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ABSTRACT 
Design, modelling and control of an adaptive vibration isolator featuring 

magnetorheological elastomer  

By Sina Tavassoli Naini 

Magnetorheological elastomers (MREs) are smart materials whose viscoelastic properties can be 
varied upon the application of an external magnetic field. They are solid analogue of well-known 
MR fluids (MRFs) in which magnetic particles are embedded in a non-magnetic elastomer matrix 
instead of carrier fluids. Compared with their fluid counterparts, MREs do not have problems 
associated with particles' sedimentation, stability and leakage often encountered in MRFs. Besides 
in contrast to MRF-based adaptive devices, MRE-based systems can provide field dependent 
variable stiffness and damping simultaneously due to viscoelastic properties of MREs. This unique 
behaviour of MREs enable them to be effectively utilized in the development of adaptive isolators 
or absorbers to supress vibrations in wide range of frequencies. The present research study aims 
to provide a comprehensive investigation of the material characterization and phenomenological 
modelling of MREs under varying dynamic loading conditions, design and development of a novel 
vibration and shock isolator featuring magnetorheological elastomers, design optimization of the 
proposed isolator to enhance its dynamic range and finally design and implementation of semi-
active control strategies to mitigate vibration and shock under different external disturbances.  

MREs with a 25% volume fraction of soft magnetic particles (carbonyl iron) were used to 
investigate variation of storage and loss moduli of MRE under varied frequencies, strain 
amplitudes, and magnetic field densities. Considering operation of MREs in the linear range, field 
dependent linear viscoelastic models based on the Kelvin–Voigt, Maxwell, Standard Linear Solid, 
and Generalized Maxwell models, were formulated to predict the variation of storage and loss 
moduli under varying driving frequency and applied magnetic flux densities. The performance of 
these models to capture the response behaviour of MREs under different applied frequencies and 
magnetic field were subsequently compared.  

A semi-active MRE-based vibration isolator operating under shear mode with embedded 
electromagnet was then proposed. Analytical magneto-static model of the magnetic circuit of the 
proposed adaptive isolator was first formulated using Ampere’s law to estimate the induced 
magnetic flux density in the MRE region gaps versus applied current to the electromagnet. The 
validity of the analytical results was verified using the finite element magneto-static analysis. A 
multidisciplinary design optimization problem was subsequently formulated to optimize the 
isolator geometrical parameters as design variables to maximize its frequency bandwidth under 
weight, material magnetic saturation, and total volume constraints. A hybrid approach based on 
combination of Genetic Algorithm (GA) and gradient based Sequential Quadratic Programming 
(SQP) was used to accurately capture the global optimal solution for the optimization problem. 

Finally, closed-loop control strategies, based on on-off sky-hook and PID, were implemented and 
compared to assess the capability of the proposed adaptive isolator to mitigate vibration and shock 
under different disturbances. 
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Chapter 1: Introduction 

1.1  Motivation and Research Objectives  
Magnetorheological (MR) materials are smart materials whose rheological and mechanical 

properties can be varied upon application of an external magnetic field [1]. MR material families 

are generally classified according to their non-magnetic matrices, including MR fluid, MR 

elastomer, MR foam, MR grease, MR polymer gel, and MR plastomer [2]. Since their inception 

and application on magnetic fluid clutches by Rabinow [3], MR materials have received 

appropriate attention due to their unique properties particularly in the field of semi-active control 

applications in the last two decades. MR fluids (MRFs) are the most common types of MR 

materials due to their fast response (less than milli-second), lack of sensitivity to contamination 

and temperature, ease of manufacture and low control power consumption [2]. As a result, MRFs 

have been widely used in a variety of applications, including brakes and clutches [4], MR dampers 

[5], vibration and shock isolations [6], and medical devices [7]. Magnetorheological fluids, 

however often encounter major issues related to magnetic particles' sedimentation and stability as 

well as leakage and particle redispersion [8]. Magnetorheological elastomer (MREs) are solid 

analogue of MRFs  consisting of magnetic particles embedded in a non-magnetic elastomer matrix 

[9]. Rigbi [10] first used the term MRE in 1983 and then Jolly et al. [11] studied the MREs' 

behaviour comprehensively. Unlike MRFs, MREs do not have sedimentation and leakage issues. 

Moreover, MREs are enabled to rapidly vary their dynamic properties (both damping and 

modulus) under application of an external magnetic field with low power consumption. By 

regulating the modulus of MREs through application of external magnetic field, MRE-based 

adaptive with tunable natural frequency can be designed which is not possible in MRF-based 

systems [12]. When the MRE is subjected to the magnetic field, the micron-sized magnetic 

particles attempt to align themselves along the direction of applied field thus exhibiting the MR 

effect, giving the material a field-dependent viscoelastic properties [13]. MREs' adjustable 

stiffness, particularly, makes them a unique candidate for wide range of applications such as 

vibration absorbers [14], magneto-resistor sensors [15], biomedical applications [16] and adaptive 

sandwich beams [17]. 

Noise and vibration suppression in design of engineering structures has received significant 

attention since 1980s, and it has become a key aspect of structural quality and reliability [18]. To 
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this end, passive vibration isolators with simple elements have been widely proposed and used in 

the industry over the years [19]. Although these types of isolators do not require any external input 

energy and has a simple structure, they are mainly effective at the deigned tuned frequency which 

is generally structural resonance. Passive systems are ineffective and even may increase vibration 

under mistuned conditions. Active control system can provide significant performance gains over 

the passive systems by providing active actuation force to attenuate vibration in wide frequency 

range. However active systems demand high external energy consumption and require complex 

control hardware [20]. Adaptive vibration mechanisms using semi-active control strategy can 

provide fail-safe feature of passive systems and still maintain adaptability of fully active system  

while requiring minimal power consumption [21]. 

The main objectives of this dissertation are 1- develop material model to accurately characterize 

dynamic properties of MREs operating in shear mode, 2- Develop and design optimize a wide-

bandwidth vibration isolator featuring MREs and 3- Design semi-active control strategies to 

evaluate the performance of the MRE-based vibration isolators to mitigate shock and vibration. 

To achieve above objectives, field-dependent viscoelastic properties are first modelled using 

classical phenomenological-based models to predict the variation of storage and loss moduli under 

varying driving frequency and applied magnetic flux densities. A novel adaptive isolator featuring 

MRE is subsequently introduced, and a multidisciplinary design optimization problem is 

formulated to optimize the isolator geometrical parameters to maximize the frequency bandwidth. 

Furthermore, the vibration suppression performance of the proposed isolator is investigated 

utilizing different control schemes.  

In the following, a literature review relevant to this research is reviewed. Finally, the current thesis' 

organization is described. 

1.2  Fabrication of Magnetorheological Elastomers 
Magnetorheological elastomers are the composition of micron-sized iron particles and elastomeric 

matrix, like silicone rubber, which their viscoelastic properties (storage and loss modulus) can be 

changed under the application of a magnetic field. The manufacturing process of MREs can be 

divided into three stages, namely, mixing, degassing/curing and particle alignment under an 

external magnetic field (for anisotropic MREs). First, the desired weight ratio of iron particles, 

elastomers, and additives are measured and mixed thoroughly to reach a homogenous mixture at 
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room temperature. Second, the mixture was placed in the vacuum chamber (typically 28 in-Hg for 

about 5 min) to remove air bubbles. The mixture was then poured into a mold and cured. Curing 

in the absence of the external magnetic field leads to isotropic MREs while curing in the presence 

of the applied magnetic field (generally up to 1 T) generates anisotropic reinforced MREs [22]. 

Curing can occur at room temperature (usually 24 hours) or at elevated temperate which can 

expedite the curing process. The schematic manufacturing process of MREs for both isotropic and 

anisotropic are presented in Figure 1.1 [23] . 

 

Figure 1.1 MREs manufacturing process: isotropic and anisotropic [23] 

Figure 1.2 also shows the distribution of the magnetic particles in isotropic and anisotropic 

elastomers [24]. If a magnetic field is applied during the vulcanizing process, the magnetic 

particles can move through the matrix and gradually aggregate, forming chain-like 

microstructures along the direction of the field, which is known as anisotropic MREs. When curing 

without a magnetic field, the magnetic particles disperse randomly in the matrix after 

vulcanization, resulting in isotropic MREs. Although anisotropic samples are relatively hard to 

fabricate, they have shown to provide higher MR effects than their isotropic counterparts in the 

direction of the applied field due to their chain-like structures. 
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Figure 1.2 Isotropic and anisotropic MRE structures [24] 

 

1.3  Dynamic Behaviour of Magnetorheological Elastomers 
A variety of experimental testing methods are available to characterize the magneto-mechanical 

properties of MREs. Magnetorheological elastomers possess adjustable rheological and 

viscoelastic properties depending on the various working conditions, such as the strain amplitude, 

excitation frequency and applied magnetic flux density [25]. The resultant MR effect of MREs 

directly related to the operational mode. According to the literature, the shear mode is the most 

commonly used test method, and other modes include uniaxial and biaxial squeeze/elongation 

mode and field-active mode [26]. The field-active mode is related to the MRE's magneto-striction 

or actuation property, which causes the MRE's shape to change when subjected to the magnetic 

field (magnetization process) [13]. Figure 1.3 shows the different operational modes of MREs 

graphically. The hysteresis stress-strain and stress-strain rate curves of MREs under cyclic 

excitation are commonly used to assess the dynamic characteristics of MREs. The MRE’s energy 

dissipation and thus loss modulus is related to the enclosed area inside the hysteresis curve, while 

the storage modulus (stiffness) of MRE is represented by the major slope of the stress-strain 

hysteresis curve. 
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Figure 1.3 Working modes of MREs [26] 

Vatandoost et al. [27] designed a test set-up to experimentally obtain stress-strain responses of 

isotropic and anisotropic samples subjected to a large static pre-strain under compression mode. 

The tests have been conducted on broad ranges of strain amplitudes, excitation frequencies, and 

magnetic flux density up to 20%, 50 Hz and 750 mT, respectively. Results revealed that under the 

low strain amplitude (2.5%) and frequency of 10 Hz, isotropic samples demonstrate the maximum 

storage modulus increase of 340.47%, and anisotropic samples show maximum storage modulus 

increase of 206.47% under the frequency of 30 Hz under same strain amplitude. The broad changes 

in materials’ properties under compression mode indicate that MREs have unique potential for 

vibration and noise mitigation in load-bearing applications. Dargahi et al. [28] extensively 

investigate static and dynamic properties of MRE samples with different volume fraction 

percentages on shear mode. The observations showed that the elastic shear modulus of MREs 

decreases by increasing the excitation amplitude beyond 10%, demonstrating that nonlinear 

viscoelastic behaviour of MREs under large strain amplitude while they show linear viscoelastic 

behaviour under low strain amplitude below 10%. They also showed 1672% increase of storage 

modulus of MREs with 40% volume fraction sample under 450 mT magnetic field density. Kwon 

et al. [29] added nanoparticles of hard-magnetic gamma iron oxide (γ-Fe2O3) as additives in the 

fabrication process to enhance the magneto-rheological effect of MREs. The strain amplitude 
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percentage from 0.01% to 1% under three different levels of magnetic field intensities was 

measured to define a linear viscoelastic (LVE) region of the MRE. The findings show that the 

storage modulus is constant at low strain amplitudes, but as the strain grows, the storage modulus 

gradually decreases. Furthermore, fabricated MREs with added γ-Fe2O3 nanoparticles showed a 

greater modulus as well as MR effect than typical MREs. Yu et al. [30] characterized the dynamic 

behavior of an MRE-based isolator in terms of force/displacement and force/velocity responses. 

The nonlinear hysteresis loops demonstrated the high dependency of MRE properties on the 

working conditions. Asadi Khanouki et al. [31] fabricated isotropic and anisotropic samples with 

varying content of carbonyl iron (CI) particles to investigate the quasi-static properties of the 

samples experimentally at temperature of 20 degree Celsius. An oscillatory sweep shear amplitude 

test in the range of 0.001%–30% was conducted under a driving frequency of 0.1 Hz and magnetic 

flux densities under 1 T. According to the findings, raising the volume percentage of CI particles 

to 15%, 25%, and 40% enhances the magnetic capability of the MREs. For example, as the 

magnetic flux density grows to 0.8 T, the MRE of the sample with 5% volume fraction tends to 

saturate, whereas the MRE of the sample with 40% volume fraction does not demonstrate 

saturation in the presence of applied magnetic flux densities below 1.0 T. 

1.4  Modelling of Magnetorheological Elastomers 
Controllability and adjustment of mechanical properties against external vibrations render MREs 

potential candidates for development of semi-active adaptive devices. Development of models to 

accurately characterize and predict the dynamic viscoelastic  behaviour of MRES  are of paramount 

importance for development and modeling of MRE-based adaptive devices [32]. Development of 

models with small number of characteristic  parameters without piecewise function or differential 

equations greatly facilitates the design and implementation of semi-active controller [33]. 

Different modelling methods for evaluating the dynamic behaviour of MRE materials and devices 

have been proposed which can be categorized as parametric and nonparametric modelling. 

Viscoelastic, hysteresis, and friction models are among the parametric phenomenon-based MRE 

modelling. Many research studies were conducted to describe the viscoelastic property of MRE 

devices via different arrangements of spring and dashpot elements. Zhao et al. [34] predicted 

force/displacement loops by Kelvin-Voigt model to obtain effective stiffness and equivalent 

damping operating in shear mode. Wan et al. [35] studied the dynamic properties of MREs under 

different temperature and magnetic field intensities based on the fractional Maxwell model and the 
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Generalized Maxwell model with four, eight and twelve parameters. Chen et al. [36] added the 

effect of interfacial slippage between the matrix and particles and magnetic field dependency of 

elements into the viscoelastic property, to consider a more accurate rheological model. Nonlinear 

hysteresis curves of force/velocity were characterized by a well-known hysteresis model known 

as the Bouc-Wen model by Yang et al. [37] to explain the strain stiffening phenomenon. Other 

hysteresis-based models, such as the Dahl and strain stiffening models, were also carried out 

extensively [38]. However, due to nonlinear differential equations and numerous parameters to 

identify, practical control implementation is not assured. Leng et al. [39] proposed a 

comprehensive material model which includes viscoelastic, hysteresis, and friction effect in the 

constitutive equation. The simple and reversible hyperbolic tangent model was introduced to 

overcome design issues in the controller synthesis to simulate the hysteresis effect. Another 

suitable modelling approach for designing controller was reported by Dargahi et al. [40], which 

utilized an operator-based phenomenological model known as Prandtl-Ishlinskii (PI) model. 

On the other hand, nonparametric material methods have grown in popularity as artificial 

intelligence (AI) capabilities have advanced [39]. For example, Koo et al. [41] studied the 

phenomenological model MREs operating in compression mode based on the three-layer neural 

network. Furthermore,  Leng et al. [42] worked on capturing the nonlinear relation of a mixed- 

mode isolator between the force and displacement, frequency and current by implementing a 

neural network approach optimized by the fuzzy algorithm. The main drawback of the neural 

network and self-learning approach is the lack of physical meaning of parameters compared to the 

parametric models [33]. 

1.5  Vibration Isolators and Semi-active Control Strategies 
Vibration control is regarded as a critical issue in the performance of many mechanical systems 

and applications. Due to its field dependent storage and loss moduli, MREs have been used in 

adaptive tuned vibration isolators/absorbers in a number of research studies under different 

working conditions. Li et al. [43] developed an adjustable laminated MRE-based isolator against 

an external vibration of earthquakes, as shown in Figure 1.4. The isolator consists of two thick 

flanges with 26 steel layers, and 25 MRE layers sandwiched between them, each with a thickness 

of 1 mm. This laminated rubber bearing configuration is simple to produce and has lesser 

temperature and ageing sensitivity. 



8 
 

 

Figure 1.4 A laminated bearing/isolator [43] 

The comprehensive experimental measurements explored a remarkable adaptive ability upon 

applying current from 0.0 to 3.0 Amp to provide up to 1479% gain in the force and 1630% stiffness 

increase. Vatandoost et al. [44] extensively worked on designing and fabrication of an optimal UI-

shaped electromagnet working in the pure compression mode capable of generating regulated 

magnetic flux density up to 1 T (Figure 1.5). The analysis showed significant phase and amplitude 

variations between the observed static and dynamic magnetic forces.  

 

Figure 1.5 An illustration of MRE-based electromagnet operating in compression mode [44] 

Although large loading capacities can be achieved in the squeeze working mode, Sun et al. [45] 

reported smaller frequency-shift and challenges in adjustable field-dependent properties compared 

to shear mode. To enhance the MR effect and vibration mitigation capability, adaptive 

isolators/absorbers in which MREs simultaneously operate under both squeeze and shear (mixed 

mode) have been designed. Leng et al. [46] proposed and designed a novel tunable MRE-based 

isolator operating in shear–squeeze mixed mode. Magnetic-induced properties and frequency-shift 

effectiveness in attenuated unwanted vibration were thoroughly investigated. Results revealed that 

isolator's frequency-shift features are linearly related to the volume fraction percentage and applied 

magnetic field. Also, magnetic-induced properties and frequency-shift of MRE demonstrated the 
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capability of mixed-mode isolator in vibration reduction applications. Figure 1.6 shows a 

schematic of MRE isolator in shear-compression mixed mode in which the upper MRE operates 

in the shear-compression mode, while the lower MRE works only in the compression mode. 

 

Figure 1.6 A mixed-mode isolator [46] 

To assess the mixed-mode isolator's performance, Leng et al. [39] proposed a comprehensive 

parametric model for nonlinear behaviour of MREs under a wide range of working conditions to 

describe the viscoelastic property, hysteresis effect and interfacial friction characteristics of the 

material. Then, a semi-active fuzzy control methodology was numerically conducted to investigate 

the performance of the designed vibration isolator to attenuate external forces. Wang et al. [47] 

introduced a novel constitutive mechanical model for MRE devices, allowing designers to analyse 

and evaluate the performance of MRE devices and implement appropriate control algorithms 

effectively. A conical shape isolator is then designed, as shown in Figure 1.7, to validate the 

accuracy of the isolators’ mechanical model and the proposed material model. Results indicated 

that the model could properly simulate with errors less than 6.3% up to magnetic saturation. 

 

Figure 1.7 Cross-sectional and actual illustration of conical MRE isolator [47] 

In terms of vibration control, Liao et al. [48] presented a phase-based fuzzy logic controller for 

MRE-based absorber. The control measured input parameters were considered as the relative 
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acceleration between the absorber’s mass and base and the absolute acceleration value of the 

primary system, and the output actuation was the applied current. Results show that the suggested 

isolator could be effectively used to rapidly track the excitation frequencies. Liu et al. [49] first 

proposed a MRE-based seat suspension isolator and developed a novel neural network algorithm. 

They compared the performance of the proposed control strategy with conventional on-off control 

approach under various external excitations including harmonic, bump and random excitation. The 

control input was considered magnetic flux density and force, and the output was the needed 

current to produce the required damping force. Observations showed that the effectiveness and 

superiority of the proposed neural network controller in vibration control over passive and on-off 

control strategies. In another study, Liu et al. [50] developed a switching control law (SC control 

method) based on Lyapunov theory to improve the vibration control performance of MRE-based 

isolator. The proposed switching control showed superior performance compared to PD and on-

off control strategies under various excitations. 

1.6 Organization of the Dissertation 
This research dissertation includes five chapters describing the research findings and results in a 

systematic order. Chapter 1 presents an introduction to the research dissertation including 

motivations and objective and a state-of-the-art review with focus on magnetorheological 

elastomers (MREs), fabrication and characterization of MREs, modelling approaches, real 

applications in vibration and shock mitigation, control strategies and finally thesis organization. In 

chapter 2, based on the available experimental data, several frequency and magnetic field 

dependent classical phenomenological models have been formulated to predict the viscoelastic 

behavior of MREs. A tunable MRE-based vibration isolator based on shear mode is developed and 

optimally designed in Chapter 3. Magneto-static model of the embedded electromagnet is first 

presented both analytically using Ampere’s law and numerically using the finite element 

magnetostatic analysis. Moreover, a multidisciplinary design optimization with the aim to 

maximize the frequency bandwidth while satisfying the total mass, material saturation and 

geometrical constraints was formulated in this chapter. Chapter 4 provides semi-active control 

strategies to attenuate vibration under different excitations including harmonic, bump and random. 

Chapter 5 discusses and summarizes the major findings and contributions, as well as some future 

remarks. 
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Chapter 2: Mechanical Characterization and Modeling of 
Magnetorheological Elastomers 
 

2.1  Introduction 
Recently, in the field of vibration control, magnetorheological elastomers have received significant 

attention. MREs exhibit magneto-viscoelastic behavior, which means they behave like passive 

silicone-based rubber in the absence of a magnetic field while they can change their storage and 

loss moduli through application of an external magnetic field. Controllability and adjustment of 

mechanical properties against external vibrations render MREs unique potential candidates for 

semi-active control devices. To model and design MRE based adaptive devices, it is important to 

develop material models which can predict their dynamic viscoelastic and hysteresis properties.  

Developing models with as few as possible characteristics parameters without any piecewise 

function or differential equations can be practically useful in design of controllers [33].  

In this study, different dynamic tests, including strain amplitude sweep and frequency sweep test 

results conducted before, are effectively used to evaluate the storage and loss moduli over various 

loading conditions. Then classical phenomenological-based models are presented to predict the 

variation of storage and loss moduli under varying driving frequency and applied magnetic flux 

densities. Detailed formulas and theories of models, including the Kelvin–Voigt, Maxwell, 

Standard linear solid, and Generalized maxwell, are explained. Next, the model parameters are 

calibrated by minimizing the difference error between simulated and experimental data over a wide 

range of frequency tests and magnetic field densities. Finally, the validity of each model is 

examined by comparing the simulation responses with the experiment data over the entire range 

of frequencies at different levels of magnetic flux densities. 

2.2  Experimental Characterization of Magnetorheological Elastomers 
In this section, the experimental study related to fabrication of isotropic MRE samples is presented. 

An advanced rotary rheometer has been used to characterize fabricated samples in rotating shear 

mode. The results of experiments have been effectively utilized to identify the characteristic 

parameters of the viscoelastic material models [49]. 

2.2.1 Magnetorheological Elastomer Fabrication 
The fabrication process of MRE with a 25% volume fraction of magnetic particles can be 

categorized into the following stages. First, the proper ratio of silicon rubber (as a matrix) and 
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carbonyl Iron Particles (shortened as CIPs) were mixed for about 4 minutes to form a homogeneous 

final solution. Afterward, the mixture was placed in the vacuum chamber under 28 in-Hg for about 

5 minutes to remove air bubbles. Finally, the mixture was poured into a transparent cylindrical 

plexiglass mold and left for 24 hours to be cured at room temperature. Consequently, the 

cylindrical MRE sample with a diameter of 20 mm and a thickness of 2.0 mm were fabricated. It 

should be noted that utilized silicone rubber, 𝐸𝑐𝑜𝑓𝑙𝑒𝑥𝑇𝑀00 − 20 (Smooth on) has a low viscosity 

and ensures easy mixing and degassing. Also, spherical CIPs were provided by 𝐵𝐴𝑆𝐹 𝑆𝑄® with a 

mean diameter of 3.9-5 µm [31]. Schematic fabrication process is illustrated in Figure 2.1.  

 

Figure 2.1 A schematic fabrication process of an isotropic MRE sample  

 

2.2.2 Experimental Test Setup  
Figure 2.2 shows an advanced rotary testing device, a rheometer, with a magnetorheology 

accessory (Discovery HR-3, TA Instrument) available in Smart Material and Adaptive Structures 

Lab (SMASL) at Concordia University. Characterization results can be obtained by placing the 

fabricated MRE specimen between the parallel geometry and bottom geometry. A 10 N axial 

preload has been applied to prevent slippage. Magneto-rheology accessory generates uniform 

magnetic flux density along the axis of the MRE specimen, which is perpendicular to the shear 

direction. It should be added that all the experiments were carried out at a temperature of 20 
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degrees Celsius. The equivalent storage and loss modulus of the MRE were obtained using the 

measured torque and angular displacement at different levels of magnetic flux. 

            

Figure 2.2 Experimental test setup, Rheometer device [17] 

 

2.2.3 Dynamic Behavior of MREs 
Magnetorheological elastomers possess adjustable rheological and viscoelastic properties 

depending on the various working conditions, such as the strain amplitude, excitation frequency 

and applied magnetic flux density [25]. A thorough investigation of the storage and loss moduli, 

loss factor, and hysteresis properties (also known as MRE stress-strain characteristics) over a wide 

range of excitation frequencies, strain amplitudes and an applied magnetic field densities leads to 

a comprehensive understanding of the dynamic behavior of MREs [25]. 

When the material is subjected to a sinusoidal shear strain (or stress), energy loss causes a phase 

angle difference of 𝛿 between the shear stress and shear strain, resulting in the stress not being in 

the same phase with the strain. Shear strain (𝛾) and shear stress (𝜏) could be defined mathematically 

as: 

𝛾 = 𝛾0 sin(𝜔𝑡) (2.1) 

𝜏 = 𝜏0 sin(𝜔𝑡 + 𝛿) (2.2) 

where 𝛾0 is the amplitude of the applied shear strain, 𝜏0 is the obtained amplitude of shear stress 

and 𝜔 is the excitation frequency. 

On the other hand, considering linear viscoelasticity, the relationship between shear stress and 

shear strain could be presented as: 

𝜏 = 𝐺∗𝛾          (2.3) 

𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝐹𝑙𝑢𝑥   
𝑀𝑅𝐸 𝑆𝑎𝑚𝑝𝑙𝑒   

𝑃𝑎𝑟𝑎𝑙𝑙𝑒𝑙  

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑦   

𝑀𝑅 𝑎𝑐𝑐𝑒𝑠𝑠𝑜𝑟𝑦   

𝐵𝑜𝑡𝑡𝑜𝑚  

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑦   
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where 𝐺∗is the complex shear modulus which can separated into the real and imaginary parts as 

follow: 

𝜏 = (𝐺′ + 𝑖𝐺″)𝛾 (2.4) 

Real component in Eq. (2.4) is called storage modulus (𝐺′), which measures the stored energy and 

represents the elastic element, and an imaginary component is called loss modulus (𝐺″) which 

measures the energy dissipated and represents the viscous element. In other words, storage 

modulus is a component of complex modulus which is in-phase with the applied shear strain and 

loss modulus is a component of complex modulus which is in quadrature with the applied shear 

strain [51]. Mathematical relations for storage and loss moduli may be presented a: 

𝐺′ =  
𝜏0

𝛾0
𝑐𝑜𝑠𝛿 (2.5) 

𝐺″ =  
𝜏0

𝛾0
𝑠𝑖𝑛𝛿 (2.6) 

The factor is defined the ratio of the loss modulus to the elastic modulus and can be written as: 

𝜂 = 𝑡𝑎𝑛 𝛿 =
𝐺″

𝐺′
 

(2.7) 

Using sweep amplitude tests, one may identify the linear viscoelastic region. Filled rubbery 

materials generally show decrease in viscoelastic storage modules after certain limit of strain 

amplitude (typically 0.1%) which is known as Payne effect. Figure 2.3 shows the variation of the 

storage modulus of MRE versus strain amplitude at excitation frequency of 1 Hz under different 

applied magnetic flux densities. Results clearly show the roll-off storage modulus at certain strain 

amplitude. It is clear that MREs exhibit linear viscoelastic behavior (storage modulus is 

independent of strain amplitude) at low strain amplitudes. Examination of results in Figure 2.3 

also show that linear viscoelastic region is wider for MREs under low magnetic field (0.2 T) 

compared with that under higher magnetic field (0.6 T). MREs material in the absence of the 

magnetic field behaves like typical filled rubbery material in which roll-off in storage modulus 

occurs nearly at 0.1% strain amplitude. Here, in this study, we assume that MREs exhibit linear 

viscoelastic behavior which depends only on the applied excitation frequency and magnetic field.   

Similar to the storage modulus, the loss modulus is also independent of strain amplitude 

particularly at low applied magnetic as shown in Figure 2.4. For higher applied magnetic fields, 

the loss modulus becomes more dependent on the strain amplitude and tends to drop at strain 

amplitude near 1%. Figures 2.3 and 2.4 also clearly show the dependency of storage and loss 
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moduli to the applied magnetic field. As it can be realized by increasing the magnetic field both 

storage and loss moduli increases considerably. It is noted that increase in storage and loss moduli 

is more pronounced in linear viscoelastic region under low stain amplitudes compared with that in 

nonlinear region upon the application of magnetic field.  

 

 

Figure 2.3 Storage modulus versus shear strain amplitude (range 0.01-10%) at 1 Hz 

 

Figure 2.4 Loss modulus versus shear strain amplitude (range 0.01-10%) at 1 Hz 

This can be better realized by evaluating the storage and loss moduli of the MRE sample over a 

wider range of shear strain amplitude (ex. 2%-30%) as shown in Figure 2.5 and Figure 2.6, 

respectively. The excitation frequency was held constant at 1 Hz. It can be realized that the storage 

and loss modulus significantly decrease as the strain amplitude increases, and this strain 

dependency is more evident for higher applied magnetic fields. Also, at low strain amplitudes near 
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2-5%, the moduli fall sharply while the rate of decrease reduces at higher strain amplitudes 

exhibiting saturation at high strain above 25%. The strain-softening phenomenon can be justified 

by the breakdown of the magnetic filler network, which results in an increase in the distance 

between the dipoles and, as a result, a significant reduction in the storage and loss modulus of 

MRE [51]. 

 

Figure 2.5 Storage modulus versus shear strain amplitude (range 2-30%) at 1 Hz 

 

Figure 2.6 Loss modulus versus shear strain amplitude (range 2-30%) at 1 Hz 

Another approach to finding dynamic properties of MREs is to utilize hysteresis curves (also 

known as stress-strain loops). The MRE’s damping dissipation is related to the enclosed area inside 

the hysteresis curve, and the stiffness of MRE is represented by the major slope of the stress-strain 

hysteresis curve in linear viscoelastic region. Figure 2.7 shows the effect of strain amplitude on 

hysteresis behavior at excitation frequency of 1 Hz when in the absence of the applied magnetic 
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field. It can be observed that while at low strain amplitude, the hysteresis shape is nearly elliptical, 

it tends to gradually change into the non-elliptical nonlinear hysteresis shape at high strain 

amplitudes. 

 

Figure 2.7 Stress-strain hysteresis loops under different strain amplitudes at 1 Hz and zero magnetic field 

Moreover, by raising the strain amplitude, the slope of the major axis of the hysteresis loop 

decreases, confirming the softening effect at larger strain amplitudes. Figure 2.8 demonstrates a 

stress-strain curve under low strain amplitude (0.4%) and frequency of 1 Hz to highlight the effect 

of applied magnetic flux density on the dynamic hysteresis behavior of MREs. 

 

Figure 2.8 Stress-strain hysteresis loops under different magnetic fields at 1 Hz and 0.4% strain amplitude 



18 
 

Fully elliptical shapes of hysteresis loops under different magnetic flux densities verify the linear 

viscoelastic property of MREs under low strain amplitudes regardless of the applied magnetic 

field. Results also clearly show that the storage modules (major axis of the hysteresis loop) and 

loss modulus (area inside the hysteresis loop) substantially increase by enhancing the applied 

magnetic field. This finding demonstrates MREs' remarkable resilience to changing their dynamic 

features by adjusting the applied magnetic field. 

The influence of the excitation frequency on the storage and loss moduli under various levels of 

magnetic flux densities were also investigated through sweep frequency tests.  

 

Figure 2.9 Storage modulus with respect to the frequency at linear viscoelastic region 

 

Figure 2.10 Loss modulus with respect to the frequency at linear viscoelastic region 
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Figure 2.9 and Figure 2.10 demonstrate MRE's properties versus frequency ranging from 1 Hz to 

20 Hz, while the shear strain amplitude is fixed and considered in the linear viscoelastic region 

(0.01%). Results in Figure 2.9 show that the storage modulus generally increases by enhancing 

driving frequency, indicating a stiffening effect due to frequency which is also observed in general 

rubbery material. It is worth noting that MREs are more dependent on the applied magnetic field 

than the excitation frequency in the range of 1-20 Hz, as their moduli vary entirely upon the 

existence of the magnetic field. Similar to the storage modulus, loss modulus also increases by 

increasing the excitation frequency regardless of the applied magnetic field demonstrating typical 

viscous behavior of MREs. Saturation of the moduli at higher frequencies can also be observed in 

Figures 2.9 and 2.10. 

2.2.4 Modelling of Dynamic Properties of MREs 
In this section, classical phenomenological-based linear viscoelastic models for the MREs are 

formulated to predict the viscoelastic properties as a function of the applied magnetic flux density 

and driving frequency. The proposed models are subsequently validated by comparing predicted 

simulation results to experimentally acquired results. 

2.2.5 Constitutive Models   
2.2.5.1 Kelvin-Voigt Model 
Constitutive material models to predict linear viscoelastic response behavior of materials  may be 

simply established by combination of Hookean elastic spring (representing the elastic stiffness of 

the material) and Newtonian dashpot (representing the viscous part of the material) in series or 

parallel [52]. A simple material model of the viscoelasticity is known as Kelvin-Voigt, which 

consists of a stiffness element and a damping element in parallel, as shown in Figure 2.11. 

 

Figure 2.11 An illustration of Kelvin-Voigt model 

By considering the shear stress (𝜏) applied to the spring-dashpot system, the resultant extension 

represents shear strain (𝛾). It is noted that both spring and the dashpot are subjected to the same 
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amount of shear strain. The governing equation for a material corresponding to a pure linear elastic 

spring can be written as: 

𝜏1 = 𝑎1 × 𝛾 (2.8) 

and that of purely viscous damper can be described as: 

𝜏2 = 𝑎2 × �̇� (2.9) 

in which 𝑎1 and 𝑎2 are the spring modules of elasticity and viscosity, respectively and 𝜏1 and 

𝜏2 denote the shear stress generated in spring and dashpot. The general constitutive equation of the 

Kelvin-Voigt material can be written as: 

𝜏 = 𝜏1 + 𝜏2 = 𝑎1 × 𝛾 + 𝑎2 × �̇� (2.10) 

By considering oscillatory motion, the complex modulus is computed from the above constitutive 

differential equation. The harmonic oscillatory shear deformation can be mathematically 

represented as: 

𝛾 = 𝐴𝑒𝑖𝜔𝑡 (2.11) 

where 𝐴 is the amplitude of the strain and 𝜔 is the excitation frequency. The strain rate can be then 

determined as: 

�̇� = 𝐴𝑖𝜔𝑒𝑖𝜔𝑡 (2.12) 

For the linear viscoelasticity, the constitutive model relating shear stress to shear strain can be 

written as: 

𝜏 = 𝐺∗𝛾 = (𝐺′ + 𝑖𝐺″)𝛾          (2.13) 

where 𝐺∗, 𝐺′and 𝐺″are complex shear modulus, storage modulus and loss modulus, respectively. 

By substituting Eqs. (2.11) and (2.12) into Eq. (2.10), and comparing with the general modulus 

form in Eq. (2.13), storage and loss modulus can be found as below: 

𝑎1 × 𝐴𝑒𝑖𝑤𝑡 + 𝑎2 × 𝐴𝑖𝜔𝑒𝑖𝜔𝑡 = (𝐺′ + 𝑖𝐺″) × 𝐴𝑒𝑖𝜔𝑡 (2.14) 

𝐺′ =  𝑎1 (2.15) 
𝐺″ = 𝑎2𝜔  (2.16) 

 
2.2.5.2 Maxwell Model 
Maxwell model can be represented by connecting spring and dashpot in series as shown in Figure 

2.12. In this model, the stress is the same in both elastic and viscous elements while the total strain 

is the sum of the spring strain (𝛾1) and the dashpot strain (𝛾2) as: 

𝛾 =  𝛾1 +  𝛾2 (2.17) 
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Figure 2.12 An illustration of Maxwell model 

By differentiating Eq.  (2.17) and substituting Eqs. (2.8) and (2.9): 

�̇� =  𝛾1̇ +  �̇�2 = �̇�/𝑎1 + 𝜏/𝑎2 (2.18) 

The general constitutive equation for Maxwell model can be subsequently described as: 

𝜏 +
𝑎2

𝑎1
�̇� = 𝑎2�̇� (2.19) 

Again, considering harmonic oscillatory motion, the shear stress and shear strain can be 

represented as: 

𝜏 = 𝐵𝑒𝑖𝜔𝑡 (2.20) 

𝛾 = 𝐴𝑒𝑖𝜔𝑡 (2.21) 

where 𝐴 and 𝐵 are the shear strain and shear stress amplitudes, respectively. Substituting Eqs.  

(2.20) and (2.21) and their derivatives into Eq. (2.19) yields: 

𝐵𝑒𝑖𝜔𝑡 × (1 +
𝑎2

𝑎1
𝑖𝜔) = 𝐴𝑒𝑖𝜔𝑡 × (𝑎2𝑖𝜔)                                                                                (2.22) 

Considering Eqs. (2.13) and (2.22), complex modulus can be presented the following form: 

𝐺∗ =
𝜏

𝛾
→

𝐵

𝐴
=

𝑎2𝑖𝜔

1 +
𝑎2

𝑎1
𝑖𝜔

                                                                                                                  (2.23) 

The complex shear, storage, and loss modulus can be re-written in the following form by 

multiplying the denominator and numerator in right hand side of Eq. (2.23) by the conjugate of the 

denominator: 

𝐺∗ =
𝑎2𝜔𝑖 +

𝑎2
2

𝑎1
𝜔2

1 +
𝑎2

2

𝑎1
2 𝜔2

                                                                                                                             (2.24) 

𝐺′ =

𝑎2
2

𝑎1
𝜔2

1 +
𝑎2

2

𝑎1
2 𝜔2

=  
𝑎1𝑎2

2𝜔2

𝑎1
2 + 𝑎2

2𝜔2
                                                                                                          (2.25) 
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𝐺″ =
𝑎2𝜔

1 +
𝑎2

2

𝑎1
2 𝜔2

=  
𝑎1

2𝑎2𝜔

𝑎1
2 + 𝑎2

2𝜔2
                                                                                                         (2.26)  

 
  

2.2.5.3 Standard Linear Solid Model (Three-Element Model) 
Maxwell and Kelvin-Voigt models have some limitations in predicting the viscoelastic response 

of materials under constant stress (creep) and stress relaxation, respectively.  Another well-known 

material model to describe the linear viscoelastic material behavior is standard linear solid (SLS) 

model also known as the Zener model which has shown to provide better response prediction 

compared with individual Maxwell or Kelvin-Voigt models. This model has been derived by 

combination of Maxwell and Kelvin-Voigt models. There are two representations of the Zener 

model known as Maxwell and Kelvin representations. In this study Maxwell representation of the 

Zener model is investigated. The model consists of a spring and a Maxwell arm in parallel, where 

a Maxwell arm is a series connection of a spring and a dashpot [53] as shown in Figure 2.13. It is 

noted that in Kelvin representation of the Zener model, a spring element is put in series with 

Kelvin-Voigt model.  

 

Figure 2.13 An illustration of standard linear solid model, Maxwell representation 

The spring and the Maxwell arm are both subjected to the same amount of shear strain and the 

total stress is the sum of that in spring and Maxwell arms. According to Eq. (2.19), the stress in 

the Maxwell arm can be written in the form below: 

𝜏𝑀𝑎𝑥𝑤𝑒𝑙𝑙_𝑎𝑟𝑚 = −
𝑎2

𝑎1
�̇�𝑀𝑎𝑥𝑤𝑒𝑙𝑙_𝑎𝑟𝑚 + 𝑎2 × �̇�                                                                                (2.27) 

The shear stress in the spring arm can also be written as: 

𝜏𝑠𝑝𝑟𝑖𝑛𝑔_𝑎𝑟𝑚 = 𝑎3 × 𝛾  (2.28) 

As a result, the total stress can be computed by summing the shear stress of the Maxwell arm and

 the spring arm as: 
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𝜏 = −
𝑎2

𝑎1
�̇�𝑀𝑎𝑥𝑤𝑒𝑙𝑙𝑎𝑟𝑚

+ 𝑎2 × �̇� + 𝑎3 × 𝛾 (2.29) 

Equation (2.29) can be re-written as below: 

𝜏 +
𝑎2

𝑎1
(�̇� − �̇�𝑠𝑝𝑟𝑖𝑛𝑔𝑎𝑟𝑚

) = 𝑎2 × �̇� + 𝑎3 × 𝛾 (2.30) 

By differentiating Eq. (2.28) and substituting into the Eq. (2.30), constitutive material law for the 

Zener model can be derived as: 

𝜏 +
𝑎2

𝑎1
�̇� = 𝑎2(

𝑎1 + 𝑎3

𝑎1
) × �̇� + 𝑎3 × 𝛾 (2.31) 

Assuming harmonic shear stress and strain described in Eqs. (2.20) and (2.21) and substituting 

them into Eq. (2.31), one can find the complex shear modulus of the Zener model (Maxwell 

representation) as: 

𝐺∗ =
𝜏

𝛾
→

𝐵

𝐴
=

𝑎2(
𝑎1 + 𝑎3

𝑎1
)𝑖𝜔 + 𝑎3

1 +
𝑎2

𝑎1
𝑖𝜔

=
𝑎1𝑎2𝑖𝜔

𝑎1 + 𝑎2𝑖𝜔
+ 𝑎3 

 
                                                               (2.32) 

  
According to Eq. (2.32), complex shear modulus of the Zener model is linear combination of spring 

stiffness and the complex modulus of the Maxwell arm described in Eq. (2.23). The complex shear, 

storage, and loss modulus can be re-written in the following form by multiplying the numerator 

and denominator of Eq. (2.32) by the conjugate of the denominator as: 

𝐺∗ =
𝑎3𝑎1

2 + 𝑎2
2𝜔2(𝑎1 + 𝑎3) + 𝑖𝑎1

2𝑎2𝜔

𝑎1
2 + 𝑎2

2𝜔2
 

(2.33) 

𝐺′ =  
𝑎3𝑎1

2 + 𝑎2
2𝜔2(𝑎1 + 𝑎3)

𝑎1
2 + 𝑎2

2𝜔2
 

(2.34) 

𝐺″ =  
𝑎1

2𝑎2𝜔

𝑎1
2 + 𝑎2

2𝜔2
 

(2.35) 

 

2.2.5.4 Generalized Maxwell Model 
The Generalized Maxwell model which is also known as Wiechert model is essentially the most 

general material model to describe linear viscoelasticity.  This model is basically the generalization 

of the Zener model (Maxwell representation) explained before in which a spring and an arbitrary 

array of Maxwell arms are connected in parallel as shown in Figure 2.14 [54]. The general form 

of governing equation of Maxwell arms have been previously derived in Eq. (2.19). The spring 
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and each Maxwell arm are subjected to the same amount of shear strain and the total stress is the 

sum of the stresses in spring and Maxwell arms. Using Eq. (2.19), for each Maxwell arm the 

relationship between stress and strain can be presented in the below form: 

𝜏𝑖 +
𝑎𝑖+1

𝑎𝑖
�̇�𝑖 = 𝑎𝑖+1�̇�       𝑖 = 2,3, … (2.36) 

For the spring element the relationship between shear stress and shear strain can be written as: 

𝜏1 = 𝑎1 × 𝛾 (2.37) 

The total shear stress can thus be written as: 

𝜏 = 𝜏1 + 𝜏2 + 𝜏3 + ⋯ (2.38) 

 

Figure 2.14 An illustration of Generalized Maxwell Model 

 

Substituting Eqs. (2.36) and (2.37) into Eq. (2.38) yield the governing constitutive material law in 

differential form. Assuming harmonic motion and using a similar approach explained before, the 

complex shear, storage, and loss modulus can be written in the following form by considering the 

derived complex modulus of Maxwell model in Eqs. (2.23-2.26) as: 

𝐺∗ =  𝑎1 + ∑
𝑖𝜔𝑎𝑘𝑎𝑘+1

𝑎𝑘 + 𝑖𝜔𝑎𝑘+1
          𝑖 = 1,2, …

𝑁

𝑘=2𝑖

 
 

(2.39) 

𝐺′ = 𝑎1 + ∑
𝑎𝑘+1

2 𝑎𝑘𝜔2

𝑎𝑘
2 + 𝜔2𝑎𝑘+1

2

𝑁

𝑘=2𝑖

          𝑖 = 1,2, … 
(2.40) 

𝐺″ = ∑
𝑎𝑘+1𝑎𝑘

2𝜔 

𝑎𝑘
2 + 𝜔2𝑎𝑘+1

2

𝑁

𝑘=2𝑖

            𝑖 = 1,2, … 
(2.41) 

 
Where N is the number of Maxwell arms. 
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2.2.6 Identification of Model’s Parameters based on Experimental Data 
Here, the experimental data acquired from the dynamic tests using magneto-rheometer are used to 

identify the parameters of the viscoelastic material models described before. Parameter 

identification is conducted through least square minimization of the error between storage and loss 

moduli obtained using material models and those obtained experimentally under various loading 

and magnetic field conditions. The objective error functions to be minimized can thus be 

mathematically expressed as: 

𝐽 = ∑(𝐺′
𝑆𝐼𝑀 − 𝐺′

𝐸𝑋𝑃)2

𝑘

𝑖=1

  

 
 

(2.42) 

𝐽′ = ∑(𝐺″
𝑆𝐼𝑀 − 𝐺″

𝐸𝑋𝑃)2

𝑘

𝑖=1

 

 
 

(2.43) 

 

where 𝑘 is the number of utilized experimental data corresponding to the various loading 

conditions. Subscripts “EXP” and “SIM” denote experimental data and results obtained using the 

material models, respectively. The hybrid approach based on combination of stochastic based 

genetic algorithm (GA) and sequentially quadratic programming (SQP) technique has been utilized 

to assure convergence to the true global optimal solution. GA is basically capable of capturing 

near global optimal solution due to its stochastic nature. SQP is a powerful nonlinear mathematical 

programing technique capable of capturing local optimum point with high accuracy. Using 

optimum results generated by GA as the input initial point for SQP enables to accurately capture 

global optimum solution.   

The storage and loss moduli associated with different viscoelastic material models explained 

before are summarized in Table 2.1.  
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Table 2.1 Different viscoelastic material models and their corresponding constitutive and moduli relations 

𝑀𝑜𝑑𝑒𝑙  
𝑖𝑙𝑙𝑢𝑠𝑡𝑟𝑎𝑡𝑖𝑜𝑛 

𝐿𝑖𝑛𝑒𝑎𝑟 
 𝑚𝑜𝑑𝑒𝑙 

𝐶𝑜𝑛𝑠𝑡𝑖𝑡𝑢𝑡𝑖𝑣𝑒  
𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

𝑆𝑡𝑜𝑟𝑎𝑔𝑒 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 
(𝐺′) 

𝐿𝑜𝑠𝑠 𝑚𝑜𝑑𝑢𝑙𝑢𝑠 

(𝐺″) 

 

 
Kelvin-Voigt 

 
𝜏 = 𝑎1𝛾 + 𝑎2�̇� 

 
𝑎1 

 
𝑎2𝜔 

 

 

 
Maxwell 

 

𝜏 +
𝑎2

𝑎1

�̇� = 𝑎2�̇� 

𝑎1𝑎2
2 𝜔2

𝑎1
2 + 𝑎2

2 𝜔2
 

 
𝑎1

2𝑎2𝜔

𝑎1
2 + 𝑎2

2𝜔2
 

 

Standard 
Linear Solid 

𝜏 +
𝑎2

𝑎1

�̇� = 𝑎2(
𝑎1 + 𝑎3

𝑎1

) × �̇� + 𝑎3 × 𝛾 
 

𝑎3𝑎1
2 + 𝑎2

2𝜔2(𝑎1 + 𝑎3)

𝑎1
2 + 𝑎2

2𝜔2
 

 
𝑎1

2𝑎2𝜔

𝑎1
2 + 𝑎2

2𝑤𝜔2
 

 

 
Generalized 

Maxwell 
model 

 
 

𝜏 = 𝜏1 + 𝜏2 + 𝜏3 + ⋯ 

 

𝑎1 + ∑
𝑎𝑘+1

2 𝑎𝑘𝜔2

𝑎𝑘
2 + 𝜔2𝑎𝑘+1

2

𝑁

𝑘=2𝑖

 

𝑘 = 2𝑖, 𝑖 = 1,2, … 

 

∑
𝑎𝑘+1𝑎𝑘

2𝜔 

𝑎𝑘
2 + 𝜔2𝑎𝑘+1

2

𝑁

𝑘=2𝑖

 

𝑘 = 2𝑖, 𝑖 = 1,2, … 

The parameters are optimized under different magnetic flux densities (0 T, 0.2 T, 0.4 T and 0.6 T), 

and frequency excitations ranging from 0.1 to 20 Hz. It is assumed that strain amplitude is low 

(under 0.1%) justifying the linear viscoelastic behavior of MREs.  

2.2.7 Results and Discussion 
The identified parameters for the Kelvin–Voigt, Maxwell, Standard Linear Solid, and Generalized 

Maxwell models are listed in Table 2.2 to Table 2.6. 

Table 2.2 Identified parameters for Kelvin-Voigt model at various magnetic flux densities 

𝐵 (𝑇) 𝑎1 𝑎2 
0.0 105636.99 375.86 
0.2 142221.38 494.49 
0.4 292078.08 835.55 
0.6 562404.31 1298.99 

 

Table 2.3 Identified parameters for Maxwell model at various magnetic flux densities 

𝐵 (𝑇) 𝑎1 𝑎2 
0.0 105949.40 867490.16 
0.2 142965.16 831553.96 
0.4 294397.34 1350700.30 
0.6 568314.40 2268494.16 
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Table 2.4 Identified parameters for Standard Linear Solid (SLS) at various magnetic flux densities 

𝐵 (𝑇) 𝑎1 𝑎2 𝑎3 
0.0 59470.43 1546.30 90072.13 
0.2 79475.96 2310.97 119801.05 
0.4 138412.72 5146.53 246751.83 
0.6 225022.41 11422.22 475722.38 

 

Table 2.5 Identified parameters for Generalized Maxwell model with two Maxwell arms (GM2) at 
various magnetic flux densities 

𝐵 (𝑇) 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 
0.0 78515.49 56527.10 716.71 27417.25 8781.97 
0.2 99396.29 74551.09 1050.47 41902.26 17750.75 
0.4 196374.60 125491.58 1962.11 94551.89 51656.46 
0.6 366238.39 194717.34 134979.03 195645.54 3361.71 

 

Table 2.6 Identified parameters for Generalized Maxwell model with three Maxwell arms (GM3) at 
various magnetic flux densities 

𝐵 (𝑇) 𝑎1 𝑎2 𝑎3 𝑎4 𝑎5 𝑎6 𝑎7 
0.0 75293.80 17736.71 15107.07 54958.66 404.60 24876.89 1876.77 
0.2 93428.96 31405.63 31025.12 70735.71 554.19 34082.83 2756.96 
0.4 182824.73 79762.90 85096.57 115435.95 959.03 61349.71 5262.40 
0.6 338891.56 174494.89 1523.14 178201.94 210026.87 100447.33 9023.43 

 

Figure 2.15 to Figure 2.18 show capability of the proposed models in predicting the storage moduli 

for the isotropic MRE with 25% volume fraction under frequency ranges up to 20 Hz and under 

different levels of magnetic flux densities. As it can be realized, the Kelvin-Voigt model could not 

accurately predict the storage modulus because, in this model, the storage modulus is a constant 

value that is not dependent on the frequency. The two-parameter Maxwell model considers 

frequency in estimating the storage modulus, but it cannot also estimate the storage modulus over 

large range of frequencies with reasonable accuracy, although it can reasonably capture the storage 

modulus trend at low frequencies under low applied magnetic field. Compared with Kelvin-Voigt 

and Maxwell models, the Standard Linear Solid (SLS) model shows better prediction particularly 

at higher frequencies and lower applied magnetic field but poor performance at frequencies below 

5 Hz.   
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Figure 2.15 Comparison of viscoelastic models in predicting the storage modulus versus frequency  

(B=0.0T) 

 

Figure 2.16 Comparison of viscoelastic models in predicting the storage modulus versus frequency 
(B=0.2T) 
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Figure 2.17 Comparison of viscoelastic models in predicting the storage modulus versus frequency 
(B=0.4T) 

 

Figure 2.18 Comparison of viscoelastic models in predicting the storage modulus versus frequency 
(B=0.6T) 

Results thus indicate that the Kelvin-Voigt, Maxwell, Standard linear Solid model cannot 

effectively track the experimental measurements. Results from Generalized Maxwell model with 

five parameters (using two Maxwell arms, GM2) as shown in Figures 2.15 to 2.18 show fairly 

good prediction of storage modulus over a wide range of frequencies as well as applied magnetic 

fields.    

The Generalized Maxwell model with three arms (GM3) having 7 parameters is also formulated  

to determine the effect of more parameters on the model accuracy. Regression analyses are used 

to analyze and quantify the degree of matching between experimental and simulation results. Here, 
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the coefficient of determination (also known as R-squared or 𝑅2) is used to evaluate the model's 

goodness of fit as [33]: 

𝑅2 = 1 −
𝑆𝐴𝐸𝑆

𝑇𝑆𝑆
                                                                                                                                 (2.44) 

where 𝑆𝐴𝐸𝑆 denotes the sum of absolute error squares, and 𝑇𝑆𝑆 stands for the total sum of squares 

and can be defined as below: 

𝑆𝐴𝐸𝑆 = ∑(𝑌𝐸𝑋𝑃(𝑖) − 𝑌𝑆𝐼𝑀(𝑖))
2

𝑛

𝑖=1

 

 
 

(2.45) 

𝑇𝑆𝑆 =  ∑ (𝑌𝐸𝑋𝑃(𝑖) −
1

𝑛
∑ 𝑌𝐸𝑋𝑃(𝑗)

𝑛

𝑗=1

)

2 
𝑛

𝑖=1

 
 

(2.46) 

 

𝑛, 𝑌𝐸𝑋𝑃, and 𝑌𝑆𝐼𝑀 are the total number of data set, experimental output, and simulation output, 

respectively. Table 2.7 provides the average coefficient of determination values for GM2 and GM3 

material models over the given range of frequency and magnetic flux density for both storage and 

loss modulus. 

Table 2.7 Average values of coefficient of determination for GM2 and GM3 

𝑀𝑜𝑑𝑒𝑙  𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥 𝑑𝑒𝑛𝑠𝑖𝑡𝑦  
(𝑇) 

𝑅2 
(𝑆𝑡𝑜𝑟𝑎𝑔𝑒 𝑚𝑜𝑑𝑢𝑙𝑢𝑠) 

𝑅2 
(𝐿𝑜𝑠𝑠 𝑚𝑜𝑑𝑢𝑙𝑢𝑠) 

 0.0 0.98 0.89 
            GM2 0.2 0.97 0.79 
 0.4 0.97 0.46 
 0.0 0.99 0.98 
            GM3 0.2 0.99 0.98 
 0.4 0.99 0.92 

 

Results clearly state the superiority of the Generalized Maxwell model with three Maxwell arms 

(seven parameters) over two arms (five parameters). In addition, the coefficient of determination 

value for all cases in GM3 is generally over 92%, implying that the GM3 model can accurately 

capture the MREs' dynamic viscoelastic behaviour.  

Using results in Table 2.6, model parameters may be estimated using smooth polynomial or 

exponential functions for a given applied magnetic field as: 

𝑎1 =  𝑝1 × 𝐵3 + 𝑝2 × 𝐵2 + 𝑝3 × 𝐵 + 𝑝4 (2.47) 
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𝑎2 =  𝑝5 × 𝐵3 + 𝑝6 × 𝐵2 + 𝑝7 × 𝐵 + 𝑝8 (2.48) 
𝑎3 = 𝑝9 × 𝐵3 + 𝑝10 × 𝐵2 + 𝑝11 × 𝐵 + 𝑝12 (2.49) 
𝑎4 =  𝑝13 × 𝐵3 + 𝑝14 × 𝐵2 + 𝑝15 × 𝐵 + 𝑝16 (2.50) 
𝑎5 = 𝑝17 × exp (𝑝18 × 𝐵) (2.51) 
𝑎6 = 𝑝19 × 𝐵3 + 𝑝20 × 𝐵2 + 𝑝21 × 𝐵 + 𝑝22 (2.52) 
𝑎7 = 𝑝23 × 𝐵3 + 𝑝24 × 𝐵2 + 𝑝25 × 𝐵 + 𝑝26 (2.53) 

 

where 𝐵 is the magnetic flux density in T and all the curve fitted parameters 𝑝1 to 𝑝26 are obtained 

using least-square minimization and provided in Table 2.8. 

Table 2.8 Curve fitted parameters in GM3  

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝐶𝑢𝑟𝑣𝑒 𝑓𝑖𝑡𝑡𝑒𝑑 
 𝑣𝑎𝑙𝑢𝑒 

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝐶𝑢𝑟𝑣𝑒 𝑓𝑖𝑡𝑡𝑒𝑑 
 𝑣𝑎𝑙𝑢𝑒 

𝑝1 -9.562e+04 𝑝14 4.973e+05 

𝑝2 9.481e+05 𝑝15 -1.152e+04 

𝑝3 -9.512e+04 𝑝16 5.496e+04 

𝑝4 7.529e+04 𝑝17 0.02032 

𝑝5 2.435e+05 𝑝18 26.92 

𝑝6 2.875e+05 𝑝19 -1.298e+05 

𝑝7 1101 𝑝20 3.036e+05 

𝑝8 1.774e+04 𝑝21 -9504 

𝑝9 -3.662e+06 𝑝22 2.488e+04 

𝑝10 2.674e+06 𝑝23 -7701 

𝑝11 -3.088e+05 𝑝24 2.494e+04 

𝑝12 1.511e+04 𝑝25 -278.3 
𝑝13 -2.262e+05 𝑝26 1877 

 

Figure 2.19 and Figure 2.20, respectively, demonstrate the comparison between simulation results 

and experimental data for the storage and loss moduli with respect to the excitation frequency 

under different applied magnetic field.  As it can be realized, there is a good agreement between 

the model and experimental results for the frequency range up to 20 Hz regarding the different 

levels of an applied magnetic field. There is, however, a slight deviation between the simulation 

and experimental results for storage modulus at higher magnetic fields.  
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Figure 2.19 Storage modulus versus frequency predicted by Generalized Maxwell model (GM3) 

 

Figure 2.20 Loss modulus versus frequency predicted by Generalized Maxwell model (GM3) 

It should be noted that the accuracy of the GM3 model is further examined by comparing 

simulation and experimental results for data sets that have not been used in identification process. 

To this end, the percentage error is employed to calculate the relative error between simulation 

and experimental results at various applied magnetic flux densities and excitation frequencies, as: 

𝐸𝑟𝑟𝑜𝑟𝐺′ =
𝐺 ′

𝑆𝐼𝑀 − 𝐺 ′
𝐸𝑋𝑃

𝐺 ′
𝐸𝑋𝑃

× 100                                                                                                                   (2.54) 

𝐸𝑟𝑟𝑜𝑟𝐺″ =
𝐺″

𝑆𝐼𝑀 − 𝐺″
𝐸𝑋𝑃

𝐺″
𝐸𝑋𝑃

× 100                                                                                                                  (2.55) 

Table 2.9 presents the percentage error for the storage and the loss moduli for various magnetic 

flux densities and excitation frequencies. 
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Table 2.9 Percentage error of the storage loss modulus for different magnetic fields and excitation 
frequencies 

 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦: 0.31 𝐻𝑧 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦: 1.00 𝐻𝑧 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦: 6.30 𝐻𝑧 
𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 (𝑇) 𝐸𝑟𝑟𝑜𝑟𝐺′ 

(%) 
𝐸𝑟𝑟𝑜𝑟𝐺″ 

(%) 
𝐸𝑟𝑟𝑜𝑟𝐺′ 

(%) 
𝐸𝑟𝑟𝑜𝑟𝐺″ 

(%) 
𝐸𝑟𝑟𝑜𝑟𝐺′ 

(%) 
𝐸𝑟𝑟𝑜𝑟𝐺″ 

(%) 
𝐵 = 0.0  0.61 0.70 0.93 2.36 0.25 4.29 
𝐵 = 0.2  0.83 5.36 1.54 1.03 0.68 3.97 
𝐵 = 0.4  1.73 4.81 1.13 2.37 1.58 2.39 
𝐵 = 0.6  1.06 8.11 1.27 2.09 1.34 1.07 

 

It can be observed that the range of the percentage error for the storage modulus is from 0.25% to 

1.73% while for the loss modulus, it is from 0.70% to 8.11%. Comparison of error results confirms 

the accuracy of the GM3 model to forecast the behaviors of MRE under various magnetic fields 

and frequencies up to 0.6 T and 20 Hz, respectively.   

Finally, the proposed dynamic model using GM3 is further validated using stress-strain hysteresis 

loops. For example, comparison of simulation and experimental results for stress-strain under 

excitation frequency of 1 Hz and magnetic flux density of 0.2 T and strain amplitude of 0.01% is 

shown Figure 2.21.  

 

Figure 2.21 Shear stress with respect to strain amplitude for the fixed frequency of 1 Hz and magnetic 
flux density of 0.2 T 

Figure 2.21 indicates that the predicted model corresponds very well with empirical data and can 

accurately predict the hysteresis loop as well as effective stiffness and equivalent damping 

properties of the MRE. Similar results have been observed for other mechanical and magnetic 

loading conditions.  
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2.3  Summary and conclusion 
In this chapter, MRE samples with a 25% volume fraction of magnetic particles were used to 

investigate the general behaviours of MREs. The dynamic experimental tests were carried out 

using an advanced rotary rheometer (Discovery HR3, TA instrument) in the shear mode in an 

applicable range of frequencies, strain amplitudes, and magnetic field densities. The influence of 

the excitation frequency on the storage and loss moduli of MRE under various levels of magnetic 

flux densities was investigated through sweep frequency tests ranging from 1 Hz to 20 Hz. 

Assuming linear viscoelastic behaviour of MREs which is justified for low strain amplitudes, 

classical viscoelastic models were formulated to predict the variation of storage and loss moduli 

of the MRE under varying driving frequency and applied magnetic flux densities. The models are 

developed for MREs operating in shear mode at linear viscoelastic region. These include the 

Kelvin–Voigt, Maxwell, Standard linear solid, and Generalized Maxwell models. The 

characteristic parameters of these models were then identified through minimizing errors between 

simulated and experimental data for the wide range of frequencies and magnetic field densities. 

The validity of each model was examined by comparing the model responses with the experiment 

data over the entire range of frequencies up to 20 Hz at different levels of applied magnetic flux 

densities. The results indicated that the Kelvin-Voigt, Maxwell, Standard linear Solid model could 

not effectively track the experimental measurements, while GM2 model show better performance. 

Generalized Maxwell model with seven parameters (GM3) demonstrated superior performance 

compared with GM2 in predicting the storage modulus over a wide range of frequencies and 

applied magnetic fields with the coefficient of determination (𝑅2) value over 92% for all loading 

conditions. Accuracy of the developed GM3 model was further examined by comparing the 

hysteresis stress-strain responses based on simulation and experimental data. In the following 

chapter, the GM3 material model will be used for the design of the proposed MRE-based isolator 

design. 
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Chapter 3: Design and Development of the MRE-based Semi-
Active Vibration Isolator 

3.1  Introduction 
Vibration isolation devices and systems have been studied and developed extensively in recent 

years. Generally, there are three types of vibration control systems: passive, active, and semi-

active. Passive control system is composed of fixed elastic and damping elements, which do not 

require any external input energy and has a simple structure. The main drawback of passive control 

strategy is that they are mainly designed for a specific tuned frequency and thus not able to adapt 

to the varied excitation conditions. In contrast to passive control systems, active control systems 

can provide significant performance gains and are capable of isolating vibration and shock over 

broad range of frequencies, however they demand high external energy consumption and complex 

control hardware making them impractical for real-life applications. Semi-active control systems 

bridge the gap between passive and active control systems, they offer fail-safe and reliability of 

passive systems while maintaining the adaptability of the fully active system with minimal power 

requirements [55].  

In this chapter, the configuration of a novel vibration isolator featuring MRE is introduced. The 

aim is to design a broad-band adaptive vibration isolator operating under 20 Hz which is most 

effective for variety of seat suspensions. The numerical and analytical magneto-static model of the 

designed electromagnet are first presented and compared to evaluate the generated magnetic flux 

density in the MRE active regions with applied current. A single degree of freedom (SDOF) model 

of the proposed MRE-based isolator has been then formulated to evaluate its field-dependent 

natural frequency. Finally, a multidisciplinary design optimization problem is formulated 

including the isolator and magnetic circuit design parameters to maximize the frequency 

bandwidth while satisfying the total mass, material saturation and geometrical constraints. 

Random-based genetic algorithms and gradient-based sequential quadratic programming 

approaches are used to capture the precise global optimal solution. 
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3.2  Design Configuration of the Proposed MRE-based Vibration Isolators  
Figure 3.1 shows a 2D schematic view of the proposed MRE-based vibration isolator operating in 

shear mode. The isolator consists of the hollow cylindrical shape MRE (isotropic MRE with 25% 

volume fraction), which its inner circumferential surface is glued to the seat frame while its outer 

surface connected to the fixed electromagnet’s steel base. Thus, moving the seat frame will put the 

MRE under shear model operation. The seat frame structure is composed of the low carbon steel 

core (lower part) to better guide magnetic flux and aluminum, one of the non-magnetic conductors 

(upper part) to minimize flux leakage and guide magnetic field into the MRE and electromagnet’s 

base to form a closed-loop magnetic circuit. A stroke stopper is designed to limit MREs movement 

in shear direction subjected to large deformations. The proposed vibration isolator also includes 

an integrated electromagnet including bobbin and winding coils to generate the require magnetic 

flux densities in the MRE by applying current to the coils.  

 

 

Figure 3.1 Axisymmetric schematic of the proposed vibration isolator 
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3D perspective view of the proposed isolator and also its exploded view drawn in 

SolidWorks®platform is shown in Figure 3.2.  

  

Figure 3.2 A cross-sectional view of the proposed isolator, Exploded view drafting: 1- seat frame, 2- 
MRE sample, 3- stroke stopper, 4- bobbin, 5- winding coils 6- base (housing) 

 

 

3.3 Magneto-static Modelling and Analysis  
In this section, the analytical magnetic circuit analysis is first presented to evaluate magnetic flux 

density in the MRE gap region for the given parameters of the circuit. Then, magneto-static finite 

element (FE) model of the electromagnet (performed by open source FEMM software) is 

developed in order to accurately evaluate the induced magnetic flux density in the MRE gap and 

verify the analytical results. 

3.3.1 Material Selection for the Proposed Isolator 
Aluminum 6061-T6 is used for the upper seat frame part and the bobbin, which is a non-magnetic 

material. Using Aluminum in the proposed isolator conserves energy by keeping magnetic flux 

into the closed loop seat-MRE-base path. Moreover, this aluminum grade demonstrates an 

excellent strength-to-weight ratio and due to its weldability, it is employed in numerous 
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engineering applications. The electromagnet's coils are comprised of 18 AWG wire with a 

diameter of 1.0237 mm and a resisting current of around 3 Amp.  

The conductive magnetic elements of the isolator (base and lower section of seat frame) are 

considered to be 1020 steel, which is a low carbon and soft steel and relatively inexpensive to 

produce.  

 

Figure 3.3 The B-H curve of 1020 steel 

Figure 3.3 depicts the nonlinear B-H magnetization curve of 1020 steel [56]. When the steel is 

magnetized, the flux density (𝐵) increases in proportion to the field strength (𝐻) until it reaches a 

magnetic saturation. In this state, there is no more increase in the magnetic flux density value while 

the field strength continues to increase. The relationship between magnetic flux density (𝐵) in 

Tesla (T) and magnetic field intensity (𝐻) in 𝑘𝐴/𝑚 may be determined using the following 

piecewise exponential function [57].   

𝐻𝑠𝑡𝑒𝑒𝑙 =  𝑎1 × exp (𝑎2 × 𝐵𝑠𝑡𝑒𝑒𝑙
 )  

 
                                                                  (3.1) 

Constant parameters are identified using least square minimization using the data in Figure 3.3 

as: 

𝑎 = {  
  ( 0.0563   2.333)                                         𝐵 ≤ 1.5 𝑇
(0.002089   4.654)                                     𝐵 > 1.5 𝑇

 

It is assumed that induced magnetic flux density in the MRE active region is proportional to the 

applied magnetic field. The relative permeability of the MRE with a 25% volume fraction was 

previously calculated experimentally which was found to be nearly 1.4 [17]. 
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3.3.2 Analytical Magneto-static Circuit Analysis 
Here, the magnetic circuit is analyzed using the theoretical approach. The obtained results will be 

then verified using FE method to confirm the analytical analysis in the next subsection. The 

schematic of magnetic flux density contours is illustrated in the Figure 3.4. 

 

Figure 3.4 Flux magnetic density distribution in the proposed isolator 

According to the Ampere’s law for magnetic circuits, relationship between magnetic field intensity 

and applied current can be expressed as: 

∑ 𝑁𝑖  𝐼𝑖 =  ∑ 𝐻𝑖𝑙𝑖 (3.2) 

where 𝑁𝑖 is the number of wires turns per coil, 𝐼𝑖 is input current to the coil, 𝐻𝑖 is the magnetic 

field intensity in the 𝑖 − 𝑡ℎ link of circuit and 𝑙𝑖 is the effective length of linkages in the circuit. 

Also, the magnetic flux (∅) across all cross-sectional areas are constant (magnetic flux 

conservation) and can be described as: 

∅ =  𝐵𝑖𝐴𝑖   (3.3) 
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where 𝐵𝑖 is the magnetic flux density and 𝐴𝑖 is the cross-sectional area at the midpoint of the 𝑖 −

𝑡ℎ link of circuit, respectively. 

Also, the magnetic flux density, 𝐵 increases in proportion to the magnetic intensity 𝐻, at low 

magnetic fields before saturation as follows: 

𝐵𝑖 = 𝜇0𝜇𝑟𝐻𝑖 (3.4) 

in which 𝜇0 is a magnetic permeability of free space with constant value of 4𝜋 × 10−7 𝐻/𝑚 and 

𝜇𝑟 is the relative permeability of the 𝑖 − 𝑡ℎ link. It should be noted that relative permeability (𝜇𝑟) 

has a value of approximately 1 for non-magnetic materials such as air. 

 

Figure 3.5 Magnetic flux path and effective lengths of the magnetic circuit 

The magnetic flux path through the proposed isolator sections and the effective length of the circuit 

links are shown in the Figure 3.5. Due to the axisymmetric feature of the isolator design, the 

magnetic flux path is shown in half side of the isolator.  
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In this study, the magnetic circuit of the proposed isolator is divided into 8 links. Considering Eq. 

(3.2) and Figure 3.5, Ampere’s law can now be expanded into the following form: 

𝑁𝑐𝐼 = (𝑙1𝐻𝑠𝑡𝑒𝑒𝑙−1 
+ 𝑙2𝐻𝑠𝑡𝑒𝑒𝑙−2 

+ 𝑙4𝐻𝑠𝑡𝑒𝑒𝑙−4 
+ 𝑙5𝐻𝑠𝑡𝑒𝑒𝑙−5 

+ 𝑙6𝐻𝑠𝑡𝑒𝑒𝑙−6 
)

+ 𝑙7𝐻𝐴𝑖𝑟 + 𝑙3𝐻𝑀𝑅𝐸 
 

(3.5) 

Also, due to conservation of magnetic flux, Eq. (3.3) can be re-written as: 

∅ = 𝐵𝑠𝑡𝑒𝑒𝑙−1 
𝐴1 = 𝐵𝑠𝑡𝑒𝑒𝑙−2 

𝐴2 = 𝐵𝑀𝑅𝐸 
𝐴3 = 𝐵𝑠𝑡𝑒𝑒𝑙−4 

𝐴4 = 𝐵𝑠𝑡𝑒𝑒𝑙−5 
𝐴5

= 𝐵𝑠𝑡𝑒𝑒𝑙−6 
𝐴6 = 𝐵𝐴𝑖𝑟 

𝐴7 = 𝐵𝑠𝑡𝑒𝑒𝑙−8 
𝐴8 

 

(3.6) 

Using Eqs. (3.4) -(3.6) and nonlinear relation for B-H curve of steel give in Eq. (3.1), Eq. (3.5) can 

cast into the following form to evaluate 𝐵𝑀𝑅𝐸 with respect to the applied current: 

𝑁𝑐𝐼 = (𝑙1𝐻𝑠𝑡𝑒𝑒𝑙_1 
+ 𝑙2𝐻𝑠𝑡𝑒𝑒𝑙_2 

+ 𝑙4𝐻𝑠𝑡𝑒𝑒𝑙_4 
+ 𝑙5𝐻𝑠𝑡𝑒𝑒𝑙_5 

+ 𝑙6𝐻𝑠𝑡𝑒𝑒𝑙_6 
)

+
𝑙7𝐵𝑀𝑅𝐸𝐴3

𝜇0𝐴7
+

𝑙3𝐵𝑀𝑅𝐸

𝜇0𝜇𝑀𝑅𝐸
 

 

(3.7) 

The number of wires in the coil area denoted by 𝑁𝑐 and according to the Figure 3.5 can be 

determined as [58]: 

𝑁𝑐 =
2 × (𝑄 − 2𝐽) × (𝑍 − 𝑊)

1.68𝑑𝑤
2

 
(3.8) 

where 𝑑𝑤 is a diameter of the utilized wire. Furthermore, the effective lengths and their 

corresponding cross-sectional areas of the circuit are summarized and tabulated in Table 3.1 

referring to the geometrical parameters in the Figure 3.5. In summary, the magnetic flux density 

at the center of MRE can be approximated by solving analytical Eq. (3.7) for 𝐵𝑀𝑅𝐸  at the known 

applied current.  
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Table 3.1 Effective lengths and associated cross-sectional areas of links in the magnetic circuit 

 

 

3.3.3 Validation of the Magnetic Circuit Analytical Model  
The magneto-static FE method is utilized to confirm the results of the analytical magnetic circuit 

analysis. FEMM, an open-source FE software for magnetic simulation, is used to conduct 

numerical simulations of magnetic circuits [56]. The simulation procedure is followed in a 2D 

axisymmetric FE model based on the material arrangement mentioned in the previous section and 

geometric dimensions of an isolator. The geometric and magnetic circuit parameters for the 

proposed isolator design are listed in Table 3.2. 

 

 

 

 

 

 

Length (𝑙𝑖) Area (𝐴𝑖) 

𝑙1 = 𝐻 −
𝑇

2
+

𝐺

2
 𝐴1 = 𝜋(𝑅2 − (𝑅 − 𝐹)2) 

𝑙2 = 𝐸 +
𝐹

2
 𝐴2 = 2𝜋𝐺(𝑀 + 𝑍 − 𝐸 +

𝑙2

2
) 

𝑙3 = 𝑍 − 𝐸 𝐴3 = 2𝜋𝐺(𝑀 +
𝑙3

2
) 

𝑙4 =
𝑀

3
 𝐴4 = 2𝜋𝐺(𝑀 −

𝑙4

2
) 

𝑙5 = 𝐻 −
𝑇

2
+

𝐺

2
 𝐴5 = 𝜋(

5𝑀2

9
) 

𝑙6 =
𝑀

3
 𝐴6 = 2𝜋𝑇(𝑀 −

𝑙6

2
) 

𝑙7 = 𝑃 𝐴7 = 2𝜋𝑇(𝑀 +
𝑙7

2
) 

𝑙8 = 𝑍 − 𝑃 +
𝐹

2
 𝐴8 = 2𝜋𝑇(𝑀 + 𝑃 +

𝑙8

2
) 
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Table 3.2 Design variables and their corresponding values of an isolator 

𝐷𝑒𝑠𝑖𝑔𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑉𝑎𝑙𝑢𝑒(𝑚𝑚) 

𝐺 30 
𝐻 115 
𝑇 40 
𝐹 35 
𝑀 35 
𝐾 15 
𝐸 50 
𝑃 2 
𝑄 60 
𝐽 12.5 
𝑍 60 
𝑊 26.5 
𝑁 45 
𝑅 130 
𝐿 205 

𝑑𝑤 1.0237 
𝜇𝑀𝑅𝐸  1.4  𝑛𝑜 𝑢𝑛𝑖𝑡 
𝜇𝑠𝑡𝑒𝑒𝑙  760   𝑛𝑜 𝑢𝑛𝑖𝑡 

The results for magnetic flux distribution under 2.0 applied current is shown in Figure 3.6. The 

conjugate gradient solver used 12015 nodes and 23521 elements to form a triangular mesh with a 

precision of 1.00𝑒 − 008. Result show that the implanted coil winding in the presented isolator 

generates magnetic flux density contours that are perpendicular to the MRE layers' shear motion 

direction. 

 

Figure 3.6 Magnetic flux density distribution under 2 Amp current 
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The magnetic flux density at the center of the MRE layers is calculated using both analytical and 

finite element models for different levels of applied current to the coil, and the findings are 

provided in Table 3.3. 

Table 3.3 Comparison of the evaluated magnetic flux density using both analytical and FEMM method 

𝐴𝑝𝑝𝑙𝑖𝑒𝑑 𝑐𝑢𝑟𝑟𝑒𝑛𝑡(𝐴) 𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 −  𝐹𝐸𝑀𝑀 
(𝑚𝑇) 

𝑀𝑎𝑔𝑛𝑒𝑡𝑖𝑐 𝑓𝑙𝑢𝑥 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 − 𝐴𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙 
(𝑚𝑇)  

𝑃𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑒𝑟𝑟𝑜𝑟(%) 

1 171.86 183.29 6.23 
1.5 257.47 273.59 5.89 
2 342.52 359.62  4.75 

2.5 425.96 438.67 2.89 
3 501.63 508.16 1.28 

 

As it can be realized, although the analytical approach assumes a uniform magnetic flux density 

in the magnetic circuit and considers constant relative permeability for the MRE, the magnetic flux 

densities obtained are in good agreement with the findings acquired using the FE model. 

3.4  Multidisciplinary Design Optimization of the Proposed Isolator 
Here, a design optimization problem is formally formulated based on the general configuration 

with identified design parameters shown in Figure 3.7 as well as analytical relation derived before 

relating magnetic flux density in the MRE region to the applied current. The purpose of the design 

is to maximize the isolator's operating frequency range under total mass, material saturation and 

size constraints.  

 

Figure 3.7 The proposed isolator design parameters 
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3.4.1  Single Degree of Freedom Model of the Vibration Absorber  
A schematic model of single degree of freedom MRE-based vibration isolation is shown in Figure 

3.8. This adaptive isolation system consists of controllable spring and damping elements due to 

MRE in parallel to a constant spring element (constant stiffness). The addition of a constant spring 

element ensures that the MREs in the practical vibration system do not experience unacceptable 

large shear deformations [59]. 

In Figure 3.8, 𝑚 is the mass of payload, 𝑘𝑀𝑅𝐸  is the equivalent stiffness of MRE component, 𝑐𝑀𝑅𝐸 

is the equivalent damping of MRE component, 𝑘𝑐 is the constant stiffness. 𝑥 and 𝑦 are 

displacements of the payload mass and base excitation, respectively. The governing equation of 

motion for the presented isolator can be derived as: 

𝑚�̈� + 𝑘𝑀𝑅𝐸(𝑥 − 𝑦) + 𝑐𝑀𝑅𝐸(�̇� − �̇�) + 𝑘𝑐(𝑥 − 𝑦) = 0 (3.9) 
 

 

Figure 3.8 A schematic of single DOF system 

In contrast to passive isolators, which are typically tuned at a particular frequency, semi-active 

vibration absorbers can shift the system's natural frequency and transmissibility and then allow for 

optimal performance over a wide frequency range. In this study, the objective is to maximize the 

frequency range of the suggested isolator. 

As shown in Figure 3.8, applied shear force, 𝐹, due to the movement of seat frame causes shear 

stress (𝜏) and shear strain (𝛾) in the MRE sample. Relationship between induced shear stress and 

shear force as well as shear strain and vertical deformation of seat can be described as: 

𝐹 =  𝜏 × 𝐴𝑀𝑅𝐸  
 

(3.10) 
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𝛾 = tan(𝛾) =
𝛿

ℎ𝑀𝑅𝐸
→ 𝛿 = 𝛾 × ℎ𝑀𝑅𝐸  

 

(3.11) 

where 𝐴𝑀𝑅𝐸 is the shear cross-sectional area of MRE, ℎ𝑀𝑅𝐸  is a MRE thickness and 𝛿 is a 

deformation of MRE in the shear direction. 

Considering linear viscoelasticity, the shear stress and shear strain can be related as: 

𝜏 = 𝐺∗𝛾 = (𝐺′ + 𝑖𝐺″)𝛾 
 

(3.12) 

where 𝐺∗, 𝐺′ and 𝐺″ are the complex shear, storage and loss moduli of MREs, respectively. 

 

Figure 3.9 An illustration of the MRE sample subjected to the shear deformation 

By substituting Eq. (3.11) into (3.12) and then into Eq. (3.10) yields the shear force as: 

𝜏 = (𝐺′ + 𝑖𝐺″)
𝛿

ℎ𝑀𝑅𝐸
 

 

(3.13) 

𝐹 = (𝐺′ + 𝑖𝐺″)
𝛿 × 𝐴𝑀𝑅𝐸

ℎ𝑀𝑅𝐸
 

 

(3.14) 

Under harmonic excitation, shear force can also be expressed as a function of equivalent stiffness 

and damping coefficient due to MRE as: 

𝐹 = 𝑘𝑀𝑅𝐸𝛿 + 𝑐𝑀𝑅𝐸(𝑖𝜔𝛿) 
 

(3.15) 
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Thus, Eq. (3.14) and (3.15) yields: 
 

 

𝑘𝑀𝑅𝐸 =  
𝐺′ × 𝐴𝑀𝑅𝐸

ℎ𝑀𝑅𝐸
 

 

(3.16) 

𝑐𝑀𝑅𝐸 =  
𝐺″ × 𝐴𝑀𝑅𝐸

𝜔 × ℎ𝑀𝑅𝐸
 

 

(3.17) 

where the excitation frequency in rad/s is denoted by 𝜔. As shown in Figure 3.8, a constant 

stiffness, 𝑘𝑐, is added in parallel to the isolator to enhance the total stiffness of the isolator system 

and thus to reduce the MREs' static deformation due to the payload mass. The natural frequency 

of the proposed isolator can thus be defined as: 

𝑘𝑒𝑞𝑣 = 𝑘𝑀𝑅𝐸 + 𝑘𝑐 (3.18) 

𝑤𝑛 = √
𝑘𝑒𝑞𝑣

𝑚
 

 
(3.19) 

In this study 𝑚 and 𝑘𝑐 are considered as 80 kg and 10000 N/m. 

3.4.2 Practical Constraints on the Isolator  
The proposed isolator's design optimization is subjected to practical constraints including weight, 

magnetic saturation, MRE thickness and total size.  

 

Figure 3.10 An isolator division into parts 
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Design variables as shown in Figure 3.7 and Figure 3.10 include all significant geometrical 

parameters associated with isolator and magnetic circuit. According to the geometrical parameters 

shown in Figure 3.10, the volume of the isolator for each part can be defined as: 

 

𝑉𝑠𝑡𝑒𝑒𝑙 = ∀1 + ∀2 + ∀3 + ∀4 + ∀5 + ∀6 
 

(3.20) 

𝑉𝑠𝑡𝑒𝑒𝑙 = 𝜋 × 𝑀2 × (𝐻 + 𝐺) + 𝜋 × (𝑅2 − (𝑀 + 𝑍 − 𝐸)2) × 𝐺
+ 𝜋 × (𝑅2 − (𝑀 + 𝑍)2) × 𝐻 + 𝜋 × (𝑅2 − (𝑀 + 𝑍)2) × 𝑁
+ 𝜋 × (𝑅2) × 𝐾 + 𝜋 × ((𝑅 − 𝐹)2 − (𝑀 + 𝑃)2) × 𝑇 

 

(3.21) 

𝑉𝑏𝑜𝑏𝑏𝑖𝑛 = ∀7 + ∀8 + ∀9 
 

(3.22) 

𝑉𝑏𝑜𝑏𝑏𝑖𝑛 = 𝜋 × ((𝑅 − 𝐹)2 − 𝑀2) × 𝐽 + 𝜋 × ((𝑀 + 𝑊)2 − 𝑀2) × (𝑄 − 2 × 𝐽) + 𝜋 ×
((𝑅 − 𝐹)2 − 𝑀2) × 𝐽 
 

(3.23) 

𝑉𝑀𝑅𝐸 = 𝜋 × ((𝑀 + 𝑍 − 𝐸)2 − 𝑀2) × 𝐺 
 

(3.24) 

The length of the wire can be formulated as: 

𝐿𝑤𝑖𝑟𝑒 = 𝜋 × 𝑑𝑤 × 𝑁𝑐 
 
 

(3.25) 

Thus, by knowing each material's density, total mass can be calculated as:  

𝑀𝑎𝑠𝑠𝑡𝑜𝑡𝑎𝑙 = 𝜌𝑠𝑡𝑒𝑒𝑙 × 𝑉𝑠𝑡𝑒𝑒𝑙 + 𝜌𝐴𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚 × 𝑉𝑏𝑜𝑏𝑏𝑖𝑛 + 𝜌𝑀𝑅𝐸 × 𝑉𝑀𝑅𝐸

+ 𝜌𝑤𝑖𝑟𝑒 × (
𝜋

4
𝑑𝑤

2 ) × 𝐿𝑤𝑖𝑟𝑒 

 

(3.26) 

in which material densities are listed in Table 3.4. It is noted that MRE density is taken from 
reference [60]. 

 

Table 3.4 Density of the utilized materials 

𝑀𝑎𝑡𝑒𝑟𝑖𝑎𝑙′𝑠 𝑑𝑒𝑛𝑠𝑖𝑡𝑦 𝑉𝑎𝑙𝑢𝑒𝑠 (𝑘𝑔/𝑚3) 

𝜌𝑠𝑡𝑒𝑒𝑙 7800 
𝜌𝑤𝑖𝑟𝑒 7100 

𝜌𝐴𝑙𝑢𝑚𝑖𝑛𝑖𝑢𝑚 2700 
𝜌𝑀𝑅𝐸  3500 
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The upper bound on the total mass of the isolator is assumed to be 55 kg. MRE magnetic saturation 

is another important factor to be considered in the design optimization of the isolator. When iron 

particles saturate under magnetic field, any effort to increase magnetic flux density above 

saturation value, will not improve the MR effect and MRE properties while consuming significant 

power consumption. Magnetic saturation for MRE with 25% CIP was reported to be around 0.8T 

[61]. The magnetic saturation of MRE around 0.8 T ensures that MRE saturates before the 

electromagnet’s core, as the steel saturation (B-H curve) is above 2 as shown in B-H curve in 

Figure 3.3. 

Height (𝐿) and radius (𝑅) of the isolator are design parameters which their upper bounds are known 

based on the available space dimensions. The free space between the base and bobbin at the top, 

𝐻 − (𝑄 + 𝑇), is assumed to be at least 15 mm to assure enough space for shear deformation of 

MRE and installation of end stopper to prevent large deformation of MRE. The thickness of MRE 

(ℎ𝑀𝑅𝐸) significantly impacts the isolator’s performance. While thicker MRE can generate more 

damping force against applied vibration and shock, the resultant magnetic flux density in MRE 

layers is lower. Thus, there is a trade-off between the field-off damping force and the required 

magnetic field in the MREs. Here the lower bound of  ℎ𝑀𝑅𝐸  is assumed to be 10 mm. Finally, side 

constraints are introduced to define a closed design space and assurance of the global solution.  

3.4.3 Formulation of the Optimization Problem 
As mentioned in the previous sections, the goal of the design optimization problem is to maximize 

the operating frequency range of the isolator, which is the ratio of the field-on natural frequency 

at maximum allowable input current to the field-off natural frequency. The high-frequency 

bandwidth ensures good controllability over a broader range of external excitations. Ten design 

variables were selected (𝐹, 𝐻, 𝐺, 𝐸, 𝑀, 𝑍, 𝑄, 𝑊, 𝐽, 𝑇) as shown in Figure 3.7 for the design 

optimization study. The parameters 𝑁, 𝑃 and 𝐾 in Figure 3.8 are assumed to be fixed with values 

of 45, 1 and 15 mm, respectively. The design optimization can be formally formulated in the 

standard form as: 

Find the design variables: 𝑋 = [𝐹, 𝐻, 𝐺, 𝐸, 𝑀, 𝑍, 𝑄, 𝑊, 𝐽, 𝑇] 

To minimize: 𝑓 =
𝜔(𝑓𝑖𝑒𝑙𝑑−𝑜𝑓𝑓)

𝜔𝑛(𝑓𝑖𝑒𝑙𝑑−𝑜𝑛) 
 (3.27) 

 

subject to the following behavior constraints: 
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𝑀𝑎𝑠𝑠𝑡𝑜𝑡𝑎𝑙 − 55 ≤ 0   𝑘𝑔 (3.28) 
𝐵𝑀𝑅𝐸 − 0.8 ≤ 0   𝑇 (3.29) 
𝑅 − 130 ≤ 0   𝑚𝑚 (3.30) 
𝐿 − 205 ≤ 0   𝑚𝑚 (3.31) 
−ℎ𝑀𝑅𝐸 + 10 ≤ 0   𝑚𝑚 (3.32) 
−𝐻 + (𝑄 + 𝑇) + 15 ≤ 0   𝑚𝑚 (3.33) 

as well as side constraints: 

𝑋𝑚𝑖𝑛 ≤ 𝑋 ≤ 𝑋𝑚𝑎𝑥 (3.34) 
 

Lower and upper bounds on design variables are listed in Table 3.5. 

Table 3.5 Side constraints on the design parameters 

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 (𝑚𝑚) 𝐹 𝐻 𝐺 𝐸 𝑀 𝑍 𝑄 𝑊 𝐽 𝑇 
𝑋𝑚𝑖𝑛 25 110 25 45 30 55 55 10 8 35 
𝑋𝑚𝑎𝑥 40 120 35 54 45 65 65 20 12 45 

 

It is noted that 𝜔𝑛(𝑓𝑖𝑒𝑙𝑑 − 𝑜𝑓𝑓) is the natural frequency of the isolator when the electromagnet 

is off and 𝜔𝑛(𝑓𝑖𝑒𝑙𝑑 − 𝑜𝑛) is the natural frequency when the coils are supplied with the maximum 

permissible current. A maximum current limit of 3 Amp is set in the circuit to avoid overheating 

the integrated coil. 

To find the global optimum solution, a hybrid optimization technique, which combines genetic 

algorithms and sequential quadratic programming optimizers, has been utilized. GA is a stochastic 

optimization technique which can provide the optimum solution in the vicinity of the global 

solution in problems with multiple local optimum points without knowing gradient information. 

On the other hand, SQP is a derivative-based optimization algorithm that extends Newton's method 

for solving nonlinear constrained problems. It determines the accurate local minimum solution 

depending on the initial starting point since it uses second-order information in its computations. 

Thus, using optimum results from GA method as an initial guess for the SQP algorithm can 

effectively lead to true global optimum solution. 

3.4.4 Optimization Results and Discussion 
Here, the standard form of the optimization problem in Eqs. (3.27)- (3.34) was formulated in 

MATLAB®platform. First, the SQP technique was utilized to verify the problem's non-convexity 

and the presence of various local optimum solutions. To this end, three different initial points for 

the optimization process were selected. Figure 3.11 shows iteration history using the upper, lower 
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and average bounds as initial points using SQP. Results indicate that SQP method alone generates 

local optimum solution and thus not efficient to capture the global optimum solution. 

 

Figure 3.11 Iteration history of the SQP method using three different initial vector 

An approximate global solution can be reached by implementing the GA algorithm. Table 3.6 

provided five different optimum solution (vector of design variables) in the neighborhood of global 

solution generated using GA starting from randomly generated initial populations. As it can be 

realized GA is not able to accurately capture the exact optimum solution. Selecting optimum 

solutions from GA as the initial points for the SQP yields to a unique global solution as indicated 

in Figure 3.12 and Table 3.7. 

Table 3.6 Results from GA using different random generation of initial population  

𝑂𝑏𝑡𝑎𝑖𝑛𝑒𝑑 𝑜𝑝𝑡𝑖𝑚𝑢𝑚 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑢𝑠𝑖𝑛𝑔 𝐺𝐴  
𝑋 = [𝐹, 𝐻, 𝐺, 𝐸, 𝑀, 𝑍, 𝑄, 𝑊, 𝐽, 𝑇] 

 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑒𝑑 𝐺𝐴 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒  
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑣𝑎𝑙𝑢𝑒 

 
[26.25,111,90,25.01,45.06,39.10,55.06,60.83,14.35,9.12,36.93] 0.33 
[25.79,113.85,27.98,48.50,36.81,58.50,63.63,10.00,8.51,35.45] 0.36 
[25.09,113.65,27.98,48.48,36.81,58.48,63.59,10.00,8.51,35.46] 0.36 
[27.71,114.57,27.43,48.31,37.40,57.64,58.31,11.26,10.12,44.14] 0.37 
[25.92,115.93,25.27,45.73,34.68,55.73,58.79,15.16,8.83,41.94] 0.38 

 

The final global optimum solution using combined GA and SQP has been provided in Table 3.7.  
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Figure 3.12 Convergence of GA+SQP method 

 

Table 3.7 Obtained design parameters using hybrid method 

𝐷𝑒𝑠𝑖𝑔𝑛 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑟𝑠  
(𝑚𝑚) 

𝐺𝑙𝑜𝑏𝑎𝑙 𝑜𝑝𝑡𝑖𝑚𝑢𝑚 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 
(𝐺𝐴 + 𝑆𝑄𝑃) 

𝑂𝑝𝑡𝑖𝑚𝑖𝑧𝑒𝑑 𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒  
𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑣𝑎𝑙𝑢𝑒 

𝐹 26.10  
𝐻 111.56  
𝐺 25.35  
𝐸 45.77  
𝑀 45.00 0.31 
𝑍 55.77  
𝑄 60.24  
𝑊 14.35  
𝐽 9.11  
𝑇 36.32  

 

The relevant performance parameters are also listed in Table 3.8. As mentioned in the previous 

sections, the MRE’s stiffness and damping properties are directly related to the field-dependent 

storage and loss moduli of MREs as well as effective shear cross-sectional area over the thickness 

of MRE (𝐴𝑀𝑅𝐸/ℎ𝑀𝑅𝐸). Optimization results for 𝐴𝑀𝑅𝐸 and ℎ𝑀𝑅𝐸  are found to be 72 𝑐𝑚2 and            

10 𝑚𝑚, respectively with ratio of 𝐴𝑀𝑅𝐸/ℎ𝑀𝑅𝐸 = 72 𝑐𝑚. It is noted that optimal solution 

converged to the lower bound of MRE thickness. The reason is that higher MRE gap significantly 

reduce the induced magnetic flux density in MRE gap and thus field-on natural frequency. Using 

optimal solutions, the field-off and field-on natural frequencies are found to be 5.40 Hz and 17.03 

Hz, respectively. This represents 11.63 Hz and 215% absolute and relative shifts in natural 
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frequency, respectively which make the optimally designed isolator ideal candidate for the wide 

range of seat suspension applications. It is noted that maximum 790 mT magnetic flux density can 

be generated by applying the maximum allowable current 3 Amp to the coils. The overall mass of 

nearly 53 kg, which is near to the upper bound of total mass was achieved. Additionally, the 

isolator’s height (𝐿) and radius (𝑅) meet their corresponding constraints, with values equal to 196.9 

mm and 126.9 mm, respectively. 

Table 3.8 Isolator performance parameters 

 𝐹𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 𝑟𝑎𝑛𝑔𝑒(𝐻𝑧) 
𝑤𝑛(𝑜𝑓𝑓) 𝑡𝑜 𝑤𝑛(𝑜𝑛) 

𝑇𝑜𝑡𝑎𝑙 𝑚𝑎𝑠𝑠 
 (𝑘𝑔) 

𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑓𝑖𝑒𝑙𝑑 
 𝑖𝑛 𝑀𝑅𝐸 𝑙𝑎𝑦𝑒𝑟 (𝑚𝑇) 

𝐶𝑜𝑖𝑙 𝑡𝑢𝑟𝑛𝑠  
(𝑁𝑐) 

ℎ𝑀𝑅𝐸   
(𝑚𝑚) 

 

 
 
 
 

5.40 to 17.03 
 
 
 

 

 
 
 
 

53 

 
 
 
 

796 

 
 
 
 

1977 

 
 
 
 

10 

 

For the post-optimality analysis, four different total weight are considered as a constraint in the 

optimization problem to study the effect of upper bound on isolator’s mass on the optimum 

solution. All the other inequality and side constraints remain the same.  

Figure 3.13 demonstrates the effect of total mass on the isolator's capability to vary the natural 

frequency. Results show that a nonlinear relationship between optimum solution for 𝑓 (frequency 

ratio) and total mass of the isolator. Results show that constraining the total mass to maximum 40 

kg results in the frequency ratio of around 2.35 (135% relative shift to natural frequency) which 

increases to 3.17 (215% relative shift in natural frequency) by considering 55 kg as the upper limit 

for the total mass. This is equivalent to 34% percent improvement in frequency ratio (almost 59% 

improvement in relative frequency shift).   

It is noted that a bulkier isolator requires more coil turns to generate the needed magnetic field in 

the MRE layers. On the other hand, more coil turns may result in premature saturation of the steel 

core. Post-optimality results for the isolator with a total upper mass of 60 kg indicate that the 

frequency ratio does not increase considerably compared to 55 kg. 
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Figure 3.13 post-optimality of the optimization over the weight constraint 

 

3.5 Summary and Conclusion 
This chapter investigates the configuration of a novel semi-active vibration isolator, which 

operates in shear mode featuring Magnetorheological elastomer. The aim is to design a broad-band 

vibration isolator operatizing below 20 Hz. The proposed isolator consists of the hollow cylindrical 

shaped MRE with a 25% volume fraction surrounding the seat frame from inner surface and is 

connected to the electromagnet's steel base from the outer surface. The selected material 

configuration can guide magnetic fluxes through the MRE layer with an adequate magnetic field. 

One wire-wound bobbin is designed to provide the required magnetic field by changing the coils' 

current to adjust the MRE shear moduli. As a result, the natural frequency of the isolator can be 

tuned by the applied current. The magneto-static model was formulated and validated analytically 

using Ampere’s law to investigate the magnetic flux density generated by electromagnets in the 

MRE gap region. Analytical results were then validated using magneto-static finite element model 

developed in FEMM software. A single DOF model is then used to evaluate the field-dependent 

isolator’s natural frequency as function of the applied current. Next, a multidisciplinary design 

optimization problem was formulated to maximize the frequency bandwidth while satisfying 

weight, material saturation, and total size constraints. To obtain accurate global optimal solution 

for the optimization problem, combined GA and SQP approach was applied. Optimization results 

present the ability of the proposed isolator to shift the natural frequency, 11.63 Hz, from 5.40 Hz 

to 17.03 Hz, with the overall weight of 53 kg. Post-optimality analysis was also conducted to 

investigate the effect of upper bound of total isolator’s mass on the frequency shift.  
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Chapter 4: Closed-Loop Control Strategies of the MRE-based 
Adaptive Vibration Isolator 

4.1  Introduction 
As mentioned before, the conventional vibration isolation systems (also known as passive 

isolators) with simple structures are only effective over a limited frequency bandwidth. They may 

lose their control authority outside of the designed fixed frequency range or even have the reverse 

effect on the response of the system. In contrast to the passive control system, the active control 

actuators can provide vibration attenuation over broad range of frequencies, however, they demand 

high power consumption and require complex control hardware [20]. Alternatively, adaptive 

vibration mechanisms using smart semi-active materials (having fail-safe feature, low power 

requirement and simple control hardware)  have shown promises to control vibration in broad 

range of frequencies [21]. 

Magnetorheological elastomers (MREs) are potential candidates for semi-active control devices 

due to their controllability and adjustability of mechanical properties. In general, MREs exhibit a 

magnetorheological effect (often abbreviated as the MR effect) in the presence of a magnetic field, 

resulting in a field-dependent mechanical property, such as a controllable modulus, due to the 

magnetic particles' sensitive response to the magnetic field. When magnetic field is removed, 

MREs recover to their original properties [24]. The magnetorheological elastomer-based isolators 

with an adaptable natural frequency range have been developed in various 

engineering applications [62]. An adequate control strategy is necessary for the successful use of 

smart MRE materials for the development of adaptive vibration isolator. The input and output of 

control schemes vary depending on the required damping force, delay time and vibration 

attenuation level (acceleration, displacement, and velocity). In general, simple on-off semi-control 

strategies are commonly used for MR-based adaptive devices [63]. 

In this study, first, the open-loop vibration transmissibility performance of the proposed adaptive 

vibration isolator (optimally designed in Chapter 3) under harmonic base excitation is investigated 

for different applied magnetic field. The closed-loop performance of the isolator using different 

control strategies including on-off and PID has been subsequently investigated for harmonic, bump 

and random base excitations. 
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4.2  Vibration Transmissibility-Single Degree of Freedom System  
The proposed MRE based vibration isolator may be modeled as a single DOF system under base 

excitation as shown in Figure 4.1. The vibration transmissibility of the system is defined as the 

ratio of the output displacement to the input displacement.  

 

 

Figure 4.1 A schematic of a SDOF system subjected to the harmonic force 

In Figure 4.1, 𝑦(𝑡) is the input base displacement applied and 𝑥(𝑡) is the output response of the 

mass from its static equilibrium position at time 𝑡. The governing equation of the motion of the 

system for the harmonic base excitation,  𝑦 = 𝑌𝑠𝑖𝑛 𝜔𝑡, can be written as: 

𝑚�̈� + 𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟�̇� + 𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟𝑥 = 𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟𝑦 + 𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟�̇�
= 𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟  𝑌𝑠𝑖𝑛 𝜔𝑡 + 𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟  𝑌𝜔𝑐𝑜𝑠 𝜔𝑡 

(4.1) 

 

The right-hand side of Eq. (4.1) can be re-written as: 

𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟 𝑌𝑠𝑖𝑛 𝜔𝑡 + 𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟  𝑌𝜔𝑐𝑜𝑠 𝜔𝑡 = 𝐴 𝑠𝑖𝑛 (𝜔𝑡 − 𝜃) (4.2) 
  

where 𝐴 is the magnitude of the equivalent harmonic force which is applied to the mass and 𝜃 is 

the phase difference defined as: 

𝐴 = 𝑌√𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟
2 + 𝑤2𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

2                                                                                                           (4.3) 

𝜃 = tan−1(−
𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟𝜔

𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟
)                                                                                                                     (4.4) 

The steady-state response of the system can then be written as: 
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𝑥(𝑡) =  
𝑌√𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

2 + 𝜔2𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟
2

√(𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟 − 𝑚𝑤2)2 + (𝜔𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟)2
sin(𝜔𝑡 − 𝜃 − 𝛼) 

 

 
 

(4.5) 

where 𝛼 is defined as: 

𝛼 = tan−1(
𝜔𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟 − 𝑚𝜔2
)                                                                                                             (4.6) 

Expressing Equation (4.5) in the following form: 

𝑥(𝑡) = 𝑋𝑠𝑖𝑛(𝜔𝑡 − 𝜑)   (4.7) 

we can write: 

𝑋 =
𝑌√𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

2 +𝜔2𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟
2

√(𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟−𝑚𝑤2)2+(𝜔𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟)2
    ;  𝜑 = tan−1 (

𝑚𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟𝜔3

𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟(𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟−𝑚𝜔2)+(𝜔𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟)2)       (4.8) 

and vibration transmissibility can be defined as:  

𝑇𝑅 =
𝑋

𝑌
= √

𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟
2 + 𝜔𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

2

(𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟 − 𝑚𝜔2)2 + (𝜔𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟)2
                                                                        (4.9) 

We can also write the following dimensionless form of transmissibly and phase angle: 

𝑇𝑅 = √
1 + (2𝜁𝑟)2

(1 − 𝑟2)2 + (2𝜁𝑟)2
                                                                                                                (4.10) 

𝜑 = tan−1(
2𝜉𝑟3

1 + (4𝜉2 − 1) 𝑟2
)                                                                                                            (4.11) 

in which the damping ratio (𝜁) and frequency ratio (𝑟) are defined as: 

𝜉 =
𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

2√𝑚 𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

, 𝑟 =
𝑓

𝑓𝑛
        ;      𝑓𝑛 =

1

2𝜋
√

𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟

𝑚
,                                                      (4.12) 

Based on the proposed isolator in the previous chapter, 𝑘 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟 is the combination of MRE 

stiffness at the induced magnetic field and passive spring as discussed in section 3.4.1.  

𝑘𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟 = 𝑘𝑀𝑅𝐸 + 𝑘𝑐, and 𝑐 𝑖𝑠𝑜𝑙𝑎𝑡𝑜𝑟 = 𝑐𝑀𝑅𝐸 is the damping property of MRE at the induced field 

( 𝑘𝑀𝑅𝐸   and 𝑐𝑀𝑅𝐸   are defined in Eqs. (3.16) and (3.17), respectively). In this study, active mass is 

assumed to be 𝑚 = 80 𝑘𝑔 and 𝑘𝑐 = 10 𝑘𝑁/𝑚. The transmissibility plots with respect to 

frequency ratio range from 0 to 3.5 for different damping ratio values are shown in Figure 4.2.   
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Figure 4.2 Transmissibility curves for different damping ratio values 

Figure 4.2 demonstrates that regardless of damping ratio, transmissibility value is 1 at the               

𝑟 = √2 = 1.414. It is also noted that while for the frequency ratio, 𝑟,  below √2, increasing the 

damping will decrease the vibration transmissibility, for frequency ratio above √2  , increasing the 

damping will increase the vibration transmissibility. Using the proposed vibration isolator with 

optimal configuration provided in Table 3.7, transmissibility curves at various magnetic fields in 

the frequency range of 1 to 25 Hz are shown in Figure 4.3. 

 

Figure 4.3 Transmissibility curves for different magnetic flux densities 

The damping ratio, resonance frequnecy, equivalent stiffness and damping of MRE-based isolaor 

could be calculated based on the Figure 4.3 and Eqs. (4.10) and (4.12) [64]. It is noted that the 

peak of the transmissibility curve shifts towards higher frequencies when stronger magnetic fields 
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are applied to the coils. The  resonant frequency of the adaptive isolator shifts from 5.4 Hz to 12.43 

Hz when the magnetic field density is inceased from 0.0 T to 0.6  indiating 130% shift in frequnecy.  

Table 4.1 summarizes the MRE-based isolators' parameters when subjected to various magnetic 

flux densities. 

Table 4.1 The MRE-based isolator parameters under different fields 

𝐵 (𝑇) 0.0 𝑇 0.2 𝑇 0.4 𝑇 0.6 𝑇 
 

𝑅𝑒𝑠𝑜𝑛𝑎𝑛𝑐𝑒 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 (𝐻𝑧) 5.4 6.2 8.97 12.43 
𝑃𝑒𝑎𝑘 𝑜𝑓 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑠𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 5.94 5.67 6.24 7.09 
𝐷𝑎𝑚𝑝𝑖𝑛𝑔 𝑟𝑎𝑡𝑖𝑜 (𝜉) 0.085 0.089 0.081 0.071 

 

It is noted that at resonnace frequnecy, the damping ratio may be approaximatly related to the 

trabsmissibility peak in the form of , 𝑝𝑒𝑎𝑘 𝑇𝑅 = √
1+(2𝜁)2

(2𝜁)2 . There is a slight decrease in damping 

ratio at high magnetic field. This is mainly due to the fact that the rate of increase in stiffness of 

MRE, 𝑘𝑀𝑅𝐸 , is much larger compared with the increase in MRE damping, 𝑐𝑀𝑅𝐸 .  

Further examination of results for transmssibility curve under zero and maximum magnetic fields 

in Figure 4.3 reveals that they intersect at frequnecy around 7 Hz. For excitation frequency below 

7 Hz signficant reduction in vibration tansmssibility can occur by switching the magnetic field to 

maxium level, while for the frequnecy above 7 Hz, switching off the magentic field will provide 

superior vibration attenutaion performance. This observation may provide an essential guidance 

to design a very simple controller by knowing the intresection frequnecy and the applied exciation 

frequency. 

4.3  Design of Control Strategies for the MRE-based isolator 
In this section, semi-active control schemes are formulated to study the closed-loop mitigation 

performance of the MRE isolator.  

4.3.1 Mathematical Modeling  
As previously discussed, the MRE-based vibration isolator can be simplified as a single-DOF 

system as shown in Figure 4.4. 
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Figure 4.4 A schematic of an MRE based isolator represented by a single -DOF system 

In Figure 4.4, 𝑚 is the mass of payload, 𝑘𝑀𝑅𝐸  is the equivalent stiffness of MRE-based isolator, 

𝑐𝑀𝑅𝐸 is the equivalent damping of MRE-based isolator, 𝑘𝑐 is the constant stiffness. 𝑥 and 𝑦 are 

displacements of the payload mass and base, respectively. The equation of motion for the presented 

isolator is as follows: 

𝑚�̈� + 𝑘𝑀𝑅𝐸(𝑥 − 𝑦) + 𝑐𝑀𝑅𝐸(�̇� − �̇�) + 𝑘𝑐(𝑥 − 𝑦) = 0 (4.13) 
 

Increased the stiffness and damping of MREs in the isolator due to increase in the magnetic flux 

density are denoted as ∆𝑘𝑀𝑅𝐸 and ∆𝑐𝑀𝑅𝐸, respectively and can be written as: 

∆𝑘𝑀𝑅𝐸 = 𝑘𝑀𝑅𝐸 − 𝑘 𝑝𝑎𝑠𝑠𝑖𝑣𝑒 (4.14) 
∆𝑐𝑀𝑅𝐸 = 𝑐𝑀𝑅𝐸 − 𝑐 𝑝𝑎𝑠𝑠𝑖𝑣𝑒 (4.15) 

where 𝑘 𝑝𝑎𝑠𝑠𝑖𝑣𝑒 and 𝑐 𝑝𝑎𝑠𝑠𝑖𝑣𝑒 are the equivalent stiffness and damping of MRE layers when there 

is no applied magnetic field. 

The MRE-based isolator governing equation can be subsequently re-written by substituting Eqs. 

(4.14) and (4.15) into Eq. (4.13). 

𝑚�̈� + (𝑘 𝑝𝑎𝑠𝑠𝑖𝑣𝑒 + 𝑘𝑐)(𝑥 − 𝑦) + 𝑐 𝑝𝑎𝑠𝑠𝑖𝑣𝑒(�̇� − �̇�) = ∆𝑘𝑀𝑅𝐸(𝑦 − 𝑥) + ∆𝑐𝑀𝑅𝐸(�̇� − �̇�) (4.16) 

The actuation force of MRE layers is then defined as: 

𝐹𝑀𝑅𝐸 = ∆𝑘𝑀𝑅𝐸(𝑦 − 𝑥) + ∆𝑐𝑀𝑅𝐸(�̇� − �̇�) (4.17) 
 



61 
 

4.3.2 State-Space Description of the Linear Model 
For design of control strategy, it is appropriate to represent the governing Eq. (4.16) and (4.17) 

into the standard state-space format. MRE actuation force is considered as input vector. State 

variables are defined as: 

𝑥 = 𝑋1 , �̇� = 𝑋2 (4.18) 

The state-space presentation of the governing equation can then be derived by substituting the state 

variables into Eqs. (4.16) and (4.17) as: 

�̇�1 = 𝑋2 
 

(4.19) 

�̇�2 = −
𝑘 𝑝𝑎𝑠𝑠𝑖𝑣𝑒 + 𝑘𝑐

𝑚
 𝑋1 −

𝑐 𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝑚
 𝑋2 +

𝑘 𝑝𝑎𝑠𝑠𝑖𝑣𝑒 + 𝑘𝑐

𝑚
𝑦 +

𝑐 𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝑚
�̇� +

𝐹𝑀𝑅𝐸

𝑚
 

(4.20) 

Let 𝑋 = [𝑋1 𝑋2]𝑇 and 𝑈 = [𝑈1 𝑈2]𝑇 = [0 𝐹𝑀𝑅𝐸]𝑇  be the state vector and input MRE force 

vector, respectively then the continuous-time form of state-space model of the system can be 

represented in matrix form as below: 

�̇� = 𝐴 𝑋 + 𝐵 𝑈 + 𝐷𝑖𝑠𝑡 (4.21) 

𝑌 = 𝐶 𝑋 (4.22) 

where; 

𝐴 = [
0 1

−
𝑘 𝑝𝑎𝑠𝑠𝑖𝑣𝑒+𝑘𝑐

𝑚
−

𝑐 𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝑚

] ; 𝐵 = [
0 0

0
1

𝑚

] ;  𝐶 = [
1 0
0 0

] and                                            (4.23) 

𝐷𝑖𝑠𝑡 = [
0  

𝑘 𝑝𝑎𝑠𝑠𝑖𝑣𝑒+𝑘𝑐

𝑚
 𝑦 +

𝑐 𝑝𝑎𝑠𝑠𝑖𝑣𝑒

𝑚
�̇�  

]        (4.24) 

It is noted that  𝐴, 𝐵 and  𝐶 are state, input actuation, output matrices, respectively and 𝐷𝑖𝑠𝑡 and 

𝑌 are applied external disturbances and output vectors, respectively. 

4.3.3 ON-OFF Skyhook Control Scheme 
The ON-OFF control scheme is one of the most widely used semi-active control strategy used in 

adaptive suspension systems due to its simple control law design, easy implementation, and ability 

to mitigate excessive vibrations effectively. The ON-OFF control law was proposed by Liao et al. 

[65] and Du et al. [66] based on the minimal displacement transmissibility for isolation control of 

the harmonic excitations. As mentioned before, a simple on-off control strategy can be designed 

by knowing the intersection frequency and excitation frequency which is not straightforward to 

measure. Skyhook on-off control strategy can be simply designed by knowing the absolute velocity 
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(�̇�) of the active mass and its relative velocity with respect to the base, (�̇� − �̇�).  These information 

are easily available by measuring acceleration of the mass and base. The skyhook on-off control 

strategy can be stated as: [50]:  

𝐵𝑀𝑅𝐸 = {
𝐵𝑀𝐴𝑋         (�̇� − �̇�)�̇� ≥ 0
𝐵𝑀𝐼𝑁         (�̇� − �̇�)�̇� < 0

                                                                                                  (4.25) 

 

According to this control strategy when the mass and base are moving apart, (�̇� − �̇�)�̇� ≥ 0 , the 

maximum magnetic field should be applied to prevent separation of the base and mass while when 

mass and base are approaching to each other, (�̇� − �̇�)�̇� < 0,  the magnetic field should be switched 

off to provide soft compression stroke or rebound. Here in simulation, minimum and maximum 

magnetic flux densities are selected to be 0.0 T and 0.6 T, respectively.  

4.3.4 PID Control Scheme 
A proportional-integral-derivative (PID) controller is one of the most commonly used control 

strategies in industry due to its flexibility and efficacy. The most notable feature is its simplicity, 

which allows for easy implementation at a minimal cost [67]. PID control law can be defined as 

follows: 

𝐺𝑃𝐼𝐷−𝑐𝑜𝑛𝑡𝑟𝑙𝑙𝑒𝑟 = 𝐾𝑃 + 𝐾𝐼

1

𝑠
+ 𝐾𝐷

𝑁

1 + 𝑁 
1
𝑠

                                                                                   (4.26) 

where 𝐾𝑃 is the proportional feedback gain, 𝐾𝐼 is the integral feedback gain, 𝐾𝐷 is the derivative 

feedback gain and 𝑁 is the filter coefficient. Error can be defined as: 

𝑒𝑟𝑟𝑜𝑟 =  𝑥𝑑𝑒𝑠𝑖𝑟𝑒𝑑 − 𝑥𝑎𝑐𝑡𝑢𝑎𝑙 (4.27) 
where 𝑥𝑑𝑒𝑠𝑖𝑟𝑒𝑑 is the desirable displacement of control and 𝑥𝑎𝑐𝑡𝑢𝑎𝑙 is the actual displacement. 

Since the values of PID feedback control gains have a significant impact on the system's control 

performance, selecting the appropriate gains for actuation action is essential. 

4.4  Control Results and Analysis 
In this section, the effectiveness of the proposed control strategies is demonstrated using various 

types of base excitations. The schematic diagram of closed-loop control strategies is shown in 

Figure 4.5. 
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Figure 4.5 Schematic diagram of closed-loop control strategies 

4.4.1 Harmonic Excitation  
A harmonic base excitation with 5 mm amplitude and sweeping frequency ranging 1 Hz to 20 Hz 

is considered. The displacement transmissibility for passive field-off (0 T) open-loop and field-on 

(0.6 T) open-loop as well as closed-loop on-off skyhook and PID controller are shown in Figure 

4.6. Results indicate that the ON-OFF controller can effectively isolate the vibration in the 

resonance frequency range, while it shows a poor isolation performance at a frequency range above 

6.9 Hz. On the other hand, the PID controller could have different performance upon selecting 

different proportional, integral, and derivative gains. In this study, PID gains are selected in a way 

to surpass the vibration in the resonance frequency range as well as having a good performance 

for higher frequencies without generation of considerable actuation force.  

 

Figure 4.6 Isolator's transmissibility with respect to harmonic frequency of the base excitation using 
control schemes 
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The peak RMS values of displacement transmissibility at the resonance frequency using skyhook 

ON-OFF and PID controllers are listed in Table 4.2. It should be noted that the proportional, 

integral, derivative gains and filter coefficient are selected as 6800, 85827,102 and 151, 

respectively. The obtained result indicates the chosen gains are improperly tuned. 

Table 4.2 The peak RMS values of the proposed isolator using ON-OFF skyhook and PID control 
methods subjected to the harmonic base excitation 

𝐶𝑜𝑛𝑡𝑟𝑜𝑙 𝑠𝑐ℎ𝑒𝑚𝑒 𝐷𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 𝑡𝑟𝑎𝑛𝑠𝑚𝑖𝑠𝑠𝑖𝑏𝑖𝑙𝑡𝑦 
𝑂𝑁 − 𝑂𝐹𝐹 5.80 

𝑃𝐼𝐷 3.93 
The magnetic filed density and required actuation force at the system resonance frequency using 

the mentioned control schemes are shown in Figure 4.7 to Figure 4.9. 

According to Figure 4.8 and Figure 4.9, the required actuation force to control effectively using 

the ON-OFF skyhook control method is approximately ten times greater than the PID control. 

Furthermore, as shown in Figure 4.7, high-speed switching between on-state and off-state causes 

significant energy loss and heat in the energy system, rendering it insufficient for high-frequency 

cases. 

 

Figure 4.7 The required magnetic filed density for skyhook controller for the harmonic base excitation 
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Figure 4.8 The required actuation force for skyhook controller for the harmonic base excitation 

 

Figure 4.9 The required actuation force for the PID control for the harmonic base excitation 

4.4.2 Random Excitation 
Here, a band-limited white noise source is utilized to generate random base vibration. Due to the 

system's vulnerability at resonant frequencies, the frequency range of the random excitation is 

chosen around the natural frequency, that is, 3 to 9 Hz. The noise power (amplitude squared) is 

chosen in such a way that it generates random base excitation with amplitudes ranging from -2.5 

to 2.5 mm. 

The displacement response of the MRE-based isolator utilizing passive, ON-OFF and PID are 

provided in Figure 4.10. The proportional, integral, derivative gains and filter coefficient for PID 

controller are selected to be as 86447, 347894, 3923 and 22, respectively through trial and error. 

The RMS values of displacement and acceleration responses using passive, ON-OFF and PID are 
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listed in Table 4.3. As it can be realized, for this case, the PID controller also presents a superior 

performance compared to the ON-OFF and passive system (magnetic field off). 

 

Figure 4.10 Isolator's displacement with respect to time subjected to the random base excitation using 
skyhook and PID schemes 

Table 4.3 The RMS displacement and acceleration values of the proposed isolator using passive, skyhook 
and PID control methods subjected to the random base excitation 

𝑪𝒐𝒏𝒕𝒓𝒐𝒍 𝒔𝒄𝒉𝒆𝒎𝒆 𝑅𝑀𝑆 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 
 𝑣𝑎𝑙𝑢𝑒 (𝑚𝑚)   

𝑅𝑀𝑆 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛  
𝑣𝑎𝑙𝑢𝑒 (

𝑚

𝑠2
)   

𝑃𝑎𝑠𝑠𝑖𝑣𝑒 1.844 2.380 
𝑂𝑁 − 𝑂𝐹𝐹 1.138 2.340 

𝑃𝐼𝐷 0.739 1.609 
 

The magnetic filed density and required actuation force at the system resonance frequency using 

different control schemes are shown in Figure 4.11 to Figure 4.13.  

Figure 4.12 and Figure 4.13 show that the required actuation force due to PID is approximately 

comparable to that of skyhook controller. Also, as shown in Figure 4.11, high-speed switching 

between on-state and off-state in skyhook controller causes significant energy loss and heat in the 

energy system, rendering it insufficient for high-frequency cases.  
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Figure 4.11 The required magnetic filed density for skyhook controller for the random base excitation 

 

 

Figure 4.12 The required actuation force for skyhook controller for the random base excitation 



68 
 

 

Figure 4.13 The required actuation force for the PID controller for the random base excitation 

4.4.3 Bump Excitation 
The closed responses of the system to pulse base excitation is also simulated to further analyze the 

performance of the MRE-based vibration isolation using different control strategies. The bump 

shock excitation is considered as a half-sine wave with 5 mm amplitude and 0.1 second duration. 

In this section, PID gains are chosen to be the same values as those used in random excitation 

section to reduce the settling time as well as vibration transmitted to the payload. The displacement 

response of the MRE-based isolator utilizing passive, ON-OFF skyhook and PID are provided in 

Figure 4.14.  

 

Figure 4.14 Isolator's displacement with respect to time subjected to the bump excitation using ON-OFF 
skyhook and PID control schemes 
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As it can be realized, the developed PID controller again presents a superior vibration isolation 

performance compared to the ON-OFF and passive system. It should be noted, the ON-OFF 

controller could effectively settle the exerted shock a little bit sooner compared with the proposed 

PID controller and passive control. 

The RMS values of displacement and acceleration are also used to compare the performance of 

various of control methods under the bump shock as provided in Table 4.4. 

Table 4.4 The RMS displacement and acceleration values of the proposed isolator using passive, ON-OFF 
skyhook and PID control methods subjected to the bump excitation 

𝑪𝒐𝒏𝒕𝒓𝒐𝒍 𝒔𝒄𝒉𝒆𝒎𝒆 𝑅𝑀𝑆 𝑑𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑚𝑒𝑛𝑡 
 𝑣𝑎𝑙𝑢𝑒 (𝑚𝑚)   

𝑅𝑀𝑆 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑎𝑡𝑖𝑜𝑛  
𝑣𝑎𝑙𝑢𝑒 (

𝑚

𝑠2
)   

𝑃𝑎𝑠𝑠𝑖𝑣𝑒 1.757 3.614 
𝑂𝑁 − 𝑂𝐹𝐹 1.161 1.894 

𝑃𝐼𝐷 0.555 1.265 
 

Comparing the RMS values of displacement and acceleration response show the effectiveness of 

the PID and ON-OFF control schemes in attenuating the transmitted vibration compared with that 

in passive control. The magnetic filed density and required actuation force at the system resonance 

frequency using different control schemes are also shown in Figure 4.15 to Figure 4.17. 

 

Figure 4.15 The required magnetic filed density for skyhook controller for the bump excitation 
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Figure 4.16 and 4.17 demonstrate that actuation force necessary to regulate bump shock excitation 

using PID is significantly less than that required for ON-OFF control while settling period is almost 

similar in both schemes. Moreover, as shown in Figure 4.15, the magnetic field of skyhook 

controller after passing the bump is set to the maximum value (0.6 T). This is because the control 

output is set to its maximum allowable value when the base excitation approaches zero according 

to the ON-OFF control law discussed in Eq. (4.25). 

 

Figure 4.16 The required actuation force for skyhook controller for the bump excitation 

 

Figure 4.17 The required actuation force for the PID control for the bump excitation 
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4.5 Summary and Conclusion 
In this chapter, a tunable vibration isolator working on the shear mode is considered, and the effect 

of varying levels of magnetic flux densities on the transmissibility of vibration under harmonic 

excitation was investigated. Results indicated that the transmissibility curve shifts toward a higher 

frequency when stronger magnetic fields are applied to the coils. The resonant frequency of the 

adaptive isolator can be shifted from 5.4 Hz to 12.43 Hz when the magnetic field density is 

increased from 0.0 T to 0.6. Closed loop control performance of the proposed adaptive isolator 

was subsequently investigated under harmonic, bump, and random excitations. Control strategies, 

such as on-off and PID, were implemented to mitigate the vibration. The results of simulations 

suggest the PID control strategy outperforms ON-OFF and passive if the proportional, integral, 

and derivative gains are properly tuned based on the applied external disturbance excitation.  
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Chapter 5: Contributions, Conclusions and Future Remarks 

5.1 Major Contributions 
The present research dissertation provided a comprehensive investigation of the material 

characterization, phenomenological modelling of MREs for varying dynamic loading conditions, 

design and development of a novel vibration isolator featuring magnetorheological elastomers, 

design optimization of the proposed isolator and design and implementation of the semi-active 

control strategies to adjust material properties against unwanted external disturbances. The 

contributions of this study are summarized as below: 

i. Characterization of isotropic magnetorheological elastomers under wide range of dynamic 

tests, including strain amplitude sweep and frequency sweep test under different levels of 

magnetic field operating in shear mode, 

ii. Predicting the viscoelastic properties of MREs based on the classical phenomenological 

models under varying driving frequencies and magnetic flux densities.  

iii. Proposing a novel MRE-based vibration isolator operating in a shear mode which can 

provide high magnetic flux densities to adjust material viscoelastic properties. 

iv. Formulating a multidisciplinary design optimization problem to maximize the frequency 

bandwidth while satisfying the total mass, material saturation and geometrical constraints. 

v. Investigating semi-active control strategies to vibration mitigation under different 

excitation conditions. 

5.2 Major Conclusions 
The following are the major conclusions drawn from the findings of this research dissertation: 

i. Results indicated that the Kelvin-Voigt, Maxwell, Standard linear Solid model could not 

effectively track the experimental measurements and models with more parameters are 

needed to fit the simulations compared to experiments, 

ii. The performance of the Generalized Maxwell model with seven parameters (shortened as 

GM3) in predicting the storage modulus over a wide range of frequencies demonstrates 

superior accuracy compared with Kelvin-Voigt, Maxwell, Standard linear Solid model.  

The coefficient of determination (𝑅2) value for all cases in GM3 is generally over 92%, 

implying that the GM3 model can accurately capture the MREs' dynamic viscoelastic 

behaviour, 
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iii. Optimization results present the ability of the proposed adaptive isolator to shift the natural 

frequency, from 5.40 Hz to 17.03 Hz (215%) by increasing the magnetic flux density to 

790 mT, with overall weight of 53 kg, 

iv. Results indicated that the transmissibility curve shifts toward a higher frequency when 

stronger magnetic fields are applied to the coils. The natural frequency of the isolator shift 

from 5.4 Hz to 12.43 Hz when the magnetic field density is changed from 0.0 T to 0.6 T, 

with an absolute shift frequency of 7.03 Hz (130%), 

v. Closed-loop control strategies, such as on-off and PID, were implemented and compared 

to mitigate excessive vibrations. Results of simulations suggest the PID control strategy 

outperforms ON-OFF and passive if the proportional, integral, and derivative gains are 

properly tuned based on the applied external disturbance excitation. 

5.3 Future Remarks 
The following are some possible future research studies: 

i. MREs are sensitive to temperature variation, thus considering temperature dependency of 

MREs in the development of material mode enables more practical design of MRE based 

vibration isolator.  

ii. Investigating the effect of volume fraction of magnetic particles in MREs may enable to 

design MREs with higher MR effect which may substantially improve the vibration 

performance of the MRE-based adaptive vibration isolator 

iii. Evaluation of heat generated by the isolator’s electromagnet at high applied current is 

important to design a more practical vibration isolator with cooling system capable of 

operating continuously.   

iv. Experimental tests to validate the effectiveness of the designed semi-active control 

strategies. 

v. Investigating the capability of the optimally designed MRE-based isolator in drop-induced 

shock applications. 

vi. A combination of MRF and MREs (hybrid MR material) can be further examined to design 

a novel shock and vibration isolator systems. 
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