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ABSTRACT

Uniformization of Shimura Curves

Jhan-Cyuan Syu

A Shimura curve is a moduli scheme parametrizing a certain family of abelian schemes. After taking the formal
completion, one can see that it is related to the formal scheme Q associated to the Drinfeld upper half plane. This is
the well-known Cherednik-Drinfeld Theroem. To prove this theorem, we need to develop a modular description of Q via
Deligne’s and Drinfeld’s functor, and Cartier theory on formal modules is also used.
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CHAPTER 1

INTRODUCTION

WHAT 1S UNIFORMIZATION?

A natural and immediate question arising from the title of this thesis is that what a uniformization is. To illustrate this
question and to grab a rough idea about it, let us take a look at two examples of uniformizations. The first one is the
uniformization of Riemann surfaces, and the second one is the uniformization of elliptic curves.

UNIFORMIZATION OF RIEMANN SURFACES

Intuitively, a Riemann surface is a geometric object which locally looks like an open subset of the complex plane C. To be
more precise, a Riemann surface is a one-dimensional complex manifold. The most trivial example of a Riemann surface
is the complex plane C. Another example is the Riemann sphere C ., which is defined by C., = CU{oo}. In addition,
we know that C, is conformally equivalent to the projective line P*(C), and C, is a one-point compactification of C.
One more example is the Poincaré upper half plane H := {z € C : Im z > 0}. Note that  is conformally equivalent
to D := {z € C: |z|] < 1}. One easily sees that these three examples are all simply connected. The first important result
is that they are not conformally equivalent to each other, and they are the only three simply connected Riemann surfaces
(up to conformal equivalence).

THEOREM. (UNIFORMIZATION OF RIEMANN SURFACES I) [FK92, THEOREM IV .4.1]
If X is a simply connected Riemann surface, then X is conformally equivalent to one of the following: C, C, or H.

Next question is: what can we say about general Riemann surfaces? Let X be an arbitrary Riemann surface. One
can show that the universal covering X of X is also a Riemann surface. Since X is simply connected, we know that X
is conformally equivalent to C, C,, or H by the above theorem. Another property that should be used here is that the
covering group GG of the universal covering X > Xisa subgroup of Aut X , where Aut X is the group of conformal
automorphisms of X. Note that the general linear group GLy(C) acts on C U {0} via

a b N +b
A E——
c d cz+d
We call such transformation a Mobius transformation (or a fractional transformation). One can prove that
Aut C 2 PU,(C), AuwtC, 2PGL2(C), AutH =PGL2(R).

Here PU3(C) = {M € PGLy(C) : M is represented by upper triangular matrices}. Now we can pass X to X by
modulo the G-action, and we conclude the result in the following:

THEOREM. (UNIFORMIZATION OF RIEMANN SURFACES II) [FK92, THEOREM IV.5.6]
If X is a Riemann surface, then X is conformally equivalent to X /G, where X is C, C, or H, and G is a freely acting
discontinuous group of Mobius transformations which preserves X.

In this example, we see that uniformization of a Riemann surface means representing it as the quotient of an easier
geometric object (namely, C, C., or H) modulo a group action.

1



1 INTRODUCTION

UNIFORMIZATION OF ELLIPTIC CURVES

An elliptic curve E over a field k& is an algebraic curve over k of genus 1. By Riemann-Roch theorem for algebraic curves
one can show that F is defined by the Weierstrall equation

Y24+ a1 XY 4+ a3y = X3 +asX?+ays+ag forsomear,---,ag € k.

Moreover, one can simplify the WeierstraB equation as Y2 = X3 + a, X + aj; for some a/j, ajy € k provided char k # 2, 3.

Consider an elliptic curve E over C. As what we saw above, C/A has a natural structure as a Riemann surface, where
A C C is a lattice, and we also have addition on C/A inherited from the additive structure on C. This gives C/A a
structure as a complex Lie group. In fact, such Riemann surface has a relation with the set of C-valued points of E' via
Weierstra3 p-function. Note that the set £(C) of C-valued points of E also has a structure as a complex Lie group with
group law inherited from the group law on E. To be more precise, there is a lattice A C C such that the map

C/A — E(C), zr—[p(2):¢'(2):1]
is a complex analytic isomorphism of complex Lie groups. We state this result formally in the following theorem.

THEOREM. (UNIFORMIZATION OF COMPLEX ELLIPTIC CURVES) [S109, CoroLLARY VI.5.1.1]
Let E be an elliptic curve over C. Then the group of C-valued points of E is isomorphic to a one-dimensional complex
torus as complex Lie groups. That is, E(C) = C/A for some lattice A C C.

Next we turn our attention to the p-adic case, which is of course an interesting and natural problem in arithmetic.
Naively, for an elliptic curve E over Q, one may first conjecture that £(Q,) = Q,/A for some discrete subgroup A.
However, this is definitely impossible because there is no non-zero discrete subgroup of Q,,. To conquer this problem,
Tate came up with a genius idea that one shall consider the multiplicative structure instead of the additive structure. In the
complex case, this can be achieved via the exponential map, and we get C* /q? for some ¢ € C*. This result turns out to
have a p-adic analogue, and the statement is as follows.

THEOREM. (UNIFORMIZATION OF P-ADIC ELLIPTIC CURVES) [S109, THEOREM V.5.3]

Let E be an elliptic curve over a p-adic filed k. If |j(E)| > 1, then there exists a unique q € k* with |q| < 1 such that
E = E, and E(k) = k> /q%, where E, is the elliptic curve defined by Y? + XY = X3 + a4(q)X + ag(q) for some
as(q), as(q) € k.

In the case of an elliptic curve F over either C or a p-adic field k£ we see that the uniformization is a group (C or k)
modulo a subgroup (A or ¢%).

UNIFORMIZATION OF SHIMURA CURVES

The theorem on p-adic uniformization of Shimura curves was first proved by Drinfeld in [Dr76]. However, [Dr76] is a
very condense article for only 9 pages, which makes it quite difficult to read. Therefore, Boutot and Carayol gave a more
understandable exposition complementing [Dr76] with more background materials and illustrations in their article [BCO1].
The treatment to this beautiful theorem on p-adic uniformization in this thesis mainly follows the scope of [BC91].

Let A be a division quaternion algebra over Q such that A ®q R is non-division, i.e., A g R = M3(R). We write
O for a maximal order of A. Fix a prime p € N such that We define a reductive group G A by

Ga:Algg — Grp, Rr— (A®q R)™,

where Algg, is the category of commutative Q-algebras, and Grp is the category of groups. Take an open compact
subgroup U C Ga(AqQ,an) which is small enough. Moreover, we assume U = U,U? with U, C Ga(Q,) the
unique maximal compact subgroup and UP C Ga (A%’ﬁn) a compact open subgroup (A%’ﬁn is obtained from Aq an by
excluding the p-part). The Shimura curve associated to U over Z,, is a projective Z,,-scheme Shy, z, which parametrizes
a certain family of abelian schemes with special O -actions and level U-structures. The main theorem in this thesis is to
uniformize Shy z,. To state this theorem, we need to introduce the notion of Drinfeld upper half plane.

2



1 INTRODUCTION

The Drinfeld upper half plane over Q,, is 2 := P*(C,) — P!(Q,), and there is a natural PGL3(Q,,)-action on 2. We
denote by BTq, the Bruhat-Tits tree of PGL2(Q,,). For each vertex s in BT q, we set P to be the canonical isomorphism
class of the projective bundles of representatives of s, and for each edge [s, s’ in BTq, we set P, . the blow-up of P
along s'. In addition, define Q2, by removing all F,-rational points of P, and define Q(, . by removing all F-rational
points of P, ;| except for the one defined by s’. Both Q) and ()5 5] are schemes over Z,,, and we denote by SAZS and ﬁ[sysl]
their formal completions with respect to special fibres. Since SAL and (AZS/ are open formal subscheme of 6[878/] , one has
a gluing data {(ﬁ[s,s’])[s,s/]; (Q,)s}. We then glue (ﬁ[s,sq)[s,s/] together along (€2,)}, and the resulting formal scheme
id denoted by Q. Note that the GLg (K )-action on Q? induces a natural PGL(Qy)-action on BTq,. Hence one has a
PGLs(Q,)-action on §).

Let A be the division quaternion algebra over Q such that (1) A ®q R is a division quaternion R-algebra, (2)
A ®q Qp = M>(Q,), and 3) A ®q Q¢ = A ®q Q for all rational primes ¢ # p. We can similarly associate with A
a reductive group G z. Denote by Z,, the ring of integers of the completion of the maximal unramified extension of Q.
Now we are ready to state our main theorem.

THEOREM. (CEREDNIK-DRINFELD)
Set Zy = UP\G 4z (AQ.fin)/GA(Q). Then there is an isomorphism of formal Z,-schemes:

Shu,z, 2 GLy(Q)\(2 &2, %, x Zv).

In order to prove CEREDNIK-DRINFELD THEOREM we need to develope the modular description of Q. In addition,
the philosophy of transforming problems into formal geometry plays a crucial role. In formal geometry, Cartier theory
establishes a bridge between formal group objects and linear algebraic objects, so we can study the geometric problems
via tools from linear algebra.

ORGANIZATION

There are three chapters and two appendices in this thesis, and the main content of each of them is described below.

Cuapter 1. The first chapter is about the construction of ) and its modular description. Instead of Q,,, we consider more
generally a non-archimedean local field K. In this case, the Drinfeld upper half plane (2 is defined by P! (C ) — P1(K),
where C is the completion of the algebraic closure of K. We study the Bruhat-Tits tree BT x of PGLo(K) in SECTION
2.1, and we prove in SEctioN 2.2 that (2 is a rigid analytic K -space by using the geometric realization of BT . SEcTion
2.3 is devoted to the geometric construction of the formal scheme Q over O k. As we said before, the modular description
of Q) is essential for the proof of CEREDNIK-DRINFELD THEOREM. Such categorical constructions are studied in SEcTION
2.4 and 2.5. As the final section, we discuss how PGLy(K) acts on Q in SECTION 2.6.

CHAPTER 2. As we mentioned previously, the group objects in formal geometry can be studied via linear algebra.
Such theory is called CarTIER THEORY, and we give a survey on it in SEctioN 3.1. For a more systematic treatment
of Cartier theory, one can see Zink’s book [Zi84]. SectioN 3.3 is about the modular description of the formal scheme
0 R0, 0 v appearing in the statement of CEREDNIK-DRINFELD THEOREM. To achieve the modular description, we need
some preliminary works in rigidifications, which is Section 3.2.

CHAPTER 3. As the start of the chapter, we define Shimura curves in SEction 4.1. Then we state our main theorem and
do the first step analysis in SEcTioN 4.2. Before going into the proof of CEREDNIK-DRINFELD THEOREM, we introduce the
notion of algebraizations in SEcTion 4.3. Finally, SEcTiON 4.4 is about the proof of the main theorem.

ApPENDIX A. This appendix collects some basic properties about quaternion algebras. The most important results of
this appendix is the classification of quaternion algebras over local fields, which is given in SEcTION A.3.



1 INTRODUCTION

ApPENDIX B. Abelian varieties and abelian schemes appear frequently in CHAPTER 4, so the aim of this appendix is
to give a brief survey on them. We start with the definition of group schemes in SeEction B.1 and take a look at some
important examples in SEction B.2. Algebraic groups is treated in SEcTion B.3, and an important class, reductive groups,
is defined in Section B.4, where the most important example GL,, is given. The last two sections, Section B.5 and B.6,
are about abelian varieties, abelian schemes and a special class of morphisms between them called isogenies.

NOTATIONS AND CONVENTIONS

o As usual, N, Z, Q and R are the set of positive integers, of integers, of rational numbers and of real numbers,
respectively. In addition, Ny is the set of all non-negative integers, i.e., Ng = N U {0}. We also use the notation
O for the subset of [J possessing property 7. For example, R is the set of all real numbers that are greater than
or equal to 0.

¢ All rings are assumed to be commutative and unitary unless it is specified. On the other hand, every algebra is not
necessarily commutative and unitary. However, once we say an algebra is commutative, it means this algebra is both
commutative and unitary.

© We usually use T (or T;, or T;;) as variables. For example, R[T] is the polynomial ring with coefficients in a ring
R in variable T'. In some cases, T" will be a scheme or an algebra, but there is no risk for confusion because it will
be clear to tell which case it is from the text.

© For a commutative ring R we denote by M (R) the set of all 2-by-2 matrices with coefficients in R. In addition, we
set GLo(R) := {A € M2(R) : det A € R*}. Thatis, GLa(R) is the set of units of M>(R).

o Let X be a scheme with the structure sheaf &'y . For any point x € X, we denote by Ox , the stalk of x at z. By
definition, Ox , is a local ring. We then write my ,, (or simply m,) and k(z) for the maximal ideal and the residue
field of Ox ,, respectively. If X = Spec R is an affine scheme for some ring R, then we write O’ instead of O'x.

© Set is the category of sets.

Grp is the category of groups.

Modp, is the category of modules over a ring R.

Algp, is the category of commutative algebras over a ring R.

Schg is the category of schemes over a scheme S. If S = Spec R is the affine scheme associated to a ring R, then
we write Schpy, instead of Schgpec r. In the case S = Spec Z, we just simply write Sch.



CHAPTER 2

DRINFELD UPPER HALF PLANE

In this chapter, we are going to study the non-archimedean analogue of upper half plane, which is known as the Drinfeld
upper half plane. Let us fix some notations.

NoraTtion. Throughout this chapter, K is a non-archimedean local field with the ring of integers O . The maximal ideal
of Ok is denoted by m with a given uniformizer 7, and the residue field of O is denoted by k. We write p for the
characteristic of k and q the cardinality of k. We denote by v the normalized valuation on K and by | - | the absolute value
on K (we take the standard convention | - | = q_“(')). In addition, Cg is the completion of the algebraic closure of K,
i.e., Cx = K. As the usual convention, Oc,, is the ring of integers of Cf. We again use the notation | - | for the unique
extension of | - | on K to Ck.

By the definition, C is complete. A natural question is that whether it is algebraically closed. This is a well-known
result that Cg is algebraically closed and we briefly quote this result in the following:

LemMA. Notations as the above. Then C is algebraically closed.

2.1 THE BRUHAT-T1TS TREE OF PGL2(K)

Let n be a positive interger. An O g-lattice in K" is a free O -submodule M of K™ with rank n. Two O-lattices M
and M’ are homothetic if there exists ¢ € K™ such that M = c¢M’. We denote by [M] the homothety class of M.

A (simple) graph' is a pair (V, F) consisting of a set V, whose elements are called vertices, and a set of unordered
pairs of distinct vertices. We call an unordered pair (v, v’) in E an edge joining the vertices v and v/, and we usually write
[v,v'] for the edge joining v and v’. A path of the graph (V] E) is a sequence ([v;, v;+1]); of edges, where v; € V are all
distinct. We say the graph (V| E) is a tree if for any two vertices there is exactly one path joining them.

A graph is called regular if every vertex has the same number of adjacent vertices. We say a graph is connected if
for any two vertices there is a path joining them. A trial of a graph is a sequence ([v;, v;41]); of distinct edges. A cycle
of a graph is a trial where only the first and the last vertices are the same. We say a graph is acyclic if it has no cycles. It
is clear that a graph is a tree if and only if it is connected and acyclic.

Now we are going to associate with the group PGLy(K') a graph, and we will see how this combinatorial object helps
us to study algebro-geometric problems.

DeFiniTION 2.1.1. The Bruhat-Tits building of PGL. (K) is a graph BT i with vertices and edges given by what follows:

(1) the set of vertices of BT ¢ is the set of homothety classes of O-lattices of K2 (for an O-lattice M C K? the

vertex in BT k- defined by M is denoted by [M]; this coincides with our notation for homothety classes given at the
beginning of this section);

(2) two vertices s, s’ are adjacent by an edge if there are Og-lattices M, M’ such that s = [M],s’ = [M’] and
7M C M’ C M. In this case, one can find an Ok -basis ej, es for M such that M’ = (eq, mes) o, , and we call
(e1,e2) a compatible basis for the pair M, M’ (see LEmma 2.1.3 for the proof of the existence of such compatible
basis).

(Please see Ficure 2.1 for a picture of BT g when g = 2.)

REMARK 2.1.2.

IThere are some more general types of graphs such as multigraghs, directed graphs, graphs with loops. In this thesis, we only consider simple graphs
and call them graphs for short.



2 DriNrELD UpPER HALF PLANE

(a) Note that the relation for s, s’ being adjacent defined above is indeed a symmetric relation. If s = [M] is adjacent
tos' = [M'|witheM C M' C M, thenwM' C mM C M'. Since s = [M] = [rM], we know that s’ is adjacent
to s.

(b) Itis an easy algebraic fact (some people call it the fourth isomorphism theorem) that we have the following one-one
correspondence

{Ox-submodules of M containing 7 M} «+— {Og-submodules of M /7 M }.

Note also that {Og-submodules of M /7 M} = {k-submodules of M /nM}. Since M is a free Ox-module of
rank 2, one has M /7 M = k2. To count the number of vertices adjacent to s = [M], we need to find the number
of submodules M’ of M such that tM C M’ C M. Since M’ # M, M’ # 7 M and M /7 M is a 2-dimensional
k-vector spaces, each M’ corresponds to a 1-dimensional subspace of M /7M. The isomorphism M /mM = k?
tells us that the space of all 1-dimensional subspaces of M /7 M is isomorphic to P! (k). Therefore, we obtain a
bijection
P!(k) «+— {s' € BTk : s is adjacent to s = [M]}.
If we fix an Og-basis ey, e for M and an isomorphism

e1 — (1,0)

M ~ 2
% 0)

then we can describe the vertices adjacent to s = [M] more precisely. We first write down the following map
P!(k) — {s' € BTk : &' isadjacentto s = [M]},  [a:b] —> [ M + (ae1 + bez)o, ] 2.1)
Here a, b € O are lifts of a,b € k, respectively. It is obvious that the map (2.1) is independent of the choices of

lifts @, b. We can write M + (ae; + bes) o, in a simplified form:

o Case I: a # 0. In this case, a is a unit in Og. Then one has

TM + (aeq + bes) o, = (me1, meq, dey + bes)o, = (Ge1 + bea, me2) o, - (2.2)
o Case II: b # 0. In this case, b is a unit in Ok. Then we have

TM + (aey + bes) o, = (me1, meq, dey + bes)o, = (Ge1 + bea, me1) o, . (2.3)

The above two cases include all possibilities because a, b are not both zero by the definition of projective lines.
Let us close this part by summarizing what we have obtained so far:

(1) We have a bijection P! (k) «— {s’ € BT : s’ is adjacent to s = [M]}. For example, if ¢ = 5, then for each
vertex in BT i there are 6 edges leaving it.

(2) If we fix a basis ey, e for M, then one can explicitly write down all vertices adjacent to s = [M] by using (2.1),
(2.2) and (2.3). For example, if K = Qp, and M = (e1,e2)z,, then P*(F,) = {[1: 0] = 0,[1:1],--- ,[1:
p —1],[0 : 1] = oo}. Therefore, the set of vertices adjacent to s = [M] is given by

{[M;] : Mj := (e1 + jea, pea)z, for j =0,--- ,p—1and M, := (e2,pe1)z, }

(c) Let us write down what happens generally like what we did in (2) of (b). Write k = {cp = 0,¢c1 = 1,--- ,cq-1},
andlet {¢; € Ok : ¢; = ¢; mod mfori =0,---,q— 1} be a complete set of representatives of Ok /m. Note that
we have P1(k) = {[1: co],[1: e1], -+ ,[1 : ¢g—1],[0 : 1] = oo}. From (2.1), (2.2) and (2.3) one deduces that for
every vertex s = [M] € BT g with M = (e, e2)o, the set of vertices adjacent to s is given by

{[M;] : M; := (e1 + ¢jeq, mea)o, for j =0,--- ,¢ — 1 and M, := (ea, Te1) oy }-

(d) If s = [M] and s’ = [M'] are two adjacent vertices with a compatible basis e1, ea. Then s’ corresponds to the point
0 =[1:0]in P*(k) by (c). We will see in SEcTioN 2.3.3 that this realization of an adjacent vertex as a point in the
projective line over k plays an important role in the construction of Q.
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As we guaranteed before, we are going to show that if M, M’ C K? are two O-lattices such that 7M C M’ C M,
then there exists a compatible basis for them. We first note that if M, N C K? are two O -lattices, then for any basis
e1, ez for M and e, e}, for N there exists A € GLy(K) such that

(4) =)

eh €9

This is because ey, e and €}, e} are both K -basis for K2. If we suppose further that M = N, then the matrix A turns out
to be in GLo(Ok ). Conversely, if A is in GLy(Of ), then M = N. We thus conclude

M =N < AecGLy(Ok).

LemMma 2.1.3. If M, M’ are two O -lattices of K? such that tM C M’ C M, then there exists an Ok -basis ey, e for
M such that M = {(e1,Te2) 0

Proor. Let 11,12 be an Ok -basis for M. By REmark 2.1.2 (c) we have two cases: (notations are the same as there)
o Suppose M’ = (1 + ¢;n2, mn2) 0, for some j € {0,1,---,¢ — 1}. Since

(6D m (%) eaon

we can take eq := 11 + 72, €2 := 12 to satisfy the requirements.

o If M' = (na, ™1 )04, then ey := 1y, 5 := mry is the desired one.

Next we want to show that BT ¢ is a regular tree. First, we define a map vin : Ma(K) — Z by

Vint - <Z Z) — min{v(a), v(b), v(c), v(d)}.

There are some properties that will be used in the proof of next proposition.
(1) For any two vertices s and s' one can find Ok-lattices M with basis e1,es and M’ with basis €', €}, such that
/
s=[M], s =[M'] and <€}> =A (61> Jor some A € GLo(K) N Ma(Ok) with vine(A) = 0.
€9 €9
Proor. Let M and M be two Ox-lattices in K2 such that s = [M] and s" = [M/] and take 11,72 and 7}, 15
2 72
§ := ving(A’), then 770 A’ is in GLy(K) N My (Ox ) with vine(A’) = 0. Now we set ¢} = 7799}, ¢, = 7797}, and
e1 = 11, €2 = 19, and these satisfy the requirements.
(2) Notations are as in (1). If v := v(det A) > 0, then 7" M C M' C M, M' & 7™M forallm € N and 7™M ¢ M’
forall0 <m <r—1
ProoF. First note that v(det A) > 0 indicates M’ # M. Since 7" A~ € GLy(K) N M3(Of), the formula

" (o) =)

indicates that 7"M C M’. In addition, v(det(7”A~')) = r implies that 7" M # M’. Since vinr(A) = 0 and
v(det A) = r > 0, the matrix 7™ A~! can not be in My(O) forall 0 <m <r —1

/
any basis for M and 7 respectively. Let A’ be the matrix in GLy(K) such that (Zl) = A (771)_ If we set

ProrosiTiON 2.1.4. The graph BT i is a regular tree.

Proor. We have seen in REMARK 2.1.2 (b) that BT g is regular. To prove BT g is a tree, it is equivalent to prove that it is
connected and acyclic.
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o Let s and s’ be two vertices. By the above discussion one can find two O -lattices M and M’ such that s = [M],
s =[M),7M C M C M, M ¢ 7™M forall m € N and 7™M ¢ M’ forall 0 < m < r — 1. The
Ox-module M /M’ is a torsion module because it is killed by 7". Since O is a DVR (in particular, a PID), one
can apply the fundamental theorem for modules over PID (see, for example, [DF04, Section 12.1]) to conclude
M/M' = 0O/(r™) & O/(n") for some r1,r2 € Z>o. We know that one of 71, 75 is exactly 7: if they were both
smaller than r, then M /M’ was killed by gmax{ri,ra} e gmax{ri,r2} Ay C M’ which is a contradiction; if they
were both greater than r, then M /M’ could not be killed by 7". We may assume r; = r (then 0 < ry < 7).
If ro > 0, then M’ C #x"2M, which is again a contradiction. Thus we know M /M’ = O/(x"). Therefore,
we have a filtration 0 = N, C N,_; € --- C Ny = M/M’ such that the successive quotients in the lifting
M =M, C M,_y C -+ C My = M are isomorphic to k. By LEmma 2.1.3 this is a path from s to s’; that is,
BTk is connected.

o Let M,, € M,,_1 € --- € My be a chain of O-lattices defining a path in BT g (i.e., 7M; C M; 1 € M, for all
0 <7 < n—1). Weare going to show that M,, is not homothetic to M (i.e., it is not a cycle), and it suffices to show
that M,, ¢ mM,. We proceed by induction on n. There is nothing to prove when n = 0, 1. Suppose n > 2. The
image of M,, and 7M,,_5 in M,,_1 /7 M, _1 = k? are two distinct line (if not, then [M,,] — [M,,_1] — [M,,_2] is a
cycle, which means there are two edges connecting [M,,] and [M,,_2]; however, this is impossible by our definition
of BT k). Therefore, M,,_1 = M,, + wM,,_o, and then we have

Mn—l = Mn (mod 7TMO).

The induction hypothesis says that M,,_1 € 7Mo, so 0 # M, _; = M,, (mod 7My). Thus M, ¢ 7M.
|

DeFINITION 2.1.5.
(a) Let BT i r be the proportionality classes of K-vector space norms on K2. To be more precise, BTk g is the set
of all K-vector space norms on K ? modulo the following equivalence relation:

two norms | - | and | - |" are equivalent if and only if there exists c € K™ such that | - | =¢| - |.

That is, two norms are equivalent if they are proportional to each other.

(b) The geometric realization of BT x is the map
BTKHBTKVR, S}—>|'|S,

which is defined as the following: choose any representative M = (e, ea)o,. for s, and we set the GauB norm
associated to M by
| |ar: K? — R, aje; + azey — sup(|ay],|azl).

Then |- |, is defined to be the class represented by |- | 5. If s, 8" € BT i are adjacent to each other with a compatible
basis (e1, e2), for each t € (0, 1) we define the point (1 — ¢)s + s’ on the edge between s and s’ by

|-ls: K* — R, aier + azes — sup(la, ¢'|az]).
The line segment joining s, s’ is [s, s'] := {(1 —t)s + s’ : 0 <t < 1}.

LemMaA 2.1.6. The geometric realization BT g — BT g r is an injective map (i.e., distinct vertices are mapped to distinct
points in BT g r).
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A - A A .
Figure 2.1: The Bruhat-Tits tree for the case ¢ = 2.

2.2 DRINFELD UPPER HALF PLANE AS A RIGID SPACE

Recall that the Poincaré upper half plane is H = {z € C : Imz > 0}. Consider at the same time the upper and lower
half planesC —R = {z € C:Imz > 0} U{z € C : Imz < 0}. If we define an equivalence relation ~ on C — R by
21 ~ zo if and only if Rez; = Re 22 and Im z; = — Im 25, then H is recovered by C — R via H = (C—R)/ ~. In
addition, C — R can also be identified with P*(C) — P}(R)).

DEerFiNITION 2.2.1. The Drinfeld upper half plane attached to K is
Q:=P!(Cgk) - PY(K).

We write Hom g (K2, C) the set of K-bilinear maps from K2 to Cg. For any two f1, fo € Homg (K?,Ck) we
say f1 is homothetic to f5 if and only if f1 = cfs for some ¢ € Cj;. In other words, f1, fo are equivalent if and only if
they are in the same orbit of the C:-action on Homg (K2, Cf ). As usual, we use the notation Hom (K?, Ck)/C}
for the orbit space. There is a bijection

(Homg (K?, Cx) — {0})/Cx — P'(Ck), [+ [f(1,0): f(0,1)]. (2.4)
To see this is indeed a bijection, note that we have an isomorphism
Homp (K?, Cx) = Ci, [+ (f(1,0), f(0,1))
because a map in Hom (K?, Ck ) is determined by the image of (1, 0) and (0, 1). Thus we obtain (2.4) from
(Homy (K?,Cr) — {0})/Cj = (C§ — {0})/Cj = P*(Ck).
It is clear that the inverse map of (2.4) is given by
P!(Ck) = (Homg(K? Ck) — {0})/CF, [a:b]+ (f:(1,0) > a,(0,1) > b). (2.5)

For each z € ) we associate an absolute value | - |, on K? by setting | - |, := |2(-)|. Here we view 2z as a map from
K2 to C via (2.4). Note that (2.5) associates with z a homothety class of K -bilinear maps from K2 to Cg, and BT KR
is the set of proportionality classes of norms on K 2. Therefore, we obtain a well-defined map

A:Q—BTgr, z+—||..
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Recall that we view every vertex in BT g as a point in BT g g via the geometric realization BT — BT g r (see LEMMA
2.1.6). Next lemma is about the rigid analytic structure of {2. Before stating that, we first recall some consequences about
extension of non-archimedean local fields.

REMARK 2.2.2. Let F' be a non-archimedean local field, and let Fy- be the residue field of F' for some prime ¢ € N and
some r € N. We write v for the normalized valuation on F (i.e., v(F*) = Z) and | - | := £~7()" the standard choice
of absolute value on F'. By the classification of local fields we know F’ is either a finite extension of Q) or a finite extension
of Fy- (7). If L is a finite extension of F', then there exist unique extensions vy, of vp and | - |, of | - | 7 Explicitly, these

extensions are given by
1

(I
where e(L/F) is the ramification index of L/F and N,/p : L — F is the norm map. A consequence is that

() and |.|L:(\NL/F(.)\F)”[L:F}, (2.6)

for each n € N there is a finite extension L/ F such that e(L/F) = n. 2.7

Let us see how to find such L. A monic polynomial 7" + ap 1T 1+ +ay € Op [T] is called an Eisenstein
polynomial if a; € mp and ag ¢ m%. Then one can show that

o [Alle, ProposriTioN 7.13] every Eisenstein polynomial with coefficients in O is irreducible over F';

o [Alle, ProposrTion 7.14] if av is a root of an Eisenstein polynomial of degree n over O, then F () is totally ramified

of degree n.

Now for each n € N we take f,,(T) := T" + (T + --- + Ty + 1) and take «,, an arbitrary root of f,,. Then the
above two properties indicate that F'(«, ) is totally ramified of degree n, i.e., e(F(a,)/F) = n.

Consequently, since the algebraic closure F is the union of all finite extension of F, (2.6) and (2.7) together imply
that the valuation group (resp. value group) of F s Q (resp. ¢9Q). After taking completion, we then conclude that the
valuation group (resp. value group) of C} is R (resp. Rxo).

LEmmMa 2.2.3. [BC91,1.2.3]

Let s, s' € BTk be two adjacent vertices. Take representatives M and M’ for s and s’ such that M C M’ C M together
with a compatible basis ey, eo. For each point z € Q) we always take a representative (which is again denoted by z) such
that z(es) = 1, and we set ¢ := z(e1) 2 Then we have the following formulae: (see FIGURE 2.2 for a picture of an affinoid)

AHs)={¢eCr:lKl<1} - |J {CeCx:l¢—al<1},

a€0k /mOKk
ANz ={CeCk:[¢|=q""} forzy=(1—t)s+ts witht € (0,1),
M) ={eCriltl<a - U {CeCr:lc-bl<g '},
benrOk /720K
A (s, s ={¢ceCk: ¢l <1}~ U {CeCk:[(—al <1}

CLE(OK—TFOK)/‘ITOK

- U {ceck:lc-bl<qg )

berOk /m20Kk
Proor. For any ¢ € [0, 1] we have the equivalent statements:
zeXN (1 —t)s+ts) <= |-|.=c-|-|; forsomecec K*
< |z(c1re1 + c2e2)| = ¢ |c1e1 + coea|t for some c € K™ and forall ¢1,c0 € K

<= |e1¢ + ca| = ¢ -sup(Jer|, ¢'lea|) for some ¢ € K and for all ¢1, ¢z € K.

2We explain why we can always find a representative z such that z(ez) = 1. This can be formulated as what follows:
Forany [a : b] € Q and any w = (w1, w2) € K2 — {0} one can always find a representative z € C of [a : b] such that z(w) = 1.
Let us prove this statement. If we view (a,b) as a map K? — Ckg, then (a, b)(w) = awi + bwa. If wia + w2b # 0, one can take

the representative z = (wia + w2b)~! - (a,b) and then z(w) = 1. Now suppose wia + wab = 0. Notice that a,b are both non-zero;
otherwise, say b = 0, [a : b] = [1 : 0] € P1(K). We then deduce w1, wsz,a,b are all non-zero. Then & = —% € K, and this implies
la:b] = [f%b 2 b = [f% : 1] € P1(K), which is a contradiction. This completes the proof. One more remark is that ¢ lies in C x — K because

zisapointin Q = P}(Cg) — P1(K).

10
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By taking ¢; = 0 we see that ¢ = ¢*

, SO we conclude
z2€XNH(1 —t)s+ts') <= |e1¢ + ca| = sup(qF|al,|b]) forall ¢, ¢ € K.
A simple observation is that

le1C + 2| = sup(qt|c1], |ca|) forall ¢y, co € K <= | + co| = sup(q ", |cz|) forall ¢, € K.

The arrow from the left to the right is trivial. Suppose conversely that the right hand side holds. There is nothing to prove
if c; = 0. Forany ¢; # 0 we have |c1( +co| = |e1] - [(+ 2] = [e1] -sup(g~", [2]) = sup(q~*|en], |c2|) forany ¢z € K.
Hence we obtain

z€XNH (1 —t)s+ts') <= [C+c|=sup(q’,|c|) forallc € K. (2.8)

(1) We first prove the formula for A\=*(s) (i.e., t = 0). Then (2.8) reads
z2€ X H(s) <= |¢—¢| =sup(l,]c|) forallc € K. (2.9)

If |¢| < 1, then (2.9) implies | — ¢| = 1, which is equivalent to || = 1 by the strong triangle inequality. If |¢| > 1,
then (2.9) and strong triangle inequality gives |c| = |¢ — ¢| = sup(1,|c|) = |¢| (because |{| = 1), which gives no
more information. If |c| = 1, (2.9) gives | — 1| = 1 for all ¢ € K with |¢| = 1. Altogether, we have

As)={¢ceCk:[¢l=1}- |J {¢eCx:l¢(—d <1} (2.10)

ceK,|c|=1

Note that there is an easy observation: for any ¢ € K, ( € Ck and any w € m, | — ¢ — w| < 1 if and only if
|¢ —¢| < 1. Indeed, if | — ¢| < 1, then |¢ — ¢ — w| < sup(|¢ — ¢|, |w|) < 1; conversely, if | — ¢| > 1, then the
strong triangle inequality implies | — ¢ — @| = |¢ — ¢| > 1. With this observation, we can rewrite (2.10) as

ANy ={¢eCk:l=1}- |J {(e€Ck:[(—al<1},

aEOK/ﬂ'OK

Moreover, since {¢ € Ck : [(| <1} C Uuecoy /no, 1€ € Ck 1 [¢ — al < 1} (by taking a = 0), we finally derive

M) ={¢eCk:I<1}- |J {(e€Ck:[(—al<1},

QEOK/WOK
(2) Now look at the formula for A=*(z;) (i.e., 0 < t < 1). Then (2.8) implies
z€ N Nzy) <= |¢—c|=sup(q7h|c|) forall c € K. (2.11)

ReMARK 2.2.2 indicates that |c| # ¢~ * forallc € K. If |c| < 1, then (2.11) implies | —c| = ¢~ *. Thus( € Cx — K
and || = ¢! (if ¢ was in K, then | — c| must be in the value set of K). If |c| > ¢, then (2.11) and strong triangle
inequality indicate |¢| = |¢ — ¢| = sup(q %, |¢|) = || (because || = ¢~*). Hence

A Ha) ={¢eCk: ¢l =q¢"}
(3) We turn to the formula for A\=1(s’) (i.e., t = 1), and (2.8) indicates

zeAYa) = [C—c|=sup(qg ', |c|) forall c € K.

The argument is similar to (1): consider the cases |¢| < ¢71, |¢| > ¢~ and |c| = ¢~ .
(4) By definition
A (s, 8D =AM UM U [ AT (@) (2.12)
0<t<1

Since one has

U X)) ={¢CeCk:qg ' <|¢/<1} and
o<t

11
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AU ={¢eCk: (<1} — | {¢eCk:l¢—al<1}

a€0k /O

- U {cecCk:lK-b<qg'}
bEﬂ'OK/ﬂ'20K
the final formula is proved.
|

We know that P (C) is arigid analytic K -space, whose rigid analytic structure is given by connected affinoid subsets
(i.e., a closed disk with finitely many strongly pairwise disjoint open disks removed). The above lemma shows that we also
have connected affinoid sybsets in 2. (For the rigid analytic structure on projective lines one can see [GvdP80, ExAMPLE
I1.1.18].)

ProrosITION 2.2.4. The space () is a rigid analytic K-space.

Figure 2.2: A~!(s), A71(s’) and A~!([s, s']) for the case ¢ = 2. The pink part is A™!(s), and the blue part is A~!(s), and
the green part is A™1([s, s']).

BTkr

Figure 2.3: ) as a tubular neoghborhood of BT i g for the case ¢ = 2. Pull the blue part and green part (in FIGURE 2.2)
away from the paper, and push the white part into the paper. Then we obtain this picture, where BT g r (the brown part)
serve as a skeleton. Thus we may view € as a tubular neighborhood of BT i r.

12
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2.3 THE FOrRMAL SCHEME ATTACHED TO DRINFELD UPPER HALF PLANE

2.3.1 ProjJeEcTIVE BUNDLES

We first recall some fundamentals about the projective space associated to a quasi-coherent module. For a field F' and
r € N the projective r-space P"(F) = P(F"*!) over F is the space of all lines in F"*1. In addition, we have the
following isomorphism

P"(F) = {W C F""' . W is an F-vector subspace such that dimp F" /W = r}. (2.13)

Now let .S be a scheme and & a quasi-coherent module over S. The above formulation motivates us to define a functor
P(&) : Schy™® — Set by

(T UN S) — {F C h*(&) : Z is an Op-submodule such that h*(&)/.% is an invertible Op-module}. (2.14)

One can show that this functor is representable, and it is represented by a relative projective spectrum.

ProrositioN 2.3.1. [GW20, TueorEM 13.32]
Let S be a scheme and & be a quasi-coherent Os-module. The functor P(&) defined in (2.14) is represented by
Projgs(Sym(&)). We again denote Projg(Sym(&’)) by P (&) and call it the projective bundle associated to &.

Now we take a look at a particular case, which is of our main interest in the later discussion. Let S = Spec R be an
affine scheme associated to aring R, and let & = M with M an R-module. Note that in this case Sym M= (Sym M)~
Then

P (M) = Projg, e, (Sym M) = Proj((Sym M)~ (Spec R)) = Proj(Sym M).

Specifically, if M is a free R-module of rank r 4+ 1 with a basis {zq, - -- , 2, } C M, then there is a unique isomorphism

SymM —= R[Ty,---,Ty], x;i—T; (i=0,---,7).

In this case, P(M) = Proj R[Ty,--- ,T,] = P%. Thus we see that the notion of projective bundles recovers that of
projective spaces.

2.3.2 PRrROJECTIVE BUNDLES ASSOCIATED TO LATTICES

Now we come back to our main issue, namely the construction of the formal scheme associated to ). Let M be a O -lattice

in K2. The projective space P (M) associated to M is defined by P(M) := P(M). The isomorphism M = 0% of
O -modules (which is not canonical) gives an isomorphism of O g -schemes

P(M) = Proj O[Ty, T1] = Py, - (2.15)

Note that the above isomorphism is not canonical because it depends on the choice of the basis of M.
Viewing P (M) as a functor, the formula is given by (2.14). This functor can be described explicitly for the affine case.
Recall that if S = Spec R is an affine scheme associated to a ring R, then we have an equivalence of categories:

Mody — QCohyp, M—— M
I(SpecR, F) +—— F

Here QCohyp, is the category of quasi-coherent &'z-modules. Now take any commutative Ok -algebra A. There is a
natural O-schemes Spec A — Spec O, and we have h*(M) = (M ®0 « A)”. Therefore, the set of A-valued points
of P(M) is given by
P(M)(A) ={% C (M ®o, A)” : .ZF is an 0 4-submodule such that (M ®¢, A)”/.F is invertible}
={N C M ®o, A: N is an A-submodule such that M ®c,. A/N is free of rank 1} (2.16)
={M ®o, A — L: Lisan A-module free of rank 1}

13
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Particularly, the set of O -valued points, K -valued points and k-valued points of P(M) are given by:

P(M)(Ok) ={N C M : N is an Ok-submodule such that M /N is free of rank 1},
P(M)(K) = {N’' c K?: N'is a K-vector subspace such that dimy K?/N’ =1} = P}(K), (2.17)
(M)(k) = {N" C k* : N" is a k-vector subspace such that dimy k*/N" = 1} = P*(k).

)

Notice that P(M)(K) = P(K) is canonical, but P(M)(k) = P!(k) is not. Moreover, one can easily establish a
bijection between P(M) (O ) and P(M)(K):
N+ N@o, K

P(M)(Ok) — P(M)(K),
N'NO% «— N’

Up to now, we see that P (M) = PéK as Ok -schemes in (2.15). Note that O is a discrete valuation ring, so Spec Ok
consists of two points: the generic point, which is open and corresponds to the zero ideal of O, and the special point
(or the closed point), which is closed and corresponds to the maximal ideal m. The generic fibre and the special fibre of
P(M) are

generic fibre of P(M) 2 P, X0, K = Proj Ok[Ty, T1] ®o, K = Proj K[Iy,T1] = P,

(2.18)
special fibre of P(M) = Pg, - X o, k = Proj O[Ty, Ti] ®o, k = Proj k[Ty, T1] = P}
Since PL (K) = P!(K) and Pj.(k) = P!(k), one deduces from (2.17) and (2.18) that?
{ K -rational points of P(M)} = { K-rational points of its generic fibre}, 2.19)

{k-rational points of P(M)} = {k-rational points of its special fibre}.

Suppose M" is homothetic to M, say M = cM" for some ¢ € K*. The homothety induces a canonical O -
isomorphism
HOIH@K(M, OK) — HomOK(M”70K)a f() — f(C)

This induces a canonical isomorphism Sym,, (Homo, (M, Ok)) = Sym, (Home, (M"”, Ok )) and thus a canonical
isomorphism of O x-schemes:

P(M) =5 P(M"). (2.20)

This leads us to define the projective space associated to a vertex in the Bruhat-Tits tree BT .

2.3.3 CONSTRUCTION OF {); AND ﬁ[&s,}

DEFINITION 2.3.2. For a vertex s € BT i we take any representative M of s and define P; = P(M). The projective lines
associated to different representatives are identified canonically via (2.20). As what we have seen, P is an Ok -scheme,
and we set P to be the formal completion of P along its special fibre.

From (2.18), we identify the special fibre of P with P}. Since the set of k-rational points is P*(k), we then have the
identification
{rational points of special fibre of P,} = P*(k).

In addition, the special fibre P}, is closed in P, because it is the preimage of the closed point of Spec O . Similarly, the
generic fibre of P! can be identified with P via (2.18).

DEFINITION 2.3.3. For a vertex s € BT i we define
0, = P, — {k-rational points of the special fibre of P},

which is an open subscheme of P!, and we denote by (AZS the formal completion of (25 along its special fibre. Note that
Qs =P, — P(k) by (2.19).

3If X is a scheme over O, then one can show that X (k) = {k-rational points of its special fibre}. If we further assume that X is proper over O,
then one can prove X (K') = { K-rational points of its special fibre}

14
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REMARK 2.3.4. Let us argue that €2 is indeed an open subset of P. It suffices to prove that P*(k) is a closed subset of
P}“. Since k is a finite field, P! (k) is a finite set. If we can prove that every point in P! (k) is a closed point in P}, then
P (k) is a finite union of closed points and thus closed in P}. It remains to prove the following fact:

Let X be a scheme over a field k. Then every k-rational point of X is a closed point.

Note that a subset V' C X is closed if and only if for any open covering (U;);c; of X the intersection U; NV is closed
in U; for all 4 € I (this is generally true for any topological space). Thus it suffices to consider X = Spec A is an affine
scheme. To give a k-rational point of Spec A is equivalent to give the following commutative diagram:

A
SN
k  emmm— k
The associated scheme morphism ¢ : Spec k — Spec A is given by [(0)] — [»~1(0)], so we have to look at ker (. Passing
to quotient gives (we again denote by  the map A/ ker ¢ — k)

Al ker o

/ X
2 () 2

Since ¢ is injective and (x) is the identity map (in particular, it is surjective), we then conclude ¢ is also surjective. This
shows ¢ is an isomorphism and thus ker ¢ C A is a maximal ideal; that is, the k-rational point is closed.

Now for two vertices s = [M] and s’ = [M'] with a compatible basis eq, es, i.e., M = (e1,e2)0, and M’ =
(e1,mea) o, - The projection M — M /M’ = k induces the map of k-vector spaces:

P, !

M ®@o, k M/M/®(9Kkgk.

The map ¢, pr 1s surjective from the two-dimensional k-vector space M ®o, k to the one-dimensional k-vector space
M/M' ®o, k. Thus ker par - is a one-dimensional subspace of M ®e,. k. In conclusion, if s’ is adjacent to s, then
s’ defines a k-rational point in P. Actually, we can describe this k-rational point more explicitly. Let [1 : 0], [1 : 1] and
[0 : 1] be the points in P! (k) representing 0, 1 and oo, respectively. Since we have fixed a compatible basis e1, e2, one has
the following characterizations

(e1)k +—[1:0]=0, (ea)p+—[0:1]=00, (e1+ea)p—[1:1]=1

The k-rational point in P, defined by s’ is the kernel of ¢ 5, and it is clear that ker s a0 = (e1)i. Therefore, s’
defines the k-rational point 0 = [1 : 0] in P, which coincides with what we have seen previously in REMaRrk 2.1.2 (d).
We have to emphasize again that this explicit characterization based on our choice of compatible basis.

DErINITION 2.3.5. Let s, s’ € BTk be adjacent. Define P, . to be the blow-up of P, along s’ (i.e., along the point in

~

P defined by s'), which is an Ok -scheme. We write Py, ) for the formal completion of P .- along its special fibre.
DEeFINITION 2.3.6. Let s, s’ € BT i be adjacent. Set
Qs,s) := Pjs,¢n — {k-rational points on the special fibre of P, . except for s'}.

Then €25 o is an O -scheme, and we denote by Q[S,S,] the formal completion of €[, /) along its special fibre. See FIGURE
2.4,

DEFINITION 2.3.7. We define O to be the gluing of (ﬁ[s,s’])[s,s’]eBTK along (ﬁs)segTK. See FIGURE 2.5.

“Here we use an easy topological property: Let X be a topological space, and letY C X be a closed subset endowed with subspace topology. If Z
is a closed subset of Y, then Z is also a closed subset of X.
By the definition of subspace topology there is an open subset U of X suchthat UNY =Y — Z. Then X — Z =U U (X —Y); thatis, X — Z isa
union of two open subsets of X and thus open in X. Hence Z is closed in X.

15
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P

1
Pq, /
‘8/

blow-up
—— P [ s, 8/]
along s’

open U

subscheme

open
subscheme U

Figure 2.4: Py, P, o1, s and Q[ o1. The gray point is the k-rational point defined by s’, and those blank points are

k-rational points that we need to remove in the definitions of {25 and ﬁ[s, ']

o]
(o] OO
O O
§ J -
. § .
Q[s,s’] & Q[S/’SH] Q
0]
O
[e]
? o
[e]
(o)
[e]
[e]

gluing (ﬁ[s,s’])[s,s’]

open immersions / \ / \ along (),

Figure 2.5: Construction of Q. One can find that ) is a geometrization of BT i by replacing vertices (resp. edges) of

BTy with some k-rational points (resp. with P} — {k-rational points except for 0, c0}).
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2.4 MOoDULAR DESCRIPTION OF (2: DELIGNE’S FUNCTOR

In this section, we are going to see the modular descriptions of QS and ﬁ[s,s/].

Notation 2.4.1. Recall that Alg, is the category of commutative O i -algebra. Consider two subcategories of Alg,  :
(a) Comply,, is the category of commutative O -algebras which are complete with respect to m-adic topology.
(b) Nilpy,, the category of commutative unitary Ok -algebras such that 7 is a nilpotent.

If R is an object in NilpoK and 7" = 0 in R for some n € Zx(, then R is an O /m"-algebra. Thus NilpOK is
the "union" of categories of commutative O /m™-algebras for all n € Z>(. In addition, every R in Nilp,, satisfies
R = @R/m"R because m™ = 0 for some n € Zxq. Therefore, Nilp,,. is a subcategory of Compl,,,.. Moreover,
Nilpy,, is a full subcategory of Compl,, . In conclusion, there is a chain of categories with respect to inclusions:

Nilpy, C Compl,, C Alg,,. .

Now let X be a scheme over O, and let X be the formal completion of X along its special fibre. Then the functors
of points defined by X and X on Compl,, are as what follows:

hx : Comply,, — Set, R +— Homp, (SpecR, X),
hg : Compl,, — Set, R%HomoK(Spr,)?).
A remark is that if X = Spec A and we endow A with the m-adic topology, then X = Spf 1&1 A/m™,

LEmMMA 2.4.2. Let A be in Alg,,. endowed with the m-adic topology. Set X := Spec A and X the Jformal completion of
X along its special fibre. Then hx = hy.

Proor. There are two steps: first check that by = h ¢ on Nilp, , and then deduce hx = h¢ on Comply,, .
o Step 1. hx = hg on Nilpy, .
It suffices to prove that for each 12 € Nilp,

Homop, (A, R) = Homo cont (l&n A/m" A, R),

where Homo, cont(—, —) denotes the set of continuous Ox-algebra homomorphisms. If we write © : A —
@1 A/m™ for the canonical map, then we have a well-defined map

HOIHOK}contQiLH A/m" A, R) — Homp, (A, R), fr— fou.

To construct the inverse map, we note that m" R = 0 for some r € N because R € Nilpy, . Given any map
g € Homo, (A, R), it induces g™ : A/m"A — R/m"R = R. By compositing with the canonical projection
pr, : @A/m”A — A/m" A, we then have

Homp, (A,R) — Hom@K,Com(l'Lm A/m"A,R), g— g opr,.

One can easily check that this map is well-defined and is the inverse map.
© Step 2. hx = hg on Compl,,..
Similarly, it suffices to prove that for each & € Compl,,.

Homop, (A, R) = Homok,cont(l'&l A/m" A, R).
Note that B = lim R/m" R, and R/m" R is in Nilp,  for each n € N. Therefore,
Homo  cont Qin A/m"A, R) = Homoy cont (@1 A/m" A, gn R/m"™R)

£ lim Homo, cont (lim A/m"™A, R/m"R)

o .
= @HomoK(AR/m R)

=~ Homp, (4, @1 R/m"™R)
>~ Homop, (4, R),

where we use x |Nilp,, . = /g [Nilpe,,_ i ().

17
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DEFINITION 2.4.3. For each vertex s = [M] in BT i define the functor 7, on Compl,, which associates each R in
Compl,,, the set of isomorphism classes of pairs (£, ), where L is a free R-module of rank 1 and o : M — L is an
Ok -module homomorphism such that

for each © € Spec R/mR the map o, : M/mM — L ®p k(x) is injective. (2.21)

If R € Nilpy,., then Spec R = Spec R/mR as topological spaces. Moreover, since the underlying topological space

of Spf R consists of all prime ideals p of R such that p O (mR)" for some r € N, one has Spf R = Spec R as topological
spaces.

ProrosiTiON 2.4.4. [BCY91, ProprosiTION 1.4.2]
For every vertex s € BT i the functor Fy is represented by §2.

Proor. Take a representative M of the vertex s, i.e., s = [M]. We conduct the proof in three steps.

o StEP 1. Fj is a subfunctor of f’s.

Note that the projective line P (M) as a functor is given by

P(M):Schp,, — Set
S +— PWM)(S) ={M ®¢,, Os—» £ : L isaninvertible Os-module}/ =

We have the inclusion of functors Fs < P(M):
Fo(R) = P(M)(R), (L,0)— a®idr: M @0, R— L.

Lemma 2.4.2 tells us that P(M)(R) = 135(R) for all R € Comply,, , so we obtain the inclusion of functors
Fs — 133. In other words, F is a subfunctor of f’s.
Step 2. Let R € Comply,, and (£, «) € F,(R). The pair (£, ) is determined up to isomorphism by

a:M—L, e +~——( er—1.
For any = € Spec R/mR the condition (2.21) says that
M/mM = ke, ® kes — LRrk(z), e +—(, ear—>1
is injective; that is, 5 and 1 are k-linearly indepenent in £ ® g k(z). In other words,
(—a-1#0inLork(r) 2 R k(z) =k(x)foralla € k. (2.22)
By our definition Q, € P, — {o0} = A}, and
Q4(R) = Homo, (Spf R, Q)

= {go :Spf R — A\%QK : for each = € Spec R/mR, ¢ o 1, does not factor through P* (k) — {oo}} ,
(2.23)
where ¢, : Speck(xz) — Spf R is the canonical map. We can express the condition in (2.23) as the following
diagram:

SpfR —%—— AL,
T T (2.24)

Speck(z) --3-» P1(k) — {o0}.

We note that ‘Z%DK = Spf Ok (T')?, so every ¢ in (2.23) corresponds to a continuous homomorphism ¢ : O (T) —
R. In addition, points in P*(k) — {occ} are on 1-1 correspondence with Spec k[T']/(T — a) for all a € k. Thus the

18
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diagram (2.24) corresponds to the following diagram for all a € k:

R« 0T
i (2.25)
k(z) <=-- K[T)/(T — a).

The map O (T) — R — k() is given by T' +— ¢ + (. Hence (2.25) is equivalent to { — a # 0 for all a € k,
which coincides with (2.22).
|

DerFINITION 2.4.5. Let 5,8’ € BTk be adjacent vertices with representatives M, M’ such that 71M C M’ C M.
Define a functor F; o : Compl,,  — Set by associating with each R € Comply,, an isomorphism class of
tuples (£, L', a,’, ¢, ), where L, L' are free R-modules of rank 1, « : M — L and o' : M;— £’ are Og-module
homomorphisms, and ¢’ : £ — L and ¢ : £ — £’ are R-module homomorphisms, such that the following diagram
commutes:

M —— M —— M

e e

’

L—— L —— L.

Moreover, £ and £’ satisfy the following condition:

for each © € Spec R/7R

2.26
ker(ay : M/7M — L ®r k(z)) C M'/7M and ker(al, : M'/7tM' — L @pk(x)) C 7M/mM'". (2:20)

ProrosiTIiON 2.4.6. [BC91, PrOPOSITION 1.4.4]
For any adjacent vertices s, s' € BT i the functor Fls,s1) s represented by Q) ).

Proor. Take M and M’ be representatives of s and s’ with a compatible basis e, es. One can see that Fls,s) 18 @

subfunctor of 13[5,5'] — ({00} U {o0})® by an argument similar to Step 1 in the proof of ProposiTion 2.4.4. Since
M’ /7M = key and TM /7w M’ = kes, the condition (2.26) implies a(ez2) (resp. o’ (e1)) generates £ (resp. £'). Thus the
two pairs are uniquely determined, up to isomorphism, by

a: M — L, e1—>(, ex—> 1,

o M—L, e =1 meyr—>1.

The commutative diagram in the definition of F7, ./ implies ¢ = 7, ¢ =  and {n = 7. Therefore, if we write ¢ and 7 for
the image of ¢ and ) in k(z), then

(—a#0andfj—b#0foralla,be k*. (2.27)

Note that 6[57511 C 1/5[8,8/] — ({oo} U {oo}) = Spf Ok (T, T1). For each R € Comply,, our construction of ﬁ[&sl]
gives
ﬁ[s’sl] (R) = {p: Spf R — Spf O (Ty, T1) : ¢ satisfies the condition (%)}, (2.28)

where the condition (x) is:

for each = € Spec R/mR the map ¢ o ¢, factors through (P*(k) — {oco}) U (PY(k) — {o0})
if and only if the image of Speck(z) — (P!(k) — {oo}) U (P1(k) — {oc}) is (0,0)
(¢4 is the canonical map Spec k(x) — Spf R).

SNote that 13[ s,s/] has two branches: each branch is isomorphic to P s» and the two branches intersect at the point defined by s’, i.e., the point 0 in
P! (k) (see ReEmaRK 2.1.2 (d) or SEcTION 2.3).Therefore, there are two infinite points in l?’[s’s/], and 13[5’5/] — ({00} U {oo}) means the space f)[s’sl]
with the two infinite points removed.

19
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In other words, we have the commutative diagram

Spf R ———F 5 Spf Ok (T, Th)

LIT ] (2.29)

Speck(z) -2 (P1(k) — {oc}) U (P (k) — {oc})

and (?) exists if and only if its image is (0, 0). Since points in (P! (k) — {oo})U (P! (k) — {oo}) are in 1-1 correspondence
with Spec k[Ty, T1]/(To — a, Ty — b) for all a, b € k. Thus the diagram (2.29) corresponds to the following diagram for
alla,b € k*:
R # OK<T(),T1>
l (2.30)
k(l’) {->H-- k[T(),Tﬂ/(TQ — a,Tl — b)

The map Ok (Tp, T1) — R — k(x) is given by Ty + ¢ +— ¢ and T} ~ 7+ 7. Hence (2.30) is equivalent to { — a # 0
and 77 — b # 0 for all a, b € k>, which coincides with (2.27). |

2.5 MobULAR DESCRIPTION OF 2: DRINFELD’S FUNCTOR

2.5.1 THE STATEMENT

NortaTioN 2.5.1. In this section, for each R € AlgoK we define
R[] := R[T)/(T? — 7).

That is, R[II] = {ap + a11l : ap,a; € R} is a commutative ring with the relation 11> = . It is clear that R[II] has a
(Z/2Z)-graded structure.

DEeFINITION 2.5.2. Define a functor F : Nilp,, — Set as what follows. We associate with each R € Nilp,, . a set
F(R) of isomorphism classes of quadruples (&, 7, u,r) consisting of the following data: (set S := Spec R)
(1) & = & @ & is a constructible sheaf of flat (Z/2Z)-graded O [I1]-modules on Spec R with respect to Zariski
topology.
(2) T = Fy® T is asheaf of (Z/2Z)-graded O [I1]-modules such that the homogeneous components .7 and .7; are
invertible sheaves on S.
(3) u:& — T is an Ok|[II]-linear morphism of degree 0 such that u ®, s is injective.
@) r:K?>— & ®oy K is a K-linear isomorphism.
In addition, these data are required to satisfy the following conditions:
[C1] For S; C S the zero locus of IT : .Z; — Z;11 (i = 0, 1) the restriction of sheaves &;|s, is a constant sheaf whose
stalk is isomorphic to O% fori = 0, 1.

[C2] For every geometric point  of S the map &, /118, — .7 @r k(x)/I1.7 @R k(x) induced by w is injective.
[C3] (A* &)ls, = 7 (A*(IrOk®))|s, for i = 0, 1.

The definition of the functor F is a little bit complicated and contains some technical conditions, so let us make the
first investigation before proving the represenbility of F (THEOREM 2.5.4) in SECTION 2.5.2.

REMARK 2.5.3. Notations are the smae as the above definition.
(a) For a sheaf .# on a locally ringed space X the fibre of .# at a point € X is defined to be

F(r) = F Qk(x) := Fp Qox, k().
If ¢ is another sheaf on X together with a morphism f : .# — ¥, the zero locus of f is the set
{r e X : F(z) = Y(x)is azero map}.

20
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Let us take a look at an example. Consider a commutative ring A and X := Spec A. It is equivalent to give the
following data:

(1) amorphism ¢ : Ox — Ox of Ox-modules;
(2) ahomomorphism ¢ : A — A, 1 — f of A-modules.

Thus the zero locus of ¢ is given by
{lp] € Spec A : Ay /pA, — Ay/pAy, 11— f isazeromap} = {[p] € Spec A: f € pA,} =V (f),

where V(f) := {[p] € Spec A : f € p}.

Since 9 and 7 are invertible ¢'s-modules on S, one can find an affine open covering (U; ), of S such that .% and
1 are isomorphic to Oy, on U; for each j. Now take U = Spec R’ to be one of the UJ’»s (note that R’ is an R-algebra;
since 7 is a nilpotent in R, 7 is also a nilpotent in R'; thus R’ € Nilpy,, ). Then J|y = Oy and 1|y = Oyp.
From (b) let f (resp. f1) be the element in R’ determining IT : 5|y — Z |y (resp. 11 : 1|y — Fo|v). Since
II? = 7, we have fy f; = 7. From (b) we know that

V(fo) = {[p] € Spec R’ : fo € p} = zero locus of I : S|y — 1|y = SoNU
V(f1) ={[p] € Spec R’ : f; € p} = zero locus of I1 : Z1 |y — Fo|lu = S1 NU.
Therefore,

(SonU)U(S1NU) =V(fo) UV(f1) = V(fif2) =V(r)=SpecR,

where the last equality holds because 7 is nilpotent in R’7. In conclusion, Sy and Sy are two closed subschemes of
S such that S = Sp U S1. Moreover, if [p] does not lie in V/(fo), then the map Ry, /pR,, — R, /pR; induced by
R’ — R/, 1~ fyis invertible. This indicates

U — V(fo) = {points in U where Il : F1|y — F|v is invertible},
U — V(f1) = {points in U where II : Zy|y — F1|v is invertible}.

By passing the local to the global one then obtains

S — Sy = {points in S where I : F#; — % is invertible},
S — 81 = {points in S where I : .F#; — .%; is invertible}.

It follows directly from the definition that giving a triple (&, 7, ) is equivalent to give a commutative diagram of
period 2

11 50 11 51 11 30 11

T

Ty —2 7 —L g

The main result in this section is that F is represented by the formal Ok -scheme Q. We state this result in the following
theorem, and we will sketch the proof of it in the next subsection.

TaeEOREM 2.5.4. [BC91, PrOPOSITION 5.3]
The functor F is represented by the formal O -scheme ().

2.5.2 THE Proor

This subsection is devoted to the proof of THEOREM (2.5.4). Instead of giving the whole proof, we only construct the map
form €2 to F, and we refer to [BC91, 1.5.5] for the verification that the map that we will construct is indeed an isomorphism.

"Note that for any ring A we have { nilpotent elements of A} = (,cgpec 4 P-
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DEFINITION 2.5.5. Let s = [M] be a vertex in BT . Since A>M C A\® K2 = K is an Oy-submodule, there exists
n € Z such that /\2 M = n"Ok. We say s is an odd (resp. even) vertex if n is odd (resp. even). If s is odd (resp. even),
we always take a representative M for s such that /\2 M = 77 'Of (resp. /\2 M = Ok).

Note that the above definition is independent of the choice of the representative. If we take another representative cM
with ¢ = 7™u € K* (m € Z and u € Of), then

/\2 eM =2 /\2M =7 . " O.

Thus we get the same result after modulo 2.

CONSTRUCTION OF MAPS INTO F
(1) For s = [M] € BTk an odd vertex there is a natural transformation Fs — F.

Let R € Nilp,, . We associate with each point (£, o) € F,(R) the diagram

50=Mﬂ>glzﬂﬂ>gozﬂ

J{uO_a J{ul_a J{uo—a

Fo=L - g = = g =L
and the isomorphism 7 : K> =+ M ® K induced by the inclusion M < K?. Let us check that the resulting map
Fs(R) — F(R) is well-defined.

[C1] Since II : 95 — 77 is the identity map, we have So = @ and S; = S. By our definition both &, and &; are
constant sheaves defined by M, so [C1] follows.

[C2] Let x be a geometric point of S. Notice that since R € Nilpy,, , one has Spec R = Spec R/mR. Then
&, = M @ M because both & and & are constant sheaves defined by M. The map II on &, is by definition
as the following:

nm:&=MoM —EE=M®M, (to,tﬂ’—)(ﬂ'tl,to).

Hence we have I1&, = 7 M & M and &, /116, = M/n M. Similarly, we have 7 @ rk(z) = (LD L) @rk(z),
and the map IT : .7 — 7 induces

II: (L& L)®rk(x) — (LD L)@rk(x), (lo,h)® fr— (7l1,l0) ® f.
Thus [1.7 ®@g k(z) = (7L ® L) ®@g k(z) and
T Qrk(x)/1T @rk(z) = (L/7L) ®r k(z) = R/TR ®g k(z) = k(z)/mk(z).
Since 7 is nilpotent in R and k() is an R-algebra, we then have 7" = 0 in k(z) for some r € N. Therefore,
7 = 0in k(z) because k(x) is a field. this shows .7 @r k(x)/I1.7 @r k(z) = k(). In addition, we have by
definition that £ @ k(z) = R ®r k(z) = k(z), so L ®r k(z) = J @r k(z)/I17 ®r k(z). Combining
altogether, we conclude that the composition

M/7M — LR k(r) = T @rk(z)/I1.T @5 k().

is injective (note that the first arrow is injective by (2.21)). Thus [C2] is verified.
[C3] Note that IT o 7(0%) = O% because of II = id on &,. Thus we have

/\2M =710 =771 /\2 02 =g 1 (/\21_[07’((9%()) .

22



2 DrINFELD UPPER HALF PLANE

(2) For s’ = [M'] € BTk an even vertex there is a natural transformation Fg — F.
Let R € Nilp,, . We associate to each point (£, ') € Fy/(R) a diagram

gO:M/ﬂ)&:M/%gO:M/

’ ’ ’
J{“D_a llﬂ_a J{uo—a

%:[Y =n %:E’ I=id %:Z’
and the isomorphism r : K LA M’ ® K induced by the inclusion M’ < K?2. Let us check that the resulting map
Fs(R) — F(R) is well-defined.

[C1] Since Il : 97 — 9 is the identity map, we have S; = @ and Sy = S. By our definition both &, and &, are

constant sheaves defined by M’, so [C1] follows.
[C2] This is the same as what we did in (1).
[C3] Note that IT o (0% ) = mO% be cause Il = 7 on &. Thus we have

/\2 M=0g=7""'x /\2 0% =71 /\2 1O0% =71 (/\21_[07"((9%()) .

(3) For every edge [s,s'] in BT i with s odd and s" even there is a natural transformation Fis o) — F.
Let R € Nilpy,, , and we are going to associate with each (£, L', a, o/, ¢, ) € Fi5 o1(R) a point in F(R) via the
following constructions:
o Let Sy be the zero locus of ¢/, and let S7 be the zero locus of c¢. Set Uy C Sy (resp. U; C Sp) to be the open
subscheme such that ¢ (resp. ¢) is invertible, and set V' := S7 N Ss. Since ¢’ o ¢ = 7 by DEFINITION 2.4.5,
ReEMARK 2.5.3 (c) implies

S=5US, So=U0uV, S =U,uV.

Inaddition, Sy, Sy are both closed subschemes of S.

Figure 2.6: S =Sy U S, = (U UV)U (U LV).
© When we restrict to Uy, the map c is invertible and then the diagram
=M =" & =M 5N G =M
%:EN’H;C/M%:ENL%:Z’

together with 7 : K* — M’ ® K induced by M’ — K? define a point in F(Uy) (one can see that this is
well-defined like what we did in (2)). Thus we have Fi ,/(Uo) — F(Up).
< When we restrict to Uy, the map ¢’ is invertible and then the diagram

gO:M%&:Mﬂ,gO:M

JU():(C/)l(X Jul—a Jug:(e’)l(x

%:E/H;C'M%ZELM%:E/
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2 DriNrELD UpPER HALF PLANE

together with r : K* =+ M ® K induced by M < K? define a point in F (U1) (one can see that this is
well-defined like what we did in (1)). Thus we have F, o (U1) — F(Uy).
o When we restrict to V, the diagram

G=M —L 55 =M -, & =M

J{ugza/ Jf“_a th():a’

%:Z’H;C,M%:ZLM%:Z’

together with r : K? — M'® K induced by M’ < K? define a point in (V) (this can be checked similarly
as before).
© Now we are going to glue the data which we obtained previously into a point (&, 7, u,r) in F(R).

> Let & be the sheaf on .Sy LI S7 such that 4 |g, = M’ and ¥|s, = M. Write ¢ : Sy LI S, for the canonical
morphism. Note that ¢.¥|y = M @® M’. In addition, we fix the following two inclusions

M—MaoM, m (m,mm);
M < MaoM, m— (m,m).
We then view M and M’ as submodules of M & M’ via the above two inclusions. Now define &y by

vy = 09| v,
élu, = 0« |u,,
Soly =M cMeoM.

Similarly, we define &7 as

£}1|Uo = ¢*g‘U07
éol|U1 = d)*g‘Ul;
(a@llv =M C M@ M.

It remains to define I : & — &1 and 11 : &1 — &), and we will define separably on Uy, on Uy and on V.
These are given by

M' =5 M’ onUy, M 2 M oon Uy,
I: & — &1, MY M onUy, IT: & — &b, MM onlU,
M <M onV, MZs M onV.

> We set .7 :Z’and% :ZtogetherwithH:c’ 9% = S andll=c: .9 — F.
> Set ug to be o’ on Sy and to be (') ' on Uy, and set u; to be & on S; and to be ¢~ 1o/ on U.
> The isomorphism r is defined by the inclusions M — K2 and M’ — K?2.

2.6 PGLy(K)-ACTION ON Q

Up to now, there are two viewpoints on the formal O -scheme Q: (1) the geometric construction given in SECTION 2.3;
(2) the modular description given in Section 2.5. In this section, we will see how PGLy(K) acts on €2 from these two
viewpoints.

2.6.1 GEOMETRIC VIEWPOINT

The group GLo(K) consisting of all invertible 2-by-2 matrices with entries in K. Equivalently, the group GLo(K)
contains all K-automorphisms on K 2. Therefore, GL2(K) acts on the set of all O g-lattices of K2. Since every element
in the subgroup K * C GL2(K) sends each O -lattice to a homothetic O -lattices, one has the PGLy (K )-action on the
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2 DrINFELD UPPER HALF PLANE

set of homothety classes of O -lattices in K 2: in other words, PGL, (K) acts on the set of vertices of BT . If M and M’
are two Ofc-lattices of K2 such that 7M C M’ C M with a compatible basis e1, ez, then for any g € GLy(K) one has
gM = (ge1, ge2)o, and gM’ = (ge1, m(gea)) o, . This shows 7(gM) C gM’ C gM and gey, ges is a compatible basis.
Modulo the homothety relation, one knows PGLy(K) also acts on the set of edges of BT . In conclusion, PGLy(K)
acts on the graph BT .

Recall from SecTion 2.3 that €) is obtained by gluing all (f\l[s’s/])[s,s/] along (Q)s. Then the PGLy (K )-action on
BTk induces for each g € PGL2(K):

)

g:Qs—Qys and g : Qg o) — Qg g7

One sees that the PGLy (K )-actions on (€, ), and (5[373/] )[s,s/] are just permuting them. Therefore, we have the PGL2 (K)-
action on .

2.6.2 CATEGORICAL VIEWPOINT

Now we know how PGLo(K) acts on Q, and we have seen in SECTION 2.5.2 the explicit map between JF and Q. Combining
all them together, one can see how PGL2(K) acts on the functor F. For the detailed proof please see [BC91, ProposITION
1.6.2].

ProrosiTioN 2.6.1. [BC91, ProrosiTION 1.6.2]
For any g € PGLy(K), any R € Nilpy,,. and for any (&, 7 ,u,r) € F(R) the formula

g- (&, T ,u,r) := ([n], T[n],un],Mmorog™t) withn :=v(det g)

defines a PGLg(K)-action on F (and thus on Q). Here [n] means to shift the Z /2Z-graded structure by n (mod 2).
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CHAPTER 3

CARTIER THEORY AND DRINFELD’S THEOREM

Like in CHAPTER 2, we fix the following notations throughout this chapter. Notice that we further assume that the
non-archimedean local field K is of characteristic 0.

NotATION. K is a non-archimedean local field of characteristic O with the ring of integers O . The maximal ideal of Ok
is denoted by m with a given uniformizer 7, and the residue field of Ok is denoted by k. We write p for the characteristic
of k and ¢ the cardinality of k. Fix an algebraic closure k of k. We denote by v the normalized valuation on K and by
| - | the absolute value on K (we take the standard convention |- | = ¢~¥®)). In addition, C is the completion of the
algebraic closure of K, i.e., Cx = K. As the usual convention, Oc,, is the ring of integers of Cx. We again use the
notation | - | for the unique extension of | - | on K to Cg. We write K™ for the maximal unramified extension of K and
write K for the completion of K™ (note that 7 is also a uniformizer of K™; see REMARK 2.2.2). Then O and O are
the ring of integers of K™ and K, respectively. Note that the residue field of O is k.

Besides these, we let D be a quaternion algebra over K and let Op be the valuation ring of D. Write L for the quadratic
unramified extension of K containing in D (see THEOREM A.3.2), and write O, the ring of integers of L. The Galois
group Gal(L/K) has cardinality 2, and we write o for the non-trivial automorphism in Gal(L/K).

3.1 CARTIER THEORY FOR FORMAL MODULES

DeFiniTION 3.1.1. We define the functor Wo . : Algy,, — Algy, by associating with each R € Alg,, the algebra
Wo, = (RNO7 +, ), where RNo .— HieNO R is a commutative O -algebra with certain addition 4+ and multiplication
- such that

Frob, : Wo, (R) — R, (zo,%1,2Z2, ) —> xg” +7Tx'fn +--+may

is an Ok -algebra homomorphism for every n € Njy. We call We,. (R) the ring of Witt vectors (or the Witt ring) over
R.

DEFINITION 3.1.2. Let R € Algy,, . The Verschiebung map is an endomorphism of We, (R) given by:
V:Wo, (R) — Wo,(R), z=(xo,z1,22, )+ 2 :=(0,z0,21, ).

In addition, there is an endomorphism T : Wo,. (R) — W, (R),  +— " such that Frob,, oT = Frob,,4; (mod 7"*1)
for every n € Ny. We also define an O -algebra homomorphism

[]: R—Wo,(R), a+r— la]:=(a,0,0,---).

DEFINITION 3.1.3. For each R € Alg,, the Dieudonné ring associated to R is Wo, (R)[V, F|, where F' and V' satisfy
the relations

(1) Fz = TaF forall x € Wo, (R);

(2) 2V =VTzforallz € Wp, (R);

3) VaF =Va;

“4) FV =m.
Note that Wo . (R)[F, V] is non-commutative. A module over a Dieudonné ring is called a Dieudonné module.

DEFINITION 3.1.4. Let R € Alg,, . The V-adic topology on Wo,. (R)[F, V] is the topology where the family of right
ideals (V™),,>( forms a base of open neighborhoods of 0 € We,. (R)[F, V]. The Cartier ring Ep, (R) associated to R
is defined to be the completion of the Dieudonné ring We . (R)[F, V] with respect to the V'-adic topology.
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3 CARTIER THEORY AND DRINFELD’S THEOREM

REMARK 3.1.5.
(a) By the explicit construction of completion every element in Ep,. (R) can be written as the following form

Z V™ap with @y, € Wo, (R)[F,V]/(V) 2 Wo, (R)[F]. (3.1)

m>0

Using the axioms in DErFINITION 3.1.3 one can rewrite the element of the form (3.1) as

> V™ amn]F" with @y, € R such that ay, , = 0 for all n. > 0. (3.2)

m,n>0

In addition, one can identify We, (R) as a subring of Ep,. (R) via the injective O x-algebra homomorphism

Wo, (R) — Eo (R), (z0,21,22,--) —> > V™[] F™. (3.3)

m>0
(b) There is a natural (Z/2Z)-graded structure on Ep, (R) given by
deg F=degV =1 and deg[a]=0foralla € R.
From the explicit form in (3.2) the homogeneous components of Ep,. (R) is given by

Eo, (R)o := {degree 0 elements} = {Z V™ amn]F" € Eor (R) : m + nis even};
Eo, (R)1 := {degree 1 elements} = {Z V™ amn]F"™ € Eop (R) : m + nis odd}.

It is clear that Ep, (R) = Ep, (R)o ® Eo, (R)1, and (3.3) implies Wo . (R) C Eoy (R)o.

DEFINITION 3.1.6. Let R be a commutative O g -algebra.
(a) A Cartier O g-module over R is a left Ep,. (R)-module M such that

(1) M/V M is a free R-module of finite rank;
(2) V isinjective on M (i.e., the map M — M given by multiplication by V is injective);
(3) M is complete with respect to the V'-adic topology.

(b) A formal O g-module over R is a smooth formal group & over R with an Og-action such that the induced
O -action on Lie(®) is the same as the action of Ok on Lie(®) via the R-module structure.

TrHEOREM 3.1.7. (CARTIER THEORY I) [BCO1, THEOREM II.1.4]
Let R be an arbitrary commutative O i -algebra. Then there is an equivalence between the category of Cartier O i -modules
over R and the category of formal O i -modules over R.

DerINITION 3.1.8. Let R be acommutative O g -algebra, and let IT € Op be an element such that IT> = 7 and [Tz = (“x)II
foreverx € L.
(a) A graded Cartier O g [II]-module over R is a (Z/2Z)-graded Cartier Ox-module M over R together with an
Eo (R)-linear endomorphism IT : M — M such that I1? = . If we write M = My & M as the decomposition
into homogeneous components, then M is special if My/V M7 and M, /V My are both free R-modules of rank 1.

(b) A formal Op-module over R is a formal Ox-module & over R together with an Op-action extending the
O -action. Furthermore, & is called special if Lie(®) is a free R ®p,, Or-module of rank 1.

TaEOREM 3.1.9. (CARTIER THEORY II) [BCO1, THEOREM I1.1.4]

Let R be an Op-algebra (in particular, R is an Ok-algebra). Then there is an equivalence of categories between the
category of graded Cartier O [I1)-modules over R and the category of formal Op-modules over R. Moreover, a graded
Cartier Ok [I1]-module over R is special if and only if the corresponding formal Op-module over R is special.
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3 CARTIER THEORY AND DRINFELD’S THEOREM

3.2 RIGIDIFICATIONS

In this section, we are going to introduce some notions and summarize some properties about formal modules over k. In
fact, some statements in this section can be formulated in a more general setting; please see [BC91, SEcTion I1.5-11.7].

DEeFINITION 3.2.1. Let & be a formal O -module over k. Then one can prove that its associated Cartier module (see

TueoreM 3.1.7) is free of finite rank over We,. (k), and we call such rank the height of &.

ProrosiTiON 3.2.2. [BC91, ProprosiTiON I1.5.1, I1.5.2]
(@) The height of every formal O i -module over k is divisible by 4.

(b) All special formal Op-modules over k of height 4 are isogenous to each other.
Noration 3.2.3. By Proprosition 3.2.2 (b) we from now on fix a special formal Op-module ® over k of height 4.

DeFINITION 3.2.4. Let &, and &, be two special formal Op-modules over k of height 4 (note that they are isogenous by
ProrosiTiON 3.2.2 (b)).
(a) A quasi-isogeny from &; to &, is an element in Isog (&1, B2) ®o, K. In other words, amap f : &; — & is
a quasi-isogeny if 7" f is an Op-isogeny for some n € Z>.
(b) Let f be inIsogp (1, 2), and let N be the smallest non-negative integer such that 7N f is an isogeny. We say f
is of height O if for every n > N the rank of ker 7™ f and ker[n™] are the same.

DEerinITION 3.2.5. Let R € Algg and & a special formal Op-module over R of height 4. A rigidification of & is a
quasi-isogeny p : @z — & of height 0, where @y, is the base change of ® from k to R.

We will see in SEcTioN 3.3.1 how rigidified formal modules play important roles in the statement of DRINFELD’S
THEOREM.

3.3 DRINFELD’S THEOREM

Noration 3.3.1. We introduce the following two categories of algebras (we have seen the first one in SEcTION 2.4).
(a) Let Nilpy,. be the category of commutative O -algebras such that 7 is a nilpotent.

(b) Let Nilpy,, .. be the category of commutative O nr-algebras such that 7 is a nilpotent.

DEeFINITION 3.3.2.
(a) Define a functor

G : Nilpy, — Set, R+ {(¢,8,p) : (&, p) modulo isomorphisms},

where the triple (1), &, p) consists of

(1) a k-algebra homomorphism 1 : k — R/mR;
(2) aspecial formal Op-module & over R of height 4;
(3) aquasi-isogeny p : Pr,rr — GR/xr of height 0.
(b) Define a functor
G" : Nilpy,,, — Set, R+~ {isomorphism classes of (&, p)},

where the pair (&, p) consists of
(1) a special formal Op-module & of height 4 over R;
(2) aquasi-isogeny p : ®r/rg — GR/rr of height 0.

The DrINFELD’s THEOREM (THEOREM 3.3.13) states that there is some relation between G and the functor F that we
studied in SectioN 2.5. In fact, we would like to work over Qg instead of over O . Thus we should construct a
quadruple (&, 7, u,r) from a pair (&, p). This is our task in the following subsection.
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3 CARTIER THEORY AND DRINFELD’S THEOREM

3.3.1 CONSTRUCTIONS

DerINITION 3.3.3. Let R be an algebra over Or,. We define the non-commutative Oy, -algebra We . (R)[V, IT] such that
V, 11 satisfy the following relations:

(1) IV = VII;

(2) Iz = zll for all z € Woe,. (R);

(3) 2V =VVzforallz € Wo, (R);

4 1% = 7.
We set Ep, (R) to be the completion of W, [V, II] with respect to the V-adic topology.

Similar to Ep,, (R) there is a Z/2Z-graded structure on Ep, (R) by setting
degV =degll=1 and degx =0 forallz € Wp, (R).

Note also that for each R € Alg,, every graded Ok [II}]-module R is naturally a graded E, (R)-module by omitting
the F-action. Recall from DerintTION 3.1.2 that we have an O -algebra endomorphism Wop,, (R) — Wo . (R) for every
R € Algp, .
DEerinITION 3.3.4. Let R be an algebra over Op,.
(a) For any Wo,. (R)-module M we define M T to be the Wp,. (R)-module M twisted by T; that is, the underlying set
of M and M T are the same, and for any z € We,. (R) and any e € M T the action is given by

z-a:=T(x)-a.

The - on the left hand side is the We . (R)-action on M T, and the - on the right hand side is the W, (R)-action on
M. ltis clear that M7 is again a Wo,. (R)-module. In addition, if M is an Ep, (R)-module, then one can check
that M is also an Ee, (R)-module.

(b) Let M be an Ep, (R)-module. Define the Ep, (R)-module N(M) via the short exact sequence
0—M s MeM"™ — N(M) — 0,
where 157 : o+ (V, —Ila) is an injection by (2) of DeriNtTION 3.1.6 (a). Thatis, N(M) = (M &M ") /iy (MT).

It follows from our construction that every Eo, (R)-module homomorphism M — M’ induces an Ep, (R)-module
homomorphism N(M) — N(M'). If M = My @ M, is a graded Ep, (R)-module, then M is also a graded Ep, (R)-
module with the decomposition M T = MJ @ M] . Moreover, N(M) is a graded E, (R)-module with the decomposition

N(M) = (Mo S¥) M(—)r)/L]w(MT) > (M1 S5 M;—)/LM(MT)

In next lemma, we are going to construct a map L, : M — N(M). To do this, we need to express each element in M in
a concrete form.

REMARK 3.3.5. Let R € Alg, , and let M be a special graded Cartier Ok [IT]-module over R. From DeriNtTION 3.1.6 and
3.1.8 we know that M /V M is a free Z /2Z-graded R-module. Then we can take a homogeneous R-basis {0, 71} C M.
Namely, degy; = @ (i = 0,1) and every a € M can be written uniquely as a = [ag]vo + [a1]y1 mod VM with
ag,a; € R. We call such basis {9, 1} a homogeneous V -basis. As a result, every o € M can be uniquely written as

a = [ap]vo + [a1]y1 + V&' withag,a; € Rand o’ € M.

LEmMa 3.3.6. [BC91, ProrosrTion 11.3.8]
Let R € Algy,, and let M be a special graded Cartier Ok |[Il]-module over R. Then there exists a unique map
Ly : M — N(M) satisfying the following properties:

(1) for any Op-algebra homomorphism R — R’ the diagram

M~ N(M)

Lol

M B N
commutes, where M' := M ®EOL(R) Eo, (R).
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(2) F = Aprolyy, where \py : N(M) — M isthe Eo, (R)-linear map induced by M®&M T — M, (o, B) + Tla+V L
Moreover, Ly can be described explicitly as what follows. Let {0,771} be a homogeneous V -basis for M, and let
a = [aglyo + [a1]y1 + V&' be an element in M (same notations as in REMARK 3.3.5). Then

Las(@) = [ag]Las(v0) + [af]lar (1) + [(TTe, 0)], 3.4
where [(Ila, 0)] is the class in N(M) represented by (Ila/,0) € M & M.

DeriniTION 3.3.7. Let R be an Oy -algebra, and let M be a special graded Cartier O i [II]-module over R.
(a) The map ¢ps : N(M) — N(M) is the graded Ep, (R)-module endomorphism induced by the map

MaeM" — NM), (a,B)— Ly(a)+[(8,0)]2,

where [(3,0)] is the class in N()M ) represented by (3,0) € M @& M.
(b) Define the graded Ok [II]-module & ]'a by

& ={zeNM): dp(z) = 2}.

Up to now, to each R € Alg,, and each special graded Cartier O [II]-module M over R we associate a graded
Ok [IT]-module &}5;. We want to use this to define a sheaf on Spec R. To do this, we just need to define on the principal
open subsets of Spec R, i.e., on open subsets of the form Spec R, with f € R (note that each R is an R-algebra). This
leads to the following definition.

DErINITION 3.3.8. Let R be an O -algebra, let & be a special formal Op-module over R of height 4, and let M be the
corresponding special graded Cartier O g [II]-module over R.
(a) The functor
Alg;, — {graded Ok [[I}]-module}, R — £E®RR,
defines a sheaf of graded O [IT]-module on Spec R, and we denote such sheaf by &.

(b) Define J to be the Z/2Z-graded O'g[l1]-module (M/VM) .
(c) For each R-algebra R’ we have a map & 1\9®R r — (M/VM) ®gr R’ by the following composition: (write
M :=M®grR)
& = NM') — M'/VM' = (M/VM)@r R,

where the first arrow follows from DeriNITION 3.3.7, and the second arrow is the map induced by M’ & (M')T —
M/VM, (a,) — o mod VM. This defines an O -linear morphism ug : 66 — J of degree 0.

ProrosiTiON 3.3.9. [BC91, ProprosiTiON I1.5.5, I1.5.6]
Let R be an Oy -algebra, let & be a special formal Op-module over R of height 4, and let M be the corresponding special
graded Cartier Ok |1]-module over R.
(a) We write &5 = é"g’ 0@ c?g 1 for the homogeneous decomposition. Then gg ; is a free O -module of rank 2 for
everyi € {0,1}.
(b) The map &5 JTIEG — (M/V M) /TI(M/V M) induced by ue is injective.

DerFINtTION 3.3.10. Let 12 € Alg,, such that 7R = 0, and let M = My & M be a graded O [IT]-module over R. We
say i € {0, 1} is critical if [IM; C V M;.

Notations are the same as the above definition. If & is the corresponding formal Op-module over R. We say 1 is
critical for & over R if and only if ¢ is critical for M over R.

Note that ¢, (M) lies in the kernel of M @& M T — M, (o, B) + Tla + V3. Thus N(M) — M is well-defined.
2By LemMMA 3.3.6, particularly (3.4), Las (V) = [(TTa, 0)] for any o € M. Thus for any (Va, —TIcr) € tpr (M) we have

(Va, —lla) — Ly (V) + [(—1Ie)] = [(Tay, 0)] + [(—Ta)] = 0.

Hence ¢, is well-defined.
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ProrositioN 3.3.11. [BC91, ProposiTION I1.7.5]
Let R € Algz, and & a rigidified special formal Op-module over R of height 4 with the rigidification p : &5 — &. Set
S := Spec R, and set S; to be the closed subscheme of S such that i is critical for & over S;°.
(a) For each i € {0,1} the sheaf s ; is constructible with respect to the Zariski topology on S, and the restriction
8s.i|s; is a constant sheaf.
(b) We have an isomorphism r(e ) : K> — Es,0 ®0, K such that the degree [ ;|s, : II'r(Ok>)] is i for each
i€{0,1}.

3.3.2 THE STATEMENT

TreoRrREM 3.3.12. (DrINFELD) [BC91, THEOREM I1.8.2, I1.8.5]
Let F™ be the restriction of the functor F to Nilpo ... Since F is represented by the formal O ic-scheme €2, one deduces

that F™ is represented by the formal O -scheme Q ®OK Oy (see DEFINITION 2.5.2 and THEOREM 2.5.4). Then the
natural transformation G™ — F"* given by

G"(R) — F™(R), (8,p)r— (s, Ts,us,7(s,p)) foreach R € Nilpgy_,,

is an isomorphism, and thus G* is represented by the formal O j-scheme Q Ro O

Recall that the definition of (&, T, ue, r(s,p)) is given in DEFINITION 3.3.8 and ProposiTION 3.3.11 (b), and the
map G™(R) — F™(R) is well-defined by ProposiTion 3.3.9 and ProposiTion 3.3.11.

For R € Nilpy,, a k-algebra homomorphism ) : k — R/mR can be lifted to a unique O -algebra homomorphism
1 1 Ogne — R. Since O is the completion of Ognr, the map ¢ can be extended uniquely to an Ox-algebra
homomorphism O — R, which is again denoted by 1. One can view R as an O jc-algebra, via 1 and we denote it by
R . Then for any A € Nilp,, we have

Homo, cont(4 80, O, R) — | | Homo, cont(A 8o, O, Ry).- (3.5)
v:k—R/TR

It is obvious that (3.5) is injective. If we have a map ¥ € Homof(,cont(A @A@OK O, Rd?)’ the following commutative
diagram

A ®0KO}”( # Ri/;

id
O ——— Ok

indicates that ¥ is also a map in Homo . cont (A4 QA@@K O, R). Therefore, (3.5) is surjective and thus an isomorphism. By
passing from local to global and using THEOREM 3.3.12 we then obtain

GR)= || G@®;)= || Homo,(SpfR; Q&0,0)=Homo, (SpfR,Q8o,0x).
P:k—R/TR P:k—R/TR

Therefore, we obtain the representability of the functor G.

TreorREM 3.3.13. (DriNreLD) [BC91, Tueorem I1.8.4]
The functor G is represented by the formal O g -scheme Q @0, O e

3If we write S; = Spec R/I; for some ideal I; C R, then ¢ being critical for & over S; means that 4 is critical for & over R/I;.
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CHAPTER 4

CHEREDNIK-DRINFELD THEOREM ON UNIFORMIZATION OF
SHIMURA CURVES

In CuaPTER 2 and CHAPTER 3 our discussions are based on a given non-archimedean local field K. In this chapter the
field K will be the field of p-adic numbers Q,,, and the rational prime p will be fixed throughout this chapter in NotaTion
4.1.2. Thus Q = P'(C,) — P'(Q,), and Z, is the ring of integers of the completion of the maximal unramified extension

of Q.

4.1 SHIMURA CURVES

In this section, we are going to define a Shimura curve, the geometric object that we want to study. Roughly speaking, a
Shimura curve is a geometric object represented a moduli functor of certain family of abelian schemes. That is, a Shimura
curve parametrize a family of abelian schemes.

LemMma 4.1.1. Let A be a quaternion algebra over Q. We associate with A a functor
Ga:Algg — Grp, R+— (A®qR)".
Then this defines a reductive group G over Q.

Proor. Since Q is algebraically closed, every number in Q has a square root in Q. Therefore, A ®@q Q = M>(Q) by
ExampLE A.1.6 and REMARK A.1.5. This shows that G , Q = GL, a By ExampLE B.4.5, we know that G A is a reductive
group. |

Let P(Q) be the set of all places of Q. We know
P(Q) ={]|p:|-|=1"loo : pruns through all rational primes}.

We call | - |,’s finite places and | - | = | - | the infinite place. For a place v € P(Q) we write v { oo if v is a finite place
and write v | 0o (or v = 00) otherwise.
Let Aq be the adele ring of Q. Recall by definition that

Aq =X (x)y € H Qu| 2z, € Oq, for all but finitely many v » ,
veP(Q)

where Q, is the completion of Q with respect to v. Note that for v { oo the ring Oq, is just the ring of integers of the
local field Q.; for v | oo we take Oq, = Q.. In other words, A q is the restricted product of (Q,),ep(q) With respect to
(0Q, )ver(q)- Set Pan(Q) to be the set of all finite places of Q. The finite adele ring is

Aqgsn =1 (To)v € H Qu|zy € Ogq, for all but finitely many v
UEPfin(Q)

In other words, Aq fn is the restricted product of (Q,),epy,, (q) With respect to (Oq, )vepy, (q)- In addition, we define
for each rational prime p the ring

Ag,ﬁn =< (my)y € H Q.| z» € Oq, for all but finitely many v
v€Pen (Q)—{l"|p}
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NotaTioN 4.1.2. We fix some notations throughout this chapter. We fix an indefinite division quaternion algebra A over
Q, and we fix a maximal order Oa of A (note that all maximal orders of A are conjugate). Write § for the product of all
rational primes where A is ramified’, and fix a prime p € N such that p | §. Let U C Ga(Aq,an) be a compact open
subgroup such that U = U, U? with U, C Ga(Q,) the unique maximal compact subgroup? and U? C G A(Ag,ﬁn) a
compact open subgroup. Moreover, we always assume U? is small enough3.

TuaeoreEM 4.1.3. [BC91, Tueorem 111.1.2]
For U as in NotaTioN 4.1.2 we define a functor

Mu c : Sche — Set, S +—— Muy c(S) = {isomorphism classes of (A,1,7)},

where (A, 1, D) is a triple consisting of
(1) an abelian scheme A of relative dimension 2 over S;
(2) a ring homomorphism Oa — Endg(A);
(3) a level U-structure v on A. Explicitly, if n is a positive integer such that U(n) = {g € (Oa ®z i)x
g =2 1 (mod n)} C U, then there exists an étale covering (U;); of S together with an Oa-linear isomorphism
(A x5 U))[n] == Oa @z (Z/nZ) as group schemes over U; for each i and these isomorphisms are compatible;
that is, for any i, j the diagram commutes:

(A x5 Uj)[n] ————— Oa ®z (Z/nZ)

1 I

(A xg (Ui xg Uj))[n] —— Oa ®z (Z/nZ)

| 2

(A xgUj)[n] ———— Oa ®z (Z/nZ),

where pr; and pr; are induced by the natural projections U; X g Uj — U; and U; x g U; — Uj;, respectively.
Then the functor Muy ¢ is represented by a C-scheme, and we call such scheme the Shimura curve associated to U over
C and denote it by Shy c.

REMARK 4.1.4. Let us say some words about the above theorem.
(a) Let f : X — Y be a morphism of schemes, and let d € Zx>(. The morphism f is smooth of relative dimension
d at a point x € X if there are open neighborhoods U and V' := Spec R of = and f(x), respectively, such that
f(U) C V and there exists an open immersion U < Spec R[T1,--- ,T,]/(f1, -+, fn—a) for some n > d and
some f1,- -+, fn_a € R[T}, -+ ,T,] satisfying

afi
J (x) € M(y—g)xn(k(z)) hasrank n —d.
oT; i,j
We say f is smooth of relative dimension d if it is so at every point of X.
(b) A morphism f : X — Y is unramified at a point x € X if it satisfies two conditions:
(1) f is locally of finite presentation (thus f is locally of finite type);
(2) thering Ox . /My, () Ox o is a field and is finite separable over k(f(z)).
We say f is an unramified morphism if it is unramified at every point of X.

(c) A morphism f : X — Y of schemes is flat at v € X if O ; is a flat Oy y(,)-module. We say f is flat if it is flat at
every point of X.

1We note that any division quaternion algebra over Q cannot be unramified at all finite places. This can be proved by a computation via Hilbert
symbol; see [Vo21, SEcTioN 12.4].

2To be more concrete, the group Uy, is the group of units of the unique maximal order of A ®q Qp.

3This is a technical condition which assures the moduli problems (see THEOREM 4.1.3 and 4.1.5) is a fine moduli problem. We will not discuss what
"small enough” exactly means. In conclusion, if UP is small enough, then U is also small enough. For each n € N set U(n) to be the subgroup of
(Oa ®z 2) * consisting of elements congruent to 1 modulo n. For example, if U C U(n) for some n > 3, then U is small enough.
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(d) A morphism f : X — Y of schemes is called étale if it is smooth of relative dimension 0. Here we quote some
equivalent statements for étale morphisms (see [EGAIV,, COROLLAIRE 17.6.2]).
Let f : X = Y be a morphism of schemes, and let x € X be a point. Then the following statements are equivalent.

(1) fisaétale at x;
(2) f is smooth and unramified at x;
(3) f is flat and unramified at x (note that generally a morphism smooth at x is also flat at ).

There is another characterization of étale morphisms called INFINITESIMAL LIFTING PROPERTY (see THEOREM 4.4.6).
This property will be used in the proof of CHEREDNIK-DRINFELD THEOREM (THEOREM 4.2.2).

(e) [EGAIV,, PropositioN 17.6.3] Let f : X — Y be a morphism locally of finite type, and suppose Y is locally
noetherian. If x € X is a point such that k(x) = k(f(x)), then f is étale at x if and only if Ox , = Oy, f(4).

TuaeoreM 4.1.5. [BC91, DeriNtTION 111.3.2, THEOREM II1.3.6]
For U as in NotaTiON 4.1.2 we define a functor

Mu,z, : Schz, — Set, S +—— {isomorphism classes of (A,1,D)},

where (A, v, ) is a triple consisting of
(1) an abelian scheme A of relative dimension 2 over S;

(2) a ring homomorphism v : Oa — Endg(A) such that the following statement holds.
Let Z,(,Q) be the ring of integers of the unique quadratic unramified extension of Q,, and we view Z,(,Q) as a subring
of On, (up to conjugation). We ask that for each geometric point x = Spec F' of S (F' is an algebraically closed

field) the Z,(,2)-acti0n on Lie(A,) decomposes into the sum of the two injections 21(72) ®z, F, —5 Fp2 = F. In
this case, we call the O a-action on A defined by 1 is special.

(3) a level U-structure v on A.
Then the functor Muy z,, is represented by a projective scheme Shy z, over Z,, which is called the Shimura curve
associated to U over Z,,. Moreover, the generic fibre of Shy z, is Shu,c ®QQ,y; thatis, Shy z, ®z,Q, = Shy,c ®QQ,
as schemes over Q.

4.2 THE MAIN THEOREM

DEFINITION 4.2.1. Let notations be as in Notation 4.1.2. We define A to be the quaternion algebra over Q such that*

a division quaternion R-algebra if v = o0;
Ay =9 My (Qp) ifv=p;
A, if v is a rational prime coprime to p.

Like in LEmma 4.1.1, we can associate A a functor
Gj : Algg — Grp, R+— (A®qR)*.
Again, this defines a reductive group Gz over Q.

THEOREM 4.2.2. (CHEREDNIK-DRINFELD) [BC91, THEOREM III1.5.3]
For U as in NotatioN 4.1.2 set Zy := UP\Gz(AQ,in)/GAa(Q). Then there is an isomorphism of formal Z,,-schemes

Shu,z, = GLy(Q)\(2 &2, %, x Zv).

Here gl\lUvzp is the formal completion of Shy z,, along its special fibre, Zp is the ring of integers of the completion of the
maximal unramified extension of Q,, and Q @zp Zp X Zy is defined by

4Note that all division quaternion R-algebras are isomorphic to each other by THEOREM A.3.1. Another remark is that A is automatically a division
algebra; see REMARK A.3.4.
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The proof of CHEREDNIK-DRINFELD THEOREM will be demonstrated in SEcTion 4.4, and the remaining of this section
is devoted to the first step preparations toward the proof. There are two points: (1) a rough idea for the proof of
CHEREDNIK-DRINFELD THEOREM; (2) understand the structure of GLy(Q,)\ (€2 ®z, Z, X Zy).

To sum up our strategy of the proof in one sentence: we first show that the isomorphism in CHEREDNIK-DRINFELD
THeOREM holds for their special fibres, and then one can conclude that the isomorphism holds for the whole spaces. The
construction of the morphism between special fibres is in SEcTioN 4.4.1, and then we prove that such morphism is an
isomorphism in SEcTION 4.4.2. Finally, in SEcTION 4.4.3 we refer to [BC91] to see how to deduce CHEREDNIK-DRINFELD
THEOREM from the isomorphism on special fibres.

By taking special fibres it means that we need to take a base change to F',,. In addition, we also need to take a base
change to the algebraic closure F,, because some properties behave better over an algebraically closed field. There will be
various group actions appearing in our discussion, and we should be very careful about the objects and the groups acting
on them. To avoid confusion, we list two notations that will occur in the sequel.

o Q® Fp: This is the F';,-scheme obtained by extending the scalar of Q @Zp Zp Indeed,

o~ o~ 9

(Q®z,Zy) ®z, Fp = ¥ ®z, (L, ©z, Fp) = Qe F,

o (AZE: This is defined to be Q ® F,, but distinct to the first point it is now considered as an F,-scheme.

Next task is to understand the structure of GL2(QP)\(SA) @zp Z, x Zy). In the introduction of this thesis, we have
seen some examples of uniformizations. In those examples, the uniformization theorems state that the geometric object
concerning us can be characterized by the quotient a relatively simple geometric object. Thus it is natural to ask: is
GLo (Qp)\(ﬁ @zp Zp X Zy) arelatively simple geometric object? The answer is yes, but it is not so obvious and requires
some efforts to see it.

The first thing is to describe the group actions appearing in CHEREDNIK-DRINFELD THEOREM. The group GL2(Q,)
acts naturally on Q @)zp Zp X Zv componentwisely:

o The GLy(Q,)-action on € is the way that we have seen in SECTION 2.6.

¢ The GL2(Q,)-action on Zp is induced by the GL2(Qp)-action on Z;": for any g € GL2(Q,) and any = € Z}*
g - = (Frob™)~v(det9)

where Frob™ : Z»* — Z7" is the lift of the Frobenius map Frob : F), — F,, t — .

o Weidentify G (A 5,) With Ga(Ag, ,) via the anti-isomorphism g g~ 1,50 UP isasubgroup of Gz (Aq fin)-

The group GL2(Q,) acts on Zy by acting on the p-component (note that Gz (Q,) = M2(Q))).
NoraTion 4.2.3. We set GL; (Q,) := {g € GL2(Q,) : v(det g) = 0}.

The following is a sketch of how to understand the quotient

© One can prove that the quotient GL2(Q))\ Zu is a finite set. Write {x1, - - - , z,, } for a complete set of representatives
of GL2(Q,)\Zu with each z; in Gz (Aq.fn). If weset T; := G2 (Q,) Nx; 'UPx; foreachi = 1,--- ,n, then
one can prove that

~ ~ 9]

GLo(Q\(Q @z,Zy x Zu) = |_|Ti\(Q Bz, Zy).
=1

¢ Foreachi = 1,--- ,nthereexistsr; € N suchthatp™ = p"i.1 = (p © 0 ) isinT;. To computel"i\(ﬁ @zpip),

0 pm
we split into two steps: first compute (p” - 1}\(@ @zp Zp), and then take quotient by modulo I';. Note that p™ - 1
acts on € trivially because it is a scalar matrix. On the other hand, the fixed part of Zp by p™ - 1-action is by
definition given by

< (Frob™® —v(det p"i) 5 (Frob®* —2r; o 2r;

e )
where Zf”) is the ring of integers of the unramified extensions of Q,, of degree 2r;. Combining all these together,
we then have

~

W' I\ Bz, Z,) = O Bz, 207,
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Now we take the the quotient of the above expression modulo I'; to obtain
Li\(Q &z,Z,) = D\Q &7, Z3).

o Let I'; be the image of I'; in PGL4()Q,. One can show that I"} is a Schottky group. Moreover, it can be proved
that FZ\(AZ @zp Zfr") can be written as

2r;

T\Q 87,23 = | |[T)\Q.
1

The object || I \Q is called a Mumford quotient>. Under our assumption that U” is small enough, one can show
that I",-action on BT k satisfies the following property: for any v € I"; and any vertex s € BTk, dist(s, ys) > 2.

o If we take base change to Fp, then one has

2r; 27,

(Lr\D2) @z, Fy = | |T)\Og .
1 1

4.3 ALGEBRAIZATIONS

ProrosiTiON 4.3.1. [BC91, ProprosiTiON II1.2.1]
There is only one isogeny class of pairs (A, 1), where A is an abelian variety of dimension 2 over ¥, and v is a map from
Op to Endfp (A). Moreover, there is a Q-algebra isomorphism

EIld(')A (A)Q = EIld(')A (A) Rz Q = A.

SeTup 4.3.2. Let us fix an abelian variety Aq over F,, of dimension 2 with a special Op-action. Set ® the corresponding
special formal Oa -module (i.e., ® is the formal completion of Ay along its identity section; see REMARK B.5.4). By
ProposITION 4.3.1 we fix the identification Endp, (Ag)q = A and thus Gz (Q) = Auto, (4o)q := Auto, (4o) ®z Q.
Passing to the formal completion, we then have

A, = My(Q,) = Endo,, (¥)q, and Gx(Q,) = GLy(Q,) = Auto,, (P)q,-

Here Endo,,  (®)q, := Endo,, (?) ®z, Qp and Auto,  (P)q, := Auto,, (?) ®z, Q,. For each rational prime £ # p
we define
T[(OA) = Ox Rz Z, and V[(OA) = Tg(oA) XKz, Qg.

Similarly, for an abelian variety A (over any field) we define T;(A) to be the ¢-adic Tate module of A and V;(A) :=
T;(A) ®z, Q. Then we fix the isomorphisms for every £ # p

voe : Ve(Ag) = Vi(Oa)
Recall that we have introduced the category Nilp,, in Notation 3.3.1, and now we are considering K = Q,,.

DerFinITION 4.3.3. Let R € Nilpzp, let S := SpecR, and let & be a special formal OAp-module over R. An
algebraization of & is a pair (4,¢), where A is an abelian scheme over S, and ¢ : A =5 &isan Oa-equivariant
isomorphism. If A is equipped with a level U-structure, we then call (A, €) an algebraization with level U-structure. We
write Algy;(®) for the set of isomorphism classes of algebraization of & with level U-structure.

Lemma 4.3.4. [BCI1, 111.6.2.2]
The set Algy; (®) is bijective to the following two sets:
(1) the set of isomorphism classes of triples (A, e, V) consisting of

SFor more details about Schottky groups and Mumford quotients please see Mumford’s paper [Mu72] or the related books [GvdP80] and [Lii16].
6Note that we have proved in ProposiTion 2.1.4 that BT i is a tree. For any two vertices s and s’ we denote by dist(s, s’) the length of the path
joining s and §’, i.e., dist(s, s’) is the number of edges of the path.
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o an abelian variety A over Fp with an Oa-action;
o an Oa-equivariant isomorphisme : A — ®;
o a class v of Oa-linear isomorphisms v’s modulo the UP-action on the right hand side:

v: [[7e(4) = T Te(0n).
LFp tF#p
(2) the set of isogeny classes of triples (A, €, V) consisting of

o an abelian variety A over F, with an A-action by isogenies;
o an Oa-equivariant quasi-isogeny € : A —— ®;
o a class v of A-linear isomorphisms v’s modulo the UP-action on the right hand side:

v [[Ve4) = ] Ve(Oa).

L#p L#p

DeriniTION 4.3.5. We define Alg(®) := @1 Algy (D), where the projective limit runs through all small enough compact
open subgroup U’ € Ga(Aq,n). The set Alg(®) has a natural Gz (Aq an)-action by using the characterization in

LemMa 4.3.4 (2). More precisely, write Gx(Aq.fin) = GA(Qp) X GA(AQ 4n)-

¢ The component Gz (Q),) acts on ¢ by composition. That is, for any g € GA(Q,) = GL2(Q,) we define
g-e: A9 -L 0.
Note that g acts on ® by our identification (see SETUP 4.3.2).
© The component G 5 (Ag, 4,) acts on by composition (note that Gz (Ag, g,,) acts on [] V;(Oa) canonically).
From Sertup 4.3.2 we have a fixed element (Ag, €o, ) in Alg(®) given by
€0 20 —» ® and g = class of H Vo.¢.
L#£p

We then have a map
0: Ga(AQ,fin) — Alg(®), g+ g- (Ao, €0, ).

In the statement of CHEREDNIK-DRINFELD THEOREM (THEOREM 4.2.2) there is a set Zyy. Now we can see this set occurs
naturally from our discussions on algebraization.

LEmMa 4.3.6. [BCO1, I11.6.2.3]
The action of Gz (AQ,n) on Alg(®) is transitive, and the stabilizer of (Ao, €0, 7o) is Ga(Q). Thus the map o induces
the bijections on sets:

Alg(®) = Gx(AQ.n)/Ga(Q) and Algy(®) = UP\Gx(AQ.an)/Ga(Q) = Zu

4.4 Tue Proor

4.4.1 CONSTRUCTION OF O

Note that (Q ® F,) x Zy is the disjoint union of # Zy-copies of Q® F,. We view Qe F,) x Zy as a functor from
Schr, to Set. Certainly, we only need to consider affine F-scheme S = Spec R such that S is connected (because then
the image of a map from S to (ﬁ ® F},) x Zy just lies in one connected component, i.e., in one of Q® F,’s). By applying
Tueorem 3.3.13 with base change to F'), and LEmma 4.3.6 we obtain that

Q® F, x Zy)(S) ={(¥,8,p, A, e,7) : (&, p) modulo isomorphisms},

where the tuple (1), &, p, A, €, V) consisting of
o an F-algebra homomorphism ¢ : F,, — R;
¢ aspecial formal O -module & over R;
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© aquasi-isogeny p : &5 — & of height 0;
o an algebrisation (A, e, ) with level U-structure of ®.
To give a connection between 2 @ F), x Zyy and Shy z,, we need the following lemma:

LemmA 4.4.1. [BCY1, LEmma I11.6.3.1]

Let R € Alng and S := Spec R. Let 1,83 be two special formal O ,-modules over R, let f : & — &3 be a
quasi-isogeny, and let (A1, e1) be an algebrisation of ®1. Then there exists a unique algebraization (A, e2) of 4 and a
unique quasi-isogeny g : Ay — As such that the diagram

A 2 8,
EJ Jf
Ay —2 B,
is commutative. If Ay has a level U-structure, then Ay also has a level U-structure.

Keep the same notations before LEmma 4.4.1. Applying LEmma 4.4.1 with
6, =%p, &:=6, f=p A=AQg B, e =eQf B,

we then obtain an algebraization (Asg, €2) with a level U-structure of &. This pair (As,e2) with a level U-structure is a
point in (Shy,z, ®z,F,)(R) by THEOREM 4.1.5 (with base change to F,).
To sum up, for any R € Algg such that S := Spec R is connected, we have a map

Q®F, x Zy)(R) — (Shu,z, @z, F,)(R).
This induces a morphism O : ((AZ ® Fp) X Ly — Shuyzp ®z,F, of F,-scheme. Moreover, one can check that O is
GL2(Q,)-invariant, so we can conclude the following:

PrOPOSITION 4.4.2. There is a morphism © : GLa(Q,)\(Q ® F,, x Zu) — Shu,z, @z, F, of F,-schemes.

4.4.2 O IS AN ISOMORPHISM

In last subsection, we constructed a morphism © : GLy(Q,)\(Q ® F, x Zy) — Shy,z, ®z,F, of F,-schemes in
ProposITION 4.4.2. In this subsection, we are going to prove that © is indeed an isomorphism. Our strategy is to take a
base change to F, and then apply FartnruLLY FLaT DESCENT (LEMMA 4.4.12).

First of all, the map © is a morphism between F,-schemes. By base change to Fp we then obtain

@f [GLQ(QP)\<§ ® Fp X ZU):| ®Fp Fp — ShU7Zp ®ZpFP'

L
The following lemma tells us that the source of éfp can be written as a cleaner form.

Lemma 4.4.3. We have [GLQ(QP)\(Q ®F, x ZU)] or, F, = GLY (Q)\(O5 x Zu).

P

With the above lemma we will from now on consider 6fp as the form GLJ' (Qp)\(ﬁfp x Zy) — Shu,z, ®z,Fp.
It is not so clear how to prove @E is an isomorphism, but is is rather easy to check that whether the induced map on
F,-points is bijective, Indeed, F,-points of GLJ (Qp)\(ﬁfp x Zy) and of Shy z, @z, F), can be explicitly described

due to our categorical construction. Next lemma says that the induced map of 6fp on F,-points is bijective.

Lemma 4.4.4. [BCI1, 111.6.4.2]
The morphism @fp induces bijection on the Fp-mtional points.

We would like to show that @Fp is an étale morphism. It is difficult to use those equivalent statements stated in

REMARK 4.1.4 to check that @E is étale. However, we have very explicit modular descriptions of the geometric objects.
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Therefore, the INFINITESIMAL LIFTING PROPERTY is a suitable choice for us. Instead of proving that @fp is étale, we will
prove that

@fp : pr X ZJy — ShU,Zp ®ZPFP
is an étale morphism.

DEFINITION 4.4.5. Let B be an algebra over a ring R. A thickening of B is a surjective R-algebra homomorphism
¢ : B' — B such that (ker )2 = 0.

THEOREM 4.4.6. (INFINITESIMAL LIFTING PrROPERTY) [BLLR90, PrROPOSITION 2.2.6]
Let f : X — 'Y be a morphism locally of finite presentation of schemes. Then the following statements are equivalent.
(a) f is unramified (resp. smooth, resp. étale);

(b) for any T'(Y, Oy )-algebra B and any thickening B’ — B of B the canonical map
Homgcn, (Spec B', X) — Homgcn, (Spec B, X)
is injective (resp. surjective, resp. bijective).

REMARK 4.4.7. Notations are as in THEOREM 4.4.6. We can reformulate the theorem as what follows:
The morphism f : X — Y is unramified (resp. smooth, resp. étale) if and only if for any commutative diagram

SpecB —— X

l /7 J

SpecB’ —— Y

there exists at most one (resp. at least one, resp. a unique) lifting Spec B’ — X.

Lemma 4.4.8. [BCI1, 11.6.4.3]
The morphism GE, is étale, and thus @E, is also an étale morphism.

PROOF. (SKETCH)
Let R be an F,-algebra, and let R’ — R be a thickening of R. By the INFINITESIMAL LIFTING PROPERTY (THEOREM 4.4.6)
one needs to show that the following two canonical maps

Qg x Z0)(R) — (O, x Zu)(R) and (Shy z, ®z,F,)(R) — (Shu z, ®2,F,)(R)

are bijective. The situation could be understood more clearly from the diagram:

N P
>~ %
l >l l@fp
- T

By the theory of commutative formal groups lifting a point (&, p, A,eD) € (ﬁfp x Zy)(R) to (SA)E x Zu)(R') is
equivalent to lifting the formal O -module &, and such lifting is unique (it is important that the base Fp where we
are working is algebraically closed). The argument for (Shy z, ®z, F,)(R') — (Shu z, ®z,F,)(R) is quite similar
(lifting an abelian variety over F,, with an Oa-action and a level structure is equivalent to lifting its associated formal
group; this is a theorem of Serre-Tate). u

The next thing is to combine LEmMma 4.4.4 and LEmMma 4.4.8 to show that @fp is an isomorphism, and then we can

conclude © is an isomorphism by faithfully flat descent. What we will do is to extract the essential information and
formulate our problem as a general statement in algebraic geometry. To begin with, let us take a look at some basic
properties concerning about rational points of schemes over fields.

REMARK 4.4.9. In this remark, we are going to see some basic properties about schemes over fields.
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(a) [GW20, ProprosITION 3.33] Let X be a scheme locally of finite type over a field k. Then the following statements
are equivalent.

(1) A point x € X is a closed point;
(2) the field extension k(x)/k is finite;
(3) the field extension k(x)/k is algebraic.
(b) [GW20, PropostTiON 3.36] Let X be a scheme locally of finite type over an algebraically closed field k. Then
{closed points of X } = X (k).
Since k is algebraically closed, there is no non-trivial algebraic extension over k. Then the assertion follows directly
from (1) and (3) of part (a).
(c) Let X be a topological space and Z C X a subset endowed with the subspace topology. We say Z is very dense in
X if it satisfies the following equivalent statements:

(1) The map is a bijection:
{open subsets of X} — {open subsets of Z}, U +— UNZ.

(2) The intersection of Z and every non-empty locally closed subset of X is non-empty.

It is obvious from the definition (statement (1)) that every very dense subset is a dense subset. Note that every dense
subset (and thus every very dense subset) of a non-empty topological space is non-empty.

(d) [GW20, Proposrrion 3.35] Let X be a scheme locally of finite type over a field k. Then the set of closed points of
X is very dense in X. In particular, if k is algebraically closed, then X (k) # &.
By the characterization (2) in part (c) we should prove that every locally closed subset of X contains a closed point.
It suffices to prove that for any affine open subsets Spec R C X every non-empty closed subset of Spec R contains
a closed point. A non-empty closed subset of Spec R is of the form V' := V' (a) for some proper ideal a. Since a is
contained in some maximal ideal of R, one deduces that V' contains a closed point x of Spec R. Since Spec R is
locally of finite type over k, (a) implies that k(z)/k is algebraic and thus z is also closed in X.

We know that injectivity (of morphisms of schemes) is not stable under base change, but surjectivity is (see [GW20,
ProprosiTion 4.32]). We say a morphism is universally injective if every base change of it is still injective. The next
lemma are two properties of universally injective morphisms.

Lemma 4.4.10. [SPOS, Tac 01S4, 02LC]
(a) Let f : X — Y be a morphism of schemes. The following statements are equivalent.
(1) The morphism f is universally injective.
(2) The diagonal morphism Ax;y : X — X xy X is surjective.

(b) Every universally injective étale morphism is an open immersion.

ProrositioN 4.4.11. [SE21]

Let k be an algebraically closed field, and let X and Y be two schemes locally of finite type over k. If a morphism
f+ X = Y over k is étale and bijective on k-rational points (i.e., the induced map X (k) — Y (k) is bijective), then f is
an isomorphism.

Proor. We first prove that f is universally injective by using LEmma 4.4.10 (a); that is, we should show that Ax/y
is surjective. Note that A x /y(X ) is a locally closed subset in X xy X (see [GW20, Proposition 9.5]), so we write
Ax/y(X) = UnNYV for some open subset U and some closed subset V' of X xy X. Suppose Ax/y(X) C X xy X.
Since
Xxy X —Ax)y(X) =X xy X -U)U (X xy X = V),
we then have either X xy X —U # @or X xy X -V # 2.
(1) We check that this implies X xy X — Ax/y (X ) contains a k-rational point.

o Assume X xy X — U # @. Then X xy X — U is a non-empty closed subscheme of X xy X (with reduced
structure). Since every closed immersion is locally of finite type and being locally of finite type is stable under
composition, X Xy X — U is a scheme of finite type over k. Then REMARrk 4.4.9 (b) and (d) indicate that
X Xy X — U contains a k-rational point.
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o Assume X Xy X — V # &. Then X xy X — V is a non-empty open subscheme of X xy X. Since every
open immersion is locally of finite type and being locally of finite type is stable under composition, we see
that X xy X — V is locally of finite type over k. Again, REMaRrk 4.4.9 (b) and (d) indicate that X xy X —V
contains a k-rational point.

(2) Now we show that A x/y (X)(k) = X xy X(k). The categorical property of fibre product gives

X xy X(k) ={(a,b) € X(k) x X(k) : f(a) = f(b)},
Ax )y (X)(k) = {(a,b) € X(k) x X(k) : a = b}.

However, our assumption says that f is bijective on k-rational points, so f(a) = f(b) implies a = b. Hence
Axyy(X)(k) = X xy X (k).
Combining (1) and (2), we get a contradiction, so Ax/y (X) = X xy X. This proves that f is universally injective. Then
LemMma 4.4.10 (b) indicates that f is an open immersion. If f is not surjective, then Y — f(X) is a non-empty closed
subscheme of Y (with reduced structure). Apply the same argument as the first ¢ in (1), we then conclude Y — f(X) has
a k-rational point, which is a contradiction because f is bijective on k-rational point. Therefore, f is a surjective open
immersion; namely, f is an isomorphism. |

Now we come back to our situation. We can apply ProrosiTion 4.4.11 to obtain that @E is an isomorphism. To
furthermore obtain that © is an isomorphism, we need to use a common technique called FATHFULLY FLAT DESCENT in
algebraic geometry. A morphism f : X — Y of schemes is called faithfully flat if f is flat and surjective. The easiest
example of faithfully flat morphisms is the morphism associated to a field extension. Indeed, for any field extension &’ /k
the morphism f : Spec k¥’ — Spec k is surjective because Spec k contains only one point; moreover, k' is a flat k-module,
so f is flat.

LemmA 4.4.12. (FartHruLLy FLAT DEsceNT) [GW20, ProposiTION 14.51]

Let f : X — Y be a morphism of schemes over a scheme S, and let g : S’ — Y be a quasi-compact faithfully flat
morphism of schemes. Set X' := X x5S andY' :=Y xg ', and denote by ' : X' — Y’ the morphism obtained by
base change. If f is an isomorphism, then f is also an isomorphism.

CoROLLARY 4.4.13. The morphism © is an isomorphism.

Proor. By LEmma 4.4.4 and LEmMA 4.4.8 one can apply ProposiTiON 4.4.11 to conclude @E is an isomorphism. From
the cartesian diagram

_ N _ _
5 X Zy) — Shy z, @F, — F,

|

®F, x Zy) —> Shy z, @F, —— F,

GL3 (Qp)\

—~

D)

GL2(Qp)\(

we then conclude by FarrHFULLY FLAT DESCENT (LEMMA 4.4.12) that © is an isomorphism. |

4.4.3 THE FINAL STEP

Up to now, we have seen that the special fibres of GLQ(QP)\(Q Rz, Z, x Zy) and of Shy,z,, are isomorphic; that is,
0: GLQ(QP)\(Q ®Fp X ZU) EASN ShU,Zp ®ZpFP‘

To derive the isomorphism in THEOREM 4.2.2 from the isomorphism O, we refer to [BC91, I11.6.5].
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APPENDIX A

(QUATERNION ALGEBRAS

A.1 DEFINITIONS

DerFINITION A.1.1. Let A be an algebra over a field k. The center of A is defined to be Z;(A) = {z € A : xa =
ax for all a € A}. It follows from definition that & C Z;(A).

(a) The algebra A is called central if k = Z;(A).

(b) The algebra A is called simple if 0 and A are the only two-sided ideals of A.

We quote the following theorem without proof.

TaeEOREM A.1.2. [GS06, THEOREM 2.2.1]
Let A be a finite dimensional algebra over a field k. The algebra A is central simple if and only if there exists n € N and
a finite field extension K[k such that A @ K =2 M, (K) as K-algebras. If it is the case, dimy, A is a square of some

positive integer and n = /dimy, A.

We call \/dimy, A the degree of A and denote it by deg), A. If deg;, A = 1, then A = k and there is nothing interesting.
Thus the first non-trivial but rather easy case is deg;, A = 2. Among all central simple algebras of degree 2 there is a
class of them called quaternion algebras. The toy model for the definition of general quaternion algebras is the Hamilton
quaternion algebra. We will first recall the definition and some properties of Hamilton quaternion algebra and then give
a generalization. Surprisingly, every central simple algebra of degree 2 is in fact isomorphic to some quaternion algebra,
and this result will be proved in COROLLARY A.2.6.

We are going to define quaternion algebras and prove that they are central simple algebras in this subsection. Before
we go to the definition, let us start with a survey of Hamilton quaternion algebra. This also plays a role as a motivational
example for our general definition.

ExampLE A.1.3. (Hamilton quaternion algebra)
Hamilton quaternion algebra H is an R-algebra defined by

H={z+yi+zj+wk|zy zweR}

with i2 = j2 = k? = —1and ij = —(ji) = k. (Caution: The symbol k here is not a field but just an abstract symbol with
the stated operation laws.)

To see H is central, we note that R C Z(H) is obviously true and thus it remains to show the converse inclusion. If
T 4 yi + 27 + wk is in the center of H, then

(t4+yi+zj+wk) - i=i-(x+yi+zj+wk) and (z+yi+zj+wk) j=j-(x+yi+zj+wk).

By simple computation, the first formula gives wj + (—z)k = —wj + zk, and the second one gives —wi + yj = wi — yk.
Since {1,1, j, k} is a basis for H and 2 is invertible in R, we then conclude y = z = w = 0.
Before proving that H is simple let us introduce the norm map on H. For each ¢ = = + yi 4+ 25 + wk € H, the
conjugate of q is
q:=x—yi—zj —wk.

The conjugation gives a quasi-automorphism on H; that is,
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and the multiplication reverses under conjugation, i.e., g1gz = Gz - q1 for all q1, g2 € H. The the norm map is given by
N:H-—R, g+ N(q):=qq.
The norm map N is multiplicative: N(q1g2) = N(q1)N(ge) for all ¢1, g2 € H. Indeed,

N(1@2) = 12 - T = (142 - @2 - @1 = N(g2)1@t = N(q1)N(q).

Note that we use the fact R = Z(H) in the above computation. On the other hand, we have the explicit expression of N
by

N(q) = (x +yi+ 2j +wk) - (x — yi — zj —wk) = 2> +y* + 2% + w’.
Thus N(g) = 0 if and only if ¢ = 0. Together with our definition N(q) = ¢g we see that every non-zero element is a unit
in H, and the inverse is given by

¢t = ﬁ provided ¢ # 0.
In conclusion, H is a division ring. Thus H is simple because every division ring is simple (a non-zero ideal of a division
ring must contain a non-zero element which is also a unit, so every non-zero ideal is equal to the whole ring).
Although both H and M>(R) are 4-dimensional central simple R-algebra, there are not isomorphic because H is a

division ring but M3 (R) not.
DeriNITION A.1.4. Let k be a field with char k # 2. For any two elements a,b € k> the (generalized) quaternion
algebra over k, denoted by (a,b); (or simply by (a,d) if there is no confusion with the base field), is the k-algebra
generated by the basis {1, 14, j, 47} with the following multiplication law

?=a  Ji=b  i-j=ij, ij=—ji.
The basis {1,4,7,4j} is called a quaternion basis for (a,b);. We always assume char k # 2 whenever we are talking

about quaternion algebras defined over k.

If char k = 2, then (a, b); is a commutative algebra because of ij = —ji = ji. Thus the assumption char k # 2
is necessary in the definition of quaternion algebras. In fact, we can still define quaternion algebras over a field of
characteristic 2, but the formulation is different from the one we give here (see [GS06, REMARK 1.1.8] or [Vo21, CHAPTER

6]).

REMARK A.1.5. Let k be a field. If a,b € kX and a = o’ mod k*2, b = b mod k*?, then (a,b)r = (a/,b)), as
k-algebras. In particular, (a,b)y, = (b, a).

Write (a, b)y, = span,{1,4,4,ij}, (a’, '), = span,{1,4’,5’,i'5'} and a = a’u?, b = b'v? for some u,v € k*. The first
assertion follows from the following isomorphism

(a,b) — (a', V), i+ ui’, j— vj.
For the second assertion, note first that we have the isomorphism
(a®V?,a*0®)y == (b,a)g, i+ abj’, j — abi’.
Now apply the first assertion to deduce
(b,a)r = (a®b?,a%b%);, = (a,b)y.
ExaAMPLE A.1.6. Let k be a field and b € k™ be any element. Then (1,b);, = M, (k) as k-algebras.

We consider the map

10 0 o
(1 My, (k), 1 I:= , g =
v:(1,b)y — Mp(k), ir— (O _1> jr—J (1 0)
This map is well-defined because I2 = I, J2 = bl and I.J = —JI (here I, is the identity matrix). The injectivity of ¢
is obvious, and ¢ is surjective because
<:r: y>x+w T —w Y4z

—Z
I I
2w 5 Lt I+

S

1J.
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We will proceed similarly as what we do for Hamilton quaternion algebra to show that (a, ), is central simple. We
first write down analogue definitions for conjugates and norms.

DerFiNITION A.1.7. Let (a, b); be a quaternion algebra over k. For any ¢ = x + yi + zj + wij in (a, b), the conjugate is
q:=x—yi—zj —wij.
The norm map on (a, b) is given by
N:(a,b)y — k, q— N(q):=qq.
If ¢ = x + yi + zj + wij, then we can write down the explicit expression of norm by simple computation:
N(z +yi + zj + wij) = 2% — ay® — bz* + abw?.

REMARK A.1.8. Here are some easy facts about conjugate and norm map: for any ¢, q1, g2 € (a,b)
(@ 132 = @2 - qu.
(b) N(q) = qq = qq-
(©) N(q192) = N(q1)N(q2).

All these results follow from simple computations, so we omit their proof.

A.2 CLASSIFICATION OF CENTRAL SIMPLE ALGEBRAS OF DEGREE 2

LEmMma A.2.1. [GS06, ProrosiTiON 1.1.7]

Consider the quaternion algebra (a, b)y, over a field k. The following statements are equivalent:
(a) (a,b)y is split.
(b) (a,b)y is not a division ring.
(c) There is a non-zero element whose norm is zero.

(d) bis in the image of the norm map Ny /a) /i : k(v/a) — k.

Proor.

(a)=-(b) This is trivial.

(b)=>(c) Suppose every non-zero elementin (a, b); also has non-zero norm. Then forany g € (a,b); wehaveg~! = ﬁ.

(©)=(d) If a € k*2, then k(y/a) = k and there is nothing to prove. Suppose a ¢ k*2. By assumption, there is
q = + yi + zj + wij # 0 such that

N(g) =22 —ay?® — b2+ abw? =0 = (2% — aw?)b = 2% — ay®.

Since a is not a square, 22 — aw? # 0. Thus

o Poay’ (@4 Vay)(e - vay) _ Nywam(e + Vay) x + ay

= = N —_—
2—aw?  (z+aw)(z —vaw)  Nyyaye(z+vaw)  FVOE L

(d)=(a) Ifaisasquare, then (a,b)r = (1,b);, by REmark A.1.5. Then ExampLE A.1.6 implies (a,b)r = M, (k). Now
suppose a is not a square, i.e., k(y/a)/k is a quadratic extension. Since b is in the image of Ny, /z) /x> S0 is b1,
Our assumption implies that there exists r, s € k (r, s not all zero) such that

( )-

b7 = Niyay(r + sva) = r° — as®,

We define two elements in (a, b):
u:=rj+sij and v:=(1+a)i+ (1— a)ui.

Direct computation gives u? = 1, v? = 4a? and uv = —vu, and we can check that {1,u, v, uv} is linearly
independent over k. Hence {1,u,v,uv} is a quaternion basis for (a,b); and (a,b)r = (1,4a?);. Again,
ExaMPLE A.1.6 tells us that (1,4a?) = My(k).
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|
ProprosITION A.2.2. Every quaternion algebra over a field k is central simple.

Proor. If a quaternion algebra is split, then it is obviously a central simple algebra. Suppose (a,b)) is a non-split
quaternion algebra over a field k. By Lemma A.2.1 (a) and (b), we know (a, b), is a division ring; in particular, it is
simple. Now let ¢ = © + yi + zj + wij € Z((a,b)). Then

1-q=q-1 = ritay+zijtawj=xi+ay—zij —awj — z=w=>0
Jrqa=q-j = xj—yij=xj+yij = y=0.

Note that we use the condition char k # 2 in the above computation. Since we know k C Z((a, b)), one concludes
k=2Z((a,b)). |

Our main goal in this section is to classify all central simple algebras of degree 2. First of all, we will see in the
following proposition that every central division algebra of degree 2 is isomorphic to a quaternion algebra. How about
those that are non-division? To answer this question, we need to use WEDDERBURN’S THEOREM.

ProrositioN A.2.3. [GS06, ProrosiTiON 1.2.1]
Let k be a field with char k £ 2. Then every central division algebra over k of degree 2 is isomorphic to some quaternion
k-algebra.

Proor. Let D be a central division algebra over k of degree 2. Take any element ¢’ € D \ k. Since dimy D = 4, the
set {1,q',¢"%,¢'3,q'*} is linearly dependent and thus f(g') = O for some polynomial f € k[T]. We may assume f is
irreducible because D has no zero-divisor. Then we have a map

K[T)/(f) — D, g+ g(d).
This map is clearly injective, so we may view k(q') = k[T]/(f) as a k-subalgebra of D (notice that k(q’) is a field). Since
4= dlmk D = dimk(ql) D - dlmk k(q/)7

we know that [k(q) : k| divides 4. However, [k(q’) : k] # 1 because ¢’ ¢ k, and [k(¢') : k] # 4 because D is
non-commutative. Hence [k(q’) : k] = 2. We take g € k(q’) \ k such that a := ¢° € k*.
Consider the inner automorphism of D:

conj,: D — D, s+ qsq L.

2 1

Since conj,(conj,(s)) = ¢*sq~2 = asa~! = s for all s € D, one has conjg = idp. This implies the eigenvalues of
conj, is +1. Note that ¢ is an eigenvector of conj, with respect to 1. Take 0 # r € D be an eigenvector of conj, with
respect to —1, i.e.,
conj, (1) = —1 <= qrq t = —r <= qr=—rq.
Cramm: The set {1,q,r,qr} is linearly independent over k.
First, {1, ¢} is linearly independent because ¢q ¢ k. Note that » does not commute with ¢, and then {1, ¢, 7} is
linearly independent; otherwise, r is a linear combination of {1, ¢}, which implies  commutes with ¢g. Since
q-qr = ar # —ar = qr - g, we know gr does not commute with q. Suppose gr = x + yq + zr for some

x,y, z € k. Since gr does not commute with ¢, z # 0. Multiplying by ¢ gives

1

q-qr=q-(x+yqg+zr) = qr=—ayz"' — vz g+ az"

So far we have two expressions of gr, so

1

THyq+ar=—ayz ' —zz gt azlr = (x+ayz )+ (y+az g+ (2 —az"Hr =0.

Since {1, g, r} is linearly independent, one has z — az~*, which implies @ = z2. However, a = ¢ is not a square
in k, a contradiction. Hence we prove that {1, ¢, 7, gr} is linearly independent.
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Now consider the automorphism conj,» : D — D, s +— r2sr~2. By using qr = —rq, it is easily check that conj, - fixes
{1, q,7,qr}. This means > commutes with all elements in D, so 72 is in Z(D) = k.

To sum up, we have showed that D = span,{1,q,7,qr}, a := ¢*> € k*, b := r> € kX and qr = —rq. Thus
D = (a, b)k. |

CoRrOLLARY A.2.4. Let k be a field with char k # 2. Then every central division algebra over k of degree 2 contains a
quadratic extension of k as a k-subalgebra.

Proor. This follows directly from the first paragraph of the proof of ProrosiTion A.2.3. ]

Now we are very close to prove that every central simple algebra over a field k& with char k # 2 is isomorphic to some
quaternion algebra. To achieve this, we need to understand the general structure of a simple k-algebra.

THEOREM A.2.5. (WEDDERBURN) [FD93, THEOREM 1.11]
If A is a simple algebra over a field k, then A = M, (D) for some n € N and some division k-algebra D.

COROLLARY A.2.6. Let k be a field with char k # 2. Every central simple k-algebra A of degree 2 is isomorphic a
quaternion algebra. To be more precise,

A = My(k) = (1,b), Vbe kX if A is not a division algebra;
= division quaternion algebra if A is a division algebra.

Proor. By WEDDERBURN’S THEOREM (THEOREM A.2.5), A = M, (D) for some n € N and some division k-algebra D.
By dimension reason, we know n = 1 or 2. If n = 1, then A is division. Thus Proprosition A.2.3 tells us that A is
isomorphic to a quaternion algebra. If n = 2, then dimy, D must equal 1, i.e., D = k. ExampLE A.1.6 shows that M5 (k)
is also isomorphic to a quaternion algebra. |

A.3 CLASSIFICATION OF QUATERNION ALGEBRAS

A.3.1 Over LocaL FiELDs

Recall that a local field is

¢ (archimedean) either R or C, or

¢ (non-archimedean) a finite extension of Q,, for some prime p € N, or

¢ (non-archimedean) a finite extension of F((T")), where ¢ is a power of a rational prime.
Let k be a local field of characteristic not equal to 2, and let A be a quaternion algebra over k. From CoroLLARY A.2.6
we know that A 2 M (k) if A is non-division. We then want to know whether we can say anything as A is division. The
following theorem tells us that the answer is surprisingly quite simple.

THEOREM A.3.1. [V021, MAIN THEOREM 13.3.2]
Let k # C be a local field of characteristic not equal to 2, and let A be a division quaternion algebra over k. Then A is
unique up to k-algebra isomorphism.

Now we focus on a non-archimedean local field k. We know that for every n € N there is a unique unramified
extension of k of degree 2. From LEmma A.2.1 and the proof of ProposiTioN A.2.3 we know that quaternion algebras are
highly related to quadratic extensions. In the case of over non-archimedean local field, the structure of division quaternion
algebra is explicit.

THEOREM A.3.2. [V021, THEOREM 13.3.11]
Let k be a non-archimedean local field not of characteristic 2 with a uniformizer 7, and let k' be the quadratic unramified
extension of k. If A is a quaternion algebra over k, then

Ais division <= A~ (K', 7).
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A.3.2 OVER RATIONALS

DEeriNITION A.3.3. Let A be a quaternion algebra over Q.
(a) We say A is ramified at a place v of Q if A ®q Q, is a division ring (Q, is the completion of Q with respect to
v), and we call v unramified (or split) otherwise.
(b) The algebra A is called definite if A is ramified at oo and is called indefinite otherwise.

REMARK A.3.4. We are going to consider the cases over Q. Let P(Q) be the set of all places of Q. We know
P(Q) ={]|p:|-|=1"|oo : pruns through all rational primes}.

We call | - |,’s finite places and | - | = | - | the infinite place. In particular, there is only one infinite place of Q, which is
the usual absolute value, and Q., = R. For a place v € P(Q) we write v { oo if v is a finite place and write v | oo (or
v = 00) otherwise.
Now let A be a quaternion algebra over Q. Therefore, we have the following equivalent statements:
(1) A is unramified at all infinite places of Q;
(2) A is indefinite (by definition, this means A ®q R is non-division);
3) AeqR = Mz(R).
Generally speaking, for a division algebra A over a field k the base change Ay := A ®y, K to the field extension K /k
is not necessarily division. However, if A is a division quaternion algebra over Q ramified at some place v, then A ®q Q.
is again division.
Another important observation is that if A is a non-division quaternion algebra over a field k (with char k # 2), then
A ®y, K is again non-division for every field extension K /k. To see this, first note that A = M (k) by COROLLARY A.2.6.
Then
A®, K = My(k) @, K 22 My(K),

which is again non-division.
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APPENDIX B

ALGEBRAIC GROUPS AND ABELIAN VARIETIES

B.1 GRoOUP SCHEMES

DEerintTION B.1.1. Let C be a category with finite products’, take * to be a terminal object. A group object in C is an
object G together with morphismse : * — G, m : G XG — G andi : G — G such that the following diagrmas commute:
(1) (identity)

id xe exid
# ————— > GXG +—— xx G

\)lm/

where pr; and pr, are the canonical projection on the first and the second component, respectively.

(2) (inverse)

(id,?) (i,id)

G GxG G
| [ |
* c G c *

where the vertical on the left and the right are the unique maps given by the definition of the terminal object .

(3) (associativity)

GxGxG X" _ axq

- |

DEerFINITION B.1.2. A group scheme over a scheme S is a group object GG in the category Schg of S-schemes?. We
also call the morphism e : S — G the identity section of G’ because S ——+ G — S is the identity map on S (this
follows from the definition of G as an S-scheme). We say a group scheme G over .S is commutative if 72 o t = m. Here
t: G Xg G — G xg @G is the transposition map defined by the following commutative diagram:

pry

GXSG

\
GxsG 2 @

pry pr2l l

G—— S

A group scheme G over S is called finite if the structural morphism G' — S is a finite morphism (of schemes).

Let C be a category, and let (A;);cs be a family of objects in C indexed by a set I. The product of (A;);cr is an object A in C together with
morphisms (7; : A — A;);er satisfying the following universal property: if B is an object in C and (¢; : B — Aj;);c is a family of morphisms,
then there exists a unique morphism ¢ : B — A such that ¢; = m; o p forall ¢ € I. Such A can be shown to be unique up to isomorphism, and we
denote X by [[;c; Xi- We also define the product of an empty family a terminal object. We say that a category is with finite product if the product
exists for every finite family of objects.

2In the category Schg the product is the fibre product — x g —.
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ProrositioN B.1.3. [Pol7, ProrosiTION 5.1.7]
Let G be a scheme over a scheme S. Then G is a group scheme over S if the functor

G(-) : Schg — Set, T +— G(T') := Homsgen, (T, G)

factors through the category Grp. That is, to give a group scheme structure on G, it is equivalent to giving a functor
4 : Sch’® — Grp making the diagram commute
s p 8 8

ke Set

% %;tful functor

Grp.

Sch2P

Here h is the Yoneda functor associated to G; that is, hg : T — G(T).
Proor. This follows directly from YoNEDA’s LEMMA; for example, see [GW20, SecTioN (4.2) and (4.15)]. |

Let X and Y be two schemes over a scheme S. If (U;); is an affine open covering of X and (f; : U; — Y); is a
compatible system of S-morphisms, then one can glue all f; together to obtain an S-morphism f : X — Y such that
flu, = fi for all i (see [GW20, ProposiTioN 3.5]). For any scheme S we write AffSchg for the category of affine
S-schemes. We have the following equivalence of categories:

T —— I(T, Or)

AHSChS — AlgF(S,ﬁs)’ S n A
pec A +——

The gluing property and the equivalence of categories rephrase ProposiTion B.1.3 as the following corollary.

CoroLLARY B.1.4. For any scheme S it is equivalent to give the following data.
(a) A group scheme over S.
(b) A functor Schg — Grp.
(¢) A functor AffSchg — Grp.
(d) A functor Algp (s ¢4y — Grp.

DEerintTION B.1.5. For two group schemes G, H over a scheme S a group scheme homomorphism is a morphism
¢ : G — H of S-schemes such that the following diagram commutes:

GxsG 2y @

(wa)l L‘”

HxgH -2 H.
The Kkernel of ¢, which is denoted by ker ¢, is defined by the cartesian diagram

kerop:=Gxg S — G

Y,

" H

ReEMARK B.1.6. Let G, H be two group schemes over a scheme S, and let ¢ : G — H be an S-group scheme
homomorphism.
(a) Note that in abstract algebra the kernel of a group homomorphism is defined to be the fibre of the identity element. In
scheme theory, the fibre of a morphism f : X — Y ats € S of schemesaty € Yis o~ (y) = X, := X xy k(y).
Now come back to our case: H is a group scheme over S with the identity section ey : S — H. Thus the kernel of
 should be "the fibre of the identity", which exactly means the fibre product of ¢ and ef: ker ¢ = G x g S. This
illustrates our definition of ker (.
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(b) We can also describe the homomorphism ¢ with more categorical flavor.
@ is a natural transformation from the functors G to the functor H. To be more precise,

(c) With the categorical description of ¢ in (b), one obtains the following categorical characterization of ker :
The kernel ker ¢ : Schg — Grp is a functor associating each S-scheme T the group ker(G(T) — H(T)).

DeriNiTION B.1.7. Let G be a group scheme over a scheme S. A subgroup scheme of G is a group scheme G’ over
S which is also a closed subscheme of G’ such that the closed immersion G’ < G is a group scheme homomorphism.
Moreover, we say G’ is normal if G'(T') is a normal subgroup of G(T') for all S-scheme 7.

REMARK B.1.8. Let G, H be two group schemes over a scheme S, and let ¢ : G — H be an S-group scheme
homomorphism.
(a) There is a categorical characterization of subgroup schemes as what follows.
G’ is a subgroup scheme of G if and only if G'(T)) is a group with an injective group homomorphism G'(T') — G(T)
for every T € Schg.
(b) By definition, ker ¢ is a scheme. In fact, ker ¢ is not just a scheme but moreover an S-subgroup scheme of G.

B.2 ExAMPLES

ExampLE B.2.1. Let A be a commutative unitary ring.
(a) The additive group scheme of A is the scheme G, 4 := Spec A[T| withm : G4 4 X4 G444 — Gg, 4 induced by

A[T) — AT @4 A[T], T—T®1+1aT

Consider the functor
Alg, — Grp, B+ (B,+).

In short, this functor sends each A-algebra to its additive group. Since we have
(B,+) = Homu (A[T], B) = Homgcn , (Spec B, Spec A[T]) = Homgen , (Spec B, Gg,4),

one concludes that this functor is represented by G, 4. This illustrates why we call G, 4 an additive group.

(b) The multiplicative group scheme of A is the scheme G, a4 := Spec A[T, T~!] with the multiplicative map
m: Gy, a X4 G4 = Gy, 4 induced by

AT, T — AT, T oA AT, T, T—TxT

Consider the functor
Alg, — Grp, B — (B*,x).

That is, this functor associate to each A-algebra its multiplicative group. From
(B*, x) = Homa (A[T, T, B) = Homscn, (Spec B, Spec A[T, T~']) = Homgen , (Spec B, Gy a),
we derive that this functor is represented by G, 4, and this tells us that G, 4 is indeed a "multiplicative group”.

ExampLE B.2.2. Let A be a commutative unitary ring.
(a) For any m,n € N define the m-by-n matrix (algebraic) group M, xn 4 1= Spec A[T;; : 1 < i <m,1 < j <nj.
Look at the functor
AlgA — ('}I'p7 B— (men(B)a +)
(b) For any n > 1 the general linear (algebraic) group over A is
GL,, 4 := Spec A[T;

T :1<i<m,1<j<n]/(det-T —1).

(c) For any n > 1 the special linear (algebraic) group is the scheme

SL,, 4 := Spec A[T;; : 1 <i,j < n]/(det —1).
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ExampLE B.2.3. Let GG be an abstract group and .S a scheme. The constant group scheme of G over .S, which is denoted
by S¢, is defined as follows. The underlying scheme of S is

|_| Sy, where S, = S forevery g € G.
geG

We define the identity map, inversion map and multiplication map by

e: S — 8% s+ (s)gea;
i:Sy — S,-1 foreachg € G;

Sg X5 Sh AN Sgn,  forany two g,h € G.

ExampLE B.2.4. This example is extremely important in our main context toward the proof of Cerednik-Drinfeld Theorem.
Let A be a group scheme over a scheme S. For each n € Z we are going to define the multiplication-by-n map
[n]a = [n] : A — A (sometimes we omit the subscript A if it is clear from the context). For each S-scheme T

[n|(T): A(T) — A(T), x+— nax.
This defines the morphism by the categorical description.

ExampLE B.2.5. Let S be a scheme over a field £ with char k = p > 0. We define the absolute Frobenius morphism
Frobg : S — S to be the k-morphism given by
¢ the map Frobg : S — S on the underlying topological space is just the identity;
¢ the morphism of sheaves Frobbs : Os — Frob, Og = Og is the p-th power map; namely, for any open subset
U C SonehasT'(U, Os) = T'(U, Os), x — aP.
Note that char k = p > 0 implies pI'(U, &) = 0 for all open subsets I C S, so T'(U, Os) — T'(U, Os), x — zP is indeed
a k-algebra homomorphism.

Now consider an S-scheme 7 : X — S. Since S is a k-scheme, one can view X as a k-scheme. Thus we also have
the absolute Frobenius morphism Frobx : X — X. Unfortunately, Frobx is generally not an S-morphism. To make
a modification, we first define X (P) to be the base change of X via Frobg : S — S that is, X (®) fits into the cartesian
diagram

xXw X

| !

S Frobg S

Now we introduce the notion of relative Frobenius morphism Fy /s : X — X (P) given by the following the universal
property of X ():
_X F\I‘ObX

Fx/s
3!

xXw 4 X

g Frobg g

Notice that we have to check 7 o Frobx = Frobg o7 so that the above diagram makes sense. Since Frobx = idx and
Frobg = idg for the underlying topological spaces X and .S, respectively, m o Frobx = Frobg omr = 7 for the underlying
topological spaces. For any open subset U C X we have

T(x(U), 6s) -2 T(x(U), 65) s T(U, 6x) oy 7 (2?)
D(m(U), Os) — (U, Ox) o LU, 0x) T — (1) — (W{b](x))p

51



B AvLGeEBRAIC GROUPS AND ABELIAN VARIETIES

Then one has 7 o Frobg = Frobg( or’. Therefore, we conclude the equality 7 o Frobx = Frobg or of morphisms of
schemes.

Specifically, we can apply this construction to a the case of group schemes. If GG is a group scheme over a field k& with
char k = p > 0, then we let X = G and S = k to obtain the relative Frobenius morphism F /), : G — G..

B.3 ALGEBRAIC GROUPS

Recall that fppf is the abbreviation of "faithfully flat and locally of finite presentation". Every morphsim X — Spec k from
a non-empty scheme X to the prime spectrum of a field k is faithfully flat (this follows immediately from the definition,
see [GW20, SectioN 14.2]). Another fact (see [GW20, REmark 10.36]) is that if Y is a locally noetherian scheme, then
amorphism X — Y of schemes is locally of finite presentation (resp. of finite presentation) if and only if it is locally of
finite type (resp. of finite type). Therefore, we have the following easy consequence.

LemMma B.3.1. A group scheme over a field k is fppf if and only if it is locally of finite type over k.

ProrositioN B.3.2. [GW20, ProposiTiON 16.50, ProOPOSITION 16.51, COROLLARY 16.52]
Let G be an fppf group scheme over a field k.
(@) If k is perfect, then Gyeq is a smooth closed subgroup scheme of G over k.

(b) G is geometrically irreducible if and only if G is connected.

TrEOREM B.3.3. [Pol7, THEOREM 5.2.16]
Let G be an fppf group scheme over a field k. The following statements are equivalent.

(a) G is smooth over k.
(b) G is geometrically reduced over k.
(c) The local ring O, . is a reduced ring.

(d) Either chark = 0, or char k = p > 0 and the relative Frobenius morphism Fg i, : G — G ®) is surjective.
DEeriniTION B.3.4. An algebraic group is a group scheme of finite type over a field k.

ReEMark B.3.5.
(a) An algebraic scheme over a field & is a scheme of finite type over k. Thus an algebraic group over k is a group
object in the category of algebraic k-scheme.

(b) Applying CoroLLARY B.1.4, we then have the following equivalent definition of algebraic groups. An algebraic
group over a field k is a k-scheme

DerFINITION B.3.6. Let (G, m¢) and (H, m ) be two algebraic groups over a field k. A homomorphism ¢ : (G, m¢g) —
(H, my) is a k-morphism which also a group scheme homomorphism.

TraeorREM B.3.7. [Pol7, THEOREM 5.2.20]
Every algebraic group is quasi-projective.

DEerintTION B.3.8. Let G be an algebraic group over a field k.
(a) An algebraic subgroup (or briefly a subgroup) of G is a k-subscheme which is also a subgroup scheme of G.

(b) An algebraic subgroup H of G is called normal if H is normal subgroup scheme of G.

DErFinITION B.3.9. A linear algebraic group (or an affine algebraic group) is an algebraic group whose underlying
scheme is affine.

TreoreM B.3.10. [Pol7, TuEorREM 5.3.1]
Let G be an algebraic group over a field k. Then G is a linear algebraic group if and only if G is isomorphic to an
algebraic subgroup of GL, .
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B.4 RepuctivE GrRouPs

DEerinITION B.4.1. Let G be an algebraic group over a field k.
(a) A composition series of G is a chain

(1} =Gy <G < <Gy =G,

where G, is a closed normal subgroup of G;41 for each 0 < i < n — 1. We call the groups (G;+1/G;)o<i<n—1 the
successive quotient of the composition series.

(b) We say G is unipotent if there is a composition series of G, such that every successive quotient is a closed subgroup
of G, i

TaeEOREM B.4.2. [Po17, THEOREM 5.4.8]

Let G be an algebraic group over a field k. Then the following statements are equivalent.
(a) G is unipotent.
(b) There is an embedding G — U, of algebraic groups for some n € N.

(¢) There is a composition series of G such that

o if char k = 0, every successive quotient is isomorphic to Gg j;
o if char k = p > 0, every successive quotient is isomorphic to one of the following: ov,, Gg 1, or k(Z/P2)" for
some n > 1.

All these statements imply the following:
(d) Every element of G(k) is unipotent.
Moreover, if G is smooth, then (d) is equivalent to (a),(b) and (c).

DEerintTION B.4.3. Let G be a smooth linear algebraic group over a field k.
(a) The unipotent radical of G, which is denoted by R,,(G), is the unique maximal smooth connected unipotent normal
subgroup of G.

(b) We say G is reductive if R,,(Gy) = {1}.

ReEMARK B.4.4. There are some differences of terminologies in various books. Let us take a look at them and investigate
their relations a little bit.
(a) There are several versions of the definition of varieties. Let X be a scheme over a field k.

o In [GW20, Ha77, SPO5], X is a variety if it is integral separated and of finite type. If X is only integral and
of finite type but not necessarily separated, then it is called a prevariety in [GW?20].

o In[Mil7], X is a variety if it is separated geometrically reduced and of finite type.

o In [Pol7], X is a variety if it is separated and of finite type (namely, a prevariety in the sense of [GW20]).

(b) Now we are going to compare the definitions of reductive groups in [Mil7] and [Po17]. Let G be an affine algebraic
group over a field k.

o In[Pol7], G is a reductive group if it is smooth and R, (Gy) = {1}.
o In[Mil7], G is a reductive group if it is a connected variety and R, (G;) = {1}.

In [Mil7], a variety is in particular geometrically reduced, so it is automatically smooth by THEOREM B.3.3.
Therefore, the definition of reductive groups in [Po17] is weaker than the one in [Mil7].

ExampLE B.4.5. For any field £ and any positive integer n the algebraic group GL,, j is reductive. Note that U,, j, is a
smooth connected unipotent subgroup of GL,, j, but it is not a normal subgroup.

B.5 ABELIAN VARIETIES

DErFInITION B.5.1. Let k be a field. An abelian variety over £ is a connected, geometrically reduced and proper group
scheme over k.
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REMARK B.5.2. We first quote two properties of morphisms. Let f : X — Y be a morphism of schemes.

(1) If f is proper, then f is of finite type (this is just the definition of proper morphisms).

(2) If f is proper and quasi-projective and Y is qcgs (i.e., quasi-compact and quasi-separated), then f is projective (see

[GW20, CoroLLARY 13.72]).

Therefore, an abelian varieties is particularly an algebraic group by (a). Moreover, THEOREM B.3.3 and ProposiTion B.3.2
indicate that an abelian variety is automatically smooth and geometrically integral. On the mother hand, we have seen in
THeorREM B.3.7 that every algebraic group is quasi-projective, so (b) implies that an abelian variety is always projective
(note that the affine scheme attached to a field is qcqs). To sum up, an abelian variety over a field & is an algebraic group
G over k satisfying

(1) G is geometrically integral (this condition is equivalent to GG is connected and smooth over k);

(2) G is projective (this condition is equivalent to G is proper over k).

DEeFINITION B.5.3. Let S be a scheme. An abelian scheme over S is a group scheme A over S which is proper smooth
and has connected fibres.

REMARK B.54.
(a) Recall a general property of schemes from [Ha77, ExErcisg 2.2.7].
Let X be a scheme and K a field. Then it is equivalent to give the following two datum:
(1) A morphism f : Spec K — X
(2) A point x € X and an inclusion k(z) — K of fields.
More precisely, if we have a morphism f : Spec K — X, then we have an inclusion k(f(Spec K)) — K of fields;
conversely, if we have a point € X and an inclusion k(x) < K, then we have a morphism f : Spec K — X such
that f(Spec K) = x.
Now we apply the above property. Let X be a scheme. For each point z € X, we always have a natural morphism
Speck(z) — X whose image is exactly x. Moreover, for each z € X we can associate naturally a geometric point
T to it by Spec k() — X. Note that this morphism is given by the composition Spec k(z) — Speck(z) — X.
(b) We quote the following property from [GW?20, CoroLLARY 5.45].
Let k be a field and X, Y two schemes over k. Let P be any one of the properties: irreducible, connected, reduced,
integral. Then X possesses P if and only if X X Y possesses P.
Now we can give another equivalent definition of abelian schemes. An abelian scheme over a scheme S is a group
scheme G over .S which is proper smooth and has connected geometric fibres. Recall that a geometric fibre is the
fibre of a geometric point. By (a) we have cartesian diagrams for any s € .S:

Gs G G

i |

Speck(s) —— Speck(s) —— S

Then the quoting property implies that G5 is connected if and only if G is connected, so the two definitions are
indeed equivalent.
(c) Let G be an abelian scheme over a scheme S. For each s € S consider the cartesian diagram

G, — G

]

k(s) —— S

From (b) we know that G is connected. In addition, smoothness and properness are stable under base change (see
[GW20, ProposiTION 6.15, PrOPOsITION 12.58]). Thus we conclude that G, is a connected proper smooth scheme
over the field k(s), and this shows that G is an abelian variety over k(s).

(d) If G is an abelian scheme over a scheme S, then the identity section e : S — G is a closed immersion. To see this,
we state and prove the following general property.
Let X be a scheme over a scheme Y. If the structural morphism ¢ : X — Y is separated, then any Y -morphism
¥ Y — X is a closed immersion (note that 1 is a section of p, i.e., ¢ o = idy).
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Proor. Note that we have the following cartesian diagram:

y — ¥ o x

v |#

X —25 X xy X,

where for any scheme 7" the map ¢(7T') : X(T) — (X xy X)(T) is given by f — (f, ). Since ¢ : X — Y is
separated, A is by definition a closed immersion. Therefore, v is also a closed immersion because being a closed
immersion is stable under base change. |

ProrositioN B.5.5. [Kal4, THEOREM 1]
Every abelian scheme is commutative (as a group scheme).

B.6 ISOGENIES

DEFINITION B.6.1. A homomorphism ¢ : A — B of abelian schemes over a scheme S is called an isogeny if it is
surjective and ker ¢ is finite, i.e., ker ¢ is a finite group scheme.

LEMmMma B.6.2. [Kal4]
(a) Every isogeny of abelian schemes is proper, locally free (thus flat) and finite.

(b) The composition of two isogenies of abelian schemes is again an isogeny of abelian schemes.

DEFINITION B.6.3. Let ¢ : A — B be an isogeny of abelian schemes over a scheme S. The degree of ¢, which is denoted
by deg ¢, is the rank of ker (.

ProrosiTION B.6.4. Let ¢ : A — B be an isogeny of abelian schemes over a scheme S, and let n := deg .
(a) There exists an isogeny 1 : B — A such that o ¢ = [n]p and ¥ o ¢ = [n] 4.
(b) If S is a prime spectrum of a field (i.e., A, B are abelian varieties over k), then n = [K(A) : K(B)], where K(A)
and K (B) are the function fields of A and B, respectively.

DEeriNiTION B.6.5. Let A, B be two abelian schemes over a scheme S. We say that A and B are isogenous if there exists
an isogeny ¢ : A — B. By ProposiTion B.6.4 (a) it is equivalent to there exists an isogeny ¢ : B — A.

Obviously, being isogenous is reflexive because the identity map is of course an isogeny. As we have pointed out in the
definition, being isogenous is symmetric by Proposition B.6.4 (a). Finally, LEmma B.6.2 (b) tells us that being isogenous
is transitive. To sum up, we see that being isogenous is an equivalence relation in the category of abelian schemes over a
scheme S.

ProprosITION B.6.6. [Kal4, CoROLLARY 1]
Let A be an abelian scheme over a scheme S, and let g be the relative dimension of A. Foranyn € Z themap [n] : A — A
is an isogeny of degree n?9.

DEFINITION B.6.7. Let A, B be two abelian scheme over a scheme S. We denote by by Isogg (A, B) the set of isogenies
from A to B, and this set has a natural Z-module structure with

n-f:=[n]gof forany f € Isog(A, B)and n € Z.

A quasi-isogeny from A to B is an element in Isog(A4, B) ®z Q.
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Theorem
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group, 53
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upper half plane
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