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Montréal, Québec, Canada

June 2022

© Narges Manouchehri, 2022



CONCORDIA UNIVERSITY
SCHOOL OF GRADUATE STUDIES

This is to certify that the thesis prepared:

By: Narges Manouchehri
Entitled: Generative learning models and applications in healthcare

and submitted in partial fulfillment of the requirements for the degree of

Doctor of Philosophy of ”Information and Systems Engineering”

complies with the regulations of this University and meets the accepted
standards with respect to originality and quality.

Signed by the final examining committee:

Dr. Kudret Demirli ———————————— Chair

Dr. Hussein Yahia ———————————— External Examiner

Dr. Farjad Shadmehri ———————————— External Examiner

Dr. Chun Wang ———————————— Internal Examiner

Dr. Fereshteh Mafakheri ———————————— Internal Examiner

Dr. Nizar Bouguila ———————————— Supervisor

Approved by ——————————————————————————
Dr. Zachary Patterson, Graduate Program Director
Department of Concordia Institute for Information
Systems Engineering (CIISE)

June 6, 2022 ——————————————————————————
Dr. Mourad Debbabi
Dean of Faculty of Engineering and Computer Science

ii



Abstract

Generative learning models and applications in
healthcare

Narges Manouchehri, Ph.D.
Concordia University, 2022

Analysis of medical data and making precise decisions by machine learn-
ing is emerging as a hot topic in healthcare. The ultimate goal of using these
techniques is to transform data into actionable knowledge for supporting clin-
icians and improving patients’ quality of life. To assist health professionals
in making precise decisions, clustering is among the most applied methods.
This approach aims to stratify patients into meaningful groups based on
their similarities in medical data spaces such as images, signals, and medical
records. Among all clustering approaches, mixture models have been widely
used by researchers in different fields due to their substantial flexibility to
explain the data. Traditionally, Gaussian mixture models have been applied
in real-world applications but data are not Gaussian in many fields.
In this thesis, we proposed novel clustering approaches based on finite and
infinite mixture models. Our mixture models are developed based on a new
distribution called multivariate Beta distribution which demonstrated lots of
flexibility to fit data of different shapes.
We paired our models with capable learning methods such as variational
inference and expectation propagation. These learning methods determine
the correct number of mixture components and estimate model’s parameters
which are two known challenges while fitting mixture models.
Moreover, we modeled sequential data and developed a novel version of
the hidden Markov model, namely multivariate Beta-based hidden Markov
model, and extended it to a nonparametric model to increase its flexibility.
All developed models are evaluated on real medical applications including
medical images and signals. The outcomes demonstrated that our proposed
models outperform similar alternatives.
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Chapter 1
Introduction

1.1 Introduction and Related Work

Considering speedy developments in medical care, precision in diagnosis is
one of the current demands in healthcare. This increasing need is leading to
modifications to traditional practices of medicine. Such improvements result
in early diagnosis, tailoring better treatment, increasing quality of patient
care, and decreasing costs. Computer-assisted diagnosis [1–15] systems are
among the most important improvements which have attracted lots of atten-
tion in recent years. In these methods, we use machine learning algorithms
that are integrated into traditional medical equipment, analyze data and
arrive at a diagnosis. These systems are considered as second opinion sys-
tems to manage diseases and improve morbidity by allowing earlier accurate
detection, applying advanced diagnostics tools, tailoring better treatments,
and identifying efficient curing pathways. Scientists and researchers have
proposed various machine learning algorithms. However, a fraction of these
solutions could be applied in practice and routine care. The roots of such
limitations are some considerations and complexities in healthcare. For in-
stance, having absolute trust in algorithms is not possible specifically when
the results are not explainable in human terms [16–19]. Moreover, some tasks
such as data annotation are difficult in medical cases. There are just health-
care professionals who are eligible to label data and this procedure needs lots
of time and financial resources. Also, confidentiality is a major concern in
medicine and this limits the amount of publicly available datasets [20].
These challenges motivated us to focus on unsupervised methods in machine
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learning. Clustering and specifically mixture models have shown their ca-
pabilities in various applications. There are following issues when deploying
mixture models:
1. Selecting a proper distribution to fit data: Gaussian mixture models
(GMM) have been widely used in different fields [21–23]. However, despite
the success of applying GMM in several domains, the assumption of Gaus-
sianity could not be generalized to all datasets. Consequently, other dis-
tributions have been studied in recent years. In this thesis, we developed
our models based on multivariate Beta distribution [24] which demonstrated
considerable flexibility in fitting data [25–36]. In chapter 2, we focused on
finite multivariate Beta mixture models. In chapter 3 and 4, we proposed
two elegant and non-parametric frameworks, infinite and hierarchical Dirich-
let process mixtures of multivariate Beta distributions, respectively. These
structures empower our model by providing more flexibility. In chapter 5,
we propose a novel extension of hidden Markov model, Multivariate Beta-
based hierarchical Dirichlet process hidden Markov models. This new model
is suggested to model sequential and temporal data.
2. Model’s complexity determination: This is the second challenge and
several methods have been proposed to overcome this problem. The non-
parametric frameworks such as Dirichlet and hierarchical Dirichlet processes
which we will discuss in chapters 3 and 4 let us produce multiple populated
components while lessening the number of sparse clusters.
3. Model’s parameters estimation: This is the third concern in mixture
models adoption. There are several methods such as deterministic or fully
Bayesian techniques to estimate the parameters. However, these methods
suffer from some drawbacks such as dependency on initialization, over-fitting
and convergence to local maxima in deterministic approaches. High compu-
tational time is another disadvantage in fully Bayesian inference. Variational
inference and expectation propagation methods are two alternatives that are
reasonable in terms of computational time and provide good accuracy also.
In chapters 2, 3, 4, and 6, we learned our models with variational infer-
ence. We first considered batch setting and then extend it to online one as
in real-life scenarios data arrive in an online manner. In chapter 5, we ap-
plied expectation propagation method. We evaluated our proposed models
on publicly available medical datasets including images and signals. Also, we
compared our models with similar alternatives in each section and report the
performance of models. To assess the model performance, we used four cri-
teria for clustering: Accuracy = TP+TN

Total number of observations
, Precision = TP

TP+FP
,
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Recall = TP
TP+FN

, F1− score = 2×precision×recall
precision+recall

. TP, TN, FP and FN indi-
cate the quantity of true positives, true negatives, false positives, and false
negatives, respectively. In image segmentation, we applied Jaccard Index.

1.2 Thesis Overview

This thesis is organized as follows:

• Chapter 2 presents a novel clustering method, online variational infer-
ence on finite multivariate Beta mixture models. To have simultaneous
estimation of model’s parameters and model complexity, variational
inference technique is a proper choice. To demonstrate capability of
our model, we selected challenging health-related applications includ-
ing medical image analysis.

• Chapter 3 focuses on another new clustering method, nonparametric
variational learning of multivariate Beta mixture models. This elegant
structure provides considerable flexibility to mixture models. We mea-
sured the robustness of our proposed methods on medical images.

• Chapter 4 introduces hierarchical Dirichlet processes as another non-
parametric framework and an extension of finite mixture models. We
developed our unsupervised model based on multivariate Beta distri-
bution and learned it with variational Bayesian framework. We applied
our novel method to analyze medical images.

• Chapter 5 is devoted to expectation propagation learning of finite mul-
tivariate Beta mixture models. In this learning method, parameters
and the complexity of the model are estimated concurrently. We con-
ducted our research on medical signals.

• Chapter 6 introduces multivariate Beta-based hierarchical Dirichlet
Process Hidden Markov Models as a powerful approach to handle ob-
servable sequential data. With this non-parametric structure and as-
suming that emission probabilities follow multivariate Beta mixture
models, we provide more flexibility to the model. We chose variational
inference to learn this model and evaluated it on medical signals.

• Chapter 7: Finally in this chapter, we conclude our work, highlight
some challenges, and suggest future works.

3



1.3 Contributions

We summarize our main contributions as follows:

• Chapter 2: We proposed finite multivariate Beta mixture models and
applied variational inference techniques with batch and online settings
to learn our model. We applied this model to four medical applications
including image segmentation of colorectal cancer, multi-class colon
tissue analysis, digital imaging in skin lesion diagnosis, and computer
aid detection of Malaria.

• Chapter 3: We extended finite multivariate Beta mixture models to the
infinite case using Dirichlet Process as a non-parametric method. We
used batch and online variational techniques for learning our model.
To evaluate the performance of our proposed method, We applied it
to three real-world medical applications, skin lesion analysis, leukemia
detection, and bone tissue analysis.

• Chapter 4: We devoted this chapter to batch and online variational
learning of hierarchical Dirichlet process mixtures of multivariate Beta
distributions. We focused on three medical applications, oropharyn-
geal carcinoma diagnosis, osteosarcoma analysis, and white blood cell
counting.

• Chapter 5: We applied expectation propagation inference framework
to learn finite multivariate Beta mixture models and measured its per-
formance by testing it in EEG-based sentiment analysis and human
activity recognition.

• Chapter 6: We focused on analyzing sequential data with the help of
Hidden Markov Models. We proposed to integrate MBMM as emis-
sion probabilities into HMM where our mixture has a nonparametric
and hierarchical structure. We used variational inference to learn our
proposed algorithm and evaluated our model on a health-related appli-
cation, human activity recognition.

4



1.4 Publications and contributions of authors

This Ph.D. thesis consists of five manuscripts that represent four published
journal papers and one book chapter. Each journal or book chapter is pre-
sented in a chapter of this thesis. We hereby list them:

• Chapter 2: Narges Manouchehri, Meeta Kalra, Nizar Bouguila, Online
variational inference on finite multivariate Beta mixture models for
medical applications, published in “IET image processing.” [30].

• Chapter 3: Narges Manouchehri, Nizar Bouguila, Wentao Fan, A non-
parametric variational learning of multivariate Beta mixture models in
medical applications, published in “International Journal of Imaging
Systems and Technology” [28].

• Chapter 4: Narges Manouchehri, Nizar Bouguila and Wentao Fan,
Batch and online variational learning of hierarchical Dirichlet process
mixtures of multivariate Beta distributions in medical applications,
published in “Pattern Analysis and Applications” [29].

• Chapter 5: Narges Manouchehri, Nizar Bouguila and Wentao Fan,
Expectation propagation learning of finite multivariate Beta mixture
models and applications, published in “Neural Computing and Appli-
cations” [25]. The original published paper has a non-related medical
application (forgery detection) which is removed here.

• Chapter 6: Narges Manouchehri, Nizar Bouguila, Multivariate Beta-
based hierarchical Dirichlet process hidden Markov models in medical
applications, published in “Hidden Markov Models and Applications”
[37].

Contributions of co-authors are as follows:

• Narges Manouchehri: Conceptualization, methodology, software pro-
gramming, validation, formal analysis, investigation, writing original
draft, visualization.

• Professor Nizar Bouguila: Supervision, reviewing and editing.

• Meeta Kalra: Software programming of OV-GMM in chapter 2.

• Dr. Wentao Fan: Reviewing.
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Chapter 2
Online variational inference on finite
multivariate Beta mixture models

Technological advances led to the generation of large scale complex data.
Thus, extraction and retrieval of information to automatically discover la-
tent pattern have been largely studied in the various domains of science and
technology. Consequently, machine learning experienced tremendous devel-
opment and various statistical approaches have been suggested. In particular,
data clustering has received a lot of attention. Finite mixture models have
been revealed to be one of the flexible and popular approaches in data cluster-
ing. Considering mixture models, three crucial aspects should be addressed.
The first issue is choosing a distribution which is flexible enough to fit the
data. In this paper, we proposed a model based on multivariate Beta distribu-
tions. The two other challenges in mixture models are estimation of model’s
parameters and model complexity. To tackle these challenges, variational
inference techniques demonstrated considerable robustness. In this paper,
we study two methods, namely, batch and online variational inferences and
evaluate our models on four medical applications including image segmenta-
tion of colorectal cancer, multi-class colon tissue analysis, digital imaging in
skin lesion diagnosis and computer aid detection (CAD) of Malaria.

6



2.1 Introduction

Over the past decades, fast progress of computational power and data stor-
age yield a great deal of complex data and machine learning methods expe-
rienced considerable development to recognize critical information from data
efficiently and automatically with minimal human interaction. In order to
cover the wide variety of data such as text, image and video and problem
types exhibited across different domains, a diverse array of machine learning
algorithms have been developed [38]. Many algorithms focus on image pro-
cessing and computer vision as techniques of electronics engineering.
A critical scientific and practical goal to the majority of the algorithms is to
characterize their capabilities and robustness. Supervised learning systems
have been widely used over the past years. Deep learning platforms [39], [40]
have been demonstrated to outperform previous supervised machine learning
techniques in several fields. Convolutional Neural Networks [41] and Deep
Belief Networks [42] are some examples of currently remarkable techniques
in some applications such as image analysis [43], emotion detection [44],
object detection [45], [46], [47], [48], synthetic aperture radar image anal-
ysis [49], [50], remote sensing [51], Internet of Things (IOT) [52], smart
cities [53]. Similarly, modern medical imaging have witnessed admirable
progresses and became one of the attention-grabbing domains in research
and technology. Consequently, statistical modelling has been applied suc-
cessfully in this domain and achieved state-of-the-art performance in image
segmentation and computer-aided detection (CAD) to assist professionals
in the interpretation of medical images, digital pathology and other med-
ical datasets [54]. Due to the increasing digitization in medical image re-
sults [55] and prompt progression in artificial intelligence (AI) and machine
learning (ML), various methods have been proposed [55]. However, the na-
ture of medical data and some needs of healthcare team in making decision
led to a limited success in applying the current algorithms in routine clinical
cases, [16]. It should be noted that with some deep learning platforms we can
achieve good results in classification tasks in various medical domains such
as brain image analysis [56], pathological image analysis [57], cardiac image
analysis [58], breast histology images analysis [59], blood cell analysis [60],
liver tumor analysis [61]. However, they may cause some failure as they are
unpredictable and unexplainable [18], [17], [19]. It should be emphasized
that deep learning models need large scale labeled data for training and the
publicly available datasets are limited as confidentiality is a principle rule in
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healthcare. However, this is not the only issue, but medical data labeling is
a great obstacle as it could be performed just by professional physicians and
need sophisticated amount of budget, time and skill. It is noteworthy that
the nature of medical data is heterogeneous and to arrive at a better decision,
the model should have the potential and ability to deal with various types of
data such as as patient history, images, videos and signals, simultaneously.
These characteristics and demand, motivated us to focus on unsupervised
models of machine learning as label-free approaches. Clustering methods
specially finite mixture models are one of the best known methods to model
heterogeneous data which includes multiple distributions [21]. The first chal-
lenging aspect which should be carefully addressed is choosing the most
proper distributions that best represent the corresponding components of
mixture accurately when modelling data. Gaussian mixture models (GMM)
have been widely adopted in various applications [62]. However, in re-
cent works other alternatives such as Dirichlet [63], [64], generalized Dirich-
let [65], [66], [67] demonstrated considerable flexibility and high potential to
describe non-Gaussian data. Hence, in our paper we focus on multivariate
Beta mixture models which are developed based on a very flexible distribu-
tion which doesn’t have a constant shape and is appropriate to be used to
model data skewness. Furthermore, considering its bounded nature, it fits
better compactly supported data. Fig. 2.1 illustrates the high potential of
this distribution.

To design a clustering algorithm, the parameters estimation is a crucial
step and has a significant impact on the performance of model learning.
The majority of parameter estimation methods apply either deterministic
or Bayesian techniques. The former one is based on classic maximum likeli-
hood inference and optimizing the model likelihood function via expectation-
maximization (EM) [68] framework. However, this method is sensitive to ini-
tialization and carry disadvantages such as over-fitting. To avoid such draw-
backs, Bayesian techniques have been proposed. In this improved method,
a prior knowledge is applied in a principled way and the parameter un-
certainty is then marginalized by Laplace’s approximation or Markov chain
Monte Carlo (MCMC) simulation techniques [69], [70]. Unfortunately, we
face some issues in Bayesian inference. For instance, Laplace’s approximation
is generally imprecise and MCMC techniques are computationally expensive.
Recently, several research efforts focused on variational inference [71] as a
preferable and efficient alternative technique for the learning of statistical
models. Indeed, it can be expressed as an effective compromise between
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deterministic and Bayesian approaches. Variational inference is based on
approximating the model posterior distribution which is achieved by min-
imizing the Kullback-Leibler divergence between the true posterior and an
approximating distribution. Another crucial issue when using mixture mod-
els is defining model structure or the best number of mixture components
that describes the data perfectly without over-fitting or under-fitting. Some
model selection techniques such as MML or MDL [63], [72], [73] have been
considered. However, they are time-consuming since they have to evaluate a
given selection criterion for several numbers of mixture components and such
high computational cost limited their applications. One of the advantages
of variational inference is that it automatically determines the number of
mixture components as part of the Bayesian inference procedure [74], [75].
Variational learning can be performed online [76] which is mainly motivated
by the fact that such algorithm allows data instances to be processed in
a sequential way, which is important for large-scale data and real-time ap-
plications. This technique is significantly faster than traditional variational
learning. In this paper, we propose two novel algorithms for batch and online
variational learning based on multivariate Beta mixture models. We evalu-
ate the performance of our proposed frameworks by exploring challenging
medical applications and the results are compared with batch and online
variational learning for Gaussian mixture models.

The structure of the rest of this paper is as follows; Section 2.2 is de-
voted to the description of finite multivariate Beta mixture model. Section
2.3 and 2.4 describe the batch and online variational learning algorithms,
respectively. We present the experimental results in section 2.5 considering
four real-world applications. Finally, we conclude in section 2.6.
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Figure 2.1: Four examples of multivariate Beta distributions.

2.2 Finite multivariate Beta mixture model

In this section, we give a brief description of finite multivariate Beta mixture
models. Lets assume that an observation following a multivariate Beta (MB)

distribution [77], [78] is defined by X⃗i =
(
xi1, . . . , xiD

)
as a D-dimensional

vector where all its elements are positive and less than one. Γ(.) denotes the
Gamma function. The probability density function of MB is expressed by
(2.1).
α⃗j =

(
αj1, . . . , αjD

)
is shape parameter such that αjl > 0 for l = 1, . . . , D

and | αj |=
∑D

l=1 αjl.

p(X⃗i | α⃗j) = c

∏D
l=1 x

αjl−1

il∏D
l=1(1− xil)(αjl+1)

[
1 +

D∑
l=1

xil
(1− xil)

]−|αj |
(2.1)

c =
Γ(αj1 + · · ·+ αjD)

Γ(α1) . . .Γ(αjD)
=

Γ(| αj |)∏D
l=1 Γ(αjl)

Lets consider a set of N independent identically distributed vectors X =
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{X⃗1, . . . , X⃗N} which are generated from multivariate Beta mixture mod-
els and composed of M different clusters. Thus, multivariate Beta mixture
model is represented by:

p
(
X⃗i | π⃗, α⃗

)
=

M∑
j=1

πjp
(
X⃗i | α⃗j

)
(2.2)

where π⃗ =
(
π1, . . . , πM

)
is the set of mixing coefficients with two constraints∑M

j=1 πj = 1 and πj >= 0. α⃗j and πj are shape parameter and weight of
component j where j = 1, . . . ,M . So, the likelihood function for N samples
is,

p
(
X | π⃗, α⃗

)
=

N∏
i=1

[
M∑
j=1

πjp
(
X⃗i | α⃗j

)]
(2.3)

Four examples of MBMM are shown in Fig. 2.2.

Figure 2.2: Four examples of MBMM with different components.

In mixture models, we define an auxiliary variable Z to allocate each
sample to one of theM components. Thus, we introduce Z⃗i =

(
Zi1, . . . , ZiM

)
11



where Zij is a binary random variable such that Zij = 1 if X⃗i belongs to the

specific cluster j and 0, otherwise. The distribution of Z = {Z⃗1, . . . , Z⃗N} as
a set of ”membership vectors” is specified by (2.4) in terms of the mixing
coefficients π⃗ [79].

p
(
Z | π⃗

)
=

N∏
i=1

M∏
j=1

π
Zij

j (2.4)

Thus, the conditional probability of the data given Z is,

p
(
X | Z, α⃗

)
=

N∏
i=1

M∏
j=1

p
(
X⃗i | α⃗j

)Zij (2.5)

2.3 Batch variational learning

Variational approaches have been widely applied previously to approximate
posterior distributions of a variety of statistical models. In this section as
the first step, we develop a batch variational inference framework for learn-
ing finite multivariate Beta mixture models (MBMM). Our main objective
is to develop an optimized method which is capable enough to estimate the
parameters of mixture model and determine its structure and complexity si-
multaneously.

2.3.1 Prior specification

A crucial challenge in the case of variational learning is placing prior distri-
butions over parameters. To simplify this approach, we consider a conjugate
prior for the α⃗ parameters. Unfortunately, a conjugate prior does not ex-
ist. In this case, we adopt a Gamma prior as an approximation assuming
that the parameters are statistically independent [80], [81]. So, the proba-
bility density function of αjl is described by (2.6). ujl and νjl are positive
hyperparameters.

p
(
αjl

)
= G

(
αjl | ujl, νjl

)
=

ν
ujl

jl

Γ
(
ujl
)αujl−1

jl e−νjlαjl (2.6)
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The model parameters α⃗ are given by:

p
(
α⃗
)
=

M∏
j=1

D∏
l=1

p
(
αjl

)
(2.7)

Thus, the joint distribution of all random variables is given by:

p
(
X ,Z, α⃗ | π⃗

)
= p
(
X | Z, α⃗

)
p
(
Z | π⃗

)
p
(
α⃗
)

(2.8)

=
N∏
i=1

M∏
j=1

[
Γ(| αj |)∏D
l=1 Γ

(
αjl

) × ∏D
l=1 x

αjl−1

il∏D
l=1(1− xil)(αjl+1)

×
[
1 +

D∑
l=1

xil
(1− xil)

]−|αj |
]Zij

×
N∏
i=1

[
M∏
j=1

π
Zij

j

]
×

M∏
j=1

D∏
l=1

ν
ujl

jl

Γ
(
ujl
)αujl−1

jl e−νjlαjl

A graphical representation of this model is shown in Fig. 2.3. Symbols in
circles denote random variables; otherwise, they denote model parameters.
The conditional dependencies of the variables are represented by the arcs.

Figure 2.3: Graphical model of the finite multivariate Beta mixture.
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2.3.2 Learning algorithm

In order to estimate the parameters of model and select a correct number of
components, we estimate the mixing coefficient π⃗ by maximizing the marginal
likelihood p

(
X | π⃗

)
expressed by (2.9).

p
(
X | π⃗

)
=
∑
Z

∫
p
(
X ,Z, α⃗ | π⃗

)
dα⃗ (2.9)

As the marginalization of this equation is intractable, we apply variational
inference [82] to calculate the lower bound on p

(
X | π⃗

)
. The variational lower

bound L of the logarithm of the marginal likelihood p
(
X | π⃗

)
is defined by:

L
(
Q
)
=

∫
Q
(
Θ
)
ln

(
p
(
X ,Θ | π⃗

)
Q
(
Θ
) )

dΘ (2.10)

where Θ =
{
Z, α⃗, π⃗

}
and Q

(
Θ
)
is an approximation to the true posterior

distribution p
(
Θ | X , π⃗

)
. This approximation is determined by computation

of Kullback-Leibler (KL) divergence between Q
(
Θ
)
and p

(
Θ | X , π⃗

)
defined

by (2.11).

KL
(
Q || P

)
= −

∫
Q
(
Θ
)
ln

(
p
(
Θ | X , π⃗

)
Q
(
Θ
) )

dΘ (2.11)

KL
(
Q || P

)
= ln p

(
X | π⃗

)
− L

(
Q
)

(2.12)

The KL divergence is the representation of the dissimilarity between the true
posterior and its approximation. As KL

(
Q || P

)
≥ 0, the KL

(
Q || P

)
is

zero when Q
(
Θ
)
= p
(
Θ | X

)
. Considering above mentioned equations, it is

obvious that L(Q) ≤ ln p
(
X | π⃗

)
, thus L(Q) is a lower bound on ln p

(
X | π⃗

)
.

So, by maximizing the lower bound, the KL divergence is minimized and
hence the true posterior distribution is approximated. Consequently, we
consider a restricted and tractable family of distributions Q

(
Θ
)
which are

flexible enough to properly approximate the true posterior distribution. We
apply common method, namely, mean field theory to adopt factorization
assumptions for restricting the form of Q

(
Θ
)
. Subsequently, the posterior

distribution Q
(
Θ
)
can be factorized [80] such that,

Q
(
Θ
)
= Q

(
Z
)
Q
(
α⃗
)
Q
(
π⃗
)

(2.13)
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We find the variational solution for L
(
Q
)
with respect to each of the pa-

rameters to maximize the lower bound and for a specific parameter s, the
optimal solution can be expressed by:

lnQ∗
s

(
Θs

)
= ⟨ln p(X ,Θ)⟩i ̸=s (2.14)

By taking the exponential from both sides of this equation and normalizing,
we can get:

Qs

(
Θs

)
=

exp
〈
ln p

(
X ,Θ

)〉
i ̸=s∫

exp
〈
ln p

(
X ,Θ

)〉
i ̸=s

dΘ
(2.15)

〈
·
〉
i ̸=s

is the expectation with respect to all the parameters other than Θs.

The solutions for the optimal variational posteriors as derived in Appendix
A are given by:

Q
(
Z
)
=

N∏
i=1

M∏
j=1

r
Zij

ij (2.16)

Q
(
α⃗
)
=

M∏
j=1

D∏
l=1

G
(
αjl | u∗jl, ν∗jl

)
(2.17)

rij =
r̃ij∑M
j=1 r̃ij

(2.18)

r̃ij =exp

{
ln πj + R̃j +

D∑
l=1

(
αjl − 1

)
lnxil (2.19)

−
D∑
l=1

(
αjl + 1

)
ln(1− xil)− | αj | ln

[
1 +

D∑
l=1

xil
(1− xil)

]}

where R̃j is as follows based on [83] and its calculation is presented in Ap-
pendix A.

u∗jl = ujl + φjl, ν∗jl = νjl − ϑjl (2.20)
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φjl =
N∑
i=1

〈
Zij

〉
αjl

[
ψ

(
D∑
l=1

αjl

)
− ψ

(
αjl

)
+

D∑
s̸=l

ψ′

(
D∑
l=1

αjl

)

× αjs

(〈
lnαjs

〉
− lnαjs

)]
(2.21)

ϑjl =
N∑
i=1

〈
Zij

〉[
lnxil − ln(1− xil)− ln

[
1 +

D∑
l=1

xil
(1− xil)

]]
(2.22)

ψ
(
.
)
and ψ′(.) in the above equations represent the digamma and trigamma

functions. The expectation of values mentioned in the equations above is
given by, 〈

Zij

〉
= rij (2.23)

αjl =
〈
αjl

〉
=
u∗jl
ν∗jl

(2.24)

〈
lnαjl

〉
= ψ

(
u∗jl
)
− ln ν∗jl (2.25)

〈(
lnαjl − lnαjl

)2〉
=
[
ψ
(
u∗jl
)
− lnu∗jl

]2
+ ψ′(u∗jl) (2.26)

πj =
1

N

N∑
i=1

rij (2.27)

In variational learning, we trace the convergence systematically by moni-
toring the variational lower bound during the re-estimation step. Indeed, at
each step of the iterative updating procedure, the value of L(Q) should not
rise. Thus, we terminate optimization when the lower bound increases more
than a threshold compared to previous estimated value. The lower bound in
(2.10) is evaluated as follows which is explained in details in Appendix A:

L
(
Q
)
=
∑
Z

∫
Q
(
Z, α⃗

)
ln

(
p
(
X ,Z, α⃗ | π⃗

)
Q
(
Z, α⃗

) )
dα⃗ (2.28)
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The complete algorithm of batch variational learning can be summarized in
Algorithm 1.

Algorithm 1 Batch variational framework for MBMM.

1. Choose a large initial number of components M .

2. Initialize values for ujd and vjd.

3. Initialize the value of rij using K-Means algorithm.

4. repeat

5. The variational E-step:

6. Estimate the expected values by equations (2.23) to (2.27).

7. The variational M-step:

8. Update Q(Z) and Q(α⃗) by estimating rtj from (2.16) and (2.17).

9. until Convergence criterion is reached.

2.4 Online variational learning of multivari-

ate Beta mixture models

In this subsection, we extend the classic variational inference approach [81]
to online settings for learning multivariate Beta mixture model by adopting
the framework proposed in [76] as in real-world, observations arrive in an
online manner. Thus, we assume that a specific amount of data are observed
defined by t, such that their corresponding lower bound is defined by [84]:

L(t)(Q) =
N

t

t∑
i=1

∫
Q(α)dα

∑
Z⃗i

Q(Z⃗i) ln

[
p(X⃗i, Z⃗i | α)

Q(Z⃗i)

]

+

∫
Q(α) ln

[
p(α)

Q(α)

]
dα (2.29)
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In this method, the current variational lower bound expressed by (2.29) is
maximized consecutively. To explain more in detail, lets consider a set of ob-
servations {X⃗1, . . . , X⃗(t−1)}. Then, a new observation X⃗t arrives and we max-

imize and update the current lower bound L(t)(Q) corresponding to Q(Z⃗t)
, while Q(α⃗) and πj is set to Qt−1(α⃗) and πt−1

j , respectively. Thus, the

variational solution to Q(Z⃗t) is as follows:

Q
(
Z⃗t

)
=

M∏
j=1

r
Ztj

tj (2.30)

rij =
r̃tj∑M
j=1 r̃tj

(2.31)

r̃tj =exp

{
ln π

(t−1)
j + R̃j +

D∑
l=1

(
αjl − 1

)
lnxtl (2.32)

−
D∑
l=1

(
αjl + 1

)
ln(1− xtl)− | αj | ln

[
1 +

D∑
l=1

xtl
(1− xtl)

]}

R̃j is calculated in Appendix A. Then, with the application of the gradient

method, we set Q(Z⃗t) fixed, so that the lower bound is maximized corre-

sponding to Q(t)(α⃗) and π
(t)
j . Therefore, the natural gradients are estimated

by multiplying the gradients of the parameters with the inverse of the co-
efficient matrix, which is then removed so that the natural gradients for
the posterior probabilities can be computed for an efficient online learning
framework. Thus, we have the optimal solutions for parameters’ updates:

Q(t) (α⃗) =
M∏
j=1

D∏
d=1

G
(
α
(t)
jd | u∗(t)jd , v

∗(t)
jd

)
(2.33)

u
∗(t)
jd = u

∗(t−1)
jd + ρt∆u

∗(t)
jd (2.34)

v
∗(t)
jd = v

∗(t−1)
jd + ρt∆v

∗(t)
jd (2.35)
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The solution for the mixing coefficient π
(t)
j is:

π
(t)
j = π

(t−1)
j + ρt∆π

(t)
j (2.36)

where ρt denotes the learning rate [85] described by (2.37) with two con-
straints, ϵ ∈ (0.5, 1] and η ≥ 0.

ρt = (η0 + t)−ϵ (2.37)

The main idea of the learning rate is to ignore the previous wrong estima-
tions of the lower bound and accelerate the convergence rate. Therefore, the
natural gradients are as follows:

∆u
∗(t)
jl = u

∗(t)
jl − u

∗(t−1)
jl =

ujl −+Nrtjαjl

[
ψ

(
D∑
l=1

αjl

)
− ψ (αjl)

+
D∑
d ̸=s

ψ′

(
D∑
l=1

αjl

)
× αjs (⟨lnαjs⟩ − lnαjs)

]
(2.38)

∆v
∗(t)
jl = v

∗(t)
jl − v

∗(t−1)
jl = vjl

−Nrtj

[
lnxtd − ln(1− xtl)− ln

[
1 +

D∑
l=1

xtl
(1− xtl)

]]
(2.39)

∆π
(t)
j = π

(t)
j − π

(t−1)
j =

(
N

t

)
rtj − π

(t−1)
j (2.40)

where
〈
lnαjd

〉
and

〈(
lnαjd − lnαjd

)2〉
are similar to (2.25) and (2.26),

respectively. When a new data point arrives, an additional distribution is
added to the lower bound.
There are two constraints expressed by (2.41) that ensure the convergence
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of lower bound as the online learning framework can be considered as a
stochastic approximation:

∞∑
t=1

ρt = ∞,

∞∑
t=1

ρt
2 <∞ (2.41)

Our model is described completely in Algorithm 2. We applied k-means to
initialize the parameter. Consequently, the variational solutions are updated
by iteration until convergence. The clusters with minimal weight close to
zero are automatically removed.

Algorithm 2 Online variational framework for MBMM.

1. Choose a large initial number of components M .

2. Initialize values for ujd and vjd.

3. Initialize the value of rij using K-Means algorithm.

4. For t = 1 to N

5. repeat

6. The variational E-step:

7. Estimate the expected values.

8. Calculate learning rate by (2.37).

9. Compute ∆u
∗(t)
jd , ∆v

∗(t)
jd and ∆π

(t)
j by (2.38) to (2.40).

10. The variational M-step:

11. Update the variational solutions to update Q(Zt).

12. Update the variational solutions to update Q(α⃗).

13. until Convergence criterion is reached.
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2.5 Experimental results

In this section, we validate the performance of online variational learning
of multivariate Beta mixture model (OVMBMM) on four strong candidates
in real-world medical applications, namely, image segmentation of colorectal
cancer, multi-class colon tissue analysis, digital imaging in skin lesion diag-
nosis and computer aid detection (CAD) of Malaria. It is noteworthy to
mention that our main motivation to focus on medical applications is that
advanced analytical and statistical methods provide more precise informa-
tion to healthcare systems which is a valuable asset for the patient care as
having more information, better understanding and improved analysis results
in making proper decisions in different steps such as screening, diagnosis and
treatment. The significance of machine learning in healthcare applications is
enhanced specially in development of high-performance medical image pro-
cessing systems. Computer-aided detection (CADe) detects clinically sig-
nificant objects from medical images and computer-aided diagnosis (CADx)
generally confronts with processing and analyzing high dimensional datasets
which is beyond the scope of human capability. It’s obvious that in both of
these domains, advanced clinical insights ultimately lead to improve quality
of services, better outcomes, lower healthcare costs, and increased patient sat-
isfaction. In some disciplines such as radiology and pathology, identification
of abnormalities and marking the critical areas are vital to improve efficiency,
reliability, and accuracy of diagnosis. Moreover, such medical testing tech-
niques generate large scale datasets for which online variational inference is a
proper modelling method. Here, we compare four algorithms, namely, batch
variational multivariate Beta mixture model (BVMBMM), online variational
multivariate Beta mixture model (OVMBMM), batch variational Gaussian
mixture model (BVGMM) and online variational Gaussian mixture model
(OVGMM) in terms of their accuracy based on confusion matrix and Jac-
card similarity index for image segmentation.

2.5.1 Image segmentation in colorectal cancer

According to World Health Organization (WHO) reports, cancer is the sec-
ond leading cause of death globally, taking the life of 1 in 6 people, accounting
for an estimated 9.6 million deaths in 2018 [86]. Colorectal cancer with 1.80
million cases, has the third place in the ranking of most common cancers and
secondly ranked in most typical causes of cancer death with 862,000 deaths.
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Early detection and treatment has a great impact on reducing cancer mor-
tality. By early identification and avoiding delays in care, the patient is more
likely to survive by responding effectively to treatments. This goal is achieved
by awareness, accessing clinical evaluation, diagnosis and having access to
treatment [86]. One of the valuable solutions to avoid late stages detection is
screening which aims to find individuals with abnormalities, pre-cancer and
not developed symptoms. As one of the main steps of screening, tissue or
cell samples can be taken from intestine or stomach for determining causes of
abnormalities or presence and effects of cancer. Hence, histopathology anal-
ysis has a significant role and poses critical challenge as biological tissues
have various structures and precise tumor segmentation, accurate pattern
detection is a tough task for humans. In recent years, since tissue specimens
were digitized, automated analysis of histopathology slides [87] has become
a key requirement to asses quantitative morphology, cancer aggressiveness
grading and reliable differentiation of various tumor types which is reflected
by the formation and architecture of glands. Subsequently, machine learning
techniques have demonstrated superior performance over conventional meth-
ods [88]. Here we focus on two applications related to colorectal cancers.
First, image segmentation of a publicly available collection of microscopy
images of colon cancer cells from Broad Bioimage Benchmark Collection
(BBBC018v1) [89], [90]. The image set consists of 56 fields of view (4 from
each of 14 samples). Because there are three channels, there are 168 image
files. The samples were stained with Hoechst 33342, pH3, and phalloidin.
Hoechst 33342 is a DNA stain that labels the nucleus. Phospho-histone H3
indicates mitosis. Phalloidin labels actin, which is present in the cytoplasm.
This image set is accompanied by a set of ground truth data to test auto-
mated image analysis against them. The ground truth set consists of outlines
of nuclei and cells. In Fig. 2.4, some examples of tissues and nucleous with
their corresponding ground truth are illustrated.

Figure 2.4: Sample images from colon tissues.
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The results of validating our proposed frameworks based on Jaccard sim-
ilarity index are presented in Table 2.1 which prove that our model outper-
forms the three other alternatives.

Table 2.1: Accuracy of image segmentation for colon cancer dataset.

Method Accuracy
OVMBMM 95.77
OVGMM 87.41
BVMBMM 90.31
BVGMM 84.33

2.5.2 Multiclass colon tissue analysis

The second application is multiclass tissue clustering problem and catego-
rization of a collection of textures in histological images of human colorectal
cancer. The term texture refers to specific properties, pattern and structure
of image regions. In medical image analysis, texture analyzing methods are
applied to classify tissue types. Human solid tumours are complex structures
that typically several distinct tissue types are integrated in tumors consisting
of non-malignant tissues, necrotic regions, tumour stroma, immune cell infil-
tration and islets of remaining. Moreover, tumour progression over time leads
to changes in the architecture of tissue. In the digital pathology, automatic
recognition of different tissue types assists to estimate the tumour/stroma ra-
tio on histological samples and can provide quantitative and high-throughput
analysis of the tumour tissue. In this paper to assess the performance, we
evaluate our models by a collection of textures in colorectal cancer histol-
ogy [91], [92] which is publicly available. It includes 5,000 histological images
of human colorectal cancer consisting of eight different types of tissue. In Fig.
2.5, some samples of eight tissue classes are shown which enhance a variety of
illumination, stain intensity and tissue textures. These classes are tumour ep-
ithelium, simple stroma that is homogeneous composition including tumour
or extra-tumoural stroma, smooth muscle, single tumour or immune cells
and/or single immune cell, complex stroma containing single tumour cells
and/or few immune cells, immune cells including immune-cell conglomerates
and sub-mucosal lymphoid follicles, debris including necrosis, hemorrhage
and mucus, normal mucosal glands, adipose tissue and background without
any tissue. As an important step, we extracted the feature of each image
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using one of the most popular techniques, namely, scale-invariant feature
transform (SIFT) [93] and bag of visual words (BOVW). The general idea of
this method is to represent an image as a set of features which include key
points and descriptors. The keypoints of each image are invariant to geo-
metrical transformation and illumination and descriptors are the description
of these points which both are extracted by SIFT. Consequently, we con-
struct vocabularies with key points and descriptors to represent each image
as a frequency histogram of features which could be applied in image catego-
rization to find images with similar pattern which could be differentiated by
histopathological evaluation and the tissue composition could be quantified.
The outputs of testing the performance of our algorithms are illustrated in
Table 2.2 which obviously shows the superior performance of OVMBMM.

Table 2.2: Accuracy of four models tested on multiclass colon tissue analysis.

Method Accuracy Precision Recall F1-score
OVMBMM 93.16 93.24 92.32 93.2
OVGMM 85.38 85.6 85.4 85.49
BVMBMM 89.74 89.96 89.67 89.85
BVGMM 82.07 82.15 82.05 82.1

Figure 2.5: Sample images from colon dataset.
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2.5.3 Digital imaging in Melanoma lesion detection and
segmentation

As stated by WHO, 1.04 million cases of skin cancer were reported in 2018
and it was ranked as the 5th common cancer [86]. The major cause of death
from skin cancer is malignant melanoma which is caused by the abnormal
multiplication of cells. However, it is far less prevalent than non-melanoma
skin cancers. This type of cancer is primarily diagnosed visually. After
initial clinical screening and dermoscopic analysis, a biopsy and histopatho-
logical sample is analyzed. Digital imaging can help to recognize and treat
in its earliest stages which lead to reduce melanoma mortality as it is readily
curable. Automated diagnosis and digital images of skin lesions can aid in
the diagnosis of melanoma through teledermatology. The standard quality
of skin lesion imaging has a great impact on early detection and results in
improvement of the efficiency, effectiveness, and accuracy of melanoma diag-
nosis. Nevertheless, unprofessional screening results in unnecessary biopsies
and excisions of benign skin lesions. However, it is difficult to distinguish
early-stage melanoma from benign skin lesions with similar structure which
may lead to missing positive cases, useless clinical advanced examinations
and misclassifying the benign and malignant melanoma. Thus, the expertise
of the examiner and clinical setting have significant role. Evolution of dig-
ital imaging in skin lesion diagnosis permits the early detection of atypical
lesions. Therefore, unnecessary biopsies of benign tumors are decreased or
avoided. Recent enhancements in computer vision, machine learning algo-
rithms and digital dermoscopic techniques can assist in image segmentation
and retrieval, facilitate follow up and reduce unbiased diagnosis and mis-
classification rate therefore. These admirable advantages led to gaining the
attention of researchers and increasing the focus towards computer aided
systems in the last few decades. To evaluate automated Melanoma region
segmentation using dermoscopic images, we tested our models, on a public
dataset of ISIC [94], containing 23,906 images of skin lesions with their cor-
responding ground truths. In Fig. 2.6, some samples of this dataset and
their ground truth are illustrated. Similar to previous experiments, we com-
pared four models. The outputs are presented in Table 2.3 based on Jaccard
similarity index. As it is shown, OVMBMM is more accurate than the other
algorithms.
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Figure 2.6: Sample images from skin dataset.

Table 2.3: Accuracy of skin tumor segmentation.

Method Accuracy
OVMBMM 94.29
OVGMM 87.53
BVMBMM 92.09
BVGMM 82.77

2.5.4 Computer-aided detection of Malaria

Malaria is a serious infectious disease caused by a blood parasite which is
injected into the human body by female Anopheles mosquito. Considering
the statistics announced by WHO, 219 million Malaria cases and 435 000
Malaria deaths were globally reported in 2017 [95]. To manage and monitor
this disease efficiently, it is crucial to diagnose it promptly and accurately
as misdiagnosis can lead to significant morbidity and mortality. Therefore,
with the help of parasitological and clinical microscopy which is considered
as the mainstay of parasite-based diagnosis, the infection could be identi-
fied and confirmed precisely. The microscopy examination of Malaria, as the
most prevalent and commonly practiced method, involves visual examination
blood smears to test for the presence or absence of parasite in the blood and
quantification of parasitemia, specie identification and life cycle classification.
However, we should bear in mind that acceptable microscopy service with
consistently accurate results is time consuming and costly and depends on
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the qualification of experts and load of samples. WHO reported that more
than 208 million patients were tested by microscopic examination in 2017.
Such massive number of ongoing examinations indicates the significance of
process automation in analysis of samples. In order to overcome the issues
such as error-prone and timely procedure, computer aid detection (CAD) and
mathematical morphology are applied as effective tools for computer aided
Malaria detection. These techniques are widely used for image processing
purposes and employed successfully in biomedical image analysis. However,
computer vision techniques for diagnosis, recognition and differentiation be-
tween non-parasitic and infected samples represent a relatively new domain
of research. In our work, we applied our models on a dataset provided by NIH
including thin blood smear slide images from the Malaria Screener research
activity [96]. The dataset contains a total of 27,558 cell images with equal
instances of parasitized and uninfected cells. A few examples of this dataset
are illustrated in Fig. 2.7 including parasitized and uninfected blood smear
samples. In this experiment, the features are extracted by BOVW and SIFT.
Finally to evaluate the performance of our method, we compared the results
of four models which are illustrated in Table 2.4 indicating that OVMBMM
has more accurate outputs. It is noteworthy to mention that these results
clarify that online variational learning is a robust method as physicians are
analyzing large amount of pathological samples.

Figure 2.7: Sample images from Malaria dataset.
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Table 2.4: Accuracy of four models tested on Malaria dataset.

Method Accuracy Precision Recall F1-score
OVMBMM 92.5 90.47 95.11 92.68
OVGMM 82.5 77.08 92.5 84.09
BVMBMM 88.75 86.04 92.5 89.15
BVGMM 80.62 77.52 86.25 81.65

2.6 Conclusion

This article introduces a novel unsupervised learning approach based on vari-
ational inference of finite multivariate Beta mixture model with the main
focus on medical applications. Considering rich and various forms of medical
information, artificial intelligence has a great impact on diagnosis and treat-
ment of diseases. We developed our models based on variational Bayesian
inference framework as a powerful alternative to deterministic methods such
as maximum likelihood and conventional Bayesian inference, which has high
computational cost. In our proposed method, convergence and simultane-
ously estimation of parameters and model complexity is guaranteed within
an iterative process. Then, we employ online variational learning as an ex-
tension to classic method which keeps not only the advantages of previous
models, but also speeds up the convergence rate significantly. Indeed, the
online algorithm has a great capability to handle different demanding large
scale datasets in real time. The performances of the proposed methods are
validated with four challenging medical applications namely, image segmen-
tation in colorectal cancer, multiclass tissue clustering, digital imaging in
Melanoma lesion detection and segmentation and computer aid detection of
Malaria. We compare four algorithms, batch variational multivariate Beta
mixture model, online variational multivariate Beta mixture model, batch
variational Gaussian mixture model and online variational Gaussian mixture
model and evaluate their performance accuracy. According to the obtained
results, we can clearly see that the OVMBMM outperforms the three other
methods in terms of all four applications. Future works could be devoted
to the extension of the proposed model within a non-parametric Bayesian
framework to add more flexibility. Also, in our current model, we supposed
that all extracted features have the same importance which is a limitation.
Consequently, we will extend our study to a model which includes a feature
selection strategy.
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Chapter 3
A nonparametric variational learning
of multivariate Beta mixture models

Clustering as an essential technique has matured into a capable solution
to address the gap between growing availability of data and deriving the
knowledge from them. In this paper, we propose a novel clustering method
”variational learning of infinite multivariate Beta mixture models”. The mo-
tivation behind proposing this technique is flexibility of mixture models to
fit the data. This approach has the capability to infer the model complexity
and estimate model parameters from the observed data automatically. More-
over, as a label-free method, it could also address the problem of high costs
of medical data labeling which can be undertaken just by medical experts.
The performance of the model is evaluated on real medical applications and
compared to other similar alternatives. We demonstrate the ability of our
proposed method to outperform widely used methods in the field as it has
been shown in experimental results.

3.1 Introduction

Analytical algorithms have been widely used to extract hidden structures
of data in past couple of decades. Among all the attention grabbing ap-
proaches, clustering has been the topic of various researches. The main
concept in the unsupervised algorithms is to automatically cluster a dataset
into various groups. Finite mixture models have been applied for clustering
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as they demonstrated considerable flexibility to express data [97], [22] and
the integration of prior knowledge about the data is easily possible. In fi-
nite mixture models, we need to select a proper distribution to adequately
fit data. Gaussian mixture models (GMM) have been broadly adopted in
various real-world applications so far. However, the nature of all data is
not generally Gaussian. In recent years, other distributions such as Dirich-
let [98], [99], Gamma and Beta [100], [101], [102], [103], inverted Dirich-
let [104], generalized Dirichlet [105], generalized inverted Dirichlet [106],
Beta-Liouville [107], [108] and inverted Beta-Liouville [109] have been cho-
sen to tackle the limitations of non-Gaussianity. Moreover, defining model
complexity is another task in applying mixture models that has been han-
dled by some selection criteria like Akaike information criterion (AIC) [110],
Bayes information criterion (BIC) [111], Minimum description length (MDL)
and minimum message length (MML) [112], [113]. Due to the drawback of
these methods such as being time consuming, other alternatives have been
introduced. Dirichlet Process (DP) as a non-parametric method and an
extension to finite mixture model is one of the solutions to mitigate this
problem [114]. Similarly, we are concerned about parameter estimation of
mixture models. Several frequentist and Bayesian techniques have been ex-
tensively proposed such as expectation maximization [115] and Markov Chain
Monte Carlo [116], [117], [118], [119]. The deterministic methods have some
disadvantages such as sensitivity to initialization and convergence to local
maxima/saddle points [120]. Bayesian techniques have complex computa-
tional processing [121]. To overcome these barriers, variational inference was
introduced as an alternative approach [122], [123], [124] which approximates
the model posterior distribution by minimizing the Kullback-Leibler diver-
gence between the true posterior and an approximating distribution. In this
paper, we propose a novel method based on variational learning of Dirichlet
process mixtures of multivariate Beta distributions [32] to compute model’s
complexity and estimate model parameters simultaneously. To evaluate the
goodness of model performance, we applied it on three real world challeng-
ing medical applications, namely, skin lesion analysis, leukemia detection and
bone tissue analysis. Our experimental results demonstrates the practicality
of our proposed model in healthcare as it doesn’t need labeling various types
of data. Moreover, interpretation of complex biomedical data in variable
health scenarios is a challenging task even for qualified physicians. We show
how our automated algorithm could help in analyzing heterogeneous data.
We can summarize our four folded contributions as follows:
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1. We study the behaviour of multivariate Beta distribution [125], [126]
to construct a DP mixture based on it. Our motivation is its high
flexibility.

2. To learn our model, we apply batch variational inference methodology
to estimate model parameters and determine model complexity auto-
matically at the same time.

3. Then, the batch variational learning will be extended to online setting.
This solution is an alternative to tackle the problem of dealing with
sequential data particularly in real-world applications.

4. We select challenging medical applications which to the best of our
knowledge haven’t been widely considered for studying similar algo-
rithms. The robustness of our proposed model will be analyzed com-
paring it to other similar models.

The remainder of this work is organized as follows: In section 3.2, we
review finite multivariate Beta mixture models and then extend it to the
infinite case. In section 3.3, we discuss batch variational framework of infinite
multivariate Beta mixture models followed by Section 3.4 which is dedicated
to the extension to online setting. In Section 3.5, we present the experimental
results. Finally, we conclude in section 3.6.

3.2 Model Specification

In this section, first we present multivariate Beta (MB) distribution. Then,
we express how multivariate Beta mixture models are constructed. After-
ward, we extend finite mixture models to the infinite form.

3.2.1 Finite multivariate Beta mixture models

Let’s assume a dataset Y = {Y⃗1, . . . , Y⃗N} containing N observations which

are independent and identically distributed. Y⃗i =
(
yi1, . . . , yiD

)
as a D-

dimensional vector represents an observation raised from a MB distribution
with following probability density function such that 0 < yid < 1 and Γ < . >
indicates the Gamma function:

31



p(Y⃗i | αj) =
c
∏D

d=1 y
αjd−1

id∏D
d=1(1− yid)(αjd+1)

[
1 +

D∑
d=1

yid
(1− yid)

]−|αj |
, c =

Γ(| αj |)∏D
d=1 Γ(αjd)

(3.1)

α⃗j =
(
αj1, . . . , αjD

)
represents the shape parameter where αjd > 0 for

d = 1, . . . , D and | αj |=
∑D

d=1 αjd. To construct a finite mixture based
on multivariate Beta distributions [22] which includes M components, we
assume that all vectors of Y follow common probability density function
given by:

p
(
Y⃗i | π⃗, α⃗

)
=

M∑
j=1

πjp
(
Y⃗i | α⃗j

)
(3.2)

α⃗ =
(
α⃗1, . . . , α⃗M

)
indicates set of shape parameters for all M clusters.

π⃗ = (π1, . . . , πM) represents the components weights and πj is mixing coeffi-

cient of component j subjected to two constraints
∑M

j=1 πj = 1 and πj >= 0.
Thus, the likelihood function for N data points is expressed by:

p
(
Y | π⃗, α⃗

)
=

N∏
i=1

[
M∑
j=1

πjp
(
Y⃗i | α⃗j

)]
(3.3)

It is noteworthy to mention that our motivation to choose multivariate
Beta distribution as our basic distribution is its substantial flexibility and
high potential to properly fit data. Figure 3.1 and Figure 3.2 illustrate two
examples of MB distribution and four examples of its mixture models.

Figure 3.1: Two examples of multivariate Beta distribution.
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Figure 3.2: Four examples of multivariate Beta mixture models with 2, 3, 4
and 5 components.

3.2.2 Dirichlet process mixtures of multivariate Beta
distributions

One major challenge in mixture modelling is the determination of model
complexity and defining number of mixture components that best describes
the data without over or under-fitting. To bypass this obstacle, we extend the
finite mixture model to the infinite case by adopting a framework of Dirichlet
process (DP) mixture model. In this case, we assume that the number of
clusters, M is infinite. To construct the model, we adopt a stick-breaking
representation of DP [127], [128]. Lets assume that DP is defined by G with
H and β as base distribution and scaling parameter, respectively. The stick-
breaking construction of G ∼ DP (β,H) is expressed by equation (3.4). δΩj

indicates the Dirac delta measure centered at Ωj and β is a real number. To
find πj, we apply a recursively breaking procedure to a unit length stick and

33



break it into an infinite number of pieces such that
∑∞

j=1 πj = 1.

λ ∼ Beta(1, β), Ωj ∼ H, πj = λj

j−1∏
s=1

(1− λs), G =
∞∑
j=1

πjδΩj
(3.4)

Given an observed dataset Y = {Y⃗1, . . . , Y⃗N} generated from a MB mixture
model with a countably infinite number of components, for each observation
we have:

p
(
Y⃗ | π⃗, α⃗

)
=

∞∑
j=1

πj

D∏
d=1

p
(
yid | αjd

)
(3.5)

Afterward, we define an auxiliary and binary latent variable Z = {Z⃗1, . . . , Z⃗N}
to allocate each sample to one of the components. Over each observation Y⃗i,
we place a vector Z⃗i =

(
Zi1, Zi2, . . .

)
such that Zij ∈ {0, 1},

∑∞
j=1 Zij = 1

and Zij = 1 if Y⃗i is assigned to the specific cluster j and 0, otherwise. Z
as a set of ”membership vectors” is formulated by equation (3.6) in terms of
π⃗ [129].

p
(
Z | π⃗

)
=

N∏
i=1

∞∏
j=1

π
Zij

j (3.6)

According to the stick-breaking construction of DP, πj is a function of λj
and p

(
Z | π⃗

)
can be expressed as [130]:

p
(
Z | λ⃗

)
=

N∏
i=1

∞∏
j=1

[
λj

j−1∏
s=1

(1− λs)

]Zij

(3.7)

The complete likelihood function of the infinite multivariate Beta mixture
model with latent variables as the conditional distribution of Y given the
class labels Z is defined as:

p
(
Y | Z, α⃗

)
=

N∏
i=1

∞∏
j=1

(
D∏

d=1

p
(
yid | αjd

))Zij

(3.8)
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3.3 Batch variational learning of DP mixtures

of multivariate Beta distributions

As we explained in introduction, one of our concerns when applying mix-
ture models is parameters estimation. The major objective in this section
is to develop an optimized and capable method for estimating our model
parameters which are defined by Θ = {Z, α⃗, λ⃗, β⃗}. To achieve this objec-
tive, we use variational inference. Based on the methodology of this tech-
nique, we find an approximation Q(Θ) for the true posterior distribution
p(Θ | Y) [131], [123], [132]. The dissimilarity between Q(Θ) and p(Θ | Y)
is computed by Kullback-Leibler (KL) divergence defined by equation (3.9)
where L indicates lower bound:

KL
(
Q ∥ P

)
= −

∫
Q
(
Θ
)
ln

(
p
(
Θ | Y

)
Q
(
Θ
) )

dΘ = ln p
(
Y | π⃗

)
− L

(
Q
)

(3.9)

L
(
Q
)
=

∫
Q
(
Θ
)
ln

(
p
(
Y ,Θ | π⃗

)
/Q
(
Θ
))

dΘ (3.10)

As KL divergence is subjected to the constraint of KL(Q || P ) ≥ 0, this
measure reaches to zero when Q(Θ) = p(Θ | X ) and L(Q) ≤ ln p(X ). Thus,
we can conclude that L(Q) is a lower bound to ln p(X ). Considering the
intractability of true posterior distribution, its direct calculation is compu-
tationally complex. To overcome this problem, a restricted family of Q(Θ)
that can be computed is considered [123]. Borrowing the idea from mean field
theory [132], we factorize Q(Θ) into disjoint distributions which are tractable
such that Q(Θ) =

∏
iQi(Θi). By adopting variational learning with respect

to each Qi(Θi), the lower bound L(Q) is maximized. For Qs as a specific
factor, we fix {Θi}i ̸=s and maximize L(Q) with respect to all possible forms
for the distribution Qs(Θs) [132] and the optimal solution for a specific fac-
tor, Qs

(
Θs

)
, is given by equation (3.11). ⟨·⟩i ̸=s indicates an expectation with

respect to all the distributions Qi(Θi) except for i = s [132].

Qs (Θs) =
exp⟨ln p(X ,Θ)⟩i ̸=s∫
exp⟨ln p(X ,Θ)⟩i ̸=sdΘ

(3.11)

To learn infinite mixture models by variational method, we should exploit
the bound by defining a truncation of the stick-breaking representation [124],
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[133]. Here, this truncation level is shown byM such that λM = 1 and πj = 0

when j > M leading to
∑M

j=1 πj = 1.
To develop variational learning, defining prior distributions over parameters
is one of the main concerns. Based on equation (3.4), a Beta distribution is

placed on λ⃗ and β⃗ = (β⃗1, β⃗2, . . . ) are the hyperparameters of λ⃗.

p
(
λ⃗ | β⃗

)
=

∞∏
j=1

Beta(1, βj) =
∞∏
j=1

βj(1− λj)
βj−1 (3.12)

As suggested in [127], the Gamma distribution is introduced as conjugate
prior to the stick lengths over β as defined in equation (3.13) where a⃗ =

(a1, a2, . . . ) and b⃗ = (b1, b2, . . . ) are its positive hyperparameters.

p(β⃗) = G
(
β⃗ | a⃗, b⃗

)
=

∞∏
j=1

b
aj
j

Γ(aj)
β
aj−1
j e−bjβj (3.13)

Next, the Gamma distribution as the prior distributions for αjd [134] is
adopted where its hyperparameters u⃗jd and ν⃗jd are positive:

p
(
αjd

)
= G

(
αjd | ujd, νjd

)
=

ν
ujd

jd

Γ
(
ujd
)αujd−1

jd e−νjdαjd (3.14)

We assume all the parameters to be statistically independent:

p
(
α⃗
)
=

∞∏
j=1

D∏
d=1

p
(
αjd

)
=

v
ujd

jd

Γ(ujd)
α
ujd−1

jd e−vjdαjd (3.15)

Thus, the joint distribution of all the random variables is given by (3.16):

p
(
Y ,Θ) = p

(
Y | Z, α⃗

)
p
(
Z | λ⃗

)
p
(
λ⃗ | β⃗

)
p
(
β⃗
)
p
(
α⃗
)

(3.16)

Figure 3.3 is a graphical representation of this model to illustrate the depen-
dencies between all the variables.
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Figure 3.3: Graphical representation of the infinite multivariate Beta mixture
model. Symbols in circles and squares denote random variables and model
parameters, respectively. The conditional dependencies of the variables are
represented by the arcs. The number mentioned in the plates indicates the
number of repetition of the contained random variables.

Thus, we can obtain:

Q
(
Θ
)
= (3.17)

Q
(
Z
)
Q
(
λ⃗
)
Q
(
β⃗
)
Q
(
α⃗
)
=

[
N∏
i=1

M∏
j=1

Q
(
Zij

)][ M∏
j=1

Q
(
λj
)
Q
(
βj
)][ M∏

j=1

D∏
d=1

Q
(
αjd

)]

The optimal solutions for each variational posterior factor are:

Q
(
Z
)
=

N∏
i=1

M∏
j=1

r
Zij

ij (3.18)

Q
(
λ⃗
)
=

M∏
j=1

Beta(λj | c∗j , d∗j) (3.19)

Q
(
β⃗
)
=

M∏
j=1

G(βj | a∗j , b∗j) (3.20)
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Q
(
α⃗
)
=

M∏
j=1

D∏
d=1

G
(
αjd | u∗jd, ν∗jd

)
(3.21)

where,

rij =
r̃ij∑M
j=1 r̃ij

(3.22)

r̃ij = exp

{
R̃j +

D∑
d=1

(
αjd − 1

)
ln yid −

D∑
d=1

(
αjd + 1

)
ln(1− yid)−

| αj | ln
[
1 +

D∑
d=1

yid
(1− yid)

]
+ ⟨lnλj⟩+

j−1∑
s=1

⟨ln (1− λs)⟩

}
(3.23)

where R̃j is the approximated lower bound of Rj [135] andRj =

〈
ln

Γ
(∑D

d=1 αjd

)
∏D

d=1 Γ
(
αjd

) 〉
and R̃j is [135]:

R̃j = ln
Γ
(∑D

d=1 αjd

)∏D
d=1 Γ

(
αjd

) + (3.24)

D∑
d=1

αjd

[
ψ

(
D∑

d=1

αjd

)
− ψ

(
αjd

)]
×
[〈

lnαjd

〉
− lnαjd

]
+

1

2

D∑
d=1

α2
jd

[
ψ′

(
D∑

d=1

αjd

)
− ψ′(αjd

)]
×
〈(

lnαjd − lnαjd

)2〉
+

1

2

D∑
a=1

D∑
b=1,a̸=b

αja αjb

[
ψ′

(
D∑

d=1

αjd

)
×

(〈
lnαja

〉
− lnαja

)
×
(〈

lnαjb

〉
− lnαjb

)]
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The following formulas indicate the expected values:

u∗jd = ujd +
N∑
i=1

〈
Zij

〉
αjd

[
ψ

(
D∑

d=1

αjd

)
− ψ

(
αjd

)
+

D∑
k ̸=d

ψ′

(
D∑

d=1

αjd

)
× αjd

(〈
lnαjd

〉
− lnαjd

)]
(3.25)

ν∗jd = νjd −
N∑
i=1

〈
Zij

〉[
ln yid − ln(1− yid)− ln

[
1 +

D∑
d=1

yid
(1− yid)

]]
(3.26)

c∗j = 1 +
N∑
i=1

⟨Zij⟩ , d∗j = ⟨βj⟩+
N∑
i=1

M∑
s=j+1

⟨Zis⟩ (3.27)

a∗j = aj + 1, b∗j = bj − ⟨ln (1− λj)⟩ (3.28)

ψ
(
.
)
and ψ′(.) in the above equations represent the digamma and trigamma

functions. The expectation of values mentioned in the above mentioned
equations are given by,〈

Zij

〉
= rij, ᾱjd = ⟨αjd⟩ =

ujd
vjd

, ⟨βj⟩ =
a∗j
b∗j

(3.29)

⟨lnλj⟩ = Ψ
(
c∗j
)
−Ψ

(
c∗j + d∗j

)
, ⟨ln (1− λj)⟩ = Ψ

(
d∗j
)
−Ψ

(
c∗j + d∗j

)
(3.30)

⟨lnαjd⟩ = Ψ
(
u∗jd
)
− ln v∗jd, (3.31)〈(

lnαjd − lnαjd

)2〉
=
[
ψ
(
u∗jd
)
− lnu∗jd

]2
+ ψ′(u∗jd)

⟨λj⟩ =
c∗j

c∗j + d∗j
(3.32)
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The algorithm of variational learning of infinite multivariate Beta mixture
models (MBMM) is as follows:

Algorithm 3 Variational learning of infinite MBMM.

1. Choose the initial truncation level M .

2. Initialize the values for hyperparameters u, v, a, b, c, d

3. Initialize the values of rij by K-means algorithm.

4. repeat

5. The variational E-step: Estimate the expected values by equations
(3.29) to (3.31).

6. The variational M-step: Update the variational solutions using equa-
tions (3.18) to (3.21).

7. until Convergence criterion is reached.

8. Compute ⟨λj⟩ and substitute in equation (3.4) to obtain the estimated
values of the mixing coefficients.

9. Detect the optimal number of M by eliminating the components with
small mixing coefficients close to 0.

3.4 Online variational learning of DP mix-

tures of multivariate Beta distributions

In this section, we extend conventional variational inference to online settings
following the framework in [136]. This method is a capable alternative to
handle real-world situations where data points arrive in an online manner.
Here, we assume that a specific amount of data is observed by t. Thus, the
lower bound for this amount of observed data is maximized and calculated
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as follows [137], [138], [139]:

L(t)(q) =
N

t

t∑
i=1

∫
q(Λ)dΛ

∑
Z⃗i

q(Z⃗i) ln[
p(Y⃗i, Z⃗i | Λ)

q(Z⃗i)
] +

∫
q(Λ) ln[

p(Λ)

q(Λ)
]dΛ

(3.33)

where Λ = {λ⃗, α⃗} and r indicates the amount of data which are currently

observed. Given that {Y⃗1, . . . , Y⃗(t−1)} have been already observed and a new

data point Y⃗t arrives, the current lower bound L(t)(Q) corresponding to Q(Z⃗t)
is maximized and updated, while fixing the other variational factors to their
value at t− 1. Thus, Q(Z⃗t) is defined by:

Q(Z⃗t) =
M∏
j=1

ρ
Zjt

jt (3.34)

ρjt =
ρ̃jt∑M
j=1 ρ̃jt

(3.35)

ρ̃jt = exp

[
R̃j +

D∑
d=1

(
αjd − 1

)
ln ytd −

D∑
d=1

(
αjd + 1

)
ln(1− ytd) (3.36)

− | αj | ln
[
1 +

D∑
d=1

ytd
(1− ytd)

]
+ ⟨lnλ(t−1)

j ⟩+
j−1∑
s=1

⟨ln(1− λ(t−1)
s )⟩

]

R̃j is defined by equation (3.24). Then, we maximize L(r)(Q) with respect

to Q(t)(α⃗) and Q(t)(λ⃗), while Q(Z⃗t) is fixed. Thus, Q(t)(α⃗) and Q(t)(λ⃗) are
updated as follows:

Q(t)(α⃗) =
M∏
j=1

D∏
d=1

G
(
α
(t)
jd | u∗(t)jd , ν

∗(t)
jd

)
, Q(t)(λ⃗) =

M∏
j=1

Beta
(
λ
(t)
j | c∗(t)j , d

∗(t)
j

)
(3.37)

where the hyperparameters are expressed by:

u
∗(t)
jd = u

∗(t−1)
jd + ρt∆u

∗(t)
jd , ν

∗(t)
jd = ν

∗(t−1)
jd + ρt∆ν

∗(t)
jd (3.38)

41



c
∗(t)
jd = c

∗(t−1)
jd + ρt∆c

∗(t)
jd , d

∗(t)
jd = d

∗(t−1)
jd + ρt∆d

∗(t)
jd (3.39)

where ρt is the learning rate defined by ρt = (τ + t)−ϵ [140] with two con-
straints, ϵ ∈ (0.5, 1] and τ ≥ 0. The main role of ρt is applied to decrease
the effects of the earlier inaccurate inference and assists to converge faster.
∆u

∗(t)
jd , ∆ν

∗(t)
jd , ∆c

∗(t)
jd and ∆d

∗(t)
jd are the natural gradient of the hyperparam-

eters:

∆u
∗(t)
jd = ujd +Nrtj

N∑
i=1

〈
Zij

〉
αjd

[
ψ

(
D∑

d=1

αjd

)
− ψ

(
αjd

)
+

D∑
k ̸=d

ψ′

(
D∑

d=1

αjd

)
× αjd

(〈
lnαjd

〉
− lnαjd

)]
− u

∗(t−1)
jd (3.40)

∆ν
∗(t)
jd = νjd +Nrtj

N∑
i=1

〈
Zij

〉[
ln yid − ln(1− yid)−

ln
[
1 +

D∑
d=1

yid
(1− yid)

]]
− ν

∗(t−1)
jd (3.41)

∆c
∗(t)
jd = 1 +Nrtj − c

∗(t−1)
jd , ∆d

∗(t)
jd = ψj +N

M∑
s=j+1

−d∗(t−1)
j (3.42)

u∗jd = ujd +
N∑
i=1

〈
Zij

〉
αjd

[
ψ

(
D∑

d=1

αjd

)
− ψ

(
αjd

)
+

D∑
k ̸=d

ψ′

(
D∑

d=1

αjd

)
× αjd

(〈
lnαjd

〉
− lnαjd

)]
(3.43)

ν∗jd = νjd −
N∑
i=1

〈
Zij

〉[
ln yid − ln(1− yid)− ln

[
1 +

D∑
d=1

yid
(1− yid)

]]
(3.44)
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c∗j = 1 +
N∑
i=1

⟨Zij⟩ , d∗j = ⟨βj⟩+
N∑
i=1

M∑
s=j+1

⟨Zis⟩ (3.45)

The online variational learning algorithm of Dirichlet process mixture of mul-
tivariate Beta distributions is summarized in Algorithm 4.

Algorithm 4 Online variational learning algorithm.

1. Choose the initial truncation level M .

2. Initialize the values for hyperparameters.

3. for t = 1 → N do

4. The variational E-step:

5. Update the variational solution for Q(Z⃗r) using equation (3.34).

6. The variational M -step:

7. Compute learning rate by ρr = (τ + r)−ξ.

8. Calculate natural gradients using equation (3.40) to (3.42).

9. Update the variational solutions using equations (3.37).

10. Repeat the variational E-step and M -step until new data is observed.

11. end for

3.5 Results and discussion

In this section, we validate the performance of our proposed algorithm on
three real-world medical tasks, namely, skin lesion analysis, leukemia detec-
tion and bone tissue analysis. Considering the nature of multivariate Beta
distribution, we normalized all datasets in preprocessing step. Then, we
applied SIFT [141] and Bag of visual words for feature extraction step of
images. We applied SIFT because the SIFT feature descriptor is invariant
to uniform scaling, orientation, illumination changes, and partially invariant
to distortion. The 128-feature vector of each image is created by a 16x16
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neighborhood around the key point and dividing it into 16 sub-blocks of 4x4
size. For each sub-block, 8 bin orientation histogram is created. So a total of
128 bin values are available. We compared our proposed models with similar
algorithms and present the result in comparison tables and measure their
performances in terms of accuracy, precision, recall and F1-score based on
confusion matrices. The models in these tables are presented by following
abbreviations: online variational learning of Dirichlet process of MB distribu-
tions (OVDPMB), batch variational learning of Dirichlet process of MB dis-
tributions (BVDPMB), online variational learning of MB mixture (OVMB)
and online variational learning of Gaussian mixture models (OGMM). It
should be mentioned that the computational complexity for the proposed in
online and batch variational infinite mixture model is O(MD) and O(NMD),
respectively.

3.5.1 Skin lesion analysis

Skin lesion is a serious disease with 1.04 million reported cases and ranked
as the 5th typical cancer by WHO in 2018 [142]. Similar to other cases of
cancer, malignant melanoma is caused by abnormal multiplication of cells
and it can diffuse to other parts of the body. Therefore, early detection
has a great role in increasing the survival rate and its dangerous nature can
overshadowed. This cancer is primarily analyzed and diagnosed visually.
However, its accurate recognition is exceedingly challenging due to similari-
ties between skin and lesions, positive and negative cases and a wide range of
physical characteristics of skin such as colors and texture. Thus, final decision
and diagnosis is based on histopathological analysis of a biopsy sample. To
achieve an accurate detection and precisely distinguish between melanoma
and non-melanoma lesions, the pathologists should be well-trained consider-
ing the complexity of samples. To tackle this issue and detect lesions at initial
stages, various Computer-Aided Diagnosis (CAD) tools [143] were applied to
assist pathologists in the interpretation of biopsy images [144]. In fact due to
the recent considerable advances of machine learning (ML) algorithms, CAD
can integrate ML computer vision models with image processing for yield-
ing higher accuracy in diagnosis. In our study, we applied our models on a
publicly available dataset [145] which includes 726 benign and 173 malignant
skin lesions. Some images of the dataset are illustrated in Figure 3.4.
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Figure 3.4: Sample of skins. The malignant and benign cases are presented
in the first and second row, respectively.

The confusion matrices in Figure 3.5 and results presented in Table 3.1
illustrate the potential of our proposed model performance in this application.

Figure 3.5: Confusion matrices for skin lesion analysis.
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Table 3.1: Model performance accuracy in skin analysis.

Method Accuracy Precision Recall F1-score
OVDPMB 94.54 94.48 98.03 96.7
BVDPMB 90.87 92.25 96.83 94.48
OVMB 87.31 90.47 94.21 92.3
OVG 85.53 89.83 92.56 91.18

3.5.2 Leukemia detection

Leukemia is a fatal disease which is associated to the white blood cells
(WBC). This aggressive cancer affects the spongy tissue inside the bones,
called bone marrow, which is responsible to develop blood cells. This illness
can results in weakening the immune system of our body. There are two prin-
ciple types of leukemia, namely, acute and chronic depending on the speed of
disease progression. In the former one, the WBCs can not act normally while
in chronic cases they perform similar to healthy and normal blood cells. This
makes it challenging to differentiate chronic cases from normal ones and there
is a probability that cancerous cases get severe. There are also some subtypes
such as acute Lymphocytic Leukemia, chronic Lymphocytic Leukemia, acute
Myeloid Leukemia and chronic Myeloid Leukemia. Microscopic blood tests
are recognized as the typical procedure for the leukemia diagnosis. Therefore,
identification of leukemia existence and its specific type is a crucial task for
hematologists. In fact, specification of the correct therapy for each patient
and avoiding any risk depends on the accurate analysis of blood cells.
Thus, applying machine learning algorithms and intelligent tools will facil-
itate and accelerate analyzing blood smears or bone marrows and help to
identify leukemia from the healthy samples. As we explained before, we
apply a clustering method to detect leukemia as this method doesn’t need
annotation. Moreover, its performance is not dependent to quantity and
quality of data [146]. To evaluate our approach, we used a publicly available
dataset [147] which contains 600 benign and 600 malignant samples. Figure
3.6 illustrates 5 samples of each cluster.
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Figure 3.6: Examples of Leukemia dataset. The malignant and benign cases
are presented in first and second row, respectively.

The outputs of comparing our proposed models with other alternative
models are shown in Figure 3.7 and Table 3.2 which demonstrate the capa-
bility of our model.

Figure 3.7: Confusion matrices for bone tissue analysis.
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Table 3.2: Model performance accuracy in Leukemia analysis.

Method Accuracy Precision Recall F1-score
OVDPMB 95 95.15 94.83 94.99
BVDPMB 92.41 93.5 91.16 92.32
OVMB 90.91 93.91 87.5 90.59
OVG 88.33 87.15 89.66 88.48

3.5.3 Bone tissue analysis

Osteosarcoma is known as an aggressive and fatal tumour of the skeleton.
As an uncontrollable illness, it is the most well known and common type of
skeleton cancer. This disease can spread very fast all over the body according
to its aggressive nature. Also, some cases could be secondary cancer and are
results of metastasis and migration of cancer from another organ in the body.
Grading and defining tumor type in this cancer is vital for patient as it may
lead to aggressive treatment regimen. Thus, examining the biopsy samples
and pathological analysis is an important stage for making final decision. In
this section of our study, we applied our framework to evaluate three types
of tumors, namely, benign, viable and necrotic. We use a publicly available
dataset of histopathology samples [148] with 536 benign, 263 necrotic and
345 viable tumor images. Some samples are shown in Figure 3.8.

Figure 3.8: Samples of three types of bone tissues including benign, viable
and necrotic tumors.
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In this part, we present the comparison results in Figure 3.9 and Table
3.3. The results illustrate that our proposed framework could be considered
as a capable alternative.

Table 3.3: Model performance accuracy in bone tissue analysis.

Method Accuracy Precision Recall F1-score
OVDPMB 91.09 90.99 89.88 90.43
BVDPMB 85.83 85.77 83.95 84.85
OVMB 87.5 87.1 86.55 86.82
OVG 87.93 87.12 86.83 86.97

Figure 3.9: Confusion matrices for bone tissue analysis.
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3.6 Conclusion

In this study, we proposed a novel clustering method, namely, Dirichlet pro-
cess mixtures of multivariate Beta distributions. In the first step, we reviewed
the characteristics of multivariate Beta distribution and discussed our moti-
vation to choose it to construct our mixture model. It should be emphasized
that this distribution has considerable flexibility to fit and model data. After-
ward, we explained how the Dirichlet process mixture is developed. To learn
our proposed model, we chose batch variational method which was explained
in detail. This technique has shown robustness compared to deterministic
and conventional Bayesian approach. Moreover, it can converge and esti-
mate parameters simultaneously. To tackle the real-time cases, we extended
batch learning method to an online setting. This is also a method to han-
dle large scale datasets. We applied our novel clustering methods to medical
data. The main cause to choose health-related datasets is the nature of these
types of data. For instance, they are complex and heterogeneous. Another
problem is highly expensive annotation which is just done by professional
physicians. The other needs in healthcare cases are explainability and inter-
pretability. All these characteristics of the medical domain, motivated us to
focus on clustering methods. To evaluate and measure the performance of
our novel methods, we choose three applications, namely, skin lesion analysis,
leukemia detection and bone tissue analysis. To the best of our knowledge,
similar clustering models and learning methods have not been widely tested
on these three applications. We compared the performance of our model
with other similar alternatives and presented the results in confusion ma-
trices and comparison tables. The comparisons are based on four criteria,
accuracy, precision, recall and F1-score. Considering the outcomes, the po-
tential of our models is demonstrated. As future work, we are planning to
study feature selection and integrate it to our model.
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Chapter 4
Batch and online variational learning
of hierarchical Dirichlet process
mixtures of multivariate Beta
distributions in medical applications

Thanks to the significant developments in healthcare industries, various types
of medical data are generated. Analyzing such valuable resources aid health-
care experts to understand the illnesses more precisely and provide better
clinical services. Machine learning as one of the capable tools could assist
healthcare experts in achieving expressive interpretation and making proper
decisions. As annotation of medical data is a costly and sensitive task that
can be performed just by healthcare professionals, label-free methods could
be significantly promising. Interpretability and evidence-based decision are
other concerns in medicine. These needs were our motivators to propose
a novel clustering method based on hierarchical Dirichlet process mixtures
of multivariate Beta distributions. To learn it, we applied batch and on-
line variational methods for finding the proper number of clusters as well
as estimating model parameters at the same time. The effectiveness of the
proposed models is evaluated on three medical real applications, namely,
oropharyngeal carcinoma diagnosis, osteosarcoma analysis, and white blood
cell counting.
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4.1 Introduction

Spurred by astonishing progress in computer abilities in terms of process-
ing and storage, these powerful machines are now mastering variant com-
plex tasks that would have been deemed unapproachable a few years ago.
Aligned with these developments, a wealth of data is generated which en-
courages scientists to extract hidden information from this valuable source.
Consequently, machine learning is now applied in various domains to assist
scientists in analyzing data. Similarly, with surprising advances in medi-
cal technologies, widespread health records of high-volume and large-scale
are generated. It should be noted that applying machine learning (ML) in
medicine is a great concern in research and healthcare industries are willing
to find applicable ML solutions for the healthcare market [55]. However,
there are very limited algorithms that contributed effectively to clinical ap-
plications [16]. These limitations have several roots. For instance, one of
the leading reasons is that the medical inference essentially needs to be un-
derstandable, predictable and explainable. Thus, there are lots of advanced
algorithms that could not be applied here. For example, the structures which
produce results through black boxes may not be completely trustable [17–19].
There are other concerning issues in healthcare such as limited publicly avail-
able datasets and difficulties in the annotation of data which are barriers in
applying deep learning platforms. According to their natures, such algo-
rithms are data-hungry and need annotated datasets. Moreover, the physi-
cians infer based on various types of data such as patient history, images,
videos and signals. Thus, medical data are heterogeneous and integration is
a concern in deep learning [20].
Such challenges motivated us to conduct our research on mixture models
as capable clustering approaches [21, 22]. While applying these unsuper-
vised methods, it is assumed that a set of populations constitutes the data.
Through such algorithms, the model is able to divide the dataset into nu-
merous groups. In the deployment of mixture models, we need to tackle
some issues such as selecting a proper fitting distribution. Gaussian dis-
tribution has been the most ordinary one to construct Gaussian mixture
models which have been widely utilized [149–155]. Nevertheless, the Gaus-
sianity could not be assumed for all datasets. Recently, other alternatives
have been applied [28,33,109,156–164]. Model’s complexity determination is
the second challenging aspect which has been previously tackled by some cri-
teria such as Akaike information criterion, Bayes information criterion [111],
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Minimum description length and minimum message length [112, 113] which
are time-consuming. In recent researches, this challenge has been handled
by non-parametric frameworks as the extension of finite mixture models.
Dirichlet processes (DP) [157, 165–167] and hierarchical Dirichlet processes
(HDP) [168–172] are some of these non-parametric alternatives. In these
extensions, multiple populated components are produced while eliminating
sparse clusters.
Our next concern in the adaptation of mixture models is parameters esti-
mation. There are several algorithms such as deterministic and Bayesian
techniques to tackle this issue. In former methods, the parameters are com-
puted through expectation maximization [173–175]. However, such meth-
ods have some drawbacks such as dependency on initialization, over-fitting
and suffering from local maxima. Bayesian techniques [176–179] have been
proposed to overcome the downsides of deterministic approaches. In these
algorithms, some approaches such as Markov chain Monte Carlo are em-
ployed [36,180,181]. Similar to the previous approach, these techniques have
also some sidesteps. For instance, Markov Chain Monte Carlo prone to com-
plex computational processing.
As a response to mitigate these weaknesses, variational inference [22, 103,
182–187] was proposed. This alternative emerging Bayesian technique is a
compromise between deterministic and Bayesian frameworks. In variational
solution, we approximate the posterior distribution of the model by minimiz-
ing Kullback-Leibler divergence between the true posterior and an approx-
imated distribution as an indication of its lower bound. Securing compu-
tational tractability and convergence, variational Bayes is more manageable
in comparison with purely Bayesian learning and has stronger generalization
performance.
Considering all the concerns discussed above, in this work we propose first
batch variational learning of HDP mixtures of MB distributions. Afterwards,
we will extend it to the online setting. We can describe a summary of our
four folded contributions as follows:

1. We study the behaviour of MB distribution. This relatively new distri-
bution was presented in [24,188] which naturally provides considerable
flexibility. Its high potential in modelling data was our driver to study
it. Afterwards, HDP will be constructed based on MB distribution.

2. For learning the mixture model, we apply batch variational Bayesian
framework to handle two tasks simultaneously and automatically which
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are estimation of model parameters and determination of model com-
plexity.

3. As an extension to batch learning, we present online setting of varia-
tional approach. This is a capable method specifically when we need
to deal with sequential data and a large number of observations. This
extension is attractive, particularly in real-world applications.

4. We selected three challenging medical applications, namely, oropharyn-
geal carcinoma diagnosis, osteosarcoma analysis and automatic white
blood cell counting. To the best of our knowledge, they haven’t been
widely studied with similar machine learning algorithms. To demon-
strate the goodness of our proposed model performance, we will com-
pare our models with similar alternatives. In all cases, accuracy, preci-
sion, recall and F-1 scores of each model are provided.

The remainder of this article is organized as follows: Section 4.2 is dedi-
cated to description of our models by developing HDP mixture for MB dis-
tributions. In Section 4.3, we present the learning algorithm based on batch
variational inference. Afterwards, this learning method will be extended to
online setting in Section 4.4. The results of evaluation of algorithms on real-
world applications are reported in Section 4.5. In Section 4.6, we present
some inference remarks.

4.2 Model specification

In this section, we explain development of HDP mixture model with MB
distributions.

4.2.1 Hierarchical Dirichlet process

The HDP is developed based on DP which has a Bayesian hierarchy. In this
structure, the base distribution of the DP is expressed by another Dirichlet
process. Here, we explain this two-level hierarchical DP model mathemati-
cally as follows:

1. At the first level, let’s assume that we have a dataset Y including M
groups. We assign a Dirichlet process Gj to each group where j is an
index for each cluster.
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2. Then, we consider a base distribution G0 for the indexed set of {Gj}.
This base distribution is shared among all of the groups. To form the
second level of the hierarchy, another DP is assigned to G0.

These constructions are clarified by the following equations for each j, j ∈
1, . . . ,M :

First level: (4.1)

Gj ∼ DP(λ,G0), G0: base distribution, λ: concentration parameter

Second level:

G0 ∼ DP(γ,H), H: base distribution, γ: concentration parameter

At both levels, we have stick-breaking construction [189–191] where we con-
sider the total weights of clusters as a unit length which breaks to an infinite
number of pieces recursively such that the size of each piece has a propor-
tional relationship with the remainder of the stick:

First level:
∞∑
k=1

πjt = 1, πjt: stick-breaking weights (4.2)

Gj =
∞∑
t=1

πjtδϖjt
, ϖjt ∼ G0, πjt = π′

jt

t−1∏
s=1

(1− π′
js), π′

jt ∼ Beta(1, λ)

(4.3)

ϖjt: a set independent random variables drawn from G0, δϖjt
: an atom at ϖjt

Second level:
∞∑
k=1

ψk = 1, ψk: stick-breaking weights (4.4)

G0 =
∞∑
k=1

ψkδΩk
, Ωk ∼ H, ψk = ψ′

k

k−1∏
s=1

(1− ψ′
s), ψ′

k ∼ Beta(1, γ) (4.5)

Ωk: a set independent random variables drawn from H, δΩk
: an atom of Ωk.

Then, we define a binary latent variable as indicator for each ϖjt such that:

Wjtk =

{
Wjtk = 1, if ϖjt is associated with Ωk

Wjtk = 0, otherwise
(4.6)

Thus, we can represent ϖjt as,
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ϖjt = Ω
Wjtk

k (4.7)

Consequently, W⃗ = (Wjt1,Wjt2, . . . ) is distributed as follows:

p(W⃗ | ψ⃗) =
M∏
j=1

∞∏
t=1

∞∏
k=1

ψ
Wjtk
k (4.8)

According to the stick-breaking construction and considering that ψ⃗ is a
function of ψ′, p(W ) is expressed by:

p(W⃗ | ψ⃗′) =
M∏
j=1

∞∏
t=1

∞∏
k=1

[
ψ′
k

k−1∏
s=1

(1− ψ′
s)
]
Wjtk (4.9)

To describe the dataset Y including M groups, each observation is indexed
by i and each group is shown by index j. Assuming variable θji as a factor

assigned to an observation Yij, θ⃗j = (θji, θj2, . . . ) are distributed by the
Dirichlet process Gj. We can write the likelihood function as follows where
F (θji) denotes the distribution of Yji given θji:

θji | Gj ∼ Gj Yji | θji ∼ F (θji) (4.10)

To construct the HDP mixture model, H as the base distribution of G0 is
considered as prior distribution for θji. In this setting, each group is related
to a mixture model. As Ωk is shared among all Gj, the mixture components
are divided among these mixture models. Considering that θji is distributed
by Gj, it takes the value ϖjt having the probability of πjt. Assigning a binary
indicator variable Zjit ∈ {0, 1} for each θji, we can express this latent variable
by:

Zjit =

{
Zjit = 1, if θji is associated with component t

Zjit = 0, otherwise
(4.11)
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Thus, we have

θji = ϖjt
Zjit (4.12)

Recalling that ϖjt maps to Ωk, we can rewrite above equation as follows:

θji = ϖjt
Zjit = Ωk

WjtkZjit (4.13)

We can describe Z⃗ = (Zji1, Zji2, . . . ) by following equation:

p(Z⃗ | π⃗) =
M∏
j=1

N∏
i=1

∞∏
t=1

π
Zjit

jt (4.14)

According to the stick-breaking construction and having π⃗ as a function of
π⃗′, we have:

p(Z⃗ | π⃗′) =
M∏
j=1

N∏
i=1

∞∏
t=1

[
π′
jt

t−1∏
s=1

(1− π′
js)
]Zjit

(4.15)

4.2.2 HDP mixture of multivariate Beta distributions

In this work, we construct HDP mixture model assuming that each observa-
tion within a component is raised from a mixture of MB distributions. This
distribution was introduced in [24, 188] and its considerable flexibility and
goodness in modeling motivated us to choose it.
Here, we assume first to have a dataset Y = {Y⃗1, . . . , Y⃗N} containing N in-

dependent and identically distributed observations. Y⃗i =
(
yi1, . . . , yiD

)
as a

D-dimensional vector represents a data point drawn from a MB distribution
with following probability density function where 0 < yid < 1 and Γ < . >
indicates the Gamma function:

p(Y⃗i) =
Γ(| αj |)

∏D
d=1 y

αjd−1

id∏D
d=0 Γ(αjd)

∏D
d=1(1− yid)(αjd+1)

[
1 +

D∑
d=1

yid
(1− yid)

]−|αj |
(4.16)

α⃗j =
(
α0, αj1, . . . , αjD

)
is the shape parameter where αjd > 0 for d =

0, . . . , D and | αj |=
∑D

d=0 αjd. Fig. 1 illustrates four examples of MB
distribution and four examples of MB mixture models [30–32,34].
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Figure 4.1: Examples of MB distribution and MB mixture models.

The likelihood function of hierarchical infinite MB mixture model taking
the latent variables to account could be expressed as:

p(Y) =
M∏
j=1

N∏
i=1

∞∏
t=1

∞∏
k=1

p(Y⃗i | α⃗k)
ZjitWjtk (4.17)

4.3 Batch Variational Learning

Model parameter estimation is one of the main challenges when dealing with
mixture models. Here, we tackle this issue with variational learning as this
method has shown considerable capability. To apply this framework, we
assume to have an approximation for the true posterior distribution. Here,
these distributions are shown as Q(Θ) and p(Θ | Y), respectively where
Θ = (Z,W,ψ′, π′, α) are the set of latent and unknown random variables.
To reach an optimal solution, our effort is minimizing the difference between
two above-mentioned distributions using Kullback-Leibler (KL) divergence
according the the following equations:

KL(Q || P ) = −
∫
Q(Θ) ln(

p(Θ | Y)

Q(Θ)
)dΘ (4.18)
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KL(Q || P ) = ln p(Y)− L(Q) (4.19)

L(Q) =
∫
Q(Θ) ln(

p(Y ,Θ)

Q(Θ)
)dΘ (4.20)

Recalling that KL(Q || P ) ≥ 0, we have KL(Q || P ) = 0 when Q(Θ) = p(Θ |
Y). According to above-mentioned equations, L(Q) ≤ ln p(Y). Thus, L(Q)
could be considered as a lower bound to ln p(Y). Due to intractability of the
true posterior, we consider a computable restricted family of Q(Θ) that can
be computed. With the help of mean field theory, we factorize Q(Θ) into
disjoint tractable components such that:

Q(Θ) =
∏
i

Qi(Θi) (4.21)

For maximizing L(Q), the variational methodology is applied with respect to
each factor Qi(Θi). For a particular Qs, the {Θi}i ̸=s is fixed and L(Q) is max-
imized with respect to all forms for the distribution Qs(Θs). Consequently,
the optimal solution for Qs(Θs) is presented by:

lnQs(Θs) = ⟨ln p(Y ,Θ)⟩j ̸=s + const (4.22)

⟨.⟩j ̸=s shows the expectation of a particular Qs with respect to all the distri-
butions Qi (Θi) without taking the case of j = s in account, and we have:

⟨ln p(Y ,Θ)⟩j ̸=s =

∫
ln p(Y ,Θ)

∏
i ̸=s

Qi (Θi) dΘi (4.23)

The normalized form of the solution is defined by:

Qs(Θs) =
exp ⟨ln p(Y ,Θ)⟩j ̸=s∫
exp ⟨ln p(Y ,Θ)⟩j ̸=s dΘ

(4.24)
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At first step, we initialize Qs(Θs) [22]. Subsequently, the factors are esti-
mated recursively, and the value of each factor is updated in its turn using
the current estimated values for the other factors. Having a convex bound
guarantees the convergence of this solution [22]. Moreover, we need to define
the truncation level of the stick-breaking construction. Therefore, global and
group-level Dirichlet processes are set at K and T , respectively such that:

ψk
′ = 1,

K∑
k=1

ψk = 1, ψk = 0 when k > K (4.25)

πjT
′ = 1,

T∑
t=1

πjt = 1, πt = 0 when t > T (4.26)

4.3.1 Defining prior distributions for parameters

One of the essential steps in variational learning is assigning prior distri-
butions over model parameters. For α⃗ following [192], we choose Gamma
distribution denoted by G(.) with {ujd} and {vjd} as its positive hyperpa-
rameters:

p(α⃗) = G(α⃗ | u⃗, v⃗) =
∞∏
j=1

D∏
d=1

p(αjd) =
∞∏
j=1

D∏
d=1

v
ujd

jd

Γ(ujd)
α
ujd−1

jd e−vjdαjd (4.27)

The prior distribution for the factors π′ is given by [193]:

p(π′) =
M∏
j=1

∞∏
t=1

Beta(1, λjt) =
M∏
j=1

∞∏
t=1

λjt(1− πjt
′)λjt−1 (4.28)

p(ψ′) as the prior distribution assigned to ψ⃗′ is defined by [193]:

p(ψ′) =
∞∏
k=1

Beta(1, γk) =
∞∏
k=1

γk(1− ψ′
k)

γk−1 (4.29)
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4.3.2 Learning algorithm

Considering the truncated stick breaking and factorization representation,
we can obtain:

Q
(
Θ
)
= Q

(
Z⃗
)
Q
(
W⃗
)
Q
(
α⃗
)
Q
(
π⃗′)Q(ψ⃗′) (4.30)

Each of the factors are represented as follows:

Q
(
Z⃗
)
=

M∏
j=1

N∏
i=1

T∏
t=1

ρ
Zjit

jit (4.31)

Q
(
W⃗
)
=

M∏
j=1

T∏
t=1

K∏
k=1

ϑ
Wjtk

jtk (4.32)

Q(π⃗′) =
M∏
j=1

T∏
t=1

Beta(π′
jt | ajt, bjt) (4.33)

Q(ψ⃗′) =
K∏
k=1

Beta(ψ′
k | ck, dk) (4.34)

Q
(
α⃗
)
=

K∏
k=1

D∏
d=1

G
(
αkd | ukd, νkd

)
(4.35)

Hyperparameters of variational factors are presented in subsection 1 of
Appendix B. The algorithm of variational learning of HDP mixtures of MB
distributions is presented as follows where the convergence of this algorithm
is guaranteed and monitored through inspection of the lower bound [22]:
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Algorithm 5 Batch variational learning of HDP mixtures of MB distribu-
tions.

1. Choose the initial truncation level K and T .

2. Initialize the values of λjt, γk, ukd, vkd.

3. Initialize the values of ρjit by K-means algorithm.

4. repeat

5. Estimate the expected values by equations in Appendix B.

6. Update the variational solutions using equations (4.31) to (4.35).

7. until convergence criterion is reached.

4.4 Online variational learning of HDP mix-

tures of MB distributions

Here, we explain how to extend batch variational inference to online setting
which will be used in learning of MB mixture model. Our main motivation
of selecting online model is that in real life the observations arrive with
an online style. To construct this model, we assume to have a particular
number of data by t, and the other data points are coming. The current
lower bound for the quantity of observed data by t is maximized and found
by [182, 191, 194] where Λ = {W⃗ , ψ⃗′, π⃗′, α⃗} and r indicates the amount of
data which are currently observed [194]:

L(r)(q) =
N

r

r∑
i=1

∫
q(Λ)dΛ

∑
Z⃗i

q(Z⃗i) ln[
p(Y⃗i, Z⃗i | Λ)

q(Z⃗i)
] +

∫
q(Λ) ln[

p(Λ)

q(Λ)
]dΛ

(4.36)

The truncation procedure and factorization of Q(Θ) are similar to batch case

as explained before. Assuming that {Y⃗1, . . . , Y⃗(r−1)} are some data points

which have already been observed and Y⃗r as a new arrived data point, we
maximize and update L(r)(Q) as the current lower bound corresponding to
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Q(Z⃗r) by fixing the other variational factors to their value at r − 1. Q(Z⃗r)
as the variational solution is expressed by:

Q(Z⃗r) =
M∏
j=1

T∏
t=1

ρ
Zjtr

jtr (4.37)

The calculations related to hyperparameters are presented in subsection 2
of Appendix B. Then, L(r)(Q) is maximized with respect to Q(r)(W⃗ ), while

Q(Z⃗r) is fixed. Thus, we can update Q(r)(W⃗ ) by:

Q(r)(W⃗ ) =
M∏
j=1

T∏
t=1

K∏
k=1

(ϑ
(r)
jtk)

W
(r)
jtk (4.38)

ϑ
(r)
jtk = ϑ

(r−1)
jtk + ξr∆ϑ

(r)
jtk (4.39)

ξr as the learning rate is used to reduce the effects of the earlier inaccurate
inference and helps to faster convergence. In our work, we apply a learning
rate function following [140], where ξr = (τ + r)−ξ with two constraints,

ξ ∈ (0.5, 1] and τ ≥ 0. ∆ϑ
(r)
jtk as the natural gradient of ϑ

(r)
jtk is found by

equation (4.40) and more details are presented in subsection 3 of Appendix
B:

∆ϑ
(r)
jtk = ϑ

(r)
jtk − ϑ

(r−1)
jtk =

exp(ϑ̃
(r)
jtk)∑K

f=1 exp(ϑ̃
(r)
jtf )

− ϑ
(r−1)
jtk (4.40)

Then, by maximizing the current lower bound with respect to Q(r)(π⃗′),

Q(r)(ψ⃗′), Q(r)(α⃗), we have:

Q(r)(π⃗′) =
M∏
j=1

T∏
t=1

Beta(π′
jt | a

(r)
jt , b

(r)
jt ) (4.41)

Q(r)(ψ⃗′) =
K∏
k=1

Beta(ψ
(r)
k | c(r)k , d

(r)
k ) (4.42)
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Q(r)(α⃗) =
K∏
k=1

G(α(r)
k | u∗(r)k , v

∗(r)
k ) (4.43)

Hyperparameters are explained in subsection 4 of Appendix B.
Considering that hyperparameters of Q(r)(π⃗′), Q(r)(ψ⃗′), Q(r)(α⃗) are inde-

pendent, they can be updated simultaneously. This procedure is continued
till all the factors are updated with respect to the current arrived observa-
tions. To converge, the learning rate should follow these constrains:

{ ∑∞
r=1 ξr = ∞∑∞
r=1 ξr

2 <∞
(4.44)

The algorithm of online setting of our model is summarized in Algorithm 6.

Algorithm 6 Online variational learning of HDP mixture of MB distribu-
tions.

1. Choose the initial truncation level K and T .

2. Initialize the values for hyperparameters.

3. for t = 1 → N do

4. Update the variational solution for Q(Z⃗r) using equation (4.37).

5. Compute learning rate by ξr = (τ + r)−ξ.

6. Calculate natural gradients ∆ϑ
(r)
jtk using equation in Appendix B.

7. Update the variational solutions for Q(r)(W⃗ ) using equations (4.38).

8. Calculate the natural gradients of remaining hyperparameters using
equations in Appendix B.

9. Update Q(r)(π⃗′), Q(r)(ψ⃗′), Q(r)(α⃗) using equations (4.41) to (4.43).

10. Repeat the variational E-step and M -step until new data is observed.

11. end for

64



4.5 Experimental results

In this section, we validate the performance of our proposed algorithm on
three real-world medical applications, oropharyngeal carcinoma diagnosis, os-
teosarcoma analysis and white blood cell counting. Our motivation to choose
these applications was that similar algorithms have been less studied on them.
The datasets are normalized in pre-processing step and Scale-invariant fea-
ture transform (SIFT) [195] and Bag of word are employed to extract fea-
tures. The models are shown by following abbreviations: online variational
learning of hierarchical Dirichlet process of MB distributions ”OVHDPMB”,
batch variational learning of hierarchical Dirichlet process of MB distribu-
tions ”BVHDPMB”, online variational learning of MB mixture ”OVMB”,
online variational learning of Gaussian mixture models ”OVGMM”, Gaussian
mixture models ”GMM” and k-means. We used python for programming.
We initialize the hypermarameters randomly. Based on our experience, we
chose truncation level of K and T equal to 100 and 50, respectively and the
values of u and v between 5 to 10. We set λjt and γk equal to 0.1. To assess
the model performance, we used four following criteria:

Accuracy =
TP + TN

Total number of observations
(4.45)

Precision =
TP

TP + FP

Recall =
TP

TP + FN

F1− score =
2× precision× recall

precision+ recall

TP, TN, FP and FN represent the total number of true positives, true neg-
atives, false positives, and false negatives, respectively.

4.5.1 Oral cancer diagnosis

The mouth so called oral cavity refers to the hollow section of the mouth
which includes numerous parts including the lips, other sections of orophar-
ynx such as the upper and lower gums, two thirds of the frontal part of the
tongue, the area under the tongue, hard palate (the roof of mouth), the ton-
sils, the lining inside the lips as well as the cheeks, the walls at the back and
both sides of the throat. These various sections cause this relatively small
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area to have several types of tissue such as muscle, bone, nerves, rich sup-
ply blood vessels or lining called mucosa. Generally, oral diseases is one of
the main health issues posing burden to numerous countries. In some cases
such as cancer, it can even lead to death. Like other cases of cancer, the
cells in oral cavity begin to grow out of control [196]. They could just affect
any single one area or involve several parts by spreading to neighbouring
tissues or even other parts of the body. In the majority of cases, oropha-
ryngeal cancer starts in the oral cavity. This type of cancer is called oral
squamous cell carcinoma (OSCC) [197, 198]. However, other cancer types
like benign tumours can be also formed. OSCC is considered as the most
typical malignant epithelial neoplasm [198]. Considering the statistics re-
leased by World Health Organization 4 out of 100,000 people are globally
affected by this disease [199]. Despite the improvements of therapeutic ap-
proaches over the last couple of decades, morbidity and mortality rates of
OSCC have not increased significantly [198]. Regardless of the easy clini-
cal examination, the diagnosis happens in advanced stage. As noted before,
several tissues and areas could be involved in this disease being unnoticed
and asymptomatic at early stages. Reviewing the functions of oropharyn-
geal cavity, the late diagnosed or left untreated cases could be devastating.
The consumption of Tobacco, alcohol and areca nut (betel quid), genetic in-
heritance, exposure to chemical carcinogens are key risk factors among the
leading causes of OSCC [200]. However, as several cases of cancers with
the help of following healthy life style, treating curable pre-malignant lesions
and early stage diagnosis of precursor cases are normally very effective. To
evaluate and diagnose, after preliminary examinations by caregiver, biopsy
is often advised to define the cells type with pathological analysis. Based on
pathology results, the OSCC lesion could be assigned to various categories
for instance, metastasis, lymph node involvement or tumour. To prevent or
reduce mortality rate, early detection has a great role specifically since the
curable lesions are symptomatic on rare occasions. It should be emphasized
that an accurate and complete pathology report is crucial to achieve pre-
cise diagnosis and design the best treatment plan for patient. As a valuable
medical document in tumour staging, it includes several factors noted such
as the size and shape of tumour, appearance of a specimen which are just
observable with naked eye. Moreover, the extension of cancer to other parts
of body is analyzed with the help of pathology. All these facts enhances the
significance of analyzing the pathological samples as any error in this step
can lead to irreversible damages in patient life. Thus, automation in sample
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analysis could assists healthcare professionals to avoid or reduce errors. Due
to dramatic improvements in computational power, novel image analysis al-
gorithms such as computer-assisted diagnosis (CADx) allow to have digital
histopathology analysis [201]. In this experiment, we evaluated our model
performance accuracy by testing on a real publicly available dataset [202].
Our goal is differentiating normal epithelium and squamous cell carcinoma.
This dataset includes 1224 images, including 290 benign and 934 malignant
cases. Fig. 4.2 illustrates some samples of dataset.

Figure 4.2: Examples of oral pathology dataset, benign and malignant cases
in the first and second row, respectively.

The results in Table 4.1 show that our proposed model have good perfor-
mance.

Table 4.1: Model performance accuracy in oral pathology analysis.

Method Accuracy Precision Recall F1-score
OVHDPMB 94.79 87.17 91.37 89.22
BVHDPMB 92.92 84.4 85.86 85.12

OVMB 92.84 83.22 87.24 85.18
OVGMM 90.56 77.18 85.17 80.98
GMM 89.26 75.02 81.72 78.21

K-means 88.22 72.87 79.65 76.11
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4.5.2 Osteosarcoma analysis

Osteosarcoma is a primary aggressive tumour of the skeleton. It is resulted
from formation a mass or lump of osteoid tissue and immature bone gener-
ated abnormally and uncontrollably by the tumour cells. This disease is the
most ordinary type of bone cancers [203], starting mostly in the long bones.
While benign tumours are unlikely to be fatal, they are still abnormality and
can lead to future issues by compressing healthy tissue. In contrast, malig-
nant bone tumours could grow and spread aggressively throughout the body.
These cancerous tumours are sometimes secondary bone cancer, meaning
that the cancer begins in another part of the body and then migrate to the
bone. The root of this disease is not clear for scientist but some factors such
as exposure to radiation or specific genetic changes could be associated to it.
The treatment ranges from surgery to aggressive treatment regimen which
depends on the grade and type of tumour. For diagnosis, beside some imaging
examinations biopsy of tumour and pathological analyzing the characteristics
of tissue is a critical part of staging. In this part of our experimental study,
we applied our framework to asses three types of tumours, namely, benign,
viable and necrotic by means of digitized histopathology samples. A publicly
available dataset [148] with 536 benign, 263 necrotic and 345 viable tumour
images was used in our study. Fig. 4.3 shows some samples of dataset.

Figure 4.3: Examples of bone pathology dataset, benign, nonviable and vi-
able cases in the first, second and third row, respectively.

The results of comparing our proposed models with other alternative
models are presented in Table 4.2 which demonstrate the potential of our
model as a proper alternative.
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Table 4.2: Model performance accuracy in bone pathology analysis.

Method Accuracy Precision Recall F1-score
OVHDPMB 90.03 90.02 89.42 89.72
BVHDPMB 85.4 84.59 84.02 84.29

OVMB 87.5 87.1 86.55 86.82
OVGMM 87.93 87.12 86.83 86.97
GMM 86.36 85.11 85.63 85.37

K-means 85.43 84.31 84.82 84.57

4.5.3 Automatic white blood cell counting

One of the main medical diagnosis tools is complete blood cell count test
which is applied to examine overall health condition by finding the amount
of abnormalities in the blood smears. Traditionally this is done by manually
counting the cells using some laboratory equipment. In this test, red and
white cells as well as platelets are counted [204]. Being huge in number, each
of these components that constitute blood has an important special role. In
this work, we focus on analyzing white blood cells (WBC) which make up
roughly around 1% of the whole blood volume with the approximate quan-
tity of 4,000 to 11,000 per microliter of blood. However, they play the prin-
ciple role in our immune system. Being primarily responsible to protecting
the body, they defend against the infectious substances and organism which
damage the biological structures. Any issue in this defending system can
result in fatal diseases prevalence and even mortality. These valuable cells,
called leukocytes, are composed of five components having typical share in
healthy blood. These sub-classes are neutrophil with 40 to 75%, lymphocyte
having 25 to 35%, monocyte with 3 to 9%, eosinophil and basophil with
less than 5 and 1 percent of share, respectively. Any increase, decrease or
changes in combination of WBCs could be indication of an issue in immune
system or a disease. Indeed, to adequately play their role, WBCs should have
sufficient amount and proper configuration of all types. Any abnormality in
their total volume or proportion make a great difference to health ranging
from leukemia to allergies. The traditional manual counting system could be
tedious, erroneous, expensive and extremely time consuming due to the large
number and variety of WBCs. There maybe also some errors in defining the
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sub-types of these cells. Moreover, in term of accuracy it is vastly dependent
on the expertise of the clinical laboratory professionals. Consequently, an
automated procedure to count from a smear image may substantially facil-
itate the counting process. In essence, fast and accurate determination of
WBCs distribution is critical to define the degree of abnormalities. With
the distinguished improvement of machine learning approaches, image dif-
ferentiation and object detection applications are achieving more robustness
and accuracy. Similar to various fields of science, machine learning based
analysis could be applied in this medical domain also. In this experiment,
we give an account of counting four main types of WBCs through a CADx
algorithm to make the analysis less prone to human error, more reliable and
economical by automatic identification and counting. We applied a publicly
available dataset [205] and selected a balanced configuration of four sub-
classes including 400 observations. Fig. 4.4 illustrates 4 examples of this
dataset.

Figure 4.4: Samples of WBCs.

The outcomes of evaluating the models on WBC dataset are presented
in Table 4.3 which show that our model could be considered as a capable
alternative.
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Table 4.3: Model performance accuracy in WBC analysis.

Method Accuracy Precision Recall F1-score
OVHDPMB 90.25 90.51 90.25 90.38
BVHDPMB 86.75 86.78 86.75 86.76

OVMB 87.25 87.71 87.25 87.48
OVGMM 87.75 87.94 86.75 87.84
GMM 86.25 86.32 86.25 86.28

K-means 86.75 86.83 86.75 86.79

4.5.4 Discussion

Considering the experimental results of three real-world applications, our
proposed model has a better performance compared to other alternatives.
Considering Table 4.1, OVHDPMB provides more accurate performance for
oropharyngeal carcinoma diagnosis. This is supported by 94.79% of accu-
racy and 89.22% of F1-score. Other clustering models such as GMM and
k-means have less accuracy and F1-score. BVHDPMB and OVMB have ap-
proximately similar results.
Similarly considering Table 4.2, in bone tissue analysis, OVHDPMB has
90.3% and 89.72% of accuracy and F1-score, respectively, which enhances
its outperformance compared to other clustering methods. The results of
OVBM and OVGMM are comparable and the lowest performance appears
in K-means.
In the last part of the experiment devoted to white blood cell counting, the
results in Table 4.3 show the robustness of our proposed model, OVHDPMB,
as it has the highest values of accuracy, 90.25% and F1-score, 90.38%. The
results of OVMB and OVGMM are similar and we got slightly close results
in GMM and k-means.
Overall, these results demonstrate the potential of our proposed model as it is
able to provide the highest values of accuracy and F1-score among all tested
approaches. The values of the other two measurement metrics, precision, and
recall also support the advantages of applying this model.
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4.6 Conclusion

In this work, we proposed a novel unsupervised machine learning model,
namely, HDP mixtures of MB distributions. We discussed first the character-
istics of MB distribution. It should be noted that our motivation in selecting
this distribution is its great flexibility in terms of fitting and modelling data.
Afterwards, construction of its HDP mixtures as a flexible structure was
presented. Then, the learning procedure by batch variational method was
explained which is a robust technique compared to deterministic and con-
ventional Bayesian approach. Moreover, it has the ability to converge and
estimate parameters at the same time. In next step, this learning method
was extended to online setting which has a significant potential in handling
real-time large scale datasets and could accelerate the convergence rate in
such cases.
We emphasize that applying clustering methods on medical data could be
a response to complexity and heterogeneity of healthcare data and highly
expensive annotation as it is just doable by health professional. Besides,
physicians need to explain their inference. Thus, interpretability is another
requested aspect of the model. We studied the performance of our novel
method on oropharyngeal carcinoma diagnosis, osteosarcoma analysis and
automatic white blood cell counting. However, we had difficulties in finding
these publicly available datasets. To the best of our knowledge, similar mod-
els have not been widely tested on these three applications. At the end of each
experiment, we presented comparison tables to measure the performance of
models based on four criteria, accuracy, precision, recall and F1-score. The
outcomes indicate the potential of our models to be considered as an alter-
native clustering method. We focused on computer assisted detection and
analysis hoping that it assists the healthcare professionals in their error-prone
tasks. This could help the healthcare system to improve quality of services
provided to patients. Also, it could be beneficial in reduction or eliminate
irreversible damages to patient’s life. As future work, we are planning to
continue our research by integrating feature selection to our model.
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Chapter 5
Expectation propagation learning of
finite and infinite MB mixture models

Clustering is an attractive method to handle large scale data which are ex-
plosively generated through digitization. This approach is specifically appro-
priate when labeling is very costly. In this paper, we constructed an unsu-
pervised learning algorithm and focused on a finite mixture model based on
multivariate Beta distribution. Our motivation is the flexibility and high po-
tential that this distribution offers in modeling data. To learn this mixture
model, we used an expectation propagation inference framework in which
the parameters and the complexity of the model were evaluated concurrently
in a single optimization framework. We evaluated the performance of our
framework on publicly available datasets related to EEG-based sentiment
analysis and human activity recognition. Our proposed model demonstrates
comparable results to similar alternatives.

5.1 Introduction

As a huge amount of various types of data is generated increasingly, lots of
scientists are interested to find capable approaches to analyze and manage
these data and extract meaningful knowledge from these valuable resources.
One of the main techniques in machine learning is clustering as an unsuper-
vised method. This type of machine learning algorithms is specifically ade-
quate when data labeling is tough, challenging, timely and expensive. For
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instance, in healthcare, there are just medical professionals who are quali-
fied to label healthcare data. Moreover, in such a sensitive domain unpre-
dictable and unexplainable results generated by black boxes [17], [18], [19]
are not reliable. Some algorithms such as deep learning models are data-
hungry and suffer from some limitations such as issues in data integration
and heterogeneity [20]. These issues motivated us to conduct our research
in clustering domain. One of the most flexible and powerful clustering ap-
proaches [206], [207], [208] is finite mixture models [22], [21]. In this tech-
nique, we assume that the data includes linear combinations of limited num-
ber of a specific distributions. During last decades, Gaussian distribution has
been widely used as the basic distribution to construct mixture models. How-
ever, assumption of Gaussianity can not be generalized. Recent researches
have studied other alternatives such as Dirichlet [98], [156], [172], Gamma
and Beta [100], [101], [102], inverted Dirichlet [106], Beta-Liouville [109].
These works have shown that other models may provide more flexibility and
potential to fit non-Gaussian data. Another task while applying mixture
models is defining model complexity. This issue was tackled with some se-
lection criteria like Akaike information criterion (AIC) [110], Bayes informa-
tion criterion (BIC) [111], Minimum description length (MDL) and minimum
message length (MML) [112], [113]. However, these methods have some draw-
backs such as being timely expensive. To learn the mixture models, various
methods such as maximum likelihood [209], fully Bayesian [118] and varia-
tional [22], [210], [211], [212] methods have been proposed. Each of these
techniques has its advantages and disadvantages. For instance, maximum-
likelihood method via the expectation-maximization is commonly applied
as it is fast in model parameter learning, but it suffers from some limita-
tions such as convergence to a local maximum of the likelihood which affects
the accuracy of model performance. Moreover, the proper number of clus-
ters should be defined in advance. In contrast, fully Bayesian techniques
are more accurate but they have high computational costs. To tackle the
discussed drawbacks, some researchers have worked on an expectation prop-
agation (EP) framework [213]. This alternative has demonstrated good per-
formance in numerous fields. EP is a recursive approximation framework
in which we try to minimize a Kullback-Leibler divergence between the true
and approximated model’s posterior. Another advantage of EP is that unlike
maximum likelihood technique, the number of components is detected within
algorithm. Thus, the model parameters and the number of components can
be defined simultaneously. The major contribution of our work is as follows:
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1. We construct a mixture model based on multivariate Beta distribution.
The motivation behind choosing this distribution is its potential and
flexibility to model the data.

2. We apply EP inference framework to estimate model parameter and
model complexity simultaneously.

3. We evaluate the proposed algorithm on two applications including
EEG-based sentiment analysis and human activity recognition. To
evaluate the goodness of our proposed model performance, we will com-
pare our models with other alternatives and use four metrics including
accuracy, precision, recall and F1-score.

The rest of this paper is organized as follows. Section 5.2 introduces the finite
multivariate Beta mixture model in details. In Section 5.3, we describe the
EP inference procedure following by Section 5.4 which is devoted to adoption
of EP framework for learning the multivariate Beta mixture model. Section
5.5 presents results of model evaluation on two challenging real applications.
Section 5.6 closes with conclusions.

5.2 Finite multivariate Beta mixture model

In this section, we describe finite multivariate Beta mixture models (MBMM).
Olkin and Liu [24] have proposed a bivariate Beta distribution with two cor-
related random variables X and Y, both positive real values and less than
one. The joint density function of this bivariate distribution which has three
shape parameters a, b and c, is expressed as follow:

f(X, Y ) =
Xa−1Y b−1(1−X)b+c−1(1− Y )a+c−1

B(a, b, c)(1−XY )(a+b+c)
, B(a, b, c) =

Γ(a)Γ(b)Γ(c)

Γ(a+ b+ c)
.

For MB distribution, we define an observation by X⃗i =
(
xi1, . . . , xiD

)
as a

D-dimensional vector such that all its elements are positive and less than
one. We can express the probability density function of multivariate Beta
distribution [24] by Equation (5.1) where α⃗j =

(
αj0, . . . , αjD

)
indicates shape

parameter of distribution where αjl > 0 for l = 0, . . . , D and | αj |=
∑D

l=0 αjl.
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p(X⃗i | α⃗j) = c

∏D
l=1 x

αjl−1

il∏D
l=1(1− xil)(αjl+1)

[
1 +

D∑
l=1

xil
(1− xil)

]−|αj |
, c =

Γ(| αj |)∏D
l=0 Γ(αjl)

.

(5.1)

where Γ(.) represents the Gamma function and | αj |= αj0 + · · ·+ αjD.
Figure 5.1 illustrates four examples of special cases of multivariate Beta dis-
tributions (bivariate Beta distribution) and demonstrates the flexibility of
this distribution.

a=1.5;b=4.5;c=7 a=4;b=1;c=4 a=2;b=2;c=2 a=4;b=5;c=4

Figure 5.1: Examples of bivariate Beta distribution with three shape param-
eters.

These graphs show that multivariate Beta (MB) distribution can model
data with symmetric and asymmetric shapes [28, 30]. Also, in contrast with
some distributions such as Dirichlet and inverted Dirichlet which are proper
for proportional data and semi-bounded data, respectively, this distribution
is not subjected to such constraints. To describe MB mixture model, let’s as-
sume a set ofN data points which are independent and identically distributed
vectors and represented by X = {X⃗1, . . . , X⃗N}. Assuming that they are gen-
erated from multivariate Beta mixture models composed of M different clus-
ters, MBmixture model is represented by Equation (5.2). π⃗ =

(
π1, . . . , πM

)
is

the set of mixing coefficients with two constraints
∑M

j=1 πj = 1 and πj >= 0.
α⃗j and πj are shape parameter and weight of component j, respectively where
j = 1, . . . ,M .

p
(
X⃗i | π⃗, α⃗

)
=

M∑
j=1

πjp
(
X⃗i | α⃗j

)
. (5.2)

The likelihood function for N samples is defined as follows:

p
(
X | π⃗, α⃗

)
=

N∏
i=1

[
M∑
j=1

πjp
(
X⃗i | α⃗j

)]
. (5.3)
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In Figure 5.2, four examples of bivariate mixture models with 2, 3, 4 and 5
components are shown and the parameters values are presented in Table 5.1.

Table 5.1: Parameter values of bivariate mixture model plots.

Number of clusters 2 3 4 5

Values of parameter ”a”
a1 = 1.5
a2 = 5

a1 = 1.41
a2 = 5.15
a3 = 5.33

a1 = 1.51
a2 = 5.11
a3 = 5.21
a4 = 1.46

a1 = 1.56
a2 = 4.8
a3 = 5.21
a4 = 1.46
a5 = 2.75

Values of parameter ”b”
b1 = 4.5
b2 = 4

b1 = 4.14
b2 = 3.92
b3 = 1.42

b1 = 4.1
b2 = 4

b3 = 1.54
b4 = 8.1

b1 = 4.1
b2 = 4.1
b3 = 1.64
b4 = 8.1
b5 = 1.34

Values of parameter ”c”
c1 = 7
c2 = 2.5

c1 = 7
c2 = 2.51
c3 = 8.63

c1 = 7.6
c2 = 2.52
c3 = 5.12
c4 = 3.82

c1 = 7.6
c2 = 2.58
c3 = 5.12
c4 = 3.82
c5 = 22.75

Figure 5.2: Bivariate Beta mixture models with 2, 3, 4 and 5 components.

5.3 Expectation propagation framework

In this section, we briefly present the EP approximation scheme. We as-
sume to have a dataset including N observations which are independent and
identically distributed shown as X = (X⃗1, . . . , X⃗N). This dataset follows a
model with unknown parameter. The posterior distribution is presented by
p(Θ | X ) where Θ = (π⃗, α⃗). In EP, the posterior distribution is approximated
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with a global approximation q(Θ). The posterior distribution is defined by

Equation (5.4) where p0(Θ) and
∏

i pi(X⃗i | Θ) are prior distribution and
contribution of each term to the likelihood, respectively.

p(Θ | X ) ∝ p0(Θ)
∏
i

pi(X⃗i | Θ). (5.4)

q(Θ) as the approximating distribution should admit a factorization form

similar to the true posterior. In EP, we consider one factor fi(Θ) = p
(
X⃗i | Θ

)
for each data point X⃗i and f0(Θ) = p(Θ) as a factor for prior. We present the
joint distribution of X and Θ in the form of a product of factors as follows:

p(X ,Θ) =
∏
i

fi(Θ). (5.5)

Based on principle concept of EP, we approximate p(Θ | X ) as the poste-

rior distribution by a product of factors such that each factor f̃i(Θ) is an
approximation to fi(Θ).

q∗(Θ) =

∏
i f̃i(Θ)∫ ∏
i f̃i(Θ)dΘ

. (5.6)

The first step in EP learning framework is initialization of all the factors
f̃i(Θ).

q∗(Θ) =

∏
i f̃i(Θ)∫ ∏
i f̃i(Θ)dΘ

. (5.7)

Afterwards, we optimize sequentially each factor in the context of the remain-
ing factors. For a particular factor fj(Θ), we create a cavity distribution by
removing it from the current approximation to the posterior as follows:

q\j(Θ) =
q∗(Θ)

f̃j(Θ)
. (5.8)

Then, we obtain a new distribution which can be obtained by combining
f̃j(Θ) with the true factor fj(Θ):

p̂(Θ) =
fj(Θ)q\j(Θ)∫
fj(Θ)q\j(Θ)dΘ

. (5.9)
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We can evaluate the approximated posterior q∗(Θ) by minimizing the KL di-
vergence KL (p̂(Θ)∥q∗(Θ)). To achieve this minimization, we match the suf-
ficient statistics of q∗(Θ) to the corresponding moments of p̂(Θ) and update

f̃j(Θ) as follows where Zj =
∫
fj(Θ)q\j(Θ)dΘ is a normalization constant:

f̃j(Θ) = Zj
q∗(Θ)

q\j(Θ)
. (5.10)

Based on EP learning framework, each factor is updated iteratively in the
context of remaining factors as described in the above steps until convergence.

5.4 Expectation propagation for the multi-

variate Beta mixture model

In this part of our work, we apply EP framework to learn multivariate Beta
mixture model. In Bayesian technique, we assign a prior distribution to each
unknown parameter. For π⃗, we adopt a Dirichlet distribution with positive
shape parameters a⃗ = (a1, . . . , aM) as its conjugate prior:

p(π⃗) = Dir(π⃗ | a⃗) =
Γ
(∑M

j=1 aj

)
∏M

j=1 Γ (aj)

M∏
j=1

π
aj−1
j . (5.11)

For the shape parameter of multivariate Beta distribution, α⃗j, we adopt a
Gaussian distribution to approximate its prior. Based on literature [214], the
Gaussian provides analytically tractable calculations and can fairly capture
the correlation among the elements in α⃗. Thus, α⃗j can be modeled by a
D-dimensional Gaussian, with a mean vector µ⃗j and a covariance matrix Aj

as shown below:

p (α⃗j) = N (α⃗j | µ⃗j, Aj) =
|Aj|−1/2

(2π)D/2
exp

(
−1

2
(α⃗j − µ⃗j)

T A−1
j (α⃗j − µ⃗j)

)
.

(5.12)

As we expressed in EP section, we should initialize all the approximating
factors f̃i(Θ) at first step which is done by initializing {aj, µ⃗j, Aj} as the
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hyperparameters. Then, the posterior approximation q∗(Θ) is initialized by
setting q∗(Θ) ∝

∏
i f̃i(Θ). We compute the hyperparameters of q∗(Θ) as

follows:

a∗j =
∑
i

ai,j −N, µ⃗∗
j =

(∑
i

A−1
i,j

)(∑
i

Ai,jµ⃗i,j

)
, A∗

j =
∑
i

Ai,j.

(5.13)

To update f̃i(Θ), we should remove it from the posterior q∗(Θ) and the
corresponding hyperparameters are computed by:

a
\i
j = a∗j − ai,j + 1, µ⃗

\i
j =

(
A

\i
j

)−1 (
A∗

j µ⃗
∗
j − Ai,jµ⃗i,j

)
, A

\i
j = A∗

j − Ai,j.

(5.14)

The updated posterior p̂(Θ) is defined by:

p̂(Θ) =
1

Zi

fi(Θ)q\i(Θ), (5.15)

Zi =

∫
fi(Θ)q\i(Θ)dΘ =

M∑
j=1

ai,j∑
j ai,j

∫
p
(
X⃗i | α⃗j

)
N
(
α⃗j | µ\i

j , A
\i
j

)
dα⃗j.

As the integration in Equation (5.15) is not tractable, we adopt the Laplace
approximation to approximate it with a Gaussian distribution [214]. So, we
define a normalized distribution for this integrand which is a product of a
multivariate Beta distribution and a Gaussian distribution as follows:

H (α⃗j) =
h (α⃗j)∫
h (α⃗j) dα⃗j

, h (α⃗j) = p
(
X⃗i | α⃗j

)
N
(
α⃗j | µ⃗\i

j , A
\i
j

)
. (5.16)

The logarithm of h (θjl) is described as follows:
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lnh (α⃗j) = ln Γ(
D∑
l=0

αjl)−
D∑
l=0

ln Γ(αjl) +
D∑
l=1

αjl lnXil (5.17)

−
D∑
l=1

lnXil −
D∑
l=1

αjl ln(1−Xil)−
D∑
l=1

ln(1−Xil)

− | αj | ln(1 +
D∑
l=1

Xil

1−Xil

)− 1

2

(
α⃗j − µ⃗

\i
j

)T
A

\i
j

(
α⃗j − µ⃗

\i
j

)
+ const.

By calculating the first and second derivatives with respect to α⃗j, we have:

∂ lnh(α⃗j)

∂α⃗j
=

 ∂ lnh (α⃗j) /∂αj0
...

∂ lnh (α⃗j) /∂αjD



=


Ψ
(∑D

l=0 αjl

)
−Ψ(αj0) + lnXi1 − ln(1−Xi1)− ln(1 +

∑D
l=1

Xil

1−Xil
)

...

Ψ
(∑D

l=0 αjl

)
−Ψ(αjD) + lnXiD − ln(1−XiD)− ln(1 +

∑D
l=1

XiD

1−XiD
)


−A\i

j

(
α⃗j − µ⃗

\i
j

)
.

(5.18)

∂2 lnh (α⃗j)

∂α⃗2
j

=


∂2 lnh(α⃗j)

∂α⃗2
j0

. . .
∂2 lnh(α⃗j)

∂αj1∂αjD

...
. . .

...
∂2 lnh(α⃗j)

αjD∂αj0
. . .

∂2 lnh(α⃗j)

∂α2
jD

 = (5.19)


Ψ′
(∑D

l=0 αjl

)
−Ψ′ (αj0) · · · Ψ′

(∑D
l=0 αjl

)
...

. . .
...

Ψ′
(∑D

l=0 αjl

)
· · · Ψ′

(∑D
l=0 αjl

)
−Ψ′ (αjD)

− A
\i
j .

Ψ(·) and Ψ′(·) are the digamma and trigamma functions. In the Laplace
method, we try to find a Gaussian approximation centered on the mode of
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H (α⃗j). The mode α∗
j numerically is obtained by setting the first derivative

of Equation (5.18) to 0. We approximate h (α⃗j) by its mode as follows:

h (α⃗j) ≃ h
(
α⃗∗
j

)
exp

(
−1

2

(
α⃗j − α⃗∗

j

)
Âj

(
α⃗j − α⃗∗

j

))
. (5.20)

where

Âj = − ∂2 lnh (α⃗j)

∂α⃗2
j

∣∣∣∣
α⃗j=α⃗∗

j

. (5.21)

Thus, the integration of h (α⃗j) can be approximated by using Equation (5.20):

∫
h (α⃗j) dα⃗j ≃ h

(
α⃗∗
j

) ∫
exp

(
−1

2

(
α⃗j − α⃗∗

j

)
Âj

(
α⃗j − α⃗∗

j

))
dα⃗j (5.22)

= h
(
α⃗∗
j

) (2π)D/2∣∣∣Âj

∣∣∣1/2 .
So, we can rewrite Equation (5.15) as follows:

Zi =
M∑
j=1

ai,j∑
j ai,j

h
(
α⃗∗
j

) (2π)D/2∣∣∣Âj

∣∣∣1/2 . (5.23)

We revise the posterior distribution q∗(Θ) by matching its sufficient statistics
to the corresponding moments of p̂(Θ). So, we calculate the partial derivative

of lnZi with respect to the model hyperparameters. For a
\i
j , we have:

∇\i
aj
lnZi =

1

Zi

∫
fi(Θ)

q\i(Θ)

q\i
(
π
\i
j

) ∂

∂a
\i
j

q\i
(
π
\i
j

)
dΘ (5.24)

=

∫
p̂(Θ)

[
ln π

\i
j +Ψ

(
M∑
j=1

a
\i
j

)
−Ψ

(
a
\i
j

)]
dΘ

= Ep̂ [ln πj] + Ψ

(
M∑
j=1

a
\i
j

)
−Ψ

(
a
\i
j

)
.
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With the help of moment matching, we obtain:

Ep̂ [ln πj] = Eq∗ [ln πj] = Ψ
(
a∗j
)
−Ψ

(
M∑
j=1

a∗j

)
. (5.25)

We compute the partial derivatives of lnZi with respect to the other model
hyperparameters:

∇\i
µ⃗j
lnZi =

1

Zi

∫
fi(Θ)

q\i(Θ)

q\i
(
α⃗
\i
j

) ∂

∂µ⃗
\i
j

q\i
(
α⃗
\i
j

)
dΘ (5.26)

=

∫
p̂(Θ)

[
A

\i
j α⃗

\i
j − A

\i
j µ⃗

\i
j

]
dΘ = A

\i
j Ep̂ [α⃗j]− A

\i
j µ⃗

\i
j .

∇\i
Aj

lnZi =
1

Zi

∫
fi(Θ)

q\i(Θ)

q\i
(
α⃗
\i
j

) ∂

∂A
\i
j

q\i
(
α⃗
\i
j

)
dΘ (5.27)

=

∫
p̂(Θ)

{
1

2

∣∣∣∣(A\i
j

)−1
∣∣∣∣− 1

2

[
D∑
l=1

(
α
\i
jl

)2
− 2α

\i
jlµ

\i
jl +

(
µ
\i
jl

)2]}
dΘ

=
1

2

{∣∣∣∣(A\i
jl

)−1
∣∣∣∣−
[

D∑
l=1

Ep̂

[
α2
jl

]
− 2Ep̂ [αjl]µ

\i
jl +

(
µ
\i
jl

)2]}
.

The expectations in the above equations are obtained by the moment match-
ing technique:

Ep̂ [α⃗j] = Eq∗ [α⃗j] = µ⃗∗
jl, Ep̂

[
α⃗2
j

]
= Eq∗

[
α⃗2
j

]
=
(
µ⃗∗
j

)2
. (5.28)

We update the hyperparameters of q∗(Θ) by substituting the above expec-
tations into the corresponding partial derivative equations. After obtaining
q∗(Θ) and q\i(Θ), we update the revised hyperparameters for fi as follows:

ai,j = a∗j − a
\i
j + 1, µ⃗i,j = A−1

i,j

(
A∗

j µ⃗
∗
j − A

\i
j µ⃗

\i
j

)
, Ai,j = A∗

j − A
\i
j .

(5.29)
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This procedure is repeated until the convergence of hyperparameters of
the approximating factor. The same procedure is applied sequentially for the
remaining factors. The expected values of the mixing coefficients is estimated
by:

E [πj] =
a∗j∑
j a

∗
j

. (5.30)

The complete learning process is summarized in Algorithm 7.

Algorithm 7 EP learning of finite MB mixtures.

1. Choose the initial number of components M .

2. Initialize the approximating factors f̃i(Θ) by initializing {a⃗j, µ⃗j, Aj}.

3. Initialize the posterior approximation by setting q∗(Θ) ∝
∏

i f̃i(Θ).
The hyperparameters of q∗(Θ) are calculated by Equations (5.13).

4. repeat

5. Choose a factor f̃i(Θ) to refine.

6. Remove f̃i(Θ) from the posterior q∗(Θ) by division q\i(Θ) =
q∗(Θ)/f̃i(Θ).

7. Evaluate the new posterior by setting the sufficient statistics (mo-
ments) of q∗(Θ) to the corresponding moments of p̂(Θ).

8. Update the factor f̃i(Θ) by updating the corresponding hyperpa-
rameters as in Equations (5.29).

9. until Convergence criterion is reached.

10. Compute the estimated values of the mixing coefficients πj as in Equa-
tion (5.30).

11. Detect the optimal number of components M by eliminating the com-
ponents with small mixing coefficients close to 0. Threshold is equal to
(ϵ).
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5.5 Experimental results

In this section, we evaluate our proposed model and its performance on two
real-world applications, namely, EEG-based sentiment analysis and human
activity recognition. Considering the nature of multivariate Beta distribu-
tion, we need to normalize our dataset in pre-processing step. The perfor-
mance of our model is compared by other alternatives, variational learning of
MB mixture models (VR-MBMM), variational learning of Gaussian mixture
models (VR-GMM), maximum likelihood estimation of MB mixture mod-
els (ML-MBMM) and maximum likelihood estimation of Gaussian mixture
models (ML-GMM). The measurement criteria are accuracy, precision, re-
call and F1-score. Before running our clustering algorithm, we removed the
original labels and find the predicted labels by our proposed model. Then,
we compared original and predicted labels. In our experiments, we chose the
initial values by our experiments. We set M , µ⃗i,j, Ai,j and ai,j to 20, 0.5,
0.01 and 0.2, respectively. We find the initial value of parameters arbitrary.
Various sets of parameters may provide similar good accuracies in different
applications and we may choose different range of parameters that works bet-
ter for each of them. This part is done experimentally. As it was described
in Algorithm 1, to define model complexity or number of components of mix-
ture model, we set M to a big number and the clusters with small weights
close to 0, (ϵ), will be eliminated.

5.5.1 EEG-based sentiment analysis

Discovering the association between different emotional states and specific
patterns of physiological responses has attracted attention of lots of re-
searchers and become an appealing research topic. Some studies [215] that
indicate analyzing the central nervous system (CNS) provides better infor-
mation associated with emotions compared to peripheral physiological re-
sponses. This belief is supported by applying neuroimaging, functional Mag-
netic Resonance Imaging and electroencephalographic (EEG) signals [216]
to discover the relationship between brain activity and various emotional
states. It should be noted that analyzing human emotion is a complex task
and some emotions have overlap. Based on Lovheim Model [217], each of
shame, anxiety, fear, anger, disgust, surprise, joy, and interest feelings can
be mapped to generalized states of positive and negative valence. Lots of
researches have been conducted to analyze emotions with the help of EEG

85



signals [218], [219], [220]. In this section of our experiment, we used a pub-
licly available dataset [221] that contains EEG brainwave data collected by
MUSE EEG headband with a resolution of TP9, AF7, AF8, TP10 electrodes.
Labeling was performed by film clips with an obvious valence and includes
positive and negative emotional states and neutral resting data [222], [223].
The participants were one male and one female individual and the data was
collected for 3 minutes per state. We run our model on 2,100 observations
including 700 samples for each positive, negative and neutral state. The
results in Fig. 5.3 and Table 5.2 indicates the superior performance of our
proposed model compared to other alternatives. As we can observe, the
robustness of our proposed method is indicated by 92.23% of accuracy com-
pared to VR-MBMM and VR-GMM with 88.19% and 85.71% of accuracy,
respectively. The merit of EP inference approach and applying MB distribu-
tion over Gaussian distribution is supported with comparing the outcomes
of finite mixture models.

Figure 5.3: Confusion matrices for EEG analysis application.
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Table 5.2: Model performance accuracy in EEG-based sentiment analysis.

Method Accuracy Precision Recall F1-score
EP-MBMM 92.23 92.25 92.23 92.24
VR-MBMM 88.19 88.27 88.19 88.23
VR-GMM 85.71 85.81 85.71 85.76
ML-MBMM 83.28 83.31 83.28 83.29
ML-GMM 82.95 82.95 82.96 84.25

5.5.2 Physical activity recognition

In recent years, Considerable advances in information and communication
technologies have resulted in broad usage of Internet of Things (IoT). How-
ever, new modern lifestyles had some consequences. Among all of the draw-
backs, reduction in daily movements and having low level of physical activi-
ties led to some diseases such as morbid obesity, diabetes, cardiovascular dis-
eases, etc. Based on WHO report, physical inactivity is ranked as the fourth
leading risk factor for global mortality taking the lives of approximately 3.2
million persons. Low levels of physical activity are detrimental to the health
and functioning of older people. Moreover, physical movements have posi-
tive effects on mental health and are essential for various rehabilitation plans.
Thus, healthcare applications and using smart devices are becoming a part
of health tracking systems. Thanks to IoT technologies, automatic and in-
telligent monitoring and analysis of individuals became possible. Another
advantage of this branch of science is monitoring the well-being and health
status of patients and being assisted-living technologies for elderly people.
The data is simply collected through wearable devices and sensors. With-
out needing any controlled environment, the body-worn sensors or portable
smart devices register activities. These cost-effective solutions retrieve valu-
able information from different sources, permit continuous saving of numer-
ous signals, and during connecting to the IoT integrated system, transfer the
data to a health or caregiving center. However, the nature of sensor-based
data such as complexity, sensitivity to noise, unstable and temporal nature
of signals result in difficulties and challenges in fulfilling the task of human
activity analysis. Also, it is difficult to find a certain relationship between
physical movement and generated data. Thus, several researchers focused
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on developing machine learning tools to differentiate and recognize human
activities. In this section of our paper, we applied our proposed model on
a publicly available dataset [224], [225]. This dataset includes four types
of activities, lying, sitting, standing and walking with 537, 491, 532 and
496 samples, respectively. To collect this dataset, the activities of 30 par-
ticipants aged between 19 and 48 were collected while they were wearing a
waist-mounted Samsung Galaxy S II smartphone. The data were recorded by
two sensors, embedded accelerometer and gyroscope of smartphone and tri-
axial acceleration from the accelerometer (total acceleration), the estimated
body acceleration, triaxial Angular velocity from the gyroscope were consid-
ered as features. To label the activities, a camera was applied. The results of
comparing our proposed model with other alternative models are presented
in Fig. 5.4 and Table 5.3 which demonstrates EP-MBMM provides the most
accurate output with 94.69% accuracy rate in contrast with GMM which gave
a less satisfying result (86.92%). Similar to previous experiment sentiment
analysis, we obtain more promising performance with our proposed model.
This can encourage us to conclude that EP-MBMM could be effective in this
application too.

Table 5.3: Model performance accuracy in physical activity recognition.

Method Accuracy Precision Recall F1-score
EP-MBMM 94.69 94.74 94.78 94.76
VR-MBMM 89.34 89.35 89.43 89.39
VR-GMM 86.92 87.04 87.1 87.07
ML-MBMM 85.33 85.37 85.43 85.41
ML-GMM 84.89 85.11 84.98 85.04
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Figure 5.4: Confusion matrices for human activity recognition application.

5.6 Conclusion

In this paper, we have proposed an EP inference framework for learning finite
multivariate Beta mixture models. According to the structure of this frame-
work, model parameters and model complexity can be determined simulta-
neously. This procedure helps to avoid under or over-fitting. The motivation
behind choosing multivariate Beta mixture models instead of commonly used
mixture models such as GMM is that the assumption of Gaussianity can not
be generalized. To evaluate our proposed algorithm, we conducted experi-
ments on two real-world applications, namely, EEG-based sentiment analysis
and human activity recognition. The obtained outputs are presented in com-
parison tables that illustrate the effectiveness and superior performance of
the proposed approach. In all cases, EP-MBMM provides higher accuracy
and has better results in terms of precision, recall and F1-score. Future
works could be devoted to extending our work to EP learning of infinite mul-
tivariate Beta mixture model with the help of Dirichlet process to handle the
difficulties in defining the proper number of mixture components.
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Chapter 6
Multivariate Beta-based Hierarchical
Dirichlet Process Hidden Markov
Models in Medical Applications

Considering the increasing demand for analyzing sequential data in various
fields of our daily lives, finding hidden patterns in a continuous flow of data
is one of the interesting topics in research. Hidden Markov Models (HMMs)
are one of the most powerful statistical models applied for modelling the
continuous flow of new data. In this paper, we will focus on the hierarchical
Dirichlet process of HMM (HDP-HMM) which has a nonparametric structure
and is an advanced and elegant extension of standard parametric HMM.
In the HDP-HMM process, we define transition matrices over infinite state
spaces. Defining the proper number of states in HMM is one of the essential
parameters which has a great impact on the inferred model. Moreover, we
construct our nonparametric model based on multivariate Beta distribution.
We applied variational learning approach which provides a promising strategy
for inference and has been applied successfully on various domains.

6.1 Introduction

Hidden Markov Model (HMM) is a powerful approach generally applied to
model Markov process systems with hidden states. This method is widely
used specifically in cases where we would like to capture latent information
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from observable sequential data. This method has been successfully applied
in several domains of science and technology. In this chapter, we will focus on
medical application of this strong modeling approach. In medicine, HMM can
assist us in monitoring patient’s health changes, expressing progressive alter-
ations to patients situation or treatment process over time. For instance, it
could be employed in verification of a disease development, evaluating health
condition, inspecting the results and probability assessment of transitions
from a healthy to a disease state. HMM could be effective in prediction and
future risk estimation. There are several works devoted to HMMs such as di-
agnosing Schizophrenia [226], analyzing cardiac function [227–229], eye track-
ing [230], classification of EEG signals [231], B cell receptor sequence analy-
sis [232], EEG-based sleep stage scoring [233], estimating dynamic functional
brain connectivity [234], cancer analysis [235–238], predicting recurrence of
cancers [239], genetics [240, 241], speech recognition [242–247], predicting
drug response [248], cancer biomarkers detection [249], analyzing chemother-
apy outcomes [250], human activity analysis [251–256] such as fall detection
and senior activity analysis using motion sensors [257], HIV prediction [258],
sentiment analysis [259], medical image processing [260–262], and many other
applications [263–270].
However, in most of the applications, nature of sequential data is recur-
sive. To handle this situation, some extensions to typical HMM such as
hierarchical hidden Markov model [271] and hierarchical Dirichlet process
hidden Markov model (HDP-HMM) [272–274] have been proposed. In par-
ticular, HDP-HMM has considerable flexibility thanks to its nonparametric
structure and has been applied in various areas such as speaker diarization,
abnormal activity recognition, classifying human actions, motion detection,
segmentation, and classification of sequential data [275–277]. This elegant
structure is a solution to one of the challenges in HMM which is defining the
proper number of states. Also, it lets us learn more complex and multimodal
emission distributions in the hierarchical structure of sequences in real-world
applications.
Another issue while dealing with HMM is choosing a distribution for emission
probabilities. In several works devoted to HMM, Gaussian Mixture Models
(GMM) have been commonly used for modelling emission probability distri-
bution [62,278–282]. However, this assumption could not be generalized and
recent researches indicate that other alternative such as Dirichlet, generalized
Dirichlet, and inverted Dirichlet distribution [105,283–285] could be consid-
ered for several types of data. Inspired by these efforts, we were motivated
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to choose multivariate Beta mixture models (MBMM) which provide consid-
erable flexibility to model symmetric, asymmetric, and skewed data [28,30].
So, we construct our HDP-HMM model assuming that the emission prob-
abilities follow MBMM. We call our novel HDP-HMM model ”multivariate
Beta-based hierarchical Dirichlet process hidden Markov models” (MB-HDP-
HMM).
To learn our proposed model, a variety of approaches have been investi-
gated. For instance, maximum likelihood approach may result in overfitting
and converging towards a local maximum. Another method is fully Bayesian
inference which is precise but has a long computational time. To overcome
these prohibitive drawbacks, variational Bayesian approaches [182, 286, 287]
have been proposed and applied to numerous machine learning algorithms.
This learning method is faster than fully Bayesian one and more precise com-
pared to the maximum likelihood approach.
Finally, we evaluate our proposed models on a medical application. The main
motivation is that our model is unsupervised which makes it an adequate tool
when data labelling is expensive and takes considerable time. Health-related
applications are good examples because there are just medical experts who
are eligible to label medical data. Moreover, having predictable and ex-
plainable results in such a sensitive domain is one of the essential needs.
Therefore, decisions making and inference based on black boxes [18, 19, 288]
may not be absolutely trustable. Another concerning challenge is our limi-
tation to access a huge amount of data because of the tough confidentiality
rules in healthcare. Thus, some platforms such as deep learning which pro-
vide precise results but need lots of data for learning [20] could not be easily
used. Our proposed algorithm could handle datasets of various sizes, and the
process is explainable in human terms.
Our contributions in this work could be summarized as follows:

1. We propose a modified version of the hierarchical Dirichlet process hidden
Markov model in which emission probabilities are raised from multivariate
Beta mixture models. This model, which is less costly compared to deep
learning, is capable to fit different sizes of datasets and outcomes are ex-
plainable.

2. We apply variational inference to learn our proposed algorithm and secure
having accurate outcomes within a proper time interval.

3. We measure the performance of our model and compare it with similar
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alternatives in medical applications.

The paper is organized as follows: In section 6.2, we construct our model and
describe multivariate Beta-based hidden Markov models and multivariate
Beta-based hierarchical Dirichlet process of hidden Markov model. Section
6.3 is devoted to parameter estimation with variational inference. In sec-
tion 6.4, we present the results of evaluating our proposed model in human
activity recognition. Finally, we conclude in section 6.5.

6.2 Model Specification

To express our proposed model, we start by explaining the basic structure of
HMM for a sequence of events or states. Then, we will add the assumption
of having multivariate Beta mixture models as emission probabilities. We
call this model, multivariate Beta-based hidden Markov model. Then, we
discuss the hierarchical Dirichlet process of this modified hidden Markov
model, called multivariate Beta-based hierarchical Dirichlet process hidden
Markov model.

6.2.1 Multivariate Beta-based Hidden Markov Model

Further to the Markovian characteristics of HMM, in the first-order Markov
model, the probability of each event t depends just on state t − 1 which
happens immediately before t. In HMM, a system with hidden states emits
observable symbols at any specific point of time.
To mathematically formulate HMM, we need following parameters:
- Transition probability: indicating the probability of a change in state from
t to t+1. Sum of all these probabilities given the current state is equal to 1.
- Initial Probability: The initial state that the system starts from it is de-
noted as π. These probabilities also sum up to 1.
- Emission Probability or observation likelihoods: parameters indicating the
probability of a data point being generated from a specific state.
In our work, HMM is expressed by λ = {A,B, φ, π} and following notations:
1. T : length of the sequence of our interest, M : number of mixture compo-
nents in set L = {m,...,mM}, K: number of the states.
2. A state sequence S = {S1, . . . , ST} drawn from P (st | st−1, . . . , s1) =
P (st | st−1).
3. Sequential data X = {X1, . . . , XT}.
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4. Transition probability from state i to i′: A = {aii′ = P (st = i′ | st−1 = i)}.
5. Emission probability of observing j from state i: B = {Bij = P (mt = j |
st = i)} for j ∈ [1,M ].
6. πj: Initial probability to begin the sequence from the state j.
7. φ is the set of mixture parameters. In this work, we apply multivariate
Beta mixture model and φ is the shape parameter, αij = (α1ij, . . . , αDij),
with i ∈ [1, K] and j ∈ [1,M ].

We can denote the complete likelihood of HMMs as follows:

p(X⃗ | A,B, π, α) =
∑
S

∑
L

πs1 [
T−1∏
t=1

ast,st+1 ][
T∏
t=1

bst,mtp(xt | αst,mt)] (6.1)

Here, we explain the model for one sequence. In case of having more ob-
servations, this could be generalized by adding a summation over the whole
sequence.
p(xt | αst,mt) is multivariate Beta distribution (MB). To describe it in detail,

let’s assume to have a D-dimensional observation, X⃗ =
(
x1, . . . , xD

)
where

all its elements are greater than zero and less than one.
The probability density function of multivariate Beta distribution [24] is ex-
pressed as follows:

p(X⃗ | α⃗) = Γ(| α |)
∏D

d=1 x
αd−1
d∏D

d=0 Γ(αd)
∏D

d=1(1− xd)(αd+1)

[
1 +

D∑
d=1

xd
(1− xd)

]−|αj |
(6.2)

α⃗ =
(
α0, . . . , αD

)
is shape parameter such that αd > 0 for d = 0, . . . , D,

| α |=
∑D

d=0 αd and Γ(.) represents the Gamma function.
Figures 6.1 and 6.2 illustrate some examples of multivariate Beta distribu-
tions and multivariate Beta mixture models, respectively. These figures illus-
trate the flexibility of this distribution. So, it has the capability of capturing
symmetric and asymmetric shapes of data [28,30].

Figure 6.1: Multivariate Beta distribution with different shape parameters.
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Figure 6.2: Multivariate Beta mixture models with 2, 3, 4 and 5 components.

Thus, assuming that emission probabilities are raised from MB mixture
model, complete log-likelihood of p(X⃗ | A,B, π, α) could be written as:

log(p(X⃗, Z | λ)) = log(πs1) +
T−1∑
t=1

log(ast,st+1) +
T∑
t=1

log(bst,mt)+

+
T∑
t=1

[
log(Γ(

D∑
d=0

αd))− log(
D∏

d=0

Γ(αd)) +
D∑

d=1

(
(αd − 1) log xd

)
−

D∑
d=1

(
(αd + 1) log(1− xd)

)
− (

D∑
d=0

αd) log
[
1 +

D∑
d=1

xd
1− xd

]]
(6.3)

6.2.2 Multivariate Beta-based Hierarchical Dirichlet Pro-
cess of Hidden Markov Model

To express our hierarchical HMM, we need first to describe Dirichlet process
(DP) and stick breaking construction [124, 190]. The Dirichlet process [289]
is an extension of the Dirichlet distribution. It has two inputs, a nonnegative
precision scalar, ϵ and a base distribution G0. DP is defined over the mea-
surable space (Θ,B). For a disjoint sets of B = {B1, . . . , BD} and partition
of Θ, the Dirichlet process is defined as follows where

⋃
iBi = Θ:

(G (B1) , . . . , G (BD)) ∼ Dir (ϵG0 (B1) , . . . , ϵG0 (BD)) (6.4)

In terms of dimensionality, DP is infinite (D → ∞). If we draw G from
a DP expressed by G ∼ DP (ϵG0), we will have:

G =
∞∑
i=1

piδθi (6.5)
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θi indicated the location drawn from G0 and is related to a measure, pi.
We can consider θi as the emission probability at state i in HMM. To move

forward, we need to explain general definition of a stick-breaking process.
Let’s assume a probability mass function p = (p1, . . . , pd+1), so we have:

pi = Vi

i−1∏
i′=1

(1− Vi′) , pd+1 = 1−
d∑

i=1

pi Vi ∼ Beta (vi, ωi) (6.6)

vi = (v1, . . . , vd) and ω1 = (ωd, . . . , ωi) are non-negative, real parameters
for i = 1, . . . , d. The value of d could be either finite or infinite and finite case
is similar to a distribution called generalized Dirichlet distribution (GDD)
[290,291]. In infinite case, we may have various ranges of priors by changing
v and ω [292]. For HDP-HMM, we construct a draw from DP with following
representation of a stick-breaking process:

G =
∞∑
i=1

piδθi , pi = Vi

i−1∏
j=1

(1− Vj) , Vi ∼ Beta(1, γ), θi ∼ G0 (6.7)

γ =
∑

i βi affects a draw from DP. If γ → 0, a measure degeneration at
a random component with location drawn from G0 happens. In contrast, if
γ → ∞, the breaks are very small and G which reach to convergence to the
empirical distribution of the individual draws from G0, and G0 is reproduced.
If we focus on a distribution from which we draw the data and show it by
p(x | θ) with parameter θ, a DP mixture model is presented by:

xi |θi ∼ p (x | θi) , θi|G ∼ G, G | γG0 ∼ DP (γG0) (6.8)

Hidden Markov models could be considered as a special case of mixture
models which are dependent on the states. The supports of the mixtures
are shared among them with various mixing weights. We represent state-
dependent mixture model of HMM as follows where θi ≡ (bi1, . . . , biM), dis-
tribution is MB and initial state is selected from π:

xt |θst ∼ MB (θst) , θst | st−1 ∼ Gst−1 , Gi =
D∑

i′=1

aii′δθi′ (6.9)
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If we consider each transition as a DP, it will make a problem specifically
if we assume that each row, i, is raised from an infinite transition probability
matrix expressed as follows:

Gi =
∞∑
i′=1

aii′δθii′ , aii′ = Vii′
i′−1∏
k=1

(1− Vik) , Vii′ ∼ Beta(1, γ), θii′ ∼ G0

(6.10)

aii′ presents the i
′th component of ai which is an infinite vector. In case

of having a continues G0, the probability of transition to a previous state is
zero for each θii′ because p (θm = θn) = 0 for m ̸= n. Thus, such approaches
are not practical to construct Dirichlet process of HMM.
Hierarchical Dirichlet Process Hidden Markov Model is proposed to tackle
this issue. In hierarchical Dirichlet process (HDP), the base distribution, G0,
over Θ is itself arised from a DP which relatively assure us that G0 will be
almost discrete. We formulate the process as:

Gm ∼ DP (βG0) , G0 ∼ DP (γH) (6.11)

In HDP as a two-level hierarchical structure, the distribution on the data
points in Θ is changed from the continuous H to the discrete, but infinite
G0. If we draw for Gm multiple times, the weight on the same set of states
will be substantial. This procedure and second level of DP can be expressed
as follows with truncation level of K:

G0 =
K∑
i=1

piδθi , pi = Vi

i−1∏
i′=1

(1− Vi′) , Vi ∼ Beta(1, γ), θi ∼ H (6.12)

(Gm (θ1) , Gm (θ2) , . . . , Gm (θK)) ∼ Dir (βp1, βp2, . . . , βpK)

G (θi) indicates a probability measure at location θi. To summarize the
procedure of two-level hierarchy, we assume to have a DP at top level through
which the number of states and their observation parameters are chosen.
Then, the mixing weights are considered as prior for second level where the
transition probabilities are drawn. As a conjugacy between these two levels
doesn’t exist, there is not a truly variational solution [293]. To construct
HDP-HMM, we use a prior similar to equation (6.6) which is more general
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and flexible compared to the stick-breaking process for drawing from the DP,
in which we draw simultaneously both of Beta(1, α)-distributed random vari-
ables and the atoms associated with the resulting weights. As we explained
before equation (6.6) could be considered as a GDD and its density func-
tion of V = (V1, . . . , VK) is expresses as follows where v = (v1, v2, . . . ) and
ω = (ω1, ω2, . . . ):

f(V ) =
K∏
i=1

f (Vi) =
K∏
i=1

Γ (vi + ωi)

Γ (vi) Γ (ωi)
V vi−1
i (1− Vi)

ωi−1 (6.13)

By changing V to p, the density of p is defined by:

f(p) =
K∏
i=1

(
Γ (vi + ωi)

Γ (vi) Γ (ωi)
pvi−1
i

)
pωK−1
K+1 (1− P1)

ω1−(v2+ω2) × · · ·× (6.14)

(1− PK−1)
ωK−1−(vK−1+ωK−1)

Mean and variance for each element, pi, is:

E [pi] =
vi′
∏i′−1

ℓ=1 ωℓ∏i′

ℓ=1 (vℓ + ωℓ)
, V [pi] =

vi′ (vi′ + 1)
∏i′−1

ℓ=1 ωℓ (ωℓ + 1)∏i′

ℓ=1 (vℓ + ωℓ) (vℓ + ωℓ + 1)
(6.15)

GDD is a special case of typical standard Dirichlet distribution. In GDD
case, the construction of p from the infinite process of equation (6.14) is ref-
ered by p ∼ GDD(v,ω). For a set of N observations which are independent

identically distributed (iid) , Xn
iid∼ Mult(p), the posterior of the respective

priors presented by v′ and ω′ are parametrized as follows:

v′i = vi +
N∑

n=1

1 (Xn = i) , ω′
i =

∑
j>i

N∑
n=1

1 (Xn = j) (6.16)

1(·) is an indicator function which will be equal to one if the argument is
true and zero, otherwise. This is applied to count the number of times the
random variables are equal to values of interest.
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6.3 Variational Learning

To estimate model’s parameters, we adopt variational inference. In this
method, we introduce an approximating distribution q(A,B, π, α, S, L) for

the true posterior p(A,B, π, α, S, L | X⃗). Then, we try to minimize the
distance between these two distributions with the help of Kullback-Leibler
distance. As marginal distribution is not tractable, we try to find a tractable
lower bound in it. Based on Jensen’s inequality, as KL(q || p) ≥ 0, KL(q ||
p) = 0 when q is equal to true posterior. L(q) as a lower bound to ln p(X⃗)
could be found by:

ln(p(X⃗)) = L(q)−KL(q(A,B, π, α, S, L)∥p(A,B, π, α, S, L | X⃗)) (6.17)

The true posterior distribution is practically intractable and cannot be
directly applied in variational inference. Borrowing the idea from mean field
theory, we consider a restricted family of distributions q and adopt a factor-
ization approach [294,295]. So, we have:

q(A,B, π, α, S, L) = q(A)q(B)q(π)q(α)q(S, L) (6.18)

With the help of iterative expectation maximization (EM), we perform
this approximation. Expectation step is as follows [296] such that mi is
the expected number of data points from a component in an iteration with
truncation to K-dimensions:

⟨lnVi⟩ = ψ (1 + ⟨xi⟩)− ψ

(
1 + γi +

K∑
i′=i

⟨xi′⟩

)
(6.19)

⟨ln (1− Vi)⟩ = ψ

(
γi +

K∑
i′=i+1

⟨xi′⟩

)
− ψ

(
1 + γi +

K∑
i′=i

⟨xi′⟩

)
(6.20)

⟨ln p1⟩ = ⟨lnVi⟩ (6.21)

⟨ln pk⟩ = ⟨lnVk⟩+
k−1∑
i′=1

⟨ln (1− Vi′)⟩ 2 ≤ k < K (6.22)

⟨ln pK⟩ =
K−1∑
i′=1

⟨ln (1− Vi′)⟩ (6.23)
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ψ represents the digamma function. Then, we optimize following quan-
tity:

ln(p⋆(Xt | αst,mt)) = ϕB
ijt

∫
q(α) ln(p(Xt | αst,mt))dα (6.24)

= ϕB
ijt

∫
q(α) ln(

Γ(
∑D

d=1 αijl)∏D
d=1 Γ(αijl)

)dα + ϕB
ijt

∫
q(α)

[
D∑

d=1

(
(αd − 1) log xtd

)
−

D∑
d=1

(
(αd + 1) log(1− xtd)

)
− (

D∑
d=0

αd) log
[
1 +

D∑
d=1

xtd
1− xtd

]]
dα

where ϕB
ijt ≜ q(st−1 = i,mt = j) and ∗ indicates an optimized parameter.

p(Xt | αst,mt) is MB distribution. We presented in detail the variational
inference of multivariate Beta mixture models in our previous works [30,192]
and similar to them, we have:

ᾱijl =
uijl
vijl

(6.25)

⟨Γ(
∑D

d=1 αijl)∏D
d=1 Γ(αijl)

⟩ = ln
Γ
(∑D

l=1 αjl

)∏D
l=1 Γ

(
αjl

) +
D∑
l=1

αjl

[
ψ

(
D∑
l=1

αjl

)
− ψ

(
αjl

)]

×
[〈

lnαjl

〉
− lnαjl

]
+

1

2

D∑
l=1

α2
jl

[
ψ′

(
D∑
l=1

αjl

)
− ψ′(αjl

)]

×
〈(

lnαjl − lnαjl

)2〉
+

1

2

D∑
a=1

D∑
b=1,a̸=b

αja αjb

[
ψ′

(
D∑
l=1

αjl

)

×
(〈

lnαja

〉
− lnαja

)
×
(〈

lnαjb

〉
− lnαjb

)]
(6.26)

⟨ln(αijd)⟩ = Ψ(uijd)− ln(vijd) (6.27)

In maximization step, we update variational factors as follows:

q(A) =
K∏
i=1

GDD(v′
i,ω

′
i) (6.28)
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q(α) =
K∏
i=1

M∏
j=1

q(αij), q(αij) =
D∏

d=1

G(αijl | u⋆ijl, v⋆ijl) (6.29)

q(π) = D(v′
π,ω

′
π) (6.30)

Considering [296], we have:

q(γ) =
K∏
i=1

K−1∏
i′=1

G (c+ 1, d− ⟨ln (1− Vii′)⟩) (6.31)

q (γπ) =
K−1∏
i=1

G (τπ1 + 1, τπ2 − ⟨ln (1− Vπi)⟩) (6.32)

u⋆ijl = uijl + Uijl, v⋆ijl = vijl − Vijl (6.33)

Uijl =
P∑

p=1

⟨Zpij⟩ᾱijl[Ψ(
D∑

d=1

ᾱijd)−Ψ(ᾱijl) (6.34)

+
D∑

d=1,d ̸=l

Ψ′(
D∑

d=1

ᾱijd)ᾱijd(⟨ln(αijd)⟩ − ln(ᾱijd))]

Vijl =
P∑

p=1

⟨Zpjd⟩

[
lnxpl − ln(1− xpl)− ln

[
1 +

D∑
d=1

xd
(1− xpl)

]]
(6.35)

ψ
(
.
)
and ψ′(.) in the above equations represent the digamma and trigamma

functions. The value of Zpij = 1 if Xpt belongs to state i and mixture compo-

nent j and zero, otherwise. Thus, ⟨Zpij⟩ =
∑T

t=1 ϕ
C
pijt = p(s = i,m = j | X)

and we compute responsibilities through a simple forward-backward proce-
dure [297].

π⋆
i ≜ exp[⟨ln(πi)⟩q(π)] (6.36)
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6.4 Experimental Results

We tested our algorithm in human activity recognition (HAR). Providing in-
formation and discovering knowledge about individuals’ physical activities is
one of the most attractive and important topics in numerous fields of science
and technology. Human activity recognition using various types of devices
and sensor networks is broadly used in a vast range of applications such as
health, athletics, and senior monitoring, rehabilitation, improving well-being,
discovering patterns, and detecting activities for security. Several scientists
have focused on this complex subject, however, there are lots of aspects to
be addressed. In this application, data are collected by wearable, object,
and ambient sensors. For instance, in medicine, caregivers could monitor
and recognize the activities of patients who are suffering from morbid obe-
sity, diabetes, dementia, or other mental disorders. This helps the healthcare
system by preventing undesirable consequences based on predicting abnor-
mal activities. Due to the sensitivity of domains in which HAR could be
used, we tested our algorithm on this application as there are still issues for
investigation in realistic conditions. We chose a real dataset, called opportu-
nity [298,299], in which information was collected with three types of sensors
including external and wearable sensors. Figures 6.3 and 6.4 show the set
up and some types of sensors. Some of these sensors were fixed in points of
interest and the others were attached to volunteer users.

Figure 6.3: Platform and sensor setup
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Figure 6.4: Wearable sensors.

This system was able to recognize activities of different levels as shown
in Figure 6.5. The detailed information about sensors are as follows:
- Body-worn sensors: 7 inertial measurement units (IMUs), 12 3D accelera-
tion sensors, 4 3D coordinates from a localization system.
- Object sensors: 12 objects are instrumented with wireless sensors measur-
ing 3D acceleration and 2D rate of turn.
- Ambient sensors: 13 switches and 8 3D acceleration sensors in kitchen ap-
pliances and furniture.
The experiment is based on data collected from 4 users and 6 runs per users
including 5 Activity of Daily Living (ADL) and one ”drill” run. ADL is asso-
ciated with a very natural manner of daily activities and in a drill, individuals
execute a scripted sequence of activities.

Figure 6.5: Different levels of activities.
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We consider here the mode of collection for four actions: standing, walk-
ing, lying, and sitting. Also, we focused on the first individual and her/his 2
runs of activities (first and third) and test our algorithms on them.

First Individual, First Run of Activities:

This dataset includes 4 activities of the first individual and has 108 features.
By analyzing data, we faced some challenges while testing our proposed al-
gorithm on this dataset. We summarize the issues and solutions as follows:
1. Oversampling to handle unbalanced data: As it is shown in Figure 6.6, the
number of instances in each cluster are very different and standing, walking,
lying, and sitting have 59.7%, 17.4%, 19.9%, and 3% of share, respectively.
It’s worth noting that such inequality in the distribution of observations per
class causes a frequency bias and our model may place more emphasis on
learning from instances with more common occurrence. We tackled this is-
sue with the help of Synthetic Minority Over-sampling Technique (SMOTE).
In this approach, we generate new data points by interpolating between in-
stances in the original dataset. So, we achieved having a balanced dataset
with 22380 instances in each cluster as shown in Figure 6.7.

Figure 6.6: Bar and pie chart of HAR dataset 1.
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Figure 6.7: Oversampling results with SMOTE.

2. Feature scaling via normalization to handle various ranges of features:
The second issue that we faced was a broad range of features in the dataset.
We plotted some of the features in Figure 6.8 to support our idea through
visualization. These box plots indicate that the minimum and maximum
values, as well as distribution of features, are so diverse. Also, Figure 6.9
illustrates some examples of feature distribution vs. activity labels. The
solution to tackle this problem is normalization or Min-Max scaling. This
technique shifts and re-scale values in such a way that their ranges will end
up between 0 and 1. To do this, we use the following formula:

X⃗ =
X⃗ − X⃗min

X⃗max − X⃗min

(6.37)
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Figure 6.8: Examples of different ranges of features.
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Figure 6.9: Feature distribution vs. labels.

2. Replacing missing values with the median of each feature: Similar to
lots of cases while dealing with real-world applications, this dataset includes
missing values. Table 6.1 indicates the number of missing values and their
associated columns. As it was shown in Figure 6.8, some features have out-
liers. Thus, our strategy in missing value imputation and minimizing the
effect of outliers is replacing them with the median of each feature.

Table 6.1: Number of Nan in each column

Column Numbers of Nan in each column
1, 2, 3 454

4, 5, 6, 10, 11, 12 , 28, 29, 30 20
13, 14, 15 92
19, 20, 21 1681
22, 23, 24 311
34, 35, 36 37507

3. Dimensionality reduction: This dataset has 108 attributes. Figure
6.10 illustrates correlation matrix of its features. As a part of preprocessing
step, we reduced the number of attributes while saving as much of the vari-
ation in the dataset as possible. This helps us to prevent some issues such
as reducing computational time, increasing the overall model performance,
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avoiding the curse of dimensionality, reducing the chance of over-fitting, de-
creasing the probability of multicollinearity and high correlation among fea-
tures, and removing noise by keeping just the most important attributes. In
our experiments, we applied Principal Component Analysis (PCA) to reduce
dimensions.

Figure 6.10: Correlation matrix.

After solving above-mentioned issues, we tested our algorithm on this
dataset. To assess the model performance, we used four following criteria:

Accuracy =
TP + TN

Total number of observations
(6.38)

Precision =
TP

TP + FP
, Recall =

TP

TP + FN

F1− score =
2× precision× recall

precision+ recall

TP, TN, FP and FN represent the total number of true positives, true neg-
atives, false positives, and false negatives, respectively. Table 6.2 illustrated
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the evaluation results and comparing our proposed model with similar alter-
natives. As it is shown, MB-HDP-HMM-VR outperforms other models by
88.33%, 88.34%, 88.33 %, 88.34% of accuracy, precision, recall and F1-score,
respectively.

Table 6.2: Model performance evaluation results.

Method Accuracy Precision Recall F1-score
MB-HDP-HMM-VR 88.33 88.34 88.33 88.34

MB-HMM-VR 86.72 86.75 86.76 86.76
GMM-HMM 85.67 85.75 85.71 85.72

First Individual, Second Run of Activities:

This dataset has 25305 observations, including 10379, 6029, 7603, 1294 in-
stances for standing, walking, sitting, lying, respectively. As illustrated in
Figure 6.11, we have the same issue of unbalancing that we had in the previ-
ous dataset. We solve this problem with SMOTE and get a balanced dataset
as shown in Figure 6.12.
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Figure 6.11: Bar and pie chart of HAR dataset 2.

Figure 6.12: Oversampling results with SMOTE.

Moreover, we need normalization as the ranges of attributes are broadly
different. Figures 6.13 and 6.14 demonstrate characteristics of some of fea-
tures.

110



Figure 6.13: Examples of different ranges of features.

Figure 6.14: Feature distribution vs. labels

The next challenge is replacing missing values. In Figure 6.15, we show
number of missing values for the attributes. We take the same strategy as
the previous case and replace them with the median of attributes.

Figure 6.15: Number of missing values in each feature

To make sure that having high dimensionality won’t affect model per-
formance and to avoid potential issues that we discussed previously, we use
PCA to reduce features. The correlation matrix of dataset is demonstrated
in Figure 6.16.
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Figure 6.16: Correlation matrix

Table 6.3 illustrated the evaluation results of comparing our proposed
model with similar alternatives. MB-HDP-HMM-VR has improved robust-
ness with 86.43, 86.66, 88.43, 86.55 percentage of accuracy, precision, recall
and F1-score, respectively.

Table 6.3: Model performance evaluation results

Method Accuracy Precision Recall F1-score
MB-HDP-HMM-VR 86.43 86.66 88.43 86.55

MB-HMM-VR 84.88 84.87 84.88 84.87
GMM-HMM 84.37 84.39 84.37 84.38

In Figure 6.17, we compare the results of testing our model on two
datasets. We have better results in the first dataset considering these graphs.
One of the causes could be having more data points in the first dataset as its
size is twice larger than the second dataset (22380 vs. 10379 in each cluster).
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Figure 6.17: Results comparison.
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6.5 Conclusion

In this paper, we proposed multivariate Beta-based hierarchical Dirichlet
process hidden Markov models as a new extension of HMMs and applied it
to two real datasets. The nonparametric structure of this model assists in
handling issues such as defining the number of states. Another motivation to
work on this novel algorithm was that we can not generalize the assumption
of Gaussianity in all cases. Over the past decades, other alternative distribu-
tions have been applied to numerous real-world datasets. One of the proper
choices is multivariate Beta distribution which has demonstrated good po-
tential and flexibility in fitting data. By changing its shape parameter, we
could model data with various shapes such as symmetric, asymmetric, skewed
ones. In our model, we assumed that emission probability distributions follow
multivariate Beta mixture models. This modification may result in having
better outputs compared to the conventional cases where we consider GMM-
based HMM. To learn the model, we applied variational inference which is
slightly faster than fully Bayesian inference and more precise compared to
deterministic methods. This promising strategy is successful in various do-
mains. Finally, we evaluated our model on two real datasets, and considering
the outcomes, we could infer that our proposed model demonstrates more ro-
bustness. In future steps, we can focus on feature selection and integrate it
into our model.
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Chapter 7
Conclusion

In this thesis, we proposed several unsupervised methods and applied them
to medical cases. We formulated powerful alternatives to widely used algo-
rithms such as Gaussian mixture models and GMM-based hidden Markov
models. We developed our models based on a new distribution, multivari-
ate Beta distribution. Our motivation was the fact that the assumption of
Gaussianity is not valid for many of data sets in different fields of sciences
and real-world applications. Thus, we chose a more flexible alternative to be
able to model symmetric, asymmetric, and skewed data. We proposed first
the finite case. Later on, we borrowed the idea from elegant non-parametric
models and extended the finite case to Dirichlet process of multivariate Beta
distribution. To increase the power of the model, we improved this version
of our non-parametric model by using hierarchical Dirichlet process of mul-
tivariate Beta distribution with two levels of hierarchy. This modification
enabled our model to capture the hidden pattern of data. Also, it could
automatically define the proper number of clusters which is one of the main
concerns while we use mixture models. We paired our model with variational
inference as an efficient and accurate learning technique compared to conven-
tional methods such as deterministic and fully Bayesian inferences. In finite
mixture model, variational inference allowed us to define the model com-
plexity and estimate parameters simultaneously. Also, we applied another
approximation learning, expectation propagation which is relatively fast and
more accurate compared to variational learning. In real world, data have
a sequential nature. This motivated us to focus on hidden Markov models.
We proposed a modification in the conventional model where emission prob-
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abilities have been traditionally assumed to follow Gaussian mixture models.
In our novel method, we assumed that emission probabilities are raised from
multivariate Beta mixture models. Also, we assumed a hierarchical structure
inside our mixture model and we called our newly proposed model, multi-
variate Beta-based hierarchical Dirichlet process hidden Markov model. We
learned this new model with variational learning too.
In all chapters, we evaluated our models on medical images such as pathologi-
cal samples of colon, bone, and oral tissues to differentiate between malignant
and benign cases. Also, we applied our models to other applications such as
malaria detection as well as skin, and white blood cell analysis. We con-
ducted our research on medical signals to analyze sentiments based on EEG.
Another interesting in this field was human activity recognition based on
sensor data.
We compared our models with other similar choices and measured the per-
formance of our models. Based on reported results, our proposed models
provide better outcomes compared to other alternatives and have the poten-
tial to be considered as second-opinion systems.
To extend and improve our research, we are planning to work on the follow-
ing topics in future steps:

• Integrating feature selection into our proposed models.

• Working on other distributions which could be considered as capable
alternatives.

• Extending our models to the infinite mixture of infinite multivariate
Beta mixture.

• Working on other medical applications with sequential data such as
chemotherapy treatments.

• Integrating our proposed models into other models to develop novel
hybrid algorithms.
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Appendix A
Proof of Equations of Chapter 2

1. Proof of equations Q
(
Z
)
, Q
(
α⃗
)

The variational solution Qs

(
Θs

)
is expressed by:

lnQs

(
Θs

)
=
〈
ln p
(
X ,Θ

)〉
t ̸=s

+ const (A.1)

The additive constant term includes any term which is independent ofQs

(
Θs

)
.

Q(Z) and Q(α⃗) are derived from the logarithm of the joint distribution
p
(
X ,Θ

)
.

2. Proof of equation (2.16) variational solution of Q(Z):

lnQ(Zij) = Zij

[
ln πj +Rj +

D∑
l=1

(
αjl − 1

)
lnxil (A.2)

−
D∑
l=1

(
αjl + 1

)
ln(1− xil)

− | αj | ln
[
1 +

D∑
l=1

xil
(1− xil)

]]
+ const

where,

Rj =

〈
ln

Γ
(∑D

l=1 αjl

)∏D
l=1 Γ

(
αjl

) 〉
αj1,...,αjD

(A.3)

〈
αjl

〉
=
ujl
νjl

(A.4)
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As Rj is intractable and has not a closed form and standard variational in-
ference can be applied indirectly. Thus, we approximate the lower bound
to obtain a closed-form expression by the second-order Taylor series expan-
sion. The function Rj is approximated about α⃗. R̃j and (αj1, . . . , αjD) are
notations for approximation of Rj and α⃗, respectively. The approximation
of Rj is proved in [64] and after replacing it by R̃j, optimization of (A.2) is
tractable. So, the optimal solution for Z can be derived by:

lnQ(Z) =
N∑
i=1

M∑
j=1

Zij ln r̃ij + const (A.5)

ln r̃ij = ln πj + R̃ +
D∑
l=1

(
αjl − 1

)
lnxil (A.6)

−
D∑
l=1

(
αjl + 1

)
ln(1− xil)− | αj | ln

[
1 +

D∑
l=1

xil
(1− xil)

]
+ const

By taking the exponential of both sides of (A.5), we will have:

Q
(
Z
)
∝

N∏
i=1

M∏
j=1

r̃
Zij

ij (A.7)

By normalizing the distribution, Q
(
Z
)
is as follows where rij are positive

and sum to one.

Q
(
Z
)
∝

N∏
i=1

M∏
j=1

r
Zij

ij (A.8)

rij =
r̃ij∑M
j=1 r̃ij

(A.9)

Thus, the standard result for Q(Z) is:〈
Zij

〉
= rij (A.10)
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2. Proof of equation (2.17): variational solution of Q
(
α⃗
)

Considering the assumption that the parameters αjl are independent, Q
(
α⃗
)

can be factorized as:

Q
(
α⃗
)
=

N∏
i=1

M∏
j=1

Q
(
αij

)
(A.11)

Considering a specific factor Q
(
αij

)
, the variational optimization is derived

by taking logarithm of the optimized factor given by: As in the other two
cases the logarithm of the variational solution Q

(
αjl

)
is given by,

lnQ
(
αjs

)
=
〈
ln p
(
X ,Θ

)〉
Θ̸=αjs

=
N∑
i=1

〈
Zij

〉
J
(
αjs

)
+ αjs

N∑
i=1

〈
Zij

〉[
lnxis

− ln(1− xis)− ln
[
1 +

D∑
l=1

xis
(1− xis)

)]
+
(
ujs − 1

)
lnαjs − νjsαjs + const (A.12)

where,

J
(
αjs

)
=

〈
ln

Γ
(
αs +

∑D
s̸=l αjl

)
Γ
(
αs

)∏D
s̸=l Γ

(
αjl

)〉
Θ̸=αjs

(A.13)

Similar to Rj, J
(
αjs

)
is intractable and we its lower bound by calculating

the first-order Taylor expansion with respect to αjs which is expressed by:

J
(
αjs

)
≥ αjs lnαjs

[
ψ

(
D∑
l=1

αjl

)
− ψ

(
αjs

)
+

D∑
s̸=l

αjl

× ψ′

(
D∑
l=1

αjs

)(〈
lnαjl

〉
− lnαjl

)]
+ const (A.14)

This approximation is also found to be a strict lower bound of J
(
αjl

)
and,
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lnQ
(
αjs

)
=

N∑
i=1

〈
Zij

〉
αjs lnαjs

[
ψ

(
D∑
l=1

αjl

)
− ψ

(
αjs

)
(A.15)

+
D∑
s̸=l

αjsψ
′

(
D∑
l=1

αjl

)(〈
lnαjl

〉
− lnαjl

)]

+ αjs

N∑
i=1

〈
Zij

〉[
lnxis − ln(1− xis)

− ln
[
1 +

D∑
l=1

xis
(1− xis)

]]
+
(
ujl − 1

)
lnαjl − νjlαjl + const

= lnαjs

(
ujs + φjs − 1

)
− αjs

(
νjs − ϑjs

)
+ const

where,

φjs =
N∑
i=1

〈
Zij

〉
αjs

[
ψ

(
D∑
l=1

αjs

)
− ψ

(
αjs

)
+

D∑
s̸=l

αjlψ
′

(
D∑
l=1

αjl

)(〈
lnαjl

〉
− lnαjl
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(A.16)

ϑjl =
N∑
i=1

〈
Zij

〉[
lnxis − ln(1− xis)− ln

[
1 +

D∑
l=1

xis
(1− xis)

]]
(A.17)

Equation (A.15) is the logarithmic form of a Gamma distribution. By taking
exponential of both the sides, we have:

Q
(
αjl

)
∝ α

ujl+φjl−1

jl e−
(
νjl−ϑjl

)
αjl (A.18)

Thus, the optimal solution for the hyper-parameters ujs and νjs given by:

u∗js = ujs + φjl, ν∗js = νjs − ϑjs (A.19)
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3. Calculation of R̃j for equations (2.19) and (2.32)

R̃j = ln
Γ
(∑D

l=1 αjl

)∏D
l=1 Γ

(
αjl

)
+

D∑
l=1

αjl

[
ψ
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αjl

)
− ψ

(
αjl

)]
×
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〉
− lnαjl

]
+

×
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)2〉
+

1

2
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αjl

)
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〉
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(A.20)

4. Lower bound L
(
Q
)
of (2.28)

L
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Q
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∑
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Appendix B
Proof of Equations of Chapter 4

1. Hyperparameters of equations (4.30) to (4.35):

ρjit as the hyperparameter of Q(Z⃗) is found by:

ρjit =
exp(ρ̃jit)∑T
f=1 exp(ρ̃jit)

(B.1)

ρ̃jit =
K∑
k=1

〈
Wjtk

〉[
R̃k +

D∑
d=1

(
αkd − 1

)
lnYjid −

D∑
d=1

(
αkd + 1

)
ln(1− Yjid)

(B.2)

− | αj | ln
[
1 +

D∑
d=1

Yjid
(1− Yjid)

]
+ ⟨ln π′

jt⟩+
t−1∑
s=1

⟨ln(1− π′
js)⟩

]

R̃k following [192] is calculated by:
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R̃j = ln
Γ
(∑D

d=1 αjd

)∏D
d=1 Γ

(
αjd

) + (B.3)

D∑
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)
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(
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×
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]
+

1

2
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[
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(
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)
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×
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+

1
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[
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lnαja

〉
− lnαja

)
×
(〈

lnαjb

〉
− lnαjb

)]

Ψ(.) and Ψ′(.) are the digamma and trigamma functions, respectively. Simi-
larly, ϑjtk of the factor Q(W ) is defined by:

ϑjtk =
exp(ϑ̃jtk)∑K
f=1 exp(ϑ̃jtf )

(B.4)

ϑ̃jtk =
N∑
i=1

〈
Zjit

〉[
R̃k +

D∑
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(
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)
lnYjid −
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(
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)
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]
+ ⟨lnψ′

k⟩+
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⟨ln(1− ψ′
s)⟩

]
ajt and bjt as the hyperparameters of the factor Q(π′) are:

a∗jt = 1 +
N∑
i=1

⟨Zjit⟩ , b∗jt = λjt +
N∑
i=1

T∑
s=t+1

⟨Zjis⟩ (B.6)

ck and dk as the hyperparameters of the factor Q(ψ′) are calculated by:

c∗k = 1 +
M∑
j=1

T∑
t=1

⟨Wjtk⟩ , d∗k = γk +
M∑
j=1

T∑
t=1

K∑
s=k+1

⟨Wjts⟩ (B.7)
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The hyperparameters u∗kd and νkd of the factor Q(α) are updated as follows:

u∗kd = ukd +
M∑
j=1

T∑
t=1

⟨Wjtk⟩
N∑
i=1

〈
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〉
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The expected values of above mentioned equations are given by:

ᾱkd = ⟨αkd⟩ =
u∗kd
v∗kd

, (B.10)

〈
Zjit

〉
= ρjit,

〈
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〉
= ϑjtk (B.11)

〈
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〉
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〈
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〈
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〈
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⟨lnαkd⟩ = Ψ(u∗kd)− ln v∗kd, (B.14)〈(
lnαkd − lnαkd

)2〉
=
[
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]2
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2. Hyperparameters of equation (4.37):

ρjtr =
exp(ρ̃jtr)∑T
f=1 exp(ρ̃jtr)

(B.15)
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K∑
k=1

〈
W

(r−1)
jtk

〉[
R̃k

(r−1)
+

D∑
d=1

(
αkd

(r−1) − 1
)
lnXjrl (B.16)

−
D∑

d=1

(
αkd

(r−1) + 1
)
ln(1−Xjrl)− | αj | ln

[
1 +

D∑
d=1

Xjrl

(1−Xjrl)

]
+

⟨ln π′(r−1)
jt ⟩+

t−1∑
s=1

⟨ln(1− π
′(r−1)
js )⟩

]

R̃j is calculated by equation (B.3).

3. Equation (4.40):

ϑ̃jtk = Nρjtr

[
R̃k

(r−1)
+

D∑
d=1

(
αkd

(r−1) − 1
)
lnXjrl (B.17)

−
D∑

d=1

(
αkd

(r−1) + 1
)
ln(1−Xjrl)

− | αj | ln
[
1 +

D∑
d=1

Xjrl

(1−Xjrl)

]
+ ⟨lnψ′(r−1)

k ⟩+
k−1∑
s=1

⟨ln(1− ψ
′(r−1)
k )⟩

]

4. Hyperparameters of equations (4.41) to (4.43):

a
(r)
jt = a

(r−1)
jt + ξr∆a

(r)
jt , b

(r)
jt = b

(r−1)
jt + ξr∆b

(r)
jt (B.18)

c
(r)
k = c

(r−1)
k + ξr∆c

(r)
k , d

(r)
k = d

(r−1)
k + ξr∆d

(r)
k (B.19)
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u
∗(r)
kd = u

∗(r−1)
kd + ξr∆u

∗(r)
kd , v

∗(r)
kd = v

∗(r−1)
kd + ξr∆v

∗(r)
kd (B.20)

∆a
(r)
jt = 1 +Nρjtr − a

(r−1)
jt , ∆b

(r)
jt = λjt +N

T∑
s=t+1

ρjsr − b
(r−1)
jt (B.21)
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ϑ
(r)
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(r)
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j=1

T∑
t=1

K∑
m=k+1

ϑ
(r)
jtk − d

(r−1)
k

(B.22)
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Thom Scheeve, Fons van der Sommen, Bjorn Winkens, Patrick Aepli,
Bu’Hussain Hayee, Andreas B Pischel, Milan Stefanovic, et al. Optical
diagnosis of colorectal polyp images using a newly developed computer-
aided diagnosis system (cadx) compared with intuitive optical diagno-
sis. Endoscopy, 53(12):1219–1226, 2021.

[5] Toshio Uraoka, Shinji Tanaka, Yutaka Saito, Takayuki Matsumoto,
Shiko Kuribayashi, Keisuke Hori, and Hisao Tajiri. Computer-assisted
detection of diminutive and small colon polyps by colonoscopy using
an extra-wide-area-view colonoscope. Endoscopy, 53(03):E102–E103,
2021.

127



[6] Yuki Okamoto, Shigeto Yoshida, Seiji Izakura, Daisuke Katayama,
Ryuichi Michida, Tetsushi Koide, Toru Tamaki, Yuki Kamigaichi, Hi-
rosato Tamari, Yasutsugu Shimohara, et al. Development of multi-
class computer-aided diagnostic systems using the nice/jnet classifica-
tions for colorectal lesions. Journal of gastroenterology and hepatology,
37(1):104–110, 2022.

[7] David J Winkel, Angela Tong, Bin Lou, Ali Kamen, Dorin Comani-
ciu, Jonathan A Disselhorst, Alejandro Rodŕıguez-Ruiz, Henkjan Huis-
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