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Abstract

Integrating Advanced Sizing and Controllability Assessment Methods into an MDO

Framework for Optimal Redundancy in UAV Design

Robin Warren

Electrically-powered multirotor Unmanned Aerial Vehicles (UAV) are highly susceptible to

rotor loss failures, which can result in catastrophic events in urban centers. Redundancy implemen-

tation can improve reliability, but heavily affects multirotor UAV performance. Hence, this research

work aims at developing a design framework that may optimize multirotor UAVs for both perfor-

mance and reliability. For this matter, a controllability assessment will be implemented in the design

of multirotor UAVs to ensure fault-tolerant design.

An exploration of the design methodologies of multirotor UAVs demonstrates that only one

includes redundancy analysis linked to controllability. The methodologies are classified into three

major groups: empirical, analytical modeling and simulations, and analytical catalog-based. These

classes are compared in a case study to demonstrate that analytical modeling and simulations are

best suited for redundancy implementation due to their affinity with both innovation and reliability.

Since traditional controllability is not sufficient for multirotor UAVs, alternatives are evaluated.

The Degree of Controllability (DoC) is chosen since it possesses recovery time requirement poten-

tial and the simple inclusion of disturbances. After modification for the application of the DoC to

multirotor UAVs, it is implemented within the optimization framework of an analytical modeling

and simulation design methodology, optimizing multirotor UAVs for both performance and relia-

bility. The potential recovery time requirements of the DoC prove inconclusive because its value

scales with time. Future works, through reference recovery regions, could forge toward aircraft-level

controllability requirements. Nevertheless, including the DoC as a constraint yields fault-tolerant

designs at a severe cost in computing time.
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Chapter 1

Introduction

Chapter 1 displays an overview of electric multirotor Unmanned Aerial Vehicles (UAV) and the

perils associated with rotor failure while operating in urban centers. Such safety concerns will be

explored by illustrating the current limitations in the design process of multirotor drones in terms

of performance and reliability. The sections thereafter address the scope of work, the problem

statement, the determined approach and finally an outline of the following chapters’ contents.

1.1 Background

Fully electric multirotor UAVs, such as the DJI Phantom-4 shown in Figure 1.1 [1], generally

have the following components: batteries, propulsors, avionics and an airframe. A propulsor is the

assembly of a propeller, a motor and an Electronic Speed Controller (ESC), which regulates and

controls the speed of the motor. Each propeller is generally optimized to spin either clockwise or

counterclockwise, hence, they are generally unidirectional, and will be assumed as so for the pur-

pose of this work. The avionics vary depending on the level of autonomy of the UAV, ranging from

flight computers to Inertial Measurement Units (IMUs) and sensors. The airframe generally includes

a main hub to load the avionics and batteries, arms depending on the multirotor configuration and

landing gears.

For most traditional designs, all rotors are part of the same plane with the exception of the triro-

tor, which requires the rotors to be tilted for yaw control. General configurations include trirotors,
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Figure 1.1: DJI Phantom-4 Quadrotor UAV [1]

quadrotors, hexarotors and octorotors, but may vary due to the arrangement of lifting devices and

the addition of coaxial propellers. Such coaxial installations induce negligible losses in efficiency

compared to the benefits of increasing the lift potential of the aircraft by 40% [9]. An array of

multirotor configurations are illustrated in Figure C.1. Indeed, the placement and size of rotors on

multirotor UAVs is an ongoing research field [10], in eternal search of the most optimal arrangement

of rotors for specific sizing scenarios.

Multirotor UAVs have seen seamless progress in recent years, in parallel with the development

of Urban Air Mobility (UAM). In fact, multiple major industries including Google, Amazon, UPS

and DHL [11] are currently developing their own multirotor products. Although the economic fea-

sibility of passenger-carrying UAMs is ongoing research [12], its cargo-transporting counterpart

shows much promise [13, 14]. Indeed, in the later years, their potential applications have only

grown: spanning photography, search and rescue, firefighting, agriculture, construction and the

transport of goods [15]. Much of these applications are required in urban centers, where Verti-

cal Take-Off and Landing (VTOL) capabilities are a requirement. Nevertheless, such applications

require heightened safety requirements considering they are expected to operate over the line of

sight in densely populated areas. Numerous dangerous cases of the use of multirotor UAVs in cities

have been reported, including interference with global aviation, harm to human lives and damage to

property [16].
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Hence, multirotor UAVs should become more reliable to be implemented in urban sectors. Al-

though covered in greater detail in Chapter 2, initial research demonstrates that reliability is not

effectively applied during the design process of multirotor UAVs [17]. Thus, the reliability aspects

of such sizing methodologies could be increased through the use of redundancy analysis, which is

state-of-the-art in general aviation [18]. However, in the case of multirotor UAVs, the application

of redundancies is a significant challenge. Redundancies may affect the performance of the overall

product in dire ways, such as resulting in increases in mass of up to 82.5% [17].

Thus, the present research aims at determining a pathway to optimize multirotor UAVs for both

performance and reliability.

1.2 Problem Statement

The following section will outline the main issues within the sizing of multirotor UAVs to

achieve both heightened reliability and competitive performance. Then, the antagonistic nature

of their integration is explored further to determine the path to a solution.

1.2.1 How to Design for Competitive Performance?

The performance of electrically powered UAVs is heavily dependent on multiple factors, one of

which is weight. The weight of any aircraft is directly connected to its flight performance, however,

it is specifically an issue for electric multirotor systems using current battery technologies. Indeed,

the energy density of batteries is the main limitation to their flight time and autonomy, which may

cause the divergence of certain design solutions. Any additive mass during the design process will

result in a greater energy demand, which then leads to a heavier battery in a snowball effect fashion.

Considering weight is critical for any aircraft, this cycle may force the battery mass to expand until

the aircraft itself becomes too heavy to fly.

Similarly, the multirotor’s propulsors equally affect its performance. More specifically, these

components define the maneuverability of the product, often quantified as a Thrust to Weight Ratio

(T/W). This demonstrates the range of thrust the multirotor can provide, which may then relate to

its flight speed, climb acceleration and maximum altitude. This is dependent on the multirotor UAV

3



configuration, which affects the total number of propulsors they may possess. The thrust generated

by a rotor is shown in Equation (1) [19], which itself is a function of air density (ρ) ( kg
m3 ), rotor area

(A) (m2) and the velocity induced by the rotor (vi) (m
s

). A larger area covered by the rotating blades

of a rotor results in a higher thrust. Hence, the maximal thrust is limited by the configuration of the

propulsors and the maximal requirement for the size of the multirotor: the maximum attainable disk

area.

T = ṁw = 2ρAv2i (1)

1.2.2 How to Design for Heightened Reliability?

The potential failures of UAVs within urban centers are plentiful [16], to cover all of them is a

monumental task. This work focuses on the loss of control failure, which is particularly critical for

multirotor [20]. Indeed, multiple factors may lead to a loss of control including propeller failure,

adverse flying conditions, changes to flying quality, loss of control effectiveness or combinations of

these [20]. This work will focus on the failure of a propulsor, which, depending on the multirotor

configuration, will affect the controllability of the system differently. Failure of propulsors may be

related to an impact, mechanical failure, power management system failure, or else. This could lead

to a total loss of control, which would be catastrophic in urban centers. And, as general aviation

states, such catastrophic failures should have a probability of occurrence lower than 10−7 [21]

per flight hour. Moreover, these standards state that ªno single failure shall lead to a catastrophic

eventº [22]. In such cases, catastrophic events are classified as leading to the loss of human life.

The sensibility of multirotor to loss of control and propulsor failure depends on their configura-

tion and sizing. Normally, coaxial and additional rotors aid in such endeavors. However, it depends

on the overall arrangement of the rotors and which are lost, since they each play their role in the

fully-fledged control allocation of the aircraft. One common method to increase reliability is the

inclusion of redundancies [18] to achieve fault-tolerant designs. This may yet affect dramatically

the performance and competitiveness of a multirotor UAVs [17], which leads us to the problem at

hand.
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1.2.3 Design Challenges

The integration of both performance and reliability is a challenge, as they are antagonistic in

a variety of ways. As stated previously, the weight of multirotor UAVs is critical. Battery tech-

nologies amplify any addition to the mass and severely hinder its performance. Conversely, the

most appropriate method to increase reliability is redundancy, which often dramatically increases

the mass. This is additionally an issue for attainable disk area, as the number of rotors may only

be increased up to a certain margin. Moreover, reliability can be increased through conservative

designs, while competitive performance is the result of innovation.

Considering their averse nature, their implementation could lead to unmet requirements and or

divergent solutions, even when nested within an optimization framework. The path to a solution lies

in implementing redundancy analysis into the design process while taking into account its effect on

the product’s energy efficiency and mass budget.

1.3 Scope

The present work aims at implementing heightened reliability for rotor loss failures into the

design and sizing process of fully electric multirotor UAVs in order to optimize the aircraft for both

competitive performance via high-fidelity sizing compatible with redundancy analysis and enhanced

reliability through a controllability assessment implementation.

1.4 Approach

The approach will be as follows:

• Review the state-of-the-art for multirotor UAV design and sizing methodologies and deter-

mine their ability to host a redundancy analysis through case studies

• Review the controllability of multirotor and determine an assessment method that is the best

fit for implementation within a design methodology
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• Apply effectively a propulsor redundancy analysis based on controllability within the design

process of multirotor UAVs to ensure the definition of fault-tolerant designs

1.5 Outline

This research work begins with a general introduction to multirotor UAVs and the design chal-

lenges associated with loss of control failures in urban centers. The problem is stated by focusing

on the antagonistic nature of both performance and reliability requirements. Chapter 2, after ex-

ploring the general aviation design process and the optimization framework of a design problem,

reviews the state-of-the-art of multirotor UAVs and classifies them based on their ability to host a

redundancy analysis. Then, a case study will evaluate the best fit for redundancy implementation.

Chapter 3 evaluates the dynamics model of multirotor UAVs and controllability before reviewing

the available controllability assessments, which may grant redundancy to loss of control failures. A

chosen assessment is then implemented within a design methodology to optimize for both perfor-

mance and reliability within a case study. Chapter 4 concludes this work with the overall findings

and evaluates the potential future works.
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Chapter 2

Multirotor Design Methodologies

The first step in the implementation of reliability in the design process of multirotor UAVs is

to review the state-of-the-art sizing such products. In this section, general aviation design will be

presented to aid in the classification of the state-of-the-art. Then, the current design methodolo-

gies of multirotor UAVs will be classified and explored to define their affinity with reliability and

redundancy. Three examples of methodologies will be compared in case studies to evaluate their

capability to implement redundancy analysis. To conclude the section, the overall findings are pro-

vided.

2.1 General Aviation Design Process

The design of complex systems, such as aircraft, is divided into three main phases: conceptual,

preliminary and detailed design [22]. Raymer [2] and Roskam [23] provide extensive pathways and

methods to design aircraft depending on their design phase. The conceptual design phase is where

the initial sizing is determined. The preliminary design phase shrinks potential solutions further

and, finally, the detailed design is where all aspects of a product are known and sized [2]. The

design resources required with each design phase increase. The aircraft design process is illustrated

in Figure 2.1.
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Figure 2.1: Aircraft Design Process [2]

To accurately classify the sizing methodologies of the state-of-the-art, they each should be as-

signed to a respective design phase since they have different requirements in terms of fidelity, vali-

dation and design space refinement. As an example, a conceptual design methodology should have

lesser inputs than a detailed methodology. Such classification will aid in determining which design

phase is the best fit for the implementation of redundancy analysis.

2.1.1 Optimization Framework

Design challenges are often formulated as optimization problems. Methodologies will be com-

pared with respect to this framework to illustrate their differences, which largely occur within the

details, including constraints, objective functions and design variables. As such, the framework of

such optimization is presented below, along with a few examples for multirotor design.
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Given that,

x ∈ R
v

And,

x = (x1, x2, ..., xv) in the solution space X

Find x∗

Such that it minimizes F (x∗)

Subject to

gn(x) ≤ 0, hm(x) = 1 for n,= 1 to p

Where,

• x is the design variable vector, which contains v different design variables.

• x∗ is the optimal design variable vector.

• F (x) is either the objective function or a vector of multiple objective functions.

• gn(x) and hm(x) are respectively inequality and equality constraints.

Mass minimization is often the objective function for multirotor UAVs, as it is directly linked to

their performance. However, other cases may include energy minimization or range maximization.

Design variables may include propeller diameter or battery mass, as they may be optimized accord-

ing to different objective functions. Multiple objective functions may also be included within the

same optimization framework in a Pareto front [24], which assigns respective importance to mul-

tiple objective functions within the same framework. Moreover, the optimization of such products

may be Multidisciplinary Optimization (MDO), which includes multiple different disciplines within

the same framework, including aerodynamics, structures, electrical, etc. In such cases, the design

variables are numerous, as they tackle a wide variety of characteristics of multirotor UAVs.

The nuance within the classification of the methodologies lies in the various different con-

straints. As an example, a conceptual design methodology [3] imposes an equality constraint on
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the battery mass of multirotor UAVs. As illustrated in Figure 2.2, a trend is defined based on the

total mass Wo and the battery mass fraction Wb

Wo
, which refers to the allocated portion of the total

mass which the battery occupies within the mass budget. This trend of commercial multirotor UAVs

is used to define the total mass of the battery during the design process as a constraint, shown in

Equation (2) [3].

Figure 2.2: Total Mass (Wo) with respect to the Ratio of Battery Mass to Total Mass (Wb/Wo) [3].

Wb

Wo
= 195.27W−0.703

o (2)

2.2 Overview of Design Methodologies

This section will outline the state-of-the-art for multirotor design methodologies. They will be

classified into two main different groups: empirical and analytical as a result of the review. This

classification is an expansion of previous works [25]. Analytical methods will be separated into

two sub-categories: methodologies which use modeling and simulation and methodologies which

are based on off-the-shelf catalogs. Some design processes will make use of both empirical and

analytical tools, classified as hybrids. The methodologies will be shown in the order displayed
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by Figure 2.3. An additional section is dedicated to other references not specifically outlining a

methodology but connected to the subject matter.

Figure 2.3: Classification of Multirotor UAV Design Methodologies

2.2.1 Empirical Methods

Empirical methodologies heavily apply regression trends and commercial data analysis to de-

sign products, estimating the mass of each component based on previous market trends and bench-

marking. Such methods should be used during conceptual design, as they require few inputs to

function. The empirical methods will be shown in chronological order.

Gatti [26] defines empirical regression trends for each of the components of the multirotor,

whether it be the motors, battery, ESCs or even the structure. Mass fractions for each of the com-

ponents restrict the sizing process, which iterates its hover power computations until the endurance

requirements are met. The data used in most of the trends inherent to this methodology is lim-

ited to multirotor UAVs with a Maximum Take-Off Weight (MTOW) lower than 20 kg, which may

lead to divergence in some sizing cases outside that range. Moreover, these trends are restricted to

conventional designs without redundancies.

Ong [3] manages mass fraction trends as well for coaxial multirotor designs. The focus of this

methodology is to size heavy-lift drones and its main contribution is the inclusion of the aerody-

namic effects of coaxial propellers. The propulsion requirements are extensive and are based on

rotor size, configuration and their estimated Figure of Merit (FM), which quantifies the losses in

mechanical and aerodynamic efficiency of propellers. This methodology also makes use of Raymer

trade studies [2] to iterate.
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The scope of empirical methodologies does not merge with reliability needs, considering the

overall maturity of the product. During this phase, architectures and components specifications are

unknown and hence, reliability analysis is difficult to implement. Moreover, the reliance on market

trends hinders such reliability implementations as they are not effectively integrated into current

multirotor designs. Empirical methodologies are good performance estimation tools with minimal

inputs to assess the feasibility of design solutions in early sizing. However, they do not refine the

design space enough to warrant a reliability analysis.

Hybrid Methods

The methodologies in this section make use of both empirical tools such as regression trends

and analytical tools such as modeling. Most consider analytical tools to compute power conditions

or aerodynamic parameters. They will be shown in chronological order.

Bohorquez [27] focuses on the development of an optimization framework to properly define

propeller performance in hover conditions. Then, the Blade Element Momentum Theory (BEMT)

analysis, which computes the local aerodynamic forces on segments of rotor blades, is coupled with

an airfoil database to obtain additional parameters. The database results are empirically interpolated

to determine specific local aerodynamic parameters.

Winslow [28] defines empirical trends for each of the components of a quadrotor except the

propellers, which use BEMT analysis. The precision of this analysis was validated against high-

fidelity Computational Fluid Dynamics (CFD) airfoil results. The validation of this method only

covers micro air vehicles (MTOW lower than 1kg), which may influence its range of applications

for delivery multirotor UAVs.

Vu [29] describes the electric propulsion model of a quadrotor with empirical regression mod-

els, aerodynamic analytical consideration and global mission requirements. Although it may be

considered empirical, the in-depth analysis of propeller performance based on advanced helicopter

aerodynamics [19] secures its position as a hybrid methodology.

Bauersfeld [30] builds a hybrid methodology containing both empirical regression models and BEMT

analysis for propeller blade performance. The propeller model was validated against off-the-shelf

12



propulsor combinations, similarly to the overall sizing process, which was validated with the man-

ufacture and testing of a prototype.

Hybrid methodologies have similar downsides and upsides to empirical methodologies based

on their reliance on trends. However, their use of analytical models and tools grants them further

fidelity. None of the hybrid methods tackle reliability and redundancy.

2.2.2 Analytical Methods

Analytical methodologies employ modeling with physical equations, simulations and off-the-

shelf catalogs to size multirotor UAVs. The scope of analytical methods can refer to both models

of individual systems or the entire multirotor. Multiple analytical methods referring to different

systems can be assembled into larger sizing processes.

Modelling and Simulation Methods

The methods in this section make use of models or simulation tools to define multirotor UAVs.

Models, as examples, cover the propulsion system, the aerodynamics of propellers, the airframe

geometry, etc. Simulations, on the other hand, make use of more detailed tools such as CFD. These

procedures require more inputs and shrink the array of potential solutions more than empirical

methodologies, hence, they are employed in the preliminary design phase. The methods will be

shown in order from most modeling-focused to most simulation-based.

De Angelis [31] defines the power required at hover and an FM characterization analytically

through the development of a physical model of the propeller. The aerodynamic characteristics of

the propellers can be determined analytically instead of experimentally. The model is then combined

in a framework of physical equations to simulate power draw, and flight time to establish its optimal

performance.

Quan [5] defines in detail the design requirements which shape multirotor UAVs. It covers the

variety of components required for sizing, aerodynamic effects and control considerations. Rather

than developing an over-arching methodology, this work demonstrates multiple different approaches

for various systems of design with a strong focus on hardware selection.

Ampatis [32] employs analytical models for each of the components and optimizes for two
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different objective functions: vehicle total energy or vehicle diameter. All models are developed

to compute component size as well as performance and allow for the overall product area to be

optimized. A domain for each component size can equally be determined.

Bershadsky [33] presents an optimization framework rooted in a flight time calculator which

includes the sensitivity analysis of various parameters including MTOW, battery capacity, propeller

diameter and more. Although its multirotor functions are observed for the purpose of this paper, the

tool may also be used for winged designs. The flight performance data is determined from a BEMT

analysis, which may lead to uncertainties due to the assumed airfoil within the methodology.

Gadekar [34] demonstrates an analytical methodology for a fuel-powered multirotor with vari-

able pitch propellers. The change to variable pitch affects the control of the aircraft significantly

while not using electrical power increases its performance.

Oh [35] defines a sizing methodology for multirotor UAVs with an MTOW lower than 25 kg.

Through aerodynamic, structural, electrical and performance models, the optimization algorithm

sizes a multirotor as per specific mission profile requirements such as climb acceleration or cruise

time.

Szafranski [36] develops a model for the propulsion unit of a multirotor. This model encom-

passes an ESC, an electric Brushless Direct Current (BLDC) motor and a propeller. Although this

work focuses on a single system, rigid frame aerodynamic considerations are included to ease pair-

ing with other methodologies and hence size a full multirotor.

Mascarello [37] builds a multirotor ballistic model to ensure that the sized product may not cause

harm in the event of any failure. This work’s focus is enhancing the inherent safety of the product’s

structure, other systems are not considered in depth. Multiple hazards and accidents caused by

UAVs are equally reported.

Delbecq [7] makes use of scaling laws, physical models and MDO to develop an optimization

framework including constraints imposed by each of the multirotor components. Other constraints

include mission profile requirements, T/W and various sizing case scenarios. Multiple objectives

are available including minimizing the MTOW, maximizing the range, maximizing the endurance,

and so on. This framework is particularly permeable to the addition of other optimization modules,

including the addition of reliability evaluation [8] through controllability analysis. Such means of
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attaining reliability will be tackled in greater detail in Chapter 3.

Ye [38] optimizes quadcopter propulsion systems in forward flight through BEMT analysis

and CFD. Models within are either empirical, for the motor, rotor and battery mass, or analytical,

for the fuselage and rotor aerodynamics. Nevertheless, the use of high-fidelity CFD increases the

computation time significantly.

Phang [39] discusses the systematic design of micro quadrotors. This methodology harnesses a

3D virtual environment for sizing, involving MSC Patran, Nastran and Solidworks. Nevertheless,

this method is for quadrotors with an MTOW lower than 3 grams.

As observed, analytical methodologies are more varied than empirical processes. Most require

more inputs than their empirical counterparts and refine the design space further. They may calculate

the requirements for one of the systems or the multirotor as a whole and could be combined in any

manner of ways. Some of the outlined methodologies do tackle reliability, safety or control needs [5,

8, 34, 37]. This demonstrates that reliability analysis may be performed during the preliminary

design phase.

Catalog-based Methods

Catalog-based methodologies apply optimization to determine the best components for specific

sizing requirements based on off-the-shelf databases of parts. As a result, the output of these meth-

ods is a complete Bill of Materials (BoM) ready for assembly. As such, they often require more

parameters and define the optimal solution within the design space, considering they must be paired

with databases of components and their performance data. They are thus tailored for the detailed

design. The catalog-based analytical methods will be shown in chronological order.

Ng [40] optimizes the MTOW of a quadcopter through a genetic algorithm, making use of

constraints such as the distance between the propellers, the Center of Gravity (CG) location, the

T/W and the balancing of various aerodynamic moments on the structure. This methodology was

also validated through a case study including the performance of off-the-shelf components.

Magnussen [41] establishes an optimization framework to determine the optimal combination

of components from a discrete set of data through a mixed-integer programming methodology.
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Arellano-Quintana [42] defines an optimization framework for two different objectives: maxi-

mum T/W and maximum flight time. The use of a genetic algorithm links the methodology with

off-the-shelf products and implements a component selection.

Du [43] combines geometrical optimization and simulation into a user-friendly computerized

interface. A variety of different structures can be developed within the interface and they can be

readily optimized before their flight performance and control are simulated. Hence, iterations with

this tool lead directly to fabrication as most items part of its catalog are readily available.

Biczyski [44] defines an optimization framework to define motor and propeller selection based

on an analytical model of batteries including flight time estimation. The voltage diminution of the

battery during operation is acutely captured within the analytical model. The optimization permits

to tailor the problem statement to specific operational requirements.

Ayaz [45] develops a multi-objective optimization methodology using a genetic algorithm to

define multirotor sizing based on off-the-shelf components. Hence, the multirotor can be optimized

for three different roles, which are MTOW, total flight time and overall cost.

Dai [46, 47] develops an optimization framework linked to component databases. Each com-

ponent is associated with performance parameters, including compatibility with other components,

such as the efficiency as a result of a motor and propeller pair. Moreover, each component possesses

safety parameters which are part of the optimization. Nevertheless, the optimization’s scope is at the

system level, and not the multirotor level. The methodology is automated as an online tool known

as Flyeval [48].

Renkert [49] builds a hybrid optimization framework through the parameterization of design

drivers and the use of both search and genetic algorithms. The optimization is achieved through the

conversion of the discrete domain variables to a continuous domain to use gradient-based methods.

Cost data is available, providing interesting statistics on the overall cost of maximizing energy

efficiency.

Catalog-based methodologies go further than modeling and simulation processes and com-

pletely size a product. Considering the level of maturity of the product, reliability analysis based

on architectures would be possible since component specifications are known. Nevertheless, only
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one such methodology [46, 47] mentions the inclusion of reliability, while one other mentions con-

trol [43]. Moreover, the reliance of the methodologies on components skews the available design

space, which becomes discrete instead of continuous in the case of empirical or other analytical

methodologies. Hence, an optimal design that would require non-existent parts is disregarded, even

though these components could be designed for such performance. Innovative designs with compet-

itive performance are then harder to obtain since there is no ability to create new parts for specific

ventures.

2.2.3 Extended Review

This section outlines additional work pertaining to the subject matter of sizing of multiro-

tor UAVs while not containing a new sizing methodology. The following sources rather demonstrate

issues within the sizing or paths toward improvement.

Achtelik [50] encompasses the implications of increasing the number of rotors for multiro-

tor UAVs, including redundancy. Although not a full methodology, the performance evaluation of

different design configurations demonstrates the feasibility of redundancy implementation in multi-

rotor designs.

Basset [51] outlines the sizing methodologies of rotorcraft used at Onera, a French aerospace

research center. Although each of the methods are not covered in depth, their main inputs and

outputs are displayed along with their implementation in the aircraft design process. The advan-

tages of multi-disciplinary optimization are equally demonstrated, outlining the modularity of such

frameworks and the ease of implementation of new modules, which could consider reliability.

Rana [52] explains the use of a Database Management System (DBS) of methodologies for

aircraft design. Different other sizing methodologies could be building blocks the software would

use to define the best potential sizing methodologies appropriate for specific design requirements.

Instead of building a database of components such as the catalog-based methods shown prior, a cat-

alog of methodologies could be utilized to define which methods are optimal for the user’s specific

requirements at a specific design phase. This finding illustrates the need to classify design method-

ologies as they may be combined together to obtain more effective means of sizing multirotor UAVs.
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2.3 Case Studies

To analyze further the difference between the three main classes of methodologies outlined in

section 2.2, a case study is developed. Its goal is to determine which type of methodology is best

for implementing redundant features while preserving competitive performance.

2.3.1 Selected Sizing Methodologies

The three methodologies chosen for the case studies are:

• The empirical methodology defined by Ong et al. [3].

• The analytical modeling methodology defined by Delbecq et al. [7].

• The analytical catalog-based methodology defined by Dai et al. [46, 47].

The methodologies were chosen with regard to their availability, ease of use and potential for

reliability analysis implementation. Each methodology will be detailed further in the following

section, while detailed N2 diagrams [53] for each are shown in Appendix A.

Empirical

The methodology defined by Ong et al. [3] is chosen since it is the most permeable to change

in its inputs and can be applied to a greater range of multirotor UAVs while compared to Gatti [26],

which is tailored to lightweight drones. Figure A.1 illustrates the methodology in an N2 dia-

gram [53].

The main inputs of this methodology are the payload mass, the number of rotors, the rotor area

and the required flight time. Most models within the methodology are empirical, hence based on

regression trends. The available flight time is then evaluated with Raymer trade studies [2] to define

iteration parameters and correct the battery mass fraction until convergence is met.

This methodology does not use a traditional optimization framework, hence, its results should

not be treated as optimal. This tool rather defines a useful estimate of performance parameters for

early conceptual design.
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Furthermore, this methodology does not address reliability considering the early phase of the de-

sign it should be applied at. Its application of market trends does not encourage the implementation

of heightened reliability considering its regression trends are based on currently available compo-

nents, which lack reliability features. The use of this methodology within the case studies could

demonstrate if heightened reliability will influence the accuracy of early performance estimates of

multirotor UAVs.

Analytical Modeling and Simulation

The methodology introduced by Delbecq et al. [7] is chosen since further studies consider relia-

bility implementation [8]. Its optimization framework lends itself to the implementation of alternate

modules due to its use of MDO-based coding, OpenMDAO [54]. The methodology is illustrated in

Figure A.2.

The main inputs of this methodology are the payload mass, the number of propellers, the accel-

eration at take-off, the flight time, the number of arms and the number of rotors per arm. Due to its

implementation in object-oriented coding, most of the parameters affecting the analytical models

can be readily modified with ease. This methodology uses MDO to define a product. Further-

more, multiple objective functions can be utilized including minimizing the MTOW, maximizing

the range or maximizing the endurance. Mission definition is quite extensive, including the defini-

tion of emergency diversions, range and expected cruise speed.

Its optimization framework is particularly modular: the addition of new models and new con-

straints could lead to the implementation of reliability into the design process, as shown by Liscouet

et al. [8]. To compare the methodologies on equal footing, this reliability implementation will be

employed for this case study along the non-redundant variant [7]. These methodologies will demon-

strate the effect of redundancy implementation at the preliminary design level.

Analytical Catalog-Based

The methodology outlined by Dai et al. [46, 47] since it is publicly available online, known as

Flyeval [48]. It is illustrated in Figure A.3.

The main inputs of this methodology are the payload mass, the number of rotors, the flight time,
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the flight altitude, a specific sizing case scenario (hover, cruise, heavy-lift, etc.), flight altitude and

the type of battery technology used. From these values, the sizing process determines a range of

different solutions with different components and varying performance.

As previously explored, optimization frameworks provide modularity which may lead to the

implementation of reliability. The off-the-shelf database is indeed linked to safety requirements,

however, these are not available from the user interface. Moreover, as the databases are related to

the currently available components, innovation may not be at the forefront since the optimization

is discrete in nature. For the following case study, this sizing process will be applied to define the

effect of redundancies at the detailed design level.

2.3.2 Methodology

The three methodologies will be compared with respect to the same design requirements. Three

different cases will be obtained: traditional, heavy-lift and high-endurance. These will then be

compared to redundant counterparts. This process is illustrated in Figure 2.4.

Figure 2.4: Case Study Methodology

A normalization effort must take place, to warrant a fair comparison between all methodologies
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respectively. Indeed, the amount of inputs and parameters for the design methodologies follows a

trend similar to the one shown in Figure 2.5, stating that methodologies in later design phases will

require more inputs and design parameters. The result will as a consequence have greater design

fidelity.

Figure 2.5: Inputs and Design Parameters Required by Multirotor Design Methodologies

First and foremost, since the catalog-based methodology does not allow tampering with energy

density, it will always output the battery technology which is the best fit for the requirements. Hence,

its resulting energy density will be used for the empirical and analytical modeling and simulation

methodologies.

Second, the propeller diameter illustrates the disparity among the sizing methods. Primarily,

the empirical requires the propeller diameter as an input while the other two determine the optimal

diameter during the sizing process. Hence, a propeller diameter range will be set during the case

study for all methodologies. As will be observed, the empirical methodology will always maximize

the diameter of its propellers to maximize available disk area.

Third, the requirement for flight time is applied differently for certain methodologies. For the

empirical and modeling methodologies, if the requirement is not met, the process will not converge

to a solution. On the other hand, the catalog-based method, due to its discrete design space, displays

the solution closest to the requirement, which may induce differences. To mitigate this, considering

the catalog-based methodology determines multiple potential solutions, its result with the flight time
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closest to the requirement will be chosen each time.

Fourth, the T/W cannot be set for the catalog-based methodology, as it is a design variable

depending on the mission type. Hence, the T/W requirements for both the empirical and analytical

modeling methods will be the same as the results from the catalog-based methodology.

Finally, in the case of the implementation of coaxial rotors, the effect of coaxial performance

should be maintained constant through all methodologies. Hence, the losses in efficiency will be

maintained at 20% [9, 19]. To illustrate the scale of the normalization, Table B.2 in the Appendix B

displays all the inputs and parameters inherent to each methodology.

Case Study Requirements

The design requirements for all the cases are shown in Table 2.1.

Table 2.1: Case Study Design Requirements

Design Requirements Traditional Heavy-Lift High-Endurance

Payload (kg) 2.5 10 2.5

Number of Rotors 4 8 8

Rotor Diameter Range (m) 0.2 to 0.8 0.2 to 0.8 0.2 to 0.45

Coaxial No Yes Yes

Flight Time (min) 10 20 30

Flight Altitude (m) 100 50 100

As seen in the Table B.2, these inputs are common for all methodologies.

Redundant Designs

For each of these cases, the redundant sizings will be obtained as a derivation of their respective

methodologies. In the case of the analytical modeling and simulation methodology, the processes

shown by Liscouet et al. [8] will be followed, which include additional coefficients for motor mass

estimation and emergency diversion estimates.

As of the analytical catalog-based method, the process shall be as outlined by Nazarudeen et

al. [17]. A reliable reference will be simulated through additive payload within the catalog-based

methodology, while validating that the obtained answer still meets the initial design requirements,

22



displayed in Table 2.1. For this purpose, the battery will be doubled to attain full battery manage-

ment system redundancy. The frame mass will be increased by 50% to contain additive redundant

components. Designs that are not coaxial, such as the traditional case, will become coaxial to pre-

vent loss of control failure. As such, the resulting reference may not be the optimal solution to the

design problem. Nevertheless, this manner of sizing is an estimation of the potential of a reliable

sizing methodology for multirotor, which currently is not present in the state-of-the-art.

2.3.3 Results

The following section will outline and discuss the results of the case study.

Traditional Case

In the traditional case shown in Figure 2.6, the effects of adding coaxial rotors can be observed

in the disparity between the redundant results and their counterparts. Moreover, it is shown that for

traditional designs, the empirical methodology provides a good estimate of detailed design results

from the catalog-based method. The propeller diameter and T/W of each of the designs are shown

in Table 2.2, showing a steep decline in T/W from the redundant catalog-based design. Although the

modeling and simulation method displays affinity with redundancy, it cannot yet match the results

of the redundant catalog-based estimate.

Table 2.2: Design Parameters of the Traditional Case

Methodology Propeller Diameter T/W

Empirical 0.8 m 2.25

Modeling 0.656 m 2.25

Catalog-Based 0.6 m 2.25

Redundant Modeling 0.5 m 2.25

Redundant Catalog-Based 0.6 m 1.5

Heavy-Lift Case

In this case, shown in Figure 2.7, all multirotor designs are coaxial. Nevertheless, the high

payload requirements pushed some methodologies to severely increase their propeller diameter, as
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Figure 2.6: Traditional Multirotor Case Study

shown in Table 2.3. Since the empirical methodology always maximizes the propeller diameter,

it may be overly optimistic in its battery estimations. The frame and propulsor computations of

the analytical modeling and simulation methodology are also considered optimistic when compared

to the catalog-based non-redundant and redundant results. However, the redundant version of the

modeling and simulation design process achieves at 12.5% difference with the redundant catalog-

based design, an offset mostly rooted in the frame mass disparity.

Table 2.3: Design Parameters of the Heavy-Lift Case

Methodology Propeller Diameter T/W

Empirical 0.8 m 1.95

Modeling 0.75 m 1.95

Catalog-Based 0.71 m 1.95

Redundant Modeling 0.7 m 1.95

Redundant Catalog-Based 0.71 m 1.25
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Figure 2.7: Heavy-Lift Multirotor Case Study

High Endurance Case

It should be noted that for this case, shown in Figure 2.8, the redundant methodologies cannot

provide convergent designs. Hence, the addition of redundancies along the design process has led

to divergence, even if the design could appear as previously plausible in earlier design phases.

Moreover, this case shows a steep increase in mass from the empirical and modeling and simulation

methods to the catalog-based results. As shown in Table 2.4, the T/W is similar for all methods,

while the modeling and simulation method has a slightly smaller propeller.

Table 2.4: Design Parameters of the High-Endurance Case

Methodology Propeller Diameter T/W

Empirical 0.45 m 1.58

Modeling 0.316 m 1.58

Catalog-Based 0.43 m 1.58
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Figure 2.8: High-Endurance Multirotor Case Study

2.4 Findings

The review of the state-of-the-art sizing methodologies outlines the challenges associated with

the implementation of reliability in the design process. Empirical methodologies, as seen in the case

studies, are often optimistic in their estimations and far from redundant design expectations. These

methods are best for early conceptual design, as they are tailored to conventional designs without

reliability considerations.

Analytical methodologies are much more varied and plentiful: their two main tools are mod-

eling and simulation or off-the-shelf catalogs. The use of models lends itself to modularity and

combination into different processes. Nevertheless, this comes at a price, which is a higher input

count. Such methodologies tend to provide competitive and innovative performance, yet some have

reliability or control considerations [5, 8, 34, 37]. Since this has been observed in analytical model-

ing and simulation methodologies, their modularity could be a pathway to the addition of reliability

analysis.

Analytical catalog-based methodologies, on the other hand, are great tools for detailed design
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as they produce a Bill of Materials. As such, their reliance on existing component databases hin-

ders their innovative capabilities and reliability considerations. However, the databases provide an

unrivaled certainty of design feasibility which the other methodologies cannot provide. Although

control and safety considerations are mentioned [43, 46, 47], reliability has not been implemented

in these types of methodologies. A summary table of these conclusions is displayed in Table 2.5.

Table 2.5: Design Methodologies State-of-the-art Findings

Methodology Conventional Innovation Redundancy Affinity Certainty

Empirical ∼ X X X

Analytical Models and Simulations ∼ ! ! X

Analytical Catalog-Based ! X X !

The case study demonstrates there is a gap in the evaluation of design uncertainty as the design

progresses and that redundancies affect the design in a major way. Reliability should be addressed

as early as possible along the design phases, in a methodology with minimal inputs, yet sufficient

design certainty. Empirical methodologies could be a great fit in the future, once redundancy effects

can be estimated accurately through coefficients or once components will be readily reliable. Al-

though the case study results demonstrate that the analytical modeling and simulation methodology

provides subpar results for conventional designs, this is due to the case study restrictions which do

not cover mission-related sizing, in which this method excels [8]. Moreover, its redundant results

prove closer to the redundant catalog-based designs. Hence, analytical modeling and simulation

methodologies are best for reliability implementation while preserving competitive performance

capabilities, although their certainty of design feasibility should be improved.
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Chapter 3

Controllability for Reliability

To correctly assess the effect of loss of control for multirotor UAVs, the controllability of such

systems should be defined. This section outlines the controllability assessment methods of multi-

rotor UAVs, potential improvements and its applications for reliability. Using the previous findings

of Chapter 2, controllability will be implemented in an adequate design methodology and evaluated

in a case study to establish its effectiveness at ensuring that resulting designs are resistant to rotor

failure.

3.1 Multirotor Dynamics Model

To better define the effect of loss of control failures, the dynamics model of multirotor systems

will be displayed in this section. The related state space model is displayed in Equation (3) below.

ẋ = Ax+Bu (3)

Where x is the state vector, A is the state matrix, B is the inertia matrix and u ∈ R4 is the

virtual control input vector. For the purpose of this paper, the state will be defined as follows.

x = [h ϕ θ ψ vh p q r]
T (4)

Where h is the altitude (m), ϕ is the roll angle (rads), θ is the pitch angle (rads), ψ is the yaw
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angle (rads), vh is the velocity along the altitude (m/s), p is the roll rotational speed (rad/s), q is

the pitch rotational speed (rad/s) and r is the yaw rotational speed (rad/s). This entails that both

altitude and attitude will be considered within the scope of this research.

The particularity of multirotor control arises in its different configurations. Indeed, the u vector

will always contain the following forces. For the purpose of this research work, under-actuated

multirotor configurations are considered, where u is defined as:

u = [Z L M N ]T (5)

Where Z is the vertical force (N ), L is the roll moment (N/m), M is the pitch moment (N/m)

and N is the yaw moment (N/m) acting on the UAV. These forces and moments are the result of

both the propulsor forces and, in the case of hover conditions, the effect of gravity, as shown in

Equation (6). For simplification purposes, the control state of multirotor will be defined based on

hover conditions.

u = Bff +Dgravity (6)

Where Bf ∈ R4×n is the control effectiveness matrix, f ∈ Rn is the propulsor force vector

and Dgravity ∈ R4 is the vector containing the gravity forces applied to the aircraft. The control

effectiveness matrix is dependent on the multirotor configuration, geometry and rotors. It should be

noted that, in the case of a quadrotor, this is a square matrix, but it is not always the case. Examples

of control effectiveness matrices for various configurations are displayed in Appendix C, which

consider only coplanar and symmetric configurations.

As of the f propulsor force vector shown in equation (6), its values normally vary between

the maximal thrust the propulsor can provide and zero, since multirotor propellers are generally

unidirectional. Nevertheless, exceptions exist [34], which could allow variable pitch rotors to be

multi-directional and, hence, provide negative thrust when required. Nevertheless, such additions

significantly increase mechanical complexity. For the case of this research, only unidirectional

propellers will be considered.
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3.1.1 Moore-Penrose Pseudo-Inverse

Controllability assessment methods shown in section 3.2 rely on the application of pseudo-

inverse matrix computations, which will be outlined in this section. Pseudo-inverse allows inversing

of the control effectiveness matrix Bf to define the rotor thrust commands from the virtual input

vector u . As presented in Appendix C, the control effectiveness matrix Bf is a square matrix for

a quadrotor, but this may not always be the case. Other multirotor configurations may produce

rectangular matrices, which require pseudo-inverse. Such a matrix noted A+ exists for any matrix

but may either be a left or right inverse. Indeed, its definition depends on whether the columns

or rows of the matrix A are more numerous. If the rows are more numerous than the columns, it

is coined a tall matrix. This is a left inverse computed as shown in Equation (7). If the columns

are more numerous than the rows, it is coined as a wide matrix. This is a right inverse computed as

shown in Equation (8), which is the case in focus for this research work, as the addition of additional

rotors makes the control effectiveness matrix Bf grow wider, as shown in Appendix C.

(ATA)−1ATA = I, A+A = I (7)

AAT (AAT )−1 = I, AA+ = I (8)

3.2 Controllability

The original concept of controllability dates to 1960, when Kalman’s definition [55] became

a landmark. Controllability defines the ability of a system to actuate all of its state dimensions.

Multiple types of controllability exist, including null controllability, which refers to the ability of

a system to return to its stable state, and reachability, the ability of a system to move to a certain

other specified state, which may not be the stable state. These definitions, although dependent on

controllability, rather refer to the stability of a system.

This approach is purely theoretical and cannot take faults or calibrating of a specific control loop

into account, which should be addressed at a later design phase. Based on the state space equations
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shown in Equation (3), the controllability of a continuous and linear time-invariant system can be

assessed through the determination of the rank of the following controllability matrix [56].

CM = [B AB A2B ... An−1B] (9)

Then, if the resulting matrix CM has full rank n, the system is deemed controllable for both the

state and the specific time interval requirement.

Multirotor Controllability

For the sizing of multirotor UAVs, a few issues arise in the application of Kalman’s controlla-

bility [55]:

• It is binary, a system is either controllable or not. A gradient-optimization algorithm nested

within an analytical design methodology could not determine an optimization direction from

a binary result and, thus, could not optimize for controllability.

• It does not take input disturbances into effect. As seen in Equation (6), the effect of gravity

should be taken into account to determine the controllability of multirotor UAVs as well as

the transfer of rotor forces into moments through the control effectiveness matrix Bf .

• It cannot be applied to complex non-linear systems. Multirotor UAVs require such non-

linearities considering they use unidirectional rotors. In such cases, the rank of the controlla-

bility matrix is not sufficient.

Thus, the following sections will outline the main applications of controllability to multirotor

systems in terms of available control authority. Three different methods of assessing controllability

are presented in the next sections, mainly the Attainable Control Set (ACS), Degree of Controlla-

bility (DoC) and Available Control Authority Index (ACAI).

3.2.1 ACS

The Attainable Control Set [4], and similar process the Attainable Moment Set (AMS) [57, 58]

for the attitude only, are controllability methods that aim at developing a control polytope displaying
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the possible maneuvers a system may perform. Considering the input vector of multirotor control

from Equation (5), the dimensions of this polytope are thrust, roll, pitch and yaw. An example of

such a polytope is demonstrated in Figure 3.1, although one of its dimensions was removed for

illustration purposes.

Figure 3.1: ACS Polytope [4]

This polytope is defined by the control effectiveness matrix Bf and u as shown in Appendix C,

which alters for each multirotor configuration. Then, the failures of different propulsors are injected

into the equations to observe the impact on the resulting polytope, as shown in Figure 3.2. This

evaluation requires a projection on a two-dimensional plane, where the difference in radii between

the fault-injected Rfault and the regular Rnominal defines the controllability degradation ensued by

the failure.

A variety [4, 57, 58, 59, 60] of multirotor works make use of the ACS or AMS. This method

is a great tool to determine the effects of rotor failure due to loss of control and explore new rotor

arrangements. This methodology applies the concept of reachability demonstrated in section 3.2.

However, disturbances are harder to define. The projection on a two-dimensional plane are also

quite computationally-heavy. Furthermore, the value of the ACS, although non-binary, cannot be

easily translated to a physical counterpart. It would then be difficult to define a controllability

requirement to optimize for.
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Figure 3.2: ACS Polytope after Fault Injection (2D Plane) [4]

3.2.2 DoC

The Degree of Controllability is an evolution of Kalman’s controllability [61, 6]. The DoC

determines a recovery region around a stable state based on a specific recovery time. Hence, this

method focuses on null controllability, determining the effort required for a system to return to a

stable state within certain time limitations.

The DoC was not originally designed for multirotor in mind [6, 61], as opposed to the ACS

and the ACAI. The original definition of it refers to modal systems such as satellite actuation [61].

Nevertheless, its applications to multirotor systems are plentiful [10, 62]. Its detailed methodology

is defined in section 3.3.1. The applications of DoC tend to focus on strict attitude control since

they observe the effects of different rotor degradation levels along a configuration, demonstrating

that some rotors may be more critical than others for attitude control. The interesting addition

within this methodology is the concept of recovery time, which could contribute to the definition of

controllability requirements. Nevertheless, its computation time is significant due to the discretized

simulation model required to compute the recovery region, comparable to the ACS.

3.2.3 ACAI

The Available Control Authority Index [63] is an evolution of the ACS. The ACAI defines a

polytope similar to the ACS based on motor performance, the Bf matrix and external disturbances
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to describe the effector potential. Then, the ACAI defines the largest four-dimensional sphere which

may fit within that polytope from a disturbed center state. The versatility of this methodology comes

from the ease to add disturbances and move the center of such a sphere within the ACS, as shown

in Figure 3.3.

Figure 3.3: The Largest Enclosed Sphere within the ACS with Center g [5]

As such, this methodology is closer to the concept of reachability demonstrated in section 3.2,

as it evaluates the maximal physical capability of a system from a chosen initial point. Multiple

different sources [5, 63, 64] refer to the ACAI to assess the controllability of various multirotor

configurations. Mainly, the change in the order of rotors that spin counter-clockwise or clock-

wise to define the yaw moment can potentially increase controllability for attitude [63]. Moreover,

the ACAI has been implemented in design methodologies before [8], leading to an increase in re-

liability. Nevertheless, this methodology still produces a controllability value with little physical

meaning.

3.2.4 Summary

All controllability assessment methods have a similar methodology with a few crucial differ-

ences. The definition of the allowable control polytope or space is quite different in each method,

although always required. These methodologies are compared to establish which is best for the

assessment of the controllability of a multirotor UAV due to a loss of control within an analyti-

cal modeling and simulation sizing methodology. Findings from this exercise are summarized in

Table 3.1.
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Table 3.1: Controllability Assessment Findings

Methodology
Allow

Visualization

Includes

Disturbances

Time

Consideration
Computation Cost

ACS ! X X X

DoC X ! ! X

ACAI X ! X !

Although the ACS is a great visualization tool, applying gravitational disturbances to the con-

trol polytope is quite complex compared to its counterparts. The projections required are com-

putationally heavy, which is also an issue shared by the DoC. The most computationally efficient

methodology is the ACAI, however, its end value has little physical properties. On the other hand,

the DoC may provide a recovery time requirement, which could allow for even comparison between

different designs and defines physical requirements related to controllability. Hence, the Degree of

Controllability is chosen for the contribution of this research work due to its ease of implementing

disturbances and its time-dependent potential while attempts will be made at mitigating its high

computation requirements.

3.3 Contribution

The contribution is divided into two parts: the development of a script that may assess the DoC

of multirotor UAVs and the implementation of it within the analytical design methodology’s MDO

framework.

3.3.1 Multirotor DoC Methodology Development

The DoC’s original methodology and a few required changes will be outlined in the current

section to define the application of the controllability assessment method to multirotor systems.

DoC Methodology

This methodology is equally related to state space control theory, shown in Equation (3). How-

ever, the DoC requires additional constraints on the virtual control input vector u. Indeed, u should
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be normalized, as shown in Equation (10) to maintain the symmetry of the state polytope around

the null state.

|u(t)| ≤ 1 (10)

In the original definition written by Viswanath et al. [61], the recovery region for a pre-selected

time T is outlined as per Equation (11).

R = x(0)|∃u(t), t ∈ [0, T ] for i = 1, 2, ...m ∋, x(T ) = 0 (11)

And, the DoC value is defined as per Equation (12).

ρ = inf ∥ x(0) ∥ ∀ x(0) /∈ R (12)

In summary, the recovery region spans the potential of the normalized effector u(t) within the

time T . It states that, at any point within this space, there must exist a normalized effector vector

that may bring back the system to its stable state within time T . Then, the DoC, shown as ρ in

Equation (12), is a measure of the size of the recovery region.

To be properly computed, this recovery region must be discretized, as advised by Klein et al. [6].

The first step is to define the solution to the state space Equation (3). This solution is outlined in

Equation (13).

x(t) = eAtx(0) + eAt

∫ t

0
e−AtBu(τ)dτ (13)

The time T is then divided into N equal intervals ∆T . Using the definitions shown in Equation

(14), Equation (13) is then altered to Equation (15) through discretization.

xk = x(k∆T ), uk = u(k∆T ) (14)

x((k + 1)∆T ) = eA∆Txk + eA∆T

∫ ∆T

0
e−AτBukdτ (15)
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To make these equations simpler, the matrices G and H are defined in Equations (16) and (17).

Then, the equivalent of Equation (15) is shown using the new matrices in Equation (18).

G(∆T ) = eA∆T (16)

H(∆T ) = B

∫ ∆T

0
eA(∆T−τ)d(∆T − τ) (17)

xk+1 = Gxk +Huk (18)

After an iterative substitution, a generalized expression can be derived from Equation (18) to

display the final state of the system, shown in Equation (19). Since observing null controllability

is this research work’s aim, xN will be set to zero to obtain Equation (20), where u is defined in

Equation (21) and F is defined as in Equation (22).

xN = GNx0 +
N−1
∑

i=0

GN−1−iHui (19)

x0 = −G−NFu (20)

u = [u0 u1 ... uN−1]
T ∈ RN×m (21)

F = [GN−1H|GN−1H|...|H] (22)

The boundary of the discretized recovery region is formed by hyperplanes which form a control

state polytope. This is an estimation of the actual recovery region [6]. In the case of a multirotor,

this polytope would cover the dimensions of state vector x.

To explain this concept further, an assumed three-dimensional recovery region is shown in Fig-

ure 3.4. The goal of the DoC is to determine the shortest distance from the stable state to the edges of
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the recovery region for each of its dimensions. After going through a linear transformation, shown

in Equation (20), parallel lines from the initial control environment maintain their parallel nature.

Along a singular dimension, two segments are parallel extremums. Moreover, due to the nature of

the input vector u, they should be symmetric about the center. Hence, the definition of the DoC

becomes the minimum of all the perpendicular distances between the sets of parallel hyperplanes in

the discretized recovery region.

Figure 3.4: Control State Polytope and Recovery Region Illustrated in Three Dimensions [6]

The linear transformation explained above is summarized in Equation (23). The combinatory

matrix computation begins with the definition of u1 and u2 in Equation (24). The n−1 dimensional

boundary of the polytope can be defined by fixing (N ×m) − (n − 1) of the values of u [6]. The

remainder, u1, can then vary between its extreme values, -1 and 1, and should contain (n − 1)

elements.

x0 = Ku, where K = −G−NF (23)

u1 ∈ Rn−1, u2 ∈ R(N×m)−(n−1) (24)

Then, to determine the hyperplanes, Equation (25) partitions theK matrix according to Equation

(24). Where N ×m refers to the original control space dimensions and n refers to the dimensions
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of the recovery region, as shown in Figure 3.4. Then, there exists a normalized non-zero vector

of dimension n which is determined through Equation (26). Finally, the perpendicular distances

between hyperplanes are calculated through Equation (27).

x0 = [K1 K2]







u1

u2






, x0 = K1u1 +K2u2 (25)

ξTK1 = 0 (26)

ρ =
|ξTK2u2|
√

ξT ξ
(27)

Multiple values of ρ are computed for all the different possible combinations of K and u shown

in Equations 25 and 24 and the minimum is set to be the Degree of Controllability [6]. If that value

is higher than zero, the system is deemed controllable.

Application to Multirotor

The main issue to tackle for use of the DoC for multirotor refers to Equations 6 and 10. This

methodology is based on the normalization of the virtual control input vector u(t), which, as seen

previously, can only be unidirectional due to multirotor propellers, must include transitional matri-

ces such as Bf and must include gravitational disturbances. This contradicts with Equation (10),

hence, alternatives for asymmetrical effector vectors must be explored.

One such alternative, written in Mandarin [65], dictates the implementation of the DoC to mul-

tirotor in detail. To validate it, it was verified with other sources [10, 62] computing the DoC for

multirotor UAVs with similar methodologies.

The main difference with the initial methodology of the DoC is the formulation of a new input

vector based on the asymmetric values of both a, b and a new center state related to them. The new

input vector and this center state, defined as xp, are shown in Equation (28) and (29).

u(t) ∈ [a, b]m ∈ Rm (28)
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xp = KUc, Uc =



















a+b
2

a+b
2

...

a+b
2



















(29)

For the case of multirotor UAVs, the vectors a and b are defined as in Equation (30).

a = fmin +B−1
f Dgravity, b = fmax +B−1

f Dgravity (30)

Where fmin and fmax are respectively the minimal and maximal force vectors provided by the

rotors and B−1
f is the inverse (or pseudo-inverse if rectangular) of the control effectiveness matrix.

This ensures that the input vector range covers the disturbances associated with hover conditions

and the strict positivity of the effectors. Moreover, failure injection of the rotors is now a possibility

by changing the values within the fmax vector.

Changes must also be applied to the computation of ρ, previously calculated as in Equation (27).

These are demonstrated in Equations (31), (32) and (33) [65], where ρmultirotor is the DoC value.

ρ = (sign(ξTK2))
T ξTK2

b− a

2
(31)

l = |ξTxp| (32)

ρmultirotor = ρ− l (33)

Hence, the DoC can now be computed for multirotor UAVs with respect to disturbances that

illustrate their hover conditions. The use of a state as shown in Equation (4) permits both altitude

and attitude control. The following section will outline the main results from the DoC computations

and their validation.
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3.3.2 DoC Computation and Results

Within this section, the main challenges associated with the computation of the DoC within

a script will be described along with initial validation and results with fault injection for various

multirotor configurations.

DoC Script Development

Considering the DoC is discretized through integration as shown in Equation (13), the script

is designed around the use of symbolic variables and matrix computations. For such reasons, the

initial draft of the script was developed on MATLAB. Eventually, a python script was required for

the implementation into the analytical design methodology.

DoC Script Validation

The script was validated in association with the original reference, written in Mandarin [65].

However, their DoC evaluation did not include altitude, which means no hover disturbanceDgravity

is included, as shown in Equation (30). Nevertheless, after modification of the script to only include

roll, pitch and yaw, the default configuration for a standard hexarotor provided the same result as

the source [65]. The DoC computation script was also validated with comparison with the ACAI [8]

since this version includes altitude controllability.

DoC Script Results

Using the previously described script, the effects of rotor failure for various multirotor config-

urations were evaluated. The designs were obtained using the analytical design methodology [7]

shown in section 2.3.1. Appendix D showcases the design requirements and performance while

the DoC is shown in Figure 3.5. The octorotor, coaxial quadrotor and coaxial hexarotor were demon-

strated to be resistant to rotor failure. In the case of dual rotor failure, where only the most critical

failure combination is demonstrated, only the coaxial hexarotor is resistant.

Similarly to the accuracy analysis presented by Klein et al. [6], the DoC without any failures is

computed in Figure 3.6 for a variety of recovery times and time steps requirements for the hexarotor
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Figure 3.5: The DoC of Multiple Different Multirotor Configurations

design shown in Figure 3.5. It is concluded that the resulting percent error at two time segments is

around 10% when compared to six time segments around a unity recovery time. It should also be

noticed that, for a controllable configuration, the trends evokes an asymptote along the total maneu-

vering time axis. This trend will be further explored in the case studies to evaluate if the recovery

time requirement may be used to quantify once a multirotor UAV’s becomes uncontrollable. As for

the time segments, they induce a steep loss in computing efficiency, displayed in Figure 3.7. Due to

the high computing time, only two time segments will be considered during the case studies.

3.3.3 DoC Implementation in Analytical Sizing Methodology

This section will outline the implementation of the DoC in the previously chosen analytical

methodology [7] displayed in section 2.3.1.
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Figure 3.6: DoC for Different Recovery Times and Time Segments of Hexarotor

Figure 3.7: DoC Computing Times for Hexarotor Configuration
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Analytical Sizing Methodology Framework

The Multidisciplinary Optimization analytical design methodology [7] utilizes OpenMDAO [54]

and derived software, OpenOAD [66]. The methodology is an object-oriented python package in-

cluding modules for each of the multirotor UAV’s components. It can be run on web-based interac-

tive computing software such as JupyterLab or Jupyter notebooks.

DoC Implementation

The DoC is added to the framework as a new component module tackling controllability. This

module and its outputs can thus be included in the design variables and constraints of the method-

ology. Mainly, an additional constraint is added for the value of the DoC to ensure it is greater

than zero in the case of one rotor failure. Considering the software makes use of gradient-based

optimization, it can define a gradient from the DoC values and optimize it accordingly. Moreover,

a secondary objective function is defined for the analytical methodology’s MDO framework. Both

the mass minimization and DoC maximization goals were combined in a Pareto optimization for-

mat [24].

The dependencies between the different modules part of the methodology and the newly added

control module are shown in Figure 3.8. Additionally, the main inputs of the module are shown in

a similar format in Figure 3.9. These include, in order, a binary value defining if the configuration

is coaxial, the number of propellers, the maximum thrust, the arm length, the MTOW, the motor

mass, the propeller mass, the required recovery time and the requirement for time segments. On

each iteration, the analytical methodology makes changes to the inputs and the DoC is computed.

The computation time varies based on the configuration chosen and the time segments.

Thus, the implementation of the DoC should allow the evaluation and optimization of multi-

rotor UAVs for both performance and reliability for loss of control failures. This will be further

explored in the case study which follows.
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Figure 3.8: The Inter-Dependencies Between the Control Module and its Counterparts [7]

Figure 3.9: The Inputs Required for the Control Module [7]
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3.4 Case Studies

The following section validates the main contribution of this research work, which includes the

implementation of a controllability assessment into an analytical sizing methodology. This resulting

methodology, which optimizes for both performance and reliability, will be compared in a case study

to assess the effects of heightened controllability on performance, determine the differences between

the ACAI and the DoC assessments, and evaluate the potential of innovative design features.

3.4.1 Methodology

Three different cases are to be investigated to properly convey the opportunities offered by the

contribution. The full case design requirements are shown in Table 3.2.

Table 3.2: Controllability Case Study Requirements

Design Requirements
Effect of

Controllability

ACAI

Comparison

Design Features

Exploration

Payload (kg) 10 20 10

Number of Rotors 8 8 6

Coaxial Yes Yes No

Maximum T/W 2 1.6 2

Climb Height (m) 30 122 122

Climb Speed (m/s) 5 3 3

Hover Time (min) 10 0.5 10

Cruise Range (km) N/A 25 N/A

Emergency Diversion (km) N/A 12.5 N/A

Recovery Time (sec) 1 0.5, 1, 2 1

Time Steps 2 2 2

Effect of Controllability

The first case will inquire about the differences between two products with similar design re-

quirements. However, one will be optimized for minimal mass, another for maximum Degree of

Controllability and a third one, using Pareto optimization [24], will optimize both. The results are

expected to showcase the performance cost of improved controllability.
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ACAI Comparison

The second case will be a comparison with the results obtained by Liscouet et al. [8] during

their reliability analysis based on the ACAI. The results should demonstrate the practical use of the

recovery time requirement.

Design Features Exploration

Finally, a third case will display the use of innovative design features and display their control-

lability results. Mainly, the effect of variable pitch propellers will be explored to test the flexibility

of the design tool to new innovative sizing approaches.

3.4.2 Results

Effect of Controllability

The results of the designs are shown in Figure 3.10. All designs are controllable after a rotor

failure, however, the second and third cases have a significantly increased DoC. The difference

between their controllability values and computing time is showcased in Table 3.3. Figure 3.10

highlights that maximized controllability has a steep cost on performance, which may increase

the MTOW by up to 68%. Table 3.3 demonstrates that the objectives which consider the DoC

have significantly higher computing times. This is due to the computing time of a single function

evaluation of the DoC, which may take around two and a half minutes. These results demonstrate

the range of optimization which is possible within the contribution using Pareto optimization [24]

at the cost of computing time.

Table 3.3: DoC and Computing Time of Effect of Controllability Case

Objective Function Minimize Mass Maximize DoC Optimize Both

Degree of Controllability 0.603 1.016 0.894

Computing Time 1.6 seconds 3.7 hours 5.1 hours
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Figure 3.10: The MTOW of Multirotor UAVs Optimized for Minimal Mass, Maximum DoC and

Both Objective Functions

ACAI Comparison

Through the use of failure case sizing and the ACAI, Liscouet et al. [8] defines reliable mul-

tirotor designs, one of which will be the reference for this case. In Figure 3.11, the MTOW of

each coaxial quadrotor is shown. It was found that changing the recovery time had no effect on the

resulting design, as the DoC scales with the recovery time. Although it would seem intuitive that

a multirotor UAV with a smaller reaction time should be more performant, there does not exist a

recovery time for which a controllable design will obtain a negative DoC, as shown in the asymptote

observed in Figure 3.6. Hence, the time dimension of the DoC may not lead to a comprehensible

and practical high-level requirement without further alteration of the methodology, which will be

addressed in the findings. Furthermore, the inclusion of the constraint on the DoC led to the same

results as the reference, which is already fault-tolerant. Table 3.4 showcases the DoC value for each

of the designs shown in Figure 3.11.
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Table 3.4: DoC and Computing Time of ACAI Comparison Case

Design Reference DoC > 0 Maximize DoC

Recovery Time (sec) 1 1 0.5 1 2

Degree of

Controllability
0.2186 0.2186 0.156 0.332 1.012

Figure 3.11: The MTOW of Redundant Multirotor UAVs with the ACAI and the DoC
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Design Features Exploration

As seen in Table 3.5, a typical hexarotor, which is non-resistant to rotor failure for both altitude

and attitude control, could become resistant due to the implementation of variable pitch propellers.

Indeed, the MTOW of a typical hexarotor design is shown in Figure 3.12. The analytical method-

ology used for this case study cannot evaluate the effect of variable pitch propellers, nevertheless,

the DoC of a hypothetical design with similar features as the traditional design and variable pitch

propellers can be computed. As shown in Table 3.5, the DoC of a hexarotor can be made positive

by expanding the range of the input vector a shown in Equation (30) to include negative inputs.

Figure 3.12: Hexarotor Mass of Traditional Design

Table 3.5: DoC of Design Features Exploration Case

Design Traditional Variable Pitch Propellers

Degree of Controllability −1.78x10−15 0.605
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3.5 Findings

The exploration of controllability led to its definition as a tool to assess if a design can be

resistant to rotor failure and prevent loss of control. The ACS, ACAI and DoC each demonstrated

various methodologies to define the controllability of multirotor UAVs. The DoC is the best fit for

implementation within an MDO analytical modeling and simulation design methodology that uses

gradient-based optimization.

The DoC is successfully modified to include gravitational disturbances and accommodate for

altitude controllability evaluation. This new control module, as part of the analytical methodology,

can compute the DoC on each separate iteration. Its precision is limited by the time segments chosen

to evaluate the controllability. However, this process significantly increases the design method’s

computing time, even more when considering extra time segments.

The case studies demonstrate the potential uses of the control module within an optimization

framework. The DoC module can ensure a design is tolerant to rotor loss and optimize a multiro-

tor UAV for maximal controllability. The best scenario remains nonetheless to optimize for both

mass minimization while maintaining a constraint on the DoC, since maximizing the controllability

can hinder competitive performance. However, the effect of the recovery time requirement is not as

expected. As the DoC scales with recovery time, it may not be used as a high-level design require-

ment since the most controllable design should be the same, no matter the pre-assigned recovery

time. There is yet potential in the use of the recovery time in future evolutions of this work. As an

example, recovery regions associated with specific maneuvers in the future could be independent

of time, allowing the existence of minimal recovery time requirements. If that requirement is not

met, the recovery region scaled by the DoC and recovery time could not surpass the boundary of the

independent recovery region displaying required manuevers. The case study equally demonstrates

the ability to compute the controllability of innovative design features, such as variable pitch pro-

pellers. Varieties of different configurations and propulsion options could be evaluated in the future

with this tool.
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Chapter 4

Conclusion

To close, fully-electric multirotor UAVs are at the mercy of loss of control failures which harm

their reliability. The implementation of redundancies in the sizing of multirotor UAVs is detrimental

to their competitive performance. Hence, a solution to produce both performant and reliable designs

is investigated.

The design methodologies of multirotor UAVs can be classified two-fold, empirical and ana-

lytical. Empirical methodologies prove to be estimation tools for early conceptual design while

analytical methodologies can either focus on modeling and simulation or off-the-shelf catalogs.

Analytical modeling and simulation processes show great promise to design innovative and redun-

dant multirotor. On the other hand, analytical catalog-based methodologies are best used in the

detailed design phase due to their high-fidelity results.

Loss of control failures for fully-electric multirotor UAVs can be mitigated by implementing

a controllability assessment within their design process. However, traditional controllability as-

sessments cannot be readily applied to multirotor systems and analytical modeling and simulation

methodologies. Among the alternatives, the ACS, ACAI, and DoC, the Degree of Controllability

is the best fit for the implementation within the multirotor design process since it could provide a

recovery time requirement and the easy inclusion of disturbances.

The DoC is modified to include the gravitational and configuration-induced disturbances to its

stable hovering state and then implemented within an MDO analytical design methodology. Hence,

the resulting methodology produces competitive designs resistant to rotor failure. However, the use
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of an aircraft-level recovery time requirement may not yet be implemented within the methodology

due to its inherent scaling of the DoC. Future works should alter the controllability assessment

to include reference recovery regions independent of time, from which recovery time conclusions

could be drawn. The main limitations of the implementation reside within its tremendous computing

time, which may be optimized in future works.

Therefore, multirotor UAVs may be optimized for both competitive performance and heightened

reliability. Such practices may lead multirotor UAVs to fly overhead in the near future.
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Appendix A

Design Methodologies N2 Diagrams

The figures within this appendix represent the multirotor UAV design methodologies which are

part of the case study comparative analysis shown in section 2.3. Each includes anN2 diagram [53],

which are flowcharts to describe the general process of a design methodology. The three examples

include the empirical methodology [3] shown in Figure A.1, the analytical modeling and simulation

methodology [7] in Figure A.2 and the analytical catalog-based methodology [46, 47] in Figure A.3.
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Figure A.1: N2 Diagram of the Empirical Methodology
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Figure A.2: N2 Diagram of the Analytical Modeling and Simulation Methodology
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Figure A.3: N2 Diagram of the Analytical Catalog-Based Methodology
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Appendix B

Design Methodologies Input Analysis

This section outlines the major summarized inputs of each of the multirotor design methodolo-

gies part of the case study in section 2.3. Table B.1 displays the legend of the input Table B.2, which

refers to the optimization framework shown in section 2.1.1. Certain design parameters may enact

multiple functions from the ones displayed in Table B.1.

Table B.1: Legend of Design Methodologies Input Analysis

Letter Function

I Input

P Parameter

V Design Variable

C Design Constraint

O Output
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Table B.2: Design Methodologies Input Analysis

Parameter Empirical Model and Simulation Catalog-Based

Mission-Related

Mission Segments I

Mission Type I

Flight Time I I I/V

Cruise Speed I/V V/O

Air Density P P P

Altitude P I/C I/C

Multirotor Drag Coefficient C C

Range C/O O

Emergency Diversion Range C/O

Propulsion

Battery Energy Density P P/C C

Battery Technology Type I

Battery Nominal Voltage P V V

Battery Depth of Discharge P C C

Battery Cell Number V/O V/O

Battery Volume V/O

ESC Efficiency P P

Payload Power I

Motor Current Draw C C

Motor Max Torque V/O C

Rotors

Number of Rotors I I I

Rotor Radius I V/O V/O

Coaxiality I I I

Rotor FM P

Rotor BEMT Parameters P/V P/V

Mass

T/W P I/C V

Payload Mass I I I

Battery Mass V/O V/O V/O

Propulsor Mass V/O V/O

Avionics Mass V/O V

Structures Mass V/O V

MTOW V/O V/O V/O

Geometry

Arm Geometry V/O V/O

Multirotor Projected Area P O

Arm Inner/Outer Diameter V/O

Additional Modules

Inter component Efficiencies V

Component Database V/O

BoM O
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Appendix C

Control Effectiveness Matrices

The control effectiveness matrices Bf for various multirotor configurations are shown in the

following sections. These are the configurations included within the DoC assessment defined in

Chapter 3. The numbering of the rotors for each configuration is shown in Figure C.1. For each

subsequent control effectiveness matrix, d refers to the length of the multirotor UAV’s arms (m) and

j refers to a constant defining the effect of a rotor’s spin on the yaw of the aircraft.

Figure C.1: Multirotor Configurations [8]
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C.1 Quadrotor

Simple

The simple quadrotor control effectiveness matrix is shown in Equation 34.

Bf =



















1 1 1 1
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Coaxial

The coaxial quadrotor control effectiveness matrix is shown in the following Equation 35.
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C.2 Hexarotor

Simple

The simple hexarotor control effectiveness matrix is shown in Equation 36.

Bf =
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(36)

Coaxial

The coaxial hexarotor control effectiveness matrix is shown in Equation 37.
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Bf =
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C.3 Octorotor

Simple

The simple octorotor control effectiveness matrix is shown in Equation 38.

Bf =
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Appendix D

DoC Configuration Analysis

The design requirements for this analysis are outline in Table D.1. The mass results of the con-

figuration analysis are shown in Figure D.1, along the propeller diameter values shown in Table D.2.

The results of this analysis can be found in the main body of the report, in Figure 3.5.

Table D.1: Design Requirements of DoC Configuration Analysis

Design Requirements Value

Payload (kg) 2.5

Flight Time (min) 10

T/W 2

Climb Speed (m/s) 5

Flight Altitude (m) 30

Table D.2: Rotor Diameter of DoC Configuration Analysis

Configuration Quadrotor Hexarotor Octorotor
Coaxial

Quadrotor

Coaxial

Hexarotor

Rotor

Diameter (m)
0.55 0.46 0.43 0.43 0.36
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Figure D.1: DoC Configuration Analysis MTOW Results
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