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Abstract

Triple Product p-adic L-functions for Finite Slope Families and A p-adic Gross-
Zagier Formula

Ting-Han Huang, Ph. D.

Concordia University, 2024

In this thesis, we generalize the p-adic Gross-Zagier formula of Darmon-Rotger on triple
product p-adic L-functions to finite slope families. First, we recall the construction of triple product
p-adic L-functions for finite slope families developed by Andreatta-lovita. Then we proceed to
compute explicitly the p-adic Abel-Jacobi image of the generalized diagonal cycle. We also
established a theory of finite polynomial cohomology with coefficients for varieties with good
reduction. It simplifies the computation of the p-adic Abel-Jacobi map and has the potential to be
applied to more general settings. Finally, we show by g-expansion principle that the special value

of the L-function is equal to the Abel-Jacobi image. Hence, we conclude the formula.
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1 Introduction

The theory of L-functions has long been a central topic in Number Theory due to its various arithmetic
applications. Some notable ones are the Birch and Swinnerton-Dyer (BSD) conjecture and its generalizations,
mostly attributed to Bloch and Kato.

Let E be an elliptic curve defined over Q. One has the Hasse-Weil L-function L(E,s) and the Mordell-
Weil group E(Q) associated with E. The BSD conjecture predicts the relation

ranky F(Q) = ords—; L(E, s)

between the rank of the abelian group E(Q) and the vanishing order of L(FE, s).

Let
p: Galg := Gal(Q/Q) — Autr(V,) = GL,(L)

be an Artin representation factoring through a finite Galois extension H/Q, where V, is an n-dimensional
L-vector space with L C C being a finite extension of Q. One then has the twisted L-function L(FE, p, s).
Let E(H)? := Homg, (V,, E(H)®z L) be the p-isotypic component of the Mordell-Weil group. The analytic
and algebraic rank of F twisted by p are defined as

Tan(Ea P) = OI'dS:l L(Ea Py 8)7 ralg(Ea p) = dlmL(E(H)p)

The (Galois-)equivariant BSD conjecture predicts that ran(E, p) = raig(E, p).

Besides BSD-type conjectures, there are many other studies on special values of L-functions. For example,
Katz’s p-adic Kronecker limit formula [Kat76] relates special values of a two-variable p-adic L-function, which
interpolates central critical values of the complex L-function attached to a p-adic family of Eisenstein series
twisted by a family of algebraic Hecke characters, to p-adic logarithms of elliptic units. Another example is
due to Gross and Zagier [GZ86], usually known as the Gross—Zagier formula, which expresses the value of
the first derivative of the complex L-function attached to an elliptic curve as the height of a certain rational
point on the elliptic curve. Since the Gross—Zagier formula serves as an inspiration of its p-adic version,
which is the main subject of this thesis, we will sketch it below.

Let E be an elliptic curve over Q with conductor N and with complex multiplication by an imaginary
quadratic field K. When all the prime divisors of N split in K (usually called the Heegner assumption),
the L-function L(E/K, s) necessarily vanishes at s = 1. Hence one shifts his attention to the first derivative
L'(E/K,1). On the other hand, the Heegner assumption provides points (called Heegner points) with
CM by K on the modular curve Xo(N)(Hg), where Hg is the Hilbert class field of K. By the modular
parametrization, one can construct a point yx € F(H), which is actually defined over K. The Gross—Zagier
formula then states that L'(E/K,1) is equal, up to an explicit constant, to the height hg(yx) of the point

YK -

In the work of Bertolini-Darmon-Prasanna [BDP13], they generalized Katz’s p-adic L-functions to cusp
forms, and then related the central critical values of the p-adic L-function to the p-adic Abel-Jacobi images
of generalized Heegner cycles. The result was considered as a p-adic analogue of the Gross—Zagier formula.

Later in [DR14], Darmon and Rotger constructed a Garret—Rankin triple product p-adic L-function
attached to three Hida families of modular forms. Similarly, they proved a p-adic Gross—Zagier formula
which relates

- the special values of the triple product p-adic L-function at classical points lying outside the region of
interpolation, to

- the p-adic Abel-Jacobi images of generalized diagonal cycles in the product of three Kugo—Sato vari-
eties, evaluated at certain differentials.

It has been shown, in [Ber+14] and [DR17] for example, that these two p-adic Gross—Zagier formulae
have applications to Euler systems and the equivariant BSD conjecture.



The main focus of this article is to generalize the p-adic Gross—Zagier formula in [DR14] to the case of
finite slope families of modular forms.

In order to state our main result, we need to introduce several notations. Let

F=> an(f)q" € Sk(Ny, xy),
9=">_an(9)q" € S¢(Ng, Xg),
h = Zan(h)qn € Sm(NhaXh)

be a triple of normalized primitive cuspidal eigenforms of weights k,¢,m > 2, levels Ny, Ny, N, > 1, and
nebentypus characters X s, Xg, X, respectively. Set N = lem(Ny, Ny, N},) and assume that

XfXg Xn =1,
which implies that k& + ¢ + m is even.
The triple (k, ¢, m) is said to be balanced if the largest number is strictly less than the sum of the other

two. A triple which is not balanced is called unbalanced, and the largest number in an unbalanced triple is
called the dominant weight.

In §2.3, we will recall the definition of the (complex) Garrett—Rankin L-function L(f,g,h;s). It can be
viewed as the L-function attached to the tensor product

V(f.9,h) =V(f)@V(g)@V(h)

of the (compatible systems of) p-adic Galois representations attached to f, g, and h. This L-function admits
a functional equation relating values at s and k+ ¢+ m — 2 — s. As a consequence, the order of vanishing of
L(f,g,h;s) at the central point ¢ = % is determined by the root number ¢ € {£1} of the functional
equation. The root number ¢ can be further written as a product Hleoo &, of local root numbers ¢, € {£1}.
We will assume the following assumption throughout this thesis.

Assumption H: The local root numbers ¢, = +1 for all finite primes v | N.

As indicated in [DR14], this assumption holds in a broad collection of settings. For instance, it is satisfied
when

- ng(Nf,Ng,N}L) = 1, or,
- N = Ny = Ny = N}, is square-free and a,(f)a,(g)a,(h) = —1 for all primes v | N.

Under Assumption H, € = £, which in turns depends only on whether the triple of weights (k, ¢, m) is
balanced or not:
S —1 if (k,¢,m) is balanced;
141 if (k,£,m) is unbalanced.

In particular, the L-function necessarily vanishes at the central point ¢ when (k, ¢, m) is balanced. In this
situation, instead of studying the values of L(f, g, h; s), one naturally studies the values of its first derivative
L'(f,g,h;s) and expects it to encode arithmetic information.

Let E — X = X;(N) be the universal elliptic curve over the modular curve. For any n > 0, we let W,
be the n-th Kuga—Sato variety over X;(N). It is an (n + 1)-dimensional variety obtained by desingularizing
the n-fold fiber product E™ over X (c.f. [BDP13, Apeendix]). Then the Galois representation V(f, g, h)
appears in the middle cohomology of the triple product

W* =W, x Wy, x W,
where the notation (r1,7r2,73) = (k —2,¢ — 2, m — 2) will be commonly used in this article.

When (k, ¢, m) is balanced and Assumption H is satisfied, the conjectures of Bloch-Kato and Beilinson—
Bloch predict that the vanishing of L(f, g, h; ¢) implies the existence of a non-trivial cycle Ay ; 5 in the Chow
group Q ® CH®(W™*), of rational equivalence classes of null-homologous cycles of codimension ¢ in W*.



Such a cycle is defined in [DR14], whose construction will be recalled in §5.8. We here only give a brief
description. Set r := DH724%  There exists an essentially unique way to closedly embed W7 into W*. Its
image, under suitable modifications, gives rise to a homologically trivial cycle

Agpm € CH™2(W*)g := ker(CH P 2(W*) <5 HZH(W*/C)).

The cycle Ay g, can be then defined as the (f, g, h)-isotypic component of A ¢ ., with respect to the Hecke
actions.

In the archimedean setting, the height h(Ay ) of the cycle in the sense of Beilinson and Bloch is
conjectured to be well-defined and related to the first derivative of L(f, g, h;s) at s = ¢. That is, one expects
the relation )

h(Ay,4.n) = (Explicit non-zero factors) x L'(f, g, h,c).

In this article, we will focus on the p-adic analogue. To be more precise, we aim to relate the image of
Ay ¢.m under the p-adic Abel-Jacobi map

AJ, : CH™2(W*)o(C,) — [Fil"" HALF3(W* /Cp)]Y

to the special value of the triple product p-adic L-function attached to three finite slope families of modular
forms. We will now describe the setup in detail.

Choose a prime p t N such that f, g, h are of finite slope at p. Then we may find Coleman families f, g, h
passing through f, g, h, defined over certain weight spaces ¢, g, Qp, respectively. In the language of rigid
analytic geometry, the space Q, for e € {f,g,h} is a finite rigid analytic cover over a subset of the weight
space W := Homes(Z,; , C) which always contains the integers Z via the identification k — (v ).

When f is of slope a € Q>0, a point z € §y is said to be classical if its image in €, denoted by x(z),
belongs to Z~,+1. We will denote the set of classical points in Q¢ by ¢ and usually identify x € Q¢
with k(z) € Z by an abuse of notations. For almost all = € Q 1, the specialization of f at x € Qy 1, denoted
by f, (or simply f;), is a normalized eigenform of weight «(x) on I'y (N, p) := I'1 (V) N Ty(p). For all but
finitely many such z, f, is the (finite slope) p-stabilization of a normalized eigenform of the same weight on
I'1(N), denoted by f2.

When f, g, h are Hida families, one can view them as maps
£:Q; >C,lgl, 8: Q5 — Cpllg], h:Q, = C,lq].
The triple product p-adic L-function for Hida families is defined to be

(f*, eord(9°g[p] x h))

f(f. g h):=
gp( 7g7 ) (f*,f*) ?

where f* is the Atkin—Lehner involution of f, e,.q is Hida’s ordinary projector, 6 = qd% is Serre’s operator,

and glP! := (1 —VU)g is the p-depletion of g. The philosophy behind this definition will be explained in
§2.3.

For finite slope families, one needs a different approach. A construction of triple product p-adic L-
functions for finite slope families is developed by F. Andreatta and A. Iovita in [AI21]. Sections §3 and §4
are dedicated to describe their construction.

Roughly speaking, one wants to define the triple product p-adic L-function as the ratio

£+, Vogl’l x h)
£ (f, g, h) = —( ’ ,

p (f,8,h) (F, £%)
where V is the Gauss—Manin connection (c.f. §2.1). In order for this expression to make sense, one needs to
p-adically iterate the connection V. When f, g, h are Hida families, as we saw in above definition, one may
replace V by 0 = qd% and works only on g-expansions. Then there is a straightforward way to iterate 6 to



p-adic powers, provided that the form it acts on lies in the kernel of U (e.g. g[p]). The argument for V is
more complicated and will be recalled in §4.8.

The triple product p-adic L-function ﬁpf (f,g,h) can be viewed as a three variable function
ZI(f,g,h) : Qp x Qg x Q= C,p,
whose value at (z,y,2) € Qf x Q4 x Qy, is

(£2,V—'gl x h.)
(£ f)

T

where ¢ € Q satisfies k(x) = k(y) + k(z) — 2t. As one easily observes, the form f (or f*) plays a distinct role
in pr . What is not so obvious is that fpf (f, g, h) is symmetric, up to a + sign, in the last two components.

Similarly, one can define .£¢ = .£9(g,f, h) and £

Set X = Qp x Q4 x Qp, and g = Qp o X Qg X Qa1 The set Xy can be naturally divided into four
disjoint subsets:

Shal = {(z,y,2) € o | (k(x),k(y), £(2)) is balanced};
S i=A{(2,y,2) € Za | k() = Kly) + k(2)};
Yy = {(2,9,2) € Xar [ w(y) = r(x) + (2)};
En=A{(z,y,2) € Za | k(z) = k(z) + £(y)}-

The p-adic L-function £/ on ¥ ¢ interpolates the square roots of central critical values of the classical
L-functions L(fy, gy, hY;s), which is a combined result of the Ichino formula (c.f. Theorem 2.24), [DR14,
Theorem 4.7] and [AI21, Corollary 5.13].

Points in Xy,1, on the other hand, lie outside this region of interpolation. By definition, the value of
fpf (f,g,h) at a balanced point (z,y,z) involves a “negative” power V! which is originally defined as a
p-adic limit. On the other hand, the interpolating property implies that V=t satisfies Vo V=t = Vs,
In particular, this negative power also serves as the t-th anti-derivative with respect to V. Hence, we may
expect to express these special values via an integration theory. A suitable candidate is Coleman p-adic
integration or its generalization, Besser’s finite polynomial cohomology. In particular, in [Bes00a], Besser
showed that one can interpret the p-adic Abel-Jacobi map as a p-adic integration, which is in analogue to
the classical case.

Now fix a balanced weight (x,y,2) € Xy and write (z,y,2) = (r1 + 2,72 + 2,75 + 2) as before. We let
ri= %(rl + 79 +73). Assume that the specializations £, g,, h, are p-stabilizations of f?, gg, hY, respectively.
For simplicity, we will further assume that they are newforms of the same level N in this introduction.

To any classical newform ¢ of weight k = s 4+ 2 on I'1(IN), there is a cohomology class
wy € PP H3E (W, /Q) € H3EH (W, /C,).

The ¢-isotypic part Hit' (W;/C,)[¢] is two-dimensional and contains wgs. If ¢ is ordinary at p, then there
is a one-dimensional unit root subspace Hit'(W;/C,)[#]"", on which the Frobenius endomorphism acts as
multiplication by a p-adic unit. Moreover, one has a direct sum decomposition

H (W, /Cp)lg] = FI Hig (W, /Cy)[g] @ Hig' (We/Cp)lg]",

which is well known as the unit root splitting. When ¢ has finite slope a € Q, a similar result holds if
a < k—1=s+1. To be more precise, one has a direct sum decomposition

Hit (W, /Cp)lg] = Fil HiL (W, /Cp)[e] @ Hit (W, /Cp)[¢]”

where H:t!'(W,/C,)[¢] is the one-dimensional subspace on which the Frobenius acts as multiplication
by an element of p-adic valuation a. As a result of Poincaré duality, there is a unique element Ng €



HiE (W, /Cp)[¢]* such that for any cusp form w on I'y1 (N) of weight k, we have

a L (¢*7W)
<77¢,w> = (¢*, %)’

where ( , ) denotes the non-degenerate Poincaré pairing on Hij' (W/C,), ¢* is the Atkin-Lehner involution
of ¢, and ( , ) denotes the Petersson inner product of level I'1 (N) and weight &k (c.f. 2.1).

Suppose that the family f is of slope a and @ < 2 — 1. Then we construct an element (associated with
0 0 p0
( ) gy’ hz))
0% @wy @wy € Hi™ (Wy,) @ Fil> T HzH (W) @ Fil™* T Hig ™ (W)

C Fil" 2 (Hi ™ (W) @ Hyg™ (We,) @ Hgg™ (W)

C Fil"t? HIRH3 (W /C,),
where the first inclusion is by the balancedness assumption, and the second one is from the Kiinneth decom-
position of W* = W,, x W,, x W,,. In particular, Nt ®wg @ wp, lies inside the domain of AJ,(Az , 2).

Lastly, we need to introduce several Euler factors. For any ¢ € Sk(I'1(N), x), we shall write the Hecke

polynomial

2® — ap(9)z + x(P)p" ' = (z — ay)(z — By)

with ordy () < ord,(Bg). For the modular form f;) associated with f,, we also assume that a = ord,(a o).
For simplicity, we will write ay for ayo and similarly for other modular forms.

The main result of this thesis is the theorem below.
Theorem 1.1. Given (x,y,z) € Spa. Let c:= (x+y+ 2z —2)/2 and write x =y + z — 2t with t > 0. Then

5)(f27927h2)
(t =D& (fHE(fD)

L] (f.g.h)(z,y,2) = (1)} AJp(Bay.2)(nf @ wg @ wn), (1)

where the Fuler factors are given by

Eo(f) :=1= 87 (p)p" ™",
E(f) =1-Bx;'(pp™*, (2)
E(f2: 9y h2) = (1 = Braganp™®)(1 = BragBup™¢)(1 = BsBganp™)(1 = BBefnp™ ).



2 Preliminaries

As the theory of modular forms is a vital ingredient in this thesis, we will set up the notations and recall
several facts for future use. Some notable results are the relations between modular forms and cohomology
groups, overconvergent modular forms, and Hida families.

Then we proceed to recall the work of H. Darmon and V. Rotger on the p-adic Gross—Zagier formula for
triple product p-adic L-functions associated with Hida families. Few proofs will be given in this part since
our results for the finite slope cases will naturally cover the ordinary case. Nevertheless, we think that giving
a picture of the proof for the p-adic Gross—Zagier formula first will help readers to understand this thesis
better.

2.1 Modular forms and cohomology

Classical modular forms. Fix an integer N > 4 and a prime p{ N. Let Y = Y;(N) be the affine modular
curve of level I'; (V) defined over Q, and X = X;(N) be the compactified modular curve. We let C' := X\Y
be the subscheme of cusps. The modular curve X is proper smooth over Q,, and it has a smooth model X
defined over Z,,.

Let m: E — Y be the universal elliptic curve and wg := 7,2, denote the invertible sheaf (line bundle)
on Y. The sheaf wg extends canonically to a sheaf over X, which is still denoted by wg. To be more precise,
around a cusp, we have

HO(SpeC Qp[[q”vwE) = @P[[QH * Wcan

4 is the canonical differential on the Tate curve G,, / q~.

where wean 1= 4

Let Q, C K C C, be a tower of field extensions. A modular form f on X of weight k£ > 0 with Fourier
coefficients in K then corresponds to a global section w; of the sheaf w¥ over Xy (c.f. [Kat73]). If f is
a cusp form of weight k > 2, then wy can be further identified as a section of wh 2 ® QL. The notation
k =r + 2 will be frequently used.

Let
H = Rlﬂ'*Q.Ev/Y

be the sheaf of relative de Rham cohomology on Y, which also extends canonically to a coherent sheaf of
rank 2 on X and will be denoted by the same notation. Alternatively, the extensions of wg and H to X can
be described as

wp = mQp(log ™ (0)),
H=R'7.Q(logm(0)).
The sheaf H is equipped with a Hodge filtration
0—=wp—>H—-wy'—=0 (3)

and a Gauss—Manin connection

V:iH = Hoo, Vy(logC).

For any r € N, the r-th symmetric power H" := Sym” H is of rank r + 1 and is equipped with the induced
Hodge filtration and Gauss—Manin connection. Locally around a cusp, we have

H°(Spec Q,[[g]], H") = Qpllalwean + Qpllallwian Mcan + - - + Qpllal]nfan

where 7nean 1= V(qd%)(wcan) and the connection V is given by

d
vWcan = MNcan ® 7q7 vncan =0
q

together with the Leibniz’s rule.



The Hodge filtration on H" is decreasing with successive quotients
H'/Fil' H" = wp" Fil' H"/FiPH" = w2 FilTH =2 W),
The connection V satisfies Griffiths transversality
V(Fil' H") € Fil' ' H" @ Q% (log ©)
and further induces isomorphisms

S Fl'HT R
CFilTY e RN

of Ox-modules. In particular, when r = 1 and ¢ = 1, it gives rise to the Kodaira—Spencer isomorphism

® Q% (log C) (4)

KS : w? = Q4 (log C).

Next, we would like study the cohomology of H". However, instead of using the complex H" — H" ®
QL (log C), we need a modified version of it.

Definition 2.1. ([Sch85, § 2]) The parabolic complex (X" ® Q% )par is a subcomplex of
0—H —H @Q%(logC)—0
defined by

(HT ® Qg{)par = /HT;
(H™ @ Q% )par := V(H") + H™ @ Q%.

Locally around a cusp, one has

HO(Spec Qy|[g]], (H" @ Qx)par) = (Qpllallwtan + Qpllal]wian nean + -+ + aQpllal}nan) %

The hypercohomology of (H" ® 2% )par 0n X will be denoted by H',.(Xk, H").

par

Remark 2.2. By examining the graded pieces and using the isomorphism (4), we have an isomorphism (c.f.

[Sch85, § 2])

HO(Xre, (M @ QX )par)
VHO (X, H")

HY (X, wp ® Q) = ()

The parabolic cohomology H!, (X, H") is equipped with a short exact sequence

par

0— H)(Xg,wh @ Q%) = HY (X, H) = HY (X, wp") = 0, (6)

par

and the Hodge filtration on H}, (X, H") is given by

par

Fil’ = H,.(Xk, H"),
Fil'! = Fil? = ... = Fil'™ = HY(Xg,wh @ Q4),
Fil"*? = 0.
As we will see in §5, there is an action of Frobenius ¢ on H}, (Xg,7"). This makes the vector space
H!, (Xk,H") into a filtered Frobenius module.

par

We also remark that there is a non-degenerate Poincaré pairing

(V)i H (X, M) x HY, (X, HT) — K(=1—7) (7)

par par

where (—1 — r) denotes the Tate twist of a filtered Frobenius module (c.f. §5).



p-adic and overconvergent modular forms. In this part, we will assume some basic knowledge of rigid
analytic geometry. A beginner friendly reference would be [FP03].

Let P,...,P, € X (Fp2) denote the supersingular points of the special fiber of X' (also called the reduction
of X'). These points are the zeros of the Hasse invariant Ha, which is a mod p modular form of weight p — 1.
We may choose lifts Py,... P, € X(Zy2) of the supersingular points. For example, when p > 5, one may

simply take the zeros of the Eisenstein series E,_;. We let X' := X — {[:)17,' .. P,} be the resulting affine
curve over Z,, whose generic fiber and special fiber will be denoted X’ and X' respectively.

Now view X (C,) as a rigid analytic space X*" and let red : X*" — X be the reduction map. Then
A= Aoq = redfl(X "} is a connected affinoid, called the ordinary locus. Let Ha be a lift of the Hasse
invariant (e.g. Ep—1 when p > 5). One has the following description of the ordinary locus

A={z e X(C,) | ord, Ha(z) = 0}.

For a real number € > 0, we define
W, :={z € X(C,) | ord, Ha(x) < €}.
When 0 < € < 1, the region W, is independent of the choice of lifts of the Hasse invariant. Such a W, is

called a strict neighborhood or a wide open neighborhood of A in X?". If ord, Ha(x) < ﬁ, then the elliptic

curve A, for which z represents admits a canonical subgroup Z,. This allows us to define a map ® on W,
for € < S5, whose restriction to A is a lift of the Frobenius on X" (c.f. [Kat73] or [DR14, § 2.1]).

By abuse of notations, we will let Q2% denote its corresponding rigid analytic sheaf on X** and similarly
for wi, H". Let K be a complete subfield of C,, we let

SS(N,K) :HO(A/K7Q§()7 S3¢(N; K) :@HO(We/KaQE()
e>0

be the spaces of p-adic cusp forms and overconvergent cusp forms of weight two with coefficients in K. For
k> 2, we let

SYN; K) == HO(A/K, wi 2 @ Q). SPE(N; K) o= lim HO (W, /K, wp 2 @ Q).
e>0

When K = Cp, we will simply write SY(N) and Sg°(N). Notice that by restriction, we may identify
Spe(N; K) C SY(N; K) as a subspace.

For any f € S;(N; K), we have the g-expansion

flg) = Z anq"”

n>1

of f, which uniquely determines f (c.f. [Kat73]). We have two non-commuting operators U and V on
f € SY(N; K), defined via g-exapnsions by

Uf)qg) = Z apnq" (V)q) = Z ang’".

Obviously, these operators satisfy

UVF=Ff VU= apmd™
n>1
We define the p-depletion of f to be
fP = 1= VU)f, with fP(q) = ang™.

pin

The operator U restricted to the p-adic Banach space Sp°(N) is a compact (or completely continuous),
which gives rise to a slope decomposition of the infinite-dimensional vector space S°(N) (c.f. §7).



Definition 2.3. An overconvergent modular form is said to be ordinary if it belongs to the slope 0 subspace
for U. We let S¢™4(N) denote the subspace of ordinary modular forms. We also recall Hida’s ordinary
projector

ord := lim U™,

n— oo

which gives a Hecke equivariant projection from SE(N) tp Sgrd(N).

Nearly holomorphic and nearly overconvergent modular forms. All the modular forms we men-
tioned before are sections of wk, and wh, ® QL. In this part, we will shift our attention to sections of H" and
introduce some differential operators. A more complete study can be found in [Urb14].

We first start with the complex case K = C. Hodge theory provides a canonical real analytic, but
non-holomorphic splitting
Sledg H — wE

of the exact sequence (3) over X, or equivalently, a decomposition H = wg ® Wg. We also let the same
symbol denote the induced map H" — w}, as well as the following map

Spliag : H(Xe, (H" ® Qx)par) = H* (X (C)an, (wh ® Qx )par) (8)

where by X (C),, we means the real analytic structure of X (C).

Definition 2.4. The image of Sply,, in (8) is called the space of nearly holomorphic cusp forms of weight
k=17+2onT1(N) and will be denoted by S2*(N;C).

We will recall, mostly without proof, the following facts about nearly holomorphic forms.

1. The map Splyg, in (8) is injective, and hence induces an isomorphism of complex vector spaces
HO(XC7 (H" @ Q%()par) = Sllc]h(N§ ©).

As a result, we will also call elements in H°(X¢, (H" ® Q4 )par) nearly holomorphic cusp forms.

2. For any subfield K of C, the image of H°(X g, (H" ®QX )par) under Sply,, yields a natural K-structure
on SPP(N;C) and is denoted by SpP(N; K).

3. Let ¢ € HO(X g, (H" ® Q4 )par), then equation (5) allows us to write

helo(¢) € HY( Xk, wh @ Q%) = Sk(NV; K),

SEHO(XK,HT). (9)

¢ =T1"1°(p) + Vs, with {

The modular form T1"°'°(¢) is called the holomorphic projection of ¢.

4. By composing with the inverse of Kodaira-Spencer isomorphism and the natural morphism w% @ H" <
H?2 @ H" — H"T2, one may view the Gauss-Manin connection as a map

V:H Xk, (H @ Q%) par) = HO Xk, (H2 @ Q%) par)-

This map is related to the weight k£ Shimura—Maass differential operator §; = i(% + T’“ ) via the

27 -7
following commutative diagram

Sledg

H(X g, (H" @ Q% )par) Sph(N; K)

Spl
HO (X e, (H™2 ® QY )par) — 55 SP (N3 K).



This follows from a direct computation. Recall that in terms of the standard coordinates 7 € H and
z€C/(1,7) (c.f. [Urbl4, § 2.2.1]), we have

dz —dz

V(2midz) = 2mi ( ) ®dr, V(dz) =0, KS((2midz)®?) = 2midr.

One can then take the successive composition 512 = 0kt2t_20 - 00dpya 00 for all t € N, which sends
SER(N; K) to Spt,,(N; K). In particular, when g € S¢(N; K) and h € S,,,(N; K), the product §}g x h
belongs to Spts, .., (N; K). More precisely, it is the image of the element

@t(wg) ®wy € H(Xk, (HHQHm ® Q%()par)

under the splitting Sply,-

5. Hodge theory also gives a canonical splitting of the exact sequence (6):

H (Xc,H") = H(Xc,wh @ Q%) ® HO(Xc,wh, @ Q).

par
One may then define the Petersson scalar product ( , )y on SP'(N; K) by the rather unusual rule

(f1, f2)n == / mfz(T)ykdxgy

Ii(N)\H Yy

(10)

where 7 := z + iy. Notice that we follow the definition in [DR14]. This product is Hermitian-linear in
the first component and C-linear in the second component.

Lemma 2.5. For all n € Si(N;C) and ¢ € SP*(N;C), we have

(1, 9)n = (1,11 (9))

This equation may serve as an alternative definition of the holomorphic projection.

Proof. As X¢ is a compact manifold, the class of V(s) is zero in H}, (Xc,H") for all s € H*(X¢,H"). The

par
result then follows from the relation between the Petersson product and the Poincaré pairing. O

We now consider the p-adic case. Recall that we have the ordinary locus A and a system of strict
neighborhoods W, D A. Since W, is a Stein space, the hyper-cohomology H! (W, (H" ® Q%)par) (With
respect to the rigid analytic topology) can be computed by the complex of global sections. In other words,

we have
HY(We, (H" ® Q% )par)

VHO(W,, H")

The comparison theorem between rigid cohomology and de Rham cohomology then implies that

Hg oo We, H') i= HN (W, (K" © Q% )par) =

(1)

Hrlig,par(Wﬁ’ HT) = Hl (X(/:p7 Hr)

par
for all 0 < € < 1. In particular, the space H}ig,par(We, ‘H") is independent of e.

It is known (c.f. [Col95]) that for an overconvergent modular form s € H°(W,,wy") of weight —r, it
admits a unique lift § € H°(W,, H") under the projection H°(W.,H") — HO(W., wz") satisfying V35 €
HO(W,,wh ® QL). Moreover, the section V3 corresponds to the overconvergent form 6"*'s where 6 = qdiq
is Serre’s operator. Notice that 6 sends p-adic modular forms of weight &k to p-adic modular forms of weight
k 4+ 2 and in general does not preserve overconvergence.

Again by (4), any rigid analytic section ¢ € HO(W,, (H" ® Q% )par) can be written as

¢ = ¢ + Vs, with ¢pg € H*(W,,wh @ Q%), sc H' (W, H"). (12)

10



Hence one may rewrite (11) as

HO<W wh ® Ql ) oc (N)
Hl Ty eyWp X — r+2 ] 1
rlg,par(We; H ) VHO(WG, HT) ) HO(W€7 er ® Q%{) 0r+1SSCT(N) ( 3)

Over A, the slope decomposition with respect to the action of Frobenius gives the unit-root splitting
Sply, : H — wg

of the exact sequence (3). We will use the same notation to denote the associated map Spl,, : H" — W}
and
Spl,., : @HO(WG (H" @ U Jpar) = HO(A,wg ® Q) (14)
e>0

via composing with the restriction map.

Definition 2.6. The image of the map Spl,_, in (14), denoted by Sp°°(N;C,), is called the space of nearly
overconvergent modular forms of weight k on I'y (N).

Remark 2.7. The space Sp°°(N;C,) is contained in the space of p-adic modular forms by definition. It
contains the space of overconvergent modular forms by the inclusion HO(W,,wh, @ QL) ¢ HO(W,, H" @ Q).
But the two spaces are not equal, since the unit root splitting does not extend to any strict neighborhood
We (c.f. [Urbl4, Proposition 3.1.3]).

We recall the following important facts about nearly overconvergent modular forms, which are analogous
to those in the complex setting:

1. The map Spl,,_, in (14) is injective and induces an isomorphism of p-adic Fréchet spaces (c.f. [CGJ95]):

Splyy : i HO(We, (K" @ Qi )par) = SE°(N: Cy).
>0

As a results, we will also call elements in li_n>1€> o O(We, (H" @ Q% )par) nearly overconvergent modular
forms.

2. If K is any subfield of Cp, the image of lim _ HOY (W /K, (H" ® Q% )par) under Spl,_, yields a natural
K-vector subspace Sp°¢(N; K) C Spo°(N;Cp).

3. Let ¢ € lim _ HO(We, (H" @ Q% )par). As we already mentioned, one can write
¢ = ¢o + Vs, with ¢g € H'(We,wp ® Q), s€ HO (W, H").

The overconvergent modular forms I1°¢(¢) := ¢ is called the overconvergent projection of the nearly
overconvergent modular form ¢. Note that I1°¢(¢) is only well-defined modulo §7F1(5°¢ (N)).

4. The map v corresponds under Spl, , to the operator 6 = qd%. That is, we have the commutative

diagram

4 T S lll-r n-oc
lim o HO(We, (H" © Q) )par) ——=— Sp°(N;Cy)

‘| L
i r Splu—r n- .
hﬂoo HO(We, (H™? @ O )par) —— S5 (N;Cyp).
5. Suppose K is equipped with embeddings into C and C,. Then there are natural maps
Spl

h Splyag 0 1 u-r, -
SI(N;K) 2% O (X e, (KT © QY )par) —t SH0¢(N; K).

By definition, the images of H?(Xf, (H" ® Q% )par) under the holomorphic and overconvergent projec-
tions both take values in Sk (N, K) and are equal.

11



The following lemma studies the relation between Hida’s ordinary projection and the overconvergent projec-
tion.

Lemma 2.8. Let ¢ be a nearly overconvergent modular form on T'1(N) of weight k > 2. Its image under
€ord 15 overconvergent, and is thus classical on T1(N)NTy(p) (c.f. [Col95]). Moreover, we have

Eord® = eordﬂ%(¢)~ (15)

Proof. We first write ¢ = ¢g + Vs as in the definition of the overconvergent projection. Then we observe
that eqq annihilate Vs by looking at the g-expansion. More precisely, eqq annihilates 6(C, ® Oc, [[¢]]). The
result hence follows. O

Let g € Sp(N; K) and h € S,,,(N; K) be classical cusp forms defined over K, with fixed embeddings of K
into C and C,,. The forms g, h can be regarded as complex and overconvergent forms simultaneously. The
proposition below relates 6%g x h to dfg x h.

Proposition 2.9 ([DR14, Proposition 2.8]). For allt > 0, the modular form 6*gxh belongs to S§;%; . (N; K)
and
eord(0'g X h) = eoraII™°(5kg x h).

Proof. Observe that both modular forms come from the section @wg ® wp. The result then follows from a
direct computation together with the previous lemma. O

The situation becomes more intriguing when one wants to take negative power of . In order to do so,
one needs to replace g by its p-depletion g[P! € S¢(N;C,). The form 0~'glPl x h (with ¢ > 0) is still a p-adic
modular form of weight k := £+ m — 2t. The following proposition shows that it is nearly overconvergent in
certain cases.

Proposition 2.10. Assume that 1 <t </{¢—1 so that k := ¢+ m — 2t > 2. Then the p-adic modular form
6= tglPl x h belongs to Spo¢(N;C,), and in particular

eora(07tgP) x B) € STYN; C,) € STYTL(N) NTo(p); Cp).

Proof. For a proof in the ordinary case, we refer it to [DR14, Proposition 2.9]. However, we will give a more
general (but implicit) proof in Section 6. O

Periods of modular forms. Let f € Sp(Ny,xs;Ky) C Si(Ny; Kf) be an newform of nebentypus x . It
generates an automorphic representation m¢ of GLa(Ag). For any multiple NV of Ny and any field extension
Ky ¢ K C C, we let Sp(N; K)[f] := Sp(N; K)[rys] denote the f-isotypic subspace of Si(N;K), which
consists of modular forms in S (N; K) on which the Hecke operators Ty for (¢, Ny) = 1 and the diamond
operators (d) for d € (N/NN)* act with the same eigenvalues as those on f. The space Si(N;K)[f]
is finite dimensional over K with dimension equal to oo(N/Ny) := Zo<d\(N/Nf) 1. A basis is given by

{f(d-1)= f(qd)}0<d‘(N/Nf). Similarly, one can define H;ar(XK,HT)[f].

Definition 2.11. Suppose f is a cusp form of weight &, level N. We define the Atkin-Lehner involution of
f to be

F(r) = (wn f)(1) == "N~ 577 F f(~1/N).

It can be easily check that wy is indeed an involution and the Hecke eigenvalues of wy (f) outside N are
equal to those of f twisted by Xfl. For this reason, we will often write f ® Xfl to denote f*. Moreover, wy
is self-adjoint. As a consequence, we have (f, f)y = (f*, f*)n (c.f. [DS10, § 5.5, § 5.10]).

Lemma 2.12 ([DR14, Lemma 2.21]). For any f € Si(N; K)[f] and all ¢ € Sp(N; K), the Petersson scalar
product (f*,¢)n is a K-multiple of (f*, f*)n-

12



We then define the period to be

F (f*7 ¢)N
J(f*, )= eK
V= )
Let
" € HO(Xe,wh ® Q) C Hy(Xe, )
denote the class of T{Tf) -wy and @ be its natural image in H'(Xc,wz") under the projection in (6).

Corollary 2.13 ([DR14, Corollary 2.13]). The class W belongs to H' (X g, ,wg").

v

We now give an alternative descriptions of J(f*,¢), following [BSV22, § 2]. The Poincaré pairing (7)
descends to a perfect pairing
HE (X, HO)[f]) Fil" ™ xSk (N; K)[f*] — K.

par

The K-linear functional J(f*,-) on S,(N; K)[f*] then corresponds to a unique element

par

mj € Hb (Xic, H7)[f]/ Fi'H!

Under the identification H},, (Xk, HO)[f]) FilH =~ HY'(Xg,wy"), the class 77 is sent to njjih

v

Remark 2.14. Notice that J(f*,-) is K-linear because of our unusual choice of the Petersson scalar product.

If one wished to use the usual Petersson scalar product, then one should exchange the positions of f *and ¢
in the definition of J.

2.2 A quick recall on Hida families

Hida families. Let f € Sp(Ny, xy; Ky) C Sp(Ny; Kf) be an eigenform of nebentypus xy. We factor the
Hecke polynomial at a prime p { Ny as

T? — ap(f)T + x5 (p)p" " = (T — o) (T — By)

with a := ord,(as). In the ordinary setting, we will assume a = 0, i.e., a is a p-adic unit. The ordinary
p-stabilization of f is defined to be

F@ = (1= BrVi) f,
on which the U, acts with the eigenvalue ay. We will use similar notations for g € S¢(INy, x4; Ky) and
h € Sy (Np, xn; Kr). Suppose that Ky, Ky, K}, are contained in a field K with a fixed p-adic embedding
K — C,, and let O denote the ring of integers of the closure of K in C,.

Set I' =1+ pZ, and A = OJ[']] be the completed group algebra. The weight space is defined to be
Q = Spf(A)(O) = Homoe.aig(A, O),

which can be naturally identified as the set Homs(I', @) of continuous homomorphisms. The subset of
classical weights is defined to be
Q= {xx =7 7" | k€ Zzo}.

For any finite flat extension Ay of A, let
Qy == Spf(Af)(0),

this space is endowed with a natural projection x : Qy — ) induced by the inclusion A C A¢. A point = € )y
for which k(z) € Qg is called a classical point. By abuse of notations, we will usually identify a classical
point z with the integer k(z) € Z even though there may be multiple points sent to the same classical weight
k(x).

We now introduce the notion of Hida families. We follow the definitions used in [DR14], which are slightly
restrictive compared to definitions in other literature.
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Definition 2.15. Let Ny > 1 be an integer and p be a prime not dividing Ny. A Hida family of tame level
Ny is a quadruple (Af, Q¢, Q¢ o1, f), where

1. Ay is a finite flat extension of A;

2. Qy is a non-empty open subset of X; := Hom(Af,C,) and Qyq is a p-adically dense subset of Qy
consisting of classical points;

3. £=> a,(f)q" € Af[[q]] is a formal power series with coefficients in Ay such that, for any = € Q; o,
the power series

£:(q) = > an(f)zq" € Cyllql]

n=1

is the g-expansion of the ordinary p-stabilization of a normalized newform of weight x(z) on I'y (Ny).

Remark 2.16. In order to lighten the typing load, the notation f, will be frequently used to denote the
specialization of f at « throughout this thesis. The corresponding normalized newform on I'; (Nf) will then
be denoted by f9.

Theorem 2.17 (Hida). Let f € Si(Ny; K) be a newform with ordinary p-stabilization f(®). Then there
exists a Hida family (A, Qp,Qr.a,f) of tame level Ny and a classical point xy € Qy a1 satisfying

k(zo) =k, f5 = f(p).

It will be convenient to introduce a more general definition of families of modular forms.
Definition 2.18. A A-adic modular form of tame level N is a quadruple (R, Qg, Qg4 1, @), where
1. R is a complete, finitely generated, flat extension of A;

2. Q4 is a non-empty open subset of Hom(R, C,) and Q4 q is a p-adically dense subset of €, consisting
of classical points;

3. ¢ => a,(¢)¢" € R[[q]] is a formal power series with coefficients in R such that, for any « € Qg q, the
power series

?:(q) == Zan<¢)qu € (Cp[[Q]]

is the g-expansion of a classical ordinary cusp form in Sy, (I'1 (V) NTo(p); Cp).

One can define families of old forms as below. Let f € Si(Ny; Kr) be a new form and N a multiple of Ny
with pt N. Let f € Sp(N; K)[r] be an old form. Then there are unique scalars Aq € K for d | (N/Ny)

such that y
flo= > X flg%.
d|(N/Ny)

The p-stabilization of f(g?) is the weight k specialization of the formal power series (A-adic form)
f(q?) := Zan(f)qd”,

where (Ay,Qr, Qyq, f) is the Hida family of tame level N; attached to f. Hence we can set

fi= > Maf(g%).
d|(N/Ny)

%

The quadruple (Af,Qf, Q¢ 1, f) is a A-adic modular form which specializes to the ordinary p-stabilization of
f at the weight k point 29 € Q¢ in Theorem 2.17.

Remark 2.19. Given a Hida family f of nebentypus X, there is the Atkin-Lehner involution f*=fw X]71,
such that for all x € Qf q, f* = (f,)*.

14



Products of families. Let (Agy,Qg,Qg.c1,8), (An, Qn, .1, h) be two A-adic modular forms of tame level
N. Let Ay, := Ay ®0o Ay, be the finitely generated A-algebra with the natural diagonal embedding A —
Ay ® Ay, given by sending the group-like element [a] to [a] ® [a]. We set

Qgh = Qg X Qh, Qg}%d = Qg,cl X Qh,cb

The naive product g x h € Ayp[[¢]] may not be an ordinary family. Nevertheless, we can take its ordinary
projection eqpq(g x h). Then the quadruple (Agn, Qgn, Qgn.cl; €ora (g X h)) is a A-adic modular forms.

Operators on families. Recall that we have the operators U,V and 6 = qd% on modular forms, defined
primarily via g-expansions. We will extend these operators to families of modular forms. For U and V, the
generalizations are straightforward. In particular, we can define the p-depletion of g to be

ghl=(1-VU)g=> a.(g)d"
pin

The specialization gg[,p } of glP! at a classical weight y can either be viewed as a p-adic modular form of tame
level N or a classical modular form of level Np?. Notice that g[?! is far from being ordinary. In fact, it is

annihilated by U, hence by eqq.

For any n € Z with p t n, we can view it as the group-like element [n] € A. The specialization [n]y of [n]
at a point k € Q is simply n* := k(n) € O. Now we consider the g-expansion

6°gl" = "[n] @ an(g)g", (16)
ptn

viewed as an element in A ®o Ag4[[g]]. It is a “two-variable” family, whose specialization at (¢,y) € Qa1 X Qg ql
is the p-adic modular form
9tg@[/p].

Define Rgp, := A ®p Ay ®0 Ap, regarded as a A-algebra by the embedding of group-like elements [a] —
[a?] ® [a] @ [a]. Then the map from Hom(R,s,Cp) = Q x Q, x Oy, to the weight space Q sends the classical
point (t,v, ) to k(y)+r(z)+2t € Qq. Hence, the product eq.q(8°glP! x h) is a A-adic form with coefficients in

Rgn, whose specialization at (t,y, z) is equal to the p-adic modular form eord(Gtng] X h) of weight y + z + 2t.
We here give a lemma which is easy to prove but is extremely useful.

Lemma 2.20. Let g and h be two p-adic modular forms of tame level N, then U annihilate g!*! x Vh, and
in particular
eord(g[p] x Vh) =0.

The same result also holds for families of modular forms.
Proof. This is obvious from the g-expansion, where one observes that an(g[p] x Vh) = 0 whenever p|ln. O
We conclude the discussion on products of families with the following proposition.
Proposition 2.21. Let
Qg ={(t,y,2) € Qa1 X Qg1 X Qa1 |t >max (1 —k(y),1 —k(2))}.

The quadruple
eora(0°g/P) x h) = (Rgn, 2 x Qy X U, Qi1 €ora(0°gP) x 1))

is a A-adic modular form of tame level N. Moreover, its specialization at (t,y, z) € Qgn.a s a the classical
modular form
eord(g?[f] x hz) € Sz(T'1(N)NTo(p); Cp)

where x =y + z + 2t.

15



Periods of families. Write S°™4(N; R) for the space of A-adic modular forms with coefficients in a A-
algebra R. A Hida family (As,Qf,Qy.q,f) then gives rise to a subspace

SOd(N; Ag)[re] = {f € STUN; Ay) | Tof = a,(F)f V(n,N)=1}.

Let ¢ = (R,Q4,Q¢,c1¢) be another A-adic modular form and consider a pair (z,y) € Qfa Xa, Q4,cls
i.e., K(z) = k(y). The specialization ¢, needs not be the p-stabilization of a classical modular form, but its
projection ¢, := ef, ¢, to the fi-isotypic part is the p-stabilization of a classical modular form, which will
be denoted by ¢} , .

Lemma 2.22. For allf € SY(N; Af)[r¢] and ¢ € S (N; R), there exists a unique J(f, ¢) € Frac(Af)@a R
such that, for all classical points (z,y) € Qs Xa, e,

3 0 10
J(E, @) (a.y) = (f(j;jf;gij: 2 - ({ g”a(b;a’;ff = (g0, 60, )an (17)

where (, )n,p stands for the Petersson scalar product on Sy (I'1(N) NTo(p); C), and the last pairing is the
Poincaré pairing on HY, (Xc,, H""?).

par

Proof. We would like to leave it to [DR14, Lemma 2.19]. O

2.3 The p-adic Gross—Zagier formula of Darmon—Rotger

Classical triple product L-functions. Let f € Sp(Ny, x5 Kf), 9 € Se(Ng, xg; Ky), and h € Sy, (Np, xn; Kp)

be a triple of normalized primitive cusp forms with coefficients in K¢ C Q C C for e € {f,g,h}. We set
N =lem(Ny,Ng,Ny) and K = Ky g5 = Ky - Ky - K. We assume that x5 - x4 - X = 1, which implies
k4 ¢+ m is even.

The Garrett—Rankin triple product L-function L(f, g, h; s) is defined by an Euler product

L(f,g.h;s) = [[ LP(f,9,hip™*) ",
p

where for p t N, the local factor is the degree 8 polynomial
LP(f,9,1T) =1 — aypag panpT) X (1 — afpog pBhpT)
X (1= aypBgpanpT) X (1= Brpagpan,T)
X (1= aypBgpBrpT) x (1= BypagpBnpT)
X (1= BrpBgpnpT) x (1 = Bt pBg,pBrpT)-

Piatetski-Shapiro and Rallis gave a precise recipe in [PR87] for the local factors at primes p|N as well as the
archimedean factor L*(f, g, h;s). They also showed that the completed L-function

A(fvg7h73) = Loo(fag7h'7 S) ' L(fag7h'7 S)

(18)

admits a functional equation
A(f,g,h;S) =E(ﬁg,h)l\(f,g,h,k—f—f—i—m—2—5)

where e(f,g,h) € {£1}. The sign of e(f,g,h) then determine the parity of the order of vanishing of
L(f,g,h;s) at the central point

E+l+m—2
€= Cfgh = 9

at which there is no pole (c.f. [PR87, Theorem 5.2]). The root number &(f,g,h) can be expressed as a
product

e(f,9.0) = [ ealfr9:1)
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where ¢ < oo runs through all the places of Q and each local root number ¢,(f, g, h) € {£1}.

Throughout this article, we will assume that all root numbers at finite primes are +1 (c.f. [DR14, § 1]).
Then e(f, g, h) is determined by the local root number at infinity, which depends only on the weights of
(f,g,h). Precisely, we have

—1 if (k,£,m) is balanced;

. : (19)
+1 if (k,¢,m) is unbalanced.

E(fag7h) :Eoo(f7g7h) :{

We recall the definitions of balanced and unbalanced triples below.

Definition 2.23. A triple (z,y,2) € N3 is said to be balanced if the largest number is strictly less than the
sum of the other two; it is called unbalanced if otherwise.

In the unbalanced case, we recall the following result of M. Harris and S. Kulda [HK91], refined by A.
Ichino [Ich08] and T. C. Watson [Wat02]. The theorem is usually known as the Ichino formula.

Theorem 2.24. Let f, g, h be as above and assume that the weights (k, ¢, m) is unbalanced with k = €+m+2t
for some t € N. Then there exist modular forms (called test vectors)

F €SN, Ky gn)lfl: € Se(N,Kygn)lgl, h € Su(N, Kggp)[h]

and constants Cq € K depending only on the local components of f,f], h at all q | Noo such that

IL,Co (s k+l+m—2
! qL<f7gvh7):|I( y 9, )‘21

12k

where oL 5 y
I<f7§7h) = (f*a(sgg X h)N

Moreover, there exists a choice of f,g, h such that Cy #0 for all q.

Triple product p-adic L-functions for Hida families. Let the triple (f, g, h) be as before, and fix an
embedding ¢, : Q < Q,. Also let (f, g, h) be test vectors as in Theorem 2.24. Assume further that (f,g,h)
are ordinary with respect to ¢, and let

f. = (Afvﬂfvﬂf,617?)7 g = (Agvﬂg7Qg,clag)7 B = (Ah79h7Qh,cl7E)

be the Hida families of tame level N interpolating the ordinary p-stabilizations of ( f , 3, 71) respectively. We
write

Y= {(I,y,Z) € Qf,cl X Qg,cl X Qh,cl}a
and

Yhal = {(x,y,2) € ¥ | (z,y, 2) is balanced and = + y + z € 2N}.

In light of Theorem 2.24, one would like to have a p-adic L-function associated with (f" , 8, fl) that in-
terpolates values related to I(f,g,h) := (f*,0Lg x h)n. This motivates the following definition in [DR14,
§ 4].

Definition 2.25. The Garrett—Rankin triple product p-adic L-function attached to the families (f' g, fl) is
the element

%

LI (F,8,1) = J(E", e0ra(0°glP) x 1)) € Frac Ay @p (A® Ay @ Ay) (20)

where the family eord(ﬁ'grp] X fl) and the period J are defined as in previous sections.
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Notice that pr (f, &, h) has poles only for finitely many z € Q. By definition, its value at (z,y,2) € Xy,
after setting x = y + 2z + 2t, is

(.]F;7 eord(etgl[f] X EZ))NJ’
(fxa fCD)N,P

In particular, the value is algebraic. Furthermore, in virtue of the relation between 6 and §, one has the
following interpolation formula.

Theorem 2.26 ([DR14, Theorem 4.7]). Let (x,y,z) € Xy and f2, g9, h? be classical modular forms of level

N whose ordinary p-stabilizations are faj,gy,ilz respectively. Then

gpf(f:agafl)(maywz) = (21)

E(f2,99.02)  I(f2,95,h?)
&SUDETD UL 0N (22)

where the Euler factors &(fy, g9, h2), &0(f2), &1(f9) are defined as in the introduction.

ZI(f,g.h)(2,y,2) =

Evaluations at balanced weights. It is more than natural to ask what happens when we specialize
pr(f, g,h) to a classical point (x,y,2) € Xpa. These points lie outside the range of interpolations in the
sense that Ichino formula does not apply to them.

One sees from the definition of fpf that the value at a point (x,y, 2) € Zpa involves a negative power of
0. Let t € Zwo, the negative power #~*glP! is originally defined as a p-adic limit of modular forms. However,
it does satisfy the identity *(6—tgl!) = g[Pl. In other words, #—*g[P! may be viewed as the ¢-th anti-derivative
of ¢! with respect to the differential operator . Hence, one may expect the values on Yy, can be expressed
as certain integrals. This is the motivation of the p-adic Gross—Zagier formula. In this case, the special
values can be further expressed as p-adic Abel-Jacobi images, which are indeed certain p-adic integrals, as
we will show in later sections.

We here recall the p-adic Gross—Zagier formula for Hida families without fully defining every ingredient.
Theorem 2.27 ([DR14, Theorem 1.3]). Let notations be as in Theorem 2.26, except that (z,y,z) € Tpal
now. We write x =y + z — 2t with t € Z~o. Then

E(f2, 9y, h3)

(t =D (f)E(fD)

where AJp(Ag . 2) is the p-adic Abel-Jacobi image of the diagonal cycle associated with the weight (x,y, z),
and Ny, wg,wy are elements in the cohomology groups of various Kuga—-Sato varieties associated with the

classical modular forms fg,gg,hg (c.f. §5).

ZI (g h)(w,y,2) = (-1)" X AJp(Agy,2) (N} @ wy @ w) (23)

Remark 2.28. The formula obviously has two sides, the L-function part and the Abel-Jacobi map part.
To generalize the formula to finite slope families, one needs to generalize these two factors. Sections 3 and
4 will recall the construction of triple product p-adic L-functions for finite slope families in [AI21], while
Section 5 will focus on the p-adic Abel-Jacobi map. As our results for finite slope families will cover the
ordinary case, we would like to omit the proof of Theorem 2.27.
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3 Vector bundles with marked sections

In this section, we will study vector bundles with marked sections (abbr. VBMS). It serves as an important
tool in Section 4 for constructing both the modular and de Rham sheaves. The results in this section all
come from [AI21, § 2] and I wish to claim no originality of the proofs.

3.1 Formal vector bundles with marked sections

Let S be a formal scheme with ideal of definition Z which is invertible, and let £ be a locally free Og-module
of finite rank n. Let s1,82,...,5,m € H(S,E/ZE) with m < n be a collection of sections such that they
generate a direct summand of £ := £/ZE. Such a data (€,s1,...,5y,) is called a locally free sheaf with
marked sections. The goal is to construct a vector bundle associated with (€, s1,...,8m).

Definition 3.1. A formal vector bundle of rank n over S is a formal vector group scheme f : X — S such
that locally on S it is isomorphic to the n-fold product of the additive group Gy, .

Theorem 3.2 ([AI21, § 2.2]). Let (€,81,...,5m) be as above. We have the following results.

i. The functor that sends a morphism of formal schemest : T — S (with the ideal of definition of T being
t*(Z)) to the set
V(E)(t: T — S) := Home, (t*E, Or)

is represented by the formal vector bundle V(E) := Spf(S/y?n(E)), where S/y?n(é') is the Z-adic completion
of the symmetric algebra Sym(&) := @ien Symep, (£).

ii. The subfunctor Vo(E,51,...,8m) of V(E), which sendst: T — S as above to the set
Vo(€,81,...8m)t:T = 8):={heV(E)(t:T—95)|h(mod t*(1))(t"(s;)) =1 Vj},
is represented by an open formal subscheme Vo (&, s1,...,8m) in a formal admissible blow-up of V.
Proof. (of Theorem 3.2) The first part is obvious, see [AI21, Lemma 2.2]. We here give a detailed proof for

the second part since the local description is crucial in later sections.

The sections si, ..., s, define a subsheaf of Og-module in £. By assumption, the quotient @ is a locally
free Og-module of rank n — m. Consider the quotient map

Sym(€) = Bien Symp, (€) — Sym(Q)

which has kernel J := (s; — 1, .-y8m — 1). Taking the induced map on spectra (relative to S), it defines a
closed subscheme in Spec(Sym(€)). Let J C Oy(g) be the inverse image of J.

Now consider the Z-adic completion of the open formal subscheme of the blow-up of V(&) with respect
to the ideal 7, defined by the requirement that the ideal generated by the inverse image of J coincides with
the inverse image of Z. We claim that such an open formal subscheme, denoted by B, represents the desired
functor.

In local coordinates, let U = Spf(R) C S be an open formal subscheme such that Z is generated by a,
E|y is free with basis eq, ..., e, such that e; = s; modulo « for i = 1,...,m, and ey, 41, ..., e, define a basis
of Q. Then V(&)|y is the formal scheme associated with R(X}, ..., X, ) where X; corresponds to e; and J |y
is the ideal (o, X7 — 1,...X,, — 1). In particular, one sees that

B|U = Spr<Z1,...,Zm,Xm+1,...,Xn>

with morphism B|y — V(€)|y given by the map X; — X, for i = m+1,...,n and X; — 1+ aZ; for
1=1,...,m.

For every formal scheme T over U, a section p € V(E)(T) = Home, (t*E, Or) is defined by the images
a; := p(t*(e;)) of X;’s. Then p € Vo(&, s1,...,58m)(T) if and only if a; = 1 mod « for i = 1,...,m. Hence, p
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determines uniquely a T-point of B|y given by X; — a; for i = m+1,...,n and Z; — “‘T_l fori=1,...,m.
Conversely, any T-point of B|y defines a section p € Vo(&, s1,..., 8m)(T).

One can then verify that the isomorphism B|y = Vo(€,s1,...,8nm)|v glues to an isomorphism B =
Vo(€, s1,...,5m) as formal schemes over V(E). The functoriality is immediately checked by construction. [

3.2 Filtrations on vector bundles with marked sections

Let S and € be as before. Suppose F C & is a subsheaf, locally free of rank m, such that £/F is locally free
of rank m — m. Suppose also that the sections s1, ..., s, of £ define an Og-basis of F. By the functoriality,
we have a commutative diagram

VO(&SL e Sm) — V(E)

l |

Vo(]:7817...,8m) —_— V(f)

Welet f:V(E) =S, g: V(F) = Sand fo: V(& 81,...,8m) = S, go: Vo(F,$1,...,8m) — S denote the
structural morphisms.

Lemma 3.3 ([AI21, Lemma 2.5]). The above diagram is Cartesian. In particular, the vertical morphisms
are principal homogeneous spaces under the formal vector group scheme V(E/F).

Corollary 3.4 ([AI21, Corollary 2.6]). Let notations be as above. The sheaf fo Oy (e.s,,....s,,) 15 endowed
with an increasing filtration File fo «Ovy,(g,s1,...,5,,) With graded pieces

M )‘S’NL

Gy, f0,eOVo(E51im) = 90OV (Fosr.ism) D0 Sym™ (E/F).

Remark 3.5. The proofs of above two results can be derived from the following local description. Locally,
let U = Spf(R) C S is an open formal affine subscheme such that F, £ are free with basis {eq,..., e} (resp.
{e1, - sem, fmitls---, fn}). We can write

Vo(F,Sl, .. .,Sm)|U = Spf(R<Z1,. . .,Zm>),
Vo(g,sl,...,sm)|U = Spf(R<Z1,...,Zm,Xm+1,...,Xn>)

as in previous section. In particular, the filtration Fily fo «Ovy, (g s,,....5,,) (U) consists of polynomials of degree
at most h in the variables X, 11,..., X, with coefficients in R(Z1,...,Z).

3.3 Connections on vector bundles with marked sections

Fix a Zp-algebra A and an element « € A such that A is a-adically complete and separated. Suppose that
S is a formal scheme locally of finite type over Spf(A) and the topology of S is the a-adic topology. We let
Q}g /A be the Og-module of continuous Kéhler differentials.

Grothendieck’s description of integrable connections. Let P = Pg:=Sx,4S5and A : S — Pg be the
diagonal embedding. Tt is a locally closed immersion, and we let P(1) be the first infinitesimal neighborhood
of A: if locally on P the morphism A is defined by an ideal .#, then P(1) is defined by .#2. There are two
natural projections ji, jo : PV — S.

Then, giving an integrable connection V : M — M ®o4 QIS /4 OD 2 locally free Og-module of finite rank
is equivalent to giving an isomorphism of Opa)-modules

€:j3(M) = Opn) ®og M = ji (M) = M ®0g Opa)

such that A*(e) = Id on M and e satisfies a suitable cocycle condition with respect to the pullbacks of three
possible embeddings from S x4 S to S x4 .5 x4 S.
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Remark 3.6. This is a well-known fact (c.f. [BO78, § 2]), but we will recall it for later use. First, one
observes that the sheaf Og®QOg has two Og-module structures. Namely, the one given by Og®1 and the other
given by 1 ® Og. They give rise to two Og-structures on Opay which correspond to the structures induced
by ji and j3. Also, we have a natural map Og ® Og/.# — Og and hence a map Opq)/(F/F7?) = Og.

Now suppose we have an isomorphism e as above. The condition A*(¢) = Id is equivalent to saying that
€ = Id on M modulo .#/.#2. We also remark that the Og-structure on Opa) used for the tensor product
Opay ®og M is the one given by Og — 1 ® Og. One defines § := €0 j5 : M — Opn) ®o, M and

V(m):=6(m)—m® 1.
By the assumption of ¢, V(m) € M ® . /.2 = M ® Q. For the Leibniz rule, one computes, for s € Og
and m € M, that
V(ism)=0(sm)—sm®1=(18s)0(m)—(s®1)(m®1)

=1®s)f(m)—(1s)(mx1)+(1@s)(me1)-(s®@1)(me1)

=(1®s)V(m)+ds-(m®1) =sV(m)+meds
where we identify 1 ® s —s® 1 =ds in .¥/F? 2 QL.

Conversely, given a connection V, one defines
e(le@m)=me1l+ V(m).

One can then reverse the above computation to verify that € has the desired properties.

Lastly, we remark that this formulation allows us to define connections on an arbitrary quasi-coherent
Og-module M (not necessarily locally free of finite rank).

Suppose now that € is a locally free Og-module with an integrable connection V : £ — € ®o, Q1 and
s;’s are marked sections of £ that are horizontal for V modulo Z. This means that the reduction of the
associated isomorphism € : j3& — jT& satisfies €(j3(s;)) = ji(s;) for all 4. Let f: Vo(E,s1,...,8m) — S be
the structural morphism. We would like to give a connection on the sheaf f.Oy, ¢ s, ,..

~7sm)'

First, by functoriality, we have the commutative diagram of formal schemes over S

/P‘(sl/?A Xs V()(g, S1yevny Sm) i) Vo((‘:, S1y.vny Sm) Xg Pél/)A
PY % V(E) < V(E) xg PV
S/A "S 5 775/A

such that A*(ep) = Id and A*(¢’) = Id. Passing to functions, we obtain compatible isomorphisms

75 (f«Oy(ey) — 71 (f«Ov(ey)

| * |

35 (f0,.O0v, (.51, 8m)) —— J1 (fo,xOvo (€51, 05m))

such that A*(ej) = Id and A*(¢"*) = Id. By construction, when restricted to the submodule £ C f.Oy s,
€’"* coincides with e. Hence, via Grothedieck’s correspondence, there are compatible integrable connections:

j - € ®os Q}‘S/A
fiOyey ——F—— f:Ov(6)®05 4

l !

Vo ~ 1
JoxOvg(es1,ssm) — J0.4Ovy(E,51,,8m) B0 g 4 -
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Assume further that we have a direct summand F C £ as in the setting of Section 3.2. Recall that there
is a filtration Fils fo «Ov,(g.s;,....50m) O f0.4Ovo (£, 51, 5m)

Lemma 3.7 ([AI21, Lemma 2.9]). The connection Vg satisfies Griffiths transversality with respect to the
filtration File fo«Ovy (g, s,....sm)- That is, for every integer h, we have

V(Filn fo,xOv(51.008m)) C Filht1 f0,4Ovg(s1,0ns8m) 005 U -

Proof. The statement can be checked locally. Let U = Spf(R) C S be an open formal affine subscheme such
that Z is generated by u € R. Suppose that F, £ are free with basis {ey,...,en} (resp. {e1,...,€m, fmt1s---s fn})-
Write

Vo(€)|lu = Spf(R(Xq,...,Xn)),
Vo(F,Sl, .o .,Sm)|U = Spf(R<Zl, ey Zm>)7
Vo(g,sl, .. .,Sm)|U = Spf(R<Z1, . -;Zmme—&-la . 7Xn>)

as before.

By assumption, for 1 < s < m, we can write V(es) = Y i ue; ® ag; + Z?:mH uf; @ Bs,; where
s, Bs,j € Q. Hence,
m n
V/(XS) :ZuXi(X)aS,iJr Z UXj ®ﬂs,j.
i=1 j=m+1

Since X, = 1+ uZ,, we deduce that

m

Vo(Z) =Y (Xi®asi—Zi®du)+ Y. X;®P

i=1 j=m+1

for 1 < s < m. Recall that the filtration Fily, fo,«Ovy, (¢ s,.....s,,)(U) consists of polynomials of degree at most
h in the variables X, 11, ..., X, with coefficients in R(Z1, ..., Z;,). One then verifies Griffiths transversality
by Leibniz’s rule. O
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4 Overconvergent modular and de Rham sheaves

In this part, we will recall the constructions of overconvergent sheaves by using vector bundles with marked
sections. The arguments mainly follow [AI21, § 3], with some inputs from [Kaz22]. Again, we do not claim
any originality of the proofs.

Throughout this section, we will let N > 4 be an integer, p be a prime not dividing N and let ¢ = 4 if
p =2 and g = p if otherwise.
4.1 The weight space

We let A := Z,[Z)] = Z,[(Z/qZ)*][T] be the Iwasawa algebra. Here the isomorphism is given by exp(q) +
1+ T. We also let A° =Z,[T]. Then we have two formal schemes

20 := Spf(A) and 20° := Spf(AY)
which are called the weight spaces. Recall that for any p-adically complete Z,-algebra R,
Homcont,ZP (A7 R) = I—Iorncont,Z(Z;)< , R* )

Then 20° is the connected component of the trivial character in 2J. We define W := Spa(A, A)*® to be the
analytic adic space associated with A, and similarly W° := Spa(A°, A?)an,

For any interval I = [p?,p®] C [0, 00] with a € NU {00} and b € NU {oo}, we let

a b
Wi ={z € W° [ [pla <|T7 |2 # 0,|T7 |2 < [pla # O}

We will mainly focus on the following two cases of I:
1. I =10,p"] for some b € N;
2. I =[p* p®] with a € N and b € NU {cc}.

We then have the descriptions of WY for these two cases:

"\ 1 T’
s 1) [ ().
’ p p p
b b
o _ of p TP NN o) p TP
W[pa’pb]_spa (A <Tpa> p >|:p:| 7A <Tpaa p .

For I as above, we can similarly define Wy, which is the componentwise union of W?. We let A9 :=
F(W?,O)‘fvo), Ap :=T(Wy,04,) and 209 := Spf AY, 20, := SpfA;. For I = [0,p"], we choose a pseudo-
I

uniformizer a = p and for I = [p®, p®], we take o = T

Remark 4.1. Throughout this thesis, we will be mostly dealing with the case I = [0,1] and a = p.

The universal character.

Definition 4.2. Given a p-adically complete and separated ring R, we say that a continuous homomorphism
k:Zy — R* is an analytic weight of radius p* for a € N if there exists an element u € R[%] such that
k(t) = exp(ulogt) for every t € 1+ p°Z,,.

Let kUniv . Z5 — A be the universal character. We denote by k° := funiv.0 . 75 — A° the character
obtained by k"™ via the projection A — A°. We also let kf : ZY — A9 be the restriction of k” to Wy.
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Lemma 4.3. For I C [0,q™'p"], the restriction of k9 to 1+ qp"~1'7Z, is analytic. In particular, it extends
to a character
kY : WP x ZX(1+ qp"'Gf) — G,
which further restricts to
K7 WP X (14 gp™t ™ 1GE) = 1+ ™G

for allm > 0.

Proof. ([AIP1817 Proposition ?1]) For2simplicity, we let [ = [10, q~1p"]. One first observes that k19 (exp(gp™~1))—
1=(1+T)P" —1e (TP ,pTP" ",p"'T). Since T?"  is divisible by ¢ in A} = A%(T9 ?" /p), We can
write (1—|—T)pn_1 = 1+¢gh(T) for some h € AY. In particular, the element v/ = log((l—l—T)pn_l) is well-defined
in AY. As 1+ gp"~'Z, is isomorphic to gp"~1Z, via the exponential and the logarithm, for any r € Z,, we
have

ki (explap ') = exp (rlog((1+ 7)) = exp (qp"_lr | qul—l log((1 + T)p"l)) |

Hence k9 is analytic with u = W% log((1 + T)le). The rest of the statements then follow from direct
computations. O

4.2 Modular curves and Igusa towers

Let Y = Y1(NV)/Z, be the moduli scheme of elliptic curves with I'; (IV)-level structure. Let X = X;(N) be its
smooth proper compactification of Y that classifies generalized elliptic curves with I'; (IV)-level structure. We
let X, 2 be the formal completions of X, Y along their special fibers respectively. Lastly, we let 7: £ — X
be the universal semi-abelian scheme.

Similarly as in §2.1, the two sheaves ﬂ*(QEQ) /) and R, (Q3, o)) have canonical extensions to X, which
will again be denoted by wr and H respectively. The sheaf wg is locally free of rank 1 and # is locally free
of rank 2 with a Hodge filtration and a Gauss—Manin connection.

The Hodge ideal, denoted by Hdg, is the ideal of Ox defined locally by: on an open affine U = Spf(R)

of X such that wg|y is a free R-module of rank 1, Hdg is generated by the value Ha(F/R,w), where Ha is
a lift of the Hasse invariant and w is any R-generator of wg,,. Recall that when p > 5 case we can simply

take Ha = E,_1, the Eisenstein series of weight p — 1. By abuse of notations, we will also write Hdg for a
local generator of the ideal Hdg.

The Partial Igusa tower. Fix an interval I = [p® p*]. Let X; := X XSpfz, 209. By an abuse of
notation, we also let Hdg be the Hodge ideal inside Ogx,/(«) where recall that « is the chosen pseudo-

uniformizer depending on I. For any r > 1, consider the inverse image of Hdgle under the natural map
r+1
Ozx, = Ozx,/(a) and call this ideal Hdg,. Locally over Spf(R) C ¥, Hdg, is equal to (o, Hdg” ’ ).

Let X, ;1 — X1 be the open in the admissible blow-up of X; with respect to the ideal Hdg,., defined such
that the inverse image of Hdg,. is locally generated by Hdg” "

In case 1, that is, I = [0,p"], then ﬁ € Ox,,. If I = [p”,p’] as in case 2, then

We let n be an integer with 1 <n <rincase 1, and 1 <n < a4+ r in case 2.

D
Hagror T € Ox, ;-

Proposition 4.4. For I,r,n as above, the semi-abelian scheme E — X, 1 admits a canonical subgroup H,,.
To be more precise, we have the following properties:

p"—1

1. H, lifts ker(Frob) modulo p/A, where Frob is the Frobenius and A = Hdg »—1 ,

2. For any a-adically complete admissible AY-algebra R with a morphism Spf(R) — X,.1,
H,(R) ={s € E[p"](R) | s mod p/X € ker(Frob)},

3. Let L, = E[p"]/H,,. Then wy, is killed by A and we have wr, = wg/ g,

24



4. E[p™]/H, = H) through the Weil pairing.
Proof. The proof of these facts about the canonical subgroup can be found in [AIP18, Appendice A]. O

Definition 4.5. Let I, 7, n be as above. We let ZG,, .1 — &, 1 be the adic space which classifies trivializations
Z)p"Z = H), and define g, : J3&,, .1 — X, 1 to be the normalization of X, ; in ZG,, ,t.

Fact. (c.f. [AI21, § 3.1]) The morphism ZG, ,; — X, is finite étale and Galois with the Galois group
(z/p™Z)*. The morphism g, : 3&,, ,; — X, is finite and is endowed with an action of (Z/p"Z)*.

4.3 Heuristics on vector bundles with marked sections and overconvergent
sheaves

In this subsection, we will briefly explain the idea of using vector bundles with marked sections to construct
overconvergent sheaves. We figure it would be helpful to give a picture of the theory before going into
detailed constructions. We also set up several notations that will be fixed during the following subsections.

Fix a positive integer n, then we take I = [p®,p®] such that k9 is analytic on 1+ p"~'Z, and r such that
H,, is defined over X, ;. For example,

1. I=10,1]: Forp#£2,take 2<rand 2<n <r. Forp=2,taker >4 and 4 <n <r.

2. I =[p® p*] with a,b € N: For p# 2, take b+2<a+randb+2<n<a-+r. Forp=2 2<r, take
b+4<a+randdb+4<n<a-+r.

The idea is fairly simple. First, one would like to construct a (1 + p"~'Z,)-torsor 7 : T — X,.;. Then for
an analytic weight k;, we consider the sheaf 7,O<[k?] on which 1+ p"~'Z, acts by k9. The sections of such
a sheaf should be close to a family of modular forms of weight k?. Vector bundles with marked sections,
especially the marked sections (say, modulo p"~!), provide a desired 1+ p”lep—action. Following this idea,
we can construct overconvergent modular and de Rham sheaves, denoted by mgl and Wg} in §4.4 and §4.5.

On the other hand, let k‘f : (Z/qZ)* — Z) — Ar be the torsion part of the universal character k;.
For p # 2, we consider the morphism h : 3&;,; — X, ; and for p = 2 we consider h : 385, — X, 1.
Set m£1 = h,.Ose [kﬂ, which takes care of the torsion part action. We then let wy, = m21®m£1 and
Wi, = W21®m£1. These are sheaves that interpolate Sym‘wy and Sym®# respectively for all classical
weight ¢ € Z.

i I

Remark 4.6. According to A. Kazi’s observation in [Kaz22, § 1.3], the idea of using vector bundles with
marked sections can be explained in the following way. As wg is a line bundle, its isomorphism class [wg]
can be viewed as an element in H'(X,G,,), where the cohomology is the Cech cohomology. For a classical
weight ¢ € Z, w¥, corresponds to the image of [wg] under the map H'(X,G,,) 4 HY(X,G,,) induced by the
{-th power map on G,,.

Now one would like to extend the same process to a p-adic weight. To do so, one needs the analyticity of
k. Suppose k is analytic on an open subgroup 1+p"~'Z, C Z, . Then we consider the map k : 1 +p" G, —

@;. It is not hard to see that the group H'! (X,1+p"1G,) classifies line bundles .Z on X together with
an isomorphism Ox/p" 10x = Z/p" 1. In other words, the sheaf . comes with a marked section
corresponding to the isomorphism. This gives a more intuitive explanation of the use of vector bundles with
marked sections.

4.4 The overconvergent modular sheaf tv;

Let n,r, I be fixed as in previous sections. Then the trivialization of H)Y over ZG, , ; induces an equality

Z/an = H;{(j@nﬁ-,j) = H;,/(Ign,r,l)~
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Let PV denote the image of 1 € Z/p"Z in HY (3, , ). We have a diagram of Oy
[AI21, A.1])

-linear maps (c.f.

n,r, I

WwE

dlog J’

N e
HY(36,,..1) wy, wg/p"Hdg™ 71 wg.

Recall that a point P € HY(R) gives a group homomorphism vp : H,, g — Gy, g, which allows as to defined
dlog(P) := 5 (dt/t) where dt/t is the canonical differential on G,,.

Set B, := p" Hdg7 T and view s := dlog(P""V)) as a section of wg/By,wr by a further quotient of the
above diagram.

One may naively expect (wg, s) to be a locally free sheaf with a marked section and then construct the
modular sheaf via Vo(wg, s). Unfortunately, the data (wg,s) does not satisfy the condition in Section 3
since the cokernel of the inclusion

5 (056,.,./Bn056, ) = we/BuwE

is annihilated precisely by § := Hdgﬁ. Hence one needs to modify either wg or s.

Definition 4.7. Define Q2p C wg to be the inverse image of dlog(PuniV) under the map wg — wpy,. We
call Qg the modified modular sheaf.

Then we have the following properties (c.f. [AI21, A.1]):

1. Qp is a locally free O34 -module of rank 1.

n,r,I

2. The map dlog induces an isomorphism

Hv(jﬁnm[) ®z Oj@ﬂ,,r,l/ﬁn = QE/BRQE

In particular, the pair (Qg.s) is a locally free sheaf with a marked section. Also, we have Qg = dwg, which
implies that Qg is actually a free Oy¢,, . ,-module for p > 5.

Now, we have the formal scheme Vo (Qg, s) with morphisms

o, ~ gn
u:Vo(Qg,s) — 36, .1 = X, 1.

The morphism ug : Vo(Qg, s) — I&,, 1 carries an action of the formal group scheme J := 1+ 3G, which
realizes Vo(Qg, s) as a torsor. The action can be described explicitly on points. Let p : Spf(R) — I3, .1
be a morphism such that p*(wg) is free of rank 1. By abuse of notations, we let 3, and § be a generator of
5" (B) and p° (3)

An R-point (p, f) € Vo(Qg, s)(R) consists of a morphism p as above and an element f € Homg(p*Qg, R)
such that f(p*s) (mod B,) = 1. Then for any ¢t € 1+ 5, R, the action is defined by ¢ * (p, f) := (p,tf). It is
clear that (p,tf) is still an element of Vo(Qg, s)(R).

One can also describe it in local coordinates. Recall that we can take an R-basis e of p*Q2g such that
e (mod B,) = p*(s). Then we have Vo(Q2g,s)(R) = Spf R(Z) — Vo(Qg)(R) = Spf R(X) induced by
X — 1+ 3,7, where X corresponds to the chosen basis e.

On the other hand,
Vo(Qg,s)(R) = {f: p*Qr — R| f(p*s) mod B, =1} = (1+ B.R)e"

where €V is the dual basis to e. In particular, an element (1 + 3,7)e" correspond to the map R(Z) — R
(1+8nr)—1

sending Z — r = 3
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One can then define the action of 1+ 3, R on R(Z) by letting ¢ * Z be the element in R(Z) such that
(txf)(Z)=f(t*Z) for all f €Vy(Qg,s)(R)andte 1+ [,R.

Suppose that t =1+ 3,b, f = (1+ Bra)e” and txZ = > °_ ¢, Z™. By definition, f(t*Z) =Y ¢pa™,
and txf = (148,0) (14 Bna)e’ = (148, (a+b+Brab))e’. We see that (txf)(Z) = a+b+S,ab = b+(1+5,b)a,
and hence t « Z =b+ (1 + p,b)Z = tﬂ_—nl +tZ.

Since there is a (Z/p"Z)*-action on g, : I&,, , 1 — X, 1, the action of J can be extended to an action of
Jext .= Zy (1 + BnGa) on u: Vo(Qg, s) — X, 1. We here describe this action.

Let A € ZX and X be its image in (Z/p"Z)*. Then A may be viewed as an isomorphism A : 3&,, . —
38,1 over X, ;. Hence it induces a natural isomorphism 7, : Qp = M Qp characterized by 1, (s) = A1 s
(mod p"). The action of Z) is defined by A (p, f) := (Aop, fo )

Definition 4.8. Let k; : Z)Y — A; be the universal character on Wr. Then we define wy, := u.(Oy,(qy,s))[F1]-
That is, the subsheaf on which 3¢ acts by k;.

Local description of mgl. For simplicity, we write k = k. Let wo) : 10+ (Ovy(p,s)) k], which is a sheaf
on 36, 1.

Lemma 4.9. Let p: Spf(R) — 38, .1 be as before. Then we have the local description of w?.
1. p(wl) = R(Z)[K] = R- k(1 + 5,2).
2. mg is a locally free sheaf of rank 1.
Proof. 1. First note that by the analyticity of k, k(1 + 8,7Z) € R(Z) is a well-defined element. Moreover,

for t € 1 + B, R, we have
tx (14 6.2)=1t-(1+ Bn2).

This implies that t x k(14 5, 2) = k(t) - k(14 pnZ), i.e. R-k(1+ B,Z) C R(Z)[k]. For the inverse inclusion,
we refer to [AI21, Lemma 3.9].

2. It follows directly from part 1. O
Remark 4.10. The element k(1 + §,Z) should be viewed as the “k-th power” of 1+ 3, Z. For this reason,
we will also write (1 + 3,2)* for k(1 + 3,2).

Remark 4.11. If we wish to describe to;, we need to consider the Z;—action on mg and descend from
36, 1 to X, 7. In particular, one sees that g,, (1) decomposes into |(Z/p"Z)* |-pieces according to the
residual action.

4.5 The overconvergent de Rham sheave W,

Similar to the modular sheaf, the pair (,s) is not a locally free sheaf with a marked section either. So
again, we need to modify it.

Definition 4.12. We define H¥ := Qg + 6PH to be the modified de Rham sheaf. It is the push-out in the
category of coherent sheaves on X, ; of the diagram

5pwE — O0PH
N
Qp
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As 6 is locally free, ! is locally free of rank 2. Moreover, it sits inside the following commutative diagram

with exact rows:
1

0 — Pwgp —— "H —— Pwp, —— 0
N J I

0 Qp H Pwpt —— 0
8 | n

0 WE H w,}l 0.

It follows that (HF,s) is a locally free sheaf with a marked section, where recall that s = dlog(P"")
is viewed as a section of Qg/B,Qr C H!/B,H*. Hence we have Vo(H?, s), together with a morphism
vo : Vo(H*, s) — J&,, .1 that factors through ug. We let v := g, o vy : Vo(H?, s) — X, 1.

Recall that Qp C H? gives a filtration of locally free sheaves with a marked section (Qp,s) C (HE,s).
Therefore, the sheaf v, (Oy,x:,5)) is endowed with a filtration Fils (vi(Oy, (st ,s)))-

Similarly, there is an action of J on Vo (#H?f, s) over 36,1 and an action of J°** on Vo(HE, 5) over X1
Definition 4.13. Let k; : Z)Y — A7 be the universal character on Wr. Then we define Wy, := v.(Oy, (32 s))[k1]-

Theorem 4.14 ([AI21, Theroem 3.11]). The action of 3% preserves the filtration on v.(Oy,(yz s)). For
any h € N, define Fil, Wy, := Fily, v«(Oy,nz s))[k1]. Then,

1. Each Fil, Wy, is a coherent Ox, ,-module of finite rank.
2. Wy, is the a-adic completion of limp,_,o Filp, Wy, .
3. Filg Wy, = oy, and Grp, Wy, = wy, ®oxr E Hdgh wE%.

When we specialize kj to a classical weight m € N, viewed as a point in the weight space, and write W, for
the corresponding base-change of Wy, , then we have the identification

Sym™ (H)[1/p] = Fily (Wi)[1/p]

over the adic fiber X, . Moreover, this identification is compatible with the natural Hodge filtration on

Sym™ (H).

Local description of W{ For simplicity, we write k = k; and W} := 00+ Oy, () [k].  We first give
descriptions of the J-action.

Let p : Spf(R) — J3&,, .1 be a morphism such that p*(wg) is a free R-module of rank one and 8, be
as before. We fix an R-basis (e, €) of p*(#*) such that e (mod 8,) = p*(s). We denote by (eV,e’V) the dual
basis. Then we have

Vo(H¥,s)(R) = {f = ae” + b’V |a €1+ B,R,bE R}
Also, we have Vo(H?, s) X3, 9pf R = Spf(R(Z,Y)), where a point ae” 4be’" corresponds to the R-algebra
homomorphism R(Z,Y) — R given by Z + %=L and Y ~ b. As before, the action of t € 1 + 3, R on f is

Bn
simply ¢« f = tf. In terms of coordinates Z and Y, we have t x Z = tg—: +tZ, txY =tY.

Lemma 4.15. Let p: Spf(R) — J3®,, .1 be as above. Then we have

Ym

A

p*(UO*(OVo(Hﬁ,S))[kD =R(Z,Y)[k] = {Z am(1+ 6nZ)k
m=0

where a., € R for all m and a,, — 0 as m — oco. Moreover, the filtration is given by

Ym

h
P (Bil v, (Ov, e )K) = {3 a1+ Bu2)

m=0

1.
One can see that this description is in accordance with the fact that Filg W{ = rof.
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Proof. (c.f. [AI21, Lemma 3.13]) The proof is similar to Lemma 4.9, so we adopt the same notations. Clearly,
(14 B,2)F~mY™ € R(Z,Y). In addition, for t € 1 + 3, R, one can check that

tx (14 B Z)F~mY™ = k(t) - (14 BnZ)F—my™

for all m > 0.

For the converse inclusion, one needs to observe that the (14 3, R)-invariant subspace of R(Z,Y") is R(V)

where V := ﬁ (c.f. proof of [AI21, Lemma 3.13)). If f(Z,Y) € R(Z,Y)[k], then
f(Y,2) 148, R
_I2) gz y )R — RV,
0+ gy < AT v
Hence, f(Y,Z) € (1 + B,Z)*R(V), which proves the lemma. O

4.6 The g-expansions

ord

For any morphism & — X, we let &°™4 be the the inverse image of the ordinary locus X°*¢. Over Jey

we have Hf = H = wp @ wgl via the unit-root splitting. In particular, the splitting induces an isomorphism

Vo(HF, 5)7 = Vo(wp, 5)™ Xgpem | V(wg').

Assume that the weight k is analytic on 1 + p"Z,. Let u®™ : Vo(wg, s)°'4 — X be the canonical

projection, then the global sections of wggd = Ugrd(OVo(was)ord)[kO] over X°' coincide with Katz’s p-adic
modular forms of weight k°. Similarly, we can define wgrd = wzéd ® wp;|xora. Then we have canonical

decompositions

WY gora = wti® Sym(wj?),

Wi | gora 2 wr& Sym(wp?).

So there are natural splittings

ord

d
W gora = wibd, Wi |xgora — Wi

of the filtrations Filg Wg and Filg W,.

Definition 4.16. Using the g-expansion map for Katz’s p-adic modular forms, we obtain the following map
HO (X1, W) =5 HO(X Wi |ora) — H(X, w™) — Ar((q)),

which we will call the g-expansion map.

The g-expansion map can be made more explicit by using the Tate curve. Consider the Tate curve
E = Tate(q") over Spf(R) with R = A%((q)). We fix a basis {Wean, can = V(0)(wean)} of H, where 0 is

the derivation dual to % = KS(w?,,). Let W9(q) be the module of WY over the Tate curve E. Then we

have the local description W9(q) = R(V)(1 + p"Z)* where V := m%z- If we set Vi.i(q) = Yi(1+pn2Z)k—i,
then Fil, W9(q) = Z?:o R -Vj;. The g-expansion map correspond to the projection W¢(q) — R given by
> i>0@iVk,i(q) = ao. The g-expansion map for Wy can be described similarly by replacing A%((q)) with

As((9))-

Remark 4.17. As the local description is constructed by using the canonical basis {wean, 7Jean } of H on the
Tate curve, when specialized to a classical weight ¢ € N, the basis V;; is specialized to the element w’;in¢
for all 7 < ¢.
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4.7 The operators U and V

Similar to the classical case, we can define the operators U and V' by using Hecke correspondences, as recalled
below.

Consider the two morphism p;,ps : X,41,1 — X, 1 defined on the universal elliptic curve by £ — E and
E — E' := E/H; respectively. Over 3&,, .41 1, we have the isogeny A : E/ — E, which is dual to the natural
map 7: E — E'.

Proposition 4.18 ([Al21, Proposition 3.24]). The isogeny A induces a morphism of Ox,. ,-modules
U : p2*pTWk — p2*p§Wk

which commutes with the Gauss—Manin connection and preserves the filtrations.

Further, as the map p- is finite flat of degree p, there are well-defined trace map tr : p2,Ox
and tr : pa.p5 Wy, — Wy. We then define the operator U as

— Oxr,l

r1,1

Uopa.py % %tr _
U: HO(X, 1, Wi) 220 HO(%, 1, poupsWi) —— HO(%,.1, Wi)[p1].

Proposition 4.19 ([AI21, Proposition 3.25]). Assume that I C [0, 1] and let o = p or assume that I C [1,00]
and o = T. Then U(H®(X, 1, Wy)) C éHO(.’{nI,Wk), and the induced map on H°(X, 1, W/ Fil, Wy) is 0
modulo alh/P1=1 for h > p. Moreover, if m € N is an integral weight, then the identification Fil,, W,,[p~!]
Sym™ H[p~Y|x. on the adic fiber is compatible with the U-operators defined on the two sides.

X’f‘

Passing to the adic fiber X, ;, we have the following result.

Corollary 4.20 ([AI21, Corollary 3.26]). The operator U on H°(X,. 1, Wy,) admits a Fredholm determinant
Pr(k,X) € A;[X], and for any non-negative a € Q, the space HY(X,. 1, W},) admits a slope a-decomposition.
Similarly, for any h € N, we also have the Fredholm determinant PP (k, X) on H(X,. 1, Fil, W) and a slope
a-decomposition. Finally, for a fized a € Q, the inclusion H(X,. 1, Fil, W;)S® € HO(X, 1, W;)S® is an
equality for h large enough.

For the operator V, we first observe that the map ® : X,1; — X, 1, previously denoted by ps, lifts
naturally to ® : I&,41 41,1 — I8, ;. By [AI21, § A2] the dual isogeny A induces an isomorphism
A Qp — ©*(Qp) over 38,41 41,5 and hence a morphism Wj, — ®*(Wy) which provides an isomorphism
A* 1oy, — @*(1og) on the 0-th filtrations. We then define

Vo HO (X p,wp) = HO(X g1 rwg), V(y) = (W) 7107 ().

Note that on the g-expansion Y. ., a,q" of an element in H°(X, r, ), we have the familiar formulae

U(Z anqn) = Z anpqnv
V(Z anq") = Z anq™”.
In particular, U o V = Id.
Definition 4.21. Let f € H°(X,. 1,10;). The p-depletion of f, denoted by fIPlis defined as fIP) := (1-VU)f.

Remark 4.22. Let ano anq” be the g-expansion of f, then the g-expansion of fIP! is ZnZO,p’rn anq™.
Consequently, one easily sees that U(f[?)) = 0.

4.8 p-adic iterations of the Gauss—Manin connection

We first study the explicit description of the connection on Wy,. Let p : S = Spf(R) — J&;, . ; be a morphism
of formal scheme over Spf(A}). Assume that the composite of p and the projection to the modular curve
X factors through ¢ : S — U where U C X is an open affine over which # is free with basis {w,n}, and w
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spans wg. Let the notations 6, 5, be as before. By definition, the R-modules (*# and p*#H?! are free of rank
2 with basis {(*w,(*n} and {¢’ = dw, e = 6Pn} respectively.
To describe the connection, we utilize Grothendieck’s formalism. Let P™") ¢ Spf(R® A0 R?) be the first

infinitesimal neighborhood. The R-module p*(#H*) admits an integrable connection V*, which can be ex-
pressed as an isomorphism € : j3(p*(H*)) = 55 (p*(H?)), where j; : S x S — S is the projection to the i-th
component. Let

b
A= (ﬁ d) S GLQ(Op(n)

be the the matrix of ¢# with respect to the basis {1®¢€’,1® e} and {¢/ ® 1,e ® 1}.
Lemma 4.23 ([AI21, Lemma 3.20]). We have
1. a=1+ag, d=1+dy with ag,b,c,dy € I(A). So a2 =b*>=c*=d3 =0 in Opq).

2. If we interpret ag,b,c,dy € I(A)/I(A)? as elements in QlR/A(J’ then ag,b,c,dy € H%ig - C* (%) and
I
Hdg -c is the Kodaira—Spencer differential KS(w,n) associated to the local basis {w,n} of H.

Proof. The first statement comes from the fact that A =Id (mod I(A)), and I(A)? =0 in Opq).

For the second statement, recall that V* is uniquely determined by the connection on p*H* C (*H. Note
that we have 6?~! = Hdg by definition, and in this situation 6?~! = ¢*(u) for a section u € H°(U, Oy). So
we have

d¢*(u) = doP~ = (p — 1)6P72ds = (p — 1)6P " dlog(6).

This implies that dlog(d) = (p — 1)~ *dlog(¢*(u)) € Hidgg*Q;/Zp. The Kodaira—Spencer isomorphism
KS:wg — wgl ® Q%{/zw

provides a basis element © := KS(w, n) of Q) sz, over U characterized by the property KS(w) =n® 6. We
may now write the connection as

Vw)=mw®0 +n®06
V() =qw®0+mee,

where m, q,r € H°(U, Oy). Hence, omitting the notation ¢* for simplicity, we have

Vi) = V(6w) = 6V(w) + dw @ dlog(é)
du 1
. / /
_me®®+e®@jﬂa+§:e®&
Vi(e) = V(6Pn) = 6PV (n) + péPn @ dlog(d)
du

=" ' R0 +re®@O +pe @ ———.
(p—1Du

Carefully writing down the correspondence between V# and the isomorphism ef, we see that the entry ¢ of
the matrix A is 5?%16. O

Now we wish to understand the induced connection on the vector bundle with a marked section. Let

> Y
* 0y __ m k _
be the local description of W{. Similarly, we have
= Y
sk ak 0 _ m k -k _
Ji (¢ (Wk)) = {Z am V" (1 + BnZ)" | am € Ji (R), am — 0, V = m}

m=0
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To describe the connection V on Wy, it suffices to describe its corresponding isomorphism e, : ji3 (¢*(WY)) —
JT(¢*(W?)). This isomorphism is induced by the matrix A. As X =1+ f3,,Z corresponds to the basis ¢’ and
Y corresponds to the basis e, X is sent to aX + c¢Y and Y is sent to bX + dY. Hence, one gets

exo s (V™ (1+ B,2)F) =

Ji[b+dV)™(a+ V)" (a+ cV)k(l + BnZ)k}
Jil(a+ V)™ (b 4+ aV)™ (1 + B, 2)").

-
J1
-
J1

Use the fact that k is analytic with k(t) = exp(ulog(t)) for some element u € p'~"AY%, we can write
(a+cV)F=m = exp((u — m)log(l + ag + cV)) = 1+ (u — m)(ag + cV). On the other hand, (b + dV)™ =
(V4+b+doV)™ = V™ +mV™ (b + dyV). Therefore,

k0 j5 (V™1 + B, 2)F) = j; [(1 + mdo + (u — m)ag)V™ +mbV™ ! + (u — m)eV™ ) (1 + B,2)"].

We can now recover Vj, by using the relation Vi, (V™ (1+8,2)%) = €055 (V™ (1+ 8, 2)%) — 5 (V™ (1+B8,2)*).
To be more precise, we have
ViV (1 + BaZ)")
=(mV™@dy+ (u—m)V"R@ag+mV" ' @b+ (u—m)V™" @c) x (14 B.2) ® 1)*. (24)

Let E = Tate(¢") be the Tate curve over Spf(R) with R = Ar((q)) as before. Recall that we have a
basis {wean, Nean := V() (wean)} with 6 = qdiq. With respect to this basis, the matrix of the Gauss—Manin
connection V is given by

(4 o)
dg
7 0

V(aVi,n) = 0(a)Vigo,n + a(ur — h)Vigo pti-

By equation (24), on W (q) we have

Note that when specialized to a classical weight ¢ € Z, this is the familiar formula for V on Sym* # as uy, — ¢
under the specialization.

Iterating this formula, we have the following lemma.

Lemma 4.24. Let g(q) € R and s € N. Then we have the formula
V*(9(q)Vi,n) Z as kni0°79(q) - Viros htj

where as .p,; € R are given by as ppo =1 and

" _:<s> (ug —h+s—1)(u, — h+ 1)(ug — h)
8ik.hg j)ug—h+s—1—73) - (ug —h+1)(ur — h)

_ <?>ﬁ(ukh+sli).

J i=0

One might naively expect the same formula to hold for an arbitrary analytic p-adic weight s : Z; — Ay,.
However, one needs to worry about the convergence of the operator. One should also be aware of that the
norm we are considering is not the naively one given by the Gauss norm on g-expansions, but rather the
sup-norm of functions on a strict neighborhood.

We will list below a series of results on (integral) iterations of the Gauss—Manin connection, which in the
end leads to the convergence of certain p-adic powers of V (Theorem 4.30). We prefer to omit the proofs,
since they are highly technical and lengthy. Detailed computations can be found in [AI21, § 3.10 & § 4]. We
hope that by providing these statements, the reader can at least grasp the idea of this construction.
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Proposition 4.25 ([AI21, Proposition 3.41 & Claim 3.42]). Assume that g(q) € R[q] is the q-expansion of
an overconvergent modular form g of weight k and U(g(q)) = 0. For every positive integer N, we may write

(p—1)pN oo

vl —1d)Np o (L4 pZ)2=h) Y2
<(pN)) (D) Vo = Z ZPN 2l )ph ) gfn,h)Vk,r
r=0 h=0

where gT(,]X) € RY=1 + pZ] is a polynomial in 1 + pZ with coefficients in RV=°. If we further assume
that uy € pAjg, then pN_QT_hgﬁz) € RU=C1 + pZ] for every r and h. In particular, p> T"=N divides gf,,Nh)
whenever 2r +h — N > 0.

Write tog(¢q) for the evaluation of the sheaf wy at the Tate curve. It can be viewed as a submodule of
Wi (q) via the identification 1oy (q) = Filo W (q).

Corollary 4.26 ([AI21, Corollary 3.43]). Suppose that we have g(q) € wi(q) with U(g(q)) = 0. Then for
every positive integer N, we have

(p—1)pN
(V1) (g(@) € D P00 2]V
n=0

Moreover, if ux, € pAyg, then

(p—1)pN
(VP 1) (g(g) €p™ - [ D wr(@)[ZVim

n=0

Assumption 4.27. Assume that the weights k and s satisfy the condition: k = x - ko -v and s = x' - 59 - w,
where

1. x,x’ are finite-order character on Z,’ and x is even.

2. ko and sg are integral weights such that kg is even modulo p. That is, there are integers a,b with a
even modulo p such that ko(t) = t, so(t) = t® for all ¢ € /o

3. v,w are analytic weights such that there exist u, € pAs, u, € gA;, satisfying v(t) = exp(u, log(t))
and w(t) = exp(u,, log(t)) for all t € Z,.

Suppose that g € H(X,.;, W;,)V=C and k, s satisfy Assumption 4.27. The idea is to set

Us

Vitg) = exp (S 105917 ) 0

and show that this expression makes sense and gives rise to a section of Wy yos.

Recall that we have fixed integers » and n as in §4.3. Set W := v.(Oy,(3z,)) and W) C W be the
subsheaf defined by Wi, := 3", ., W 0.
Proposition 4.28 ([AI21, Propopsition 4.11]). Let s be a non-negative integer. Then there exists a positive
integer b > r, depending on r,n and s such that for every section g € Hdg™® H%(X, 1, W) with g|x9r§1 €
HO(%gf}l,ij) for some 7 € N, we have g € HO(XbVI,pU/z]W). In other words, one can retain some
information on the divisibility by restricting to the ordinary locus.

Proposition 4.29 ([AI21, Corollary 4.12]). There exist integers b and ¢, depending on r and n such that,
for every g € H(X,,1, Wy)V=C and every positive integer N, we have

Hdg® =" (VP — 1)V (g) € p™/2P HO (%, 1, W) N HO(Xy, 1, W),
At last, we have the following main theorem.
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Theorem 4.30 ([AI21, Theorem 4.3]). Let k,s be two weights that satisfy Assumption 4.27, and let g €
HO(%M,W;C)U:O. Then there exists positive integers v and b depending on r,n,p and a unique element
Vi(g) of Hdg™" H(Xy,1, Wy25) such that on the g-expansions, if g(q) = >, gn(q)Vi,n, then

0o j—1
Vilg)(q) = Z Z (1;5) H(Uk +us —h—1—=9)07(gn(q))Virasht

h =0 i=0

where (u;) = us(“S*l)}i(us*jJrl)} and

6" (gn(q)) = > s(n)n anng"

if we write gn(q) = Zn,pm anng" -

Remark 4.31. In [Kaz22], a more refined tool called vector bundles with marked sections and marked
splitting is considered. With this modification, one can get a better control on the convergence and loosen
Assumption 4.27.

Remark 4.32. In our application later, we will be particularly interested in the specialization of V3 (g) to
a pair of classical weights (k, s) — (y, —t) where y > 2 and y > ¢ > 0. Let g, be the specialization of g at y,
viewed as a section of o./ifz ® Q% over a strict neighborhood W,. The condition U(g) = 0 implies the class
[g,y] in H}ig’par(WmHy_Q) is 0. As W, is a Stein space, this means that there is a section G, of H¥~2 over
W, such that V(G,) = g,. In fact, one can choose G, such that it is equal to V§(g) specialized at (y, —1).
The same argument also holds for ¢ > 1.

4.9 The overconvergent projection

In this section we will introduce the overconvergent projection for families. We first explain the idea in the
following paragraph.

Let g be a section of w}, over some strict neighborhood W = W,. For any positive integer N, we have
the nearly overconvergent form VN*1(g), viewed as a section of H" 2N @ QL. In practice, one usually
wants to deal with overconvergent modular forms instead of nearly overconvergent modular forms. So the
natural question is: can we assign an element H'(f) € HO(W,wh @ QL) for any f € HO(W,H" @ Q)
in a canonical way? As we have seen in §2.1, a natural choice is to take the overconvergent projection
11°¢(f) € HO(W,wh @ ) of f. The overconvergent projection I1°¢(f) satisfies the property that the two
classes [TI°°(f)], [f] € H}y par (W, H") coincide. One should note that the overconvergent projection is only
well-defined up to ImV N HY(W, wh, @ Q).

The goal now is to extend the above method to sections of Wy, for I C [0, c0]. Throughout this section,
we will work with the adic space X ; and write & = k; and u = u;, for simplicity.

Recall that we can view the connection Vj, as a complex of sheaves W} : W;, — Wy 5 on the adic space
X, 1. We let Hjp (X, 1, W}) be the i-th hypercohomology group of this complex. As the connection satisfies
Griffiths transversality, we have the following diagram of sheaves on & ;.

lvk J{Vk lvk
O E— F11n+1(Wk+2) Wk+2 Wk+2/Fﬂn+1 Wk;+2 E— 0

The rows are exact by definition, and we denote by Fil? (Wy) and (W, / Fil,, W)® the first and last column
of the above diagram respectively. With this notation, we can rewrite the above diagram as the following
exact sequence of complexes

0 — Fil> Wy, — W} — (W, /Fil, W;)* — 0, (25)
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which gives rise to the long exact sequence

0 — Hig (X1, Filt W) — HI5 (X1, W3) — HIR (X, 1, (W, /Fil,, Wy)*)
— Hig (X1, Fill Wy) — Hig (X1, W3) — Hig (X1, (Wi /Fil, W;)®) — - - (26)

)

We recall that the sheaves Fil,, W; and Fil,,; W}, are coherent, while the rest are not. As & ; is a Stein
space, the hypercohomology of the complex Fil) W}, can be computed by the cohomology of the complex of
global sections. That is, for ¢ > 0, we have

Hig (X, Fil® W) = H (HO(XTJ, Fil, Wi) 5 HO(X, 7, Filus Wk)> .

Lemma 4.33 ([AI21, Lemma 3.32]). We have an exact sequence, with equivariant morphisms for the action

of U,

n
0= HO(X, 1, Wpp) = Hig (X1, Filh Wy) = @ HO (X, 1, i (wE) ") = 0,
i=0
where the first map is induced by the inclusion wi1o = Filg W0 C Wy, j; is the closed immersion
X1 xw,; Qp C X, 1 defined by the Q-valued point k =i of Wy, and the action of U on H(X, 1, §in(wE)™Y)
is divided by p"**. Moreover, if we let Hig (X, 1, WS)" be the Aj-torsion-free part, we have the following
U -equivariant exact sequence

n
0= HO(X, 1, Wpp2) = Hig (X, Fily W) — 0" (HO(X,.1, i (wr) ™) =0,
=0

where 0° : HY(X, 1, ji(wr)™") — H(X,1,ji.(wg)™?) is the theta operator defined in [Col95, Proposi-
tion 4.3].

Proof. We here only give the proof of the first part, and leave the second part to [AI21, Lemma 3.32].

Recall that we have the identification Gr; Wy, = tvj_9; over A, ;. The connection Vj : Fil, W;, —
Fil,,+1 Wgo then induces the map

g2y = Gr,(Wy) — Grpp1 (Wipo) 2 w0,

which is an isomorphism times the multiplication by w — n map. This map is injective, and the cokernel is
identified with wj_s, /(v — n)tog_2, = wr"". The first statement then follows by induction on n, where the
case for n = 0 one use the identification w49 = Filg Wy 0. O]

Notice that the U operators on Hig (X, 1, Fil? Wy,) and H'y (X, 1, (W / Fil, W;)*®) are also compact. So
we also have slope decompositions on these spaces.

Lemma 4.34. Fiz a rational a > 0, then for n large enough, the exact sequence (25) induces isomorphisms
Hg (X1, Fil}, Wy)=® 22 Hip (X1, Wp)=¢
for alli > 0.

Proof. This follows from a similar description for the U operator on Wy / Fil,, Wy, as in Proposition 4.19. In
particular, |
HZIR(XT,L (Wk/ Fil,, Wk)')ﬁa —0

for n large enough. Therefore, the long exact sequence (26) implies the claim. O

Summarizing the above results, we have the following theorem.
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Theorem 4.35. Given a finite slope a > 0, locally over the weight space, the spaces HéR(Xr,bW;) admits
slope a-decomposition. Moreover, for some n large enough, we have an exact sequence

a
< it

|

0= HO(Xy 1, 0pi2) = = Hig (X1, WH)S* = @ H (X, 1, i (wr) ™)
=0

— 0.

Definition 4.36. We define

HY + Hig (X, Fil, (Wy)*) @, Ar HO (X, 1,w512) ®4, Ap

—
=
o
|
L
|
L
| S
[

i=0 =0
and
HT: Hig (X1, W)= @a, Ar | [J(ur — )71 2 HO(X r, wip2) <" @4, Ay [ (wr — 1‘)1]
=0 1=0

to be the isomorphisms given by Lemma 4.33 and Theorem 4.35. These maps are called overconvergent
projections in families. We will often drop the subscript n of H for simplicity.

We now proceed to describe the overconvergent projection in terms of g-expansions. Recall that we have
the identity
V(aVkﬁ) = G(a)VkH,h + a(uk — h)Vk+27h+1.

on W (q).

Given a section v € HO(X, 1, Fil,, 1 Wi o) with its g-expansion Z;:rol 7i(q)Vi+2,i, the overconvergent
projection of the class [7] is the element H(y) = v7(¢)Viy2,0 such that v = HT(y) modulo the image of V.
Hence, after shifting the indices, we have the following result.

Proposition 4.37. Let v € H(X, ;,Fil, Wy) and v(q) = Y.y 7i(q) Vi, be its g-exzpansion. Then the
q-expansion of HT([]) is

i(_l)i O ula) Vi,0-

(uk_g — 1+ 1)(uk_2 — 1+ 2) cer Uk —2

Remark 4.38. It is clear from the above formula that one needs to invert some elements in A; for the
overconvergent projection in families. Also, when specialized to a classical weight m > n, one can see that
H] coincides with the definitions of overconvergent projections in [Urb14, Lemma 3.3.4] or [DR14, § 2.4].

4.10 The triple product p-adic L-functions for finite slope families

With all the results in the previous sections, we are now able to define triple product p-adic L-functions for
finite slope families.

Let f € Sk(Ng,xyr), 9 € Se(Ng,xg), b € Sm(Nn, xn) be a triple of normalized primitive cuspidal
eigenforms such that f has slope a > 0 and x¢ - xg-Xxn = 1. We further assume that and a < 1 if k = 2, and
2a < k—1if k > 2 (see Remark 4.41).

Let N =lem(Ny, Ny, Np), and let f, g, h be as in Theorem 2.24. We denote by K a finite extension of
Q, that contains all the Fourier coefficients of f, g, h as well as the values of xf, x4, Xn and denote by Ok
the ring of integers in K.

Let f, g, h be overconvergent families of modular forms deforming the p-stabilizations of f,g,h and
similarly f,g, h for f,g,h. We denote by

k/’f:Z;—>Af, kg:Z;—)Ag, kh:Z;—)Ah
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the analytic weights of these families respectively. After base-change to Ok, we may further assume that
Ag Ay, Ay, are Og-algebras. Then there exists some n € N such that we have families

f,f € HO(X,,wp,),
g g€ H(X,,wy,),

g9

h,h € HO(X,, oy, ).

As we want to apply p-adic powers of V to the p-depletion gl”! later, we need the following assumption
on the weights.

Assumption 4.39. Suppose the weight ky — k; — kj, is even, i.e., there is an analytic weight v : Z7 —

Af®@K Ag®@K Ay such that ky — kg — kj, = 2v. Moreover, we require that k, and v satisfy Assumption 4.27
in this order.

With this assumption, we have
vy g e HO(X,, Wi, 420)

for some n’ > n. Therefore, (ng)”glﬂ xh € H(X,,, Wy, ) and we may consider its class in Hjp (X, Wy, _2).
After base change to f¢, we obtain a section in H‘}R(Xn/,ka_g) ®a; Ry, where Ry is obtained from Ay by
inverting the elements {uy, —n | n € N} (or one may simply take it to be Frac(Ay)). We then consider its
overconvergent projection 5

HP=(Vy g x h) € HO (X, i, ) =" @ Ry

Definition 4.40. The Garrett-Rankin triple product p-adic L-function attached to the triple (f‘, g, fl) of
finite slope families of modular forms is

v

5 . f‘*jHT,Sa VY g[p] x h o
gf(f7g7h) = ( ( fz) ) € Rr@A QA

where f* is the the Atkin-Lehner involution of f (c.f. [AI21, Definition 5.2]) and ( , ) is the Petersson
product defined in [AI21, § 5.2.1]. When f, g, h are ordinary at p, one can see that this definition coincides
with the one given in [DR14, § 4.2].

Remark 4.41. As explained in [AI21, § 5.2.1], when specialized to a classical weight > 2 with 2a < x—1 or
x = 2 with a < 1, the Petersson product interpolates the classical Petessons inner product on S, (I'1 (N, p)),
up to a constant multiple.

In fact, given f, what is really required for the weight x is the condition a(f,)? # p*~!b(f,), where
a(fy), b(f;) are the eigenvalues of U, and (p) acting on f,, respectively. In other words, if f2 is the classical
modular form on T';(N) with one of its p-stabilizations being f,, it means that the two roots a, 8 of the
Hecke polynomial of f0 at p are different. Equivalently in a fancier language, one wants to restrict to a
subset of the weight space over which the eigencurve giving rise to the family f is étale.
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5 Finite polynomial cohomology and the p-adic Abel-Jacobi map

In this section, we aim to formulate a theory of finite polynomial cohomology with coefficients in a special
case, which generalizes Besser’s results in [Bes00a].

Technically speaking, this machine is not necessary in our application since one can use the so-called
Liebermann’s trick to avoid dealing with coefficients, as H. Darmon and V. Rotger did in [DR14]. Still, our
theory with coeflicients has its own advantages. The most obvious one is that it may be applied to objects
without universal abelian varieties. The second one is that it makes the computation of Abel-Jacobi maps
simpler.

The language of rigid geometry and Coleman integration will be used heavily throughout this section. For
those who are not familiar with these topics, Appendix §8 provides a rather short but sufficient introduction.

Notation. We fix a prime p and let K be a finite unramified extension of Q,. We denote by V = Ok the
ring of integers in K and & the residue field with || = ¢ =p".

We also recall the category of filtered Frobenius modules (abbr. ffm) over K.

Definition 5.1. Let 0 : K — K = Frac(W(x)) be the Frobenius induced from the Frobenius on the Witt
ring W (k). By a filtered Frobenius module (over K'), we means a finite dimensional K-vector space M with
the following data:

1. An exhaustive and separated decreasing filtration Fil' M of K-vector spaces.
2. A o-linear automorphism ¢ : M — M.

We consider K as a filtered Frobenius module with Fil* = K for i < 0, Fil’ = 0 for 4 > 0 and ¢ = 1d. For
any n € Z, we let K(n) be the filtered Frobenius module whose underlying space is just K, with filtration
Fil' K(n) = Fil't" K and ¢ = ¢"™1d. For any filtered Frobenius module M, we let M (n) := M @5 K(n).
The dual MY of a filtered Frobenius module M is again a filtered Frobenius module. Its underlying space
is Homg (M, K), with filtration Fil* MY := (Fil~*** M)+ and Frobenius ¢(f) = f o ¢~ . The collection of
filtered Frobenius modules over K forms a category with the obvious definition of morphisms.

5.1 Finite polynomial cohomology without coefficients and applications

In this section, we briefly recall the definition of finite polynomial cohomology without coefficients (c.f.
[Bes00a]). Then we will compute the Abel-Jacobi map in the special case of weight (2,2,2), which follows
closely [Besl6].

Let X be a proper, irreducible and smooth V-scheme of relative dimension d. We denote by Xy its
general fiber and X, its special fiber. Then, by [Bes00b, § 4, 5], we have the following functorial complexes
of K-vector spaces

RTyig(Xy/K), RUqr(Xk), Fil" RLar(Xk)
which compute the rigid cohomology H}, (X./K), Hig (X /K) and Fil" Hjp (X /K) respectively. We will
drop the subscripts x and K inside RI'g and H{ as the context will make it clear what we are referring. We

note that there is a canonical map Fil" RT4g (X) — RTgr(X) and a natural quasi-isomorphism RTgg (X) —
R i (X).

On RTig(X), there is an K-linear action of the Frobenius ¢ (of degree ¢). By [CLS98, Théorem 1.2], its
eigenvalues on Hriig :
the comparison Hy;,
of ¢ to Hip(X).

(X) are of pure Weil weight 4, i.e., are algebraic of complex absolute value pz. By using
(X) = Hx(X) induced by the above quasi-isomorphism, we may translate the action

Remark 5.2. To obtain the functorial complexes RI'qr (X ) and Fil" RT'4g(Xk), one can use Godement
resolutions (in the Zariski topology). For the rigid complex RI'yig(X,;), this method does not work in rigid
analytic topology. However, if one passes to adic spaces, which are genuine topological spaces, the same trick
would provide a desired functorial complex. As explained in [Bes00b, § 7], the property of being a complex
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is used only for constructing Chern classes (hence the cycle class maps) and comparing it to Chern classes
in de Rham cohomology. Outside this situation, one can just work with the derived category of complexes.

Definition 5.3. Let 8 C K[T] be the monoid of polynomials with constant term 1 and algebraic roots. For
any s € Z, we let Bs C B be the submonoid of polynomials with constant term 1 and whose roots are of
Weil weight s.

Definition 5.4. For any polynomial P € 9 and n € N, we define the syntomic P-complex Rlgy, p(X,n)
to be

RDsyn p(X,n) := Cone (Fil” RTgr(X) 22, Rfrig(X)) [ 1].

Here Cone means the mapping cone and the map Fil" RI'4g (X) RilGoN RT,ig(X) should be understood as

the composite
Fil" RTag (X) — RTar(X) — RTuig(X) =2 RTy,(X)

where the first map is the natural map and the second one is the quasi-isomorphism mentioned above. The
i-the cohomology of Rl p(X,n) will be denoted by H{ , p(X,n).

Remark 5.5. We would like to recall our convention for the mapping cone. Let A®, B® be two complexes

with a map f : A* — B®. The complex Cone(A® ER B*)[—1] is called the mapping fiber of f in some
literature and is denoted by MF(f : A* — B®) or simply MF(f). At degree 1, it is given by A* ® B*~! with
differential d(a,b) = (da, f(a) — db).

Definition 5.6. For any s € Z, we define

RFfP,S(X’ n) = hﬂ RPSYH,P(Xv n)
PePs

where the connecting map is induced by the commutative diagram

Fil" RTar (X) — 2 RIiy(X)

|- |

Fil" RTgr (X) 9% BRI, (X).
The i-th cohomology of RI'g, (X, n) will be denoted by pr)S(X, n). If i = s, we will abbreviate it as
Hfzp(X ,n).
Proposition 5.7 ([Bes00a, Proposition 2.5]). The space Hfip(X, n) satisfies the following properties:

1. There is a short exact sequence

PTrep

0 — Hig (X)/Fil" 2 Hi (X,n) 2% Fil* Hip (X) — 0,
which will be called as the fundamental exact sequence.

2. There is a cup-product U : pr(X, n) x Hfjp(X, m) — Hf-;rj(X, n +m) that is compatible with the cup
product on de Rham cohomology via the fundqmental exact sequence. In particular, {z,ip(y))p =
(prep (%), y)ar for any x € HE (X, n) and y € Hig(X)/Fil™ Hyg (X).

3. The map i, : H¥(X)/ Fil"t — prd"'l(X, d + 1) is an isomorphism and induces the following trace
map

.—1
trep  HEHH (X, d + 1) 2 HIE(X)/Fil"™ H3E(X) = HF(X) & K.
Moreover, the pairing

trep

() Ve s HE (X, ) x HEFUH(X,d+1—n) = HEFH (X, d+1) =5 K

is a perfect pairing.
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4. Suppose vy : Z — X is a smooth irreducible closed subscheme of codimension c. Then we have a
pushforward map _ ‘
Lz« Hiy(Z,n) — HEJQC(X,n +c)

which is adjoint to the pullback 13, with respect to the pairing { , )ip-

Proof. Let P(T) € B be a polynomial such that P(¢) annihilates H}; (X) but acts bijectively on H-Y(X).

rig

We set Cp := Cone(Fil" RT'gg (X) RilCoN RI'yig(X))[—1]. By the long exact sequence of mapping cones, we
have the following long exact sequence

P(¢)

s B H (X) T HEN(X) s H(CY)

s Fil" Hig (X) % L (X) ———
The choice of the polynomial P, together with the comparison HY, (X) = Hig(X), then imply the short

rig
exact sequence

Prep

0— HZ'(X)/P(¢) Fil" H'L! (X) N fn.p(X,n) — Fil" Hjg (X) — 0.

As P(¢) is an isomorphism on H'z'(X), we have H'3'(X)/Fil* = H! 3" (X)/P(¢) Fil". Hence, we get

0 — Hig! (X)/ Fil" Hig (X) = Hiy, p(X,m) 5 Fil" Hip (X) = 0,
where the first map is twisted by P(¢). This twist is important in later computations and should not be
forgotten. The fundamental exact sequence then follows from taking limit in the direct system. This proves

1.

For 2 and 3, we would like to refer to [Bes00a, § 3, 4]. The construction of the cup product and the
compatibility with de Rham cohomology rely on an alternative description of the cone Cp (see §5.2 below).
The trace map trg,, on the other hand, is a direct result of 1.

For 4, one first observes that the complexes RI'gyn p(X,n) and RI'g (X, n) are functorial since both
Fil" RT'ggr and RI'y;, are. Hence, the pullback ¢7 : Hfjp(X, m) — Hfi)(Z, m) is well defined. The pushforward
7z, can be defined directly as the dual of ¢} with respect to the pairing ( , )g. One then works out the
indices to get the statement in 4. O

Remark 5.8. If one is only interested in the functoriality of finite polynomial cohomology between two fixed
proper smooth schemes Y — X, one does not really need to deal with the direct limit. In fact, most of the
explicit computations are done at a “finite level,” i.e., at a fixed polynomial P. To be more precise, one can
find a polynomial P € 93; such that P(¢) simultaneously annihilates Hig(X), H, &R(Y) and acts bijectively
on H':'(X), Hiz (V). Then one has a natural pullback map Hl,., p(X,n) = H. p(Y,n). The process
of taking direct limit over all polynomials in 3; is to secure the functoriality between all proper smooth
schemes. It is important to note that one can take polynomials in *J3; because of the Weil conjecture for
rigid cohomology of proper smooth schemes. In order to replace the structure sheaf by some overconvergent
F-isocrystal &£, one would like to have a similar condition on the rigid cohomology groups for all proper

smooth pullback of &, or at least for the schemes one wants to study.

Abel-Jacobi maps via finite polynomial cohomology. Suppose Z = > a;Z; € A%(X) is a cycle
where each Z; is closed smooth irreducible of codimension ¢ in X. The cycle Z is said to be de Rham
(co)homologous to zero or (co)homologically trivial if Z is sent to 0 € H3g(X) under the class map clx. We
denote by A°(X)o the subgroup of homologically trivial cycles.

This can be re-interpreted by finite polynomial cohomology in the following way. For each i, there is a
canonical element 1z, € Hp (Z,0) = Hgp(Z;) = K. The pushforward of 1z, by 1z, : Z; — X is the cycle
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class clg, (Z;) € Hye(X, c) that satisfies (clg,(Zi), y)p = trz, mp(15,y) for all y € Hfzp(dfc)Jrl(X7 d—c+1) where
we recall that d — ¢ is the relative dimension of Z;.

It is showed in [Bes00a, § 5] that if Z = > a;Z; is de Rham homologous to zero, then we have
pr, (Y aiclgp(Z;) = 0 € H3G(X). Hence Y a;cly(Z;) € kerpry, = H35Y(X)/Fil°. By further apply-

ing Poincaré duality, we may identify Hi5 '(X)/Fil® with [Fil?T1—e Hj ( C)H(X )]Y. The resulting map
A, A%(X)g — [FildHi—e g2U=ott (x )V

is called the (p-adic) syntomic Abel-Jacobi map and it coincides with the étale Abel-Jacobi map under
the p-adic comparison theory (c.f. [Bes00b, Remark 9.11]). To be more precise, given Z € A%(X)y and
w € Fil¢tte Hjl({i_c)H(X), we have AJ,(Z)(w) = (clgp(Z), 0)gp, where & € H2(d C)+1(X7d +1—c¢) is a lift
of w under pry,,.

Two important variations. In this paragraph, we will briefly introduce two variations of the finite
polynomial cohomology. Some definitions will be omitted as they are lengthy. However, we will provide
examples that will suffice our future use.

First, notice that the constructions of RI'sy, p and RI'g, s can be extended to a smooth affine scheme X !
though some statements in Proposition 5.7 may fail due to the fact that Hﬁlg(X ") may no longer be of pure
weight. Nevertheless, an affine scheme has the advantage that the rigid cohomology is easier to compute, as

illustrated below (c.f. §8.1).

Example. Let X’ C X be an smooth affine subscheme of a smooth proper scheme X over V. The space
A =X/ [C X2 is an affinoid. We define the dagger differential complex of X7, to be

Qfe (X)) = lim Q8 (W)
w

where W runs through all strict neighborhoods of A in X1& and Qp,, is the rigid differential complex. Then

the rigid cohomology H};,(X].) can be computed simply as the i-th cohomology of the complex erg( ).

rlg(

Second, we introduce the Gros style finite polynomial cohomology Hfip(X ,n). The idea is to replace the
de Rham complex Fil" RT'4r (X) with a rigid complex Fil" R, (X). That is,

2, RFrig(X)) [—1].

RTsyn p (X, n) := Cone <Fil" RT3 (X)
For the exact definition of Fil" Rz (X), we leave it to [Bes00b, § 9]. We remark that when X is proper,
Fil" RT}4g(X) is canonically quasi-isomorphic to Fil" RI'qg (X). The Gros style cohomology has the advan-
tage that it is more convenient for comparing to Coleman’s p-adic integration theory, especially in the affine
case where we can use the dagger differential complex.

Example. Let X be a smooth proper curve over V, and X’ C X be an affine subscheme. We would like
to describe the cohomology Iijip(X’7 n). In this setting, the complexes Fil" Rz (X’) and RTig(X’) can be
represented by

Fil" Q1% (X!) and Q:°(X"),

rig rig

where Fil"™ QIIQ(X;) is the stupid filtration T*nQIlg (X). As a result, an element in Hbyn p(X’,n) can

be represented by a pair (w, @) where w € Fil" Q4 (X/) is closed, G € QL71(X?), and dG = P(¢)w. In

particular, if we restrict to the natural image of H} n%, p(X,1)in H;yn, p(X, 1)g, an element can be represented
by a pair (w, G) where w € Q}, (X "8), G € O(W) for some strict neighborhood W with dG = P(¢)w on a
possibly smaller neighborhood W”’. It should be clear now how to relate the class (w, G) in HSyn p(X,1) to
a Coleman integral of w (c.f. §8.1 or [Bes00a, § 9]).
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5.2 Explicit cup product formula

In this section, we will explicitly describe the cup product for finite polynomial cohomology. This is a crucial
step if one wants to compute the syntomic Abel-Jacobi map. As a byproduct, we illustrate (partial) proofs
for statements 2. and 3. in Proposition 5.7. Most of the results are from [Bes00a, § 3, 4] and we will skip
some of the proofs about homological algebra. The reason for recalling these constructions is that the same
arguments can be applied to the case with coefficients with little modifications.

We start with an alternative description of the complex RI'syy p(X,n). Given a polynomial P € B, we
let Vp be the cyclic K[T]-module whose generator has characteristic polynomial P(T"). In other words, let

Vg be the complex
J P(T)
Ve K[T| —= KT
which is concentrated at degree —1 and 0. Then Up is the 0-th cohomology of V35 and V3 serves as a
projective resolution of Up.

Remark 5.9. In [Bes00a], Besser only used Q[T'], which is not ideal for most of the applications. Indeed,
since the eigenvalues of the Frobenius on rigid cohomology are algebraic, we can always find a “large” enough
polynomial that belongs to Q[T]. However, in practice, one prefers a simpler polynomial that is suitable for
computation. For example, the Hecke polynomial of a cusp form usually does not have coefficients in Q.

Let C* be a complex of K-vector spaces with a K-linear endomorphism ¢. We can then view C® as a
complex of K[T]-modules where T acts as ¢.

Lemma 5.10 ([BesO0a, Lemma 3.1]). Let C* and P be as above. There is a canonical isomorphism
Hom(Vp,C®) = MF(P(¢) : C* — C*),

where Hom s the total complex of the double complex of homomorphisms between different components of

Ve and C*.

Proof. The statement can be verified straightforward once we recall the notation of Hom. For two complexes
A* and B*, the (p, q)-degree of the Hom double complex is defined to be Hom(A~?, B?). In particular, we
identify Hom (K [T], C?) = C? in the natural way, and pullback by P(T) on K[T] transforms to the action of
P(¢) on C*. By definition, the degree i part of Hom(V3,C*®) is

Hom(V3,C%) @ Hom(Vy ', ¢ h) = ¢l g O L.

One can then check the differential on the total complex coincides with the differential on the mapping fiber
MF(P(4)). O

Remark 5.11. There is a canonical map K[T] — V3 given by the identity at degree 0. The induced map
Hom(V2,C*®) — Hom(K|[T],C®) = C*® can be then identified with the natural map MF(P(¢)) — C°.

Definition 5.12. Suppose we have three complexes X°® Y* Z°® with two morphisms f : X®* — Z°® and
g:Y*® — Z° One can define the fiber product X*® x z« Y'® simply by componentwise fiber products. On the
other hand, there is the quasi-fiber product

XX,V i=MF(f—g: X*®Y* = Z°).

One can check that the canonical map X® xze Y* — X°®Xz.Y* taking (z,9) to ((z,y),0) is a quasi-
isomorphism if f — g is surjective. The advantage of the quasi-fiber product is that there is a natural
sequence of complexes

Z°[1] = X*Xz.Y* > X @ Y".

Another advantage of the quasi-fiber product concerns the cup product formula, which is illustrated in
the below lemma.
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Lemma 5.13 ([Bes00b, Lemma 3.2]). Suppose we have complezes X?,Y*, Z? with maps f; : X — Z? and
gi : Y;* = Z2 as above for i = 1,2,3. Suppose further that there are maps of complexes (cup products)
U: X?® X5 = X3 and similarly for Y and Z, which are compatible with the maps f; and g; in the obvious
way. Then one has an induced map

(XT Xz Y?) ® (X3 % 23Ys) = X§X 73 V3.
More precisely, it can be described by the following formula
(w1,y1,21) U (72, Y2, 22) = (21 Uz, 91 Uy,
21U (1fal@2) + (1= 7)g2(y2)) + (=1)4F 2 (1 =) fi(21) +791(31)) U 22)
for any arbitrary choice of v € K.

Following the definitions and carefully writing down the maps in various complexes, we have the following
result on mapping fibers.

Lemma 5.14 ([Bes00a, Lemma 3.2 & Lemma 3.3]). Suppose there is another complex D® with « : D®* — C*®.
Then there is a commutative diagram

MF(P(¢)oa: D* = C*) —=— D* xce Hom(V2,C*)

| !

D*%ceMF(P(¢) : C* — C*) —=— D*%¢e Hom(V3, C*).

In particular, given P,Q € B and consider the natural map Bpg — Vp by further reduction mod P(T).
This map lifts to the map on their projective resolutions given by

Vo K1) 22T k()
Q)
V}; : K%T] PO, k.

Then the maps of mapping fibers induced by
De P(¢)oc

Ce
| for
D* PQ(¢)oa e
can be identified as the (quasi-)fiber product of D* with the map Hom(Vs,C*®) — Hom(Vy,, C*) induced by
the map Vg — Vp§.
Finally, we obtain the alternative descriptions of ig, and pry, in the fundamental exact sequence.

Proposition 5.15 ([Bes00a, Proposition 3.4]). 1. Let P € B. There are canonical maps

R gyn,p(X,n) — Fil" Rl 4 (X) XRD i (X) Hom(Vp, RIyig (X))

— Fil" RCagr (X) Xrr,,, (x) Hom(V3, R4 (X)),

where the first map is an isomorphism and the second one is a quasi-isomorphism. Moreover, after
taking hgl over P € By, one has similarly

Rl +(X,n) = lim Fil" RLar(X) Xar,,,(x) Hom(V3, RI (X))
Peys

— hﬂ Fil"® RPdR(X) ;(Rprig(x) HOm(VI;, RFrig(X)),
Pegs

where again the first map is an isomorphism and the second one is a quasi-isomorphism. The transition
maps in the direct limit are induced by Vo — V5 described above.
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2. Fix a polynomial P € B;, then the maps i, and pry, in the fundamental exact sequence are induced,
respectively, by the first and second maps of the diagram
RIyig(X)[—1] = MF( Fil" RCqr(X) ® Hom(Vy3, Rl (X)) — RI‘rig(X))
— Fil" RFdR(X) (27)

at degree i, where the map in the mapping fiber is the difference of the two natural maps from the two
components to RTyig(X).

Proof. The first statement is a direct results from previous lemmas. For the second statement, we will
describe the two maps in the sequence.

First, one can identify Hom(V}3, R iz (X)) with MF(P(¢)). Then an element of degree 4 in the mapping
fiber MF( Fil" RTqr(X) & Hom(V3, RT ;g (X)) — RIyig(X)) can be written as (z @ (y, 2), w) where x is of
degree i in Fil" RT4r (X) and y, z, w are in RT,44(X) of degrees 4,7 — 1,7 — 1 respectively. The second map is
defined by sending (z @ (y, z), w) to z. Given a closed element w of degree ¢ — 1 in RI'ig(X), the first map
takes w to (0 @ (0,0),w). In particular, one sees that the two maps are compatible with the cup products
on the rigid and de Rham cohomology.

The quasi-isomorphism between RI'gy,, p and the mapping fiber appearing in (27) is a direct result of the
first statement. However, one still needs to check that the two maps in (27) agree with i, and prg,. For the
second map, it is clearly that it coincides with prg,. For the first map, recall that the identification

RTgyn,p — MF(Fil" RTgg (X) & Hom(V3, RT4ig(X)) — RTig (X))

sends a representative (z, z) of RI'yyy p to (2®(z, 2),0). One then observes that the two elements (06(0,0), w)
and (0@ (0, P(¢)w),0) differ by a coboundary. Hence they induce the same map i,.

O

Definition 5.16. Let P, be two polynomials in 8 which factor as P(T) = [[(1 — o4T) and Q(T) =
[1(1 = B;T). We define their star product to be

PxQ(T) = [J(1 - aiT).
0,j
We now aim to construct a cup product

Hiyn7P(X7 n) X H:;‘]yn,Q

(X,m) — Hi;iP*Q(X,n +m).
First, we need the following lemma.

Lemma 5.17 ([Bes00a, Lemma 4.2]). 1. If P and @ are the characteristic polynomials of operators T
and S, respectively, on some finite dimensional vector spaces. Then P x @ is the characteristic polyno-
mial of T Rk S.

2. There is a canonical map Vp.g — Vp ® Vg sending the generator 1 to 1 ® 1. Moreover, this map
lifts, uniquely up to homotopy, to a map of complexes

Vi = Ve @K V3.

3. In the polynomial rings K [Ty, T3] one can find polynomials a(Ty,T2) and b(Ty,Ts) such that

(P*Q)(ThTs) = a(Ty, T2) P(T1) + b(T1, T2)Q(T3).
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We now sketch the construction of the cup product. One first observes that the cup product on RI'ig (X)
and the map V3,5 — Vg ® V{ induce a map

Hom(V3, RTyig (X)) ® Hom(VS, Ry (X)) — Hom(V3, o, RTyig (X)).
Hence, one obtains a map
RTgyn, (X, 1) @ Rlgyn,o(X,m) = Rlgyn peg(X,n + m).
One also needs to check its compatibility with the cup product on RT'gg (X)) via i, and prg,. This essentially

comes from the proof of statement 2. in Proposition 5.15.

Remark 5.18. To explicitly describe the cup product, we endow RI'ig(X) ® RIig(X) with an action of
K|[Ty,T,] by letting T} act as ¢ ® 1 and T as 1 ® ¢. We also represent an element of Ry, p(X,n) by a
pair (z,y) with z € Fil" R['4r(X) and y € Rz (X) of degrees ¢,7 — 1 respectively. Then by Lemma 5.13,
the cup product is given by the formula

(1,1) U (22,92) = (3?1 U, (=1)28 | Jb(T1, To) (21 @ y2) + | a(T1, T) (1 @ 532))

where by an abuse of notation we let x; denote its natural image in RT'ig(X) in the second coordinate.

One should notice that the polynomials a(T},T%),b(T1,T>) are not unique. However, for two different
pairs of polynomials, one can show that the resulting maps on the complexes are homotopic to each other.

5.3 Applications to modular forms of weight 2

Let X = X;1(N) be the modular curve defined over V. We let X’ C X be the affine subscheme obtained by
removing lifts of all supersingular points. The notation W will now be reserved to denote a suitable strict

neighborhood of the ordinary locus in X%*. In particular, we will represent an element in ‘H;yn7 p(X,1) C

ﬁslyn) p(X’,1) by a pair (w,G) as in last section. We also recall that the Hecke operator U = U, acts on the
dagger complex Qii’g' (X)), which can be described by the usual rule on g-expansions.

Since X is proper, the Gros style finite polynomial cohomology ﬁfp(X ,m) is canonically isomorphic to
the non-tilde version Hfip(X ,n). Hence we will make no difference between the two versions in the following
discussions.

Proposition 5.19. Fori = 2,3 let P;(T) = (1— o, T) and suppose that we have two classes &; := (w;, G;) €

Hy,, p(X,1). Then

Wo Uz = (0, Gaws — asGspws) € ]:.1'52},11’1;,2*133 (X,2).
Proof. This follows directly from the explicit cup product formula, where we choose a(T},7T>) = 1 and
b(Tl,TQ) = Olng. D

Theorem 5.20. Suppose that we have two classes ©; = (wi, Gi) € Hl, ,.p(X,1) with UG; = 0 for
i=2,3. Let P(T) = (1 — aza3T) and consider the cup product &y Uz € HZ,, p(X,2). Let i;pl (D2 Usg) €
Hg(X) be the inverse and recall that the map ig, : Hig(X) — HZ,, p(X,2) = Hig(X) is twisted by P(¢).

If n € Hiz(X) is an eigenvector of ¢ with eigenvalue o and ord,(a) = a € Q, then

(15, (@2 U@3))ar = (1 — Bagas) ' (n,e=*(Gaws))ar,
where B = p/a and e=® is the slope a-projection with respect to U. We here abuse the notation by writing
e=%(Gaws) for its class in Hig(X).

Proof. We first recall several facts. First, the Poincaré pairing satisfies (¢n1, ¢n2)ar = p{n1,m2)ar- Second,
as we assume that UG5 = 0, we have U(G3¢ws) = 0 by examining the g-expansion. The fact that e<® can

be written as a power series in U with no constant term further implies that and e<*(G3¢wy) = 0. Lastly,
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recall that @e U@s = (0, Gaws — aaGs¢ws). The inverse i;p1 (@9 U@z) is then an element in HéR(X) such
that P((ﬁ)(l;pl (&}2 U (:)3)) = GQ(Ug — a2G3¢w2.

Therefore, after applying Lemma 7.3, we have

(n,e=(Gaws — a1 Gsdws)) = (n, Gows — axG3duws)

= (1, P(0)ig, (&2 U D))

= (n,ig (D2 Uds)) — agas(n, ¢(ip,' (D2 Uds)))

= (1, i, (@2 Ud3)) — anasp(p™'n,ig (& Uds))

= (n,ig, (@2 Uds)) — asaspla™n,ig! (02 U @3)).

The result then follows. O

We now set up some notations for modular forms. Let f be a cusp form of weight 2 of level I'y (N), which
we also view as a global section w; of QL. We write the Hecke polynomial of f as

T? = ay(HT +xs(P)p = (T — ay)(T — By)
and assume a = ord, (o) # ord,(Bf). We let

Pi(T)=1—a,(f)p ' T+ xs(p)p ' T? = (1 —ayp ' T)(1 — Byp~'T)

and write a’f = ayp?, ﬁ} := Byp~! for simplicity. The polynomial P;(T) is defined such that Ps(¢)
annihilates the class of wy in Hjp(X). More precisely, Py(¢)ws = wyip as section over W and there is a
unique section FIP! = =1 fIPl such that dFP! = W i)

Remark 5.21. As the f-isotypic part Hig(X)[f] is defined such that wy € Hlz (X)[f], the above result

implies that the characteristic polynomial of ¢ on H}g(X)[f] is (a power of) P¢(T). In particular, the

eigenvalues of ¢ are Lf = Bsxs(p)~* = By and % = ayxf(p)~! = ap-. We remind that our notations are

[e3

different than those in [BSV22, § 2.5].

Corollary 5.22. Let g,h be two cusp forms on T'1(N) of weight 2 which are eigenforms for the Hecke
operator T, and wq,wy, be the associated differential form on X. Let g4,y € Hflp(X7 1) be the lifts of wg, wp

such that the associated Coleman integrals vanish at the co-cusp. Suppose that n € H}z (X) is an eigenvector
of ¢ with eigenvalue o and ord,(a) = a € Q. Let = p/a. Then we have

(i, (&g Un)) = (1 — B0, B067)
x (1= Bagag,)(1 = BagBy,)(1 = BBa) (1 — BBBL))
X <777 ega(G[p]wh»'
Proof. By the choice of the polynomial P,(T), we have the element (w,, GIl) € Hslyn’Pg (X,1). In order to

apply Theorem 5.20, one needs to modify Py into a degree one polynomial. This can be done by considering
the two p-stablizations of g. Namely, we let

Wy = (1— ﬁ;@“’ga wg,p = (1— a;(b)wg
Whoa = (1= Bpd)wn,  whp:= (1 —aj,é)wh.
Then they may be lifted to classes
Wy,a = (Wg,aaG[ ]) € H,
Wg,3 = (Wg,BvG[ ]) € Hyn 1-6,T (X, 1) C pr(X, 1)

(X,1) C Hip(X,1)

yn,l—o

and similarly for h. The obvious relation w, = (o, — 8;) ™" (ywg.a — Bywy,p) implies the same relation
@y = (o — ﬁ;)il(a;a’g,a — Byig.p)
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in H{ (X,1). Hence, the pairing (7, i;pl (Wg U@y)) decomposes into 4 terms
(g = B) ™ (o = Br) ™" [(g@g.a, Ohh,a) = (@, Br®n.p) — (ByBg,8, 0hBn.a) + (By@g,8: Bnin,5)]
and each term satisfies the assumption of Theorem 5.20. For example, the first cup product in the bracket is

(1, i (Dg.a Udn.a)) = agar, (1= Bagal,) ™ (n, eSeGPlwy, o)

= agag, (1 — ﬁa;aﬁl)_%m e=2GPlyy)

where we again use the fact that U(GPI(1 — 8} ¢)wp) = U(GWPlwy,) — LU (GPlgwy,) = U(GPlwy,). The rest
is then reduced to the following computation

' opiN=1/ 1 pary—1 O‘_;]Oé;t . B;a% - a;ﬁ;l 55/;52 >
(0tg = Bg)™" (b = i) (1 ~Batal 1= fBa),  1—paif, | 1-BB5,
= (1— B2ala},BL84) x ((1 - Batah)(1 — BalBr)(1 — BBLas) (1 — B8L6;))

O

The remaining task is to relate the above result to the p-adic syntomic Abel-Jacobi image of the diagonal
cycle Ag 2 9. Consider the triple product X3 and let m; : X® — X be the projection of the i-th component.
Let 0 € X be the oo-cusp and consider the following embeddings of X into X3

o3 X 2 X x X x X,

2 X 2 X x X = X x X x {o} — X3,
3 X S X x X = X x {0} x X — X3,
log X 25 X x X = {0} x X x X — X3,
t1:X = X x {o} x {o} — X3,

12 :X = {0} x X x {o} = X3,

13:X = {o} x {o} x X < X3

Recall that the diagonal cycle Ag 2o € A%(X3)g is defined as

AQ’Q’Q = L123( ) — ng(X) ng( ) — L13(X) + L1(X) + LQ(X) + L3(X).
For simplicity, we will write X for ¢7(X) for 0 £ I C {1,2,3}.

Now we want to evaluate AJ,(Az22) at 7 ® wy ® wp, where 1, wgy, wy, are as in Corollary 5.22. We first
take a lift of 7 ® w, ® wy, € Fil® Hg’R(X?’) in HP (X?,2). Such a lift can be taken to be mj7 U w50, U m50p

PTrep

where 7] is the preimage of 1 under the isomorphism Hf (X,0) — H}z(X), while &g, &y, are lifts such that
the associated Coleman integrals vanish at the co-cusp.
Then, by definition,
AJP(AQ,QVQ)('W@Wg@UJh) = — Z (—1)‘I|<C1fp(X]),7TTﬁUTI';(:JQUTF;QNJ}L>fp
0£1C{1,2,3}

=— Y ()M x (47 (717 U w3, U min))-
0£1Cq{1,2,3}
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This allows us to compute everything over X instead of over X3. Since m; o ¢y is the identity map if i € T
and is the constant map o otherwise, we see that AJ(Ag29)(n ® wy ® wy,) is the trace of

NUw@e Uy
—Uo 0wy Uy, —Uog Uo™ @y,
—0"Uwy Uy,
+ 77U 0" (g Uwn)
+o0" U0 0 Uy, + 0" Uy U o wy,.
As o' € Hflp(Spec Ok,0) = 0, the third and the fifth lines are 0. The fourth line is also zero since

Hfzp(Spec Ok,2) = 0. By [Bes00a, Theorem 1.1], 0*@, € K is the evaluation of the associated Coleman
integration at the point 0. Hence o0*@, and o*@y, are both 0 by our choices.

In conclusion, we have AJ(Az22)(n ® wg ® wp) = Uy U, = (7,0g U@p)g. Moreover, since ig, :
Hizx(X) — Hfzp(X,Z) is an isomorphism, the compatibility of cup products implies that (77,@, U @p ) =
(pre, (), i (@g U @n)Yar = (n, i, (0g U On))ar-

In conclusion, we have the following modified version of [DR14, Theorem 3.14].

Theorem 5.23. Let 1, g,h be as in Corollary 5.22 and Ay o o be the diagonal cycle defined above. Then we
have

AJ(Az22)(n®@wy @wy) = (1 — B2a,a,B5,)
x (1= Balal) (1 — Bal,By) (1 — BBLah) (1 — BBLE))
x (0, e=*(GPwy))ar.

5.4 Finite polynomial cohomology with coefficients

Let X be proper smooth V-scheme of relative dimension d = dx and fix a overconvergent F-isocrystal (E, ¢)
on X which is of pure weight w. Again, following the idea in [Bes00b], one has canonical functorial complexes
of K-vector spaces

Rl—‘rig(le (E7 ¢))7 IRFdR(*X—K7 (E7 v))7 Flln RFdR(XK7 (Eu V))

computing cohomology groups of their namesakes respectively (c.f. §8.2). For simplicity, we will drop the no-
tations k, K, ¢ and write RI'yiz (X, E), R['4r (X, E), Fil" R[4g (X, E) when no confusion might be caused. As
before, we also have natural quasi-isomorphsim RI'qr (X, E) — RI'yi(X, E), which induces the comparison
Hig (X, E) = Hp, (X, E).

Remark 5.24. As mentioned in remark 5.2, these functorial complexes can be constructed by Godement
resolutions. For the rigid complex, one needs to pass to adic spaces so that the construction of Godement
resolution works. On the other hand, since our construction of the cycle classes map with coefficients requires
no input from K-theory, we will simply view them as objects in the derived category of K-complexes. The
existences and functorialities are provided by their respective cohomology theory. In addition, the language
of mapping cones also applies to derived complexes.

Definition 5.25. For any polynomial P(T) € P and n € Z, we define the syntomic P-complex Rl p(X, E, n)
by

RD sy, (X, E, 1) := Cone (Fil" RDgr (X, B) 2% RD,iy (X, E)) 1].

Its i-th cohomology will be denoted by Hsiyn’P(X, En).
For any s € Z, we define
R, (X, E,n) := @ RTgyn, p(X,E,n)
PeRs

where the connecting map is similar to the one in Definition 5.4. Its cohomology will be denoted by
Hfip’s(X,E,n).
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We will be particularly interested in cohomology Hfipw +i(X,E,n), which will be denoted simply by
Hfip(X ,E,n). The reason is encoded in the following proposition analogous to Proposition 5.7.

Proposition 5.26. The group Hfip(X, E. n) satisfies the following properties:

1. We have the fundamental exact sequence
0 — HIZ'(X, E)/Fil" HiZ (X, E) 22 Hi (X, E,n) =2 Fil" Hip (X, E) — 0.

2. Let EV be the dual of E such that Poincaré pairing reads
Hig(X,E) x Hif (X, EY) —» Hif(X) = K(—d).
Then we have a perfect pairing { , )& induced by the cup product
Hi (X, E,n) x HE (X, EY d+1—n) = HY (X, d+1) = K

which is compatible with the Poincaré pairing on the de Rham cohomology via the fundamental exvact
sequence.

3. Suppose that 1z : Z — X is a smooth irreducible closed subscheme of codimension c. Then we have a

pushforward map 4 '
Lz Hiy(Z,07E,n) — Hfz;%(X,E,n +c)

which can be described as the adjoint of the pullback 17, under the above cup product pairing.

Proof. The proof is highly similar to the proof of Proposition 5.7. In fact, everything in §5.1 and §5.2 can
be translated by replacing
RI'yig(Xk), RTgr(Xk), Fil" RT4r(Xk)

with
RTyig(Xx, (£, 0)), RTar(Xk, (E,V)), FiI" RL4r (XK, (£, V)),

respectively. As before, we will work with a fixed polynomial. The results will then follow by taking inductive
limit.

Let P € . We set C'% := Cone(Fil” RI4r (X, E) —2 RIyiy(X, E))[—1]. Assume that P(¢) annihilates
H}, (X, E) but acts bijectively on Hrllgl(X E). Notice that the existence of such a polynomial P is from our
pure weight assumption on E. In particular, one may further assume that P € B, ,,.

Then we have the following long exact sequence

- —— Fil" HiRN (X, B) 29, H;lgl(X E) —— H'(C})

L FIMHL (X E) 2 B (X E) s

rig
By the choice of P and the comparison Hﬁlg(X ,E) = H;(X,E), one obtains the following short exact
sequence

Prep

0 — Hiz' (X, E)/P(¢) Fil" Hiz' (X, E) - (X, E,n) 22 Fil Hiy (X, E) — 0.

byn P
As P(¢) is an isomorphism on H'z' (X, E), we have H\p' (X, E)/Fil" = H'3' (X, E)/P(¢) Fil". Hence we
can rewrite the above sequence as

lfp pr fp

0= HiZ (X, E)/Fil" Hig (X, E) = Hl, p(X,E,n) — Fil" Hig (X, E) - 0,

where the first map is now twisted by P(¢).
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For 2 and 3, we will adopt the notations used in §5.2. First, we remark that for two overconvergent
F-isocrystals E, E’ on X, we have the maps

RT,ig (X, E) ®k Ryig (X, E') = Rl (X, E® E’) and
RFdR(X, E) KK RFdR(X, E’) — RFdR(X, E® El)
that induce the cup products on the cohomology groups. When E' = EV, one gets a perfect pairing
HiX,E)®x HX*'(X,EY) » HXX,E® EY) =5 H2(X) = K(—d)

where ev : E® EV — Oy is the evaluation map and e € {dR,rig}. For de Rham cohomology, the proof can
be found in [ABO1]. For rigid cohomology, it is proved in [Ked06]. Alternatively, since X is proper, one can
apply rigid GAGA to reduce to the de Rham case. As a consequence, when E if of pure weight w, EV is of
pure weight —w.

As in Proposition 5.15, one can compute Ry, p(X, E,n) by the complex
MF( Fil" RTqr (X, E) @ Hom(Vp, Rl i (X, E)) — R4 (X, E)),
and the maps ig, and pry, can be interpreted as the first and second maps in the following sequence

RTyig (X, E)[~1] — MF(Fil" RT4g (X, E) @ Hom(Vy, RTig (X, E)) — RTyig(X, E))
— Fil"RT4r (X, E),

respectively.

Consider now the commutative diagram:

Prep

00— HiZY(X,E)/Fil" f Hi (X, E,n) Fil" Hip (X, E) —— 0

L L L

. V prY . i . \Y
0 — (Fﬂd+1—” H2H (X EV)) T g2 X EY A+ 1 - )Y B (Hggﬂ(x, EV)/Fﬂd“—") 0.

The first and the third vertical maps come from Poincaré duality of de Rham cohomology. For the middle
one, recall from §5.2 that we can construct a map

Hom(V3, Rl 4ig (X, E)) @ Hom(V3, RTyig(X, EV)) — Hom(V3, g, RTyig(X)),

where P € Py and Q € Pogy1-i—w are such that P(¢) annihilates Hriig(X, E) and acts invertibly on

Hriigl(X, E), while Q(¢) annihilates Hi‘é"’l_i(X, EVY) and acts invertibly on Hi‘é—i(X, EVY). This induces a

product between
MF( Fil” RFdR(X, E) D HOII](VIS, RFrig(X, E)) — RFrig(X, E))

and
MF( Fildti-n RT4r(X, EV) D Hom(Vé, RI g (X, EV)) — R (X, EV))

to the mapping fiber MF(Fild‘”'1 RI4r(X) ® Hom(V2, 5, RIyig (X)) — RIig(X)). Taking cohomology, we
get a pairing . _
S p (X En) x HOgHT (X, BV d 1 —n) = HL (X d+ 1) = K (28)

which gives rise to the middle map. Notice that since P * Q € Pagy1, one can identify Hsz;,irj},*Q(X, d+1)

with K. In general, one has a cup product

ionp (X, En) x H

syn,Q(X; E\/’m) — HSZ;;]{P*Q(X,TL + m)

Moreover, it can be explicitly described as in Remark 5.18.
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We also remark that commutativity of the diagram again comes from the descriptions of ig, and prg, via
MF (Fil" RC4r (X, E) & Hom(V3, Rl (X, E)) — RI4(X, E)). Finally, the snake lemma concludes that
equation (28) is a perfect pairing.

Given a proper smooth morphism f : ¥ — X, we have the natural maps f* : Rlgy, p(X, E,n) —
ROgyn p(Y, f*E,n) and f* : ROy, o(X, E,n) — Rl (Y, f*E,n), since both Fil" RT'yr and RT,;, are func-
torial. However, in order for the pullback map f* to be compatible with the fundamental exact sequences
on Y and X, we need the condition in Definition 8.13. To be more precise, this condition ensures that we
can take a polynomial P € 9,1, such that P(¢) annihilates Hriig(X ,E) and Hriig(Y, f*F) simultaneously,
while acts invertibly on Hfigl(X, E) and Hﬁigl(Y, f*E). In particular, let 1z : Z — X be as in the statement
3, the pushforward ¢z . is defined as the dual of ¢}, with respect to the pairing ( , ).

O

5.5 Abel-Jacobi maps with coefficients
We begin with a description of Abel-Jacobi maps in the trivial coefficient case.

Recall that if Z C X is a proper smooth irreducible subvariety of codimension ¢ defined over K, we have
an isomorphism H, gR(Z ) = K and the Gysin sequence

0 — Hip '(X) = Hyi ' (X\Z) = Hif £ (X)(—¢) = HiR(Z)(—c) = HIR(X) = - .

Suppose now Z = Y a;Z; € A%(X)o with each Z; smooth irreducible, the condition of being cohomo-
logically trivial implies that the sum Y ajclx(1z,) is zero in H3g (X). The coefficients a;’s define a unique
K-line in H(y(Z). Hence one gets an extension

0 —— HIZHX) D K(—¢) —— 0

| | !

0 — Hig ' (X) — Hip '(X\Z) — Hig(2)(~c)

via pullback.

Remark 5.27. One can also define the Abel-Jacobi map under the framework of Galois representations
and étale cohomology (c.f. [Nek00]), which is essentially based on the Hochschild—Serre spectral sequence.
In the case of varieties with good reduction, it translates back to the above extension (of filtered Frobenius
modules) via p-adic comparison theory.

The isomorphism class of D gives an element in Extfy, (K (—c), His '(X)) where ffm stands for the
category of filtered Frobenius modules. This extension class, denoted by AJ(D), is the Abel-Jacobi image
of D. Via the isomorphism (c.f. [BDP13, Proposition 3.5] or [AI19, Lemma 7.2])

Extgy, (K (—c), Hig ' (X)) = Hip ' (X)/ Fil’,

one can then view AJ(D) as an element in Hig '(X)/Fil®. By further identifying H3g '(X)/Fil® with
[Fil4t1—e f24=2¢+1(X)]V under Poincaré duality, this coincides with the Abel-Jacobi map described in §5.1.

Now turn to non-trivial coefficients E. Inspired by the trivial coefficient case, the question reduces to
finding a subspace in H(Z, E) isomorphic to K(j) for some j € Z. This is not easy in general. However,
when the sheaf E comes from a universal object W over X, one has the following approach. For simplicity,
we will restrict to the case where dim X = 1.

Suppose we have a commutative diagram of smooth irreducible K-schemes with good reductions

W(—)Wz<—)Y

o

X+—7

o1



where
o dmW =dy,dimX =1, and dimZ =0 .
e 7m: W — X is proper, smooth, and the square is Cartesian.

e Y =5 a;Y; is a cycle of codimension n in W, hence of codimension n—1 in Wz. Moreover, we require
that Y € A"(W)o but Y € A"~1(W) is not cohomologically trivial.

Consider
FE = eRwﬂ*Q;,V/X

for some w € Z and an auxiliary idempotent € € Q[Aut(W/X)]. By the relative Leray spectral sequence (c.f.
[Kat70, (3.3.0)]) 3 4 , "

By = Hig (X, RIm.Qy, ) = HiF? (W),
we can view Hp (X, E) as a piece of H{;y ' (W) (or more precisely, eHj5 ' (E)). Hence one sees that I has

pure weight w.

By setting W’ = W\Wy, we have the Gysin sequence

= Hig (W) (=1) = Hig ™ (W) = Hig™ (W) — Hiz *(Wz)(=1) = HIg(W) = --- .
Note that each component Y; of Y provides a subspace K(—n + 1) in H gﬁfQ(WZ) by the pushforward map
HY (Vi) (—n+1) 2 K(—n+1) = HZ2(Wy).

Since we want to relate H}s (X, E) to Hip~'(W), we will take w = 2n — 2 and assume the idempotent € is
chosen so that:

1. the cycle Y is stable under ¢;

2. it annihilates HgR(W) for j # 2n — 1;

3. it gives rise to an isomorphism eHin ' (W) = H}; (X, E) via the Leray spectral sequence.

Consequently, one obtains a diagram

0 —— eHp '(W) —— eH '(W') —— eHIR 2 (W) (—1) —— -+

5 I

Hg (X, E) Hig (Z, E)(—n)

]

HgR(Y)(_n)

The inclusion Hiy (Y)(—n) < eHapn ?(Wz)(—1) provides a unique K (—n)-line determined by the coefficients
a;’s. In summary, we obtain by pullback an extension

0— Hzx(X,E) = D — K(-n) — 0.

Notice that D now gives a class in Extf,, (K(—n), Hiz(X,E)) = Hiz(X,E)/Fil", where n = £ + 1 is
different from the trivial coefficient case.

Remark 5.28. In general, let ' be an arbitrary overconvergent F-isocrystal of pure weight w on X. The
above discussion suggests that in order to define Abel-Jacobi maps with the coefficient F, the weight w
must be even. This restriction can also be found in [BDP13] and [DR14]. Furthermore, for a cohomolog-
ically trivial cycle Z of codimension ¢ with coefficient F, a correct Abel-Jacobi map should send Z into
Hﬁﬁ_l(X, E)/Fil%”. The philosophy is that we still treat E as if it came from RWW*Q;V/X for some
morphism 7 : W — X that may not even exist.
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Now let X be a proper smooth irreducible V-scheme of relative dimension d = dx as before and E be
a convergent F-isocrystal on X, of pure weight w € 2Z. We first need to define the cycle class group with
coefficient in F.

In the trivial coefficient case, the target of the cycle class map clx : A°(X) — H2% (X) is a K-vector space.
Hence we may extend scalar to A°(X) ®z K. If we let Z¢(X) be the collection of smooth irreducible closed
subscheme Z in X such that they form a base of A°(X). Then we may write A°(X) ®z K = ®zczex)K =
Dzeze( X)HgR(Z ). Inspired by this observation, we have the following definition.

Definition 5.29. The cycle group with coefficients in E of codimension ¢, denoted by A¢(X, E), is defined
to be

AX,E):= P H&(Z,E,%): B rFi¥ HR(Z.E).
ZeZH(X) ZeZH(X)

The finite polynomial class map clg, is simply defined as the sum of the pushforward maps
C C w
cly, = @ 1zt A°(X,E) —» HiS(X,E, 5 T
ZeZi(X)

We then define A°(X, E)o = ker(prg, oclg,) to be the subgroup of cohomologically trivial cycles with coeffi-
cients in E. By the fundamental exact sequence

0 — HXV(X, E)/Fil¥+e % H2(X, E, % +o) 2y Rt g2 (X, E) - 0,

we define the finite polynomial Abel-Jacobi map with coefficients in F
Ay, s A(X,E)o — H2N(X,E)/Filzte

simply by the if_p1 oclg. One can further identify the target with [Fildﬂ_%_c H §§_2C+1(X , EV)]Y under our
notation of duality.

5.6 The special case H"

In this section, we will deal with the sheaf H". Some modifications are needed because we are interested in
its parabolic cohomology instead of the usual de Rham cohomology.

We first recall several definitions that already appeared in §2. Let X = X;(N) be as in the previous
section, E = X be the universal generalized elliptic curve, and Y C X be the affine modular curve. Recall
that H is the canonical extension of Rlﬂ'*Q}E /x on Y to X. It comes with an exact sequence

0sw—oH—ow!l—0

which defines the Hodge filtration on H and a Gauss-Manin connection V : H — H ® Q.

For any positive integer r, we let H" := Sym” H be the r-th symmetric power of H, together with the
induced Hodge filtration and Gauss—Manin connection.

The parabolic complex (H" ® Q% )par is & subcomplex of
0—=H —H 2Q%(logC) — 0
defined by

(H"® Qg()par =H",

(H" @ Q% )par := V(H") + H" @ QL.
The hypercohomology of (H" ® Q% )par Will be denoted by Hf)ar(X, H"). One also has its rigid analogue, the
rigid parabolic cohomology H? (X, H").

rig,par
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The parabolic cohomology HY, (X,H") is equipped with a short exact sequence

par

0— HY(X,w Q%)= H (X,H") - H(X,w™") = 0.

par

However, the Hodge filtration on le)ar(X ,H") is not the naive 2-step filtration. As explained in [DR14,
Lemma 2.2], the parabolic cohomology can be viewed as the image of Hg;{'l(Wr) under a certain idempotent
e € Q[Aut(W,./X)]. Here W, is the Kuga—Sato variety appearing in the introduction (also see §5.8). In
particular, the Hodge filtration on H!, (X, H") is given by the Hodge filtration on Hg;{l(Wr). That is,

par

Fil’ = H! (X, H"),

par
Fil! = Fil? = ... = Fil'™ = HY(X,w" @ Q%),
Fil"t? = 0.

Also, Poincaré duality on the fibers induces a duality H" x H" — Ox (—r) which allows us to identify (H")
with H"(r).

We then have the derived complexes
RTpar (X, H"), Fil" RT par (X, H"), Rl yig, par(X, H")

which compute H}, (X, "), Fil" H}, (X, H") and H}, ... (X, H") respectively. Moreover, there are a natural

map Fil" RTpar (X, H") = RTpar(X, H") and a quasi-isomorphism RI'par (X, H") — RIyig par(X, H"). The
Frobenius ¢ on RTyig par(X,H") then induces a Frobenius action ¢ on H!, (X, H").

par

Since W, is of good reduction, the Frobenius action ¢ on Hgﬁl(Wr) is pure of Weil weight r + 1. As a

consequence, all the eigenvalues of the Frobenius ¢ on H}, (X, H") are also of Weil weight r + 1.
Replace everything with its parabolic version, we have the following definition.

Definition 5.30. For any polynomial P(T) € 3 and n € N, we define the syntomic P-complex Ry p(X,H",n)
by

REyn.p(X, H", 1) := Cone <Fil” R o (X, H') 2% Ry par (X, HT)) —1].

Its i-th cohomology will be denoted by HsiymP(X, H" n).

For any s € Z, we define

Rl (X, H",n) := h_n} RTgyn,p(X,H",n)
PePs

where the connecting map is similar to the one in Definition 5.4. Its cohomology will be denoted by
Hflp’S(X7 H" n).

Remark 5.31. Technically speaking, we should use the notation H;:ympan p and H}p,parﬁs. However, we

prefer to drop the subscript in order to keep notations clean. Any cohomology that involves H" should be
understood as the parabolic version in this article.

As before, we are particularly interested in the group Hflp(X7 H" n) = Hflp’rH(X, H", n).
Proposition 5.32 (c.f. Proposition 5.26). The group Hflp(X7 H",n) satisfies the following properties:

1. We have the exact sequence
0— H)\ (X, H")/ Fil" HD, (X, H") SN Hi (X, H",n) Py it B, (X, HT) — 0.

par par

Moreover, the map prg, is in fact an isomorphism.
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2. Let (H")V be the dual of H" such that the Poincaré pairing reads

Hpor (X, HT) % Hppo (X, (H7)Y) = K(-1).

par par

Then we have a perfect pairing induced by the cup product
Hiy (X, 1" n) < HE(X,(H7)Y,2—n) = Hi (X,2) 2 K

which is compatible with the Poincaré pairing on le)ar via the fundamental exact sequence.

Definition 5.33. Similarly to Definition 5.29, when r is even we have the finite polynomial Abel-Jacobi
map
Ay ANX,H o — Hpoo (X, M)/ Fil2 T HY (X, HT) = [Fil' 2 HYLL(X, (HT)Y)]Y.

Remark 5.34. Recall that we have a perfect pairing

H! (X, H")x H!, (X,H") = K(—r —1).

par par

This provides the identification H, (X, (H")V) = H!, (X, H")(r). Hence, as K-vector spaces,

par par

Fil'" 2 H. (X, (H")Y) = Fil2 "' H] (X, H").
One can check that this numerology is compatible with the Abel-Jacobi map in [BDP13, § 3]. Further
explanation can be found in [HW22, § 6.4].

In next section, we will also consider the sheaf H™ K H™ K H"™ 1= 1 H™ @ m3H™ @ n3H"™ on X3. By
Kiinneth decomposition, the only interesting (parabolic) cohomology is at middle degree 3, with

(X, H™)® H}

3 3 r1 To (8 ~ 1 r1 1 T
H3 (X3, HRH™? RH™) =2 H, (X, H™)® H L (X, ),

par par par

Hence, the Frobenius acts on H3, (X3, H"™ K H"™ K H") with eigenvalues of Weil weight r; + 75 + 73 + 3,

par
and H™ W H™ K H"™ is of pure weight r1 + r9 + 75 (for the parabolic cohomology). One can then define
Hfip(X?’, HRKH™ K H™) and Hfip(X?’, (H™ RH™ K H")V) similarly, where (H™ X H™ K H"™)V is of pure
weight —(r1 4+ 79 + r3). In particular, the finite polynomial Abel-Jacobi map we will use later is of the form

r1Frotry

A, : A2(X3,(HT RH 2 RH™2) ) — [Fil 2 P2HS (X3 HT RH™2 KA.

par

5.7 Applications to modular forms of weight > 2

We will show how to compute the Abel-Jacobi map appearing in Section 6.2 by using finite polynomial
cohomology with coefficients. The ideas and computations are almost identical to those in Section 5.1, with
only some minor modifications.

Let (z,y,2) € Z?;Q be a triple of balanced weights such that x = y + z — 2t with ¢t € Z-y. Write
rT=rm+2,y=ro+2,z2=r3+2andr = %(rl + ro + r3) as before. Then ry = ry 4+ 735 — 2(¢t — 1) and
r <79 +T3.

Let ¢ = 1123 : X — X? be the diagonal embedding. We set Z := +(X) C X3 to be the smooth closed
subscheme of codimension 2 and will often identify it with X in the following arguments. When restricted
to Z (pull-back via ¢), the sheaf H™ K H" K H"s is identified with H™ ® H"™ @ H"* on X. For simplicity,
we will denote H™ K H™ K H"™ by H® and H™ @ H"™ @ H"> by HE.

Recall that we want to evaluate the Abel-Jacobi map at an element of the form 1 ® wy ® ws with
0 € Hy(X, H™),
wy € Fil? T HL (X, H™),
wy € Fil" T HL (X, H").
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Note that 1 ® ws ® ws can be viewed as an element in Fil™*"3+2 H3,.(X3, HY) C Fil"? H3 (X3, HY). We
then take lifts
il € Hy, (X, H"™,0),
@y € Hiy (X, H"™,ry 4 1),
@3 € Hy (X, H"™,r3 4+ 1)
of n,w2,ws under the isomorphism pry, respectively. A lift of n ® wy ® w3 can then be taken to be 77 U
W;(:JQ @] 7T§(:)3.

We would like to define the diagonal cycle A € A?(X?3, (H™)V) such that it is supported only on the
diagonal Z. In other words, we want A = § - Z with § € Hp (Z, (H®)Y, —r) = HIx(Z, (H®)Y). The job now
reduces to find the correct section §. By definition, the Abel-Jacobi map AJg,(A)(n @ we ® w3) computes
the cup product

(6,0% (w37 U m3n U mom) ey

on Z =2 X.

Observe that by the assumption on 7;’s, there is a canonical direct sum decomposition
HTQ ® HT:; o @?;%{T27TS}HT2+T372']-(_j)~
In particular, there is a projection pr,, : H"™ @ H"™ — H" (1 —t). We may then consider
pr,, ((:)2 U @3) S H?p(X, H (1 — t), ro + 13 + 2)

and the cup product 7 U pr,, (02 Uws) € HE (X, H™ @ H™ (1 —t),r2 + 73 + 2). Now apply Poincaré duality
H™ @ H™ — Ox(—r1), we end up with an element in HEP(X, Ox(—ri+1—=t),r9 +r3+2).

Since —r1 + 1 —t + ro + 73 = 0, we have, as vector spaces,

HP (X, 0x(=ri+1—t),ra+7r3+2) = H} (X,0x,2) 2 K

where the last isomorphism is the trace map trg, for the trivial coefficient. In summary, we showed that there
is a non-trivial map 7 : Hy (X, H®,ry +r3 +2) — K. In particular Hg (X, H®,ry + r3 4 2) is non-empty.

By the fact that we have a perfect pairing
() e Hop (X, (H®)Y,n) x HY (X, H®,2—n) — Hp (X,2) 2 K,

there is an element 1z € HY (X, (H®)Y, —ry —r3) = H,. (X, (H®)Y) such that

par
<]].2,77U(:)2 U(Z)3>fp,X = ﬁUpI‘h((IJQ Ua)g) = T(ﬁU(Z)Q UC:J,?,) € K.

In fact, we can take 17 € Hp (X, (H®)Y, —r) since —r 4 (rg +73+2) > 2 and Hg (X,m) = K for all m > 2.
By doing so, the r;’s now play equal roles in the sense that the Abel-Jacobi map of the cycle defined below
can also be evaluated at elements of the form w; ® 73 ® w3 or w; ® wa @ Ns.

Definition 5.35. Let 1z be as above. We define AJY5 =15 - Z € A%(X?3 (H¥)Y). The superscript is to
denote that we are interested in modular forms of weights z,y and z (or equivalently, the sheaves H", H"
and H"). While the subscript is to remind us that it is supported on closed subscheme Z of X3, as in the
weight (2,2,2) case.

One can check that the push-forward ¢.(1z) € Hp,(X?, (H¥)V, —r +2) in fact lies in
ker(prg,) = H2, (X°, (H®)Y)/Fil 72 H3, (X3, (H¥)Y) = [FiI"2 H3, (X3, 1))V,

par par par

This justifies the evaluation of AJ,(A355) at 7 ® wa @ ws.
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Let (f,g,h) be three cusp forms on X of weight (z,y, z), respectively. Recall that we write the Hecke
polynomial of f as

T2 — ap (/)T + x5 (p)p* " = (T — a)(T - By)

with a = ord,(ay), and similarly for g, h. We also write
Py(T)
P (T)

L= ap(g)p' T + X (p)p' T2 = (1 = agp' VT)(1 = G T),
1 —ap(h)p' =T + xan(p)p' 1% = (1 — app'~*T)(1 — Bpp' —°T)

and let of = agp' ™Y, B = Bep' Y, o), = app'~* and B} = Bpp'~*. The polynomial Py(T) is defined
such that P,(¢) annihilates the class of wgy, where ¢ is the Frobenius on the cohomology H}, (X, ™). In
particular, Py(¢)wy = wyie as sections over some strict neighborhood W of the ordinary locus.

Similarly as before, we may represent a class in I{Slymp(X7 H"i,r; + 1) by a pair (w,G) where w €

HY(X,H" @ QL) and G € H'(W,H") are such that P(¢)(w) = VG. Then we have the following analogues
of Theorem 5.20 and Corollary 5.22, whose proofs will be omitted.

Theorem 5.36. Suppose that we have two classes @w; = (w;, G;) € H_.

syn,l—aiT(X’ 'Hri,’l”i + 1) with UGl =0
fori=2,3. Let P(T) = (1 — asasT) and consider the cup product

@y U@y € Hiy p(X,H? @H™ 1y + 13+ 2).

Let if_pl (@2U@3) € HY, (X, H™ @H"®) be the inverse and apply the projection pr,, on it to obtain the element

pr,, (if_pl (@2U@3)) € HY (X, HM (1 —t)). If ne HY, (X, H™) is an eigenvector of ¢ with eigenvalue o and
ordy(a) = a € Q, then

(n,pr,, (igy (@2 Uds)))ar = (1 — Bagas) ™ (n,e=* pr,, (Gows))ar

where B = p* 1T =1 /o and e=% is the slope a-projection with respect to U.

Remark 5.37. One needs to be careful about the twisting. The above pairing ( , )qr is the Poincaré
pairing
Ho (X H™) x H (X, H (L= t) > K(—r —1+1—t) = K(1—z+1-1).

Hence we have 3 = p*~!*~1 /o, instead of 3 = p/a in the weight (2,2,2) case.

Corollary 5.38. Let g,h be as above and suppose they are eigenfroms form the Hecke operator T,. Let
Wg,Wn, € Hflp(X7 1) be the lifts of wy,wp. Suppose that n € Hig(X) is an eigenvector of ¢ with eigenvalue o
and ord, (o) = a € Q. Let B =p® =1 /a. Then we have

(n,ig) (&g U@n))ar = (1 — B*alya}, 8,4
x (1= Babal) (1 — BalBh)(1 — BBLah) (1 — BBLE))

x (n,e="pr,, (GPlwy))ar.

Together with the definition of AJg,(A555)(n ® wy ® wy), we have the following theorem.

Theorem 5.39. Let notations be as before. Then we have

AT (AE3) (0 @ wy @ wi) = (1 — B2aga, By Br)
x (1= Balah) (1 = BalyBy) (1 — BBLa) (1 — BBLB))
x (n,e=" pr,., (Glwy))ar.
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Remark 5.40. In the applications later, the eigenvalue a will be arg« = x(p) 'ay. Then 8 = p® =1 jap =
p'~'B¢. One can re-write

1— BP0, B8, = 1 — p* 72 Biag Byan Bup® *Yp*
—1_ p2t—2ﬁ]2cxg(p)py—lxh(p>pz—1p2—2yp2—2z
—q _p2t—25]2cxjjl(p)p1—ypl—z
=1— B3 x; ()™ V7
=1-6}x; (pp™"
which is equal to the Euler factor & (f) defined in the introduction. Similarly, one can re-write
(1 = Bagay ) (1 = BayBp) (1 — BBya) (1 — BB,f)
= (1= Braganp™©)(1 = Bragfnp™°)(1 = BrBganp™)(1 = B BePnp~)

with ¢ := %"H It is then equal to the Euler factor &(f, g, h). Hence, we will use the following notations

S1(n) = (1= B0}, B,5;),
&(n,g,h) = (1 = Bagay,) (1 — BagBy)(1 = BBy, ) (1 — BByBY).

5.8 Comparison to the generalized diagonal cycle without coefficient

In this section, we recall the generalized diagonal cycle (without coefficient) defined in [DR14] and its Abel-
Jacobi image. In the end, we will see that their generalized diagonal cycle A, , . is essentially equal to Agg;
we defined in the last section.

Kuga—Sato varieties and the generalized diagonal cycles. For any r > 0, we have the Kuga—Sato
variety W,., which is the desingularization (c.f. [BDP13, Appendix]) of the r-fold fiber product

W =Exx & xx&.

Then one may see the parabolic cohomology H;ar(X ,H") as a subspace in a correct degree of the de

Rham cohomology of W,., which is illustrated in the following lemma.
Lemma 5.41 ([BDP13, Lemma 2.2]). Assume thatr > 1. Then there is an idempotent €, € Q[Aut(W,./X)],
defined in [DR1/, §3.1], such that we have

0 jFETr+1

CHE (W, /K) = )
€ dR( / ) {Héar(Xﬂ Hr) ] =r+1

Suppose now we have a triple of balanced weights (x,y,z) = (r1 + 2,72 + 2,73 + 2). We further assume
that 71 > 0,79 > 0,73 >0 and r := % e N.

Set W* = W,, x W,, x W,,, which is of dimension 2r 4+ 3 over the base field. We now briefly recall the
definition of the generalized diagonal cycle A, ,, . € CH""?(W*) (c.f. [DR14, Definition 3.3]).

Choose three subsets
A={a1,...,ar,}, B={b1,...,b}, C={c1,...,crs}

of {1,...,r} such that ANBNC =0 and AUB=BUC =AUC = {1,...,r}. One can see that the
balancedness assumption guarantees the existence of such sets. Then we consider the map

YABC - Wr — VV',-1 X W,«z X WT‘3
(3 Pryee s Pr) e (05 Pays ooy Pay ) (@5 Py ooy Py )y (25 Peys ooy Pey ),

which is a closed embedding of W,. into W*.
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Definition 5.42. The generalized diagonal cycle is defined by

Aa:7y7z = (ermerza GTS)()OABC(W’I‘) S CHT+2(W*)~

Remark 5.43. For the case where some r; = 0, we refer the definitions to [DR14, § 3.1].

By using the Kiinneth decomposition of H §§+4(W*) and examining the image of the idempotents €,,’s,
it follows that the cycle A, , . is homologous to zero. That is,

Ay, € CHT?(W*)g == ker(cl : CH P2 (W™) — HIRH (W™)).

Fix a prime p{ N, we have the p-adic Abel-Jacobi map
AJ, : CH2(W*)y — Fil"™ HaL 3 (W)Y
as introduced in [Nek00]. We recall the following result by Darmon—Rotger.
Theorem 5.44 ([DR14, § 3.4]). Let n,wg,wp, be as in Corollary 5.38. Then

&
AJp(Az,y,z)(n ® wg ®(Uh) = @((;(771(;7)}1) : <777 ega prrl (G[p] X wh)>'

As a result, we see that the two definitions of cycles are essentially the same, as least when we evaluate
their Abel-Jacobi images at n ® wy ® w,.

Theorem 5.45. Let n,wq,wy, be as before. Then

& (77)
&, g,h)

Notice that in the first Abel-Jacobi map, we view n @ wy @ wy, as elements in the de Rham cohomology
Fil"™® H3L3(W*). Whereas in the second one, it is viewed as an element in Fil"™ H3, (X3, H¥).

par

AJp(Agy,) (N @ wy ®wp) = Apr(Ag,’%’,’S)(n ®wg @ wp) = -(n, e=* pr,, (G[p] X Wh))-

Lastly, we would like to make an expedition to the proof of [DR14, Theorem 3.8] for (k, ¢, m) > (2,2,2).
We briefly recall the setting.

Given wg,wy, as before, one obtain a class
wy ®@wpy € HY (X, 1) @ HYL (X, ™).

Let @ := ¢ ® ¢. As explained in [DR14, § 3.4], one can find a polynomial P(T) such that P(®) annihilates
the class wy ® wy, and none of its roots is of Weil weight 72 + 73 + 1.

Then, for a suitable strict neighborhood W = W, there is an rigid analytic 1-form p(P, ws,wp) on W x W
such that
Vp(P,wg,wn) = P(®)(wg ® wh).

Recall that we have a map pr,, : H™ @ H"™ — H" (1 —t). Composed with the pullback by the diagonal
embedding W — W x W, we get a map H" K H"™ — H" (1 — t), which will still be denoted by pr,. .
Set £(P,wg,wn) := the class of pr, p(P,wy,wn) € HY, (W, H"™ (1—t)). If one further requires that P(¢)

composed with the residue map to each supersingular residue disk is zero for the sheaf H™ (1 — t) (these
eigenvalues are of Weil weight 2r + 2), then &(P,wy,wy) actually lies in H}, (X, H™ (1 —t)).

par
As the eigenvalues of ¢ on H}, (X, 1™ (1 —t)) are of Weil weight 71 + 142t —2=ry+r3+1, P(¢) is

an isomorphism on H}, (X, H" (1 —t)). One then set

par
E(wg,wn) : P(§) T E(P,wg,wn) € Hyp (X, H™M (1= 1)),

It can be checked that this class is independent of the choice of the polynomial as long as it satisfies the
conditions above.
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Proposition 5.46 ([DR14, theorem 3.8]). Let notations be as before. Then

AJp(Asy ) (N @ wy ®wp) = Apr(Agzg,’g)(n ® wy @ wp) = (N, §(wg,wh))drR-

We now illustrate the proof by using finite polynomial cohomology with coefficients. In particular, we
show how it simplifies the argument in [DR14, Lemma 3.11]. One should then see that this approach is more
coherent to the one for weight (2,2,2) case in [DR14, § 3.3].

By this time, one might already see that the pair (wy ® wp, p(P,wg,wp)) gives rise to a class

wy ®@wp € HZ p(X2, H™ RH, ry + 1753 4 2).

Consider now the following diagram (we temporarily set 7’ = ro + 73 + 2 to make the diagram smaller):

0 — HL (X2 H=RHS) 2 g2 (X212 KA, ) 22 Rl H2, (X2, 1™ RH™) — 0

par syn, P par

J{prrl J{prT1 J{prr1

0— HEY (X, H'(1—1t) =2 H2 (X, 1" (1—1),7") =% Fil” H2, (X, H" (1 —t)) — 0.

par syn,P par

Notice that Fil"2*"s+2 H2, (X, H" (1—t)) is 0 since the sheaf %" (1 —¢) has no non-trivial global horizontal
section. So the map ig, in the bottom row is an isomorphism. Also recall that the map i, on the bottom
row sends a class ¢ to (P(¢)¢,0) (since we are on a curve, any representative of the class ¢ is necessarily
closed). As a consequence, the class &(wy,wp,) is nothing but the preimage of pr,., (w;éfuh) under if,. The
result then follows from our definition of AJg,(A535)(n ® wy ® wy) in §5.7 and the compatibility between

cup products on finite polynomial cohomology and de Rham cohomology.
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6 Special values of triple product p-adic L-functions

In this section, we will focus on the specializations of the triple product p-adic L-functions at certain balanced
classical weights, and try to relate the values to p-adic Abel-Jacobi images.

Recall that the triple product p-adic L-function is defined as

o f’*,HT,Sa vy gl x h o
2f(f, g h) = ( (f(* itjz) ) € KON QM

From now on, we will simply write f* for f* and similarly for g and h.

6.1 Special values at balanced classical weights
We first specify at which classical points we want to study the values of fpf (f,g,h).

Suppose f is a family of finite slope a = ay, and g, h are of slopes a4, a), respectively. We are interested
in the values of fpf(f, g, h) at classical weights (z,y, z) € Z3 such that

1. The specializations of f,g,h at (z,y,2) are p-old, i.e., f;,g,, h, are p-stabilizations of some classical
modular forms f2, g9, h? on X;(N);

2. (z,y, 2) is balanced and © = y + z — 2t for some t € Z~o;

3. x2>2a+1,y>2a,+1and z > 2ap + 1.

We denote the set consisting of all such weights by ¥ g . By abuse of notations, we will write f, := f;,
gy = 8y, h- :=h, and denote the classical forms f2, gg, hY simply by £, g, h. Notice that they are different
from the modular forms f, g, h (of weight k, ¢, m, resp.) which the families f, g, h deform.

Remark 6.1. The third condition is explained in Remark 4.41. We can modify it into the following condition:
d.x—1>a,y—1>ayz—1>apand ajp # Byo, g0 #ng, apo # Bro.

As we will proceed our proofs by studying the g-expansions of various forms, we here recall several
definitions. Around the Tate curve, one has a basis {Wcan, Ncan } of H that satisfy

dq
V(wcan) = Ncan @ ;7 v("7can) =0.

As we mentioned before, the basis V;.; of the sheaf W, at the Tate curve corresponds to the basis wlyn%,

of H" at the Tate curve when r is a positive integer and ¢ < r. From now on, we will make no difference
between these two notations and use them interchangeably.

We now examine the g-expansion of HT(VZQ (gl"l) x h) at (y, z). Let

9P (q)Vy,0 and h(q)Vzyo

be the g-expansions of the specializations of gl?! and h at y and z respectively.

Since we assume the triple (z,y, z) to be balanced, b := y — t is a positive integer. Apply the formula in
Theorem 4.30, we see that

B SN N
V= glPV,0) :Z( ) (y—t—1—0)0" P )V, s
: .

b—1 _t 7 4
_ ( ) (y—t—1— )0 g (Vo
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is in fact a finite sum. We simplify the above formula as
vt p]vyo ZC o] p]() Vot

by letting C; == () [[155(y —t — 1 —1i).

The g-expansion of the product V=g [p (@)Vy,0 X h=(q)V. o can now be expressed as

Zc 0 gl (q) Va0 % (g zo—Zc 07 glPl(q) X h.(q) Vi

We here remark that b —1 < 2. Since if b—1 =y —t — 1 > x, by using the balancedness assumption
x+z—1y >0, we have z > t 4+ 1. But this would imply s =y —t+2—-t>y—t+1>y—t—1, whichisa
contradiction. As a result, one has the identification

b—1 b—1
> C 07 gl (q) x ha(q)Vey =D Cy 07 gl (q) X (@) M.
a =

Applying the overconvergent projection formula in Prop. 4.37 with

vi(q) = Cj - 07" glPl(q) x h.(q),
we get

b—

,_.

- 070~ gi (q) x h:(q))
(r—2—j4+1)(xz—-2—-57+2)-(z—2)

HY(V " (gPIVy0) x 7.V 0)( Vi.o-

JZO

6.2 The p-adic Abel-Jacobi images

In this section, we will review the computation of the Abel-Jacobi map. In particular, we will define an
element 7} attached to a modular form f of finite slope < a and compute AJ(A355) (0} ® wy @ wp,).

Let f,g,h be a triple of cusp forms on X;(N) of balanced weights (x =r; +2, y=ry+2, 2z =135+ 2)
such that © = y + z — 2t as before. The cusp form f then corresponds to a section wy € HO(X,w™ ® Q%)
and similar for g and h. We also fix a strict neighborhood W of the ordinary locus in X and sometimes view
wgy,wy, as sections over W via restriction.

As explained in §2.1, we have a class 75 € HJ, (X, H")[f]/ Fil"*! such that for any cusp form w €
Sz (T'1(N)), we have
(f*7 w>N

NfHW)AR = 7o oy -
a8 = (55 Fo)
Notice that on HZ, (X, H")[f], the Frobenius ¢ acts with eigenvalues aj and 7. We want to find a lifting

par

ng=nf € Hpar(X H")[f] such that the Frobenius ¢ acts with eigenvalue a s+ = asxs(p) !, which also has
p-adic valuation a. In order to do so, we need the decomposition

Hy (X 1) = HO(X e @ Q) [f] @ Hby (X, 1) (17707

par

The existence of the decomposition is unknown in general. However, it is true under the non-critical as-
sumption ord,(ays<) < z —1 (cf. [BC09, § 2.4.3]). We then define 7} to be the unique lift of 7y in

Hpo (X, H) (17700

Then we have the following special case of Theorem 5.39.
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Theorem 6.2. Let A;g; be the general diagonal cycle with coefficients defined in §5 and 0§, wq,wn be as
above. Then we have

T,Y,2\ (. a &1(f a a
Apr(A2::2q:2)(nf ®wg ®Wh) = éf’(fl‘(g)h) . <77f76S prrl(G[p] X wh)>.

Now we shift our attention to the term prrl(G[p] X wp). As 1 — VU annihilates the cohomology
H! (X,H"™), the form ws[,p I over W is V-exact. A primitive G over W can be chosen (uniquely) such

par
that its polynomial g-expansion takes the form

ro
in(T2\p—i— ro—i, i
6@ =3 (7)o @
The product GI?! x w;, can be viewed as a section of H2 @ H" ® QL. By assumption on the weights (z,y, z),
it follows that there is a projection pr, :H"™ ® H"™ — H" (1 —t) (c.f. [DR14, Prop. 2.9]).

Remark 6.3. We here explain the projection pr,. in detail, for it is crucial in later computations.

Set r:= 17y + 13 — (t — 1), and let H®, ..., H") be r-copies of H and H®" := HV) @ ---H"). We then
have a natural embedding of H" := Sym” H into H®".

We choose subsets B C {1,2,...,r} of cardinality o and C C {1,2,...,r} of cardinality r3 such that
BUC =1{1,2,...,r} as before. Notice that we automatically have #(B N C)¢ = r;. We may fix a simple
choice B={1,2,...,mp}and C={r—r3+1=ry—t+2,...,7}

We may embed H" canonically into H®"2, then embed it into H®" via the set B, and embed H"
into H®" via C similarly. In terms of the basis {Wcan, Ncan }, the element 1 -w’2 of H" is sent to wégi) =

can
1 Wean @ Wean * * * @ Wean of HE™2. On the other hand, 1 - w2 e, is sent to

1 & . .

(r2) Z 77&7121 ® ngzl

1) j=1

(;) )

where eagn = 1 ® - ® 1 ® Nean ® 1 ® -+ ® 1 with only one 7., at the j-th component, and wean =
Wean X+ @ Wean ® 1 ® Wean @+« + @ Wean With only one 1 at the j-th component. One should be able to work
out the general cases explicitly.

Now apply the Poincaré pairing H x H — Ox(—1) component-wise on the images of H" and H"3.
Since there are (¢t — 1)-many overlapping components corresponding to BN C, after symmetrization, we may
identify the resulting sheaf as H" (1 — t). The symmetrization sends, for example, 222:1 O(jn((lg,zl ® wd to

T —

(232:1 a]) : wggn 1770an-
Notice that one may view the projection pr, as a generalization of the decomposition

min{ry,rz}
Sym™V ® Sym™ V = @ Sym"™ sy
=0

for a two dimensional vector space V' (or viewed as the standard representation of SLj).

6.3 The p-adic Gross—Zagier formula and its proof

After studying the two ingredients, we are now able to prove the p-adic Gross—Zagier formula. Before doing
so, we first fix some notations.

Let f, g, h be three finite slope families and (z,y, ) € ¢ g n be a triple of balanced weights as in Section
6.1. The specializations f;, gy, h, are classical modular forms on X;(N,p) and will be viewed as sections
over the strict neighborhood W in X. Furthermore, they are the p-stabilizations of modular forms f, g, h on
X1(N) and f, = (1 — B¢V)f by our assumption. We also have the elements n; = nf,wg,wn associated with
f, g, h in their respective cohomology groups as defined in Section 6.2.
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Theorem 6.4 (p-adic Gross—Zagier formula). Let notations be as above. We have

E(f,g,h)
(t =D& (f)é(f)

where the Euler factors &(f,g,h) and & (f) are as before, and

Eo(f) = (1= Bix; (pp' ™).

ZI(f,g.h)(z,y,2) = (1)} X AJp(Agy,2) (0 ® wg @ wh),

The strategy of the proof is the following: from the two overconvergent forms gy, h., there are two ways

to construct an overconvergent form of weight = (or an element in Héar(X JH™)).

One is H T(V_t(gy[f ]Vy70) X h,V,0), which relates to the triple product L-function. The other one is
H(pr,, (Gl xwy,)), which relates to the Abel-Jacobi image. Hence, proving the p-adic Gross-Zagier formula
is essentially equal to relating the two overconvergent forms (or cohomological classes) mentioned above.

The crucial observation is the following lemma, which should be considered the main technical novelty
of this paper.

Lemma 6.5. Let notations be as before, then we have
(1) e =) HY(V T (gPV,0) x hoVig) = H (pr,, (G x b))V

Proof. We prove this equality by examining their g-expansions and using the g-expansion principle.

First, we observe that the two forms g and g, = (1 — 54V ')g has the same p-depletion. So we may replace
gj[f] with gl

Let b :=y — t be as before, recall that

b—1 ji—1 o
—t( [p] _ T A 1 07 (9 t=7glPl x p)
Vi) X WVe0) = 3 (1 (j)ﬂf” 1= Sy e @

On the other hand, we have
T2 r
6 = >o-1st (7)o P et
s=0

where G?! is the primitive of the overconvergent form g!?! with respect to the Gauss-Manin connection V.

We now view h, as a section of H™ @ Q% over W and write its g-expansion as h,(q)w?2,, - %.

Following the recipe in Remark 6.3, we have the polynomial g-expansion

S s ro—(t—1 —s— ri—(s—(t— s—(t— dq
pr,, (G xh) = 3 (1) 3!<32_ ((t_ 1)))9 1glE] b, 7= (= (D) ps=(-1) 4,
s=t—1

After the change of variable « := s — (¢ — 1) and noticing that ro — (t — 1) = b — 1, it can be written as

b—1

b—-1 d
P, (67 1) = (1D aw - (" ot it
a=0
The overconvergent projection H' (pr, (G x h.)) then takes the form
S (p2a-D (b1 02679 x h.) . dg 30
—1)2et (- t—1)! -
Sy ) ), (30)

a=0
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The lemma then reduces to comparing the numbers

-7 (7) o1

and

Observe that

TN = TV C) [ Bt VKA e R RV = SN
“)(j)}l“ 1y =(-1) - Ile-1-9
:(—1)2j~t(t+1)-~-(t+j—1)~%~]_ (b—1—1)

J: =0

:t(t+1)--~(t+j—1);!-j!(b;1>
1) (1) - (b;1>.
Hence we have
(~1) - 1) ((1)]’ (t) o1 i)) = ()Gt 1>!<" p 1)
17 i J
for all 0 < j < b—1. The lemma then follows. In fact, one sees that the equality holds even without applying

the overconvergent projection. O

Remark 6.6. In the ordinary case (c.f. [DR14, Prop 2.9]), the proof is easier as one may replace the
overconvergent projection with the unit root splitting. That is, one only needs to prove the equality between
the first terms of the two polynomial g-expansions.

Corollary 6.7. With notations as before, we have

NI )y 9y 9) = 2 s g 20 o, (G )
= (1 - D =TT )

Proof. Tt only suffices to prove the second equation. As U(GP! - Vh) = 0, and €<% has no constant term as
a power series in U (c.f. Remark 7.23), e=? annihilates pr, (GP! x Vh). Hence we may replace h by one of
its p-stabilization h, and the second equality follows. O

‘ Now back to the triple product p-adic L-function fpf (f,g,h). By definition, its value at the point (z,y, 2)
is
(f2, HY =" (V" (") x b))
(f:;vkv f;)N,P

where the Petersson product is on Xi(N,p).

We need to translate this Petersson product on X;(N,p) back to one on X;(NN). Recall that f, is the
p-stabilization of f. In other words, as classes in HJ,,(X,H™), we have f, = (1 - 8}¢)f = (1 - 5;V)f and
fi=Q0=BpV)f"
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For this we recall the formula in Lemma 2.22. Let w be any modular form on X5 (N, p) of weight z, we

x? s xT? T(“‘ N, )
(} W N,p .} 6,” p ] W N <77 , 0> .

(e fne (5 fNe (5 )N

Here ey is the projection to the f;-isotypic component, and w? is a modular form on X;(N) such that
eraw = (1= )’ = (1— B V).

Note that here we also write w® for its (unique) corresponding element in Fil"™ ™" HL, (X, H™) by an abuse
of notations, rather than using the awkward w,0. Now we let w be the modular form HT’S‘I(V_t(ng]) X h)

on Xi(N,p), viewed as a class in H}z (X, H"™). Then,

<77f7w> = <77f76f*w> =

where &(f) = (1 - 525) = (1= ££) = (1= B3x; ' (p)p'~®). As a result,

Qi

21 (£ g h)(x,y,2) = %m,méa(v%(ggpl) % h2))ar.

This equality, together with Corollary 6.7, then imply

E(f,9,h)
(t =D& (f)E(f)

fpf(f,g,h)(z,% z) = (*1)7:71 X AJp(Agy,2) (N ® wg @ wp).

6.4 Comparison to the result of Bertolini—-Seveso—Venerucci

Lastly, we would like to make some remarks on the result in [BSV20]. They computed the Bloch-Kato
logarithm of a certain cohomology class k(f,g,h), evaluated at 1y ® wy ® wy, and related this value to
a certain period attached to the triple (f,g,h). We here recall their theorem without fully explain every
ingredient. Those who are familiar with the relation between Bloch—Kato logarithm and syntomic Abel-
Jacobi map will immediately see its connection to Theorem 6.4.

Theorem 6.8 ([BSV20, Theorem A]). Let (f,g,h) be as before, and let k(f,g,h) be the diagonal class
defined in [BSV20, § 2]. Then,

E(f,g,h)
(t =D& (Hé(f)

log, (k(f,g9,h))(ny ® wy ® wp) = (—1)FtNe—2 x I,(f,g,h), (31)

where

(f* ep (09" x h))nyp
(f*v f*)Np

Here, the Petersson product is taken over level I'1(Np).

Ip(fvg7h) =

Remark 6.9. One notices that they are using the p-adic modular form 6~%¢[P! x h instead of overconvergent
modular forms. This difference is explained in [BSV20, § 4.4], where they utilized the result of [Nik10].
Roughly speaking, it says that one can study certain overconvergent forms by restricting to the ordinary
locus. This is coherent to [Urb14, Proposition 3.2.4], where the g-expansion map is proved to be injective
on the space of overconvergent modular forms. The same technique, however, does not work for finite
slope families of overconvergent forms. The main reason is that one now enters into the realm of infinitely
dimensional p-adic Banach spaces. Whereas every norm on a finite dimensional vector space is equivalent,
the same statement is not true for infinitely dimensional vector spaces.
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7 Appendix. A lemma on pairings of p-adic Banach spaces

In this appendix, we make a detour to the theory of p-adic Banach spaces. Our goal is to explore more on
the relation between finite slope projector e=® and the Poincaré pariring. To be more precise, we wish to
establish a result analogous to [DR14, Prop 2.3] and [DR14, Prop 2.11]. A combined statement as well as

its proof will be recalled below.
Let K be a finite extension of Q, and X = X;(N) be the modular curve defined over Z, as before.

Lemma 7.1. Letn € Hél;.h(XK,’;'-L’")u_r be a class in the unit root part, i.e., the Frobenius ¢ acts on n as
multiplying by a p-adic unit. Suppose g is a nearly overconvergent modular form of weight k =r+2 > 2 on
I'1(N) with vanishing residues at all the supersigular annuli. We let w = wy in Hig (XK, H") be the class
given by g. Then we have

<777 W> = <777 eordw>

where (, ) is the Poincaré pairing.

Proof. (|Besl6, [Prop. 3.2]) First, recall that we have the operators U and V', which are inverse to each other
on the level of cohomology. We also have the Frobenius morphism ¢ that satisfies (¢n, gw) = p*~1(n,w) and
¢ = pF~1V = pF~1U~1 on the level of cohomology. Let 3 be the eigenvalue of ¢ acting on 7, which is a
p-adic unit. Then,

(n, Uw) = p'*(¢n, oUw)
= (¢n,p' FpUw)
= (¢m,w)
= B(n,w).

Taking limit, we have
. n! . n!
(n, €oraw) = (n, lim U"w) = lim B (n,w) = (1,w)

n— o0
as desired. O]

Remark 7.2. In [DR14], it is proved in another way. First, one uses the relation (¢n, pw) = pF~1{

deduce that the Poincaré pairing descends to

7,w) to

(,)V:HY (Xg, HO)Y T x HY (X, HO)PF L - K(1—7)

par par

where the subscript ¢, k — 1 denotes the slope = k — 1 subspace for ¢. Then one identifies Sgrd(N ), the space

of ordinary overconvergent modular forms of weight k, with HJ, (X, H")?F~1.
The main result in this section is the following lemma:

Lemma 7.3 (General form). Let M be a p-adic Banach space over a p-adic field K and u be a compact
operator on M. Suppose there is a bilinear pairing ( , ): M x M — K and another operator ¢ on M that
satisfies

(my,ums) = (dmy, ma)

for any mq,my € M.

Let 1 € M be an eigenvector for ¢ with eigenvalue o, whose p-adic valuation is a € Q. Let eS® be the
projector onto the slope < a subspace of M for the operator u. Then we have

(n,m) = (n,e>m)
for allm e M.

In our application, it takes the following form:
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Lemma 7.4. Suppose n € Hip(Xk,H") is an element for which the Frobenius ¢ acts with eigenvalue o
such that vy(a) < a. Then for any w € Hig (XK, H"), we have

(n,w) = (n,e~"w)

where =% is the projector to the slope < a part for the U, operator and the pairing is the Poincaré pairing.

Remark 7.5. As we will eventually restrict to classical forms, we are dealing with the finite dimensional vec-
tor space Hjp (X, H"). If we understand the action of U (or its characteristic polynomial) on HJz (X, H"),
the projector eq or €<% can be expressed as polynomials in U. So technically speaking, we do not really
need to deal with (infinite dimensional) p-adic Banach spaces and compact operators. However, we wish to

provide a more general statement that may be applied to non-classical forms.

We first recall some facts about p-adic Banach spaces and compact operators. The main references are
[Ser62], [Col97] and [Buz07].

Let K be a complete non-archimedean valuation field, A be its ring of valuation, m be its maximal ideal,
and k = A/m be the residue field. We also let G C R* denote the image of K™ under the valuation map.

Definition 7.6. A Banach space F over K is a complete normed vector space over K that satisfies
|+ b| < max{]al, [b[}

for all a,b € E. For such a space E, we let Ey = {x € F | |z| < 1}. It is clear that Ey is a A-module, and
the topology of E is determined by Ej.

We will have to consider the following property (N): for all z € E, |z| € G, the closure of G.

Example. Let I be a set and let ¢(I) be the set of families = (z;);er,2; € K such that z; tends to 0 on
the complement of an increasing filtration of finite subsets of I (denoted by x; — 0 when ¢ — 00). The norm
is given by |z| = sup{|z;|}.

The space ¢(I) will be our main object of interest, and it turns out that most of the Banach spaces are
of this type.

Proposition 7.7. Suppose the valuation on K is discrete. Then any Banach space E /K satisfying property
(N) is isomorphic to c(I) for some set I.

Definition 7.8. An orthonormal basis of a Banach space E is a family (e;);cr,e; € E, such that any x € E
can be written uniquely as

xr = qujei, r; € K
with |z;| — 0 and || = sup, |z;|. A space E is called orthonormizable if it admits an orthonormal basis.

Suppose E, F are two Banach spaces. Let L(FE, F') be the vector space of continuous linear maps from
E to F. The space L(E, F') is equipped with the norm
|u|
|u| := sup —
z#£0 ||
which is equivalent to supg_ |, <; [uz|. Under this norm, £(E, F) is a Banach space. If E, F' satisfy (N), then
so does L(E, F).

Now suppose £/ = ¢(I) is orthonormizable with basis (e;)icr, and F' = ¢(J) with basis (€})jes. Then
for any u € L(E, F), the element u; := f(e;) takes the form (n;;);es where |n;;| = 0 when j — oo and
i is fixed. We have |u| = sup, ; [nj|, and if z = (2;) € E, then u(z) = (y;)jes where y; = >, nijz;. We
call (n;;) the matrix of u with respect to the orthonormal basis of E, F. On the other hand, we may write
u(z) = (w;r) e where w; is in the dual E* of E. Then |u| = sup; |wj|.

Definition 7.9. A map u € L(E, F') is called completely continuous (or compact) if it lies in the closure of
the subspace of finite rank maps. We denote this set by C(E, F).

It is clear by definition that the composition vow is completely continuous if either v or v is. In particular,
C(E, E) is a two-sided ideal in L(E, F).
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Proposition 7.10. Suppose F = c¢(J), then the above identification defines an isomorphism from C(E,F)
to cg-(J), the space of collections (w;) ey of elements in E* tending to 0, with the norm defined by sup |w;|.

Fredholm determinant. From now on, we will always assume the Banach spaces E, F' are orthonormiz-
able.

It is tempting to define a certain characteristic power series for u € L(E, F') analogous to what we do
in finite dimensional linear algebra. However, as a Banach space can be infinite dimensional, one needs to
worry about the convergence. It turns out that we are able to define det(1 — T'u) for completely continuous
map u, which can be essentially computed by using the matrix coefficients (n;;) of w.

We briefly recall some definitions. For any finite subset S of I, define
Cs = Z sgn(7) H T, 7 (4)
T icS
and ¢, = (—1)" X 5/, ¢s, where the sum is taken over all finite subsets S of index n.

Proposition 7.11 ([Ser62, § 5]). Let u be an element in C(E, E) with matriz (n;;). We can define the
Fredholm determinant det(1 — Tw) € K[[T]] that satisfies the following properties:

i. det(1 —Tu) =" e, T™, where ¢, is defined as above;
it. det(1 — T'w) is an entire function of T with values in L(E, E);
iti. If u; = w with w € C(E, E). Then det(1 — Tu;) — det(1 — Tu) coefficient-wise;
w. If u is of finite rank, then det(1 — Tu) coincides with the polynomial defined in the classical sense.

Corollary 7.12. Ifu,v € C(E, E), then
det(1+u+ v+ wv) = det(1 + u) det(1 4 v).

Generally, we have det((1 — Tu)(1 — Twv)) = det(1 — Tu) det(1 — Tv).
Corollary 7.13. Suppose that w € C(E,F), v € C(F,E). Then we have

det(l — Tuowv) =det(l —Tvowu)

We will need the following lemma later.

Lemma 7.14. Let I = I' UI" be a disjoint union. Suppose u is completely continuous on E = ¢(I), which
sends E' = c¢(I') to E'. Let u' be the restriction of u to E’, and v be the induced map on the quotient E/E’.
Then we have

det(1 — Tu) = det(1 — Tu') det(1 — Tu")

Definition 7.15. The Fredholm resolvant R(T',u) is defined to be

det(1 —Tu) m
R(T,u) := 0 Ta) Z v T

where v,,, € L(E, E) are polynomials in u.

Proposition 7.16 ([Ser62, Proposition 10]). R(T,u) is an entire function of T with values in L(E, E).
From now on, we will fix a compact operator u € C(F, E) and simply write P(T') = P,(T) for det(1—Tu).

Proposition 7.17. Suppose A € K. Then 1 — \u is invertible in L(E, E) if and only if P(\) # 0.

Definition 7.18. For a function F(T) = Y b,,7™, define A*f = 3" (") by, 4 sT™ for any s € N. A zero
A € K of f is said to have order h € N if A (\) = 0 for all s < h and A"f()\) # 0. Note that if the
characteristic of K is 0, we have A® =

5' dTS'
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Proposition 7.19 (Riesz theory). If A € K is a zero of P(T) = det(1 — T'uw) of order h. Then the space E
can be decomposed uniquely as a direct sum of u-invariant closed subspaces

E=NM\)@F(\)
such that
i. (1 — Au) is invertible on F(\);
i. (1 — \u) is nilpotent on N(X\). More precisely, (1 — Au)"N(\) = 0 and N()\) is of dimension h.

In [Col97], Coleman generalized Serre’s results to Banach modules. Most of the results stay the same
after some minor modifications.

Definition 7.20. For a polynomial Q(T) of degree d, we introduce the notation Q*(T') := TIQ(T ).
As a corollary of Proposition 7.19, Coleman proved

Theorem 7.21. Suppose that P,(T) = Q(T)S(T), where Q(T) =1+ --- is a polynomial of degree h whose
leading coefficient is a unit (i.e., Q*(0) is a unit) in A, and @ is relatively prime to S. Then there is a
unique decomposition of M into u-invariant closed sub-modules

M=N(@Q)® F(Q)
such that
i. Q*(u) is invertible on F(Q);
it. Q*(u) is zero on N(Q). Moreover, N(Q) is of rank h, and the characteristic polynomial of u on N(Q)
is Q*(T).
Remark 7.22. When the vector space F is finite dimensional, I will use the term “characteristic polynomial”
to denote det(T—u) as usual. I will still call det(1—Tu) “characteristic power series” even if it is a polynomial.

In order to understand more about the projection E — N(A), we need to recall part of the proof of
Proposition 7.19 (c.f. [Ser62]).
Proof. By assumption, we have A*P(\) = 0 for all s < h, and A" P(\) = ¢ # 0. Consider the identity
(1 -Tu)R(T,u) = P(T)
and apply A%, we get
(1 = Tu)A*R(T,u) — uA* ' R(T,u) = A*P(T)
Now put ws = A*R(\, u), we have the equations
(I —=A)we =0
(1 = Auw)wy —uwy =0

(1 = M)wp—1 —uwp_o =0
(1= dw)wp —uwp—1 =c¢

We deduce from these equations that (1 — Au)*Ttw, = 0 for s < h.

Set e = ¢ (1 — Au)wy, and f = —c luwy,_;. Then e + f = 1 and fe® = 0 since (1 — Mu)Pwy,_; = 0 (w,
is power series in u, so it commutes with u).

Consider the equation (e + f)* =1, and let

p=e

q=he" " f+ -+ hefr 7t + fh
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Then p+¢ = 1 and pq = gp = 0. The maps p and q are the desired projections to F'(a) and N(a) respectively.
More precisely, ker p = Im ¢ = N(\) and ker ¢ = Im p = F(\). Hence we have the decomposition

E=NX) & F(\)

As (1 — Mu)hg = 0, we see that (1 — Au)” = 0 on N(A). On the other hand, (1 — Au)"(wy)" = c"p, so
1 — Au is invertible on F'(\) = Imp.

The rest of the proof is omitted. Details on proving that dim N(A) = h can be found in [Buz07]. O

Remark 7.23. Looking at the formulae f = ¢ luwy,_; and
q:heh_1f+--~+hefh_1 +fh

in the proof of Proposition 7.19, we see that the projector ¢ has no constant term in w. This fact will be
useful later when we apply finite polynomial cohomology to compute the Abel-Jacobi maps.

Now we are able to prove lemma 7.3

Proof. By assumption, for any power series G(T') such that G(u) converges, we have
(m1, G(u)mz) = (G(¢)m1, m2)

as long as the expression G(¢)m; also converges. So it suffices to show that G(¢)n = n when G(T) is a
power series such that G(u) is the projector e*=* on M.

Suppose that u has a as one of its eigenvalues, then a~! is a root of P(T) = det(1 — Tu). On the finite
dimensional subspace N(a~!), u has characteristic polynomial (T — «)". For simplicity, we will assume that
it is also the minimal polynomial.

By Proposition 7.16, the resolvant R(T,u) is an entire function of T'. In particular, R(a~!, u) converges
in L(E, E). We write R(T) for the power series R(a™!,T). For any eigenvector w of u with eigenvalue a, the
element R(a™!, u)w = R(a)w converges. Hence, the power series R(T) a least converges for |T| < |a| = p~@.

In other words, we may view R(T) as an element in the Tate algebra K(T'/«), and so are ws(T) =
A*R(a™1,T) and the power series G(T) that satisfies G(u) = ¢ = he" "1 f + .- + hef'~1 + fh (vecall that
this is the projector to N(a~™1)).

h

As the polynomial (T — «)" is regular, we can apply Weierstrass division on the Tate algebra K(T'/a)

and write
G(T) = (T — )"S(T) + r(T)

where S(T) € K(T/a) and r(T) is a polynomial of degree < h. Since G(u) is a projector to N(a~1), we
must have G(u)|n(q-1) = 1. This implies (u) = 1 on N(a™!). Since we assume (' — «)" is the minimal
polynomial on N(a~1!), we must have r(T') = 1.

Now, for every m € M, we have

(n,e"=m) = (n, G(u)m)
= (G(¢)n,m)
= ([(¢ — )" S(¢) + 1]n, m)
= (n,m).
Note that the expression [(¢ — a)"S(¢) + 1]n converges.
The lemma then follows as the projector e=¢ is just the finite sum of all e*=7 with ord,(y) < a. O
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8 Appendix. Coleman integration and F-isocrystals

This appendix aims to provide some complimentary materials for §5, such as rigid cohomology, Coleman
integration and F-isocrystals. We will try to keep in a manner of minimalism and refer most of the results
to the listed references.

8.1 Coleman integration

In this part, we will recall the construction of Coleman integration. Our expectation is that one should be
able to verify its connection with finite polynomial cohomology appearing in §5.3 without too much efforts
after reading this section. For the main references, Coleman’s original papers [Col82] and [Col85] are already
good and clear. The note of Besser [Bes12] also gives a friendly introduction to this topic. Unfortunately,
we need to assume basic knowledge of rigid geometry, which can be found in [Ber96] and [Ber97].

Throughout this appendix, we let K be a finite unramified extension of Q,, V = Ok be its ring of
integers, m be the maximal ideal and & be the residue field. The valuation on K is fixed such that [p| = p~*.

We first start with a simple example of rigid cohomology. The closed disk B[0,1] :={z € K | |z| <1} is
an affinoid (rigid analytic space) over K with structure sheaf given by the Tate algebra

K(T) := ZanT" | an, GK’nh—{goa” =0
n>0

If one naively computes the cohomology of the complex K(T) — K(T) - dT, one immediately sees that H'
of this complex is non-zero, and in fact it is of infinite dimension. To remedy this problem, we consider the
dagger algebra

K(T)" := Z a,T" | a, € K, nhﬁn;() a,r" =0 for somer > 1,
n>0

which can be viewed as the collection of functions that converge on some disks slightly larger than B|0, 1]
(hence the name overconvergent). This idea was first proposed by Monsky and Washnitzer in [MW68]. The
cohomology (sometimes referred as Monsky—Washnitzer cohomology) of the resulting complex

K(T)t — K(T)".dT
then has the desired cohomology group at degree 1.

The above idea inspired Berthelot’s construction of the rigid cohomology, which will be briefly illustrated
below (c.f. [Ber96, § 1]).

Let X, be a smooth scheme, separated of finite type over k. By a rigid datum (X, Y, P) for X, we
mean the following objects: a formal V-scheme P and a proper k-scheme Y,; such that

1. Y, is a closed subscheme of P;
2. X, is an open k-subscheme of Y, ;
3. P is smooth on a neighborhood of X.

In this situation, one has tubes | X[ and ]Y,[ inside the (rigid analytic) generic fiber Px. An (admissible)
open subset U in ]Y,[ is called a strict neighborhood of | X[ (in ]Y[) if ] X,;[C U and {U,]Y.[\| X[} forms
an admissible cover of |Yy].

For any strict neighborhood U of | X[ in Y[, we write jy : U —]Y,[ for the inclusion map. We then
define a functor

G = lim o
U

from the category of abelian sheaves on |Y,[ to itself, where U runs through all strict neighborhoods of ] X[
in |Y,/[.
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Example. Let X, = Al Y, = PL and P be the formal completion of P}, along its special fiber. Then
(Xx, Yy, P) is arigid datum. In this situation, we have ] X,.[= B[0, 1] and one can verify that H(]Y,.[, jTO}y,|) &
K(T)", and the complex K(T)! — K(T)-dT computes the hypercohomology of ]TQ}YH[ n Y[

Definition 8.1. Let X,; be a smooth, separated scheme of finite type over x and (X,,Y,, P) be a rigid
datum. The rigid cohomology H};, (X) is defined to be the i-th hypercohomology of Q}TX' (= jTQ]‘YH[ on
Y[

Remark 8.2. Of course, one needs to verify that this definition is well-defined and check the functoriality.

We would like to leave the details to [Ber97, § 1]. We only remark that when X, is affine, Hrlg(XK) agrees
with the “formal cohomology” of Monsky—Washnitzer mentioned earlier (c.f. [Ber96, § 4]).

We now shift our attention to the integration of differential forms on a smooth variety X g defined over
K. We will assume that X admits a smooth model X over V (i.e., is of good reduction).

Theorem 8.3 ([Ber96, § 4] and [Ogu90, § 6]). Under the above assumption, one has comparison isomor-
phisms
Hﬁlg(X ) & dR(XK) for all 4.
The functoriality of Hy;, provides an action of Frobenius ¢ on H,
§ 2]). Naturally, we are interested in the behavior of this Frobenius.

Theorem 8.4 ([CLS98]). If X, is smooth and proper, the eigenvalues of ¢ on Hﬁlg(XH) are pure of Weil
weight 1.

(c.f. [Col85, Appendix]| or [Chi98,

r1g

Corollary 8.5. If X, is an affine open subscheme of a smooth proper curve, the eigenvalues of ¢ on Hrllg(X )
are of Weil weights 1 and 2.

We are now able to introduce Coleman integration. We start with the case where Xk is an affine
open subscheme of a smooth proper scheme Yy with good reduction. In this case, we fix the rigid datum
(X4, Y.,Y) where Y is the formal completion of the smooth model Y of Y along its special fiber.

Definition 8.6. A function f on a rigid analytic space (e.g. X" or Y2" =]Y,[) is called locally analytic if
it is rigid analytic on each of its residue classes.

Theorem 8.7 ([Col85, Theorem 2.1]). Given a closed differential form w € H°(]Y,[,j TQ - ); there is a

polynomial P(T) € C,|T] whose roots are not roots of unity, such that P(¢)w = 0 in the cohomology group

Hrllg(X ). Moreover, there is a locally analytic function f, on | X[, unique up to an additive constant, such

that

i. df, = w,

it. P(¢)f. is rigid analytic, i.e., it belongs to H*(]X,[, O)x, () (even H°(1Yy[,5TO)v.))).
Such a function f, is called a Coleman integral of w.

Remark 8.8. One can extend the above result to a proper scheme by covering it with affine open subschemes.
The details are explained in [Col85, § II].

8.2 F-isocrystals and cohomology

In this section we will focus on (overconvergent) F-isocrystals, which are the “coefficients” of our theory of
finite polynomial cohomology with coefficients in §5.4.

There are several ways to introduce this topic. We will follow the one which is closer to Berthelot’s
original idea. This approach is more explicit, albeit the functoriality needs more elaborations. The main
references are [Ber96, § 2], [CL99] and [Ked22]. A more functorial approach can be found in [Ogu84].

We will keep the notations of a rigid datum (X, Y, P) as in last section.
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Definition 8.9. A convergent isocrystal on X, is a coherent sheaf E on the tube | X[ together with an
integrable connection V. An overconvergent isocrystal on X is a coherent sheaf FE on a strict neighborhood
U of ] X[ (or alternatively, a coherent jTOjy, |-module) together with an integrable connection V.

For an overconvergent isocrystal E on X, one similarly defines the rigid cohomology H_ (X, E) to be

rig
the i-th hypercohomology of the de Rham complex
v -+l v )2
0 — E — E ®jfo]yﬁ[ ]TQ]Y,{[ — E ®j10]yﬁ[ ]TQ]YN[ —

We let RT,ig (X, E) be the (hyper-)derived complex of the above complex, which computes Hfig

(Xn, E).

Theorem 8.10 ([Ked06, Theorem 1.2.1]). The K-vector spaces H};,

(X,, E) are finite dimensional.
Remark 8.11. If X, itself is proper, we may take Y, = X, and the definitions of convergent and over-
convergent isocrystals are the same. Moreover, when X, is proper and admits a smooth model X over
Ok, then P = X3 is the rigid analytic space associated with the generic fiber Xy. By applying GAGA
(between rigid analytic geometry and algebraic geometry), the data (E, V) on X" correspond to a coherent
sheaf on X with an integrable connection. By abuse of notations, we will denote this data by the same
symbols (E, V) and even call it an isocrystal on X (or Xk ). Moreover, one has a comparison isomorphism
Hfig(Xm E) = Hix(Xk, E). Lastly, we would like to recall that there are derived complexes RIgr(Xk, E)
and Fil" R[4r (X, E) which compute Hig (Xf, F) and Fil" H!y (Xk, E) respectively.

We now consider the Frobenius action.

Definition 8.12. Let o : X,;, — X,; be the absolute Frobenius. An overconvergent F-isocrystal (E, ¢) is an
overconvergent isocrystal E on X, together with an isomorphism of isocrystals ¢ : ¢*F = E. In particular,
the map ¢ induces an automorphism on the cohomology group H}ig(XmE) for all 4, which will be again
denoted by ¢.

As we will need to control the Frobenius actions on the cohomology groups, we make the following
definition.

Definition 8.13. Let X be a proper smooth V-scheme. An overconvergent F-isocrystal E on X is said to
be of pure weight w € Z if the action of the Frobenius ¢ on HY, (Z,, 3 E) is pure of Weil weight w + i for
any proper smooth morphism vz : Z — X.

ig

As illustrated in §5.4, this pure weight assumption is important if one wants to consider functoriality
of finite polynomial cohomology between different schemes. In particular, it allows us to construct the
push-forward map for a proper closed subscheme Z of X.

Remark 8.14. When X is proper, the sheaf O}y, | is of pure weight 0. In this case our definition is somewhat
analogous to Deligne’s purity theorem on étale cohomology.

Example. A unipotent F-isocrystal with only one slope m € Z on a proper smooth scheme X, is of pure
weight 2m (c.f. [CL99, § 3]).

Remark 8.15. Similarly to the case of structure sheaf, Coleman also developed an integration theory for
overconvergent F-isocrystals with certain conditions on the Frobenius action (c.f. [Col94]).
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