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Abstract 

 

Simulation of Multi Pulse EPR Signals for Distance Measurement in Biological Systems by 

Exploitation of COSY, DQ, DQM, DQC, and DEER Signals; Relaxation Due to Fluctuation 

of Spin-Hamiltonian Parameters of Echo ELDOR Signal; and Effect of Instantaneous 

Diffusion and Many Body Interaction in a Frozen Malonic Acid Crystal on a SECSY 

Signal 

 

Hamidreza Salahi, Ph.D. 

Concordia University, 2022 

 

This dissertation is devoted to three main subjects:  

In the first part, an algorithm to calculate the multi-pulse EPR signals including COSY 

(Correlation Spectroscopy), two-pulse DQ (Double Quantum), five-pulse DQM (Double 

Quantum Modulation), four-, five-, six-pulse DQC (Double Quantum Coherence) is developed. 

The applicability of each of these pulse sequences is further studied.  

In addition, a novel method based on doubly rotating frames (DRF) has been exploited to 

calculate three- and four-pulse DEER (Double Electron-Electron Resonance) signals for a 

system of two dipolar-coupled nitroxides on a sample of bis-nitroxide nanowire, P1, in 

deuterated ortho-terphenyl solvent with 5% BnPy (d14-oTP/BnPy) as well as two coupled 𝐺𝑑3+ 

ions in 𝐺𝑑  ruler 15  in 𝐷2𝑂 /glycerol-𝑑8  (7/3 volume ratio). The technique is then used to 

calculate the basis kernel signals accurately by numerical techniques to obtain the probabilities 

of distance distribution, 𝑃(𝑟), using Tikhonov regularization and DeerAnalysis software.  

In the second part, two models, namely cylindrical and conical models of fluctuation, are 

presented wherein one considers the random fluctuations in the �̃� and �̃�  matrices of the spin 

Hamiltonian due to thermal motion of malonic acid molecule. Accordingly, the relaxation matrix 

is calculated in Liouville space for the four-level coupled electron-nuclear spin system, using the 

formalism outlined by (Lee, Patyal and Freed 1993). The obtained relaxation matrix is then used 

to calculate the time-dependent echo-ELDOR signal by solving the relevant Liouville-von 

Neumann (LVN) equation.  

In the third part, the relaxation during free evolution and many-body effects in a SECSY 

signal, including instantaneous and spectral diffusions, which are due to the dipolar interaction 

between an electron with other electrons in a 𝛾-irradiated malonic acid crystal are investigated.  
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analytical expressions and exact numerical algorithm, are found to be in very good agreement with each 

other. Regardless of the values of 𝑑 and 𝐵1, the coherence transfer is zero at the magic angle θ = 54.74 ○ 

and at its supplementary angle θ = 125.26 ○, i.e., the values which make (3𝑐𝑜𝑠2θ − 1) = 0. The 

orientational selectivity, determined by the sharpness of the peaks, occurs at lower values of 𝐵1 for each 

𝑑 value. These values are less than 1.5, 2.0, and 3.0 G for d = 20, 30, and 40 MHz, respectively. ........... 60 

Figure 3.23 Dependence of the two-pulse DQ signal on the dipolar-coupling constant for a polycrystalline 

sample, averaged over twenty Monte-Carlo orientations of the nitroxide dipoles: left 

(𝑎1, 𝑏1, 𝑐1, 𝑑1,  𝑒1, 𝑓1,  𝑔1): time domain DQ signals for 𝑡2 = 2𝑡1 and right (𝑎2, 𝑏2, 𝑐2, 𝑑2,  𝑒2, 𝑓2,  𝑔2): 

their Fourier transforms (Pake doublets) for three different values of the dipolar-coupling constant  𝑑 =

10, 20, 30 MHz. In all simulations, the amplitude of the irradiation microwave pulse 𝐵1 is 10𝐺 and the 

duration, 𝑡𝑝 , for both pulses is 80 ns. All the other parameters used for the simulations are the same those 
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Figure 4.7  (a) Figure showing the configuration of the two 𝐺𝑑3 +ions in the biradical, as shown in the 

dipolar (molecular) frame of reference, wherein the 𝑧-axis is chosen parallel to the vector 𝒓𝟏𝟐, 

connecting the dipoles of the two 𝐺𝑑3 + ions. The 𝑧𝑙𝑎𝑏 − axisin the laboratory frame is oriented along 

the external magnetic field 𝐵0. The Euler angles, shown in (a), which define the dipolar frame, are given 

by η = 0, θ, ϕ with respect to the laboratory frame. (b) The orientations of the principal axes of the 

zero-field splitting tensors for the 𝐺𝑑3 + ions 1 and 2, denoted by 𝑋𝑘, 𝑌𝑘, 𝑍𝑘; 𝑘 = 1,2. are defined by the 

set of Euler angles λ𝑘 = (α𝑘, β𝑘, γ𝑘), (𝑘 =  1, 2) with respect to the dipolar (molecular) frame of 

reference (x, y, z). The lines of nodes for the two 𝐺𝑑3 + ions frames are 𝑁1 and 𝑁2. as shown in (b). The 

𝑥 axis of the first 𝐺𝑑3 + ion magnetic frame is chosen to be along its line of nodes, 𝑁1, for the numerical 

calculations in the present work, so that  α1 = 0, since only five of the six Euler angles are independent 

(Sec. 3.3). (This figure is reproduced from (Misra et.al 2009) by permission.) ......................................... 91 

Figure 4.8  Simulation of four-pulse DEER signals using the RF technique for three values of the dipolar 

coupling constant: ω𝑑𝑑 = 0.63 𝑀𝐻𝑧 (𝑟 = 4.36 𝑛𝑚), 𝜔𝑑𝑑 = 0.49 𝑀𝐻𝑧 (𝑟 = 4.73 𝑛𝑚) and 𝜔𝑑𝑑 =

0.39 𝑀𝐻𝑧 (𝑟 = 5.10 𝑛𝑚), representing the two end and one middle values of the range of d values 

considered here for the calculation of basis DEER signals for a polycrystalline sample. The time-domain 

signals and their Fourier transforms are shown in (𝑎1, 𝑏1, 𝑐1)  and (𝑎2, 𝑏2, 𝑐2), respectively. The 

parameters used for the simulations are listed in Table 4.3. ....................................................................... 93 

Figure 4.9 (a) The probability distribution  as a function of distance as obtained from the experimental 

data, reported in (Lovett et. al. 2012) for bis-nitroxide labeled nanowire, calculated by DeerAnalysis with 

Tikhonov-regularization using analytical kernel functions, shown in blue, and the distances chosen for the 

calculation DRF signals indicated by green dots; (b) The probability of distance distribution calculated 

using the DRF-calculated signals described in Sec. 4.1, shown in red and that calculated using the 

analytical kernel functions, shown in blue {the same as that shown in (a)}; there are found significant 

differences in the two for distances 𝑟 < 3.3 nm; (c) The calculated time-domain signal, as obtained by 

using the DRF-calculated signals, shown by the red solid line, and the signal calculated by the 

DeerAnalysis software using the analytical kernels, shown by the blue solid line. An improvement is 

found in the overall signal calculated by using DRF-calculated signals as compared to that calculated 

using the analytical kernel functions. The zero of 𝑡 is set just after the deadtime that occurs subsequent to 

the third pulse in the experiment. The experimental time trace, shown in (c) by black line, is the original 

data, obtained from Dr. J. E. Lovett, one of the authors of Ref. (Lovett et. al. 2012). ............................... 99 

Figure 4.10 The kernel signals calculated using the DRF technique including the ZFS at (𝑎1) 𝑟 = 4.19 

nm; (𝑏1) 𝑟 = 4.76 nm and (𝑐1) 𝑟 = 5.12 nm and those calculated with the kernel functions, calculated 

using the analytical expression for infinite pulse without including the ZFS at (𝑎2) 𝑟 = 4.19 nm; (𝑏2) 𝑟 =

4.76 nm and (𝑐2) 𝑟 = 5.12 nm corresponding to the maximum of the probability of distance distribution 

as determined from Figs 4.11(a) and 4.12(a), at Q- and W-bands, respectively.  The DRF and the 

analytical kernel signals are shown by red and blue solid lines, respectively. There is seen a significant 

difference between the two sets of kernel signals. .................................................................................... 103 

Figure 4.11 The probability distributions  as functions of distance, obtained from the experimental data, 

for 𝐺𝑑 ruler 15 in 𝐷2𝑂/glycerol-𝑑8  at Q-band, calculated by DeerAnalysis with Tikhonov-regularization 

using the DRF-calculated basis signals, with finite pulses including the ZFS, shown in red and those 

obtained using analytical kernel functions with infinite pulses and no ZFS, shown in blue; (b) The time-

domain signals, as calculated by DeerAnalysis software using the DRF-calculated signals, shown by red 

solid line, and the time-domain signal, as calculated by DeerAnalysis software, obtained by using the 

analytical kernels, shown by the blue solid line. The inset in (b) amplifies the region around t = 1𝛍s for a 

better comparison. ..................................................................................................................................... 104 



 

xv 
 

Figure 4.12 The probability distributions  as functions of distance, obtained from the experimental data, 

for 𝐺𝑑 ruler 15 in 𝐷2𝑂/glycerol-𝑑8 (7/3 volume ratio) at W-band, calculated by DeerAnalysis with 
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Chapter 1 

1. Introduction to Electron Paramagnetic Resonance 

Electron Paramagnetic Resonance (EPR) spectroscopy is a very powerful technique in 

that it can be exploited to reveal the electronic and geometric structures of the environment 

around paramagnetic centers. Even weak interactions between electron spins, as well as those 

between electron and nuclear spins not resolved by continuous wave (CW) EPR, can be 

distinguished by pulsed EPR (Misra, Multifrequency electron paramagnetic resonance: theory 

and applications 2011).  

 

 The EPR spectroscopy can be understood using the concept of the magnetic moment of 

electron spin. The electron spin, a quantum mechanical property, has an intrinsic angular 

momentum characterized by a quantum number 𝑠 =  1/2 . In accordance with the quantum 

theory, it exists in two states: spin-up state with 𝑚𝑠 = +1/2, and a spin-down state with 𝑚𝑠 =
−1/2. As an electron has a charge, there is a magnetic moment associated with the spin angular 

momentum: 

 𝜇 = −𝑔
𝑒ℏ

2𝑚𝑒
𝑆 = −𝑔𝛽𝑒𝑆 1.1) 

where 𝛽𝑒  is the Bohr magneton, 𝑆  is the spin angular momentum, and the factor g can be 

obtained in accordance with Dirac’s relativistic quantum mechanics. The free electron g-value is 

𝑔𝑒 = 2.00231930436153(53).  

In the presence of an external magnetic field with the strength 𝐵0 the electron's magnetic 

moment aligns itself either antiparallel (𝑚𝑠 = −1/2) or parallel (𝑚𝑠 = +1/2), to the field. Each 

alignment has a specific energy due to the Zeeman effect, which is 𝐸 = −𝑔𝛽𝑒 𝑚𝑠𝐵0. Therefore, 

the separation between the lower and the upper state is Δ𝐸 =  𝑔𝛽𝑒𝐵0 for unpaired free electrons. 

This equation implies that the splitting of the energy levels is directly proportional to the strength 

of the magnetic field, as shown in Figure 1.1. 

An unpaired electron can change its electron spin by either absorbing or emitting 

a photon of energy ℎ𝜈, such that the resonance condition, ℎ𝜈 = Δ𝐸, is obeyed. Experimentally,  

this equation permits a large combination of frequency and magnetic field values, but the great 

majority of EPR measurements are made with the microwaves in the 9000–10000 MHz (9–

10 GHz) range, with fields corresponding to about 3500 G (0.35 T). A collection 

of paramagnetic centers, such as free radicals, is exposed to microwaves at a fixed frequency. At 

this point the unpaired electrons can move between their two spin states. Since, there are 

typically more electrons in the lower state, due to the Maxwell–Boltzmann distribution, there is a 

net absorption of energy, and it is this absorption that is monitored and converted into a spectrum.  

 

https://en.wikipedia.org/wiki/Zeeman_effect
https://en.wikipedia.org/wiki/Magnetic_field
https://en.wikipedia.org/wiki/Photon
https://en.wikipedia.org/wiki/Gauss_(unit)
https://en.wikipedia.org/wiki/Tesla_(unit)
https://en.wikipedia.org/wiki/Paramagnetic
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Figure 1.1. External magnetic field 𝐵0 causes a splitting of the energy levels of the spin system. 

When the resonance condition ΔE=hν is met, spin transitions between the energy levels 𝑚𝑠 =
−1/2 and 𝑚𝑠 = +1/2 can be detected as energy absorption. The figure is taken from Electron 

Paramagnetic Resonance, “Wikipedia”, 2022, https://en.wikipedia.org/wiki/Electron_ 

_paramagnetic_resonance  

 

1.1 Spin Hamiltonian 

 

 The interactions between unpaired electron and nuclei spins in a magnetic field are 

characterized by two interactions:  (i) between the magnetic moments of electron or nucleus and 

the external magnetic field and (ii) by the electron-nuclear spin interactions. The Hamiltonian 

describing such a system is referred to as spin Hamiltonian. 

 

 The spin Hamiltonian, 𝐻0, for the system of an effective electron spin S interacting with 

N nuclei with spins I consists of electron Zeeman (𝐻𝑍), nuclear Zeeman (𝐻𝑛𝑍), hyperfine (𝐻ℎ𝑓) 

and zero-field splitting (𝐻𝑍𝐹𝑆) has the following form (Schweiger and Jeschke 2001): 

 

 

𝐻0 = 𝐻𝑍 + 𝐻𝑛𝑍 + 𝐻ℎ𝑓 + 𝐻𝑍𝐹𝑆

=
β𝑒
ℎ
𝐵0𝑔 𝑆 − β𝑛∑

𝑔𝑛𝑘
ℎ
𝐵0𝐼𝑘

𝑁

𝑘=1

+∑𝑆 𝐴𝑘𝐼𝑘

𝑁

𝑘=1

+ 𝑆𝐷𝑆 
1.2) 

where 𝑆  and 𝐼𝑘  are the electron and nuclear spin operators, respectively, 𝐵0  is the external 

magnetic field, 𝐴𝑘 and 𝐷 are the hyperfine matrix and zero-field splitting matrix, respectively. 

Each type of interactions can be described by a matrix (𝑔, 𝐷 and 𝐴𝑘 in Eq. 1.2) above), which is 

diagonal in an appropriate coordinate system (also known as molecular frame or principal axis 

system). In this system the interaction can be described by three principal components of the 

matrix. The different types of interactions are as follows.  

i) Electron Zeeman interaction  
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The Electron Zeeman interaction defines the interaction between the electron spin 

magnetic moment 𝑆 and external magnetic field 𝐵0, and  the corresponding spin Hamiltonian 

term is:  

 𝐻𝑍 =
β𝑒
ℎ
𝐵0𝑔 𝑆 1.3) 

As was mentioned before, in a principal axis system 𝒈-matrix can be diagonalized, and 

the interaction can be defined by three principal g-values: 𝑔𝑥𝑥 , 𝑔𝑦𝑦 and 𝑔𝑧𝑧  and three Euler 

angles defining the orientation of the matrix in the molecular frame.  

In the case of a liquid solution the electron Zeeman interaction is typically averaged to a 

single isotropic value, 𝑔𝑖𝑠𝑜 = 1/3 (𝑔𝑥𝑥 + 𝑔𝑦𝑦 + 𝑔𝑧𝑧). In frozen solution and powder states, the 

principal components of the 𝒈-matrix can be identified from the turning points of the EPR 

spectrum. The lineshape of an EPR spectrum is dominated by electron Zeeman interaction, and 

there are three limiting symmetries of the lineshape: cubic (𝑔𝑥𝑥 = 𝑔𝑦𝑦 = 𝑔𝑧𝑧), axial (𝑔𝑥𝑥 =

𝑔𝑦𝑦 = 𝑔⊥, 𝑔𝑧𝑧 = 𝑔∥) and orthorhombic (𝑔𝑥𝑥 ≠ 𝑔𝑦𝑦 ≠ 𝑔𝑧𝑧). 

ii) Nuclear Zeeman interaction 

The nuclear Zeeman interaction of a spin 𝐼 with an external magnetic field 𝐵0 can be 

described in a similar way: 

 𝐻𝑛𝑍 =
β𝑛
ℎ
𝐵0𝑔𝑛𝐼 1.4) 

where the spin quantum number I and the nuclear 𝑔𝑛 factor depend on the nucleus type. Nuclear 

Zeeman interaction does not generally contribute to the EPR spectrum, because the nuclear 

magneton is three orders of magnitude smaller than the Bohr magneton. However, it plays a role 

in hyperfine techniques. 

iii) Hyperfine interaction 

The interaction between the electron spin and coupled nuclei of spin I is called the 

hyperfine interaction, and can be defined by an effective spin Hamiltonian as following: 

 𝐻ℎ𝑓 = SAI = aisoSI + STI 1.5) 

There are two different contributions in the isotropic hyperfine interaction: the isotropic 

part aiso and the anisotropic part described by tensor T.  

The isotropic hyperfine coupling constant 𝑎𝑖𝑠𝑜  is defined as the following:  
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 𝑎𝑖𝑠𝑜 =
2𝜇0
3ℏ

𝑔𝑒𝛽𝑒𝑔𝑛𝛽𝑛|𝜓0(0)|
2 1.6) 

It originates from the finite electron spin density at the nucleus |𝜓0(0)|
2. 

 The anisotropic hyperfine interaction can be described in terms of the classic dipole-

dipole interaction and the elements of the symmetric tensor, T, which can be expressed as 

follows:   

 𝑇𝑖𝑗 =
𝜇0
4πℏ

𝑔𝑒𝛽𝑒𝑔𝑛𝛽𝑛 < 𝜓0|
𝑟𝑖𝑟𝑗 − δ𝑖𝑗𝑟

2

𝑟5
 |𝜓0 > 1.7) 

where 𝜓0 is the ground-state electronic wave-function and 𝑟 is the distance between the nuclear 

and electron spins (Schweiger and Jeschke 2001). 

 The hyperfine interaction causes splitting of the EPR line. The isotropic hyperfine 

coupling can be determined from the distance between peaks of the hyperfine structure for 

solution EPR spectrum when hyperfine anomaly is less than 1% (Schweiger and Jeschke 2001). 

The splitting pattern depends on the number and type (𝐼 = 1/2, 𝐼 = 1, etc.) of coupled nuclei, 

and is used for the characterisation of molecular structures. In the case of interaction between 

electron spin and 𝑁 nuclei with spin 𝐼, there occurs a splitting into 2 × 𝑁 × 𝐼 + 1 lines with 

separations determined by the relevant isotropic hyperfine coupling and relative intensities that 

can be predicted by Pascal’s triangles (Perrin 2018).  

 In frozen solutions and powders the anisotropic parts of the hyperfine couplings also 

contribute to the EPR spectrum and this makes spectrum analysis more complicated. Pulse 

techniques such as Electron Spin Echo Envelope Modulation (ESEEM) are used when the 

hyperfine interactions are not too strong to be resolved by CW EPR. 

iv) Zero-Field splitting interaction 

 In systems with electron spin 𝑆 > 1/2, there exist a dipolar interaction between electron 

spins which removes the degeneracy of the different 𝑚𝑠 levels even in the absence of an external 

magnetic field. This interaction is called zero-field splitting (ZFS). This interaction is represented 

by the following spin Hamiltonian term: 

 𝐻𝑍𝐹𝑆 = 𝑆𝐷𝑆 1.8) 

where 𝐷 is the symmetric, traceless zero-field splitting interaction tensor. The ZFS interactions 

are due to the spin-spin dipolar interaction (mostly dominant in the case of organic molecules) 

and spin-orbit interaction (mostly dominates in case of transition metal ions) (Schweiger and 

Jeschke 2001). 

v) Electron-Electron Dipole interaction 
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 In the case of a two-spin system, spin 1 and spin 2 denoted as 𝑆1 and 𝑆2, respectively,  the 

spin Hamiltonian consists of the Hamiltonians for the single spins that could include all the 

previously-described interactions, from i) – iv), and dipolar coupling Hamiltonian between the 

two spins: 

 𝐻(𝑆1, 𝑆2) = 𝐻(𝑆1) + 𝐻(𝑆2) + 𝐻𝑑𝑑 1.9) 

where 𝐻(𝑆𝑖); 𝑖 = 1,2  is the static spin Hamiltonian for the system of an effective electron spin 

𝑆𝑖 interacting with N nuclei with spins I which, in general, consists of electron Zeeman, nuclear 

Zeeman ,  hyperfine,  and zero-field splitting as given in Eq. (2.1).  In the high-field 

approximation, the dipolar part of the Hamiltonian could be rewritten in pseudo-secular 

approximation as follows: 

 

𝐻𝑑𝑑 = ω𝑑𝑑[𝐴 + 𝐵] 

ω𝑑𝑑 =
μ0
4πℏ

𝑔1𝑔2β𝑒
2

𝑟12
3  

𝐴 = 𝑆𝑧1𝑆𝑧2(3𝑐𝑜𝑠
2𝜃 − 1);  𝐵 = −

1

4
(𝑆+1𝑆−2 + 𝑆−1𝑆+2)(3𝑐𝑜𝑠

2𝜃 − 1) 

1.10) 

where θ is an angle between the magnetic field 𝐵0 and the vector 𝒓𝟏𝟐 connecting the two spins 

and ω𝑑𝑑  is called dipolar coupling constant which is inversely proportional to the distance 

between the two spins. The dipolar coupling leads to a splitting of the EPR signal or to a 

broadening of the EPR spectra, depending on the size of the interaction compared to other 

interactions in the spin system. 

1.2 Continuous wave EPR and pulsed EPR 

There are two common conventional methods, namely continuous wave (CW) EPR and 

pulsed EPR.  EPR spectra can be recorded at different frequencies: L-band (≈1-2 GHz), S-band 

(2-4 GHz), X-band (8-10 GHz), Q-band (≈ 35 GHz) and W-band (≈ 90 GHz). The choice of 

frequency band depends on the specific type of interactions of interest that contributes to the 

system spin Hamiltonian discussed later.  

There are limitations of spectral resolution in CW EPR. However, some EPR applications 

still make use of CW methods as the recording and interpretation of pulsed EPR spectra requires 

sophisticated technical equipment. A limitation of pulsed EPR is the low measuring temperatures 

required because of the short relaxation times of the transverse magnetization involved in pulse 

experiments, especially for transition metal ions. CW EPR spectra, on the other hand, can be 

recorded at room temperature for a large number of spin systems, including radicals and 

transition metal ions. The additional information about weakly coupled nuclei and relaxation 

properties of the spin system that can be obtained by manipulating the spins with sequences of 

MW pulses justifies the efforts put into the development of new pulse methods. The 

enhancement of forbidden transitions or establishing of correlations via 2D spectroscopy are 

examples of such manipulations. Nevertheless, CW and pulse EPR are complementary and only 

the exploitation of the two gives a reliable picture of the spin system. 
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1.2.1 Continuous wave EPR 

 

 In the case of continuous wave (CW) EPR the sample is continuously irradiated by 

microwaves at a fixed frequency, while an external magnetic field 𝐵0  is swept. 𝐵0  causes a 

splitting of the energy levels of the spin system. In case of spin 1/2 system such as electrons 

(Figure 1.1), the system is characterized by two quantum mechanical states, one with its 

magnetic moment parallel to 𝐵0 and one antiparallel. The parallel state has lower energy and at 

thermal equilibrium, there is a surplus of electron spins in the parallel state according to the 

Boltzmann distribution. Therefore, there is a net magnetization parallel to the z axis.  A 

microwave radiation source creates a standing wave inside the resonator. The resonators are 

designed to ensure that the magnetic field component is maximum in the center, while the 

electric field component is to be minimized there. The magnetic component of the microwave 

radiation 𝐵1 is perpendicular to the external magnetic field 𝐵0. When the resonance condition ΔE 

= hν is satisfied, 𝐵1 causes spin transition between the energy levels, which is detected as energy 

absorption, constituting an EPR signal.  

  

1.2.2 Pulsed EPR 

 Due to the limitations of spectral resolution, CW EPR cannot always be used as an EPR 

spectroscopy method. Pulsed EPR provides better resolution separating different interactions 

from each other. Different pulse sequences such as hyperfine splitting, relaxation times, dipolar 

couplings, etc., were developed for investigating different properties of the spin system.  

 In pulsed EPR, the microwave radiation is in the form of a pulse, consisting of different 

frequencies. The circuity that generates the pulse consists of attenuators and phase shifters to 

adjust the length and phase of the pulses and also to apply phase cycling to eliminate unwanted 

echoes. The generated pulses are of an order of nanoseconds. The pulse rotates the magnetization 

vector toward the x-y plane. The angle by which the net magnetization vector is rotated is 

commonly called the tip angle and it is equal to  

 𝛽 = 𝛾𝐵1𝑡𝑝 1.11) 

 

 where 𝛾 is the gyromagnetic ration of electron, 𝐵1 is the amplitude of the pulse and 𝑡𝑝 is 

the duration of the pulse. Pulses are often labeled by their tip angle, i.e., a 𝜋/2 pulse corresponds 

to a rotation of magnetisation vector by 𝜋/2. The most commonly used tip angles are 𝜋/2 and 𝜋 

(90 and 180 degrees). The tip angle depends on both the amplitude of 𝐵1 and the duration of the 

pulse. For instance, a pulse with amplitude 𝐵1 of 10 Gauss and the duration of approximately 9 

ns results in a 𝜋/2 pulse. The pulse Hamiltonian in the rotating frame, which is described in next 

chapter, can be expressed as 

 𝐻𝑝 =
𝛾𝐵1
2
(𝑒−𝑖𝜙𝑆+ + 𝑒

𝑖𝜙𝑆−) 

 

1.12) 

where 𝜙 is the phase of the pulse and 𝑆+, 𝑆− are the raising and lowering spin operators. 
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It is important to note that in pulsed ERP spectroscopy, there is usually a time, known as 

deadtime, after a microwave pulse during which no measurements can be performed due to the 

ringing of high frequency pulses in the resonator. This issue can be overcome via over-coupling 

of the resonator and reducing its quality factor Q, which leads to reduced sensitivity and 

increased excitation bandwidth.  

 

1.3 Pulsed dipolar spectroscopy  

 

 Weak interactions between two and more electron spins can be measured via dipolar 

spectroscopy. The object of the measurements is a distance distribution between the spins of 

interest. The data on distance distribution between different paramagnetic centers at different 

points of the macromolecule of interest can be utilized for structural studies. Depending on the 

length of the distances measured, different techniques can be used. For shorter distances in the 

range of 1 – 1.7 nm CW EPR can be used, and the distances can be extracted from the line 

broadening of the spectrum. The double quantum coherence (DQC) spectroscopy is used to 

determine distances in the range of 1-5 nm. For longer distances in the range of 8 – 12 nm, 

Double Electron-Electron Resonance (DEER), also called Pulsed Electron Double Resonance 

(PELDOR) (El Mkami 2015), can be employed. 

 For structural studies of biological systems, EPR dipolar spectroscopy has an advantage 

over the well-established X-ray crystallography and solution-state NMR methods, because it 

allows to study complexes that cannot be crystallised or are too large for efficient NMR 

investigation. EPR can also provide information about longer distance constraints than NMR, 

which is typically limited to a range of around 0.5 nm.  

 

 Most often, nitroxide spin labels are used for dipolar EPR spectroscopy (Misra et. al. 

2009). Other spin labels such as gadolinium spin labels, 𝐺𝑑3+, a cryptand ligand that, as a unit, 

replaces the organic nitroxide, (Dalaloyan et. al. 2015), (Raitsimring et. al 2007) are extensively 

used in various studies.  

1.3.1 The Pake pattern and distance measurements 

 

 When two spins are distant from each other more than 1.5 nm, the exchange spin-spin 

interaction can be neglected. In this case, the spin Hamiltonian of two weakly coupled electron 

spins with 𝑆𝐴 = 𝑆𝐵 = 1/2 can be written as follows:  

 𝐻(𝑆𝐴, 𝑆𝐵) =
β𝑒
ℏ
𝐵0𝑔𝐴𝑆𝐴 +

β𝑒
ℏ
𝐵0𝑔𝐵𝑆𝐵 + 𝐻𝑑𝑑 1.13) 

where 𝐻𝑑𝑑 is given by Eq. (1.10). If the difference in resonance frequency of two spins is larger 

than a dipolar frequency 𝜔𝑑𝑑, the regime is called a weak-coupling regime. In this regime the 

splitting between most obvious peaks in the Pake pattern corresponds to 𝜔𝑑𝑑 . In the case of 

strong coupling, the pseudo-secular terms of the spin Hamiltonian i.e., the 𝐵 term in Eq. (1.10), 

which will lead to different eigenstates and eigenvalues, have to be considered. 
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 In isotropic frozen solution all orientations of the spin system relative to the magnetic 

field exist and contribute to the Pake pattern shown in Figure 1.2. (a) Schematic representation of 
a two-electron system and definition of the angle θ between the magnetic field 𝑩𝟎 and the distance 
vector 𝒓12. (b) The DEER (double electron-electron resonance) signal for two spins obtained by a 
weighted sum of the differences between the two pairs of EPR transition frequencies over all values 
of θ in the weak-coupling regime. The position of the turning points in the spectrum (shown with 

arrows in Figure 1.2) defines the inter-spin distance 𝑟12  ( 

ω𝑑𝑑 =
μ0

4πℏ

𝑔1𝑔2β𝑒
2

𝑟12
3 ). For short distances, the dipolar interaction is sufficiently large to cause 

broadening of the EPR spectrum, corresponding to a convolution of the EPR spectrum of the 

isolated spins with the Pake pattern due to the dipolar interaction between the spins. DEER can, 

therefore, be used for determination of long distances.  

 

 

 

 

Figure 1.2. (a) Schematic representation of a two-electron system and definition of the angle θ 

between the magnetic field 𝑩𝟎 and the distance vector 𝒓12. (b) The DEER (double electron-electron 

resonance) signal for two spins obtained by a weighted sum of the differences between the two pairs 

of EPR transition frequencies over all values of θ in the weak-coupling regime. (c) The Fourier 

transform of DEER signal shown in (b), known as the Pake pattern or Pake doublet.  

 

1.4 Relaxation 

  

 In an EPR experiments the spin system is perturbed by either oscillating microwave field 

or microwave pulses and then returns to its state of equilibrium, which is called relaxation. 

(b) 

(c) 
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Relaxation defines a linewidth in CW EPR. In pulsed EPR, the relaxation time determines the 

length of the pulse sequence used and its repetition time.  

 Depending on a particular spin system, different processes can be involved in relaxation. 

Typically, two types of processes occur: spin-lattice relaxation, and spin-spin relaxation. Both 

types of relaxation are briefly discussed below, but more details can be found in (Misra 2011). 

 

1.4.1 Spin-lattice relaxation 

 

 The spin-lattice relaxation is characterised by relaxation time 𝑇1 . Due to dynamic 

interactions and energy exchange between electron spins and the surrounding environment 

(solution, powder or crystal lattice), electron spins flip, and the magnetisation vector returns to 

the state of their equilibrium position along the direction of 𝑩𝟎 (z-axis). 

 Different processes can cause the spin-lattice relaxation process: molecular motion 

causing anisotropic interactions like hyperfine, exchange or electron dipole-dipole interaction 

which perturbs a local field of the electron spin and causes its flip. Collisions with other 

molecules like oxygen or metal ions cause longitudinal relaxation as well. In solid state spin-

lattice -relaxation can be caused by molecular vibrations which is due to the interaction between 

the lattice and spins. 
 

1.4.2 Spin-spin relaxation  

 

 Spin flips can occur with no energy exchange with the surroundings and can cause a loss 

of phase coherence in the plane perpendicular to 𝐵0 direction (x-y plane). Phase coherence can be 

lost due to two processes: (i) spin-lattice relaxation and (ii) spin flip-flop. The term phase 

memory time 𝑇𝑚, as used in EPR experiments, includes any processes that cause the loss of 

phase coherence, including spin-spin relaxation (Schweiger and Jeschke 2001). If we consider 

two spin systems, one of those (spin system A) is excited and the other one (spin system B) is not. 

The magnetic field of spins A is influenced by dipolar coupling to spins B. If spins B experience 

spin-spin or spin-lattice relaxation, that process will contribute to 𝑇𝑚 of spins A that is inversely 

proportional to the concentration of spins B. If spins B are nuclear spins, the process is called 

nuclear spin diffusion. This process is typically the main contributor to 𝑇𝑚 and can be reduced 

via sample deuteration (El Mkami, Ward, et al. 2014). If spins B are electronic spins, the process 

is called spectral diffusion  

 When the spin magnetization is shifted to a different region of the EPR spectrum, the 

resonance frequency of the spin changes, which contributes to 𝑇𝑚 . An example of such a 

contribution is spectral diffusion. Spectral diffusion happens when only part of the spins is 

excited because of limited bandwidth of the resonator. When magnetisation of spins A changes 

under the influence of spins B as discussed earlier, the resonance frequency of spins A can 

change to fall outside of the resonator bandwidth. The magnetization of spins B can also change 

due to the same process, and the resonance frequency for spins B can change to fall within the 

detection window, replacing spins A and contributing to relaxation. 

 The local magnetic field around each spin changes due to dipolar interaction during a 

pulse, depending on the position of the neighbor spins. This process is called instantaneous 

diffusion. 
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1.4.3 Relaxation, as treated in Liouville space 

 Hilbert-space formulation cannot be directly used to calculate relaxation effects 

rigorously, because the matrix elements of the relaxation superoperator require a pair of double 

indices, based on the eigenbasis of the Hamiltonian operator, which are not amenable to use in 

Hilbert space formulations, see e.g., Stoll (2009). Misra et al, (2009). Misra (2011), Misra and 

Freed (2011), Schwartz et al, (1982), Gamliel and Levanon (1995), Håkansson et al, (2013), 

Franck et al, (2015). Accordingly, one needs to perform numerical simulation technique for 

calculating pulsed EPR experiments by treating the Liouville-von Neumann (LVN) equation as a 

matrix differential equation in Liouville space to take into account the relaxation effects 

rigorously. The LVN equation is an exact quantum-mechanical equation of motion for the 

density matrix. This equation is valid even for relatively fast random processes, and is therefore 

especially suitable for EPR, where the natural time scale is so short that the random processes are 

not usually fast on this time scale (Lee, Patyal and Freed 1993).   

 

1.5 Organization of the thesis 

The organization of this thesis is as follows. The procedure for solution of the LVN 

equation to calculate the pulsed EPR signal is developed in Chapter 2. Thereafter, the details of 

the calculation of Correlation Spectroscopy (COSY), two-pulse Double Quantum (DQ), five-

pulse Double Quantum Modulation (DQM) and four-, five-, six-pulse Double Quantum 

Coherence (DQC) signals, along with a detailed study of their applicability for distance 

measurements are given in Chapter 3. The technique of doubly rotating frame to calculate DEER 

signal and its application to estimate distance distribution for the system of two coupled 

nitroxides and two coupled 𝐺𝑑3+  ions are presented in Chapter 4. Chapter 5 deals with 

cylindrical and conical models of thermal fluctuation of spin-Hamiltonian parameters which 

leads to rigorous calculation of relaxation matrix elements in Liouville space. The electron spin- 

echo decay of SECSY signal induced by dipole-dipole interaction between the electrons in a 

malonic acid crystal, modulated simultaneously by the spectral diffusion and instantaneous 

diffusion mechanisms is analyzed in Chapter 6. The concluding remarks and future perspectives 

are included in Chapter 7.  
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Chapter 2 

2. Calculation of pulsed EPR signal 

 

A pulsed EPR experiment consists of a series of 𝑁 microwave pulses separated by 𝑁 − 1 

periods of free evolutions of length 𝑡𝑖 . The EPR echo signal from a paramagnetic sample is 

detected after a delay of length 𝑡𝑁  To describe the time evolution of the density matrix, 

Liouville-von Neumann equation is used. 

2.1 Liouville-von Neumann equation 

The time evolution of the density matrix is described by the LVN equation which gives 

an exact quantum-mechanical description of motion for the density matrix. This equation is valid 

even for relatively fast random processes, and is therefore especially suitable for EPR, where the 

natural time scale is so short that the random processes are not usually fast on this time scale 

(Gamliel and Levanon 1995).  

The LVN equation which governs the time evolution of the density matrix during free 

evolution, i.e., in the absence of a pulse is expressed as (Abragam (1961), Jeener (1982), 

Redfield (1957), Gamliel and Levanon (1995), Slichter (2013)): 

 𝑑

𝑑𝑡
𝜒(𝑡) = −𝑖[�̂�0, 𝜒(𝑡)] + Γ ̂̂𝜒(𝑡) 

(2.1) 

where 𝜒 = 𝜌 − 𝜌0  is the reduced density matrix with 𝜌0 ∝ exp (−�̂�0 𝑘𝑇⁄ )  being the initial 

density matrix and discussed in the next Chapter in Sec 3.1.2, and 𝐻0  is the static spin-

Hamiltonian. In Eq. (2.1), Γ ̂̂is the relaxation superoperator in Liouville space whose elements are 

usually determined phenomenologically. Equation (2.1) is a matrix differential equation which 

cannot be solved  in Hilbert space, since the relaxation superoperator Γ ̂̂, is a four-index tensor 

which connects two elements of the density matrix, which are characterized by two indices each. 

The procedure to solve Eq. (2.1) is given in Misra and Li (2018) in details. The solution of Eq. 

(2.1) after time 𝑡 in Liouville space is given as 

 

 �̂̂�(𝑡) = 𝑒−(𝑡−𝑡0)�̂̂� �̂̂�(𝑡0) 
(2.2) 

where �̂̂� is the column vector of dimension 𝑛2 × 1 i.e., �̂̂� = 𝐶𝑜𝑙(𝜒), (Magnus and Neudecker 

2019), (Misra and Li 2018) and the Liouville superoperator, �̂̂�, is defined as  

 �̂̂� = 𝑖�̂̂� + Γ ̂̂ = (𝐼𝑛⊗ �̂� − �̂� ⊗ 𝐼𝑛) + Γ ̂̂ (2.3) 

In Eq. (2.3), 𝐼𝑛 is unit matrix of dimension 𝑛 × 𝑛 and ⨂ stands for the direct product.  

The spin relaxation is usually neglected during the application of a pulse as it has negligible 

effect since the duration of the pulses (~5-10 ns) are much smaller than the relaxation time (500-

1000 ns). Then, the evolution of the density matrix due to the pulse can described in Hilbert 

space, as follows: 

 𝑑

𝑑𝑡
𝜌(𝑡) = −𝑖[(�̂�0 + �̂�𝑝), 𝜌(𝑡)], (2.4) 
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where  𝐻𝑝 is the pulse Hamiltonian expressed by Eq. 1.12). 

 The density matrix is transformed by the application of a pulse of duration 𝑡𝑝 . The 

solution of Eq. (2.4), neglecting relaxation during the pulse, is given as (Saxena and Freed 1997), 

(Misra et. al 2009): 

 𝜌(𝑡0 + 𝑡𝑝) = 𝑒
−𝑖(𝐻0+𝐻𝑝)𝑡𝑝𝜌(𝑡0) 𝑒

𝑖(𝐻0+𝐻𝑝)𝑡𝑝 (2.5) 

   

2.2 Coherence pathways and phase cycling 

The selection of well-defined coherence transfer pathways is an essential feature in 

COSY, SECSY, echo-ELDOR, two-pulse DQ, five-pulse DQM, four-, five-, six- pulse DQC 

experiments. Multi-pulse sequences produce a series of free induction decays (FIDs) and echos. 

Among these, only one is of actual interest. All the others distort the measurement but can be 

removed by phase cycling (Bodenhausen et. al. 1984, Gemperle et. al 1990).  

Phase cycling is based on the concept of coherence order (Bodenhausen et. al. 1984, 

Gemperle et. al 1990). For a paramagnetic sample containing one electron with spin 𝑆 = 1/2 

each, there are three possible coherence orders, 𝑝 . Coherence order 𝑝 = 0  corresponds to 

longitudinal magnetization and is due to spins parallel or antiparallel to the external magnetic 

field direction. Coherence orders 𝑝 = +1 and 𝑝 = −1 represent transverse magnetization and 

corresponds to spins rotating in a plane perpendicular to the external magnetic field. Coherences 

with order 0, +1  and −1 correspond to the 𝑆𝑧, 𝑆+ and 𝑆− components of the density operator, 

respectively. Higher coherence orders such as 𝑝 = ±2 are achieved in the systems with two 

coupled electrons.  

The path describing the progress of a coherence order in a pulse sequence is called 

a coherence transfer pathway. It is possible to change the coherence level by applying a pulse. 

On the other hand, during the time interval between the applications of the pulses the coherence 

level does not change. 

All the multi-pulse experiments start with zero order coherence (z-magnetization) and 

should end with a coherence order of −1, which is by convention the one that is detected by the 

quadrature detector. Without quadrature detection the +1 coherences would be equally detectable, 

all higher orders are not correlated with observable magnetization. 

The pulse scheme and the coherence pathway of a simple two-pulse EPR experiment is 

shown in Figure 2.1. Pulse scheme and the relevant coherence pathway for a two-pulse EPR 
experiment. The pulses are shown with P1 and P2. The coherence order changes after the 

application of each pulse. The pathways shown with 𝑆𝑐−  and 𝑆𝑐+  produce echo and free 

induction decay due to the first pulse, respectively.    
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Figure 2.1. Pulse scheme and the relevant coherence pathway for a two-pulse EPR experiment.   

 

In the numerical simulations, the density matrix is projected onto the coherence pathways 

of interest after the application of a pulse by taking the Hadamard product, 𝜌(𝑘) = 𝑃𝑘 ○ 𝜌, of the 

projection operator matrix,  𝑃𝑘,  with the density matrix, 𝜌, resulting from the application of a 

pulse. The Hadamard product retains only the relevant elements of the density matrix which 

correspond to the coherence pathways of interest, putting all the other elements equal to zero.  

 

2.3 Finite and infinite pulses 
 

When the amplitude of the microwave pulse is much larger than the static spin 

Hamiltonian, one can assume that the microwave pulses are perfect 𝜋 or 𝜋/2 pulses which is 

called as the infinite pulse (also known as non-selective pulse, ideal pulse, perfect pulse) 

approximation (Misra et. al. 2009). An ideal 𝜋/2 pulse starting from coherence pathway 𝑝 = 0 

generates exclusively coherence orders 𝑝 = ±1 and an ideal 𝜋 pulse inverts the coherence order 

i.e., 𝑝 = 0 → 𝑝 = 0 and 𝑝 = ±1 → ∓1 (Borbat and Freed 1999).   

2.4 Final density matrix and EPR signal 

The final density matrix for relevant coherence pathway(s) from a sequence of pulses can 

be obtained. To this end, one can use Eq. (2.5) for the evolution of the density matrix under the 

application of a pulse followed by free evolution of the density matrix using Eq. (2.2). Having 

the final density matrix, 𝜌𝑓, the complex EPR echo signal corresponding to 𝑆𝑐− pathway can be 

calculated as (Saxena and Freed 1997) 

 𝑆𝑖𝑔𝑛𝑎𝑙(𝑡) = 𝑇𝑟(𝑆+𝜌𝑓) (2.6) 

where 𝑇𝑟 stands for trace and 𝑆+ is the raising operator.   

2.5 Rotating frame  

  

The magnetization vector in a sample can often undergo very complicated motions. A 

useful technique, widely used in EPR, is to go to a rotating coordinate system, referred to as the 

rotating frame. From this alternative point of view, much of the mathematics is simplified and an 

intuitive understanding of the complicated motion can be gained. The classical picture of the 

rotating frame is often clearer and more productive than the quantum mechanical picture. Even 

though the phenomenon on a microscopic scale is best described by quantum mechanics, a bulk 

property of the sample, namely magnetization, is measured in EPR which is nicely described 

from a classical point of view (Schweiger and Jeschke 2001).  

In order to describe the rotating frame, one needs to first establish a fixed axis system of 

reference frame. The most common fixed frame is the lab frame which consist of three stationary 

mutually perpendicular axes. The z-axis is considered parallel to the external magnetic field, 𝐵0, 

the x-axis is parallel to the microwave field, 𝐵1 and the y-axis is orthogonal to the x and z axes. 
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When an electron spin is placed in a magnetic field, a torque is exerted on the electron spin, 

causing its magnetic moment to precess about the magnetic field. The angular frequency of the 

precession is called Larmor frequency and it is related to the magnetic field by 

 𝜔𝐿 = −𝛾𝐵0 (2.7) 

where  𝛾 is the gyromagnetic ratio of the electron. The effect of 𝐵1 on the magnetization is very 

difficult to envision when the magnetization vector is rotating about the z axis. Alternatively, one 

can observe what is happening from a rotating coordinate system. For simplicity, first we assume 

a system which is on resonance i.e., the frequency of the microwave pulse matches the Larmor 

frequency   

 𝜔𝐿 = 𝜔0 (2.8) 

where 𝜔0 is the microwave frequency. By rotating the coordinate system at an angular velocity 

of 𝜔0 , one can make the magnetization components precessing at the Larmor frequency to 

appear stationary. Three very interesting features about the system in the rotating frame should 

be noted: (A. a. Schweiger 2001) 

 

1)  The effect of the static magnetic field 𝐵0 disappears.  In the rotating frame the precession 

of the magnetization vector (and that of its component individual spins) around 𝐵0 is no longer 

occurring.  

2) The microwave field is no longer rotating but appears static.  

3) The magnetization vector appears to begin a new precession around 𝐵1.  Since 𝐵0 no longer 

exists in this frame of reference, the only magnetic field acting on the magnetization is the now 

stationary 𝐵1  field. As a result, the magnetization vector  will precess around 𝐵1  with 

frequency  𝜔1 = 𝛾 𝐵1.  

 EPR spectra contain different frequencies so not all parts of the EPR spectrum can be 

exactly on-resonance simultaneously. Therefore, one has to consider off-resonance effects as 

well. When the part of EPR spectrum under study is not on resonance  i.e., 𝜔 ≠ 𝜔0 , the 

magnetization vector appears to rotate in the x-y plane with a rate equal to the frequency 

differences Δ𝜔 = 𝜔 − 𝜔0. In the case of  Δ𝜔 = 0, the rotation rate is zero which means that the 

system is exactly on resonance. For off-resonance case, the magnetization rotates counter-

clockwise (Δ𝜔 > 0) or clockwise (Δ𝜔 < 0). As a consequence, the microwave magnetic field 

𝐵1  tips the magnetization into x-y plane differently because 𝐵0 =
𝛥𝜔

𝛾
  does not disappear 

completely. In other words, the magnetization is not tipped by only  𝐵1  but by the vector sum of 

𝐵1 and 𝐵0 which is called effective magnetic field, 𝐵𝑒𝑓𝑓. The magnetization is then tipped about  

𝐵𝑒𝑓𝑓 at a faster effective rate 𝜔𝑒𝑓𝑓  

 𝜔𝑒𝑓𝑓 = √𝜔1
2 + Δ𝜔2 (2.9) 
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As shown in Figure 2.2, 𝐵𝑒𝑓𝑓  does not lie in the x-y plane as 𝐵1  does. As a result, the 

magnetization does not move in an arc as it does on-resonance, but instead its motion is 

described by a cone.  

 
Figure 2.2. The effective microwave magnetic field in the rotating frame 

 

2.6 Polycrystalline averaging 

 

The sample under study in an EPR experiment can be a polycrystalline (powder) material. 

The pulsed EPR signal for a polycrystalline sample without any dipolar interaction is obtained by 

averaging the signal given by Eq. (2.6), over the Euler angles  η = (θ,ϕ) which are defined by 

the relative orientation of the principal axes-in which the g-matrix is diagonal-with respect to the 

lab axes. For isotropic distribution of spins there exists a symmetry in the calculated EPR signal 

with respect to the different quadrants of the unit sphere. Therefore, the EPR signal for a 

polycrystalline sample is obtained by integrating the signal over (θ, ϕ), considering the spins 

included in a quarter of the unit sphere (Misra et. al. 2009). It is given as 

 

 
𝑆𝑖𝑔𝑛𝑎𝑙𝑝𝑜𝑤𝑑𝑒𝑟(𝑡) =

4

(4π)
∫ 𝑑ϕ∫ 𝑆(𝑡) 𝑑(𝑐𝑜𝑠 𝜃)

π/2

0

π

0

 
(2.10) 

The multiplicative factor of 4 appearing in Eq, (2.10) takes into account the signal over the entire 

unit sphere, whereas the division by 4π is made to take into account the isotropic distribution of 

spins (Misra et. al. 2009). 
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Chapter 3 

3. Applicability of multi-pulse EPR sequences for distance measurements 

 

In this chapter, multi-pulse EPR signals in biological systems using nitroxide biradicals 

are calculated and their feasibility for distance measurements is investigated. For the numerical 

calculations of the pulsed-EPR signals for a polycrystalline sample and its Monte-Carlo average 

over the various orientations of the two nitroxide dipole moments, the procedure presented in 

Chapter 2 is used. The signals are first calculated in the absence of relaxation and are extended to 

calculate the signal in the presence of relaxation using a stretched exponential (Stein et.al. 2019, 

Pfenninger et.al 1995). 

 

3.1 Numerical procedure 
 

3.1.1 Spin Hamiltonian of coupled nitroxide system 

 
The spin Hamiltonian for the coupled nitroxides system in the frozen state is expressed in 

the rigid limit as (Saxena and Freed 1997, Misra 𝑒𝑡. 𝑎𝑙.  2009, Borbat and Freed 2009) 

 𝐻0 = 𝐻01 + 𝐻02 + 𝐻12 (3.1) 

Here, the static Hamiltonian of the two nitroxide radicals are denoted by 𝐻0𝑘; 𝑘 = 1,2, which 

includes the Zeeman and hyperfine interactions. Assuming the respective g and hyperfine (HF) 

matrices of each nitroxide to have coincident principal-axis systems, the effective 𝐻0𝑘 in the 

high-field approximation (Saxena and Freed 1997) is expressed as: 

 𝐻0𝑘 = 𝐶𝑘𝑆𝑧𝑘 + 𝐴𝑘𝑆𝑧𝑘𝐼𝑧𝑘 +
1

2
𝐵𝑘 𝑆𝑧𝑘𝐼+𝑘 +

1

2
𝐵𝑘

∗𝑆𝑧𝑘𝐼−𝑘;   k = 1,2 (3.2) 

where the expressions for the coefficients 𝐶, 𝐴  and 𝐵  are provided in Appendix A and 𝑆𝑧𝑘 , 

𝐼𝑧𝑘 , 𝐼+𝑘  and 𝐼−𝑘  are the spin operators for the two nitroxides. In Eq. (3.1),  𝐻12  includes the 

dipolar and exchange couplings between the two nitroxide radicals, expressed as  

𝐻12 =
𝐷

2
(3𝑐𝑜𝑠2𝜃 − 1)(𝑆𝑧

2 − 𝑺2/3) + 𝐽 (
1

2
− 2 𝑺𝟏. 𝑺𝟐) (3.3) 

where J is the exchange-interaction constant between the two electrons, θ is the polar angle of 

the orientation of the static magnetic field with respect to the dipolar axis that connects the 

magnetic dipoles of the two nitroxides, as shown in Figure 3.1, 𝑺 = 𝑺𝟏 + 𝑺𝟐 is the total electron 

spin and 𝐷 denotes the dipolar interaction constant, expressed in terms of 𝑟, the distance between 

nitroxides, as (Saxena and Freed 1997, Misra 𝑒𝑡. 𝑎𝑙.  2009) 

𝐷 =
3γ𝑒
2ℏ

2𝑟3
 (3.4) 
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Figure 3.1. (a) The configuration of the two nitroxides in the biradical as shown in the dipolar 

frame of reference. The 𝑧-axis of the dipolar frame is chosen to be along the vector 𝒓 connecting 

the magnetic dipoles of the nitroxides.  The relative orientation of the laboratory frame, along 

with its 𝑧𝑙𝑎𝑏 axis parallel to the external magnetic field, 𝐵0; the dipolar frame is defined by the 

Euler angles  η = (0, θ,ϕ) with respect to the lab frame; (b) The set of Euler angles λ𝑘 = (α𝑘, β𝑘, 

γ𝑘), (𝑘 =  1, 2), defining the orientations of the principal axes of the hyperfine and g-matrices 

for the nitroxides 1 and 2 in the dipolar frame with respect to molecular frame of reference, as 

denoted by 𝑋𝑘, 𝑌𝑘, 𝑍𝑘, 𝑘 = 1,2; here 𝑁1 and 𝑁2 indicate the lines of nodes for the frames of the 

two nitroxides. For the present numerical calculations, the 𝑥 axis of the magnetic frame of the 

first nitroxide is chosen to be along the line of nodes of the first nitroxide, 𝑁1, so the value of α1 

becomes zero. (This figure is reproduced from Misra et. al. 2009 by permission.) 

 

In Eq. (3.4) γ𝑒 is the gyromagnetic ratio of the electron and ℏ = ℎ/2 𝜋 is the reduced Planck’s 

constant. In the present work, the constant 𝑑 = 2/3 𝐷 is used and will be referred to as the 

“dipolar constant” hereafter.   

 The Hamiltonian of a pulse with amplitude, 𝐵1, of radiation microwave magnetic field is 

given as (Saxena and Freed 1997, Misra 𝑒𝑡. 𝑎𝑙.  2009) 

 𝐻𝑝 =
𝜔1
2
(𝑒−𝑖𝜙𝑆+ + 𝑒

𝑖𝜙𝑆−) (3.5) 



 

18 
 

where 𝜔1 = 𝐵1γ𝑒, ϕ is the phase of the pulse and 𝑆± are the raising/lowering operators of the 

total electronic spin of the coupled nitroxide system in the 36 × 36 Hilbert-space, defined as 

 𝑆± = S±S1⨂ 𝕝𝑆2⨂ 𝕝𝐼1⨂ 𝕝𝐼2 + 𝕝𝑆1⨂S±𝑆2⨂ 𝕝𝐼1⨂ 𝕝𝐼2 (3.6) 

where S±S𝑘; 𝑘 = 1,2 are expressed in terms of the Pauli matrices σ𝑥 and σ𝑦 as S±Sk =
1

2
(σ𝑥𝑘 ±

𝑖σ𝑦𝑘);   𝕝𝑆𝑘  and  𝕝𝐼𝑘 ; 𝑘 = 1,2 , are identity matrices in the electronic 2 × 2  and nuclear 3 × 3 

spaces, respectively, of each nitroxide, and ⨂ stands for the direct product. 

In the numerical calculations performed here, the magnetic basis with the basis vectors 

|𝑀𝑠1 , 𝑀𝑠2 , 𝑚𝐼1 , 𝑚𝐼2⟩ is used to calculate the matrix elements. Here 𝑀𝑠1 , 𝑀𝑠2 , 𝑚𝐼1 , 𝑚𝐼2 are the two 

electronic and the two nuclear magnetic quantum numbers, respectively, for the two nitroxides. 

In this basis, the static Hamiltonian 𝐻0 is not diagonal. The eigenvalues of 𝐻0 are obtained by 

diagonalizing it as 𝑈†𝐻0𝑈 = 𝐸, where † denotes the Hermitian adjoint of a matrix and E is the 

diagonal matrix, whose diagonal elements are the eigenvalues, whereas the columns of the 

matrix 𝑈 are the corresponding eigenvectors. 

 

3.1.2 Initial density matrix 
 

The initial density matrix, 𝜌0, required to calculate the signal for a multi-pulse sequence, 

is governed by the Boltzmann distribution for the two electrons in thermal equilibrium, each with 

spin 
1

2
. The initial density matrix in the high-temperature approximation, neglecting the hyperfine 

interaction, which is much less than the electronic Zeeman interaction, is: 

 𝜌0 =
exp (−�̂�0 𝑘𝐵𝑇⁄ )

𝑇𝑟[exp (−�̂�0 𝑘𝐵𝑇⁄ )]
∝ ( 𝕝−

 ℏ𝜔0

𝑘𝐵𝑇
 𝑆𝑍 +⋯), 

(3.7) 

where H0 is given by Eq.(3.1); 𝑘𝐵  is Boltzmann constant; T is the temperature; 𝑆𝑧  is the 𝑧-

component of the total electronic spin 𝑺 = 𝑺𝟏 + 𝑺𝟐; and ℏ𝜔0 is the Zeeman splitting of the total 

electron spin. During the evolution of the initial density matrix, 𝜌0, to the final density matrix, 

𝜌𝑓 , the term 𝕝  in Eq. (3.7) remains invariant. Thus, it does not contribute to the signal {= 

𝑇𝑟(𝑆+ 𝜌𝑓)}, since 𝑇𝑟(𝑆+ 𝕝 ) = 0. For the calculation of the (unnormalized) signal, one can then 

replace 𝜌0 , as follows: 

 𝜌0 → 𝑆𝑍  = 𝑆𝑧1 + 𝑆𝑧2 =  (
σ𝑧1
2
)⨂ 𝕝𝑆2⨂ 𝕝𝐼1⨂𝕝𝐼2 + 𝕝𝑆1⨂ (

σ𝑧2
2
)⨂ 𝕝𝐼1⨂𝕝𝐼2 

(3.8) 

where σ𝑧𝑖 ; 𝑖 = 1,2 are the Pauli spin matrices for the two electron spins.     

3.1.3 Relaxation matrix elements 

 

Following (Saxena and Freed 1997), the following relaxation superoperator in Liouville 

space is considered for the numerical calculations of this chapter: 
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 Γ̂̂𝑖𝑗,𝑘𝑙 = −δ𝑖𝑗δ𝑘𝑙
1

(𝑇1)𝑖𝑘
− δ𝑖𝑘δ𝑗𝑙(1 − δ𝑖𝑗)

1

𝑇2
𝑆,𝐷 (3.9) 

where (𝑇1)𝑖𝑘  are the spin-lattice relaxation times between the populations ii to kk, which are 

operative on the coherence pathway 𝑝 = 0, and 𝑇2
𝑆,𝐷

 are the spin-spin relaxation times operative 

over the 𝑝 = ±1  and 𝑝 = ±2  pathway, respectively. The indices in Eq. (3.9) are the spin 

quantum numbers that represent the eigenstate of spin Hamiltonian expressed by Eq. (3.1).   It is 

noted that, in general, different transitions will have different spin-spin relaxation times, (𝑇2
𝑆,𝐷)

𝑖𝑗
. 

However, as shown in (Misra and Salahi 2021), these relaxation times are only slightly different 

from each other. Thus, they are here approximated by an average spin-spin relaxation time 𝑇2
𝑆,𝐷

  

in Eq. (3.9). 

 

3.1.4 Calculation of polycrystalline signal and Pake doublets in the absence of relaxation 

 

The multi-pulse EPR signals for a polycrystalline sample is obtained by averaging the 

signal for chosen orientations of the two nitroxide dipoles with respect to the dipolar axis, 

oriented at an angle  η = (θ, ϕ) with respect to the lab axes, over the unit sphere. The EPR signal 

for a polycrystalline sample, for isotropic distribution of spins, is obtained by integrating the 

signal over  (θ,ϕ), considering the spins included in a quarter of the unit sphere due to the 

symmetry of the signal, as confirmed numerically by also integrating the signal over the 

hemisphere and the full sphere for some cases considered here. It is given as 

 𝑆𝑖𝑔𝑛𝑎𝑙(𝑡) =
4

(4π)
∑ ∫ 𝑑ϕ∫ 𝑆(η, λ1, λ2 ) 𝑑(𝑐𝑜𝑠 𝜃)

π/2

0

π

0λ1,λ2

 (3.10) 

In Eq. (3.10) the Euler angles (α1 = 0, β1, γ1); (α2, β2, γ2 ) are denoted as λ𝑗; 𝑗 =

1,2, respectively. The multiplicative factor of 4 appearing in Eq, (3.10) takes into account the 

signal over the entire unit sphere, whereas the division by 4π is made to take into account the 

isotropic distribution of spins.  

The Pake doublets are calculated by averaging the signal for polycrystalline sample over 

the five independent Euler angles (0, 𝛽1, 𝛾1, 𝛼2, 𝛽2, 𝛾2), keeping 𝛼1= 0, which is arbitrary and 

considering no correlation between the orientations of the two nitroxides. This is achieved by 

Monte Carlo averaging over random sets of the Euler angles λ1, λ2 , wherein the varied five 

independent Euler angles are chosen using random numbers. A set of twenty such simulations 

seemed to be sufficient as our simulations show. Thus, a total of 180 𝜃-values and 180 𝜙-values 

were used over a quarter of a unit sphere, as indicated by the limits of integrations in Eq. (3.10), 

along with 20 sets of five randomly chosen Euler angles (λ1, λ2). This amounts to an average 

over 180 × 180 × 20 = 6.48 × 105 simulations. (Simulation over a quarter of the unit sphere is 

sufficient as the other quarters yield the same values as verified by independent simulations.)  

 

3.1.5 Gaussian inhomogeneous broadening 

Different spins in a sample (liquid or solid) have slightly different resonant frequencies 

because they are in slightly different local environments. This results in the inhomogeneous 
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broadening of the observed signal. The observed broadening of the spectrum arises from a 

superposition of a large number of slightly different spectra. In order to consider the 

inhomogeneous broadening effect, the final signal is multiplied by a Gaussian factor  

𝑒−2π
2Δ𝐺
2 (𝑡2−𝑡1)

2
 where Δ𝐺  is the Gaussian inhomogeneous broadening parameter and 𝑡1, 𝑡2  are 

the times after the first 𝜋/2 and the last pulse in a pulse sequence, respectively.  

 

 

3.2 Two-pulse COSY at Ku-band (17.3 GHz) 

The pulse sequence for a 𝑆𝑐− COSY experiment is shown in Figure 3.2, which consists of 

two π/2 pulses. After the application of the first pulse, the system evolves freely over time 𝑡1 on 

the coherence pathway 𝑝 = +1 by phase cycling before the application of the second pulse, after 

which the system evolves freely on the coherence pathway 𝑝 = −1 by phase cycling. Thereafter, 

the signal is measured after time 𝑡2.The echo occurs at the time 𝑡2 = 𝑡1, which is measured in the 

one-dimensional COSY sequence. In the experiment the time 𝑡1is stepped by  Δ𝑡 =  𝑡𝑚𝑎𝑥/𝑛 , 
where 𝑛 is the number of data points for which the signal is measured, e.g., 𝑛 = 100, and  𝑡𝑚𝑎𝑥 

is the maximum time of free evolution after the first pulse. 

 

 
Figure 3.2. The pulse scheme and the relevant coherence pathway for two-pulse COSY showing 

𝑆𝑐
−  and 𝑆𝑐

+pathways. Here, 𝑝 is the coherence order, which represents transverse magnetization, 

corresponding to spins rotating in a plane perpendicular to the external field. 

 

 In the two-pulse COSY sequence as shown in Figure 3.2, the pathway 𝑝 = 0 is not used. 

Therefore, the relaxation times (𝑇1)𝑖𝑘, which appear in Eq. (3.9), affecting the populations, have 

no effect on the COSY signal, since the populations appear only on the 𝑝 = 0 pathway. As for 

the other coherence pathways 𝑝 = ±1, which do participate in the two-pulse COSY sequence 

considered here, only the second term on the right-hand side of Eq. (3.9) which corresponds to 

the 𝑖 ≠ 𝑗 elements of the reduced density matrix, affects the relaxation of the two-pulse COSY 

signal. In that case, the solution of LVN equation after time 𝑡, expressing the modification of 

reduced density matrix, χ𝑖𝑗 due to the relaxation along the 𝑝 =  ±1  pathways, is given as 

 𝜒(𝑡0 + 𝑡) = 𝑒
−𝑡/𝑇2

𝑆
𝑒−𝑖𝐻0𝑡𝜒(𝑡0) 𝑒

𝑖𝐻0𝑡 (3.11) 

The spin relaxation will here be neglected during the application of a pulse as it has 

negligible effect since the duration of the pulses are much smaller than the relaxation time. Then, 

the evolution of the density matrix due to the pulse is described in Hilbert space, as follows: 
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 𝜌(𝑡0 + 𝑡𝑝) = 𝑒
−𝑖(𝐻0+𝐻𝑝)𝑡𝑝𝜌(𝑡0) 𝑒

𝑖(𝐻0+𝐻𝑝)𝑡𝑝 (3.12) 

where 𝐻𝑝is given by Eq. (3.5). After the application of a pulse, the density matrix is projected 

onto the coherence pathways of interest, which are: 𝑝 =   1, −1 as shown in Figure 3.2. This is 

achieved, in the numerical simulation, by taking the Hadamard product, 𝜌(𝑘) = 𝑃𝑘 ○ 𝜌, of the 

projection operator matrix,  𝑃𝑘 , for the coherence pathways 𝑝 =   1, −1   for 𝑘  = 1, 2, 

respectively, with the density matrix, 𝜌, resulting from the application of a pulse. This Hadamard 

product retains only the relevant elements of the density matrix which correspond to the 

coherence pathways, 𝑝 =   1, −1, putting all the other elements equal to zero. Specifically, the 

projection operator matrices,  𝑃𝑘,   for the various coherence pathways are listed in Appendix B.   

The two-pulse COSY signal for a single orientation  of the dipolar axis (𝜃,  𝜙) and 

chosen orientations (α1, β1, γ1, α2, β2, γ2) of the two nitroxide dipoles of the biradical  for the 

pathway 𝑆𝑐
−  is calculated, in the absence of relaxation, using the following steps. (i) Transform 

the initial density matrix by the first pulse using Eq.(3.12); (ii) Apply the coherence pathway 

projection operator for 𝑝 = +1 given in Appendix B to the density matrix transformed in step (i) 

by Hadamard product. (iii) Calculate the density matrix after free evolution of the density matrix 

obtained in step (ii) over the duration 𝑡1 between the first and the second pulses using Eq. (3.11); 

(iv) Transform the density matrix obtained in step (iii) by the second pulse using Eq. (3.12); (v) 

Apply the coherence pathway projection operator for the coherence pathway 𝑝 =  −1 to the 

density matrix obtained in step (iv); (v) the final density matrix 𝜌𝑓(𝑡1, 𝑡2) is obtained after free 

evolution of the density matrix obtained in step (iv) over the time interval 𝑡2(= 𝑡1). (vi) The 

complex signal is obtained from the final density matrix using Eq. (2.6). (vii)  The 2D COSY 

signal, which is a function of 𝑡1 and 𝑡2 is reduced to one-dimensional signal by substituting 𝑡2 =

𝑡1. It is noted that the Gaussian inhomogeneous broadening factor, 𝑒−2π
2Δ𝐺
2 (𝑡2−𝑡1)

2
, vanishes at 

𝑡2 = 𝑡1. The values of the parameters used in the simulations of this chapter are listed in Table 

3.1. The Flow chart for the calculation of multi-pulse EPR signal, including COSY, is given in 

Appendix C. 

The simulations of the COSY signal considered here are those carried out over the range 

of dipolar coupling constants 0.5 MHz ≤ 𝑑 ≤ 10 MHz, because for 𝑑 < 0.5 MHz, one does not 

have enough cycles of dipolar modulation of the signal within the time period of 𝑡𝑚𝑎𝑥~7000 ns, 

the maximum time over which the signal is measured.  On the other hand, for 𝑑 > 10 MHz, the 

modulation depth cannot be measured as discussed in Sec.3.2.3.  
 

3.2.1 Calculation of polycrystalline signal and Pake doublets in the absence of relaxation 

 The two-pulse COSY signal for a polycrystalline sample is calculated with Monte-Carlo 

averaging over the orientations of the two nitroxide dipoles in the absence of relaxation 

following the procedure in Sec. 3.1.4. 

3.2.2 Relaxation in polycrystalline sample 

To consider the effect of the relaxation for a powder average, the stretched exponential 

approach is used, following (Stein et.al. 2019, Pfenninger et.al 1995), which considers the effect 

of different relaxation times for different orientations of the magnetic field with respect to the 

crystal axes, on average, by a stretched exponential with an exponent β. This is considered as 

follows. 
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Parameter value 

Static magnetic field (𝐵0) 6186 G (Ku-band) 

3300 G (X-band) 

Microwave frequency  17.3 GHz (Ku-band) 

9.3 GHz (X-band) 

Exchange constant (J) 0 MHz 

Time on the double quantum coherence 

pathway (𝑝 = ±2) 

 (𝑡𝐷𝑄
(𝐷𝑄𝑀) = 𝑡𝐷𝑄

(4) = 𝑡𝐷𝑄
(5) = 𝑡𝐷𝑄

(6)
) 

 

 

26.5 ns 

Relaxation time on Single-quantum 

coherence pathway (𝑇2
𝑆) 

500 ns 

Relaxation time on Double-quantum 

coherence pathway (𝑇2
𝐷) 

300 ns 

Dead time (𝑇𝑑) 25 ns (Ku-band) 

35 ns (X-band) 

Stretched exponential parameter (β) 0.8 

g-matrix �̃� = (𝒈𝒙𝒙, 𝒈𝒚𝒚, 𝒈𝒛𝒛) (2.0086,2.0066,2.0032) 

Hyperfine matrix �̃� = (𝑨𝒙𝒙, 𝑨𝒚𝒚, 𝑨𝒛𝒛) (6.0 G,6.0 G,35.0 G) 

Table 3.1. The values of the parameters used in the simulations of the multi-pulse EPR signals 

for the nitroxide bilabel.  

Averaging over relaxation time 𝑻𝟐
𝑺. According to Eq. (3.11), the effect of the relaxation 

for a chosen orientation of the external magnetic field with respect to the dipolar axes and the 

five independent Euler angles after time 𝑡 is described by multiplying the calculated signal by an 

exponential factor 𝑒𝑥𝑝(−𝑡/𝑇2
𝑆(η, λ1, λ2)) , for the coherence pathway 𝑝 = ±1, with the time 

constants 𝑇2
𝑆(η, λ1, λ2) , appropriate for that orientation. Then the cumulative effect of the 

relaxation, considering the two coherence pathways involved in the COSY sequence as shown in 

Figure 3.2, is tantamount to a multiplication of two decaying exponential functions multiplied by 

the calculated signal for the single orientation of the magnetic field with respect to the crystal 

axes as calculated in the absence of any relaxation. For a polycrystalline sample, the COSY 

signal is averaged over different values of (θ,ϕ), characterized by relaxation time 𝑇2
𝑆(η, λ1, λ2), 

the effect of the relaxation at the top of the echo can be expressed as 

        𝑆𝑖𝑔𝑛𝑎𝑙(𝑡1)𝐴𝑣𝑔 = ∑ 𝑆𝑖𝑔𝑛𝑎𝑙0(𝑡1, η, λ1, λ2)

η,λ1,λ2

𝑒𝑥𝑝(−2𝑡1/𝑇2
𝑆(η, λ1, λ2))     (3.13) 

 

  where 𝑆𝑖𝑔𝑛𝑎𝑙0(𝑡1, η, λ1, λ2)  is the EPR signal calculated in the absence of any 

relaxation. Using the same reasoning as in (Stein et.al. 2019, Pfenninger et.al 1995), considering 
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the variation of  𝑇2
𝑆(η, λ1, λ2)  over (η, λ1, λ2) the polycrystalline average, Eq. (3.2), becomes 

modified, as follows (Stein et.al. 2019, Pfenninger et.al 1995), 

 

  𝑆𝑖𝑔𝑛𝑎𝑙 𝐴𝑣𝑔(𝑡1) = 𝑆𝑖𝑔𝑛𝑎𝑙0 𝐴𝑣𝑔(𝑡1) 𝑒𝑥𝑝(−[2𝑡1/𝑇2𝑠𝑡𝑟
𝑆 ]β) (3.14) 

where, 𝑆𝑖𝑔𝑛𝑎𝑙0 𝐴𝑣𝑔(𝑡1) is the average of 𝑆𝑖𝑔𝑛𝑎𝑙0(𝑡1, η, λ1, λ2) over all orientations (η, λ1, λ2) 

without considering the relaxation: 

 𝑆0 𝐴𝑣𝑔(𝑡1) = ∑ 𝑆0(𝑡1, η, λ1, λ2)

η,λ1,λ2

 (3.15) 

and 𝑇2 𝑠𝑡𝑟
𝑆  is the stretched relaxation times over single (𝑝 = ±1 pathway) quantum states. In Eq. 

(3.14), β  is the stretching parameter that ranges between zero and one (Stein et.al. 2019, 

Pfenninger et.al 1995). In the limiting case when β→1, Eq. (3.14) reduces to a system with 

orientation independent relaxation times. For the calculations of the present section, the 

illustrative value of β =  0.8 is used. It suffices to first calculate the COSY signal, averaged over 

the polycrystalline sample without any relaxation, and then multiplying it by the stretched 

exponential factor as in Eq. (3.14), finding the value of β by fitting the experimental data to the 

simulation.  

 

3.2.3. Effect of dead time on COSY signal 

 Recording the signal immediately after the second pulse is not possible during the dead-

time, denoted as 𝑡𝑑 hereafter, of the spectrometer. The best values of the deadtime as reported in 

(Borbat and Freed 2002) at Ku-band is  𝑡𝑑 = 25 𝑛𝑠, which will be considered here. This means 

that the signal up to the dead-time after the second pulse will not be considered in the calculation 

following the procedure given in Sec. 3.1 Numerical procedure. The time-domain signals at two 

different 𝐵1 values calculated with and without dead-time are shown in Figure 3.3 and Figure 3.4. 

The dead-time effect is shown by hatching the initial time interval 𝑡𝑑 of the signal.  The Fourier 

transforms of the COSY signals taken with repsect to both time variables 𝑡1  and 𝑡1 − 𝑡𝑑  are 

plotted, which show that the intensity of the Fourier transforms are reduced by including the 

dead-time. However, the Pake doublets still occur at ±𝑑, although  diminished in their intensities 

and widths. 
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Figure 3.3. COSY signal at Ku-band for 𝑩𝟏 = 𝟑𝟎𝑮 . Dependence of COSY signal on the 

dipolar constant for a polycrystalline sample. (left) The time domain COSY signals for 𝑡2 = 𝑡1 
and (right) their Fourier transforms for four different values of the dipolar coupling constant: 

Figs (3𝑎1) and (3𝑎2): 𝑑 = 0.5; Figs (3𝑏1) and (3𝑏2): 𝑑 = 7 MHz; Figs (3𝑐1) and (3𝑐2):  𝑑 =
10 MHz. The parameters used for the simulations are listed in Table 3.1. The relaxation effect is 

not considered in these simulations. The initial 25 ns interval of the time domain signals, 

included in the dead-time of the pulse, is shown as hatched; it cannot be recorded in the 

experiment. The corresponding Fourier transform with respect to both 𝑡1 and 𝑡1 − 𝑡𝑑 are plotted, 

shown in black and blue, respectively.  
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Figure 3.4. COSY signal at Ku-band with a stronger 𝑩𝟏 = 𝟔𝟎𝑮. The same details as in the 

caption of Figure 3.3, except here 𝐵1 = 60 G. By comparing these results with those obtained in 

Figure 3.3 for 𝐵1 = 30 G, it is seen that at Ku-band, increasing 𝐵1 from 30 G to 60 G does not 

affect the shape of the simulated COSY signals and their Fourier transform significantly. 

However, the intensity of the signal is increased by about 15% for  𝐵1 = 60 G. 
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3.2.4. Modulation depths of the calculated signals and Fourier transforms 

3.2.4.1 Absence of dead-time; General considerations 

The one-dimensional time-dependent COSY signal due to the dipolar modulation for the 

orientation η = (θ,ϕ) of the external magnetic field with respect to the dipolar axis connecting 

the two nitroxides, and the five independent Euler angles λ1 = (α1 = 0, β1, γ1), λ2 =
(α2, β2, γ2), in the limit of infinite pulses is expressed as (Borbat and Freed 2002) 

 𝑆′(𝑡, η, λ1, λ2) = 𝑆0
′ [1 − δ𝑚(η, λ1, λ2)(1 − 𝑐𝑜𝑠(ω(𝜃)𝑡))] (3.16) 

where 𝑆0
′  is the amplitude of the signal at time 𝑡 = 0;  δ𝑚(η, λ1, λ2) is the modulation depth at 

the orientation (η, λ1, λ2) and  

 𝜔(𝜃) = (3𝑐𝑜𝑠2(θ) − 1)𝑑 
(3.17) 

For a polycrystalline sample, the unnormalized signal averaged over the Euler angles, 

λ1, λ2, of the two nitroxides, and the angle θ,  as given by Eq. (3.16), is then: 

 
𝑆′(𝑡) = ∑ ∫ 𝑆0

′ [1 − δ𝑚(𝜂, 𝜆1, 𝜆2)(1 − 𝑐𝑜𝑠(𝜔(𝜃)𝑡))] 𝑠𝑖𝑛𝜃 𝑑𝜃
π/2

0λ1,λ2

 (3.18) 

As derived in Appendix D, the resulting time-domain signal, for isotropic δ𝑚(𝜂, 𝜆1, 𝜆2) =
Δ , can be expressed as  

 𝑆′(𝑡) = 𝑆𝑒𝑞
′ + 𝑆0

′  Δ 𝑢(𝑑, 𝑡) 
(3.19) 

where, 

  
𝑢(𝑑, 𝑡) = ∫ 𝑐𝑜𝑠((3𝑐𝑜𝑠2(θ) − 1)𝑑 𝑡) 𝑠𝑖𝑛𝜃 𝑑𝜃

π/2

0

  

 

(3.20) 

and    𝑆𝑒𝑞
′ = 𝑆0

′  (1 − Δ). 
 

𝑆′(𝑡) as given by Eq. (3.19) has its maximum value 𝑆0
′  at time 𝑡 = 0 , then it drops 

instantaneously and undergoes decaying oscillations around the equilibrium value 𝑆𝑒𝑞
′  (Figure 

3.3 and Figure 3.4) as time increases. A simplified analytical expression for 𝑆′(𝑡) and its Fourier 

transform for the case of isotropic  δ𝑚(η, λ1, λ2), is given in Appendix D, which show that the 

resulting Pake doublets occur at ±𝑑.  

As a percentage, the modulation depth for a polycrystalline sample, Δ is: 

 Δ(%) = (𝑆0
′ − 𝑆𝑒𝑞

′ )/𝑆0
′  × 100 

(3.21) 
 

The depths of the dipolar modulation, Δ(%),  for the time domain signal of two-pulse COSY, as 

calculated here, are Δ ≈ 30%  Δ ≈ 40%   and Δ ≈ 45%  for 𝐵1 = 10𝐺 , 𝐵1 = 30𝐺  and 𝐵1 =
60𝐺, respectively, as shown in Figure 3.5 for 𝑑 = 0.5 𝑀𝐻𝑧 and 7.0 MHz. It is noted that, for 

𝑑 = 0.5  MHz, the dead-time does not affect the signal and therefore the modulation depth 

significantly. However, as 𝑑  increases, the effect of the dead-time on the modulation depth 

becomes more significant, since a considerable initial time interval of the signal is lost. It is seen 

from the value of the modulation depth, calculated for 𝑑 = 7 MHz whose values are about 1/3 of 

those calculated for 𝑑 = 0.5 MHz. It was found that the modulation depth cannot be measured 

for 𝑑 > 7 MHz.  
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The values of Δ  calculated here for 𝑑 ≤ 7  MHz imply that the two-pulse COSY 

technique is feasible for distance measurement for  𝐵1 values greater than a certain minimum 

which is found to be 𝐵1 = 30 G.  

 

Figure 3.5. The modulation depth Δ(%) of the COSY signal at Ku-band, plotted as a function of 

the amplitude of the irradiation microwave field  𝐵1 for 𝑑 = 0.5 MHz and 7.0 MHz, with the 

dead-time considered. The red dots indicate the values for 𝑑 = 7.0 MHz, whereas the green dots 

indicate the values for  𝑑 = 0.5 MHz. All the other parameters used are the same as those listed 

in Table 3.1. The value of  Δ(%) is calculated by a linear extrapolation of the signal during the 

period 𝑡𝑑 to 0; this estimate is expected to give a modulation depth larger by ~2-4% than that 

calculated without extrapolation. 

 

3.2.4.2 Effect of dead time after the second pulse: modulation depth and Fourier transform 

 Due to not considering the initial part of the signal during the dead-time, 𝑡𝑑 ,  the 

modulation depth can only be measured at Ku- band for 0.5 MHz ≤ 𝑑 ≤ 7.0 MHZ, as seen from 

Figure 3.3 and Figure 3.4. However, the Pake doublets as a function of 𝑡1 − 𝑡𝑑 after the dead-

time are still found undistorted and centered at ±𝑑, albeit slightly narrowed and reduced in 

intensities, as seen from Figure 3.3 and Figure 3.4. Thus, the Fourier transform with respect to 

𝑡1 − 𝑡𝑑 , also provides a measure of the dipolar constant, which, in turn, enables one to calculate 

the distance between the two nitroxides over an extended range 0.5 MHz ≤ 𝑑 ≤ 10.0 MHz. 

 

3.2.5 Discussion of various simulations performed for COSY at Ku-band  
The results of simulations are plotted in Figs. 3.3 – 3.7 and their analysis is presented 

below. It is noted that in the following discussion the term Fourier transform applies to both 

transforms, taken with respect to 𝑡1  and 𝑡1 − 𝑡𝑑 , since they are situated at the same dipolar 

frequencies, ±𝑑. 

Figure 3.3. It shows the dependence of the time-domain COSY signals, and their Fourier 

transforms at Ku-band on time 𝑡1(= 𝑡2) as functions of the strength of the dipolar interaction in 

the absence of relaxation for seven different values of the dipolar coupling constant: (a) 𝑑 = 0.5 

MHz; (b) 𝑑 = 7 MHz; (c) 𝑑 = 10 MHz, for the amplitude of the irradiation microwave field 

𝐵1 = 30 G. The same dead time of 𝑡𝑑 = 25 ns, in accordance with (Borbat and Freed 2002), is 

considered here. The initial 25 ns interval of the time domain signals, included in the dead-time 

of the pulse, is shown as hatched; it cannot be recorded in the experiment. The corresponding 

Fourier transform with respect to both 𝑡1  and 𝑡1 − 𝑡𝑑  are plotted, shown in black and blue, 
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respectively. For all values of the dipolar coupling constant in the range 0.5 𝑀𝐻𝑧 < 𝑑 < 50 

MHz, the predominant Pake doublets occur at ±𝑑 for the two transforms with respect to 𝑡1 and 

𝑡1 − 𝑡𝑑. It is found that the Pake doublets are not distorted due to the dead-time effect, except 

that their intensities and widths are reduced. Furthermore, the relative intensities of the side 

peaks with respect to the main peaks, situated at ±𝑑 , are reduced when the dead-time effect is 

considered. For 𝑑 = 0.5  MHz, the dead-time effect on both the time signal and its Fourier 

transform is insignificant, because the dead-time is much smaller than the periodic time 

corresponding to this small dipolar value. In addition, the modulation depth of about 30% is 

found from the simulated signal. On the other hand, the modulation depth for 𝑑 > 7.0 MHz 

cannot be measured in the experiment because a significant initial part of the signal is lost in the 

dead-time after the second pulse.  

 Figure 3.4. It shows the time-dependent COSY signals, and their Fourier transforms at 

Ku-band for 𝐵1 = 60 𝐺 for 𝑑 = 0.5, 7, 10MHz. All other parameters used for simulation are the 

same as those used for the simulations in Fig. 3. By comparing these results with those obtained 

in Fig. 3 with 𝐵1 = 30 G, it is seen that by increasing 𝐵1 from 30 G to 60 G the shapes of the 

simulated COSY signals and their Fourier transforms are not affected significantly. However, the 

intensities of the signals are increased by about 15% for 𝐵1 = 60 𝐺 as compared to those at 𝐵1 =
30 𝐺. 

 Figure 3.5.  It shows the modulation depth Δ of the COSY signal at Ku-band, as functions 

of the amplitude of the irradiation microwave field  𝐵1 , for two values of the dipolar coupling 

constants: 𝑑 = 0.5 MHz and 𝑑 = 7 MHz. All the other parameters are the same as those listed in 

Table I. In Fig. 5, Δ is calculated by linear extrapolation of the signal beyond the dead-time to 

𝑡 = 0  It is seen from Fig. 5 that Δ increases with 𝐵1, in a non-linear fashion with respect to 𝐵1, 
for both 𝑑 = 7 MHz and 𝑑 = 0.5 MHz. Similar behavior is expected for other 𝑑 values.  

   

Figure 3.6 It shows the Fourier transforms of the COSY signals with and without 

relaxation for the relaxation time 𝑇2
𝑆 = 500 𝑛𝑠  for comparison, using the dipolar coupling 

constant 𝑑 = 7 MHZ and the amplitude of the irradiation microwave field 𝐵1 = 60.0 𝐺. It is 

seen that by including the relaxation, the Pake doublets become broadened. The shape of the 

broadened peaks can be used to estimate the relaxation time since their full width at half 

maximum is proportional to 
1

𝑇2
𝑆. 

 

  

Figure 3.6.  Effect of relaxation on the COSY signal for a polycrystalline sample at Ku-band. 

The Fourier transform of the COSY signal as a function of 𝐹1, the frequency corresponding to 

𝑡1 − 𝑡𝑑, to consider the dead-time effect for: (left) without taking relaxation into account and 
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(right) with relaxation considered for 𝑇2
𝑆 = 500 𝑛𝑠 and β = 0.8. The dipolar coupling constant 

𝑑 = 7 MHz and amplitude of the irradiation microwave field 𝐵1 = 60.0 𝐺 are used for these 

simulations. The values of all the other parameters used for the simulations are listed in Table 3.1. 

The effect of relaxation is clearly seen to broaden the Pake-doublet peaks. 

 

  

 

Figure 3.7.  (a) The time-domain signal 𝑆′(𝑡) and (b) its Fourier transform (Pake doublets) 

𝑆′′(ω), as given by Eqs. (D.1) and (D.5) in Appendix D, respectively, plotted for two values of 

the modulation depth Δ = 0.4 and Δ = 0.7. The dipolar coupling constant 𝑑 = 1 𝑀𝐻𝑧 and 𝑆0
′ =

100 are used in these plots.  

 

Figure 3.7 It shows the time-domain signal of the dipolar modulation 𝑆′(𝑡) and its Fourier 

transform as given by Eqs. (D.1) and (D.5) in Appendix D, respectively, for two values of the 

dipolar modulation Δ = 0.4 and Δ = 0.7 for 𝑑 = 1 𝑀𝐻𝑧. The value of 𝑆0 
′ = 100 is used in these 

plots. It is seen that as the value of Δ increases, the equilibrium position about which the signal 

oscillates, approaches zero. whereas the intensity of the Pake doublet increases.   

 

3.3 Four-, five-, six-pulse DQC at Ku-band 

In this section, the analytical techniques are developed to calculate pulsed EPR  signals, 

utilized for distance measurements in biological systems, using nitroxide biradicals, for the cases 

of: (i) four- (ii) five- and (iii) six-pulse double quantum coherence (DQC). The analytical signals 

are then compared with the experimental data as well as the numerically calculated signals using 

the procedure described in Sec. 3.1 Numerical procedure  

 

3.3.1 Pulse schemes 

 

The four-pulse DQC pulse sequence is shown in Figure 3.8(a). In this sequence, the first 

pulse (π/2)𝑥 generates the single-quantum coherence pathway ( 𝑝 = +1), over which it evolves 

for a period 𝑡1. The second (π/2)𝑥  pulse transfers this magnetization to 𝑝 = ±2 as well as 𝑝 =
0 coherence pathways and the density matrix evolves on it over the period 𝑡2. Thereafter, the 

third refocussing pulse (π)𝑥 transfers the density matrix to the double quantum 𝑝 = ∓ 2 and 𝑝 =
0 coherence pathways, over which the density matrix undergoes free evolution for the time 

interval 𝑡3. The fourth (π/2)𝑥 pulse finally transfers the density matrix to the single quantum 

coherence pathway 𝑝 = −1 , on which the signal is detected after the time interval 𝑡4. In the 
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experiment, 𝑡1  is stepped and 𝑡2=𝑡3 = 𝑡𝐷𝑄
(4)

 is kept fixed. The echo in this four-pulse DQC 

sequence occurs at the time 𝑡4 = 𝑡1.  

 

The five-pulse DQC pulse sequence is shown in Figure 3.8 (b). Here, compared to four-

pulse DQC sequence, an additional refocusing pulse (π)𝑥 is added after the last pulse. After the 

application of the first (π/2)𝑥  pulse, the system can evolve freely over time 𝑡1 on coherence 

pathway 𝑝 = +1 before the application of the second (π/2)𝑥 pulse, after which the coherence 

pathways 𝑝 = ±2 are chosen. After the free evolution over time 𝑡2, the third refocussing pulse 

(π)𝑥 transfers the density matrix to the double quantum 𝑝 = ∓ 2 over which the density matrix 

evolves for the time interval 𝑡3 . The fourth (π/2)𝑥  in this pulse sequence generates 𝑝 = +1 

coherence pathway over which the system undergoes a free evolution for time 𝑡4. Finally, the 

fifth (π/2)𝑥 pulse converts the density matrix into the observable 𝑝 = −1 coherence pathway. 

The time interval between the first and the last pulse is here kept constant, to be equal to 𝑡𝑚𝑎𝑥, 

and 𝑡1 is varied. The echo is detected at the time 𝑡𝑚𝑎𝑥 after the last pulse, independent of the 

varied time 𝑡1. For this five-pulse sequence, the constant times 𝑡2 = 𝑡3 , corresponding to the 

pathways 𝑝 = ±2, will be denoted as the double quantum time 𝑡𝐷𝑄
(5)

. 

 

The pulse sequence and the coherence pathways involved in six-pulse DQC are shown in 

Figure 3.8 (c). It consists of three-pulse preparation sequence (π/2)𝑥 − 𝑡1 − π𝑥 − 𝑡2 − (π/2)𝑥, 

which generates double-quantum (DQ) coherence. It is then refocused after the time 𝑡3  by the 

π𝑥 − 𝑡4 sequence. The fifth, (π/2)𝑥, pulse produces anti-phase coherences, which evolve into 

observable single quantum coherences. Finally, the sixth, π𝑥,  pulse, applied after the time 𝑡5, 

refocuses them to form an echo. Here 𝑡1(= 𝑡2)  is varied with fixed time 𝑡𝑚𝑎𝑥 = 𝑡1 + 𝑡5  , 

wherein, 𝑡1 is stepped from zero to 𝑡𝑚𝑎𝑥. As well, 𝑡3 = 𝑡4 = 𝑡𝐷𝑄
(6)

 , which is the period for the 

double-quantum filter, over which the spins are on the double quantum, 𝑝 = ±2, pathways, over 

a constant time in the experiment. 𝑡5 = 𝑡𝑚𝑎𝑥 − 𝑡1  and 𝑡6 = 𝑡5 + 𝑡𝑒𝑐ℎ𝑜. The echo in this six-

pulse DQC sequence occurs at the time 𝑡𝑒𝑐ℎ𝑜 = 0, i.e., when 𝑡6 = 𝑡5. In the present calculations, 

the time variable 𝑡𝑑𝑖𝑝 = 𝑡𝑚𝑎𝑥 − 2𝑡1  is used to calculate the final DQC signal as 

S(𝑡𝑑𝑖𝑝,  η, λ1, λ2) . 
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Figure 3.8.  The pulse schemes and the relevant coherence pathways for (a) four-pulse DQC, (b) 

five-pulse DQC, and (c) six-pulse DQC. Perfect(π/2)𝑥 or (π)x pulses are used for all sequences, 

where the duration of the pulses, 𝑡𝑝, is determined by 𝑡𝑝 = γeB1/β , knowing 𝐵1, where 𝐵1 is the 

amplitude of the microwave field and β = π/2 ;  π is the tip angle. 

 

 

3.3.2 General procedure to derive analytical expressions for multi-pulse-EPR Signals 

 

The procedure to calculate the analytical expression of multi-pulse EPR signal is similar 

to the numerically calculated signal described in Sec. 3.1 Numerical procedure There are, 

however, some differences between the two approaches which are outlined below.  

In the analytical approach, the density matrix, as transformed by the application of a pulse of 

duration 𝑡𝑝, is given as (Saxena and Freed 1997): 

 𝜌(𝑡0 + 𝑡𝑝) = 𝑒
−𝑖(𝐻0+𝐻𝑝)𝑡𝑝𝜌(𝑡0) 𝑒

𝑖(𝐻0+𝐻𝑝)𝑡𝑝 = 𝑃 𝜌(𝑡0) 𝑃
† (3.22)  

The matrix for the propagation operator 𝑃 = 𝑒−𝑖(𝐻0+𝐻𝑝)𝑡𝑝 in Eq. (3.22), has the general form in 

the electronic magnetic basis (Saxena and Freed 1997): 

 {{𝑃}} =

(

 
 

[[𝑃11]] [[𝑃12]] 𝑒
−𝑖𝜙 [[𝑃13]]𝑒

−𝑖𝜙 [[𝑃14]]𝑒
−2𝑖𝜙

[[𝑃21]]𝑒
𝑖𝜙 [[𝑃22]] [[𝑃23]] [[𝑃24]]𝑒

−𝑖𝜙

[[𝑃31]]𝑒
𝑖𝜙 [[𝑃32]] [[𝑃33]] [[𝑃34]]𝑒

−𝑖𝜙

[[𝑃41]]𝑒
2𝑖𝜙 [[𝑃42]]𝑒

𝑖𝜙 [[𝑃43]]𝑒
𝑖𝜙 [[𝑃44]] )

 
 

 (3.23) 
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In Eq. (3.23), [[𝑃𝑖𝑗]] are 9×9 matrices in the hyperfine space, with 𝜙 being the pulse phase. The 

9×9 matrix elements of [[𝑃𝑖𝑗]]  in the hyperfine space of the propagator operator in Eq. (2.8) are 

rather long expressions, but they can be easily can be calculated using Mathematica. On the other 

hand, all significant interpretations of relevance here can be made without including them. The 

double square brackets around [[𝑃𝑖𝑗]] will hereafter be dropped, with the understanding that 

they are 9x9 matrices in the hyperfine space.  

 To consider the time evolution of the density matrix during free evolution, one needs to 

first calculate 𝑒−𝑖𝐻0𝑡 which is given by Eq. (E.11) in Appendix E.  After the application of a 

pulse, free evolution of the density matrix 𝜌, over time 𝑡 on a given coherence pathway, in the 

absence of the relaxation, is given by 

For 𝑝 = 0  
    

 

𝑒−𝑖𝐻0𝑡ρ(0)𝑒𝑖𝐻0𝑡 = (

ρ11 0 0 0
0 𝑎1 𝑎2 0
0 𝑎3 𝑎4 0
0 0 0 ρ44

) 

 

 

 

(3.24) 

where,  

 

𝑎1 ≡ 𝑆1
(0)(𝑡)𝜌33 + 𝑆2

(0)(𝑡)𝜌23 + 𝑆2
(0)(𝑡) ∗ 𝜌32 + 𝑆3

(0)(𝑡)𝜌22 

𝑎2 ≡ 𝑆1
(0)(𝑡)𝜌32 + 𝑆2

(0)(𝑡)(𝜌22 − 𝜌33) + 𝑆4
(0)(𝑡)𝜌23 

𝑎3 ≡ 𝑆1
(0)(𝑡)𝜌23 − 𝑆2

(0)(𝑡) ∗ 𝜌33 + 𝑆2
(0)(𝑡) ∗ 𝜌22 + 𝑆4

(0)(𝑡) ∗ 𝜌32 

𝑎4 ≡ 𝑆1
(0)(𝑡)𝜌22 + 𝑆2

(0)(𝑡)𝜌23 − 𝑆2
(0)(𝑡) ∗ 𝜌32 + 𝑆3

(0)(𝑡)𝜌33 

 

 

 

For 𝑝 = +1 

 

𝑒−𝑖𝐻0𝑡ρ(+1)𝑒𝑖𝐻0𝑡 = 

(

 
 

0 𝑆1
(+1)

(𝑡)𝜌12 + 𝑆2
(+1)

(𝑡)𝜌13 𝑆2
(+1)

(𝑡)𝜌12 + 𝑆5
(+1)

(𝑡)𝜌13 0

0 0 0 𝑆3
(+1)(𝑡)𝜌24 + 𝑆4

(+1)(𝑡)𝜌34

0 0 0 𝑆4
(+1)(𝑡)𝜌24 + 𝑆6

(+1)(𝑡)𝜌34
0 0 0 0 )

 
 

 

 

 

(3.25) 

 

 

 

For 𝑝 = +2 

 𝑒−𝑖𝐻0𝑡ρ(+2)𝑒𝑖𝐻0𝑡 = (

0 0 0 𝑆1
(+2)(𝑡)𝜌

14

0 0 0 0

0 0 0 0

0 0 0 0

) (3.26) 
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where ρ(0), ρ(+1) and ρ(2) are the density matrices before the free evolutions on pathways 𝑝 =
0, +1,  +2 , respectively, after phase cycling. The 𝑆(𝑘)𝑖(𝑡) ; 𝑘 = 0,1,2  terms for different 

coherence pathways, used in Eqs. (3.24)-(3.26), are listed in Table 3.2. The evolutions of the 

density matrix over the coherence pathways 𝑝 = −1 and 𝑝 = −2 are the conjugate transpose of 

those for 𝑝 = +1 and 𝑝 = +2, respectively, as given above. The resulting density matrix at the 

end of a coherence pathway will serve as the starting density matrix for the next pulse. The same 

procedure is repeated for all other pulses in turn to calculate the final density matrix.  

𝑆1
(0)(𝑡) −

1

4
sin2(2𝛯)(𝑒𝑖𝑡𝜔23 + 𝑒𝑖𝑡𝜔32 − 2) 

𝑆2
(0)(𝑡) (−

1

4
sin (4𝛯) + sin (𝛯)cos3(𝛯)𝑒𝑖𝑡𝜔23 − sin3(𝛯)cos (𝛯)𝑒𝑖𝑡𝜔32) 

𝑆3
(0)(𝑡) 1

4
(cos (4𝛯) + sin2(2𝛯)(𝑒𝑖𝑡𝜔23 + 𝑒𝑖𝑡𝜔32) + 3) 

𝑆4
(0)(𝑡) 2sin2(𝛯)cos2(𝛯) + sin4(𝛯)𝑒𝑖𝑡𝜔32 + cos4(𝛯)𝑒𝑖𝑡𝜔23  

𝑆1
(+1)(𝑡) 𝑒−𝑖𝑡𝜔13sin2(Ξ) + 𝑒−𝑖𝑡𝜔12cos2(Ξ) 

𝑆2
(+1)(𝑡) (𝑒−𝑖𝑡𝜔13 − 𝑒−𝑖𝑡𝜔12)sin (Ξ)cos (Ξ) 

𝑆3
(+1)(𝑡) 𝑒−𝑖𝑡𝜔34sin2(Ξ) + 𝑒−𝑖𝑡𝜔24cos2(Ξ) 

𝑆4
(+1)(𝑡) (𝑒−𝑖𝑡𝜔34 − 𝑒−𝑖𝑡𝜔24)sin (Ξ)cos (Ξ) 

𝑆5
(+1)(𝑡) 𝑒−𝑖𝑡𝜔12sin2(Ξ) + 𝑒−𝑖𝑡𝜔13cos2(Ξ) 

𝑆6
(+1)(𝑡) 𝑒−𝑖𝑡𝜔24sin2(Ξ) + 𝑒−𝑖𝑡𝜔34cos2(Ξ) 

𝑆1
(+2)(𝑡) 𝑒−𝑖𝑡1𝜔14  

Table 3.2 The free evolution terms for 𝑝 = 0 , 𝑝 = +1  and 𝑝 = +2  used in the analytical 

expressions. The superscripts on 𝑆𝑖(𝑡) indicates the coherence pathway. The free evolution terms 

corresponding to 𝑝 = −1 and 𝑝 = −2 are the complex conjugate of those for 𝑝 = +1 and 𝑝 =
+2, respectively. 

 

3.3.3 One dimensional signals: Analytical Expressions for four-, five- and six- pulse DQC 

signals 

In this section, expressions for four-, five-, and six-pulse DQC signals at the top of the 

echo will be derived analytically using the procedure outlined in Sec. 3.3.2 General procedure to 

derive analytical expressions for multi-pulse-EPR Signalsabove for the case of nonselective pulses, 

i.e., strong pulses, such that 𝐻𝑝 ≫ 𝐻0. The free evolution part and the pulse propagator can be 

simplified in this limit as follows. 

 It is seen from the Eqs. (3.24)-(3.26) and Table 3.2 that the time-dependent part of a 

signal due to the free evolution over coherence pathways, depends on 𝑆𝑚(𝑡), 𝑆𝑚(𝑡)
∗, 𝑚 =

1, … ,6, which contain the terms 𝑒−𝑖ωij𝑡1 and 𝑒𝑖ωij𝑡2 , respectively, where ωij = (𝐸𝑖 − 𝐸𝑗)/ℏ; the 

𝐸𝑖, and  𝐸𝑗 are defined by Eq. (E.10) in Appendix E.  Using the approximation for “sufficiently 
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broad spectral excitation” (Borbat and Freed 2002) i.e., |𝐶1 − 𝐶2| ≫ 𝑑(3cos2𝜃 − 1), the pseudo-

secular terms (the 𝐻23 and 𝐻32 terms in Eq. (B.5) in Appendix B) become negligible and the 

term (
𝑑

4
(3𝑐𝑜𝑠2θ − 1))

2

appearing in Eq. (E.10) can be ignored compared to the Zeeman and 

hyperfine interactions. In this broad spectral excitation approximation limit, the explicit 

expressions for 𝜔𝑖𝑗 are then: 

 

 
ℏω12 = 𝑘√𝐴2

2 + 4𝐵2
2𝑘 + 𝐶2 +

1

2
𝑑(3cos2𝜃 − 1) 

ℏω13 = 𝑘√𝐴1
2 + 4𝐵1

2𝑘 + 𝐶1 +
1

2
𝑑(3cos2𝜃 − 1) 

ℏω24 = 𝑘√𝐴1
2 + 4𝐵1

2𝑘 + 𝐶1 −
1

2
𝑑(3cos2𝜃 − 1) 

ℏω34 = 𝑘√𝐴2
2 + 4𝐵2

2𝑘 + 𝐶2 −
1

2
𝑑(3cos2𝜃 − 1) 

(3.27) 

 

 Since 𝐻23 ≈ 0 , the matrix elements Ξ𝑖  defined by Eq. (E.8), which are used in 

𝑆𝑖(𝑡𝑘);  𝑖 = 1,… ,6;  𝑘 = 1,2 , given in Table 3.2, become negligible.  

 The analytical expression for the pulse propagator, i.e., 𝑒−𝑖𝐻𝑝𝑡𝑝 , in the magnetic basis is, 

as calculated using Mathematica: 

    

 𝑒−𝑖𝐻𝑝𝑡𝑝 = 

(

 
 
 
 

cos2(
𝛽

2
) −

𝑖

2
𝑒−𝑖𝜙sin (𝛽) −

𝑖

2
𝑒−𝑖𝜙sin (𝛽)

1

2
𝑒−2𝑖𝜙(cos (𝛽) − 1)

−
𝑖

2
𝑒𝑖𝜙sin (𝛽) cos2(

𝛽

2
)

1

2
(cos (𝛽) − 1) −

1

2
𝑖𝑒−𝑖𝜙sin (𝛽)

−
𝑖

2
𝑒𝑖𝜙sin(𝛽)

1

2
(cos (𝛽) − 1) cos2(

𝛽

2
) −

1

2
𝑖𝑒−𝑖𝜙sin (𝛽)

1

2
𝑒2𝑖𝜙(cos (𝛽) − 1) −

1

2
𝑖𝑒𝑖𝜙sin(𝛽) −

1

2
𝑖𝑒𝑖𝜙sin(𝛽) cos2(

𝛽

2
) )

 
 
 
 

 
(3.28) 

 

 

where β = ω𝑡𝑝 is the tip angle and ϕ is the phase of the pulse.  

 

3.3.3.1 Four-pulse DQC Signal 

 There are three different coherence pathways which contribute to the four-pulse DQC 

signal (i) 𝑝: 0 → +1 → 2 → −2 → −1; (ii) 𝑝: 0 → +1 → −2 → +2 → −1; (iii) 𝑝: 0 → +1 →
0 → 0 → −1. The signal from the first and second coherence pathways are calculated to be the 

same, each being:  

 
=
𝑖

2
cos2 (

1

2
(𝑗√𝐴1

2 + 4𝐵1
2𝑗 − 𝑘√𝐴2

2 + 4𝐵2
2𝑘 + 𝐶1 − 𝐶2) 𝑡1) sin

2 (
𝑎𝑡1
2
) (3.29) 

 

In Eq. (3.29), 𝑎 = 𝑑(3𝑐𝑜𝑠2θ − 1). As for the signal due to the coherence pathway (iii), it is calculated to 

be  
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= −

𝑖

4
(−(cos (𝑎𝑡1) − 1) × cos ((𝑗√𝐴1

2 + 4𝐵1
2𝑗 − 𝑘√𝐴2

2 + 4𝐵2
2𝑘 + 𝐶1 − 𝐶2)𝑡1)

+ 3cos (𝑎𝑡1) + 1) 

(3.30) 

 

    

Finally, the total 4-pulse DQC signal is the sum of these three signals:  

 Signal𝐷𝑄𝐶
(4)
(𝑡1) = − 𝑖 cos(𝑎𝑡1) (3.31)  

 

3.3.3.2 Five-pulse DQC Signal 

  

 The coherence pathways involved in the five-pulse DQC sequence are: (i) 𝑝: 0 → +1 →
+2 → −2 → 1 → −1  and (ii) 𝑝: 0 → +1 → −2 → +2 → 1 → −1 . Each coherence pathway 

contributes equally to the final five-pulse DQC signal. Finally, the total five-pulse DQC signal is: 

 
Signal𝐷𝑄𝐶

(5)
(𝑡1) = 𝑖V sin [𝑎(𝑡1 −

1

2
𝑡max)] 

where V = sin (
1

2
𝑎𝑡max). 

 

(3.32) 

 

 

 

3.3.3.3 Six-pulse DQC Signal 

 The four coherence pathways involved in six-pulse DQC as shown in Fig 2(c) are:  

(i) 𝑝: 0 → +1 → −1 → +2 → −2 → 1 → −1; (ii) 𝑝: 0 → +1 → −1 → −2 → +2 → 1 → −1; 

(iii) 𝑝: 0 → −1 → +1 → +2 → −2 → 1 → −1; (iv) 𝑝: 0 → −1 → +1 → −2 → +2 → 1 → −1. 

The analytical expression for each of these coherence pathways is calculated to be the same. 

Finally, the overall signal is expressed as 

 Signal𝐷𝑄𝐶
(6)
 (𝑡1)= 𝑖  [𝐾 − 𝑐𝑜𝑠{𝑎 (𝑡1 −

1

2
𝑡𝑚𝑎𝑥)}], 

where  𝐾 = cos (
1

2
𝑎𝑡𝑚𝑎𝑥). 

 

(3.33) 

 

 It is seen from Eq. (3.33) that the six-pulse DQC signal has an additive constant term 

determined by K, so the signal is shifted by this amount. However, the time-dependent term in 

the signal is 𝑐𝑜𝑠{𝑎 (𝑡1 −
1

2
𝑡𝑚𝑎𝑥)}  that determines the Fourier transform of the signal, from 

which the distance between the two nitroxide dipoles of the biradical can be estimated.  

An inspection of Eqs. (3.31)-(3.33) reveals that the Fourier transform of any - four-, five-, 

or six-pulse sequence as a function of 𝑡1will have peaks at ± 𝑎, where 𝑎 =  𝑑(3cos2𝜃 − 1). 
Furthermore, there is no dependence of the signals, given by Eqs. (3.31)-(3.33), upon the Euler 

angles of the two nitroxides, so an average over the Euler angles is not needed to find Pake 

doublets. 

It is noted that, the analytical expressions of Eqs. (3.31)-(3.33) which are found by 

applying the algorithm given in Sec. 2, are in agreement with the analytical expressions given in 

(Borbat and Freed 2002), derived using the product operator (PO) method (Slicther 2013). 
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3.3.4 Two-dimensional signal 

 The two-dimensional signals for four-, five- and six-pulse DQC are obtained by 

extending the calculations of the one-dimensional signals to include a second time variable It is 

carried out here by replacing the time after the last pulse, which are 𝑡4, 𝑡5 and 𝑡6 in four-, five- 

and six-pulse DQC sequences, respectively, by  

                 𝑡4→𝑡1 + 𝑡𝑒𝑐ℎ𝑜
(4)   for four − pulse DQC signal  

                     𝑡5→𝑡𝑚𝑎𝑥 + 𝑡𝑒𝑐ℎ𝑜
(5)    for five − pulse DQC signal 

𝑡6→𝑡5 + 𝑡𝑒𝑐ℎ𝑜
(6)    for six − pulse DQC signal 

(3.34) 

 

 

 where 𝑡𝑒𝑐ℎ𝑜
(4) , 𝑡𝑒𝑐ℎ𝑜

(5)
 and 𝑡𝑒𝑐ℎ𝑜

(6)
 are the second time variables which are stepped from the top of the 

echo in four-, five- and six- pulse DQC sequences, respectively. Using the algorithm given in 

Sec. 3.1, the two-dimensional signals for four-, five- and six-pulse DQC signals are found to be  

 Signal𝐷𝑄𝐶
(4) (𝑡1, 𝑡𝑒𝑐ℎ𝑜) = Signal𝐷𝑄𝐶

(4) (𝑡1) × G(𝑡𝑒𝑐ℎ𝑜
(4) ) 

Signal𝐷𝑄𝐶
(5) (𝑡1, 𝑡𝑒𝑐ℎ𝑜) = Signal𝐷𝑄𝐶

(5) (𝑡1) × G(𝑡𝑒𝑐ℎ𝑜
(5) ) 

Signal𝐷𝑄𝐶
(6) (𝑡1, 𝑡𝑒𝑐ℎ𝑜) = Signal𝐷𝑄𝐶

(6) (𝑡1) × G(𝑡𝑒𝑐ℎ𝑜
(6) ) 

 

(3.35) 

 

where, 

 

G(𝑡𝑒𝑐ℎ𝑜
(𝑖)

) =
1

3
𝑒
1
2
𝑖𝑎𝑡𝑒𝑐ℎ𝑜

(𝑖)

[𝑒
−𝑖𝑡𝑒𝑐ℎ𝑜

(𝑖)
(√𝐴1

2−4𝐵1
2−𝐶1)

+ 𝑒
𝑖𝑡𝑒𝑐ℎ𝑜
(𝑖)

(√𝐴1
2+4𝐵1

2+𝐶1)
 

+𝑒
−𝑖𝑡𝑒𝑐ℎ𝑜

(𝑖)
(√𝐴2

2−4𝐵2
2−𝐶2)

+ 𝑒
𝑖𝑡𝑒𝑐ℎ𝑜
(𝑖)

(√𝐴2
2+4𝐵2

2+𝐶2)
+ 𝑒𝑖𝐶1𝑡𝑒𝑐ℎ𝑜

(𝑖)

+ 𝑒𝑖𝐶2𝑡𝑒𝑐ℎ𝑜
(𝑖)

] 

(3.36) 

 

In Eq. (3.36), 𝑖 = 4,5,6 for four-, five- and six-pulse DQC signal, respectively. The Fourier 

transform of the two-dimensional signal with respect to 𝑡𝑒𝑐ℎ𝑜
(𝑖)

 gives the ESR signal in the 

frequency domain of the biradical, keeping the static field fixed at B0. The coefficients 𝐴𝑖, 𝐵𝑖, 𝐶𝑖, 
𝑖 = 1,2 in Eq. (3.36) can be calculated using Eqs. (A.4)-(A.6) of Appendix A. However, it is 

more convenient to calculate it using a numerical algorithm, which is more exact at the same 

time. 
 

3.3.5 Relaxation for  chosen orientations (η, λ1, λ2) 
 

 According to Sec. 3.2.2 Relaxation in polycrystalline sample, the effect of the relaxation for 

a single-orientation of the external magnetic field with respect to the crystal axes after time 𝑡 is 

described by multiplying the calculated signal by an exponential factor 𝑒𝑥𝑝(−𝑡/𝑇2
𝑆), 𝑒𝑥𝑝(−𝑡/

𝑇2
𝐷) and 𝑒𝑥𝑝(−𝑡/𝑇1) for coherence pathways 𝑝 = ±1, 𝑝 = ±2 and 𝑝 = 0, respectively, with the 

time constants 𝑇2
𝑆 , 𝑇2

𝐷 , 𝑇1  appropriate for that orientation. Then the cumulative effect of the 

relaxation on the multi-pulse signals, considering all coherence pathways is tantamount to a 

multiplication of four, five and six decaying exponential functions for four-pulse, five-pulse and 

six-pulse arrangements, respectively, with the relevant time constants multiplied by the 
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calculated signal for the single orientation of the magnetic field with respect to the crystal axes as 

calculated in the absence of any relaxation. For a given value of the orientations ζ = (λ1, λ2, η), 
the effect of the relaxation at the top of the echo can be expressed as (hereafter, the 𝑆𝑖𝑔𝑛𝑎𝑙(𝑡) is 

denoted as 𝑆(𝑡)) 
  

𝑆4
𝐷𝑄𝐶({𝒕𝟒}, ζ) = 𝑆0

(𝐴)({𝒕𝟒}, ζ)𝑒𝑥𝑝 (−2𝑡𝐷𝑄
(4)/𝑇2

𝐷(ζ) − 2𝑡1/𝑇2
𝑆(ζ))

+ 𝑆0
(𝐵)({𝒕𝟒}, ζ)𝑒𝑥𝑝(−2𝑡2/𝑇1(ζ) − 2𝑡1/𝑇2

𝑆(ζ)) 

 

𝑆5
𝐷𝑄𝐶({𝒕𝟓}, ζ) = 𝑆0({𝒕𝟓}, ζ)𝑒𝑥𝑝 (−2𝑡𝐷𝑄

(5)/𝑇2
𝐷(ζ) − 2𝑡𝑚𝑎𝑥/𝑇2

𝑆(ζ)) 

 

𝑆6
𝐷𝑄𝐶({𝒕𝟔}, ζ) = 𝑆0({𝒕𝟔}, ζ)𝑒𝑥𝑝 (−2𝑡𝐷𝑄

(6)/𝑇2
𝐷(ζ) − 2𝑡𝑚𝑎𝑥/𝑇2

𝑆(ζ))    

 

 

 

(3.37) 

 

 

(3.38) 

 

 

(3.39) 

where  𝑆0({𝒕𝒊}, ζ); i = 4, 5, 6 are the signals calculated for the orientation ζ in the absence of any 

relaxation and {𝒕𝒊} = (𝑡1, 𝑡2, … , 𝑡𝑖) . In Eq. (3.37), 𝑡2  is the time of free evolution over the 

coherence pathway 𝑝 = 0  after the second pulse and 𝑆0
(𝐴)

 and 𝑆0
(𝐵)

 are the four-pulse DQC 

signals calculated in the absence of the relaxation over the coherence pathway routes (𝐴)  + 1 →
±2 → ±2 → −1 and (𝐵)  + 1 → 0 → 0 → −1, respectively.  

For a polycrystalline sample, the signal is averaged over different values of (θ,ϕ), the 

orientation of the dipolar axis in the laboratory frame, characterized by different relaxation times 

𝑇1(ζ),  𝑇2
𝑆(ζ)  , 𝑇2

𝐷(ζ)  on the coherence pathways p = 0, 1, 2, respectively. In the stretched 

exponential approach one considers relaxation over a polycrystalline sample by multiplying the 

signal for any orientation (η, λ1, λ2) by the same factor, called stretched exponential, 𝑒𝑥𝑝 (−[𝑡/

𝑇𝑠𝑡𝑟]
β
) , where t is the time for relaxation and 𝑇𝑠𝑡𝑟  is the average relaxation time over all 

orientations, and β is the stretched-exponential exponent. 

The effect of relaxation at the top of the echo, i.e., at 𝑡4 = 𝑡1 for four-pulse DQC, at 𝑡5 =
𝑡𝑚𝑎𝑥 for five-pulse DQC and at 𝑡6 = 𝑡5 for six-pulse DQC, is then expressed as 

  

𝑆4
𝐷𝑄𝐶({𝒕𝟒})𝐴𝑣𝑔 =∑𝑆4

𝐷𝑄𝐶({𝒕𝟒}, ζ)

ζ

 

𝑆5
𝐷𝑄𝐶({𝒕𝟓})𝐴𝑣𝑔 =∑𝑆5

𝐷𝑄𝐶({𝒕𝟓}, ζ)

ζ

 

𝑆6
𝐷𝑄𝐶({𝒕𝟔})𝐴𝑣𝑔 =∑𝑆6

𝐷𝑄𝐶({𝒕𝟔}, ζ)   

ζ

 

 

 

(3.40) 
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where the subscript 𝐴𝑣𝑔 denotes the average over the orientations ζ = (η, λ1, λ2). Assuming the 

same dependence on ζ  of the three relaxation times 𝑇1(ζ), 𝑇2
𝑆(ζ) and 𝑇2

𝐷(ζ) , Eq. (3.40), can be 

expressed, in the stretched exponential approach, as follows: 

 

 𝑆4
𝐷𝑄𝐶({𝒕𝟒})𝐴𝑣𝑔

= 𝑆(𝐴)({𝒕𝟒}) 𝑒𝑥𝑝 (−[2𝑡𝐷𝑄
(4)/𝑇2𝑠𝑡𝑟

𝐷 + 2𝑡1/𝑇2𝑠𝑡𝑟
𝑆 ]

β
)

+ 𝑆(𝐵)({𝒕𝟒}) 𝑒𝑥𝑝(−[2𝑡2/𝑇1𝑠𝑡𝑟 + 2𝑡1/𝑇2𝑠𝑡𝑟
𝑆 ]β)     

       

           𝑆5
𝐷𝑄𝐶({𝒕𝟓})𝐴𝑣𝑔 = 𝑆({𝒕𝟓})𝑒𝑥𝑝 (−[2𝑡𝐷𝑄

(5)/𝑇2𝑠𝑡𝑟
𝐷 + 2𝑡𝑚𝑎𝑥/𝑇2𝑠𝑡𝑟

𝑆 ]
β
)         

     𝑆6
𝐷𝑄𝐶({𝒕𝟔})𝐴𝑣𝑔 = 𝑆({𝒕𝟔})𝑒𝑥𝑝 (−[2𝑡𝐷𝑄

(6)/𝑇2𝑠𝑡𝑟
𝐷 + 2𝑡𝑚𝑎𝑥/𝑇2𝑠𝑡𝑟

𝑆 ]
β
)     

  

 

 

 

(3.41) 

 

 

 

 

(3.42) 

 

 

(3.43) 

where 𝑆({𝒕𝒊}), 𝑖 = 4,5,6  are the averages of the four-, five- and six-pulse DQC signals, 

respectively, over all the orientations ζ.  The 𝑇1𝑠𝑡𝑟, 𝑇2 𝑠𝑡𝑟
𝑆  and 𝑇2 𝑠𝑡𝑟

𝐷  are the “stretched” relaxation 

times over zero (𝑝 = 0), single (𝑝 = 1 pathway) and double (𝑝 = 2 pathway) quantum states, 

respectively. The stretching parameter, β, which is related to the distribution function of the 

relaxation times, ranges between zero and one. It is noted that, in general, there are three 

different stretching parameters, β(0), β(S)and β(𝐷),  characterizing the orientational distribution of 

the zero, single and double quantum relaxation times, respectively, which are to be found by 

fitting the simulation to the experimental data.  In this thesis, since the experimental values for 

β(0) β(S)and β(𝐷) are not available, they are all assumed to be the same, i.e.,β(0) = β(S)=β(𝐷) =
β =  0.8, being the average of the two values 0.78 and 0.85, derived in (Stein et. al. 2019 and 

Pfenninger et.al. 1995).  

 It is noted that the effect of relaxation on five- and six-pulse DQC signals can be 

considered by multiplying the signal calculated in the absence of relaxation by the exponential 

factors, given by Eqs. (3.42)and (3.43), respectively. On the other hand, for the four-pulse 

sequence, the DQC signal, is obtained by multiplying the signal calculated in the absence of 

relaxation over a pathway by the relevant exponential factor, given by Eq. (3.41). 

 

3.3.6. Comparison of four-, five-, and six-pulse DQC sequences for distance measurement 

 

 In this section, four-, five- and six-pulse DQC signals are compared in terms of the effect 

of relaxation on the signal and the intensity of their Pake doublets.  

 

 Main peaks As seen from the analytical expressions for four-, five- and six-pulse DQC signals 

given in Sec. 3.3.3 above for 1D signals i.e., at the top of the echo, the signals depend only on 

the factor 𝑑(3𝑐𝑜𝑠2θ − 1) and all the other interactions e.g., Zeeman and hyperfine are absent. In 

the Fourier transform domain, these signals exhibit peaks at ±𝑑(3𝑐𝑜𝑠2θ − 1) for the orientation 

θ of the dipolar axis with respect to the magnetic field; thereby resulting in their Pake doublets at 
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±𝑑 . Therefore, all these three pulse arrangements can be used for distance measurement in 

biological systems. 

  In Figure 3.9, the Pake doublets for four-, five- and six-pulse DQC signals are calculated 

using the rigorous numerical simulation which confirm that the Pake doublets occur at  ±𝑑, in 

agreement with the analytical expressions found in Sec. 3.3.3.  

 

 Effect of the relaxation. As described in Sec. 3.3.5, the effect of the relaxation is considered by 

multiplying the signals with appropriate exponential factors related to their coherence pathways. 

It is seen from Eqs. (3.42) and (3.43) that the exponential factors due to the relaxation for five- 

and six-pulse DQC signals do not contain any time variable, and they just depend on the constant 

times   𝑡𝐷𝑄
(5,6)

 and 𝑡𝑚𝑎𝑥. Therefore, the relaxation does not affect the broadening of the Fourier 

transform peaks of five- and six-pulse DQC signals and it only reduces the intensity of the peaks. 

However, the exponential factor in four-pulse DQC signal does contain the time variable 𝑡1; 

thereby the relaxation affects the broadening as well as the intensity of four-pulse DQC Fourier 

transform peaks.  

 

 Intensities For distance measurement, it is important to have an intense signal to improve S/N 

ratio. The analytical expressions given in Sec. 3.3.3, however, do not reveal the actual relative 

intensities of four-, five- and six-pulse DQC signals since nonselective pulses rather than finite 

pulses are used to obtain those expressions. Therefore, rigorous numerical simulations using 

finite pulses are carried out to compare the intensities of the Pake doublets of four-, five- and six-

pulse DQC signals. From the y-axis of Pake plot shown in Figure 3.9, the intensity of the Pake 

doublets obtained for four-pulse DQC signal is the largest, three times and 10 times larger than 

those of five- and six-pulse DQC, respectively.  The properties of four-, five- and six-pulse DQC 

sequences in terms of the splitting of the Pake doublet, intensity of their Fourier transform and 

the effect of the relaxation on them are summarized in Table 3.3. 

   

Pulse sequence Splitting of the 

Pake doublet 

Intensity of the 

Fourier transform 

Affected by 

Relaxation 

Depth of the 

dipolar 

modulation 

Four-pulse DQC ±𝑑 1.20 Yes 100% 

Five-pulse DQC ±𝑑 0.13 No 100% 

Six-pulse DQC ±𝑑 0.34 No 100% 

 

Table 3.3 Comparison between different pulse sequences in terms of the intensities of their 

Fourier transforms and the effect of the relaxation on them.  

 

The modulation depth, Δ(%),  for the time domain signals of four-, five- and six-pulse 

DQC signals, as calculated here, are listed in Table 3.3. It is seen that for all the three pulse 

sequences considered here, the dipolar depth of the dipolar modulation for each is Δ ≈ 100%. 

These high values for the four-, five- and six-pulse DQC signals are well above 30%, realized in 

DEER and RIDME (relaxation-induced dipolar modulation enhancement) experiments, to be 

considered worthy of experimental measurements. 
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Figure 3.9. Comparison between the intensity of the Pake doublets obtained for (a) four-pulse; (b) 

five-pulse and (c) six-pulse DQC. The amplitude of the irradiation microwave field 𝐵1 = 60.0 𝐺 

and the dipolar coupling constant 𝑑 = 10 MHz are used in the simulations. The intensity of the 

Pake doublet in four-pulse DQC is almost 4 times and 10 times larger than those of five- and six-

pulse DQC Pake doublets, respectively. In order to make a valid comparison between the 

intensities, the relaxation effect is considered in all the simulations using 𝑇2
𝑆 = 500𝑛𝑠 and 𝑇2

𝐷 =
300𝑛𝑠. The depths of dipolar modulation of ~100% are found in all three cases. It is noted from 

Figs. (𝑎2), (𝑏2), (𝑐2) that even though the Pake doublets of the four-pulse DQC sequence are 

broadened by relaxation, they are still sufficiently distinguishable from each other to be exploited 

for distance measurements. The advantage for the four-pulse DQC sequence is that the intensity 

of the Fourier transform is significantly larger than those of the five- and six-pulse DQC signals, 

although the latter have much sharper Pake doublets. 
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3.3.7. Details of simulations 

 In the numerical simulations for distance measurement carried out here, only one variable 

time is used, which is the time corresponding to the top of the echo for each pulse sequence. The 

result obtained from the analytical expressions for non-selective pulses are shown for 

comparison. Although these results show a reasonable agreement with the experimental data, a 

perfect agreement of analytical simulation with the experiment is not expected, since 

experimental data are obtained with selective pulses, whereas the analytical expressions are 

obtained for non-selective pulses. On the other hand, the numerical simulations are always 

expected to show an excellent agreement with the experimental data, as they have not been 

subjected to any approximation. Of course, experimental errors are always present in the data. 

 

Figure 3.10. Experimental four-pulse DQC spectrum of the nitroxide biradical and the best fit 

numerical simulation. The value of 𝜃 representing the orientation of the external magnetic field 

with respect to the dipolar axis of the coupled nitroxide in the experiment is 0°. The duration of 

the π and π/2 pulses are 6.2 ns and 3.6 ns, respectively. The value of 𝑡𝐷𝑄
(4) = 26.5 ns is chosen to 

be the same as that used in the experiment, and the step size in 𝑡1 is 8 ns. This simulation carried 

out, using the value of the dipolar interaction constant 𝑑 = 2.1  MHz, shows a very good 

agreement with the experiment, within experimental error. The experimental data is reproduced 

from (Borbat and Freed 2002). 

 

 Four-pulse DQC signal The best fit to the experimental data of four-pulse DQC signal for the 

nitroxide biradical of the numerical simulation is shown in Figure 3.10. The value of 𝜃 

representing the orientation of the external magnetic field with respect to the dipolar axis of the 

coupled nitroxide is chosen to be 0° in accordance with the experiment. The frequency of the 

microwave field used in the simulation is 17.39 GHz, in accordance with the experimental value 

(Borbat and Freed 2002); The duration of the (π)x and (π/2)𝑥  pulses are 6.2 ns and 3.6 ns, 

respectively. The value of 𝑡𝐷𝑄
(4) = 26.5 ns is chosen, and the step size in 𝑡1 is 8 ns, the same as 

those used in the experiment.  The relaxation time 𝑇2
𝑆 = 870 ns and the stretching parameter β =

0.8 were found by fitting in the simulation. The value of the dipolar interaction constant used for 

the simulation was 𝑑 = 2.1 MHz, as reported in (Borbat and Freed 2002). The simulated signal 
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shows an excellent agreement with the experiment. The effect of the relaxation is seen in Figure 

3.10, as evidenced by the reduction of the heights of subsequent maxima, which would not 

happen had there not been any relaxation effect present. 

 

 Five-pulse DQC signal The best fit to the experimental data for five-pulse DQC signal of a 

nitroxide biradical of the numerical simulation is shown in Figure 3.11. The value of 𝜃 used for 

the five-pulse DQC experiment was 90° in the experiment; the same was used in the numerical 

simulation. All the other simulation parameters are the same as those used for the four-pulse 

DQC sequence. The simulated and the experimental signals are found to be in very good 

agreement with each other. It is noted that, since the relaxation affects equally the intensity of the 

five-pulse DQC signal at all time points in the plot, the two peaks shown in this figure remain 

with the same relative heights, as they would have been in the absence of relaxation, unlike the 

case of four-pulse DQC sequence.   

 

Figure 3.11. Experimental five-pulse DQC spectrum of the nitroxide biradical and the best fit 

numerical simulation. The value of 𝜃 for the five-pulse experiment was 90°.  The value of the 

double quantum time was chosen to be 𝑡𝐷𝑄
(5) = 26.5 . All the other parameters used in the 

simulation are the same as those mentioned in the caption of Figure 3.10. The five-pulse data is 

plotted as a function of 𝑡𝑚𝑎𝑥 − 𝑡1 with 𝑡𝑚𝑎𝑥 = 947 𝑛𝑠.  The simulated signal calculated using 

the procedure given in Sec. 4 is found to be in good agreement with the experiment. The 

experimental spectrum is reproduced from (Borbat and Freed 2002). 

 

 

Six-pulse DQC signal In the present calculations of six-pulse DQC, the time variables 𝑡𝑑𝑖𝑝 =

𝑡𝑚𝑎𝑥 − 2𝑡1  and 𝑡𝑒𝑐ℎ𝑜 = 𝑡6 − 𝑡5  are used to calculate the final signal. In the present work, 

following (Saxena and Freed 1997), the inhomogeneous broadening is assumed to be Gaussian 

and real, whose effect  is included by multiplying the final DQC signal 𝑆(𝑡1, … , 𝑡6) for each 

orientation (θ,ϕ) by the same factor 𝑒−2π
2Δ𝐺
2 (𝑡6−𝑡1)

2
, where Δ𝐺 is the Gaussian inhomogeneous 

broadening parameter for the nitroxide biradical. Since 𝑡𝑒𝑐ℎ𝑜 = 𝑡6 − 𝑡1 , the Gaussian 

inhomogeneous broadening factor becomes 𝑒−2π
2Δ𝐺
2 𝑡𝑒𝑐ℎ𝑜

2
. Thus,  the Gaussian inhomogeneous 

broadening, which is a function of 𝑡𝑒𝑐ℎ𝑜 only, does modify the DQC signal along the echo-time 

axis together with the relaxation. In the case of 2D six-pulse DQC signal, the effect of the 
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relaxation for a single-orientation of the external magnetic field with respect to the crystal axes is 

described by multiplying the calculated signal by an exponential factor 𝑒𝑥𝑝(−(2𝑡𝑚𝑎𝑥 + 𝑡𝑒𝑐ℎ𝑜)/

𝑇2
𝑆 − 2𝑡𝐷𝑄/𝑇2

𝐷) , with the time constants 𝑇2
𝑆  and 𝑇2

𝐷  appropriate for that orientation. For a 

polycrystalline sample, the signal is averaged over different values of (θ,ϕ), each characterized 

by different relaxation times 𝑇2
𝑆(η, λ1, λ2) , 𝑇2

𝐷(η, λ1, λ2), the effect of the relaxation can be 

expressed by a stretched exponential as  

 𝑆(𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜)𝐴𝑣𝑔 = 𝑆0 𝐴𝑣𝑔(𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜) exp (−
[(2𝑡𝑚𝑎𝑥 + 𝑡𝑒𝑐ℎ𝑜)/𝑇2 𝑠𝑡𝑟

𝑆 ]β
(S)

 

                                                                                                              −[2𝑡𝐷𝑄/𝑇2 𝑠𝑡𝑟
𝐷 ]

β(𝐷)

) 

(3.44) 

where, 𝑆0 𝐴𝑣𝑔(𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜)  is the average of 𝑆0(𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜 , η, λ1, λ2)  over all orientations 

(η, λ1, λ2): 

 

 𝑆0 𝐴𝑣𝑔(𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜) = ∑ 𝑆0(𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜 , η, λ1, λ2)

η,λ1,λ2

 
(3.45) 

and  𝑇2 𝑠𝑡𝑟
𝑆  and 𝑇2 𝑠𝑡𝑟

𝐷  are the stretched relaxation times over single (𝑝 = 1 pathway) and double 

(𝑝 = 2  pathway) quantum states, respectively. In Eq. (3.44), β(S)and β(𝐷)  are the stretching 

parameters characterizing the single and double spin-spin relaxation times, respectively, which 

range between zero and one (Stein et. al. 2015). Here, three illustrative values of β(S)=β(𝐷) =

β = 0.6, 0.8, 0.9 are used. It is noted that β(𝐷) affects only the intensity of the signal since it is 

associated with a constant time, 𝑡𝐷𝑄, as implied by Eq. (3.44). 

As for the signal along both 𝑡𝑒𝑐ℎ𝑜 and  𝑡𝑑𝑖𝑝, their amplitudes are reduced by the stretched 

exponential factor when calculating the powder average with relaxation, as given by Eq. (3.44). 
The shape of the signal along the dipolar axis still remains the same despite reduction in its 

amplitude because the relaxation factor in Eq. (3.44) does not depend on 𝑡𝑑𝑖𝑝. On the other hand, 

the signal along the echo-axis does become broadened due to relaxation, as seen from Figs. 3.14, 

which shows plots of the signal versus the dipolar and echo times, respectively along with their 

Fourier transforms. Thus, the value of 𝑇2 𝑠𝑡𝑟
𝑆  can be estimated by fitting the data to Eq. (3.44). 

Furthermore, the value of 𝑇2 𝑠𝑡𝑟
𝐷  can be deduced, knowing 𝑇2 𝑠𝑡𝑟

𝑆 , using the relationship 𝑇2 𝑠𝑡𝑟
𝐷 ≈

 𝑇2 𝑠𝑡𝑟
𝑆 /2 as deduced experimentally by (Saxena and Freed 1996). 

  For six-pulse DQC, there are shown six figures, as follows. 
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Figure 3.12. Experimental spectrum for a polycrystalline sample of the nitroxide biradical and 

the best fit numerical simulation of the six-pulse (a) DQC time domain signal and (b) its Fourier 

transform. The value of the double quantum time was chosen to be 𝑡𝐷𝑄
(6) = 26.5. All the other 

parameters used in the simulation are the same as those mentioned in the caption of Figure 3.10. 

The six-pulse signal is plotted as a function of 𝑡𝑑𝑖𝑝 = 𝑡𝑚𝑎𝑥 − 2𝑡1  with 𝑡𝑚𝑎𝑥 = 1200 𝑛𝑠 . A 

baseline correction has been applied to the experimental time-domain signal. The simulated 

signal its Fourier transform are in very good agreement with those of the experiment. The 

experimental spectra reproduced from (Borbat and Freed 2002).  

 

 

(i) Figure 3.12 displays the experimental six-pulse DQC spectrum for a 

polycrystalline sample of the nitroxide biradical and the best fit numerical simulation for (a) one-

dimensional time-domain signal and (b) its Fourier transform (Pake doublets). The value of the 

double quantum time was chosen to be 𝑡𝐷𝑄
(6) = 26.5, the same as that used in the experiment 

(Borbat and Freed 2002). All the other parameters used in the simulation are the same as those 

listed in Table 3.1. The simulated six-pulse time-domain signal is plotted as a function of 𝑡𝑑𝑖𝑝 =

𝑡𝑚𝑎𝑥 − 2𝑡1  with 𝑡𝑚𝑎𝑥 = 1200 𝑛𝑠 . The signal and its Fourier transform are in very good 

agreement with those of the experiment.  

(ii)  The experimental six-pulse DQC ESR spectrum of the nitroxide biradical and the 

best fit numerical simulation is shown in Figure 3.13. The calculated ESR spectrum, in the 

frequency domain, is plotted by taking a constant slice along 𝑓𝑒𝑐ℎ𝑜 of 2D Fourier transform as a 

function of 𝑓𝑑𝑖𝑝 and 𝑓𝑒𝑐ℎ𝑜 at 𝑓𝑑𝑖𝑝 = 2.1𝑀𝐻𝑧. For the simulation, the value of (𝜃, ϕ) = (π/2,0) 

with the combination of three sets of Euler angles, which are (i) (α1, β1, γ1) = (α2, β2, γ2) =
(0, π/2,0) ; (ii) (α1, β1, γ1) = (0, π/2,0) , (α2, β2, γ2) = (0,0,0)  and (iii) (α1, β1, γ1) =
(0, π/2,0), (α2, β2, γ2) = (π/3, π/4, π/3) was used. The value of the double quantum time was 

chosen to be 𝑡𝐷𝑄
(6) = 26.5 𝑛𝑠. The simulated Fourier transform calculated using the numerical 

procedure is found to be in good agreement with the experiment.  
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Figure 3.13. Experimental six-pulse DQC ESR spectrum of the nitroxide biradical and the best 

fit numerical simulation. The ESR frequency is a constant slice along 𝑓𝑒𝑐ℎ𝑜 of 2D magnitude 

Fourier transform vs. 𝑓𝑑𝑖𝑝 and 𝑓𝑒𝑐ℎ𝑜, which are respective Fourier variables of 𝑡𝑑𝑖𝑝 and 𝑡𝑒𝑐ℎ𝑜, at 

𝑓𝑑𝑖𝑝 = 2.1𝑀𝐻𝑧. For the simulation, the value of (𝜃, ϕ) = (π/2,0) with the combination of three 

sets of Euler angles which are (i) (α1, β1, γ1) = (α2, β2, γ2) = (0, π/2,0) ; (ii) (α1, β1, γ1) =
(0, π/2,0), (α2, β2, γ2) = (0,0,0) and (iii) (α1, β1, γ1) = (0, π/2,0), (α2, β2, γ2) = (π/3, π/4, π/

3) was used. The value of the double quantum time was chosen to be 𝑡𝐷𝑄
(6) = 26.5.  

 

(iii) Figure 3.14 illustrates the effect of (𝑇2 𝑠𝑡𝑟
𝑆 , 𝑇2 𝑠𝑡𝑟

𝐷 ) on the magnitude, i.e. the absolute 

value of the complex signal, of the one-dimensional (1D) time and Fourier- transform signals 

along the echo time, 𝑡𝑒𝑐ℎ𝑜, axis for three different cases: (a) no relaxation, (b) (𝑇2 𝑠𝑡𝑟
𝑆 , 𝑇2 𝑠𝑡𝑟

𝐷 ) =
 (500, 300) ns, (c) (𝑇2 𝑠𝑡𝑟

𝑆 , 𝑇2 𝑠𝑡𝑟
𝐷 ) = (50, 25) ns. The 1D signals along 𝑡𝑒𝑐ℎ𝑜 are  obtained from the 

two-dimensional (2D) signal, 𝑆(𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜), by choosing constant slices along 𝑡𝑑𝑖𝑝 = 0. The 

effect of 𝑇2 𝑠𝑡𝑟
𝑆  on 1D signal along 𝑡𝑒𝑐ℎ𝑜  for large values of 𝑇2 𝑠𝑡𝑟

𝑆  and 𝑇2 𝑠𝑡𝑟
𝐷  is less significant 

here, owing to the rather short duration of the echo times considered, as compared to 𝑇2 𝑠𝑡𝑟
𝑆 .  

(iv) Figure 3.15 displays the 2D time-domain DQC  signals as  functions of (𝑡𝑑𝑖𝑝,  𝑡𝑒𝑐ℎ𝑜)  

and their Fourier transforms for three different cases: (a) without relaxation, (b) (𝑇2 𝑠𝑡𝑟
𝑆 , 𝑇2 𝑠𝑡𝑟

𝐷 ) =
(500,300) ns, the same values as those used in (Saxena and Freed 1997),  and (c) 

(𝑇2 𝑠𝑡𝑟
𝑆 , 𝑇2 𝑠𝑡𝑟

𝐷 ) =  (100, 50) ns. The decaying effect of relaxation for various 𝑇2 𝑠𝑡𝑟
𝑆  and 𝑇2 𝑠𝑡𝑟

𝐷  

(= 𝑇2 𝑠𝑡𝑟
𝑆 /2) times on the 2D time-domain signals and the consequent broadening of their Fourier 

transforms become more significant for smaller values of 𝑇2 𝑠𝑡𝑟
𝑆  as seen clearly from  Figure 3.15 

(f). 

(v) In Figure 3.16, the top view plots of the Fourier transforms corresponding to Figure 

3.15 are plotted in the central square. On the sides of it, the 2D Fourier transforms are integrated 

and normalized, i.e., dividing by the number of data points,  along the 𝑓𝑒𝑐ℎ𝑜 and 𝑓𝑑𝑖𝑝  axes to 

obtain the 1D signals shown on the top and right-hand side of the central square, respectively. 

The right-hand side plots show the ESR spectrum. In these integrated 1D plots, the effect of the 

relaxation along 𝑓𝑒𝑐ℎ𝑜 can be seen as the broadening of the peak at around 𝑓𝑒𝑐ℎ𝑜 = 50 MHz 

(vi) Figure 3.17 compares the effect of the relaxation on the intensity and broadening of 

the Fourier transform of the DQC signal on a semi-log scale for different values of the relaxation  
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         Time Domain        Frequency Domain 

       (ESR spectrum) 

  

 
 

  

 

Figure 3.14. The absolute value of the time-domain DQC signals (left) and their corresponding 

Fourier transforms (right) for the coupled nitroxides radicals system along the 𝑡𝑒𝑐ℎ𝑜 axis, sliced 

about the middle of the dipolar axis in the 2D (𝑡𝑑𝑖𝑝, 𝑡𝑒𝑐ℎ𝑜) plot, as calculated for the cases: (a) 

without relaxation; (b) with relaxation for (𝑇2 𝑠𝑡𝑟
𝑆 ,𝑇2 𝑠𝑡𝑟

𝐷 ) = (500 ns,300 ns); (c) with relaxation 

for  (𝑇2 𝑠𝑡𝑟
𝑆 ,𝑇2 𝑠𝑡𝑟

𝐷 ) = (50 ns, 25 ns). The chosen values of 𝑇2 𝑠𝑡𝑟
𝐷  are consistent with 𝑇2 𝑠𝑡𝑟

𝐷 ≈
 𝑇2 𝑠𝑡𝑟
𝑆 /2 as found experimentally (Saxena and Freed 1996). It should be noted that the Gaussian 

broadening is in competition with the relaxation broadening due to  𝑇2 𝑠𝑡𝑟
𝐷 , as discussed in Sec. 4. 

The insets in the right panel show the amplified part of the signal in the range 40-60 MHz to 

accentuate the effect of relaxation. 
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times. It is seen that along 𝑓𝑑𝑖𝑝, relaxation does affect the intensity of the Fourier transform by 

several orders of magnitude. The shape of the Fourier transform, however, remains totally 

unaffected. On the other hand, along the  𝑓𝑒𝑐ℎ𝑜 axis, both the intensity of the Fourier transforms, 

and the widths of the peaks are significantly affected by relaxation.   
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Figure 3.15.   Plots of the absolute values of the two-dimensional time domain DQC six-pulse 

signals for the coupled nitroxide system for three cases: (a) without relaxation and (b) and (c) 

with relaxation for two different values of (𝑇2 𝑠𝑡𝑟
𝑆 ,𝑇2 𝑠𝑡𝑟

𝐷 ) as noted on the top of each figure.  

 

 

 

 

 

 

 

 

Time Domain        Frequency Domain 
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Fig. 6  

 
 

 

 

 

Figure 3.16.  Contour plots of the 2D-Fourier transform of DQC six-pulse signals for three cases 

corresponding to Fig. 5. The corresponding 1D spectra, joined on the top and on the right-hand 

side of the contour plots, are obtained by integration along the 𝑓𝑒𝑐ℎ𝑜 and 𝑓𝑑𝑖𝑝 axes, respectively, 

and dividing by the number of data points to calculate averages.   The joined figures on the right-

hand side represent the absorption CW ESR spectra.  

  

(a) (b) 

(c) 
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Figure 3.17.  Semi-log plot intensity of the Fourier transforms versus (a) 𝑓𝑑𝑖𝑝 and (b) 𝑓𝑒𝑐ℎ𝑜for 

different values of the relaxation times. The values of the parameter used for the simulation are 

given in Table I. The intensity of the Fourier transform of the signal is reduced by several orders 

of magnitudes due to the relaxation in both cases. The relaxation also broadens the peaks along 

𝑓𝑒𝑐ℎ𝑜 axis. 

 

3.4 Two-pulse DQ and five-pulse DQM at X-band (9.26 GHz) and Ku-band (17.3 GHz) 

 

 

In this section, double-quantum (DQ) coherence transfers and signals in two-pulse DQ 

and five-pulse DQM (double quantum modulation) pulsed EPR sequences, utilized for 

orientation selectivity and distance measurements in biological systems using nitroxide biradicals, 

have been calculated here for both X-band (9.26 GHz) and Ku-band (17.3 GHz) pulsed EPR 

using a rigorous numerical algorithm. It is shown, in general, that both, a finite (selective) pulse, 

rather than an infinite (nonselective) pulse, and the dipolar interaction between the two nitroxide 

radicals, are needed to produce non-zero coherence transfers in 0→2 and 2→-1 transitions.  

 

3.4.1 Pulse schemes  

 

Two pulse DQ The pulse sequence for a DQ experiment is shown in Fig. Figure 3.18(a). 

It consists of two finite arbitrary pulses each with the duration 𝑡𝑝. After the application of the 

first pulse, the system can evolve freely with relaxation over time 𝑡1 on coherence pathway 𝑝 =
2  before the application of the second pulse, after which the coherence pathway 𝑝 = −1  is 

chosen. The signal is measured after time 𝑡2 after the second pulse. The echo in this two-pulse 

DQ sequence occurs at the time 𝑡2 = 2𝑡1.   
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Five pulse DQM. It is shown in Figure 3.18 (b). In this sequence, the first pulse (π/2)𝑥 

moves the density matrix on to the single-quantum coherence pathway ( 𝑝 = +1), over which it 

evolves for a period 𝑡1. The second pulse (π)𝑥 transfers this magnetization to 𝑝 = 0 coherence 

pathway and the density matrix evolves on it over the period 𝑡2 . Thereafter, the third pulse 
(π/2)𝑥  transfers the density matrix on to the double quantum (𝑝 = ±2) coherence pathways, 

over which the density matrix undergoes free evolution for the time interval 𝑡3 . It is then 

subjected to the fourth, refocussing pulse (π)𝑥 . After the time interval 𝑡4  on the coherence 

pathways 𝑝 = ±2, the fifth pulse (π/2)𝑥  finally transfers the density matrix on to the single 

quantum coherence pathway 𝑝 = −1 , on which the signal is detected after the time interval 𝑡5. 

In the experiment, 𝑡1=𝑡2 , which are stepped. As well, 𝑡3 = 𝑡4 which will here be denoted for this 

pulse sequence as 𝑡𝐷𝑄
(𝐷𝑄𝑀)

; it is kept fixed. The echo in this five-pulse DQM sequence occurs at 

the time 𝑡5 = 𝑡1.   

 

 

 

Figure 3.18.  The pulse schemes and the relevant coherence pathways for (a) two-pulse DQ 

sequence; (b) five-pulse DQM sequence. The time intervals (𝑡𝑖; 𝑖 = 1,2 for DQ and 𝑖 = 1,2,3,4,5 

for DQM) between the pulses, as well as after the last pulse for the two sequences are indicated.  
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3.4.2 Analytical expressions of two-pulse DQ and five-pulse DQM one-dimensional signals 

Analytical expressions of the signals are useful in deducing important features of the signal 

and its Fourier transform. In this section, the analytical expression for two-pulse DQ and five-

pulse DQM one-dimensional signals i.e., at the top of the echo, are expressed, following the 

general algorithm to calculate the analytical expression of pulsed EPR signal given in Sec.3.3.2.  

 

One-dimensional-two-pulse DQ signal Using the same approximations to calculate the 

analytical expressions of the pulsed EPR signals as in Sec. 3.3.2, the 1D signal for two-pulse DQ 

sequence i.e., at 𝑡1 = 𝑡2/2 is expressed as 

 DQSignal(𝑡2) = 𝑒
𝑖(3𝜙2−2𝜙1)𝑒−𝑡2/2𝑇2

𝐷
𝑒−𝑡1/𝑇2

𝑆
 

× Tr [(𝑃11
(1)𝑃41

(1)† − 𝑃14
(1)𝑃44

(1)†) {( 𝑃24
2 † +  𝑃34

2 †) 𝑃41
2  𝑒−𝑖

3
4
𝑑×(3cos2𝜃−1)𝑡2

+ 𝑃14
2 †(𝑃21

2 + 𝑃31
2 )𝑒+𝑖

3
4
𝑑×(3cos2𝜃−1)𝑡2}] 

 

 

(3.46) 

where 𝜙1 and 𝜙2 are the phase of the first and second pulses, respectively, and the trace is 

taken over the 9 × 9 hyperfine space. The 𝑃𝑖 𝑗
𝑘 , 𝑖 = 1,… ,4;  𝑗 = 1,4; 𝑘 = 1,2 terms in Eq. (3.46) 

are 9×9 matrices in the hyperfine space as defined in Sec. 3.3.2 General procedure to derive 

analytical expressions for multi-pulse-EPR Signals. An examination of Eq. (2.19) reveals that the 

signal depends on ±
3𝑑

4
× (3𝑐𝑜𝑠2θ − 1)𝑡2, whose Fourier transform, as a function of 𝑡2, would 

yield peaks at the frequencies ±
3𝑑

4
× (3𝑐𝑜𝑠2θ − 1) for the orientation of the dipolar axis with 

the external magnetic field at angle θ  . It is now seen that when the average over θ , ϕ  is 

calculated for any choice of the five independent Euler angles, the orientations with θ~π/2 

contribute predominantly to the polycrystalline averaging because of using the weighting factor 

of 𝑠𝑖𝑛 𝜃 in the powder average. This leads to the conclusion that the peaks of the signal, i.e., the 

Pake doublet, will occur at ±
3𝑑

4
 when averaged over the orientations of the two nitroxide dipoles.  

 

One-dimensional Five-pulse DQM signal  

 The five-pulse DQM sequence, shown in Figure 3.18 (b), is tantamount to two coherence 

pathways, both of which lead to the formation of an echo at 𝑡5 = 𝑡1. These are: 

  

(i)                𝑝 =  0 → +1 → 0 → +2 → −2 → −1 

(ii)                𝑝 =  0 → +1 → 0 → −2 → +2 → −1 

 

 

    (3.47) 

 

In the analytical calculations here, finite pulses are used to affect the transitions 1→ 0 and 0 →
±2, otherwise for the remaining pathways strong pulses are used, which do not require inclusion 

of 𝐻0., so that 𝐻𝑝 ≫ 𝐻0..  

Following the procedure described in Sec. 3.3.2, the 1D five-pulse DQM signals for the 

two coherence pathways in Eq. (3.47) are calculated for 𝑡1 = 𝑡5, for the orientation of the dipolar 



 

54 
 

axis, oriented at an angle  𝜃 with respect to the external magnetic field (lab frame), indicated by 

the superscripts (i) and (ii), respectively, to be as follows: 

 

  

𝑆𝑖𝑔𝑛𝑎𝑙𝐷𝑄𝑀
(𝑖) (𝑡5) =  

1

4
𝑒−𝑖(𝜙1−𝜙2+2𝜙3−4𝜙4+𝜙5)𝑒−2𝑡𝐷𝑄

(𝐷𝑄𝑀)
/𝑇2
𝐷

𝑒−2𝑡5/𝑇2
𝑆
𝑒−𝑡5/𝑇1    

× 𝑇𝑟 [(𝑃11
3 𝑀1𝑃14

2 †𝑃41
3 † + 𝑃14

3 𝑀2𝑃44
2 †𝑃44

3 † + (𝑃12
3 𝑀3 + 𝑃13

3 𝑀4) (𝑃24
2 †𝑃42

3 † +

𝑃34
2 †𝑃43

3 †)) 𝑒𝑖𝑑(3𝑐𝑜𝑠
2θ−1)𝑡5 − (𝑃11

3 𝑃11
2 𝑀1

†𝑃41
3 † + 𝑃14

3 𝑃41
2 𝑀2

†𝑃44
3 † + (𝑃12

3 𝑃21
2 +

𝑃13
3 𝑃31

2 ) (𝑀3
†𝑃42

3 † +𝑀4
†𝑃43

3 †)) 𝑒−𝑖𝑑(3𝑐𝑜𝑠
2θ−1)𝑡5]                                                                                         

𝑆𝑖𝑔𝑛𝑎𝑙𝐷𝑄𝑀
(𝑖𝑖) (𝑡5) =  −

1

4
𝑒−𝑖(𝜙1−𝜙2−2𝜙3+4𝜙4+3𝜙5)𝑒−2𝑡𝐷𝑄

(𝐷𝑄𝑀)
/𝑇2
𝐷

𝑒−2𝑡5/𝑇2
𝑆
𝑒−𝑡5/𝑇1  

× Tr [(𝑃41
3 𝑀1𝑃14

2 †𝑃11
3 † + 𝑃44

3 𝑀2𝑃44
2 †𝑃14

3 † + (𝑃42
3 𝑀3 + 𝑃43

3 𝑀4) (𝑃34
2 †𝑃13

3 † +

𝑃24
2 †𝑃12

3 †)) 𝑒𝑖𝑑(3𝑐𝑜𝑠
2θ−1)𝑡5 − (𝑃41

3 𝑃11
2 𝑀1

†𝑃11
3 † + 𝑃44

3 𝑃41
2 𝑀2

†𝑃14
3 † + (𝑃42

3 𝑃21
2 +

𝑃43
3 𝑃31

2 ) (𝑀3
†𝑃12

3 † +𝑀4
†𝑃13

3 †)) 𝑒−𝑖𝑑(3𝑐𝑜𝑠
2θ−1)𝑡5]                                                                                             

 

 

 

 

 

(3.48) 

 

 

 

 

 

(3.49) 

The 𝑀𝑖 , 𝑖 = 1,2,3,4 terms in Eqs. (3.48) and (3.49) are  

 

 

𝑀1 = 𝑃12
(2)
+ 𝑃13

(2)
 

𝑀2 = 𝑃42
(2)
+ 𝑃43

(2)
 

𝑀3 = 𝑃22
(2)
+ 𝑃23

(2)
 

𝑀4 = 𝑃32
(2)
+ 𝑃33

(2)
 

(3.50) 

 

The five-pulse DQM signal, is then:  

  

𝑆𝑖𝑔𝑛𝑎𝑙𝐷𝑄𝑀(𝑡1) = 𝑆𝑖𝑔𝑛𝑎𝑙𝐷𝑄𝑀
(𝑖) (𝑡1) + 𝑆𝑖𝑔𝑛𝑎𝑙𝐷𝑄𝑀

(𝑖𝑖) (𝑡1)  

 

(3.51) 

It is seen from Eqs. (3.48) and (3.49) that the main dipolar peaks for a chosen orientation 

of the two nitroxide dipoles with respect to the dipolar axis, oriented at an angle  𝜃 with respect 

to the lab axis, occur at  ±𝑑 × (3cos2𝜃 − 1) in the Fourier transform taken with respect to time 

variable 𝑡5. This shows that the Pake doublet for the 1D five-pulse DQM signal, occurs at ±𝑑 in 

the Fourier transform of the signal. 
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3.4.3 Coherence transfer and orientational selectivity in two-pulse DQ and five-pulse DQM 

signals 

3.4.3.1 Coherence transfer efficiency 

It is important to have an estimate of the coherence transfer, 𝑇𝑚→ 𝑛 , which is the 

probability of transition from the pathway 𝑚 to the pathway 𝑛, since the intensity of the signal 

increases with increasing coherence transfer. It is calculated as follows.  

The density matrix for the pathway 𝑛 after phase cycling subsequent to the application of 

a pulse is proportional to the spin operator corresponding to the coherence pathway 𝑛, which is 

𝑆𝑧  for the coherence pathway 𝑝 = 0 (needed for five-pulse DQM only), 𝑆±  for the coherence 

pathways 𝑝 = ±1  and (𝑆±. 𝑆±)  for the coherence pathways 𝑝 = ±2  The coherence transfer, 

𝑇𝑚→ 𝑛,  for the pathway 𝑛 is then obtained by taking the trace of the density matrix resulting by 

the action of the pulse with the adjoint of the projection operator matrix for the coherence 

pathway 𝑛, listed in Appendix B.  

The coherence-transfer efficiency for the transitions 0→2 and 2→-1 occurring in a DQ 

and DQM experiments is zero for a nonselective pulse (Saxena and Freed 1997). With the 

application of a finite pulse, however, one can obtain non-zero coherence transfers  𝑇0→2 and 

𝑇2→−1 . Using the rigorous numerical calculation, wherein one considers the full static spin 

Hamiltonian during the pulse, it is shown here that, indeed,  𝑇0→2 and 𝑇2→−1are non-zero for the 

system of coupled nitroxides as effected by a pulse of finite duration. 

 The results of numerical simulations for the coherence transfers 𝑇0→ 2  and 𝑇2→ −1  
described above for a polycrystalline sample are plotted as functions of the amplitude of the 

irradiation microwave field 𝐵1 and the duration of the pulse 𝑡𝑝 in Figure 3.19, Figure 3.20 and 

Figure 3.21 for 𝑑 = 10, 20, 30 MHz, respectively. It is seen by comparison that a maximum 

efficiency is found to occur for both 𝑇0→ 2 and 𝑇2→ −1 , with an experimentally achievable 𝐵1=60 

G and 𝑡𝑝 = 65 ns for all the three values of 𝑑 considered here. The coherence transfers are found 

to be significantly affected by the dipolar interaction; specifically, the efficiency of the coherence 

transfer in the transition 𝑇0→ 2 and 𝑇2→ −1 values are about  (0.03, 0.08, 0.11) and (0.03, 0.06, 

0.10) for  𝑑 = 10, 20, 30 MHz, respectively.  

 

3.4.3.2 Orientational selectivity  

 

There occurs orientational selectivity when the signal is determined predominantly by 

those biradicals, whose dipolar axes are oriented in a narrow range about the static magnetic field 

direction.  

Exact numerical calculation. For these calculations, it is first noted that the forbidden 

transition 𝑝 = 0 → 2 in the two-pulse DQ and five-pulse DQM sequences becomes possible 

only in the presence of the dipolar interaction and a for a finite pulse as discussed later in this 

section. When this condition is satisfied, the coherence transfer T0→2 is found to be much larger 

in a very narrow range about four specific values of θ, the angle between the dipolar axis and the 

external magnetic field. These specific four angles depend on the amplitude of the irradiation 

field, 𝐵1, and the dipolar interaction, 𝑑, as the simulations presented here show for T0→2  for three 

values of 𝑑 =  20, 30, and 40 MHz as displayed in Figure 3.22(a), Figure 3.22(b), Figure 3.22(c),  
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 Figure 3.19 Two-pulse DQ coherence transfers for a polycrystalline sample, averaged over 

twenty Monte-Carlo orientations of the nitroxide dipoles of the biradical: (left) the absolute 

values and (right) their contour plots of the coherence transfers; (top) T0 → 2 and (bottom) T2 →-1, 

as functions of the intensity of the irradiation microwave magnetic pulse, 𝐵1 and the duration of 

the pulses, 𝑡𝑝  for the dipolar coupling constant 𝑑 = 10  MHz. All the parameters used for 

simulations are the same as those listed in Table 3.1. It is seen from these simulations that the 

maximum coherence transfer is achieved for both 0 →2 and 2 →− 1  transitions with  𝐵1 =
60 𝐺 and 𝑡𝑝 = 65 ns, which are experimentally feasible values.  
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Figure 3.20 The same details as those for Figure 3.19, except that here the simulations are for the 

dipolar-coupling constant d = 20 MHz 
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Figure 3.21 The same details as those for Figure 3.19, except that here the simulations are for the 

dipolar-coupling constant d = 30 MHz. 

 

respectively, for varying values of 𝐵1. It is found from these figures that for smaller 𝐵1 there are, 

indeed, two such values of θ  in the range  0○ ≤ θ0 ≤ 90
○ , and two more about its 

supplementary angle 125.26○ , for which the 𝑇0→2  value is much larger than those for other 

values of θ. These values are found to be situated symmetrically within 10○  away from the 

magic angle 54.74○  at which (3𝑐𝑜𝑠2θ − 1) = 0 , and its supplementary angle 125.26○ , 

becoming closer to the magic angle as 𝑑 increases, as seen from Figure 3.22, giving rise to 

orientational selectivity; implying that these spins will be preferentially pumped from the 𝑝 = 0 

to the 𝑝 = 2  coherence state. This implies that there occurs orientational selectivity.  This 

orientational selectivity of the forbidden DQ signal occurs up to a maximum value of 𝐵1 that 

depends on d. These maximum 𝐵1values are 1.5, 2.0, and 3.0 G for d = 20, 30, and 40 MHz for 

both, the two-pulse DQ and five-pulse DQM sequences.  

In order to display orientational selectivity, the coherence transfer efficiency 𝑇0→2 is plotted as a 

function of θ, the angle between the dipolar axis and the external magnetic field, as calculated 

using the analytical expression (3.59), in Figure 3.22(𝑎1), (𝑏1)), (𝑐1) for d = 20, 30, 40 MHz, 
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respectively,  for several weak irradiation microwave fields 𝐵1(≤ 5.0 G), each for an appropriate 

time interval 𝑡𝑝, so that the tip angle β = π/2. In each case, a polycrystalline average is taken 

over 20 simulations, carried out with randomly generated set of the five independent orientation 

angles for the two nitroxide dipoles, using the Monte-Carlo technique. For comparison, the same 

simulations are carried out numerically without neglecting any terms in the spin Hamiltonian. 

The results are plotted in Figure 3.22 (𝑎2), (𝑏2), (𝑐2), alongside the ones obtained using the 

analytical expressions. The two sets are found to be in very good agreement with each other, 

justifying the validity of the analytical expressions (3.59) and (3.60)  

 Analytical treatment of orientational selectivity.  It is useful to have analytical expressions 

for a quick calculation and evaluation of important features of coherence transfer, i.e., 

orientational selectivity. To this end, some approximations are made to simplify the calculation. 

One of the approximations made in the following treatment is to neglect the Zeeman and 

hyperfine terms with coefficients ( 𝐶1, 𝐶2 )  and (𝐴1, 𝐵1, 𝐴2, 𝐵2 ), respectively, in the spin 

Hamiltonian given by Eq. (2.1). However, one has to compensate for it by modifying the 

frequency ω1 to an effective frequency, 𝜔1𝑒𝑓𝑓, as discussed below. 

Effective frequency of rotation, 𝜔1 (𝜔1𝑒𝑓𝑓). The presence of the pulse, i.e., the microwave 

field, B1, tips the magnetization differently out of the precession about the z-axis, where it was 

before the application of the pulse.  This implies that the magnetization is now tipped by an 

effective magnetic field 𝑩𝒆𝒇𝒇, which is the vector sum of B1 and B0, causing the magnetizations 

of the two electrons to tip around their respective 𝑩𝒆𝒇𝒇 = B1 + B0, at a faster effective rate 

(Raitsimring and Borbat 1996). This is considered for the two dipoles of the biradical by taking 

the average of the effective angular velocities for the two dipoles, since only one dipole is 

flipped by the pulse at a time: 

 𝜔1𝑒𝑓𝑓 = 𝛾𝑒𝐵1𝑒𝑓𝑓 = {(𝜔1
2 + 𝐶1

2)
1 2⁄
+ (𝜔1

2 + 𝐶2
2)
1 2⁄
}/2 (3.52) 

where 𝜔1 = γeB1  and 𝐶1 , 𝐶2 , respectively, are the coefficients of 𝑆𝑧1  and 𝑆𝑧2  in the spin 

Hamiltonian, Eq. (2.2), given by Eq. (A.4) in Appendix A. From Eq. (5.1), it is seen that for a 

strong pulse, i.e., 𝜔1 ≫ 𝐶1, 𝐶2, one can approximate 𝜔1𝑒𝑓𝑓 by  𝜔1, whereas for a weak pulse, the 

effect of Zeeman terms must be included. The Zeeman and hyperfine terms in the static 

Hamiltonian, given by Eq. (3.2), are responsible for a detuning from the carrier frequency as 

discussed above in this section. As a result, 𝜔1 will be substituted here by ω1𝑒𝑓𝑓 , which is given 

by Eq. (3.52), following the discussion given by (Raitsimiring and Borbat1996). Then only the 

dipolar-interaction term 𝐻12 need to be taken into consideration for the calculation of coherence 

transfer, which makes it simpler to derive analytical expressions, as follows.   

In the magnetic basis of the two electrons, the matrix for 𝐻0  in the direct-product space 

(see Appendix B), is then given as  

  

 𝐻12 = 𝑎/3 (2𝑆𝑧
2 − 𝑆𝑥

2 − 𝑆𝑦
2) = (

𝑎/3 0 0 0
0 −𝑎/3 −𝑎/3 0
0 −𝑎/3 −𝑎/3 0
0 0 0 𝑎/3

) (3.53) 
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Figure 3.22 The coherence transfer 𝑇0→2 plotted as function of θ, as calculated: left (𝑎1, 𝑏1, 𝑐1) 

using the analytical expression, Eq.(3.59), and right (𝑎2, 𝑏2, 𝑐2 ) rigorously using numerical 

simulations for different values of the amplitude of the irradiation microwave pulse, 𝐵1 , 

indicated next to each plot for (𝑎1, 𝑎2) 𝑑 = 20 MHz, (𝑏1, 𝑏2) 𝑑 = 30 MHz and (𝑐1, 𝑐2) 𝑑 = 40 

MHz. The duration of the pulse 𝑡𝑝 in each case is chosen consistent with a nominal π/2 pulse 

and amplitude 𝐵1. The two sets, calculated using analytical expressions and exact numerical 

algorithm, are found to be in very good agreement with each other. Regardless of the values of 𝑑 

and 𝐵1, the coherence transfer is zero at the magic angle θ = 54.74○ and at its supplementary 

angle θ = 125.26○ , i.e., the values which make (3𝑐𝑜𝑠2(θ) − 1) = 0 . The orientational 

selectivity, determined by the sharpness of the peaks, occurs at lower values of 𝐵1 for each 𝑑 

value. These values are less than 1.5, 2.0, and 3.0 G for d = 20, 30, and 40 MHz, respectively. 
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where 𝑆z = Sz1⨂ 𝕝𝑆2 + 𝕝𝑆1⨂Sz2 , 𝑆x = Sx1⨂ 𝕝𝑆2 + 𝕝𝑆1⨂Sx2  𝑆y = Sy1⨂ 𝕝𝑆2 + 𝕝𝑆1⨂Sy2 , and 𝑎 =
3𝑑

4
(3𝑐𝑜𝑠2θ − 1). The matrix for 𝐻𝑝 , using 𝜔1𝑒𝑓𝑓, is:  

 𝐻𝑝 =

(

 
 
 
 
 

0
1

2
𝜔1𝑒𝑓𝑓  𝑒

−𝑖𝜙
1

2
𝜔1𝑒𝑓𝑓 𝑒

−𝑖𝜙 0

1

2
𝜔1𝑒𝑓𝑓𝑒

𝑖𝜙 0 0
1

2
𝜔1𝑒𝑓𝑓𝑒

−𝑖𝜙

1

2
𝜔1𝑒𝑓𝑓  𝑒

𝑖𝜙 0 0
1

2
𝜔1𝑒𝑓𝑓  𝑒

−𝑖𝜙

0
1

2
𝜔1𝑒𝑓𝑓𝑒

𝑖𝜙
1

2
𝜔1𝑒𝑓𝑓 𝑒

𝑖𝜙 0 )

 
 
 
 
 

 (3.54) 

For the calculation of the coherence transfer, the phase of the pulse, ϕ, is set equal to zero. The 

eigenvalues, 𝐸𝑝 and the eigenvectors, 𝑈, of matrix 𝐻12 + 𝐻𝑝 , using Eqs. (3.53) and (3.54) are 

given as   

 𝐸𝑝 = 𝑈
†. (𝐻12 + 𝐻𝑝). 𝑈 =

(

 
 
 
 



0 0 0 0

0
𝑎

3
0 0

0 0 −
1

6
(𝑎 + 3𝛺) 0

0 0 0
1

6
(3𝛺 − 𝑎))

 
 
 
 

 

 

(3.55) 

where 

 
𝑈 =

(

 
 
 
 
 
 
 
 

0 −
1

√2

√2𝜔1𝑒𝑓𝑓

√(𝑎 + 𝛺)2 + 4𝜔1𝑒𝑓𝑓2

√2𝜔1𝑒𝑓𝑓

√(𝑎 − 𝛺)2 + 4𝜔1𝑒𝑓𝑓2

−
1

√2
0 −

𝛺 + 𝑎

√2√(𝑎 + 𝛺)2 + 4𝜔1𝑒𝑓𝑓2

𝛺 − 𝑎

√2√(𝑎 − 𝛺)2 + 4𝜔1𝑒𝑓𝑓2

1

√2
0 −

𝛺 + 𝑎

√2√(𝑎 + 𝛺)2 + 4𝜔1𝑒𝑓𝑓2

𝛺 − 𝑎

√2√(𝑎 − 𝛺)2 + 4𝜔1𝑒𝑓𝑓2

0
1

√2

√2𝜔1𝑒𝑓𝑓

√(𝑎 + 𝛺)2 + 4𝜔1𝑒𝑓𝑓2

√2𝜔1𝑒𝑓𝑓

√(𝑎 − 𝛺)2 + 4𝜔1𝑒𝑓𝑓2 )

 
 
 
 
 
 
 
 

 

  

(3.56) 

and 

 
Ω = √𝑎2 + 4𝜔1𝑒𝑓𝑓2 

 (3.57) 

Then the pulse propagator, including the dipolar Hamiltonian, is expressed as  

 𝑒−𝑖(𝐻12+𝐻𝑝)𝑡𝑝 = 𝑈. 𝑒−𝑖𝐸𝑝𝑡𝑝 . 𝑈† (3.58) 

 The coherence transfer for the transition 0 →2 is then: 
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 𝑇0→2 =  𝐴𝑏𝑠{𝑇𝑟[(𝑆−. 𝑆−)/2. 𝑒
−𝑖(𝐻12+𝐻𝑝)𝑡𝑝 . 𝑆𝑧. 𝑒

𝑖(𝐻12+𝐻𝑝)𝑡𝑝]}

= 𝐴𝑏𝑠 (
𝑎 cos(

𝑎𝑡𝑝
2 ) sin(

𝛺𝑡𝑝
2 )

𝛺
− sin(

𝑎𝑡𝑝

2
) cos(

𝛺𝑡𝑝

2
)) 

(3.59) 

 

In the middle part of Eq. (3.59), a division of 2 has been added after the first equality to extract 

the (1,4) element of the transformed density matrix. Likewise, for the transition 2 →− 1, the 

magnitude of the coherence transfer is:  

 𝑇2→−1 = 𝐴𝑏𝑠{𝑇𝑟[𝑆+. 𝑒
−𝑖(𝐻12+𝐻𝑝)𝑡𝑝 . (𝑆+. 𝑆+)/2. 𝑒

𝑖(𝐻12+𝐻𝑝)𝑡𝑝]}

= 𝐴𝑏𝑠

(

 
 
2𝜔1𝑒𝑓𝑓   sin (

1
2Ω𝑡𝑝) (𝑎 sin (

1
2Ω𝑡𝑝) − Ω sin

(
𝑎 𝑡𝑝
2
))

Ω2

)

 
 

 
 

 

 

 

 

(3.60) 

 

After the first equality in Eq. (3.60), a division of 2 has been added to render the (1,4) element of 

the density matrix corresponding to 𝑝 =  +2 state equal to unity. It is noted from Eqs. (3.59) and 

(3.60) that in the limit when the dipolar coupling, 𝑑, or the duration of the pulse, 𝑡𝑝 approaches 

zero, both the coherence transfers 𝑇0→2 and 𝑇2→−1  vanish. This implies that one needs a finite 

pulse, together with the dipolar interaction, to produce a non-zero coherence transfer.  

 

3.4.4 Results of numerical simulations of two-pulse DQ and five-pulse DQM at X-band 

The numerical simulations for calculations of two-pulse DQ and five pulse DQM for a 

coupled nitroxide biradical are performed following the procedure described in Sec. 3.1 

Numerical procedure. The results are shown in Figures 3.23 – 3.25 displaying the dependence of 

the time-domain and Fourier transforms of DQ and DQM signals for the dipolar-coupling 

constants:  𝑑 = 0.5, 7, 10, 20, 30, 40, 50 MHz, simulated at the top of the echo i.e., at 𝑡2 = 2𝑡1 

and 𝑡5 = 𝑡1 for DQ and DQM pulse sequences, respectively. In Fig. 3.19, the amplitude of the 

radiation microwave field 𝐵1 = 10𝐺 and the duration of the finite pulses 𝑡𝑝 = 80 ns and in Fig. 

3.20, 𝐵1 = 60𝐺  and 𝑡𝑝 = 65  ns, corresponding to the maximum coherence efficiency as 

discussed in Sec. 3.4.3, are used. The dead time of 𝑡𝑑 = 35 ns, as that reported experimentally in 

(Borbat and Freed 2002), is assumed here. This means that the signal during the initial 35 ns, 

shown as hatched in Figs. 3.23-3.24, cannot be recorded in the experiment. To consider the effect 

on the Fourier transform of the signal that can be recorded, the Fourier transforms with respect to 

both actual time variables and reduced times are plotted in Figs. 3.23–3.25, shown in black and 

blue, respectively. It is seen that the Fourier transform taken with respect to the reduced times 

does not distort the Pake doublets, or its position. It reduces only the intensity and the width of 

the Fourier transform. For 𝑑 = 0.5 MHz, the dead-time covers only a negligible part of the 

signal. The modulation depth, Δ, can then be calculated for this case. It is found to be almost 

100%, as seen from Figs. 3.23-3.25. As for 𝑑 > 7  MHz, Δ  cannot be measured, because a 

significant part of the initial signal is lost in the dead-time.  The Pake doublets in the Fourier 

transform of the DQ signals shown in Figs. 3.19 and 3.20, indeed, appear at ±
3

4
𝑑, whereas in the 

case of DQM signals, it appears at ±𝑑, as deduced theoretically in Sec. 3.4.2.  
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Figure 3.23 Dependence of the two-pulse DQ signal on the dipolar-coupling constant for a 

polycrystalline sample, averaged over twenty Monte-Carlo orientations of the nitroxide dipoles: 

left ( 𝑎1, 𝑏1, 𝑐1, 𝑑1,  𝑒1, 𝑓1,  𝑔1 ): time domain DQ signals for 𝑡2 = 2𝑡1  and right 

(𝑎2, 𝑏2, 𝑐2, 𝑑2,  𝑒2, 𝑓2,  𝑔2): their Fourier transforms (Pake doublets) for three different values of 

the dipolar-coupling constant  𝑑 = 10, 20, 30  MHz. In all simulations, the amplitude of the 

irradiation microwave pulse 𝐵1 is 10𝐺  and the duration, 𝑡𝑝 , for both pulses is 80 ns. All the 

other parameters used for the simulations are the same those listed in Table 3.1. The relaxation is 

not considered in these simulations. All Pake doublets appear at ±3𝑑/4. The same dead time, 

𝑡𝑑=35 ns, as that reported in (Borbat and Freed 2002), is used here. The time-domain signal in 

the initial 35 ns interval, shown as hatched is lost in the dead-time of the pulse. The 

corresponding Fourier transform with respect to both 𝑡2 and 𝑡2 − 𝑡𝑑 are plotted, shown in black 

and blue, respectively. 
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Figure 3.24. The same details as in the caption of Figure 3.23, except here 𝐵1 = 60𝐺 and 𝑡𝑝 =

65  ns, corresponding to the maximum coherence efficiencies for both 𝑇0→2  and 𝑇2→−1  as 

discussed in Sec. 3.4.3.1 Coherence transfer efficiency.  
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Figure 3.25. Dependence of the five-pulse DQM signal on dipolar coupling constant for a 

polycrystalline sample, averaged over twenty Monte-Carlo orientations of the nitroxide dipoles: 

left (𝑎1, 𝑏1, 𝑐1) time domain DQ signals for 𝑡5 = 𝑡1 and right (𝑎2, 𝑏2, 𝑐2) their Fourier transforms 

(Pake doublets) for three different values of the dipolar coupling constant  𝑑 = 10, 20. 30 MHz. 

The amplitude of the irradiation microwave pulse 𝐵1 = 17.8𝐺  and the duration of the finite 

pulses (𝑡𝑝)1 = (𝑡𝑝)3 = (𝑡𝑝)5 = 5𝑛𝑠 (π/2 𝑝𝑢𝑙𝑠𝑒𝑠)  and (𝑡𝑝)2 = (𝑡𝑝)4 = 10𝑛𝑠 (π 𝑝𝑢𝑙𝑠𝑒𝑠)   ns 

are used for all simulations.. The relaxation is not considered in these simulations. The dead-time 

of 𝑡𝑑 = 35 ns, as used experimentally in (Borbat and Freed 2002), at X-band is used. The initial 

35 ns interval of the time domain signals, included in the dead-time of the pulse, is shown as 

hatched; it cannot be recorded in the experiment. The Fourier transform shown in blue is taken 

with respect to 𝑡1 − 𝑡𝑑  whereas that in black is taken with respect to 𝑡1. All Pake doublets appear 

at ±𝑑. 
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The top view plots of the two-dimensional Fourier transform of DQ signal for a coupled 

nitroxides biradical with the coupling constants: (a) 𝑑 = 20  MHz and (b) 𝑑 = 30  MHz, are 

shown in Fig. 3.26. The 2D Fourier transform is plotted as a function of the double quantum 

frequency, 𝐹1 and 𝐹𝐸𝑆𝑅, the ESR frequency which are the Fourier variables corresponding to 𝑡1 

and 𝑡2 in the DQ sequence, respectively. The corresponding 1D spectra, joined on the top and on 

the right-hand side of the contour plots, respectively, are obtained by integration along the ESR 

frequency and 𝐹1 axes, and dividing by the number of data points to calculate averages. The 

joined figures on the right-hand side represent the absorption CW ESR spectra. The amplitude of 

the radiation microwave field 𝐵1 = 60𝐺  and the duration of the finite pulses 𝑡𝑝 = 65  ns, 

corresponding to the maximum coherence efficiencies for both 𝑇0→2 and 𝑇2→−1 are used for all 

simulations. All other parameters used for the simulations are listed in Table 3.1. Relaxation is 

not considered in these simulations. 

  

  

Figure 3.26 The two-dimensional top views of the Fourier transforms of the DQ signal as a 

function of the double quantum frequency, denoted as 𝐹1, corresponding to the time 𝑡1 in Figure 

3.18(a), showing the pulse sequence, and the ESR frequency, 𝐹𝐸𝑆𝑅, corresponding to the time 𝑡2 

after the second pulse  as shown in Figure 3.18 (a) for a coupled nitroxides biradical with the 

coupling constants: (a) 𝑑 = 20 MHz and (b) 𝑑 = 30 MHz. The corresponding 1D spectra, are 

joined on the top and on the right-hand sides of the top views, as obtained by the summation 

along the 𝐹𝐸𝑆𝑅  and 𝐹1  axes, respectively, and by dividing by the number of data points to 

calculate averages. The attached figures on the right-hand sides represent the absorption CW 

ESR spectra, wherein the static field is kept at the fixed value and the frequency is varied. The 

amplitude of the radiation microwave field 𝐵1 = 60𝐺 and the duration of the pulse 𝑡𝑝 = 65 ns is 

used for both pulses, corresponding to the maximum coherence efficiencies for both 𝑇0→2 and 

𝑇2→−1 are used for the simulations. All other parameters used for the simulations are the same as 

those listed in Table 3.1. The relaxation is not considered here.  

 

 

 



 

70 
 

 

 

Figure 3.27 The simulation made using the numerical algorithm to fit the experimental five-pulse 

DQM signal of the nitroxide biradical (Saxena and Freed 1996). The experimental data shown is 

a profile of the three-dimensional experiment along the maximum slice at 𝑡5 = 𝑡1 reported in 

(Saxena and Freed 1996). The simulation parameters are: 𝐵1 =17.8 G, d=12.3 MHz, 𝑇2
𝑆 =

500𝑛𝑠, 𝑇2
𝐷 = 300𝑛𝑠. The duration of the pulses is: (𝑡𝑝)1

= (𝑡𝑝)3
= (𝑡𝑝)5

= 5𝑛𝑠 and (𝑡𝑝)2
=

(𝑡𝑝)4 = 10𝑛𝑠 . The other parameters are the same as those listed in Table 3.1.   

 

Figure 3.27 shows the simulation of the five-pulse DQM signal of the nitroxide biradical 

to fit the experimental data obtained by (Saxena and Freed 1996). The simulations are carried out, 

using the same parameters as those listed in (Saxena and Freed 1996), employing the numerical 

algorithm as given in Sec. 3.1 Numerical procedure. The experimental data shown here is a 

profile of the maximum of the intensity that occurs for 𝑡5 = 𝑡1 of the intensity versus (𝑡5, 𝑡1) data, 

reported in (Saxena and Freed 1996). The parameters used for the simulation are  the same as 

that used in (Saxena and Freed 1996), which are specifically: 𝐵1 =17.8 G; d=12.3 MHz, 𝑇2
𝑆 =

500𝑛𝑠 , 𝑇2
𝐷 = 300𝑛𝑠 ; (𝑡𝑝)1 = (𝑡𝑝)3 = (𝑡𝑝)5 = 5𝑛𝑠  and (𝑡𝑝)2 = (𝑡𝑝)4 = 10𝑛𝑠 . The other 

parameters are the same as those listed in Table 3.1. The simulation shows a reasonably good 

agreement, within experimental errors, to the experiment (Saxena and Freed 1996). 

 

3.4.5 Two-pulse DQ and five-pulse DQM at Ku-band 

The two pulse DQ and five pulse DQM signals at Ku-band are plotted in Figure 3.28, 

along with their Fourier transforms. The same parameter as those used for the simulation of two-

pulse DQ and five-pulse DQM signals in Figure 3.23 𝑐1 and Figure 3.25 𝑐1, respectively, are 

used for the simulation at Ku- band except that here 𝐵0 = 6200𝐺. The dead-time of 25~ns is 

used at Ku-band in accordance with the experiment (Borbat and Freed 2002). The initial 25 ns 

interval of the time domain signals covered by the dead time of the pulse, which cannot be 
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recorded in the experiment, is shown as hatched. The Fourier transforms shown in blue are taken 

with respect to the reduced times 𝑡2 − 𝑡𝑑  and 𝑡5 − 𝑡𝑑, where 𝑡𝑑 is the dead time, whereas those 

in black are taken with respect to 𝑡2 and 𝑡5 for two-pulse DQ (Figure 3.28 𝑎2) and five-pulse 

DQM (Figure 3.28 𝑏2), respectively. The Pake doublets in two-pulse DQ and five-pulse DQM at 

Ku-band appear at ±3𝑑/4 and ±𝑑, respectively, the same as that at X-band. It is noted that the 

intensities of the signals and their respective amplitudes of Fourier transforms are larger at Ku-

band as compared to those at X-band.  

The numerical simulation for the coherence transfer 𝑇0→2  as function of θ, were also 

carried out at Ku-band (not included here) and there was found absence of orientational 

selectivity, i.e., the coherence transfer is not especially large for any range of θ values, unlike 

that at X-band (Figure 3.22).   

 

 
 

  

Figure 3.28 The two pulse DQ and five pulse DQM signals at  Ku-band for a polycrystalline 

sample, averaged over twenty Monte-Carlo orientations of the nitroxide dipoles: left (𝑎1) time 

domain DQ signal for 𝑡2 = 2𝑡1; (𝑎2) time domain DQM signal for 𝑡5 = 𝑡1 and right (𝑎2, 𝑏2) 

their Fourier transforms (Pake doublets) for 𝑑 =  10 MHz. For simulation of DQ signal, the 

amplitude of the irradiation microwave pulse was 𝐵1 = 60G and the duration of the finite pulses 

𝑡𝑝 for both pulses was 65 ns, whereas for the simulation of five-pulse DQM signal 𝐵1= 17.8G 

and the duration of the finite pulses (𝑡𝑝)1 = (𝑡𝑝)3 = (𝑡𝑝)5 = 5ns (π/2  pulses) and (𝑡𝑝)2 =

(𝑡𝑝)4 = 10 ns (π pulses) ns are used. All other parameters used for the simulations are the same 

as those listed in Table 3.1. The effect of relaxation is not considered in these simulations. 
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Figure 3.29 Comparison between the intensities of the Pake doublets at Ku-band obtained for (a) 

COSY; (b) two-pulse DQ; (c) five-pulse DQM; (d) four-pulse DQC; (e) five-pulse DQC and (f) 

six-pulse DQC at Ku-band. The Fourier transform of the various signals are taken with respect to 

𝑡1 − 𝑡𝑑 to consider the dead-time effect, except for five- and 6-pulse DQC sequences, where the 

dead-time effect is absent. The amplitude of the irradiation microwave field is 𝐵1 = 60.0 𝐺 and 

the dipolar coupling constant 𝑑 = 10 MHz are used in the simulations. All the other parameters 

used are the same as those listed in Table I. In order to make a valid comparison between the 

intensities, the relaxation effect is considered in all the simulations, using 𝑇2
𝑆 = 500 𝑛𝑠, 𝑇2

𝐷 =
300 𝑛𝑠 and β = 0.8. 
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3.5 Comparison of the various multi-pulse techniques used for distance measurements 

 A meaningful comparison of the various pulse sequences for distance measurements can 

be made by comparing their one-dimensional signals, calculated at the top of the echo after the 

second pulse, and their Fourier transforms, for a polycrystalline sample with Monte Carlo 

averaging, performed using the same parameters. Furthermore, the Fourier transforms here are 

taken with respect to 𝑡1 − 𝑡𝑑, the time counted after the dead-time.  The various pulse sequences 

considered here, are specifically, two-pulse DQ; five-pulse DQM, four-pulse DQC, five-pulse 

DQC, and six-pulse DQC. To make a realistic comparison of the various intensities, the 

relaxation effect must also be included, since different pulse sequences are affected by relaxation 

differently. In this context, it is noted that, although relaxation does not broaden the Fourier 

transforms of the five-pulse and six-pulse DQC signals (Sec. 3.3), their intensities are indeed 

reduced by relaxation. Figure 3.29 shows the Pake doublets for the various sequences at Ku-band 

It is seen that the Pake doublets occur at ±𝑑 for all sequences, except for the two-pulse DQ 

sequence, for which they occur at ±
3d

4
. It is found that the six-pulse DQC sequence shows the 

cleanest Pake pattern, whereas the intensity of the Fourier transform of two-pulse COSY is the 

largest. The intensity of the Pake doublet for COSY is anywhere from one to three orders of 

magnitude larger than those for the other pulse sequences. Table 3.4 lists the intensities of the 

signals obtained with the various sequences for comparison. It is found that the intensity of the 

Pake doublet for the one-dimensional COSY signal at Ku-band is the largest, one-to-two orders 

of magnitude larger, than those obtained with the other multi-pulse sequences considered here. 

The COSY technique is also found to have the smallest side peaks as compared to the other pulse 

sequences, as seen from Figure 3.29 for Ku-band. 
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Pulse 

sequence 

Position of 

Pake 

doublet 

Intensity of 

the Fourier 

transform 

at Ku band 

Broadened 

by 

Relaxation 

Two-pulse 

COSY 

±𝑑 6 × 10−1 Yes 

Two-pulse 

DQ 

±3𝑑/4 4.8 × 10−3 Yes 

Four-pulse 

DQC 

±𝑑 4.6 Yes 

Five-pulse 

DQC 

±𝑑 2 No 

Five-pulse 

DQM 

±𝑑 3.4 × 10−4 Yes 

Six-pulse 

DQC 

±𝑑 7.5 No 

Table 3.4. Comparison of the intensities of the Pake doublets and the effect of relaxation on them 

for the various pulse sequences. The same parameters as those given in Table 3.1 are used in 

these simulations.  

 

3.6 Conclusions  

 

The salient features of this chapter are as follows   

(i) A complete algorithm for the numerical simulations for multi-pulse pulse 

sequences, as is given in this chapter.  

(ii) It is shown that the one-dimensional multi-pulse techniques can be used for 

distance measurements in biological systems using nitroxide biradicals. 

(iii) It is demonstrated here that the Fourier transform of all the multi-pulse signals 

exhibit the Pake doublet at ±𝑑 except for two-pulse DQ where the Pake doublet 

occurs at ±
3

4
𝑑.  

(iv) It is shown here that a finite, rather than an infinite, pulse is needed, in 

conjunction with the dipolar interaction, to produce a non-zero coherence transfer 

in the transitions 0→2 and 2→-1 for both the two-pulse DQ and five-pulse DQM 

sequences.  

(v) The simulations show that the coherence transfer, T0→2, as effected by a finite 

pulse in conjunction with the dipolar interaction, is found to increases as the 

amplitude of the irradiation field (B1)  decreases, being maximum for those 

coupled nitroxides, whose dipolar axes are oriented symmetrically within 10 

degrees about the angle 𝜃0 ~ 54.74○ 
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(vi) The amplitudes of the Pake doublets for the COSY signal are calculated here to be 

the most intense, one to two orders of magnitude larger, than those obtained with other multi-

pulse sequences, namely, two-pulse DQ (Double Quantum), five-pulse DQM (Double Quantum 

Modulation), four-, five-, and six-pulse DQC (Double Quantum Coherence).  
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Chapter 4 

4. Calculation of DEER spectrum and distance distribution, 𝑷(𝒓), by the use of 

doubly rotating frames 

Double electron-electron resonance (DEER, also called PELDOR, Pulsed Electron Double 

Resonance) has been frequently exploited for distance measurements in biological systems using 

biradicals, consisting of pairs of paramagnetic nitroxide dipoles in interaction with each other, 

referred to as the “observer” and “pump” spins, characterized by different values of their 𝑔 

matrices in an ensemble of spins. This pulse EPR method normally involves the application of 

two or three “observer” pulses and one “pump” pulse, referred to as three- or four-pulse 

sequences, respectively. The observer and pump pulses act on spins, which resonate at slightly 

different magnetic fields. The advantage of four-pulse DEER over three-pulse DEER is that in 

the former, the pulses do not need to overlap or even come close to each other, thereby avoiding 

significant, dead-time effects. Also, the four-pulse DEER sequence permits using larger 𝐵1’s 

than those, which are feasible in three-pulse DEER sequence (Pannier et. al. 2011, Borbat and 

Freed 2007). This four-pulse sequence is rather simple in its technical implementation, thereby 

allowing commercial production.  

Currently, the DEER signal is calculated by considering the spin Hamiltonian in a special 

coordinate system known as two-frequency rotating frame (TFRF), described by (Maryasov and 

Tsvetkov 2000), in which the observer and pump spins rotate with the frequencies ω𝑜𝑏𝑠  and 

ω𝑝𝑢𝑚𝑝, respectively, around the external magnetic field (the laboratory z axis). The Zeeman 

interactions for the two-spin system in the frequency unit can written in this frame as 𝐶1𝑇𝐹𝑅𝐹 =

𝐶1𝑙𝑎𝑏 −ω𝑜𝑏𝑠  and 𝐶2𝑇𝐹𝑅𝐹 = 𝐶2𝑙𝑎𝑏 −ω𝑝𝑢𝑚𝑝 , where 𝐶𝑘𝑇𝐹𝑅𝐹  and 𝐶𝑘𝑙𝑎𝑏 ; 𝑘 = 1,2  are the Zeeman 

interactions in frequency unit in the TFRF and lab frames, respectively, which are not identically 

zero. The details of this technique, applied to analytical calculations of three-pulse DEER signal 

can be found in (Maryasov and Tsvetkov 2000). Recently, specialized comprehensive computer 

packages have been developed, using the same rotating frames as TFRF (Maryasov and 

Tsvetkov 2000), to calculate DEER signals, see, e.g., SPINACH (Hogben et. al 2011) and 

EasySpin (Stoll and Schweiger 2006) , which are rather complex, prohibiting understanding of 

the various steps of calculation, whose algorithm cannot be easily carried out on a common 

laptop within a reasonably short time using Matlab or Fortran. 

The procedure to calculate DEER signal, proposed in this thesis, offers an advantage in 

that its algorithm can be easily carried out on a common laptop within a reasonably short time 

using Matlab or Fortran, thereby one can investigate various aspects of signals obtained by the 

DEER technique. To this end, DEER signal is calculated rigorously by exploiting the algorithm 

developed in Sec. 2, using doubly rotating frames (hereafter referred to as DRF), wherein one 

uses two rotating frames, which address the observer and pump spins, so that the respective 

Zeeman interactions are rendered identically zero, unlike those used in (Maryasov and Tsvetkov 

2000). The DRF technique is applied to calculate the three- and four-pulse DEER signals of (i) 

two nitroxide dipoles of a biradical on a sample of bis-nitroxide nanowire, P1, in deuterated 

ortho-terphenyl solvent with 5% BnPy (d14-oTP/BnPy), characterized by the fully asymmetric g 

and hyperfine matrices, and the angular geometry of the biradical and (ii) two coupled 𝐺𝑑3+ ions 

with significant zero-field splitting. The DRF technique is then used to estimate the probabilities 

of the distance distribution, 𝑃(𝑟),  between the two spins in the various biradicals separated by 

the distances, 𝑟. This is accomplished by using Tikhonov regularization, as implemented in the 

software DeerAnalysis (Jeschke et al. (2006)), using the  kernel signals calculated using the DRF 
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technique for different 𝑟 values. This procedure is successfully illustrated by applying it to the 

reported experimental DEER data 

 

4.1 Three-pulse and four-pulse nitroxide biradical DEER signals using DRF technique 

The configuration of two coupled nitroxides in a biradical is shown in Figure 3.1. The 

Liouville-von Neumann equation as given in Sec. 2 is used to describe the time evolution of the 

density matrix during the application of a pulse and during the free evolution. Specifically, the 

density matrix at time 𝑡 + 𝑡0, undergoing the free evolution after the application of a pulse at 

time 𝑡0, is given by 

 

 𝜌(𝑡0 + 𝑡) = 𝑒
−𝑖𝐻0𝑡𝜌(𝑡0)𝑒

𝑖𝐻0𝑡 ,  (4.1) 

where 𝐻0 is the static spin Hamiltonian of the coupled nitroxide system given in (3.1) and  𝜌(𝑡0) 
is the density matrix just after the application of a pulse.  

 

4.1.1 Calculation of the effect of observer and pump pulses using doubly rotating frames.  
 

In the present calculation of DEER signal, there are used two rotating frames, one for all 

times, except for the duration of the pump pulse, for both the observer and pump spins and the 

other only during the application of the pump pulse for both the observer and pump spins. The 

latter is accomplished by changing the value of the external magnetic field during the action of 

the pump pulse by an amount equivalent to the difference in the frequency of the pump pulse 

from that of the observer pulse. Specifically, a difference of 70 𝑀𝐻𝑧, in a typical experiment 

(Georgieva et.al. 2012), is equivalent to a difference in the intensity of the external field by 

70(𝑀𝐻𝑧)/2.8(𝑀𝐻𝑧/𝐺) = 25.0 G.  

For a powder calculation, one uses a (𝜃, 𝜙) grid over the unit sphere as described in Sec. 

3, keeping the rotating frame fixed for the observer spins for all calculations, except for those 

during the application of the pump pulse, to be those chosen for a fixed orientation, say for 𝜃 =
𝜙 = 0∘, for which the Euler angles (α1= 0∘, β1, γ1) are appropriately chosen so that the resonant 

field for this spin is 𝐵0, the applied external field. This means that the coefficient 𝐶1 of the 𝑆𝑧1 

term for the observer spin in the static spin Hamiltonian, Eq. (3.2), is rendered zero in its rotating 

frame, by subtracting the Zeeman energy, represented by the coefficient of the 𝑆𝑧1 term, by 𝐶1. 

As for the other spins in the various biradicals with the various orientations (𝜃, 𝜙) of their 

dipolar axes with respect to the external magnetic field over the unit sphere, their coefficients of 

the 𝑆𝑧2terms in the static spin Hamiltonian, (3.2) are changed to 𝐶2–𝐶1 so that these spins, are in 

the rotating frame of the observer spin at 𝜃 = 𝜙 = 0 , as chosen above. For calculations during 

the application of the pump pulse, one keeps the same values of the coefficients 𝐶1𝑃  (= 𝐶1𝑃0 , i.e., 

for 𝜃 = 𝜙 = 0)  for all (𝜃, 𝜙) values , as those calculated for 𝜃 = 𝜙 = 0  for the external 

magnetic field 𝐵0+ ΔB, where ΔB considers appropriately the equivalent shift in the external 

magnetic field from the observer to the  pump frequency, as described above. As for the second 

nitroxide of the biradical, the coefficient of the 𝑆𝑧2  term,  𝐶2𝑃 , as calculated for the external 

magnetic field 𝐵0 + ΔB, is changed for the various (𝜃, 𝜙 ) values over the unit sphere, from 𝐶2𝑃 
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to 𝐶2𝑃 − 𝐶2𝑃 = 0 , so that it is in its rotating frame, changing 𝐶1𝑃(= 𝐶1𝑃0)  to  𝐶1𝑃 −

𝐶2𝑃(= 𝐶1𝑃0 − 𝐶2𝑃), so that the observer spin is also in the rotating frame of the second spin. For 

each (𝜃, 𝜙) orientation, the Zeeman energy is now shifted, as represented by the 𝐶2𝑃 value, so 

that the Zeeman coefficients of the 𝑆𝑧1 and 𝑆𝑧2  terms in Eq. (3.2) are now 𝐶1𝑃0 − 𝐶2𝑃 and 𝐶2𝑃 −

𝐶2𝑃 = 0, to be in the rotating frame of the second spin for both the observer and pump spins, for 

the various (𝜃, 𝜙) values over the unit sphere 

During the application of a pulse, the spin relaxation is here neglected as it has negligible 

effect, since the durations of the pulses are much smaller than the relaxation time. In that case, 

the evolution of the density matrix is described in Hilbert space, as follows: 

   
𝑑

𝑑𝑡
𝜌(𝑡) = −𝑖[(𝐻0 + 𝐻𝑝), 𝜌(𝑡)]  (4.2) 

where 𝐻𝑝;  with 𝑝 = 𝑜𝑏𝑠, 𝑝𝑢𝑚𝑝 are the observer and pulse Hamiltonians for the observer and 

pump pulses, respectively. They are expressed as: 

 

 
𝐻𝑜𝑏𝑠 =

𝜔1𝑜𝑏𝑠

2
(𝑒−𝑖𝜙𝑆1+ + 𝑒

𝑖𝜙𝑆1−), 

𝐻𝑝𝑢𝑚𝑝 =
𝜔1𝑝𝑢𝑚𝑝

2
(𝑒−𝑖𝜙𝑆2+ + 𝑒

𝑖𝜙𝑆2−) 

 (4.3) 

 (4.4) 

where 𝐵1𝑝(= 𝜔1𝑝/𝛾𝑒);𝑤𝑖𝑡ℎ 𝑝 = 𝑜𝑏𝑠, 𝑝𝑢𝑚𝑝 are the amplitudes of the observer and pump pulses, 

respectively; 𝜙 is the phase of the pulse and 𝑆𝑘±; 𝑘 = 1,2 are the raising/lowering operators of 

the total electronic spin of the coupled nitroxide system in the 36 × 36 direct product Hilbert 

space. The solution of Eq. (4.2)  after the application of a pulse with duration 𝑡𝑝 is 

 𝜌(𝑡0 + 𝑡𝑝) = 𝑒
−𝑖(𝐻0+𝐻𝑝)𝑡𝑝𝜌(𝑡0) 𝑒

𝑖(𝐻0+𝐻𝑝)𝑡𝑝, (4.5) 

where 𝐻𝑝 is defined by Eqs.  for the observer and pump pulses, respectively.  

The complex DEER signal, as calculated for the orientation, (θ,ϕ), of the static magnetic 

field relative to the dipolar axis that connects the magnetic dipoles of the two nitroxides, for the 

orientations of the two nitroxide radicals with respect to the respective molecular frames, 

characterized by six Euler angles, {α1, β1, γ1, α2, β2, γ2} , as shown in Fig. 1,  is then, 

 𝑆(𝐷𝐸𝐸𝑅)(𝑡, 𝜃,  𝜙, β1, γ1, α2, β2, γ2) = 𝑇𝑟(𝑆1+𝜌𝑓(𝑡)), (4.6) 

It is noted that, only five of the six Euler angles are independent; one is arbitrary, which can be 

chosen to be  α1 = 0. This is achieved by choosing the 𝑥 axis to be along the line of nodes, 𝑁1, of 

the first nitroxide (Fig. 1). Thus, in Eq. (4.6) the signal is shown to be a function of five 

independent Euler angles (β1, γ1, α2, β2, γ2). 
 

(a) Three-pulse DEER signal. For the calculation of three-pulse DEER signal, the final 

density matrix 𝜌𝑓(𝑡), where 𝑡  is the time between the first observer pulse and pump pulse, as 

shown in Figure 4.1, is carried out by the following steps.  

(i) Transform the initial density matrix by the first π/2 observer pulse using Eq. (4.5); 
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(ii)  Calculate the density matrix after free evolution of the density matrix obtained in 

step (i) over the duration 𝑡 between the first observer pulse and the pump pulses using 

Eq. (4.1);  

(iii) Transform the density matrix obtained in step (ii) by the pump pulse, using Eq. (4.5);  

(iv) Calculate the density matrix after free evolution of the density matrix obtained in step 

(iii) over the duration τ − 𝑡 between the pump pulse and second observer pulse using 

Eq. (4.1);  

(v) Transform the density matrix obtained in step (iv) by the π observer pulse using Eq. 

(4.5);  

(vi) The final density matrix 𝜌𝑓(𝑡) is obtained after free evolution of the density matrix 

obtained in step (v) over the time τ.  
(b) Four-pulse DEER signal. The four-pulse DEER sequence is an improvement over the 

three-pulse DEER sequence. Here both the times τ1 and τ2 , where τ1 is the time between the 

first observer π-pulse and the top of the inverted echo formed by the first observer π/2 and π 

pulses, and τ2  is the time between the top of this echo and the second observer π pulse, are kept 

fixed, as seen from Figure 4.1(b). Since the echo forms after a constant time from the last pulse, 

relaxation does not cause broadening of the Fourier transform of the signal.  

For the four-pulse DEER, signal, the final density matrix 𝜌𝑓(𝑡), where 𝑡  is the time 

between the inverted echo and the pump pulse, as shown in Figure 4.1(b), is obtained by 

following the same steps as those described above for the three-pulse sequence, along with extra 

steps which address the additional second observer pi pulse, considering the effect of successive 

applications of the observer and pump pulses to the initial density matrix, using Eq. (4.5), 

followed by the free evolutions over the various times, i.e., τ1, t and τ2, as shown in Figure 4.1 

(b), using Eq. (4.1).    

(c) Calculation of polycrystalline signal for biradicals containing coupled nitroxides 

using doubly rotating frames. A uniform distribution of the various dipolar axes, with the Euler 

angles of the magnetic axes of the various nitroxides distributed evenly in all orientations, is 

assumed in the present calculations. One considers, in the DEER experiment, those nitroxide 

spins of the biradicals which resonate at the applied magnetic field, B0, referred to as the 

observer spins, with the other nitroxide spin of the biradical being at the fixed distance, 𝑟, from 

the first spin, having the same Euler angles (α2, β2, γ2) for all the latter spins.  

The EPR signal for a polycrystalline sample is, finally, calculated by integrating Eq. (4.6) 

over (θ,ϕ) over the unit sphere. The numerical calculations of the DEER signals in the present 

work were performed over the quadrant: θ = [0, π/2] and  ϕ = [0, π], since the values over the 

three are the same as that for this quadrant following (Misra et. al. 2009). Finally, the signal over 

the entire unit sphere turns out to be as follows  

 𝑆(𝐷𝐸𝐸𝑅)(𝑡, λ1, λ2) = 4∫ 𝑑ϕ∫ 𝑆(𝐷𝐸𝐸𝑅)(𝑡, η, λ1, λ2) 𝑑(𝑐𝑜𝑠 𝜃)
π/2

0

π

0

 (4.7) 



 

80 
 

 

 

 

 

Figure 4.1  The pulse schemes for (a) three-pulse and (b) four-pulse DEER sequences. Here 𝜔𝐴 

and 𝜔𝐵 are the observer and pump frequencies, respectively. The pulses at frequency 𝜔𝐴 induce 

echo signals. The time 𝜏 in (a) and the times 𝜏1, 𝜏2 (independent of each other)  in (b), are kept 

fixed, whereas the time interval 𝑡 in (a), and after the time interval t after the first inverted echo 

in (b) at which the pump pulse is applied, is stepped from 0 to 𝜏 and from 0 to 𝜏2 for three- and 

four-pulse DEER sequences, respectively.   

 

In Eq. (4.7) the set of Euler angles, (α1 = 0, β1, γ1); (α2, β2, γ2 ), and the orientation of the 

external magnetic field with respect to the dipolar axis (θ, ϕ)  are denoted, respectively, as 

λ𝑗; (𝑗 = 1,2) and η. In the present work, the distance between the two nitroxide fragments is 

considered to be fixed and the orientations of the Euler angles ( β1, γ1, α2, β2, γ2)  for the 

polycrystalline sample are chosen to be completely random. 

(d) Calculation of Pake doublets. In order to calculate the Pake doublets, one needs to 

take the average over the Euler angles  λ1, λ2, which represent the orientations of the dipoles of 

the two nitroxides. This is an enormous task as there are infinite many such possibilities. 

However, one can, instead, use Monte-Carlo averaging, wherein one varies  λ1, λ2 randomly as 

follows:  

 𝑆𝑎𝑣𝑔
(𝐷𝐸𝐸𝑅)(𝑡) = ∑ 𝑆(𝐷𝐸𝐸𝑅)(𝑡, λ1, λ2)

random (λ1,λ2)

 (4.8) 
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Twenty such averaging were found to be sufficient here, because another set of twenty-

five Monte-Carlo averaging gave almost identical results. The parameters used in the simulations 

are listed in Table 4.1. 

 

 

Parameters Values for 3-pulse 

DEER 

Values for 4-pulse 

DEER 

Static magnetic field (𝐵0) 3,323G 6,180𝐺 

Microwave frequency ω𝐴 9.34 𝐺𝐻𝑧 17.3𝐺𝐻𝑧 

Difference between the 

observer and pump frequencies 

|ω𝐴 −ω𝐵| 

 

70 𝑀𝐻𝑧 

Exchange constant (J) 0 MHz 

g-matrix �̃� = (𝒈𝒙𝒙, 𝒈𝒚𝒚, 𝒈𝒛𝒛) (2.0086,2.0066,2.0032) 

Hyperfine matrix �̃� =

(𝑨𝒙𝒙, 𝑨𝒚𝒚, 𝑨𝒛𝒛) 

 

(6.0 𝐺,6.0 𝐺,35.0 𝐺) 

Table 4.1 The values of the parameters used in the simulations of the DEER signals of the 

coupled nitroxide biradical. 

4.1.2 Illustrative examples  

 The calculation of DEER signal by the DRF technique is illustrated here for three- and 

four-pulse DEER. In the former, the range of the dipolar coupling constants which can be 

measured in a typical three-pulse DEER experiment for 𝐵1 = 2 –  4 𝐺 (Borbat and Freed 2002) is 

investigated as no reliable experimental data are available, whereas the latter is applied to 

analyze the four-pulse DEER experimental data reported by Georgieva et al. 2012. 

 

4.1.2.1 Calculation of three-pulse DEER signal for coupled electrons in a biradical: limits of 

dipolar interaction that can be measured for a given B1 

 

 There is no reliable experimental data available, giving the details of the specific relevant 

parameters used, to which the DRF technique can be applied. As a consequence, the illustrative 

examples to which the DRF technique is applied here, are carried out to find the limits of the 

dipolar interactions that can be measured with the commonly used amplitudes of the irradiation 

field B1 = 2.0, 3.0, 4.0 G (Borbat and Freed 2002) by three-pulse DEER for a coupled nitroxide 

system. This goal is accomplished by finding the limits for which the predominant peaks in the 

Fourier transforms of the signals are ±𝑑. The simulations are carried out following the procedure 

outlined in Sec 4.1.1 Calculation of the effect of observer and pump pulses using doubly rotating frames. 

for a number of dipolar coupling constant, 𝑑 , values assuming the same amplitudes of the 
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irradiation microwave fields for the observer and pump pulses, i.e., 𝐵1𝑜𝑏𝑠 = 𝐵1𝑝𝑢𝑚𝑝 = 𝐵1. The 

resulting signals and their Fourier transforms are shown in Figure 4.2-Figure 4.4 for 𝐵1 =

2.0, 3.0, 4.0 𝐺, for the ratios of 𝑟 =
𝑑(𝑀𝐻𝑧)

𝐵1(𝐺)
 = 0.5, 1.0, 2.0, 4.0 𝑀𝐻𝑧/𝐺. The Fourier transforms 

are taken with respect to the reduced time 𝑡 − 𝑡𝑑, where 𝑡𝑑 is the dead-time after the observer π 

pulse, assumed to be 35 ns (Borbat and Freed 2002), during which the signal cannot be recorded.  

It is found by taking the Fourier transforms with respect to t that the Pake doublets still occur at 

the same frequencies, albeit with somewhat increased amplitudes. The positions of the main 

peaks, along with all the significant side peaks, with their relative magnitudes, for the various 𝐵1 
and 𝑟 values are listed in Table 4.2. The features of the various simulations are as follows. 

Table 4.2 List of the side peaks present along with the main peaks in the Fourier transform of the 

three-pulse DEER signal for chosen values of dipolar coupling constant 𝑑(𝑀𝐻𝑧)  and  𝑟 =
𝑑(𝑀𝐻𝑧)/𝐵1(𝐺). The side peaks are listed in a descending order when there is more than one 

significant side peak. The relative intensity of each side peak with respect to the corresponding 

main peak is indicated by the percentage in the bracket. 

 

𝑩𝟏 = 2.0G.  For 𝑑 = 1.0, 2.0 𝑀𝐻𝑧 (Figure 4.2 (𝑎2, 𝑏2)), the main peaks in the Fourier 

transform of the DEER signal occur at ±𝑑, with smaller side peaks at ±2𝑑 (~15%). For 𝑑 =
4.0 and 8.0 MHz, (Figure 4.2 (𝑐2, 𝑑2)), the main peaks now occur at ±𝑑/2, with the side peaks 

at ±𝑑 (~45% for 4.0 𝑀𝐻𝑧 and ~20% for 8 𝑀𝐻𝑧). Only for 𝑑 = 4.0 𝑀𝐻𝑧, there occur second 

largest side peaks at ±2𝑑 (~25% of the main peak).  

 𝑩𝟏  = 3.0G. For 𝑑 = 1.5, 3.0 𝑀𝐻𝑧 , the main peaks occur at ±𝑑 . Side peaks at ±2𝑑 

(~25%) are seen only for 𝑑 = 1.5 𝑀𝐻𝑧 (Figure 4.3 𝑎2). For 𝑑 = 6.0, 12.0 𝑀𝐻𝑧 the predominant 

peaks occur at ±𝑑/2, with side peaks at ±𝑑 (~80%,~70%, respectively) . For 𝑑 = 12.0 MHz 

(Figure 4.3 (𝑑2)), two other side peaks occur at ±2𝑑/3 (~85%) , ±4𝑑/3 (~40%). 

 𝐵1 = 2.0 𝐺 𝐵1 = 3.0  𝐵1 = 4.0  

 
𝑟 = 0.5 𝑀𝐻𝑍/𝐺 

Main peaks: ±𝑑 

Side peaks: ±2𝑑 

(15%) 

Main peaks: ±𝑑 

Side peaks: ±2𝑑 (25%) 

Main peaks: ±𝑑 

Side peaks: ±2𝑑 

(40%) 

 
𝑟 = 1.0 𝑀𝐻𝑍/𝐺 

Main peaks: ±𝑑 

Side peaks: ±2𝑑 

(15%) 

Main peaks: ±𝑑 

 

Main peaks ±𝑑 

Side peaks: ±2𝑑 

(30%) 

 
𝑟 = 2.0 𝑀𝐻𝑍/𝐺 

Main peaks: ±𝑑/2 

Side peaks: 

±𝑑 (45%),±2𝑑(25%) 

Main peaks: ±𝑑/2 

Side peaks: ±𝑑 (80%) 

Main peaks: ±𝑑 

 
𝑟 = 4.0 𝑀𝐻𝑍/𝐺 

Main peaks: ±𝑑/2 

Side peaks: ±𝑑 (20%) 

Main peaks: ±𝑑/2 

Side peaks: ±2𝑑/
3 (85%),±𝑑 (70%),±4𝑑/
3 (40%) 

Main peaks: ±𝑑/2 

Side peaks: 

±𝑑(25%),±3𝑑/
2(20%),±2𝑑 (15%) 
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 𝑩𝟏 = 4.0G.  For 𝑑 = 2.0, 4.0, 8.0 𝑀𝐻𝑧, the predominant peaks occur at  ±𝑑, with the 

side peaks occurring at ±2𝑑,~40%,~30%, for 𝑑 =  2.0, 4.0 𝑀𝐻𝑧, respectively; there being no 

side peaks for 𝑑 = 8.0 𝑀𝐻𝑧. For 𝑑 = 16.0 𝑀𝐻𝑧, the ±𝑑/2 peaks become predominant with the 

side peaks at ±𝑑 (~25%),±3𝑑/2(~20%),±2𝑑(~15%).  
 

  

  

  

  

 

Figure 4.2  Dependence of three-pulse DEER signal on the dipolar coupling constant, 𝑑, for a 

fixed value of the amplitude of the irradiation microwave field, assumed to be the same for the 

observer and pump pulses (𝐵1𝑜𝑏𝑠 = 𝐵1𝑝𝑢𝑚𝑝 = 2.0 𝐺 ) for a polycrystalline sample. The time 

domain signals (𝑎1, 𝑏1, 𝑐1, 𝑑1) and their Fourier transforms (𝑎2, 𝑏2, 𝑐2, 𝑑2) are shown for the ratios 

𝑟(=
𝑑(𝑀𝐻𝑧)

𝐵1(𝐺)
) =  0.5, 1.0, 2.0, 4.0  𝑀𝐻𝑧/𝐺 . The time-domain signal in the initial 𝑡𝑑 = 35 ns 

interval, shown as the hatched area on the left, is lost in the dead-time of the pulse.  The Fourier 

transforms are taken with respect to the reduced time 𝑡 − 𝑡𝑑 .. 
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Figure 4.3    The same details as in the caption of Figure 4.2, except here 𝐵1𝑜𝑏𝑠 = 𝐵1𝑝𝑢𝑚𝑝 =

3.0 𝐺.  
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Figure 4.4. The same details as in the caption of Figure 4.2, except here 𝐵1𝑜𝑏𝑠 = 𝐵1𝑝𝑢𝑚𝑝 = 4.0 𝐺 
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 The intensities of the ±𝑑/2  peaks, which are the only peaks that can become more 

intense than the ±𝑑 peaks in some cases, relative to the corresponding ±𝑑 peaks for 𝐵1 = 2.0, 

3.0, 4.0 𝐺 as functions of the value of 𝑑, for r = 0.25, 0.5, 0.75, 1.0, 1.25, 1.5, 1.75, 2.0, 4.0, are 

plotted in Figure 4.5. From this figure, one can conclude that the dipolar values that can be 

unequivocally determined by 3-pulse DEER are those for which the ±𝑑 peaks are predominant. 

These values are: 𝑑 <  3.4 𝑀𝐻𝑧,< 4.5 𝑀𝐻𝑧, and  < 8.0 𝑀𝐻𝑧 for 𝐵1= 2.0 G, 3.0 G, and 4.0 G, 

respectively, which correspond to the distances 𝑟 > 24.8 Å, >22.6 Å, 18.7 Å, respectively. The 

limit for 𝐵1= 4.0 G, i.e., 𝑟 > 18.7 Å, as found here theoretically, is consistent with that reported 

in (Borbat and Freed), i.e., 𝑟 > 20.0 Å. 

 

  

 

Figure 4.5. The relative intensity of the peak at ±𝑑/2 with respect to the peak at ±𝑑  in the 

Fourier transform of the three-pulse DEER signal as a function of 𝑑(𝑀𝐻𝑧) calculated for three 

values of the amplitude of the irradiation microwave field (a) 𝐵1 = 2.0𝐺, (b) 𝐵1 = 3.0𝐺 and (c) 

𝐵1 = 4.0𝐺, assumed to be the same for the observer and pump pulses. The value of 𝑑 up to 

which the Pake doublets at ±𝑑 increases as the amplitude 𝐵1 increases, being 𝑑 =  3.4 𝑀𝐻𝑧, 4.5 

𝑀𝐻𝑧 and 8.0 𝑀𝐻𝑧 for 𝐵1 = 2.0 𝐺, 3.0 𝐺, and 4.0 𝐺, respectively.  
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4.1.2.2 Calculation of the four-pulse DEER signal reported in (Georgieva et. al. 2012) 

As the second illustrative example, the doubly rotating frame technique is applied to 

reproduce the experimental four-pulse DEER signal of doubly spin-labeled T4 lysozyme mutants 

reported in (Georgieva et. al. 2012). This, in turn, also tests further the validity of the DRF 

technique. The pulse scheme for the four-pulse DEER experiment is shown in Figure 4.1(b). The 

procedure to reproduce the experimental signal is as follows:  

 

(i) The four-pulse DEER signal is calculated for different dipolar coupling constant values 

separately, corresponding to each green point specified on the probability, 𝑃(𝑟) , of 

distance distribution curve shown in Figure 4.6(a). The simulations are carried out 

following the procedure of the DRF technique, described in Sec 4.1.1 Calculation of the 

effect of observer and pump pulses using doubly rotating frames..  

(ii) From the calculated time-domain signals for the points on the distance distribution of 

Figure 4.6 (a), specified by a green point, the cubic spline package in Matlab is exploited 

to produce the time-domain signal for the other points, not specified by the green points, 

to make calculated signal smoother. The signals are calculated here for the total number 

of 64 points.  

(iii) The various time-domain signals, so calculated are multiplied by their respective  

probabilities of distance distribution, 𝑃(𝑟), as given by Figure 4.6(a), and added with 

each other to simulate the overall signal.  

(iv) The effect of local spin concentration is considered by multiplying the overall signal as 

calculated in step (iv) by 𝑒𝑥𝑝(−𝑘 𝑡), as described in Sec. 4.1.3 below, and least-squares 

fitting it with the experimental signal to find the best-fit value of 𝑘.  

For the simulations, a standard 4-pulse DEER sequence was used with 𝜋/2, 𝜋, 𝜋 pulse widths of 

16 ns, 32 ns and 32 ns, respectively, and a 32 ns 𝜋 pump pulse was used, the same as those used 

in the experiment. The frequency separation between observer and pump pulses was 70 MHz.  

The simulated four-pulse DEER signal shows an excellent agreement with the experimental 

signal as shown in Figure 4.6 (b) which indicates that the doubly rotating frame technique is very 

useful and accurate in describing the experimental data. 

 

4.1.3 Inter-molecular interaction 

In the interpretation of experimental DEER data spin relaxation is not normally 

considered. However, there is the mechanism of inter-molecular interaction that has an effect 

similar to spin relaxation as described below. 

Due to the interaction of spins with neighboring molecules, an exponentially decaying 

function with time, proportional to the local spin-concentration, contributes to the DEER signal 

(Georgieva et. al. 2012). In DEER, the inter-molecular interactions are characterized by the 

following equation (Georgieva et. al. 2012): 

 𝑉𝑖𝑛𝑡𝑒𝑟(𝑡) = e
−𝑘t (4.9) 

 

where 𝑘−1 is decay rate per microsecond, expressed as  
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 𝑘−1 = 1.0027
10−3

𝑝. 𝐶
 (4.10) 

 

where  𝑝  is the probability of flipping B spins by the pumping pulse, and 𝐶  is the molar 

concentration. The value of 𝑝 was found to be equal to 0.23, in general (Georgieva et. al. 2012). 

Therefore, the local spin-concentration, 𝐶, can be calculated from the measured decay rate of the 

DEER signal.  

 

 
 

 

Figure 4.6 (a) The probability of distribution of distances 𝑃(𝑟) as reported in (Georgieva et. al. 

2012) and (b) the calculated resulting signal, by overlapping time-dependent DEER signals, 

calculated for the various 𝑟  values using doubly rotating frame, in accordance with the 

probability distribution given in (a). An excellent agreement is found between the simulated 

(blue) and experimentally measured (brown) signals. A modulation depth Δ(%) of about 100% is 

found from the simulation of the four-pulse DEER signal.   

 

 

4.2 Four-pulse DEER signal for two coupled Gd3+ ions using DRF technique 

The DRF technique proposed in Sec. 4.1 for nitroxide radicals characterized by the spin 

𝑆 = 1/2, is here extended to 𝐺𝑑3+ ions in a sample of Gd-DOTA (Dalaloyan et. al. 2015), 

possessing a larger spin 𝑆 = 7/2 and exhibiting zero-field splitting (ZFS). To this end, coupled  

𝐺𝑑3+  ions in dipolar interaction with each other in a 𝐺𝑑3+  complex, have been exploited in 

biological systems, as shown in Figure 4.7. The dipolar interaction is manifested in the Fourier 

transform of DEER signal, wherein the spacing between the Pake doublets is inversely 

proportional to the cube of the distance between the two ions. Such an effort has been made at Q- 

and W-bands (Dalaloyan et. al. 2015, Raitsimring et.al. 2007, Potapov et. al. 2010, Yagi et. al. 

2011, Edwards et. al. 2014, Manukovsky et. al. 2015). The advantage of using 𝐺𝑑3+ complexes 

as spin labels is that (i) it provides higher sensitivity in distance measurement in comparison to 

that obtained with nitroxide radicals, because of the absence of orientational selectivity, which 
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prevents a large fraction of the spins from contributing to the signal, allowing for the use of 

pulses with larger amplitude (Dalaloyan et. al. 2015), and (ii) the absence of hyperfine 

interaction, which complicates the signal. 

4.2.1 Theoretical Details 

 The numerical calculations are carried out in the direct-product space of the two 

𝐺𝑑3+ions. 

 4.2.1.1 Static spin Hamiltonian 

        The static spin Hamiltonian for  the coupled 𝐺𝑑3+ ions  in the laboratory frame, with the  

z-axis being coincident with the external magnetic field direction, can be expressed in the rigid 

limit as (Dalaloyan et. al. 2015) 

                    𝐻0 = 𝐻01 + 𝐻02 + 𝐻12; 

           where  

𝐻0𝑘 =
𝑔β𝑒𝐵0
ℎ

𝑆𝑧𝑘 + 𝐷𝑘 [𝑆𝑧𝑘
2 −

1

3
𝑆𝑘(𝑆𝑘 + 1)] + 𝐸𝑘[𝑆𝑥𝑘

2 − 𝑆𝑦𝑘
2 ]; 𝑘 = 1,2, 

𝐻12 =
ω𝑑𝑑
2𝜋 

(3𝑐𝑜𝑠2𝜃 − 1) (𝑆𝑧1𝑆𝑧2 −
1

4
(𝑆+1𝑆−2 + 𝑆−1𝑆+2)). 

(4.11) 

In Eq. (4.11),  the first term represents the Zeeman term, the second and third terms represent the 

ZFS terms. The subscript 𝑘  refers to the two 𝐺𝑑3+ spins. The observer and pump spins are 

assumed to remain at the fixed distance, 𝑟, from each other and are denoted by the subscripts 

𝑘 = 1  and 2, respectively. The nuclear Zeeman and nuclear quadrupole interactions are 

neglected. 𝑔 is the isotropic 𝑔 values for  the 𝐺𝑑3+ ion, β𝑒is Bohr magneton, ℎ is the Planck’s 

constant and 𝐷𝑘, 𝐸𝑘  are the zero-field interaction constants for the two 𝐺𝑑3+ ions. The last term 

on the right-hand side of Eq. (4.11) denotes the dipolar interaction between the two 𝐺𝑑3+ ions, 

which includes the pseudo-secular term, in the last bracket. Here ω𝑑𝑑 , called the dipolar-

interaction constant. is related to 𝑟, the distance between the 𝐺𝑑3+ ions of the 𝐺𝑑3+complex, as 

ω𝑑𝑑[𝑀𝐻𝑧] =
52.04

𝑟[𝑛𝑚]3
. More details of the ZFS term and its transformation from the principal-axes 

frames of the two ZFS-tensors to the laboratory frame are given in Appendix F. 
 

4.2.1.2 Initial density matrix 

 

In thermal equilibrium, the initial density matrix for Boltzmann distribution is: 

 𝜌0 ∝ exp (−𝐻0/𝐾𝐵𝑇) (4.12) 

where 𝐻0 is the static spin Hamiltonian given by Eq. (4.11), 𝐾𝐵 is the Boltzmann constant 

and 𝑇 is the temperature. This density matrix evolves during the application of a pulse, as well as 

during the free evolution, i.e., in the absence of any pulse.  This is discussed below. 
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4.2.2 Rotating-frames technique to calculate DEER signal for two coupled Gd3+ ions for a 

polycrystalline sample 

In this model, first the Zeeman terms included in the first term in Eq. (4.11) are 

subtracted off, which are equal for the observer and pump spins, because of the isotropic value of 

g = 1.9925 for the 𝐺𝑑3+ ion. The observer spins are chosen to be those at resonance at the 

transition 𝑀𝑠 = −3/2 and 𝑀𝑠  = − 1/2 of the 𝐺𝑑3+ ion 1, whereas the pump spins are chosen 

to be those at resonance at the transition 𝑀𝑠  =  −1/2  and 𝑀𝑠  = 1/2  of the  𝐺𝑑3+  ion 2.  

Accordingly, there are used two rotating frames to calculate the DEER signal, one of these is 

always used at the observer-spin frequency, which is achieved by subtracting the reference of 

energy by the energy difference of the levels 𝑀𝑠  =  −3/2 and 𝑀𝑠 = − 1/2 of the 𝐺𝑑3+ ion 1,  

except for the duration of the pump pulse, during which the rotating frame is at the pump-spin 

frequency, which is achieved by subtracting the reference of energy by the energy difference of 

the levels 𝑀𝑠  = −1/2 and 𝑀𝑠 =  1/2 of the 𝐺𝑑3+ ion 2. In order to calculate the signal for a 

polycrystalline sample, one uses a (𝜃, 𝜙) grid over the unit sphere, keeping the rotating frame 

fixed for the observer spins for all orientations, except for those during the application of the 

pump pulse. It can be chosen for a fixed orientation, i.e., for 𝜃 = 𝜙 = 0∘, of the dipolar axis with 

respect to the external magnetic field, for any choice of the Euler angles (α1= 0∘, β1, γ1) for the 

orientation of the dipoles of the observer spins. This is completely valid for the 𝐺𝑑3+   ion, 

because its g-matrix is isotropic, rendering the Zeeman term to be the same for all the 

orientations of the Euler angles in a polycrystalline sample. The two spins are close to, but not 

precisely in their rotating frames, because of the energy difference between the respective 

transitions participating in resonance, required to bring in exact coincidence with the observer, or 

pump, spins. This is accomplished by changing the reference of energy by subtracting all 

energies by the difference in the energy levels [𝐸1(𝑀𝑠1 = −3/2) − 𝐸1(𝑀𝑠1 = −1/2)] of the 

observer spins at the magnetic field 𝐵0 , participating in resonance at the transition −3/2 ↔

− 1/2, for the orientation 𝜃 = 𝜙 = 0∘ . (Here 𝑀𝑠1𝑖 , 𝑖 =
7

2
.
5

2
, …… ,−

5

2
, −

7

2
 are the magnetic 

quantum numbers of observer spin 1.) Then the pump spins, at orientations (𝜃, 𝜙) of their dipolar 

axes with respect to the external magnetic field, distributed over the unit sphere, are slightly off 

their rotating frames as they correspond to the transition 𝑀𝑠2 = −1/2 ↔  𝑀𝑠2 = 1/2  for the 

various (𝜃, 𝜙) values over the unit sphere. In order to bring to the rotating frame of the pump 

spins for the various (𝜃, 𝜙) values over the unit sphere during the application of the pump pulse, 

the reference of energy is changed by subtracting all energies by [𝐸1(𝑀𝑠2 = −1/2) −

𝐸1(𝑀𝑠2 = 1/2)], which varies for different (𝜃, 𝜙) values, since the ZFS term is dependent on 

(𝜃, 𝜙) values. (Here 𝑀𝑠2𝑖 , 𝑖 =
7

2
.
5

2
, …… ,−

5

2
, −

7

2
 are the magnetic quantum numbers of observer 

spin 1.) In this manner, the pump spins are brought precisely to their rotating frames for different 

(𝜃, 𝜙) values during the pump pulse, whereas the observer spins remain slightly off their rotating 

frames.  

It is noted that the rotating-frames technique presented here is an approximation in the 

presence of zero-field splitting term and it is true only for weak ZFS. The calculations in this 

work are performed for Gd-DOTA-based spin labels, which have a rather small 𝐷 value (𝐷 =
561 MHz); the value of E was chosen to be about one-thirteenth of it: 𝐸 = 44 MHz to conform 

to the weak ZFS regime. These values are much smaller compared to the Zeeman energies of 35 

GHz (Q-band) or 95 GHz (W-band). 
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Figure 4.7  (a) Figure showing the configuration of the two coupled 𝐺𝑑3+ions, as shown in the 

dipolar (molecular) frame of reference, wherein the 𝑧-axis is chosen parallel to the vector 𝒓𝟏𝟐, 

connecting the dipoles of the two 𝐺𝑑3+ ions. The 𝑧𝑙𝑎𝑏 − axisin the laboratory frame is oriented 

along the external magnetic field 𝐵0. The Euler angles, shown in (a), which define the dipolar 

frame, are given by η = (0, θ, ϕ) with respect to the laboratory frame. (b) The orientations of 

the principal axes of the zero-field splitting tensors for the 𝐺𝑑3+ ions 1 and 2, denoted by 

𝑋𝑘, 𝑌𝑘, 𝑍𝑘; 𝑘 = 1,2. are defined by the set of Euler angles λ𝑘 = (α𝑘 , β𝑘, γ𝑘), (𝑘 =  1, 2) with 

respect to the dipolar (molecular) frame of reference (x, y, z). The lines of nodes for the two 

𝐺𝑑3+  ions frames are 𝑁1  and 𝑁2. as shown in (b). The 𝑥  axis of the first 𝐺𝑑3+  ion magnetic 

frame is chosen to be along its line of nodes, 𝑁1, for the numerical calculations in the present 

work, so that  α1 = 0, since only five of the six Euler angles are independent (Sec. 3.3). (This 

figure is reproduced from (Misra et.al 2009) by permission.) 

 

4.2.3 Calculation of 𝑮𝒅𝟑+ DEER signal by using DRF technique 

   

The details of calculation of 𝑮𝒅𝟑+ DEER signal by using DRF technique are the same as those 

for the coupled nitroxides in a biradical given in Sec 4.1.1 except for the choice of the pulse Hamiltonian, 

which is as follows   

 
𝐻𝑜𝑏𝑠 =

ω1𝑜𝑏𝑠

2
(𝑒−𝑖ϕ(𝑆1+)(5,6)  + 𝑒

𝑖ϕ(𝑆1−)(6,5) ), 

𝐻𝑝𝑢𝑚𝑝 =
𝜔1𝑝𝑢𝑚𝑝

2
(𝑒−𝑖ϕ(𝑆2+)(4,5)  + 𝑒

𝑖ϕ(𝑆2−)(5,4) ). 

(4.13) 

(4.14) 

In Eqs. (4.13) and (4.14)  𝜔1𝑝; with 𝑝 = obs, pump are the amplitudes of the observer and pump 

pulses, respectively, in frequency units (= γ𝑒𝐵1𝑝); 𝐵1𝑝 =  amplitudes of the pulses in Gauss 

(Table 4.3) and γ𝑒 is the gyromagnetic ratio of the electron;  ϕ is the phase of the pulse and 𝑆𝑘±; 

𝑘 = 1,2 are the raising/lowering operators of the 𝑘th electronic spin of the coupled 𝐺𝑑3+ions 

system in the  64 × 64  direct product Hilbert space. The indices in Eqs. (4.13) and (4.14) 
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indicate that the pulse Hamiltonians are adjusted to the specific transitions, −3/2  ↔   − 1/2 and 

−1/2  ↔  1/2, which define the observer and pump pulses, respectively.  

Overall, taking into account the transition probabilities, 𝑃𝑆,𝑀  =  𝑆(𝑆 + 1) − 𝑀(𝑀 +
1) for the transition 𝑆,𝑀 ↔ 𝑆,𝑀 + 1 (Kaminker, Ph. D. Thesis), one can express the effective 

rotation tip angle of the Gd3+ spin by the pump or observer pulse of amplitude, 𝐵1𝑝, and of 

duration 𝑡𝑝, as  

 𝛽𝑝 = γ𝑒√𝑃𝑆,𝑀 𝐵1𝑝𝑡𝑝 = γ𝑒√𝑆(𝑆 + 1) − 𝑀(𝑀 + 1)𝐵1𝑝𝑡𝑝                               (4.15) 

 

where, 𝑝 =  𝑜𝑏𝑠, 𝑝𝑢𝑚𝑝, 𝛽𝑝 is the flip angle, which is either π/2 or π in the four-pulse DEER 

sequence, shown in Fig. 2 The transitions 𝑀 ↔ 𝑀+ 1, are 𝑀 = 1/2 for the observer pulse, and 

𝑀 = −1/2 for the pump pulse. 

4.2.4 Illustrative examples 

The calculated four-pulse DEER signals by the DRF technique for three values of the 

dipolar interaction constant, corresponding to the typical values of the range of ω𝑑𝑑 values, as 

evaluated in the W-band four-pulse data of Gd-DOTA sample (Cohen et. al. 2016) : ω𝑑𝑑  =
 0.63  MHz (𝑟 =  4.36  nm), ω𝑑𝑑 = 0.49 𝑀𝐻𝑧  (𝑟 = 4.73 nm ), and ω𝑑𝑑  =  0.39  MHz (𝑟 =
 5.10 nm), are shown in Figure 4.8 (𝑎1), (𝑏1) and (𝑐1), respectively, along with their Fourier 

transforms in Figure 4.8 (𝑎2), (𝑏2),  and (𝑐2), showing the respective Pake doublets. The various 

parameters required for the simulations are listed in Table 4.3. 
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Figure 4.8  Simulation of four-pulse DEER signals using the RF technique for three values of the 

dipolar coupling constant: ω𝑑𝑑 = 0.63 𝑀𝐻𝑧 (𝑟 = 4.36 𝑛𝑚), 𝜔𝑑𝑑 = 0.49 𝑀𝐻𝑧 (𝑟 = 4.73 𝑛𝑚) 
and 𝜔𝑑𝑑 = 0.39 𝑀𝐻𝑧 (𝑟 = 5.10 𝑛𝑚), representing the two end and one middle values of the 

range of d values considered here for the calculation of basis DEER signals for a polycrystalline 

sample. The time-domain signals and their Fourier transforms are shown in (𝑎1, 𝑏1, 𝑐1)  and 

(𝑎2, 𝑏2, 𝑐2), respectively. The parameters used for the simulations are listed in Table 4.3. 
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Parameters Values of the parameters 

Static magnetic field (𝐵0) 34,050 G 

Microwave frequency  94.9 𝐺𝐻𝑧 

Difference between the observer and pump 

frequencies |ω𝐴 −ω𝐵| 

difference between the frequencies for 

the transitions −1/2 ↔ +1/2 (pump) 

and −1/2 ↔ −3/2 (observer) 

Exchange constant (J) 0 MHz 

g-values = (𝑔𝑥𝑥, 𝑔𝑦𝑦, 𝑔𝑧𝑧) (1.9925, 1.9925, 1.9925) 

ZFS components for each Gd3+ ion 𝐵𝑚
2  (𝑚 =

2, 1, 0, −1,−2) 

 (44 𝑀𝐻𝑧, 0, 187 𝑀𝐻𝑧, 0, 44 𝑀𝐻𝑧) 

(𝐷 = 3𝐵0
2 = 561 MHz;  

𝐸 = 𝐵2
2 = 44 MHz) 

Constant time between the two observer π pulses (τ1) 350 ns 

Constant time between the last observer pulse and the 

top of the echo (τ2) 

6.5 μ𝑠 

Durations of the pulses (the intensities of the 

irradiation fields, B1, are in brackets after each 

duration) 

𝑡𝑝𝑢𝑚𝑝,π(𝐵1 = 2.98𝐺) =15 ns 

𝑡𝑜𝑏𝑠,π(𝐵1 = 1.54𝐺) = 30 ns  

𝑡𝑜𝑏𝑠,π/2(𝐵1 = 1.54𝐺) = 15 ns  

 

Table 4.3 The values of the parameters used in the simulations of four-pulse W-band DEER 

signals of two coupled 𝐺𝑑3+ions in  DOTA.  

 

4.3 Estimation of distance-distribution probabilities from DEER data of two coupled nitroxide 

and two coupled 𝑮𝒅𝟑+ spin labels using doubly rotating frames 
 

From DEER data, one can obtain the probability of distance distribution, 𝑃(𝑟), where 𝑟 is 

the distance between the two nitroxide in a biradical or the distance between the two 𝐺𝑑3+ spins 

in 𝐺𝑑3+ complex, distributed within a biological system, by a penalized least-squares fitting 

(Edwards and Stoll 2018), since this is an ill-posed problem, most often by Tikhonov 

regularization (Chiang et.al 2005).  

There are available comprehensive computer packages, e.g., DeerAnalysis (Jeschke et. al. 

2006), which are frequently used to determine 𝑃(𝑟) between the biradicals in biological systems. 

These packages exploit Tikhonov regularization method, among others, using the basis kernel 

basis signals, which are calculated in the limit of hard (infinite) pulses, whereas in real 

experiments the pulses are of finite amplitude, on the order of a few Gauss. (These kernel basis 
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signals will hereafter be referred as analytical kernel signals.) Furthermore, the hyperfine 

interaction and the zero-field splitting, which can be significant for systems, are ignored.  

 The DRF technique to calculate the time-domain DEER basis kernel signals rigorously, 

as described in Secs. 4.1 and 4.2 for nitroxide radicals and gadolinium complexes,  respectively. 

The objective of this section is to illustrate this method by application to the DEER data, 

reported by (Lovett et. al. 2012) on a sample of bis-nitroxide nanowire, P1, in deuterated ortho-

terphenyl solvent with 5% BnPy (d14-oTP/BnPy) in semi-rigid state and a sample of 𝐺𝑑3+ ions 

in a sample of 𝐺𝑑 ruler 15, is a combination of (i) a chelate to hold the Gd, (ii) a suitable linker 

and 

(iii) an anchor to the biological macromolecule, in 𝐷2𝑂/glycerol-𝑑8  for Q (Doll et. al. 2015)- 

and W (Dalaloyan et. al. 2015)-bands, by first calculating rigorously the relevant basis kernel 

signals using DRF technique, to be used in the DeerAnalysis software, with Tikhonov 

regularization, to extract the distance-distribution probabilities, 𝑃(𝑟). Tikhonov Regularization 

(also called penalized least-squares fitting) is needed here, since the experimental signal cannot 

be directly least-squares fitted to 𝑃(𝑟), using a set of basis kernel functions, as this is an ill posed 

problem.  

 

4.3.1 The general procedure of Tikhonov regularization. 

 To estimate the probabilities of distance distribution, 𝑃(𝑟𝑛), from the experimental DEER 

signal, 𝑆(𝑡), by fitting it to the calculated signal, 𝑆𝑐𝑎𝑙 = ∑ 𝑆(𝑡, 𝑟𝑛)𝑃(𝑟𝑛)𝑛 , where the basis signals, 

𝑆(𝑟𝑛, 𝑡) , are weighted by 𝑃(𝑟𝑛),  is an ill-posed problem in an ordinary least-squares fitting 

procedure. There are used three different methods in DeerAnalysis to find the solution of this ill-

posed problem: (i) Approximate Pake transformation (APT); (ii) Tikhonov regularization; and 

(iii) DEERNet. The Tikhonov regularization method (TR) is the most used method for extracting 

distance distributions from experimental DEER data. It will here be used for the calculation of 

the probabilities. In particular, TR is a form of penalized least-squares fitting, wherein one 

minimizes (Edwards and Stoll 2018) 

 𝑃α,𝐿 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑃≥0 (||𝑆 − 𝐾𝑃||
2
+ α2||𝐿𝑃||

2
), (4.16) 

where 𝐾 = 𝐾(𝑟, 𝑡) are the basis kernel signals In eq. (4.16), P is the probability, and 𝑆 is the 

experimental data. The least-squares term, i.e., the first term in Eq. (4.16) captures the misfit 

between the model-calculated signal 𝐾𝑃 and the experimental data 𝑆. The second term in Eq. 

(4.16) compensates for the unwanted properties of the solution 𝑃.  It will thus depend on the 

particular form for the regularization operator 𝐿 and the particular value for the regularization 

parameter α. The fit is then carried out, subject to the constraint that all the elements of 𝑃 are 

non-negative (P ≥ 0). The subscripts in 𝑃α,𝐿  indicate that the solution is dependent upon the 

choices of α and L (Edwards and Stoll 2018). 

 

4.3.2 Use of DeerAnalysis software with analytical kernel signals 

 Here one uses analytical basis kernel signals as calculated in DeerAnalysis software. The 

analytical kernel signals built in the DeerAnalysis package are expressed as  
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Parameters Values of the parameters 

Static magnetic field (𝐵0) 3,480G 

Microwave frequency ω𝐴 (observer spins) 9.346 𝐺𝐻𝑧 

Microwave frequency ω𝐵(pump spins) 9.411 𝐺𝐻𝑧 

Difference between the observer and pump 

frequencies |ω𝐴 −ω𝐵| 

65 𝑀𝐻𝑧 

Exchange constant (J) 0 MHz 

g-matrix �̃� = (𝒈𝒙𝒙, 𝒈𝒚𝒚, 𝒈𝒛𝒛) (2.0086,2.0066,2.0032) 

Hyperfine matrix �̃� = (𝑨𝒙𝒙, 𝑨𝒚𝒚, 𝑨𝒛𝒛) (6.0 𝐺,6.0 𝐺,35.0 𝐺) 

The constant time between the two observer pulses (𝜏) 4.5 μ𝑠 

The duration of the observer pulses (𝑡𝑝1 = 𝑡𝑝3) 

The duration of the pulses (𝑡𝑝2) 

32 ns 

12 ns 

Table 4.4 The values of the parameters used in the simulations of the DEER signals of the 

coupled nitroxide biradical, for the data of (Lovett et al. 2012).  

 

 𝐾(𝑡, 𝑟) = ∫ cos[(3𝑐𝑜𝑠2θ − 1)ω𝑑𝑑𝑡 ] 𝑑(𝑐𝑜𝑠 θ)
π/2

0

 

 

(4.17) 

In Eq. (4.17), 𝑟 is related to ω𝑑𝑑 as ω𝑑𝑑[𝑀𝐻𝑧] =
52.04

𝑟[𝑛𝑚]3
. 

For a given DEER signal, the software DeerAnalysis is used with Tikhonov 

Regularization, to obtain both the probability distribution 𝑃(𝑟), as well as the calculated time-

dependent signal, 𝑆𝑐𝑎𝑙(𝑡), using analytical kernel signals. 
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4.3.3 Use of DeerAnalysis software with DRF-calculated basis kernel signals 

 The distance-distribution probabilities, 𝑃(𝑟𝑛),  are evaluated using the DRF-calculated 

kernel signals, 𝑆(𝑡, 𝑟𝑛), derived as follows. 

 
Calculation of basis kernel DEER signals, 𝑆(𝑡, 𝑟𝑛), by the DRF technique for dipolar interaction-

coupled nitroxide in a biradical. 
The values and definitions of the constants used in the numerical simulations are listed in 

Table 4.4. In order to correspond to the experimental signal, the three-pulse time-domain DRF-

calculated DEER signals were simulated, for the set of 𝑟 values (or the corresponding 𝑑 values 

as calculated using the the formula 𝑑[𝑀𝐻𝑧] =
52.04

𝑟[𝑛𝑚]3
) for the various n values, 𝑟𝑛, corresponding 

to the green dots in Figure 4.9(a), showing the probability distribution as determined by 

DeerAnalysis using analytical kernel functions. These dots were chosen such that there are three 

points to each segment of the 𝑃(𝑟) curve that can be approximated by a straight line, one point 

each at the ends and one point in the middle. This resulted in a total of 39 points for which the 

time-domain signals were calculated using the DRF technique, from which 512 signals, 𝑆(𝑡, 𝑟𝑛), 
were calculated for equally spaced intervals of 𝑟, using the cubic spline package in Matlab, to be 

used as DRF-calculated basis signals in the DeerAnalysis software. 

To use the DRF-calculated signal, the kernel functions 𝐾(𝑡, 𝑟) and the range of 𝑟 values 

in DeerAnalysis were appropriately replaced by the normalized DRF-calculated basis signals, 

𝑆(𝑡, 𝑟𝑛) , over the corresponding range of 𝑟 . The probabilities of distance distributions, 

corresponding to the experimental signal, so calculated by DeerAnalysis are shown in Figure 4.9 

(b). The regularization parameter of 14.3 was found for this probability distribution as 

determined by DeerAnalysis, using the L-curve method, close to that found when the analytical 

kernel functions. 

 

The steps used for the calculation of the probability distribution,  𝑃(𝑟), from the experimental 

signal using DeerAnalysis, modified  for rotating-frames (DRF)-calculated kernel signals are as 

follows: 

1. Determine the range of the distance, 𝑟, over which the probability distribution is non-zero, as 

calculated by the application of DeerAnalysis software. 

2. Simulate the DEER signals using the DRF technique for a good number of evenly distributed 

points, 𝑟𝑛 , over this range.  

3.Use the Spline function in Matlab to derive 512 time-domain signals by the cubic-spline 

technique, each calculated as a function of time in 512 even steps over the range of time from 0 

to 𝛕𝟐 from the m DRF-calculated signals in the previous step. 

4. Normalize the time-domain signals, as simulated by the DRF technique, for the various 𝑟𝑛 

values, by dividing each by its maximum value.  

5. Stack these signals in a 512×512 matrix, 𝐾(𝑟, 𝑡), where 𝑟, 𝑡  denote the rows and columns, 

respectively.  

6. In the DeerAnalysis Matlab file, “make_bas_Tikh.m”, make the following replacements: (i) 

𝑟𝑚𝑖𝑛 and rmax by the minimum and maximum of range of distance 𝑟 , respectively, determined 

in step 1;  (ii) 𝑑𝑡 by  τ2/512 ;  (iii) the already present analytically calculated kernel signals, 

𝐾(𝑟, 𝑡),by the DRF-calculated kernel signals, 𝐾(𝑟, 𝑡), as described in step 5 
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7. In the Matlab file “get_Tikhonov_new.m” in DeerAnalysis folder, replace the conditional 

statement “if length(tdip) > 2048”, which allows one to use already calculated and stored 

analytically calculated kernel signals, 𝐾(𝑟, 𝑡),   by the statement “if length(tdip) > 𝑛𝑅𝐹, where the 

integer 𝑛𝑅𝐹  < 512”  , i.e., 𝑛𝑅𝐹 = 200 in the present case,  for one to use the DRF-calculated 

kernel signals of size (512, 512) as in step 5.    

8. Delete “pake_base_tikh_512.mat” file from the DeerAnalysis folder, so that the already stored 

analytically calculated kernel signals, 𝐾(𝑟, 𝑡)  are removed, allowing the use of  the DRF-

calculated kernel signals, 𝐾(𝑟, 𝑡), Then open the “DeerAnalysis.m” file, run it, and wait until the 

DeerAnalysis workspace loads up (about 5 minutes).  

9. When the workspace opens, click on the button “load”, then from the “Data sets” box load the 

experimental data file (with the ending .DTA). 

10.  In the “Distance Analysis” box, select “Tikhonov” and “L curve” to obtain plots of L-shaped 

curve and the probability distribution as a function of distance.  

 

The two calculated signals as obtained (i) by using the analytical kernel functions built in 

DeerAnalysis and (ii) the DRF-calculated signals are shown by solid blue and solid red lines, 

respectively, in Figure 4.9(c), which also includes the experimental signal as shown by the solid 

black line.  

The probability distributions of distances obtained by using DeerAnalysis with Tikhonov 

regularization using the analytical kernel functions and the DRF-calculated basis signals are 

shown in Figure 4.9 (b) with blue and red solid lines, respectively. It is seen from this figure that 

for 𝑟 > 3.3 nm the two probability distributions are almost the same. On the other hand, for 

smaller 𝑟  values, 𝑟 < 3.3  nm, the two distributions are distinctly different from each other, 

especially at 𝑟 ≈ 2.3 nm where there is found a peak in the probability distribution calculated 

with the DRF-calculated basis signals, unlike that calculated with the analytical kernel functions. 

This is a significant difference, indicating that the DRF-calculated accurate basis signals, 

considering finite pulses, provide better values of probabilities, especially for smaller distances, 

𝑟 < 3.3 nm, in this case.  

Comparing the χ2  values calculated for the two calculated signals with respect to the 

experimental data, as shown in Figure 4.9, one finds that using the DRF-calculated basis signals 

a better fit is obtained than that obtained by using the analytical kernel functions built in 

DeerAnalysis. This is clearly seen in Figure 4.9 (c), showing the signals as calculated by the 

DRF and analytical kernel functions. 
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Figure 4.9 (a) The probability distribution  as a function of distance as obtained from the 

experimental data, reported in (Lovett et. al. 2012) for bis-nitroxide labeled nanowire, calculated 

by DeerAnalysis with Tikhonov-regularization using analytical kernel functions, shown in blue, 

and the distances chosen for the calculation DRF signals indicated by green dots; (b) The 

probability of distance distribution calculated using the DRF-calculated signals described in Sec. 

4.1, shown in red and that calculated using the analytical kernel functions, shown in blue {the 

same as that shown in (a)}; there are found significant differences in the two for distances 𝑟 < 

3.3 nm; (c) The calculated time-domain signal, as obtained by using the DRF-calculated signals, 

shown by the red solid line, and the signal calculated by the DeerAnalysis software using the 

analytical kernels, shown by the blue solid line. An improvement is found in the overall signal 

calculated by using DRF-calculated signals as compared to that calculated using the analytical 

kernel functions. The zero of 𝑡 is set just after the deadtime that occurs subsequent to the third 

pulse in the experiment. The experimental time trace, shown in (c) by black line, is the original 

data, obtained from Dr. J. E. Lovett, one of the authors of Ref. (Lovett et. al. 2012). 
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Calculation of basis kernel DEER signals, 𝑆(𝑡, 𝑟𝑛), by the DRF technique for dipolar 

interaction-coupled 𝐺𝑑3+  ions. The four-pulse time-domain DEER signals were simulated 

using the DRF technique, as described in Sec. 4.2 above, for the set of 𝑟 values, over the range 

calculated for the experimental signal by DeerAnalysis using analytical kernel signals. such that 

they are equally spaced in 𝑟 , the distance between the two 𝐺𝑑3+  ions in 𝐺𝑑  ruler 15  in 

𝐷2𝑂/glycerol-𝑑8 (7/3 volume ratio). This resulted in a total of 19 𝑟 values, for which the time-

domain signals were calculated using the DRF technique. From these 19 DRF-calculates kernel 

signals, 512 signals, for equally spaced intervals of 𝑟, were obtained by using the cubic-spline 

package in Matlab, to serve as the basis kernel signals for the 𝐺𝑑3+  pairs, as required in 

DeerAnalysis. The steps used to modify DeerAnalysis, using the DRF-calculated DEER signals 

for the calculation of the probability distribution are the same as those listed for the coupled 

nitroxide system above. 

Now the probability distribution, 𝑃(𝑟), are obtained using DeerAnalysis with Tikhonov 

Regularization using the basis DRF-calculated kernel signals as described above. Thereafter, the 

time-domain DEER signal, 𝑆𝑐𝑎𝑙(𝑡), is calculated by overlapping the various 𝑆(𝑡, 𝑟𝑛), the RF-

calculated kernel signals for the distances, 𝑟𝑛, weighted by the 𝑃(𝑟𝑛) values, as estimated above, 

as follows: 

 𝑆𝑐𝑎𝑙(𝑡) = ∑ 𝑆(𝑡, 𝑟𝑛)𝑃(𝑟𝑛)𝑛                             (4.18)  

  

It is noted that DeerAnalysis software was not used to calculate the signal, 𝑆𝑐𝑎𝑙(𝑡), unlike 

that done when using the analytical kernel functions which is built in the software, since it would 

have required a lot of effort to modify the software to accomplish this. 

The values and definitions of the constants used in the numerical simulations are listed in 

Table 4.5. Using these, the basis kernel signals were calculated for both Q- and W-bands using 

the DRF technique, described in Sec. 4.2. This included the ZFS and finite pulses. The 

simulations for the polycrystalline sample were carried out over a grid of the unit sphere with 

90 × 90 points of {cosθ, ϕ} for 10 different sets of five Euler angles {(0, β1, γ1), (α2, β2, γ2)}, 

chosen by Monte-Carlo averaging. This is tantamount to 90 × 90 × 10 = 8.1 × 104 simulations 

for each kernel signal. The basis kernel signals were then used in the software DeerAnalysis in 

place of the analytical kernel signals built therein, which are calculated for infinite pulse, valid 

for spin ½, implying that the ZFS has not been considered. For comparison, Figure 4.10, shows 

the kernel functions as calculated here using the DRF technique and including the ZFS, and the 

kernel function calculated using the analytical expression for infinite pulse, for the extreme ends 

and in the middle of the range of 𝑃(𝑟). It is seen from Fig 4.10 that there is a significant 

difference between the DRF-calculated signal and that by the use of analytical kernel. 

The probability distributions as calculated by the use of DeerAnalysis software, equipped 

with the kernel signals, calculated here taking into account the ZFS and finite pulses at Q- and 

W-bands are plotted in Figs. 4.11(a) and 4.12(a), respectively, which also show the probability 

distributions, as obtained by using the basis kernel signals, using infinite pulses and neglecting  
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Parameters Values of the parameters at 

W-band 

Values of the parameters at 

Q-band 

Static magnetic field (𝐵0) 34,050G 11,918G 

Microwave frequency  94.90 𝐺𝐻𝑧 34.30 GHz 

Difference between the observer 

and pump frequencies |ω𝐴 −ω𝐵| 
in the experiment 

90 MHz Chirp pump pulse with 

varying frequency used in the 

experiment 

Difference between the observer 

and pump frequencies |ω𝐴 −ω𝐵| 
in the simulation 

Difference between the 

energy levels in frequency 

units for the transitions  

−1/2 ↔ +1/2 (pump) and 

−1/2 ↔ −3/2 (observer) 

Difference between the 

energy levels in frequency 

units for the transitions  

−1/2 ↔ +1/2 (pump) and 

−1/2 ↔ −3/2 (observer) 

g-values = (𝑔𝑥𝑥 , 𝑔𝑦𝑦, 𝑔𝑧𝑧) (1.9925, 1.9925, 1.9925) (1.9925, 1.9925, 1.9925) 

ZFS components for each Gd3+ 

ion 𝐵𝑚
2  (𝑚 = 2, 1, 0, −1,−2) 

 (95.8 𝑀𝐻𝑧, 0, 383.3 𝑀𝐻𝑧, 
0, 95.896 𝑀𝐻𝑧) 

(𝐷 = 3𝐵0
2 = 1150 MHz;  

𝐸 = 𝐵2
2 = 95.8 MHz) 

 (95.8 𝑀𝐻𝑧, 0, 383.3 𝑀𝐻𝑧, 0, 

95.896 𝑀𝐻𝑧) 

(𝐷 = 3𝐵0
2 = 1150 MHz;  

𝐸 = 𝐵2
2 = 95.8 MHz) 

Constant time between the two 

observer π pulses (τ1) 

350 ns 2.0 μ𝑠 

Constant time between the last 

observer pulse and the top of the 

echo (τ2) 

7.4 μ𝑠 (𝑑𝑡 = 74 𝑛𝑠, 100 

points in time-domain 

signal) 

14.1 μ𝑠 (𝑑𝑡 = 100 𝑛𝑠, 140 

points in time-domain signal) 

Duration of the pulses  𝑡𝑜𝑏𝑠,π/2 = 𝑡𝑝𝑢𝑚𝑝 =15 ns 

𝑡𝑜𝑏𝑠,π = 30 ns  

𝑡𝑜𝑏𝑠,π/2 = 𝑡𝑜𝑏𝑠,π = 12 ns 

𝑡𝑝𝑢𝑚𝑝 =192 ns 

Intensities of the four pulses used 

for simulation of DRF-calculated 

basis signals, shown in Figs. 3- 5. 

(1.54 G, 1.54G, 2.97G, 

1.54G) 

(1.92 G, 3.84 G, 0.23 G, 3.84 

G) 

Table 4.5 The values of the parameters used in the simulations of the four-pulse W-band DEER 

signals of the coupled 𝐺𝑑3+ions.  

 

 

the ZFS of the 𝐺𝑑3+ ions,  as used in DeerAnalysis, valid for spin 𝑆 = 1/2. The following results 

were found. 

Q-band. It is seen that both distributions are maximum at the respective centers, falling 

off gradually to zero for decreasing and increasing 𝑟 from this center, similar to a Gaussian 

distribution, with the maximum 𝑃(𝑟) at 𝑟 =  4.76 nm. Upon comparing the two, it is seen that 

the centers of the two are almost coincident, but the DRF-calculated probability distribution is 

slightly narrower  than that calculated using the analytical functions. The χ2 values are 1.5 × 

10−3 and 1.3 × 10−3  for the analytical and DRF-calculated kernel signals, respectively. 

W-band. It is seen that both distributions are maximum at the respective centers, falling 

off gradually to zero for decreasing and increasing 𝑟 from this center, similar to a Gaussian 
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distribution. Upon comparing the two, it is seen that the centers of the two are almost coincident, 

but the DRF-calculated probability distribution is slightly narrower  than that calculated using 

the analytical functions. In addition, there exists a smaller peak at about 𝑟 = 4.2 nm in the DRF-

calculated probability distribution which is absent in the analytical calculated one. The χ2 values 

are 3.6 × 10−3 and 3.2 × 10−3  for the fits using analytical and DRF-calculated kernel signals, 

respectively. It shows that a better fitting is obtained with the use of DRF-calculated signal 

kernels. 

From these comparisons it appears that for an accurate analysis, taking into account the 

ZFS, one needs to simulate the DRF-calculated kernel signals. It is noted that the parameters of 

fitting, e.g., regularization parameter, obtained by the  application of DeerAnalysis software 

using the DRF-calculated kernel signals are similar to those obtained with the use of analytical 

kernel signals, which can be considered to be realistic. Therefore, the fitting with the DRF-

calculated kernel signals obtained here must also be considered realistic, rather than being an 

artifact of fitting.  
 
 

4.4 Conclusions  

 

The salient features of this chapter  are as follows: 

(i) The time-dependent signals using DRF technique appear to have the expected 

shape of typical DEER signals and their Fourier transforms, indeed, show the 

Pake doublets with peaks at the dipolar frequencies ± ωdd. 

(ii) Calculation of distance distributions from DEER data with the use of the DRF-

calculated basis signals, considering finite pulses, using the DeerAnalysis 

software with Tikhonov regularization provides a more accurate estimation of the 

probabilities of distance distribution, 𝑃(𝑟).  
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Figure 4.10 The kernel signals calculated using the DRF technique including the ZFS at (𝑎1) 𝑟 =
4.19 nm; (𝑏1) 𝑟 = 4.76 nm and (𝑐1) 𝑟 = 5.12 nm and those calculated with the kernel functions, 

calculated using the analytical expression for infinite pulse without including the ZFS at (𝑎2) 𝑟 =
4.19  nm; (𝑏2 ) 𝑟 = 4.76  nm and ( 𝑐2 ) 𝑟 = 5.12  nm corresponding to the maximum of the 

probability of distance distribution as determined from Figs 4.11(a) and 4.12(a), at Q- and W-

bands, respectively.  The DRF and the analytical kernel signals are shown by red and blue solid 

lines, respectively. There is seen a significant difference between the two sets of kernel signals. 
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Figure 4.11 The probability distributions  as functions of distance, obtained from the 

experimental data, for 𝐺𝑑 ruler 15  in 𝐷2𝑂/glycerol-𝑑8  at Q-band, calculated by DeerAnalysis 

with Tikhonov-regularization using the DRF-calculated basis signals, with finite pulses including 

the ZFS, shown in red and those obtained using analytical kernel functions with infinite pulses 

and no ZFS, shown in blue; (b) The time-domain signals, as calculated by DeerAnalysis software 

using the DRF-calculated signals, shown by red solid line, and the time-domain signal, as 

calculated by DeerAnalysis software, obtained by using the analytical kernels, shown by the blue 

solid line. The inset in (b) amplifies the region around t = 1𝛍s for a better comparison.  

 

 

  

 Figure 4.12 The probability distributions  as functions of distance, obtained from the 

experimental data, for 𝐺𝑑 ruler 15 in 𝐷2𝑂/glycerol-𝑑8 (7/3 volume ratio) at W-band, calculated 

by DeerAnalysis with Tikhonov-regularization using analytical kernel functions with infinite 

pulses, shown in blue, and that obtained using the DRF-calculated basis signals, with finite 

pulses,  shown in red; (b) The time-domain signals, as calculated by DeerAnalysis software using 

the analytical kernels, shown by red solid line, and the time-domain signal, as calculated by 

DeerAnalysis software, obtained by using the DRF-calculated signals, shown by the blue solid 

line. The inset in (b) amplifies the region around t = 5.5𝛍s for a better comparison. 
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Chapter 5 

5. Relaxation in pulsed EPR: thermal variation of spin-Hamiltonian parameters of an 

electron-nuclear spin-coupled system in a 𝜸-irradiated malonic acid single crystal 

 

In this chapter, the numerical algorithm presented in Sec. 2.1 is exploited to calculate pulsed 

EPR spin echo correlation spectroscopy (SECSY) and echo-electron-electron double-resonance 

(echo-ELDOR) signals rigorously in Liouville space taking into account a phenomenological 

relaxation matrix in single crystal and polycrystalline materials for a spin-coupled electron-

nuclear system with the electron spin S= ½ and nuclear spin I= ½. Two models of fluctuation, 

namely cylindrical and conical models of fluctuations of the spin Hamiltonian parameters are 

then introduced to calculate the elements of the relaxation matrix quantitively.  

The examples considered for illustration here are the same as those considered in by Lee et. 

al. 1993 for the single-crystal case. The sample used is an irradiated malonic-acid crystal 

(McConnell et. al. 1960), wherein an unpaired electron spin 𝑆 = 1 2⁄ , is in interaction with a 

single nucleus, 𝐼 = 1 2⁄ ,  by hyperfine  interaction, with the principal axes of the hyperfine  

tensor �̃� and those of the �̃� matrix assumed to be coincident. The orientations of the crystalline 

axes X, Y, Z  are shown in Figure 5.1. The advantage of choosing the malonic acid radical is that 

it is a simple S= l/2, I= l/2 spin system, which is easy to analyze, and the detailed structural 

information is available by X-ray crystallography and from previous ESR studies (McConnell et. 

al. 1960). 

The CW spectrum shows several HF lines due to different kinds of radicals produced, soon 

after irradiation, but in aged samples, only two lines are seen (Lee et. al. 1993). The strong 

doublet is due to the HF coupling of the 𝜋 electron of the 𝛼 carbon with the 𝛼 proton of the C-H 

fragment of the  ∘ 𝐶𝐻 ( 𝐶𝑂𝑂𝐻 )2 radical of malonic acid. The principal axis system of the HF 

tensor is defined in Ref. 30, and the procedure to identify the axes described therein were used in 

this study. Figure 5.1 shows the principal axes (x,y,z) of the HF tensor in relation to the structure 

of the malonic acid radical ∘ 𝐶𝐻 ( 𝐶𝑂𝑂𝐻 )2. 
 

5.1 Calculation of single crystal and polycrystalline SECSY and echo-ELDOR signal 

5.1.1 Spin Hamiltonian for an electron-nuclear spin-coupled system in an irradiated malonic acid 

crystal 

For the specific case of a single nucleus (𝐼 =  1/2) interacting with an unpaired electron 

(𝑆 =  1/2)  by the hyperfine interaction, where the HF-interaction matrix has the principal axes 

coincident with those of the �̃� matrix, the total Hamiltonian can be expressed as the sum of a 

static Hamiltonian and a pulse Hamiltonian (Lee et. al. 1993) 

 �̂� = �̂�0 + �̂�1 
(5.1) 

In high-field approximation, non-secular terms are negligible and static Hamiltonian can be 

written as: 
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 ℋ̂0 =
�̂�0
ℏ
= 𝐶𝑆𝑧 − 𝜔𝑛𝐼𝑧 + 𝐴𝑆𝑧𝐼𝑧 +

1

2
𝐵𝑆𝑧𝐼+ +

1

2
𝐵∗𝑆𝑧𝐼− (5.2) 

where 𝜔𝑛 is the nuclear Larmor frequency. The coefficients of the spin Hamiltonian in Eq. (5.2) 

in angular frequency units (Energy unit/ħ, where ħ is Planck’s constant divided by 2π) are 

expressed as follows (Lee et. al. 1993):  

 

Figure 5.1 Relation of principal axes (x,y,z) of the  �̃�  and 𝐴 ̃(hyperfine) matrices, assumed 

coincident to the structure of the malonic acid radical CH(COOH)2 to the. Here, the z axis is 

along the C-H bond direction and the x- axis is perpendicular to the plane of the three carbon 

atoms). The direction of the external static field B0 is defined by the angles θ and ϕ, where θ is 

the angle between B0 and the z axis, and ϕ is the angle between the x axis and the projection of 

B0 on the xy plane.  

 

 
𝐶 =

𝛽𝑒 𝐵0
ℎ

[�̅� + 𝐹
1

2
(3 cos2 𝛽 − 1) + 𝐹(2) sin2 𝛽 cos(2𝛾)] (5.3) 

 𝐴 = −2𝜋 [�̅� + 𝐷
1

2
(3 cos2 𝛽 − 1) + 𝐷(2) sin2 𝛽 cos(2𝛾)] (5.4) 
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 𝐵 = −4𝜋 {𝐷
3

4
sin 𝛽 cos 𝛽 − 𝐷(2)

1

2
sin 𝛽 [cos 𝛽 cos(2𝛾) − 𝑖 s 𝑖𝑛(2𝛾)]} (5.5) 

and 

 �̅� =
1

3
(𝑔𝑥𝑥 + 𝑔𝑦𝑦 + 𝑔𝑧𝑧); �̅� =

1

3
(𝐴𝑥𝑥 + 𝐴𝑦𝑦 + 𝐴𝑧𝑧);  

 𝐹 =
2

3
(𝑔𝑧𝑧 −

1

2
(𝑔𝑥𝑥 + 𝑔𝑦𝑦)) ; 𝐷 =

2

3
(𝐴𝑧𝑧 −

1

2
(𝐴𝑥𝑥 + 𝐴𝑦𝑦)) ; (5.6) 

 𝐹(2) =
1

2
(𝑔𝑥𝑥 − 𝑔𝑦𝑦); 𝐷

(2) =
1

2
(𝐴𝑥𝑥 − 𝐴𝑦𝑦); 

In Eq. (5.3) and (5.4), �̅�  is the isotropic part of the �̃�-matrix; �̅� is the isotropic part of the A-

tensor. (It is noted that in (Lee et. al. 1993), there were misprints, which have been corrected in 

the above equations. In particular, instead of having the factors of 2 𝜋 in Eq. (5.4) and (5.5), 

there was the factor 
𝛾𝑒

ℏ
 in both places in (Lee et. al. 1993).). The orientations Ω(𝛼, 𝛽, 𝛾) are the 

Euler angles which describe the orientations of the principal axes of the �̃�-matrix with respect to 

the static magnetic field (Figure 5.1). The principal axes of the hyperfine matrix  �̃� are assumed 

to be coincident with those of the matrix �̃�. Since all the calculations are carried out in the 

rotating frame, for which the effective field  𝐵 = 𝐵𝑒𝑓𝑓 = 𝟎, the value of  C in Eq. (5.3) becomes 

equal to zero as it is proportional to B.  

The pulse Hamiltonian used in the calculation of 𝛾-irradiated malonic acid system is 

expressed as (Lee et. al. 1993): 

�̂�1 = 𝐵1𝛾𝑒(𝑆𝑥𝑐𝑜𝑠𝜙 + 𝑆𝑦𝑠𝑖𝑛𝜙)𝐼𝑛 =
𝜔

2
(𝑒−𝑖𝜙𝑆+ + 𝑒

𝑖𝜙𝑆−)𝟏𝑛 (5.7) 

In Eq. (5.7), 𝐵1 is the amplitude of the microwave field, 𝛾𝑒 is the electron gyromagnetic factor, 𝜔 

is the angular frequency of the microwave field, and 𝟏𝑛 is 2×2 unit matrix in nucleus space. 

5.1.2 Phenomenological relaxation matrix elements 

The Liouville-von Neumann equation in the Liouville space is used to describe the time 

evolution of the density matrix. The numerical calculations here are performed following the 
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description given in Sec. 2.1. Using LVN equation, the time domain evolution of the matrix 

elements of the density matrix, including the relaxation matrix in the Liouville space, can be 

expressed as (Lee et. al. 1993): 

 
𝑑

𝑑𝑡
𝜌𝛼𝛼′(𝑡) = −𝑖𝜔𝛼𝛼′𝜌𝛼𝛼′ −∑ R̂̂𝛼𝛼′𝛽𝛽′(𝜌𝛽𝛽′ − 𝜌0𝛽𝛽′)

𝛽𝛽′
 (5.8) 

with   

 𝜔𝛼𝛽 = 𝐸𝛼 − 𝐸𝛽 (5.9) 

where  𝐸𝛼, 𝐸𝛽 are the eigenvalues of the static Hamiltonian, �̂�0, for the electron-nuclear coupled 

system (S = ½, I = ½) as given by Eq. (5.2). 

In Eq. (5.8), R̂̂𝛼𝛼′𝛽𝛽′  are the relaxation matrix elements, where 𝛼, 𝛼′, 𝛽, 𝛽′ designate 

the eigenstates of the Hamiltonian �̂�0. The following specific values for the matrix elements, as 

given by (Lee et. al. 1993) are used here: 

 R̂̂𝛼𝛽,𝛼𝛽  = R̂̂𝛽𝛼,𝛽𝛼  = −(
1

𝑇2
)
𝛼𝛽

;  R̂̂𝛼𝛼,𝛽𝛽  = 𝑊𝛼𝛽;  R̂̂𝛼𝛼,𝛼𝛼  = −∑ 𝑊𝛼𝛾
𝛾≠𝛼

 (5.10) 

Otherwise 

 R̂̂𝛼𝛽,𝜁𝜂  = 0 (5.11)  

The relaxation pathways among the various eigenstates of the coupled electron-nuclear 

spin system in the lattice, as defined in the H0 basis (Lee et. al. 1993), are shown in Figure 5.2 

below, where a and b indicate the nuclear sublevels coupled to the electronic magnetic quantum 

number 𝑀𝑆 = 1 2⁄  , and c and d indicate the nuclear sublevels coupled to the electronic magnetic 

quantum number of 𝑀𝑆 = −1 2⁄ . 
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Figure 5.2 The energy levels of an electron-nuclear spin-coupled system 

It is assumed, with reference to the above diagram, that (Lee et. al. 1993) 

 𝑊𝑎𝑏 = 𝑊𝑏𝑎 = 𝑊𝑐𝑑 = 𝑊𝑑𝑐 = 𝑊𝑛  

 𝑊𝑎𝑐 = 𝑊𝑐𝑎 = 𝑊𝑏𝑑 = 𝑊𝑑𝑏 = 𝑊𝑒  

 𝑊𝑎𝑑 = 𝑊𝑑𝑎 = 𝑊𝑦  

 𝑊𝑏𝑐 = 𝑊𝑐𝑏 = 𝑊𝑥 (5.12) 

and 

 (𝑇2)𝑎𝑐 = (𝑇2)𝑏𝑑 = (𝑇2)𝑎𝑑 = (𝑇2)𝑏𝑐 = 𝑇2𝑒  

 (𝑇2)𝑎𝑏 = (𝑇2)𝑐𝑑 = 𝑇2𝑛 (5.13) 

All matrix elements  R̂̂𝛼𝛽,𝜁𝜂  = 0 , except for the non-zero elements of the relaxation matrix 

corresponding to the above diagram. Specifically, the non-zero elements of the relaxation matrix 

are (Lee et. al. 1993) 

 R̂̂𝑎𝑏,𝑎𝑏 = R̂̂𝑏𝑎,𝑏𝑎 = R̂̂𝑐𝑑,𝑐𝑑 = R̂̂𝑑𝑐,𝑑𝑐 = −
1

𝑇2𝑛
  

 

R̂̂𝑎𝑐,𝑎𝑐 = R̂̂𝑐𝑎,𝑐𝑎 = R̂̂𝑎𝑑,𝑎𝑑 = R̂̂𝑑𝑎,𝑑𝑎 = R̂̂𝑏𝑐,𝑏𝑐 = R̂̂𝑐𝑏,𝑐𝑏 = R̂̂𝑏𝑑,𝑏𝑑 = R̂̂𝑑𝑏,𝑑𝑏

= −
1

𝑇2𝑒
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 R̂̂𝑎𝑎,𝑎𝑎 = R̂̂𝑑𝑑,𝑑𝑑 = −𝑊𝑒 −𝑊𝑛 −𝑊𝑦;  R̂̂𝑏𝑏,𝑏𝑏 = R̂̂𝑐𝑐,𝑐𝑐 = −𝑊𝑒 −𝑊𝑛 −𝑊𝑥  

 R̂̂𝑎𝑎,𝑏𝑏 = R̂̂𝑏𝑏,𝑎𝑎 = R̂̂𝑐𝑐,𝑑𝑑 = R̂̂𝑑𝑑,𝑐𝑐 = 𝑊𝑛 +
𝜔𝐻𝐸
4

  

 R̂̂𝑎𝑎,𝑐𝑐 = R̂̂𝑏𝑏,𝑑𝑑 = R̂̂𝑐𝑐,𝑎𝑎 = R̂̂𝑑𝑑,𝑏𝑏 = 𝑊𝑒 +
𝜔𝐻𝐸
4

  

 R̂̂𝑏𝑏,𝑐𝑐 = R̂̂𝑐𝑐,𝑏𝑏 = 𝑊𝑥 −
𝜔𝐻𝐸
4
; R̂̂𝑎𝑎,𝑐𝑐 = R̂̂𝑑𝑑,𝑎𝑎 = 𝑊𝑦 −

𝜔𝐻𝐸
4
;  

  (5.14) 

Here 𝜔𝐻𝐸 = 0 as used by (Lee et. al. 1993). It is noted that the values of the relexation matrix 

elements, including 𝑊𝑒 ,𝑊𝑛,𝑊𝑥,𝑊𝑦 are chosen phenomenologically here.  

5.1.3 Pulse sequences and coherence pathways 

The pulse sequences and the relevant coherence pathways are shown in Figure 5.3and 

Figure 5.4, respectively, for SECSY and echo-ELDOR experiments.  

                  

    

Figure 5.3 (Top) Pulse sequence for obtaining SECSY signal. The t1 time between the two pulses 

and t2 time from the echo are stepped. (Bottom) The coherence pathway Sc- used for calculating 

SECSY signal for an unpaired electron (S = ½) interacting with a single nucleus (I = ½) is shown 

by the solid line. 

π/2 π/2

t1

t2

p = +1

p = 0

p = -1

t1
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Figure 5.4 (Top) Pulse sequence for obtaining echo- ELDOR signal. The t1 time between the first 

two pulses and t2 time from the echo are stepped. Here Tm is the mixing time. (Bottom) The 

coherence pathways used for calculating 2D- ELDOR signal for an unpaired electron (S = ½) 

interacting with a single nucleus (I = ½) is shown by the solid line.  

Selection of coherent pathways by appropriate selection of the corresponding 

elements of the density matrix. For single electron-nuclear coupled system with electron spin 

S=1/2, nuclear spin I=1/2, the dimension of the coupled spin Hamiltonian is (2𝑆1 + 1) × (2𝐼1 +

1) = 4, so that the density matrix in the electron-nuclear spin-coupled direct product space the 

total density matrix 𝜌 = 𝜌𝑒⊗𝜌𝑛 , where 𝜌𝑒 and 𝜌𝑛 are, respectively, the density matrices in the 

electronic and nuclear subspaces, In the following, the coherence order 𝑝  represents the 

transverse magnetization corresponding to the spins rotating in a plane perpendicular to the 

external field. The matrix elements for the various coherence orders are defined as follows, 

which will be consistent with the experimental technique to acquire a particular coherent 

pathway. 

(i) For the pathway with the coherence order 𝑝 = 1, all matrix elements of the density 

matrix, 𝜌𝑒 , are put equal to zero, except for those corresponding to 𝜌𝑒(1,2). 

(ii) For the pathway with the coherence order 𝑝 = 0 all matrix elements of the density 

matrix, 𝜌𝑒 , are put equal to zero, except for those corresponding to 𝜌𝑒(1,1) and 𝜌𝑒(2,2). 

(iii) For the pathway with coherence order 𝑝 = −1, all matrix elements of the density 

matrix, 𝜌𝑒 , are put equal to zero, except for those corresponding to 𝜌𝑒(2,1). 

 

π/2 π/2π/2

t1

t2

Tm t1

p = +1

p = 0

p = -1

fixed
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5.1.4 Gaussian inhomogeneous broadening effect 

 In accordance with that used in (Lee et. al. 1993), the Gaussian inhomogeneous 

broadening effect in the frequency-domain along 𝜔2 (= 2𝜋𝜈), corresponding to the step time 𝑡2 

(Figure 5.3 and Figure 5.4), is taken into account by the following time-domain dependence: 

 𝑓𝑏(𝑡2) = 𝑓(𝑡2)
1

√2𝜋∆
∫ 𝑒𝑥𝑝 (−

𝜈2

2Δ2
)

∞

−∞

𝑒−𝑖2𝜋𝜈𝑡2𝑑𝜈 = 𝑓(𝑡2)𝑒
−2(𝜋∆𝑡2)

2
 

 
(5.15) 

where 𝑓𝑏(𝑡2) is the Gaussian-broadened signal along t2 and ∆ is the Gausssian inhomogeneous 

broadening parameter expressed in frequency units.  

 5.1.5 Illustrative Examples 

The examples considered for illustration here are the same as those considered in (Lee et. 

al. 1993) for the single-crystal case. In addition, they are generalized to cover polycrystalline 

case. The sample used is an irradiated malonic-acid crystal (McConnell et. al. 1960), wherein an 

unpaired electron spin 𝑆 = 1 2⁄ , is  in interaction with a single nucleus, 𝐼 = 1 2⁄ ,  by hyperfine 

interaction, with the principal axes of the hyperfine tensor �̃� and those of the �̃� matrix assumed 

to be coincident. The orientations of the crystalline axes X, Y, Z  are shown in Figure 5.1, whose 

caption describes the angles (𝜃, 𝜙), which can be related to the Euler angles: 𝜂 = (𝛼, 𝛽, 𝛾). 

The values of the various parameters used are as follows: each 𝜋 2⁄  pulse is of duration 

5ns; the nuclear Zeeman frequency 𝜔𝑛 = 14.5𝑀𝐻𝑧;  the principal values of the  �̃�  and 𝐴 ̃-

matrices are:  �̃� = (𝑔𝑥𝑥, 𝑔𝑦𝑦, 𝑔𝑧𝑧) = (2.0026, 2.0035,2.0033) ;  �̃� = (𝐴𝑥𝑥, 𝐴𝑦𝑦, 𝐴𝑧𝑧)     =

(−61.0𝑀𝐻𝑧,−91.0𝑀𝐻𝑧,−29.0𝑀𝐻𝑧); the Gaussian inhomogeneous broadening ∆= 4𝑀𝐻𝑧 for 

SECSY signal and ∆= 5𝑀𝐻𝑧 for ELDOR signal. 

The input values used for the parameters describing the relaxation matrix in the 

simulation of the time-domain signals are as follows (the same as those used in Lee et. al. 1993): 

electron spin–spin relaxation time, 𝑇2𝑒 = 0.900𝜇𝑠 ; nuclear spin–spin relaxation time, 𝑇2𝑛 =
22𝜇𝑠 ; the inverse electron spin–spin relaxation time, 𝑊𝑒 = 0.0167𝜇𝑠

−1 ; the inverse nuclear 

spin–spin relaxation time, 𝑊𝑛 = 0.00714𝜇𝑠
−1; the inverse electron nuclear spin–spin relaxation 

time, 𝑊𝑥 = 0.00617𝜇𝑠
−1; the inverse electron-nuclear spin–spin relaxation time 𝑊𝑥 = 𝑊𝑦; the 

inverse Heisenberg exchange relaxation time, 𝜔𝐻𝐸 = 0.0𝜇𝑠
−1.   

 

The single-crystal SECSY and echo-ELDOR time-domain signals were calculated here 

for illustration for the orientation (𝜃, 𝜙) = (30°, 0°)  in the zx-quadrant, so that  (𝛼, 𝛽, 𝛾) =

 (0, −𝜃, 0) (Lee et. al. 1993) as shown in Figure 5.5 and Figure 5.6, respectively. The powder 

simulations are included in Figure 5.7 and Figure 5.8, respectively for SECSY and echo-ELDOR 

signals without Gaussian broadening, and in Figure 5.9 and Figure 5.10, respectively, with 

Gaussian broadening.  
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 Simulation - Time-

domain signal (this 

work)  

Simulation – Fourier 

transform (this work) 

Without 

Gaussian 

inhomogeneous 

broadening 

  

With Gaussian 

inhomogeneous 

broadening 

  

  Experimental Spectrum With 

Gaussian Broadening 

  

 

 

Figure 5.5 Simulated single-crystal SECSY time-domain signal with relaxation taken into 

account at (𝜃, 𝜙)= (30°, 0°) orientation of the external magnetic field with respect to the crystal 

axes in the zx-quadrant (Lee et. al. 1993), shown in the left column. The corresponding FT 

figures are shown in the column to the right. A Gaussian inhomogeneous broadening width Δ=4 

MHz in accordance with (Lee et. al. 1993) has been added along the t2 axis in calculating the 

Fourier transform as shown in the second row for the time domain and FT signals. The 

corresponding SECSY experimental spectrum as extracted from (Lee et. al. 1993) is shown in 

the bottom row for comparison.   
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 Simulation Time-domain 

signal (this work)  

Simulation – Fourier transform 

(this work) 

Without Gaussian 

inhomogeneous 

broadening 

  

With Gaussian 

inhomogeneous 

broadening 

  

  Experimental Spectrum With 

Gaussian Broadening 

  

 

 

Figure 5.6 Simulated single-crystal echo-ELDOR time-domain signal with relaxation taken into 

account at (𝜃, 𝜙)= (30°, 0°) orientation of the external magnetic field with respect to the crystal 

axes in the zx-quadrant, with the mixing times Tm = 40 μs, shown in the left column. The 

corresponding FT figures are shown in the column to the right. A Gaussian inhomogeneous 

broadening width Δ=5 MHz has been added along the t2 axis in calculating the Fourier transform 

as shown in the bottom row for the time domain and FT signals. The corresponding echo-

ELDOR experimental spectrum as extracted from (Lee et. al. 1993) is shown in the bottom row 

for comparison. 
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Figure 5.7 SECSY polycrystalline spectrum, for the (𝜃, 𝜙)grid: nTheta = 180, nPhi = 180, without 

Gaussian inhomogeneous broadening. The simulated time-domain signal is shown at the left and 

the corresponding FT is shown on the right.  

 

  

 

Figure 5.8 Echo-ELDOR polycrystalline spectrum, for the (𝜃, 𝜙)grid: nTheta = 180, nPhi = 180, 

without Gaussian inhomogeneous broadening. The simulated time-domain signal is shown at the 

left and the corresponding FT is shown on the right. The mixing time, Tm, is 40 μs. 
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Figure 5.9 SECSY polycrystalline spectrum, for the (𝜃, 𝜙)grid: nTheta = 180, nPhi = 180, with 

Gaussian inhomogeneous broadening of Δ=4 MHz added. The simulated time-domain signal is 

shown at the left and the corresponding FT is shown on the right.  

 

 
 

 

Figure 5.10 Echo-ELDOR polycrystalline spectrum, for the (𝜃, 𝜙)grid: nTheta = 180, nPhi = 180, 

with Gaussian inhomogeneous broadening of Δ=5 MHz added. The simulated time-domain 

signal is shown at the left and the corresponding FT is shown on the right. The mixing time, Tm, 

is 40 μs. 

It is noted that in the simulations carried out here, the static spin Hamiltonian and the 

relaxation matrix are ignored during the pulses. However, for a more rigorous simulation, one 

should include them during the pulses. To investigate the effects of including the static spin 

Hamiltonian, 𝐻0 (Eq. (5.1)) and the relaxation matrix during the pulses, the 1D Fourier transform 

of the SECSY and echo-ELDOR signals are plotted in Figure 5.11 Comparison of SECSY 1D 

spectrum in the Fourier domain along f2 for the slice along f1=0 for four different cases: i) 

Without H0 and relaxation ii) Without H0 but with relaxation included iii) With H0 without 

relaxation iv) With H0 and with relaxation during the pulses. and Figure 5.12, respectively, for 

the four various cases: i) Without 𝐻0 and without relaxation during the pulses; ii) Without 𝐻0 but 
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with relaxation during the pulses; iii) with 𝐻0 but without relaxation during the pulses and iv) 

With both 𝐻0 and relaxation during the pulses.  

 
 

Figure 5.11 Comparison of SECSY 1D spectrum in the Fourier domain along f2 for the slice 

along f1=0 for four different cases: i) Without H0 and relaxation ii) Without H0 but with 

relaxation included iii) With H0 without relaxation iv) With H0 and with relaxation during the 

pulses.   
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Figure 5.12 Comparison of echo-ELDOR 1D spectrum in the Fourier domain along f2 for the 

slice along f1=0 for four different cases: i) Without H0 and relaxation ii) Without H0 but with 

relaxation included iii) With H0 without relaxation iv) With H0 and with relaxation during the 

pulses.  
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 It is seen from Figure 5.11 Comparison of SECSY 1D spectrum in the Fourier domain 

along f2 for the slice along f1=0 for four different cases: i) Without H0 and relaxation ii) Without 

H0 but with relaxation included iii) With H0 without relaxation iv) With H0 and with relaxation 

during the pulses. and Figure 5.12 that inclusion of the static Hamiltonian during the pulses does 

indeed change the spectra significantly, which enhances as the number of pulses in an 

experiment increase (SECSY-2 versus echo-ELDOR-3). On the other hand, taking into account 

the relaxation during the pulses does not have any significant effect on the spectra, since the 

spin-lattice and spin-spin relaxation times ( 1T  and 2T ) are several orders of magnitude longer 

than the duration of the pulses.  

 

5.2 Quantitative calculation of relaxation matrix elements in a 𝛾-irradiated malonic acid single 

crystal 

  

In previous section, the original theory of two-dimensional (2D)-EPR with nuclear 

modulation introduced by (Gamliel and Freed 1990) was extended to treat the problem in 

Liouville space, and the combined effect of nuclear modulation and spin relaxation was taken 

into account to calculate SECSY and echo-ELDOR signals. However, the elements of the 

relaxation matrix used in the previous section were defined in a phenomenological manner. It is 

the purpose of this section to advance the theory further to treat relaxation due to molecular 

fluctuation as caused by thermal motion more rigorously for the coupled electron-nuclear system 

with electron spin S= ½ and nuclear spin I = ½ using i) the linear approximation model of 

fluctuation of spin- Hamiltonian parameters 𝛿(SHP) proposed by (Frezzato et al. 2004), wherein 

the higher-order terms in fluctuation are neglected and ii) conical model governed by a restoring 

harmonic-oscillator potential wherein on average, the fluctuations of the tip of the director axis 

of the malonic acid then take place in a cone about the symmetry axis.  The amplitude of the 

fluctuation of the SHP is here related to the fluctuation of the local director of the malonic-acid 

molecule, described by its orientation, assuming the average orientation of the director to be 

along the molecular axis, leading to the calculation of the relaxation matrix. Accordingly, the 

relaxation-matrix elements used in Sec. 5.1 for a coupled electron-nuclear system are here 

replaced by those calculated taking into account the fluctuation of SHP to treat the effect of 

relaxation on a pulsed-EPR signal.  

 

5.2.1 Spin Hamiltonian due to thermal fluctuation  

The time-dependent matrix elements for the four-level 𝑆 = 1/2;  𝐼 = 1/2 spin system of 

the Hamiltonian, �̂�1(𝑡), causing relaxation, can be written in general form, in the eigenvalue 

basis, as follows (Lee et. al. 1993): 

 �̂�1(𝑡)𝛾𝛿 =∑𝐹𝑝(𝑡)𝐴𝑝𝛾𝛿;   𝛾, 𝛿 = 𝑎, 𝑏, 𝑐, 𝑑; 𝑝 = 1,10

𝑝

 (5.16) 

where a, b, c, d refer to the four energy levels of the spin Hamiltonian given in Eq. (5.2), defined 

by their energy as  
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 𝐸𝑎 =
𝐶

2
+
1

2
𝜔𝛼; 𝐸𝑏 =

𝐶

2
−
1

2
𝜔𝛼; 𝐸𝑐 = −

𝐶

2
−
1

2
𝜔𝛽; 𝐸𝑑 = −

𝐶

2
+
1

2
𝜔𝛽 (5.17) 

 

where 𝜔𝛼, 𝜔𝛽 are defined as follows: 

 𝜔𝛼 = [(𝜔𝑛 −
𝐴

2
)
2

+ (
𝐵

2
)
2

]

1 2⁄

; 𝜔𝛽 = [(𝜔𝑛 +
𝐴

2
)
2

+ (
𝐵

2
)
2

]

1 2⁄

 (5.18) 

 

and the eigenvectors are (Lee et. al. 1993): 

 

 
|𝑎⟩ = [𝑐1 −𝑐2 0 0]𝑇;     |𝑏⟩ = [𝑐2 𝑐1 0 0]𝑇 

|𝑐⟩ = [0 0 𝑐3 −𝑐4]
𝑇;     |𝑑⟩ = [0 0 𝑐4 𝑐3]

𝑇 
(5.19) 

 

In Eq. (5.19) the superscript T denotes the transpose, and the coefficient 𝑐𝑖, 𝑖 = 1,⋯ ,4  are: 

 

𝑐1 =
1

√2
[1 ±

(𝐴 2⁄ ) − 𝜔𝑛
𝜔𝛼

]

1 2⁄

; 𝑐2 = −
1

√2
[1 ∓

(𝐴 2⁄ ) − 𝜔𝑛
𝜔𝛼

]

1 2⁄

; 

𝑐3 =
1

√2
[1 +

(𝐴 2⁄ ) + 𝜔𝑛
𝜔𝛽

]

1 2⁄

; 𝑐4 = −
1

√2
[1 −

(𝐴 2⁄ ) + 𝜔𝑛
𝜔𝛽

]

1 2⁄

 

(5.20) 

Here 𝜔𝑛 is the nuclear Larmor frequency and 𝐴, 𝐵 are the coefficients of the 𝑆𝑧 𝐼𝑧 and 𝑆𝑧𝐼± spin 

operators given in Eq. (5.2) . It is noted that 𝜔𝛼, 𝜔𝛽 and 𝑐𝑖 depend on the molecular orientation, 

because of the dependence of A and B on the Euler angles.  

In Eq. (5.16),  𝐴𝑝 are the spin operators in the laboratory frame that appear in the spin 

Hamiltonian, which are orientation dependent and are listed in Table 5.1, and  𝐹𝑝(𝑡)  are 

functions of spatial variables, which are, in fact, the time-dependent fluctuating parts of the spin-

Hamiltonian, 𝛿(𝑆𝐻𝑃), as listed below for the various 𝐹𝑝(𝑡) terms in the spin Hamiltonian (5.2):  

𝐹1(𝑡) =
𝛽𝑒 𝐵0

ℏ
𝛿𝑔;  

𝐹2(𝑡) = 𝛿𝐹
1

2
(3 cos2 𝛽 − 1) + 𝛿𝐹(2) sin2 𝛽 cos(2𝛾) 

𝐹3(𝑡) = 𝛿𝐹
3

8
sin(2𝛽) − 𝛿𝐹(2)

1

4
sin(2𝛽) cos(2𝛾) 

𝐹4(𝑡) = −
𝛾𝑒
ℏ
𝛿𝑎;  
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𝐹6(𝑡) = 𝛿𝐷
1

2
(3 cos2 𝛽 − 1) + 𝛿𝐷(2) sin2 𝛽 cos(2𝛾) 

 

𝐹8(𝑡) = 𝛿𝐷
3

8
sin(2𝛽) − 𝛿𝐷(2)

1

4
sin(2𝛽) cos(2𝛾) 

𝐹10(𝑡) = 𝛿𝐷
3

8
sin2 − 𝛿𝐷(2)

1

4
(1 + cos2 𝛽) cos(2𝛾) 

𝐹5(𝑡) = 𝐹7(𝑡) = 𝐹9(𝑡) = 0; 

(5.21) 

It is noted that in the above expressions the interaction constants (δg, δa, δF, δD, δF(2), δD(2)) are 

time dependent, representing the deviations from the respective average values e.g.  δg= g(t)-�̅�.  

The diagonal elements of the T2-type relaxation in Liouville space are expressed as (Lee 

et. al 1993): 

 

(𝑇2
−1)𝛼𝛽 = −𝑅𝛼𝛽𝛼𝛽

= ∫ 𝑑𝜏 𝜔𝛼𝛽(𝑡)𝜔𝛼𝛽(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
∞

0

+
1

2
(∑𝑊𝛼𝛾 

𝛾≠𝛼

+∑𝑊𝛽𝛾 

𝛾≠𝛽

) 
(5.22) 

where the time-dependent values of 𝜔𝛼𝛽(𝑡)=𝐻1(𝑡)𝛼𝛼-𝐻1(𝑡)𝛽𝛽, which are stochastic, and thus 

only their time-correlation values are estimated, as shown below.  

The integral and the transition probabilities 𝑊𝛼𝛾 in Eq. (5.22) are (Lee et. al. 1993): 

 

∫ 𝑑𝜏 𝜔𝛼𝛽(𝑡)𝜔𝛼𝛽(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
∞

0

=∑(𝐴𝛼𝛼
𝑞 − 𝐴𝛽𝛽

𝑞 )(𝐴𝛼𝛼
𝑟 − 𝐴𝛽𝛽

𝑟 ) 

𝑞,𝑟

×∫ 𝑑𝜏 𝐹𝑞(𝑡)𝐹𝑟∗(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅
∞

−∞

 

(5.23) 

 𝑊𝛼𝛾 = 𝑅𝛼𝛼,𝛾𝛾 =∑𝐴𝛼𝛾
𝑞 𝐴𝛾𝛼

𝑟  

𝑞,𝑟

×∫ 𝑑𝜏 𝐹𝑞(𝑡)𝐹𝑟∗(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  𝑒−𝑖 𝜔𝛼𝛾 𝜏
∞

−∞

 (5.24) 

Calculation of the non-zero elements of the relaxation matrix, 𝑅𝛼𝛽𝛼𝛽 , in Eq. (2.3) due to the 

fluctuating perturbation can be carried out by considering the auto-correlation function, 

𝐹𝑞(𝑡)𝐹𝑟∗(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  , between the fluctuating parts of the spin Hamiltonian at times t = 0 and t = 𝜏.   
According to Eq (5.21)., all required autocorrelation functions can be expressed in terms of the 

𝛿(𝑆𝐻𝑃)s:  δg, δA, δD. δD(2), δF. δF(2), which are here calculated using i) cylindrical model of 

fluctuation and ii) the conical model of fluctuation. The procedure to calculate 𝛿(𝑆𝐻𝑃) 
exploiting the two models is described in Secs. 5.2.2 and 5.2.3 below. 
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𝐴𝑞 |𝐴𝑎𝑐|
2 |𝐴𝑏𝑑|

2 |𝐴𝑎𝑑|
2 |𝐴𝑏𝑐|

2 |𝐴𝑎𝑏|
2 |𝐴𝑐𝑑|

2 |𝐴𝑎𝑎|
2 ,  

|𝐴𝑏𝑏|
2 

|𝐴𝑐𝑐|
2 ,  
|𝐴𝑑𝑑|

2 

𝑆𝑧       1

4
 

1

4
 

𝑆𝑧       1

4
 

1

4
 

𝑆+ + 𝑆− 𝑚1
2 𝑚1

2 𝑚1
2 𝑚1

2     

𝑆𝑧𝐼𝑧     1

4
[𝑅𝑒(𝑐1

∗𝑐2)]
2 

1

4
[𝑅𝑒(𝑐3

∗𝑐4)]
2 

1

16
(|𝑐1|

2

− |𝑐2|
2)2 

1

16
(|𝑐3|

2

− |𝑐4|
2)2 

1

2
(𝑆+𝐼−

+ 𝑆−𝐼+) 

1

4
|𝑐2
∗𝑐3|

2 
1

4
|𝑐1
∗𝑐4|

2 
1

4
|𝑐2
∗𝑐4|

2 
1

4
|𝑐1
∗𝑐3|

2 
    

𝑆𝑧𝐼𝑧     1

4
[𝑅𝑒(𝑐1

∗𝑐2)]
2 

1

4
[𝑅𝑒(𝑐3

∗𝑐4)]
2 

1

16
(|𝑐1|

2

− |𝑐2|
2)2 

1

16
(|𝑐3|

2

− |𝑐4|
2)2 

−
1

4
(𝑆+𝐼−

+ 𝑆−𝐼+) 

1

16
|𝑐2
∗𝑐3|

2 
1

16
|𝑐1
∗𝑐4|

2 
1

16
|𝑐2
∗𝑐4|

2 
1

16
|𝑐1
∗𝑐3|

2 
    

𝑆𝑧𝐼+
+ 𝑆𝑧𝐼− 

    1

4
(|𝑐1|

2

− |𝑐2|
2)2 

1

4
(|𝑐3|

2

− |𝑐4|
2)2 

[𝑅𝑒(𝑐1
∗𝑐2)]

2 [𝑅𝑒(𝑐3
∗𝑐4)]

2 

𝑆+𝐼𝑧
+ 𝑆−𝐼𝑧 

1

4
|𝑐1
∗𝑐3

− 𝑐2
∗𝑐4|

2 

1

4
|𝑐1
∗𝑐3

− 𝑐2
∗𝑐4|

2 

1

4
|𝑐1
∗𝑐4

+ 𝑐2
∗𝑐3|

2 

1

4
|𝑐1
∗𝑐4

+ 𝑐2
∗𝑐3|

2 

    

𝑆+𝐼+
+ 𝑆−𝐼− 

|𝑐1
∗𝑐4|

2 |𝑐2
∗𝑐3|

2 |𝑐1
∗𝑐3|

2 |𝑐2
∗𝑐4|

2     

Table 5.1 Illustration of the various spin operators in the laboratory frame. The 𝑚1 and 𝑚2 terms 

are defined as  𝑚1 = 𝑐1𝑐3 + 𝑐2𝑐4 , 𝑚2 = 𝑐1𝑐4 − 𝑐2𝑐3. 

 

5.2.2 Cylindrical model of fluctuation for calculation of 𝜹(𝑺𝑯𝑷)  
 

The average director frame ADF = (x; y; z), of a 𝛾-irradiated malonic-acid molecule, is 

shown in Figure 5.13, with the x axis being chosen along the average orientation of the director. 

The unit vector along the instantaneous orientation of the director will be denoted by the unit 

vector n, with the property that the averages of fluctuation of the director in the transverse, y and 

z directions, is zero: �̅�⊥ = 0. Now, the normalized n can be expressed as (see Figure 5.13)  

 

 𝒏 = √1 − 2 𝑛2̅̅ ̅⊥  𝒊 + 𝑛⊥ 𝒋 + 𝑛⊥𝒌 (5.25) 

where 𝑛⊥ is the time-dependent fluctuating components of the director in the y and z directions 

and i; j; k are the unit vectors along the x; y; z axes, respectively. Choosing the ADF, with the y 

axis being coincident with the Y axis of the laboratory frame (LF), as shown in Figure 5.14, the 

transformation from the LF frame to the ADF frame can be specified by the Euler angles 

Ω(𝛼, 𝛽, 𝛾) = (0, −𝜃, 0) in agreement with the echo-ELDOR experiment in Lee et. al. 1993), 

where 𝜃 is the angle between the static magnetic field 𝐵0 (assumed to be along the Z axis of the 

LF and the z-axis of ADF; the average director axis, �̅� is assumed to be along the x-axis of ADF, 

coincident with the principal-axes of 𝑔 and A matrices. 
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Figure 5.13 The fluctuation of the director of the molecule. The directors fluctuate in such a way 

that the end points remain on the upper and bottom circular ends to the cylinder. The vector 

along A refers to the average director along the symmetric axis (x).  

 

 

Figure 5.14 Relative orientations of the laboratory frame (X,Y,Z) and the average director frame 

(x,y,z). The Euler angles (0,θ,0) relate the two frames. Here B0 denotes the external magnetic 

field and �̅� denotes the average orientation of the director axis. 

 

 At time scales longer than the correlation time, the spin Hamiltonian, averaged over the 

molecular orientations, can be used in the relevant LVN equation. Such an average spin 

Hamiltonian is constructed by inserting the fluctuating  𝑔 - and  𝐴- matrices which can be 

expressed in ADF, in general form, (   𝝈= 𝒈 or 𝑨)  as   
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 𝝈 = 𝜎⊥𝕝 + (𝜎∥ − 𝜎⊥ + Δ𝜎⊥ 𝝐) 𝒎⊗  𝒎 + Δ𝜎⊥ 𝝐 (5.26) 

where 𝜎∥ = 𝜎𝑥𝑥 and 𝜎⊥ =
1

2
(𝜎𝑦𝑦 + 𝜎𝑧𝑧), denoting the partially averaged fluctuating components 

parallel and perpendicular of those matrices, respectively, to the local director (x-axis); Δ𝜎⊥ is 

the rhombic parameter denoted as Δ𝜎⊥ = 1/2(𝜎𝑦𝑦 − 𝜎𝑧𝑧), ⊗ stands for the outer product,  𝕝 is 

the diagonal 3 × 3 unit matrix, and 𝝐 is the matrix that defines the anisotropy in the x-y plane, as 

defined below  

 𝝐 = (
0 0 0
0 1 0
0 0 −1

) (5.27) 

In Eq. (5.26),  

 𝒎 = √1 − 2 𝑚2̅̅ ̅̅ ⊥  𝒊 + 𝑚⊥ 𝒋 + 𝑚⊥𝒌 (5.28) 

where  𝑚⊥ = 𝑓 𝑛⊥, translates the spatial fluctuation into the fluctuation of 𝑔- and 𝐴- matrices, 

assuming the same proportionality factor, 𝑓, for both. 

 In writing Eq. (5.26), it is assumed that the fluctuations in the g- and A-matrices are due 

to their anisotropy (Kuprov et. al. 2007 and Dubinskii et. al. 1994). In accordance with the 

experimental values (McConnell et. al. 1960), 𝑔𝑦𝑦 ≈ 𝑔𝑧𝑧, so Δ𝑔⊥ becomes negligible, so that Eq. 

(5.26) with axial 𝑔-matrix is expressed as  

 𝑔 =

(

 
 
 
 
𝑔⊥ + (𝑔∥ − 𝑔⊥)(1 − 2𝑚⊥

2) (𝑔∥ − 𝑔⊥)√1 − 2𝑚⊥
2 (𝑔∥ − 𝑔⊥)√1 − 2𝑚⊥

2

(𝑔∥ − 𝑔⊥)√1 − 2𝑚⊥
2 𝑔⊥ + (𝑔∥ − 𝑔⊥)(𝑚⊥

2) (𝑔∥ − 𝑔⊥)(𝑚⊥
2)

(𝑔∥ − 𝑔⊥)√1 − 2𝑚⊥
2 (𝑔∥ − 𝑔⊥)(𝑚⊥

2) 𝑔⊥ + (𝑔∥ − 𝑔⊥)(𝑚⊥
2)
)

 
 
 
 

 (5.29) 

As for the A-matrix without axial symmetry (McConnell et. al. 1960), one has 

 𝐴 =

(

 
 
 
 

𝐴𝑥𝑥 − 2𝑚⊥
2 𝐴′𝑚⊥√1 − 2𝑚⊥

2 𝐴′𝑚⊥√1 − 2𝑚⊥
2

𝐴′𝑚⊥√1 − 2𝑚⊥
2 𝐴𝑦𝑦 + (𝐴𝑥𝑥 − 𝐴𝑦𝑦)𝑚⊥

2  𝐴′𝑚⊥
2

𝐴′𝑚⊥√1 − 2𝑚⊥
2 𝐴′𝑚⊥

2 𝐴𝑧𝑧 + (𝐴𝑥𝑥 − 𝐴𝑧𝑧)𝑚⊥
2

)

 
 
 
 

 (5.30) 

Where 𝐴′ = 𝐴𝑥𝑥 − 1/2(𝐴𝑦𝑦 − 𝐴𝑧𝑧). It is noted that, in the absence of any fluctuation, 𝑚⊥ is 

equal to zero and Eqs. (5.29) and (5.30) become diagonal, g- and A- matrices. Since the 

amplitude of the fluctuation is considered to be small, one can now invoke the first-order 

perturbation theory to calculate the effect of the fluctuations of the director on the eigenvalues of 
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Eqs. (5.29) and (5.30), which are the corrections to the diagonal elements due to fluctuation, and 

ignore the off-diagonal terms. Accordingly, the fluctuation-perturbation corrections due to 

thermal motion to the diagonal elements of the g- and A- matrices are:  

 

 

𝛿𝑔𝑥𝑥 = −2𝑚⊥
2(𝑔∥ − 𝑔⊥); 

𝛿𝑔𝑦𝑦 = 𝑚⊥
2(𝑔∥ − 𝑔⊥) = 𝛿𝑔𝑧𝑧; 

𝛿𝐴𝑥𝑥 = −2𝑚⊥
2𝐴′; 

𝛿𝐴𝑦𝑦 = 𝑚⊥
2(𝐴𝑥𝑥 − 𝐴𝑦𝑦); 

𝛿𝐴𝑧𝑧 = 𝑚⊥
2(𝐴𝑥𝑥 − 𝐴𝑧𝑧). 

(5.31) 

 

The 𝛿(𝑆𝐻𝑃) are then calculated to be, in terms of fluctuating diagonal elements of g- and A- 

matrices, expressed above in Eq. (5.31) 

 

 

𝛿𝑔 =
1

3
(𝛿𝑔𝑥𝑥 + 𝛿𝑔𝑦𝑦 + 𝛿𝑔𝑧𝑧); 

𝛿𝑎 =
1

3
(𝛿𝐴𝑥𝑥 + 𝛿𝐴𝑦𝑦 + 𝛿𝐴𝑧𝑧); 

𝛿𝐹 =
2

3
(𝛿𝑔𝑧𝑧 −

1

2
(𝛿𝑔𝑥𝑥 + 𝛿𝑔𝑦𝑦)) ; 

𝛿𝐷 =
2

3
(𝛿𝐴𝑧𝑧 −

1

2
(𝛿𝐴𝑥𝑥 + 𝛿𝐴𝑦𝑦)) ; 

𝛿𝐴𝑥𝑥 = −2𝑚⊥
2𝐴′; 

𝛿𝐹(2) =
1

2
(𝛿𝑔𝑥𝑥 − 𝛿𝑔𝑦𝑦); 

𝛿𝐷(2) =
1

2
(𝛿𝐴𝑥𝑥 − 𝛿𝐴𝑦𝑦); 

(5.32) 

Substituting the above expressions in Eq. (5.21) and then substituting it Eq. (5.16), the auto-

correlation functions  𝐹𝑞(𝑡)𝐹𝑟∗(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  can be caiculated. They are needed to obtain the 

relaxation matrix elements given by Eq. (5.22). Since all δ(SHP)s in Eq. (5.32) are linear in 𝛿𝜎, 
which  are proportional to  𝑚⊥

2(𝑡) , according to Eq. (5.31), the correlation functions  

 𝐹𝑞(𝑡)𝐹𝑟∗(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅   can be expressed as 

    
                     𝐹𝑞(0)𝐹𝑟∗(𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  = 𝑓𝑞 𝑓𝑟∗〈 𝑚⊥

2(0)𝑚⊥
2(𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  〉 = 𝑓𝑞 𝑓𝑟∗ℎ2 𝑒−|𝜏| 𝜏𝑐⁄  

 

(5.33) 
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Here 𝑓𝑖  represents the amplitude of fluctuating 𝐹𝑖(𝑡) and ℎ represents the limiting factor for 

fluctuations in the transverse plane.  

 

5.2.2.1 Estimation of the correlation time 𝝉𝒄 
In order to estimate the amplitude of the fluctuation and the correlation time, one first needs to 

calculate the relaxation matrix elements. The relaxation matrix elements, given by Eqs. (5.22)-

(5.24), can be calculated as functions of the correlation time, 𝜏𝑐 , and the amplitude of the 

fluctuation (ℎ2). The six values of the relaxation times, 𝑇2, for the various electron and nuclear 

spin transitions are related to the relaxation matrix elements, as (Lee et. al. 1993)   

 

    

(𝑇2)𝑎𝑐 =
1

𝑅13,13
;  (𝑇2)𝑏𝑑 =

1

𝑅24,24
; 

(𝑇2)𝑎𝑑 =
1

𝑅14,14
;  (𝑇2)𝑏𝑐 =

1

𝑅23,23
; 

(𝑇2)𝑎𝑏 =
1

𝑅12,12
;  (𝑇2)𝑐𝑑 =

1

𝑅34,34
; 

(5.34) 

 

where the energy levels 𝑎, 𝑏, 𝑐, 𝑑  are defined by Eq. (5.19). Therefore, one can calculate 

(𝑇2𝑒)𝛼𝛽(𝜏𝑐, ℎ
2) = (𝑇2𝑒)𝑒𝑥𝑝  and (𝑇2𝑛)𝛼𝛽(𝜏𝑐, ℎ

2) = (𝑇2𝑛)𝑒𝑥𝑝;  𝛼, 𝛽 = 𝑎, 𝑏, 𝑐, 𝑑  from the 

calculated values of the elements of the relaxation matrix. Note that in (Lee et. al. 1993), only 

two experimental values (𝑇2𝑒)𝑒𝑥𝑝  and (𝑇2𝑛)𝑒𝑥𝑝  were estimated, so it is assumed here that 

(𝑇2)𝑎𝑐 = (𝑇2)𝑏𝑑 = (𝑇2)𝑎𝑑 = (𝑇2)𝑏𝑐 = 𝑇2𝑒 and (𝑇2)𝑐𝑑 = (𝑇2)𝑎𝑏 = 𝑇2𝑛.  

 

In Figure 5.15, all values of (𝑇2)𝛼𝛽; 𝛼 ≠ 𝛽  corresponding to the four different electron 

spin transitions ((𝑇2)𝑎𝑐 = (𝑇2)𝑏𝑑 = (𝑇2)𝑎𝑑 = (𝑇2)𝑏𝑐) and two different nuclear spin transitions 

(𝑇2)𝑐𝑑 = (𝑇2)𝑎𝑏 are plotted as functions of (𝜏𝑐, ℎ
2), using the experimental values, reported in 

(Lee et. al 1993): 𝑇2𝑒= 900 ns and 𝑇2𝑛 = 22 𝜇s. One then obtains six lines as shown in Figure 

5.15, in the (𝜏𝑐, ℎ
2) plane. The average values of (𝜏𝑐 = 8.9 × 10

−8 𝑠, ℎ2 = 1.18 × 10−2), i.e. 

those situated at the center of this area are now chosen to calculate the relaxation-matrix 

elements as defined in Eqs. (5.22)-(5.24). This matrix is then used in the simulation of the time-

domain echo-ELDOR (Figure 5.4) signal and its Fourier transform (FT), as shown in Figure 

5.16a, together with the simulated FT using the phenomenological relaxation matrix Figure 

5.16b, the experimental FT as reported in (Lee et. al. 1993) Figure 5.16c and simulated FT in the 

absence of the relaxation matrix Fig. 4d. Comparing the FT of this signal with the experimental 

signal reported in (Lee et. al. 1993), a very good agreement is found; as well, it is also in good 

agreement with that simulated phenomenologically. The simulation without relaxation (Figure 

5.16d) is distinctly different from that with relaxation (Figure 5.16a), indicating that relaxation is 

an important effect to consider. 
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Figure 5.15 Contour plots of (𝑇2)𝑎𝑐; (𝑇2)𝑏𝑑; (𝑇2)𝑎𝑑; (𝑇2)𝑏𝑐 for the experimental value (𝑇2𝑒)𝑒𝑥𝑝  

= 900 ns and those for (𝑇2)𝑐𝑑, (𝑇2)𝑎𝑏, for the experimental value (𝑇2𝑛)𝑒𝑥𝑝 = 22  𝜇s as a function 

of the correlation time 𝜏𝑐  and ℎ2  .The red point inside the overlapping region represents the 

average values 𝜏𝑐 = 8.9 × 10−8 s and ℎ2 = 1:18 × 10−2.  

  

 
 

Figure 5.16 (a) Fourier transform of the simulated echo-ELDOR spectrum with the relaxation 

matrix calculated in this work (b) with phenomenological relaxation matrix introduced in (Lee et. 

al. 1993) (c) experimental Fourier transforms of the echo-ELDOR signal (d) simulated without 

any relaxation at the orientations (𝛼, 𝛽, 𝛾 ) = (0∘, 30∘ ,  0∘), with the mixing times 𝑇𝑚 = 40 𝜇s. 

The experimental Figure (c) is reproduced with the permission of the authors of (Lee et. al. 

1993). 

(a) 

(b) 

(c) (d) 
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5.2.3 Conical model of fluctuation for calculation of 𝜹(𝑺𝑯𝑷)  
 

In this model, in the absence of any thermal fluctuations, the molecules in the crystal are 

oriented along the 𝑥 axis, their symmetry axis, as shown in Figure 5.17. One can then assume 

that that the spatial fluctuation of the malonic acid molecules in the crystal exhibit axial 

symmetry about their 𝑥-axes. Due to thermal fluctuations, the molecules in malonic-acid crystal 

vibrate about their symmetry axes. In the presence of a restoring potential, as assumed in this 

work, and described in detail in (Polnaszek et. al. 1973), the molecules tend to return to their 

equilibrium positions, to become oriented along their symmetry axis. The thermal fluctuations, 

which change the instantaneous orientations of the molecules on the one hand, and the presence 

of a restoring potential, on the other hand, lead to motions of the directors of malonic acid 

molecules within a cone about their symmetry axes as shown in Figure 5.17. 

 

 

Figure 5.17 Figure to show the fluctuations of the ensemble-average director of the molecules. 

The tip of the director indicated by the arrow fluctuates within the circular periphery of the cone. 

Here x-axis represents the symmetry axis of malonic molecule. 

 

 In the previous section, exploiting cylindrical fluctuations of the director, the restoring 

potential was assumed to operate only in the plane perpendicular to the symmetry axis, i.e., the 

y-z plane. The resulting model possessed cylindrical symmetry, wherein the tip of the director 

moved in the y-z plane. In the conical fluctuation model, on the other hand, the restoring 

potential is assumed to restore the director along 𝑥-axis, the axis of symmetry, subsequent to its 

fluctuation by an angle α (Figure 5.17) from the 𝑥 axis, so that random fluctuations by an angle α 

will cause the director to execute the surface of a cone with the semi conical angleα. It is noted 

that the conical model of fluctuation is more sophisticated than the cylindrical model in that it is 

based on a realistic potential well, amenable to quantum mechanical treatment, as described later 

in this chapter. 
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To calculate the effect of thermal vibrations, the problem can be treated in a statistical 

manner as an ensemble of a large number of malonic-acid molecules. Of these, consider a 

molecule representing the average of all the molecules in the ensemble undergoing the low-

amplitude orientational motion about its equilibrium position due to thermal fluctuations. The 

resulting changes in SHP due to the fluctuations, δ (SHP), caused by thermal motion, causes the 

relaxation. This is taken into account as follows. 

In the magnetic frame, the average of �̃�  and �̃�  matrices, assumed to have the same 

principal axes, is   

 

                                                �̃� = (

𝜎𝑥𝑥 0 0
0 𝜎𝑦𝑦 0

0 0 𝜎𝑧𝑧

)                              (5.35) 

 

where �̃�  stands for �̃� , or �̃�.  Due to thermal motion of the molecule, its director executes 

infinitesimal random fluctuations about the symmetry axis of the molecule, assumed to be along 

the 𝑥  axis. These fluctuations can be seen to be equivalent to infinitesimal rotations of the 

director of malonic acid molecule by angles α, about axes randomly distributed in the y-z plane. 

Now the matrix for rotation by angle α about an axis in the y-z plane, oriented at an angle θ from 

the y-axis, is  

 

 

 

( )

( )

2 2

2 2

cos sin sin cos sin

sin sin cos cos sin 1 cos cos sin

cos sin 1 cos cos sin sin cos cos

L

    

       

       

 − 
 

= + − 
 
 + − − 

 

 
 

 

   (5.36) 

 

 

Using Mathematica, the diagonal elements of the transformed �̃� matrix, for either �̃�, or �̃� 

matrices: �̃�′ = 𝐿. �̃�. 𝐿−1 are calculated to be  

 

𝜎′𝑥𝑥 = 𝜎𝑥𝑥Cos
2𝛼 + Sin2𝛼(𝜎𝑧𝑧Cos

2𝜃 + 𝜎𝑦𝑦Sin
2𝜃) 

 

𝜎′𝑦𝑦 = 𝜎𝑦𝑦(Cos
2𝜃 + Cos 𝛼  Sin2𝜃)2 + 𝜎𝑧𝑧(1 − Cos 𝛼)

2Cos2𝜃Sin2𝜃 

+𝜎𝑥𝑥Sin
2𝛼Sin2𝜃 

 

𝜎′𝑧𝑧 = 𝜎𝑧𝑧(Cos 𝛼 Cos
2𝜃 + Sin2𝜃)2 + 𝜎𝑥𝑥Cos

2𝜃 Sin2𝛼 

+𝜎𝑦𝑦(1 − Cos 𝛼)
2Cos2𝜃 Sin2𝜃    
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                                                                                                                                  (5.37) 

The random fluctuations of the director are now taken into account by considering all possible 

values of 𝜃 in the yz plane. Although a crystal contains molecules with random orientations of 

their directors due to random thermal fluctuations with respect to the symmetry axis, the director 

in Figure 5.17 represents the ensemble average of motion of all molecules in the crystal, confined 

to a cone, with the tails of all the directors made coincident. To calculate the average of all 

possible orientations of the director, one needs to integrate Eq. (5.37) over   from 0 to 2𝜋, and 

then dividing it by 2𝜋. The average diagonal elements of the resulting (𝜎′)𝑎𝑣𝑔 are:  

    

 

     (𝜎′
𝑎𝑣𝑔
)𝑥𝑥 = 𝜎𝑥𝑥Cos

2𝛼 +
1

2
(𝜎𝑦𝑦 + 𝜎𝑧𝑧)Sin

2𝛼 

     (𝜎′
𝑎𝑣𝑔
)𝑦𝑦 =

1

16
𝜎𝑦𝑦(9 + 4 Cos 𝛼 + 3 Cos(2𝛼)) +

1

4
𝜎𝑥𝑥(1 − Cos(2𝛼)) 

                    +
1

16
𝜎𝑧𝑧(3 − 4 Cos 𝛼 + Cos(2𝛼)) 

 

 

     (𝜎′
𝑎𝑣𝑔
)𝑧𝑧 =

1

16
𝜎𝑧𝑧(9 + 4 Cos 𝛼 + 3 Cos(2𝛼)) +

1

4
𝜎𝑥𝑥(1 − Cos(2𝛼)) 

                    +
1

16
𝜎𝑦𝑦(3 − 4 Cos 𝛼 + Cos(2𝛼)) 

(5.38) 

Since 𝛼 is infinitesimal, the above expressions can be expanded in a series in 𝛼. Keeping only 

the lowest order terms in 𝛼, one obtains 

 

(𝜎′𝑎𝑣𝑔𝑥𝑥) = 𝜎𝑥𝑥 +
1

2
(−2𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧)𝛼

2; 

(𝜎′𝑎𝑣𝑔)𝑦𝑦 = 𝜎𝑦𝑦 +
1

2
(𝜎𝑥𝑥 − 𝜎𝑦𝑦)𝛼

2 

(𝜎′𝑎𝑣𝑔)𝑧𝑧 = 𝜎𝑧𝑧 +
1

2
(𝜎𝑥𝑥 − 𝜎𝑧𝑧)𝛼

2 

(5.39) 

 

The changes in the diagonal elements of �̃�, i.e.  those of �̃� and �̃� matrices, due to thermal motion 

of the director, δ�̃� = �̃�′ − �̃�, are thus: 
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      δ𝜎𝑥𝑥 =
1

2
(−2𝜎𝑥𝑥 + 𝜎𝑦𝑦 + 𝜎𝑧𝑧)𝛼

2 ;  δ𝜎𝑦𝑦 =
1

2
(𝜎𝑥𝑥 − 𝜎𝑦𝑦)𝛼

2;  δ𝜎𝑧𝑧 =
1

2
(𝜎𝑥𝑥 − 𝜎𝑧𝑧)𝛼

2   

 

    (5.40)       

 

The above expressions are consistent with the results obtained in (Dzuba et. al. 2006).  δ(SHP) are then  

calculated to be, in terms of the fluctuating diagonal elements of the  �̃� and �̃� matrices, as follows: 

 

δ𝑔 =
1

3
 (δ𝑔𝑥𝑥 + δ𝑔𝑦𝑦 + δ𝑔𝑧𝑧);  δ𝑎 =

1

3
 (δ𝐴𝑥𝑥 + δ𝐴𝑦𝑦 + δ𝐴𝑧𝑧); 

δ𝐹 =
2

3
(δ𝑔𝑧𝑧 −

1

2
(δ𝑔𝑥𝑥 + δ𝑔𝑦𝑦));   δ𝐷 =

2

3
(δ𝐴𝑧𝑧 −

1

2
(δ𝐴𝑥𝑥 + δ𝐴𝑦𝑦)); 

δ𝐹(2) =
1

2
 (δ𝑔𝑥𝑥 − δ𝑔𝑦𝑦);   δ𝐷

(2) =
1

2
(δ𝐴𝑥𝑥 − δ𝐴𝑦𝑦). 

 

(5.41) 

 

 

Substituting the above expressions in Eq. (5.21) and then substituting it Eq. (5.16), the auto-

correlation functions  𝐹𝑞(𝑡)𝐹𝑟∗(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  can be caiculated. They are needed to obtain the 

relaxation matrix elements given by Eq. (5.22). Since all δ(SHP)s in Eq. (5.40) are linear in 𝛿𝜎, 
which  are proportional to  𝛼2(𝑡) , according to Eq. (5.38), the correlation functions  

 𝐹𝑞(𝑡)𝐹𝑟∗(𝑡 + 𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅   can be expressed in terms of  𝛼2 as 

    
                     𝐹𝑞(0)𝐹𝑟∗(𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  = 𝑓𝑞 𝑓𝑟∗〈 𝛼2(0)𝛼2(𝜏)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  〉 = 𝑓𝑞 𝑓𝑟∗ℎ 𝑒−|𝜏| 𝜏𝑐⁄  

 

(5.42) 

 

Here 𝑓𝑖  represents the amplitude of fluctuating 𝐹𝑖(𝑡)  and ℎ(= 𝛼4̅̅̅̅ ) is the parameter that 

represents the average fluctuation of the director in the transverse (y-z) plane. The procedure of 

how to calculate ℎ is described as follows.  

 

5.2.3.1 Calculation of the average of the fluctuation angle in a strong restoring potential  

As the malonic acid molecule fluctuates around its symmetry axis, it is brought back to 

its equilibrium position by the restoring potential acting on it. This can be treated by a quantum 

mechanical equation for the spherical top as described in (Polnaszek et. al. 1973). Assuming that 

the malonic acid molecule in the crystal experiences a strong harmonic-oscillator restoring 

potential, for which the wave function is (Polnaszek et. al. 1973) 

𝜓𝐾,𝑀
𝑛(𝜗, 𝛼, 𝜉) = exp(iK𝜗)𝑦𝑛(𝛼) exp(iM𝜉),      (5.43) 
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where (𝜗, 𝛼, 𝜉) are the Euler angles that relate the orientation of the director to the magnetic 

frame, with 𝛼 assumed to be a small deviation from the equilibrium position of the molecule. as 

shown in Figure 5.17, and K, M, n are the quantum numbers that characterize the harmonic-

oscillator wave functions in a restoring potential (Polnaszek et. al. 1973).  Here the function  

𝑦𝑛(𝛼) is: 

𝑦𝑛(𝛼) = 𝑁𝑛 exp (−|𝜆|
𝛼2

2
)𝐻𝑛(|𝜆|

1/2𝛼) 

 

(5.44) 

 

In the above, 𝜆 = −
χ

𝑘𝐵𝑇
  , is the dimensionless parameter of the restoring potential, with χ being 

the strength of the restoring potential, 𝑘𝐵 is Boltzmann’s constant; 𝐻𝑛 in Eq. (5.44) are Hermite 

polynomials and 𝑁𝑛 are the normalization coefficients: 

 𝑁𝑛 = (
√𝜆

√𝜋 2𝑛 𝑛!
)

1/2

 

 

(5.45) 

The average fluctuation of the director axis, ℎ = 𝛼4̅̅̅̅ , appearing in Eq. (5.42), needed to calculate 

the relaxation matrix elements, can be calculated, using the wave function of the spherical top in 

the strong restoring potential, as follows   

 𝛼4̅̅̅̅ = ∫𝜓𝐾,𝑀
𝑛(𝜗, 𝛼, 𝜉)∗𝛼4 𝜓𝐾,𝑀

𝑛(𝜗, 𝛼, 𝜉) 𝑑𝜗 𝑑𝛼 𝑑𝜉 = ∫  𝑦𝑛
∗𝛼4𝑦𝑛 𝑑𝛼

∞

−∞

 (5.46) 

Note that the choice of the limits of the integral above from −∞ to +∞ instead of (−
𝜋

2
,
𝜋

2
) is 

justified in the case when 𝜆 ≫ 1. With ℎ = 𝛼4̅̅̅̅   calculated above and using Eqs. (5.40)-(5.42), 

one can calculate the elements of the relaxation matrix expressed in Eq. (5.22). 

 

5.2.3.2 Estimation of the correlation time (τc) and the strength of the restoring potential 𝝀  

 

Similar to the procedure given in Sec. 5.2.2.1 for cylindrical model of fluctuation, the 

elements of the relaxation matrix, 𝑅𝛼𝛽𝛼𝛽(𝜏𝑐, λ) , can be calculated in the eigenvalue basis, 

denoted by a, b, c, d (also denoted equivalently hereafter as 1,2,3,4) as functions of the 

correlation time, τc, and the strength of the restoring potential λ . T2-type relaxation elements for 

the various electron and nuclear spin transitions are related to the relaxation matrix elements as:  
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Figure 5.18 Contour plots of (T2)ac, (T2)bd, (T2)ad, (T2)bc for the experimental value T2e=900 ns 

and those for (T2)ab, (T2)cd for the experimental value T2n=22 μs as a function of the correlation 

time τc and λ for the ground state (a), first excited state (b) and second excited state (c) of the 

harmonic oscillator. The red circle in the overlapping region represents the average of (τc, λ) 

values used for simulation of the echo-ELDOR signal representing the best average which are 

found to be (a) (8.1× 10−8 s, 4.43) (b) ((8.0 × 10−8 s, 9.93)) and (c) ((7.9× 10−8 s, 15.85)). 

 

(𝑇2)𝑎𝑐= 
1

𝑅1313
,   (𝑇2)𝑏𝑑 = 

1

 𝑅2424
,    (𝑇2)𝑎𝑑= 

1

 𝑅1414
,       (𝑇2)𝑏𝑐=

1

    𝑅2323
,    (𝑇2)𝑎𝑏 = 

1

𝑅1212
,  (𝑇2)𝑐𝑑  = 

1

 𝑅3434
 . 

Having the experimental values of electron spin-relaxation times (𝑇2𝑒)𝑒𝑥𝑝 and nuclear spin-

relaxation times (𝑇2𝑛)𝑒𝑥𝑝 available from (Lee et. al. 1993), one can now solve for (𝜏𝑐, λ) by 

assuming the four calculated 𝑇2𝑒𝛼𝛽(𝜏𝑐, λ) = (𝑇2𝑒)𝑒𝑥𝑝 ,  and the two calculated 𝑇2𝑛𝛼𝛽(𝜏𝑐, λ) =

(𝑇2𝑛)𝑒𝑥𝑝;  for  𝛼, 𝛽 = 𝑎, 𝑏, 𝑐, 𝑑  by assuming  (𝑇2)𝑎𝑐 = (𝑇2)𝑏𝑑 = (𝑇2)𝑎𝑑 =   (𝑇2)𝑏𝑐 =  𝑇2𝑒  and 

(𝑇2)𝑐𝑑= (𝑇2)𝑎𝑏 = 𝑇2𝑛  In fact, these relaxation times are slightly different from each other as 

shown in Figure 5.18. If an experiment is performed in which only one transition between the 

four levels is involved, e.g., a→c, then one can measure the electronic relaxation time (T2e)ac for 

that specific transition. However, when the experiment is not sensitive to individual transitions, 

one can replace our relaxation times for the various transitions by a single, average,  relaxation 

time).    

In Figure 5.18, all values of (𝑇2)𝛼𝛽; 𝛼 ≠ 𝛽 corresponding to the four different electron 

spin transitions ( (𝑇2)𝑎𝑐 , (𝑇2)𝑏𝑑 , (𝑇2)𝑎𝑑,   (𝑇2)𝑏𝑐)  and two different nuclear spin transitions 

((𝑇2)𝑐𝑑,(𝑇2)𝑎𝑏) are plotted for the first three lowest energy states (n = 0, 1, 2) of the malonic 

acid molecule as functions of 𝜏𝑐, λ, using the experimental values, reported in (Lee et. al. 1993): 

𝑇2𝑒 = 900𝑛𝑠  and 𝑇2𝑛 = 22𝜇𝑠 . For each energy state, 𝑛, of the harmonic oscillator one then 

obtains six lines as shown in Figure 5.18 in the (τc, λ)  plane . The average values of (τc, λ), i.e., 

those lying at the center of this area are then chosen to calculate the elements of the relaxation-

matrix. The values of (τ𝑐, λ) that correspond best to the experimental values of T2e and T2n are 

found to be (τc = 8.1×10-8 s and λ=4.43), (τc = 8.0×10-8 s and λ=9.93) and (τc = 7.9×10-8 s and 

λ=15.85) for the molecule in the ground state (n = 0), first excited state (n = 1) and second 

excited state (n = 2), respectively. (For comparison, it is noted that the value of the parameter λ, 
in NO crystal was |λ| = 7.5  (Polnaszek et. al. 1973)). It is further noted that at the temperature 

(𝑇) the experiment was performed (T~77 K), the molecule is predominantly in the ground state,  

(b) (c) (a) 
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Figure 5.19  Fourier transform of the simulated echo-ELDOR spectrum for (a) second excited 

state (n=2), (b) first excited state (n=1), (c) ground state (n=0), and (d) the experimental Fourier 

transforms of the echo-ELDOR signal. The simulations are done for the orientation of the 

external magnetic field (𝛼, 𝛽, 𝛾) = (0,−30𝑜 , 0), with the mixing times Tm = 40 μs. The same 

best fit values of the correlation time 𝜏𝑐 and λ, as determined in Figure 5.18 are used in these 

simulations. An inhomogeneous Gaussian broadening along the f2 axis with the width 𝛥= 5 MHz 

is used in the simulations. All simulated figures, drawn using the best fit values, show excellent 

agreements with the experiment (Fig. (d), but (c), the one for n=0 (ground state), represents the 

most populated state at room temperature. The experimental Figure (d) is reproduced with the 

permission of the authors of (Lee et. al. 1993). 

 

 

since the vibrational energy level differences due to the restoring potential are presumably much 

higher than kBT, where kB is Boltzmann’s constant and 𝑇  is 77 K. The relaxation matrix, 

consistent with the ground state, is then used to simulate the time-domain echo-ELDOR signal 

and its Fourier transform (FT), as shown in Figure 5.19. Comparing the calculated and 

experimental FTs, as reported in (Lee et. al. 1993), an excellent agreement is found. 
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5.3 Conclusions  

 

The salient features of this chapter dealing with the calculation of the signal and the 

matrix elements of the relaxation matrix due to fluctuation of spin-Hamiltonian parameters 

caused by thermal motion in a γ-irradiated malonic acid crystal of an electron-nuclear spin-

coupled system (𝑆 = 1/2; 𝐼 = 1/2) are as follows. 

(i) The numerical procedure of Chapter 2 is successfully applied to the system of γ-

irradiated malonic acid crystal of an electron-nuclear spin-coupled system (𝑆 = 1/2; 𝐼 = 1/2). 

The theory is further extended by including the static Hamiltonian during the pulses. 

(i) Two models are presented of how to calculate the relaxation matrix due to changes in 

the spin-Hamiltonian parameters characterizing an electron-nuclear spin coupled system of a 

malonic-acid molecule due to thermal fluctuations of the director axis of the molecule in the 

transverse plane. 

(ii)  The correlation time (τc) have been estimated, using the experimental values of the 

electronic and nuclear spin relaxation times T2e and T2n, respectively. 

(iii) With the elements of the relaxation matrix calculated using the presented models, the 

Fourier transform of the simulated echo-ELDOR signal using LVN equation turns out to be in 

excellent agreement with the experimental echo-ELDOR signal. 
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Chapter 6 

6 Relaxation during free evolution and effects of many-body interactions in a 𝜸 -

irradiated malonic-acid single-crystal SECSY signal of an electron-nuclear spin coupled 

system 

This chapter addresses two important relaxation mechanisms that affect the SECSY signal of 

an electron-nuclear spin coupled system 𝛾-irradiated malonic-acid single-crystal: (i) relaxation 

during free evolution and (ii) the many body effects, i.e., the instantaneous and spectral 

diffusions. This consideration is in addition to the relaxations of the same system discussed in 

Chapter 5, where these effects were not taken into considered. The effort is to bring the 

calculated signal by considering the various mechanisms that affect the signal. in agreement with 

that published by (Lee, Patyal, and Freed 1993) (Hereafter referred to as LPF). 

6.1 Relaxation during free evolution  

There is seen a disagreement between the Fourier transform (FT) of the two-dimensional 

SECSY signal shown in Figure 5.5 in chapter 5 and the Fourier transform of the experimental 

data reported by LPF in that, the heights of the main peaks in the calculated signal are about the 

same, whereas the main peaks in the experimental spectrum have different heights. This 

disagreement can be resolved by considering different relaxation times for the various matrix 

element of the density matrix along the pathway 𝑝 = −1 during free evolution As discussed in 

chapter 5, all the matrix elements of the density matrix, 𝜌𝑒, were put equal to zero, except for 

those corresponding to 𝜌𝑒(2,1)  for the pathway with coherence order 𝑝 = −1 , after the 

application of the first pulse. This treatment does not consider relaxation during free evolution. 

In this case, the projection operator for 𝑝 = +1 pathway (electronic matrix element for (½, -½) 

for the electron-nuclear coupled system with electron spin S=1/2, nuclear spin I=1/2, with the 

dimension of (2𝑆1 + 1) × (2𝐼1 + 1) = 4  in the direct-product matrix in Hilbert space is 

expressed as 

 (

0 0 1 1
0 0 1 1
0 0 0 0
0 0 0 0

) 

 

(6.1) 

whereas, for the pathway 𝑝 =  −1, chosen after the second pulse, the projection operator is  

(

0 0 0 0
0 0 0 0
1 1 0 0
1 1 0 0

) 

 

(6.2)  
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The use of the projection operators given by Eq. (6.1) over the time 𝑡1for the pathway 𝑝 =  1 

and (6.2) over the pathway 𝑝 =  −1 after the second pulse for the time 𝑡1 at which the echo 

occurs, and over the time 𝑡1  at which the signal is recorded produces the two-dimensional 

Fourier transform (FT), shown in Figure 5.5. Here, the relaxations during the free evolutions 

over the pathways 𝑝 =  1, followed by the pathway 𝑝 = − 1  are neglected. (Figure 5.3) One 

can now follow the procedure described in chapter 5 for the calculation of two-dimensional 

SECSY signal, but by introducing a modified projection operator, duly taking into account the 

relaxations during the free evolution, which leads to the correct difference in the heights of the 

main peaks in the experimental FT of the two-dimensional SECSY signal. In this approach, the 

matrix element (3,1) of the projection operators in Eqs. (6.1) and (6.2) are multiplied by an 

additional exponential factor exp(−(2𝑡1 + 𝑡2)/𝑇2′) , where 𝑡1 and 𝑡2 are the times between the 

two pulses and the time after the echo in a SECSY experiment, respectively, and 𝑇2′  is a 

phenomenological parameter that determines the relaxation time along the (3,1) matrix element 

of the density matrix, assuming the same relaxation rate during the pathways 𝑝 =  +1 and 𝑝 =

 −1. The resulting two-dimensional Fourier transform for the SECSY pulse sequence is shown in 

Figure 6.1a, which shows a much better agreement with the experiment than that calculated 

without relaxation taken into account as described here. The same parameters as those used for 

the simulations of Figure 5.5 are used here. As for the phenomenological parameter 𝑇2
′, it was 

found that the best agreement with the experimental data is achieved for 𝑇2
′ = 600 ns.  

 
 

 

 

 



 

138 
 

Figure 6.1 Comparison of two-dimensional Fourier transforms obtained from 𝛾 -irradiated 

malonic-acid single-crystal SECSY signals. (a) using the modified projection operator (b) same 

as Figure 5.5 and (c) Experimental Fourier transform. The same parameter as those used for 

Figure 5.5 is used for the simulation of (b). The value of the phenomenological relaxation time 

for matrix element (3.1) is chosen to be 𝑇2
′ = 600 𝑛𝑠. 

 

6.2 Many-body effects on the malonic-acid-radicals single-crystal SECSY signal of the electron-

nuclear spin coupled system 

 

In the previous chapter, the simulation of the spin-coupled electron-nuclear system in a 

γ–irradiated single crystal of malonic acid, was improved by including the static spin 

Hamiltonian during the pulses and using a relaxation matrix, calculated by using the conical 

model of fluctuation. The simulation of the SECSY signal was further improved by using a 

modified projection operator as discussed in Sec. 6.1. However, the effect of electronic 

interactions with the surrounding molecules, i.e., the many-body effects, which cause relaxation 

of the signal by these effects, was not considered. 

The electronic spin-spin dipolar interaction causes the electron spin-echo signal to decay 

in solids by two mechanisms: (i) spectral diffusion and (ii) instantaneous diffusion. In particular, 

the interacting electron on the lattice with the observer electron can affect the signal by its 

random spin flip, causing what is known as spectral diffusion, which contributes to the 

relaxation matrix elements in the relevant Liouville von Neumann (LVN) equation. On the other 

hand, there is another effect, known as instantaneous diffusion, which is greater the closer is to 

resonance is the interacting electron, which depends mainly on the orientation of the interacting 

electron’s dipole magnetic moment. Previously, Salikhov et al. (1981) derived analytical 

expressions in the secular approximation of the dipolar interaction, but no numerical calculations 

were provided by them.  

It is the purpose of this section to consider quantitatively the effect of instantaneous and 

spectral diffusions on the SECSY signal in a 𝛾 -irradiated malonic acid single crystal by 

numerically solving the relevant LVN equation in Liouville space.  This is achieved here by first 

calculating separately the instantaneous and spectral diffusions for two coupled electrons, 

neglecting hyperfine interactions, in a SECSY pulse sequence and then multiplying the resulting 

signals by the SECSY signal calculated for a malonic acid radical in single crystal using finite 

pulses, a relaxation matrix calculated by conical model of fluctuation along with the use of 

modified projection operators as described in Sec. 6.1. As for the relaxation matrix elements due 

to random spin flip of an electron on the lattice, causing spectral diffusion, the analytical results 

derived by Salikhov et al. (1981) will be exploited. In addition, the spin Hamiltonian of the 

coupled system of the observer and interacting electrons will be exploited to consider the effect 

of instantaneous diffusion. 

6.2.1 Spin Hamiltonian of two-coupled electron system (instantaneous diffusion) 

 

The spin Hamiltonian describing two electrons coupled by the dipolar interaction is 

expressed as 
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𝐻0𝑒 = 𝐶1𝑆𝑧1 + 𝐶2𝑆𝑧2 +ω𝑑𝑑(3𝑐𝑜𝑠
2𝛿 − 1) (𝑆𝑧1𝑆𝑧2 −

1

4
(𝑆+1𝑆−2 + 𝑆−1𝑆+2)) 

 

(6.3) 

where the expressions for the coefficients 𝐶𝑘, 𝑘 = 1,2  are given in Appendix A, 𝜔𝑑𝑑  is the 

dipolar coupling constant which is related to the distance between the two electron spins as 

𝜔𝑑𝑑[𝑀𝐻𝑧] =
52.04

𝑟[𝑛𝑚]3
 and 𝛿  is the angle between the line connecting the two spins and the 

external magnetic field. To study the effect of the instantaneous diffusion as discussed later in 

this chapter, it is more convenient to write the spin Hamiltonian given in Eq. (6.3) in the rotating 

frame of the first spin (hereafter reffered to as observer spin) where the first electron is exactly 

on resonance. In this rotating frame, the 𝐶1  term in the spin Hamiltonian of Eq. (6.3) is 

substracted off i.e., 𝐶1 → 0. As for the second spin, the Zeeman interaction becomes 𝐶2 → 𝐶2 −
𝐶1.   

The Hamiltonian of a pulse with amplitude, 𝐵1, of radiation microwave magnetic field is 

given as  

 𝐻𝑝 =
𝜔1
2
(𝑒−𝑖𝜙𝑆+ + 𝑒

𝑖𝜙𝑆−) (6.4) 

where 𝜔1 = 𝐵1γ𝑒, ϕ is the phase of the pulse and 𝑆± are the raising/lowering operators of the 

total electronic spin of the coupled electron system in the 4 × 4 Hilbert-space, defined as 

 𝑆± = S±S1⨂ 𝕝𝑆2 + 𝕝𝑆1⨂S±𝑆2  (6.5) 

where S±S𝑘; 𝑘 = 1,2 are expressed in terms of the Pauli matrices σ𝑥 and σ𝑦 as S±Sk =
1

2
(σ𝑥𝑘 ±

𝑖σ𝑦𝑘);   𝕝𝑆𝑘; 𝑘 = 1,2, are 2 × 2 identity matrices and ⨂ stands for the direct product. 

In the numerical calculations performed here, the magnetic basis with the basis vectors 

|𝑀𝑠1 , 𝑀𝑠2⟩ is used to calculate the matrix elements. Here 𝑀𝑠1 , 𝑀𝑠2 are the two electronic magnetic 

quantum numbers.  

The initial density matrix, 𝜌0, required to calculate the signal for a SECSY sequence, is 

governed by the Boltzmann distribution for the two electrons in thermal equilibrium, each with 

spin 
1

2
. The initial density matrix in the high-temperature approximation is: 

 

 𝜌0 =
exp (−�̂�0 𝑘𝐵𝑇⁄ )

𝑇𝑟[exp (−�̂�0 𝑘𝐵𝑇⁄ )]
∝ ( 𝕝−

 ℏ𝜔0

𝑘𝐵𝑇
 𝑆𝑍 +⋯), 

(6.6) 

where H0 is given by Eq. (6.3); 𝑘𝐵  is Boltzmann constant; T is the temperature; 𝑆𝑧  is the 𝑧-

component of the total electronic spin 𝑺 = 𝑺𝟏 + 𝑺𝟐; and ℏ𝜔0 is the Zeeman splitting of the total 

electron spin. As discussed in Chapter 3, during the evolution of the initial density matrix, 𝜌0, to 

the final density matrix, 𝜌𝑓 the term 𝕝 in Eq. (6.6) remains invariant. But it does not contribute to 
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the signal {= 𝑇𝑟(𝑆+ 𝜌𝑓)}, since 𝑇𝑟(𝑆+ 𝕝 ) = 0. For the calculation of the (unnormalized) signal, 

one can then replace 𝜌0 , as follows: 

 𝜌0 → 𝑆𝑍  = 𝑆𝑧1 + 𝑆𝑧2 =  (
σ𝑧1
2
)⨂ 𝕝𝑆2 + 𝕝𝑆1⨂ (

σ𝑧2
2
) (6.7)  

where σ𝑧𝑖 ; 𝑖 = 1,2 are the Pauli spin matrices for the two electron spins.     

 

To calculate the two-pulse SECSY EPR signal for the system of two electrons, each 

characterized by an electron spin 𝑆 = 1/2, considering spin relaxation, Liouville von-Neumann 

(LVN) equation is exploited, which governs the time evolution of the density matrix during free 

evolution, i.e., in the absence of a pulse is expressed as 

 
𝑑

𝑑𝑡
𝜒(𝑡) = −𝑖[𝐻0, 𝜒(𝑡)] + 𝑅 ̂̂𝜒(𝑡) (6.8) 

where 𝜒 = 𝜌 − 𝜌0  is the reduced density matrix with 𝜌0 ∝ 𝑆𝑧1 + 𝑆𝑧2  being the initial density 

matrix, and  𝐻0 is given by Eq. (6.3). In Eq. (6.8), R ̂̂is the relaxation superoperator in Liouville 

space, whose matrix form is deduced from Salikhov et. al. 1981 as follows 

One can write the equations for the diagonal elements of the density matrix in accordance 

with Salikhov et. al. (1981), as follows:  

 

�̇�11 = −(𝑊1 +𝑊2)𝜌11 +𝑊1𝜌33 +𝑊2𝜌22; 

�̇�22 = −(𝑊1 +𝑊2)𝜌22 +𝑊1𝜌44 +𝑊2𝜌11  

�̇�33 = −(𝑊1 +𝑊2)𝜌33 +𝑊1𝜌11 +𝑊2𝜌44  

�̇�44 = −(𝑊1 +𝑊2)𝜌44 +𝑊1𝜌22 +𝑊2𝜌33   

(6.9) 

where 𝑊1 and 𝑊2 are the two phenomenological parameters expressing the relevant relaxation 

operators and the indices 1,2,3,4 refer to the matrix elements of the density matrix defined as  

 |1 >= | + +>, |2 >= | + −>, |3 >= | − +>, |4 >= | − −>,      (6.10) 

where |+> , |−> are the eigenstates of the spin operator 𝑆𝑧  corresponding to the eigenvalues 

𝑀𝑠 = +1/2 and 𝑀𝑠 = −1/2, respectively.  
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 As seen from Eq. (6.9), the relaxation matrix connects the matrix elements of the density matrix 

corresponding to the allowed transitions i.e., those for which Δ𝑀𝑠 = Δ𝑀𝑠1 + Δ𝑀𝑠2 = ±1. The 

off-diagonal elements are governed by the following equations  

 

�̇�12 = −𝑖 (𝐶2 +
𝐴

2
)𝜌12 − (𝑊1 +𝑊2)𝜌12 +𝑊1𝜌34 +𝑊2𝜌21; 

�̇�34 = −𝑖 (𝐶2 −
𝐴

2
)𝜌34 − (𝑊1 +𝑊2)𝜌34 +𝑊1𝜌12 +𝑊2𝜌43;  

�̇�13 = −𝑖 (𝐶1 +
𝐴

2
)𝜌13 − (𝑊1 +𝑊2)𝜌13 +𝑊1𝜌31 +𝑊2𝜌24; 

�̇�24 = −𝑖 (𝐶1 −
𝐴

2
)𝜌24 − (𝑊1 +𝑊2)𝜌24 +𝑊1𝜌42 +𝑊2𝜌13; 

�̇�14 = −𝑖
(𝐶1 + 𝐶2)

2
𝜌14 − (𝑊1 +𝑊2)𝜌14 +𝑊1𝜌32 +𝑊2𝜌23; 

�̇�23 = −𝑖
(𝐶1 − 𝐶2)

2
𝜌23 − (𝑊1 +𝑊2)𝜌23 +𝑊1𝜌41 +𝑊2𝜌14; 

(6.11) 

where 𝐶1 and 𝐶2 are the coefficient of the spin operators 𝑆𝑧1 and 𝑆𝑧2 in the spin Hamiltonian of 

the two coupled electron, respectively, and 𝐴 = 𝜔𝑑𝑑(1 − 3 cos
2 𝛿) is the secular part of the 

dipolar interaction between the two electrons. The relaxation matrix deduced from Eqs. (6.9) and 

(6.1), expressed in Hilbert space, is found to have the following form in the Liouville space  

 R=

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 



−𝑊 0 0 0 0 𝑊2 0 0 0 0 𝑊1 0 0 0 0 0
0 −𝑊 0 0 𝑊2 0 0 0 0 0 0 𝑊1 0 0 0 0
0 0 −𝑊 0 0 0 0 𝑊2 𝑊1 0 0 0 0 0 0 0
0 0 0 −𝑊 0 0 𝑊2 0 0 𝑊1 0 0 0 0 0 0
0 𝑊2 0 0 −𝑊 0 0 0 0 0 0 0 0 0 𝑊1 0
𝑊2 0 0 0 0 −𝑊 0 0 0 0 0 0 0 0 0 𝑊1
0 0 0 𝑊2 0 0 −𝑊 0 0 0 0 0 𝑊1 0 0 0
0 0 𝑊2 0 0 0 0 −𝑊 0 0 0 0 0 𝑊1 0 0
0 0 𝑊1 0 0 0 0 0 −𝑊 0 0 0 0 𝑊2 0 0
0 0 0 𝑊1 0 0 0 0 0 −𝑊 0 0 𝑊2 0 0 0
𝑊1 0 0 0 0 0 0 0 0 0 −𝑊 0 0 0 0 𝑊2
0 𝑊1 0 0 0 0 0 0 0 0 0 −𝑊 0 0 𝑊2 0
0 0 0 0 0 0 𝑊1 0 0 𝑊2 0 0 −𝑊 0 0 0
0 0 0 0 0 0 0 𝑊1 𝑊2 0 0 0 0 −𝑊 0 0
0 0 0 0 𝑊1 0 0 0 0 0 0 𝑊2 0 0 −𝑊 0
0 0 0 0 0 𝑊1 0 0 0 0 𝑊2 0 0 0 0 −𝑊)

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 (6.12) 

where 𝑊 = 𝑊1 +𝑊2 .  



 

142 
 

 

 The solution of Eq. (6.8) after time 𝑡 in Liouville space is given as  

 

 �̂̂�(𝑡) = 𝑒−(𝑡−𝑡0)�̂̂� �̂̂�(𝑡0) 
(6.13) 

where �̂̂�  is the column vector of dimension 162 × 1  i.e., �̂̂� = 𝐶𝑜𝑙(𝜒)  and the Liouville 

superoperator, �̂̂�, in the Hamiltonian basis is defined as  

 �̂̂� = 𝑖�̂̂� + 𝑅 ̂̂ = (𝐼𝑛⊗𝐻0 − 𝐻0⊗ 𝐼𝑛) + 𝑅 ̂̂ (6.14) 

In Eq. (6.13), 𝐼𝑛 is unit matrix of dimension 4 × 4.  

 The spin relaxation will here be neglected during the application of a pulse as it has 

negligible effect since the duration of the pulses are much smaller than the relaxation time. Then, 

the evolution of the density matrix due to the pulse is described in Hilbert space, as follows: 

 
𝑑

𝑑𝑡
𝜌(𝑡) = −𝑖[(𝐻0 + 𝐻𝑝), 𝜌(𝑡)],  (6.15) 

where 𝐻0  and 𝐻𝑝 are expressed by Eqs. (6.3) and (6.4), respectively.  

 The density matrix is transformed by the application of a pulse of duration 𝑡𝑝 . The 

solution of Eq. (6.1), neglecting relaxation during the pulse, is given as: 

 𝜌(𝑡0 + 𝑡𝑝) = 𝑒
−𝑖(𝐻0+𝐻𝑝)𝑡𝑝𝜌(𝑡0) 𝑒

𝑖(𝐻0+𝐻𝑝)𝑡𝑝 (6.16) 

After the application of a pulse, the density matrix is projected onto the coherence 

pathways of interest, which are: 𝑝 =   1, −1 as shown in Figure 5.3, showing the SECSY pulse 

sequence along with the relevant coherence pathway. This is achieved, in the numerical 

simulation, by taking the Hadamard product, 𝜌(𝑘) = 𝑃𝑘 ○ 𝜌, of the projection operator matrix,  

𝑃𝑘;  𝑘 = 1, 2. For the coherence pathways 𝑝 =   1, the projection operator given in Appendix B is 

used whereas for 𝑝 = −1,  the modified projection operator as discussed in Sec. 6.1 is exploited.  

The complex signal of the observer electron, for the orientation, (δ, ϕ ), of the static 

magnetic field with respect to the dipolar axis that connects the magnetic dipoles of the two electron 

spins, and  
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Figure 6.2 (a) The unit cell of malonic acid crystal. The unit cell parameters are (McConnell et. al. 

(1959)) (𝑎 = 5.33 Å, 𝑏 = 5.14 Å, 𝑐 = 11.25Å)  and (𝛼 = 102∘, 𝛽 = 135∘, 𝛾 = 85∘ ) . (b) The top 

view of the triclinic lattice. The red dot represents observer spin which is located at (𝑙,𝑚, 𝑛) =
(0,0,0) whereas the interacting spins (blue dot) can be at any lattice point. The vector 𝑟12 connects 

the two spins. 

 

 

the orientation of the electron spins with respect to the molecular frame, characterized by six Euler 

angles, (α1, β1, γ1, α2, β2, γ2), is then,  

 𝑆(𝑡1, 𝑡2, 𝛿,  𝜙, α1, β1, γ1, α2, β2, γ2) = 𝑇𝑟(𝑆1+𝜌𝑓), (6.17) 

Where 𝑆1+. is the raising operator for the observer electron, denoted by the index 1 

6.2.2 The Physical Picture 

 

The many-body effects including the instantanoues and spectral diffusions on the SECSY 

signal of the 𝛾-irradiated malonic acid single-crystal are considered here by taking into account 

the dipolar interaction between the electron of the molecule under study (observer spin) and the 

electrons of all the neighboring electrons (hereafter reffered to as interacting electrons), which 

undergo random spin flips and are chosen in a statistical manner by Monte-Carlo simulations in a 

triclinic lattice (McConnell et. al. (1959)) (Figure 6.2a). The top veiw of the triclinic lattice 

charactrizing the malonic acid crystal is shown in Figure 6.2b. Here, the dipolar interaction is 

considered between the observer electron, shown by a red point, and the interacting electron 

which is in the dipoalr interaction with the observer electron spin. The observer electron 1 is 

considered to be at the lattice site (0,0,0) whereas the interacting electrons is located anywhere in 

the lattice except at (0,0,0). The distance between the the observer electron and an interacting 

electron located at lattice site (𝑙, 𝑚, 𝑛) moelcules, in a triclinic lattice is calcualetd as  

 𝑟12 = √𝑙2𝑎2 +𝑚2𝑏2 + 𝑛2𝑐2 + 2𝑙 𝑚 𝑎 𝑏 𝑐𝑜𝑠γ + 2𝑙 𝑛 𝑎 𝑐 𝑐𝑜𝑠β + 2𝑚 𝑛 𝑏 𝑐 𝑐𝑜𝑠α (6.18) 

where 𝑎, 𝑏, 𝑐  are the lattice constants of the unit cell of malonic acid lattice, (𝛼, 𝛽, 𝛾) are the 

triclinic angles, as shown in Figure. 6.2b and (𝑙, 𝑚, 𝑛) are the integer numbers charactrizing the 

position of the interacting spin in a triclinic lattice with respect to the observer spin as 𝑟2 = 𝑙 �⃗� +

𝑚 �⃗⃗� + 𝑛 𝑐. The dipolar coupling constant, 𝑑, is calculated, based on the distance of the two 

electrons, 𝑟12, as ω𝑑𝑑[𝑀𝐻𝑧] =
52.04

𝑟12[𝑛𝑚]3
. The angle 𝛿 which is the polar angle of the orientation 

of the static magnetic field with respect to the dipolar axis that connects the magnetic dipoles of 

the two electrons is calculated as  
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𝛿

= 𝑐𝑜𝑠−1

(

 
 
 𝑛𝑐√1 − 𝑐𝑜𝑠2β − (

𝑐𝑜𝑠α − 𝑐𝑜𝑠β𝑐𝑜𝑠γ
𝑠𝑖𝑛γ

)
2

√𝑙2𝑎2 +𝑚2𝑏2 + 𝑛2𝑐2 + 2𝑙 𝑚 𝑎 𝑏 𝑐𝑜𝑠γ + 2𝑙 𝑛 𝑎 𝑐 𝑐𝑜𝑠β + 2𝑚 𝑛 𝑏 𝑐 𝑐𝑜𝑠α

)

 
 
 

 

(6.19) 

Knowing the dipolar coupling constant, 𝜔𝑑𝑑, and the angle 𝛿 , one can then obtain 

ω𝑑𝑑(3𝑐𝑜𝑠
2𝛿 − 1) appearing in Eq. (6.3) which is needed to calculate the SECSY signal of two 

coupled electrons as described in Sec. 6.2.1. 

The many-body effects of spectral and instantanous diffusions on the SECSY signal of the 

malonic acid single crystal are considered seperately here by performing separate Monte Carlo 

simulations. 

To consider spectral diffusion, one generates three sets of random numbers: (i) the Euler 

angles charactrizing the Zeeman energy of the second spin, 𝐶2 (𝛼2, 𝛽2, 𝛾2) ; (ii) a set of three 

integer numbers, (𝑙, 𝑚, 𝑛), charactirzing the position of the interacting spin, which are used to 

determine the dipolar coupling constant, 𝜔𝑑𝑑 and the angle angle 𝛿;  and (iii) a random number 

charactrizing the random flip rate of the second spin, 𝑊2 , which is chosen according to a 

Gaussian distribution with an average value of 𝑊2𝑎𝑣𝑔 and a width of 𝜎𝑊2. The spectral diffusion 

is a two-dimensional SECSY signal, 𝐹1(𝑡1, 𝑡2), which is calculated following the procedure 

given in Sec. 6.2.1 with the three sets of random numbers generated as described here. 

As for the instantanous diffusion, it manifests itself when an interacting spin is near or on 

resonance. The interacting spins which are exactly on resonance will have 𝐶2 = 0. To consider 

those electron spins which are near resonance, but not exactly at resonance, say between 𝑝 and 1, 

where 𝑝 is a number less than 1 but close to 1, to be used as a parameter to indicate the fraction 

of spins close to resonance by 100×p%. One then multiplies the resulting signal 𝐹2(𝑡1, 𝑡2),  as if 

the interacting spin was at resonance by {𝑟 +  𝑝(1 − 𝑟)} for instantanous diffusion due to spins 

near respnance by 100 × p%, where 𝑝 is a parameter between 0 and 1and 𝑟 is a random number 

between 0 and 1. (The 2D-SECSY signal, 𝐹2(𝑡1, 𝑡2) is calculated following the procedure given 

in Sec. 6.2.1.) By doing so, the contribution of the spins which are near resonance to the final 

signal will indeed be smaller than those which are exactly on resonance. Thus, for instantanoues 

diffusion, one needs to generate two sets of random numbers: (i) three integer numbers, (𝑙, 𝑚, 𝑛), 

charactirzing the position of the interacting spin and (ii) a random numebr 𝑟 which determines 

how close a spin is to exact resonance.  

Size of the lattice In the calculations of the SECSY signal, one needs to determine the size of 

the lattice. In this work, a lattice with 100× 100 × 100 lattice points along vectors 𝑎, 𝑏, 𝑐 (Figure 

6.2a.) is considered. A maximum distance of 10.2 nm between the obseving sping centered at 

(0,0,0) and the other interacting electron spins is considered. This maximum distance 
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corresponds to the dipolar coupling constant 𝜔𝑑𝑑 = 0.05 𝑀𝐻𝑧 which is significantly small to 

cause instantanous or spectral diffusions. 

The effects of instantanous and spectral diffusions on the SECSY signal of 𝛾-irradiated 

malonic acid single crystal,  are shown in Figure 6.3. Figure 6.3 a is the LPF signal similar to 

that shown in Fig. 6.1 a ,except for the parameter 𝜔𝑛 = 14.5 𝑀𝐻𝑧 in Figure 6.1, which is here 

chosen to be 𝜔𝑛 = 14.2 𝑀𝐻𝑧, found to give a better agreement with the experimental data. In 

Figure 6.3b, the effect of spectral diffusion on Fourier transform of LPF signal is calculated by 

multiplying the LPF two dimensional signal, 𝑆(𝑡1, 𝑡2), by 𝐹1(𝑡1, 𝑡2) and then taking the Fourier 

transform. The same procedure as that used to produce Figure 6.3c is applied to consider the 

eefect of instantanoues diffusion on the LPF signal by calculating 𝐹2(𝑡1, 𝑡2) 𝑆(𝑡1, 𝑡2). The effect 

of instantanous and spectral diffusions can be seen in Fig 6.3d simultaneously which is the 

Fourier transform of 𝐹1(𝑡1, 𝑡2)𝐹2(𝑡1, 𝑡2)𝑆(𝑡1, 𝑡2). The random spin flip rates 𝑊1,𝑊2𝑎𝑣𝑔 used for 

spectral diffusion are 𝑊1 = 5 × 10
5𝑠−1, 𝑊2𝑎𝑣𝑔 = 5 × 10

5 𝑠−1, which are the typical values for 

random spin flips used by Salikhov et. al. (1981), and the width of the Gaussian distribution of 

random flip rates 𝜎𝑊2 = 1 × 10
5𝑠−1, whereas for the simulation of the instantaneous diffusion, 

the parameter 𝑝 = 0.5 is chosen.  

The effects of instantanous and spectral diffusions on the SECSY signal of 𝛾-irradiated 

malonic acid single crystal,  so calculated, are shown in Figs 6.3.a – d.  Figure 6.3 a is the LPF 

signal similar to that shown in Figiure 6.1 a except for the parameter 𝜔𝑛  which was 𝜔𝑛 =
14.5 𝑀𝐻𝑧 in Figure 6.1 and is here chosen to be 𝜔𝑛 = 14.2 𝑀𝐻𝑧 which gives a better agreement 

with the experimental data. In Figure 6.3b, the effect of spectral diffusion on Fourier transform 

of the LPF signal is calculated by multiplying the LPF two dimensional signal, 𝑆(𝑡1, 𝑡2), by 

𝐹1(𝑡1, 𝑡2) and then taking the Fourier transform. The same procedure as that used to produce 

Figure 6.3c is used by calculating 𝐹2(𝑡1, 𝑡2) 𝑆(𝑡1, 𝑡2) to consider the eefect of the instantanoues 

diffusion on the LPF signal. The effect of instantanous and spectral diffusions together is shown 

in Fig 6.3d,which is the Fourier transform of 𝐹1(𝑡1, 𝑡2)𝐹2(𝑡1, 𝑡2)𝑆(𝑡1, 𝑡2).  

As seen from Figure 6.3, after a detailed inspection, the Fourier transform of the LPF signal 

with instantaneous diffusion with the parameters used here is found to be in the best agreement 

with the experiment, shown in Fig. 6.3 (e), indicating that the instantaneous diffusion is the 

dominant relaxation mechanism in the SECSY signal of the electron-nuclear spin-coupled 

system in 𝛾-irradiated malonic acid single crystal. It is noted that in the simulations shown in 

Figure 6.3, only one set of parameters is considered. The effect of varying the various parameters 

on spectral and instantaneous diffusions is under investigation.  
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Figure 6.3 Two dimensional Fourier transforms obtained from 𝛾-irradiated malonic acid single 

crystal SECSY signal. (a) Without spectral and/or instantaneous diffusion (b) with spectral 

diffusion (c) with instantaneous diffusion (d) with both instantaneous and spectral diffusions and 

(e) the experimental Fourier transform. The parameter used for instantaneous and spectral 

diffusions are 𝑊1 = 5 × 10
5𝑠−1,  𝑊2𝑎𝑣𝑔 = 5 × 10

5 𝑠−1, 𝜎𝑊2 = 1 × 10
5𝑠−1 , 𝑝 = 0.5 . The 

parameters used to simulate LPF signal are the same as those used for Figure 6.1 except for the 

nuclear Zeeman term, 𝜔𝑛 , which is chosen to be 𝜔𝑛 = 14.2 MHz as found to give a better 

agreement with the experimental data. 

 

 



 

147 
 

It is noted that in the simulations shown in Figure 6.3, only one set of parameters are considered. 

The effect of the various parameters on spectral and instantaneous diffusions is under 

investigation.  

 

 

6.3 Concluding remarks  

 

The saliant features of this chapter are as follows 

 

(i) Different matrix elements of density matrix may experience different relaxation times 

whose effect is seen from the different heights of the main peaks in the 2D Fourier 

transform of the SECSY signal of the electron-nuclear spin-coupled system in a 𝛾-

irradiated malonic acid single crystal. 

(ii) The effects of instantaneous diffusion and spectral diffusion are calculated rigorously 

by the numerical simulation, considering the various relaxation mechanisms. 

described in this chapter. 

(iii) The calculated 2D Fourier transform of the SECSY signal of the electron-nuclear 

spin-coupled system in a 𝛾-irradiated malonic acid single crystal  shows a better 

agreement  with the experimental data by considering the effects of the instantaneous 

diffusion as compared to that calculated with spectral diffusion.  
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Chapter 7 

7. Concluding remarks  

 

In this thesis, numerical techniques to calculate pulsed EPR signals are exploited. Using 

numerical simulations, the multi-pulse signals including COSY, two-pulse DQ, 5-pulse DQM, 4-

, 5-, 6-pulse DQC for the system of two coupled nitroxides in a biradical are calculated and the 

applicability of each pulse sequence for distance measurement is studied.  It is shown, both 

analytically and numerically, that the one-dimensional multi-pulse techniques can be used for 

distance measurements in biological systems using nitroxide biradicals. This is because the 

Fourier transform of the various multi-pulse signals exhibit the Pake doublet at ±𝑑 except for 

two-pulse DQ where the Pake doublet occurs at ±
3

4
𝑑. The Fourier transform of COSY signal 

was found to have the maximum intensity whereas that for 6-pulse DQC is the cleanest. The 

Fourier transform of all the pulse sequences are broadened by including the relaxation effects 

except for 5- and 6-pulse DQC where the shape of the Fourier transform is not affected by  

considering the relaxation effects. Furthermore, the orientational selectivity occurring in two-

pulse DQ and five-pulse DQM pulse sequences was investigated. It was found that the maximum 

coherence transfer occurs for those spins whose dipolar axis is oriented within ±10∘ from the 

magic angle i.e., 𝜃 = 54.7∘ and its complementary angle.    

 

This numerical approach was then extended to the doubly rotating frames (DRF) technique 

where one calculates the DEER signal rigorously by using two rotating frames. The doubly 

rotating frame was successfully applied to calculate the DEER signal which found to be in a very 

good agreement with reported experimental DEER data for both coupled nitroxides and coupled 

𝐺𝑑3+ ions, the latter with a significant zero-field splitting. The signals calculated by the DRF 

technique were then used as kernel signals in DeerAnalysis software to estimate the distance 

distribution between the nitroxide biradicals on a sample of bis-nitroxide nanowire, P1, in 

deuterated ortho-terphenyl solvent with 5% BnPy (d14-oTP/BnPy) as well as between the 𝐺𝑑3+ 

ions in sample 𝐺𝑑  ruler 15  in 𝐷2𝑂 /glycerol-𝑑8  (7/3 volume ratio). An improvement in the 

distance distribution, 𝑃(𝑟), calculated by DRF calculated signal compared to that calculated by 

using analytical kernel signals was found. Therefore, for more accurate estimation of distance 

distribution probabilities, one should use DRF-calculated basis signal which considers the ZFS 

and finiteness of the pulses.  

 

Two models to consider fluctuations of spin-Hamiltonian parameters, namely cylindrical 

and conical models, were exploited to calculate the effect of thermal fluctuations of malonic acid 

molecule. In the cylindrical model, the tip of the director of the malonic acid molecule is 

assumed to move in a plane whereas in conical model, the director can move on a cone. Using 

the cylindrical model, the amplitude of these fluctuations was estimated. In the conical model, a 

restoring potential was introduced, and the strength of the potential was estimated using the 

model presented. Both the models give an estimation of correlation times, 𝜏𝑐. The conical and 

cylindrical models were then used to rigorously calculate the matrix elements of the relaxation 
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matrix in the Liouville space. Using the calculated relaxation matrix, the echo-ELDOR signal 

was simulated, which showed an excellent agreement with the published experimental data. 

 

To further improve the theory of 2D Fourier transform EPR, the projection operator used in 

calculation of SECSY signal in 𝛾-irradiated malonic acid crystal was modified to consider the 

different relaxation rates experienced by different matrix element of the density matrix. The 

Fourier transform obtained from two-dimensional SECSY signal using the modified projection 

operator was shown to give a better agreement with the experimental data. 

 Many body effects, including the instantaneous and spectral diffusions, were studied by a 

rigorous numerical approach in Liouville space for the system consisting of an electron-nuclear 

spin-coupled system in a 𝛾-irradiated malonic acid single crystal. 
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Chapter 8 

8. Future perspectives 

 

The numerical algorithm to calculate the single-frequency multi-pulse sequences EPR 

signals presented here can be applied for more accurate analysis of pulsed EPR spectrum. In 

particular, a source code in Matlab to calculate COSY, two-pulse DQ, 5-pulse DQM, 4-, 5-, 6-

pulse DQC EPR signals using the presented numerical algorithms has been developed which can 

be further exploited for other purposes. Furthermore, the doubly rotating frame technique for a 

rigorous calculation of DEER signal can be used to construct the basis kernel signals, to be used 

in other software, such as DeerAnalysis and EasySpin for more accurate estimation of distance 

distribution probabilities, 𝑃(𝑟),  values more accurtely from  DEER data in biological systems, 

doped with radicals with  S≥1, exhibiting ZFS, using finite pulses, e.g., Gd3+, Ni2+, Mn2 +. In 

addition, the model developed to carry out this quantitative numerical study of the many-body 

effects on pulsed EPR signal including the instantaneous and spectral diffusions presented in this 

thesis can be extended to other systems in the solid state.  
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Appendices   

 

Appendix A. Spin Hamiltonian for nitroxide biradical 

In this appendix, the coefficients 𝐶, 𝐴 and 𝐵 of the spin Hamiltonian of a nitroxide are 

defined. The coupled- nitroxide static Hamiltonian, used in Eq. (3.2), can be expressed in terms 

of the irreducible spherical tensor operators (ISTO) as (Saxena and Freed 1997, Misra 𝑒𝑡. 𝑎𝑙.  
2009) 

 𝐻0𝑘 = ∑ 𝐹𝜇𝑘,𝑙
𝐿,𝑀∗𝐴𝜇𝑘,𝑙

𝐿,𝑀
𝜇𝑘,𝐿,𝑀  𝑘 (=1,2) (A.1) 

where 𝜇𝑘  determines type of the interaction and takes two values: 𝑔𝑘  or 𝐴𝑘  for Zeeman and 

Hyperfine interactions, respectively, 𝑘 (=1,2) specifies the two nitroxides, 𝐿 is the rank of the 

tensor, and 𝑀 takes integer values between −𝐿 and +𝐿. Here 𝑙 stands for the laboratory frame, 

defined to be such that the z-axis is parallel to the static magnetic field. In Eq. (A.1), 𝐹𝜇𝑘,𝑙
𝐿,𝑀∗

 are 

the standard ISTO components of the magnetic tensors of 𝜇𝑘 kind in the laboratory reference 

frame.  These 𝐹𝜇𝑘,𝑙
𝐿,𝑀∗

s are conveniently defined in the magnetic g-frame of a nitroxide (𝐹𝜇𝑘,𝑔
𝐿,𝑀∗) and 

then transformed to the laboratory frame by two successive transformations: first, from the  g-

frame to the dipolar frame defined by its z-axis along the vector connecting the magnetic dipoles 

of the two nitroxides and then to the laboratory frame. The various components of 𝐴𝜇𝑘,𝑙
𝐿,𝑀

 and 

𝐹𝜇𝑘,𝑔
𝐿,𝑀  are listed in (Freed 1976). Note that in the high-field limit, the contribution of the non-

secular terms of  𝐴𝜇𝑘,𝑙
𝐿,𝑀

 (i.e., 𝑆±, 𝑆±𝐼𝑧, 𝑆±𝐼±, 𝑆±𝐼∓) is negligible. Using the Wigner D-matrices 

𝐷𝑚,𝑚′
𝐿 , the transformed 𝐹𝜇𝑘,𝑙

𝐿,𝑀∗
 can then be expressed as  

 𝐹𝜇𝑘,𝑙
𝐿,𝑀∗ = ∑ 𝐷𝑚,𝑚′

𝐿 (𝜂)𝐷𝑚′,𝑚′′
𝐿 (𝜆𝑘)𝐹𝜇𝑘,𝑔

𝐿,𝑚′′

𝑚′,𝑚′′

 (A.2) 

where 𝜂 = (𝛼, 𝛽, 𝛾) and 𝜆𝑘 = (0, 𝜃, 𝜑) are the Euler angles defining the two transformations 

from g-frame to the dipolar frame and from the dipolar frame to the laboratory frame, 

respectively. Inserting Eq. (A.2) into Eq. (A.1), the static Hamiltonian of two coupled nitroxides 

in the laboratory frame in the secular approximation, i.e., neglecting the non-secular terms, is  

 𝐻0 = ∑ 𝐻0𝑘
𝑘=1,2

= ∑ 𝑆𝑧𝑘[𝐶𝑘 + 𝐴𝑘𝐼𝑧𝑘 + 𝐵𝑘𝐼+𝑘 + 𝐵𝑘
∗𝐼−𝑘]

𝑘=1,2

 (A.3) 

where the coefficients  𝐶𝑘, 𝐴𝑘, 𝐵𝑘 are defined in the rotating frame as 

 𝐶𝑘 = √
2

3
∑𝐷0,𝑚′

2 (η𝑘)𝐾𝑔𝑘,𝑚′(λ𝑘)

𝑚′

 (A.4) 

 𝐴𝑘 = √
2

3
∑𝐷0,𝑚′

2 (η𝑘)𝐾𝐴𝑘,𝑚′(λ𝑘) +
𝑔𝑒β𝑒
3ℏ

(𝐴𝑥𝑥 + 𝐴𝑦𝑦 + 𝐴𝑧𝑧)

𝑚′

 (A.5) 

 𝐵𝑘 =
1

2
∑𝐷1,𝑚′

2 (η𝑘)𝐾𝐴𝑘,𝑚′(λ𝑘)

𝑚′

 (A.6) 

It is noted that the isotropic part of the Zeeman term is put equal to zero in the rotating frame and 

the Zeeman term, as given by Eq. (A.4), is the resonant offset term as calculated here 
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quantitively. The 𝐾μ𝑖,𝑚’ terms in Eqs. (A.4) -(A.6), which contain the transformation from the 

magnetic frame to the dipolar frame, are defined as 

 

𝐾μ𝑖,𝑚’(λ𝑖) = [𝐷𝑚′,2
2 (λ𝑖) + 𝐷𝑚′,−2

2 (λ𝑖)]𝐹μ𝑖,𝑔
2,2 + 𝐷𝑚′,0

2 (λ𝑖)𝐹μ𝑖,𝑔
2,0

 (A.7) 
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Appendix B. Projection operators for the various coherence pathways 

The Projection operators for the various coherence pathways, which project the density 

matrix of coupled nitroxide system on to the coherence pathway of interest after the application 

of a pulse, are listed in this Appendix for the coherence pathways 𝑝 = 0, 𝑝 = ±1 and 𝑝 = ±2. 
After the application of a projection operator, only those 9 × 9 blocks of the density matrix 

which correspond to the non-zero elements of the projection operator are retained, using 

Hadamard product, putting all the other elements of the density matrix equal to zero.  

 

 

 

  

  

Coherence 

pathway 

Matrix elements to be 

retained by Hadamard 

product 

 

𝑝 = +1 (

0 1 1 0
0 0 0 1
0 0 0 1
0 0 0 0

) 

 

𝑝 = −1 (

0 0 0 0
1 0 0 0
1 0 0 0
0 1 1 0

) 

 

𝑝 = +2 (

0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0

) 

 

𝑝 = −2 (

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0

) 

 

𝑝 = 0 (

1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 1

) 
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Choose the desired value of the  

Euler angles (β1, γ1, α2, β2, γ2) 

Yes 

No 

No 

Yes 

No 

Yes 

Yes 

No 

Appendix C. Flowchart for the calculation of the multi-pulse signals 
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Monte Carlo Simulation? 

Choose a set of five random Euler angles (β1, γ1, α2, β2, γ2) 

Start the DO loop for the orientation over the grid of (θ, 𝜙)  

Calculate the initial density matrix  𝜌0(= 𝑆𝑍1 + 𝑆𝑍2) 

Calculate the density matrix  after the application a pulse using Eq. (3.12) 

Apply the projection operator matrix taking Hadamard product, as given in Appendix B, 

to select those matrix elements of the density which correspond to the relevant pathway. 

Calculate the density matrix after free evolution over time 𝑡 using Eq. (3.11) for the 

relevant coherence pathway without any relaxation.  

Any next pulse? 

Calculate the final density matrix 𝜌𝑓 as given by Eq. (2.6).  

 

Is simulation over 

(θ, 𝜙) complete? 

Is simulation over the 

Euler angles complete? 

Normalize the signal: Divide the signal by the number of Monte Carlo simulations × No. of 

grid simulation × 18 and then multiply the averaged signal by a stretched exponential factor 

(if relaxation is included). Finally, remove the signal over the initial time interval 𝑇𝑑 due to the 

dead-time effect. 

End of the 

simulation 

Is it Monte Carlo? 
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Appendix D. An analytical expression for modulation depth 

 

In this Appendix, the analytical expression of 𝑆′(𝑡), found by integrating Eq. (3.18) for 

an isotropic modulation depth, i.e.,  δ𝑚(η, λ1, λ2) = Δ, along with the analytical expression of its 

Fourier transform are provided. The analytical expression as calculated using Mathematica is.  

 

𝑆′(𝑡) = 𝑆0
′ (
 Δ (𝐶 (𝑞1)cos (𝑡𝑑) + 𝑆 (𝑞1)sin (𝑡𝑑))

𝑞1
+ (1 − Δ)) 

 
(D.1) 

where 𝑞1 = √
6

𝜋
𝑡 𝑑 and 𝐶(𝑥) and 𝑆(𝑥) are FresnelC and FresnelS functions, respectively, which 

are defined as  

 

𝐶(𝑥) = ∫ 𝑐𝑜𝑠(𝑡2)𝑑𝑡
𝑥

0

 

S(𝑥) = ∫ 𝑠𝑖𝑛(𝑡2)𝑑𝑡
𝑥

0

 

(D.2) 

As time 𝑡 → 0 , the first term in bracket in Eq. (C.1) becomes equal to Δ, the second term 

approaches 0, so that 𝑆′(𝑡 → 0) = 𝑆0
′ . Equation (D.1) thus describes a time domain signal that 

has its maximum value 𝑆0
′  at time 𝑡 = 0, then it drops as time increases and undergoes decaying 

oscillations, because of √𝑡  in 𝑞1  in the denominator, around the equilibrium value 𝑆𝑒𝑞
′  , as 

follows. 

 

𝑆′(𝑡) = 𝑆𝑒𝑞
′ + 𝑆0

′ (
 Δ (𝐶 (𝑞1)cos (𝑡𝑑) + 𝑆 (𝑞1)sin (𝑡𝑑))

𝑞1
) 

(D.3) 

where,  

 

𝑆𝑒𝑞
′
= 𝑆0

′(1 − 𝛥), 

(D.4) 

Therefore, by measuring 𝑆0
′  and 𝑆𝑒𝑞

′  from the time-domain signal, the modulation depth can be 

calculated as  Δ = (𝑆0
′ − 𝑆𝑒𝑞

′ )/𝑆0
′ . The Fourier transform of  𝑆′(𝑡) with respect to the variable 𝑡, 

is found to be, using Mathematica:  

 

𝑆′′(ω) = ∫ 𝑆′(𝑡)
∞

−∞

𝑒−𝑖ω𝑡𝑑𝑡 = 4√2𝜋
3
2𝑆0
′ [(1 − Δ)𝛿 (𝜔) 

 

                             −
Δ

4√3𝑑
(
Θ(𝑑+𝜔)[Θ{

1

9
−

𝑑2

(𝑑+𝜔)2
}−1]

(𝑑+𝜔)1 2⁄ +
Θ(𝑑−𝜔)[Θ{

1

9
−|

𝑑2

(𝑑−𝜔)2
|}−1]

(𝑑−𝜔)1 2⁄
)] 

 

(D.5) 

where 𝛿(𝜔) is the Dirac delta function and Θ(𝑥) is the Heaviside function which is defined as  
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Θ(𝑥) = {
1,              𝑥 > 0 
0,              𝑥 < 0

 

(D.6) 

It is seen that the peaks of  𝑆′′(ω) as given by Eq. (D. 5) occur at ± 𝜔. The plots of 𝑆′(𝑡) and 

𝑆′′(ω) for two values of Δ, Δ = 0.4 and Δ = 0.7, are shown in Fig. 8. 
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Appendix E. Matrix Representation, eigenvalues and eigenvectors  

of the static Hamiltonian 

The magnetic basis, defined in the direct product of the electron spin basis eigenvectors 

𝑀𝑆 = |+⟩ and |– ⟩ and the nuclear spin basis eigenvectors, 𝑚𝐼= |−1⟩, |0⟩ and |1⟩,  are used here 

for matrix representation of the static Hamiltonian. The matrix for Eq. (A.3), for example, for 

one of the nitroxide biradicals, can be expressed in this basis as 

 𝐻01 =

(

 
 
 
 
 
 
 
 
 
 
 

1

2
(𝐴1 + 𝐶1)

𝐵1

√2
0 0 0 0

𝐵1

√2

𝐶1
2

𝐵1

√2
0 0 0

0
𝐵1

√2

1

2
(𝐶1 − 𝐴1) 0 0 0

0 0 0
−1

2
(𝐴1 + 𝐶1) −

𝐵1

√2
0

0 0 0 −
𝐵1

√2
−
𝐶1
2

−
𝐵1

√2

0 0 0 0 −
𝐵1

√2

1

2
(𝐴1 − 𝐶1))

 
 
 
 
 
 
 
 
 
 
 

 (E.1) 

 

 
  

 

The matrix in Eq. (E.1) is diagonalized by a unitary transformation as 𝐸1 = 𝑇
(1)†𝐻01𝑇

(1) , where 

𝑇(1) is 

 

𝑇(1)  = (
𝑇α
(1) 0

0 𝑇α
(1)
) (E.2) 

 

where 𝑇α
(1)

 is a 3 × 3 matrix, using the basis vectors (|ψ−1
(1)⟩, |ψ0

(1)⟩, ψ1
(1)⟩),  as follows: 
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𝑇α
(1) ==

(

 
 
 
 

𝐴1(𝐴1 + 𝜔) + 2|𝐵1|
2

𝜔+
−
|𝐵1|

√2𝜔

−𝐴1𝜔 + 𝐴1
2 + 2|𝐵1|

2

𝜔−

√2(𝐴1 + 𝜔)|𝐵1|

𝜔+

𝐴1
𝜔

√2(𝐴1 − 𝜔)|𝐵1|

𝜔−
2|𝐵1|

2

𝜔+

|𝐵1|

√2𝜔

2|𝐵1|
2

𝜔− )

 
 
 
 

 

where, 

 

(E.3) 

 
ω = √𝐴1

2 + 4|𝐵1|2 

ω+ = √2(𝐴1 +ω)(3𝐴1 +ω)|𝐵1|2 + 𝐴1
2(𝐴1 +ω)2 + 8|𝐵1|4 

ω− = √2(ω − 𝐴1)(ω − 3𝐴1)|𝐵1|2 + 𝐴1
2(ω − 𝐴1)2 + 8|𝐵1|4 

 

(E.3a) 

 Similar results for 𝐻02 for the second nitroxide can be obtained by 𝐴1 → 𝐴2 and 𝐵1 → 𝐵2.  

 For the coupled nitroxides system, the spin Hamiltonian in Eq. (A.3) has the dimension in 

the Hilbert space: (2𝑆1 + 1)(2𝑆2 + 1)(2𝐼1 + 1)(2𝐼2 + 1) = 36, which can be split into sixteen 

9 × 9 blocks, of which only six blocks have non-zero elements, as shown in the matrix (E.5) 

below. The non-zero blocks are: (1,1), (2,2), (2,3), (3,2), (3,3) and (4,4). Each block of this block 

is diagonalized by the unitary transformation 𝑈†𝐻𝑖𝑗𝑈 , where 𝑈 is constructed from the direct 

product of the eigenvectors in the spin basis of the two coupled nuclei as  

 𝑇α
(1)  ⊗ 𝑇α

(2) = | ψ𝑗
(1); ψ𝑘

(2)⟩ (E.4) 

where 𝑗, 𝑘 = −1,0,1. Using the eigenvectors of Eq (E.4), the matrix of the static Hamiltonian of 

the coupled nitroxides system can be expressed as  

 𝐻0=(

[[𝐻11]] [[0]] [[0]] [[0]]
[[0]] [[𝐻22]] [[𝐻23]] [[0]]
[[0]] [[𝐻32]] [[𝐻33]] [[0]]
[[0]] [[0]] [[0]] [[𝐻44]]

) (E.5) 

In (E.5), the double square bracket [[]] are used to indicate a diagonal matrix in the hyperfine 

space. In Eq. (E.5), the blocks 𝐻23 = 𝐻32 , with real elements, are non-zero due to the  dipolar 

interaction between the two nitroxide radicals. Each matrix element in Eq. (E.5) is a 9 × 9 
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diagonal matrix, corresponding to different indices 𝑙, 𝑚 in the direct-product space, which are 

combinations of 𝑗, 𝑘, 𝑗′, 𝑘′ = −1,0,1 , as follows: 𝑙 = 3𝑗 + 𝑘 + 5,𝑚 = 3𝑗′ + 𝑘′ + 5 , so that 

𝑙, 𝑚=1, 2, ….,9. These are given by   

(𝐻11)𝑙𝑚 = {
1

2
[𝐶1 + 𝐶2 + (𝐴1

2 + 4|𝐵1|
2𝑗)1/2𝑗 + (𝐴2

2 + 4|𝐵2|
2𝑘)1/2𝑘] +

𝑑

4
(3𝑐𝑜𝑠2𝜃 − 1)}δ𝑙𝑚 , 

(𝐻22)𝑙𝑚 = {
1

2
[𝐶1 − 𝐶2 + (𝐴1

2 + 4|𝐵1|
2𝑗)1/2𝑗 − (𝐴2

2 + 4|𝐵2|
2𝑘)1/2𝑘]

−
𝑑

4
(3𝑐𝑜𝑠2𝜃 − 1)}δ𝑙𝑚 , 

(𝐻23)𝑙𝑚 = (𝐻32)𝑙𝑚 = −
𝑑

4
(3𝑐𝑜𝑠2θ − 1)δ𝑙𝑚 , 

 

(𝐻33)𝑙𝑚 = {
1

2
[−𝐶1 + 𝐶2 − (𝐴1

2 + 4|𝐵1|
2𝑗)1/2𝑗 + (𝐴2

2 + 4|𝐵2|
2𝑘)1/2𝑘]

−
𝑑

4
(3𝑐𝑜𝑠2𝜃 − 1)}δ𝑙𝑚 , 

 

(𝐻44)𝑙𝑚 = {−
1

2
[𝐶1 + 𝐶2 + (𝐴1

2 + 4|𝐵1|
2𝑗)1/2𝑗 + (𝐴2

2 + 4|𝐵2|
2𝑗)1/2𝑘]

+
𝑑

4
(3𝑐𝑜𝑠2θ − 1)}δ𝑙𝑚  

(E.6) 

The static Hamiltonian 𝐻0 in Eq. (E.5) is diagonalized by a unitary transformation 𝐸 = 𝑆†𝐻0𝑆 

where 𝑆 is  

 𝑆=

(

 

[[1]] [[0]] [[0]] [[0]]

[[0]] [[ξ]] [[ζ]] [0]]

[[0]] [[−ζ]] [[ξ]] [0]]

[[0]] [[0]] [[0]] [[1]])

 , (E.7) 

In (E.7), [ [ξ]]  and [[ζ]]  are 9 × 9  diagonal matrices whose 𝑖 th diagonal elements are ξii =

co s(Ξ𝑖) and  ζii = si n(Ξ𝑖), respectively with   

 

 

tan(2Ξ𝑖) =
2(𝐻23)𝑖𝑖

(𝐻33)𝑖𝑖−(𝐻22)𝑖𝑖
. 

(E.8) 

 

In Eq. (E.7), 𝑖 = 1,2, … ,9  specifies the matrix element in the hyperfine nuclear space. The 

eigenvalue matrix of the coupled-nitroxides system is expressed as  
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 E = (

[[𝐸1]] [[0]] [[0]] [[0]]
[[0]] [[𝐸2]] [[0]] [[0]]
[[0]] [[0]] [[𝐸3]] [[0]]
[[0]] [[0]] [[0]] [[𝐸4]]

) (E.9) 

where the 𝑙th (𝑙 = 1,… ,9) diagonal elements of the various [[𝐸𝑛]], (𝑛 = 1,2,3,4) are  

[[𝐸1]]𝑙𝑙 = (𝐻11)𝑙𝑙,  

[[𝐸2]]𝑙𝑙 = {−
𝑑

4
(3𝑐𝑜𝑠2θ − 1) − [(

𝑑

4
(3𝑐𝑜𝑠2θ − 1))

2

 

                              +
1

4
( 𝐶1 − 𝐶2 + (𝐴1

2 + 4|𝐵1|
2𝑗)1/2𝑗 − (𝐴2

2 + 4|𝐵2|
2𝑘)1/2𝑘2 )

2
]} 

 

[[𝐸3]]𝑙𝑙 = {−
𝑑

4
(3𝑐𝑜𝑠2θ − 1) + [(

𝑑

4
(3𝑐𝑜𝑠2θ − 1))

2

 

                                +
1

4
( 𝐶1 − 𝐶2 + (𝐴1

2 + 4|𝐵1|
2𝑗)1/2𝑗 − (𝐴2

2 + 4|𝐵2|
2𝑘)1/2𝑘2 )

2
]} 

                       

[[𝐸4]]𝑙𝑙 = (𝐻44)𝑙𝑙 (E.10) 

In Eq. (E.10), 𝑙 = 3𝑗 + 𝑘 + 5 with 𝑗, 𝑘 = −1,0,1 .  

To calculate the density matrix during the free evolution, one needs to calculate 𝑒−𝑖𝐻0𝑡, 

as follows transformation 𝑆 𝑎𝑠 

 

 

          𝑒−𝑖𝐻0𝑡 = 𝑆 𝑒−𝑖𝐸𝑡𝑆† 

           =

(

  
 

[[𝑒−𝑖E1𝑡]] [[0]] [[0]] [[0]]

[[0]] 𝑒−𝑖[[E2]]𝑡[[ξ2]]  + 𝑒−𝑖[[E3]]𝑡[[ζ2]]   [[ζ]] [[ξ]] (𝑒−𝑖[[E2]]𝑡 − 𝑒−𝑖[[E3]]𝑡) [[0]]

[[0]] [[ζ]] [[ξ]](𝑒−𝑖[[E2]]𝑡 − 𝑒−𝑖[[E3]]𝑡) 𝑒−𝑖[[E2]]𝑡[[ξ2]]  + 𝑒−𝑖[[E3]]𝑡[[ζ2]]  [[0]]

[[0]] [[0]] [[0]] [[𝑒−𝑖E4𝑡]])

  
 

 

 

 

 

 

 

 

(E.11) 
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Appendix F 

The ZFS tensor and its transformation from the eigenframe of the ZFS tensor to the 

laboratory frame 

The ZFS term of the spin Hamiltonian for the 𝐺𝑑3+ ions and their transformations from 

the principal axes systems of the ZFS to the dipolar frame of the coupled 𝐺𝑑3+ ions, thereafter 

from the dipolar frame to the laboratory frame, is described in this appendix. No subscripts are 

used in the following discussion as the same analysis applies to any one of the two 𝐺𝑑3+ ions.  

In general, for any one of the two 𝑆 = 7/2 𝐺𝑑3+ ions, the ZFS of the spin Hamiltonian, 

in the principal axis system (𝑥, 𝑦, 𝑧) of the ZFS tensor, is described as follows [1] 

 𝐻𝑍𝐹𝑆 =∑𝐵𝐿
𝑀𝑌𝐿

𝑀(𝑺)

𝐿,𝑀

; 𝐿 = 2,4,6 with 𝑀 = −𝐿,−(𝐿 − 2),… , (𝐿 − 2), 𝐿, (F.1) 

where the  𝑌𝐿
𝑀(𝑺) are spin operators that transform as the spherical harmonics 𝑌𝐿

𝑀(θ,ϕ). For 

orthorhombic symmetry, keeping only the second-order terms, one has  

 𝐻𝑍𝐹𝑆 = 𝐵2
0𝑌2

0(𝑺) + 𝐵2
2𝑌2

2(𝑺) + 𝐵2
−2𝑌2

−2(𝑺). (F.2) 

Assuming 𝐵2
2 = 𝐵2

−2, i.e., they are real, one obtains 

 𝐻𝑍𝐹𝑆 =
𝐷

3
[3𝑆𝑧

2 − 𝑆(𝑆 + 1)] + 𝐸[𝑆𝑥
2 − 𝑆𝑦

2], (F.3) 

in the commonly used CW (continuous wave) EPR notation, where 𝐷 = 3𝐵2
0 and 𝐸 = 𝐵2

2. 

The transformation to the laboratory frame (𝑋, 𝑌, 𝑍) where the Z-axis is chosen parallel to 

the external magnetic field, 𝑩𝟎, via the dipolar frame, following the sequence ZFS → dipolar 

frame → laboratory frame, is given by (Saxena and Freed 1997) 

 𝐵𝐿
𝑀∗ = ∑ 𝐷𝑀𝑚′

𝐿 (𝜂)𝐷𝑚′𝑚′′
𝐿 (𝜆)𝐵𝐿

𝑚′′

𝑚′,𝑚′′

 (F.4) 

where η = (θ,ϕ) are the orientation of the dipolar axis with respect to the laboratory axis (�⃗⃗�||𝑍) 

and λ = (α,  β,  γ) are the Euler angles of the principal axes of the ZFS tensor with respect to the 

dipolar frame,  whose z axis chosen parallel to the line joining the two 𝐺𝑑3+ ions, as shown in 

Figure 4.7, for the two 𝐺𝑑3+ ions. In Eq. (F.4) the 𝐷𝑚𝑚′
𝐿  are the Wigner coefficients. 
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