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Abstract

Finite-data Error Bounds for Approximating the Koopman Operator
Daniel Fassler

The Koopman operator is a powerful tool for the study of dynamical systems that allows the
study of nonlinear systems through the lens of observables functions forming an equivalent
linear formulation of the dynamics in an infinite-dimensional space. Recent developments
in data-driven approximation techniques allow the approximation of the Koopman operator
without any a priori knowledge of the underlying system. However, despite the existence of
asymptotic results on the capabilities of such techniques, only a few guarantees exist in the
more realistic finite-data setting.

Approximation of the Koopman operator through Extended Dynamic Mode Decompo-
sition (EDMD) has been observed to converge at the Monte Carlo rate of the inverse, i.e.,
proportionally to the square root of number of samples. In this thesis, we bridge the gap
between EDMD and the theory of least squares to provide a proof of this statement with
minimal assumptions. Moreover, leveraging known results from function approximation via
least squares, we investigate the effect of the sampling routine and the choice and size of
dictionary on the convergence of the EDMD method. Additionally, we develop a similar
approach in the context of compressed sensing, where we provide recovery guarantees when
the Koopman operator is sparse. Finally, we validate theoretical findings through extensive
numerical illustrations.
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Chapter 1

Introduction

Dynamical systems are a ubiquitous part of modern day science, from the study of movements
of bodies arising from mechanics in physics or engineers trying to predict the motion of a
system, to biologists trying to understand the behaviour of a population. Dynamical systems
analysis aims to study time-evolving processes from a geometric perspective. It focuses on
understanding salient features of systems, such as equilibria, periodic orbits and invariant
manifolds. As such, it can be seen as analysis, geometry, topology and applied mathematics
all working together to study real life systems. Because of its importance, it is crucial to
have tools to study, understand and control such systems.

In his original work in 1931 [24], Bernard O. Koopman introduced a new concept that
would become fundamental for the study of dynamical systems. Using the theory of Hilbert
spaces, Koopman demonstrated how one could study a dynamical system through an equiv-
alent linear dynamical system, albeit an infinite-dimensional one. To reach this goal, he
used an operator now known as the Koopman operator which acts on observables functions
of the system, scalar-valued functions on the phase space. It turns out that by studying
how those observable functions evolve in time, one can infer the behaviour of the original
system. Those functions are often already quantities of interest such as momentum, energy,
or concentration of chemicals. This is the basis of the Koopman theory.

Koopman’s work saw significant re-discovery in the late 1990s and early 2000s, and the
recent success of the Koopman Theory has been dubbed “Koopmania” by some researchers.
This moniker is not without merit, as Koopman theory has a very wide range of applications
such as fluid dynamics [28], control theory [12] or even quantum computing [23] through
Koopman-Von Neumann mechanics.

The rise of data science over the past decades was of tremendous importance for scien-
tific experimentations, a context where the true underlying system is often unknown or too
complicated to work with directly. The abundance of data and increase of computational
power has also made it much more affordable to approximate the Koopman operator using
only data gathered from the system. To this day, approximation of the Koopman operator
is a very active field of research. While many theoretical results exist on the asymptotic con-
vergence of such methods, the theory sometimes lacks practical results with easily verifiable
assumptions. This is precisely the problem that this thesis aims to address.

We explore the approximation of the Koopman operator from data, both in the over
sampled regime with an Extended Dynamic Mode Decomposition (EDMD) approach and



in the under sampled regime with a compressed sensing approach. We will provide error
bounds for both approaches and a convergence rate for the EDMD method.

For the EDMD approach, we will provide a proof relying on minimal assumptions for
the convergence rate of the method. While this result is not new, as it as been exten-
sively observed and proved in different settings in the literature [30, 39, 40]. Our approach
generalizes those proofs to both stochastic and deterministic systems, as well as leveraging
the use of two different dictionaries, which allows to apply our work to the identification
of Lyapunov functions [10] and the discovery of invariant measures [11]. Our proof unites
results from the theory of least squares and the theory of EDMD to obtain new convergence
guarantees. Finally, we demonstrate the versatility of our result through extensive testing
on both continuous and discrete time dynamics, as well as stochastic dynamical systems.

For the compressed sensing approach, we provide new approximation schemes based
on the EDMD approach in the compressed sensing setting. We present theoretical recovery
guarantees on the sparsity of the recovered Koopman operator using methods such as LASSO
and Quadratically constrained basis pursuit. Finally, we demonstrate the usefulness of these
techniques on a high-dimensional dynamical system in continuous-time.

We now provide a roadmap of what will be discussed in this thesis. In Chapter 2, we
will present a brief overview of the Koopman operator and its properties. We will also
introduce EDMD as a method to approximate the Koopman operator. Finally, we will then
review least-squares theory and compressed sensing theory, the tools we will use to derive
our results. In Chapter 3, we will present our main results for approximating the Koopman
operator in the Monte Carlo setting using EDMD and Least Square Theory, we give a proof
of the convergence rate of \/Lﬁ, where n is the number of data points. We will also talk about
exponential convergence by letting the dictionary size grow with the number of data points.
In Chapter 4, we talk about approximation of the Koopman Operator in a different setting,
compressed sensing. We will show that in the context of sparsity, one can derive sparsity
recovery guarantees for methods like the Least Absolute Shrinkage and Selection Operator
(LASSO) and Quadratically Constrained Basis Pursuit (QCBP). In Chapter 5, we conclude
the thesis by discussing our results and providing some possible future directions for this
work.



Chapter 2

Background

In this chapter, we will present the basic notions, notations, tools and definitions used
throughout this thesis. We will start by presenting the analytical framework that we work
in. We then introduce the Koopman operator, its properties and how to approximate it, and
finally we explain the theory of function approximations through least squares.

2.1 The basics

In this section, we present the basic notation and tools we used throughout our work. We
start with the idea of orthogonal bases of function spaces. Then we move on to lower sets,
which are of particular importance in the context of high dimensional approximation.

2.1.1 Orthogonal bases of L’

Throughout this work, we are interested in the approximation of functions in the space
L2(X), defines as follows.

Definition 2.1 (Li(X) space). The set of square integrable functions with respect to the
measure p on the domain X C R? is defined as

2 ) ) 2
LI(X) = {gp X—>R: /X|g0(x)| dp(x) < —i—oo} :
It is equipped with the inner product
bz = [ F@aladp(o), f.9.€ ).

and the L?>-norm is defined as

7300 = /U P rzem (/ ) Pdp(s )

The space L%(X) is a Hilbert space with respect to the inner product :, ) r2(x) and the induced
norm || - || £z (x)-



Additionally, we need to define the notion of a basis for such a space. We note that
throughout this thesis, we will use multi-index notation to denote basis functions in multiple
dimension. We denote by v = (14)¢_, a multi-index in NZ.

Definition 2.2 (Basis). A set of functions {1, : v € N} is a basis for a subspace P of
L2(X) if the following holds:

V@EP,HC,,ER:¢:ZCV¢V.

vEA

for A C N&. Moreover, the basis must satisfy spar{y }yeng = P

We recall and consider useful bases for L2(X), for X C R?. To this end, we need to define
the idea of orthogonality.

Definition 2.3 (Orthogonality). Given a basis {,, : v € N§} of L2, we say that the basis is
orthogonal if for all v, € N,

<¢ua¢u> = /leﬂﬂp, dp = O,VV 75 . (2.1)

Moreover, if additionally we have that ||¢,,||L5(X) =/ (y, ) = 1,V € N&, we say that
the basis is orthonormal.

Throughout this work, we consider different choices of p and their corresponding orthog-
onal bases. For example, we consider the uniform measure on X = [—1,1]% dp(x) = 2~ %dx.
In this case, we consider the following orthogonality bases: The Legendre polynomials and
the Fourier basis. The Legendre polynomials are defined through Rodrigues’ formula
1 a
~ 2pldan

P,(x) (2 —1)™.
The first few are given in Table 2.1, it can be shown that with the uniform measure, the
Legendre polynomials satisfy

/_l Po(2) Py () = —2—

Onm.-
1 2n+1

For d > 2, we consider the following multi-variate basis of Legendre polynomials:

Y =PF,® - -®P,. (2.2)

The Fourier basis on [—1,1] is comprised of functions of the form sin(nwz), cos(nmx)
for n € Ny. Similarly to form a basis on [—1,1]? we consider the tensor product of these
functions, as in (2.2). It can be shown that the Fourier basis is orthonormal with respect to
the uniform measure on [—1, 1]%.

Another family of orthogonal polynomials that we consider are the Chebyshev polyno-
mials of the first kind. They are defined on the interval [—1,1] and are orthogonal with

respect to the measure p(z) = - \/11_7 The Chebyshev polynomials are defined as:

T, (x) = cos(n arccos(x)).

4



Degree n | Legendre Polynomial P, (z) | Chebyshev Polynomial 7T,,(z)
0 1 1
1 x x
2 5(327 — 1) 2% — 1
3 2 (52° — 3x) 42° — 3w
4 (352" — 3027 + 3) 8zt — 827 + 1
5 5(632° — 702° + 15z) 162° — 2023 + bz

Table 2.1: First few Legendre polynomials P, (z) and Chebyshev polynomials of the first
kind T, (z).

The first few Chebyshev polynomials are given in Table 2.1. When d > 2, one can define
the multivariate Chebyshev polynomials as

d

Yy (x) = 2llo/2 H cos(vy arccos(zy,)),

k=1
where || - ||o counts the number of non-zero entries of a vector. They are orthogonal with

d
1
respect to the measure dp(x) = ———dx.
p p(x) g py
We note that both the Legendre polynomials and Chebyshev polynomials are part of
the family of the Jacobi polynomials which are orthogonal with respect to the measure

dp(x) = [T0,(1 — 2x)*(1 + x1)%dx. The Jacobi polynomials are defined as

54"
dxm

PTSO‘”B) (x) = (_1)n(1 —x) %1+ )

27 (1 =2)* (1 +2)7(1 —2?)"). (2.3)

The Legendre polynomials are obtained when @ = § = 0 and the Chebyshev polynomials
are obtained when a = = —1/2. We will sometimes use the Jacobi Polynomials with
a = 1,6 = 0 to study the effect of having an orthogonality measure and polynomials that
are non-symmetric (skewed). Finally, we note that most of these bases are orthogonal but
not orthonormal, and so we will normalize them to have unit norm ||¢, [|z3x) = 1.

2.1.2 Lower sets

In the high dimensional setting, the size of our sample sets grows exponentially if we consider
a tensor product basis. This is a problem as it makes numerical experiments costly and
impractical. To alleviate this, we can consider using different multi-index sets that are smaller
but encompasses the most important multi indices. Below are a few examples compared to
the tensor product index set.
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(a) Ag" (b) A5P (c) AFC
Figure 2.1: Comparison of the different multi-index sets. The left figure shows the tensor

product set of degree 5 ATY the middle figure shows the total degree set of degree 5 ATP
and the right figure shows the hyperbolic cross set of degree 5 AIC.

Definition 2.4 (Multi-index sets.). We define the following multi-index sets:

ATP = {y = (n)i_, e N¢: Ikneé[g]{ v < n} ) (Tensor product set)
d
AnTD — {y = (yk)gzl c Ng : Zyk < n} , (Total degree set)
k=1
d
AHC = {V = ()i, € Ng : H<Vk +1)<n+ 1} ) (Hyperbolic cross set)
k=1

All of the above are examples of lower sets, they are displayed in Figure 2.1.

Definition 2.5 (Lower sets). A multi-index set A C N¢ is lower if the following holds for
all v, p € N¢:
veMANpu<v=puecA (2.4)

Lower sets are especially useful, as they allow reducing the number of indices we need
to consider without losing too much information. Informally, we can think of lower sets as
sets without any holes connected to the origin. The hyperbolic cross set is especially useful
as it can be seen as the union of all lower sets up to a given size.

Proposition 2.1 (Union of lower set is hyperbolic cross set, from [3, Chapter 2]|). Let
d,n € N. Then,
U {SCNJ:[S| <n,S lower} = A€,

Finally, we conclude this section by mentioning the cardinality of the hyperbolic cross
set, as it is the one we will consider in our experiments.

Proposition 2.2 (Cardinality of the hyperbolic cross, from [3, Chapter 2]). The hyperbolic
cross set N satisfies
nlog(n)d—1

HC
|An—l‘ ~ W, n — oQ0.

6



With all these basic notions introduced, we can start presenting the theory of the Koop-
man operator and its approximation.

2.2 The Koopman operator

In this section, we introduce the main object of the thesis, the Koopman operator, and how
to approximate it from data.

2.2.1 The Lie derivative and the Koopman operator

We begin by introducing the Koopman operator. We will work on stochastic processes
{x¢}1>0 with ¢ € T where T = R for continuous time dynamics and T = N for discrete time
dynamics.

Definition 2.6. Let 7 € T. The linear operator K : Cp(X) — Cy(X) defined as
K p(x) == E [p(Xp47)[x¢ = X] (2.5)
is called the (stochastic) Koopman operator.

The Koopman operator is closely related to another important quantity from dynamical
system analysis—the Lie derivative-through the following:

Remark 2.1 (From [10]). The family of operators KT is a one-parameter semigroup of linear
operators on Cy(X) generated by the Lie derivative L.

This gives the following definition of the Lie derivative for stochastic processes.

Definition 2.7. Let x; denote the state at time t of a stochastic process on a probability
space (Q, F, ) which evolves in a subset X of a Banach space over T =R or T = N. We
write B [p(x4)|x; = X] for the expected value of p(xXs) at time s >t given that x, = x, with
the understanding that E [p(X;)|x; = x| = p(xs) for deterministic dynamics. We define the
Lie derivative of ¢ the linear operator L on the space Cy(X) as

Lo(x) = E [p(x¢11)[x: = x] — p(tx), (2.6)
for discrete time, and

Lo(x) = lim )X =] = ¢(x)

T—0t T

(2.7)

for continuous time, provided the limit exists uniformly on T x X. We call Ly the Lie
Derivative of .

In the context of dynamics governed by an Ordinary Differential Equation (ODE), the
Lie derivative simplifies to the following:



Definition 2.8. Given an ODE x; = f(x;), the Lie derivative of a function ¢ : R? — R is
defined as the derivative alongside trajectories of the dynamical system:

Lo(x) = f(x) - Vo(x). (2.8)

A classical example of an application to the Lie derivative is the characterization of
global and local stability. For x; € R? be the solution of the nonlinear ODE x; = f(x;) with
f(0) = 0. The equilibrium x = 0 is globally stable if there exists a continuously differentiable
function V : R? — R satisfying

V(x) >0, ¥x € RY,
LV (x) <0, Vx # 0,
V(x) = o0, as [|x|| = oc.
Such a function is called a Lyapunov function.

We now present a few examples on how to compute Koopman operators and Lie deriva-
tives for specific systems and observables.

Example 2.1 (The stochastic logistic map). Consider the stochastic logistic map on [—1, 1]
X1 = 2un X2 — 1 (2.9)

for p, drawn from the uniform distribution on [0, 1], for each n < 1. The Koopman operator
applied to the observable p(x) = x? is given by

Ko = E[p(Xn1)|Xn = 7]
1
p(2ux® —1)dp

1
(2ux* — 1)*du

1
4pPxt — dpa® + 1dp

I
— — —

1

TTER Yy e

QO | W~

0

=202+ 1.

W >

Example 2.2 (The Thomas model). The Thomas model is a 3-dimensional continuous
dynamical system governed by the ODE system

= sin(y) — bz (2.10)
y = sin(z) — by (2.11)
Z =sin(z) — bz (2.12)



for some parameter b > 0. The Lie derivative of the observable o(x,y,z) = e V** is given
by
£90($7 Y, Z) = f($a Y, Z) ’ v¢($7 Y, Z)
= (sin(y) — bx) %e”y“ + (sin(z) — by) %e”y“ + (sin(x) — b2) %e”y“

= "t (sin(y) — br + sin(z) — by + sin(x) — bz) .

2.2.2 Approximating the Koopman operator

Here, we present a technique to approximate the Koopman operator from data called Ex-
tended Dynamic Mode Decomposition (EDMD). We start by introducing the concept of
observables. Let {¢ ... ¢/} and {¢1,..., ¢} be two finite dictionaries in C,(X) whose
elements are referred to as observables. We set

P1 (G0
dp=1|:], v=1|:]. (2.13)

(bl wm
We denote by span ¢, and span 1) respectively, the linear spans of elements belonging to ¢
and 1. Consider n ‘data snapshots’ pairs (x;,y;), where y; is the state of the system exactly
7 units in the future from x; for all ¢ = 1,...n. EDMD seeks to generate an approximate

Koopman operator K7 =~ : span ¢ — span 1. It approximates the action of the exact
Koopman operator ™ on span ¢ using the basis @. To this end, we build the matrices

| |
Wy, o= | U(xu(t) - Y(xa(t))| € R™, (2.14)
| |
| |
P = ¢(x1(1|5—|—7')) ¢(Xn(z|f+7')) c R, (2.15)

Then, we solve the following minimization problem:

in [|[®T — AW, ||%, 2.16
Jin |2, 2 (2.16)

whose solution is given by
K, =&, =o79, (9,9, (2.17)

where A" denotes the Moore-Penrose pseudoinverse. Then one can reproduce the action of
the Koopman operator on some ¢ = ¢ - ¢ with ¢ € R! by

Ky i=c- K] . (2.18)



Remark 2.2. The EDMD method using two dictionaries is an extremely versatile technique.
For example, picking ¢ =1 = (fl-(x))f:1 where f;(x) = x; simplifies to the classical Dynamic
Mode Decomposition (DMD) method [37]. Another possibility is to pick ¢ = {fi(x)}L, as
before and ¢ any choice of dictionary. With this choice, EDMD becomes model identification,
a technique related to the Sparse Identification of Nonlinear Dynamics (SINDy) method [13]
without the sparsity constraint.

With an approximate Koopman operator, it is now possible to obtain an approximate
Lie derivative. We will need the following assumption.

Assumption 2.1. The dictionaries ¢ and v satisfy span ¢ C D(L) and span ¢ C span 1p.

The goal of this assumption is to enforce that elements in span ¢ have well-defined Lie
derivatives and the second part of the assumption guarantees that there exists an [ x m
matrix 6,, such that ¢ = 0,,1%. One can then build an approximate Lie derivative operator
LT :span ¢ — span 1, where, for every ¢ = c - ¢,

K —0
Ll .p=c-L 1 where L5 ~—:= mnfm (2.19)

We are now in a position to present the main known results on the convergence of EDMD
to the Koopman operator in the limit of infinite data and infinite dictionary. While our main
results come from [10], many similar results are present in the literature such as [30, 39, 40].

Theorem 2.1 (From [10]). Suppose the assumptions stated above hold. Then
fim L [, 6] — K7 [¢l 1 = 0, (2.20)

m—ro0 N—r00
In particular, K7, [¢](x) = K[p](x) almost everywhere on X.

It should be noted that one could also look at the limit of infinite sampling rate (7 — 0)
and show that the convergence still holds as long as that limit is taken after the limit of
infinite data. It is imperative in this result that n — oo (the limit of data) be the innermost
limit, or else the analysis done in [10] would not hold. The case of m and n growing together
has been handled in [25].

Remark 2.3 (On the infinite data limit). Since we will derive convergence results for the
approximation of the Koopman operator, we will work on the limit of infinite data, i.e.,
n — 00. It will be useful for us to define

K, = lim K], and K] = lim K] . (2.21)

n—o0 n—o0

as is done in [10].

2.3 Least-squares theory

We now present the theory of function approximation using the least-squares method. We
will introduce the method and very important results on the approximation error and con-
vergence of the method.

10



2.3.1 Definition of the least-squares problem

We consider the problem of approximating scalar-valued functions of finitely many variables.
Given a function f : X — C, f € L3(X) N C(X), where C(X) is the space of continuous
functions on X. We study the problem of approximating f in an arbitrary finite dimensional
subspace P C L3(X) N C(X) of dimension dim(P) = s. Let {y;}j.,,y; € Xfori=1,...,n
be n sample points. We will try to approximate f in the subspace P from its possibly noisy
sample values

flyi)+ni, i=1,...,n, (2.22)

where each n; represent a measurement error. In this section, we will present various results
to obtain approximations that are quasi-optimal in P. That is the corresponding error is,
up to noise, proportional to the best approximation error of f in P. We will also quantify
the number of sample points required to achieve it. We note that we will focus on the case
where the n;’s are bounded.

Assuming n > dim(P), we define the least-squares approximation f of f as the solution
of the following minimization problem:

. -
f=argmin = " |f(y:) = p(y:) + nif*. (2.23)
peP T

Remark 2.4. While in general, the least-squares approzimation f is not unique, for the
purpose of this work, it will always be the case that f is unique as we always oversample the
space P with n > s, and the samples {y;}I, are distinct with probability 1 in our context.

Let {¢,;}?_; be an orthonormal basis of P. We define the normalized measurement matriz
and the (noisy) normalized measurement vector as

1 e 1
A=[—v; i EC“XS, b=— i) +n; 7-1 e C™. 2.24
(o) )+l (2.21)

We can provide an equivalent formulation of the least-squares problem (2.23) in terms
of the measurement matrix A and the measurement vector b. This fact is very useful as it
allows us to reduce our analysis to a classical linear algebra least-squares problem. Moreover,
many tools that our analysis will rely on are based on this alternate formulation.

Lemma 2.1. Suppose that f = >0 Cihy, we can then rewrite the minimization prob-
lem (2.23) as

¢ € argmin ||b — Acl|3. (2.25)
ceCs
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Proof. We have that

Ib— Acll3 =
i=1

2

1 S
% (f(Yi) +n; — ; Cﬂbj(yz’))

s 2

Flyi) +mi = cjib(yi)

j=1
= %Z | f(y:) +ni — p(y3)l,
i=1

where p =37, ¢j1;. O

2.3.2 The discrete stability constant and Christoffel function

Our first goal will be to analyze the error of the least-squares approximation (2.23). We
introduce the following useful tool:

Definition 2.9 (Discrete semi-inner product and seminorm). Given f,g € L2(X) N C(X),
we define the discrete semi-inner product of f and g as

Detise = Zf vi)g(y), (2.26)

and the corresponding discrete semi-norm as

1/ Gise = (Fs Fase = Z|f yi)l”™ (2.27)

To study the behaviour of the semi-inner product and seminorm, we introduce the dis-
crete stability constant.

Definition 2.10 (Discrete stability constant). The discrete stability constant is defined as

—a (P {yi}i)) = inf {Iplae - p € P, Ipllige) = 1} (2:28)

This constant gives a one-sided estimate between the discrete seminorm and the Lz—norm.
Specifically,

Ipllaise > @z, VP € P (2.29)

The discrete semi-inner product can be reformulated using the measurement matrix A. This

formulation will be generally more convenient to work with. Letting f = > 7, ¢;¢; and
g =i, dit;, we have that

(f.9) dise = Zf (yi)9g
1 1 <
= ; (% ;Cj%(yi)) (% ;dj%(yi))
=d*A* Ac.

12



Similarly,
1 e = (f, Fazse = €"A"Ac = (Ac, Ac) = || Ac]f3,

80 || f|laise = [|Ac||2 Letting p = >"7_| ¢;¢b;, we can furthermore express the discrete stability
constant as

a = inf {||Ac|l2 : c € C*,||c|]2 = 1}. (2.30)
Hence, thanks to the min-max theorem [33, Theorem 1.3.2], we obtain the following:

a = inf {||Ac|lz : c € C*, ||} = 1}

= sup inf{||Ac|z:c€V,|cl|s =1},
dim(V)=s

as there is only one s-dimensional subspace of C* with dimension s, that is necessarily
V = C®. Therefore,

a = sup inf || Ac||2
dim(V)=s ceVile|2=1

= sup inf  c*A"Ac = Anin(A"A) = omin(4).

dim(V)=s ceV|cl2=1

The first insight that we can gather from the discrete-semi inner product is in regard to the
Monte Carlo approximation of the integral

/X Ip(y)|dp(y)-

If the y;’s are sampled i.i.d, then due to the strong law of large numbers, we have almost
surely that

1 n
Ipllde = — > Ipya)l? — /X p(y)Pdp(y) = lplZ2), as n— oo
=1

Since P is finite dimensional, this in turn almost surely implies that & — 1 as n — oo since
[pllaise = [[pllr2¢x) and, therefore

o= inf ”pHdiSC — inf Hp”L%(X) =L
||pHL%(X)=1 HP”L%(X):l

Moreover, as seen in [3, Chapter 5], the sequence of least-square approximations f for n =
1,2, ... converges almost surely to the best approximation of f in P

f* = argmin ||f - pHL,%(X)'
peEP

We conclude this subsection by providing a proof of the following useful result.

Proposition 2.3. Let f € L2(X)NC(X), f =377, it and f be the least-squares approzi-
mation (2.23). Then, for any p € P, we have that

<f’p>disc = <f7 p>disc + % ; nlg(yl)

13



Proof. Let p=3%"7_, d;t;. Then,

(Fp),, —eaad
— b*Ad,

and Ad = \/Lﬁ (ijl d; (1 (3%))?:1);1 —

n

as A*A¢ = A*b. However, b = (f(f(yl + nl)))
f (9(yi))i,. Hence, we have that

=1

<f’p>disc - b*Ad
=S g+ > ()

1
= <f7 g>disc + E ;nlg(yl)

This concludes the proof. Il

Our next goal is to bound « in the case where the y;’s are drawn independently from
the orthogonality measure p. A key tool for this analysis is the Christoffel function.

Definition 2.11 (Christoffel function). Let P be an s-dimensional subspace of L2(X)NC(X).
The Christoffel function is defined as'y — 1/K(y), where

K(y) = K(P)(y) = Z [i(y)]?, Vy eX, (2.31)

and {¢;};_, is any orthonormal basis of P. In this case, we also write

k= K(P) = || K|l = sup |K(y)] (2.32)
yeX

for its L>®-norm.

We note that even though the definition requires a choice of basis, the Christoffel function
is independent of the choice of basis. This is due to the fact that the function K (y) admits
a different representation.

Lemma 2.2.
K(y) =sup{lp(y)?:pe P, llpll.z =1}, VyeX (2.33)

Proof. Since {1;}3_, forms an orthonormal basis of P, from Parseval’s identity, we have that
sup  |p(y)|]* = sup

ZC w
)
”p”[%(x)*l llell2=1

< sup |lefl3 <Z\¢j )

2
2

llellz=1

= K(y),

14



where the inequality follows from the Cauchy-Schwarz inequality. Now pick ¢; = ¥;(y)// K(y),
to get

= Ui(y)? K(y)
ell = 3= ey = Ry =

and, moreover,

sup  [p(y)|* = ZCM(Y)

”pHL%(X):l

22 ¢— o)
1 2 i _ K(y) _

This concludes the proof. Il

Note that the Christoffel function is undefined for some y if K(y) = 0, or equivalently
if p(y) =0 for all p € P. This is a very mild assumption to satisfy in practice, as we would
simply require that P admits an orthonormal basis such that for a given y, there exists at
least one index ¢ such that ¥;(y) # 0. We would like to use this Christoffel function to
obtain an estimate of a.

Theorem 2.2 (Stability constant lower bound in probability (from [3, Chapter 5])). Let
0 <de<1, PcCLAX)NCX) be a finite dimensional subspace with dim(P) = s and
suppose that yi,...,y, are drawn independantly from p. If

n>cs-k-log(s/e), cs=((1—26)log(l—46)+68)"", (2.34)

where k = K(P) is as in (2.32), then, with probability at least 1 — ¢, the discrete stability
constant o = a(P,{yi},) defined in (2.28) satisfies

1—o. (2.35)

Remark 2.5. A proof is available in [3, Theorem 5.7]. It relies on defining appropriate inde-
pendent, self-adjoint random matrices and applying the matriz Chernoff bound [36, Theorem
1.1]. An important observation of this proof is that it is necessary that E[A*A] = 1.

2.3.3 Preconditioning and Christofell sampling

In this subsection, we focus on the case of polynomial approximation. We will study what
happens when the samples y; are sampled from a probability measure pu; that is different
from p, and without imposing that p; = p; for ¢ # j, more specifically, we will study what
happens to x and present a strategy called Christofell sampling.

15



Let p be a measure on X that satisfies

%Z dpi(y) = ip(—g;, y € X, (2.36)

for some weight function w : X — R strictly positive and finite almost everywhere. Notice
since the y;’s are probability measures, [, 1/w(y)dp(y) = >, Jx dui(x) = 1. We then
assume that each y; is drawn independently from p;. In order to apply the same analysis
as the previous subsection, more specifically to apply an argument analogous to that of
Theorem 2.2, we need to guarantee that E[A*A] = I; (See Remark 2.5). For this to hold, we
need to solve instead a weighted least-squares problem:

e argmin= 3™ w(y) 17(ve) ~ plyo) + i’ (2:37)

peEP i—1

We can define similarly to the unweighted problem the measurement matrix, and measure-
ment vector for this problem:

A, = (%\/w(%)%(%))j’s eC™ b, = % w(y:) (f(ys) +ni), € C". (2.38)

7]:1

Proposition 2.4. Let f = Y 7, &y be the solution of the weighted least-squares problem
(2.37) withn; =0, 1= 1,...,n. Then,
¢=Alb, = (WA)Wb, (2.39)

w

where W = diag(+/w(y;)), € C™", and A" = (ATA)~1A is the Moore-Penrose pseudoin-
verse of A.

Proof. We recall the identity between the functional least squares problem and the algebraic
least squares problem

% >_Ifyi) = pyi)* = || Ac = bl

where A, b are defined in (2.24). Now notice that

%Zw(}%ﬂf(y@') —ply:)|* = %Z IVw(y) f(y:) — Vw(y)ply:)?

= [|[WAc — Wh|3
= Hch - bw”%

A solution of the weighted least-squares problem is thus given by the minimizer of the
algebraic least-squares problem

¢ € argmin ||A,c — by|f3.
ceCs
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A minimizer of this problem must satisfy V|| A,& — b, |3 = 0. Moreover,
vHAwé - bw”% =0
<24 (Ayc—Dby,) =0
< ArAnc = A b,
&&= (A5 A,)A%b, = (Au) by
Finally, we notice that A, = WA, and b, = Wb to get that
¢ = (WA)Whb.
This concludes the proof. Il

We can also define weighted discrete semi-inner product and semi-norm as

n n

(. Dt = = w00 W = U e = - S wlydlF G (240)

i=1 i=1

The discrete stability constant and the L*°-norm of the Christoffel function are now given
by

0t = ay (P, v} i) o= inf { [l -2 € P, [pllzn = 1} (2.41)
Kw = Kw(P) == [JwK || Lo x) = sugw(y)K(y). (2.42)
ye
Note that this setup encompasses the unweighted case by setting 1 = -+ = u, = p

and w(y) = 1. Moreover, Theorem 2.2 can be extended to the weighted case as we have
guaranteed that E[A*A] = I, and the y;’s are still sampled independently.

Let us now focus on a particular case. Let {wy}yeNg be the d-variate Legendre polynomial
basis, S C N¢, Ps = span{t,, },es and define y; = ... = p,, = p to be the tensor Chebyshev
measure

(2.43)

[]Wvl—yl

This can be motivated from the theory of polynomial approximation in low dimensions,
where it is well known that uniformly distributed samples are a poor choice, whereas the
Chebyshev measure concentrates the samples near the endpoints, avoiding issues such as
Runge’s phenomenon (see [6, Example 4.2]). Notice that the Legendre polynomials are
orthogonal with respect to the uniform measure dp(y) = 2-¢dy, so the weight function is

d
1=
Another motivation for that choice is to notice that, in this setting,

w(Ps) —supZ\\/ y), (y)|? —supZ\cb K(Psw), (2.45)

YEX es X es

1—y2, VyeX (2.44)

b |
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where Pg,, = span{¢, },cs with

H \/7 1/4 v, (y), VyeX (2.46)

This is the preconditionned basis. Its elements are orthonormal with respect to u, hence
this is equivalent to the unweighted case with the preconditioned basis. For this reason, this
procedure is called preconditionning the Legendre polynomials. The reason why this gives
better performance, is that one can see that ||@, || < (7/2)%2(2/y/m)lb v € Ng.
These functions are bounded uniformly in v unlike the d-variate Legendre polynomials, so
in general x(Pg,,) scales better than x(Pg) as the dimension increases.

With this example in mind, one can ask the following question: How can we reproduce
the preconditionning effect to for an arbitrary P and p?. The technique we are going to
introduce now is called Christofell sampling. We can derive the optimal weight function
w and sampling measures pu; = --- = pu, for a given measure p by utilizing the bound
Ky > w(y)K(y) and integrating with respect to @dp(y):

1 1
/X w(y)K (y)@dp(y) < /X nw@dp(y)- (2.47)

Since [, K(y)dp(y) = s and [, 1/w(y)dp(y), we deduce that £, > s. On the other hand, we
minimize /'iw by taking w(y) proportional to 1/K(y). Given our assumption that K(y) > 0
for all y € X, and [, 1/w(y)dp(y) = 1, this leads to the following choice for w(y):

w(y) = (@)_1, Vy € X, (2.48)

S

yielding the optimal value x,, = s. Now our sampling measures need to satisfy

—de = “K(y)dp(y) (2.49)

There are multiple ways to achieve such a result, arguably the simplest and most straight-
forward solution is to set

da(y) =+ = dpaly) = ~K(y)dply). (2.50)

It should be noted that in the case where the assumption that K (y) > 0 does not hold,
one could replace the w we chose by any of the following [1]:

K(y)

S

w(y):<e+(1—9) )_1, 0 € (0,1). (2.51)

The cost to pay is a slight increase in k., as now we can only guarantee k,, < (1 — )~
Additionaly, in the case where K (y) is small, our first choice of w would become very large,
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and this could lead to numerical instability due to the noise. So this choice of w could also
be more suitable in a high noise, low K (y) setting.
For this choice of w, one would need the measures p; to satify

%Z dpi(y) = (0 + %(1 — Q)K(Y)) dp(y). (2.52)

Once again, this can be solved in a straighforward manner by setting

() = . = din(y) = (0410 OK ) ) doty). (253)

2.3.4 Convergence rates

In this subsection, we present recent work done in [2] on the convergence rates of the least-
squares approximation. First, we need to introduce an ubiquitous object in the study of
least squares, the Bernstein polyellipse.

Definition 2.12 (Bernstein polyellipse). The Bernestein ellipse of parameter p > 1 s
defined by
& ={(z+21/2:2€C1<|2| <p}. (2.54)

Given a parameter p = (p1, pa, ..., pn), we define the Bernstein polyellipse of parameter p
as
Ep=Ep xEpy X ... xE, CCN. (2.55)

We will now introduce the main result of this subsection about the convergence rate of
the least-squares approximation in the case where the sample complexity scales log-linearly
with the dimension of the underlying problem.

Theorem 2.3 ([15, Theorem B.1]). Let 0 < e < 1, p € (0,1), p be either the uniform or
Chebyshev measure on X = [—1,1]%n > 3 and yi, ...y, sampled i.i.d. from p. Then there
exists a set S C N4 of cardinality |S| < [n/log(n/e)] such that the following holds with
probability at least 1 — € for each fized f : X — C that admits a holomorphic extension to a
Bernstein polyellipse £, C CV. For any e € CY, the least squares approzimation f to the
problem (2.23) is unique and satisfies

If = Flizeo < Clo.p) (%) " 4 2ell (2.56)

where C(p,p) is a constant that depends on p and p only.

Remark 2.6. This theorem only applies to the case where the measure p is either the uniform
or Chebyshev measure. For a recent extension of this result to the more general case of Jacobi
measures, see [4].
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This theorem is an important result, as it shows that using the Chebyshev or uniform
measure, it is possible to achieve a convergence rate faster than the well observed Monte Carlo
rate O(n’%). The value of p in the bound comes from the theory of functions of infinitely
many variables, where we require the function to be approximated is (b, €)-holomorphic in a
Bernstein polyellipse. In this setting, this theorem requires b € ¢?(N). Because in the finite
dimensional case b is necessarily a finite sequence, this theorem shows that we should expect
a faster than algebraic convergence. See [2, Theorem 6.1 and Remark 5.2 for more details.

2.4 Compressed sensing theory

In this section, we introduce the main theory that will be used to understand the approxi-
mation of the Koopman operator via compressed sensing techniques. We will consider the
Quadratically constrained basis pursuit problem, and the LASSO-type decoders, as well as
recovery guarantee results. Our main references for this section are [3, 18-20].

2.4.1 Polynomial approximation through compressed sensing

Compressed sensing is a novel approximation techniques that arose in the mid 2000’s by two
papers of Candes, Romberg and Tao [14] and Donoho [16]. That theory has seen successful
applications in signal processing, machine learning, and, the subject of this section, polyno-
mial approximation. As in the previous section, our goal here is to present the necessary
theory that we will use to approximate the Koopman operator. This section is based on
multiple books, but mainly [3, 18, 20]. The theory that we outline in this section is the
application of compressed sensing to function approximation. As before, we aim to recover
a function f expanded in the basis as

f = Z Cuwm Cy = <f7 wu>Lg(X) ’VU € Ng (257>

l/GNg

We make an additional assumption for now that f has exactly s nonzero terms in the
expansion, i.e.,
f=Y a,SCNG,|S| =s. (2.58)
ves
The assumption is not always satisfied in practice, but it is a good starting point to under-
stand the theory. In practice, we might not know S, but we will assume to we know a set
A C N¢ S C A. A may be a tensor-product, total degree or hyperbolic cross set.

As in the previous section, we aim to recover f using n sample points y, ..., y, randomly
drawn i.i.d. from a measure p. If we assume |A| = N, then in this setting we have that n < N
(typically n < N), and m > s. We will need once again the measurement vector and matrix
as defined in (2.38). Moreover, it will be useful to work in the case where the measurement
matrix comes from sampling a Bounded Orthonormal System (BOS).

n,s

Definition 2.13. A measurement matrix A = (\/iﬁqﬁj(yi))i‘ is said to come from a

),

Bounded Orthonormal System (BOS) if there exists a constant B > 0 such that fx wjﬁdp =
;1 where 6;y, is the Kronecker delta, and ||1)}||p~x) < B,Vj=1,...,s.
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Before formulating a compressed sensing problem, we will introduce the concept of spar-
sity.

Definition 2.14 (Sparsity). Let ¢ = (¢;)%., € CN. The support of ¢ is defined as

supp(c) = {j € [N] : ¢; # 0}. (2.59)

We say c is s-sparse if
llcllo := |supp(c)| < s. (2.60)

The set of all s-sparse vectors in CV is denoted by XN.

A concept of paramount importance in compressed sensing is the idea of the best s-term
approximation error. This is the minimum error we can achieve by approximating a vector
c € CV with an s-sparse vector.

Definition 2.15 (Best s-term approximation error). Let 0 < p < oo,c € CV, and s € N
with s < N. The (P-norm best s-term approzimation error of ¢ is defined as

os(c), = min{|jc — z||, : z € £} . (2.61)
Ideally, we would like to solve the following optimization problem:

min ||z||o subject to Az = b. (2.62)
zeCN

Unfortunately, (2.62) is non-convex and typically NP-hard [29]. To overcome this problem,
we consider different relaxations of this problem. The first one we will consider is the
Quadratically Constrained Basis Pursuit (QCBP) problem defined as

min ||z||; subject to ||Az — bl|s < 0. (2.63)
zeCN

It is a convex optimization problem and can be solved efficiently. The QCBP problem is a
well-known problem in compressed sensing, as it turns out the ¢;-norm promotes sparsity.
To make this notion precise, we need to introduce the nullspace property.

Definition 2.16 (Nullspace property). The matriz A € C™N s said to have the robust
nullspace property of order s with constant 0 < & <1 and vy > 1 if for all S C {1,2,...,N}
with |S| < s, the following holds:

é%wyﬂh+quWb, Vv eV v £0,Av =0. (2.64)

where [N] ={1,2,...,N} and

lvslh <

0 otherwise.

(ve), = {vj ifjes,
;=

Proposition 2.5 (¢;-norm promotes sparsity, from [18, Theorem 14.2]). For all matrices
A € CN | the following are equivalent:
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o cvery x € XN is the unique minimizer of (2.63) subject to AX =y.
o A has the nullspace property of order s.

This proposition tells us that if A has the nullspace property, the solution of its associated
QCBP problem belongs in the set of s-sparse vectors.

We will use the following result from [3, Chapter 6] about recovery guarantees from the
noisy QCBP problem.

Proposition 2.6 ([3, Theorem 6.9]). Let x € C? and let A € C"*¢ have the robust nullspace
property with constants & and y. Fory = Ax + e with ||e||s < n/n for some n > 0. Let x*
be a solution to

min [z subjeet to || Az — ¥l < ny/m.

then with probability at least 1 — €, the reconstruction error satisfies

os()1

NG

where o4(x)1 is the best s-term approximation error of x in the {1 norm, and

21+8° _2B+&
1-¢ 7 7 1-¢

This proposition tells us that the robust nullspace property ensures that the solution
of the QCBP problem can get very close to the solution of the original problem. The
reconstruction error is controlled by the best s-term approximation error of the original
problem, which should be close to zero if the original signal is close to being s-sparse.

Proving directly that a class of matrices has the nullspace property can be difficult.
Fortunately, we can use some sufficient condition as a criterion for the nullspace property.
One of which is the Restricted Isometry Property (RIP).

I — x|l < + Con,

Cy =

Definition 2.17 (Restricted Isometry Property). A matrit A € C*N has the Restricted
Isometry Property of order s and constant 6 € (0,1) if

(1—0)llzll2 < [[Azl> < (1 +0)llzl2,  Vz €%, (2.65)

One can think of the RIP as the matrix A being almost an isometry when restricted
to the s-sparse vectors, up to a small distortion 6. With the RIP, we can now present the
following criterion for the NSP.

Theorem 2.4 (RIP = NSP, from [3, Chapter 6]). Let A € C™¥ be a matriz with the RIP
of order 2s and constant o5 < /2 — 1. Then, A has the robust nullspace property of order

s with constants £ = [2_;5225 and v = —Vlljéi%.
S S

Finally, it remains to provide a criterion to guarantee that our measurement matrix A
has the RIP property. This can be done using the following proposition.
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Proposition 2.7 (Bounded orthonormal systems provide the RIP. From [5]). Let 0 < d,¢ <
1,A € C™N q measurement matriz obtained from a bounded orthonormal system with
constant B and s € {1,2,...,N}. Suppose that

m > Bed ?sL(s),

where ¢ > 0 is a universal constant and

2B?s 1 2B?s 1 2 2B?s
L(s) = log( 52 ) - [ﬁ log< 5 ) -log(2N) + glog (&log( 5 ))] . (2.66)

Then, with probability at least 1 — €, the matriz A satisfies the RIP of order s with constant
0s < 6.

We can now provide a recovery guarantee results for the QCBP problem combining all
that we have seen so far.

Theorem 2.5 (Recovery guarantee for QCBP). Let 0,6,¢ < 1. A € C™N a measurement
matriz obtained from a BOS with constant B. Suppose that m > Bcd~2(2s)L(2s) with
¢ > 0 a universal constant and L(s) be as in (2.66). Then, with probability at least 1 — e,
for y = Ax + e with |le|s < ny/m for some n > 0. If x* is a solution of the QCBP
problem (2.63), then the reconstruction error satisfies

O'S(X)l

Ix —x*||, < O + Can, (2.67)

for Cy, Cy constants depending on §.

Proof. From Proposition 2.7, we know that A satisfies the RIP of order 2s with constant
095 < 6 with probability at least 1 — e. Hence, we can apply Theorem 2.4 to obtain that A
satisfies the robust nullspace property with constants &,y depending on d5,. We can then
apply Proposition 2.6 to obtain the desired result. O

2.4.2 LASSO-type decoders

Another alternative to the fy-minimization problem is to introduce a sparse regularization
term to the Least Square problem. This leads to the following class of optimization problems
called Least Absolute Shrinkage and Selection Operator (LASSO) problems:

. _ q g r
min || Az —bl; + A-_lz];. (2.68)
We will focus on the cases where ¢ = p = 2,7 = 1 (the standard LASSO problem) and
g = r = 2 (the square LASSO problem). These problems enjoy the following recovery

guarantees hinging on the RIP. The RIP allows us to obtain sparsity recovery guarantees
from the LASSO-type decoders. This result has been proved in [19].
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Proposition 2.8 ([19, Theorem 1]). Let p € [1,2],¢ > 1,7 > 1. Consider a vector x € C¥
that is s—sparse. Suppose that the vector x is measured viay = Ax € C™ for some A € RN
satisfying the RIP of ordert = 4s+1. Then for any A > 0, the solution x* of the LASSO-type
procedure

. q
— Az||? + X=||z||}
min [ly — Azt + A2 o]
has sparsity at most proportional to s, namely
1|0 < 4s.

At this point, we have all the necessary tools to obtain the recovery guarantees for the
LASSO problems, as we have seen that sampling from a BOS guarantees in probability the
nullspace property.
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Chapter 3

Monte Carlo approximation of the
Koopman operator

In this chapter, we will present the main results of this thesis for the EDMD problem. We
will present a convergence rate for the least-squares problem, and then show how to apply
this result to the EDMD problem. Then we will confirm our results through numerical
experiments.

3.1 Convergence results

In this section, we provide the main convergence results for the approximation of the Koop-
man operator using EDMD. We will first provide a convergence results for the least-squares
problem, and then show how to apply this result to the EDMD problem. Finally, we show
how to apply Theorem 2.3 to the EDMD problem.

3.1.1 Convergence for the least-squares problem

In this subsection, we briefly go back to the least-squares setting of Section 2.3. We will first
provide a convergence rate in this setting, and then explain how to apply this result to the
EDMD problem. First, we introduce the following definitions that will be helpful in deriving
the desired bound.

Definition 3.1 (Truncation operator). The truncation operator Fp, : L2(X) — L2(X) is
defined as

: <7
FL(Q) — g if ”g”L%',(X) =5 Vg € Li(X) (31)
Lg/llgllrzx)  otherwise.

Definition 3.2 (Best approximation of f in P). Let f be a function in L2(X) and P a
subspace of Lz(X). The best approximation of f in P is defined as

* in || f — . 2
f* € argmin|[f — gllrzx (3.2)
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Lemma 3.1. The truncation operator is a contraction on Li(X), that is

IFL(g) = FL(Hllrze < g = fllrze- (3.3)

Proof. We observe that the truncation operator F, is the projection operator on the ball of
radius L in Lf,(X). Since the truncation operator is a projection onto a closed convex set,
using the result in [7, Corollary 8.5], it is Lipschitz with constant 1, hence a contraction. [

With this helpful operator established, we will use the following lemmas to establish the
desired convergence rate.

Lemma 3.2. Let 0 < d,e < 1. Let f* be as in (3.2), and f the noiseless least-squares

approzimation (2.23) (i.e., with noise vector e = (e;)1_; = 0) of f in P withn > c¢5-r-log(s/€)
where cs is as in Theorem 2.2. Then for an orthonormal basis {1;};_,, we have that

. 1 5
If = f*“%g(x) < (1_—5)22 (f = " bl - (3.4)
1=1

Proof. Let d € C* such that f — f* = Z d;1p;. Then

=1

(=0T =1
(F=rd=1),,
<f . de>

S

||f - f*||(21isc

disc

dl f f 71/)2 disc

=1

s

< Hd||2\ DN = ) el

i=1

S

=< Hde\ DN = ) el

i=1

= ”fA_f*”L%(X) Z’<f_f*7wi>disc‘2
=1

where the last equality comes from Parseval’s Identity. Now we recall that ||||p |‘|‘d‘sc > a,Vp € P.
L

26



Hence,

1F = F s < o721 = FllGise

S

1 = N 2e < @ 2IF = Follizeo | D 10F = £ gl

i=1

H.]E_f*HL?,(X) S Oé72 Z|<f_f*7wi>disc‘2
=1

S

£ * 1 * 2
”f - f H%B(X) < (1 _ 6)2 Z ‘(f - f 7wi>disc’ )
i=1
where the last inequality comes from Theorem 2.2. Il

Lemma 3.3. For {¢;}2, orthonormal basis of L>(X) and P = span{¢;};_,, then we have

that fori=1,...,s,
10 = f )il )

n

E (<f - f*7 wi>(2iisc) =

Proof. Let f = Z ¢, then since {¢;}2, is an orthonormal basis of L2(X), we have that
i=1

s

ff= Z ¢;Y;. Therefore,

=1

E[(f =[] = /x(f — [ hbidp(y) = /X (Z iy — ch%‘) Vidp(y) (3.5)
:/ (Z Cﬂ/)j) Yidp(y) (3.6)

X Jj=s+1
=0, (3.7)

where the last equality comes from the fact that {¢;} is an orthonormal basis, and i < s
while j > s + 1. Now, consider the random variable Y = (f(y) — f*(y))¥i(y),y sampled
from p. Then from the above computation, E[Y] = 0. Letting Y = (f — f*, 1) 4., We see

that E[Y] = E[Y] = 0 since samples are i.i.d. with yy,...,y, sampled from p. Then we have
2
2
— — — . o
Var(V) =E | |V —E() | | =E[(f = f"vi)i] = —
N—— n
=0
where 02 = Var(Y) = E[((Y — E[Y])’] = E[Y?] = ||(f — [*)¥ill12(x), as E[Y] = 0. This gives
P
the desired result. O

With these two previous results, we arrive at the following theorem.
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Theorem 3.1. Let 0 < d,e < 1. Let P C Lf,(X) be a finite dimensional subspace of
dimension dim(P) = s with {1;};_, an orthonormal basis of L2(X) and {1; : i =1,...,s}
an orthnormal basis of P. Let y1,...y, be i.i.d. n > cs - k- log(s/€) sample points in X
sampled from p, where

cs = ((1 —0)log(l — &) +6)".
Suppose that o = a(P,{yi}i,). Moreover, let L be such that || f*||Lzex) < L, where f* is
defined in (3.2). Then, for all f € L2(X) N C(X), with probability 1 — e,

A 1 1 2

Proof. Let d € C* such that Fi(f) — f* = Zdiwi. Moreover, let E = {(y1,...,¥yn) € X" :
i=1
a>+/1—0}. Then

EIFL(F) — f 30 = / IFuh) = Fllseode” + [ 15l = £ oo

< [ 1F= Plgade™+ | FLDlzg + 1 zzeo Vo

& S/

SZIZ%
Since P(av < /1 —§) < € from Theorem 2.2. Let us now focus on the first integral above:
r * n 1 - * n :
/ 1f=r ||ig(x)dp < / WZU_ 002 dp" (using Lemma 3.2)
E EAS i=1

1 > % 2 n * 2
= /Xm;<f_f 7¢i>discdp as <f B f ’¢i>disc =0
1 5
= o B~ £
i=1
1

1 S
ﬁ (1 _ 5)2 Z H(f - f*)wiH%%(X) (USng Lemma 3.3).
=1

This proves the desired result. Il

Remark 3.1. The truncation operator is necessary to bound the expected value of the error
over E°. By construction, we have that || f*|[1zx) < L, but we do not have any control over

11|22 ) -

3.1.2 Convergence for the EDMD problem

In this subsection, we show how to extend Theorem 3.1 to the EDMD problem. We start by
making the following observation. We can rewrite the EDMD problem (2.16) as follows:

Juin (1@ — AR = min [|(®)7 — A7

28



Denote by c;, b; the i-th columns of ®7 |, A* respectively. Then using the separability of the
objective function in the columns of A* we have that

AcRIxm Ci,...,cER™

min [|(®7)" — L A7 = min > b~ ¥l
1

= min lp— K}, nl0illlZ2 )

— pespan{s}

Hence the EDMD problem is equivalent to solving [ independent least-squares problems, one
for each observable in the dictionary ¢. Thus, we can apply the theory what we developed
in Section 2.3 to the EDMD problem. We are now ready to state our convergence result for
EDMD.

Theorem 3.2. Let 0 < d,¢ < 1. Let ®], W, be the observables matrices as in (2.14) from n
sample points Xy, ..., X, sampled i.i.d from p, with n > cs - k-log(2). Moreover, suppose the
dictionary 1 is orthonormal with respect to p and assume that ||IC [9illl200) < Ly, where

K7, is defined in eq2.21. Let A be the diagonal matriz such that Aj; = IIllIl{l
Define K7, = AK? . Then, with probability at least 1 — le,

l m l
B, ~ Kl < - g 20 D (K716 - fc;wj]wiuLg(X)H(ZL?) e (38)

j:1 =1 ]:1

’ II’C%[%]H }

Proof.
) I
E|| K7, — KI5 = (Z — (K7); ||§>

E (11455 (K7, — (K7l13),) 13

<
Il
—

Il
.M“

E (1FL(Kpnle]) — Kr[651113)

Il
.M“

j=1
I m l
< g o 2 (078 = Koo lzen ) + 43 ()
j=1 i=1 j=1

where the last inequality comes from using Theorem 3.1 for each of the [ least-squares
problems. Each of these problems is independent, and the corresponding error bounds hold
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each with probability at least 1 — e. Denote by P; the event that the bound on the error of
the i-th least-squares problem holds. Then,

(0r) (U

S

=1—le,

where we used the fact that P <Ui:1 I_DZ-) < >""P(F) through subadditivity of the probability

measure (this is called the union bound). This concludes the proof. O

This theorem seems to contradict our claim that this method converges to the Monte
Carlo rate of \/Lﬁ because of the constant term in the bound. However, we note that we can
replace this e by solving for it in the sample complexity estimate n > ¢s- k-log(s/e€). Solving
for € yields € < se . Hence, this constant terms vanishes at an exponential rate in n, and
we can indeed achieve the desired Monte Carlo rate of \/iﬁ

We also note that this result requires orthonormality of the dictionary b, this is used
on (3.6). This is a strong assumption, necessary for this proof but from empirical observations
it seems that this assumption could be relaxed.

3.1.3 Beating the Monte Carlo rate

In this subsection, we extend the results presented in Subsection 2.3.4 to the EDMD problem.
We do this by once again noticing that the EDMD problem is equivalent to solving the [
independent least-squares problems

. o e

PGsrgzlmlnI%Qp} ||p ’Cmn [(/b%] HLg(X)-
Hence, we can simply apply Theorem 2.3 to each of these problems to obtain the desired
result.

Theorem 3.3. Let 0 < e < 1,p € (0,1), p be either the uniform or Chebyshev measure on
X=[-1,1"n>3andy,...,y, sampled i.i.d. from p. Then there exist sets S; C NV of
cardinality 15;| < [n/log(n/e)] such that for all i = 1,...,1l, we have that with probability
at least 1 — le, if K[¢;] admits a holomorphic extension to a Bernstein polyellipse £, C CV
foralli=1,...,1, then the EDMD approzimation of the Koopman operator KT . of KT is
unique and satisfies the following bound for alli=1,...,m:

H@MM—KWM@WSCWM<E£EQ , (3.9)

where C'(p,p) is a constant that depends on p and p only.

(NI
3 =
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Proof. We simply apply Theorem 2.3 to the [ independent least-squares problems. We note
that the only difference with Theorem 3.2 is that we have a different constant C(p, p), that
is the maximum of each of the constants of the subproblems Cj. [

Remark 3.2. This result tells us that it is possible to beat the Monte Carlo rate of \/Lﬁ for
the EDMD problem under suitable smoothness assumptions. In fact, just as Theorem 2.3, it
predicts that it should be possible to beat any algebraic convergence rate.

3.2 Numerical experiments

In this section, we provide numerical experiments to observe the convergence rates that were
derived in Theorem 3.2 and Theorem 3.3. We study the Koopman Operator associated with
() the logistic map, a deterministic and discrete-time dynamical system, (iz) the stochastic
logistic map, a stochastic and disrete-time dynamical system, and finally (zi¢) the Thomas
model, a nonpolynomial, 3-dimensional continuous-time dynamical system. Each experiment
will be run for the unweighted EDMD problem, as the effect of adding weights in the EDMD
problem were not considered in our results, the code is available for free at [17].

3.2.1 Error measurement

In this subsection, we will explain how the error is measured in each experiment. We distin-
guish between two different setups:

1. Fixed Dictionary size: In this case, we fix our dictionary size || = m,|¢| = [, and
we only vary the number of data points n.

2. Variable Dictionary size: In this case, we let the size of our dictionary to scale with
the number of data points.

In the first case, we know from Theorem 2.1 that EDMD converges to the true Koopman
operator as the number of data points goes to infinity. Hence, the error is simply measured
by comparing the EDMD approximation of the Koopman operator to a high-fidelity approx-
imation of the Koopman operator obtained through an EDMD simulation with 100 times
more data points than the maximum number of data points used in the experiments. This
approximation is denoted by K7 and the error is measured as

KT _KT,HF
ervor = 1Eim = K
[t i

In the second case, since we are approaching the limit in a different order than Theo-
rem 2.1, we will not be able to rely on a high-fidelity approximation to compute the error.

Instead, we pick a smooth test function ¢ and measure the error as a Monte Carlo approxi-
1K L) =K T 2

ISaEIPe ® for discrete time dynamics, with
L2(%)

mation

IC;’LTL[QO} = CT ’ K:rm ' 7%
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where c is the vector of coefficients of the projection of ¢ onto span{t}. K7[¢] is computed
explicitly.
For continuous-time dynamics, we instead rely on the Lie derivative. The error is then

| £mnle] =Ll
A (63 We use the fact than an
€Ll 2 x)

approximate Lie derivative is immediately available once our EDMD approximation of the
Koopman operator is computed, as we can set

Lmn - ﬁmn[gp] = CT : Lmn : ,QZ}7
T

measured as a Monte Carlo approximation of

where ©,,, is as in Assumption 2 of [10]. We use the Lie derivative instead of the Koopman
operator as this eliminates the scaling induced by the sampling rate 7. The Lz—error is then
approximated by sampling i.i.d. M samples points z; from the uniform distribution on X,
and computed as follows:

Vi S K ) — Kol ()]

error = for discrete time dynamics,

VM (K ) () 2
Vi T Ll () — LI ()P

error = for continuous time dynamics.

VM IL el (z)

3.2.2 The Logistic map

The logistic map is a one-dimensional, deterministic, and discrete dynamical system. It is
defined by the following recurrence relation X, 1, = 2X2 — 1, for X,, € [-1,1]. It has been
studied extensively in the literature and is known to exhibit chaotic behaviour. First, we
study the impact of the choice of dictionaries ¢,1. The summary of those experiments
are outlined in Figure 3.1 and Figure 3.2 . Focusing first on the case when ¥ = ¢, For
polynomial bases, we consider observables functions going up to degree 5. For the Fourier
basis, we consider the observables {cos(nmx),sin(nmz)}>_,. In general, we will say that
the Fourier basis {cos(nmz),sin(nmz)}Y_ has order N. We can observe the Monte Carlo
rate as predicted by Theorem 3.2. We should note that even though we do not always
sample from the orthogonality measure (or in fact use orthogonal dictionaries for the case
of the monomials), we always observe the same rate, as documented in the literature [30,
39, 40]. We observe that the best performance are obtained when we sample according
to the Christofell sampling scheme, followed by the orthogonality measure in all cases but
the Jacobi polynomial basis. This can be explained as the Jacobi polynomials are skewed
to the left, but our dynamical system is symmetric. For the Chebyshev polynomial, we get
that sampling from the orthogonality measure is slightly more advantageous than Christofell
sampling. Finally, we remark that we did not investigate the effect of ergodic sampling, as for
the logistic map, ergodic sampling is equivalent to sampling from the Chebyshev measure [27,
Example 4.1.2].

For the case of |¢| > |¢|, we picked a larger dictionary for |¢| in such a way that the
nonlinearity K[¢], for ¢ € span{¢} is fully described in span{t} for the polynomial bases.

32



Legendre Basis Chebyshev Basis Jacobi Basis

— Uniform Sampling — Uniform Sampling — Uniform Sampling
— Chebyshev Sampling — Chebyshev Sampling — Chebyshev Sampling
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— Jacobi Sampling
P,

10* 10° 10* 10° 1
Number of samples Number of samples Number of samples.

Monomial Basis Fourier Basis

1005 — Uniform Sampling — Uniform Sampling
— Chebyshev Sampling 10702 3 — Chebyshev Sampling
. — Christofell Sampling
—-me

Number of samples Number of samples

Figure 3.1: Convergence of the approximation of the Koopman operator for the logistic
map with different dictionary size, ¥ = ¢. Each figure represent different bases for the
dictionaries, and each curve represents a different sampling measure for the data.

Since the logistic map is a polynomial of degree 2, we pick ¢ to contain polynomials up to
degree 5 and || to contain polynomials up to degree 10. This leads to an immediate recovery
of the Koopman operator, with an error approaching machine precision almost instantly.
The only case where this is not happening is for the Fourier basis, as it is impossible to fully
resolve the nonlinearities for this basis.

Next we turn our attention to the question of recovery of non-smooth functions, for this
experiment, we added the indicator function f(x) = I 1 () to both dictionaries 1 and ¢.
The result is presented in Figure 3.3. We are in the setting when || > |¢|. The addition of
the step function is more akin to the result obtained for the Fourier basis, as it can never be
fully recovered due to its non-smoothness. It should be noted that ergodic sampling —i.e.
sampling from a single trajectory— seems to be performing worse than the other sampling
methods, this is expected as ergodic sampling can converge arbitrarily slowly [26].

In the last test we will try is to see how the convergence rate can be improved by letting
the dictionary size vary with the number of data points as in Theorem 3.3. We pick the
relation n = 3m?log(m), where the constant of 3 has been determined through numerous
tests to determine a scaling coefficient large enough to satisfy our theorem. Experiments to
determine the correct scaling are presented in Figure 3.4. The results with all the different
bases are shown in Figure 3.5. As we can see, the convergence is much faster than the
Monte Carlo rate, the graph is presented on a semilog scale, so that exponential trends
look linear, hence we can infer that we obtain exponential convergence in this case, with the
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Figure 3.2: Convergence of the approximation of the Koopman operator for the logistic
map with same dictionary size, |¥| > |¢|. Each figure represent different bases for the
dictionaries, and each curve represents a different sampling measure for the data.

error approaching machine precision in the cases of Legendre and Chebyshev polynomials. It
should be noted that the monomials seem to drift off the convergence rate, but this could be
tied to the condition number of the measurement matrix in that case, leading to numerical
instabilities [22].

3.2.3 The stochastic logistic map

The stochastic logistic map is a one-dimensional, stochastic, and discrete dynamical system.
It is defined on (2.9). While this is very similar to the deterministic logistic map, we decided
to study it to showcase that the theory presented does indeed hold in the stochastic regime.
The results are presented in Figure 3.6 and Figure 3.7. We observe that the Monte Carlo
rate is still achieved, even though the recovery is generally worse than in the deterministic
case. Once again, Christofell sampling seems to be the best sampling scheme, followed by
the orthogonality measure in most cases.

We observe that for the deterministic and stochastic logistic map, using Jacobi polyno-
mials with o = 1, 8 = 0 seem to be yielding relatively worse results, comparable to those of
monomials, even when sampling from the orthogonality measure. This can be explained as
with those parameters, the Jacobi polynomials are skewed to the left, while the dynamics of
the system are symmetric, hence it is harder to describe the dynamics in that setting.

In the experiment where we let the dictionary size vary with the number of data points,
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Residuals

Figure 3.3: Convergence of the approxima-  Figure 3.4: Convergence of the approxima-
tion of the logistic map with non-smooth  tion of the Koopman operator with variable
function f(z) = 1;_; 1y(x) added to both  dictionary size for the logistic map. Multiple
dictionaries. || > |¢| like in Figure 3.2. scaling laws are tested.

Uniform Sampling (L2 Error) Chebyshev Sampling (L2 Error) Christofell Sampling (L2 Error)

10° 100
Legendre | Legendre
— Chebyshev — Chebyshev
tonomial

0 2000 4000 6000 8000 0 2000 4000 6000 8000 0 2000 4000 6000 8000
n n n

Figure 3.5: Convergence of the approximation of the Koopman operator with variable dic-
tionary size for the logistic map. The relation is n = 3m? log(m).

the results are outlined in Figure 3.8. We notice that at first, the convergence is much faster
than the Monte Carlo rate, but beyond 10* data points, it slows down drastically. For the
Legendre polynomial, growing the size of the dictionary doesn’t even seem to improve the
recovery. It could be the case that not enough data was sampled for the dictionary size taken,
as the inherent stochasticity of the map would require a larger number of data points to fully
explore the parameter space. In practice this was not feasible as those simulations would take
too long to run. Another reason explaining why this experiment is not conclusive is through
numerical instability. Our choice of observable was ¢(z) = x2. As soon as the dictionary size
reaches 3, this observable belongs in our approximation space. As we increase the number
of data points and dictionary size, there is no new information to be gained, leading to
numerical artifacts populating the approximation. This effect is studied in Figure 3.9 where
the Monte Carlo rate can be recovered in this setting, but not improved.
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Figure 3.6: Convergence of the approximation of the Koopman operator for the stochastic
logistic map with ¥ = ¢.

3.2.4 The Thomas model

The Thomas model is a three-dimensional, continuous-time dynamical system introduced
previously on (2.10). The behaviour of this system is chaotic, with a cyclically symmetric
attractor originally identified by René Thomas in [34]. It is defined as follows:

sin(zy) — by
x = f(x) = | sin(z3) — bzs |, (3.10)
sin(zy) — bxs

where b is a parameter taken to be 0.208186 for chaotic behaviour, the chaotic attractor can
be seen on Figure 3.10. We perform a change of variable to ensure the solution stays within
the cube [—1,1]® so that we can once again use the Legendre and Chebyshev polynomial
bases. By observing that the original solutions of the Thomas model with that choice of
parameter are within the cube [—5, 5], we perform the change of variable y = %x leading to
the re-scaled system y = % f(5y). Figure 3.11 presents the experiments with both dictionaries
being the same (functions of order 3), while Figure 3.12 has dictionaries of various size, with
¢ containing bases functions of order 3 and 1) containing functions of order 6. We observe
the predicted convergence rate of \/Lﬁ in all cases, both when 19 = ¢ and when |¢| > |@|.
Once again, the best sampling scheme seem to be Christofell sampling followed by sampling
from the orthogonality measure, except the Jacobi polynomials. We observe that the Jacobi
polynomials with a = 1,3 = 0 seem to be performing rather poorly, even when sampling
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Figure 3.7: Convergence of the approximation of the Koopman operator for the stochastic
logistic map with || > |¢|.

from the orthogonality measure. This is similar to what we observed in the case of the
previous examples (Figure 3.1 and Figure 3.6). We suppose that this is due to the fact that
the dynamics of the system are symmetric, while the Jacobi polynomials are skewed to the
left. The experiments outlined in this section show that the EDMD technique is able to

recover the Koopman operator for a variety of systems, both deterministic and stochastic.
Our results are consistent with the results we presented in this thesis. We observe that
the technique works best for discrete, deterministic systems, where we are able to observe
a convergence rate faster than algebraic. However, this rate was difficult to recover in our
experiments: we experienced numerical challenges when trying to recover the Koopman
operator for the stochastic system or higher dimensional systems.

37



Christofell Sampling

Uniform Sampling Chebyshev Sampling
-~ — Legendre Legendre Legendre
— Chebyshev . — Chebyshev — Chebyshev
— Monomial 10 Monomial —een
- N oo
107
1010
10-10
s 5 4
& 10 & &
3 Y101s bl
1013
20
10 1020
102
10725 1028
102 10° 10¢ 10? 10° 10 10? 10° 10
n

Figure 3.8: Convergence of the approximation of the Koopman operator with variable dic-
tionary size for the stochastic logistic map. The relation is n = 5m?log(m)
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Figure 3.9: Exploring the impact of thresholding on the observable p(x) = 22 for the
stochastic logistic map using Legendre polynomials and uniform sampling. The dashed line

represents \/Lﬁ

Figure 3.10: The chaotic attractor of the Thomas model.
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Figure 3.11: Convergence of the approximation of the Koopman operator for the Thomas
model with ¥ = ¢.
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Chapter 4

The compressed sensing approach

In this chapter, we will explore the use of compressed sensing techniques to approximate the
Koopman operator. Similarly as in the previous chapter, we will show how the task of ap-
proximating the Koopman operator can be recast as standard compressed sensing problems,
and apply the known recovery results to the EDMD problem.

4.1 Sparse recovery guarantees

In this section, we explore the effectiveness of compressed sensing techniques to approximate
the Koopman operator inspired by the EDMD formulation and the work presented in [32],
aiming to generalize their work from model identification to the approximation of the Koop-
man operator, and experiment with different techniques. We will introduce the techniques
utilized and derive some recovery guarantees.

4.1.1 The sparsity of the Koopman operator

Before delving into the compressed sensing techniques, there is one critical question one
must ask: Should we expect the Koopman operator to be sparse in the first place? After
all, compressed sensing hinges on the sparsity of the object we desire to reconstruct in
the undersampled regime. In this subsection, we will explore the sparsity of the Koopman
operator thanks to some key insights from dynamical systems.

Our motivating example is the Lorenz-96 model. This model is a d-dimensional contin-
uous dynamical system for d > 3, defined as follows:

dﬂfi
dt

= (xi+1 —[L’Z‘_Q)ZL'Z'_l —I1+F7 1= 1,...,d, (41)

where x| = 241,20 = 4, xps1 = 21 and F' = 8 for chaotic behaviour. This system exhibits
the two observations that lead to sparsity of the Koopman operator:

1. Dynamical Systems are simple: Most useful dynamical system encountered in
science from physics or chemistry rely on a few simple laws governing the dynamics. For
the case of the Lorenz System, the dynamics are governed by a 2nd order polynomial
equation. We try to work with reduced order models that only capture the most
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important dynamics of the system. Hence, in those cases, we can expect the systems
to contain few nonlinear terms, leading to sparsity.

2. High-Dimensional Dynamics are often sparser: High-dimensional systems are
often sparse. For examplem they might come from the recasting of a high-order ODE
as a system of first-order ODEs. In this case, most of the state variables are only
impacted by a single other state variable. A little more generally, many systems—Ilike
the Lorenz 96 system that we will be using— have the dynamics of a given state variable
x; rarely depend on the x;,i € [j —k, j+1],k,1 € N. We can then expect the Koopman
Operator to be sparser as dimension increases. This gives the compressed sensing
approach a more competitive edge as it will scale better with dimensionality than the
EDMD based techniques. The Lorenz-96 model can be arbitrarily high dimensional,
so we can use it for our tests and verify this observation.

These observations are standard in the literature [32]. To make this link more explicit, in
the case of the Lorenz-96 model we can see it via Taylor expansion. Consider the observable
function ¢(x) = x3. Then

= (1 —7)x3(t) + Tw509 — TT 129 + TF.

Notice that in the space spanned by the monomials, the action of the Koopman operator to
this observable can be described as a 4-sparse vector.

The analysis conducted above can only work if the underlying dynamics of the system
are known. However, this is not always the case. Nonetheless, in practice, sparsity can
still be checked through the use of EDMD since we know this method converges to the true
Koopman operator via Theorem 2.1. To assess the sparsity of the Koopman operator from
data, it is possible to use the EDMD method with dictionaries satisfying the conditions of
Theorem 2.1 and then, after thresholding the smaller values to 0, compute the sparsity of
the approximation. We can define a sparsity coefficient k£ = s/(Im) of the approximation to
get an idea of how sparse the operator is where s is the sparsity, and [, m are the number
of observables functions in our dictionaries. For the Lorenz-96 model with d = 5, using the
tensorized monomials up to degree 1 and 2 for ¢ and 1 respectively, we obtain a sparsity of
s = 39 for a total of 126 entries, yielding £ = 0.310. For d = 25, we obtain k ~ 0.0456. The
sparsity rate decreases as the dimension increases, just as we observed above. The choice
of dictionaries is very important. If we instead switch to Legendre polynomials, we instead
obtain k£ = 0.372 when d = 5 and k£ = 0.103 when d = 25. This is a clear indication that,
in general, one can expect the Koopman operator to be at least compressible if not sparse
when expanded in the appropriate basis.
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4.1.2 Compressed sensing techniques applied to Koopman opera-
tor approximation

In this subsection, we present the compressed sensing problem we will study to approximate
the Koopman operator, and provide a link between it and the theory of compressed sensing.
We start by presenting the compressed sensing problems we will be studying.

Definition 4.1 (QCBP-EDMD and LASSO-EDMD). We define the Quadratically Con-
strained Basis Pursuit EDMD (QCBP-EDMD) problem as

min [|A||r subject to ||®] — AW, ||r < o, (4.2)
Aeclxn

the LASSO-EDMD problem as

min ||®7 — AW, |5 + 2X[| A1, (4.3)
Ae(clxn

and the Square LASSO-EDMD problem as

(min @] — AW, |7 + A|AE, (4.4)
eCixn

where || Allp1 = 3, > iy |Ajl is the Frobenius 1-norm.

For (4.3) and (4.4), there is a clear link with the theory of compressed sensing. Let’s
start with the LASSO problem. Note that we can rewrite it as

min {|@F — AW,[[5 + 2\[|A] 1 = min [(@7)" = (Wn) A7 + 2| Al k1
AeClixn AeClxn

! l

o . * 2

= 1 [b; — Wra]; + 2A E 1 a1
1= 1=

l
= Zallrél(cnn ||b7, — \I’;aZHg + 2>\||az||17

where a;, b; are the i-th columns of A*, (®])* respectively. Hence, the LASSO-EDMD prob-
lem can be solved by working on [ independent LASSO problems. For the Square LASSO
problem (4.4), a similar technique can be used, but we will need the following equivalent
formulation of the problem. While this specific formulation is found in [18, Chapter 6.2], a
proof was not included, so we provide one for completeness.

Lemma 4.1 ([18, Chapter 6.2]). The square LASSO problem
min [|b — Aclf3 + 1% lc||}

ceCn

can be written as the non-negative least-squares problem

][] [o
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2
subject to ct > 0,c” > 0, (4.5)
2

min
ct,c—eCn




where ¢ = ¢ — ¢~ such that

C+—{Ci ZfCZZO {—Ci ’ifCi<O
0

A ) and c; = )
0 otherwise otherwise
and 1 is a vector of ones of appropriate size.

Proof. First, Let I = {i = 1,...,n : ¢; > 0} we note that [c[|] = >, ¢/ + >, 6 =
+

17 17 c’ H 212 — 17 177 |€
17 1] (] Hence, g2l = ([ut? 7] |

_l’_
Alct —c7) = [A —A} {2} Putting those two observations together, we get now that

2
]) . Now we can similarly notice that

l4c = bl + el = |4 =) || + a7 1) ] - [ |

Nl a5 D

With this lemma established, one can rewrite the EDMD Square LASSO problem as the
usual Square LASSO problem to use the theory of compressed sensing established previously.

The EDMD Square LASSO can be rewritten as
Uy = AT (D] T —0T] [af | by
pl? p1t | A~ 0 pl® pd™ | ay 0
_l’_

where a; = a]” —a; , and b; is the i-th column of @], which we can recognize as a collection
of square LASSO problems

2

2

2 l 2

= min

+ —
9 i1 &R eCcn

min
A+ A—eClxn

2

. T2 2010 112
in b = WTa3 + a3
Once again, the EDMD square LASSO problem is equivalent to solving [ independent Square
LASSO problems (of the same form that was introduced earlier by letting A = p?). For the
QCBP problem, we will consider the case when o = 0, that is when the constraint becomes
o7 = AV,,. This is a strong assumption, but from empirical results, it might be relaxed to
draw a more general link between the usual QCBP problem and the QCBP-EDMD problem.
If we keep this assumption for now, then we can rewrite the QCBP problem as
min || A[|% subject to &7 = AW,
AeCixn

= min [|A*||% subject to (®7)* = (¥,)*A*
AeClxn

I
= min Z |a;||3 subject to by = ¥Fa; Vi=1,...1
i=1

ai,..., a;eCn

~

= Z min ||a;||5 subject to b; = ¥ra; Vi=1,...1,
1 a, cCn
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where a;, b; are the i-th columns of A* (®)* respectively. Hence, the (noiseless) EDMD-
QCBP problem can be solved by solving [ independent (noiseless) QCBP problems.

Remark 4.1. The assumption that o0 = 0 is a strong one, but it is powerful. Without it,
the link between the QCBP-EDMD problem and the usual QCBP problem is much harder to
establish, as it is not easy to show that the solution of the independent problems can be put
together to obtain the solution of the QCBP-EDMD problem.

Theorem 4.1 (Sparsity guarantee for the LASSO decoder). Let ¥, ¢ be two dictionaries
satisfying Assumption 2.1. Moreover, assume 1 is orthogonal so that ] is a measurement

matriz obtained from sampling a BOS with constant B, and let (K[ )# be the solution of
the EDMD-LASSO or EDMD-Square LASSO problem. Then, if

n > Bed ?(4s + 1)L(4s + 1),

with L(s) as in Proposition 2.7, with probability 1 — €, W,, has the RIP property of order
45 + 1 with constant § and the solution (K7 )# satisfies

()T llo < s,

Proof. Since ¥,, is a measurement matrix from a bounded orthonormal system with constant
B, by Proposition 2.7 it has the RIP of order 4s + 1 and constant 6. Then since the EDMD
LASSO and EDMD Square LASSO problem are equivalent to solving [ independent LASSO
or Square LASSO problems, we can apply Theorem 2.8 to each of the [ problems. So each
column of (K7 )# has sparsity at most 4s, and

() llo < dls.
This concludes the proof. Il

While this theorem does not provide a bound on the reconstruction error, it does provide
a guarantee in terms of the sparsity of the solution. If we work in a setting where we know
than the answer should have a certain sparsity, then we know that the LASSO EDMD
decoder will enforce this structure into the approximation.

For the QCBP-EDMD problem, we can derive a recovery guarantee in terms of the best
s-term approximation of 7 .

Theorem 4.2 (Recovery of QCBP-EDMD). Let ®7 4, be as in Theorem 4.1. Let (KT,,)*
be the solution of the QCCBP-EDMD problem. Then, if

n > Bed?(2s)L(2s),

the reconstruction error satisfies

Us(ai>1

7 (4.6)

with probability 1 — le, where a; is the i-th row of K| the matrix representation of K™ and
0s(+)1 s the best s-term approximation error.

l
1K — (K #lle < Oy D
i=1
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Proof. The proof is a direct application of Theorem 2.5 to each of the [ independent QCBP
problems. The probability that the result holds follows from the union bound. ]

This theorem provides a guarantee that our approximation of the Koopman operator
will be close to the true Koopman operator in the sense that it is comparable to the best
possible approximation that is s-sparse. If the original operator is, this theorem tells us that
we can recover it with no error since os(a;) = 0. We note that even though our recovery
results for the QCBP-EDMD problem do not apply when o # 0, in practice, we still consider
o > 0 for feasibility and numerical stability.

4.2 Numerical experiments

In this section, we present numerical experiments to test the recovery of the Koopman
operator using compressed sensing. First we will tune the parameters in the context of noisy
data W,, = {¢j(x; +ep)}, ®; = {¢i(y; + €u)} where e > 0, and p is drawn from the normal
distribution with mean 0 and standard deviation 1. Once we have tuned the parameters, we
will then evaluate the recovery of the Koopman operator in the undersampled regime. We
will follow the experimental setup introduced in [32], where data is gathered along multiple
trajectories to recover the dynamics, we denote the number of points per trajectories per
experiment by ¢. In order to solve those optimization problems, we used the COSMO library
in Julia with Convex.jl [21, 38].

In all of these experiments, we evaluate recovery by measuring the residuals ||®] —
KW®,|/%, we use dictionaries containing Legendre polynomials of degree up to 5 and the
dimension of the Lorenz-96 system used was d = 10.

4.2.1 Tuning parameters

In this subsection, we look for the optimal value of the tuning parameters in the presence of
noisy data. The data consist of 20 trajectories, we sample 5 points per trajectory with noise
e and time step 7 = 0.01. The number of total data points is quite small, but this allows
us to explore thoroughly the parameter space to find the most optimal tuning parameter as
each experience is quick. The results of these experiments are outlined in Figure 4.1. For
the QCBP problem, we observe that the optimal value of o seems to be o ~ 107, when low
level noise is present, it seems that we should favor a small value for ¢ as it performs better
in that regime, however, for a larger noise level (in the figure, ¢ = 0.01), we need a larger
value of ¢ in order for the problem to be feasible. For the LASSO problem, the optimal value
of \ is approximately A\ ~ 1072, and for the Square LASSO problem, the optimal value of \
seems to be A ~ 107!, The LASSO problems appear to have a specific window of values for
A that yield good results. This makes sense as a value of A too small will not enforce sparsity,
while a value too large will not provide a good approximation of the Koopman operator.
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Figure 4.1: Tuning parameter experiments for QCBP, LASSO, and Square LASSO. Residuals
are computed with respect to a validation set, and not the training set.

4.2.2 Recovery of the Koopman operator for the Lorenz-96 model

In the previous subsection, we have tuned the hyper-parameters ¢ and A\, so we can use
them to test the recovery of the Koopman operator. To do this, we evaluate the residuals
|®] — KW, ||% as our error. The results are outlined in Figure 4.2. We note that in all cases,
we seem to recover the Koopman operator. The LASSO approach is the one with the least
residuals. It seems like the method from which we sample the data is quite important, as
experiments with fewer bursts seem to achieve better recovery, this is probably due to the
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fact that this system is chaotic, meaning that longer but fewer trajectories may explore the
phase space more efficiently than smaller but more numerous ones.

To compare with the results outlined in Section 3.2, we note that this technique scales
better with dimension, as EDMD is affected by the curse of dimensionality, where by con-
struction, the compressed sensing techniques are not. We also note that the compressed
sensing techniques are robust to noise in the data. For these reasons, the compressed sensing
approach is a good fit in cases where data is scarce, and polluted with noise. However, for
this to be effective, the assumption of sparsity is crucial. In the case of the Lorenz-96 model,
we have shown that the Koopman operator is sparse, but this is not always necessary the

case.
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Figure 4.2: Recovery experiments for QCBP, LASSO, and Square LASSO. Residuals are
computed with respect to a validation set, and not the training set. The undersampling rate
is defined as the ratio of number of sample points to the number of unknowns.
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Chapter 5

Conclusions and future work

In this chapter, we briefly summarize the work done in this thesis, reflect on the results
obtained and outline some future work that could be done to further investigate the theory
of EDMD and its applications.

5.1 Conclusions

The work in this thesis has focused on bridging the gap between the theories of least squares
approximation and compressed sensing and the theory of Extended Dynamic Mode Decom-
position (EDMD) for the Koopman operator. We were able to provide convergence rates
relying on minimal assumptions, that is, orthonormality of the expansion dictionary for a
rate of \/iﬁ (Theorem 3.2). Moreover, we proved a faster-than-polynomial convergence under
a holomorphy assumptions of the observables and dynamical systems considered (Theo-
rem 3.3). Additionally, we provided theoretical recovery guarantees in the undersampled
regime thanks to compressed sensing techniques such as LASSO and QCBP, if sparsity can
be assumed (see Theorem 4.1 and Theorem 4.2).

Our theoretical work was complemented by a thorough numerical experimentation on
chaotic dynamical systems, both deterministic and stochastic, discrete and continuous. We
were able to observe the predicted rate in all those cases. We observed the importance
of the choice of dictionary and sampling regime. A clever choice of sampling measure can
outperform Monte Carlo sampling, which is the idea behind Christofell sampling.

5.2 Future work

In this thesis, we have focused on bridging the theoretical gap between the theory of least
squares, compressed sensing and EDMD. However, our numerical experiments suggest that
there is still room to investigate the performance of EDMD in the cases of stochastic systems
and higher dimensional systems. We also observed that the choice of dictionary and sampling
measure does not seem to have much impact on the performance of EDMD. It would be
interesting to investigate how to adapt our recovery guarantees to drop the assumption of
orthonormality of the dictionary 1 with perhaps a weighted EDMD approach.
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In the context of compressed sensing, it could be interesting to seek further numerical
validation of Theorem 4.1 on the sparsity of the approximate Koopman operator and Theo-
rem 4.2 on the recovery guarantee for the QCBP problem on different dynamical systems.
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