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Abstract

Frames for measures on Cantor sets

René Girard

In this study of frames for measures on Cantor sets, we consider four measures with support
contained in a Cantor set. These are the mass distribution measure, the Hausdorff measure of
the appropriate dimension restricted to the Cantor set, the unique measure from Hutchinson’s
theorem for self-similar sets and the unique Lebesgue-Stieltjes measure with respect to the
Cantor-Lebesgue function. For the ternary and quaternary Cantor sets, respectively, we show
that these four measures give the same measure p. This allows us to study frames in L?(u).

While the theory of frames is well developed, the literature on frames on Cantor sets is recent
and limited. Central in defining frames of exponentials on Cantor sets is the set of integers
(hereafter called spectrum) obtained from the Fourier transform of each measure supported on
the corresponding Cantor set. After giving some background on frames, we follow the work of
Jorgensen and Pedersen (1998) to find the spectrum of the mass distribution measure on the
quaternary Cantor set from its Fourier transform and show that we do have an orthonormal
basis, which is a special case of a frame. We also present the result of Jorgensen and Pedersen
(1998) for the mass distribution measure on the ternary Cantor set, that it is not possible to
have a spectrum that yields an orthonormal set of exponentials. However, this leads to the
question: can we show the existence of a frame from the spectrum of the mass distribution
measure on the ternary Cantor set? Recent work (for example, Lev (2018), Picioroaga and

Weber (2017)) study this question but it remains an open problem.
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Chapter 1

Introduction

In this study of frames for measures on Cantor sets, we consider four measures with support

contained in a Cantor set. For any Borel set A C R, these are:

o mass distribution measure p,,(A)
« Hausdorff measure restricted to a Cantor set C, #°(ANC) with dimension s
 unique measure {g(A) from Hutchinson’s theorem for self-similar sets.

« unique Lebesgue-Stieltjes measure up(A) where F is the Cantor-Lebesgue function ex-

tended to R

We prove a theorem that these four measures are equivalent. The necessary elements em-

ployed in the proof include:

e The construction process of the ternary and quaternary Cantor sets that can be either

by removal of specific open intervals or by successive application of Iterated Functions

System (IFS).

o The characteristics of the ternary Cantor set including its cardinality and its corresponding
Cantor-Lebesgue function. Also, the construction of the quaternary Cantor set comes with

its corresponding Cantor-Lebesgue function.



e The definitions and characteristics of the aforementioned four measures on these Cantor
sets including for some of these, their respective relation with the corresponding Cantor-

Lebesgue functions. In particular, we give

— a more comprehensive proof than the original one [14, pp. 14-15], that Hausdorff
measure of the ternary Cantor set is equal to 1 that includes some original additions

and details.

— our own proof that mass distribution measure satisfies the recursive relation that

defines the measure on self-similar sets provided by Hutchinson’s theorem

In studying vector spaces, basis arises to be of a notion of paramount importance. Having
a basis represents an ideal tool to represent every vector in a given vector space by a linear
expansion in terms of basis elements. However, that ideal tool often imposes requirements
on the basis elements such as to be linearly independent and orthogonal with respect to an
inner product. If additional requirements need to be satisfied, then that ideal tool becomes
difficult or sometimes impossible to sustain. So, to obtain a more flexible tool, we have to relax
these requirements. That is, new elements are added to the original basis to satisfy additional
requirements but these new elements need not be independent and perhaps be orthogonal with
respect to the inner product. This gives an “extended basis” that is called a frame and it has the
same property as a basis which is that every vector in a given vector space can be represented
by a linear expansion in terms of frame elements.

While the theory of frames is well developed (see [4],[5]), the literature on frames on Cantor
sets is recent and limited, see [10],[11],[12],[23],]24]. Central in defining frames of exponentials on
Cantor sets is the set of integers obtained from the Fourier transform of each measure supported
on the corresponding Cantor set. That set of integers is hereafter called a spectrum. Jorgensen
and Pedersen [20] and [21] were among the first authors to discuss the spectrum of a measure
supported on the corresponding Cantor set. In this expository work, we follow some parts of

their work to arrive at these spectra.



After giving some background and elements on frames, we find the spectrum of the mass
distribution measure on the quaternary Cantor set from its Fourier transform and show that we
do have an orthonormal basis which is a special case of a frame. The mass distribution measure
on the binary Cantor set is in fact the Lebesgue measure and the spectrum of that measure
leads to Fourier series which is also a frame. Next, we show that for mass distribution measure
on the ternary Cantor set it is not possible to have a spectrum that yields an orthonormal set
of exponentials to conclude that we cannot have a frame for the ternary Cantor set. However,
this leads to the question that can we show the existence of a frame from the spectrum of the
mass distribution measure on the ternary Cantor set? Recent work by Lev [23], Picioroaga and

Weber [24] study this question but it remains an open problem.

1.1 Statement of originality

The original contributions of this thesis can be summarized as follows:

(a) For some Cantor set in R, we considered four measures with support contained in Cantor
set. We show in Theorem that these measures give the same measure. In particular,
we give our own proof that the mass distribution measure for the ternary and quaternary
Cantor sets satisfies the recursive relation for Hutchinson’s measure for self-similar sets.

While this result may be known, we have not found it proved in the literature.

(b) The proof of Theorem is based on a sketch of the proof by Falconer [14, pp. 14-15],
but we provide more details to show that the Hausdorff measure of the ternary Cantor set

is 1 and its dimension is log2/log3.

(c) We provide results from calculations that complete the characterization of the mathematical

objects encountered in this work as follows.

(i) The construction process of the ternary Cantor set easily brings the conclusion that it

spreads over [0,1/3]U[2/3,1] but the construction of the quaternary Cantor set does

3



not lead to such straightforward conclusion. We provide calculations and a limiting

process in Appendix [A] showing that it spreads over [0,1/6]U[1/2,2/3].

(ii) We provide calculations in the form of graphs that illustrate the convergence of se-
quence of functions giving the Cantor-Lebesgue function for the ternary (Figure 2.4)

and quaternary (Figure 2.6) Cantor sets.

(iii) We provide calculations in Appendix [I| showing that the Fourier transform of the
ternary and quaternary measures, fl3(¢) and f1,4(¢) respectively, can be obtained from
their corresponding Cantor-Lebesgue functions, F and W respectively, considered as
distribution function of their corresponding measure. This represents an alternate

approach to the one used by Jorgensen and Pedersen [20].

(d) In Appendix |J| we extend in general form, the derivations in one dimension of the Fourier
transform of the ternary and quaternary measure, us and py, respectively of scale 3 and
4 respectively, to odd and even scales higher than 3 and 4 . The key element in doing so
is to establish general Iterative Function Systems (IFSs) that each leads to a Cantor set

C C [0,1] of Lebesgue measure m(C) = 0.



Chapter 2

Construction of Cantor Sets

From the closed interval [0, 1], the construction of Cantor sets stems from a sequence of removals

of open intervals. It results in two sequences:

1. a first sequence of (Cy),en Wwhere for each n € N, C, is a finite union of disjoint closed and

bounded intervals.

2. a second sequence of deleted open intervals used in calculating the total length of the

removed intervals.

In this chapter, we first describe the application of this construction process for creating
the ternary Cantor set. While that process is in general classic, we introduce Iterated Function
Systems (IFS) for constructing Cantor sets as IFS offer a formulation necessary for the topics

presented later in this work.

2.1 Classic Construction

Constructing the ternary Cantor set (also called the middle-third Cantor set) calls for the re-
moval of a proportional “middle-third” open interval in each of the closed and bounded intervals

from a given construction level to obtain the next.



2.1.1 Construction of ternary Cantor set in R

The construction process start with the closed interval [0, 1], labelled C(()3), by removing the
middle-third open interval leaving two closed intervals of equal length 1/3 with their union

labelled C\:

¥ = {0,%] U E 11 (2.1)

Removing the middle-third open interval means the removal of an open interval of length
1/3 from the middle of the closed interval [0,1]. It should be noted that 1/3 represents a
proportion of the closed interval [0,1] of length equal to 1. Also, observe the pattern where
from construction level 0, C(()3) is the “parent” interval and the removal of the middle-third open
interval creates two “child” closed intervals at construction Level 1 in a union as given in eq.
(ED.

The construction continues by the removal of the middle-third open interval from each of
the closed intervals in the union C?) . These removals amount to removing a proportion of 1/3
of each closed interval of length 1/3 which amounts to the removal of an open interval of length
1/9. So at Level 1, in C§3) we have two “parent” intervals and the removals create at Level

2, four identical “child” closed intervals, two for each “parent” interval. These four identical

“child” intervals form the union C§3):

= Mo2oETJu [ o3

Next, we reach Level 3 from Level 2 by the removal of the middle-third open interval of
each of the “parent” intervals in C§3) that creates two “child” intervals. These removals create

(3),

at Level 3, eight identical “child” closed intervals that form the union C33

) 1 2 11 [2 7 8 11,2 197,20 7] ,[8 257 [26 |
=10, = |U|= - |UlZ,=|u|=.2|U|Z,=Z|u|=,-|u|=, 2 u |2 2.
s {0’27}%27’9 Yl927)7127°3) P |3°27] Y 279 Y 9027 P |27 (2:3)



Observe from the construction of these three levels that in the creation of two “child”
intervals from a “parent” interval, the length of the removal represents the same proportion
for each level.

This gives us an important property of the Cantor set: its self-similarity across the scales
[8].

Continuing this process recursively we obtain for each n € N a set C,, that is the finite union
of 2" closed intervals of length 1/3". The following Figure illustrates this proportional

construction for the first three steps:

1 2
0 3 3 L
C
0 1 2 < Coeff. te%glarfy expan.
; ; ¢,” after removal of J,
1 2
3 3 ¢ after removal of J,
0 | 2 | 2 7 8 1
— = i - —  — ¥ after removal of J;
0121 2 7 8 1 2 1920 7 8 25 26 1
27 27 9 9 27 27 3 32727 9 9 27 27

Figure 2.1: Few construction levels of the ternary Cantor set

where:
o= (5:3)
= UG 24)
ho= GV )V E)

Figure|2.1|shows the unions C(()3) to C§3) to be nested downward so C(()3) oC 53) D C§3) D C§3) D

.. D C,(f) .... Moreover, each of these C,(,3) is closed being a finite union of disjoint closed sets

(intervals). This leads to:

Definition 2.1.1 (Cantor set; C3)).
c®=Nc? (2.5)
n=1

Observe that by construction if y is the endpoint of some close subinterval of a given C,SS')
then it is also the endpoint of some of the subintervals of Cﬁr)l. At each step of the construction,

endpoints are never removed. It follows that y € C,SB) Vn € N. Thus, by definition, C (3) contains

7



all the endpoints generated in the construction of that Cantor set. Since arbitrary intersection
of closed sets (intervals) in R is closed, then C®) is closed in R.
So, the question arises as what, besides the endpoints, is in the Cantor set? An answer to

this question can be obtain by referring back to Figure where the removal of:
e J) from C(()3) gives CP) and the Lebesgue measure of J is m(J;) =m((1/3,2/3)) =1/3
. CS) obtained by the removal of J; from C; where m(J,) =2/9 = 21/32
. C§3) obtained by the removal of J3 from C; where m(J3) =4/27 =22/33.

Inductively C,(LS) is obtained by the removal of an open interval of length 1/3" from each
closed interval in C,_; that contains 2"~ closed intervals. So the removed disjoint intervals
when constructing C, from C,_, have total measure equal to 2"~1/3". Since the sets {J,}°_,

are pairwise disjoint, additivity gives:

m(|0,1 C(3):m°°n:°°mn:°°2n*1:l%°° %n: .
O =mUm=Lmo =L 5 =33 (5) =1 eo)

Thus, starting with the closed interval [0,1] with measure m([0,1]) =1, eq. ( tells us
the measure of all the removed intervals is 1. Then there should be nothing left of [0,1]. We
established above that this is not the case since at each step of the construction, endpoints
are never removed which gives that C®) 0. This seems at first like a paradox. However, we
showed that m([0,1]\ C®)) =1 and with m([0,1]) = 1 and [0,1]\ € NCG) = @ then m(C})) =0.
So, continuing this construction process to the limit we are left with what, a priori, might be
a “small” countable set of numbers, since the endpoints are rational numbers, which can be
viewed as the “dust” left from the initial closed interval [0, 1] at the limit of the construction
process [3, p. 26]. The next section aims at showing the Cantor set may not be such a small
set after all. In fact, it concludes that both C®) and [0,1] have the same cardinality i.e. the

Cantor set is uncountable!



2.1.2 Characteristics of the ternary Cantor Set in R

This section presents three lemmas on bijections between the half-open set [0,1) and binary
and ternary expansions. We use these in a theorem on the cardinality of the ternary Cantor

set: card(C (3)). We start by defining two sets B and B, used throughout this section.

Definition 2.1.2. B: The set of all binary expansions 0.b;bybs ... corresponding to sequences of

0’s and 1’s.

Definition 2.1.3. B%: The set of all binary expansions 0.b1b3bs. .. corresponding to sequences of

0’s and 1’s which do not have a tail of all 1’s

Definition 2.1.4. B! = BOU{0.111111... (base 2) } C B.

Definition 2.1.5. T: the set of ternary expansions 0.ajasas ... corresponding to sequences of 0’s

and 2’s.

We then use the following bijections to establish the cardinality of the ternary Cantor set.

2.1.2.1 Bijection between [0,1) and B°

Lemma 2.1.6. There exists a map

:[0,1) — B
f:00,1) (2.7)
x+— 0.b1bybs... with by =0or 1

which is a bijection. In addition, that mapping combined with the subdivison process in Fig-

ure gives binary expansions which do not have a tail of all 1’s.

Proof.

Starting with half-open interval 1) = [0,1) we employ the subdivision process illustrated in

Figure 2.2}



1
0 1
1

4+ AW
—_

Level 0 o— e } . L
a) = 1
ap = 0 /\
Level 1 @ 3 ©
L ° R '3)
L ° R g °©  a@=1
Level 2 @ o a =0

Figure 2.2: Subdivision process employed in showing bijection between [0, 1] and binary expan-

sions.

We observe the subdivision process creates at each level a set of disjoint half-open intervals

whose union is [0,1). Let

sk =0.b1by...by(base 2) = :] % (2.8)
We will use I below for labelling the closed interval that has s; as its left endpoint.
Step 1: First, we use induction to show that Vx € [0,1) we have:
ng—sn<iVn€N (2.9)
n

(a):

Level n=1: Cut [0,1) in 2! =2 pieces of equal length 1/2 = 1/2'. There is a unique

Jj either equal to 0 or 1 such that x € I](-]) = [%,%) Let a; = j then:

1
),%:slgxandogx—a—zl<§ (2.10)

1 a; a;+1

This ensures the choice of the subinterval Is(l1 ) is unique and we have Is(ll) c10 =

”.

[0,1). Note on symbol Is(ll): superscript "(1)”: interval at Level 1, subscript ”s;”
(see eq. ([2.8))): interval at Level 1 corresponding to the value of a; i.e. if aj =0

then first interval else if a; = 1 then second interval.

. Level n=2: Cut [0,1) in 22 = 4 pieces of equal length 1/4 = 1/22. This implies

that Is(ll) is cut in two pieces of equal length 1/4. There is a unique j either equal

10



to 0 or 1 such that x GIJ(.]) =[5+ & > +%) Let ap = j then:

_ a a
s = F+5
, > 2 (2.11)
x613(2) = %—Fg—z,%‘—f—al’;l) ,0<x—s < 2L2
(¢): Induction Hypothesis:
(i) Assume for n =k that:
(k) _ k—1 a; k—1 a; +1
xelsk - |:Zl':1 ;l 2](72[ 1 6211 akk ) (212)
= |:Zl 121721 12: )
oy oK) (k1)
(i) with I;" C I, ,
(iii) Also, we formulate the condition in eq. ( as:
1
0§x—sk<? (2.13)

with s = ):,l 1 2;

(k)

(d): Induction Step: Let n=k+ 1. Since x € Iég ), we cut Ig’ in two pieces of length

(k+1)

1/2"“. There is a unique j either equal to 0 or 1 such that x € 17 Let agy1 =]
then we have
k+1 k+1
(k+1) _ a; a; 1

x€els, = [; 2i,221+2k+1> (2.14)

to obtain
1
0<x—sp11 < 5 S (2.15)
and Iﬁfj” C Iégk) Again this ensure the choice of Is(k o Dy is unique.
(e): Therefore
L a; 1

11



Step 2: Now, let € > 0, by the Archimedean Principle N € N such that 0 < ZLN < g, then Vn > N:

1 1
0§|x_s”’<ﬁ§2_N<8 so |x—s,| < €. (2.17)

Step 3: Since inequality ([2.17)) is Vn > N and € > 0 is arbitrary, we get [6, p. 3]:

(o]
. aij
x=lims,=) —
e i=1 2

(2.18)

Step 4: In the above, the selection of the a,’s shows that for each x € [0,1) there exists a unique
sequence {ay,ay,...} corresponding to a binary expansion in BO. Tt also shows that x is
in each of these nested downward half-open intervals Is(:) Vn € N giving the intersection

of these is {x}. To see this:

(a) Let x € ﬂ;":llg).

(b) Ifye ﬂ:’:lls(:) then Vn € N|
x—y| < @™y =1/2" 0. (2.19)
(c¢) This implies that x =y and we get that
ﬁ 1Y = {x). (2.20)
n=1

(d) Therefore the construction gives a well-defined mapping from [0,1) to B®. That is

for any x € [0,1) we get a unique sequence of 0’s and 1’s.

Step 5: Since that unique sequence corresponds to a binary expansion that gives x, the mapping

f:[0,1) — B is one-to-one.

Step 6: From inequality ( [2.16)) we have that s, <xVn € N. Therefore s, is the left-hand side

endpoint of one of the 2" subintervals on Level n.

12



Step 7:

Step 8:

Step 9:

Step 10:

N a;

Now, to show that f is onto, let (ay),eny € BY. Consider the partial sum sy = YV, 5
then each term “’ <4 7 and {sy}nyen is a monotone increasing sequence. Then:
i“’k)ﬁl LI (2.21)
SN= ) — 5 =1-5 :
N 21 = & N N

1

N
[
2
[\

So 0 <sy <1VN €N and {sy}nen is bounded and monotone increasing sequence that
converges to a real number x € [0, 1). Since (a,) e is arbitrary, then for each (a,)nen € B®

there is x € [0,1) such that f(x) =0.a1a... = Y2 5

Therefore f:[0,1) — B is onto and with f one-to-one, f is a bijection between [0, 1)
and BY.
Let x € [0,1) and suppose for contradiction that x =0.b1b,...b;11111... with:

(a) by,by,bs,...,br_1 can be either 0’s or 1’s
(b) by =0 where k is the maximum value of i for which b; =0

(c) k could be 0 then the sequence would be 0.111111...)}, e » Which is equal to 1 but

1 ¢1[0,1). This leads to an additional assumption that k > 1.

(d) Example: consider x =0.01111...)} 60 o Where k=1, by =0 and b; =1Vi>2. So

oo

11 1
x=0.01111..)pa50 2 = 25:4—122—:——:§<:>o.1ooo...)basezz (2.22)

| =

By assumption b; =1 Vi > k+ 1 and this implies for subsequent levels n > k41 that the

right interval will always be chosen for where x lands giving a sequence LRRR... giving

k—1)

that x does not land across the middle point p of Is(kf1 . In fact, x “stays” within the

left Is(f ) but we get that

= b; | 1
X=s5p+ Z 2—;:sk+ Z Ezsk—i_? (2.23)
i=kt1 i=kt1

which contradicts the fact that [x —s;| < 1/2%. This completes the proof.
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]

Remark 2.1.1. From Figure [2.2] we observe the subdivision process creates a binary tree. As

we step from one level k— 1 to the next level k, the choice Ig(f ) C l;(f__ll) being unique is either

on the left “L” or on the right “R” half-open interval subset of Is(fjll). This gives a unique path

across the binary tree, “LRLRLLRLR...” for example.

2.1.2.2 Bijection between Cantor set and ternary expansions

Lemma 2.1.7. There exists a map

g:C® — T
(2.24)

x+— O.ajaza3... with a; =0 or 2

which is a bijection.

Proof. Let C®) be the ternary Cantor set. We will identify C®) with the subset T of [0,1]

consisting of all numbers having a ternary expansion )~ % with a; equal to either 0 or 2.

To see this, consider again the proportional construction process of middle-third open interval

removal of each subinterval as illustrated below for 2 steps:

1 2
0 3 3 1

Level 0 ® ® (0

a1=0 L/\ w2 3

Level 1 o o . . Cf )
3 3

Level 2 L R L R )

C

evel 2% =0 | 2 m=21 2 @=0 7 8 =2 1 2

Figure 2.3: Proportional construction of ternary Cantor set by middle-third open interval re-
moval.

Remark 2.1.2. When comparing Figure [2.3] to Figure 2.2] we observe they have in common the

3)

characteristic of being a binary tree. For C), each level k is a union of disjoint sets with a
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distance between them of at least 1/3% and these disjoint sets are closed intervals. In particular,
including the right endpoint of these closed intervals implies that some ternary expansion in
0’s and 2’s will have a tail of 2’s. For example, 1/3 is one of these right endpoints. It can be
expressed as 0.1 (base 3) but this is not acceptable as it corresponds to the removed middle-
third open interval (1/3,2/3). Instead, we have 1/3 = 0.1 (base 3) = 0.02. For a given x € C©3),

stepping from one level to the next gives a unique path across the binary tree.

Let
k g
th=0.aq1ay...a;, = 71@. (2.25)
We will use 1, below for labelling closed interval that has #; as its left endpoint.
Step 1: First, for x € C®), €®) ¢ [0,1], we use induction to show that
n
al 1
< _VneN 2.26
L3S <3 N (2.26)

(a) Level n=1: If x does not belong to the middle-third open interval of the initial
interval 1(®) = [0, 1], then there is a unique j equal to either O or 2 such that x €

I,(ll) = [£, 1], Let a; = j then:

a; a;+1 a a 1
XGIz(11)=[1 I ]71 1

33 —Sxandogx—?g—. (2.27)

This ensures the choice of the subinterval I,(ll) is unique and we have It(ll) c1®=0,1).
When comparing eq. ([2.27) to eq. ([2.10]), the last inequality is no longer strict
because each level k is a union of disjoint closed sets with a distance between them

of at least 1/3%, so, x € C®) could be equal to the right endpoint of one of these

disjoint closed intervals.

(b) Induction Hypothesis:

15



(i) Assume for n = k that:

[k—1 k=1
k) a a; a;  a;i+1
xel, "= ;§+§,;§+ 30
S 1 (2.28)
a; a;
=Ly lity
| i=1 i=1
with I,S(k) C Itgjl) C...C It(f) C It(ll) c 10 =10,1].
(ii) Also, we formulate the condition in eq. ( as:
1
OSX—I}CS? (229>

(c) Induction Step: Let n=k+ 1. Deletion of the middle-third open interval of It(kk)

(k+1)

implies there is a unique j equal to either 0 or 2 such that x € 1 e Let a1 =]

then we have

1
X e Iriﬂ )= [fk+1,l‘k+1 + W] (2.30)

with

0<x—t+1 < 7 (231)

3k+1

1)

and 17D (k). Again this ensure the choice of It(kli is unique.

Tk+1
(d) Therefore
VneN (2.32)

n g n g
’x—;7‘§3n§3N <eso ‘x Z@ (2.33)
1= 1
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Step 3:

Step 4:

Step 5:

Step 6:

Since inequality ([2.33) is Vn > N and € > 0 is arbitrary, we get [6, p. 3]:

. l
x=limzt, =) —
e i=1 3

(2.34)

In the above, the selection of the a,’s shows that for each x € C) there exists a unique
sequence {aj,ay,...} corresponding to a ternary expansion in 7. It also shows that x
is in each of these nested downward closed remaining intervals It(nn) Vn € N, giving the

intersection of these, is {x}. To see this:

(a) Let x € My It(nn).

(b) If y e N, 1" then Vn € N,
x—y| <m(IM) =1/3" -0 (2.35)
n
(c) This implies that x =y and we get

ﬁ 1 = {x). (2.36)
n=1

(d) Therefore the construction gives a well-defined mapping from C®) to T. That is for

any x € C () we get a sequence of 0’s and 2’s in a unique way.

Since that unique sequence corresponds to a ternary expansion that gives x, the mapping

g: CB®) — T is one-to-one.

Now, to show that g is onto, let (a,),en € T be a sequence of 0’s and 2’s that does not

N a;

have a tail with all 2’s. Consider the partial sum ty =37, 5} then each term % < % and

{tn}Nen is a monotone increasing sequence. Then:

Ndl' N 2
tN:.Z?SZi:l_?N_” (2.37)



So 0 <ty <1VN €N and {ty}nen is bounded and monotone increasing sequence that
converges to a real number x. Since (ay),en is arbitrary, then for each (ay),en € T there

is x € C®) such that g(x) =0.a1as...aqy =¥, >

Step 7: Therefore g: C®) — T is onto and with g one-to-one, g is a bijection between C©®) and

T.

]

From inequality | | and eq. ([2.25) we have that 1, <x <t,+ 3%, Vn € N. Therefore 1, and
th+ 3% are respectively the left-hand and right-hand endpoint of one of the 2" closed intervals

on Level n.

Remark 2.1.3. The proof of Lemma m shows the endpoints are dense in C®). That is, we

showed that x = lim,_.t, and x € c).

2.1.2.3 Cardinality of ternary Cantor set

Lemma 2.1.8. The cardinality of the ternary Cantor set C) is equal to the cardinality of [0, 1].
card(C®)) = card(]0, 1]) (2.38)

Thus, C) is uncountable.

Proof. We establish the cardinality of ternary Cantor set as follows:

Step 1: Lemma m proves that f:[0,1) — B® is a bijection.

Step 2: Identifying the number 1 with the expansion 0.11111... base 2, we have from Lemma|2.1.6]
the bijection [0,1] — B' =B°U{0.11111...) base 2 C B. Given that B' C B, we have
that

card(B') < card(B) (2.39)
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Step 3:

Consider h: T — B, h is division by 2 which is a bijection.

Step 4: Lemma proves that g:C G) 5Tisa bijection. Since the composition of bijections

Step 5:

is a bijection we can write that hog: C®) —» B is a bijection. From this result and from

ineq. ([2.39)) we obtain:

card(C®)) = card(B) > card(B') = card([0,1])
card(C®)) > card|0,1]

but C®) c [0,1] giving that

card(C®)) < card ([0, 1]).

From ineq.( [2.40)), ineq.( [2.41) and Bernstein’s Theorem [3], p. 24] we have:

card(C?)) = card(]0, 1])

Therefore C) is uncountable.

2.1.2.4 Other characteristics of ternary Cantor set

Lemma 2.1.9. The ternary Cantor set is perfect.

Proof. We use the property that C©3) is a closed set.

Step 1:

Let x € CG), £ >0 and let a neighbourhood G of x be G = (x—&,x+¢€).

(2.40)

(2.41)

(2.42)

Step 2: By the construction process of the ternary Cantor set, we have at construction level n

that x is in some closed interval in C,(,3) for each n € N.
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Step 3:

Step 4:

Step 5:

We take n € N such that & > % > 0. This implies that (x—€,x+ €) contains the two

endpoints of this closed interval in C,.

We get that for each n € N, (x—¢&,x+¢€)\ {x} nc # 0 and x is an accumulation point

of C(3),

Since x is arbitrary then every point of C (3) is an accumulation point. In addition, C©3)
is closed, so it contains all its accumulation points. Therefore Cc® =c® and c® is

perfect.

Lemma 2.1.10. Ternary Cantor set is nowhere dense.

Proof. We use a proof by contradiction.

Step 1:

Step 2:

Step 3:

Step 4:

Assume that C®) does contain an open interval.

Let a,b € [0,1]a < ba,b € R with a and b fixed. In addition let (a,b) C C®) with length
l(b—a)=b—a>0.

We have that C®) =N, ¢ and (a,b) € CB) gives that Vn, (a,b) is contained in one
of the interval of C,(l3) . That is, an interval cannot be contained in the union of two of

more separated intervals.

This implies that (b—a) < 317 and as n — oo we have that 3i,, — 0 then (b—a) — 0.
Contradiction since (b —a) > 0. Therefore C (3) contains no non-empty open intervals

and the interior of C(3), cB®’ =9 giving that C®) is nowhere dense.
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2.1.3 Cantor-Lebesgue function for ternary Cantor set

This section gives the definition of the Cantor-Lebesgue function for the ternary Cantor set
using Definition of B and the notation in Section [2.1.2.3] From Section [2.1.2.3, we have

that the map hog: c®) —Bisa bijection. We apply the map

g:B — [0,1] (2.43)

0.b1bob3... — Y2 %
to the map hog to give the definition of the Cantor-Lebesgue (C-L) function:

Definition 2.1.11. The Cantor-Lebesgue function f: C®) — [0,1] is defined by :

f:g/ohog<2 ) iz—” (b, ={0,1}) (2.44)

n=1

i 231 i 2_” (b, ={0,1}) (2.45)
n=1 n=1

Lemma 2.1.12. The domain of the Cantor-Lebesgue function f: C®) — [0, 1] can be extended

to the whole interval [0, 1] with the extended function denoted by F

Proof.

Let u and v be respectively the left and right endpoints of the same open interval (u,v) re-
moved in step n in the construction of the ternary Cantor set. These endpoints have the following
form:

(u,v) = (0.a1azas...ay1,0.a1a2a3 . ..a,2) both base 3 with @¢; =0 or 2 for 1 <i<n. In par-

ticular, u can be written as u = 0.a;a2a3...a,02. Then

f) = Y %% (2.46)
1




on the other hand

_ ai 1 1 oo 0
f(v) - ZZ:I Tkﬁ + on+1 +Zk:n+2ﬁ

= f(u)

(2.47)

We conclude that f takes on the same value on the endpoints of the removed intervals. Therefore,
since the union of C®) with all the removed middle third intervals is [0,1], we can define the
extension of f(x), F : [0,1] — [0,1] as F(x) = f(x) for x € C®) and for any y € (u,v), a removed

interval, F(y) = f(u) = f(v). O
Lemma 2.1.13. The extended Cantor-Lebesgue function F : [0, 1] — [0, 1] is continuous on [0, 1].

Proof. This proof requires analysing three cases:

Case (i) Let x ¢ CO), that is, x € I € [0,1]\ C®) where I is an open interval removed in the

construction of C®). By Lemma[2.1.12, F is constant on I giving that F is continuous.

Case (ii) Let x € C®) and let € > 0, then by the Archimedean Principle [0, p. 2], there exist

N € N such that 0 < 1/2V < ¢.
« For n sufficiently large and n > N let 6 = 1/3" > 0. Consider the open interval
U= (x—1/3"x+1/3").

e Let ye U, if ye C® and |x—y| < 1/3", then x and y lie in the same closed
interval in the union C,?) (see Figure . So, the ternary expansions of x and

y must agree for the first n terms. We can then write

| 1 &1 1 1
|F(X)—F(y)‘<kZ+I?ZWkZ‘6?:?<2—N<S (248)
—n —

Hence, F is continuous at x € C 3),

Case (i) Similarly, let x € C®) and let € > 0 with N € N such that 0 < 1/2V < & and U =
(x—1/3",x+1/3"). Let ye U, ify ¢ C®), then there exists an endpoint z € C®) close

to x such that F(y) = F(z) with |x—z| < 1/3". Again x and z must agree for the first
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n terms. Then we can write:

1
FO-FOI=F0-FOI< § g=gmLy=g<m<c €
n—+

Hence, F is continuous at x € cO.
Therefore, from Cases (i),(ii) and (iii), F(x) : [0,1] — [0,1] is continuous on [0, 1]. O
Lemma 2.1.14. The extended Cantor-Lebesgue function F : [0, 1] — [0, 1] is increasing on [0, 1].

Proof. First we show that F is increasing on C®) and then extend that result to [0, 1]

(i) Let u,veC (3) with u < v where they are expressed by a ternary expansion u =Yy | ug/ 3k

and v= Y7 v /3~

(ii) u and v are in the same closed interval for each of the construction level down to level
n. The closed interval may change when stepping from one level to the next but still it

contains u# and v until reaching some construction level n+ 1.

(iii) For construction level n+ 1, the coefficients u, 1 < v,41 and they are both in {0,2} giving

that u,+1 =0 and v,4; =2 giving that v is in a later closed interval.

(iv) So, we can write

F(u)

wel , 0 1 o0 e 1
Yi-1 228 T2 +Xi—nt22 ok
v L 1 i oo g 1 _ 1
Zk 172 21< + on+l sice Zk:n+2 2 2k < Zk —n42 _k = W (250)

1 1
Yi— 1V2k2k+2n+| + Y- n+zg{2k_F()’)

IN

IA

To obtain that F(x) is increasing on C©3).

(v) Let u,ve[0,1] with u < v and assume for contradiction that F(u) > F(v). By Lemma|2.1.12]
there exist u’,v' € C®) such that F(u) = F(«') and F(v) = F(v'). Choosing u’ to be the left

endpoint of the removed interval where u lies and similarly for v/, we have by assumption
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that F(u) # F(v), so u’ and V' cannot be the endpoints of the same interval. Then, v’ </
since u < v. But u’,v/ € C®) so we obtain by assumption that F(u) = F(u') > F(V') = F(v).

This is a contradiction since we showed that F(u') < F(v/) on CO),
(vi) Therefore, Yu,v € [0,1] with u <v, F(u) < F(v) and F : [0,1] — [0, 1] is increasing on [0, 1].

]

2.1.3.1 Characterization of F(x) as a fixed point

The extended Cantor-Lebesgue function F(x) is well-defined, continuous, monotone increasing
on [0,1]. The left endpoint of each removed middle third open interval is in the form of a finite
sequence 0.ajaxas...a,1 (base 3) (a,y1 = 1) which is equal to 0.a1aza;3...ana,+12 (base 3), a
ternary expansion of 0’s and 2’s with a,+; = 0 and a tail of 2’s. For such a number x, the

extended Cantor-Lebesgue is given by:

bi 1 1 1 ai
F()C) = ;',l:li anrl +2n+2+2n+3+2n+4+"' (bizf 6{071})
(2.51)
_ n b 1
- i=12i T ontl

Lemma 2.1.15. By the definition of the Cantor-Lebesgue function, the following identity holds:

1F(3x) for 0<x<i,
Flx)=4 3 for 1<x< %, (2.52)
%F(3x—2)—|—% for %ngl

Proof. We start by few facts:

o Let x=0.a1a2as... (base 3) with a; = {0,2}, then the map x — 3x corresponds to the

left shift of the sequence {aj,ay,as,...} to become {ay,a3,as,...}.

o The ternary representation for 0 <x < 1/3 is of the form 0.0azas... (base 3) and for

2/3 <x <1 is of the form 0.2azas... (base 3). Also, 2.0 (base 10) = 2.0 (base 3).
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o Let x=0.b1byb3... (base 2) with by = {0, 1}, then x divided by 2 corresponds to the right

shift of the sequence {by,by,b3,...} to become {0,by,bs,b3,...}.

Step 1 Let 0 <x <1/3, then x is of the form 0.0azazazay ... (base 3) with a; = {0,2}, so F(x) =

0.0byb3b3by . .. (base 2) with b; = a;/2 and 3x = 0.apazazay . . ..

Step 2 By definition of F, F(3x) = 0.bab3b3sby... (base 2) but F(3x)/2 =0.0byb3b3by ... (base 2)
=F(x).
Step 3 Let 2/3 <x <1, then x is of the form 0.2ayazazas ... (base 3) with a; = {0,2}, so F(x) =

0.1byb3b3by ... (base 2) with b; = a;/2 and 3x —2 =2.apazazay ... — 2.0 = 0.axazazay . . ..

Step 4 By definition of F, F(3x —2) = 0.byb3b3by... (base 2) but 1/24+F(3x—2)/2 = (0.1+
0.0byb3b3by . ..) = (0.1b2b3b3by...) (base 2) = F(x).

Step 5 For 1/3 <x<2/3, F(x) =1/2 as defined in extending the Cantor-Lebesgue function over

[0,1].
Therefore, the identity in eq. ([2.52]) holds. N

Definition 2.1.16. Let (B([0,1], |||l = sup,¢ 1j|-|) be the Banach space of all uniformly bounded
real-valued functions on [0,1] with the supremum norm. Define a sequence of functions f, :

[0,1] — R as follows:

L(30) for 0<x<1,
Jrix) =4 1 for §<x<j, (2.53)
%+%fn(3x—2) for %SXS L.

where the functions f,, € (B([0,1],]||le) with n={1,2,3,...} and fo:[0,1] — R is arbitrary.

Appendix [E] presents a proof that (B([0,1],]|-||) is complete.
As a preliminary to Proposition 1} we give the definition of a contraction, following Elaydi[13]

p. 318] and adapted to the present context:
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Definition 2.1.17. A map H : B([0,1],]|-|l) = B([0,1],]]||«) is said to be a contraction if for

some 0 < o < 1, we have:

1H(g1) —H(g2)|l < |81 — g2ll0 Vg1,82 € B([0,1],]||) (2.54)

Proposition 1. The Cantor-Lebesgue function F for the ternary Cantor set, is the unique element

of(B([0,1],||||l) for which the identity in eq. ( [2.52) holds. If fy € (B([0,1],]|||«), then the

(o)

sequence {f,}r_, converges uniformly to F.

Proof.

Step 1 Define a map H : (B([0, 1], ||-[|-o) — (B([0, 1], [|-[) by

%g(3x) for 0<x< %,
H(g)(x)=1q 1 for 1<x<? (2.55)
%+%g(3x—2) for %Sxﬁl

We need to show that H(g)(x) is bounded on [0, 1], that is ||H(g)||« < e0. This is done

as follows:

(i) let g(x) € B([0,1][|][e) 50 [[glec < o0 0m [0, 1].

(ii) if x € [0,1/3] we have

_ 1 X
Hg)x) = 153y .
HE@W = g0 < Hgll-
(iii) if x € (1/3,2/3) we have
H(g)) = 5 (257)
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(iv) if x € [2/3,1] we have

H(g)(x) = ;+58(3x—2)

(2.58)
H(g)(0)] < 5+3leBx—2)] <5+ 3]sl
From eqgs. ([2.56)), ([2.57) and ([2.58]) we take
H(g)llo < max{3lglleo; 5,5+ 5l8lls
()] (Bl 3.+ Blelle) 0]

IH(@)le < 3+ 3ll8llee < o0
and we conclude that H(g)(x) is bounded on [0, 1] that is H(g) € B([0, 1], |||«)

Step 2 We need to show that H is a contraction and this done by applying the mapping H to

any two g1,82 € B([0,1], ]|-||«) as follows:

(i) if x € [0,1/3] we have

H(g)(x)—H(g)(x) = 3(g1(3x) —g2(3x)) (260)
H(g1)(x) —H(g2)(x)] = 3](g1(3x) — 82(3x))| < 5 lg1 — 82|
(ii) if x € (1/3,2/3) we have
1 1
H(g1)(x) —H(g2)(x) = 377, =0 (2.61)
(iii) if x € [2/3,1] we have
H(g1)(x) —H(g2)(x) = 7(81(3x—2)—g2(3x—2)) (2.62)

1
2
[H(g1)(x) —H(g2)(0)| = 3l(813x~2) —g2(3x—2))| < 5lg1 — g2l
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From egs. ([2.60)), ([2.61) and ([2.62)) we take

VAN

|1H(g1) —H(g2)||es max{0, 3] .g1 — g2/}

(2.63)
1H(g1) —H (g2l < 31— 82lles

N

showing that the mapping H is a contraction. Applying the Banach contraction principle
(see Appendix to the mapping H, we have that there is a unique fixed point ug €
(B([0,1],]]|]e) such that H(ug) = up and by Lemma [2.1.15 up = F.

O

Consider the sequence {f,} € (B([0,1],]:||) in Definition In the proof of the Banach
contraction principle (see Appendix , the choice of the initial function fy(x) is arbitrary as
long as fy € B([0,1],]|"||«). Usually, fo(x) =x and Figure presents graphs of f,(x) for
increasing n. We observe that f,(x) converges relatively quickly to a function f,(x) for n = 100000
graphically close to the Cantor-Lebesgue function F. Since fj is arbitrary, Appendix [F| presents
results when fj is a bounded step function on [0, 1] and we can observe the same convergence

as in Figure 2.4.
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Remark 2.1.18. Adding the condition F(y) =0 for y <0 or y > 1 to the identity in Lemma[2.1.15

for the Cantor-Lebesgue function, allows F(x) to be written as a single expression:

F(x) = %F(3x)+%+%F(3x—2) Vx € [0,1] (2.64)

which will be revisited in the next section.

2.2 Construction of Cantor sets by IF'S

Iterated Function Systems (IFS) can be used to construction Cantor sets. We present two IFS’s:
one for the ternary Cantor set and the other one for a quaternary Cantor. These IFS’s will be

used later in this work.

2.2.1 Construction of ternary Cantor set by IFS

Starting with the closed interval C(()3) = [0, 1] being the construction level 0, we apply the fol-

lowing IF'S

(2.65)

= W=
+
(S}

oY)

to the endpoints of [0,1] to obtain the endpoints of the two closed intervals at construction
level 1: Ty(0) =0, Ty(1) = 1/3, T;(0) = 2/3 and Ty(1) = 1 or €\ = Tp(cS)uT(CY). To
obtain the subsequent construction levels we continue to apply the IFS in eq.( to give that
Cr(i)l = To(C,?)) Ut (C,§3)). Egs. ( and ( give the results for construction level 2 and 3
respectively, illustrated in Figure [2.5(a).
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Since Tp and T are strictly increasing and continuous linear maps on R, their inverses

T, (x) = 3x (2.66)

T, '(x) = 3x—2

have the same properties. Then the single expression for Cantor-Lebesgue function, eq. ([2.64)),
can be written:
1 1

Flx) = %F(TOI () + 5+ 5F(17 (W) Vxe o, (2.67)

recalling the condition F(y) =0 for y <0 and y > 1.

2.2.2 Construction of a quaternary Cantor set by IF'S

We present the construction of a particular quaternary Cantor set for the reason that it used
later in this work. The construction levels come from the repeated application of the following

Iterated Function System (IFS):

To(x) = (2.68)

= =
+
NS}

T (x) =

~

Since Tp(x) and 7j(x) are strictly increasing and continuous linear maps on R, their inverses

T l(x) = 4x (2.69)

T x) = 4x-2

have the same properties.
This particular quaternary Cantor set could be constructed by removal of open intervals.

Starting from [0,1] and dividing in four equal parts we remove the open intervals (1/4,1/2)
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and (3/4,1] where [0,1/4] and [1/2,3/4] are the remaining closed interval at construction level
1. (3/4,1] is an open interval by the following consideration: let [a,b] C R with a < ¢ < b, let
la,c] C [a,D], with [a,c] closed, then [a,b]\ [a,c] = (¢,b] is an open set being the complement of
[a,c] in [a,b]. The process continue by dividing [0,1/4] in four equal parts removing the open
intervals (1/16,1/8) and (3/16,1/4]. That process is applied to [1/2,3/4] to give at construction
level 2 the following remaining closed intervals: [0,1/16], [1/8,3/16], [1/2,9/16] and [5/8,11/16]
as illustrated in Figure 2.5(b).

Starting with the closed interval C(()4) = [0, 1] being the construction level 0, we apply the
IFS in eq, ( to the endpoints of [0,1] to obtain the endpoints of the two closed intervals
at construction level 1: 7(0) =0, To(1) = 1/4, 7;(0) = 1/2 and 7,(1) =3/4 or C\¥) = Ty(c{ U

T (C(()4)). To obtain the subsequent construction levels we continue to apply the IFS in eq.([2.68

4)

to give that C,S 4

=T (C,g YUty (C,S4)). Figure [2.5(b) illustrates the results for construction level
2 and 3 respectively.

The overall construction process by either removal of open intervals or IF'S is continued to
obtain the quaternary Cantor set.

Dividing the closed intervals in four and keeping the first and third subintervals imply the
coefficients of the expansion in base 4 would be 0’s and 2’s, similar to ternary Cantor set where
the coefficients of the expansions in base 3 are also 0 and 2(see Figure . For the expansions
in base 4, these coefficients corresponds to the first and third subintervals that were kept. From
Figure , we observe that 1/2 is the common endpoint different from 0 among the first three
construction levels and by construction, to all construction levels. 1/2 equals 0.24 (subscript
“4” means “base 4”). Normally, we should be able to express the endpoints 1/4 and 3/4 of C§4)
by an expansion in base 4 with coefficients 0 and 2 such that we can generate the endpoints on
the next construction levels using right shift only or right shift plus translation as done for the
ternary Cantor set. However, in Appendix [A] we show this is not possible.

In Figure 2.5 part (a) illustrates few construction levels of the ternary Cantor set with

the value of the endpoints included and similarly, part (b), for the quaternary Cantor set. We

32



1 2
0 3 3 ,
pe
0 1 2 < Coeft. te(()r;glary expan.
__________________ Cl‘
0 1 2 1
3 3 Be
0 1 2 1 2 7 8 12
9 9 _3 i 9 I
0L 21 2 7 8 1 2 1920 7 82526 1 °
27 27 9 9 27 27 3 3 27 27 9 9 27 27
(a)
_1 1 1 -2 3
0 =5 g 2 B=5 3 1
} 1 1 : 1 { 1 1 1 { 1 1 : 1 { 1 1 1 l (4)
o { ______ 2. %_(_@(_)Szf_f ql%ﬁternary expan.
0 i ] i C( )
0 L 1 13 19 s oau 2
_ _16 & .76 2 _16 8 .16 @)
R T ©
0, ol 133 a1l |
64, gﬁi“s: 267‘17 %6
323 32 335 323
64 z) o1 1
4" 4"
cY cy
(b)
Figure 2.5: Few construction levels of the ternary and quaternary Cantor sets
observe:

(i) For the ternary Cantor set the left and right endpoints of the closed intervals remain when
going from one construction level to the next. Whereas, for the quaternary Cantor set only
the left endpoints remain but the right endpoints generated in the construction process

do not. These right endpoints are not in C(*.

(ii) From Figure the quaternary Cantor set ends up being skewed to the left of the interval
[0,1].

(iii) Referring to Figure [2.5] define:
. C ={xeR:xeC®n0,1/4]},
e W= xeR:xec®nli/2,3/4]},

4
o O =SUp, . (C£ ),
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o B=sup e (C1(e4))‘

Appendix |[A[shows that &« = 1/6 and B = o+ 1/2 =2/3. Thus, the left and right parts of

the quaternary Cantor set C*) spread respectively over [0,1/6] and [1/2,2/3].

2.2.2.1 Cantor-Lebesgue function for quaternary Cantor set W(x) as a fixed point

As observed above, in the construction of the quaternary Cantor set, we see the right endpoints
replaced by right endpoints of smaller value. One could think with that phenomenon, it may
appears more difficult to construct a Cantor-Lebesgue function for the quaternary Cantor set
that can be extended over [0, 1]. However, using the same technique as in Sec. for F in
the ternary Cantor set case, we can arrive at that goal matching, for instance, the requirement

that for 1/6 <x<1/2, W(x) =1/2 and for 2/3 <x <1, W(x) = 1. To achieve this we have:

Definition 2.2.1. Let (B([0,1],]|-]|) be the Banach space of all uniformly bounded real-valued
functions on [0, 1] with the supremum norm. Define a sequence of functions 4, : [0,1] — R as
follows:

%hn(4x) for 0<x< 4—1“

for % <x <y,
hyi1(x) = (2.70)
+3hy(4x—2) for 1<x<3,

N[ —

8=

p—

for %gxgl.
\

where the functions h, € (B([0,1],]-[|») n=1{1,2,3,...} and hg : [0,1] — R is arbitrary.

Proposition 2. If hg € (B([0, 1], ]-||), then the sequence {h,};_, converges uniformly to a unique
fixed point ug which we define to be W, the Cantor-Lebesgue function for quaternary Cantor

set.

Proof.
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Step 1 Similar as for the ternary Cantor set, we define a map H : (B([0, 1], ||-||l«) = (B([0,1],[|]|=)

by )
%g(4x) for 0<x< %,
1 1 1
> for 1<x<3,
H(g)(x) =1 L (2.71)
%+%g(4x—2) for %Sxﬁ%,
1 for % <x<l1.

We need to show that H(g)(x) is bounded on [0, 1], that is ||H(g)||« < e0. This is done

as follows:

(i) let g € B([0,1],[|-]l) 50 [[g]le < oo 0m [0,1].

(ii) if x € [0,1/4] we have

— lo(qy
HEW = e -
H(@)®)] = 3lg(x)] < 3]l
(iii) if x € (1/4,1/2) we have
Hg)) = 5 (273
(iv) if x € [1/2,3/4] we have
I N P
H@W = b+ lee-2) -
H(g)x)| < 3+3lgx—2) < 5+ 5llglls
(v) if x € (3/4,1] we have
H(g)(x) =1 (2.75)

From eqs. ([2.72), ( [2.73), ( 2.74) and ( [2.75) we obtain ||H(g)|l. < max{1,1/2+

1/2||g|le} < eo. For 1/2+41/2||g|l > 1, it implies that ||g|l. > 1. It results that we
take ||H(g)|| < max{1,]||g|lw} < oo to conclude that H(g) is bounded on [0,1] that is

H(g) € B([0, 1], [|-[]<)-
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Step 2 We need to show that H is a contraction and this done by applying the mapping H to

any two g1,82 € B([0,1],]|-|) as follows:

(i) if x € [0,1/4] we have

H(g1)(x) —H(g2)(x) = ;(g1(4x) —g2(4x)) (2.76)
[H(g1)(x) —H(g2)(x)| = 3l(g1(4x) —g2(4x))] < 3]l81— g2l
(i) if x € (1/4,1/2) we have
1 1
H{g1)(¥) ~ H(g2)(¥) = £ — 3 =0 (2.77)
(iii) if x € [1/2,3/4] we have
H(g1)(x) ~H(g2)(x) = 3(81(4x—2) —g2(4x~2)) (278
[H(g1)(x) —H(g2) ()| = 3l(g1(4x—2) —g2(dx—2))| < 5lg1 — g2l
(iv) if x € (3/4,1] we have
H(gi)(x) —H(g2)(x)=1-1=0 (2.79)
to obtain that
I (g1)~ H(g)]lw < 51—l (2.80)

showing that the mapping H is a contraction. Applying the Banach contraction principle
(see Appendix to the mapping H, we have that there is a unique fixed point ug €

(B([0,1],]|||s) such that H(up) = up. We define W to be the fixed point.
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To have that W = uy we need to show that the following identity holds:

TW (4x) for 0<x<i,
1 1
> for 7 <x<j;
2 g 27
W(x) = (2.81)
%+%W(4x—2) for %gxg%,
1 for % <x<1

\

Step (i) if 0 <x<1/4, then 0 <4x<1,s500<W(4x) <1 and we get that 0 < W (4x)/2 <
1/2and 0 <W(x) <1/2

Step (ii) if 1/4 <x<1/2, then W(x) =1/2

Step (iii) if 1/2<x<3/4, then 0<4x—2<1,800<W(4x—2)<1,0<W(4x—2)/2<
1/2, and we get that 04+1/2 < 1/2+W(4x—2)/2 < 1/2+41/2, simplifying,
1/2<1/2+W(4x—2)/2<1and 1/2<W(x) <.

Step (iv) if 3/4 <x < 1, then W(x) =1
We conclude the identity ([2.81) holds and ug =W.
[l

Consider the sequence {h,} € (B([0,1],]|-]|) in Definition In the proof of the Banach
contraction principle (see Appendix, the choice of the initial function hg(x) is arbitrary as long
as ho € B([0,1],||||. Usually, ho(x) = x and Figure 2.6 presents graphs of &,(x) for increasing n.
We observe that h,(x) converges relatively quickly to a function h,(x) for n = 100000 graphically
close to the Cantor-Lebesgue function W. In particular, we see the left endpoints of the first
plateau at W(x) = 1/2 converge quickly to oo = 1/6 as it should since it is the supremum of all
the right endpoints of the closed intervals arising in the construction of the quaternary Cantor
set. Similarly, the left endpoints of the second plateau at W(x) = 1 converge quickly to f =2/3
as it should. Since hq is arbitrary, Appendix || presents results when hg is a bounded step

function on [0, 1] and we can observe the same convergence as in Figure 2.6.
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Figure 2.6: Graph of the functions hy(x) for n=0,1,2,5,100,100000 for the quaternary Cantor
set
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Remark 2.2.2. Adding the condition W(y) =0 for y <0 and W(y) =1 for y > 3/4 to the identity

([2.81) for the Cantor-Lebesgue function W, allows W (x) to be written as a single expression:

W(x) = %W(4x)+%+%W(4x—2) Vx € [0, 1]. (2.82)

We observe the difference between F and W for the second condition: for F, F(y) =0 for y > 1

whereas for W, W(y) =1 for y > 3/4
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Chapter 3

Measure and dimension on Cantor sets

In this chapter, we consider four measures with support contained in a Cantor set C. For any

Borel set A C R, these are:
 mass distribution measure p,(A)
« Hausdorff measure restricted to a Cantor set C, .7#°(ANC) with dimension s
 unique measure Uy (A) from Hutchinson’s theorem for self-similar sets.

« unique Lebesgue-Stieltjes measure pp(A) where F is a Cantor-Lebesgue function on a

Cantor set C extended to R
We show the following theorem:

Theorem 3.0.1. Let F, be a Cantor-Lebesgue function on a Cantor set C extended to R, then

for every Borel set A € Z(R) we have the following equivalence:
Hn(A) = A7 (ANC) = ur(A) =t (A) (3.1)

While this result may be known, we have not found it proved in the literature. Here #(R)

is the Borel o-algebra on R [19 p. 34].
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The steps followed to prove Theorem are best seen in the following flowchart:

(Thm [B 2l Suppose that G: R —

R is an 1ncreasmg, right-continuous
function. Then there exists a unique
Borel measure g : Z(R) — [0,9]
such that ug((a,b]) = G(b) — G(a) for

every a < b

Prop. @t For F, the C-L function,
Hims ((a,b]) :F( )—F(a) for every a<b
and a,b € [0,1]

For F, the C-L and V Borel set A,
oy (A) = A5 (ANCD) = pi(A)

/

Prop. [6t For F, the C-L functlon
H5((a,b] N CC )) F(b) — F(a) for
every a < b and a,b € [0,1] Wlth

s =1log2/log3

Figure 3.1: Relation between i, (A), 2 (ANC®)) and urp(A) for every Borel set A € B(R)

We present Hutchinson’s Theorem [18] that states that there exists a unique Borel mea-
sure py with support contained in a Cantor set C such that for any Borel set A € B(R),
U (A) =1/ 22?21 uH(Tj_l(A)). We then show that p,(A) satisfies the recursive relation for
i (A). Therefore, by the uniqueness of puy we have that w,(A) = ug(A) for every Borel set
A € A(R). This is illustrated in Figure below. That result enable us to complete the
proof of Theorem Since we showed that p,(A) = 7#*(ANC) = ur(A), we obtain by using
Um(A) = up(A) the desired result: p,(A) = #°(ANC) = ur(A) = ug(A) for every Borel set
Ac ZR).
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(Hutchinson’s thm: There exist
a unique Borel measure ug with

support contained in CB) such
that for any Borel set A, ug(A) =

/252 1a (T ().

Sec. V Borel set A,
Wy (A) satisfies t, (A) =

1/2%5_, tm(T; ' (A))

\

V Borel set A, up(A) = tn,;(A)

Figure 3.2: Relation between p,,,(A) and ug(A) for every Borel set A € Z(R)
3.1 Hausdorff measure and dimension

3.1.1 Hausdorff measure

This section presents definitions of Hausdorff measure and dimension taken from references
[14 [15].

Definition 3.1.1. Let A be any non-empty subset of R. We define its diameter |A|, by |A| =
sup{|x—y|:x,y € A}.

Definition 3.1.2. A J-cover of a set F is a countable (or finite) collection of sets {U;} with

diameters 0 < |U;| < 8 that cover F.

Definition 3.1.3. Let F C R and s € R with s > 0. For each 6 > 0, we define

s (F) = inf{z |Ui|* : {U;} is a §-cover of F} (3.2)

i=1
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Definition [3.1.3] expresses a process that looks at all covers of F by sets of diameter at most
0 to find the infimum of the sum of the sth powers of the diameters. As § decreases, the family
of permissible covers of F in eq. ([3.2) is reduced. Therefore, the infimum J7§(F) increases or

at least does not decreases, as 0 — 0 and so approaches a limit. To see this:

Step 1 Let 0y > 6, > 63 > ... > 6; > ..., assume ¥, is a family of all covers of F' by sets of

diameter at most 9;.
Step 2 Since the §;’s are decreasing we have that .#; D%, D...D.%; D ....
Step 3 For any non-empty sets A C B C R, we have that inf(B) <inf(A) [6, p. 26].

Step 4 Since # 1 C Z; Vj>1 then %%i(F) < A3

j+1

(F).

Step 5 3 (F) is monotone increasing as 6 — 0 and so approaches a limit in [0,oo].

Definition 3.1.4. J#°(F), s-dimensional Hausdorff measure of F, is defined by:

K (F) = lim 45 (F). (3.3)

The limit in eq.( exists for any subset F of R although the limiting value can be 0 or
co. In fact, as we shall see below that limiting value is usually 0 or e. We note that #°(0) =0

and for any non-empty set F, 7°(F) > 0.

3.1.2 Hausdorff dimension

We can see from Definition that for any given set F C Rand 6 < 1, 7§ (F) is non-increasing
with s. It follows by eq. ( that .##°(F) is also non-increasing. More information on the

behaviour of .77°(F) as a function of s can be obtained by the following:

Step 1: Consider s fixed.
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Step 2: If t > s and {U;} is a §-cover of F, then
Y luil =Y U Uil <8 Y U (3.4)
i i i
Step 3: Taking infima over all d-covers, we get:

HL(F) < 8' S H (F) (3.5)

Step 4: If we assume J75(F) < oo then taking the limit 6 — 0 on both sides gives:
0<H#'(F)<0 (3.6)

and A" (F)=0fort>s

Step 5: If t <s and
YUL = LU < 8y Uil

YUl > Z’é'fff’x (3.7)
Step 6: Taking infima over all d-covers, we get:
) > 250 (539
Step 7: If we assume 0 < 75 (F) < oo then taking the limit 6 — 0 on both sides gives:
A (F) > oo (3.9)

and S (F) =co fort <s

Figure illustrates the above discussion where we clearly see the jump of ' (F) from oo

down to 0 when ¢ goes across s. This brings the following definition:
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Definition 3.1.5. The Hausdorff dimension for any set F C R is given by [15, p. 48]:

dimp (F) = inf{s > 0: °(F) = 0} = sup{s : J°(F) = oo} (3.10)

so that

o if 0<s<dimg(F)
H°(F) = (3.11)
0 if s> dimH(F)

and if s = dimg (F), then #°(F) may be 0 or e or may satisfy

0< H*(F) <o (3.12)

The discussion on the behaviour of J#*(F) as a function of s shows that if ineq. (|3.12)
holds then dimg(F) = s.

0 f \ S-axis
0 dimy (F) 1

Figure 3.3: Graph of #°(F) against s for a set F C R.
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The discussion on the behaviour of ##5(F) as a function of s brings the following questions.
How do we know that such a finite s exist? What if .7 (F) = Vs or S°(F) =0 Vs? These

questions can be answered by proving the following claim in the form of a Lemma.
Lemma 3.1.6. If F C R then there exists s < 1 such that J#*(F) =0 Vs > 1.

Proof.

It is enough to show that J#°(R) =0 Vs > 1.

Step 1 Consider the 8-cover of R by U~ U, with |Uy,| = &/|n| as illustrated in Figure [3.4 By

definition of J73'(-) we have:

[e] [ee] 1
A5 (R) < §|Un|s:5sgw~ (3.13)
Step 2 Taking the limit § — 0 in eq.(|3.13)), we obtain that
J°(R) <0. (3.14)
Step 3 By definition .##*(-) > 0, therefore we get that J#*(R) =0 Vs > 1.
0
5 o é é 6 4
§ 3 2 o o 2 3 %
0

Figure 3.4: Covering of R by sets of diameter §/n, n =1,2,3,...
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3.1.3 Hausdorff measure and dimension of the ternary Cantor set

This section presents a proof that the Hausdorff dimension of C®) is s = log2/log3 and the
Hausdorff measure of C®), 7#(C)) = 1. The present proof adds many details to the original

one presented in [14, pp. 14-15] and claim to some originality by:

(i) including cases where one or both the endpoints of the intervals in the cover is an element

of ()

(ii) extending the reduction and methodology of the original proof in [14) pp. 14-15] used to
obtain a lower bound for .#*(C®)).

Theorem 3.1.7. The Hausdorff measure of the ternary Cantor set C©®)| 7#9(C®)) = 1 with s =
log2/log3.

The proof consists of two parts:

Part (a) Upper bound: prove that °(C3)) <1

Part (b) Lower bound: prove that #*(C®)) > 1

to conclude that #%(C®)) =1

Proof.

We do a heuristic calculation [I5] p. 52| to justify an assumption used in the proof that
the Hausdorff dimension of C©3) is s = log2/log3. The Cantor set spreads over two equal and
disjoint parts: Cr =C® N[0,1/3] and Cg = C®)N[2/3,1]. Each of these parts is geometrically
similar to C®) but scaled down by a factor of 1/3. So, by the scaling property of Hausdorff

measure [15, p. 46] and since C®) = C; UCg, we have:

H5(CO) = 5(Cp) + °(CR)

(3.15)
= 1o5(C¥)+ L5 ()
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Assuming #*(C3)) € (0,00), we can divide eq. ( by #5(C3)), to obtain s = log2/log3.
In fact, this heuristic calculation gives a “guess” for the value of the Hausdorff dimension of
C®). That “guess” is then used to obtain upper and lower bounds for #°(C®)).
Upper bound for .#5(C))

For k € N, since C®) may be covered by the 2% closed intervals of length 3% that form C (3),

we have that

A (CP) <2H37H) =2k (35) Tk =2k 7k = 1. (3.16)

Letting k — co we have %(C3)) < 1
Lower bound for .7 (C®))
We need to prove that #5(C®)) > 1 (lower bound). This is equivalent to proving that for

any cover {U;} of the Cantor set C®®)| we have ¥;|U;|* > 1. The proof consists of two parts:
1. Obtaining from {U;} a finite collection & of closed intervals that covers C©).

2. Replacing each of the closed intervals in ¢ by a finite set of closed intervals arising from

the construction of the ternary Cantor set that offer the same covering.

Finite collection ¥

We assume that {U;} to be any countable collection .# of intervals covering C®). So,
F ={U;}>, and €O C 7, U;.

The Cantor set C®) is closed and bounded so C®) is compact. This latter property of C (3)

is used in obtaining from .Z a finite collection ¢ of closed intervals that covers C) as follows:

Step 1: Expand slightly each interval in .Z to obtain an open cover of C(3):

(i) For each i € N we consider U; € .# with endpoints a; < b;.

(ii) Let € >0 and define U; = (a; — /2" b; +€/21*1). Then {U}7, is an open cover

of C®) and |U;|" = (|U;| + £/21)s.
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Step 2:

Step 3:

Step 4:

Step 5:

(iii) Since s =1log2/log3 < 1, 2° > 1 so 1/2* < 1; recalling for Vx,y € RT U{0} and

0<a<l, (x+y)* <x*+y* then

i i (|Ui| +€/2") < i(lUl-ler(%)s) (3.17)
= = ~

we have

1\' &2

(oo} - (o} 1
YOI <Y Ul +&'-— (3.19)

to obtain

Since ) is compact and {17 > 1} is an open cover of C (3), there exists a finite sub-cover

of CB) {V;}1_, with C®) C U™ V; and each V; = U; for some i.

Since V; C V; for i =1,2,...,n and |V;| = |Vi|, we take & = {V;}"_,, a finite collection
of closed intervals that covers C®). We observe that nothing precludes these closed
intervals to overlap each other. That is, some pairwise intersections of these intervals

may contain more that one element. From ineq. ([3.19) we have that:

<] o n
) Ul +e'5 Z >y Vi (3.20)
i=1 i=1 i=1

Thus, we have to show that

n
Y Vil >1 (3.21)
i=1

Since ¢ originates from an arbitrary countable open cover of C3), we have no information
concerning the endpoints of each of these closed intervals. In this step, the left and right
endpoints of each of the closed intervals in ¢ are further adjusted using the following

methodology, best explained by considering a generic example:

Step 5.1 Figure shows the five first steps in the construction of the Cantor set. The
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Step 5.2

collections C\”’ of closed intervals that stem from the construction of C®) form

o)
i

a net. That is, any two such intervals are either disjoint or else one is contained
in the other. This net exists due to the self-similar pattern in the collections
C.(3) of closed intervals. Let U,-Cl-(s) be the finite union of the closed interval in

1

the collection Cl-(3). By definition, the Cantor set C®) =N, U,-Cl.(3) and the line
at the bottom of Figure illustrates C®) as the “dust” remaining from taking
N, Ui,

Consider V; = [1/18,1/4] as illustrated in Figure . That V; defines a “slice”
of the net but its left endpoint 1/18 belongs to the complement of CcB). Its

right endpoint 1/4 is an element of the Cantor set and it does not coincide with

any of the right endpoints of the closed intervals in all of the Cl.(3) [14].

Step 5.3 The endpoints are adjusted without reducing the actual covering of C®) by V.

o The left endpoint of V; is moved right to the left endpoint of some of the
closed intervals in the Cl-(3) as illustrated in Figure .

o The endpoint 1/4 of V; is modified: starting from Cf) and a given € >
0, there exists a j such that endpoint 1/4 € C®) is increased slightly to
coincide with the right endpoint of one of the children closed intervals on
level C§-3) (j could be much larger than i =4 and the smaller € is, the
larger j will be). In this instance, the right endpoint of V; goes from 1/4
to 547/2187 which implies the “given” € > 1/8748. Since every element
of C) is approached by a sequence of endpoints, we can find such a right

endpoint arbitrary closed to 1/4 no matter how small € is.

Step 5.4 Steps 5.1 to 5.3 are applied to each interval V; € 4. This results in a refined

covering of C®) by a finite collection ¢ of closed intervals V; each having their

left and right endpoints coincide respectively with the left and right endpoints
3)

of some closed intervals in all of the C;™’.
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Step 5.5 The generic example used to illustrate Steps 5.1 to 5.4 is indeed generic as it

includes most if not all the possible cases that we could have. For instance:

the endpoints of a given V; coincide with the left and right endpoints of

some closed intervals in all of the Cl.(s)

so there is no need to apply Steps
5.1tob4.

the endpoints of a given V; are such that the left endpoint is in the com-

plement of C®) but the right endpoint coincide with the right endpoint of
(3)

some closed intervals in all of the C;” and vice versa.

the endpoints of a given V; are such that the left endpoint is in C3) but
it is not a left endpoint of any of the closed intervals in all of the Cl-(3) but

the right endpoint of V; coincide with the right endpoint of some closed
(3)

intervals in all of the Cl.3 and vice versa.

; = ; 1 2

) Vi 1 3 3 1

i i c®

: : c
— - — -— -_— C§3>

- -r -- - —-- - - ——cff>

: -4 c®

1 1

18 o 4 Cx

Figure 3.5: Ternary Cantor Set
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Figure 3.6: Adjustment of endpoints of V; without affecting the cover of C©)
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Reduction and replacement methodology

Up to now, we have that each V; is a finite union of some of the closed intervals from
the construction of C), perhaps from different construction levels, together with open intervals
between them. In proving inequality (, the goal is to get rid of these “gaps” (open intervals)
without increasing the sum Y}, \‘7,-|s. We use a reduction and replacement methodology based

on the approach of Falconer given in [14, p. 15] to reach that goal follows:

Step 1: Referring to Figure 3.5 the closed intervals are labelled as “J” and the opened intervals

as “K”. In any Ci(3), consider any closed interval J which is of length 1/3'.

« By construction of the net, if J is not at one of the extremities of V;, an opened
interval, say K; precedes J and another opened interval, say K, follows J with the

property that the length of K| and Kj is greater or equal to the length of J.

e The construction of the ternary Cantor yields a self-similar net with the unique
particularity observed in Figure that no J is immediately preceded and followed

by two K's of exactly same length as J.

o If J is at the left extremity then it is followed by a K or if at the right extremity it

is preceded by a K with the length of K equal to the length of J.

Step 2: Any of the V; defines a “slice” of the net as shown in Figure . The endpoints of V;
coincide with endpoints of some J's in that “slice” and can be represented by a finite
union of J's and K’s. Amongst the K’s in that union, there exists a largest K that is

unique. Proof (by contradiction):

Step 2.1 Assumption: that union contains two largest K’s of same length equal to

3—(i+1)‘

Step 2.2 By construction of the net and the properties of the net intervals (see Fig-
ure , the “slice” contains either the full length of a J of a parent at level

Cl~(3), part of it or parts of two J's separated by one K of length greater than
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Step 3:

371, These yield or define one K larger than any other K’s at the children levels

that is for CJ(.S) with j >i. This contradicts the assumption made in Step 2.1

Step 2.3 The latter is supported by the fact that no J is immediately preceded and
followed by two K’s of exactly the same length as J as one side is always

bigger.

Step 2.4 Therefore, in the above union representing V; there exists a largest K that is

unique .

Remark 3.1.8. The above proof relies on the uniqueness of a larger K if the finite union
of J'’s and K’s representing V;. This is particular to the ternary Cantor set as this
uniqueness is lost when constructing Cantor set by removing two or more open inter-
vals of equal length from a parent closed interval. For instance, a Cantor set can be
constructed by dividing a parent closed interval in five equal parts and removing the
second and fourth open intervals. So the parent closed interval is replaced by the union
of three J's and two K’s of equal length. This gives one J preceded and followed by K’s

of same length as J.

By construction of the net,
Vi= (Ugvzl.]i) U (Ui-\,:_llKi) (3.22)

with one of the Kls, say K; being the largest in that union. K; divides the remaining
J's and K's into two unions I; and I, respectively on the left and the right of K j with
|Kj| > |I1],|I2|. I and I, are closed intervals since their respective union starts and ends

with a J. We use a reduction and replacement methodology to show that
Vil> > Y il (3.23)
i=1

giving that replacing V; by the J; does not increase the sum Y, |V;|’ in inequalities
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Step 4:

Step 5:

(13.20) and ([3.21)) . Also, removing the K’s does not change the covering property as

they do not contain any part of C©).

Basic case: for N =2 (smallest value for N) we have V; =Jy UK, UJ,. That is I} = J

and I, = J, and K; = K;. Then
Vil" = (il + K] + 2] (3.24)
Since |Ky| > |J1],]/2| we have that |Kj| > |J1|/2+ |J2]/2 to obtain
(241 s (1 IR
i = (2 nl e ) = @1y (Sl sl (3.25)
Since f(t) =t°Vt >0, 0 < s < 1 is concave we obtain with (24 1)* =3* =2 that
17.1% 1 s 1 s s s
Vil' 22 { 5P +51(102)" ) = [ + 12 (3.26)

Thus replacing V; by J; and J, does not increase the sum Y7, [V,

General case: Let N > 2 and from Steps [3] and ] we can write
ViI" = (|| + K| + |2 ])* (3.27)
Since |Kj| > |I1],|L| we have that |K;| > |I;]/2+|L|/2 to obtain
e (241 s AT TR
i > (2l 1mh ) = @+ 0f (Sinl+ S (3.29
Since f(r) =t"¥r >0, 0 < s < 1 is concave we obtain with (24 1)* =3* =2 that
7.8 1 s 1 N N K
Vil 22{ 3107+ 3 108) ) = [0 41| (3.29)

Thus replacing V; by I; and I, does not increase the sum ¥, |V,|*. Inner steps follow
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to reduce I; and I, to one net interval (i.e. one J;) or to a union of two J;'s and one K;

that is addressed using Step . In the union( [3.22)) representing |V;| there are 2N — 1

odd number) J;’s and K;’s (including K;) and for I} and I, they contain together 2N — 2
j

(even number) J;'s and K;’s. By construction of the net interval and since the sum of

two odd integers is even then I} and I, contain each an odd number of J;’s and K;’s.

Then this reduction is accomplished as follows

Step [5}1

Step [0] 2

Step [5}3

Step [0} 4

Let I} and I contain respectively 2M; — 1 and 2M; — 1 (odd numbers) of J;’s

and K;’s. Then by Step 2.4, I} and I, contain respectively a unique and largest

Kjl and sz'
By Step |3| we obtain I} = I11 UK, Ul and I, = b1 UK}, Uly.
By Step [ we have

\L[° > |+ 2] (3.30)
and

L > ||’ + 2] (3.31)
to obtain

Vil > I [+ ol + b [+ || (3.32)

Thus replacing V; by I11, I12, I and I, does not increase the sum pa |V,-|s.

Then with 111, I12, I and I, we go back to Step[pl1 to obtain the new collection

I, haz, Lo, Loz, D, iz, 121 and oo to obtain

Vil > [+ hal* + 2 ° + hoal* + b * + bl + b |° + bl (3.33)

Thus replacing V; by I111, 112, Ii21, 1122, i1, 112, Ia1, and L), does not increase
the sum Y7, [ViI'. We continue this reduction and replacement process until

all the I;j; . reduced to either one net interval (i.e. one J;) or to a union of two
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Ji’s and one K; which is further reduced using Step . This results in V; being
replaced in a finite number of steps by the N J;’s in the union for V; in ( [3.22))
with

N
Vil* =Y il (3.34)
i=1
which is the desired result. This completes the proof of inequality ( |3.23)).

Step 6: Using the same for all the other V;s in the cover ¢ of F are replaced using the same

methodology.

Step[6l1 Since the J;’s replacing the V;’s are net intervals, there is a k such that all
|J;] > 37K, Using the same methodology of replacement, we reach, in a finite
number of steps, a covering of C®) by equal intervals of length 3%, which does

not increase the sum Y; |/;|°.

Step [6]2 These must include, at least, all the closed intervals of J; and possibly more
since in the finite cover ¢ of C3) some of the V; could overlap each other. Then
the number of closed intervals of length 37% in this new cover of C) will be

greater of equal to the number of closed intervals of same length in CS) .

Step [613 This implies that
LIVl 226637 =24(3") ) =27 =1 (3.35)
i

This completes the proof of ([3.21]).

For the original covering {U;}, by ([3.20)), this gives

> 1 (3.36)

U’ +¢°
i_le I +e5—>
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since € > 0 was arbitrary we get that
Y Uil >1 (3.37)
i=1

Taking the infimum over all d-covers gives
A5(C¥) :inf{Z\Ui]s} > 1 (3.38)
i

Letting 8 — 0 we obtain that #*(C3) > 1.
In this section, we have shown that for s =1log2/log3, 1 < #°(C®)) < 1 which gives at

once that the ternary Cantor set C®) has dimension s = log2/log3 and Hausdorff measure

A5(C3)) =1. O

3.2 Measure of subset of R by mass distribution

This section presents the definition of a measure supported on a subset of R by mass distribution
which is then applied to the ternary Cantor set. This is followed by giving a proof that the mass
distribution measure of any subset of [0,1] of the form (a,b], (a,b € [0,1 and a < b) is given in
terms of the extended Cantor-Lebesgue function as F(b) — F(a). Similarly, we obtain the same

result for the Hausdorff measure restricted to C).

3.2.1 Mass distribution on a subset of R

The construction of a mass distribution [15], pp. 14-15] involves repeated subdivisions of a mass

between parts of a bounded Borel subset E C R.

Step 1 Preliminaries:

(i) Let &y be a collection consisting of the single set E.
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(ii) For k=1,2,...(k € N), let each & be a finite collection of disjoint Borel subsets
{Ui(k) }f\il of E such that each set Ui(k) in &% is contained in one of the sets of &;_1.

(k)

(iii) We assume that the maximum diameter of the sets U;™ in & tends to 0 as k — oo.

(iv) We define a mass distribution on these sets by repeated subdivision.

Step 2 We let u(E) satisfy 0 < u(E) < oo and we split this mass between the sets {U](l), 2(1), 3(1), e

in & by defining p(-) in such a way that
Y 1) = p(E) (3.39)

It should noted that the mass distribution among {Ul(l),Uz(l),Ugl), e 7U1£7P} need not be

uniform.

Step 3 Similarly, we assign masses to the sets of & so that if {U1(2)7U2(2) . .,Uk(f)} are the sets

of & contained in UJ(]) of & then (see Figure

n(W) =pwy, j=1.2,....N (3.40)
; ! J

In general, we assign masses so that

Y k() = u(v) (341)

for each set U in &%, where {U;} are the disjoint set in &, contained in U.

Step 4 For each k, let E; be the union of the sets in &, that is:

k)

E=vruuPuuu...uuy (3.42)

The subscript N € N in the last term of the union in eq.( [3.42)) emphasizes the mass

distribution to be over a finite number of sets.
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Step 5 We define u(A) =0 for all A with ANE, =0

To complete the above method, let & denote the collection of sets that belong to & for some

k together with the subsets of E; = R\ E; which is the complement of Ej relative to R. That is:
&={E:3k,EC & or ECE} (3.43)

In eq.([3.43)), the “Jk” means “some k” and eq.( [3.43]) can be written as follows:

(o)

=& U 2(E)) (3.44)
k=0

Since Ej is the union of the sets in & then w(E;) is equal to the total mass being distributed.
We can employ the above method to define the mass @(A) for every set A in &. This leads to
the claim that by building sets from the sets in the collection &, it specifies enough about the
distribution of the mass p across & to determine p(A) for any Borel set A. Falconer states that

this is indeed the case and we present a proposition in [15, p. 15] with a slight clarification:

Proposition 3. Let p be defined on a collection of sets & as above. Then the definition of u may
be extended to all Borel subsets of R” so that pt becomes a measure with its value p(A) uniquely

determined where A C R” is a Borel set. The support of u is contained in E. = ﬂ,"::lEk.
with the following notes:

1. If A is any subset of R”, let
,u(A):inf{Zu(Ui):AﬁEmC UUiEé"} (3.45)
i=1 i=1

To obtain t(A), we take the greatest lower bound of the set of possible values of Y72 | u(Uj;)

where the sets U; are in & and cover ANE.. In the above, u(U;) is defined for such U;.

2. If A € & then eq. ([3.45) reduces to the mass @(A) as specified in the construction.
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3. As u(R"\ Ex) =0, u(A) =0 if A is a set that ANE; = 0 for some k. This implies the

support of u is in Ey for all k.

Remark 3.2.1. The mass distribution measure y can also be obtain as the weak-limit of a

sequence of measures. We will not touch on this here.

3.2.2

Mass distribution on the ternary Cantor set

This section presents how the above methodology can be used to define a mass distribution on

the ternary Cantor set in such a way that it is as uniform as possible. The mass distribution is

accomplished as follows:

Step 1

Step 2

Step 3

Step 4

Let [0, 1] be the bounded Borel subset of R considered in this definition of a mass distri-

bution. Let %0(3) be a collection consisting of the single set [0, 1].

By construction, for k =1,2,...(k € N), let each ‘5,53) be a collection of 2% closed and
disjoint intervals as illustrated in Figure . The union of these intervals in ‘5,53) cor-
responds to Ej; in the general mass distribution process above. These intervals are the
required 2% Borel subsets Ul-(k) of [0,1] with i =1,2,...,2%. The construction of the Can-
tor set leads to a self-similar pattern and the generated closed intervals form a net such
that each consecutive pair of intervals Ul.(k) in ‘5,53) is contained in one of the sets of
‘Kk(i)l. In turn, each U ®) contains a consecutive pair of the sets in ka(i)l. For example, if

1

Ul(z) =[0,1/3] then it contains the two consecutive pairs [0,1/9] and [2/9].

Each of these closed intervals in ‘5,53) has a length (diameter) of 1/3* which clearly tends

to 0 as k — oo.

Figure shows the repeated subdivision generated by construction. For instance, ‘5,53)
contains 2¥ closed intervals then by construction, the next subdivision gives for ‘Kk(j_)l
2%+ 1 closed intervals and 2% consecutive pairs where each pair are subsets of one closed

(3)

. . 3
interval in Cgk .
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{[0,1/91,12/9,1/3]}  {[2/3,7/91,[8/9,1]} ZON

Figure 3.7: Steps in the construction of a mass distribution p by repeated subdivision.
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Step 5

Step 6

Step 7

Step 8

Step 9

Let 1([0,1]) = 1 and we split this mass uniformly between the 2* closed intervals in ‘5,53),

giving a mass of 1/2* for each closed interval in ‘5,53). Clearly,
2/{
Y 1) =u(0,1)=1vkeN (3.46)
i=1

For each k, let Ci be the union of the sets in ‘@(3), that is:
a=vMuuPurfu...uul (3.47)

Define u(A) =0 for all A with ANE, =0

Let € denote the collection of sets that belongs to (ﬁk(s) for some k together with the

subsets of [0, 1]\ Cx which is the complement of Cy relative to [0,1]. Since Cy is the union

of the sets in CK,{(S) then by eq. (3.46|) u(Cy) = 1. Then, we can define the mass u(A) for

every set A in €, noting that if A € [0,1]\ C; then u(A) = 0 since the mass is distributed

only over %”k(?') .

The preceding step specifies the distribution of the mass y across ¢ and Proposition

gives us the measure u(A) for any Borel set A C [0, 1].

Example 1: Let A =[0,5/12], we then have that 5/12 € (1//3,2/3) € [0,1]\ Cx. We have
5/12 > 1/3 but w((1/3,5/12]) = 0 since (1/3,5/12]1C = 0 and ([0, 1/3]) =
1/2 so, u([0,5/12) = u([0,1/3]) +p((1/3,5/12]) =1/2+0=1/2.

Example 2: What is the mass distribution measure of a singleton like {0} = [0,0]? We
know that (=;[0,0+1/3] = [0,0] = {0}. So, by the theorem on measure of

a decreasing intersection [2, p. 44] we have

1 (E[0,0+1/3]) = Timua((0,0+1/3])

= lim1/2'=0

[—oo

(3.48)
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Therefore, the mass distribution measure u({0}) =0 and it also means that

the mass of a single point is 0

3.2.3 Relation between mass distribution measure and the ternary Cantor-
Lebesgue function

This section presents the relation between the mass distribution measure and the ternary Cantor-

Lebesgue function by giving a proof of Proposition [4}

Proposition 4. For any closed interval [0,a] C [0, 1], the mass distribution measure is given by
Um([0,a]) = F(a) and for half open interval (a,b], we have w,((a,b]) = wn([0,b]) — um([0,a]) =

F(b)—F(a) for every 0 <a<b <.
Proof. We prove the proposition by induction:

Step 1 k=0: Trivial cases: a=0and a=1
(i) Since [0,0] is a singleton, we showed by eq.( in 92| the mass of a single point
is 0. So, u([0,0]) =0=F(0) =0.
(ii) u([0,1]) =1=F(1) =1 by definition of unit mass.
(iii) We can write for these two trivial cases that |u([0,a]) — F(a)] <1=1/2°
Step 2 k = 1: endpoints are {0,1/3,2/3,1}, w,([0,1/3]) = F(1/3) =1/2 and u,([0,2/3]) =

F(2/3) =1/2. By monotonicity of u, and F, and that u, =0 on &, we have: From
Table [3.1| we conclude that |u,([0,a]) — F(a)] < 1/2' =1/2.

Step 3 From the above, we can then formulate the Induction Hypothesis: For k =n—1 and for
any interval from construction E = [ag,bo] € &,—1 (at level k =n— 1) with positive mass,

we suppose true that go = Wy, ([0,a0]) = F(ag) and Va € [0,1], |4,([0,a]) — F (a)| < 1/2" 1.

Step 4 Induction Step: For k =n and for any interval from construction E = [ag, bg] € &—1 (level

k=n—1) and having a positive mass, we have that when a is an endpoint at the nth
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Construction level 1 (k=1)

Sub-case Interval Implications Implications
No. considered for tm(+) for F(-)
1 ac(0,1/3) 0 < uu([0,a]) <1/2 0<F(a)<1/2
2 a€[1/3,2/3] | um([0,a]) = un([0,1/3]=1/2 | F(a)=1/2
ae(2/3,1) 1/2 < wn([0,a]) <1 1/2<F(a)<1

Table 3.1: Mass distribution measure and Cantor function for construction level k = 1.

level which is not ag or by, then a =ag+1/3" or a = ap+2/3" and by construction

Um([0,a]) = go+ 1/2". This can also been seen in Table where by construction,

Wn(lao,bol) is decomposed equally by mass distribution as follows:

tn(lao,bo)) = tm([ao,ao+1/3") + tm(fao+2/3"ao+3/3" = b)) (3.49)

1 1

1

1 - @

2}’1

By Induction Hypothesis, u,([0,a0]) = go = F(ap) and F(a) = F(ap)+ 1/2" from con-

struction of F, so Uy,([0,a]) = F(a).

We conclude that |, ([0,a]) — F(a)| < 1/2" and

Construction level n (k= n)
Sub-case Interval Implications Implications
No. considered for tu(+) for F(-)
ny a € (ag,ap+1/3") qo < Up([0,a]) < go+1/2" qgo<F(a)<qo+1/2"
ny a€lag+1/3",ap+2/3"] U ([0,a]) = go+1/2" F(a)=gqo+1/2"
n3 ac (ap+2/3"ap+1/3""1=by) | go+1/2" < um([0,a]) < qo+1/2""" | go+1/2" < F(a) < go+1/2""!

Table 3.2: Mass distribution measure and Cantor function for one group of sub-cases at con-
struction level k = n.

equality holds at the endpoints of level k =n. Now, as n — oo, t,,([0,a]) = F(a) Va € [0,1]

and Uy ((a,b]) = um([0,b]) — um([0,a]) = F(b) — F(a) for every 0 <a < b < 1. This com-

pletes the proof of Proposition [}
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Appendix [C] presents a proof of Proposition [f] for the quaternary Cantor-Lebesgue function
W(x).

Proposition 5. For any closed interval [0,a] C [0,1], the mass distribution measure is given by
Um([0,a]) = W (a) and for a half open interval (a,b], we have t,((a,b]) = tn([0,b]) — um([0,a]) =

W(b) —W (a) for every 0 <a<b < 1.

3.2.4 Relation between Hausdorff measure and the ternary Cantor-Lebesgue
function

In this section we establish a relation between the Hausdorff measure of dimension s =log2/log3,
restricted to C®), of [0,a] C [0, 1] and the extended Cantor-Lebesgue function F. More precisely,
we prove the claim that for every 0 <a <1, #°([0,a]NC®)) = F(a). Then, the section con-
cludes by the proof of relation between the Hausdorff measure restricted to C®) of (a,b] C [0,1]
and F, 7*((a,b)NC3)) = F(b) — F(a) for every 0<a<b < 1.

By Theorem [3.1.7, C®) has dimension s = log2/log3 and Hausdorff measure s#*(C®)) = 1.
The ternary Cantor set can be constructed using the IFS given in eq. ([2.65)). Tp(x) and Tj(x)
are similarity transformations of scale factor 0 <A =1/3 < 1. The value of 4 makes them

contractions and also Lipschitz mappings:

|To(x) = To(y)] sh—yl vxyefo,1]

T1(x) =T\ ()| = [To(x) + 3 — To(y) — 5| = |To(x) = To(»)| < Flx—]

IN

(3.50)

Then, by the scaling property of Hausdorff measure [15], p. 46] we have for every 0 <a <b < 1:
S 1 * S 1 N
A (Ti(la,b])) = | 5 | #°(la,b]) = 5°([a,b]) k=1{0,1} (3.51)

Then, the heuristic calculation performed in proving Theorem can be extended as follows:

(a) At construction level 2, define Cz, = [0,1/9]NC®), C1, = [2/9,1/3]NCB), Cr, = [2/3,7/9]N
), Cr, =[8/9,1]NCB) all disjoint, to obtain: CB) = Cp, UCL, UCg, UCk,.
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(b) We can write

HE(CO)) = A5(CL)+ H5(CLy) + H(Cr,) + H5(Cr,)

— ax L s
4x Gy *(CP) (3.52)

_ 1
1 = 4><(35)2.

Eq. ([3.52)) implies that J#*(Cy,) = H#*(CL,) = #5(Cg,) = H#*(Cg,) = 1/22.

(c¢) Continuing inductively, then at construction level n, the Hausdorff measure of the intersec-
tion of each closed interval in the union C,?) with C©®) equals 1/2" since the scaling ratio is
1/3".

At construction level n, section [3.2.2| concluded to the uniform distribution of the unit mass,
assigning a mass of 1/2" to each closed interval giving mass distribution measure of 1/2".
Clearly, the mass of each of these closed intervals U in C,(l3) equals the Hausdorff measure of
the intersection of each of these closed intervals with C), 1/2" and this ¥n € N. So, we obtain
that #(UNCG)) = p,,(U) for every closed interval U arising in the construction of C®) where
by the definition of & in eq.( [3.44) U € & Also, the mass of the subsets of the complement of
C®) is 0 which implies the Hausdorff measure of these subsets is 0. This leads to the following
proposition:

Proposition 6. For any closed interval [0,a| C [0, 1], the Hausdorff measure, restricted to cB),

is given by #([0,a] NC3)) = F(a) and for half open interval (a,b], we have . ((a,b)NC®)) =

HA([0,5]NCP)) — #([0,a] NCP)) = F(b) — F(a) for every 0<a < b < 1.

Proof.

With every closed interval U arising in the construction of C®) contained in &, we have es-

tablished that #(UNC®)) = w,,(U) YU € &. So the proof of Proposition @ is exactly the same

as that of Proposition , since all that proof uses is the knowledge of u,,(U) for such U. O

Appendix [D] presents a proof of Proposition [f] for the quaternary Cantor-Lebesgue function

which formulation is as follows:
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Proposition 7. For any closed interval [0,a] C [0, 1], the Hausdorff measure, restricted to C(*),

is given by 2 ([0,a]NC¥) = W (a) and for half open interval (a,b], we have J#((a,b)NC¥) =

(10,6 NCH) — ([0, NCH) =W (b) —W(a) for every 0 <a < b < 1.

3.2.5 Lebesgue-Stieltjes measures

From [I9] p. 30-31], we briefly present the Lebesgue-Stieltjes measures on R. These are a

generalization of the Lebesgue measure. To obtain these Lebesgue-Stieltjes measures on R we

first take an increasing, right-continuous function G : R — R, and second, assign to a half-open

interval (a,b] the measure:

(a)
(b)

Hc((a,b]) = G(b) = G(a) (3.53)

Four reasons motivates the use of half-open intervals:

a non-zero measure could be assign to a single point (see [2| below)

we observe that the complement of a half-open interval of the type (a,b] can be a finite
union of half-open intervals of the same type where some of the half-open intervals could

be infinite.

the Borel o-algebra on R, Z(R), can be generated from the algebra of unions of disjoint
half-opened intervals [16, Prop. 1.2(c), p. 22; p. 33]. We use that proposition from Folland

to arrive at the conclusion of Theorem

intervals half-open at the left offer consistency when verifying the right-continuity of G,

since

ﬁ (a,a+1/k] = (3.54)

so, from the measure of a decreasing intersection [2, p. 44] and if G is to define a measure

we need

ﬁ (a,a+1/k]) = llm,uc((a a+1/k])= (3.55)
k=1
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or by direct right continuity

lim [G(a,a+ 1/k) — G(a)] = 1im+G(x) —G(a)=0 (3.56)

k—yo0 xX—a

Conversely, as stated in the next theorem, any such function G defines a unique Borel

measure on R.

Theorem 3.2.2. (Ref:[19, p.30], [I6, Thm 1.16, p. 35]) Suppose that G : R — R is an increasing,

right-continuous function. Then there is a unique Borel measure pg: Z(R) — [0,] such that
6 ((a,b]) = G(b) — Gla) (3.57)

for every a < b.

Here #(R) is the Borel o-algebra on R [19, p. 34].

We have the following relevant examples:

Example 1: If G(x) =x then ug is Lebesgue measure on R with ug((a,b]) = G(b) — G(a) =
b—a=m((a,b)).

Example 2: If G monotone function on R, so G has only points of continuity or jump disconti-

nuity. Then Vx € R,

HG({x}) = lim uG((an, by]) = lim (G(bn) — G(an)) (3.58)

n—oo

for all sequences a, < b, with a, — x— and b, — x+. Therefore,

0 if G is continuous at x
uo({x}) = Glx+) - Glx—) = (3.59)
h otherwise, h: height of jump at x

This example illustrates the significance of using half-open intervals because by eq.

(13.59), the Lebesgue-Stieltjes measure assigns non-zero measure to a single point
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where G has a finite jump.

The Cantor-Lebesgue functions F and W are both an increasing, right-continuous functions.
From Propositions [4] and [6] and Theorem [3.2.2] the question arises whether there is a relation
between ,, 7 and ur (G replaced by F)? By Theorem any such increasing, right-
continuous function G defines a unique Borel measure on R. F is increasing and continuous
function on [0, 1] but that can be further extended to the whole R by requiring that F(x) =0 if
x <0 and F(x) =1 for x > 1, preserving the continuity of F on R. Then using the proposition
by Folland cited above, that Z(R), can be generated from the algebra of unions of disjoint
half-opened intervals, we get that F defines a unique Borel Measure ur such that for every
Borel set A € # we have:

Hny(A) = A (ANCD)) = g (A) (3.60)

answering the question in the affirmative. The above is illustrated in Figure [3.1] Similarly for
the quaternary Cantor set, we have that W defines a unique Borel Measure uy such that for

every Borel set A € % we have:
Hony(A) = A5(ANCY) = iy (A) (3.61)
This completes the first part of the proof of Theorem [3.0.1]

3.2.5.1 Measure on an interval as a Cantor set

In Section the subdivision process used to create a binary tree of disjoint half-open
intervals (see Figure is in fact a process to obtain the binary Cantor set which is [0,1)U1 =
[0, 1]. To see this, we take the intersection of all the unions of half-open intervals created at each
level k that gives [0,1) then we add 1 to obtain the binary Cantor set [0,1]. We have shown
in Example 1 above that for G(x) = x that Lebesgue measure m is a unique measure such that

uc((a,b)) = G(b) — G(a) = b—a=m((a,b]) for every 0 <a < b < 1. The binary Cantor set can

70



be constructed using the following IF'S:

Bo(x) = % (3.62)
x+1
Bi(x) = —
Since Bo(x) and Bj(x) are well-defined and continuous over R, their inverses
By'(x) = 2x (3.63)

B/'(x) = 2x—1

have the same properties. The binary Cantor set [0, 1] enjoys results similar to what is found in
Propositions [4] and [] for the ternary and quaternary Cantor sets with similar proofs that will

not be repeated here. These results are (s =1):

[.Lm2<(a,b]) = HUm [Ovb]
= (b

(10,5)) — tny (10,

)—G(a)=(b—a) forevery 0 <a<b<1 (3.64)
A7 ((a,b]) = 72°([0,b]) — 2°([0,4])

) -

= G

Q

(a)=(b—a) for every 0 <a<b<1.

3.3 Hutchinson’s theorem: measure on self-similar sets

In this section, we present a theorem by Hutchinson [18] that there exists a unique measure with
support on the ternary and quaternary Cantor sets and which satisfies recursive relations. This
is followed by a proof that the mass distribution measure satisfies these recursive expressions.
Following [14] p. 119], a mapping y: R — R is called a contraction if |y(x) —y(y)| < clx—y|
for all x,y € R, where ¢ < 1. Clearly, the IFS’s for the ternary and quaternary Cantor sets are
contraction. They are also continuous over R as well as their respective inverse. The infimum

of ¢ in each of the IFS’s is the contraction ratio r: 1/3 and 1/4 for the ternary and quaternary
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Cantor sets respectively. A contraction that transforms every subset of R to a geometrically
similar set is called a similitude. In the present case, each of the IFS’s represents a similitude
being a composition of a dilation and a translation. The contraction ratio is the scale factor of

the similitude.

Definition 3.3.1. A set E C R is called invariant for a set of contractions yi,...,y, if E =
Uit W5 (E).
The ternary and quaternary Cantor sets, C®) and C#), are invariant for their respective

IFS. We adopted Falconer [14, p. 120] statement of Hutchinson’s theorem [18], in the following

form:

Theorem 3.3.2. There exist a unique Borel measure g with support contained in E, such that

for any Borel set F,
m
R(F) =) riu(y; (F)) (3.65)
j=1

where each IFS equation y; has a contraction ratio r;. For the ternary and quaternary the
contraction ratio r; is the same in both equations of the IFS so the infimum of the {r;} defining

ris 1/3 and 1/4.

For the ternary and quaternary Cantor sets with respective Hausdorff dimension of s3 =

log2/log3 and s4 =log2/log4 = 1/2, eq.( |3.65|) takes the form for any Borel set F:

1

= (a7 (F)) + (T} (F))) ternary (3.66)

w3 (F)

a(F) = 5 ({53 (F) + pa(5y  (F))) canaternary (3.67)

For the ternary Cantor set, rj = 1/3 for both j={0,1} and (1/3)" =1/2. Similarly, for
the quaternary Cantor set r; = 1/4 for both j={0,1} and (1/4)* =1/2. This explains the
1/2 factor on the right-hand side of both eqs.( [3.66)) and ([3.67)). We observe the absence of an

explicit expression for uz and 4, rather the expressions for us and uy are recursive.
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3.3.1 Ternary and Quaternary Cantor Measure by mass distribution

We present a verification that for any Borel set A C [0, 1], the mass distribution measures my,, (-)
and myy, () satisfy the recursive relations in eq. ([3.66) and eq. ([3.67)) respectively. The IFS’s
and their inverse for the ternary and quaternary Cantor sets are given by the egs. ( ,
( [2.66), ( and ( 2.69). The main difference between these is the contraction ratio and
this enable writing these in a common form for C(?) where p € {3,4} (ternary when p =3 and

quaternary when p = 4):

X
xX) = — 3.68
%0(x) p (3.68)
x+2
X =
n(x) »
%'(x) = px (3.69)
" 'x) = px—2
and the recursive expression for the measure takes the form
1 _ _
Hon, (A) = = (Ko, (T H(A)) + b, (711 (4))) (3.70)

Step 1 Note that y(x), 11(x), % ' (x) and 7; ' (x) are linear transformations, straight lines in R2,

continuous over all of R.

Step 2 Additional properties of %, 7,% Iand 1 ! when domain is the set of closed intervals in

construction of C(P):

i) Figure[3.8shows the trees of application of J, 71, %, | and 7, ! on the set of closed
0 1

intervals - represented as e - in construction of C(?)
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(ii) Base case k=0, let Joo = [0,1] then % (Joo) =1[0,1/p] =Ji10 € & and ¥(Jop) =

2/p,3/pl=J11 €8,

(iii) For k> 1 (see Figure [3.8):

EL = ANy Do C[0,1/2]Y = {J:0< <21
k {kj k,l [ /]} {k,Z >4t > } (3.71)

R = AT (1/2,1]} = {J:2 <e<2k—1}

(iv) As linear maps in R, % and 7y are bijections since:

(a)

(b)

(c)

From Figure (a), Y% maps the whole tree at level k—1 onto the left-half tree
at level k and y; maps the whole tree at level k —1 onto the right-half tree at
level k

From Figure (b), ¥ | maps the left-half tree at level k onto the whole tree
at level k—1 and ¥} "' maps the right-half tree at level k onto the whole tree at
level k—1

From Figure 3.8(a) and (b), these mappings are clearly one-to-one.

k—1_
(v) Consider the 2= closed intervals {]k—lf}?:o ! contained in Er1-

(a)

Each Ji_1 0= }/O_l(j;w) for some j;{n € gkL since Y is a bijection between &;_
and &F. Hence, for J;n € &R that is JA;;,, c [2/p,3/p], y(;l(j;(,n) C [2,3] by
eq. ( since ¥ !'is continuous over all of R. Therefore, j;cn € @@kR implies
}/O’I(j;{,n) disjoint from any Ji_1 ¢ € &—1.

Each Jy_1 =17 1(J~kn) for some j;(n S éakR since ¥, is a bijection between &4
and &R. Hence, for JA;;n € &L, that is j;c,n c [0,1/p], }/I_I(JA;;,,) C [-2,—1] by
eq. ( since !'is continuous over all of R. Therefore, j;m € @‘akL implies
}/fl(JN;m) disjoint from any Ji_1¢ € &—1.

Thus, y(;l(éa,f) does not intersect any Ji, € &1 so ‘v’JNk,,1 € &R, }/O*I(JN;(,,,) C
&, C (CP)¢ and the mass [.me(y()_l(ﬁﬂ)) =0. Similarly, 7, '(6F) does not

intersect any Jy s € &1, so the mass /.me(yfl(j;m)) =0 Vj;m € é”}f
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(d) Forall Z C (—e0,0] C (CP))¢, the mass Hm, (7% ) = 0. Since Y% | is continuous on
all of R then by eq.( , Y% (%) C (—,0] and the mass ump(}/o_l(%)) =0.
Similarly, since 7; ! is continuous on all of R then by eq.( , v %) C
(—oo0, —2] and the mass Hm,,(}’fl(%)) =0.

(e) For all % C (3/p,e) C (CP))¢, the mass M, (% ) = 0. Since ¥ | is continuous

on all of R then by eq.(3.69), Y% (%) C (3,%) and the mass Him, (% (%)) =0.
Similarly, since ;- Uis continuous then by eq.( , Y Y) c (2,0) and the

mass i, (17 (%)) =0,
(vi) In terms of mass distribution we have

Case 1: Consider Ji s € é"kL then

5 = M, (Tee) = 5 [, (5 ko)) + M, (Y (i)

(3.72)
- 4[] -
Case 2: Consider Jy 4 € 5,5 then
2 = Mm,(ke) = 5 [, (% i)+ i, (Y i)
(3.73)
- fpea] -4
Case 3: For all % C (—o0,0] C (CP))°
(3.74)

= 1[0+0]=0
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Case 4: For all  C [1,00) C (C(I’))C

0 = tm, (%) = 51w, (% (%)) + i, (7 (%))]

(3.75)
1[0+01=0
Therefore, in terms of mass distribution, we have shown that V% € &
1 _ _
Hon (%) = 5 [, (% W)+ b, (v (%)) (3.76)

&

Figure 3.8: Trees of application of %, 71, ¥ Vand N ! on the set of closed intervals in construction
of C(P)
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Step 3 Lower bound for ,,,(A):

(i) Consider a cover {V;} of ANCP) with V; € &. That is, ANC) C |J;Vi. Since 15!
and ¥, I"are continuous on all of R, we have that {yo_ (V;)} and {’yl_ (Vi)} are in

&. Now consider:

(% ' (A)NCP) =0(1 ' (A) Nw(C?) cAncl CUV (3.77)

where 95(CP)) is the left part of C?) with 9(C(?)) ¢ CP). Then from eq. (3.77)
we have that

Anyp(Cc'?) c UV (3.78)

Then we obtain from eq. (3.78)) that

% ANKCP)) c ' (UV)

(3.79)
% A)NC? <y (Uivh)

(ii) By definition:

t, (7' (A)) = mf{Zlump( ) (A)N p)CUi%,%Eg}
< Zi.ump(%)_ (Vi)

(3.80)

where from eq. ( , we take % =¥, Y(v;). Similarly,
/.me(yl <Z/,me ¥y, 1(V;)) where we take % = v, ' (Vi) (3.81)
(iii) Combining ineq. (|3.80)) and ([3.81]), we obtain:

%[.um,,('}’o_ HA)) + i, (1771 (A))] < 5 Zum,, 0 (V) + b, (1 (V)| (382)
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By eq.(3.76]) we have:

1

5 [t (0 (A)) + b, (7 (A))] < 3, (V1) (3.83)

and eq.([3.83) is true for any cover of ANC) # @ by elements of &.

(iv) Taking the infimum over all such covers on the right-hand side of ineq.( [3.83)),
keeping in mind the left-hand side of ineq.(|3.83) is already an infimum (fixed real

number) , we get the lower bound for g,,(A):

% [, (% (A)) + i, (771 (A))] < m, (A) (3.84)
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D 013 = 21 %A C (0, 1/3]) = [0,1]
\ AR (/3] = 0,1] Ny AT < (2300 = 203

fU——
0 1 2 1
32 3

AL =AnN[0,1/3] AR =AN[2/3,1]

(a): for p =3, ternary Cantor set
%' (A" C 1 ' ([0,1/4]) = [0,1]
7 AR N ([1/2,3/4) = [0,1] W (%) 35 (1/2,3/4) = [2.3]

AL =AN0,1/4] AR=ANT1/2,3/4]
b): for p =4, quaternary Cantor set

—~

Figure 3.9: Sets AL and AR and location of 1, ' (AL), 5 ' (AR), v (AY), v ' (AR) with respect to
[0,1] for both p = {3,4}.

Step 4 Upper bound for ,,(A):
(i) Given € > 0, the aim of this step is to show:

Hny (4) < 3 [, (05 (4)) + o, (377 (4))] + (3.55)
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(i)

(iii)

and since € is arbitrary, we would obtain:

Hiny (4) < 3 1, (5 () + i, (07 ()] (3.86)

an upper bound for i, (A).

With A C [0,1], the mass of AN (1/p,2/p) is equal to 0. Thus, we define AL =
AN[0,1/p] and AR =AN[2/p,3/p] as illustrated in Figure . Clearly, AL and AR

are disjoint and we have in terms of mass distribution:
Hon, (A) = L, (A") + i, (A%) (3.87)
Since y and 7 are bijection, referring to Figure we can write:
7 ) = (A Uy (aF) = (0.1}, (3.88)
Since 7 '(AF) and 7! (AR) are disjoint, we have in terms of mass distribution:
Hon, (%1 (A)) = Hn, (77 (AT)) + o, (371 (A5)) i = {0, 1} (3.89)

From Figure we make the key observation that ¥, ' (AR)nC (P) = @ and v (AN

cP) = 9. So, ,ump(yo_l(AR)) =0, ,ump(}/l_l(AL)) =0 and eq. ( D becomes:
Hon, (%5 (A)) = i, (% (AT)) (3.90)

and

Hon, (77 (A)) = o, (77 (AF)). (3.91)
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(v) By using egs. ([3.90) and ([3.91)) in ineq. ([3.85), it suffices to show that:
tny () < 5 1, 0™ (A2)) + i, (07 (4%))] & (392
(vi) By definition:
tm, (v (AR)) = inf{Z[,me( v (AR nel) ¢ U%,, U € é”} (3.93)

We choose for cover, a collection of closed intervals J; from the construction of C(7).

For those we obtain:

.ump('}’ (A7) <Zump (3.94)

Note: As illustrated in Figure , ¥, 1 (AR) “spreads” over [0, 1].

(vii) 7 is a bijection and a contraction. In addition, it is continuous. So wn,(71(J;)) <
Mm, (J;) and all y1(J;) are closed subsets [2/p,3/p] and y(J;) € & . Taking for cover

these 71 (J;) we have by definition of W, (-) (a set function):
(viii) For closed sets (intervals) J in & we showed in Step 3, (vi) that

tiny () = 5 [ty (05 (7)) o, (0 )] (3.96)

So, using eq. ([3.96)), we can write ineq. ([3.95]) as follows:

l\)l'—‘

Hony (A%) < Yty (0 U2) = 5 3 [ham, (0 (1)) + o, (v (M U)))] - (3.97)
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Since all y1(J;) C [2/p,3/pl, ump(yal(yl (Ji))) =0VieN, then ineq. 1) becomes:

I, (AR) <

| =

Z Zum,, (3.98)

(ix) Let € >0. By Archimedean Principle [6, p. 27] and recalling that (¥ LAR)) is
an infimum, there exists a cover of closed intervals from the construction of C(?)

such that:

Hon, (11 (AR) < Bt (J) < i, (771 (AF)) € (3.99)
%.ump(yl_l(AR)) < %Zi.ump(-]i) < %Nmp(yl_l(AR))+%
(x) Using the < part of ineq. ([3.99)), ineq. ([3.98)) becomes:
1 _ €
o, (AR) < = Zum,, < S, (1 (AT) + 5 (3.100)

(xi) By definition:
o, (77 (A7) mf{Zump cy HAabne) ¢ U@/,, U; € 5} (3.101)

We choose for cover, a collection of closed intervals J; from the construction of C(P).

For those we obtain:

Hon, (15 (A")) < Yt (1) (3.102)

Note: As illustrated in Figure , ¥ ' (AF) “spreads over [0,1]. That is 1, ' (AL) is

not confined to [0, 1/4]

(xii) % is a bijection and a contraction. In addition, it is continuous. So (W (/i) <

Mm, (J;) and all y(J;) are closed subsets [0,1/4] and y(J;) € & . Taking for cover
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these 1(J;) we have by definition of g, (-) (a set function):
i, (AY) < Zi:um,,(YO(Ji)) (3.103)
(xiii) Using eq. ([3.96]), we can write ineq. ([3.103)) as follows:
B (A1) < Kb, (00) = 5 2 [, 0" 000D iy (06 (1 )] (3104
Since all 1(J;) C [0,1/p], tm, (% ' (71(Ji))) = 0 Vi € N, then ineq. becomes:

Hm, (A") < %Zump(?’o_ ")) = %Zum,, (Ji) (3.105)

(xiv) Let € >0. By Archimedean Principle [6, p. 27] and recalling that t, (¥, Hah) is

an infimum, there exists a cover of closed intervals from the construction of C(%)

such that:
o, (15 (AD) < it (B) <t (31 (AF)) + € (3106)
T, (151 (AD) < ANk, () < g, (% ' (AF)) + 5
(xv) Using the < part of ineq. ([3.106)), ineq. ([3.105)) becomes:
£
.ump AL <3 Z.ump < .ump(% (A ))+§ (3.107)

(xvi) Adding the < part of inegs. (|3.100)) and (3.107)) and using eq. ([3.87]) we obtain:
1 _ _
Hm, (A) = .ump(AL) +.ump(AR) <5 [tm, (o '(ah) + tm, (1 I(AR))] +e  (3.108)
Since € > 0 is arbitrary, ineq. ([3.108)) becomes:

tiny () < 3 [ty (35 (A1) + s, (77 (4%))] (3.109)
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Ineq.([3.109) with egs. (|3.90)) and ([3.91]) imply that:

Hon, (A) < 5 [tm, (% ' (A)) + Fon, (77 (A)] (3.110)

which is the desired result for this step.

Step 5 From ineqs. ([3.84) and ([3.110) we obtain that:
1 _ _
oy (A) = 5 [tm, (% (A)) + n, (7 (A)] (3.111)

This completes the proof by mass distribution for () of eq. ([3.70) for any Borel set
AcC0,1].

As defined in Section [3.2.5.1} the binary Cantor set [0, 1] enjoys results similar to what is
found in eq. ([3.70) and ( [3.114) with similar proof that will not be repeated here. We then

have :

1

=3 [ tm (Ba1 (A)) 4 L, (B7! (A)] for any Borel set A C [0,1] (3.112)

iy (A)

3.4 Relation between measures on Cantor sets

In Section [3.2.5] gives the proof of the first part of Theorem [3.0.1] The proof follows the steps
in the flowchart of Figure and shows the results given in eq. ([3.1)).

In the above we have shown the following results:
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1. for ternary Cantor set (s =1og2/log3):

Hms ((a,b])

25((a,b] NCP))

My (A)

Hm; ([0,6]) = tins ([0, 4a])

F(b)—F(a) for every 0 <a<b <1
25([0,6)NCP) — #5([0,a) NCP)
F(b)—F(a) for every 0 <a<b< 1.

% [um3(TO_1(A)) +um3(Tl_1(A)} for any Borel set A C [0,1]
(3.113)

2. for quaternary Cantor set (s =1log2/logd =1/2):

,LLm4((a,b])

A5((a,b] NCH)

iy (A)

iy ([0,0]) — 1, ([0, 4a])

W (b) — W (a) for every 0 <a < b < |
2(10,6] NC®) — 7#5(]0,a) N CH))
W (b) — W (a) for every 0 <a < b < 1.

! [/.Lm(r(;l(A)) +/.Lm4(rf1(A)} for any Borel set A C [0,1]
(3.114)

Note: Slight change in nomenclature: p,;(-) is mass distribution measure on Cc®) and

L, () is mass distribution measure on C*).

The Cantor-Lebesgue functions F and W are both an increasing, right-continuous function.

From Propositions and Theorem [3.2.2] the question arises whether there is a relation between
Uy, 7¢° and pp (G replaced by F)? By Theorem any such increasing, right-continuous
function G defines a unique Borel measure on R. F is increasing and continuous function on
[0,1] but that can be further extended to the whole R by requiring that F(x) =0 if x <0 and
F(x) =1 for x > 1, preserving the continuity of F on R. Then F defines a unique Borel Measure

ur such that for every Borel set A € # we have:

iy (A) = A (ANCO)) = up (A) (3.115)
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answering the question in the affirmative. The above is illustrated in Figure [3.1} Similarly for
the quaternary Cantor set, we have that W defines a unique Borel Measure uy such that for

every Borel set A € Z we have:
Hony (A) = A (ANCY) = iy () (3.116)

where the function W (x) is further extended to the whole R by requiring that W(x) =0 if x <0
and W(x) =1 for x > 3/4, preserving the continuity of W on R.
Hutchinson’s Theorem states that there exists a unique Borel measure uy with support

contained in C©®) such that for any Borel set A € B(R), uy(A) = 1/225:1.UH(TJ-_I(A))- We
showed that p,,(A) satisfies the recursive relation for ug(A). Therefore, by the uniqueness of

Uy we have that:

My (A) = pri(A) (3.117)

for every Borel set A € #(R). This is illustrated in Figure . Similarly, for the quaternary

Cantor set we have:

Hmy (A) = pr (A) (3.118)

for every Borel set A € Z(R).
This completes the proof of the second part of Theorem |[3.0.1| and the theorem is completely

proved.
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Chapter 4

Frames for measures on Cantor sets

4.1 Background on Frames

Duffin and Schaeffer [9] were the first to introduce frames and present their general definition.
However, the core subject of their paper [9] is non-harmonic Fourier series in the context of se-
quences of complex exponential functions. The monograph of Young [28] presents non-harmonic
Fourier series including frames of exponentials.

In studying vector spaces, basis arises to be of a notion of paramount importance. Having
a basis represents an ideal tool to represent every vector in a given vector space by a linear
expansion in terms of basis elements. However, that ideal tool often imposes requirements
on the basis elements such as to be linearly independent and orthogonal with respect to an
inner product. If additional requirements need to be satisfied, then that ideal tool becomes
difficult or sometimes impossible to sustain. So, to obtain a more flexible tool, we have to relax
these requirements. That is, new elements are added to the original basis to satisfy additional
requirements but these new elements need not be independent and perhaps be orthogonal with
respect to the inner product. This gives an “extended basis” that is called a frame and it has the

same property as a basis which is that every vector in a given vector space can be represented
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by a linear expansion in terms of frame elements.

On top of linear independence and orthogonality, uniqueness of representation of vectors is
also a requirement that comes in for any practical use of representations, may they be linear
combinations or series. Again, this requirement can cause problem rather than help. For
example, let e, be an orthonormal basis for a Hilbert space. Then f =Y, (f,e,)e, is unique and
the sequence of coefficients {(f,en) }nen characterise f. In data transmission, prior “sending” f
as a “signal”, f is represented by a unique series f =Y, (f,e,)e, where sequence of coefficients
{(f,en) }nen characterise f. Ideally the data transmission consists in actually sending only the
sequence of coefficients and at the receiving point, the “signal” f is recovered by using its series
representation. However, the lost of only one coefficient (f,e,) has a profound consequence. It
makes the recovery of the “signal” f a very difficult, if not impossible, task. There could be a
lost of more than one coefficient and redundancy in the sequence of coefficients could represent
a viable way to recover the “signal” f from the coefficients that reach the receiving point.
Having redundancy points to an “extended basis” where, for example, elements of the basis
would be repeated but multiplied by a scalar making the basis no longer linearly independent
and orthogonal. Frames provide such basis-like but usually redundant series representations
of vectors in a Hilbert space. Although frames found many applications in engineering, pure
mathematics sees them as important tools.

In this section we present the elements of frames in Hilbert spaces with some examples.

4.2  Elements of frames

Each orthonormal basis {e,} for a Hilbert space J# satisfies the Plancherel equality. It states
that ¥, [/(x,e.)||* = ||x||* ¥x € 2. However, a sequence {x,} can satisfy Plancherel equality

without being orthonormal or a basis. For example, let 5 = R? and
Xlz(l,O), XQZ(O,l), X3:( (4.1)
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We observe that {x;,x2} and {x3,x4} are each an orthonormal basis for R? so we have
« 2 2
Z %,x) |7 = 2]l (4.2)

Therefore the sequence {x,/v/2}}_, satisfies the Plancherel equality i.e.

2||)C||2

i xxn ||2

(4.3)

however, it is neither orthogonal nor a basis for R?. Such sequences that satisfy the Plancherel
equality are called Parseval frames.

Let us look at another, less trivial, example of a Parseval frame defined by:

V31 V31

xlz(oal)v x2:<_77_§)7 x3:(77_§) (44)
then
: 2 3 2 2
Y )12 = Slx"vx e R (4.5)

i=1
So, if we set a = /2/3 then the sequence {ax;,axy,ax3} is a Parseval frame. To see this let

x = (u,v) € R? then

2
i_\ﬁz
3 2 32

3
le<x,\@xn>llz— + |-
i=1
22 W w V2 w oy V2
B A R A (4.6)
W ur 2 V2 V2
22 t3 T
= u”+v* = ||x|?

Although it is a Parseval frame, it is not a union of orthogonal bases in R? as in the previous
example. This frame is called the Mercedes frame as shown in Figure [4.1}

Using three-dimensional visualization, it can seen the Mercedes frame is the orthogonal
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Figure 4.1: The three vectors of the Mercedes frame with blue dashed unit circle for comparison.

projection of a certain orthonormal basis for R? onto a two-dimensional plane (see Appendix |G)).
The definition of a generic frame imposes a less stringent requirement than for a Parseval
frame where the Plancherel equality must satisfied.
Definition of Frame: A sequence {x,} in a Hilbert space /¢ is a frame for ¢ if there exist

constants A,B > 0 such that the following pseudo-Plancherel inequality holds:
Al < Yl x) P < Bllx|)* Vxe (4.7)

The constants A and B are called the frame bounds. These constants A and B are of
paramount importance not only for the existence of the frame itself but also for the reconstruc-
tion of the original function f from the transmitted coefficients of the representation of the
function f. “Unfortunately, in many cases of interest only a crude upper bound B and only the
existence of a lower bound A are known. The determination of frame bounds is often a difficult
mathematical problem and for instance there is only a handful of situations in wavelet theory
where explicit estimates are known” [17].

The following special type of frames are important:

Definition Let {x,} be a frame for a Hilbert space ¢, then:

o {x,} is a tight frame if we can choose A = B as frame bounds.
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o {x,} is a Parseval frame if A = B = 1 are frame bounds.

o {x,} is an exact frame if it ceases to be a frame whenever any single element is deleted

from the sequence.

Note: One-sided inequalities gives Bessel sequences and Riesz-Fischer sequence 25, pp.

75-76).

4.3  Fourier transform of Binary, Ternary and Quaternary Measures

While the theory of frames is well developed (see [4],[5]), the literature on frames on Cantor
sets is recent and limited, see [10],[11],[12],[23],[24]. Central in defining frames of exponentials
on Cantor sets is the set of integers obtained from the Fourier transform of each measure
supported on the corresponding Cantor set. That set of integers is hereafter called a spectrum.
Jorgensen and Pedersen [20] and [21] were among the first authors to discuss the spectrum of
a measure supported on the corresponding Cantor set. Following some parts of their work,
this section provides an analysis of the Fourier transform of the binary, ternary and quaternary
measures with the aim of defining a frame for each one of them on their respective Cantor
set. Theorem [3.0.1| shows an equivalence between four measures considered in this work for the
ternary and quaternary Cantor sets. These are self-similar measures and they are denoted by

U, (p={2,3.4}) with support respectively in:
« the binary Cantor set [0, 1], since l is the Lebesgue measure on [0, 1],
« the ternary Cantor set CO),
« the quaternary Cantor set C().

Defining Ny = {0} UN, we show the analytic functions {e, = ¢?™* : n € Ny, x € R} contain

an orthonormal basis in L?(u) for each of the binary and quaternary measures, but not for the

91



ternary measure. A distinct subset P C Ny identifies each of these orthonormal bases such that
{e, :n € P} form an orthonormal basis for L?(u).

We start by the definition of the Fourier transform:

Definition 4.3.1. For ¢ € R, the Fourier transform of u, (p = {2,3,4}) is given by

(1) = [ Py () (48)

where A is a Borel set that contains the support of the measure.

27X with respect

Taking the Fourier Transform of these measures implies integration of e
with these measures.
We analyse first the Fourier transform of quaternary measure followed by the analysis of the

binary and ternary measures.

4.3.1 Fourier transform of the Quaternary Measure

Jorgensen and Pedersen developed in [20] what they call “a unique probability measure py on

R of compact support”, such that:

[ raus =5 ( [£(5)dmator+ [ 1 (j{%) du4(x)) (4.9)

for all continuous functions f. The support of 4 is the quaternary Cantor set C® obtained
by dividing I = [0, 1] into four equal subintervals, and retaining only the first and third. The
quaternary Cantor set can also be constructed as done in Chapter [3| using the following Iterated

Function System (IFS) (see Figure [4.2):

0(x) = (4.10)

= K=
+
NS}

T1 (x) =

N
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where 79(x) and 71(x) are the argument of the continuous function f in the first and second

integrals respectively, on the right-hand side of eq. (|4.9)).

=]
-+ K=
4 =
-+ Bl

p—

Figure 4.2: Few construction levels of the quaternary Cantor set for the support of uy

Us defined by Jorgensen and Pedersen in [20] is in fact our p4. The measure py on c®
assigns a measure of 1/2 to each of the sets C*) N [0,1/4] and C* N[1/2,3/4], measure 1/4
to each of the four closed intervals at the next stage, etc. Eq. ( , developed by Jorgensen
and Pedersen in [20], gives in fact a formula to obtain [ fdus for all continuous functions f.
Although we could have use that formula straight away, in this work, we take the different
approach of developing eq. ( by combining the recursive relations for u, (p ={2,3,4}) with
a change of variable as documented in Appendix

Since e™* is continuous, then by eq.( we can write:

Bult) = JePmdp(x) = b (e (x) + [ P ()
€i27rf—1xd X +€im ei27r§xd X
(S ePmapx) ™ [ " dpy (v)) .
(1_+_eim>fei27rf—1xdu4(x)

Appendix [[| gives an alternate way to arrive at eq. ([4.11]) by considering the C-L function W as
the distribution function of ps. From eq.(|4.11)) (last line), we define for the quaternary Cantor
set:

xa(t) == (1+€™). (4.12)

| =

93



Then eq.(4.11)) can be written as follows:

t

Ault) = 2a(0) 4 (3) (4.13)
From eq. (|4.11]) we can write:
N t o 1 iﬂ:L N t
() =5 (14+6™) ful33) (4.14)
Fort =0, eq. ( becomes
f14(0) = /1d“4 = /Xc<4)du4 = us(CY) (4.15)

By mass distribution py(C*) =1 and we get that f1,(0) = 1. Then, we iterate the relation in
eq. (4.14) N times to obtain:

fal ) (4.16)

N
N t
() = [HX4(47)
n=0
Taking N — e and using the continuity of fi,(7) at t =0, we can write

t

() = [Tio2a(gw)] lim fuy(gver)
[T-o3 <1 +€i‘%>

(4.17)

Eq. (|4.17) can be written as follows:
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L) = Tk <1 +ei%) o (ei%*i% +ei%+i%>

;. mt it
e 24" fo 247
= I i\ )
- n=0€ 2

= I €174 cos o
0 (24 ) (4.18)

oo - Tt
f— eZn:OIZTCW H:IOZO CcOS (%)

- Tt oo 1
= el% ":OWH:IO:OCOS(Q?ZH)

j 2t

= "5 [Ti-gcos (74r)
Clearly, with r € R, fi,(r) in eq.([4.18) is a continuous function in ¢. Also, in Appendix ,
we show that the product in eq.( converges V¢t € R. Then, how do we find the spectrum of
Us? To answer that question, we follow Jorgensen and Pedersen [20] and present two of their

Lemmas adapted to the case of C*) with some original enhancements in their respective proof.

Lemma 4.3.2. Let Py = {lo+40; +4%0y+ - +450; 1 £ € Ly, finite sums } with Ly = {0, 1}, then

the functions {ey : A € P4} are mutually orthogonal in L?(u4) where
e (x) 1= 2 (4.19)

Proof.

Let A = Zj4j£j, A= Zj4j£’j be elements of Py and assume that A # A’. Then

(exlea) = [exenda
— [T Axgp, (x) (4.20)
= 4" =2)
Let
t=(A—A) =0y — o) +4(L] — 1) + 42t — o) +---+45(l, — 1) (4.21)
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Using eq.( [4.11)), we have

1 in(yYk aice—p, o= _
a0 = 5 (1T E ) O () 4l )+ 2005 - ) (G 0)
(4.22)

In eq. (}4.22] we can simplify the first factor as follows:

1+em(z’jﬁ:04f(4—z_,~)) — 4T, ST (1)

o (4.23)
— 1 + el.ﬂ'(g{)—go) HIJCZI elﬁ4-/ (Z]*EJ)

Since £; = {0,1}, then if E’j # (; then Z} —¢j=1 or —1, otherwise E; —¢;=0. Then, for each

J, 1 < j <k the argument of the product in eq. ({4.23)) becomes

ST = 1 it =0
L cos(md)) —isin(n4/) =1 if K' li=—1 (4.24)
— it cos(m4/) +isin(m4/) =1 if f;. —l;=1
So eq. (4.23) becomes using eq. ( [4.24))
k
) Hem4f (E=)) | 4 im(lh—to) (4.25)

J=1

Introducing eq (4.25) in eq. (|4.22)) we get

-y .= .
a0 = 5 (1™ 070 ) g (072 (6 — )+ 408 — ) + 26— 63) 445 (G~ )

4

| =

(4.26)
Since £; = {0, 1}, then if £ # £y then £y —fp=1 or —1 and we obtain that y4(1) = (1+€") =0,
Xa(—1) = (1+e ™) =0 and xa(fy—lo) =0. If ¢y = £y then £y —lyp =0 and we would have

x4(0) = 2. In this case we go back to the expression for 7 in eq. ([4.21)) to search for the least
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n < k such that ¢, # ¢, to obtain a new t:
t= (A =) = 4"l = ) + 4 (G = b)) + 4 2 (g — bpa) + -+ 4 (G = 0)  (4.27)

since forall 0 < j <n—1, €'j —{¢;=0. Using eq. ( D to perform n iterations we get with the

new t

4(1) = By —2) = Ry (E — L)+ 4l — L) F 4L — Lo) o 4G — 1)
EPAEHIP: () <4n+1)
= X4(£;1_£ﬂ>.a4< (n—H n—i—l)+4(£;+2_€n+2)+"'+4k(£;¢_£k)>

=0

(4.28)

since x4(¢), — £,) = 0. To arrive at eq. ([4.28)) the following simplifications have been used:

(a) Simplification of first factor H” 0){4 (4J) For 0 < j<n-—1 we have E'j —{;=0. Then

ﬁ% (L) :l 1+ﬁein44—j(g;éq) 1 (4.29)
i) T2 '

q=n

(b) Simplification of second factor ya(z/4"):

i k j—n(pl .
w(E) = %(Hem(zw w»))
= (et [T, ) (4.30)
= %4(52—511)

ST (1)

where [T i—nt1€ =1 as shown for a similar case in eq. (|4.24)).

This completes the proof. [
We have the following remarks on Lemma [4.3.2;

(a) in the statement of the Lemma, that the set Ly C Z, is a requirement for the proof to show

that Py = {€y+40; +4%0p+---:¢; € L={0,1}, finite sums } is the spectrum of uy(-).
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(b) Clearly P c NU{O0}

(¢) In the proof of Lemma, we observe that the difference between elements of Py are in the set

of zeros of fi(-).

(d) the Lemma only shows that {e; : A € P} is an orthonormal subset of L?(iy) and not an

orthonormal basis for L?(py).

The following Lemma from [20, p. 190] gives the criterion for {e; : A € P4} to be an or-

thonormal basis for L?(uy).

Lemma 4.3.3. Let

0s(1):= Y |g(t—=A)P, t€R. (4.31)

ArEPR

Then {e; : A € P4} is an orthonormal basis for L?(uy) if and only if Q4 = 1 on R.

Proof.

Step 1 (=): If {ey : A € P} is an orthonormal basis for L?(py), then the Bessel inequality [25]

p. 20] becomes an identity when applied to any e’ = ¢*™* € L?>(u4). That is

1=llel?= ¥ lealedu = ¥ 14(—2)P (432)

AEP4 AEP4

Step 2 (<): At the beginning of this step {ej : A € P4} is an orthonormal set and we need to
show that it is an orthonormal basis. By assumption, Q4 =1 on R, that is for any t € R

the following series converges to 1:

Y Henedwl*=1 (4.33)
AEP,

For any 4 in an Hilbert space .7 and for an orthonormal set {e;}3 |, we show the claim

that h € span{e;}?> | <= |h||*> = X,|(h,e;)|* with the following proof:
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(a) The projection of h onto span{ey,ez,...,e,}is Yir | (h,e;)e;. Then, (h—Y1  (h,e;)e;) L
Y (hei)ei.

(b) By Pythagoras we get

A2 = |[h—=X" (he)ei+ Y (h,e)el
= |h—XL (heei* + X (hoei)eil (4.34)

= h—XL (heieil* + X1yl (b eneil?

(¢) The second term on the last line of eq.( 4.34]) comes from the application of Pythago-

ras multiple times to ||X1,(h,e;)e;||*: since {(h,e;)e;}", are pairwise orthogonal

vectors in 7, by Pythagoras we have that

IS el = T el )
= XLil(he)l
To obtain

n n
17? = Y [(h,eq) | = [l =) (heneil|? (4.36)

i=1 i=1

(d) Therefore, we have that:
- 2 - 2

h= nlgr;é(h,e»ei in the norm, <= ||hl|* = nlgI;i_ZiKh,eiH (4.37)

(e) Now, let s, = Y7  (h,ei)e;, since h is arbitrary, h = nli_r)r0102;’:1<h,e,~)e,~ in the norm
implies that for every h € JZ there is a sequence {s,} in % such that ||s, — k|| — 0.
Hence, span{e;}7 | is dense in J7Z.

(f) So, we have shown h € span{e;}7, is equivalent to ||h||* = X |(h,e:)|?

By assumption, Zlepﬂ(el,e,)m]z = 1. Since for any ¢t € R, |¢/|*> = 1, we have that

Yaer,l(er.e)u|> = |le:]|* and by the above claim we get that e, € span{e; : A € P4}
Step 3 Let f € L?(us) ©{ey : A € Py}, that is, f € {e; : A € Py}+ = (span{ey })* = (span{e;L})L
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Step 4

Step 5

by the continuity of the inner product. By the conclusion of Step |2, this implies that
(er, fu, =0 for all r € R.

Recall that the continuous functions are dense in L?(uy), that is, Vu € L?(u4) and Ve > 0,

there exists g continuous such that |ju—g[2,,) < €/2.
Consider &, the collection of all the trigonometric polynomials:

N 0 _

Pyv(8) = YN e =YN c," with z = e

N N o (4.38)
= Yo'+, _1cnT" withz=e""".

There are polynomial in z and z and they form an algebra &/ which is self-adjoint,
vanishes at no point of [0, 1] and separate points on [0,1]. Then the Stone-Weierstrass
theorem tells us that & is dense in C([0,1]) i.e., Vg € C([0,1]), Ve > 0, there exists a

trigonometric polynomial P such that

e~ Pl = sup [g(e®) —P(e?)] < /2 (4:39)
0€[0,1]
Therefore, we have:
%
e Pl = fle=PPaus)” < lle-Plo <e/2 (4.40)

For every f € L?(u4), by the triangle inequality we obtain

1 = Pllzaquy) < 1f = &llrauy) + 18 = Pllra,) <€/2+&/2=¢ (4.41)

So, the collection & of all the trigonometric polynomials Py as in eq. (|4.38]) is dense
in L?(us) and f € &. But, for f € {e)}+ we showed that (e, f),, =0, that is, e, L f
for all t € R. Letting t = n/2x, n € Z, we have that & = span{e; :t =n/2n,n € Z} and
with 0 = [ fe;dus = [ fe ™0 duy gives that f € 22+, The only function f that can be
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at the same time f € & and f € 2+ is f =0. This implies that {e; : A € Py} = {0}.

Therefore, {e; : A € P4} is an orthonormal basis in L?(uy).

O

Table[d.1|gives the first 15 elements of P4 where for example, for As, {€,¢1,¢2,43} ={1,0,1,0}

and A5 =4%-14+41.0442.1+43.0=17

n | {0o, 01,02, 05} | A
0 | {0,0,0,0} | 0
1| {1,0,0,0} |1
2 | {0,1,0,0} | 4
3| {1,1,0,0} | 5
4| {0,0,1,0} |16
5| {1,0,1,0} |17
6 | {0,1,1,0} |20
7| {1,1,1,0} |21
8 | {0,001} |64
0| {1,001} |65
10| {0,1,0,1} |68
11| {1,1,0,1} |69
12| {0,0,1,1} |80
13| {1,0,1,1} |81
14| {0,1,1,1} |84
15| {1,1,1,1} |85

Table 4.1: Value of A, € P4 for finite sums of four elements (¢;:i=0,1,2,3)

Jorgensen and Pedersen |20} p. 215] show that for Py, Q4(t) = 1. This presents an interesting

results because as discussed in Section [4.2] we have that {e) : A € P4} is an orthonormal basis.

From Eq.([4.18)), the set of zeros of fi,(¢) is:

Z(f,) = (4"(1422)} C Z

In the proof of Lemma [4.3.2] we observe that the difference between elements of Py are in
Z(f1,). In fact all those differences are in Z(fi,) and since 0 € Py, we have that {Py\ {0}} C

Z(f1,) C Z. An illustration of that fact is given in Table [J.2]
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Operations on elements of Py Some elements of Z(f1,)
as differences between elements of Py

A1 minus each of Ay down to 49 | {1}

A2 minus each of A; down to Ay | {3,4}

A3 minus each of A down to A9 | {1,4,5}

A4 minus each of A3 down to A9 | {11,12,15,16}

As minus each of A4 down to A9 | {1,12,13,16,17}

A¢ minus each of A5 down to A9 | {3,4,15,16,19,20}

A7 minus each of Ag down to A9 | {1,4,5,16,17,20,21}

Ag minus each of A7 down to A9 | {43,44,47,48,59,60,63,64}

A9 minus each of Ag down to Ay | {1,44,45,48,49,60,61,64,65}

A1p minus each of Ag down to Ay | {3,4,47,48,51,52,63,64,67,68}

A11 minus each of A19 down to Ay | {1,4,5,48,49,52,53,64,65,68,69}

A12 minus each of A;; down to Ag | {11,12,15,16,59,60,63,64,75,76,79,80}

A13 minus each of A1 down to Ay | {1,12,13,16,17,60,61,64,65,76,77,80,81}
A14 minus each of A3 down to Ay | {3,4,15,16,19,20,63,64,67,68,79,80,83,84}
Ats minus each of A4 down to Ag | {1,4,5,16,17,20,21,64,65,68,69,80,81, 84,85}

Table 4.2: A’s (in red) among the elements of the Zero Set
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4.3.2 Spectrum of the Binary Measure

(a) Appendix [Bf shows that we can arrive at eq. (4.9) using a change of variables using the
recursive relations for , (p = {2,3,4}). Since e?™* is continuous, then by eq.( 4.9) we can

write:

fo(t) = [ePmdpn(x) = § ([ €25 dun(x) + [ e2FE 2R3 dp, (x)
(feﬂn: xd[.lz )+e"’”fe"2”%xdu2(x)>

1
2 (4.43)
— %<1+emt) 1271: xd‘u ( )
= L) il
From eq.( [4.43) (last line), we define for the binary Cantor set:
1
0)=3 (1+€™). (4.44)
Then eq.([4.11)) can be written as follows:
~ . 1
f(1) = XZ(I)Uz(E) (4.45)
From eq. (|4.43) we can write:
ot 1 - t
fa(3) =5 (14+6™ ) fu(53) (4.46)
For t =0, eq. ( becomes for p =2
=/1duz = /Xcu)duz = 1 (C?) (4.47)
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By mass distribution p(C)) =1 and we get that {1,(0) = 1. Then, we iterate the relation

in eq. ([4.46) N times to obtain:
R Nt
f,(1) = HXZ(ﬁ) Hz(w) (4.48)
n=0
Taking N — e and using the continuity of fi,(¢) at t =0, we can write

fa) = [MTox($)] Jim iy ()

4.49
- M (146F) "
Eq. ([4.49) can be written as follows:
A1) = Tlos (1 +ei%) =IT703 (ei%_i% +ei%+i%>
;T ;T
= ILie?” 2

e eon(2)

(4.50)

= I, € cos (&)
S L [T cos (57)
= MLt [T cos (57)
= ™[y cos (%)
With £ € R, f1,(¢) in eq.( is & continuous function in .

(b) To find the spectra of ,, we go through Lemma but with Py = {fg+20; +2%0p+---+
20, 1 4, € Ly, finite sums } with L, = {0,1} to obtain P, = NU{0} = {0,1,2,3,...}. Since

the proof is similar the one for Ly, it is not repeated here.

¢) Using the trigonometric identity sin2u = 2sinucosu, Eq.( [4.50) can be simplified to a form
g g y
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that easily yields the zero set for f1,. We have:

A}l_I}Iioe’mH _,€OS (7;—)

. sin
int 77N <2" 1)

Sim e T gy

lim &'™ sin(rr)  sin(%) .Hsin(zl\gritl)
N—o0 2sin 7’) 2sm<22> 251n(2N> (451)

_imsin(mt)
€ Tt

where in the last step in eq.( [4.51]) we use the fact that lin}) sinu/u=1. Eq.(

4.51

readily

gives the zero set of [1,(¢) to be Z(f1,) = Z\ {0}. Similar as for the quaternary measure, we

have that {P,\ {0}} C Z(f1,) since 0 € P,

Since y is supported on [0,1], it is in fact Lebesgue measure. Because L?(u;) could be

identified with L? on the circle, we are back to Fourier series. As discussed in Section , the

functions {e; : A € P,} are orthonormal basis.

4.3.3 Spectrum of the ternary measure

(a) Appendix [B| shows that we can arrive at eq. ( using a change of variables using the

recursive relations for pz. Since e?™* is continuous, then by eq.( 4.9) we can write:

fa() = [ePmdpa(x) = § ([ €275 dus(x) + [ e2F5H2R dps (x) )
<f€z27r xd/.l3 _|_ez7r3f6127r xd,LL3( )>

1+ez7r )feﬂﬂ xd“?»( )

(
(H—e’” ) (5(%)

L
2
1
- 2
1
2
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Appendix [[| gives an alternate way to arrive at eq. ([4.52)) by considering the C-L function

F as the distribution function of pz. From eq.([4.52)) (last line), we define for the ternary

Cantor set:
1 lﬂ'
160 =3 (1 +e ) (4.53)
Then eq.(4.11)) can be written as follows:
N .4t
fs(t) = x3(05(5) (4.54)
From eq. (|4.52)) we can write:
t 1 t
i _ _ 2
B3(5) =5 (1467 fy(55) (4.55)
For t =0, eq. ( becomes for p =3
0) :/ldNS :/Xc@)dHS = 113(CV) (4.56)

By mass distribution u3(C®)) =1 and we get that f15(0) = 1. Then, we iterate the relation

in eq. ({4.55) N times to obtain:

t

N
f3(1) = [1_10%3<;—n>] 3 (er) (457)

Taking N — e and using the continuity of fi5(f) at t =0, we can write

fi5(1) = [HZQ:OX3(§_)} hm IJ3( r)
[0 X3(5%) (4.58)
IT— %<1+e 3”)
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where we used the definition of y3(¢) (eq. (}4.53))) to obtain the last line of eq. (}4.58]) which

can be written as follows:

4mt 4mt 4mt 4mt >

N - Amt -
3(t) = Hn:1%<1+elsn)znn:15<em D3 4 el iz

= IhiZie™
=TI, €5 cos (22
= ezzdi%%llzzlcos<%¥)
— Q2T T, cos (Zsm)
— lTEt H >, COS ( 22 )
With t € R, fi5(¢) in eq.( [4.59) is a continuous function in ¢.
the spectrum of u3 with Ly C Z (a requirement) would take the form:
= {lo+30,+3%0y+---: {j € L3, finite sums } (4.60)

but going through the proof of Lemmal[4.3.2]for P3, we come to the step where we would show
that x3(¢y —£o) = 0. From the definition of x3(¢) in eq. ([4.53), we see that with r = £3/4,
x3(£3/4) = 0. This implies, for example, that L3 would have be equal to {0,3/4}. This is
incompatible with the requirement that Lz C Z. So, we cannot define the set P;. Therefore,

the proof of Lemma for Py with Ly = {0,1} fails.

Additional support to this last statement arises from the following considerations. From eq.

([4.59), the zero set of fi;(¢) is given by

Z(/ft3):{%(1+2Z):n:1,2,...} (4.61)

2TAx .

which indicates that if a set of functions {e; =e : A € U} would be mutually orthogonal
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in L2(u3), then the set U would contain values whose mutual differences would be in the
zero set of fI;(r). However, following Jorgensen and Pedersen [20, p. 217] we have the
following theorem specific to fl; that proves the contrary, confirming that we cannot have

a set of more than two functions that are mutually orthogonal in L?(u3).

Theorem 4.3.4. Any set of us-orthogonal exponentials contains at most two elements.

Proof.

Step 1 Recall that

Z(ﬁ3):{%"(szyn:o,l,z,...} (4.62)

Step 2 Assume that 4;, j =1,2,3 are such that the elj’s are mutually orthogonal in L?(u3),
then the differences A, — A; (i # j) are in Z(fl5).

Step 3 Let 1 = A1 — A2, o = A — A3 and Y = A — A3 with

3%
yj:T(lJrsz) ZEL (4.63)
Step 4 Since
Nn+r="m (4.64)
we obtain that
3"M(142z1) + 3" (14 225) = 3"(1 4+ 2z0). (4.65)

This is a contradiction since in eq. ( [4.65)), the left-hand side is even but the right-

hand side is odd. This completes the proof.

]

Now, assume that we can generate a countable sequence {ej};cy of functions ({e; =

¢2™Ax . ) € U}) where U is an index set. For example, using L3 = {0,3/4} and 3/4, the
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smallest positive element of Z(fl3), we can calculate a set U ={0,3/4,3/2,9/4,3,15/4,...} =

)

{20, 41,242,243, 4, As, ...} giving that (ey,ep,) =0, ez, ex,) =0, {ex,,en,) =0...(ex ex,,,) =
but (ey,,ex,) 7 0, since (3/2—0) € Z(f13). Similarly, (ey,,ex,) #0...(ey,,ex,) # 0 because by
inspection, (Ay — Ax) € Z(f13) V¢ >k+2 So, for U as defined above, only consecutive pairs of
exponentials are pz-orthogonal giving an illustration of the statement of Theorem [4.3.4]

{e3 }1ev having the characteristic that any of its subsets ps-orthogonal exponentials contains
at most two elements, cannot be a basis for L?(u3) but {e;},cy € L*(u3). Since {e; }icy is
countable then, can {e; },cy be a frame for L?(u3)? That is, by the definition of a frame [4, p.

3], {e3 }acy is a frame for L?(u3) if there exist constants A, B > 0 such that:

AlFIP< Y [{fren) P < BIIFI? Vf € L*(us) (4.66)
AeU

The key to obtain such a frame is to find the constants A, B > 0 such that eq. ([4.66) is satisfied

Vf € L>(u3) but as indicated in Section 4.2 this not a simple task.

4.4  Concluding remarks

The question of finding a frame for L?(u3) was considered by Lev [23] and by Picioroaga and
Weber [24] but, at of this writing, the question remains an open problem. Staying within the
framework of identifying, among self-similar measures that satisfy the Hutchinson’s recursive

relationship, the ones that leads to an orthonormal basis, we have

(a) in Appendix , we extend in general form the derivations in one dimension of the Fourier
transform of the ternary and quaternary measure, 3 and p4 to odd and even scales higher
than 3 and 4 . The key element in doing so is to establish general Iterative Function Systems
(IFSs) that each leads to a Cantor set C C [0,1] of Lebesgue measure m(C) = 0. We show
that we can obtain the Fourier transform of (2k+ 1)-ary measure (odd scale), k € N, for scale

larger than 3, but from Jorgensen and Pedersen [20, Thm 6.1, p. 217], any set of (2k+1)-
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ary U-measure orthogonal exponentials contains at most two elements. We conclude that
for (2k +1)-ary measure (odd scale) we cannot have an orthonormal basis of L?(tay ). For
even scales, we conjecture that the quaternary results of Jorgensen and Pedersen [20] can

be extended to a scale of 6 or (2k)-ary measure (even scale).

Laba and Wang [22] studied self-similar measures that satisfy the Hutchinson’s recursive
relationship where the self-similar sets are generated by IF'S having more than two equations.
The aim of their work is identifying among these self-similar measures the ones that leads

to an orthonormal basis. Their work extends the one of Jorgensen and Pedersen [20].

Wang and Yin [27] studied the equal-weighted Moran measures. They first characterize all
the maximal orthogonal sets in an L? space via a tree mapping. With this characterization,

they arrive at sufficient conditions to identify an orthonormal basis.
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Appendix A

Details of the construction of a quaternary
Cantor set by IEF'S

In this Appendix, we give the details of the construction of a particular quaternary Cantor set.
This means that there are others but the focus is on the one presented here as it becomes central
later in this work. Although, we should normally be able to express the right endpoint of the
closed intervals generated by construction endpoints by an expansion in base 4 with coefficients
0 and 2. This would enable the generation of these endpoints on the next construction levels
using right shift only or right shift plus translation as done for the ternary Cantor set. However,
this Appendix shows this to be impossible.

The construction levels come from the repeated application of the following Iterated Function

System (IFS):

T0 (x) =

= =
+
NS}

T1 (x) =

o

starting with interval [0, 1] we have the first three construction levels of the quaternary Cantor

set C(4):
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@_ |0 Ly L3 b2 21t
Q‘h%%kmufmUM6 (84)

c@_ |0 L Gt L 3Ly (2 (L33 {7 35 ]2 4 A 4
37 164764 32’ 64 8’ 64 32’ 64 2’ 64 32’ 64 8’ 64 32°64 |’
(A.5)
illustrated in Figure below.
1 1 3
0 4 2 4 1
} 1 1 1 { 1 1 1 { 1 1 1 { 1 1 1 { (4)
0 1 2 3 < Coeff. ygternary Expan.
——————————————————————————— ol
. . )
- o c

Figure A.1: Few construction levels of the quaternary Cantor set.

Dividing the closed intervals in four and keeping the first and third subintervals imply
the expansion in base 4 would be with 0’s and 2’s as coefficients similar to ternary Cantor
set where expansions are in base 3 with also 0 and 2 as coefficients (see Figure below).

These coefficients corresponds to the first and third subintervals that were kept. The common

endpoint among the three construction levels in eqs. (|A.3] [A.4] [A.5]) is 1/2 which is equal

to 0.24 (subscript 4 indicates a base 4 number). Normally, we should be able to express the
endpoints 1/4 and 3/4 of C$4) by an expansion in base 4 with coeflicients 0 and 2 such that we
can generate the endpoints on the next construction levels using right shift only or right shift

plus translation as done for the ternary Cantor set. However, we observe that
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0.0024 = 4%+434+435+-- (A.6)
= 3(]+l+i+i+ )
43 4 42 43
11
REETIRY
0.02, = 4%+4%+4£4+ (A7)
= £<]+1+i+l+ )
42 4 42 4
11
= 571
02, = §+4%+4%+434+~« (A.8)
= %<1+1+l+i+ >
4 4 42 4
21
=371
From egs ([A.G),( and ( [A.8]) we obtain:
~ ~ 1 1 =
0'0024<0'024<Z<0'24:§<0'2 (A.9)

Thus, starting from the second position of the quaternary expansion, any infinite combina-
tion of 0’s and 2’s always sum up to a value less than 1/4. Any quaternary expansion starting
from the first position always sum up to a value greater than 1/4. We conclude that 1/4 cannot
be expressed as a quaternary expansion with 0’s and 2’s as coefficients. The same conclusion

applies to the other endpoint 3/4 since 0.24 = 2/3 < 3/4. Therefore, on construction level 1,
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only the left endpoints of the closed intervals can be expressed as a finite quaternary expansion
with coefficients 0’s and 2’s. The same occurs at deeper construction levels. For instance, for

Construction level 2 we have:

1. 0=0.04, 1/8=0.024, 1/2 =024, 5/8 =0.224

2. 0.0024 =1/24 < 1/16 < 0.024 =2/15
3. 0.02,=2/15<3/16 <0.24=1/2
4. 024=1/2<9/16<0.24=2/3

5.024<11/16

Clearly, all the left endpoints of the closed intervals in construction level 2 can be expressed as
a finite quaternary expansion with coefficients 0’s and 2’s, the respective right endpoints cannot
be.

However, consider Figure , part (a) illustrates few construction levels of the ternary
Cantor set with the value of the endpoints included and similarly, part (b), for the quaternary

Cantor set. We observe:

(i) For the ternary Cantor set that left and right endpoints of the closed intervals remain when
going from one construction level to the next. Whereas, for the quaternary Cantor set
only the left endpoints remain and implies that C™ contains none of the right endpoints

generated in the construction process.

o Indeed, define ¥ = {xe R:xe C¥N[0,1/4]} and €Y = {xe R:xe c®n[1/2,3/4]}.
From Table [A.1] with increasing level comes an increased value of the left endpoints
of the right-most closed intervals subset of [0,1/4] and [1/2,3/4] respectively and
these endpoints are in the quaternary Cantor set C (4). Whereas, the value of right

endpoints decrease for the corresponding intervals.

o From Figure and Table the quaternary Cantor set ends up being skewed to

the left of the interval [0, 1].
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(i)

(iii)

0 1 2
3 3 0
0 1 2 < Coeft. te(()r%lary expan.
—————————————————— c!
0 1 2 1
_ 3 3 e
0 1 2 1 2 7 8 12
— -9 9 . 3 3 9 9 C(3)
o1 2 1 2 7 8 1 2 19 20 7 §ﬁ&l3
7 37 9 5 2727 3 5799 9 27 7
(a)
1 1 1 2 3
0 =5 3 2 B=5 3 1
I 1 1 ! 1 1 1 1 1 1 1 1 ! 1 1 1 1 1 ] (4)
I T T T 1 C
0 1 2 3 < Coeft. %I%Eternary expan.
L - -~ -T-TTT=-T-======-
1
0 » 4 1 L o
1 1 2
0 1 13 1 9 5 ol
L _16 8 iT6 7176 & 1T6 ¥
| s | ik ‘
0, tol) 133 3410,
64 $ods, %54y Kz
323 32 335 323
[ 1 61 1
M [ M [
(4) (4)
CL CR

Figure A.2: Few construction levels of the ternary and quaternary Cantor sets

Define a = sup, . (C£4)) and B =sup  u (Cl(j)) and consider the following claim that

a=1/6 and B =o+1/2=2/3. From Table [A.1] we can write:

We concluded that only each of the left endpoints of the closed intervals in the unions
in eqs. (A.3), ( and ( can be expressed by a finite quaternary expansion with
“0” and “2” for coefficients, as it must. However, to express the right endpoints as finite
quaternary expansions, the coefficients will have to include “1” and “3” on top of “0” and
“2". That is, the set of coefficients is {0,1,2,3}. Since at a given construction level k,
the length of any of the closed intervals is 1/4%, we obtain the right endpoints in base 4
by adding 1/4* to the last coefficient of the expansion for the left endpoint of the closed

interval:

CY = [0.04,0.14]U[0.24,0.3] (A.10)
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Constr. Level Right-most subset of
[0,1/4] [1/2,3/4]
1 0,1/4] [1/2,3/4]
2 [1/8,3/16] [5/8,11/16]
3 [5/32,11/64] | [21/32,43/64]

Table A.1: Right-most subsets of [0,1/4] and 1/2,3/4 that cover some parts of C*)

Constr. Level Left and right parts of C*%
C£4) C1(e4)
1 O<a<l/4 1/2<B<3/4
1/8<a<3/16 5/8< B <11/16
3 5/32<a<11/64 | 21/32 < B <43/64

Table A.2: Upper and lower bounds for a and 8

1Y =10.004,0.014] U [0.024,0.034] U[0.204,0.214] U[0.224,0.23,] (A.11)

¢! = [0.0004,0.0014]U[0.0024,0.0034] U [0.0204,0.0214] U [0.0224,0.0234] (A.12)

U [0.2004,0.2014] U[0.2024,0.2034] U[0.2204,0.2214] U [0.2224,0.223,4]

(iv) In quaternary representation, 0 =0.04 and 1 =0.34 = 0.33333.. 4 then C(()4) = [0.04,034] .
Let o4 be defined as the right shift equivalent to 7y in eq. ([2.65)). Since 7j(x) = 79(x) +1/2
and 1/2 =0.24 then adding 0.24 to a right shift oy is equivalent to 7j(x) in eq. ([2.65)), a

combination of a contraction and translation. That is:

G4(0.X1X2X3 .. ) = 0.0x1xx3... (A.13)

G4(().X1X2X3 .. ) +024 = 02x1x0x3...
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Applying the right shift o4 to each endpoint at level k gives the left half of level k+ 1.
Similarly, applying the right shift o4 with the translation by 0.23 to each endpoint at level

k gives the right half of level k+ 1. Starting with C(()4) = [0.04,034], application of eq.
([A.13) three times results in egs. (|A.10]), ({A.11) and ( [A.13).

(v) From egs. ([A.10), ({A.11]) and ([A.13), we write Table with endpoints in base 4:

Constr. Level Left and right parts of C @)
C{(jl) C1(34)
1 0.04 <o <0.14 0.24 < ﬁ <0.2440.1,=0.34
2 0.024 < @ <0.02440.014 =0.034 0.224 < B <0.224+0.014 =0.234
3 0.0224 < @ < 0.0224+0.0014 = 0.0234 | 0.2224 < B < 0.2224+0.0014 = 0.2234
k 0.02222...24 < ¢ < 0.0 2222...2 34 0.2222...24 < B <0.2222...2 34
k—1 times k—2 times k times k—1 times

Table A.3: Upper and lower bounds for a and B in base 4

(vi) For construction level k, we write the inequalities for @ and B in terms of quaternary

expansions:

2 1

2
Yk < a < Yk o;

Jj=2 47 J=2 47

(A.14)
Z] 142/ < :B < 2114/

(vii) Using egs. ([A.7) and ([A.§)) and applying the Squeeze Theorem with k — oo, eq. ([A.14)

becomes :

o
IN
R
IN

ol

(A.15)

2 2

2 < p <2
giving that @ = 1/6 and  =2/3. Proving the claim that @ =1/6 and p =a+1/2=2/3.
Thus, the left and right parts of the quaternary Cantor set C 4) spread respectively over

[0,1/6] and [1/2,2/3).
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Appendix B

Change of Variable for Integration with Respect
to a Measure

The binary, ternary and quaternary Cantor sets, [0, 1], CB) and C¥ respectively, can be con-

structed using the following IF'S’s:

(i) for binary Cantor set [0,1]

x
By(x) = 5 (B.1)
x+1
Bi(x) = —
Since By(x) and Bj(x) are well-defined and continuous over R, their inverses
Bal(x) = 2x (B.2)

have the same properties.

118



(i) for ternary Cantor set C®)

= W=
+
\S]

(O8]

T, ' (x) = 3x

T, '(x) = 3x—2

have the same properties.

(iii) for quaternary Cantor set C*)

T0 (x) =

= K=
+
(\]

T1 (x) =

o

Since To(x) and 71 (x) are well-defined and continuous over R, their inverses

T '(x) = 4x

i x) = 4x-2

have the same properties.
We showed that for any Borel set A that

(i) for binary Cantor set [0,1]

(ks (By ' (A)) + iy (B (A)))

| =

) (A) =
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(i) for ternary Cantor set C®)

Hons (A) = 3 (st (T (4)) s (177 (4) (B3)
(iii) for quaternary Cantor set C(4)
b (4) = 5 (B (55" (4)) + s (57 (4)) (B9

To analyse the spectrum of Up,, U, or Umy,, Wwe need to take their Fourier transform which
implies the need to be able to integrate a continuous function f on either [0,1], C () or c® with
respect to Lu,, Umy OF Wy, respectively. Since By, B1,To,T1, Ty, T1 are all well-behaved, bijective
and continuous functions, we do the integration of f with respect to W, the integration with
respect to Wy, and W, is very similar not to say identical. Using eq. (, we have for any

Borel set A

1 o .
Jotann =5 ([ Fataots 4 [ g ot ) (B.10)

Do we have a way to verify that eq. ([B.10) make sense? We can answer that question by the
affirmative by considering f = 1, a continuous function over all of R, to obtain by [2, (3.4), p

75] that

Jafdimy =[5 Xadtm, = Un(A)
Sy Fdmy o T ") = fryay Xy d(lm 0Ty ) = iy o Ty H(To(A)) = oy (A) - (B11)
le(A)fd(.umgonl) = le ) XTi (A (ngonl) = ‘umgonl(Tl(A)):Um(A)

so we get
_ 1 ~1 —1
Jafdim; = 3 (fTO(A) fd(tmy o Ty ") + Jpya) fd(Hmy 0 Ty )) (B.12)
Mims (A) = %(.urm (A) + iy (A)) = Hm; (A)
To evaluate the integrals on the right-hand side of eq. ( [B.10) we need to do a change of

variables. That is, we need to prove the following Lemma for the first integral. The proof for
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the second integral is similar.

Lemma B.0.1. Tp(-) is a well-behave, bijective and continuous function. We then have for any

Borel set A that:

X le/ T du,, B.13
/TO(A)f(uaoo) Af<>o omy (B.13)

Proof.

Step 1 Let f be a non-negative function, then there exists a sequence of simple measurable

functions:

nmy
On =Y CniXB,, (B.14)
=1

such that ¢, ' f and where for each n, {B,,;} is a sequence of disjoints set in the o-algebra

on A.

Step 2 By the Monotone Convergence Theorem [2, p. 78] we can write:

ey fd (s o Ty 1) = i [ 4 @ndl (B, 0 Ty )
= Jim [0 X2 enim, d(tms 0 Ty )
= 11522721 Cni Jry(a) X8, (Hms 0 Ty )
= lim X coithns (T (25,,))
= TP e k) b, (B.15)
= llggoﬂi"l Cnyi Ja XB,; 0 To dlim,
= lim [y (B2 enit,i) 0 To dins
= }E{}JA%OTO dlm,

= fAfOTO d.u“mg,

The last equality is established because ¢, 0Ty is a simple measurable function such

that (])nOTO /‘fo To.
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Step 3 The equality between xTO_l (Ba) and yp,;0Tp in the above step, can be deduced as follows:

(i) ifx e TO*I(B,”-) then X1\ Ba) = 1, that is, if x is in the pre-image of B, ; by Ty then

To(x) € By; and we have g, ,(To(x)) =1

(ii) if x & TO*I(B,,J) then X1 (B, = 0, that is, if x is NOT in the pre-image of B,; by

Ty then To(x) & By, and we have xp,,(To(x)) =0

This completes the proof of the Lemma.

]
Applying Lemma to eq.([B.10)) we obtain for
(a) for the binary Cantor set
1
(b) for the ternary Cantor set
1
iy =5 ([ 5Ty + [ 7T, ) (B.17)
(c) for the quaternary Cantor set
1
| fatn =5 ( | £ i+ [ 1 (x))dum4> (B.15)

Eq.([B.16]) is obtained by By playing the role of Ty and B; playing the role of T} as By and B
have the same properties as Ty and Ty, respectively. Eq.( |B.18)) is obtained by 7y playing the
role of Ty and 77 playing the role of T} as 19 and 7; have the same properties as Tp and Tj,

respectively.
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Appendix C

Relation between mass distribution measure and
the quaternary Cantor-Lebesgue function

This Appendix presents the relation between mass distribution measure and quaternary Cantor-
Lebesgue function by giving a proof of Proposition [5| which statement is repeated here for
convenience:

For any closed interval [0,a] C [0, 1], the mass distribution measure is given by ,,([0,a]) =W (a)
and for a half open interval (a,b], we have y,,((a,b]) = u,([0,b]) — un([0,a]) = W(b) —W(a) for

every 0 <a<b<[1.

Proof.

Step 1 We recall that W is defined as the limit of the sequence defined by the recursive relation
([2.70). The properties W we will use below can be derived by induction starting with
ho(x) = x. We start by considering the values for h; and h; for construction level 1 and

2 respectively

(a) Referring to Figure 2.5(b) for the quaternary Cantor set, we observe that all left

endpoints of closed intervals generated by the construction process remain when go-
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Construction level 1 (k=1)
Sub-case Interval hy(x)
No. considered
1 x€(0,1/4) |0<h(x)<1/2
2 xe[1/4,1/2] | () =1/2
3 |ae(1/2,3/4) [ 12<h(x) <1
4 ac[3/4,1] h(x) = 1

Table C.1: Values for h; at construction level k= 1.

Construction level 2 (k= 2)
Sub-case Interval hy(x)
No. considered
1 x€(0,1/16) 0<hy(x)<1/2°
2 x€[1/16,1/8] ho(x) = 1/22
3 ac(1/8,3/16) | 1/22 <hi(x)<1/2
4 ac[3/16,1/2] ho(x) =1/2
5 x€(1/2,9/16) | 1/2 < hy(x) <3/22
6 x€1[9/16,5/8] ho(x) =3/22
7 ac (5/8,11/16) | 3/2> <hy(x) <1
8 ac[11/16,1] hy(x) =1

Table C.2: Values for hy at construction level k = 2.

ing from one construction level to the next. For instance, 1/2 is the left endpoint of
[1/2,3/4] at construction level 1,the left endpoint of [1/2,9/16] at construction level
2 and the left endpoint of [1/2,33/64] at construction level 3. The same occurs for left
endpoint 1/8 of [1/8,3/16] and left endpoint 5/8 of [5/8,11/16] but starting at con-
struction level 2. So, at construction level 1 we have 2 left endpoints {0,1/2} repeated
at construction level 2 (in red) where we have 2% left endpoints {0,1/8,1/2,5/8}. At
construction level 3 we have 23 left endpoints {0,1/32,1/8,5/32,1/2,17/32,5/8,21/32}.

Also, by construction all left endpoints eventually start to repeat from one level to
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the next.

(b) Tables and indicates using the recursive relation ([2.70), that h;(ho(1/2)) =
1/2+ho(4(1/2) =2) = 1/2 and ha(hi(ho(1/2))) = ha(1/2) = 1/2+ (1/2)l (4(1/2) —
2) =1/2 to get that for a repeated left endpoint like 1/2, hy(1/2) = hy(1/2) =
ho(1/2) = 1/2. Continuing inductively we obtain that at construction level k = n,
hy(a/b) =hy—1(a/b) =...=hy(a/b) = py for repeated left endpoint a/b where ¢ is the
construction level at which a/b first appears. So, Vn € N, h,(a/b) = py (a constant).
Then lgnhn(a/b) =W(a/b) = py.
(c) We can then write the following properties of W:
o for a repeated left endpoint a/b, we have that W(a/b) = hy(a/b) = py where ¢ is

the construction level at which a/b first appears.

by definition of W, W(x) = p; (a constant) for a; < x < a/b where a; is the first

right endpoint of a closed interval on the left of a/b.

We now prove the proposition by induction:
Step 2 k=0: Trivial cases: a=0and a=1
(i) Since [0,0] is a singleton, we showed by eq.( [3.48) in 92| the mass of a single point
is 0. So, u([0,0]) =0=W(0) =0.
(ii) u([0,1])) =1=W(1) =1 by definition of unit mass.
(iii) We can write for these two trivial cases that |u([0,a]) —W(a)] <1=1/2°
Step 3 k= 1: endpoints are {0,1/4,1/2,3/4}, W(1/2) =1/2 and by definition of W, W(x) =1/2
for 1/4 <x<1/2. Then, w,([0,1/4]) =W (1/4)=1/2 and pu,([0,1/2]) =W(1/2)=1/2.
Similarly, for x =1, h,(1) =1, VneNso W(1)=1. By extension of W, W(x) =1 for

3/4 <x < 1. By monotonicity of i, and by the properties of W, and that u, =0 on &7,
we have: From Table We conclude that |, ([0,a]) —W(a)| < 1/2! =1/2.
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Step 4

Step 5

Construction level 1 (k=1)
Sub-case Interval Implications Implications
No. considered for tu(-) for W(-)
1 ae(0,1/4) 0 < u([0,a]) <1/2 0<W(a)<1/2
> [ ae[1/4,1/2] | p(0.a) = pn(0,1/4] = 172 | W(a)=1/2
3 |ae(1/2,3/4) 1/2 < pm([0,a]) < 1 1/2<W(a) <1
4 ac3/41] | pn([0,a]) = un((0,3/4] =1 W(a) =1

Table C.3: Mass distribution and Cantor function for construction level k = 1.

From the above, we can then formulate the Induction Hypothesis: For k =n—1 and
for any interval from construction E = [ag,bo| € &,—1 (at level k =n—1) with posi-
tive mass, we suppose true that go = W, ([0,a0]) = W(ag) by properties of W and Va €
[0,1], |t ([0,a]) =W (a)| < 1/2" 1.

Induction Step: For k =n and for any interval from construction E = [ag,bg] € &—1 (level
k=n—1) and having a positive mass, we have that when a is an endpoint at the n'"
level which is not ag or by, then a =ag+ 1/4" or a = ap+2/4" and by construction
Um([0,a]) = go+1/2". This can also been seen in Table where by construction,

Wmlao,bo] is decomposed equally by mass distribution as follows:

Um([ao,bo]) = Wm([ao,a0+1/4"]) + m(jao+2/4" a0 +4/4" = b)) (C.1)
1 1 1
IR
By Induction Hypothesis, t,([0,a0]) = go = W (ap) and W(a) = W (ag) + 1/2" by proper-
ties of W, so w,([0,a]) = W(a). We conclude that |u([0,a]) — W (a)| < 1/2" and equality
holds at the endpoints of level k =n. Now, as n — oo, ,,([0,a]) =W (a) Va € [0,1] and
Um((a,b]) = tm([0,0]) — m([0,a]) = W(b) —W (a) for every 0 <a < b < 1. This completes

the proof of Proposition [o]
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Construction level n (k= n)
Sub-case Interval Implications Implications
No. considered for wm(+) for W(-)
ny a € (ag,ao+1/4") q0 < Um([0,a]) < go+1/2" qo <W(a) <qo+1/2"
n aclap+1/4",a0+2/4"] tm([0,a]) = qo +1/2" W(a) =qo+1/2"
n3 a € (ap+2/4",ap+3/4") qo+1/2" < pn([0,a]) < go+1/2""" | go+1/2" <W(a) <go+1/2"!
ny a € lag+3/4", ag+1/4""" = by tm([0,a]) = o+ 1/2"! W(a) =go+1/2""

Table C.4: Mass distribution and Cantor function for one group of sub-cases at construction
level k = n.
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Appendix D

Relation between Hausdorftf measure and the
quaternary Cantor-Lebesgue function

In this Appendix we establish a relation between the Hausdorff measure of dimension s =1/2,
restricted to C¥, of [0,a] C [0, 1] and the extended Cantor-Lebesgue function W for C*). More
precisely, we prove the claim that for every 0 <a <1, 5°(|0,4d] ﬂC(4)) = W(a). Then, the
Appendix concludes by the proof of relation between the Hausdorff measure restricted to C*)
of (a,b] C [0,1] and W, 5 ((a,b) NC*)) =W (b) — W (a) for every 0 <a <b < 1.

We have that C* has dimension s = log2/log4 = 1/2 and we make the assumption that
Hausdorff measure .#*(C*)) = 1. The quaternary Cantor set can be constructed using the IFS
given in eq. ([2.68). 7p(x) and 71 (x) are similarity transformations of scale factor 0 <A =1/4 < 1.

The value of A makes them contractions and also Lipschitz mappings:

IN

[70(x) =) < glx—y Vxye[o]

(D.1)
171 (x) — 1 ()] = |70(x) + 5 — %0(y) — 3| =|70(x) — ()| < Flx—y]

Then, by the scaling property of Hausdorff measure [15, p. 46] we have for every 0 <a <b < 1:

A5 ([, b])) = (}1) Al = 1 (ab]) k=1{0.1) (D.2)
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Then, the heuristic calculation performed in proving Theorem [3.1.7 can be extended as follows:

(a) At construction level 2, define Cz, =[0,1/16]NC¥, Cr, =[1/8,3/16]nCH), Cg, =[1/2,9/16]N
C® | Cr, =[5/8,11/16)NC™ all disjoint, to obtain: C*) = Cy, UCy, UCk, UCk,.

(b) We can write

H(CW) = A5(CL)+ H5(CL,) + H(CR,) + H5(CR,)

— 4w ps(c®
4 Gap () (D.3)

@)

Eq. (|{D.3)) implies that #%(Cy,) = #°(Cy,) = S5(Cg,) = 7#°(Cg,) = 1/22.

(c) At construction level 3, the Hausdorff measure of the intersection of each closed interval

with C*) equals 1/23 since the scaling ratio is 1/33.

(d) Continuing inductively, then at construction level n, the Hausdorff measure of the intersec-

tion of each closed interval in the union C,(14) with C® equals 1 /2" since the scaling ratio is

1/4n.

At construction level n, section [3.2.2] concluded to the uniform distribution of the unit mass,
assigning a mass of 1/2" to each closed interval giving mass distribution measure of 1/2".
Clearly, the mass of each of these closed intervals U in Cy(,4) equals the Hausdorff measure of
the intersection of each of these closed intervals with C#), 1 /2" and this Vn € N. So, we obtain
that #2(UNCY) = p,,(U) for every closed interval U arising in the construction of C*) where
by definition of & in eq.( , U € & Also, the mass of the subsets of the complement of

C® is 0 which implies the Hausdorff measure of these subsets is 0. This leads to the following

proposition:

Proposition 8. For any closed interval [0,a] C [0,1], the Hausdorff measure, restricted to C),
is given by #([0,a]NC™) = W (a) and for half open interval (a,b], we have 5 ((a,b)NC¥) =
H([0,6] NCH) — ([0, NCH) = W (b) —W(a) for every 0 <a < b < 1.
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Proof.
With every closed interval U arising in the construction of C* contained in &, we have es-
tablished that #(UNC®) = u,,(U) YU € &. So the proof of Proposition |8 is exactly the same

as that of Proposition , since all that proof uses is the knowledge of u,(U) for such U. 0
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Appendix E

Completeness of (B([0, 1],

<)

In this appendix, we show the completeness of (B([0, 1], ||-||), the space of all uniformly bounded

real-valued functions on [0, 1].

Theorem E.0.1. The space of bounded functions on [0,1] with the supremum norm ||-||e is

complete. That is
B([0,1],]|-[le) = {f:]0,1] =R with f bounded}
1fllee = supyejo,ylf(x)] <o
is complete.

Proof.

A set X is said to be complete if every Cauchy sequence in X converges in X.

Step 1 We assume the sequence {f,} in B is Cauchy in ||||c, that is || f — fin||c — O as n,m — oo

with [| fu = finlleo = SUPxefo, 1)/ (X) = fin(¥)].

Step 2 By assumption, we have that Vx € R, | f,,(x) — fin(x)| = O pointwise as n,m — co. Therefore,

for each x € [0, 1], the sequence {f,(x)} is a sequence of numbers that is Cauchy in R.
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Step 3

Step 4

Step 5

Step 6

Step 7

Step 8

Since R is complete, it implies that Vx, lgll fn(x) exists in R. From this, let f(x) =
n—>o0

li_r)nfn(x), then f, — f pointwise on [0, 1].
n—roo

We need to show that f, — f uniformly on [0, 1], that is, in [|-||». Explicitly, we need to

show that ||f, — flle =0 asn— oo

From the assumption in Step[], let € > 0 be given. There exists N € N such that Vn,m >N
we have || f, — fin|l < €. This implies that Vx, |f,(x) — fiu(x)| < € since by definitions of

|||l and of supremum we have

Vx, |fa(x) = fm@)| <||fu — finllo <€ VYn,m>N (E.2)

Key step: We fix x and n and we let m — oo to obtain

Wlll_rgjfn(x) _fm(x>| = |fn(x) _f(x)| <& (E?’)

The “< €” in eq. (|E.2)), becomes “< €” in taking the limit m — co. That limit can be

taken inside by the continuity of the absolute function.

In Step [6] the choice of x € [0,1] is arbitrary. Therefore Van > N and Vx € [0,1], | fu(x) —
f(x)| <€ giving that || f,, — f||l« < €. Since € > 0 was arbitrary, we have shown that f, — f

converges to 0 in the norm ||-||e S0, fn — f converges uniformly.

There remains to show that f € B([0,1],]|-||~). Let € =1, then we choose N € N such
that for n > N, || f — full < €=1. Taking n =N, we have || f — fn|/infry < 1. Then, by the
triangle inequality we can write that || f{le < [|f — fw|le 4[| fv]|eo. Since fiy € B([0,1], ||-[/e),
there exists a positive real constant A such that || fy|/~ < A. Then, we can write that

| flle < 1+A. Therefore f is bounded and f € B([0,1], |||«
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Appendix F

Banach contraction principle

F.1 Banach contraction principle

Theorem F.1.1. (Banach contraction principle) If (X, d) is a complete metric space and f: X — X
is a contraction, i.e. for some 0 < o < 1, d(f(x);f(y)) < ad(x;y) for all x,y € X, then f has a

unique fixed point in X.

Proof.

Step 1 We take x; € X, (x; arbitrary), xo = f(x1), x3 = f(x2), ., Xnt1 = f(Xn)-

Step 2 Let @ > 0 and let d(x1,x2) = a where

od(x;,x)=0-a

d(x2,x3) = d(f(x1),f(x2))
d(x3,x3) = d(f(x2),f(x3)) < ad(xz,x)=0a?-a

IN

d(Xp,xpp1) < o' lea
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Step 3

Step 4

Step 5

Step 6

Applying the triangular inequality many times to d(x,,x,.x) we have:

IA

d(xnaxn+k) d(xnyxn+1) +d(xn+17xn+2) +- d(xn—i-k—l 7xn+k)

IN

IN

a0 (14 a+a2 4. 4okl < el

Let € > 0. With 0 < & < 1, there exists ng € N such that for n > ng, ao"'/(1—a) < €.
Given that € > 0 is arbitrary, then from ineq. ( [F.2) we have that for every &€ > 0,
there exists ng € N such that if n > ng and n+k > ng (k> 0), we get that d(x,,x,1) < €

Therefore {x,} is a Cauchy sequence.
Then, we get that x, — xo where by completeness of X, xo € X.
n—yoo

Since f is a contraction, it is continuous and

Xn+1 = f(xn)
3 3 (F.3)
xo = f(xo)

giving that xg is a fixed point.

We have to show that xq is unique, that is, there are no more fixed points. We assume

that xo,x; are fixed points. Thus

d(x0,x1) = d(f(x0), f(x1)) < ad(x0,x1) (F.4)

Since 0 < a < 1, the only value for d(xg,x;) to be < ad(xo,x1) is d(xo,x1) =0 s0 x9 = x}

and xq is unique.
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F.2  Applications of Banach contraction principle

In the applications of the Banach contraction principle (Theorem , in Propositions
and (Chapter we have that that X = B([0,1]) and d is the supremum norm ||-||eo = supy(o i1 |'|-
They take the form of applications of contraction mappings given in Chapter 2, by eqgs. (2.55)
and for respectively the ternary and quaternary Cantor sets where in both cases the

initial function fp(x) is the following bounded and increasing step function:

0 for

o
IA
=

1
folx) = ’i (F.5)

1 for

B[ —

IA

=

IAN A

We observe that in both cases, the graphs of the functions f,(x) in the sequence resemble each
other more and more, which is another way of saying that it is a Cauchy sequence. This quick
convergence of f,(x) implies that f,(x) for n =100,000 is graphically close to the limit functions,
namely the Cantor-Lebesgue functions, F (Figure F.1) and W (Figure F.2), respectively for the
ternary and quaternary Cantor sets. F and W cannot actually be graphed as each of them is a
theoretical limit.

We include the additional case to contrast the increasing step function in eq. ( used

for fy. We use the following decreasing step function for fy:

1 for

o
IA
=

IN
=
IN A

1
Jo= ? (F.6)

0 for

B|—

Again we observe convergence in both cases similar to an increasing step function for fy. This
convergence of f,(x) implies that f,(x) for n = 100,000 is graphically close to the theoretical
limit functions, namely the Cantor-Lebesgue functions, F (Figure F.3) and W (Figure F.4),
respectively for the ternary and quaternary Cantor sets. Being theoretical limit functions, F
and W cannot actually be graphed. However, the rate of convergence appears to be slower

than with the increasing step function used for fy. This could be explained by observing in
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the proof of Theorem how far in the metric, namely the sup norm, the initial function
fo and fi = H(fy) are from each other. For the increasing step function, the initial distance
d(fo,fi = H(fo)) = a=1/2. Similarly, for the decreasing step function, the initial distance

n—1

d(fo.fi =H(fo)) =a=1. Thus, for a given € > 0, the inequality “*

< & would be satisfied
with a smaller value of n for a = 1/2 than the value of n for a = 1. Another argument for this
slower convergence with the step down initial function fy could be that it has a discontinuity,
a sharp bounded decrease, of the first kind at x = 1/2 but the theoretical limit functions F and

W are increasing over [0, 1].
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Figure F.1: Graph of the functions f,(x) for n =0,1,2,5,100,100,000 for the ternary Cantor
set
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Figure F.2: Graph of the function f,(x) for n =0,1,2,5,100, 100,000 for the quaternary Cantor

set

Cantor-Lebesgue

Function

1.2

0.8

0.6

0.4

0.2

1.2

0.8

0.6

0.4

0.2

1.2

0.8

0.6

0.4

0.2

n=0 —— n=1 ——
1 r a=1/6 B=2/3
1 1 1 1 1 1 1 1
1/4 1/2 3/4
T T T T T T T T
n=2 —— n=5 ——
a=1/6 B=2/3 4 r a=1/6 B=2/3
1 1 1 1 1 1 1 1
1/4 1/2 3/4 1/4 1/2 3/4
T T T T T T T T
n=100 —— n=100000 ——
a=1/6 B=2/3 1 r a=1/6 B=2/3
1 1 1 1 1 1 1 1
0.21/4 0.4 12 0.6 3/9.8 10 0.21/4 0.4 12 0.6 3/9.8

138




Cantor-Lebesgue
Function

Figure F.3: Graph of the functions f,(x) for n =0,1,2,5,100,100,000 for the ternary Cantor

set
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Figure F.4: Graph of the function f,(x) for n =0,1,2,5,100, 100,000 for the quaternary Cantor

set
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Appendix G

Orthogonal projection for Mercedes frame

This appendix gives details on the meaning of the Mercedes frame being “the orthogonal projec-
tion of a certain orthonormal basis for R onto a two-dimensional plane”. The Mercedes frame
is defined by

x1=(0,1), o=(——%,—2), 3=(—7%,—%) (G.1)

Figure G.1: The three vectors of the Mercedes frame with blue dashed unit circle for comparison.

We observe that ||x;|| = ||x2|| = ||x3]| = 1. The orthonormal basis for R* whose orthogonal

projection yields the Mercedes frame has to be at an angle 6 with respect to the xy-plane. So, we
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start by finding two orthogonal vectors, both at angle 8 with respect to the xy-plane, in R? whose
projection on the xy-plane has the same direction as x, = (v/3/2,—1/2) and x3 = (—v/3/2,—1/2)

respectively. Being orthogonal, their dot product must be equal to O:

<_\/7§,—%),tan9> ° (?,—%,tan@) =0 (G.2)

to obtain that tan® = 1/4/2 giving two orthogonal vectors in R3. Using the definition of tan8
we can calculate that sin@ = 1/4/3 and cos 6 = /2/3.

V2 = <—‘/7§,—%,%)
v; = <§,_%’\%> (G.3)

where the specifications of the first two coordinates of v, and v3 ensure that their respective
orthogonal projection on the xy-plane has the same direction than their corresponding Mercedes
frame elements x, and x3 respectively. From eq.(|G.3) we have that ||va|| = ||v3]| = 1/3/2. Using
\/m as normalization factor, we obtain, e, and ez, the two first orthonormal elements of the

basis in R? we are looking for:

=i = (_\%’_\/Lﬁ’l/\@) (C.4)
oV - (i)

with [lea| = [lez|| = 1.

The cross product of e, x e3 gives ey, the third orthogonal element of the basis in R3:
e1 = (0,~/2/3,1/4/3) with |le;|| = 1. If we do the orthogonal projection onto the xy-plane of the
orthonormal basis {e},ez,e3}, we would obtain vectors in the xy-plane with the same direction
as the one in the Mercedes frames but with a length of \/ﬁ which is not what is required as the
length of the orthogonal projection must be 1. As illustrated in the figure below, it results that
the Mercedes frame can be recovered by the orthogonal projection from the orthogonal basis

{vi,v2,v3}. We obtain the third element v; of the orthogonal basis {vi,v,,v3} by multiplying
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e1 by \/3/2 giving v; = (0.0,1.0,1/4/2). So, the phrase “certain orthogonal projection from the
orthonormal basis in R3” needs to be amended to read “certain orthogonal projection from the

orthogonal basis in R3”

Orthogonal projection onto the xy-plane of a certain
orthogonal basis in 3D

Z axis

y axis

Figure G.2: Mercedes frame and the orthogonal basis {vi,v2,v3} in R3

This concludes the explanation of the meaning of “a certain orthogonal projection from the

orthonormal basis in R3” for the recovery of the Mercedes frame.
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Appendix H

Convergence of infinite products

H.1 Introduction

In this Appendix we show that the infinite product in the formula of f1, converges. For conve-

nience, we give again the formula for fi, below:

e Tt
fu(t)=e"3 | |cos H.1
(0= [ eos (575 (H1)

We established in Chapter , that the zero set of f1,, (t) is Z(fi;) = {4"(1 +2Z)} C Z with
n € NU{0}. The existence of this zero set precludes using the log function on the infinite
product to create a series and study its convergence. Moreover, in a neighbourhood of each of
these these zeros, the corresponding factor in the product will take positive and negative values
with the latter incompatible with the log function.

Apostol[l, p. 207] gives a useful definition of infinite product that we quote:
Definition H.1.1. Given an infinite product [[_; u,, let p, = TT;_, ux.
(a) If infinitely many factors u, are zero, we say the product diverges to zero.

(b) If no factor u, is zero, we say the product converges if there exists a number p # 0 such
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that {p,} converges to p. In this case, p is called the value of the product and we write

p=1II_ un. If {p,} converges to zero, we say the product diverges to zero.

(c) If there exists an N such that n > N implies u, # 0, we say [],,_, u, converges, provided that

[T5_n 1 4n converges as described in (b). In this case, the value of the product [T, u, is

Uiy - Uy H Uy,. (H.2)
n=N+1

(d) TT,_;un is called divergent if it does not converge as described in (b) and (c).

Also, Apostol[ll, p. 207] provides the following note that we quote: The value of a convergent
infinite product can be zero. But this happens if and only if, a finite number of factors are zero.
The convergence of an infinite product is not affected by inserting or removing a finite number

of factors, zero or not.

H.2 Convergence of the infinite product

Apostol[l, p. 207] gives the Cauchy condition in the form of theorem that we quote:

Theorem H.2.1. The infinite product [];_, u, converges if, and only if , for every & > 0 there is

an N such that n > N implies
lupr1ttysn- - up— 1| <€, fork=1,2,3,... (H.3)

Apostol[Tl, p. 208] offers the following observation, useful in the sequel that we quote: Taking

k=11ineq. ([H.3)), we find that convergence of [T, u, implies that 1i_r>n u, = 1. For this reason,
n—oo

the factors of a product are written as u, = 1+a,. Thus convergence of [[_;(1 +a,) implies
that lima, = 0.
n—yoo
According to Apostol[ll p. 209], for some products, the factors could be written as u, = 1 —a,

and Apostol[Il, p. 209] gives the following theorem on the convergence of such products that we
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quote:

Theorem H.2.2. Assume that each a, > 0. Then the product [](1 —a,) converges if, and only

if, the series Y a, converges.

It is this latter theorem that we use to show the convergence of the product in the formula
for fi,. Using the identity cos2a =1 — 2sin’ a, each factor of the product in eq. ( D can be

written as follows:

Tt ) Tt
un(t):cos(2.4n> — 1 —2sin’ <4n+1> (H.4)

where we note the notation u,(¢) for the n'” factor in the product. Each n € NU{0} corresponds
to a factor in the product and to a subset of the zero set Z(fl,). For instance, n =1 corresponds
to the factor cos (%) and to {4(1+2Z)} C Z(f1,). We observe that the subset {4(1+2Z)} is
not the subset of zeros for any of the factors for n £ 1. Then, the study of the convergence of

the product reduces to two cases:

(a) t fixed with r € R\ {4"(1 4+27Z)} Vn € NU{0} so in eq.( [H.4), 2sin? <4,,+1> > 0 and by

Theorem we only need to study the convergence of the series

Z 2sin’ <4nﬂi1) (H.5)

For all x > 0, we have the inequality sinx < x = |x|. Since [sinx| and |x| are even functions,
we can write that |sinx| < |x| Vx € {R\ {0}}. We have that [sinx| < 1 then |sinx|> = sin’x <
|sinx| < |x| to get that sin®x < |x| Vx € {R\ {0}} since at x =0, sin?0 = 0 and we have
that f1,(0) =1. That is, the product in eq. ( converges to 1. We then focus on the

convergence V¢t € {R\ {0}}. We can then write

(o)

— .o Tt 7rt_7r°°1_7rt
¥ 2sin? (giir) < Xlgul =274 X g =275 <= (1.0

So the series in ( [H.5) converges by the Comparison test Apostol[l, p. 190] and by

Theorem the product converges. Since ¢ is arbitrary, the product converges Vt €
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R\ {4"(1+2Z)} Vn € NU{0}.

(b) For a given N € NU{0}, N corresponds to the factor uy(r) = cos (5Zy). ¢ fixed with 7 €
{4N(1+27)}, then uy(t) = 0 with all the other factors of the product different from 0. So,

Part (c) of Definition applies and we have

uiuy - -un—1-0- H Uy,. (H.7)
n=N+1

where the product converges to 0, provided [];_y,u, converges. Similarly as in Case 1,

we have

> , it > Tt mlt] & 1 mlt|
281n2< ><2 [y R S (H.8)
n—;—kl 4n+1 n—;—kl gn+1 4N+1 = 4n 3.4N
So the series in (|H.8) converges by the Comparison test Apostol[l, p. 190] and by Theo-
rem the product converges. Since t and N are arbitrary, the product converges to 0

Vi € {4"(1+27)} with n € NU{0}.

We then conclude that the product in eq. ([H.1]) converges Vr € R.
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Appendix I

Relation between Fourier transforms of measure
and Cantor-Lebesgue function

[.1 Introduction

In this Appendix, we derive the relation between the Fourier transform of the measures p3 and
Wa, and the Fourier transform of their corresponding Cantor-Lebesgue function. This gives an

alternate way for the following formulae obtained in Ch. [4] repeated here for convenience:

1. for the ternary Cantor set (eq. (4.52))

A

30 =5 (1+™) 5(3) (11)

| =

2. for the quaternary Cantor set (eq. ({4.11)):

A

f(0) = 5 (14+6™) () (12)

4

N =

These formulae are the respective starting point of an iterative process leading to the formulae

for the Fourier transform of ternary and quaternary measures in the form of an infinite product.
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Proposition{d]in Ch. [3|shows for the ternary measure that for any closed interval [0,x] C [0, 1],
u3([0,x]) = F(x) where F is the C-L function for the ternary Cantor set. Similarly, Proposition [5]
shows for the quaternary measure that ps([0,x]) = W(x) where W is the C-L function for the
quaternary Cantor set. With these relations, F and W can be called as distribution functions
of respectively ps and py [16, p. 33]. Both F and W are monotone increasing, bounded and

2mx g continuous and bounded

continuous on the closed interval [0, 1]. Also, the function ¢, = e
on [0, 1].

Following Apostol [1, Ch. 7], the Riemann-Stieltjes integral calls for two bounded functions
f and a on a closed interval [a,b] and is denoted by the symbol | : f(x)do(x). If such an integral
exists, we quote Apostol [I, p. 141]: we say that f is Riemann-integrable with respect to @ on

[a,D], and we write f € R(a) on [a,b]. For integrating by parts fabf(x)doc(x), we quote Apostol
[1, p. 144, Thm 7.6]: if f € R(e) on [a,b], then a € R(f) on [a,b] and we have

2 fx)dax) + [P a)df(x) = f(b)a(b)— f(a)a(a)

(1.3)
[P fdax) = —[ax)df(x)+ f(b)a(b) - f(a)ala)

Using Rudin |26, Thm. 6.30, p. 122], we can apply eq.( in the case of f € Cla,b] and «a
of bounded variation on [a,b] or more specifically, & monotone on [a,b]. We use the formula
in eq.( with the continuous function f = e, = ¢*™* and the monotone functions, F and W
to obtain a relation between the Fourier transforms of the measure and its corresponding C-L
function. These three functions are defined and bounded on [0,1]. In fact they are more than

that, which is even better.

[.L1.1 Ternary measure

By calling F a distribution function of psz and Proposition [4] giving u3([0,x]) = F(x), we have

that dus = dF. Using integration by parts (eq.(|[.3])), we can write the formula for the Fourier
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transform of 3 as

fi5(t) = fol 627rizxd‘u3 _ OlezmtxdF
—  —2mit [y F(x)e2™dx 4 F(x)e2mi| (1.4)
= 2mitF(t) + ™
where ¢t € Z and by definition of Fourier transform
1 .
F() = / F(x)e2™ i dx (L5)
0

with t € Z.We then have the relation between the Fourier transforms of g3 and the corresponding
C-L function F. Can we obtain eq. ( [[.1}) without having to use the methodology exposed in
Ch. [ ie. eq. ([£.9)? We can answer in the affirmative as shown below.

By Lemma 2.1.15] the following identity holds:

%F(3x) for 0<x< %,
F(x) = % for % <x< %, (1.6)
%F(3x—2)—|—% for %gxgl

with F(y) =0 for y <0 and y > 1. Then we write

F(r) = [y F(x)e*™dx
— fo% TF (3x)e™itxdx + ff Je2mitxdx 4 f%I (54 3F(3x—2)) e*™™*dx
_ () 17)
+al (ezmz_e@) +6%F(t6/3)

_ (1+e@) F(t6/3)+ﬁ(ezmr_e@>

9

but from eq. ([[.4]) we have
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Introducing eq. ([[.§) in eq. ([[.7) we obtain:

4mit 2mit
N 1+e3 e3 —[15(t/3) 1 ~ 2mit
o= (M) () e () 1)

Introducing eq. ( in eq. (|I.4]), we obtain the desired result:

(14+e7) 3(3) (L.10)

l\)lr—‘

f5(t) =

This confirms the answer by the affirmative the question asked above.

[.1.2 Quaternary measure

By calling W a distribution function of ps4 and Proposition [ giving p4([0,x]) = W (x), we have
that dus = dW. Using integration by parts (eq.( [I.3))), we can write the formula for the Fourier

transform of 4 as

fi,(t) = fO] e27ritxdu4 _ f()l S2TitX gy

= 27t f§ W (x)e2Tdx+ W (x)e2mi| (L11)
= 2mitW (1) + 2™
where ¢ € Z and by definition of Fourier transform
~ 1 .
W(t) = / W (x)e*™ ™ dx (1.12)
0

with t € Z. We then have the relation between the Fourier transforms of py and the correspond-
ing C-L function F. Can we obtain eq. (|.2)) without having to use the methodology exposed
in Ch. [f]i.e. eq. ([£.9)? We can answer in the affirmative as shown below.
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By Proposition [2| the following identity holds:

'%W(4x) for 0<x<1,
W (x) = : e
%+%W(4x—2) for %SXS%;
1 for 3<x<1

\

with W(y) =0 for y <0 and y > 1. Then we write

1 . 1 .
— f04 %W(4x)62m’xdx—|— flz %ezmtxdx
)

e
1 it Zit >

_ W(/4)
= —g Ttaml|\e —e?
mieW(t/4) | 1 ( omie 370
te 8 T 7ma \€ ez
7 3mit mit
= (1_|_emz) W(;M) —I—ﬁ (eT —eT)
L 2mit 3mit
+27‘Eil (e e’

but from eq. (|[.11]) we have

mit

We/4) = 5 (e~ y(0/4))

Introducing eq. ([I.15)) in eq. ([I.14]) we obtain:

Introducing eq. ([[.16) in eq. ([I.11)), we obtain the desired result:

A

1a(0) = 5 (1+¢™) 1y (3)

| =
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3 . .
+f14 (%+ %W(‘I-X—Z)) 27rttxdx+ f%l e27mxdx

(1.13)

(1.14)

(L.15)

(1.16)

(L17)



This confirms the answer by the affirmative the question asked above.
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Appendix J

One dimension: Fourier transform of measures
of odd and even scales

J.1 Introduction

Chapter [4] presents the derivations in one dimension of the Fourier transform of the ternary and
quaternary measure, U3z and py. That is of scale 3 and 4 respectively. In this Appendix, we
extend these results to odd and even scales higher than 3 and 4. The key element in doing so is
to establish general Iterative Function Systems (IFSs) that each leads to a Cantor set C C [0, 1]

of Lebesgue measure m(C) = 0.

J.2 IFSs for higher odd and even scales Fourier transform

The IFSs for the

(i) ternary Cantor set:

o) = 3 (4.1)
Ti(x) = 3+3
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(ii) quaternary Cantor set:

’L'()(x) =

Bl=

(J.2)

A=
+
=

T (x) =

From these IFSs, we propose the following general IFSs applicable for all odd and even

scales:

(i) odd scale:

Oo(x) = 52~
%) = 5 (13
— 2
O1(x) = w7tz
for k e N,
(ii) even scale:
Eo(x) = 3%
W= (J.4)
E\(x) = stt+x=%+3

for k € N.

For example, for k =1 we recover the IFS for the ternary (odd) Cantor set given in eq. (}J.1)
and for the binary (even) Cantor set in eq. (B.1l Also, for k =2 we recover the IFS for the
quaternary (even) Cantor set eq. ([J.2). We are interested in odd scales for k > 2 and even

scales for k > 3, for instance,

(i) odd scale k =2, we obtain the IFS for a particular quinary Cantor set:

Oop(x) =

W=
—
=
(@)
~

O1(x) =

=
_|_
Wi

(ii) even scale k =3, we obtain the IFS for a particular senary Cantor set:

Bolx) = % (J.6)
Bl = i+
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although the fraction 3/6 could be simplified it is kept intact. It ensure the proper form

of the inverse IF'S.

This results in Figure displaying few steps in the construction of this quinary Cantor set
and this senary Cantor set. We observe that in both cases, the construction will lead to Cantor
sets skewed towards left as for the quaternary Cantor set. Also, the construction is according

to a self similar binary tree as for the ternary and quaternary Cantor sets.

(e}
+ wni—
-+ LI
4+ niw
=+ Ui

[

OQA

(a) Quinary

11 11 1 1 11 1 1

(e}
4+ o=
4 W=
-+ NI=
T I
- AN

[—

} 11 11 1 11 1 11 11 1 11

MR R B T R (
e

(b) Senary

Figure J.1: Few construction levels of a quinary and a senary Cantor sets

Total length of the intervals removed:

(a) for the quinary Cantor set each parent closed interval is divided in five equal subintervals.
The two child closed subintervals result from removing the second open subinterval and

the last two open subintervals for a total of three open subintervals of equal length. Total
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length removed is then given by

_|_
[\
2
[T\ ul\lalw
+ +
U N,
+
: +
N———
P
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~—

g™
+

W W W

—_
| ‘»—‘
(S
I
W
wW|Wn
I
—_

Since the total length removed is 1, the construction process leads to a quinary Cantor set
C®) € [0,1] of Lebesgue measure m(C®)) = 0. We note the quinary Cantor set corresponds
to k =2 and the construction process implies the removal of k4 1 =3 equal subintervals

from each parent interval to obtain the two closed child subintervals.

(b) for the senary Cantor set each parent closed interval is divided in six equal subintervals. The
two child closed subintervals result from removing the second and third open subintervals
and the last two open subintervals for a total of four open subintervals of equal length.

Total length removed is then given by

22422242324 = 242424
= 3(1+3+3+.) (1.8)
_ 2 1 _ 23 _
= 371=33=1

,_.
|
Gl

Since the total length removed is 1, the construction process leads to a senary Cantor set
C®  [0,1] of Lebesgue measure m(C(®) = 0. We note the senary Cantor set corresponds
to k =3 and the construction process implies the removal of k+ 1 =4 equal subintervals

from each parent interval to obtain the two closed child subintervals.

We then repeat the above for the general cases of odd and even scale where it suffices to

show the total length removed is 1. We have:

(a) for the (2k+ 1)-ary Cantor set, given k € N, each parent closed interval is divided in 2k+ 1
equal subintervals. The two child closed subintervals result from removing the second open

subinterval and the last 2k — 2 open subintervals for a total of 2k — 1 open subintervals of
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equal length removed. Total length removed is then given by

21 21 21 2kl Al 2kl A2 2k-1
w1 T2y tep T = w12 (2k+l)2+2 (2k+1)3Jr
2%l
= %l (1 + o + (2k+1)2 +> (J.9)
_2kl 1 2k-12kb] g
= R T WA

Since the total length removed is 1, the construction process does lead to a 2k+1 (odd

2k+1)

scale) Cantor set C! C [0,1] of Lebesgue measure m(C2+1)) = 0.

(b) for the 2k (even scale) Cantor set, given k € N, each parent closed interval is divided in
2k equal subintervals. The two child closed subintervals result from removing k — 1 open
subinterval(s) after the very first subinterval and the last k— 1 open subintervals for a total

of 2k —2 open subintervals of equal length removed. Total length removed is then given by

k 2 k—1 3 k— l _ k= k
k 1 1
_ T( 1idg ) (3.10)
_ k 1 _ k-1 k _
= i ==l

=

Since the total length removed is 1, the construction process does lead to a 2k (even scale)

Cantor set C(%0)  [0,1] of Lebesgue measure m(C?¥)) = 0.

Since the IFSs in eq. (|J.3) (odd scale) and in eq. ( lead to Cantor sets of Lebesgue
measure m(C**+1) =0 and m(C*)) =0 (k € N)), we can obtain the Fourier transforms of

measure of odd and even scales.
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J.3  Fourier transform of measures of odd and even scales

J.3.1 0Odd scale measure

We denote the odd scale measure by Uiy with k € N. Hutchinson’s theorem (Thm (3.3.2)

states the existence of the measure ;1 with support in C (2k+1) with respect to the IFS in eq.

(1J.3) and the corresponding integral recursive relation, analogous to eq. ([4.9). Since €™ is

continuous, we can write using that analogous relation:

Pogyr (1)

feizmdeZk+l (x) _ % (f eiznﬁxdﬂ%-i-l (x) + fei2ﬂ?2ktﬁx+i2m%+1 d‘u2k+] (x))
(f PRI (x) + @ THTT [ EI (x)>
(1 + e"’rﬁl) J PP d i (x)

4
i\ A t
l+e 2k+1>ﬂ2k+1(2k+1)

= N= N

(J.11)
From eq.(|J.11)) (last line), we define for the 2k + l-ary Cantor set:
1 7 =
Kok (0) =3 (1 te M) _ (1.12)
Then eq.([J.19) can be written as follows:
N N 4t
[y (2) = sz+1(f).uzk+1(m) (J.13)
From eq. (|J.11]) we can write:
t 1 in—4 t
( — Y=—1 @02 ) [ — J.14
H2k+1(2k+1) 2( te >u2k+1((2k+1)2) ( )
For t =0, eq. ([4.8) becomes for p =2k+1
for41(0) :/ld.quH = /%c(2k+1)duzk+1 = Uogr1 (C*TD) (J.15)
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From the fact that i (C**D) =1, we get that i, +1(0) = 1. Then, we iterate the relation

in eq. (|[J.14) N times to obtain:

N t t
- _ b (L 1
Taking N — co and using the continuity of fl,;,(f) at t =0, we can write
fopa (1) = [HZQ:OXZH—I((QJ:‘Tt)n)} dim A1 (Grmyver)
= H:;:olzkﬂ(m) (J.17)

o jAm
= IIi=12 (1 +e <2’<+')">

where we used the definition of )px41(¢) (eq. (|[J.12)) to obtain the last line of eq. (|J.17)) which

can be written as follows:

: Amt s Amt - Amt : Amt : Amt
ﬂ2k+1(l) = I, % (1 +eé (2k+1)”> =117, % <e’z(2k+1)n AT o T kAT ‘Hz-(zkﬂ)n)
n— n—=

i 2m’1 i Zmn
; St (e (2k+1) +e (2k+1) )
— had 2k+1)"
— anl e (2k+1) 5

. 2mt

. o =y <L)
[Th=y e 0" cos { iy (1.18)

— 627:1 i(zkzjrnl)n Hoo cos 2wt
n=1 (2k+1)"
P27t oo 1
L 2kHT Xn=0 R T __2m
= e (2k+1) Hn:ICOS<(2k+ )n>

int

— T TT™° 2mt
= ek Hn:lcos((%Jr ),,>

With # € R, flo;,1(f) in eq.( [J.18) is a continuous function in f. We have shown that we can

obtain the Fourier transform of (2k+ 1)-ary measure (odd scale) for scale larger than 3.
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J.3.2 Even scale measure

In the same way, we denote the even scale measure, given by Hutchinson’s theorem for the IFS
in eq. ( , by tox with k € N. Since ™" is continuous, then by the analogue of eq.(|4.9) we

can write:

Qo(t) = [eP™dpn(x) =3 <f e d iy (x) + [ eiznix+izﬂt%duzk(x)>
_ 1 P27 x int [ 274 x
= 2 <f€ o d!i?k()f) +e™ [ e d.UZk(x)> (1.19)
_ %(1 _|_ei7z:t> feﬂnﬂxd‘u%(x)
= 3 (1+e™) iy (5)
From eq.( (last line), we define for the 2k-ary Cantor set:
1 it
xu(t) = 5 (1+€™). (J.20)
Then eq.(|J.19) can be written as follows:
~ N t
P (1) = dor(0) s (5) (J.21)
From eq. ([J.19) we can write:
~ t o 1 llﬂ'L ~ t
Bay) = 5 (1467 bl i) (J:22)
For t =0, eq. ( becomes for p =2k
A0 = [ 1= [ seondae = pae(C?) (123

By mass distribution pir(C¥)) =1 and we get that f1,4(0) = 1. Then, we iterate the relation
in eq. ([J.22) N times to obtain:
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t t

N
floy (2) = LIJOXZk((Zk)n)] pLZk((2k)—N+1)

Taking N — e and using the continuity of fi,,(f) at r =0, we can write

fout) = [T ] Jim o (e )

= o3 (1 +e <2k>")

Eq. (}J.25)) can be written as follows:

. Tt A 1 .t .t
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Clearly, with r € R, fl,,(f) in eq.( |[J.26) is a continuous function in 7. For k=3 in eq.(|J.26]),

we get the Fourier transform of senary measure:

fe(t — ¢T3 - cos (2 J.27
o) =™ [Teos (57;) (3:27)

Similar as for fi,(¢), we apply the same steps as in Lemma and Lemma for fis(1)
where we let Ps = {lo+ 60y + 6%y +--- + 654 : {; € Lg, finite sums } with Lg = {0, 1}, then the
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functions {ej : A € Ps} are mutually orthogonal in L?(ug) where

e (x) i= 2 (J.28)

Table[J.1] gives the first 15 elements of Ps where for example, for As, {£o,¢1,¢>,03} ={1,0,1,0}
and s =6-14+6'-0+6%-1+63-0=37

n | {00, 01,02, 05} | A
0 | {0,0,0,0,} | ©
1| {1,0,0,0,} | 1
2 | {0,1,0,0,} | 6
3] {1,1,0,0,} | 7
4| {0,0,1,0,} | 36
5| {1,0,1,0,} | 37
6 | {0,1,1,0,} | 42
7| {1,1,1,0,} | 43
8 | {0,0,0,1,} | 216
9 | {1,0,0,1,} | 217
10| {0,1,0,1,} | 222
11| {1,1,0,1,} | 223
12 {0,0,1,1,} | 252
13| {1,0,1,1,} | 253
14| {0,1,1,1,F | 258
15| {1,1,1,1,} | 259

Table J.1: Value of A, € Py for finite sums of four elements (¢;:i=0,1,2,3)
From Eq.(|[J.27), the set of zeros of fis(r) is:
Z(fig) = {6"(1+22)} C Z (1.29)

Similar as for fI,, we observe that the difference between elements of Ps are in Z(flg). In
fact all those differences are in Z(fl¢) and since 0 € Ps, we have that {Ps\ {0}} C Z(ji¢) C Z.
An illustration of that fact is given in Table[J.2]

We note the similarities between Table [4.2| for s and Table for ug where the elements of

the respective spectrum are at the same position. For the entry “A¢9 minus each of Ag down to
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Operations on elements of Py Some elements of Z(fl¢)
as differences between elements of Py
A1 minus each of A9 down to A9 | {1}
A» minus each of A; down to A4y | {5,6}
A3 minus each of Ay down to A4y | {1,6,7}
A4 minus each of A3 down to A9 | {29,30,35,36}
As minus each of A4 down to A9 | {1,30,31,36,37}
A¢ minus each of A5 down to A9 | {5,6,35,36,41,42}
A7 minus each of Ag down to A9 | {1,6,7,36,37,42,43}
Ag minus each of A7 down to A9 | {173,174,179,180,209,210,215,216}
Ao minus each of Ag down to Ao | {1,174,175,180,181,210,211,216,217}
A1p minus each of A9 down to Ay | {5,6,179,180,185,186,215,216,221,222}
A11 minus each of Ajp down to Ay | {1,6,7,180,181,186,187,216,217,222,223}
A1z minus each of A1; down to Ay | {29,30,35,36,209,210,215,216,245,246,251,252}
A13 minus each of A1, down to Ay | {1,30,31,36,37,210,211,216,217,246,247,252,253}
A14 minus each of Ai3 down to Ag | {5,6,35,36,41,42,215,216,221,222,251,252,257,258}
A1s minus each of A4 down to Ao | {1,6,7,36,37,42,43,216,217,222,223,252,253,258,259

Table J.2: A’s (in red) among the elements of the Zero Set

Ao” in both tables, we start with one A (A; = 1), followed by six zeros that are in turn followed
by two A’s. While Jorgensen and Pedersen prove Theorem 3.4 [20, p. 190] in one dimension
and only for R =4, their general approach and tools deployed for that proof, [20, Sec. 4, p.

192], apply in much generality. So, we conjecture that the same proof as for R =4 will hold for

R = 6 or more generally for even R.

164



Bibliography

[10]

Apostol, T.M., Mathematical Analysis, 2nd Ed., Addison-Wesley, Reading MA, 1974.
Axler; S, Measure, Integration & Real Analysis, Springer, Cham, 2020.
Carothers, N.L., Real Analysis, Cambridge University Press, Cambridge, 2000.

Christensen, O., An Introduction to Frames and Riesz bases, 2nd Ed., Birkhduser, Cham,

Switzerland, 2016.

Christensen, O., Frames and Bases: An Introductory Course, Birkhéduser, Boston, 2008.

Dangello, F. and Seyfried, M., Introductory Real Analysis, Houghton Mifflin Company,
Boston, 2000.

DiMartino, R. and Urbina, W., On Cantor-like Sets and Cantor-Lebesgue Singular Func-

tions, arXiv:1403.6554v1, 26 March 2014.

DiMartino, R. and Urbina, W., Excursions on Cantor-like Sets, arXiv:1411.7110v2, 4 June
2017.

Duffin, R.J. and Schaeffer, A.C., A Class of Non-harmonic Fourier Series, Trans. Am. Math.
Soc., Vol. 72, No. 2, Mar. 1952, pp. 341-366.

Dutkay, D.E et al.,Continuous and Discrete Fourier Frames on Fractal Measures, Trans.

American Math. Soc., Vol. 366, No. 3, 2014, pp 1213-1235.

165



[11]

[12]

[15]

[16]

[17]

[21]

[22]

Dutkay, D.E and Ranasinghe, R.,Weighted Fourier Frames on Fractal Measures,J. Math.

Anal. Appl., Vol. 444, 2016, pp. 1603-1625.

Dutkay, D.E and Ranasinghe, R.,Weighted Fourier Frames on Self-affine Measures, J. Math.
Anal. Appl., Vol. 462, 2018, pp. 1032-1047.

Elaydi, S.N., Discrete Chaos, 2nd Edition, Chapman & Hall/CRC, Boca Raton, 2008.

Falconer, K.J., The Geometry of Fractal Sets, Cambridge Tracts in Mathematics No. 85,

Cambridge University Press, Cambridge, 1985.

Falconer, K.J., Fractal Geometry: Mathematical Foundations and Applications, John Wi-

ley and Sons, Chichester, 2014.

Folland, G.B., Real Analysis: Modern Techniques and their Applications, 2nd Ed., John
Wiley and Sons, New York, 1999.

Grochenig, K., Acceleration of the Frame Algorithm, IEEE Trans. on Signal Processing,
Vol. 41, No. 12, Dec. 1993, pp. 3331-3340.

Hutchinson, J.E., Fractals and self-similarity, Indiana Univ. Math. J., 30 (1981), No. 5, pp.
713-747.

Hunter, J.K., Measure Theory, Notes, Dept. of Mathematics, UC Davis, 2014.

Jorgensen, P.E.T. and Pedersen, S., Dense Analytic Subspaces in Fractal L?-spaces, Journal

d’analyse mathématique, Vol. 75, 1998, pp. 185-228.

Jorgensen, P.E.T., Harmonic Analysis: Smooth and Non-smooth, CBMS Regional Confer-
ence Series in Mathematics No. 128, AMS, Providence, Rhode Island, 2018.

Laba, I and Wang, Y., On Spectral Cantor Measures, Journal of Func. Anal., Vol. 193,
2002, pp. 409-420.

166



23]

[24]

[20]

[27]

[28]

Lev, N., Fourier Frames for Singular Measures and Pure Finite Phenomena, Proc. American

Math. Soc., Vol. 146, No. 7, July 2018, pp. 2883-2896.

Picioroaga, G., and Weber, E.S. Fourier Frames for the Cantor-4 set, J. of Fourier Analysis

and Applications, Vol. 23, pp. 324-343, 2017.

MacCluer, B.D., Elementary Functional Analysis, in Graduate Texts in Mathematics Se-

ries, Springer, New York, 2002.

Rudin, W., Principles of Mathematical Analysis, 2nd edition, McGraw Hill, Inc., New York,
1964.

Wang, C., and Yin, F.-L., Tree structure of spectra of spectral Moran measures with

consecutive digits, Canad. Math. Bull., Vol. 67 (3), 2024, pp. 593-610

Young, R.M., An Introduction to Non-harmonic Fourier Series, Revised 1st edition, Aca-

demic Press, New York, 2001.

167



	List of Figures
	List of Tables
	Introduction
	Statement of originality

	Construction of Cantor Sets
	Classic Construction
	Construction of ternary Cantor set in R
	Characteristics of the ternary Cantor Set in R
	Bijection between [0,1) and B0
	Bijection between Cantor set and ternary expansions
	Cardinality of ternary Cantor set
	Other characteristics of ternary Cantor set

	Cantor-Lebesgue function for ternary Cantor set
	Characterization of F(x) as a fixed point


	Construction of Cantor sets by IFS
	Construction of ternary Cantor set by IFS
	Construction of a quaternary Cantor set by IFS
	Cantor-Lebesgue function for quaternary Cantor set W(x) as a fixed point



	Measure and dimension on Cantor sets
	Hausdorff measure and dimension
	Hausdorff measure
	Hausdorff dimension
	Hausdorff measure and dimension of the ternary Cantor set

	Measure of subset of R by mass distribution
	Mass distribution on a subset of R
	Mass distribution on the ternary Cantor set
	Relation between mass distribution measure and the ternary Cantor-Lebesgue function
	Relation between Hausdorff measure and the ternary Cantor-Lebesgue function
	Lebesgue-Stieltjes measures
	Measure on an interval as a Cantor set


	Hutchinson's theorem: measure on self-similar sets
	Ternary and Quaternary Cantor Measure by mass distribution

	Relation between measures on Cantor sets

	Frames for measures on Cantor sets
	Background on Frames
	Elements of frames
	Fourier transform of Binary, Ternary and Quaternary Measures
	Fourier transform of the Quaternary Measure
	Spectrum of the Binary Measure
	Spectrum of the ternary measure

	Concluding remarks

	Details of the construction of a quaternary Cantor set by IFS
	Change of Variable for Integration with Respect to a Measure
	Relation between mass distribution measure and the quaternary Cantor-Lebesgue function
	Relation between Hausdorff measure and the quaternary Cantor-Lebesgue function
	Completeness of (B([0,1], ·∞)
	Banach contraction principle
	Banach contraction principle
	Applications of Banach contraction principle

	Orthogonal projection for Mercedes frame
	Convergence of infinite products
	Introduction
	Convergence of the infinite product

	Relation between Fourier transforms of measure and Cantor-Lebesgue function
	Introduction
	Ternary measure
	Quaternary measure


	One dimension: Fourier transform of measures of odd and even scales
	Introduction
	IFSs for higher odd and even scales Fourier transform
	Fourier transform of measures of odd and even scales
	Odd scale measure
	Even scale measure


	Bibliography

