T is a P*-Markov transformations.

Proof. Let P* be a finite partition for I with equal subintervals
P* =P {x], 25, ..., xN},

and the number of the subintervals NV is equal to the least common multiple (LCM) of the denomi-

nators of the interval limits of P and the denominators of the intercepts of the linear transformations.

For example, if the the interval limits are z, = 0, z, = %, Ty, = % and z, = 1, and the intercepts of

the linear transformations are {2, %, % then the N =LCM(4, 3,2,9) = 36. Based on that, we have
{z1,29,...,xn} C {2}, 25, ..., 2%}, and for each i the image 7(z}) € {x}, x5, ...,z }. Therefore,

7|+ .+ is monotonic and 7| . is a union of intervals of P*. O
i—1""74 i—1

)

Example 6.2.2. Let

23:—1—%, f0r0§x<%

4 1 4

(x) 5—3x, for§§x<§
T =

11 4 2

Z—4I, f0r§§x<§

3xr — 2, for%§w<1

\
The map of 7, (x) is a P*-Markov transformation with respect to the partition P*, see Figure 6.1.

The number of the intervals for the partition P* is LCM(4, 3,9) = 36.

Example 6.2.3. Let 7 be a piecewise linear P-semi-Markov transformation with the condition that

the value of (77) belongs to the non-zero integer numbers, and we have a disjoint intervals Q;w
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|

i

Figure 6.1: The map 7, (z).

k(i)
j=1

such that for any ¢ = 1,..., N we have I, = U Q;i). Then there is a finite partition P* with
equal intervals and the number of the intervals is equal to the least common multiple (LCM) of the

denominators of the interval limits, such that 7 is P*-Markov transformations.

Example 6.2.4. Let

4$—|—%, f0r0§:z:<%
—896—1—%, for%§x<i
4r —1, for%§x<%
2:6—%, for%§x<%
T (x) =
—2x 4+ 2, for%§x<%
4x — 2, for%§x<%
43:—%, for%§x<%
—2x+2, for2<az<l



7, 1s a piecewise linear P-semi-Markov (see Figure (6.2) ), with respect to the partition P =
(I,,1,,1,}, where I, = {Q§1>,Q§>, Q".qQ!, Q;U},IQ - {Q?,Qf)} and I, = {QES),Q;‘Q’),QS)}.
The map 7, (x) is a Markov transformation with respect to the partition P*. The number of the in-
tervals of the partition P* is 24 (see Figure (6.3) ). By using Definition 6.1.6 we have the transition

matrix and the 7,-invariant density function,

1 3 3
4 8 8
M = 1 1
2 2 0 2
11 1
2 14 1
6 1
5, for0<z<g
z)={ 18 1 2
f(z) 55y forg <ao <3
27 2
| 257 fors <z <1
I,
L
1
Ve @Y el o

Figure 6.2: The map 7, (z) is semi-Markov transformation.
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Figure 6.3: The map 7, (x) is a Markov transformation with respect to the partition P*.
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Chapter 7

Create chaotic maps.

In Chapter 5 we defined a family of transformations .7. This family is a class of chaotic maps
for which we can find the matrix representation of the corresponding Frobenius—Perron operator.
In this chapter, we present more properties for the transformations family 7. We created two
classes of chaotic maps with desired invariant densities using two methods of solving the inverse
Frobenius-Perron problem (IFPP). In the last section, we studied the Lyapunov exponent and the
autocorrelation properties for one of these classes.

The Frobenius-Perron operator describes the evolution of density functions in a dynamical sys-
tem. Finding the fixed points of this operator is referred to as the Frobenius-Perron problem (i.e.,
P.f = f, f is the invariant density under 7). Therefore, if we are given a density function f, the
Inverse Frobenius—Perron Problem (IFPP) is to determine a point transformation 7 such that the
dynamical system =, , = 7(x,) has f as its unique invariant probability density function. There are
different approaches to solving the IFPP. The most popular of these branches matrix approach and

conjugation approach.

7.1 Matrix approach.

Matrix method is outlined in the work of P. Géra and A. Boyarsky (1993 [22]), the work of
Bollt (1999 [10]), the work of McDonald and Wyk (2017 [39]), the work of Rogers, Shorten and
Naughton (2007 [45]) and the work of Nie and Coca (2016 [41]). The matrix method, gives us a
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relationship between the given density f and 7, where f is any piecewise constant density function.
By expressing f in the form of the leading eigenvector, we can determine the Ulam’s matrix and

hence the chaotic map 7. The column stochastic matrix can be treated as Ulam’s transition matrix.

7.1.1 The Ulam’s matrix

We will start by choosing a natural number p > 0, then we build the eigenvector

11,11 . (7.1.1)

2(p+1)

The number of %’s is the same as number of 1’s . Next we determined the Ulam’s matrix A o

The matrix A , has the form:

- 7
41 0 0 0 0 0 0 0 0
1 1
4 0 0 0 0 0 0 0 0
1 1
41 0 0 0 0 0 0 0 et
L 0 0 0 0 0 0 0o L
p+1 p+1
1 1
19 0 0 0 0 0 0 0o L
ptl Pl (7.1.2)
0 &5 0 0 0 0 0 0 S5 0
1 -1 —1 1
=1 0 0 0 0 Pq o O
2 2
0 0 0 21 0 0 5 0 0 0
p—1 1 1 p—1
00 0 e s e 0 0 0
00 0 0 5 5 0 0 0 0 |

The size of the matrix A, is 2(p + 1) x 2(p + 1). There are several interesting properties of

matrix A, which we outline here:

1. Each column sums to 1 in the matrix A (column stochastic),

2. The matrix is a positive matrix,

&9



3. The matrix has a single dominant eigenvalue of value 1, and the corresponding eigenvector

7l is

2(p+1)

4. There is a unique invariant probability density function

10 = (525 ) %oy @+ (525 ) v

By FP-eigenvector of A we mean the eigenvector with eigenvalue 1.

Example 7.1.3. Let p = 5, then we have

Jelbiibbiiina
Therefore, _ -
00000000003}
L0o000000000 3%

' 0000000O0OO0CO0 %
L000000000O0°O0 3}
Lo0o00000000 3%
As:%oooooooooo%
020000000020
0t 44000000 ¢% Lo
002200002200
0003220022000
0000 4§ ¢ 30000
000002200000

There is the unique invariant probability density function f(z)

Il
/N
Wl =
~_
<
(=)
iy
&

+
7 N\
W | ot
~_
s
Ol
&

See Figure 7.1. O
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Figure 7.1: The one-dimensional map corresponding to matrix A5 and the histogram of 10° itera-
tions of 7 (approximation to the invariant density).

7.1.2 The chaotic map

There are infinitely many of integer numbers p > 0, for each p we consider the eigenvector

T
f = [%, %, v %, %, 1,1,...,1,1| with respect to (2(p + 1)) equal subintervals. This eigenvector
is FP-eigenvector of A . To generate a chaotic map with a desired invariant density, we interpret the

matrix A, as a map of the unit interval to itself. Generally, 7, is defined as:

(p+ 1)z, f0r0§$<m

7, (%) = ol g << (7.1.4)
_%(x—%)+1, for 3 <z < 22(;[:})
~(p+1)(x—1), for gty <z <1

7, is 1—parameter family of maps of the interval [0, 1] into itself, 7, € 7. For each p, we have

the invariant probability density function

10 = (527 ) %oy @+ (525 ) gl

We can check 7, preserves the density f, using the Frobenius-Perron operator P-. We have
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2 12 2 p 2 1
Tl T ol Nl prlp+1NE) T pr1p+ 104

The invariant density f is a fixed point of Py . Therefore, f is the unique invariant probability
density function under 7,. The uniqueness follows, for example, by the Folklore Theorem 6.1.1.
in [11]. A natural entry point to delve into the study of maps 7, is to consider 7, when p = 1,
because it is one of the famous maps studied in the dynamical systems. It’s called the tent map
7, = 1 — |22 — 1|. The 7, is easy to analyze because it is piecewise linear. The 7, possesses rich
dynamics and has several interesting properties. We will start by finding the fixed point of 7,. The
nature of the fixed points plays an important role in analyzing the dynamical behaviour of the map.

The fixed points satisfy the relation 7,(z) = x. There are two fixed points of 7, at z = 0 and at
_3p+1
C4p+2

of 7, are shown in the Figure 7.2. 7" map has exactly 2" periodic points of period n. The set of

and they are unstable fixed points (|7'(z)| > 1). The plot of 7" map, n—th iterates

periodic points of the tent map is countable and it is dense in [0, 1]. Using the definition of 7,

72 = 7o, can be explicitly written as follows:
P P P

;

(p+1)2, for 0 < u < 5y +1)
(p+1)2 p—1 1 1
P Tt (7> ’ for stz <7 < 354

2 2
ptl 1 p+l p—1 1 1 )
- (7) T3 (7) + (W) » Tor 3Gy <% <2~ gy

_(pr)? o (et )? 1__p 1

ST — for§§x<§+m
(%})Qw— 1 (p“) (pT) for%—i—Q(p%)g <z< 22(211)

G I T —
—(p+ 1)z +(p+1)2, forl—mgx<l
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Figure 7.2: First, Second, Third and Sixth Iterate for the 7, Map, p = 4.

7.2 Conjugation approach

Conjugation approach, developed by Ulam (1960 [51]) Grossman and Thomae (1977 [24]),
Gyorgyi and Szepfalusy (1984 [25]), Baranovsky and Daems (1995 [6]) and Jiang (1995 [31]).
Conjugation function approach, makes use of the following equivalence relation between two map-
pings: The map 7 : I — I is conjugate to a piecewise linear map o : J — J if there exists a
homeomorphism map h : I — J suchthatt = hooo h™". For a o with a uniform invariant den-
sity, 7 can then be found via the conjugating function (see Example 5.5.1 when p = 2). Conjugacy
takes orbits of 7 to orbits of o. This follows since we have h(7"(z)) = o"(h(z)) for all z € I,

so h takes the n—th point on the orbit of x under 7 to the n—th point on the orbit of h(x) under o.
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Similarly, h~! takes orbits of o to orbits of 7.

Definition 7.2.1. [25] Let I = [0,1]. Amap 7 : I — I is said to be unimodal if there exists
a turning point z* € I such that the map 7 can be expressed as 7(x) = min {7 (z),7.(z)} =
Ti(ZT) * Xjguey T T(®) * X[y, Where 7 2 [0,2%] — [ and 7-(z) : [2*,1] — I are continuous,
differentiable except possibly at finite points, monotonically increasing and decreasing, respectively,

and onto the unit-interval in the sense that 7;(0) = 7,.(1) = 0 and 7;(z*) = 7-(z*) = 1.

A unimodal map 7 : I — [ is said to be complete chaotic if it is chaotic in a probabilistic sense
that it preserves an absolutely continuous invariant measure, i.e., there exists such an absolutely
continuous invariant measure, denoted as 7, that the following identity is held for any measurable

subset A of I:
n(A) = n(r~'(A4)).

By the previous definition, 7, is a class of unimodal complete chaotic maps.
Now, to explain the conjugation function approach, we start with the 7, with a density function
) 2—x°

f ()= %X . ](ac)—i-%x[%’l] (x). Leth : [0,1] — [0, 1] be defined by h(z) = 5~ . Consider

1
2
themap o,(z) = (ho7, 0 h™ ') (x). We have

(p+1)z 1
T—pz 7 for0§35<4p+3
Spr+p+3zr—1 1 1
3p—pr—3x+1’ for 4p+3 <z < 3
op(x) = (7.2.2)

3p—pxr—3z+1 1 2p+1
Spriprii—10 1013 < <503
—(p+1)(z—1) 2p+1

—prprtsrly forgym <z <l

By Theorem 2.5.10, the density function of o, is fgp = (pr o h™1).|(h~1)’|, and we have

2 2 1

+1 (1+x)2? — 3
I (@) = o1 (3 0)? for0 <z <
o) -

2p 2 1

mm, for 3 S T <1

See Figure 7.3.
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Figure 7.3: (Top) 7, and o, maps. (Middle) The graph of fa5 (z). (Bottom) The histogram of
250000 iterations of o, (approximation to the invariant density).



7.3 Lyapunov exponent and autocorrelation properties

The theory of autocorrelation functions is given in most books on time series analysis, for ex-
amples [37], [17] and [33]. In this section, we explain the relationship between chaotic maps and
the important concepts of Lyapunov exponent, mean functions, autocovariance functions, and auto-
correlation functions.

For a 1—dimensional map, the Lyapunov exponent gives the average rate of divergence of tra-

jectories over the attractor. We used definition from [15].

Definition 7.3.1. For discrete system (one-dimensional maps or fixed point iterations) z, = 7(z,_,)

and for an orbit starting with z,, the Lyapunov exponent can be defined as follows:

n—1

1
Awg) = Jim — 3 log|r'(x,)] (7.3.2)
=0

The Lyapunov exponent can be negative (stable fixed point), zero (bifurcation point), and pos-
itive (chaos). In [2] a chaotic orbit of a map 7 is defined to be a bounded orbit with a positive
Lyapunov exponent. If p is an ergodic invariant measure for 7, then the right hand side in Equa-
tion 7.3.2 converges to fol log |7'(x)|dp by the Birkhoff Ergodic Theorem. Thus fol log |7/ (z)|du

measures the exponent of the speed of the divergence.
Definition 7.3.3. The number fol log |7/ (x)|dp is called the Lyapunov exponent of .

It is straightforward to calculate the value of the Lyapunov exponent of 7, because 7, is a

piecewise linear map and it is related to the slopes of the map segments. Then we have

1
/0 log |7':) (x)|dp =log(p+1) — p—fl)— . log(p). (7.3.4)

The value of the Lyapunov exponent in Equation 7.3.4 is positive since

(p+1)log(p +1) > (p)log(p),

that is a signature of chaos. The Lyapunov exponent is dependent on the value of the p, when the
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value of p increases, the value of the Lyapunov exponent decreases.

1
lim (/ log ]T’(ﬂ;)]d,u) = lim (log(p +1)— P 1 log(p)> =0 (7.3.5)
0 P p—r0

p—>00 p+

The Figure 7.4 shows the values of the Lyapunov exponent (Equation 7.3.2) for 7, are getting
arbitrarily close to the value 0.2442190501 which we calculated by Equation 7.3.4 and the values

of the Lyapunov exponent for 7, are getting arbitrarily close to the value 0.08314310874.

0.4 0.3

0.1+ T T T 0

Figure 7.4: The Lyapunov exponent for 7, (left). The Lyapunov exponent for 7,, (right). For lags
1 —300.

Autocorrelation is another of the statistical properties of chaotic maps. We use the definition of
autocorrelation in [37] to find how quickly two approaching trajectories diverge.

We calculate

. ) (7.3.6)
- [ @ @dute) - (7@)
and
C(0) = 72(x) — (TP (:c))Q, (1.3.7)
where
(@) = /O () . (7.3.8)



m2(z) = /01 (T:(:n))2 du(z). (7.3.9)

Note that 77* denotes n—times composition of the map 7,. The mean function 7, (z) is indepen-
dent of n since the integral is with respect to the invariant measure. By Equation 7.3.6, if C'(k) = 0,
then there is no correlation.

The definition of the autocorrelation coefficient of a stochastic process is
R(k) = —=, R(0) = 1. (7.3.10)

For n = 1, the following are calculated for 7,

_ Pt lptl
CO0) =417 (7.3.11)
——  3p+1
7, (%) = TEESAE (7.3.12)
and
1 2
C(k) :/ Tj+k(x)7p(:z)du(x) — <Tp($)) . (7.3.13)
0

| 7@ C(0) R(1) R(2) R(3) R(4) R(5)
7, | 0.583333 | 0.076388 | -0.171717 | 0.057239 | -0.019079 | 0.006359 | -0.002119
7, | 0.650000 | 0.060833 | -0.336986 | 0.202191 | -0.121315 | 0.072789 | -0.043673
7. | 0.687500 | 0.048177 | -0.466216 | 0.349662 | -0.262246 | 0.196684 | -0.147513
7. | 0718750 | 0.035481 | -0.634174 | 0.554902 | -0.485539 | 0.424847 | -0.371741
7., | 0.733870 | 0.028637 | -0.765524 | 0.716135 | -0.669933 | 0.626712 | -0.586279

Teo | 0.745000 | 0.023308 | -0.910625 | 0.892413 | -0.874564 | 0.857073 | -0.839932

Table 7.1: Table for autocorrelation function values when n = 1, for lags 1 — 5.

We conclude from the Table (7.1) and from the Figure (7.5), that the autocorrelation function
R(k) decays from R(0) = 1 down to zero. The autocorrelation function is dependent on the value
of the p. When the value of p increases, the absolute value of the autocorrelation function increases.
For large values of p the autocorrelation function decays slowly to zero. If p are close to 1 leading

to a rapid decay of the autocorrelation function, and approaching trajectories diverge rapidly. 7, is
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Figure 7.5: Autocorrelations R(k)(,—1) for 7,5 (=) map, for lags 1 — 100.

mixing since C(k) — 0 as k — oo for every p. Note that, mixing implies weak mixing and
weak mixing implies ergodicity.

Note that,

(7.3.14)
+ /01 <T:L(l‘))2du($)
We have
:7'2:1;—7'332—1 ' ”*kx—T”xz x
C(k) = 72() 1( . ) -3/ <2> @)’ dutx) .
—c0) -5 [ (7@ -7 @) duta)
Then, we calculate
2(C(0) — C(k)) = /0 1 (k) - Tg(x))Q due). (7.3.16)
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Chapter 8

Conclusion

In this thesis, we used the Perron-Frobenius operator P with respect to the single map 7 and
Pr with respect to the random map with constant probabilities 7', to discuss the properties of the
Frobenius-Perron operator with respect to the nonautonomous random map 7/;(? and to prove the
existence of an absolutely continuous invariant measure for the nonautonomous random maps on
[a, b] using the theory of bounded variation and the Lasota-Yorke inequality from [42]. We extend
the Lasota-Yorke inequality, in [36], into a form for the composition function that constructed from
a piecewise C? transformations.

We present results on the existence of invariant measures for nonautonomous random dynamical
systems, generalizing Krylov-Bogoliubov Theorem.

We discuss the dynamics of a new family of transformations. We find the invariant density for
any transformation belonging to our family and the special properties for this family allowed us to
get a unique acim under the random maps with constant probabilities 7" which is constructed from
our family maps. We created two classes of chaotic maps with desired invariant densities by using
one parameter p. We studied the Lyapunov exponent and the autocorrelation properties for one of
these classes.

The multiplicity of the topics and the results in this thesis give us a great horizon for looking
forward to the next steps. In chapters 3 — 4, we present results on ergodic theory for the random
maps with constant probabilities which are constructed from continuous maps on compact space,

which build our ability to study the ergodic theory of multidimensional random maps on compact
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space. We also aspire to study ergodic theory for other spaces like Polish space ( Polish space is a
separable completely metrizable topological space). In chapters 5 — 7, Our study focus on a type of
transformations, which is a piecewise linear transformations. We will continue to study this type of

transformations and try to find more results and more practical applications in the real life.
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