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Abstract 

Finite element modeling of thermo-hydro-mechanical coupled processes in saturated and 

unsaturated frozen soils 
 

Emad Norouzi, Ph.D. 

Concordia University, 2024 

In line with the sustainable development of northern Canada, extensive construction activities are 

taking place in local communities where the ground is composed of clay deposits. With a changing 

climate, the clay soil is expected to undergo more freeze-thaw cycles. This degradation poses a 

major threat to newly constructed infrastructure. Since soil is an essential part of the built 

environment, it is crucial to understand its behavior under freezing and thawing conditions. This 

thesis presents a comprehensive study on the mechanical and thermal-hydro-mechanical (THM) 

behaviors of frozen soils, focusing on both theoretical developments and practical applications. To 

achieve this, the research pays close attention to the interface between the compounds. It introduces 

a stiffness interface parameter to define complex interactions between clay-water composites and 

non-clay minerals at different temperatures. The key contribution of using this parameter includes 

developing a numerical homogenization model with the eXtended Finite Element Method (XFEM) 

to estimate the elastic properties of frozen clay soils. Subsequently, considering the interface 

between air-water capillary pressure and cryosuction, a two-dimensional THM finite element 

model was developed using the Finite Element Method (FEM) to analyze the coupled processes 

in unsaturated freezing soils by incorporating temperature-dependent properties and phase 

changes. Finally, the behavior of permafrost under the operation of Ground Source Heat Pump 
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(GSHP) systems in thawing permafrost regions has been analyzed as part of a geo-energy and 

geological engineering project in the subarctic region of Umiujaq in northern Quebec. 

The study begins with an extensive literature review to establish the current state of knowledge 

and identify gaps in existing research. It then details the development and validation of numerical 

models, including their application to real-world scenarios. The findings highlight the importance 

of considering imperfect bonds between soil components, the complex interaction between air-

water capillary pressure and cryosuction, the influence of phase change-induced strain, and the 

benefits and challenges of using GSHP systems in cold climates. 

Despite the significant advancements made, the research acknowledges several limitations, such 

as the need for more complex soil structure representations and broader validation efforts. 

Recommendations for future work emphasize enhancing model complexity, conducting long-term 

studies, and integrating field data to improve the accuracy and applicability of the models. 

Overall, this thesis advances the understanding of frozen soil mechanics and provides valuable 

tools for engineering applications in Arctic and subarctic regions. It contributes to the development 

of sustainable and resilient solutions for climate adaptation. 

Keywords: THM modelling of frozen Soil, Numerical Homogenization, Imperfect bound, 

Climate adaptation, Ground Source Heat Pump  
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Chapter 1  

 

1 Introduction 

 

1.1 Context and Inspiration for the Study 

During the ground freezing process, the freezing front gradually penetrates downward into the soil. 

Frost heave can occur due to the volumetric expansion caused by the water-ice phase change and 

the formation of ice lenses. Frost heave is a common cause of engineering disasters in cold regions, 

such as pipe ruptures and foundation damage. Upon ground thawing, geo-disasters like significant 

ground settlements or landslides may be triggered.  

Recently, there has been an increase in construction projects in frozen layers, including natural 

foundations, highways, and railways. Additionally, the application of artificial ground freezing 

(AGF) in mining and tunneling engineering has become more widespread (Xu et al., 2019). Many 

construction issues have been observed during and after the construction process due to the 

deformation of the frozen medium. Recent studies have shown that the freeze-thaw process 

severely damages infrastructure in cold regions (Na and Sun, 2017). As an example, Figure 1-1 

shows a runway and taxiways at Iqaluit international airport cracked and warped due to permafrost 

thaw. 
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Figure 1-1 Construction issue in permafrost regions due to degradation (Hjort et al., 2022). 

Canada is one of the UN countries that are taking decarbonization actions to achieve the 

Sustainable Development Goals by 2030. Additionally, new infrastructure needs are arising in 

permafrost regions that are experiencing thermal impacts due to climate change. Thermo-hydro-

mechanical (THM) responses of ground soils are heavily involved in these projects. For example, 

the applications of Borehole Thermal Energy Storage (BTES) and Ground Source Heat Pumps 

(GSHP) have increased recently. These are recognized as renewable energy storage solutions. 

Given that solar energy is insufficient during winter, BTES and GSHP systems are suggested in 

subarctic regions as an alternative way to store energy during summer and provide it in winter. 

Quebec has a significant opportunity to utilize BTES and GSHP systems for both electricity and 

heating, reducing the need to ship fuel by boat and replacing fossil fuels (Gunawan et al., 2020). 

Figure 1-2 schematically depicts the installation of GSHP in a vertical orientation within a 

subarctic region. 
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(a) (b) 

Figure 1-2 (a) Settlement of permafrost due to thawing (Hjort et al., 2022) and (b) installation of GSHP in subarctic 

region 

Currently, there is a lack of comprehensive and inclusive numerical modeling tools to simulate 

large-scale THM processes in saturated and unsaturated frozen soils. Engineering designs often 

rely on oversimplified assumptions, which can underestimate related geo-risks. Reliable models 

are needed to accurately quantify freeze-thaw actions in soils, which are porous media containing 

solid soil particles, ice, liquid water, and air. There is also a high demand for quantitative models 

to characterize the evolution of Arctic tundra hydrology and its impact on Arctic ecosystems. 

Therefore, understanding the behavior of frozen soil is essential. 

Frozen soils are composed of soil particles, water, ice, and air. They naturally occur in the seasonal 

frozen and permafrost layers of Arctic and subarctic regions, as well as in loess sediments. Regions 

such as Siberia, Canada, Greenland, Antarctica, and Alaska, located in the Northern and Southern 

Hemispheres, experience prolonged freezing temperatures (Kadivar and Manahiloh, 2019). 

Additionally, the use of artificial ground freezing in civil and mining projects has recently 

increased to control ground and groundwater movement. Frozen soils are generally classified as 
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either saturated (in the absence of air) or unsaturated (when air is present in the medium) (Figure 

1-3).  

 
 

(a) (b) 
Figure 1-3 (a) Schematic model of saturated frozen soil at micro-scale (Bekele et al; 2017) (b) Heat, liquid, water, 

and air movement in a schematic unsaturated frozen soil (Li et al; 2021). 

The hydro-mechanical behavior of both saturated and unsaturated frozen soils under varying 

temperatures and with different volumetric contents has been studied from various perspectives. 

Given that frozen soils are heterogeneous materials with varying volume ratios of their components 

and different temperatures, their mechanical behavior can change significantly. This study aims to 

introduce new methodologies to create numerical models of frozen soil compounds with different 

volumetric contents of soil, water, ice, and air under varying temperatures. 

1.2 Objectives and scope 

This study aims to address the following issues: 

1- Existing methods to estimate the mechanical properties of frozen soil typically average the 

mechanical properties of the components. This study proposes developing a numerical 

homogenization model to evaluate the temperature-dependent properties of frozen soils by 

considering the flexible interactions between the components at the meso-scale. The goal 

is to create a more accurate model at the macro-scale. 
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2- Develop a two-dimensional fully coupled THM numerical analysis based on a finite 

element framework to investigate the geo-risk of ground subsidence due to cyclic freeze-

thaw action in saturated and unsaturated porous media. Fully saturated and unsaturated 

frozen soil simulations have often been based on biaxial models, particularly in the 

modeling of unsaturated and shallow soils, which is currently limited to 1-D simulations. 

It is necessary to create multidimensional THM models incorporating phase changes to 

study real investigation sites. 

3- By including a plasticity model with calibrated parameters from experimental data, the 

model can be extended to a general one, particularly for frozen conditions. Hardening 

parameters, which are functions of pressure and temperature, should be added to the 

numerical THM model. 

4- After verifying the developed numerical THM model with experimental data, it can be used 

to simulate geo-engineering projects in cold regions. By employing field data, the model 

can investigate temperature variations, water movement, volumetric ice content, and the 

deformation of the medium.  

5- Finally, based on previous objective, a numerical simulation of operation of GSHP in cold 

regions has been conducted to study the application to a geo-energy and geological 

engineering project in Arctic and subarctic regions. Figure 1-4 illustrates the flowchart of 

the proposed method in this thesis. 
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Figure 1-4 Flow chart showing the contribution of the thesis. 

1.3 Original contribution 

This research introduces several original contributions to the field of frozen soil mechanics and its 

application in geo-engineering: 
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1.3.1 Numerical Homogenization Model: 

Development of a novel numerical homogenization model that evaluates the temperature-

dependent properties of frozen soils. This model considers the flexible interactions between the 

soil, water, ice, and air components at the meso-scale, providing a more accurate representation at 

the macro-scale compared to traditional averaging methods. 

1.3.2 Multidimensional THM Analysis: 

Creation of a two-dimensional fully coupled thermo-hydro-mechanical (THM) numerical analysis 

framework. This framework incorporates the effects of cyclic freeze-thaw actions on ground 

subsidence in both saturated and unsaturated porous media, overcoming the limitations of current 

biaxial and 1-D models. 

1.3.3 Integration of Plasticity Models: 

Inclusion of a plasticity model with calibrated parameters from experimental data, specifically 

designed to address the unique conditions of frozen soils. The model integrates hardening 

parameters that are functions of pressure and temperature, enhancing the accuracy and 

applicability of the numerical THM model. 

1.4 Thesis organization 

This thesis follows a manuscript-based format, with three of the six chapters comprising journal 

article manuscripts that have either been published or under review, as detailed in the list of 

publications. With the exclusion of this particular chapter, the thesis is structured in the subsequent 

manner: 

Chapter 2 provides a comprehensive review of the current literature, delineating the specific 

challenges at hand and delineating suggested analytical and numerical approaches for resolution. 
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Chapter 3 explores the development of a novel approach to estimate the elastic properties of frozen 

clay soils by integrating analytical and numerical models. It highlights the critical impact of 

inclusion volume fraction on the accuracy of elastic property estimation. 

Chapter 4 of the thesis presents a comprehensive computational model for analyzing THM coupled 

processes in unsaturated porous media under frost actions. The model's robustness is demonstrated 

through validation against experimental data. 

Moving on to chapter 5, it evaluates the potential of Ground Source Heat Pump systems to mitigate 

ground subsidence in thawing permafrost areas. The study focuses on the interactions between 

thermal regulation and ground stability. 

Finally, Chapter 6 synthesizes the key findings of the research, identifies the limitations 

encountered, and provides recommendations for future work to enhance the understanding and 

modeling of frozen soils.  
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Chapter 2  

2 Literature review 

 

2.1 Introduction 

In this section, a comprehensive review of existing literature on the behavior and applications of 

frozen clay soil is provided. By examining various aspects of frozen soil research, this section aims 

to establish a solid foundation for understanding the complexities involved in studying and 

utilizing frozen soils, especially in the context of climate change and engineering applications. 

2.2 Mechanical properties of frozen clay soil at different temperatures 

Frozen clay soils, distinguished by their heterogeneous composition of clay-water composites and 

non-clay minerals, display significant sensitivity to temperature and the applied load conditions. 

A comprehensive understanding of the mechanical behaviors of frozen clay soils is essential in the 

investigation of geological disasters such as permafrost slumps, infrastructure damage due to 

seasonal freeze-thaw actions, or engineering projects related to artificial ground freezing (An et 

al., 2022; Andersland and Ladanyi, 2013; Girgis, 2019; Li et al., 2024; Ma et al., 2023; S. Wang 

et al., 2016). 

Previous research has involved extensive experimental studies to investigate the mechanical 

responses of frozen clay soils under various temperature and loading rate conditions (Girgis et al., 

2020; Li and Akhtar, 2022). These studies have summarized laboratory data to establish empirical 

temperature-dependent mechanical property relations for frozen soils (Li et al., 2004; Ma et al., 

2017; Shi et al., 2023; Zhu et al., 2020). For example, Xu et al., (2017) conducted uniaxial 
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compressive tests on saturated frozen Helin loess, covering five distinct strain rates and four 

different temperatures, to examine the influence of temperature and strain rate on the mechanical 

properties of frozen loess. 

Furthermore, Girgis et al., (2020) conducted laboratory tests on two artificial frozen clay soils to 

gauge the rate dependency of uniaxial axial compressive behavior at temperatures ranging from -

15°C to 0°C. These studies highlight the marked influence of minerals, void ratio, stress history, 

and pore fluid salinity on the rate-dependent uniaxial compressive behavior of frozen clay soil. 

The temperature-dependent uniaxial compressive mechanical properties were measured and 

modeled using empirical relations, exhibiting a high dependency on the applied deformation rate. 

2.3 Computational homogenization 

Achieving a comprehensive understanding of the rate-dependent behavior of frozen clay soils and 

its correlation with temperature necessitates a significant number of specimens with similar 

compositions and microstructures. However, obtaining in-situ frozen clay soil samples involves 

sophisticated procedures and challenges, delaying theoretical studies of their behavior. Laboratory 

tests offer limited characterization results, and uncertainties persist regarding the intrinsic 

anisotropic properties of samples with varying clay fractions. Understanding how these properties 

change with different clay fractions is crucial. Recently, researchers have turned to 

homogenization methods to determine the equivalent properties of heterogeneous mediums like 

frozen soils by dividing the composite material into multiple scales. Various endeavors, guided by 

homogenization theory, have been made to model the behavior of frozen soils (Chang et al., 2019; 

Zhang et al., 2019; Zhou and Meschke, 2018). Furthermore, numerical homogenization offers 

insight into the mechanical behavior of materials by assuming periodicity. This method involves 

representing a Representative Elementary Volume (REV), containing micro-level properties, 
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throughout the heterogeneous material at the macro level. Figure 2-1 schematically shows the 

homogenization procedure of a heterogeneous material. 

 

Figure 2-1 Numerical homogenization procedure (Meng et al., 2018). 

Numerical homogenization entails computationally modeling the REV with appropriate boundary 

conditions and loading to calculate localized fields. These fields are then homogenized to derive 

effective properties of heterogeneous composites. Geers et al., (2010) and Otero et al., (2018) 

provide comprehensive reviews of the diverse applications of numerical homogenization. Several 

studies have employed various numerical methods to model the effective properties of artificial 

frozen soil, as demonstrated in the works of Meng et al., (2020, 2018). However, challenges persist, 

including the complexity of accounting for microstructures and the reliance on simplifying 

assumptions regarding constituent interactions. To address the interaction between compounds in 

a heterogeneous medium, Zhang et al., (2020) introduced a micromechanics-based constitutive 

model within the continuum micromechanics and homogenization theory framework. This model 

considers interactions between the matrix (bonded element) and inclusions (frictional element). 
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Similarly, Norouzi et al., (2022) utilized a two-dimensional numerical homogenization model. 

They incorporated cohesiveness between compounds and introduced stiffness interface parameters 

using the eXtended Finite Element Method (XFEM). Incorporating extra degrees of freedom, 

XFEM enables the modeling of various types of discontinuities, including cohesiveness between 

matrix and inclusions, and has found successful application in numerical homogenization (Erkmen 

and Dias-da-Costa, 2022; Erkmen and Dias-da-Costa, 2021; Nguyen et al., 2020). Both analytical 

and numerical homogenization approaches have been employed to characterize elastic properties, 

each with its advantages and limitations. Analytical solutions have been shown to yield ineffective 

elastic properties in cases with a high-volume fraction of inclusions (Li and Wong, 2016). For 

frozen geomaterials, a numerical homogenization approach must appropriately consider the 

interfacial effect among frozen and unfrozen media. Additionally, obtaining the elastic properties 

of each compound, crucial inputs for numerical homogenization, is typically not feasible from 

experimental data. Thus, there's a lack of comprehensive analytical or numerical approaches that 

can adequately address these challenges. 

2.4 Thermo-Hydro-Mechanical behavior of frozen soil 

Frozen soils, consisting of soil particles, water, ice, and air, are naturally abundant in various 

geographical regions, including seasonal frozen and permafrost layers, arctic and subarctic zones, 

and loess sediments. These regions experience prolonged periods of freezing temperatures 

(Kadivar and Manahiloh, 2019). Additionally, there has been a recent increase in the use of the 

Artificial Ground Freezing (AGF) technique in civil engineering applications such as tunneling, 

pipelining, mining, and slope constructions. AGF is employed to temporarily enhance soil bearing 

capacity and regulate ground and groundwater movement (Vitel et al., 2015; Xu et al., 2019). 

However, the cyclic freezing and thawing processes pose risks, including infrastructure damage, 
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subsidence, and borehole failures. Concerns are exacerbated by the effects of climate change, 

leading to more frequent and severe weather events (Na and Sun, 2017). Frozen soils are divided 

into two categories: saturated, lacking air, and unsaturated, where air is present within the medium. 

Freezing processes in both saturated and unsaturated frozen soil can lead to frost heave, causing 

an expansion of the soil volume. Frost heave occurs when freezing increases water migration and 

crystallization, resulting in the separation of soil particles. This phenomenon poses a significant 

risk in cold regions, often causing engineering disasters like pipe ruptures and foundation damage. 

In saturated soils, where all pores are filled with pore water, the increased volume of water 

migration and crystallization leads to frost heave. However, in unsaturated cases, part of the 

volume expansion initially fills the pores, with the remaining increased volume causing frost heave 

(Bai et al., 2020). Predicting frost heave becomes more complex as it cannot be solely determined 

by variations in total water and air content. Unlike saturated soil, predicting frost heave in 

unsaturated soil requires consideration of additional physical variables such as air flux (Li et al., 

2021). 

2.5 Numerical simulation of frozen soil 

Efforts to simulate frozen soil can be broadly categorized into thermo-hydro (TH), thermo-

mechanical (TM), and thermo-hydro-mechanical (THM) modeling (Arzanfudi and Al-Khoury, 

2018). TH modeling involves studying temperature variations and the movement of water, vapor, 

and ice in the medium by considering mass and energy balance equations. Numerous studies have 

sought to incorporate the complex behavior of freeze-thaw phenomena through analytical, 

experimental, and numerical approaches. These aspects encompass phase transition, cryo-suction, 

and premelting dynamics (Mikkola and Hartikainen, 2001; Zhou and Meschke, 2013). 
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To determine the total water content in unsaturated frozen soil, Kurylyk and Watanabe, (2013) 

conducted a comprehensive mathematical study elucidating various forms of the Clapeyron 

equation and the relationship between the soil moisture curve and soil freezing curve under both 

saturated and unsaturated freezing conditions. They also developed a model to estimate the 

hydraulic conductivity of partially frozen soil. 

Bi et al., (2023) examined 29 models and categorized them into four groups: theoretical models, 

soil water characteristic curve (SWCC)-based models, empirical models, and estimation models. 

Several TH models have been developed and validated using experimental data. Mizoguchi, 

(1990) conducted experiments to measure the variation of total water content during freezing using 

a vertical biaxial sample. These experiments have been utilized to validate numerical simulations 

by Liu and Yu, (2011), Painter, (2011), Peng et al., (2016), and Stuurop et al., (2021). 

Hansson et al., (2004) provided a list of inputs for a thermo-hydro numerical simulation. They 

developed numerical simulations using a mixed formulation for both water flow and heat transport 

without considering vapor movement and frost heave. They employed a combination of the Van 

Genuchten, (1980) soil water characteristic (SWC) curve and a modified Clapeyron equation to 

estimate liquid and ice saturations during freezing in unsaturated soils. Lower freezing 

temperatures were determined for unsaturated soil due to pre-freezing pressures (suction). 

Dall’Amico et al., (2011) proposed that the total water content could be determined independently 

of temperature using the van Genuchten equation. To enhance the understanding of freezing 

processes, it's crucial to establish comprehensive constitutive equations describing the relationship 

between cryogenic suction and capillary pressure. Painter and Karra, (2014) introduced a 

constitutive relation to calculate ice, water, and air saturations for unsaturated frozen soils, 

considering temperature, water pressure, and air pressure. 
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Another benchmark experimental data of soil freezing was reported by Jame and Norum, (1980). 

Similar to the previous case, they conducted a set of 1D freezing experiments but in a horizontal 

direction. The numerical inputs for different cases and boundary conditions are available in 

Painter, (2011) and Peng et al., (2016). Peng's model, based on non-equilibrium ice-water 

interfaces and utilizing the central Finite Difference Method (FDM) to discretize equations in both 

spatial and temporal domains, was verified using the aforementioned experimental data (Peng et 

al., 2016). Figure 2-2 shows the comparison between experimental data and numerical simulations. 

 
Figure 2-2 Comparison between numerical simulations and experimental data (Peng et al. 2016). 
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Chen et al., (2022) introduced an enhanced TH-coupled model based on the Finite Element Method 

(FEM), which they validated using experimental data from Jame and Norum. These studies 

primarily investigate variations in temperature and volumetric water content. 

Moreover, in modeling unsaturated frozen soil, studying vapor movement during freezing requires 

additional governing equations (Gawin et al., 2019). However, the impact of vapor movement on 

water content has been largely overlooked in the literature, with only a few studies acknowledging 

that vapor movement cannot be disregarded when the initial water content is low (He et al., 2020). 

Previous studies on modeling frost actions in unsaturated soils primarily concentrated on thermo-

hydraulic responses, often neglecting geomechanical behavior to simplify the models. However, 

by incorporating the momentum balance equation into the system of coupling equations, it 

becomes possible to identify the deformation and stress changes of the medium. 

Current THM models for frozen soils are predominantly developed for fully saturated frozen 

geomaterials (Arzanfudi and Al-Khoury, 2018; Koniorczyk et al., 2015; Thomas et al., 2009). 

Among these THM models, Nishimura et al., (2009) derived a formulation and conducted a fully 

coupled THM analysis of elastoplastic water-saturated frozen soils, considering freezing and 

thawing processes by incorporating the concept of cryo-suction. Bekele et al., (2017) developed a 

numerical model to estimate frost heave in saturated porous media using the Isogeometric Analysis 

(IGA) technique. 

Recently, there has been an increased focus on coupled THM models for unsaturated soils (Liu 

and Yu, 2011; Teng et al., 2020). Bai et al., (2020) introduced a frost heave model for saturated-

unsaturated soils, incorporating an effective strain ratio to relate frost heave strain in unsaturated 

soils to moisture and temperature fields. The back-calculated effective strain ratio was integrated 
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into displacement equations, and the model's results were validated against experimental data 

(Figure 2-3), although it did not account for pore pressure. 

  
(a) (b) 

Figure 2-3 Results of simulation of Bai et al., (2020): (a) total volumetric water content at the end of the experiment 

and (b) frost heave with different values of effective strain ratio 

Huang and Rudolph, (2021) presented a THM model to analyze frost heave in variably saturated 

freezing soils. The gas phase included vapor, with dry air transport neglected for simplicity. The 

model's validity was confirmed using laboratory test data from literature. They utilized void ratio 

as a dependent variable to illustrate the correlation between ice lens segregation, stress-

deformation, and void ratio evolution. 

Li et al. validated their numerical model using experimental data from Mizoguchi and their 

comprehensive uniaxial experiments (Li et al., 2021). Their numerical results encompassed 

variations in water content, vapor, and temperature, alongside frost heave. Similarly, Wu and 

Ishikawa, (2022) devised a thermo-hydro-mechanical model to simulate the freezing process of 

partially saturated frost-susceptible soils in Hokkaido. Their multiphysics simulations aligned well 

with frost heave tests on Touryo soil and Fujinomori soil, indicating that the frost heave ratio is 

directly proportional to the initial degree of saturation and inversely proportional to the cooling 

rate and overburden pressure. 
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However, previous models have not adequately characterized pore water, pore ice pressure, and 

pore air pressure, leading to an unclear definition of the effective stress law. Model formulations 

have varied significantly due to different researchers' backgrounds (Gawin et al., 2020). There is 

a lack of a comprehensive and inclusive finite element formulation for describing thermal-hydro-

mechanical coupled processes in unsaturated freezing soils, considering pore pressure components 

from liquid water, air, and ice (Li et al., 2024). 

2.6 Climate change and permafrost degradation in north of Quebec 

Permafrost degradation poses a significant environmental and geological challenge in Arctic and 

subarctic regions, exemplified in places like Umiujaq in Quebec, Canada. The warming climate 

induces permafrost thaw, resulting in substantial alterations in slope stability, hydrology, and local 

ecosystems. Thawing permafrost can instigate slope instability in steep bedrock areas, leading to 

unexpected and unprecedented slope destabilization (Gruber and Haeberli, 2007). This is 

particularly concerning as permafrost serves a crucial role in preserving ground stability. The 

degradation of permafrost due to rising temperatures is evidenced by the increasing thickness of 

the active layer and the northward retreat of permafrost extent, with climatic factors playing a 

significant role (Vasiliev et al., 2020). Further impacts of permafrost degradation include 

significant implications for hydrology and groundwater dynamics in these regions (Dagenais et 

al., 2020). Permafrost loss is projected to persist throughout the 21st century, posing a threat to the 

stability of Arctic infrastructure and the sustainable development of Arctic communities (Hjort et 

al., 2018; Minsley et al., 2022). The release of carbon from Arctic permafrost due to warming is a 

significant concern as it can impact the climate (Miner et al., 2022). Additionally, thawing 

permafrost affects vegetation growth, with changes in surface thaw onset affecting various stages 

of the growing season in the Arctic permafrost region (Chen and Jeong, 2024; Young et al., 2020). 
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Moreover, the release of plant-available nitrogen from thawing permafrost in subarctic peatlands 

leads to changes in vegetation composition and biomass production (Keuper et al., 2017, 2012). 

Consequently, implementing stabilizing measures in these regions is imperative to mitigate 

foreseeable geohazards. 

2.7 Application of Ground Source Heat Pump in permafrost region 

In recent years, there has been a rise in the adoption of renewable energy sources for stabilizing 

permafrost regions. Among these, the Ground Source Heat Pump (GSHP) system has emerged as 

a notable option, offering a sustainable solution for space heating in subarctic areas. With 44,561 

inhabitants of Nord-du-Québec residing in villages within subarctic regions, there exists 

significant potential to leverage GSHP systems for heating purposes, thereby reducing reliance on 

fuel typically transported by boat (Gunawan et al., 2020). GSHP technology harnesses the stable 

temperature of the ground to provide heating, cooling, and hot water for both residential and 

commercial buildings. In Arctic and subarctic regions, Ground Source Heat Pump (GSHP) systems 

offer significant applications owing to the relatively stable ground temperatures. Recently, 

numerous experimental and numerical studies have been conducted to assess various aspects of 

geothermal energy systems such as Borehole Thermal Energy Storage (BTES), Ground-coupled 

heat pump (GCHP), and GSHP systems under diverse conditions. These studies have focused on 

the practical application and benefits of GSHP systems in areas affected by permafrost (Baser and 

McCartney, 2015; Bidarmaghz et al., 2016; Catolico et al., 2016; Maranghi et al., 2023; Moradi et 

al., 2015). For a comprehensive overview, Giordano and Raymond, (2019) offer a detailed 

literature review. GSHP technology proves particularly effective in regions characterized by 

extreme temperature fluctuations, highlighting its adaptability and potential environmental 

advantages in Arctic and subarctic climates. Hence, comprehending the intricate behavior of 
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frozen soil during freezing and thawing is crucial for simulating permafrost and forecasting its 

behavior with and without the implementation of Ground Source Heat Pump (GSHP) systems. 

Numerical models play a pivotal role in simulating the effects of freezing and thawing on 

permafrost, offering valuable insights into future changes and potential impacts on ground 

stability. These models must integrate climate-warming-induced alterations to precisely simulate 

permafrost dynamics amid shifting climatic conditions (Perreault et al., 2021; Thomas et al., 2009).  

Although using phase change strain, Li et al. validated their numerical model with field data of 

highly unsaturated loess in northwest China (Li et al., 2024), employing the poro-elastic THM 

model. Norouzi and Li introduced a coefficient to adjust the phase change strain in an unsaturated 

frozen medium, developing a poro-plastic numerical model and validating it with experimental 

data (Norouzi and Li, 2024). However, none of these models were utilized to simulate ground 

responses under GSHP operations. 

2.8 Summary 

The study of frozen soil behavior, particularly in Arctic and subarctic regions, is paramount given 

its significant implications for geotechnical engineering, environmental sustainability, and climate 

change adaptation. Through a synthesis of literature and research findings, it becomes evident that 

permafrost degradation, accelerated by climate warming, poses multifaceted challenges ranging 

from slope instability to alterations in hydrology and ecosystem dynamics. 

To address these challenges, researchers have increasingly turned to numerical modeling 

approaches, incorporating advanced methodologies such as numerical homogenization, poro-

elastic, and poro-plastic models, to simulate the complex behavior of frozen soil under freezing 

and thawing conditions. These models, validated through field data and experimental studies, 
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provide valuable insights into permafrost dynamics and ground stability under changing climatic 

conditions. 

Furthermore, the application of GSHP systems emerges as a promising solution for permafrost 

stabilization and renewable energy generation in Arctic and subarctic regions. While numerous 

studies have investigated the practical applications and benefits of GSHP systems in permafrost-

affected areas, there remains a gap in understanding the ground responses under GSHP operations. 

Moving forward, future research efforts should focus on bridging this gap by integrating numerical 

models, including numerical homogenization, with GSHP operations to simulate the impacts of 

freezing and thawing on permafrost. Additionally, there is a need for comprehensive models that 

incorporate climate-warming-induced changes to accurately predict permafrost dynamics and 

ground responses under evolving environmental conditions. 
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Preface to Chapter 3 

 

The Arctic and subarctic regions are experiencing unprecedented changes due to climate change, 

leading to significant alterations in the mechanical properties of frozen soils. Understanding these 

changes is critical for infrastructure development and environmental preservation in cold regions. 

This chapter explores a novel approach to estimate the elastic properties of heterogeneous frozen 

clay soils by integrating analytical and numerical models. By employing the eXtended Finite 

Element Method (XFEM) for numerical homogenization, we delve into the complex interactions 

between clay-water composites and nonclay mineral inclusions, emphasizing the importance of 

considering imperfect bonds in predictive models. The insights gained from this study aim to 

enhance the reliability of engineering applications and contribute to the broader knowledge of soil 

mechanics in freezing environments. 
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Chapter 3  

 

3 Estimating equivalent elastic properties of frozen clay soils 

using an XFEM-based computational homogenization1 

 

3.1 Abstract 

This study addresses the challenge of estimating the elastic properties of heterogeneous frozen 

clay soils by introducing a comprehensive approach that combines analytical and numerical 

models. The frozen clay soil is treated as a mixture composed of frozen clay-water composites and 

nonclay mineral inclusions. An inversion algorithm is employed to deduce the elastic properties 

of the matrix (clay-water composites) of two artificially frozen sandy clay samples with known 

temperature-dependent elastic properties. Subsequently, a two-dimensional numerical simulation 

using the eXtended Finite Element Method (XFEM) is conducted to carry out numerical 

homogenization by considering the imperfect bond among frozen clay-water composites and 

nonclay minerals. The numerical homogenization model offers insights into the temperature-

dependent behavior of the interface stiffness parameter. The numerical homogenization results are 

compared with conventional numerical homogenization approaches like the FEM, which rigidly 

defines the bonding between inclusions and the matrix. The comparison indicates that the neglect 

                                                 

1
 A version of this manuscript has been published in Journal of Cold Regions Science and Technology (2024). 
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of imperfect bonds among clay-water composites and nonclay minerals will lead to unrealistic 

outcomes in cases with a high fraction of inclusions. This integrated approach advances the 

understanding and prediction of elastic properties of frozen clay soils by considering their 

heterogeneous nature. 

Keywords: frozen clay soils, elasticity, computational homogenization, XFEM, interface stiffness 

parameter 
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3.2 Introduction 

Frozen clay soils, distinguished by their heterogeneous composition of clay-water composites and 

non-clay minerals display significant sensitivity to temperature and the applied load conditions.   

(An et al., 2022; Girgis, 2019; Li et al., 2024).  A comprehensive understanding of the mechanical 

behaviors of frozen clay soils is essential in the investigation of geological disasters such as slumps 

of permafrost (B. Wang et al., 2016), infrastructure damage due to seasonal freeze-thaw actions  

(Andersland and Ladanyi, 2013), or engineering projects related to the artificial ground 

freezing (AGF) techniques (Ma et al., 2023). Substantial characterization results on elastic 

properties of frozen clay soils are essential for studying stress and strain distributions in the frozen 

ground. Previously, a series of experimental studies have been conducted by researchers to 

investigate the mechanical responses of frozen clay soils under different temperature and loading 

rate conditions (Girgis et al., 2020; Li and Akhtar, 2022). Lab data has been summarized to 

establish empirical temperature-dependent mechanical property relations for frozen soils (Li et al., 

2004; Ma et al., 2017; Shi et al., 2023; Zhu et al., 2020). To examine the influence of temperature 

and strain rate on the mechanical properties of frozen loess, (Xu et al., 2017) carried out a set of 

uniaxial compressive tests on saturated frozen Helin loess covering five distinct strain rates (1 × 

10−2/s, 1 × 10−3/s, 1 × 10−4/s, 5 × 10−5/s, and 1 × 10−5/s) and four different temperatures (−2 

°C, −4 °C, −5 °C, and −7 °C).  Considering that the rate-dependent uniaxial compressive behavior 

of frozen clay soil is markedly influenced by its minerals, void ratio, stress history, and pore fluid 

salinity, (Girgis et al., 2020) conducted a series of laboratory tests on two artificial frozen clay 

soils to gauge the rate dependency of uniaxial axial compressive behavior at temperatures ranging 

from −15 °C to 0 °C. The temperature-dependent uniaxial compressive mechanical properties were 
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measured and modeled using empirical relations, exhibiting a high dependency on the applied 

deformation rate.  

A thorough understanding of the rate dependency behavior and its relationship with temperature 

requires a large number of specimens with similar compositions and microstructures. Thus, the 

required sophisticated procedures and the challenges to obtain in-situ frozen clay soils have 

delayed the theoretical study of their behavior. Laboratory tests can only provide a limited amount 

of characterization results on some samples, and the intrinsic anisotropic properties of samples 

with different clay fractions are still with large uncertainties. It is of practical importance to 

determine how those intrinsic anisotropic properties change with varying amounts of clay 

fractions. Recently, homogenization methods have been employed to ascertain the equivalent 

properties of a heterogeneous medium, such as frozen soils, by partitioning the composite material 

into two or more scales (Chang et al., 2019). Various attempts have been made based on 

homogenization theory to model the behavior of frozen soils (Zhang et al., 2019; Zhou and 

Meschke, 2018). Moreover, numerical homogenization elucidates the mechanical behavior of a 

material under the assumption of periodicity, wherein a Representative Elementary Volume (REV) 

containing properties at the micro-level is reiterated throughout the heterogeneous material at the 

macro level. Numerical homogenization involves the computational modeling of a REV with 

appropriate boundary conditions and loading to compute localized fields, which are then 

homogenized to obtain effective properties of heterogeneous composites. A comprehensive review 

of the extensive applications of numerical homogenization is available in the works of Geers et 

al., (2010) and Otero et al., (2018). Different studies have been conducted to model the effective 

properties of artificial frozen soil using various numerical methods, such as the works by Meng et 
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al., (2020, 2018). However, challenges persist, including difficulties in accounting for complex 

microstructures and reliance on simplifying assumptions about constituent interactions. 

To address the interaction between compounds in a heterogeneous medium, a micromechanics-

based constitutive model is presented by Zhang et al., (2020) within the framework of continuum 

micromechanics and homogenization theory, considering the interactions between the matrix 

(bonded element) and inclusions (frictional element). Additionally, Norouzi et al., (2022) 

employed a two-dimensional numerical homogenization model and applied cohesiveness between 

compounds, introducing stiffness interface parameters using the eXtended Finite Element Method 

(XFEM). By incorporating extra degrees of freedom, XFEM is capable of modeling various types 

of discontinuities, including cohesiveness between matrix and inclusions, and has been 

successfully applied to numerical homogenization (Erkmen and Dias-da-Costa, 2022; Erkmen and 

Dias‐da‐Costa, 2021; Nguyen et al., 2020). Both analytical and numerical homogenization 

approaches have been applied to characterize elastic properties but they have advantages and 

limitations. It has been proven that the effective elastic properties calculated from the analytical 

solutions are not acceptable for cases with a high volume fraction of inclusions (Li and Wong, 

2016). For frozen geomaterials, the interfacial effect among frozen and unfrozen media should be 

properly considered in a numerical homogenization approach. Apart from that, the elastic 

properties of each compound as the major inputs for numerical homogenization are not usually 

available from experimental data. It is a lack of comprehensive analytical or numerical approaches 

that can accommodate these challenges.  

 The objective of this paper is to establish a combination of analytical and numerical 

homogenization methods to estimate the elastic properties of frozen clay soils. The experimental 
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results of the elastic properties of two different artificial frozen sandy clays are chosen as an 

application of our numerical approach.  After the introduction, the physical properties of frozen 

sandy clays are provided in Section 3.3. The analytical and numerical homogenization methods 

applied in this paper are introduced in Sections 3.4 and 3.5, respectively. The model verification 

and mechanical properties of artificial frozen sandy clay soils are given in Section 3.6. Discussion 

about the higher volumetric content of the non-clay minerals, comparison of the simulated results 

with the analytical solution, and the effect of randomly generated minerals are provided in Section 

3.7. Finally, Section 3.8 is allocated for the conclusions of this study. 

3.3  Basic physical properties 

In this section, the physical properties of frozen soils including volumetric-mass and densities 

relations that are used in the following sections are described. A saturated frozen clay soil medium 

is composed of clay mineral (c), water (w) and non-clay minerals (nc). Therefore, the total volume 

of the frozen soil (V) medium can be explained as: 

𝑉 = 𝑉𝑐 + 𝑉𝑤 + 𝑉𝑛𝑐 (3.1) 

where, 𝑉𝑐, 𝑉𝑤, and 𝑉𝑛𝑐 are the volume of clay minerals, water and non-clay minerals. Denoting cw 

as the clay-water composite, the volume fraction of the clay-water composite is defined as follows: 

𝑓𝑐𝑤 =
𝑉𝑐𝑤
𝑉
= 1 − 𝑓𝑛𝑐 (3.2) 

Here 𝑉𝑐𝑤 is the total volume of clay-water composite and 𝑓𝑛𝑐 is the volume fraction of non-clay 

minerals. Accordingly, the clay fraction by mass of the sample is expressed as: 

𝐶𝑓 =
𝑚𝑐

𝑚𝑐 +𝑚𝑛𝑐
=

𝜌𝑐𝑉𝑐
𝜌𝑐𝑉𝑐 + 𝜌𝑛𝑐𝑉𝑛𝑐

 (3.3) 
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where 𝑚𝑐 and 𝑚𝑛𝑐 are the mass of clay and non-clay minerals, respectively and 𝜌𝑐 and 𝜌𝑛𝑐 are the 

densities of clay and non-clay minerals, respectively. If we assume that the densities of clay and 

non-clay minerals are equal (i.e., ρc=ρnc), a relation between the volume fraction of clay water 

composite and clay fraction by mass is concisely given as: 

𝑓𝑐𝑤 = 𝐶𝑓(1 − 𝜙) + 𝜙 (3.4) 

in which, 𝜙 is the porosity of the medium and is defined as the ratio of the volume of void to the 

total volume: 

𝜙 =
𝑉𝑤
𝑉
=

𝑒

1 + 𝑒
 (3.5) 

where e is the void ratio of the medium. To calculate the void ratio, the following equation can be 

used: 

𝑒 =
𝐺𝑠𝜌𝑤
𝜌𝑑

− 1 (3.6) 

In Equation (3.6), 𝐺𝑠 is the specific gravity of the medium, 𝜌𝑤 is the water density, and 𝜌𝑑 is the 

dry density. The dry density is expressed as a function of bulk density (𝜌𝑏) and water content (𝑤) 

as follows: 

𝜌𝑑 =
𝜌𝑏

1 + 𝑤
 (3.7) 

3.4 Analytical homogenization methods  

This section presents two typical analytical approaches for estimating the effective elastic 

properties of heterogeneous materials. The Reuss model employs simplified formulations to 

compute the lower bound of elastic properties, while the differential effective medium (DEM) 

theory determines the homogenized elastic parameters of a medium by solving a pair of fully 

coupled ordinary differential equations (Markov et al., 2009). 
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The Reuss model enables the estimation of the lower bound for the elastic properties of 

geomaterials. The Reuss model assumes that all components of the heterogeneous material 

experience identical stress conditions and estimates the equivalent bulk (𝐾𝑒) and shear (𝐺𝑒) moduli 

of a fine-grained geomaterial as follows: 

1

𝐾𝑒
=
𝑓𝑐𝑤
𝐾𝑐𝑤

+
(1 − 𝑓𝑐𝑤)

𝐾𝑛𝑐
 

(3.8) 
1

𝐺𝑒
=
𝑓𝑐𝑤
𝐺𝑐𝑤

+
(1 − 𝑓𝑐𝑤)

𝐺𝑛𝑐
 

where, 𝐾𝑐𝑤  and 𝐾𝑛𝑐  denote the bulk modulus of clay-water composites and nonclay minerals, 

respectively, while 𝐺𝑐𝑤  and 𝐺𝑛𝑐  represent the shear modulus of clay-water composites and 

nonclay minerals, respectively. 

The differential effective medium (DEM) theory approaches the modeling of two-phase 

composites by progressively introducing inclusions from one phase into the matrix phase until the 

desired composition of the constituents is achieved (Cleary et al., 1980; Norris et al., 1985; 

Zimmerman, 1984). In the case of frozen clay soil samples, by considering 𝐴𝐾  and 𝐴𝐺  as the 

geometric factors, the coupled system of ordinary differential equations governing the effective 

bulk modulus and shear modulus is expressed as follows: 

The rate of change of bulk modulus concerning the volume fraction of nonclay minerals (𝑓𝑛𝑐) is 

given by: 

𝑑𝐾𝑒
𝑑𝑓𝑛𝑐

=
1

(1 − 𝑓𝑛𝑐)
(𝐾𝑛𝑐 −𝐾𝑒)𝐴

𝐾 (3.9) 

The rate of change of shear modulus concerning the volume fraction of nonclay minerals (𝑓𝑛𝑐) is 

given by: 
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𝑑𝐺𝑒
𝑑𝑓𝑛𝑐

=
1

(1 − 𝑓𝑛𝑐)
(𝐺𝑛𝑐 − 𝐺𝑒)𝐴

𝐺 (3.10) 

Also, Markov et al., (2009) introduced geometric factors for nonclay minerals with a spherical 

shape as: 

𝐴𝐾 =
3𝐾𝑐𝑤 + 4𝐺𝑐𝑤
3𝐾𝑛𝑐 + 4𝐺𝑐𝑤

 

(3.11) 

𝐴𝐺 =
5𝐺𝑐𝑤(3𝐾𝑐𝑤 + 4𝐺𝑐𝑤)

𝐺𝑐𝑤(9𝐾𝑐𝑤 + 8𝐺𝑐𝑤) + 6𝐺𝑛𝑐(𝐾𝑐𝑤 + 2𝐺𝑐𝑤)
 

3.5 Numerical homogenization 

3.5.1 Equilibrium of a deformable body 

Considering Ω as the domain of analysis and ΓD, and ΓN as the Dirichlet and Neumann boundaries, 

respectively, by principles of continuum mechanics, the governing equation for the equilibrium of 

a deformable two-dimensional body and its corresponding boundary conditions can be formulated 

as follows: 

∇𝐱 ⋅ 𝛔 + 𝐩 = 0 in Ω 

(3.12) 𝐮 = 𝐫 in ΓD 

𝐧 ⋅ 𝛔 = −𝐬 in ΓN 

In these equations, ∇𝐱
T= 〈𝜕/𝜕𝑥1 𝜕/𝜕𝑥2〉 represents the gradient operator, and ‘.’ signifies the dot 

product operator. Additionally, 𝛔 and p denote the stress tensor and body force, while r and s 

represent the prescribed displacement and traction, respectively. To establish the relationship 

between stress and the gradient of displacement, a constitutive relation is essential: 

𝛔 = 𝐃 ∶ ∇𝐱⊗𝐮 in Ω (3.13) 

Here, ‘:’ denotes the double dot product, ‘⊗’ represents the tensorial product, and D is the stiffness 

matrix. Due to variations in the mechanical properties of heterogeneous materials throughout the 
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medium, the numerical homogenization method allows for the estimation of the effective stiffness 

matrix (�̂�) based on the equivalent elastic modulus and Poisson’s ratio of the substance. This 

matrix can then be substituted into Equation 3.13 to assess the homogenized displacement. 

3.5.2 The first order of homogenization 

In numerical homogenization, it is assumed that the properties of non-homogenous material vary 

periodically at the mesoscale. As drawn in Figure 3-1, the domain can be segmented into uniform 

cells that are considerably smaller than the entirety of the soil structure. Based on the asymptotic 

expansion theory, x refers to the position in the macro-scale and 𝐲 = 𝐱/𝜂  is a fast-periodic 

coordinate within a cell i.e., 0 ≤ y ≤ 𝐘 that Y is the geometric period of the cell (Figure 3-1). As 

a result, the transformed derivation operation will be presented as: 

∂

∂x
→
∂

∂𝐱
+
1

𝜂

∂

∂𝐲
 (3.14) 

where η is the scaling parameter representing the ratio between the size of the meso-scale and 

macro-scale. Accordingly, the exact displacement field and the expanded form of the stress 

gradient are determined based on the asymptotic expansion theory as follows (Hassani and Hinton, 

1998): 

𝐮(𝐱, 𝐲) = �̅�(𝐱, 𝐲) + 𝜂�̅̅�(𝐱, 𝐲) + ⋯ (3.15) 

𝛔(𝐱, 𝐲) = �̃�(𝐱, 𝐲) + 𝜂�̃̃�(𝐱, 𝐲) +⋯ (3.16) 

wherein, �̅�(𝐱, 𝐲)  and �̃�(𝐱, 𝐲)  are the first approximation solutions. The oscillatory behavior 

parameters of displacement and stress fields are represented by �̅̅�(𝐱, 𝐲) and �̃̃�(𝐱, 𝐲), each varying 

with distinct orders of η. 
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Figure 3-1 Representation of slow and fast coordinates in a heterogeneous framework: (a) a sample, (b) a REV at the 

micro-scale model, and (c) a REV converted to the fast coordinate, after Norouzi et al. (2022). 

By inserting Equation 3.14 into Equation 3.12, the resulting equation is: 

∇𝐱 ⋅ 𝛔(𝐱, 𝐲) +
1

𝜂
∇y ⋅ 𝛔(𝐱, 𝐲) = −𝐩(𝐱) (3.17) 

Incorporating Equations 3.15 and 3.16 into Equation 3.13 and arranging them by their respective 

orders (i.e., 1 and η), results in: 

0 = 𝐃(𝐱, 𝐲) ∶ ∇y⊗ �̅�(𝐱) (3.18) 

�̃�(𝐱, 𝐲) = 𝐃(𝐱, 𝐲) ∶ (∇x⊗ �̅�(𝐱) + ∇y⊗ �̿�(𝐱, 𝐲)) (3.19) 

Equation 3.18 highlights the independence of �̅�  from the rapid coordinate. Given that only the 

first order of homogenization is the focus of this research, other stress parameter terms are 

disregarded. Consequently, integrating Equation 3.19 into Equation 3.20 yields two distinct 

equations with different orders: 

∇𝐱 ⋅ �̃�(𝐱, 𝐲) + 𝐩(𝐱) = 0 in Ω O(1) (3.20) 

∇y ⋅ �̃�(𝐱, 𝐲) = 0 in γ O(1/η) (3.21) 



 

34 

 

3.5.3 The variational setting for homogenization 

In order to solve the governing equations (i.e., Equations 3.20 and 3.21), the weak form of partial 

differential equations (PDEs) should be derived. Transforming these equations from their strong 

forms to their weak forms will facilitate a more robust numerical treatment. It enables us to impose 

different boundary conditions and offers flexibility in our choice of approximation functions. 

Assuming that p and s are not a function of the fast coordinate, to establish the weak form of the 

balance equation, Equation 3.20 is multiplied by the variation of the first approximate 

displacement (𝛿�̅�) and integrated by parts throughout a single domain of the cell. This gives: 

∫ ∇𝐱⊗𝛿�̅� ∶ �̂� 𝑑Ω

Ω

+ ∫ 𝛿�̅� ⋅ 𝐩 𝑑Ω

Ω

+ ∫ 𝛿�̅� ⋅ 𝐬 𝑑𝛤

𝛤𝑁

= 0 (3.22) 

where, �̂� stands as the effective stress tensor. With |Y| as the area of the cell, the effective stress 

tensor is given as: 

�̂� = |Y|−1∫ �̃�(𝐱, 𝐲) 𝑑Y

Y

 (3.23) 

The weak form of Equation 3.21 can be derived similarly by multiplying with the virtual 

displacement fluctuations (𝛿�̿�), and integrating over a domain of one cell (Y) (Geers et al., 2010): 

∫ ∇y⊗𝛿�̿� ∶ 𝛔 𝑑Y

Y

− ∫ 𝛿�̿� ⋅ 𝛔 ⋅ 𝐧 𝑑Ψ

Ψ

= 0 (3.24) 

Here, Ψ = ∂Y denotes as the boundary of the cell representing the fast coordinate on the cell 

boundary. In the context of numerical engineering analysis, the Hill-Mandel condition is described 

by Equation 3.24 that offers a framework for evaluating non-homogeneous materials at both micro 

and macro scales. It enables the decoupling of analyses for heterogeneous materials into local and 
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global scales. Assuming that the scaling parameter approaches zero (i.e., 𝜂 → 0), and given the 

relationship between the gradients of average displacement and stress within a single cell, as 

derived from the solution of Equation 3.24, the weak form of the equilibrium equation over the 

heterogeneous domain can be replaced by Equation 3.22. This substitution allows the 

heterogeneous model to transition to a homogenized model, characterized by effective properties 

derived from the REV. 

3.5.4 REV boundary value problem 

To represent the properties of the finest segment of the heterogeneous medium's micro-structural 

volume, it's essential to define a REV alongside the appropriate boundary conditions for solving 

Equation 3.24. Given that the precise boundary condition of the heterogeneous medium isn't 

predetermined, various general boundary conditions like uniform gradient, uniform traction, or 

periodicity can be chosen to analyze the REV. In this research, considering our assumption of the 

heterogeneous medium's periodicity (as illustrated in Figure3-1b), we've opted for the periodic 

boundary condition. This condition is applied to the REV, facilitating the computation of the 

average displacement field and the local level stress tensor. From this, the components of the 

effective stiffness matrix are discerned based on three specific displacement gradient cases: 

Case1  Case2   Case3

1 2 3
1111 1122 111211 11 11

2 3

22 22 22 1122 2222 2212

2 3

12 12 12 1112 2212 1212

ˆ ˆ ˆˆ ˆ ˆ 1 0 0

ˆ ˆ ˆˆ ˆ ˆ 0 1 0

ˆ ˆ ˆˆ ˆ ˆ 0 0 1

D D D

D D D

D D D

  

  

  

    
    

=     
         

 
(3.25) 

Subsequent to establishing the weak form of the computational homogenization equations, they 

are discretized utilizing the eXtended Finite Element Method (XFEM). By utilizing the XFEM, 

the displacement field and the traction vector at the discontinuity interfaces can be defined. To 

adjust cohesion between inclusions and the matrix at the discontinuity interfaces, the cohesive 
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stiffness matrix (expressed as 𝐜 = 𝑐𝐈) is incorporated within the traction vector formulation, where 

c is scalar stiffness coefficient, and I is the unit matrix. Detailed steps, such as the method for 

enforcing boundary conditions and the final matrix assembly, are further discussed in (Nguyen et 

al., 2020; Emad Norouzi et al., 2022). To deduce the elastic characteristics of the heterogeneous 

material, a specialized code developed in-house was leveraged. 

After introducing both analytical and numerical homogenization methods, the flowchart of the 

current research is described herein. Figure 3-2 shows the step-by-step computational 

methodology employed to extract the elastic properties of a clay-water composite within a 

heterogeneous material, considering the concurrent presence of non-clay minerals. In a study area, 

samples with the highest clay fraction (preferred to have an fcw higher than 0.7) will be selected to 

carry out laboratory tests. Since the elastic properties of nonclay minerals (rigid particles or 

aggregates) of a geomaterial can be easily retrieved from the literature or handbook (Markov et 

al., 2009), the elastic properties of the clay-water composite can be back-calculated using the DEM 

approach through an inversion calculation when the elastic properties of the bulk soil sample are 

available from laboratory tests. With the calculated elastic properties of clay-water composites and 

non-clay minerals as inputs, we will be able to estimate equivalent elastic properties of a frozen 

clay sample with any fcw
 using our XFEM tool. 

Within the XFEM framework, the interface stiffness parameter, is calibrated by using the newly 

determined elastic properties of the clay-water composite and the known properties of the non-

clay mineral. The calibrated model is subsequently run to validate convergence. Post-validation, 

adjustments to the volume content are made, if necessary, to represent scenarios with higher non-

clay mineral volume content. The final output yields the effective homogenized elastic properties 
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of the heterogeneous material, paving the way for more accurate geotechnical modeling and 

simulations.  

 

Figure 3-2 The flowchart of the proposed comprehensive numerical approach for estimating elastic properties of 

frozen clay soils. 

3.6 Verification and numerical simulations 

3.6.1 Model verification 

To evaluate the robustness of the analytical and numerical models, the experimental data of a soil-

rock mixture has been selected. For a soil-rock mixture, the soil is treated as the matrix and rock 

is included as the inclusion. Thus, the volume fraction of soil in a soil-rock mixture will be 

equivalent to the fcw in a frozen clay soil.  The experimental data presented in this study was 

originally obtained by Yang et al., (2015). These experiments were conducted at both normal 

(+20°C) and frozen (-20°C) temperatures, encompassing a range of volume fraction of rock 

content, varying from 0.30 to 0.70. Yang et al., (2015) also developed an analytical model for the 

normal temperature case using a two-layer embedded model of a single inclusion and a three-layer 

model of a double inclusion composite for the frozen temperature case. Their models were 

rigorously validated against the experimental results. Additionally, Meng et al., (2020) and (2018) 

employed the experimental data of 30% and 40% of rock content to verify the accuracy of their 

numerical homogenization model. The current numerical method has been validated by employing 
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the experimental data of elastic modulus of soil-rock mixture with different rock content in the 

REV under both normal and frozen conditions (Emad Norouzi et al., 2022). The results based on 

the XFEM model were achieved by calibrating interface stiffness parameters using samples 

containing 30% rock content by volume at both normal and frozen temperatures. Subsequently, 

these calibrated parameters were applied to verify other samples.  

The material properties of the soil and rock, acquired from existing literature, as well as the 

interface stiffness parameters calibrated for normal and frozen temperatures as reported in 

references, are presented in Table 3-1. 

Table 3-1 Elastic properties of soil, rock and interface stiffness parameter applied to current numerical model 

Material properties Temperature 

 T = 20 oC T = -20 oC 

Elastic modulus of the matrix (MPa) 2.62 10.15 

Poisson’s ratio of the matrix (-) 0.4 0.38 

Elastic modulus of the rock (MPa) 40000 40000 

Poisson’s ratio of the rock (-) 0.2 0.2 

Interface stiffness parameter (MPa) 336 1600 

To compare the results of analytical models as well as numerical XFEM simulation results, Figure 

3-3 presents the graph of homogenized elastic modulus of soil-rock mixtures at normal and 

freezing conditions. 

  
(a) (b) 
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Figure 3-3  Elastic modulus of soil-rock mixtures: comparison between analytical and numerical methods for (a) 

normal and (b) freezing temperatures. 

As shown in Figure 3-3, the results show that the DEM is notably effective for scenarios with a 

predominant soil component. Conversely, when dealing with samples that have a diminished soil 

proportion, analytical approaches fail to accurately represent outcomes, largely due to the 

neglecting of interactions between the matrix and inclusions. By introducing an interface stiffness 

parameter, it becomes possible to quantify the cohesive relationship between soil and rock. 

Additionally, Figure 3-3 highlights that while this parameter is temperature-dependent, its value 

remains consistent irrespective of the rock fraction at a specific temperature, emphasizing its 

relevance in geotechnical analyses. The case of this soil-rock mixture is used to demonstrate that 

the DEM approach is very reliable when the soil volume fraction (volume fraction of matrix) is 

more than 0.7. Thereby, we have chosen 0.7 as a threshold fcw value for a frozen clay soil sample 

selected to estimate clay water composite elastic properties using DEM (Figure 3-2).  

3.6.2 Mechanical properties of artificial frozen sandy clay soils 

In this section, the algorithm previously introduced is used to estimate the elastic properties of two 

artificially frozen sandy clay samples. The experimental data and related experimental procedures 

can be found in (Girgis et al., 2020). In their studies, Kaolinite-sand and Bentonite-sand samples 

were prepared and tested at diverse temperatures: 0 °C, -0.5 °C, -1 °C, -2 °C, -5 °C, -10 °C, and -

15 °C. The elastic modulus and Poisson’s ratio for every sample were determined at loading rates 

of 1mm/min, 3mm/min, and 9mm/min. The physical properties of the samples including 

dimensions, bulk density, and water content are provided in Table 3-2. 
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Table 3-2 Kaolinite-sand and Bentonite-sand: Experimental setup and properties. 

Sample Dimension Bulk density 

(g/cm3) 

Water 

content 

 Height (mm) Diameter (mm)   

Kaolinite-sand 101.6 50.8 1.76 23% 

Bentonite-sand 101.6 50.8 1.53 59% 

Girgis et al. (2020) determined the Young's modulus using the tangent method at the half-peak 

strength point, and similarly, the Poisson ratio was computed under the same stress conditions. 

Some results of Young’s modulus and Poisson’s ratio of artificially frozen Kaolinite-sand and 

Bentonite-sand versus temperature are displayed in Figure 3-4 for each loading rate. They also 

found that values of the deformation parameters are sensitive to temperature and loading rate. 

Fitted temperature-dependent power law functions were proposed to estimate elastic modulus and 

Poisson's ratio for each loading rate. A strong correlation between both Young’s modulus and 

Poisson’s ratio was captured. Young's modulus displayed a significant linear-like increasing trend 

with the decrease in temperature, while Poisson’s ratio displays a nonlinear decreasing trend with 

a decrease in temperature. Figure 3-4a and Figure 3-4b indicate that the bentonite-sand samples 

have higher values of Young’s modulus compared to kaolinite-sand samples, whereas the values 

of Poisson’s ratio values for Bentonite-sand samples are lower than Kaolinite-sand samples.  
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 (a) 

 
(b) 

Figure 3-4 Elastic modulus and Poisson’s ratio of (a) Kaolinite-sand, and (b) Bentonite-sand, data is from Girgis et 

al. (2020).  
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3.6.2.1 Back calculation of elastic properties of matrix 

As mentioned, the elastic properties of the clay-water composite should be calculated and then 

applied to the numerical homogenization model. In order to find the elastic properties of the clay-

water composite at different temperatures and different rates, the inversion method, drawn in 

Figure 3-5 should be employed. The inversion approach commences with the obtained elastic 

properties of the matrix (represented in clay-water composites) from artificially frozen Kaolinite-

sand and Bentonite-sand. 

 
Figure 3-5 The inversion algorithm to find elastic properties of clay-water composites using DEM, modified after 

(Li and Wong, 2017). 

As verified in the previous section, DEM can be employed if the volume fraction of the clay water 

composite (fcw) is larger than 0.7. As the elastic properties of the samples and non-clay minerals 

are available, DEM can estimate the elastic properties of the matrix can be back-calculated. The 

volume fraction of non-clay minerals and the elastic properties of non-clay minerals are written in 

Table 3-3. In this paper, it is assumed that the elastic properties of the non-clay minerals are 

constant as temperature differs. 

Table 3-3 Volumetric and elastic properties of non-clay minerals, applied to DEM 

Sample Volume fraction of 

non-clay minerals, fnc 

Elastic modulus of non-

clay minerals (MPa) 

Poisson’s ratio of 

non-clay minerals (-) 

Kaolinite-sand 0.27 40000 0.2 

Bentonite-sand 0.18 40000 0.2 

Inversion

Clay-water composite

Non-clay 

mineral

Clay-water composite
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The experimental data of 1mm/min and 9mm/min are selected and their corresponding elastic 

properties of both Kaolinite-sand and Bentonite-sand are calculated and presented in Figure 3-6 at 

different temperatures. 

  

 (a) (b) 
Figure 3-6 Inversion algorithm: Using DEM method to find the elastic properties of (a) Kaolinite-sand and (b) 

Bentonite-sand versus temperature 

3.6.2.2 Interface stiffness parameters at different temperatures 

Following the estimation of the clay-water composite properties, the proposed numerical 

homogenization can be utilized by creating the REV. Inclusions should be defined based on the 

volumetric content of the non-clay minerals, as outlined in Table 3-3. For the sake of generality, 

the inclusions are placed in an aligned and symmetric fashion, with their positioning being 

determined by the size of the non-clay minerals as shown in Figure 3-7. In the discussion section, 

the impact of the size and configuration of inclusions is explored.  
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(a) (b) 

Figure 3-7 Numerical meshing of REVs employed in current numerical homogenization method: (a) Kaolinite-sand 

and (b) Bentonite-sand 

Both REVs are simulated with calculated elastic properties of clay-water composites from the 

previous section, the elastic properties of non-clay minerals written in Table 3-3. Also, to match 

the modeled results with the experimental data, the interface stiffness parameter should be 

calibrated. After simulation of all cases, the results of the interface stiffness parameter for both 

artificially frozen soils are provided in Figure 3-8. The results show that the behavior of the 

interface stiffness parameter is similar to elastic modulus so as temperature decreases, the interface 

stiffness parameter increases. The comparison between the values of the calibrated interface 

stiffness parameter of Kaolinite-sand and Bentonite-sand also reveals a significant difference. The 

results for Bentonite-sand are around 10 times greater than Kaolinite-sand, while the elastic 

modulus of the Bentonite-sand is in the same order as the Kaolinite-sand which may be because 

of the difference in the volumetric content of the samples. 

 
(a) 
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(b) 

Figure 3-8 Calibrated interface stiffness parameter versus temperature (a) Kaolinite-sand and (b) Bentonite-sand 

3.7 Discussion 

3.7.1 Higher volumetric fraction of non-clay materials 

After calibrating the interface stiffness parameters, the numerical homogenization is employed to 

simulate the cases with higher volumetric fractions of non-clay minerals. The RVEs are generated 

containing clay-water composites as matrix and non-clay minerals as inclusions. The inclusions 

are similar and are placed with aligned configuration like the cases depicted in Figure 3-7 and their 

area are calculated based on the volumetric content of the non-clay minerals. Like Section 3.6.2, 

the experimental data of elastic modulus and Poisson’s ratio conducted by loading 1 mm/min and 

9 mm/min are selected. The modeled outcomes for all cases are shown in Figure 3-9 and Figure 

3-10 for Kaolinite-sand and Bentonite-sand respectively at selected temperatures (i.e., -0.5°C, -

5.0°C, -10°C, and -15°C). The presented simulation data shows the rate of increase of elastic 

modulus of Kaolinite-sand with respect to the volume fraction of non-clay mineral is less than 

Bentonite-sand. Moreover, unless the simulated elastic modulus results, Poisson’s ratio data 

displays an increasing trend as the volume fraction of clay-water composites augments. Finally, it 

can be found that as the temperature decreases, the Poisson’s ratios converge. 
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 (a) (b) 

Figure 3-9  Elastic properties of Kaolinite-sand at selected temperatures with different volume fractions of clay-

water composites for the cases with (a) 1 mm/min and (b) 9mm/min loading 

  
 (a) (b) 

Figure 3-10 Elastic properties of Bentonite-sand at selected temperatures with different volume fractions of clay-

water composites for the cases with (a) 1 mm/min and (b) 9mm/min loading 

3.7.2 Comparison with other analytical and numerical solutions 

In this section, the results of the elastic modulus for both artificially frozen sands across different 

volumetric fractions of clay-water composites at two temperatures (i.e., T = -0.5 °C and T = -15 

°C) for the cases with 1mm/min and 9 mm/min loadings simulated are compared with the 
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analytical methods introduced in Section 3.4. The graphs of the elastic modulus versus volume 

fraction of clay-water composites are drawn in Figures 3-11 and 3-12 for Kaolinite-sand and 

Bentonite-sand, respectively. The comparison shows that the difference between analytical 

solutions and the current method is increasing as the volume fraction of clay-water composites 

decreases. Furthermore, the error ratio between the numerical method and analytical solution of 

the cases with T = -0.5 oC is more than the error ratio of the cases with T = -15 oC which can be 

inferred that the error ratio between the analytical and numerical methods decreases as the 

temperature drops and the elastic modulus increases. 

Subsequently, the model was rerun with an exceedingly high interface stiffness parameter. This 

was done to simulate the elastic properties of RVEs, aiming to assess the impact of these properties 

in scenarios where a rigid bond exists between the non-clay minerals and the clay-water 

composites. The numerical meshing, the inclusion configurations within the REVs, and the 

material properties were retained as in the XFEM models. The comparisons, as illustrated in 

Figures 3-11 and 3-12, reveal that the error ratio between the XFEM and rigid bond model 

augments with the increasing volume fraction of non-clay minerals. Notably, for cases at T = -0.5 

°C, the rigid bond model appears unreliable for cases with fcw of clay-water composites less than 

0.7. It's also observed that the error ratio between the outcomes of the XFEM and the rigid bond 

model for cases with a 9 mm/min loading is lesser than for those with a 1 mm/min loading under 

identical conditions. 
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T = -0.5 oC 

  
T = -15 oC 

  
 (a) (b) 

Figure 3-11 Modeling of elastic modulus of Kaolinite-sand at T = -0.5 oC (first row) and T = -15 oC (second row) 

with different volume fraction of clay-water composites: Comparison of modeled elastic modulus between Reuss, 

DEM, Rigid bond, and XFEM for the cases with (a) 1 mm/min and (b) 9mm/min loading 
T = -0.5 oC 

  
T = -15 oC 

  
 (a) (b) 

Figure 3-12 Modeling of elastic modulus of Bentonite-sand at T = -0.5 oC (first row) and T = -15 oC (second row) 

with different volume fraction of clay-water composites: Comparison of modeled elastic modulus between Reuss, 

DEM, Rigid bond, and XFEM for the cases with (a) 1 mm/min and (b) 9mm/min loading 

3.7.3 Randomly generated models 

As previously mentioned, to maintain generality, the inclusions were symmetrically distributed 

and aligned uniformly. In this section, new REVs with randomly generated inclusions are 
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simulated, drawing from the graph depicting particle diameter of the non-clay minerals of 

experimental samples versus percentage passing as provided by Girgis (2019). These simulations 

use the same inputs from the modeling of the previous sections' to investigate variations in the 

results. Accordingly, both Kaolinite-sand and Bentonite-sand REVs were designed with inclusions 

generated at random. To ensure the consistency and reliability of the results, three distinct REVs, 

each with a different number of inclusions, were established for both types of artificially frozen 

sands. The methodology behind the random generation of inclusions is elaborated upon in Nguyen 

et al., (2020) and Norouzi et al., (2022). The configurations of these REVs are displayed in Figure 

3-13 for both Kaolinite-sand and Bentonite-sand. 

   
(a) (b) (c) 

   
(d) (e) (f) 

Figure 3-13  Numerical meshing of REVs with randomly generated of Kaolinite-sand with fnc=0.27 with (a) 14, (b) 

15, (c) 13 inclusions and Bentonite-sand with fnc=0.18 with (d) 9, (e) 10, (f) 11 inclusions. 

The derived values for the elastic modulus and Poisson’s ratio, corresponding to selected 

temperatures, are presented in Table 3-4 (for Kaolinite-sand) and Table 3-5 (for Bentonite-sand), 



 

50 

 

specifically for the cases with a 9mm/min loading. Given that the REVs aren't symmetrical, the 

homogenized elastic properties differ between horizontal and vertical orientations. Differences 

between the mean elastic properties and the experimental data are quantified in the last two 

columns of both tables. 

Table 3-4 The results of simulated elastic properties of Kaolinite-sand with randomly generated inclusions in xx and 

yy directions and absolute error ratio with respect to experimental data at different temperatures 

Temperature 
Sample 

number 

Exx 

(MPa) 
νxx (-) 

Eyy 

(MPa) 
νyy (-) 

Emean 

(MPa) 
νmean (-) 

Error of 

Emean 

Error of 

νmean 

T= -0.5 oC a 19.140 0.290 19.040 0.290 19.090 0.290 3.974% 3.333% 
 b 19.170 0.289 19.050 0.289 19.110 0.289 3.873% 3.667% 
 c 19.270 0.291 18.700 0.296 18.985 0.294 4.502% 2.167% 

T= -5 oC  a 78.630 0.223 78.390 0.222 78.510 0.223 3.372% 3.261% 
 b 78.630 0.214 78.090 0.221 78.360 0.218 3.557% 5.435% 
 c 79.300 0.224 76.930 0.229 78.115 0.227 3.858% 1.522% 

T= -10 oC a 154.030 0.204 153.450 0.203 153.740 0.204 3.369% 3.095% 
 b 153.670 0.205 154.030 0.204 153.850 0.205 3.300% 2.619% 
 c 155.470 0.205 150.890 0.210 153.180 0.208 3.721% 1.190% 

T= -15 oC a 233.740 0.195 232.650 0.195 233.195 0.195 3.439% 2.500% 
 b 233.090 0.196 233.890 0.195 233.490 0.196 3.317% 2.250% 
 c 236.030 0.196 229.200 0.201 232.615 0.199 3.679% 0.750% 

 

Table 3-5 The results of simulated elastic properties of Bentonite-sand with randomly generated inclusions in xx and 

yy directions and absolute error ratio with respect to experimental data at different temperatures 

Temperature 
Sample 

number 

Exx 

(MPa) 
νxx (-) 

Eyy 

(MPa) 
νyy (-) 

Emean 

(MPa) 
νmean (-) 

Error of 

Emean 

Error of 

νmean 

T= -0.5 oC d 22.430 0.289 23.070 0.286 22.750 0.288 1.770% 0.862% 
 e 22.860 0.286 23.330 0.284 23.095 0.285 0.281% 1.724% 
 f 22.180 0.293 22.180 0.291 22.180 0.292 4.231% 0.690% 

T= -5 oC d 88.750 0.225 91.240 0.222 89.995 0.224 2.084% 0.667% 
 e 90.170 0.221 92.070 0.220 91.120 0.221 0.860% 2.000% 
 f 88.860 0.229 88.780 0.228 88.820 0.229 3.362% 1.556% 

T= -10 oC  d 163.700 0.200 168.440 0.197 166.070 0.199 2.128% 0.750% 
 e 166.270 0.196 169.830 0.195 168.050 0.196 0.961% 2.250% 
 f 164.740 0.204 164.180 0.203 164.460 0.204 3.076% 1.750% 

T= -15 oC d 248.570 0.190 255.960 0.187 252.265 0.189 2.086% 0.789% 
 e 252.550 0.186 257.930 0.185 255.240 0.186 0.932% 2.368% 

 f 250.780 0.194 249.570 0.193 250.175 0.194 2.897% 1.842% 

The errors calculated fall within an acceptable range, underlining the stability of the results. This 

suggests that the use of numerical homogenization, combined with the calibrated interface stiffness 
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parameters derived from aligned inclusions, can be effectively extended to REVs with randomly 

generated inclusions, while maintaining an acceptable error margin. Additionally, to highlight the 

influence of the temperature on the clay-water composite's stress, the von Misses stress contours 

for sample (c) of Kaolinite-sand are showcased in Figure 3-14 This is done across various 

temperatures (i.e., T = -0.5 °C, T = -5 °C, T = -10 °C, and T = -15 °C), in both horizontal and 

vertical orientations. 

Horizental direction 

    
(a) (b) (c) (d) 

Vertical direction 

    
(e) (f) (g) (h) 

Figure 3-14  The von Misses stress contours of sample (c) of Kaolinite-sand at (a) T = -0.5 oC, (b) T = -5 oC, (c) T = 

-10 oC, and (d) T = -15 oC in horizontal direction and (e) T = -0.5 oC, (f) T = -5 oC, (g) T = -10 oC, and (h) T = -15 
oC in vertical direction with imperfect bonding between matrix and inclusions 
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xx direction 

    
(a) (b) (c) (d) 

yy direction 

    
(e) (f) (g) (h) 

Figure 3-15  The von Misses stress contours of sample (c) of Kaolinite-sand at (a) T = -0.5 oC, (b) T = -5 oC, (c) T = 

-10 oC, and (d) T = -15 oC in horizontal direction and (e) T = -0.5 oC, (f) T = -5 oC, (g) T = -10 oC, and (h) T = -15 
oC in vertical direction with rigid bonding between matrix and inclusions. 

Figure 3-14 indicates that as the temperature reduces, the rate of increase of stress around the 

bonding of matrix and inclusions will be higher than the rate of stress increase within matrix and 

inclusion. This is because in this simulation, the elastic properties of inclusions remain constant 

at different temperatures. Furthermore, utilizing the XFEM, the stress concentration around the 

inclusions is distributed more smoothly compared to analogous cases modeled with rigid 

bonding, as depicted in Figure 3-15. 

3.7.4 Limitations 

While this study provides valuable insights into estimating the homogenized elastic properties of 

frozen soils, it is important to acknowledge its limitations. The homogenization method discussed 

here overlooks factors such as plasticity, the impact of ice lenses, and anisotropy, potentially 

compromising the accuracy of the results. Additionally, the focus solely on saturated frozen soil 
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samples neglects the potential differences in behavior exhibited by unsaturated frozen soils. The 

presence or absence of water within the soil matrix can significantly influence its mechanical 

properties and responses to freezing, introducing complexities that may not be fully addressed by 

the proposed method. Unsaturated soils may manifest distinct deformation mechanisms and 

hydraulic behaviors compared to their saturated counterparts under freezing conditions. As a 

result, the findings and conclusions of this study may not be entirely applicable to unsaturated 

frozen soils. Future research endeavors should aim to explore and rectify these limitations to foster 

a more comprehensive understanding of frozen soil mechanics. 

3.8 Conclusions 

In this paper, we present a novel method to estimate the homogenized elastic properties of frozen 

soils, drawing on both analytical and numerical models. The numerical approach is applied to 

estimate the elastic properties of two artificially frozen sandy clay samples with known 

temperature-dependent elastic properties. The following conclusions can be drawn from our 

investigations:  

• The results from DEM modeling are reliable when the volume fraction of matrix or clay-

water composites is higher than 0.7. For cases with a matrix volume fraction under 0.7, the 

results prove to be less reliable. Through an inversion approach using DEM, the elastic 

parameters of clay-water composites can be obtained using laboratory results on samples 

with fcw higher than 0.7, which serves as the critical input for the subsequent numerical 

homogenization using XFEM.  

• A 2D numerical homogenization is conducted using the XFEM by considering the 

imperfect bond among frozen clay-water composites and nonclay minerals. Conventional 

numerical homogenization approach like the FEM rigidly defines the bonding between 
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inclusions and the matrix. The neglect of imperfect bonds among clay-water composites 

and nonclay minerals will lead to unrealistic outcomes, particularly in cases with a high 

fraction of inclusions. 

• The interface stiffness parameter, which signifies the cohesiveness between the matrix and 

the inclusions, has been calibrated across a range of temperatures. This calibrated interface 

parameter has been crucial in the application of the REVs with a significant fraction of 

non-clay minerals, facilitating accurate predictions of their elastic properties. The 

numerical homogenization model revealed insights into the behavior of the interface 

stiffness parameter concerning temperature variations. Unlike Poisson’s ratio, the 

calibrated interface parameter increases as temperature decreases like elastic modulus. 

Moreover, the values of the interface stiffness parameter of the Bentonite-sand are 

considerably higher than those of Kaolinite-sand. This difference can be attributed to the 

differences in mineralogical composition and water content.   

For simplicity, the inclusion distribution can be kept aligned and symmetric. However, when 

models with randomly generated inclusions were introduced, variations in the elastic properties 

could be noticed. Our results highlight the need to account for non-homogeneous distributions in 

practical applications. 
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Preface to Chapter 4. 

 

The behavior of unsaturated freezing soils poses a unique challenge in the field of geotechnical 

engineering, particularly in cold regions where frost actions significantly impact soil stability and 

infrastructure integrity. This chapter presents a comprehensive computational model to analyze 

the coupled thermal, hydraulic, and mechanical processes in unsaturated soils under frost 

conditions. Utilizing the finite element method, this study introduces a new soil freezing 

characteristic curve model that incorporates air-water capillary pressure and water-ice cryosuction. 

By verifying the model against experimental data, we demonstrate its robustness and provide a 

detailed discussion on the influence of different pore pressure components. This work aims to 

bridge the gap in our understanding of unsaturated soil behavior during freezing and thawing 

cycles, offering valuable insights for future research and practical applications. 
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Chapter 4  

 

4 Finite element modeling of thermal-hydro-mechanical 

coupled processes in unsaturated freezing soils considering 

air-water capillary pressure and cryosuction.2 

 

4.1 Abstract 

This paper presents a comprehensive computational model for analyzing thermo-hydro-

mechanical coupled processes in unsaturated porous media under frost actions. The model employs 

the finite element method to simulate multiphase fluid flows, heat transfer, phase change, and 

deformation behaviors. A new soil freezing characteristic curve model is proposed to consider the 

suctions from air-water capillary pressure and water-ice cryosuction. A total pore pressure with 

components from liquid water pressure, air pressure, and ice pressure is used in the effective stress 

law.  Vapor and dry air are considered miscible gases, utilizing the ideal gas law and Dalton's law. 

The governing equations encompass the linear momentum balance equation, the energy balance 

equation, and mass conservation equations for water species (ice, liquid, and vapor) and dry air. 

Weak forms are formulated based on primary variables of displacement, water pressure, air 

pressure, and temperature. The spatial discretization is achieved through the finite element method, 

while temporal discretization employs the fully implicit finite difference method, resulting in a 

                                                 

2
 A version of this manuscript has been published in the journal of  International Journal for Numerical and 

Analytical Methods in Geomechanics (2024). 
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system of fully coupled nonlinear equations. To verify the proposed computational model, a 

numerical implementation is developed and validated against a set of experimental data from the 

literature. The successful verification demonstrates the robustness of the model. A detailed 

discussion of the contributions from phase change strain and different sources of pore pressure is 

also addressed.  

Keywords: Unsaturated soils, frost actions, finite element method, pore pressure, thermo-hydro-

mechanical coupling  
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4.2 Introduction 

Frozen soils, comprising soil particles, water, ice, and air are naturally abundant in various 

geographical regions such as seasonal frozen and permafrost layers, arctic and subarctic zones, 

and loess sediments, where prolonged periods of freezing temperatures are prevalent (Kadivar and 

Manahiloh, 2019). Moreover, there has been a recent surge in the utilization of the Artificial 

Ground Freezing (AGF) technique to temporarily enhance soil bearing capacity and regulate 

ground and groundwater movement in civil engineering applications such as tunneling, pipelining, 

mining, and slope constructions (Vitel et al., 2015; Xu et al., 2019). However, the cyclic freezing 

and thawing poses a threat and may cause a set of Geo-Risks (e.g., infrastructure damages, 

subsidence, borehole failures). The concern is amplified by the impact of climate change, which 

brings about more frequent and severe weather events (Na and Sun, 2017). Frozen soils can be 

categorized as either saturated, lacking air, or unsaturated, where air is present within the medium. 

Freezing processes in saturated and unsaturated frozen soil can give rise to frost heave, resulting 

in an expansion of the soil volume. Frost heave occurs when the freezing process increases the 

volume of water migration and water crystallization, causing the separation of soil particles. Frost 

heave poses a significant risk in cold regions, often leading to engineering disasters such as pipe 

ruptures and foundation damage. In fully saturated soils, where all pores are already filled with 

pore water, the increased volume of water migration and crystallization leads to frost heave. 

However, in unsaturated cases, a portion of the volume expansion is initially allocated to fill the 

pores, with the remaining increased volume causing frost heave (Bai et al., 2020). The prediction 

of frost heave becomes a more intricate task, as it cannot be solely determined by variations in 

total water and air content. In addition, unlike saturated soil, the prediction of frost heave in 

unsaturated soil should consider additional physical variables such as air flux (Li et al., 2021). 
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The attempts to simulate frozen soil can be generally categorized to thermo-hydro (TH), thermos-

mechanical (TM), and thermo-hydro-mechanical (THM) modeling (Arzanfudi and Al-Khoury, 

2018). TH modeling considers mass balance and energy balance equations to study the temperature 

variations and water, vapor, and ice movement in the medium. To relate the governing equations, 

many studies have been conducted to include the complex behavior of freeze-thaw phenomena 

through analytical, experimental, and numerical approaches. The aspects cover phase transition, 

cryo-suction, and premelting dynamics (Mikkola and Hartikainen, 2001; Zhou and Meschke, 

2013). To estimate the total water content in an unsaturated frozen soil, Kurylyk and Watanabe, 

(2013) conducted a comprehensive mathematical study to elucidate various forms of the Clapeyron 

equation and the connection between the soil moisture curve and soil freezing curve under both 

saturated and unsaturated freezing conditions. They also developed a model to estimate the 

hydraulic conductivity of partially frozen soil. Generally, Bi et al., (2023) examined a collection 

of 29 models and categorized them into four groups: theoretical models, soil water characteristic 

curve (SWCC)-based models, empirical models, and estimation models. Using the above 

constitutive relations, many TH models are developed and verified by experimental data. 

Mizoguchi, (1990) conducted a set of experiments to measure the variation of total water content 

during freezing using a vertical biaxial sample. This experiment has been employed to validate 

some numerical simulations (Liu and Yu, 2011; Painter, 2011; Peng et al., 2016; Stuurop et al., 

2021). A list of inputs is available in a thermo-hydro numerical simulation conducted by Hansson 

et al., (2004). They have developed numerical simulations using a mixed formulation for both 

water flow and heat transport without considering vapor movement and frost heave. The 

combination of the Van Genuchten, (1980) soil water characteristic (SWC) curve and a modified 

Clapeyron equation was employed to estimate liquid and ice saturations during freezing in 
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unsaturated soils. A lower freezing temperature was determined for unsaturated soil due to pre-

freezing pressures (suction). Additionally, Dall’Amico et al., (2011) suggested that the total water 

content could be determined independently of temperature using the van Genuchten equation. To 

enhance the understanding of freezing processes, it is crucial to establish comprehensive 

constitutive equations that describe the relationship between cryogenic suction and capillary 

pressure. Painter and Karra, (2014) proposed a constitutive relation to calculate ice, water, and air 

saturations for unsaturated frozen soils by considering temperature, water pressure, and air 

pressure. Another benchmark experimental data of soil freezing was reported by Jame and Norum, 

(1980).Similar to the previous case, they conducted a set of 1D freezing experiments but in a 

horizontal direction. The numerical inputs are available in Painter, (2011) and Peng et al., (2016) 

for different cases and boundary conditions. Using the central Finite Difference Method (FDM) to 

discretize the equations in both spatial and temporal, Peng’s model that is based on non-

equilibrium ice-water interfaces and is verified by the above-mentioned two sets of experimental 

data (Peng et al., 2016). Additionally, Chen et al., (2022) developed an improved TH-coupled 

model based on the Finite Element Method (FEM) model and applied it to verify their model with 

the experimental data by Jame and Norum. These studies primarily focus on variations in 

temperature and volumetric water content. Furthermore, in modeling unsaturated frozen soil, the 

study of vapor movement during freezing requires additional governing equations (Gawin et al., 

2019). However, the effect of vapor movement on water content has been mostly neglected in the 

literature, with only a few studies addressing that the vapor movement cannot be neglected when 

initial water content is low (He et al., 2020). 

Previous research on modeling frost actions in unsaturated soils mainly focused on thermo-

hydraulic responses while neglecting geomechanical behavior for simplicity. By adding the 
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momentum balance equation to the system of coupling equations, the deformation and stress 

changes of the medium can be identified. The current THM models for frozen soils are mainly 

developed for fully saturated frozen geomaterials (Arzanfudi and Al-Khoury, 2018; Koniorczyk 

et al., 2015; Thomas et al., 2009; Yang et al., 2015).  Among these THM models for frozen soils, 

Nishimura et al., (2009) derived a formulation and numerically applied a fully coupled THM 

analysis of elastoplastic water-saturated frozen soils, considering the freezing and thawing 

processes by incorporating the concept of cryo-suction. Bekele et al., (2017) developed a 

numerical model to estimate frost heave in saturated porous media using the Isogeometric Analysis 

(IGA) technique. Recently, there has been increased attention given to coupled THM models for 

unsaturated soils (Liu and Yu, 2011; Teng et al., 2020). Bai et al., (2020) proposed a frost heave 

model for saturated-unsaturated soils by introducing an effective strain ratio to establish the 

relationship between frost heave strain in unsaturated soils and the fields of moisture and 

temperature. The back-calculated effective strain ratio was incorporated into the displacement 

equations, and the results were verified against their experimental data, although their model did 

not consider pore pressure. Huang and Rudolph, (2021) presented a THM model to analyze frost 

heave in variably saturated freezing soils. The gas phase contains vapor, and the transport of dry 

air was neglected for simplicity. The model was verified using laboratory test data from the 

literature. The void ratio was used as a dependent variable to demonstrate the link between ice lens 

segregation, stress-deformation, and the evolution of the void ratio. Li et al. validated their 

numerical model with Mizoguchi’s experimental data and their comprehensive uniaxial 

experiments (Li et al., 2021). Water content, vapor, and temperature variations as well as the frost 

heave were included in their numerical results. Similarly, Wu and Ishikawa, (2022) developed a 

thermo-hydro-mechanical model to simulate the freezing process of partially saturated frost 
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susceptible soils in Hokkaido. Their multiphysics simulations aligned well with frost heave tests 

on Touryo soil and Fujinomori soil, indicating that the frost heave ratio is proportional to the initial 

degree of saturation and inversely proportional to the cooling rate and overburden pressure. 

Nevertheless, previous models have not adequately characterized pore water, pore ice pressure, 

and pore air pressure, resulting in an unclear definition of the effective stress law. Model 

formulations have varied significantly due to different researchers' backgrounds (Gawin et al., 

2020). There is a lack of a comprehensive and inclusive finite element formulation for describing 

the thermal-hydro-mechanical coupled processes in unsaturated freezing soils considering pore 

pressure components from liquid water, air, and ice (Li et al., 2024). 

In this study, we propose a novel fully coupled THM numerical model, implemented within a finite 

element framework, to simulate the frost actions in unsaturated porous media. A new soil freezing 

characteristic curve (SFCC) model is applied to consider the suctions from air-water capillary 

pressure and water-ice cryosuction. Thus, liquid water pressure, air pressure, and ice pressure are 

treated as parts of the total pore pressure. The general governing equations of THM coupling are 

derived based on the fundamentals of continuum mechanics. The spatial discretization of the 

governing equations is performed using the FEM and the time-dependent equations are solved 

using the FDM. To demonstrate the efficacy of the developed equations and numerical code, data 

from a recently published experimental test is used for validation.  

4.3 Mathematical models of unsaturated frozen medium 

This section covers the basic physical properties or models that serve as the fundamentals of THM-

coupled processes in an unsaturated frozen soil. A notation list of parameters is presented in 

Appendix A. Similar formulations can be found in other theoretical developments for porous 

media (Khoei and Mortazavi, 2020; Mortazavi et al., 2023). 



 

63 

 

4.3.1 Volumetric relation 

The volumetric content of each phase, denoted by 𝜃𝛼, is determined by dividing the volume of that 

specific phase (α) by the total volume (V). The phases considered include soil (s), water (w), ice 

(i), and moist air (g). 

𝜃𝛼 =
𝑉𝛼
𝑉

 (4.26) 

Moreover, porosity is defined as the ratio of void volume (i.e., 𝑉𝑣𝑜𝑖𝑑 = 𝑉 − 𝑉𝑠) to the total volume: 

𝑛 =
𝑉𝑣𝑜𝑖𝑑
𝑉

  (4.27) 

The saturation of water, ice, and air, denoted as 𝑆𝛼, can be expressed as the respective volume ratio 

divided by the porosity as follows: 

𝑆𝛼 =
𝜃𝛼
𝑛
=

𝑉𝛼
𝑉𝑣𝑜𝑖𝑑

,     𝛼 = 𝑤, 𝑔, i 
(4.28) 

The summation of saturations is unity. Figure 4-1 shows the components of an unsaturated frozen 

soil and their corresponding volumetric ratios. 

 
Figure 4-1 Sketch showing the configuration of different phases of an unsaturated frozen soil. 
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4.3.2 Capillary pressure 

According to the capillary theory, the discontinuity pressure between air pressure and pore water 

pressure in an unsaturated soil can be written as: 

𝑃𝑐 = 𝑃𝑔 − 𝑃𝑤 (4.29) 

in which 𝑃𝑐, 𝑃𝑔, and 𝑃𝑤 are air-water capillary pressure, moist air pressure, and water pressure, 

respectively. A similar relation between ice pressure (𝑃𝑖) and pore water pressure in a partially 

frozen soil (𝑃𝑤𝑓) can be written for the cryosuction pressure 𝑃𝑐𝑠: 

𝑃𝑐𝑠 = 𝑃𝑖 − 𝑃𝑤𝑓  (4.30) 

Defining β as the ratio of ice-liquid to liquid-air surface tensions which can be either 1.0 for solid–

liquid–solid (SLS) soils or 2.2 for solid-to-solid (SS) soils (Kurylyk and Watanabe, 2013), we have 

(Painter and Karra, 2014):   

𝑃𝑐𝑠 =
𝑃𝑐
𝛽

 (4.31) 

The SS soil is characterized by the absence of colloidal materials and consists of soil types like 

sand, silt, or coarse clay fractions where particles have direct solid-to-solid (SS) contacts. On the 

other hand, SLS soil represents a scenario where soil particles are consistently separated by liquid 

water. SLS soil typically involves clay-water composites. According to Kurylyk and Watanabe, 

(2013), the β  coefficient is dependent on the interface energies from different interface components 

in an unsaturated frozen soil.  

The modified Clausius-Clapeyron equation describes the relationship between temperature, ice 

pressure, and pore water pressure in partially frozen soil. The equation is as follows (Kay and 

Groenevelt, 1974): 
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𝐿𝑓

𝑇0
𝑑𝑇 =

𝑑𝑃𝑤𝑓

𝜌𝑤
−
𝑑𝑃𝑖
𝜌𝑖

 (4.32) 

In Equation (4.32), 𝜌𝑤 and 𝜌𝑖 are the densities of water and ice respectively. 𝐿𝑓 is the latent heat, 

T is the temperature, and 𝑇0 = 273.15 K  represents the reference temperature. Through the 

integration of the above differential equation of equilibrium and assuming that ice pressure at 

freezing point equals air pressure, the following equations can be obtained to quantify the freezing 

point temperature: 

𝐿𝑓

𝑇0
(𝑇𝑓 − 𝑇0) =

𝑃𝑤𝑓

𝜌𝑤
−
𝑃𝑖
𝜌𝑖

 (4.33) 

where 𝑇𝑓 is the freezing point temperature which can be calculated by assuming 𝜌𝑤 ≅ 𝜌𝑖: 

𝑇𝑓 = 𝑇0 −
𝑇0
𝐿𝑓𝜌𝑤

𝑃𝑐
𝛽

 (4.34) 

4.3.3 SWCC and SFCC 

As mentioned in the introduction, to find water, ice, and air saturations in an unsaturated frozen 

medium, many soil freezing characteristic curve (SFCC) models have been proposed in the 

literature and most of them are soil water characteristic curve (SWCC)-based models. However, 

previous SFCC models mainly consider temperature as a dependent variable for calculating ice 

saturation results (Huang and Rudolph, 2021). The neglect of the dependency of ice saturation on 

air-water capillary pressure will bring numerical issues because the partial derivative term of ice 

saturation over capillary pressure is needed in the numerical implementation. In this study, we 

intend to solve this numerical issue by introducing an SFCC model with the consideration of air-

water capillary pressure and temperature.  
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Introducing the volumetric total water content as 𝜃𝑡𝑤 = 𝜃𝑤 +
𝜌𝑖

𝜌𝑤
𝜃𝑖, the model of Van Genuchten, 

(1980) is employed in this study, to estimate the water, ice, and air saturations as a function of 

capillary pressure and temperature. The model is presented as: 

• Above freezing point temperature (𝑇 > 𝑇𝑓), ice content is zero. Therefore, total water 

content equals volumetric water content: 

𝜃𝑤 = 𝜃𝑟 + (𝜃𝑠 − 𝜃𝑟)(1 + [𝛼𝑣𝑃𝑐]
𝑛𝑣)−𝑚𝑣 

𝑆𝑤 =
𝜃𝑤
𝑛
, 𝑆𝑔 = 1 − 𝑆𝑤 

(4.35) 

• Under freezing point temperature (𝑇 < 𝑇𝑓), we have: 

𝜃𝑡𝑤 = 𝜃𝑟 + (𝜃𝑠 − 𝜃𝑟) (1 + [𝛼𝑣
𝑃𝑐
𝛽
]
𝑛𝑣

)

−𝑚𝑣

 

𝜃𝑤 = 𝜃𝑟 + (𝜃𝑠 − 𝜃𝑟) (1 + [𝛼𝑣 (
𝑃𝑐
𝛽
+ 𝜌𝑤

𝐿𝑓

𝑇0
(𝑇𝑓 − 𝑇))]

𝑛𝑣

)

−𝑚𝑣

 

𝜃𝑖 =
𝜌𝑤
𝜌𝑖
(𝜃𝑡𝑤 − 𝜃𝑤) 

𝑆𝑤 =
𝜃𝑤
𝑛
, 𝑆𝑖 =

𝜃𝑖
𝑛
, 𝑆𝑔 = 1 − 𝑆𝑤 − 𝑆𝑖  

(4.36) 

in which, 𝛼𝑣, 𝑚𝑣, and 𝑛𝑣 are the curve fitting parameters. It should be noted that the total suction 

pressure in Equation 4.11 contains the component from air-water capillary pressure and the 

component from cryosuction (quantifying using the Clausius-Clapeyron equation). The 

component from cryosuction is approximated using 𝜌𝑤
𝐿𝑓

𝑇0
(𝑇𝑓 − 𝑇) . The introduction of 

𝑃𝑐

𝛽
 in 

Equation 4.11 can be treated as converting the capillary pressure to an equivalent amount of 
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cryosuction pressure, thus, to consistently apply the SFCC. When we only include 
𝑃𝑐

𝛽
 as suction, 

ice will be treated as a part of water, thus allowing the determination of the total water content 

𝜃𝑡𝑤 . In contrast, if both air-water capillary pressure and cryosuction are included in the van 

Genuchten model, the liquid water content 𝜃𝑤 can be derived. The inclusion of 𝑃𝑐 term in Equation 

4.11 will generate reasonable values for the term of 
𝜕𝑆𝑖

𝜕𝑃𝑐
 in the subsequent FEM formulation.  

According to the Dalton’s law,(Moran et al., 2010) moist air pressure is a combination of dry air 

(ga) pressure and vapor (gw) pressure, the pressure of moist air can be expressed as (Lewis and 

Schrefler, 1998): 

𝑃𝑔 = 𝑃𝑔𝑤 + 𝑃𝑔𝑎 (4.37) 

where 𝑃𝑔𝑤 and 𝑃𝑔𝑎 are the vapor pressure and dry air pressure, respectively. Vapor pressure can 

be calculated using the Kelvin-Laplace law by defining relative humidity as follows (Khoei et al., 

2021): 

ℎ𝑟 =
𝑃𝑔𝑤

𝑃𝑔𝑤𝑠
= exp (−

𝑃𝑐𝑀𝑤

𝜌𝑤𝑇𝑅
) (4.38) 

In Equation 4.13, 𝑃𝑔𝑤𝑠 is saturated vapor pressure as a function of temperature. In this study, we 

assume that the moist air behaves as a perfect gas following the ideal gas law to find dry and vapor 

densities (Lewis and Schrefler, 1998): 

𝜌𝑔𝑎 =
𝑃𝑔𝑎𝑀𝑎

𝑇𝑅
, 𝜌𝑔𝑤 =

𝑃𝑔𝑤𝑀𝑤

𝑇𝑅
, 𝜌𝑔 = 𝜌𝑔𝑎 + 𝜌𝑔𝑤  (4.39) 

 where 𝑀𝑎 and 𝑀𝑤 are the molar masses of the constituents of dry air and water; R is the universal 

gas constant, and 𝜌𝑔 is the density of moist air. 
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4.3.4 Darcy’s law 

The hydraulic conductivity of the porous medium changes continuously during the 

freezing/thawing process depending on the degree of water saturation i.e., as a function of 

temperature and capillary pressure. To calculate the hydraulic conductivity at a given temperature, 

a relative hydraulic conductivity parameter is introduced into the Darcy’s law: During freezing, a 

part of wider pores is closed by frozen water. Nevertheless, at the macro-scale level, the volume-

averaged advective flux of liquid water (i.e. caused by pressure gradients) still can be described 

by the Darcy’s law (Gawin et al., 2019): 

𝑛𝑆𝜅𝐯𝑘,𝑠 =
𝐤𝑘𝑟𝑘
𝜇𝑘

(−∇𝑃𝑘 + 𝜌𝜅𝐠),     𝜅 = 𝑤, 𝑔 (4.40) 

in which k = kI represents intrinsic permeability while I is the identity matrix. Additionally, 𝜇𝑘 is 

viscosity, g is the acceleration due to gravity, and 𝑘𝑟𝑘 is the relative permeability of κ. Considering 

the effect of freezing, the relative permeability for water and air is given as: 

𝑘𝑟𝑤 = 𝛺𝑣√𝑆𝑒 [1 − (1 − 𝑆𝑒

1
𝑚𝑣)

𝑚𝑣

]

2

 (4.41) 

𝑘𝑟𝑔 = √1 − 𝑆𝑒 (1 − 𝑆𝑒

1
𝑚𝑣)

2𝑚𝑣

 (4.42) 

In Equation 4.16, 𝛺𝑣 = 10−𝐸𝑣𝑄 is the phenomenological impedance factor of ice that reduces the 

hydraulic conductivity of soil, where 𝐸𝑣 is an empirical constant and 𝑄 =
𝜌𝑖𝜃𝑖

𝜌𝑤𝜃𝑡𝑤
 is the mass ratio 

of ice over the total water (Hansson et al., 2004; Kurylyk and Watanabe, 2013). 
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4.3.5 Fick’s law 

To explain the diffusive-dispersive mass flux, the Fick’s law is employed for dry air and water 

vapor phases (Lewis and Schrefler, 1998): 

𝐉𝑔
𝜅 = −𝜌𝑔𝐃𝜅∇(

𝜌𝑘
𝜌𝑔
) ,     𝜅 = 𝑔𝑤, 𝑔𝑎 (4.43) 

where 𝐃𝜅 is the effective dispersion tensor of the diffusing phase and can be proven that  𝐃𝑔𝑤 =

𝐃𝑔𝑎 since (Lewis and Schrefler, 1998): 

∇(
𝜌𝑔𝑎

𝜌𝑔
) = −∇(

𝜌𝑔𝑤

𝜌𝑔
) (4.44) 

Equation 4.18 can be rewritten as follows: 

𝐉𝑔
𝑔𝑤

= 𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤∇(

𝑃𝑔𝑤

𝑃𝑔
) = −𝐉𝑔

𝑔𝑎
 (4.45) 

in which, 𝑀𝑔 is the molar mass of the gas phase and can be found as: 

𝑀𝑔 = (
𝜌𝑔𝑤

𝜌𝑔

1

𝑀𝑤
+
𝜌𝑔𝑎

𝜌𝑔

1

𝑀𝑎
)

−1

 (4.46) 

4.3.6 Fourier’s law 

Conductive heat flux in materials below the freezing point of water is assumed to follow 

Fourier’s law (Gawin et al., 2019): 

�̃� = −λeff∇𝑇 (4.47) 

Here, λeff is the overall thermal conductivity of porous media which is a function of the thermal 

conductivity of each phase and their corresponding volumetric fractions (Li et al., 2021): 
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𝜆eff = 𝜆𝑠
1−𝑛𝜆𝑤

𝑛𝑆𝑤𝜆𝑔
𝑛𝑆𝑔𝜆𝑖

𝑛𝑆𝑖  (4.48) 

4.3.7 Material nonlinearity 

In this paper, to incorporate the nonlinear behavior of unsaturated frozen soil, an associative 

Drucker-Prager model has been chosen (Drucker and Prager, 1952). The yield function (Π) is 

defined as (de Souza Neto et al., 2011): 

Π(𝛔′, 𝑐) = √
1

2
𝐬(𝛔′): 𝐬(𝛔′) + 𝜂𝑝′(𝛔′) − 𝜉𝑐 (4.49) 

where 𝛔′ , 𝐬 , and 𝑝′  are effective stress, deviatoric stress, and hydrostatic pressure, and 𝑐  is 

cohesion. The selection of parameters η and ξ is based on the approximation of the Mohr-Coulomb 

plasticity model (Sanei et al., 2022). For a 2D plane strain model, these parameters are expressed 

as: 

𝜂 =
3 tan𝜙

√9 + 12 tan𝜙
 

𝜉 =
3

√9 + 12 tan𝜙
 

(4.50) 

where ϕ is the friction angle. To correct the stress-strain relation, two return-mapping algorithms 

are utilized for smooth portions of the cone and its apex. The details of stress-strain correction and 

the derivation of the tangential stiffness matrix are described in de Souza Neto et al., (2011) 

Previous experimental results have demonstrated that the plasticity parameters of the constitutive 

model are highly dependent on the applied temperature Girgis et al., (2020). The hardening 

parameters can be explicitly considered in the numerical modeling by including temperature (Yu 

et al., 2022; Zhang and Michalowski, 2015). 



 

71 

 

4.3.8 Elasticity in a partially saturated frozen soil 

According to Bekele et al., (2017), the following relation can be used to relate effective stress and 

effective strain: 

d𝝈′ = 𝐃T(𝑑𝜺 − 𝑑𝜺
ph − 𝑑𝜺𝑇) (4.51) 

where σ' represents the effective stress vector, 𝐃T is the tangential constitutive matrix, and dε 

represents the total strain increment vector. Moreover, the increment strain due to phase change 

(dεph) for unsaturated freezing condition is modified as: 

𝑑𝜺ph ≅
𝛽ph

3
(
𝑛(𝜌𝑤 − 𝜌𝑖)

𝜌𝑤𝑆𝑤 + 𝜌𝑖𝑆𝑖
𝑑𝑠𝑖) 𝐈 (4.52) 

The relation is developed based on the mass balance of water and ice during the phase, where,  𝛽ph 

(0 < 𝛽ph < 1) is the adjustment coefficient for unsaturated porous media that can be assigned an 

approximate value equivalent to the initial water saturation. The application of the strain increment 

herein mirrors the concept of integrating a porosity evolution term due to water-ice phase change 

(Michalowski and Zhu, 2006; Vosoughian and Balieu, 2023). 

Considering 𝛽𝑠 as the thermal expansion coefficient of the solid skeleton, a linear relation can be 

used to calculate the thermal elastic strain increment (dεT) (Bekele et al., 2017; Lewis and 

Schrefler, 1998): 

𝑑𝜺𝑇 =
𝛽𝑠
3
𝑑𝑇𝐈 (4.53) 

4.4 Balance equations 

This section presents the fundamental form of the governing equations for porous media, 

specifically focusing on the phase change induced by freezing and thawing processes. These 
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processes can be effectively modeled using THM analysis, which considers the interactions 

between the different phases involved. 

4.4.1 Linear momentum balance equation 

Equation 4.29 represents the conservation of linear momentum in the porous media, which states 

the balance between the divergence of the total stress tensor (σ) and body force (b): 

∇ ⋅ 𝛔 + 𝐛 = 𝟎 (4.54) 

where ∇= 〈𝜕/𝜕𝑥 𝜕/𝜕𝑦 𝜕/𝜕𝑧〉 represents the gradient operator and "⋅" denotes the dot product. 

According to Yin et al., (2023), the total stress can be approximated using the effective stress and 

pore pressure components: 

𝝈 = 𝝈′ − 𝑆𝑤𝑃𝑤𝐈 − 𝑆𝑔𝑃𝑔𝐈 − 𝑆𝑖𝑃𝑖𝐈 (4.55) 

where 𝝈′ is the effective stress. Thus, in Equation 4.30, saturations of individual components (fluid 

water, air, and ice) are used as weight coefficients for their pore pressure components.  

4.4.2 Mass balance equations 

The general equation for the conservation of mass for each phase is given by: 

D

D𝑡
(𝜃𝛼𝜌𝛼) + 𝜃𝛼𝜌𝛼∇ ⋅ 𝐯𝛼 − �̇�𝛼 = 0,     𝛼 = 𝑠,𝑤, 𝑖, 𝑔 (4.56) 

In Equation 4.31, D(∗)/D𝑡 = ∇(∗) ⋅ �̇� + 𝜕(∗)/𝜕𝑡 is the material time derivation (Khoei et al., 

2021), 𝐯𝛼 and 𝜌𝛼 represents the velocity and density of the α phase, and �̇�𝛼 is the rate of increase 

or decrease of mass per volume for the α phase. 
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By combining the conservation of mass equations for water, ice, and vapor, and assuming that the 

rates of mass change for water and ice are equal but with opposite signs during freezing and 

thawing (i.e., �̇�𝑖 = −�̇�𝑤), the following equation can be obtained (Gawin et al., 2020): 

𝑛𝑆𝑔
𝜕𝜌𝑔𝑤

𝜕𝑡
+ 𝑛𝜌𝑔𝑤

𝜕𝑆𝑔

𝜕𝑡
+ 𝑛𝜌𝑤

𝜕𝑆𝑤
𝜕𝑡

+ 𝑛𝜌𝑖
𝜕𝑆𝑖
𝜕𝑡

− ∇ ⋅ (𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤∇(

𝑃𝑔𝑤

𝑃𝑔
))

− ∇ ⋅ (𝜌𝑤
𝐤𝑘𝑟𝑤
𝜇𝑤

(∇𝑃𝑤 − 𝜌𝑤𝐠)) − ∇ ⋅ (𝜌𝑔𝑤
𝐤𝑘𝑟𝑔

𝜇𝑔
(∇𝑃𝑔 − 𝜌𝑔𝐠))

− 𝛽𝑠𝑤𝑔𝑖
𝜕𝑇

𝜕𝑡
+ (𝑆𝑤𝜌𝑤 + 𝑆𝑔𝜌𝑔𝑤 + 𝑆𝑖𝜌𝑖)∇ ⋅ 𝐯𝑠 = 0 

(4.57) 

It should be noted that water evaporation/condensation rate is neglected in the mass balance of 

Equation 4.32.  

The mass balance equation for dry air can be written as (Gawin et al., 2020): 

𝑛𝑆𝑔
𝜕𝜌𝑔𝑎

𝜕𝑡
+ 𝑛𝜌𝑔𝑎

𝜕𝑆𝑔

𝜕𝑡
+ 𝑆𝑔𝜌𝑔𝑎∇ ⋅ 𝐯𝑠 + ∇ ⋅ (𝜌𝑔

𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤∇(

𝑃𝑔𝑤

𝑃𝑔
)) − ∇

⋅ (𝜌𝑔𝑎
𝐤𝑘𝑟𝑔

𝜇𝑔
(∇𝑃𝑔 − 𝜌𝑔𝐠)) − 𝛽𝑠𝑔

𝜕𝑇

𝜕𝑡
= 0 

(4.58) 

In the above equations, the velocity of solid particle is given by 𝐯𝑠 =
𝑑𝐮

𝑑𝑡
 with u as the displacement 

of the medium. In addition, the terms 𝛽𝑠𝑤𝑔𝑖 and 𝛽𝑠𝑔 represent the equivalent thermal expansion 

coefficients for the mass changes of the unsaturated frozen soil and solid air mixture: 

𝛽𝑠𝑤𝑔𝑖 = (1 − 𝑛)(𝜌𝑔𝑤𝑆𝑔 + 𝜌𝑤𝑆𝑤)𝛽𝑠 + 𝑛𝜌𝑤𝑆𝑤𝛽𝑤 + 𝑛𝜌𝑖𝑆𝑖𝛽𝑖 (4.59) 

𝛽𝑠𝑔 = (1 − 𝑛)𝑆𝑔𝜌𝑔𝑎𝛽𝑠 (4.60) 
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4.4.3 Energy balance equation 

It is assumed that all the phases are locally in a state of thermodynamic equilibrium and the change 

in thermal state caused by the liquid water evaporation–desorption is neglected. Thus, the energy 

balance equation of the medium can be derived as (Li et al., 2021): 

(𝜌𝐶𝑝)eff
𝜕𝑇

𝜕𝑡
+ 𝐚 ⋅ ∇𝑇 − ∇ ⋅ (𝜆eff∇𝑇) + 𝐿𝑤𝜌𝑤

𝜕𝜃𝑣
𝜕𝑡

− 𝐿𝑓𝜌𝑖
𝜕𝜃𝑖
𝜕𝑡

= 0 (4.61) 

Here, 𝐿𝑤 and 𝐿𝑓 are latent heat coefficients for the water-vapor phase change and the water-ice 

phase change, respectively. In Equation 4.36, the heat transfer between the phases is neglected and 

it is assumed that the time rate of vapor content is almost zero (i.e., 
𝜕𝜃𝑣

𝜕𝑡
≅ 0). The equivalent heat 

capacity (𝜌𝐶𝑝)eff is defined as (Li et al., 2021): 

(𝜌𝐶𝑝)eff =
(1 − 𝑛)𝜌𝑠𝐶𝑝

𝑠 + 𝑛𝑆𝑤𝜌𝑤𝐶𝑝
𝑤 + 𝑛𝑆𝑔𝜌𝑔𝐶𝑝

𝑔
+ 𝑛𝑆𝑖𝜌𝑖𝐶𝑝

𝑖  (4.62) 

Additionally, a is the vector of advection of heat transfer in Equation 4.36, which is a function of 

relative velocities of water-solid 𝐯𝑤,𝑠 and air-solid 𝐯𝑔,𝑠: 

𝐚 = 𝑛𝑆𝑤𝜌𝑤𝐶𝑝
𝑤𝐯𝑤,𝑠 + 𝑛𝑆𝑔𝜌𝑔𝐶𝑝

𝑔
𝐯𝑔,𝑠 (4.63) 

4.5 Variational formulations 

In this study, displacement, pore water pressure, pore air pressure, and temperature are taken as 

primary variables. Accordingly, the initial conditions are defined as: 

𝐮 = 𝐮0, 𝑃𝑤 = 𝑃𝑤
0, 𝑃𝑔 = 𝑃𝑔

0, 𝑇 = 𝑇0 on Ω  (4.64) 
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where, Ω is the problem domain bounded by the boundary Γ. As shown in Figure 4-2, the boundary 

conditions could be either Dirichlet boundary conditions (Γ𝐷) for predefined values or Neumann 

boundary conditions (Γ𝑁) for traction and fluxes. Note that Γ𝐷 ∪ Γ𝑁 = 𝛤 and Γ𝐷 ∩ Γ𝑁 = ∅. 

 

Figure 4-2 Sketch showing the problem domain and boundary conditions with primary variables 

(modified after (Khoei and Mortazavi, (2020)). 

• Dirichlet boundary conditions are expressed as follows: 

𝐮 = �̅�  on Γ𝑢 

(4.65) 

𝑃𝑤 = �̅�𝑤  on Γ𝑃𝑤  

𝑃𝑔 = �̅�𝑔  on Γ𝑃𝑔  

𝑇 = �̅�  on Γ𝑇 

in which the prescribed values of primary variables (i.e., �̅�, 𝑃𝑤̅̅ ̅, 𝑃�̅�, �̅�) are imposed on the 

essential boundary conditions Γ𝑢, Γ𝑃𝑤, Γ𝑃𝑔, and Γ𝑇, respectively. 

• Neumann boundary conditions are defined as: 

𝛔 ⋅ 𝐧Γ = 𝐭 ̅  on Γ𝑡 (4.66) 
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[−𝜌𝑤
𝐤𝑘𝑟𝑤
𝜇𝑤

(∇𝑃𝑤 − 𝜌𝑤𝐠) − 𝜌𝑔𝑤
𝐤𝑘𝑟𝑔

𝜇𝑔
(∇𝑃𝑔 − 𝜌𝑔𝐠)

+ 𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤∇(

𝑃𝑔𝑤

𝑃𝑔
)] ⋅ 𝐧Γ = �̅�𝑤 + �̅�𝑔𝑤 

 

on Γ𝑞𝑤 

[−𝜌𝑔𝑎
𝐤𝑘𝑟𝑔

𝜇𝑔
(∇𝑃𝑔 − 𝜌𝑔𝐠) − 𝜌𝑔

𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤∇(

𝑃𝑔𝑤

𝑃𝑔
)] ⋅ 𝐧Γ = �̅�𝑔𝑎 

 
on Γ𝑞𝑔 

−(λeff∇𝑇) ⋅ 𝐧Γ = �̅�𝑇  on Γ𝑞𝑇 

Here,  𝐧Γ represents the unit outward vector normal to the boundary. 𝐭 ̅denotes the traction, and 

�̅�𝑤 , �̅�𝑔𝑤 , �̅�𝑔𝑎 , and �̅�𝑇  are water pressure, vapor pressure, dry air pressure, and thermal fluxes 

respectively on their corresponding natural boundary conditions (i.e., Γ𝑡, Γ𝑞𝑤, Γ𝑞𝑔, Γ𝑞𝑇).  

To solve the governing equations, the weak form of the equations is obtained by integrating the 

strong forms (i.e., Equations 4.29, 4.32, 4.33, and 4.36) over the domain and multiplying them by 

their corresponding admissible test functions (𝐖𝑢, 𝐖𝑤, 𝐖𝑔, and 𝐖𝑇), followed by the application 

of the divergence theorem. The weak forms are given as:  

• Weak form of momentum balance equation: 

∫ ∇𝐖𝑢 [
𝜕𝝈

𝜕𝑡
] 𝑑𝛺

𝛺

= ∫ 𝐖𝑢 [
𝜕𝐭̅

𝜕𝑡
] 𝑑𝛤

𝛤𝑢
𝑞

 (4.67) 

• Weak form of mass balance equation for water species: 



 

77 

 

∫ 𝐖𝑤 [𝑛𝑆𝑔
𝜕𝜌𝑔𝑤

𝜕𝑡
+ 𝑛𝜌𝑔𝑤

𝜕𝑆𝑔

𝜕𝑡
] 𝑑𝛺

𝛺

+∫ 𝐖𝑤 [𝑛𝜌𝑤
𝜕𝑆𝑤
𝜕𝑡

+ 𝑛𝜌𝑖
𝜕𝑆𝑖
𝜕𝑡

− 𝛽𝑠𝑤𝑔𝑖
𝜕𝑇

𝜕𝑡
] 𝑑𝛺

𝛺

+∫ 𝐖𝑤 [(𝑆𝑤𝜌𝑤 + 𝑆𝑔𝜌𝑔𝑤 + 𝑆𝑖𝜌𝑖)𝐦
T𝑳
𝜕𝐮

𝜕𝑡
] 𝑑𝛺

𝛺

+∫ ∇𝐖𝑤 [𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤∇(

𝑃𝑔𝑤

𝑃𝑔
)] 𝑑𝛺

𝛺

+∫ ∇𝐖𝑤 [𝜌𝑤
𝐤𝑘𝑟𝑤
𝜇𝑤

(∇𝑃𝑤 − 𝜌𝑤𝐠)] 𝑑𝛺
𝛺

+∫ ∇𝐖𝑤 [𝜌𝑔𝑤
𝐤𝑘𝑟𝑔

𝜇𝑔
(∇𝑃𝑔 − 𝜌𝑔𝐠)] 𝑑𝛺

𝛺

+∫ 𝐖𝑤[�̅�𝑤 + �̅�𝑔𝑤]𝑑𝛤
𝛤𝑤
𝑞

= 0 

(4.68) 

• Weak form of mass balance equation for dry air: 

∫ 𝐖𝑔 [𝑛𝑆𝑔
𝜕𝜌𝑔𝑎

𝜕𝑡
+ 𝑛𝜌𝑔𝑎

𝜕𝑆𝑔

𝜕𝑡
] 𝑑𝛺

𝛺

+∫ 𝐖𝑔 [𝑆𝑔𝜌𝑔𝑎𝐦
T𝑳
𝜕𝐮

𝜕𝑡
] 𝑑𝛺

𝛺

−∫ 𝐖𝑔 [𝛽𝑠𝑔
𝜕𝑇

𝜕𝑡
]𝑑𝛺

𝛺

−∫ ∇𝐖𝑔 [𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤∇(

𝑃𝑔𝑤

𝑃𝑔
)] 𝑑𝛺

𝛺

+∫ ∇𝐖𝑔 [𝜌𝑔𝑎
𝐤𝑘𝑟𝑔

𝜇𝑔
(∇𝑃𝑔 − 𝜌𝑔𝐠)] 𝑑𝛺

𝛺

+∫ 𝐖𝑔[�̅�𝑔𝑎]𝑑𝛤
𝛤𝑔
𝑞

= 0 

(4.69) 

• Weak form of energy balance equation: 

To address the advection-dominated problems in the energy balance equation (i.e., Equation 4.36), 

the Stream Upwind/Petrov Galerkin (SUPG) method is implemented to improve the accuracy and 

stability of simulations. It involves augmenting the weighting function, which determines the 

contribution of each term in the equation, with an appropriate term. This modification enables the 

accounting of advection effects. According to a previous model, we also utilize an arbitrary 
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weighting function, denoted as 𝐖𝑇
∗, which combines a continuous weighting function 𝐖𝑇 and a 

discontinuous streamline upwind correction term as stated in Equation 4.45 (Brooks and Hughes, 

1982; Kelly et al., 1980): 

𝐖𝑇
∗ = 𝐖𝑇 + 𝜏𝑒𝐚 ⋅ ∇𝐖𝑇  

with: 

𝜏𝑒 =
ℎ𝑒
2‖𝐚‖

(cot(𝑝𝑒) −
1

𝑝𝑒
) 

(4.70) 

here, 𝜏𝑒  is an upwind parameter. It is derived based on the local Peclet number (𝑝𝑒) which is 

defined as: 

𝑝𝑒 =
‖𝐚‖ℎ𝑒

2𝜆eff
  (4.71) 

where he denotes the maximum length of the element of the mesh and ‖∙‖ is the Euclidean norm. 

By incorporating the computed arbitrary weighting function, the resulting weak form of the energy 

balance equation is expressed as: 

∫ 𝐖𝑇
∗ [(𝜌𝐶𝑝)eff

𝜕𝑇

𝜕𝑡
] 𝑑𝛺

𝛺

+∫ 𝐖𝑇
∗[(𝑛𝑆𝑤𝜌𝑤𝐶𝑝

𝑤𝐯𝑤,𝑠 + 𝑛𝑆𝑔𝜌𝑔𝐶𝑝
𝑔
𝐯𝑔,𝑠) ⋅ ∇𝑇]𝑑𝛺

𝛺

+∫ ∇𝐖𝑇
∗[𝜆eff∇𝑇]𝑑𝛺

𝛺

−∫ 𝐖𝑇
∗ [𝐿𝑓𝜌𝑖(1 − 𝑛)𝑆𝑖𝐦

T𝑳
𝜕𝐮

𝜕𝑡
] 𝑑𝛺

𝛺

−∫ 𝐖𝑇
∗ [𝐿𝑓𝜌𝑖𝑛

𝜕𝑆𝑖
𝜕𝑃𝑐

𝜕𝑃𝑔

𝜕𝑡
] 𝑑𝛺

𝛺

+∫ 𝐖𝑇
∗ [𝐿𝑓𝜌𝑖𝑛

𝜕𝑆𝑖
𝜕𝑃𝑐

𝜕𝑃𝑤
𝜕𝑡
] 𝑑𝛺

𝛺

−∫ 𝐖𝑇
∗ [𝐿𝑓𝜌𝑖𝑛

𝜕𝑆𝑖
𝜕𝑇

𝜕𝑇

𝜕𝑡
] 𝑑𝛺

𝛺

+∫ 𝐖𝑇
∗[�̅�𝑇]𝑑𝛤

𝛤𝑡
𝑞

= 0 

(4.72) 
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4.6 FEM implementation 

4.6.1 Spatial discretization 

In this paper, the Finite Element Method (FEM) is utilized for spatial discretization of the 

governing THM equations. This technique involves dividing the domain into smaller elements, 

and within each element, the solution is approximated using shape functions. By reformulating the 

THM governing equations into a weak form, the FEM transforms the original partial differential 

equations into a system of algebraic equations that can be solved numerically. Consequently, the 

FEM approximation of the displacement, strain, pressure, and temperature fields can be expressed 

as follows: 

 𝐮(𝐱, 𝑡) = 𝐍𝑢(𝐱)𝐔(𝑡) 
 

(4.73) 
 𝛆(𝐱, 𝑡) = 𝐁𝑢(𝐱)𝐔(𝑡) 

 

 𝑃𝜋(𝐱, 𝑡) = 𝐍𝑝(𝐱)𝐏𝜋(𝑡) 
(π = w, g) 

 𝑇(𝐱, 𝑡) = 𝐍𝑡(𝐱)𝐓(𝑡) 
 

where, 𝐍𝑢(𝐱), 𝐍𝑝(𝐱), and 𝐍𝑡(𝐱) are shape functions of fields of displacement, fluid pressure, and 

temperature, respectively. 𝐁𝑢(𝐱) is the spatial derivative of shape function, and 𝐔(𝑡), 𝐏𝜋(𝑡), and 

𝐓(𝑡) are the nodal values of displacement, fluid pressure and temperature fields, respectively. To 

enhance the numerical stability and accuracy of the results, linear test functions were utilized to 

discretize the water pressure and temperature, while second-order shape functions were employed 

to discretize the displacement in this THM-coupled analysis. This improves the accuracy in 

representing the displacement field compared to linear shape functions (Lewis and Schrefler, 1998; 

Zienkiewicz and Shiomi, 1984). Finally, the set of discretized coupled governing equations end up 

to an ordinary time-dependent differential equation system stated as: 
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[
 
 
 
0 0
0 𝐊𝑤𝑤

0 0
𝐊𝑤𝑔 𝐊𝑤𝑡

0 𝐊𝑔𝑤
0 0

𝐊𝑔𝑔 𝐊𝑔𝑡
0 𝐊𝑡𝑡 ]

 
 
 
{

𝐮
𝐏𝑤
𝐏𝑔
𝐓

} +

[
 
 
 
 
𝐂𝑢𝑢 𝐂𝑢𝑤
𝐂𝑤𝑢 𝐂𝑤𝑤

𝐂𝑢𝑔 𝐂𝑢𝑡
𝐂𝑤𝑔 𝐂𝑤𝑡

𝐂𝑔𝑢 𝐂𝑔𝑤
𝐂𝑡𝑢 𝐂𝑡𝑤

𝐂𝑔𝑔 𝐂𝑔𝑡
𝐂𝑡𝑔 𝐂𝑡𝑡 ]

 
 
 
 
𝑑

𝑑𝑡
{

𝐮
𝐏𝑤
𝐏𝑔
𝐓

} =

{
 

 
𝐟𝑢
𝐟𝑤
𝐟𝑔
𝐟𝑡}
 

 
 (4.74) 

All the matrix elements are presented in Appendix B. 

4.6.2 Temporal discretization 

Assuming 𝐗T = [𝐮 𝐏𝑤 𝐏𝑔 𝐓]  as the vector of unknown variables, Equation 4.49 can be 

rewritten as the following compact form: 

𝐊𝐗 + 𝐂
𝑑𝐗

𝑑𝑡
= 𝐅 (4.75) 

To solve the above equation, the fully implicit Finite Difference Method is utilized herein. After 

time integration of the nonlinear set of ordinary differential equations over the time domain, the 

form of the discretized residual vector at time 𝑡𝑛+1 is derived based on backward Euler algorithm 

as follows: 

𝐑𝑛+1 = 𝐂𝑛+1
𝑿𝑛+1 − 𝐗𝑛

𝛥𝑡
+ 𝐊𝑛+1𝑿𝑛+1 − 𝐅𝑛+1 (4.76) 

where 𝛥𝑡  is the time interval. To solve fully coupled nonlinear system of Equation 4.51, the 

unknown increments should be computed using a Newton-Raphson iteration scheme:  

𝐑𝑛+1
𝑖+1 = 𝐑𝑛+1

𝑖 + 𝐉𝑑𝐗𝑛+1
𝑖+1 = 0 (4.77) 

𝑑𝐗𝑛+1
𝑖+1 = −

𝐑𝑛+1
𝑖

𝐉
 (4.78) 

where 𝐑𝑛+1
𝑖  is the result of subtracting the total force (𝐅𝑛+1) and the vector of converged solution 

from the previous time step of analysis (𝐏𝑛) from the internal force:  
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𝐑𝑛+1
𝑖 = 𝐉𝐗𝑛+1

𝑖 − 𝐅𝑛+1
𝑖 − 𝐏𝑛 (4.79) 

𝐏𝑛 =
𝐂𝑛+1
𝑖 𝐗𝑛
Δ𝑡

 (4.80) 

Subsequently, the Jacobian matrix (𝐉) in Equation 4.52 can be derived by differentiating the 

residual with respect to the unknown variables vector (𝐗): 

𝐉 =

[
 
 
 
 
 
 
 
 
𝐂𝑢𝑢
𝛥𝑡

𝐂𝑢𝑤
𝛥𝑡

𝐂𝑤𝑢
𝛥𝑡

𝐂𝑤𝑤
𝛥𝑡

+ 𝐊𝑤𝑤

𝐂𝑢𝑔

𝛥𝑡

𝐂𝑢𝑡
𝛥𝑡

𝐂𝑤𝑔

𝛥𝑡
+ 𝐊𝑤𝑔

𝐂𝑤𝑡
𝛥𝑡

+ 𝐊𝑤𝑡

𝐂𝑔𝑢

𝛥𝑡

𝐂𝑔𝑤

𝛥𝑡
+ 𝐊𝑔𝑤

𝐂𝑡𝑢
𝛥𝑡

𝐂𝑡𝑤
𝛥𝑡

𝐂𝑔𝑔

𝛥𝑡
+ 𝐊𝑔𝑔

𝐂𝑔𝑡

𝛥𝑡
+ 𝐊𝑔𝑡

𝐂𝑡𝑔

𝛥𝑡

𝐂𝑡𝑡
𝛥𝑡

+ 𝐊𝑡𝑡 ]
 
 
 
 
 
 
 
 

 (4.81) 

Finally, the unknown vector is updated at each iteration until the required convergence criterion is 

satisfied: 

𝐗𝑛+1
𝑖+1 = 𝐗𝑛+1

𝑖 + 𝑑𝐗𝑛+1
𝑖+1  (4.82) 

By defining 𝜀 = 10−5 as the prescribed tolerance, the convergence criterion of iteration is set as: 

|𝐑𝑛+1
𝑖 | < 𝜀 (4.83) 

The algorithm for solving nonlinear FEM numerical models for the present THM coupled 

processes is summarized in Box 4-1. In our formulation, the material plastic nonlinear behavior is 

treated using the implicit return mapping algorithm. However, the thermally induced plastic 

yielding (hardening or softening) is considered explicitly, which is similar to the approach 

presented by Semnani et al., (2016). 
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1) Start 

2) Start time step n+1 

3) Assemble 𝐂𝑛, 𝐊𝑛, and Jacobian matrix, using variables in step n 

4) Calculate external forces and residual 

5) Impose boundary conditions 

6) Start while loop 

a) Start a new iteration 

b) Compute 𝑑𝐗𝑛+1
𝑖+1  

c) Calculate effective strain, trial volumetric and deviatoric stresses 

d) Update temperature-dependent mechanical properties (i.e., E, ν, c, and ϕ) based on 

updated temperature 

e) Check for plasticity 

i) If plasticity trues: 

- update plastic strain, volumetric and deviatoric stresses using return mapping 

algorithm and find tangential stiffness matrix 

ii) Else,  

- keep the elastic and thermal-hydraulic parameters and use elastic stiffness matrix. 

f) Update thermal, hydraulic variables for THM coupling 

g) Assemble 𝐂𝑛+1
𝑖 , 𝐊𝑛+1

𝑖  and Jacobian matrix using updated variables 

h) Find internal force and update the external force to find new residual 

i) If the residual meets the convergence criterion,  

- end while loop and go to (7) 

ii) Else,  

- go to the next iteration 

7) Save primary and secondary variables for the next step. 

8) Go to the next step 

Box 4-1 Numerical algorithm for solving the nonlinear THM coupled FEM problem. 

4.7 Numerical verification 

Based on the above-mentioned formulations and algorithm, we implement the new THM model 

through our in-house developed FEM code using MATLAB. The thermal-poroelastic part of the 

code was validated previously (Norouzi et al., 2019). In order to validate the performance of 

simulating frost actions in unsaturated soils, we use the 1D freezing test data on an unsaturated 

soil conducted by Bai et al., (2020). In their experiment, an unsaturated silty soil sample is 
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subjected to an initial temperature profile of 3°C. A constant temperature of -3°C is applied to the 

top side for 100 hours, while the bottom temperature is kept constant at 3°C. Before frozen, the 

initial water saturation of the studied soil is 49%. During the test, data of total water content, 

temperature, and frost heave is recorded.  

We carry out a 2D FEM modeling on the above-mentioned laboratory freezing test. In the 

simulation, a sample with the dimension of 50 mm × 90 mm is modeled as a plane strain problem. 

The size of elements is 5 mm × 5 mm and each element contains four Gauss points. Figure 4-3 

shows the finite element mesh for the simulation. We have carried out a mesh sensitivity analysis 

to make sure the applied mesh size generates a stable result. 

 
Figure 4-3 FEM mesh and boundary conditions of both ends for the numerical test. 

Constant temperature (3oC)

Free water outflow

Air impermeable

Constant temperature (-3oC)

Water impermeable

Air impermeable

5 cm

9 cm

8 cm

2 cm

0 cm

5 cm
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The displacement of the bottom side is restricted in both directions and the lateral side is restricted 

in the horizontal direction. Additionally, the lateral sides are adiabatic with no hydraulic flux and 

all sides are impermeable. The problem is solved for a total time of 100 hours.  

According to Bai et al., (2020), the temperature-dependent mechanical properties of the soil are 

given as: 

𝐸 = {
20 + 11.3(𝑇𝑓 − 𝑇)

0.6
   𝑇 ≤ 𝑇𝑓

20                                     𝑇 > 𝑇𝑓
 (4.84) 

𝜈 = {
0.28 − 0.007(𝑇𝑓 − 𝑇)   𝑇 ≤ 𝑇𝑓
0.28                                   𝑇 > 𝑇𝑓

 (4.85) 

𝑐 = {
20 + 6(𝑇𝑓 − 𝑇)

1.24
   𝑇 ≤ 𝑇𝑓

20                                 𝑇 > 𝑇𝑓
 (4.86) 

𝜙 = {
20 + 3.4(𝑇𝑓 − 𝑇)

0.38
   𝑇 ≤ 𝑇𝑓

20                                    𝑇 > 𝑇𝑓
 (4.87) 

In the above equations, the units of Young’s modulus (𝐸), cohesive (𝑐), and friction angle (𝜙) are 

MPa, kPa, and degree, respectively. The rest of the material properties or parameters applied in 

the numerical model are presented in Table 4-1. 

Table 4-1 Material properties for the unsaturated soil in the 1D freezing (Bai et al., 2020) 

Initial porosity 𝑛 = 0.47 (-) 

Density of solid 𝜌𝑠 = 2700 (kg/m3) 

Density of ice 𝜌𝑖 = 910 (kg/m3) 

Density of water 𝜌𝑤 = 1000 (kg/m3) 

Universal gas constant 𝑅 = 8.31 (J/mole) 

Molar mass of dry air 𝑀𝑎 = 28.97 (g/mole) 

Molar mass of liquid water 𝑀𝑤 = 18.02 (g/mole) 

Intrinsic permeability 𝐤 = 8 × 10−13 (m2) 

Dynamic viscosity of water 𝜇𝑤 = 1 × 10
−3 (Pa.s) 

Dynamic viscosity of air 𝜇𝑔 = 1 × 10
−5 (Pa.s) 

Van Genuchten’s model parameter 𝛼𝑣 = 1.89 × 10
−4 (Pa-1) 

Van Genuchten’s model parameter 𝑛𝑣 = 1.25 (-) 

Van Genuchten’s model parameter 𝑚𝑣 = 0.28 (-) 

Empirical constant of impedance factor of ice 𝐸𝑣 = 10 

Ratio of ice-liquid to liquid-air surface 𝛽 = 2.2 (-) 

Specific heat capacity of soil 𝐶𝑠 = 880 (J/kg/K) 
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Specific heat capacity of ice 𝐶𝑖 = 1874 (J/kg/K) 

Specific heat capacity of water 𝐶𝑤 = 4180 (J/kg/K) 

Specific heat capacity of air 𝐶𝑔 = 717 (J/kg/K) 

Thermal conductivity of soil 𝜆𝑠 = 1.2 (W/m/K) 

Thermal conductivity of ice 𝜆𝑖 = 2.22 (W/m/K) 

Thermal conductivity of water 𝜆𝑤 = 0.58 (W/m/K) 

Thermal conductivity of air 𝜆𝑔 = 0.03 (W/m/K) 

Thermal expansion coefficient of solid 𝛽𝑠 = 9 × 10
−7 (1/K) 

Thermal expansion coefficient of ice 𝛽𝑖 = 5 × 10−7 (1/K) 

Thermal expansion coefficient of water 𝛽𝑤 = 6.3 × 10
−6 (1/K) 

Latent heat of fusion 𝐿f = 3.45 × 105(J/kg) 

Reference temperature 𝑇0 = 273.15 (K) 

Simulated temperature variations at different heights are obtained and displayed in Figure 4-4 

along with the measured data. In general, the simulation results are aligned with the experimental 

data. 

 
Figure 4-4 Simulated temperature evolvements at different heights (measured data is from Bai et 

al., (2020) 

Figure 4-5 presents a simulated the total volumetric water content (ice and liquid water) profile at 

𝑡 = 100 hours along with experimental data by Bai et al., (2020). The water redistribution due to 

frost action can be well characterized except at the ice-water interface. A more detailed description 
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of the water content development during freezing is illustrated in contour plots displayed in Figure 

4-6. 

 

Figure 4-5 Simulated and measured total volumetric water contents at the end of the test (t = 100 

hrs) (measured data is from Bai et al., (2020)). 

 

 
Figure 4-6 Simulated contours of total volumetric water contents at: (a) initial condition, (b) t 

=10 hrs, (c) t = 25 hrs, (d) t = 50 hrs, (e) t = 75 hrs, and (f) t = 100 hrs. 
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As is displayed in Figure 4-7, the variation in total water content during freezing is mainly driven 

by the increase in the ice content. Water from the lower portion moves to the upper side due to the 

cryosution. Even though the soil is unsaturated, such a change in water re-distribution still can lead 

to a significant heaving in the soil sample. Figure 4-8 presents the simulated frost heave result 

against the measured result by Bai et al., (2020), which indicates a comparable agreement. The 

results of considering phase change induced strain will be discussed in the subsequent section.   

 
Figure 4-7 Plots showing the profile developments of total water content, air content, and ice 

content. 
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Figure 4-8 Simulated and measured frost heave developments with time (measured data is from 

Bai et al., (2020)). 

4.8 Discussions 

4.8.1 Effect of phase change strain 

In this study, the phase change strain for an unsaturated soil is calculated using a coefficient 𝛽ph 

to accommodate the water saturation state as is shown Equation 4.27. For simplicity, we have 

assigned the initial water saturation value to 𝛽ph. In order to examine the sensitivity of using 

different 𝛽ph  values, we also carry out some numerical tests using different 𝛽ph  values while 

keeping other materials properties and boundary conditions the same as described in Section 6. 

The results of frost heave curves are also included in Figure 4-8. The case with 𝛽ph = 1 represents 

a fully saturated condition, while 𝛽ph = 0 represents a case without considering phase change 

induced strain. Significant differences are noticed in the three curves displayed in Figure 4-8. The 

results indicate that assuming a fully saturated condition will overestimate the frost heave, while 

the neglect of phase change strain underestimates the frost heave. The adoption of the initial water 
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saturation value for 𝛽ph  yields a reasonable frost heave prediction. The difference in the 

deformation behavior can also be demonstrated by the difference in porosity profiles. Simulated 

porosity contours (at t = 100 hrs) for cases with and without considering phase change strain are 

presented in Figure 4-9. The porosity change is updated according to the change in the volumetric 

strain using the equation of ∆𝑛 = (1 − 𝑛)∆𝛆𝐯. The major difference is located in the upper part, 

where the ice tends to be accumulated. The case by considering phase change strain displays a 

larger amount of increment in porosity when compared with the case without phase change strain. 

However, it should be noted that the freezing driven water movement from the warm side to the 

cold side has contributed to a significant amount of porosity increase. Thus, the porosity increase 

in the upper part of sample is still obvious even if the phase change induced volumetric strain is 

not accounted (Figure 4-9b). It also confirms with the possibility of having frost heave in an 

unsaturated soil. 

 

Figure 4-9 Simulated porosity contours at the end of numerical tests: (a) with phase change 

strain, (b) without phase change strain (t = 100 hrs). 
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4.8.2 Pore pressure variations 

As an investigation of the poromechanical response, the characterization of the pore pressure is 

essential. In this study, we applied the equivalent pore pressure concept as:  

𝑃pore = 𝑆𝑤𝑃𝑤 + 𝑆𝑔𝑃𝑔 + 𝑆𝑖𝑃𝑖  (4.88) 

The liquid water pressure 𝑃𝑤, air pressure 𝑃𝑔, and ice pressure 𝑃𝑖 are treated as parts of the total 

pore pressure 𝑃pore . The saturations of individual components are used as simplified weight 

coefficients. Such application is valid when there is a pore water pressure balance between 

macropores and micropores. More detailed microstructure-based derivation for the equivalent pore 

pressure for unsaturated porous media is presented by Yin et al., (2023). The simulated total pore 

pressure changes during the numerical test are obtained and displayed in Figure 4-10a. The curves 

show the variations along the height profile at different times, but the total pore pressure has always 

been positive.  

In this study, both vapor and dry air are included in the gas phase. Thus, we can quantify the 

contributions from vapor and dry air according to the simulation results. Simulated vapor pressure 

and dry air pressure profiles are obtained and displayed in Figures 4-10b and 4-10c. The vapor 

pressure varies significantly along the height, but the range of vapor pressure changes with time is 

only around 2 kPa. By contrast, the dry air pressure is uniformly distributed but increases 

considerably with time. Thus, dry air contributes more effectively to an increase in the air pressure 

during freezing. As is displayed in Figure 4-10d, the freezing point temperature values are slightly 

affected by the change in pore pressure. The variation of freezing point temperature profiles is 

similar to that of pore pressure profiles. 
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Figure 4-10 Simulated pore pressure and freezing temperature point profiles at different times of 

the numerical test: (a) total pore pressure, (b) vapor pressure, (c) dry air pressure, (d) freezing 

temperature point.   
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In order to better demonstrate the pore pressure fluctuation, we present the simulated pore pressure 

development at three key monitoring points (height = 2 cm, 5 cm, and 8 cm) in Figure 4-11. The 

freezing induced pore pressure drop in the top part of the sample can be well reflected by the curve 

of the point at 8 cm. By contrast, the lower part of the sample (height = 2 cm) is subjected to a 

gradual increase in pore pressure. 

 

Figure 4-11 Simulated pore pressure development at three key monitoring points (height = 2 cm, 

5 cm, and 8 cm).  

4.8.3 Freezing induced plastic strain 

In the study by Bai et al., (2020), temperature-dependent mechanical properties of the related soil 

sample were provided. However, the potential thermally induced plastic behavior was not 

characterized experimentally or numerically in the previous study. As is presented in Box 1, the 

thermally induced plastic yielding process can be quantified using our in-house developed FEM 

numerical tool. From our numerical results, we can notice the simulated accumulated plastic strain 

(von Mises equivalent plastic strain) during the freezing process (Figure 4-12). The generated 

plastic strain is generally located in the upper part of the sample, which is close to the freezing 
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end. Simulated stress paths in the mean effective stress-Mises equivalent shear stress space (𝑝′ −

𝑞  space) of three monitoring points (height = 2 cm, 5 cm, and 8 cm) are also collected and 

displayed in Figure 4-13a. The curves indicate that some shear stress is built up during the freezing 

process. Some tensile stress tends to be generated in the upper part of the sample during the early 

stage of freezing. As is shown in Figure 4-13b, the generated plastic strain is mostly developed in 

the first 50 hours. 

 

Figure 4-12 Simulated von Mises equivalent plastic strain contours at: at: (a) initial condition, (b) 

t =10 hrs, (c) t = 25 hrs, (d) t = 50 hrs, (e) t = 75 hrs, and (f) t = 100 hrs. 

 

Figure 4-13 Simulated effective stress paths and accumulated plastic strains at the three key 

points.   
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4.8.4 Limitations  

While the proposed computational model demonstrates a good range of applicability, this research 

has its limitations that offer opportunities for future investigations. Several aspects can be further 

explored to enhance the model's accuracy and applicability. Instead of relying on ideal gas 

relations, future studies may consider employing more realistic gas relations to better capture the 

behavior of vapor and dry air during the freezing process. This could lead to more accurate 

predictions of vapor pressure changes and their influence on the overall system. The present THM-

coupled FEM formulation is capable of simulating related plastic yielding behavior due to frost 

actions. However, the present numerical model is not yet validated against any experimental data 

with an apparent record of plastic response. Our simulation generates some preliminary numerical 

results on potential freezing induced plastic deformation behavior, and the frozen soil is treated as 

a continuum porous media using a phenomenon based plastic model. The pore-scale yielding or 

failure process of frozen soil cannot be simulated using our numerical tool. Further theoretical 

development of the micromechanical failure process in frozen soil due to ice generation is 

recommended. The interfacial aspect between frozen and unfrozen parts should be investigated to 

simulate the ice lens generation process. A possible approach is to apply the eXtended Finite 

Element Method (XFEM) to characterize the imperfect interfacial bond or cracking behaviors in 

frozen soil(Khoei and Mortazavi, 2020; Emad Norouzi et al., 2022). In addition, exploring a 

broader range of soil types and environmental factors would provide insights into the model's 

performance and limitations in different scenarios. Further numerical and experimental 

investigations on the hardening/softening of unsaturated frozen soils due to freeze-thaw actions 

are recommended. 
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4.9 Conclusions 

In this study, we present a comprehensive and inclusive finite element formulation for describing 

the thermal-hydro-mechanical coupled processes in unsaturated freezing soils considering pore 

pressure components from liquid water, air, and ice. The model is successfully applied to a 1D 

freezing test on an unsaturated soil to demonstrate its capability to characterize the variations in 

total water content, temperature, and frost heave. Several conclusions are drawn as follows: 

• The new THM-coupled model is developed based on the fundamentals of continuum 

mechanics. The weak forms of equations of the linear momentum balance equation, mass 

balance equations of dry air and water species, and energy balance equation are developed 

and presented in detail. To address the advection-dominated problems in the energy 

balance equation, the SUPG method can be implemented to improve the accuracy and 

stability of simulations. The traditional van Genuchten soil water characteristic (SWC) 

curve model and the Clapeyron equation can be combined to generate a new soil freezing 

characteristic curve (SFCC) model to consider the suctions from air-water capillary 

pressure and water-ice cryosuction. The new SFCC model can be well implemented in the 

FEM formulation with the consideration of capillary pressure-dependent ice saturation.  

• The phase change induced strain should be properly considered in the numerical modeling 

of frost actions in unsaturated soils. Our numerical tests indicate that assuming a fully 

saturated condition will overestimate the frost heave, while the neglect of phase change 

strain underestimates the heaving result. An adjustment coefficient with an initial water 

saturation value can be applied to accommodate the water saturation state.  

 A total pore pressure as a function of air pressure, water pressure, ice pressure, and their 

corresponding saturations is used in the effective stress law. When freezing starts, the pore pressure 
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increases in the freezing zone due to an increase in ice pressure and reduces in the unfrozen zone 

because of the air movement. During freezing, there is a slight drop in the vapor pressure but a 

significant increase in dry air pressure. Thus, the increase in the air pressure during freezing is 

mainly contributed by the dry air. By considering air pressure, water pressure and ice pressure as 

components of the total pore pressure, our numerical tool can characterize the development of 

effective stress paths and the potential thermally induced plastic yielding behavior. 
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Appendix A: Notation list of symbols 

s Solid phase   

w Water phase   

i Ice phase   

g Moist air phase   

ga Dry air phase   

gw Vapor phase   

𝑉𝛼 Volume of each phase   

𝜃𝛼 Volumetric content of each phase   

𝑛 Porosity   

𝑆𝛼 Saturation   

𝜌𝛼 Density   

𝑃𝑤 Water pressure   

𝑃𝑤𝑓 Water pressure in frozen soil   

𝑃𝑖 Ice pressure   

𝑃𝑔 Air pressure   

𝑃𝑔𝑎 Dry air pressure   

𝑃𝑔𝑤 Vapor air pressure   

𝑃𝑔𝑤𝑠 Saturated vapor pressure   

𝑃𝑐 Capillary pressure of water and air   

𝑃𝑐𝑓 Capillary pressure of water and ice   

𝐤 Intrinsic permeability   

𝑘𝑟𝛼 Relative permeability   

𝜇𝛼 Viscosity   

𝛼𝑣 Van Genuchten’s model parameter   

𝑛𝑣 Van Genuchten’s model parameter   

𝑚𝑣 Van Genuchten’s model parameter   

𝛺𝑣 Impedance factor of ice   

𝑀𝑤 Molar mass of liquid water   

𝑀𝑎 Molar mass of dry air   

𝑀𝑔 Molar mass of moist air   

ℎ𝑟 Relative humidity   

𝑇 Temperature   

𝑇0 Reference temperature   

𝑇𝑓 Freezing point temperature   

𝐿𝑓 Latent heat of fusion   

𝐿𝑤 Latent heat of vapor condensation   

𝝈 Total stress   

𝝈′ Effective stress   

𝐛 Body force    

u Displacement   

𝐃T Tangential stiffness matrix   

𝜺 Total strain   
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𝜺ph Phase change strain   

𝜺𝑇 Thermal strain   

𝐶𝑝
𝛼 Heat capacity   

𝜆𝛼 Heat conductivity   
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Appendix B: The Matrix form of governing equations 

• Momentum balance equation 

𝐂𝑢𝑢 = ∫ 𝐁𝑢
T𝐃T𝐁𝑢𝑑𝛺

𝛺

 

𝐂𝑢𝑤 = −∫ 𝐁𝑢
T𝑆𝑤𝐦𝐍𝑝𝑑𝛺

𝛺

+∫ 𝐁𝑢
T [
𝜕𝑆𝑤
𝜕𝑃𝑐

𝑃𝑤 +
𝜕𝑆𝑔

𝜕𝑃𝑐
𝑃𝑔 +

𝜕𝑆𝑖
𝜕𝑃𝑐

𝑃𝑖 − 𝑆𝑖]𝐦𝐍𝑝𝑑𝛺
𝛺

+∫ 𝐁𝑢
T𝐃T

𝛽ph

3
(
𝑛(𝜌𝑤 − 𝜌𝑖)

𝜌𝑤𝑆𝑤 + 𝜌𝑖𝑆𝑖
)
𝜕𝑆𝑖
𝜕𝑃𝑐

𝐦𝐍𝑝𝑑𝛺
𝛺

 

𝐂𝑢𝑔 = −∫ 𝐁𝑢
T𝑆𝑔𝐦𝐍𝑝𝑑𝛺

𝛺

−∫ 𝐁𝑢
T [
𝜕𝑆𝑤
𝜕𝑃𝑐

𝑃𝑤 +
𝜕𝑆𝑔

𝜕𝑃𝑐
𝑃𝑔 +

𝜕𝑆𝑖
𝜕𝑃𝑐

𝑃𝑖]𝐦𝐍𝑝𝑑𝛺
𝛺

−∫ 𝐁𝑢
T𝐃T

𝛽ph

3
(
𝑛(𝜌𝑤 − 𝜌𝑖)

𝜌𝑤𝑆𝑤 + 𝜌𝑖𝑆𝑖
)
𝜕𝑆𝑖
𝜕𝑃𝑐

𝐦𝐍𝑝𝑑𝛺
𝛺

 

𝐂𝑢𝑡 = −∫ 𝐁𝑢
T [
𝜕𝑆𝑤
𝜕𝑇

𝑃𝑤 +
𝜕𝑆𝑔

𝜕𝑇
𝑃𝑔 +

𝜕𝑆𝑖
𝜕𝑇

𝑃𝑖 −
𝑆𝑖𝜌𝑤𝐿𝑓

𝑇0
]𝐦𝐍𝑡𝑑𝛺

𝛺

−∫ 𝐁𝑢
T𝐃T

𝛽𝑠
3
𝐦𝐍𝑡𝑑𝛺

𝛺

−∫ 𝐁𝑢
T𝐃T

𝛽ph

3
(
𝑛(𝜌𝑤 − 𝜌𝑖)

𝜌𝑤𝑆𝑤 + 𝜌𝑖𝑆𝑖
)
𝜕𝑆𝑖
𝜕𝑇

𝐦𝐍𝑡𝑑𝛺
𝛺

 

𝐟𝑢 = ∫ 𝐍𝑢
T 𝜕𝐭̅

𝜕𝑡
𝑑𝛤

𝛤𝑢
𝑞

 

• Mass balance equation of water species 

𝐂𝑤𝑢 = ∫ 𝐍𝑝
T[𝑆𝑤𝜌𝑤 + 𝑆𝑔𝜌𝑔𝑤 + 𝑆𝑖𝜌𝑖]𝐦

T𝐁𝑢𝑑𝛺
𝛺
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𝐂𝑤𝑤 = −∫ 𝐍𝑝
T𝑛𝑆𝑔

𝑀𝑤

𝑅𝑇

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
𝐍𝑝𝑑𝛺

𝛺

−∫ 𝐍𝑝
T [𝑛𝜌𝑔𝑤

𝜕𝑆𝑔

𝜕𝑃𝑐
+ 𝑛𝜌𝑤

𝜕𝑆𝑤
𝜕𝑃𝑐

+ 𝑛𝜌𝑖
𝜕𝑆𝑖
𝜕𝑃𝑐

] 𝐍𝑝𝑑𝛺
𝛺

 

𝐂𝑤𝑔 = ∫ 𝐍𝑝
T𝑛𝑆𝑔

𝑀𝑤

𝑅𝑇

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
𝐍𝑝𝑑𝛺

𝛺

+∫ 𝐍𝑝
T [𝑛𝜌𝑔𝑤

𝜕𝑆𝑔

𝜕𝑃𝑐
+ 𝑛𝜌𝑤

𝜕𝑆𝑤
𝜕𝑃𝑐

+ 𝑛𝜌𝑖
𝜕𝑆𝑖
𝜕𝑃𝑐

] 𝐍𝑝𝑑𝛺
𝛺

 

𝐂𝑤𝑡 = ∫ 𝐍𝑝
T [𝑛𝑆𝑔

𝑀𝑤

𝑅𝑇
(
𝜕𝑃𝑔𝑤

𝜕𝑇
−
𝑃𝑔𝑤

𝑇
)]𝐍𝑡𝑑𝛺

𝛺

+∫ 𝐍𝑝
T [𝑛𝜌𝑔𝑤

𝜕𝑆𝑔

𝜕𝑇
+ 𝑛𝜌𝑤

𝜕𝑆𝑤
𝜕𝑇

+ 𝑛𝜌𝑖
𝜕𝑆𝑖
𝜕𝑇
]𝐍𝑡𝑑𝛺

𝛺

−∫ 𝐍𝑝
T𝛽𝑠𝑤𝑔𝑖𝐍𝑡𝑑𝛺

𝛺

 

𝐊𝑤𝑤 = ∫ (∇𝐍𝑝)
T
[−𝜌𝑔

𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

1

𝑃𝑔

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
+ 𝜌𝑤

𝐤𝑘𝑟𝑤
𝜇𝑤

] ∇𝐍𝑝𝑑𝛺
𝛺

 

𝐊𝑤𝑔 = ∫ (∇𝐍𝑝)
T
[𝜌𝑔

𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

1

𝑃𝑔

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
+ 𝜌𝑔𝑤

𝐤𝑘𝑟𝑔

𝜇𝑔
] ∇𝐍𝑝𝑑𝛺

𝛺

−∫ (∇𝐍𝑝)
T
𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

𝑃𝑔𝑤

(𝑃𝑔)
2 ∇𝐍𝑝𝑑𝛺

𝛺

 

𝐊𝑤𝑡 = ∫ (∇𝐍𝑝)
T
𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

1

𝑃𝑔

𝜕𝑃𝑔𝑤

𝜕𝑇
∇𝐍𝑡𝑑𝛺

𝛺

 

𝐟𝑤 = ∫ (∇𝐍𝑝)
T
𝜌𝑤
𝐤𝑘𝑟𝑤
𝜇𝑤

(𝜌𝑤𝐠)𝑑𝛺
𝛺

+∫ (∇𝐍𝑝)
T
𝜌𝑔𝑤

𝐤𝑘𝑟𝑔

𝜇𝑔
(𝜌𝑔𝐠)𝑑𝛺

𝛺

−∫ 𝐍𝑝
T[�̅�𝑤 + �̅�𝑔𝑤]𝑑𝛤

𝛤𝑤
𝑞

 

• Mass balance equation of dry air 

𝐂𝑔𝑢 = ∫ 𝐍𝑝
T𝑆𝑔𝜌𝑔𝑎𝐦

T𝐁𝑢𝑑𝛺
𝛺
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𝐂𝑔𝑤 = ∫ 𝐍𝑝
T [𝑛𝑆𝑔

𝑀𝑎

𝑅𝑇

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
− 𝑛𝜌𝑔𝑎

𝜕𝑆𝑔

𝜕𝑃𝑐
] 𝐍𝑝𝑑𝛺

𝛺

 

𝐂𝑔𝑔 = ∫ 𝐍𝑝
T [𝑛𝑆𝑔

𝑀𝑎

𝑅𝑇
− 𝑛𝑆𝑔

𝑀𝑎

𝑅𝑇

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
+ 𝑛𝜌𝑔𝑎

𝜕𝑆𝑔

𝜕𝑃𝑐
] 𝐍𝑝𝑑𝛺

𝛺

 

𝐂𝑔𝑡 = ∫ 𝐍𝑝
T [−𝑛𝑆𝑔

𝑀𝑎𝑃𝑔

𝑅𝑇2
− 𝑛𝑆𝑔

𝑀𝑎

𝑅𝑇
(
𝜕𝑃𝑔𝑤

𝜕𝑇
−
𝑃𝑔𝑤

𝑇
) + 𝑛𝜌𝑔𝑎

𝜕𝑆𝑔

𝜕𝑇
− 𝛽𝑠𝑔] 𝐍𝑡𝑑𝛺

𝛺

 

𝐊𝑔𝑤 = ∫ (∇𝐍𝑝)
T
𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

1

𝑃𝑔

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
∇𝐍𝑝𝑑𝛺

𝛺

 

𝐊𝑔𝑔 = ∫ (∇𝐍𝑝)
T
𝜌𝑔𝑎

𝐤𝑘𝑟𝑔

𝜇𝑔
∇𝐍𝑝𝑑𝛺

𝛺

+∫ (∇𝐍𝑝)
T
[−𝜌𝑔

𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

1

𝑃𝑔

𝜕𝑃𝑔𝑤

𝜕𝑃𝑐
+ 𝜌𝑔

𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

𝑃𝑔𝑤

(𝑃𝑔)
2] ∇𝐍𝑝𝑑𝛺

𝛺

 

𝐊𝑔𝑡 = −∫ (∇𝐍𝑝)
T
𝜌𝑔
𝑀𝑎𝑀𝑤

𝑀𝑔
2 𝐃𝑔𝑤

1

𝑃𝑔
𝜕𝑃𝑔𝑤

𝜕𝑇
∇𝐍𝑡𝑑𝛺

𝛺

 

𝐟𝑔 = ∫ (∇𝐍𝑝)
T
𝜌𝑔𝑎

𝐤𝑘𝑟𝑔

𝜇𝑔
𝜌𝑔𝐠𝑑𝛺

𝛺

−∫ 𝐍𝑝
T�̅�𝑔𝑎𝑑𝛤

𝛤𝑔
𝑞

 

• Energy balance equation 

𝐂𝑡𝑢 = −∫ 𝐍𝑡
T𝐿𝑓𝜌𝑖(1 − 𝑛)𝑆𝑖𝐦

T𝐁𝑢𝑑𝛺
𝛺

 

𝐂𝑡𝑤 = ∫ 𝐍𝑡
T𝐿𝑓𝜌𝑖𝑛

𝜕𝑆𝑖
𝜕𝑃𝑐

𝐍𝑝𝑑𝛺
𝛺
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𝐂𝑡𝑔 = −∫ 𝐍𝑡
T𝐿𝑓𝜌𝑖𝑛

𝜕𝑆𝑖
𝜕𝑃𝑐

𝐍𝑝𝑑𝛺
𝛺

 

𝐂𝑡𝑡 = ∫ 𝐍𝑡
T [(𝜌𝐶𝑝)eff − 𝐿𝑓𝜌𝑖𝑛

𝜕𝑆𝑖
𝜕𝑇
]𝐍𝑡𝑑𝛺

𝛺

 

𝐊𝑡𝑡 = ∫ (∇𝐍𝑡)
T𝜆eff∇𝐍𝑡𝑑𝛺

𝛺

+∫ 𝐍𝑡
T [𝜌𝑤𝐶𝑝

𝑤
𝐤𝑘𝑟𝑤
𝜇𝑤

(−∇𝑃𝑤 + 𝜌𝑤𝐠)] ⋅ ∇𝐍𝑡𝑑𝛺
𝛺

+∫ 𝐍𝑡
T [𝜌𝑔𝐶𝑝

𝑔 𝐤𝑘𝑟𝑔

𝜇𝑔
(−∇𝑃𝑔 + 𝜌𝑔𝐠)] ⋅ ∇𝐍𝑡𝑑𝛺

𝛺

 

𝐟𝑡 = −∫ 𝐍𝑡
T[�̅�𝑇]𝑑𝛤

𝛤𝑡
𝑞
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Preface to Chapter 5 

 

Permafrost regions are facing significant challenges due to global warming, leading to ground 

instability and other environmental issues. This chapter evaluates the potential of Ground Source 

Heat Pump (GSHP) systems as a solution for mitigating ground subsidence in thawing permafrost 

areas. Focusing on a case study in Umiujaq, Quebec, Canada, we employ a two-dimensional 

Thermo-Hydro-Mechanical (THM) coupled finite element analysis to investigate the interactions 

between thermal regulation and ground stability. The study examines the effects of different GSHP 

operation strategies, highlighting the need for careful design and operation to balance thermal 

benefits with mechanical stresses. By providing a foundational understanding of GSHP impacts in 

cold climates, this chapter contributes to the development of sustainable energy solutions and 

climate adaptation strategies in Arctic and subarctic regions.  
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Chapter 5  

 

5 Numerical evaluation of ground source heat pumps in a 

thawing permafrost region3 

 

5.1 Abstract 

Permafrost degradation poses significant environmental and geological challenges in Arctic and 

subarctic regions, particularly in areas like Umiujaq, Canada. The warming climate leads to 

thawing permafrost, causing ground instability, disrupting hydrology, and impacting local built 

environment. This study evaluates the use of Ground Source Heat Pump (GSHP) operation for 

mitigating ground subsidence in a permafrost region using a two-dimensional Thermo-Hydro-

Mechanical (THM) coupled finite element analysis considering the ground poro-elastic and poro-

plastic responses. The research uses a single-well scenario to demonstrate the interactions among 

thermal, hydraulic, and mechanical processes. The impact of GSHP operation under different 

temperature management strategies, including a scenario with a constant GSHP temperature of -5 

°C throughout the year is numerically investigated. Results indicate that GSHP operation 

exacerbates ground deformation near the borehole, particularly during winter months. However, 

maintaining GSHP operation throughout the entire year can mitigate extreme subsidence 

fluctuations, leading to a more stable subsurface environment. While GSHP systems provide 

                                                 

3
 A version of this manuscript has been published in the Journal of Building Engineering (2024). 
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effective thermal regulation, their operation can introduce mechanical stresses that potentially 

disturb the ground close to the borehole. Therefore, careful design, operation, and further research 

are essential to balance thermal benefits with ground stability in permafrost regions. 

Keywords: Shallow geothermal energy, Permafrost, Ground subsidence, Thermo-hydro-

mechanical coupled analysis 

5.2 Introduction 

The warming climate leads to thawing permafrost, which causes significant changes in slope 

stability, alters hydrology, and disrupts local ecosystems and built environment (Gruber and 

Haeberli, 2007). This is especially concerning as permafrost plays an essential role in maintaining 

ground stability. The degradation of permafrost due to warming temperatures is evidenced by 

increasing active layer thickness and the northward retreat of permafrost extent, with climatic 

factors playing a major role (Vasiliev et al., 2020). Further impacts include major implications for 

hydrology and groundwater dynamics in these regions (Dagenais et al., 2020). Permafrost loss is 

expected to continue throughout the 21st century, posing a threat to the stability of Arctic 

infrastructure and the sustainable development of Arctic communities (Hjort et al., 2018; Minsley 

et al., 2022). Releasing carbon from Arctic permafrost due to warming is also a significant threat 

as it can impact the climate (Miner et al., 2022). Additionally, thawing permafrost affects 

vegetation growth, with surface thaw onset changes affecting different stages of the growing 

season in the Arctic permafrost region (Chen and Jeong, 2024; Young et al., 2020). Also, the 

release of plant-available nitrogen from thawing permafrost in subarctic peatlands leads to changes 

in vegetation composition and biomass production (Keuper et al., 2017, 2012), which poses a 

significant threat to the ecology and environment (Qaidi et al., 2022). Consequently, implementing 

stabilizing measures in these regions is imperative to mitigate foreseeable geohazards. Recently, 
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there has been an increase in the use of renewable energy sources for permafrost stabilization. 

Among these, the Ground Source Heat Pump (GSHP) system has garnered significant attention as 

it can be a viable option for renewable energy generation for space heating in subarctic regions 

and could potentially maintain the ground frozen when used in heating mode. With almost 14,045 

inhabitants in 2021,  Nunavik, which is mostly covered by permafrost, has a good potential to 

utilize the GSHP systems for heating to reduce the consumption of fuel (Gunawan et al., 2020). 

GSHP utilizes the stable temperature of the ground to provide heating, cooling, and hot water for 

residential and commercial buildings. As illustrated in Figure 5-1, a GSHP system comprises 

ground heat exchangers, a heat pump unit, and a heat distribution system. The ground heat 

exchangers transfer heat between the ground and the fluid circulating in the system, while the heat 

pump unit uses this heat to provide heating or remove heat for cooling. 

 
Figure 5-1  Schematic of a ground source heat pump system in a discontinuous permafrost region. 

GSHPs have emerged as a prominent renewable energy technology for building heating and 

cooling due to their high energy efficiency and environmental benefits. Sarbu and Sebarchievici, 
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Bedrock
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Heat 

Distribution 

system

Heat Pump Unit



 

107 

 

(2014) provide a comprehensive review of GSHP systems, highlighting their increasing 

application globally in both residential and commercial buildings. The study highlights the 

versatility of GSHPs, which can be effectively employed in various climates, contributing to 

significant reductions in CO2 emissions. Similarly, Maghrabie et al., (2023) delve into the 

materials, models, and applications of GSHPs, emphasizing the importance of optimizing thermal 

performance through careful selection of working fluids and backfill materials. This research 

indicates that the efficiency of GSHP systems can be significantly enhanced by improving the 

thermal properties of the ground and reducing the borehole thermal resistance. The findings align 

with the research of Ozgener and Hepbasli, (2007), which supports the viability of GSHPs as a 

sustainable energy solution. 

Expanding on the potential of GSHP systems, recent studies have explored hybrid configurations 

to improve performance in specific climates. Li et al., (2018) developed an integrated predictive 

model to assess the long-term performance of GSHP systems, accounting for dynamic operation 

characteristics and thermal imbalance effects. Their findings reveal that neglecting these factors 

can lead to significant performance degradation, underscoring the need for comprehensive 

modeling in system design. Additionally, Milenić et al., (2010) discuss the application of low 

enthalpy geothermal energy in Serbia, highlighting the potential for GSHPs to improve energy 

efficiency in existing residential buildings through the strategic use of subgeothermal groundwater 

resources. Meanwhile, Rad et al., (2013) investigated the feasibility of combining solar thermal 

collectors with GSHP systems in cold climates. Their study demonstrates that this hybrid approach 

can reduce the required ground heat exchanger length by up to 15%, though the economic benefits 

remain modest. This marks the potential benefits and challenges of GSHP systems in cold regions, 

highlighting the necessity for more focused studies on optimizing these systems for Arctic and 
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subarctic environments, where ground temperature stability presents unique design and 

operational challenges. 

In Arctic and subarctic regions, GSHP systems have been less experienced due to the relatively 

stable ground temperatures. However, numerous experimental and numerical studies have been 

conducted to evaluate what can be the benefits of geothermal energy systems such as Borehole 

Thermal Energy Storage (BTES), Ground-coupled heat pump (GCHP), and GSHP system under 

different near permafrost conditions and have focused on the practical application and energy 

savings of GSHP systems (Baser and McCartney, 2015; Bidarmaghz et al., 2016; Catolico et al., 

2016; Langevin et al., 2024; Maranghi et al., 2023; Moradi et al., 2015; Moreno et al., 2022). A 

comprehensive literature review can be found in (Giordano and Raymond, 2019).  

GSHP technology is particularly effective in areas with extreme temperature variations, 

demonstrating its adaptability and potential environmental benefits in Arctic and subarctic 

conditions affected by recent climate change (Baba et al., 2022; Yang et al., 2023). Therefore, the 

understanding of the complex behavior of frozen soil under freezing and thawing is necessary to 

simulate permafrost and predict its behavior with and without the exploitation of GSHP systems. 

Numerical models can help simulate the impacts of freezing and thawing on permafrost, providing 

insights into future changes and potential impacts on ground stability. Frozen soil poses unique 

challenges due to its complex behavior under changing thermal, hydraulic, and mechanical 

conditions. The numerical modeling of THM processes in frozen soil has gathered significant 

research interest. Thomas et al. and Nishimura et al. explored the THM behavior of soils under 

seasonal temperature variations in permafrost and seasonally frozen conditions (Nishimura et al., 

2009; Thomas et al., 2009). Sweidan et al., (2022) conducted an experimental and numerical study 

on THM processes during soil freezing, while Kebria and Na, (2024) proposed a refined THM 
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framework for modeling frozen soil. Teng et al. provided a review of research development on 

THM coupling mechanisms in frozen soil (Teng et al., 2022). Bekele et al., 2017 and Fu et al., 

2023 proposed fully coupled THM models for frozen soil, while Zheng et al., (2019) developed a 

finite-element model for freezing processes in saturated soils. Yan et al., (2020) conducted 

numerical simulations to deepen the understanding of the thawing process in frozen soil. 

Additionally, models need to incorporate climate-warming-induced changes to accurately simulate 

permafrost dynamics under changing climatic conditions (Perreault et al., 2021; Thomas et al., 

2009). Using phase change strain, Li et al., (2024) also verified their numerical model with field 

data of highly unsaturated loess located in the northwest of China, using the poro-elastic THM 

model. Introducing a coefficient to adjust the phase change strain in an unsaturated frozen medium, 

Norouzi and Li, (2024) developed a poro-plastic numerical model and verified their model with 

experimental data. Giordano et al., (2019) and Langevin et al., (2024) simulated GSHP operations 

in the Canadian subarctic climate (using FeFlow). However, their simulations were only for flow 

and heat transport without considering the geomechanical aspect. The thermally induced 

irreversible ground deformation (plastic) during the operation of GSHP systems has not been 

investigated in previous studies.  

To fully understand the behavior of Arctic and subarctic regions in the presence of GSHP systems 

and to address the settlement issues prevalent in these regions, more sophisticated THM models 

are needed. Preferred models would not only help in predicting and managing the effects of 

permafrost degradation but also optimize the design and implementation of GSHP systems to 

ensure they contribute positively to ground stabilization and environmental sustainability. 

Currently, there is a lack of studies investigating the poro-elastic and poro-plastic response of 

frozen ground under GSHP operations in cold regions. Without comprehensive multiphysics 
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modeling of permafrost in geothermal engineering projects, the associated geo-risks are likely to 

be underestimated.  In this study, a THM-coupled FEM model is utilized and boundary conditions 

are imposed based on the actual site conditions in Umiujaq, Quebec, Canada, where GSHP could 

potentially be installed. This study introduces a fully coupled THM modeling framework, 

incorporating freeze-thaw cycles to analyze variables over time. A plasticity model is added to 

study the irreversible deformation of permafrost. The research focuses on short to long-term 

analysis, considering seasonal changes and climate change scenarios to assess the sustainability 

and resilience of GSHP systems. Despite the need for improved field data, existing material 

properties and data sources were utilized. Also, in the discussion section, two approaches of GSHP 

operation designs are examined to study permafrost stability, for a comprehensive view of GSHP 

deployment and environmental sustainability to find an effective and optimum way that keep the 

stability of the ground. 

5.3 THM model of saturated frozen soil 

This section studies the governing equations of THM-coupled processes in saturated permafrost 

during freeze-thaw actions. In a saturated frozen medium, comprising soil (s), water (w), and ice 

(i) phases, the volumetric content is defined as the ratio of the volume of the phase over the total 

volume. As porosity (n) represents the volume of the void over the total volume, water, and ice 

saturations are the volumetric content over the porosity: 

𝑆𝛼 =
𝜃𝛼
𝑛
=

𝑉𝛼
𝑉𝑣𝑜𝑖𝑑

,     𝛼 = 𝑤, i 
(5.89) 

Based on the physical properties of the freezing and thawing, the governing equations of the THM 

model are conservation of mass, conservation of energy, and conservation of momentum equations 
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that are introduced here. A comprehensive explanation of these equations can be found in (Bekele 

et al., 2017; Lewis and Schrefler, 1998; E Norouzi et al., 2022; Norouzi et al., 2019) 

5.3.1 Conservation of mass  

Given the equality in mass change rates between water and ice during freeze-thaw action, the 

conservation of the mass equation for water and ice can be expressed as follows: 

𝑛𝜌𝑤
𝜕𝑆𝑤
𝜕𝑡

+ 𝑛𝜌𝑖
𝜕𝑆𝑖
𝜕𝑡

− ∇ ⋅ (𝜌𝑤𝑛𝑆𝑤𝐯𝑤,𝑠) − 𝛽𝑠𝑤𝑖
𝜕𝑇

𝜕𝑡
+ (𝑆𝑤𝜌𝑤 + 𝑆𝑖𝜌𝑖)∇ ⋅

𝑑𝐮

𝑑𝑡
= 0 (5.90) 

Here, 𝜌𝛼 denotes the density of phase α, 𝐯𝑤,𝑠 represents the velocity of water relative to soil, 𝛽𝑠𝑤𝑖 

stands for the equivalent thermal expansion coefficient, and u signifies the displacement of the 

medium (Gawin et al., 2020). 

5.3.1.1 Modified Clausius-Clapeyron equation 

Considering 𝐿𝑓  is the latent heat and 𝑇0 = 273.15 K represents the reference temperature, the 

modified Clausius-Clapeyron equation delineates the correlation among temperature (𝑇 ), ice 

pressure (𝑃𝑖), and pore water pressure (𝑃𝑤) within frozen soil as follows (Kurylyk and Watanabe, 

2013): 

𝐿𝑓

𝑇0
𝑑𝑇 =

𝑑𝑃𝑤
𝜌𝑤

−
𝑑𝑃𝑖
𝜌𝑖

 (5.91) 

5.3.1.2 Soil-freezing characteristic curve 

In this study, a Soil-Freezing Characteristic Curve (SFCC) is defined based on model of Van 

Genuchten, (1980). Under freezing point temperature, the degree of saturation of water and ice can 

be estimated as follows: 
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𝑆𝑒 = (1 + [𝛼𝑣(𝑃𝑖 − 𝑃𝑤)]
𝑛𝑣)−𝑚𝑣 

𝑆𝑤 = 𝑆𝑤𝑟 + (1 − 𝑆𝑤𝑟)𝑆𝑒 

𝑆𝑖 = 1 − 𝑆𝑤 

(5.92) 

where 𝑆𝑒  and 𝑆𝑤𝑟  denote effective and residual water phase saturation. Also, 𝛼𝑣 , 𝑚𝑣 , and 𝑛𝑣 

represent the curve fitting parameters. 

5.3.1.3 Darcy’s law 

To determine the hydraulic conductivity at a specific temperature, a relative hydraulic conductivity 

parameter is introduced. At the macro-scale level, the volume-averaged advective flux of liquid 

water, driven by pressure gradients, can be expressed using Darcy’s law (Gawin et al., 2019): 

𝑛𝑆𝑤𝐯𝑤,𝑠 =
𝐤𝑘𝑟𝑤
𝜇𝑤

(−∇𝑃𝑤 + 𝜌𝑤𝐠) (5.93) 

in which k = kI denotes intrinsic permeability, 𝜇𝑤 is viscosity, g represents gravity acceleration, 

and 𝑘𝑟𝑤 is the relative permeability for water: 

𝑘𝑟𝑤 = √𝑆𝑒 [1 − (1 − 𝑆𝑒

1
𝑚𝑣)

𝑚𝑣

]

2

 (5.94) 

5.3.2 Conservation of energy  

The energy balance equation for the medium assumes that all phases are in a state of local 

thermodynamic equilibrium and ignores heat transfer between the phases. It can be expressed as: 

(𝜌𝐶𝑝)eff
𝜕𝑇

𝜕𝑡
+ 𝐚 ⋅ ∇𝑇 + ∇ ⋅ �̃� − 𝐿𝑓𝜌𝑖

𝜕𝜃𝑖
𝜕𝑡

= 0 (5.95) 
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The effective heat capacity (𝜌𝐶𝑝)eff in Equation 5.7 is defined as a combination of the solid, water, 

and ice phase heat capacities, weighted by their respective volumetric fractions: 

(𝜌𝐶𝑝)eff =
(1 − 𝑛)𝜌𝑠𝐶𝑝

𝑠 + 𝑛𝑆𝑤𝜌𝑤𝐶𝑝
𝑤 + 𝑛𝑆𝑖𝜌𝑖𝐶𝑝

𝑖  (5.96) 

The advection term 𝐚 in Equation 5.9 represents the heat transfer due to relative velocities between 

water and solid: 

𝐚 = 𝑛𝑆𝑤𝜌𝑤𝐶𝑝
𝑤𝐯𝑤,𝑠 (5.97) 

Also, the conductive heat flux term (�̃�) in the energy balance equation is assumed to follow 

Fourier's law below the freezing point of water and can be expressed as:  

�̃� = −λeff∇𝑇 (5.98) 

Here, λeff  is the overall thermal conductivity of porous media depends on the thermal 

conductivities of the individual phases and their corresponding volumetric fractions: 

𝜆eff = 𝜆𝑠
1−𝑛𝜆𝑤

𝑛𝑆𝑤𝜆𝑖
𝑛𝑆𝑖 (5.99) 

5.3.3 Conservation of linear momentum  

Considering ∇= 〈𝜕/𝜕𝑥 𝜕/𝜕𝑦 𝜕/𝜕𝑧〉 as the gradient operation and "⋅" denotes the dot product, 

the balance between the divergence of the total stress tensor (σ) and body force (b) is defined by 

the conservation of linear momentum equation as follow: 

∇ ⋅ 𝛔 + 𝐛 = 𝟎 (5.100) 

The total stress can be approximated using the effective stress (𝝈′) and pore pressure components 

the saturations of each of them is used as weight coefficients (Bekele et al., 2017; Yin et al., 2023): 
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𝝈 = 𝝈′ − 𝑆𝑤𝑃𝑤𝐈 − 𝑆𝑖𝑃𝑖𝐈 (5.101) 

Introducing 𝐃T  as the tangential constitutive matrix, a relation between effective stress and 

effective strain can be established as follow: 

d𝝈′ = 𝐃T(𝑑𝜺 − 𝑑𝜺
ph − 𝑑𝜺𝑇) (5.102) 

where: 

𝑑𝜺ph =
1

3
(
𝑛(𝜌𝑤 − 𝜌𝑖)

𝜌𝑤𝑆𝑤 + 𝜌𝑖𝑆𝑖
𝑑𝑠𝑖) 𝐈 (5.103) 

𝑑𝜺𝑇 =
𝛽𝑠
3
𝑑𝑇𝐈 (5.104) 

Here, dε represents the total strain increment vector and dεph denotes the increment strain due to 

phase change based on the mass balance of water and ice. Additionally, 𝑑𝜺𝑇 is the thermal strain 

increment while 𝛽𝑠 as the thermal expansion coefficient of the solid skeleton. 

The nonlinear behavior of saturated frozen soil is modeled using an associative Drucker-Prager 

model. The yield function, described as follows, encapsulates this approach: 

Π(𝛔′, 𝑐) = √
1

2
𝐬(𝛔′): 𝐬(𝛔′) + 𝜂𝑝′(𝛔′) − 𝜉𝑐 (5.105) 

In this model, 𝐬(𝛔′) and 𝑝′(𝛔′) correspond to the deviatoric stress and hydrostatic pressure of the 

effective stress, respectively, while 𝑐 represents cohesion. Parameters η and ξ are adjusted based 

on the Mohr-Coulomb plasticity model for a 2D plane strain:  

𝜂 =
3 tan𝜙

√9 + 12 tan𝜙
 (5.106) 
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𝜉 =
3

√9 + 12 tan𝜙
 

where ϕ is the friction angle. Details about adjustments in stress-strain behavior and the 

formulation of the tangential stiffness matrix are further elaborated by de Souza Neto et al., (2011), 

emphasizing the hardening parameters are a function of temperature. 

5.3.4 Spatial and time discretization 

Following the introduction of the governing and auxiliary equations, the next step is to derive the 

weak forms of the governing equations (i.e., Equations 5.2, 5.7, and 5.12). By considering both 

the essential and natural boundary conditions, the collection of coupled equations can then be 

reformulated into a discretized nonlinear differential equation in terms of time: 

𝐊𝐗 + 𝐂
𝑑𝐗

𝑑𝑡
= 𝐅 (5.107) 

where 𝐗T = [𝐮 𝐏𝑤 𝐓] represents the vector of principal variables including displacement, pore 

water pressure, and temperature. Additionally, F stands as the force vector, and K and C are 

coefficients that depend on the primary parameters of the system. Consequently, Equation 5.19 

exhibits significant nonlinearity. 

To handle the numerical solution of this nonlinear differential equation, a fully implicit method is 

employed for time discretization. This approach ensures stability and accuracy for stiff equations. 

The solution to Equation 5.19 is then obtained using the Newton-Raphson scheme, which 

efficiently tackles the nonlinearities by iteratively linearizing the equations at each time step. 

Details including the numerical stability treatments can be found in (Goudarzi and Mohammadi, 

2015; Lewis and Schrefler, 1998). 
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5.4 Validation of the numerical tool 

Based on the equations of the THM model explained in Section 2 an in-house MATLAB code is 

developed. To validate the numerical model, an experiment conducted by Fukuda et al., (1997) is 

selected. In this experiment, a cylindrical specimen measuring 100 mm in diameter and 70 mm in 

height comprised 60 % clay, 37 % silt, and 3 % sand is utilized. The specimen with an initial 

porosity of 0.43 and specific gravity of 2.62 is subjected to a controlled temperature gradient for 

one step-freezing test. Some other THM coupled numerical models also used this experimental 

data for numerical validations (Vosoughian and Balieu, 2023; Zhang and Michalowski, 2015). 

However, it should be noted that the thermally induced plastic deformation behavior was not 

involved in the previous numerical models. 

Initially, the temperature of the sample is set at 5 °C, and hydraulic pressure is assumed along the 

sample. The test commenced by rapidly reducing the temperature on the bottom side to −5 °C. The 

numerical model and boundary conditions are depicted in Figure 5-2. In this model, a structured 

mesh with a size of 10 mm × 10 mm has been chosen for a 2D plane strain model with dimensions 

of 100 mm × 700 mm. To increase the accuracy of the displacement field, second-order shape 

functions have been selected for displacement, while linear shape functions are used for pressure 

and temperature. 
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Figure 5-2 The numerical mesh and boundary conditions of the numerical test for validation. 

The SFCC model parameters are extracted from Fukuda et al.'s dataset by fitting them with van 

Genuchten’s function based on Vosoughian and Balieu, (2023). The effective elastic modulus and 

Poisson’s ratio are defined as a function of ice elastic properties of soil and ice as well as ice 

saturation that should be recalculated at each time step. 

𝐸 = (
𝐸𝑖
𝐸𝑠
)
𝑆𝑖
𝜂

𝐸𝑠 

𝜈 = (
𝜈𝑖
𝜈𝑠
)
𝑆𝑖
𝜂

𝜈𝑠 

(5.108) 

In Equation 5.20, 𝐸𝑖 and 𝐸𝑠 are the elastic modulus of ice and soil, 𝜈𝑖 and 𝜈𝑠 are the Poisson’s ratio 

of ice and soil, and η is a model parameter. Table 5-1 presents the thermal, hydraulic, and 

mechanical characteristics of the soil. 

Table 5-1 Thermal, hydraulic, and mechanical properties of the numerical THM model. 

Properties Value 

Initial porosity 𝑛 = 0.43 (-) 

Density of soil 𝜌𝑠 = 2620 (kg/m3) 

Density of ice 𝜌𝑖 = 910 (kg/m3) 

Density of water 𝜌𝑤 = 1000 (kg/m3) 

Intrinsic permeability 𝐤 = 1 × 10−14 (m2) 

Dynamic viscosity of water 𝜇𝑤 = 1 × 10
−3 (Pa.s) 

van Genuchten’s model parameter 𝛼𝑣 = 2.6 × 10
−7 (Pa-1) 

van Genuchten’s model parameter 𝑛𝑣 = 1.85 (-) 

Constant temperature (-5oC)

Free water outflow

Adiabatic 

Water impermeable

100 mm

70 mm
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van Genuchten’s model parameter 𝑚𝑣 = 0.46 (-) 

Elastic modulus of soil 𝐸𝑠 = 7.5 (MPa) 

Elastic modulus of soil 𝐸𝑖 = 9.1 (GPa) 

Poisson’s ratio of soil 𝜈𝑠 = 0.2(-) 

Poisson’s ratio of soil 𝜈𝑖 = 0.4 (-) 

Model parameter 𝜂 = 2.4 (-) 

Specific heat capacity of soil 𝐶𝑠 = 2360 (J/kg/K) 

Specific heat capacity of ice 𝐶𝑖 = 1930 (J/kg/K) 

Specific heat capacity of water 𝐶𝑤 = 4180 (J/kg/K) 

Thermal conductivity of soil 𝜆𝑠 = 1.95 (W/m/K) 

Thermal conductivity of ice 𝜆𝑖 = 2.24 (W/m/K) 

Thermal conductivity of water 𝜆𝑤 = 0.56 (W/m/K) 

Latent heat of fusion 𝐿f = 3.34 × 105(J/kg) 

Reference temperature 𝑇0 = 273.15 (K) 

The freezing process test continued for 115 hours. The comparison between the simulated curve 

and the experimental data is illustrated in Figure 5-3. As depicted in Figure 5-3, the comparison 

between the simulated results and the experimental data demonstrated a notable degree of 

alignment. This alignment signifies a positive validation of the model's predictive capacity, 

highlighting its accuracy in capturing the thermal, hydraulic, and mechanical behavior of the soil 

under freezing conditions. 
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Figure 5-3  Comparison of simulated and experimental data for the freezing test. 

5.5 FEM modeling of a GSHP well in Umiujaq 

Umiujaq is an Inuit community of approximately 440 residents situated north of Tasiujaq Lake 

and near the eastern shore of Hudson Bay, a large, shallow intracratonic sea in the central Canadian 

Shield. This region lies in an area of discontinuous permafrost, which is currently degrading due 

to climate warming (Wang et al., 2020). Dominant permafrost landforms in Umiujaq include 

lithalsas (mineral permafrost mounds), permafrost plateaus (broad, elongated mineral permafrost 

formations), palsas (permafrost mounds covered with peat), and peat plateaus (broad, elongated 

peaty permafrost formations) (Jolivel and Allard, 2013). Most village infrastructure is constructed 

on raised sandy beaches, which are thaw-stable materials, while roads and airfields are partially 

built on frozen, ice-rich marine sediments—thaw-unstable materials—either exposed or covered 

by sand (Fortier et al., 2011). Umiujaq experiences a subarctic climate with a mean annual air 

temperature of about -3 °C. Winters are very cold, and summers are cool, with average monthly 

temperatures of -24 °C in January and 10 °C in August. The mean annual precipitation is around 

645 mm, with most occurring from July to January, and snowfall accounts for about 50% of the 
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total precipitation (Wang et al., 2020). We have selected Umiujaq as the site to simulate a GSHP 

borehole, utilizing available geological and hydrothermal characterization data (Giordano and 

Raymond, 2019). 

5.5.1 Model description 

To investigate the subsidence of a GSHP system, a 2D plane strain model was created. The 

numerical model's parameters were primarily sourced from research projects conducted in 

Umiujaq, located in Nunavik, Quebec, Canada (Dagenais et al., 2020; Perreault et al., 2021). The 

discontinuous ice-rich permafrost layer was characterized based on findings from study of 

Perreault et al., (2021), encased within silty sediment. The dimensions of the model, as depicted 

in Figure 5-4a, were selected to be sufficiently large to ensure compliance with infinite boundary 

conditions, spanning an area of 15 m × 30 m. Because of the complexities of drilling boreholes in 

permafrost zones, it was assumed that the GSHP system operates within the silty sediment layer 

(Figure 5-4a). Given the model's symmetry, the borehole was positioned at the top left side, 

extending to a depth of 7.5 m.  The stratigraphy includes an active sand layer at the surface, a silt 

layer, and a substantial permafrost layer overlying bedrock. This configuration simulates the 

interactions between the GSHP system and the surrounding permafrost, providing valuable 

insights into the THM behavior of the system. 
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Figure 5-4 (a) Schematic representation of the 2D model used for investigating the ground 

response of a GSHP system in Umiujaq and (b) a cross section of a borehole heat exchanger. 

In this study, a borehole heat exchanger with a single U-shaped pipe (1U) is assumed which 

consists of one inlet and one outlet pipe embedded in the tube wall filled with grout material 

(Figure 5-4(b)). The thermal characteristics of the tube wall, grout, and circulating fluid can be 

found in (Diersch et al., 2011; Jiang et al., 2022; Liu et al., 2024). 

The temperature of the Borehole Heat Exchanger (BHE) was imposed on the borehole's boundary 

condition as the Robin-type boundary condition of heat flux (i.e., 𝑞 = 𝜆𝑏(𝑇 − 𝑇𝑒) , where as 𝜆𝑏 ≅

7.5 (W/m/K) represents the average heat conductivity of borehole components, and 𝑇𝑒 denotes 

the constant temperature of the GSHP). Additionally, seasonal temperature variations were applied 

as Dirichlet boundary conditions at the top surface for each time step. Based on the ground surface, 

imposed seasonal temperature should be adjusted using a coefficient that is different in freezing 

and thawing conditions.  

Daily air temperatures were extracted from the local weather station (QC_7108564) in Umiujaq, 

covering the period from June 2021 to June 2023. Figure 5-5a depicts the minimum, maximum, 
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and mean temperatures in Umiujaq during this period. During the winter months from November 

to May, with air temperature falling below 0°C, the climate sees minimum temperatures plunging 

below -30°C, mean temperatures normally ranging around -25 °C to -5 °C, and maximum 

temperatures barely reaching 0°C. The summer months of Umiujaq from June to September are 

usually cool, with minimum temperatures around 10°C, mean temperatures below 20°C, and 

maximum temperatures approaching 25°C. In the numerical model, air temperature variations 

were assumed to be linear, as shown in Figure 5-5b. Additionally, the GSHP temperature was 

maintained at a constant -5°C, except for June and July when the system was shut down (Figure 

5-5b). Based on Figure 5-5a, the onset of air temperatures dropping below -5°C, typically begins 

in early to mid-November and lasts until temperatures climb above -5°C by mid to late April. 

Climate change-induced variations in the freezing and thawing patterns could significantly impact 

the long-term performance and sustainability of GSHP systems in permafrost regions. A shorter 

cold season, delayed freezing, deeper thawing, and increased temperature variability would likely 

reduce system efficiency, intensify permafrost degradation, and increase mechanical stress on the 

ground. To mitigate these effects, the design and operational strategies of GSHP systems must 

evolve to account for changing climate conditions, ensuring that they continue to function 

effectively while minimizing their impact on permafrost stability. Therefore, in the Discussion 

section, another approach for GSHP operation is introduced and compared with the current model. 
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(a) (b) 

Figure 5-5 (a) Maximum, minimum, and mean measured air temperatures in Umiujaq and (b) 

temperature variations of air and GHE in the current simulation. 

In order to estimate the ground temperature, different methods have been introduced recently. 

Gheysari et al., (2021), introduced an AI framework to assess the ground temperature trained by 

air and ground temperature measurements at the nearby weather station. Also, Perreault et al., 

(2021) has assessed coefficients at both above and under freezing points for different ground 

surfaces.  In this study, the ground surface condition on the top of the permafrost mound is assumed 

moss and lichen coverage. The coefficients (during freezing and thawing) of transferring air 

temperature to the ground surface temperature are included in Table 5-2. The right edge was 

maintained adiabatic, while the bottom side retained a constant temperature. Regarding 

displacement boundary conditions, horizontal and vertical displacements were restricted at the 

bottom, while horizontal displacement was fixed on the right and left sides. Apart from the top 

edge, which was drained, other boundaries were considered impermeable. 

Initially, the temperature of the permafrost region and silty sediment was set at -2 °C and 7 °C, 

respectively, with pore water pressure distributed according to hydrostatic conditions (Perreault et 

al., 2021). In this study, the van Genuchten’s parameters of the SFCC model are extracted by fitting 

GSHP operation

time zone
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the curve on data of silty clay provided by Wang et al., (2021) as shown in Figure 5-6. Other 

thermal and hydraulic properties of the model, obtained from various references, are detailed in 

Table 5-2. 

 
Figure 5-6 Calibration of the SFCC model parameters based on lab data.  

 

Table 5-2 Thermal and hydraulic propeties of the current simulation 

Properties Value 

Initial porosity (Perreault et al., 2021) 𝑛 = 0.4 (-) 

Intrinsic permeability (Perreault et al., 2021) 𝐤 = 1 × 10−13 (m2) 

Density of soil 𝜌𝑠 = 2630 (kg/m3) 

Density of ice 𝜌𝑖 = 910 (kg/m3) 

Density of water 𝜌𝑤 = 1000 (kg/m3) 

Dynamic viscosity of water 𝜇𝑤 = 1 × 10
−3 (Pa.s) 

van Genuchten’s model parameter 𝛼𝑣 = 1.0 × 10
−6 (Pa-1) 

van Genuchten’s model parameter 𝑛𝑣 =  2.1 (-) 

van Genuchten’s model parameter 𝑚𝑣 =  0.7 (-) 

Specific heat capacity of soil 𝐶𝑠 = 2400 (J/kg/K) 

Specific heat capacity of ice 𝐶𝑖 = 1874 (J/kg/K) 

Specific heat capacity of water 𝐶𝑤 = 4180 (J/kg/K) 

Thermal conductivity of soil (Perreault et al., 2021) 𝜆𝑠 = 2.7 (W/m/K) 

Thermal conductivity of ice 𝜆𝑖 = 2.22 (W/m/K) 
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Thermal conductivity of water 𝜆𝑤 = 0.58 (W/m/K) 

Latent heat of fusion 𝐿f = 3.45 × 105 (J/kg) 

Reference temperature 𝑇0 = 273.15 (K) 

Freezing adjusting coefficient (Perreault et al., 2021) 𝑚freezing = 0.655 

Thawing adjusting coefficient (Perreault et al., 2021) 𝑚thawing = 0.636 

Additionally, the mechanical properties of the model at different temperatures are provided in 

Table 5-3. Linear interpolation and extrapolation were used to calculate the mechanical properties 

(Zheng et al., 2010). Currently, measured temperature-dependent mechanical properties are not 

available. The mechanical properties are estimated based on the information on porosity and 

mineralogical composition that are closely related to deformation properties and strength (Li and 

Wong, 2016). Data on the mechanical properties of frozen soils at different geological origins are 

collected as a database for matching with the similarity in petrophysical properties (Andersland 

and Ladanyi, 2003; Zheng et al., 2010). 

Table 5-3 Temperature-dependent mechanical parameters of geomaterials used in the modeling 

at the Umiujaq site. 

Temperature (°C) -20 -10 -5 -2 -1 -0.05 0 20 

Elastic modulus (MPa) 72.6 61.3 50.8 45.0 40.0 36.9 34 34 

Poisson’s ratio (-) 0.13 0.13 0.13 0.14 0.16 0.35 0.45 0.45 

Cohesion (MPa) 0.6 0.6 0.6 0.6 0.6 0.15 0.003 0.003 

Friction angle (°) 34 34 34 34 34 31 30 30 

5.5.2 Mesh sensitivity analysis 

In this study structured rectangular meshes with same size are selected. In order to increase the 

stability of the problem, linear shape function for interpolation of water pressure and temperature 

and second order shape function for interpolation of displacement has been chosen. Additionally, 

a mesh sensitivity analysis is conducted to ensure that the selected mesh resolution is sufficient 

for accurately capturing THM processes in the GSHP operation and surrounding permafrost. The 

mesh sensitivity study involved testing various mesh sizes: starting from a coarser mesh of 1.5 m 
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× 0.5 m, then refining the mesh through 1 m × 0.5 m, 0.75 m × 0.5 m, 0.6 m × 0.5 m, and finally 

0.5 m × 0.5 m. Figure 5-7 shows an example of the numerical meshing. 

 
Figure 5-7 The selected FEM mesh and monitoring points for numerical analysis.  

To conduct mesh sensitivity analysis, two monitoring points have been selected as shown in Figure 

5-7: ground displacement around the borehole (P1) and temperature at the right edge of the model 

at a depth of 3 m (P6). The results of mesh sensitivity analysis of two monitoring points during the 

analysis are depicted in Figure 5-8. 

  
(a) (b) 

Figure 5-8 Curves showing the mesh sensitivity analysis results: (a) the displacement around 

borehole (P1), and (b) the temperature at the right edge with a depth of 3 m (P6).  

 

P1

P6

P2 P3 P4 P5
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The mesh sensitivity study demonstrates that the model results converge as the mesh is refined, 

particularly at a resolution of 0.5 m × 0.5 m. Given the minimal differences in both temperature 

and displacement results between the finer meshes, the 0.5 m × 0.5 m mesh size is selected for this 

simulation, providing a good balance between accuracy and computational efficiency. This 

resolution is sufficient to accurately capture the THM processes in the context of the modeled 

GSHP system and permafrost environment. 

Following the mesh sensitivity analysis, contours of temperature variations, water pressure 

distributions, ice saturation, and ground deformation were analyzed at specific time frames over 

the two-year period. The time frames were captured in mid-July, September, February, and April, 

representing the hot days after GSHP activation, the beginning of fall, the coldest days in winter, 

and spring days before GSHP deactivation, respectively. 

5.5.3 Temperature variations 

As shown in Figure 5-9, the simulated temperature contours from July 2021 to April 2023 

demonstrate significant seasonal fluctuations within the permafrost and silty sediment layers. In 

the middle of July 2021 and July 2022, after the GSHP system was turned on, the temperature 

profiles indicate warmer conditions at the surface, with temperatures reaching up to 9 °C while the 

permafrost remained below freezing. 

During the hottest periods at the middle of September 2021 and 2022, the ground surface 

experiences the warming, which extends deeper into the subsurface. However, the cooling effect 

of the GSHP system can be observed, particularly around the borehole area, where temperatures 

are relatively lower. In contrast, during the cold periods at the middle of February 2022 and 2023, 

the entire subsurface, including the permafrost and silty sediment, experiences significant cooling 
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and widespread freezing conditions, with temperatures dropping as low as -19 °C. By April 2022 

and 2023, the transition from winter to summer is evident as temperatures begin to rise again, 

particularly near the surface. The ground starts to warm up, but the deeper layers remain relatively 

cooler, maintaining the integrity of the permafrost. 

 

Figure 5-9 Simulated temperature (oC) contours over selected time frames within two years. 

 

5.5.4 Pore water pressure distributions 

The contours of pore water pressure distributions are shown in Figure 5-10 for the selected time 

frames. As mentioned in Section 5.5.1, the model assumes an initial hydrostatic pressure. During 

both summer periods, the pore water pressure distribution is largely positive, with values reaching 
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up to 150 kPa near the surface. This high pore water pressure indicates thawing permafrost and 

elevated groundwater levels. As expected, during the warm months, the frozen ground thaws, 

allowing pore water pressure to increase as liquid water becomes more prevalent within the soil 

matrix. As the ground begins to cool, the contours show a slight reduction in pressure values, 

particularly in the upper soil layers, indicating the onset of ground freezing, which reduces pore 

water pressure as ice formation restricts water movement. 

The winter months exhibit the most significant changes in pore water pressure. During this period, 

pore water pressure drops sharply, with values as low as -490 kPa. This is consistent with the 

freezing of groundwater in the permafrost layer, leading to negative pore water pressures as water 

freezes, expands, and reduces the volume of liquid water, creating suction pressures. The extent of 

this negative pressure is most pronounced in the upper soil layers, where freeze-thaw cycles are 

most active. 

By spring, pore water pressure begins to recover from its winter lows. The contour maps for April 

2022 and 2023 show a gradual increase in pressure, especially near the surface. This reflects the 

thawing of the active layer as temperatures rise, allowing water to flow more freely, resulting in 

positive pore water pressures. However, the pressure values remain lower than during the summer 

months, indicating that the ground has not fully thawed. 

Although the GSHP reduces the temperature around the borehole and causes freezing, its impact 

is negligible in September. However, as shown in February, since the temperature around the 

borehole is warmer than at the surface, the pore water pressure is slightly higher near the borehole 

than on the rest of the surface. The observed patterns of pore water pressure variation align with 
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expectations for permafrost environments subjected to both natural seasonal temperature 

variations and artificial thermal stresses induced by GSHP operations. 

 
Figure 5-10 Water pressure distribution contours over selected time frames within two years. 

5.5.5 Ice saturation variations 

The contours of ice saturation profiles from July 2021 to April 2023 are depicted in Figure 5-11. 

The ice saturation value is high in the deeper permafrost regions, with values close to 0.85. The 

near-surface layers, however, exhibited lower ice saturation due to the summer warming, as 

indicated by the red and yellow regions. This pattern of reduced ice content near the surface during 

the summer months is consistent across both years. However, the effect of ice growing around the 

borehole after activation of GSHP system in July 2021 and July 2022 is shown, after the GSHP 

system was activated. 
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Figure 5-11 Simulated ice saturation over selected time frames within two years 

During September 2021 and 2022, the ice saturation near the surface remains low, and because of 

the warm temperature during summer, the size of permafrost reduced, while the ice saturation 

around the borehole is still growing and it is around 50 percent of the void medium. By February 

2022 and 2023, the coldest periods, the ice saturation increases significantly near the surface, as 

indicated by the expanded blue regions. Permafrost maintains high ice saturation levels throughout 

these cold periods. By May 2022 and 2023, the transition from winter to summer results in a 

gradual decrease in ice saturation near the surface, though deeper layers remain largely unaffected. 

However, the ice-saturated region in May 2023 is slightly less than in May 2022 due to the 

warming climate. Also, as shown in April and July 2022, during the time that GSHP is deactivated, 

July 2021

September 2021

February 2022

April 2022

July 2022

September 2022

February 2023

Si (-)

April 2023

Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05
Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05
Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05
Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05
Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05

Ice saturation (-)

0.85

0.8

0.75

0.7

0.65

0.6

0.55

0.5

0.45

0.4

0.35

0.3

0.25

0.2

0.15

0.1

0.05



 

132 

 

the ice around the borehole is thawed very fast, which may create noticeable drop in settlement of 

the borehole region shown in following sections. 

5.5.6 Ground subsidence 

Figure 5-12 presents the ground deformation from July 2021 to April 2023 and demonstrates the 

impact of seasonal temperature changes and the operation of the GSHP system on subsurface 

deformation. In July 2021, after activating the GSHP system, the subsidence is relatively uniform 

with minimal deformation which is due to the thawing of permafrost and the associated settlement 

of the ground, as indicated in Figure 5-12. The settlement of silty region in more than permafrost 

region because of its lower stiffness. In September 2021, the effect of frost heave due to GSHP 

operation around the borehole is highlighted and can help to the stabilization of the borehole. The 

coldest periods in February 2022 and 2023 show the most noticeable subsidence in the silty region, 

while the silty layers above the permafrost experience considerable frost heave due to cold season. 

The frost heave due to the GSHP system's cooling effect around the borehole has also been 

highlighted. 

By April 2022 and 2023, as temperatures start to rise again, subsidence patterns stabilize but still 

show significant deformation, particularly around the borehole. Compared to the results from April 

2022, the settlement of both the silty layer and permafrost is greater in April 2023, indicating 

permafrost degradation. 
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Figure 5-12 Ground subsidence contours over selected time frames within two years 

5.6 Discussions 

5.6.1 Effect of GSHP operation on the ground subsidence 

To analyze the impact of GSHP operation on ground subsidence, the results from the four 

monitoring points mentioned at 1.5 m, 3 m, 4.5 m, and 6 m (i.e., P2, P3, P4, and P5, respectively 

in Figure 5-7) are presented in Figure 5-13. Each graph shows the time series of ground 

displacement at the respective points. For comparison purposes, an additional simulation was 

conducted without the GSHP operation to assess the differences in displacements.  
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(a) (b) 

  

(c) (d) 
Figure 5-13 Displacement data for the three monitoring points: (a) P2, (b) P3, (c) P4, and (d) P5 

over the two years, with and without GSHP operation.  

Each graph compares ground deformation with and without the operation of the GSHP system. P2 

and P3 (i.e., 1.5 m and 3 m from the borehole) display a similar trend. At P2 and P3, after the 

activation of the GSHP, the rate of subsidence is lower, showing more stable behavior compared 

to the case without GSHP. Additionally, during the cold season, the frost heave around the 
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borehole in the GSHP scenario shows a higher amplitude of deformation than in the scenario 

without GSHP. However, after the deactivation of the GSHP, a sudden settlement occurs because 

of thawing of ice around the borehole, which decrease the extent of deformation to even less than 

in the case without GSHP. A similar pattern emerges at P3 (3 m from the borehole), although the 

displacement is slightly lower than at P2. The GSHP’s influence remains substantial, with larger 

deformations observed compared to the non-GSHP scenario. 

At P4 (4.5 m from the borehole), the effects of GSHP are less pronounced but still noticeable. Both 

frost heave and subsidence occur with reduced magnitude. Finally, at P5 (6 m from the borehole), 

the displacement in both GSHP and non-GSHP scenarios becomes nearly identical, indicating that 

the influence of the GSHP diminishes significantly at this distance. The GSHP system’s thermal 

influence weakens with distance, becoming negligible by 6 m (P5). These results suggest that 

increased subsidence and frost heave near the borehole must be considered in GSHP system 

designs, particularly for infrastructure planning, as deformation is localized within a few meters 

of the borehole. 

To further understand the effect of GSHP operation on ground deformation, Figure 5-14 compares 

the accumulated plastic strain in the model at the end of the simulation with and without GSHP 

operation. The results show a noticeable difference in plastic strain distribution, with higher values 

near the borehole when the GSHP is operating. This indicates that the GSHP system introduces 

additional mechanical stress, leading to increased plastic deformation in the surrounding ground. 

However, the maximum accumulated plastic strain in the permafrost region is slightly lower than 

in the case without GSHP operation. 
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 (a) (b) 

Figure 5-14 Comparison between the accumulated plastic strain of the model at the end of the 

simulation (a) with GSHP operation, and (b) without GSHP operation. 

It can be concluded from Figure 5-13 and Figure 5-14 that while the GSHP system is effective in 

providing thermal regulation, it introduces additional mechanical stress on the ground around the 

borehole. Overall, this additional mechanical stress helps ground stability but when the GSHP is 

off, the rate of the ground subsidence will be more than the case without the application of GSHP. 

This highlights a trade-off between thermal management and ground stability. To mitigate these 

effects, it is necessary to optimize the GSHP operation parameters or consider supplementary 

ground stabilization measures to reduce subsidence, particularly in regions close to the borehole. 

By incorporating seasonal storage techniques and reinforcing the ground using grouting or thermal 

barriers, the risks of subsidence and frost heave can be significantly reduced. Monitoring systems 

and predictive modeling provide the data needed to maintain stable ground conditions and ensure 

the long-term sustainability of GSHP systems. Additionally, adjusting GSHP operations, as 

discussed in the next section, can also be useful. 

5.6.2 Effect of GSHP running time on ground subsidence 

As described in the previous section, the GSHP system operates for 10 months from July to the 

end of May at a temperature of -5°C and is turned off for the remaining 2 months. In this section, 

an alternative scenario is considered where the GSHP maintains a constant temperature of -5°C 

throughout the entire year. The displacement data for the monitoring points P2, P3, P4, and P5 
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under this constant temperature scenario, compared to the original intermittent scenario, are 

presented in Figure 5-15. 

In the original scenario, where the GSHP operates for 10 months and is off for 2 months, the 

displacement follows a seasonal pattern. Significant subsidence occurs during the periods when 

the GSHP is off, as the ground experiences additional thawing during the warmer months. In 

contrast, the constant temperature scenario shows a more consistent and stable displacement 

pattern with reduced fluctuations in subsidence. This indicates that maintaining a year-round 

constant GSHP temperature helps mitigate extreme subsidence, leading to more stable ground 

conditions. 

At P2 and P3, the closest points to the borehole, the effect of the constant temperature scenario is 

most noticeable, with the subsidence amplitude significantly reduced compared to the original 

scenario. The graphs reveal a smoother displacement curve, indicating that this approach can 

effectively stabilize the ground near the borehole by minimizing seasonal variations. 

At P4 and P5 (4.5 m and 6 m from the borehole), the displacement patterns are less pronounced, 

as these points are further from the GSHP. Although the difference in subsidence amplitude 

between the constant temperature and original scenarios is less significant here, the constant 

temperature scenario still displays a reduction in subsidence. This supports the conclusion that 

maintaining a constant GSHP temperature can help reduce ground subsidence, particularly near 

the borehole, and could be an effective strategy for improving ground stability in permafrost 

regions by minimizing mechanical stresses induced by seasonal temperature changes. 
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(a) (b) 

  
(c) (d) 

Figure 5-15 Displacement data for monitoring points: (a) P2, (b) P3, (c) P4, and (d) P5 over the 

two years under three scenarios: with GSHP operation for 10 months, without GSHP operation, 

and with GSHP temperature kept constant at -5 °C. 

Additionally, Figure 5-16 shows the rate of displacement in similar scenarios at the same 

monitoring points (i.e., P2, P3, P4, and P5, located at varying distances from the borehole: 1.5 m, 

3 m, 4.5 m, and 6 m, respectively). The rate of displacement helps illustrate the intensity and timing 

of ground movements, particularly subsidence and frost heave, under different thermal regimes. 
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(a) (b) 

  
(c) (d) 

Figure 5-16 Simulated displacement rates at monitoring points: (a) P2, (b) P3, (c) P4, and (d) P5 

over two years under three different scenarios. 

The rate of displacement is highly sensitive to the operating schedule of the GSHP system, 

particularly at the points closest to the borehole (P2 and P3). The constant GSHP temperature 

scenario helps stabilize the ground, reducing extreme fluctuations in the rate of displacement 

compared to when the GSHP is turned off for part of the year. This steady operation minimizes 

rapid changes in subsidence and frost heave, thereby maintaining ground stability. Further from 

the borehole (P4 and P5), the influence of the GSHP system on the rate of displacement diminishes, 

with minimal differences between the scenarios. 
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Maintaining year-round operation of GSHP systems to mitigate subsidence fluctuations could 

provide significant benefits for subsurface stability in permafrost regions like Umiujaq. However, 

the feasibility of this approach, from both an energy demand and economic perspective, requires 

careful consideration of several factors, including energy needs, costs, system design, and 

environmental conditions. Therefore, year-round GSHP operation in Umiujaq requires a balanced 

approach to ensure both economic viability and long-term sustainability. 

5.6.3 Limitations 

While this study provides valuable insights into the effects of GSHP operation on ground 

subsidence in permafrost regions, several limitations should be noted: 

• This study is based on the simulation of a single well. While this provides a focused 

analysis, it does not capture the complexities that might arise in a multi-well system. Multi-

well systems introduce complex interactions that significantly impact long-term 

performance and environmental sustainability. These systems can lead to thermal 

interference, increased ground deformation, hydraulic changes, and cumulative permafrost 

degradation if not properly managed. By carefully considering well spacing, operational 

strategies, and environmental monitoring, the adverse cumulative effects of multiple GSHP 

systems can be minimized, ensuring more stable and sustainable use in permafrost regions. 

• The current analysis is limited to a specific site in Umiujaq. Regional variations in soil 

composition, temperature profiles, and permafrost characteristics can significantly impact 

the results. Conducting a regional analysis would provide a more comprehensive 

understanding of the GSHP's impact across different permafrost environments. 

• The ground structure in this study is relatively simplified, focusing on layers of silty 

sediment and permafrost. Real-world scenarios often involve more complex stratigraphy, 
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including varying soil types, bedrock features, and discontinuities. Incorporating a more 

detailed and realistic ground structure in future simulations would enhance the accuracy of 

the results. Frozen soils are considered as a non-homogenous material where the 

compounds are present with different volumetric ratio, which changes the mechanical and 

thermal properties of the medium. Ultimately, the model would need to account for these 

heterogeneities to provide more accurate and reliable results for infrastructure planning and 

the sustainable operation of GSHP systems. Recently, numerical methods like numerical 

homogenization are introduced to calculate the effective mechanical, hydraulic and thermal 

properties (Erkmen et al., 2020; Norouzi et al., 2022; Norouzi et al., 2024). Incorporating 

of these methods, the accuracy of the model can be elevated. 

• While the study explored scenarios with constant GSHP temperatures and seasonal 

variations, it did not delve into the effects of more dynamic temperature management 

strategies. Investigating different temperature regulation techniques could help optimize 

GSHP operation for both thermal efficiency and ground stability.  

• A Two-year simulation provides a snapshot of the seasonal and short-term impacts. 

However, long-term studies are essential to understand the cumulative effects of GSHP 

systems on permafrost and ground stability over decades. Extending the simulation period 

to longer time scales would likely reveal more pronounced cumulative effects, including 

increased plastic deformation, ground subsidence, and reduced GSHP efficiency due to 

climate change. Long-term permafrost degradation, driven by rising temperatures and more 

frequent thaw cycles, would compound the challenges of operating GSHP systems in cold 

regions. 
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The model parameters were primarily sourced from literature and previous studies. Calibration 

and validation against actual field data would increase the reliability of the simulation results. Field 

experiments and monitoring should be integrated into future studies to refine and validate the 

model predictions. The field measurements should be collected, focusing on the thermal, 

hydraulic, and mechanical properties of the permafrost and surrounding soils such as temperature 

profile, deformation measurements, porosity and permeability of the layers, soil moisture and ice 

content, and permafrost depth and active layer thickness. By obtaining these field measurements 

using instruments like thermistors, piezometers, TDR sensors, fiber optic sensing technology, and 

inclinometers, the model can be calibrated and validated more effectively, ensuring more accurate 

predictions of GSHP impacts in a permafrost environment (Li et al., 2024). 

5.7 Conclusions 

This study provides afoundational understanding of the thermal, hydraulic, and mechanical 

behaviors influenced by GSHP systems in cold climates, highlighting both the potential and the 

challenges of using geothermal energy in Arctic and subarctic environments. A two-dimensional 

plane strain fully coupled THM model based on the FEM was utilized to investigate the effects 

of thawing and freezing cycles around a GSHP in Umiujaq, northern Quebec, focusing on 

evaluating the ground subsidence during two years of operation.  Here are the key conclusions: 

• Key factors such as ice saturation, phase change strain, and pore pressure are quantified to 

provide comprehensive ground deformation results. Our in-house developed FEM 

numerical tool demonstrates the necessity and feasibility of modeling THM coupled 

ground responses associated with GSHP operations in permafrost regions. Validation of 

our numerical model against a laboratory freezing test confirms its effectiveness in 
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quantifying frost heave behavior. Thermally induced plastic deformation can be explicitly 

modeled using the temperature-dependent mechanical properties of frozen soils. 

• Our approach integrates both poro-elastic (reversible) and poro-plastic (irreversible) 

responses. By including poro-plastic behavior, our model accounts for the permanent 

ground deformations that occur due to freeze-thaw cycles associated with GSHP operations 

in permafrost regions. Phase change strain (the strain caused by the freezing and thawing 

of water in the soil) is explicitly modeled. This adds a level of realism to the mechanical 

behavior of frozen ground, where the transition between ice and water causes both elastic 

and plastic deformations in the soil structure. Additionally, the inclusion of temperature-

dependent mechanical properties in the stress-strain relationship provides a more detailed 

understanding of how frozen soil behaves under varying temperature conditions, allowing 

for more accurate simulations. 

• Monitored air temperature data at the Umiujaq site shows significant fluctuations, with 

ambient temperatures contributing to permafrost thawing. Our study compared three 

different GSHP operation scenarios and concluded that to effectively control ground 

settlement, it is preferable to maintain GSHP operation year-round rather than shutting it 

down during the summer months. Our numerical results also quantify the potential plastic 

deformation in the ground surrounding the borehole due to GSHP operations. 

• Future studies should consider models with multiple wells, which are more representative 

of typical GSHP installations, to understand the cumulative effects and interactions 

between wells. Also, incorporating regional analysis of mechanical properties can further 

improve the accuracy of the model. Additionally, models incorporating different layers and 

varied Soil-Freezing Characteristic Curves (SFCC) could provide deeper insights into the 
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application of GSHP systems in Arctic and subarctic regions. Finally, future work should 

incorporate climate projection data and develop adaptive strategies to ensure the 

sustainability of GSHP systems considering long-term environmental changes. 

• While the study focuses on the mechanical impacts of GSHP systems, the potential 

ecological impacts of altering the thermal regime of permafrost are significant, particularly 

those that arise from altering the thermal regime of the permafrost. Changes in ground 

temperature, permafrost degradation, and subsurface water flow can have significant 

ecological consequences, including effects on local hydrology and vegetation patterns. 

These impacts include changes to local hydrology, vegetation patterns, and wildlife 

habitats, as well as broader implications for greenhouse gas emissions and soil stability. To 

fully understand and manage the consequences of GSHP operations in permafrost regions, 

future studies should consider these ecological factors alongside the mechanical effects, 

incorporating field measurements, ecosystem monitoring, and predictive modeling to 

mitigate potential risks to the environment. 

As GSHP systems offer significant potential for sustainable energy development in permafrost 

regions, they must be carefully designed, monitored, and managed to prevent adverse impacts on 

ground stability, local hydrology, and ecosystems. By incorporating site-specific assessments, 

monitoring systems, and adaptive management strategies, policymakers and engineers can ensure 

that GSHP systems contribute to long-term sustainable energy development without causing 

significant harm to the sensitive permafrost environment. These recommendations build on 

careful design, real-time monitoring, environmental protection, and climate resilience that can 

form the foundation of best practices for GSHP deployment in Arctic and subarctic regions, 

ensuring both energy efficiency and environmental sustainability in these fragile ecosystems.  
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Chapter 6  

 

6 Conclusions, limitations, and recommendations for future 

work 

 

6.1 Conclusion 

This thesis has explored various aspects of soil mechanics and thermal-hydro-mechanical (THM) 

interactions in frozen and freezing soils. Through detailed numerical simulations and 

computational models, several key findings have been identified: 

6.1.1 Estimating Equivalent Elastic Properties of Frozen Clay Soils Using an 

XFEM-Based Computational Homogenization (Chapter 3): 

• The XFEM-based numerical homogenization approach provides a reliable method to 

estimate the elastic properties of frozen clay soils, particularly by considering the imperfect 

bonds between clay-water composites and nonclay minerals. The results highlight the 

critical impact of inclusion volume fraction on the accuracy of elastic property estimation. 

• The study showed that when the volume fraction of clay-water composites exceeds 0.7, the 

estimated elastic properties are reliable. For lower volume fractions, the reliability 

decreases, emphasizing the need for careful consideration of the composite's volumetric 

content in practical applications. 

• The calibrated interface stiffness parameter, essential for accurate predictions, increases as 

temperature decreases, mirroring the behavior of the elastic modulus. This insight is crucial 

for understanding the mechanical behavior of frozen soils under varying thermal 

conditions. 



 

146 

 

6.1.2 Finite Element Modeling of Thermal-Hydro-Mechanical Coupled 

Processes in Unsaturated Freezing Soils Considering Air-Water 

Capillary Pressure and Cryosuction (Chapter 4): 

• A comprehensive finite element model has been developed to simulate the complex 

interactions between thermal, hydraulic, and mechanical processes in unsaturated freezing 

soils. The study successfully validated the model against experimental data and 

underscored the importance of considering phase change-induced strain and total pore 

pressure components in predicting soil behavior under frost conditions. 

• The introduction of a new soil freezing characteristic curve (SFCC) model, combining the 

van Genuchten soil water characteristic curve and the Clapeyron equation, allows for a 

more accurate representation of the suctions from air-water capillary pressure and water-

ice cryosuction. 

• The research demonstrated that neglecting phase change-induced strain leads to inaccurate 

frost heave predictions. Incorporating this factor is essential for realistic modeling of 

unsaturated soils under freeze-thaw cycles. 

6.1.3 Numerical Evaluation of Using Ground Source Heat Pump for 

Renewable Energy Generation and Climate Adaptation in a Thawing 

Permafrost Region (Chapter 5): 

• The use of Ground Source Heat Pump (GSHP) systems can mitigate ground subsidence in 

permafrost regions, particularly when operated throughout the year. However, the 

mechanical stresses induced by GSHP operation necessitate careful design and ongoing 

monitoring to ensure ground stability. 

• The study revealed that maintaining GSHP operation throughout the year, rather than only 

during winter months, helps in stabilizing the subsurface environment and mitigating 

extreme subsidence fluctuations. 

• While GSHP systems offer effective thermal regulation, they introduce mechanical stresses 

that can disturb the ground. Therefore, balancing the thermal benefits with ground stability 

is crucial for the successful implementation of GSHP systems in permafrost regions. 

6.2 Limitations 

Despite the valuable insights provided by this research, several limitations must be acknowledged: 
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6.2.1 Simplified Models: 

The models developed in this thesis often rely on simplified representations of soil structures and 

conditions. For instance, the single-well scenario in Chapter 5 does not capture the complexities 

of multi-well systems or the full range of soil stratigraphy found in real-world environments. 

Realistic modeling would benefit from incorporating detailed geological features and multi-well 

interactions. 

6.2.2 Scope of Validation: 

While the models have been validated against available experimental data, the scope of validation 

is limited. The absence of validation against data with explicit plastic deformation records (Chapter 

4) and the reliance on literature-sourced parameters (Chapter 5) highlight areas where further 

empirical validation is necessary. Validation with comprehensive experimental datasets would 

enhance the reliability and applicability of the models. 

6.2.3 Geographical and Temporal Constraints: 

The site-specific focus, particularly in Chapter 5, means the findings may not be directly applicable 

to other permafrost regions with different soil compositions and environmental conditions. 

Additionally, the simulations cover relatively short periods (e.g., two years), which may not fully 

capture long-term effects. Long-term studies across various geographical locations are essential to 

generalize the findings. 

6.3 Recommendations for Future Work 

To address the limitations and build upon the findings of thesis, the following recommendations 

for future research are proposed: 
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6.3.1 Enhanced Model Complexity: 

Future studies should incorporate more complex soil structures and multi-well systems to better 

reflect real-world conditions. Including detailed stratigraphy and varying soil types will improve 

the accuracy and applicability of the models. Additionally, considering the interactions between 

multiple wells and the cumulative effects of GSHP systems will provide a more comprehensive 

understanding of their impact. 

6.3.2 Broader Validation Efforts: 

Extensive validation against a wider range of experimental data, including those with explicit 

records of plastic deformation and long-term monitoring, is essential. Field experiments and site-

specific data collection should be integrated into future research efforts to refine model predictions. 

This includes in-situ measurements of soil properties and environmental conditions to validate and 

calibrate the models. 

6.3.3 Exploration of Dynamic Temperature Management: 

Investigating dynamic temperature management strategies for GSHP systems could optimize their 

operation for both thermal efficiency and ground stability. This includes exploring seasonal and 

more nuanced temperature regulation techniques, such as variable temperature settings and 

adaptive control systems, to enhance the performance and reduce the mechanical stresses on the 

ground. 

6.3.4 Regional and Long-Term Studies: 

Conducting regional analyses and long-term studies will provide a more comprehensive 

understanding of the impacts of GSHP systems and other interventions across different permafrost 

environments and over extended periods. This will help in developing sustainable and resilient 
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solutions for climate adaptation. Long-term monitoring and modeling of soil behavior under 

changing climatic conditions are crucial for predicting future trends and mitigating potential risks. 

6.3.5 Interfacial and Micromechanical Investigations: 

Further research should focus on the interfacial aspects between frozen and unfrozen soil parts, 

particularly in relation to ice lens generation and micromechanical failure processes. Techniques 

like the eXtended Finite Element Method (XFEM) can be applied to characterize these complex 

interactions more accurately. Understanding the micromechanical behavior of soil-ice interfaces 

and the formation of ice lenses will enhance the predictive capability of the models. 

6.3.6 Integration of Field Data: 

Incorporating real-time field data into numerical models will enhance their predictive accuracy 

and reliability. Continuous monitoring of temperature, moisture content, and ground deformation 

in permafrost regions can provide valuable insights for model calibration and validation. 

Developing robust data assimilation techniques to integrate field measurements with model 

simulations will improve the overall understanding of frozen soil mechanics. 

6.3.7 Development of User-Friendly Simulation Tools: 

Creating user-friendly simulation tools and software based on the developed models can facilitate 

their application in engineering practice. These tools should be accessible to engineers and 

researchers, allowing them to easily input site-specific data, run simulations, and interpret the 

results. Providing comprehensive documentation and training materials will further enhance the 

usability and adoption of these tools in the field. 

By addressing these recommendations, future research can enhance our understanding of frozen 

soil mechanics, improve predictive models, and contribute to the development of effective 
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engineering solutions in cold regions. The advancements in modeling techniques and practical 

applications will ultimately support the sustainable and resilient development of infrastructure in 

permafrost-affected areas. 
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