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ABSTRACT
Some Results in the Theory of Real Hardy Spaces and BMO
Shahaboddin Shaabani, Ph.D.

Concordia University, 2025

The results presented in this thesis concern several aspects of the theory of real
Hardy spaces and BMO. The first problem we address is the extension problem for
Hardy spaces, for which we provide a complete resolution. Specifically, we investigate:
for which open subsets € can every element of HP(2) be extended to an element of
HP(R™) with comparable norms? We give a complete geometric characterization of
such domains.

We then turn our attention to the behavior of maximal operators on the space
BMO. In this context, we study four questions, including the discontinuity of the
Hardy-Littlewood maximal operator, its boundedness on VMO, and the unbound-
edness of both the strong and directional maximal operators on BMO. This part
concludes with a counterexample demonstrating the failure of the Fubini property for
this class of functions.

The final part of the thesis focuses on paraproducts and their operator norms on
Hardy spaces. We establish sharp lower bounds for the norms of these operators act-
ing on various types of Hardy spaces, both in the one-parameter and multi-parameter
settings. These results yield an alternative characterization of Hardy spaces as ad-

missible symbol classes for such operators.
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Chapter 1

Introduction

1.1 Historical Background

Hardy spaces have their roots in the study of the behavior of analytic functions near
the boundary of a region. Let f be an analytic function in the open unit disk D
of the complex plane. Then what can be said about the behavior of f near the
boundary of D? Does it converge to a value at all points? How about at almost every
point, or in some specific norm such as the LP-norm? If so, in which sense can the
boundary be approached? With no restriction, radially, or something in between? Of
course, without any restriction on the growth of f, one can see through very simple
counterexamples that the answer to all these questions is negative. However, under

a condition such as

0<r<1

27 %
vy o= s ([ 15etpas)” <
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for some 0 < p < 00, one can build a fruitful theory with many applications to other
fields of analysis. G. H. Hardy was the first to consider the above quantity [34], and
the systematic study of the above class of functions was initiated by F. Riesz in 1923,

who named them Hardy spaces [59]. The classical Hardy spaces H?(D) found their



place very quickly in analysis, and many mathematicians addressed various types of
questions regarding this scale of spaces in the first half of the twentieth century. In-
deed, they became so popular that many were trying to find their analogue in several
variables. One specific reason for this interest lies in the close relation between H? (D)
and the theory of Fourier series, especially their conjugate functions. Indeed, it is not
hard to show that in the reflexive range where 1 < p < oo, the class H?(D) is nat-
urally isometric to LP(0D), and many questions about the latter can be understood
as questions about the former. With more work, one can see that H?(D) behaves
much better under the action of singular integral transformations such as the Hilbert
transform, in the full range of exponents 0 < p < oo, as opposed to their ill behavior

on LP(0D) for 0 < p < 1.

For many years, attempts in finding a similar theory in higher dimensions were in
vain. This was specifically due to the use of the “complex method,” which was rather
central to the H?(ID) theory. A method based on analyzing the roots of holomorphic
functions in the unit disk, factoring them out, and by using powers converting ques-
tions about H?(D) to ones about H?(ID), where the rich geometry of Hilbert spaces
is available. Unfortunately, such methods would fail in higher dimensions because of
the complicated nature of zeros of holomorphic functions in several variables. The
first major progress in this direction appeared in 1960, when E. M. Stein and G.
Weiss came up with a brilliant theory of Hardy spaces in higher dimensions [67].
This new way of interpreting Hardy spaces was based on the theory of “generalized
Cauchy-Riemann equations” in the upper half-space of R"*!, and was very successful,
although in a limited range of exponents. Finally, in 1972, Stein and Fefferman found
the correct formulation of the definition of Hardy spaces in all dimensions and for
the full range of exponents [21]. Specifically, for 0 < p < oo, the space HP(R™) can

be characterized as “boundary values” of harmonic functions, u, defined in the upper



half-space of R"™! and satisfying

/ sup |u(z, t)[Pdx < .
R

n t>0

As a byproduct, they showed that, similarly to the classical setting, H?(R™) is natu-
rally isomorphic to LP(R™) in the reflexive range, stable under the action of smooth
singular integrals, and can be used instead of LP(R™) in interpolation theorems. By
applying this new theory, boundedness of certain Calderén-Zygmund operators was
proved and sharper estimates for solutions to the wave equation were established.
This new theory is referred to as the theory of real Hardy spaces due to the fact that
HP(R) is the complexification of the real parts of functions in H?(R3), the Hardy
space of holomorphic functions in the upper half-plane, R%. In the same paper [21],
the celebrated duality theorem of Fefferman which was previously announced, was
established. Fefferman’s theorem states that the dual of H*(R") is naturally isomor-
phic to BMO(R™), the space of functions of bounded mean oscillation, which was

introduced by F. John and L. Nirenberg earlier, in 1961 [41].

Similarly to the way that H*(R™) is a good replacement for L!'(R"), the space
BMO(R™), in some respects, plays the role of L>(R"). For instance, singular inte-
grals which are not bounded on L*(R") are bounded on BMO(R™), and this space
can be used to interpolate between various Lebesgue spaces. Since the discovery
of the “H'-BMQO” duality, many other relations have been revealed, including the
atomic decomposition of Hardy spaces and the role of Carleson measures in harmonic
analysis. In some sense, Carleson measures are geometric cousins of BM O functions,
and this can be made precise via the use of smooth wavelets or almost-orthogonal
expansions. This way, one gets a characterization of these spaces in terms of wavelets

which is very geometric in nature. As is often said “harmonic analysis is infected



by the Schwartz tails;” if one uses the non-smooth Haar wavelets, which are simpler
to work with, one gets the dyadic counterparts of Hardy spaces and BMO. These
dyadic model spaces are much “cleaner” and nowadays are an essential part of mod-
ern harmonic analysis. They have proved to be much more than a toy model, and
through their analysis, one can see clearly the central role of martingales, and as a
result, a satisfying theory of Hardy spaces and BMO can be developed in the general

and abstract context of martingales with no difficulty.

In extremal cases, where the mass of a measure is concentrated at the centers
of a collection of dyadic cubes, the Carleson measure condition is equivalent to the
collection satisfying the so-called “Carleson packing condition.” It turns out that this
condition is equivalent to the “sparseness” of the family, which simply means that
objects in the collection are allowed to overlap but they must have large portions
which lie disjoint from each other. The innocent concept of spareness, which is a
simple generalization of disjointness, has solidly found its place in harmonic analysis,
and the method of “sparse domination” formulated by A. K. Lerner has proved to be
very powerful. For instance, the Ay conjecture, asking about the sharp dependence
on the weight constant of the norm of singular operators on Lebesgue spaces equipped
with a Muckenhoupt weight, was proved in a simple way by this method [49]. The
previous proof of this conjecture was based on decomposing the operator in terms of
the shift operators and is much more involved [39]. However, Lerner’s proof is very
simple, and ever since its discovery, it has been applied to a broad range of problems
in a successful way. The sparse method has changed our understanding of the meth-
ods used previously, and almost all the previously found arguments can be derived
from that, painlessly. It is also notable that although the sparse method has been
formulated by Lerner, similar ideas have been used by P. W. Jones in the late 70s

and early 80s in connection with his spectacular constructions in the study of BMO.



Contemplating similar questions to the ones raised before, but about boundary
values of holomorphic functions in several variables defined on the product of some
unit disks, brings us to the theory of multi-parameter or product Hardy spaces. The
term “parameter” was coined by A. Zygmund in connection with differentiation prop-
erties of the basis of rectangles with sides parallel to fixed coordinate axes. In multi-
parameter or product theory, one usually deals with operators with a tensor-product
structure and commuting with a non-isotropic group of dilations. As a result, cov-
ering properties of collections of rectangles expanding or shrinking independently in
several directions come into play. Due to the complicated nature of the way that
these rectangles may overlap, the study of product Hardy spaces is more complicated
than that of the usual or one-parameter ones. Nevertheless, the first step in the study
of such problems was taken by R. Gundy and E. M. Stein in 1979 [33], and the theory
was developed further by many including L. Carleson, A. Chang, R. Fefferman, J.
L. Journé and G. Merryfield. The product theory is rather similar to the one de-
scribed before, although the proofs are somewhat different. For instance, in the case
of two parameters, again there is a notion of BMO called product BMO, denoted
by BMO(R ® R), and as expected, it is the space dual to product H'(R @ R). In
addition, the notion of Carleson measure and its relation to product BMO extends
with no difficulty. Also, one can prove the atomic decomposition for product Hardy
spaces, and various characterizations of them extend to this new setting. However,
as some counterexamples, specifically that of Carleson [14], have shown, the product
theory can get very complicated, and in comparison to the classical theory, it is not

well understood.



1.2 Contributions of the Present Thesis

After a quick introduction to the meandering theory of Hardy spaces, here we try to
describe our contributions to the theory. Before doing so, we would like to recall a
point of view from which one should see this manuscript. In the author’s belief, it
is rather a characteristic of harmonic analysis that the methods and ideas are more
important than the results. Here, a non-expert can see an obsession with asking
questions about the largest range of values of p for which a statement is true for
LP or HP spaces, and it often happens that such statements are true for L2. For
instance, convergence of Fourier series in L? follows instantly from Plancherel, but
a harmonic analyst is mostly interested in what happens in L”. The reason here is
that a proof which is true for the sharpest range of exponents uses almost the min-
imal structures required for the validity of that phenomenon, and in this way, ideas
propagate through other theories. For instance, in the case of norm convergence of
Fourier series, the proof idea handling the p case has proved to be very fruitful and
is now called Calderén-Zygmund theory, with many applications to PDEs. There are
many more examples, and we do not prolong the discussion here. For this reason,
our emphasis in the present thesis is more on the methods than on the results, and

below we will compare the previous methods to our new ones.

The thesis is based on four manuscripts by the author: Chapters 2-5 correspond
to papers [62-65]. These concern different aspects of the theory, each of which is

described below.



1.2.1 Extension Domains for Hardy Spaces
The Extension Problem

The study of Hardy spaces on open domains was initiated by Miyachi in [54], where,
for a given proper open subset Q of R", a theory analogous to that of HP(R"™) was
developed for HP(Q2). For a function space X that is well-defined over different open
subsets of R", a fundamental issue that arises in applications is the extension problem.
That is, to ask: for exactly which open sets {2 does there exist a bounded extension
operator from X (£2) to X (R™)? This classical problem has a rich history and has been
investigated for several function spaces, such as W*? BM O, and others [42,43]. For
the case of HP-extension domains, Miyachi provided a sufficient condition in [54],

which, as we will see, is not a necessary one.

Theorem (Miyachi). Let Q) be a proper open subset of R™. Suppose there exists a
constant a > 1 such that for every x € Q) there is 2’ € Q° with d(z,2") < ad(z,§2°)
and d(x',Q) > a7'd(x,Q°). Then there exists a bounded linear extension operator

from HP(Q)) to HP(R™).

The Final Answer

Theorem 2.3.1, which is the main result of Chapter 2, gives a full description of these
domains in terms of some sort of thickness condition for the complement of the do-
main near its boundary. In detail, except for the case where n(% —1) is not an integer
and every open set is an extension domain for H?, for p = 1, an open set €) is an
extension domain for H! precisely when there are two positive constants a and § such
that the density of Q€ is at least § on each ball of the form B(z, ad(x,Q¢)) with x € Q,
where d(x,€2¢) is the distance from x to the complement of 2. Also, for p = 2,
with £ =1,2,..., a similar characterization holds, although the word “density” must

be replaced with “width.” The width of a set is simply the smallest distance between



all parallel hyperplanes in between which the set can be placed.

The reason for the sufficiency of such thickness conditions is that, as noticed
by Miyachi, the main task in extending distributions in H?(£2) is to extend bounded
functions whose support is located on Whitney cubes of €2, the so-called (p, 2)-atoms.
Then, it is not difficult to see that when these conditions hold, the extension can be
done by putting either a constant or a linear combination of derivatives of Dirac
masses supported on that part of ¢ which lies on the enlarged cube. On the other
hand, the failure of these thickness conditions makes it possible to construct some
functions in the dual of H?(R™), which are supported in 2, have small norms, but

large averages, showing that any bounded extension of (p, {2)-atoms is impossible.

1.2.2 Maximal Operators on BMO
The Continuity Problem

Maximal operators are among the most important sublinear operators in harmonic
analysis, and their boundedness properties on various function spaces are of great
interest. Indeed, operators of this kind dominate the other ones, and many pointwise
convergence results follow from their boundedness properties. Boundedness of the
classical Hardy-Littlewood maximal operator M, on BMO(R"), was already estab-
lished in [3]. Another proof of this was given in [2], and a third one in [60]. However,
in these works, the continuity problem was not addressed. The maximal operator is
nonlinear, and for such operators, continuity is not equivalent to boundedness. Nev-
ertheless, this operator is pointwise sublinear, and this makes it continuous on LP(R™)
for 1 < p < oco. Moreover, as was shown in [52], the operator is continuous on the

Sobolev space WP(R™) with 1 < p < co.



Our New Results

In Chapter 3, we present three results regarding the action of maximal operators on
BMO(R™). First, we show that although the Hardy-Littlewood maximal operator
is bounded on BMO(R™), it is not continuous, which is the content of Theorem
3.2.1. Second, it is shown that the subspace of BMO(R™) consisting of functions of
vanishing mean oscillation, namely VMO(R"), is preserved under the action of this
operator, and this is done in Theorem 3.3.1. Third, in Theorem 3.4.1, we show that
unlike the operator M, the strong and directional maximal operators are unbounded
on BMO(R™). Finally, as a by-product of the construction in this theorem, we
show that BMO(R") fails to satisfy the Fubini property. More precisely, we give an
example of a function in BMO(R?) with the property that none of its slices belong
to BMO(R).

1.2.3 The Operator Norm of Paraproducts on Hardy Spaces
Significance of Paraproducts

Paraproducts are among the most important bilinear forms and arise naturally in
many problems of harmonic analysis. Usually, they appear when working with the
product of two functions and trying to understand the product from the Fourier point
of view. The product consists of many intricate frequency interactions and must be
divided into manageable pieces, each of which contains a certain type of interaction.
Therefore, the product, which is a bilinear form itself, is divided into three differ-
ent forms called paraproducts based on the low-high, high-low, or low-low frequency
interactions. Some paraproducts behave much better than the product, and they sat-
isfy a Holder-type inequality in the full range of exponents, although with Lebesgue

spaces replaced by Hardy spaces.



As F. Riesz taught us, one cannot do any better than Holder’s inequality when
working with the product of functions on Lebesgue spaces, and we proved the same to
be true when working with paraproducts on Hardy spaces. In detail, in our two recent
works, we have complemented the existing results and proved a new characterization
of BMO and Hardy spaces in the full range of exponents as admissible symbols of
bounded paraproducts. This was first done in the one-parameter setting, where the
tree structure of dyadic cubes is available, and later was generalized to the multi-
parameter setting, in which case such a structure no longer exists. Below, we review

the previously known results and compare them to our new ones.

Previous Results

The first known result on the operator norm of paraproducts appears in [7], where it

is shown that for the dyadic paraproduct operator 7, (see (4.10)), it holds that

HWg”LP(R)—wP(R) = ||§I||BM0(R)7 1 <p<oo.

In the above, the upper bound was already well known, but the lower bound was
new. However, the idea of the proof is very simple: if the operator is tested against a
suitable test function, the desired lower bound for the mean oscillation follows easily.
Regarding the operator norm of 7, the next result appeared in [36], where it was

shown that

1 1 1
- =—-4+—-, 1<qg<p<oo
p T

[7gll Lo @y Lagny 2 (|9l i @ny» .

This time, the proof is more involved, and the idea in [36] is to use the local mean
oscillation inequality [48,50,51] and obtain a sparse domination of the symbol g.
Then, bounding the mean oscillation of ¢ as in the previous case, along with duality,

completes the proof.

10



New Results and Methods

Our main results in Chapter 4, namely Theorems 4.3.1 and 4.4.1, give a full descrip-
tion of the operator norm of dyadic and Fourier paraproducts for all values of the
exponents. In this chapter, we study operators from H? to HY, and when p < ¢, our
method is rather elementary and mostly the same as the one used in [7] and [36].
However, when ¢ < p, and especially when ¢ < 1, we cannot rely on duality argu-
ments like the one used in [36], for the reason that the Hahn-Banach theorem does
not hold any longer for H? when 0 < ¢ < 1 [20], so the operator and its adjoint may
not have the same norm. To deal with this, we use the sparse domination method
in [50] and establish a suitable domination of the square function of the symbol g.
Then, we will show that, with such domination, it is always possible to construct a
random test function, which, after plugging into the operator and using boundedness,

gives the desired result.

In addition, in Chapter 5, we extend the above-mentioned results for a type of
paraproduct, with the same geometric structure, to the product setting. Theorems
5.3.1 and 5.4.1, which contain the main results of Chapter 5, are completely new,
even though the ideas used in the proofs are rather similar to those used in Chapter
4. Here, the tree structure of the dyadic cubes, which is crucial to our previous ar-
guments, is not present. Nevertheless, we employ a similar strategy and demonstrate
how the previous one-parameter arguments can be modified to work in the multi-
parameter setting. Here, we develop a sparse domination method which is based on
contracting families of open sets and not families of cubes or rectangles. Another
challenge to overcome here is to construct an analogue of characteristic functions of
open sets belonging to the product Hardy spaces. Such functions must have two
rather contradictory properties: they must behave like a constant on the set, while

having a lot of cancellation in two perpendicular directions. However, as we will show,

11



using a local “square-maximal” equivalence of the product Hardy spaces, captured

by Brossard’s inequality [10], makes such a construction always possible.

12



Chapter 2

Extension Domains for Hardy

Spaces

2.1 Introduction

In general for a given function space X, the extension problem is to characterize open
subsets 2 C R", such that there exists a bounded (linear or nonlinear) operator,
extending every element of X () to an element of X(R™). Such domains are called

extension domains for X.

This problem has been studied for several classes of functions like Sobolev spaces
WkP [43], functions of bounded mean oscillation BMO [42], VMO [13], etc. Here,
we're going to give an answer to the extension problem for Hardy spaces HP when
0 < p < 1. Asitis well known, this scale of spaces serves as a good substitute
for LP when 0 < p <1 [66]. Unlike LP, being in H? is not just a matter of “size”
but also a matter of “cancellation”. Indeed, these distributions must have vanishing
moments up to order n(% — 1), and this makes the extension problem a bit nontrivial.

In Theorem 2.3.1, which is the main result of this paper, we give a characterization

13



of these domains, and below we explain the idea behind the proof.

By Miyachi’s atomic decomposition theorem, the extension problem is reduced to
extending certain elements of H?(£2), namely (p, 2)-atoms. These are atoms without
any cancellations and are supported on Whitney cubes of 2. Then since our char-
acterization requires (¢ to be thick in some sense, in dilated Whitney cubes, we are

able to create the required cancellation. When p = 1, this can be done by putting a

n

—+-, adding a suitable linear

proper constant on ¢ in that dilated cube, and for p =
combination of derivatives of Dirac masses supported on ¢ will do the job. The
latter case involves interpolating data with polynomials of several variables, and we
show that with the condition mentioned in Theorem 2.3.1, it is always possible to do
that. Also in the absence of these thickness conditions, we are able to construct some
functions in the dual of H?(R™), namely BMO(R") and A¥(R"), which are supported
on {2 and have small norms yet large averages. This prevents any bounded extension

of (p, 2)-atoms. Finally, when n( % — 1) is not an integer, it can be shown that every

open set is an extension domain.

2.2 Notation and Definitions

We begin by fixing some notation that we use throughout the paper. We use d(x, H)
for the distance of x from H, and d(z) = d(z,€°). The space of smooth functions
with compact support in € is denoted by C§°(€2), distributions in © by D’(€2), and
(,) is used for pairing distributions and test functions. C*(R™) is used for the space
of functions with bounded continuous derivatives up to order k with the usual sup-
norm, and | P| ok ) means that we take the sup-norms only on E. Also the space of

polynomials of degree no more than £ in R” is denoted by Py, as usual 0“ is used for

14



partial derivatives, |a| for the total degree of «v, and other famous notations is used
as well. By a cube  we mean a cube with sides parallel to the axis and we use {(Q)
for its side length. We use a@ or aB to denote the concentric dilation of a cube @)
or a ball B. Also W(2) is used for the family of Whitney cubes of Q (for the defi-
nition of Whitney cubes see [29] App.J, or [54]). Moreover, the useful symbols <, >

and & are used to avoid writing unimportant constants usually depending on k and n.

Next, let us recall definitions of the dual of Hardy spaces HP(R™). The space

of functions of bounded mean oscillation BMO(R™) consists of all locally integrable

sgp]élf—]éf|<oo,

where in the above the sup is taken over all cubes (). Modulo constants, BMO(R")

functions f such that

is a Banach space with the above quantity as norm, and as it is well known it is the

dual space of H*(R™) (see [25] Ch.3, [30] Ch.3, [66] Ch.4).

When 0 < p < 1, the dual space of H?(R") coincides with the homogeneous
Lipschitz space A"(%_l)(R”), which we now define. For a function f defined on R™ and
h € R™, the forward difference operator Ay, is defined by A, (f)(z) := f(x+h)— f(2),
and for any positive integer k let AF(f) := Ap(Ap...(Ax(f))) be the k-th iteration
of Ay. Then for any positive real number =, the space of homogeneous Lipschitz
functions A”(R") consists of all locally integrable functions f such that

AL

sup || —to—=-
h£0

|h/”Y ||L00(Rn) < 0.

Modulo polynomials of degree no more than ~, A? (R™) is also a Banach space with
the above quantity as norm, and as we already mentioned, for 0 < p < 1 the dual

space of HP(R") is A"(%_l)(R”) (see [25] Ch.3, [30] Ch.1). Here we want to make this

15



clear that A'Y(R”) is referred to by different names. For instance, when v = 1 it’s
called Zygmund space, or it is identical with the homogeneous Besov space Bgo,oo (R™)

(see [47] Ch.17).

Now we turn to the definition of Hardy spaces on domains. Let €2 be a proper
open subset of R” and f a distribution in D'(Q). Also, let ¢ be a smooth function
supported in the unit ball of R” such that [ ¢ = 1, and for t > 0, let ¢, () =t "p(%).

Then, the maximal function of f associated to €2 and ¢, denoted by Mg ,, is defined
by

Mgq ,(f)(x) :==sup{| (f,pe(x —.)) | : 0 < t < dist(z,Q)} for z €.

Definition 2.2.1. For 0 < p <1, HP(Q) is the space of all distributions f on 0 such
that Mq ,(f) is in LP(Q2). This defines a linear space, which is independent of ¢ and
can be quasi normed (normed when p = 1) by setting || f || gr) = || Ma,o(f)||l ). For

different choices of p, these quasi-norms are equivalent.

The Hardy space HP(Q2) was introduced by Miyachi in [54], and an atomic decom-
position theorem was proved for it there. As a result, many fundamental properties of
these spaces, including characterization of the dual space, density of C§°(2) N HP(€2),
complex interpolation and extension problem were studied although the latter was
not fully resolved there. Meaning the following sufficient condition was obtained but

as we will see it’s not necessary.

Theorem 2.2.1 (Miyachi). Let Q2 be a proper open subset of R™. Suppose there exists
a constant a > 1 such that for every x € S there is &’ € Q° with d(z,2") < ad(z, 2°)

and d(z',Q) > a~'d(z,Q°). Then there exists a bounded linear extension operator

from HP(§2) to HP(R™).
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We continue this section by recalling definitions of two types of atoms. The first

kind are the usual atoms appearing in the atomic decomposition of H?(R™).

Definition 2.2.2. A bounded function f is called a p-atom, if there exists a ball B
(the supporting ball of f) such that supp(f) C B, || fllr= < |B|_% (size condition),
and (f, P) = 0 for all polynomials with degree no more than n(% — 1) (cancellation

condition).

However, there’s another type of atom which appears in the atomic decomposition
of HP()). These atoms do not need to have any kind of cancellations and are called

(p, 2)-atoms.

Definition 2.2.3. Let ) be a proper open subset of R™. We say that a bounded

function g is a (p,Q)-atom if it is supported on some Whitney cube Q of 2, and

1
gl < 1Q[ 7.

In [54], it’s shown that such atoms are elements of HP({2) and are uniformly
bounded in this space. After fixing these definitions let us recall the atomic decom-

position theorem for Hardy spaces on domains.

Theorem 2.2.2 (Miyachi). Let 2 be a proper open subset of R", 0 < p < 1 and
f € HP(QY), then there exist sequences of nonnegative numbers {\;},{p;}, a sequence
of p-atoms {fi;}, and a sequence of (p,2)-atoms {g;}, such that the latter is depended

linearly on f, each f; is supported in 2, and

F=Snfit S with |flae = (SN +3m) @)

In the above, first a suitable Whitney decomposition of the domain is fixed and
then roughly speaking, g;s are obtained by projecting f onto the space of polynomials
localized on Whitney cubes of €. This is why g; depends linearly on f, but this is

not the case for f;s. Also, it follows from the construction that if f is compactly
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supported in €2, then the support of all f;s and g;s are contained in a probably larger
compact subset of € [54]. It should be noted here that even if f is a (p,2)—atom,
the above decomposition gives us some p-atoms and (p, 2)-atoms which are probably

different from f.

In [54], by using this powerful theorem, the extension problem for distributions
in HP(Q) was reduced to the especial case of extending (p, 2)-atoms. Although the
following lemma is used there, but it’s not stated, so we decided to state it here as a

lemma.

Lemma 2.2.1. For an open set S to be an HP extension domain it is necessary and
sufficient that for every (p,$)-atom g there exists an extension g € HP(R™) such that
]| reny S 1. Moreover, if this extension is linear in terms of g then there is a

~J

bounded linear extension operator on HP(S2).

Proof. The necessity of the above condition follows directly from the definition of
extension domains and the fact that (p, 2)-atoms have bounded norms.
For the sufficiency, take a distribution f € HP(Q2), decompose it into atoms as in

Theorem 2.2.2 and extend it in the following way:

F=YNfi+D migi
where f; is the extension of f; by considering it to be zero outside of 2. Since
supp(fi) C €, f is a well-defined distribution which belong to H? (R™) and its norm

is bounded by

1 Wy < D NNl + D i3 oy S DN+ D 15 S 1 Wy

So this defines a bounded extension operator on HP(§2). Whenever the extension

of (p,Q)-atoms is linear, the above operator is also linear on compactly supported
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distributions in H?(€2). To see this, we note that ) u;g; is linear in terms of f and
SANfi=(f- 1j9;)xq, which is true because the support of f, fis and g;s all are
contained in a compact subset of 2. This implies that > \; f; is also linear in f. Now,
the operator f — f is densely defined and bounded, so it has a unique extension to

HP(§2), which is the desired linear extension operator.

2.3 Main result

Definition 2.3.1. Let E C R"™ and v be a unit vector, then the width of E in direction
v, w(E,v), is defined as the smallest number § > 0 such that E lies entirely between

two parallel hyperplanes with normal v and of distance 6 from each other. Also we

define the width of E, w(FE), to be

When n =1, by w(F) we simply mean the diameter of E.

Theorem 2.3.1. Let 0 < p < 1 then a proper open subset 2 C R™ is an H? extension

domain if and only if

e For p =1 there exist constants a > 1 and § > 0, such that for every x € ()

|Q2¢N B(z,ad(x))]
| B(z, ad(x))]

> 0. (2.2)

e Forp= k =1,2,..., there exist positive constants a > 1 and 6 > 0 such

_n_
k+n’

that for every x € ),

w(Q° N B(x,ad(x)))
d(x)

> 0. (2.3)
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o And if p # 2, k = 0,1,2,3... then every proper open subset is an extension

domain.
Moreover in all cases the extension operator can be taken to be linear.

In the above, the condition (2.2) is stronger than (2.3) because if (2.2) holds and

QN B(x,ad(x)) lies between two parallel hyperplanes of distance §’d(x), then

1Q°N B(x, ad(x))] < §'d(x)(2ad(z))"

which implies that &’ > 2'~"¢,ad, where ¢, is the volume of the unit ball of R". So
(2.3) holds with the same a and ¢ replaced by 2'~"c,ad. Also the example below

shows that these two conditions are different.

For a closed unit cube Q = I x ... x [, in R", let C; be the usual Cantor middle
third subset of I; and call C; x ... x C, the Cantor dust in (). Now consider the grid of
unit cubes in R” with vertices on Z", and from each cube in this grid remove its Cantor
dust and call the remaining set §2. For n > 2, Q is connected and open with [Q°¢] =0
so it doesn’t satisfy (2.2) for any choice of a and ¢ but it satisfies (2.3). To see this
take z = (x1, ..., x,) € € then it lies in some cube @ of the grid and without the loss of
generality assume @ = [0, 1]". Now suppose d(z, Q°) ~ maxi<;j<y, |2; — y;| = |v1 — 11|
for some y = (y1, ..., y,) with all y; € C, where C is the Cantor set in [0, 1]. From
the ternary expansion of x; and y;, it’s clear that |z; — y;| &~ 37% where k; is the
first place that their digits are different. So if in the expansion of y; we change the
ki-th digit from 0 to 2 or from 2 to 0, we get another point y; with |y; — 3| ~ 37k,
Then note that the cube Q" = [y1,y1] X ... X [y;, ;] has all its vertices on ¢ and
d(z, Q") ~ d(x,Q°) ~ [(Q'). This shows that in every direction, the width of Q¢ in a

dilation of B(z,d(z,$2)) is comparable to d(x,2¢) and (2.3) holds (see figure below).
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Figure 2.1: The white area is in 2 N @) and black dots belong to ¢

The condition (2.3) in Theorem 2.3.1 is equivalent to the geometric condition that
characterizes “sets preserving the global Markov inequality”. A closed set F' C R" is
said to preserve the global Markov inequality if for every positive integer k and every

ball B,(y) with y € F,r > 0, we have

IVP| o (prp, ) < ¢(F,k)r Y|Pl (prso)), P € P, (2.4)

where ¢(F,k) is a constant depending only on F and k. It turns out that such
sets can be characterized in terms of the width. More specifically, F' preserves the
global Markov inequality if and only if there exists a constant € > 0 such that for all

y € F,r > 0 we have
w(F N B, (y))

. > € (2.5)

(see [44] Theorem 2 p. 38, and [11] Chapter 9 Section 9.2). In the next proposition we

will show that €2 satisfies (2.3) exactly when Q€ preserves the global Markov inequality.

Proposition 2.3.1. A proper open set Q0 C R™ satisfies condition (2.3) if and only

if Q¢ preserves the global Markov inequality.

Proof. First suppose €2° preserves the global Markov inequality hence for all y € Q¢
and r > 0, (2.5) holds with ' = Q¢ and some £ > 0. Now for an arbitrary = € {2 we

consider B(x,2d(z)) and choose y € Q°N B(x,2d(x)) such that |y — x| = d(x). Then
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we note that B(y,d(x)) C B(x,2d(x)) and this together with (2.5) gives us

w(B(x,2d(x)) N Q) > w(B(y,d(x)) N Q) > ed(z),

which proves that (2.3) holds for ©Q with a =2 and § = «.

To prove the other direction, suppose (2.3) holds for € with some a > 1 and § > 0.

Now for an arbitrary y € €2° and r > 0 we consider the sphere

1+a

St ) = e Rl m = o}

Then we note that if S(y, ) C Q2° we have

r 2r
B Q°) > = i
w(B(y,r) N 2 w(Sly, ) = 7o
which shows that (2.5) holds with ¢ = + . So it remains to assume S(y, 117) N2 # 0,

in which case we set

gy = sup{d(z) 1z € QﬂS(y,ﬁ)},

and consider two cases g5 < m and g9 > m In the first case, for each

z € S(y, 1) there exists some y, € B(y,)NQ¢ such that |y, —z| < Therefore,

1+)

in the direction v = é :g| we have

=) vl =y =2l = |y = 2| > 57

—y) v >y =zl = |y, — 2| > ———.

vy Y Y 2(1 +a)

This shows that w(Q2° N B(y,r)) > si7ay and hence (2.5) holds with ¢ = 2(1—£m)
Finally, when ey > 577 there is z € S(y, 757) N €2 such that ST d(z) < 115
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Noting that B(x,ad(x)) C B(y,r) together with (2.3) gives us

r

w(Q°N B(y,r)) > w(Q°N B(z,ad(x))) > dd(z) > 5m,

which shows that (2.5) holds with € = ﬁ. So in any case the condition (2.5) holds

min(1,5)
2(1+a)

with € = , and this completes the proof.

O

We break the proof of Theorem 2.3.1 into two parts, the sufficiency and the ne-
cessity. In the next section, we will see it is easy to show that (2.2) is enough for
extending each (1,2)-atom to some l-atom in R™. To prove that (2.3) is sufficient,
we need to show that it allows us to choose an interpolation problem and solve it
properly, which is the content of Lemma 2.4.4. This minor difficulty comes from the
fact that when n(% — 1) € N; the order of distributions in H? can not exceed than
n(% — 1) — 1, while they must have vanishing moments up to order n(% —1). This

becomes more clear when it is compared to the case n( ]% —1) ¢ NU{0}.

2.4 Proof of Sufficiency

We begin with the following lemma, which looks like a reverse Markov’s inequality
(2.4) and is already known. Nevertheless, for the convenience of the reader we give a

proof of this here (see [44] Remark 1 p. 35, and [11] Theorem 9.21).

Lemma 2.4.1. Suppose E is a subset of the unit ball B of R™. Then for any k =

1,2, .., we have

[Pller-1y > eln, K)w(E)[ Pl oo (ys P € Py (2.6)

Proof. Suppose P € Py with [Pl oy = 1 but [[P|[gr-1 () < cw(E). We will show

that if ¢ = c¢(n, k) is chosen sufficiently small, the set E lies entirely between two
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parallel hyperplanes at distance less than %w(E), which is a contradiction. Take

xo € E and write the Taylor expansion of P around this point then we have

Pay= Y TP e 3 TP e

al al
o <k—1 lo|=k

which implies the following inequality:

[Pl ooy < €' (n, k)ew(E) + ' (n, k) max 0% P(x0)]-

Noting that w(FE) < 2, and for the moment choosing ¢ <

< . we get |07 P(xo)| > o

for some « with |a| = k. Now suppose a = (ay, ..., a,,) with o; = max a; and let
<j<n

o = (oq,..,05 — 1..,a,). Then we note that in the derivative 0% P, z; appears in one

and only one term with the coefficient 9 P(z0). So the polynomial 9% P(z) has the

form
O P@) =a o b, lal> o
r)=a-x al > —
’ — 20
and if we normalize it by setting v = |Z—| and b = ‘%, for all x € E we get

lv-x+ b <2dcw(E),

which means that w(E,v) < 4ccw(E). So if we take c(n, k) = -7 we get the desired

contradiction and this finishes the proof. |

In the next two lemmas we show that how (2.6) can be relaxed so that we can
replace || P||cx-1(g) by a smaller quantity max |0° P(x)|, where F is a set of pairs of
points and indices with #F = dim(P;). The first one is a general geometric result

bounding the width of a compact set in R? with the width of its finite subsets with

d + 1 points.

Lemma 2.4.2. Let E be a bounded subset of R and e > 0 such that for each d points
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X1, T2, ..., Tq in F, there exists a unit vector v satisfying |v - x;| < e for 1 <i < d.

Then there is a unit vector vy such that vy - x| < 2de for every x € E.

Proof. First we note that the assumption on E holds for £ too, which allows us
to assume FE is compact. This implies that there are x1,x9,...,24-1 € FE such
that the (d — 1)-dimensional area of the simplex A(0,xy,..z4-1) is maximal. Let
A =|A(0,x1,..x4-1)| and note that if A = 0, E entirely lies in a d — 2 dimensional
subspace and vy can be taken as a unit vector perpendicular to that. Then suppose
A > 0 and let vy be the normal vector to H = span(z1,...,x4-1). We prove this
vector has the desired property, which means that for any x € E we have to show

that |v - x| < 2de or equivalently d(z, H) < 2de.

Now from the assumption there is a unit vector v such that |v-z;| < e, |[v-z| <,
which implies that the d dimensional simplex A(0,x,x1,...,24-1) lies between two
parallel hyperplane of distance 2¢ from each other. Consequently, the length of one
of the altitudes of this simplex must be no more than 2¢. Let us call the length of
this altitude h and the area of its corresponding face A’. There are two cases, either
0 is one of the vertices of this face or not. In the former case A’ < A, by maximality
of A, and in the latter, A’ < dA. The reason for this is the fact that the area of each
face of a simplex is no more than the sum of areas of other faces, and all the other
faces have 0 as a vertex. Now that we know A’ < dA, we calculate the d dimensional
volume of the simplex A(0,x,x1,...,24-1) in two ways with different altitudes and
faces, and we get d(x, H)A = hA’ < 2e.dA. Hence d(z, H) < 2de and for each x € E,

lvo - | < 2de. O

Lemma 2.4.3. Let k be a positive integer, B the unit ball of R™ and E C B satisfying

IPllcr1(y > Ol Plloe(ys P € P (2.7)

25



Then there exists a set F C {(x, B)|x € E,|B| < k — 1} with #F = dim(Py) such that

(lea?é(f‘ 10°P(z)| > c(n, k)O|| Pl oo (py: P € Py (2.8)

Proof. For P € P, with P(y) = 3 coy®let P = (Ca)jaj<k- Here, P is a d-dimensional
vector with d = dimlP,, and W‘eai];te that this defines an isomorphism between P
and R?. Then from the finiteness of the dimension we have | P|| ~ || P|| Loo(p)» Where
|| P|| is the Euclidean norm in R% So in (2.7) we may replace 1P| oo ) bY | 2|, and
d by ¢(n,k)d. Then for each z € E and || < k — 1 we set (x:ﬁ’) = (ba)|a|<k, Where
this vector is defined by

e f B <a

ba (afﬁ)!

9

0 otherwise

and it satisfies

Now consider the set

E={@ BB |8 <k-1},

which is bounded in R?, and note that if for every d points like Q1, .., Qg in E there

' (k,n)
2d

exists a unit vector P with | <P, Qi> | < 0, then according to Lemma 2.4.2 there
is a unit vector P such that | <]5, Q> | < (k,n)é for each Q € E. This means that
| Pl|cr-1y < ¢/(k,n)d, which is a contradiction to (2.7). So there exists d points

Q1,..,Qq in E such that

d(k,n)
2d

inf max | <}37 Qz> | >

| P||=11<i<d

0,

and this means that thereisaset F' C {(z, )|z € E.|5| < k — 1} with #F = dim(Py)
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such that

d(k,n) . »

9°P(x)| > —==0||P||, P €P;.

max [0°P@) > 2P P e

Now it’s enough to replace || P|| by | Pl By and get (2.8). O

Lemma 2.4.4. Let E be a subset of B, the unit ball of R™, with w(E) > 0. Then
there exists a set ' C {(z, )|z € E,|B| < k — 1} with #F = dim(Py), and a basis of

polynomials {P(x’g)} for Py such that for all (2, ') € F we have

| L @) = (.5)
07 (Pap))(2') = (2.9)

0 («,0) # (. 5)

Moreover,

||P($”3)HL30(B) S w(E)_l (a:, 6) cF. (2.10)
Proof. From Lemmas 2.4.1 and 2.4.3 it follows that there exists a set F' with #F =
dim(Py) such that for every P € P, we have

Pl <w(E)" 9% P(z).
1Ploey S w(B) ™ max [07P()

This implies that the mapping P — (9°P(z))(zp)er is an isomorphism from P
to R4m(P) - therefore for each (x,3) € F, (2.9) has a unique solution P, 5. These
polynomials satisfy (2.10), and since #F = dim(Py), they form a basis for P, and

this finishes the proof. O

Our last lemma in this section is a simple generalization of boundedness of norms

of atoms in H?(R") (see [66] Ch.3 Further results 5.5).

Lemma 2.4.5. Suppose B is the unit ball of R™, f a distribution supported in B and

of the form f =g+ > ¢pp0°0, with ||g|lr~ < 1, |cap] < 1, and F a nonempty
(z,B)eF
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finite set of pairs (x, ) such that x € B and |B| < n(1/p — 1). Moreover, suppose

all moments of f wvanishes up to order N, = [n(1/p —1)]. Then f € HP(R™) and

[ f e @ny S #F-

Proof. Let ¢ € C°(B), 0 < ¢ < 1 with [ ¢ = 1. We estimate M,(f) by following

the usual local-nonlocal argument. For zy € 3B we have

Ty — T
oo flao) = puxglao) + D (~1) st (@) (F=) = T4+ IL
(x,B)eF
Now for ¢ >0, |I| < 1, and we note that in the second term (8°¢)(252) # 0 only if

t > |z — x|, so this term is bounded by

S > o=

(z,8)€F
This gives us an estimate for the local part and it remains to estimate M, (f) on (3B)¢,
where we have to use cancellation properties of f. So this time assume xy ¢ 3B and
note that since @y(xg — ) is supported in By(zy), f * ¢i(xo) # 0 only if £ > |z0]/2.
To use the cancellation properties of f, let P be the Taylor polynomial of ¢, (z¢ — -)

around 0 and of order N,. Then we have

f* %(560) = <f7 %(ﬂ?o - ')> = (f, %(560 - ') - P>
- / o) (@m0 —1) = Po)dy+ 3 (=1)Pcr s (@ilon — 1) — P())]yms

(z,B)EF

=1+ IL
Now from the Taylor remainder theorem it follows that for y € B we have
[pe(wo —y) = P(y)] < [V (o) oo St~ et
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therefore |I| < |zo|~M»*+1+7). To estimate the second term we note that 9°P is the

— -th order Taylor polynomial o (zg — -)) around 0, and this gives us
(N, — |B])-th order Taylor poly Lof 8 (pi(z0 — -)) d 0, and this g
0% (@i(wo = y) = P(y)]| SV HO (o)) [[1oe S 87O < a0,

so we have |II| < |zo|~@»*14™) Next, by bringing the estimates for the local and

nonlocal parts together we obtain

My(f)(wo) S {1+ D o —ao| 1| Lap(wo) + wol ™ Lispe (o).
(z,B)EF

Now using the above estimate and our assumptions on 8 and N, gives us

1f |y = (Mo (F)llo@ny S #F,

which completes the proof. O

With the above lemmas in hand we are ready to prove the sufficiency part of the

Theorem 2.3.1.

Proof of sufficiency. According to Lemma 2.2.1 it is enough to extend each (p,€2)-

atom to an element of H?(R") with a uniform bound on its norm.

Case p = 1. Take a (1,Q)— atom g supported on a ball B,(xg), with r ~ d(zo).
Now, from the assumption there are positive constants a and ¢ such that (2.2) holds.
Then we extend g by putting a constant on Q° N By,.(zp), to create the required

9

cancellation. So let

[g

CcC =
|2¢ N By, (o)

g - g - C']lQCmBar(IO)7
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Here, we note that supp(g) C Bar(20), J § = 0 and this function is bounded by

| Bar (o)

———— | < o (14+a07") <us | Bar -
) S ol (140707) Sag Bt

13l < llgl (1 fa

Hence g is a constant multiple of a 1-atom so ||g|| g1 @ny < c(a,d,n), and this finishes

the proof of this case.

Case p = e kB =1.2,.... Let g be a (p, 2)-atom similar to the previous case,

and let a > 1, § > 0 be the constants that satisfy (2.3). By a translation and dilation,
we bring everything to the unit ball and set
(2N Bay) — w0

E = . ¢ = g(xg+ arx).
ar

Now E is a subset of the unit ball B with w(E) > a~'4, so let I be a set provided

by Lemma 2.4.4. Then we extend ¢’ by

5/:9,"‘ Z Cm,ﬁaﬁéﬂca

(z,B)EF

where the coefficient ¢, 3 are chosen in way that (}7 has vanishing moments up to order

k. To see this can be done, recall that from Lemma 2.4.4 we may choose a basis of
polynomials for P, {P, 3}, such that 9°(P,s)(x) = 1 and 0% (P,4)(2') = 0 when

(x,8) # («', p"). Then the cancellation condition for ¢ is equivalent to

<§’,PM> =0 (2,8)€F,
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which gives us the following equation for the coefficients c, g:

/g/(y)PJ,ﬁ(y>dy + Z Cx! B! <8615w’7 P:L’,B> =0 (.I, 6) € F. (211>

(¢/,8)eF

Now we note that

(750, Pag) = (-1)7107 (P (), (219)
so from (2.11), (2.12) and Lemma 2.4.4 we have

%ﬁzenW“/ﬂwamw@. (2.13)

This shows that 5’ depends linearly on g, < q, P> = 0 for every P € P, and moreover

a5l < [BIllg'lloe ()| Pepll o3y S g | Lomyw(E) ™ S a0l || o= (3)-

Now ¢'/|¢'|| L= (p) satisfies all the required conditions of Lemma 2.4.5 and by applying

that we get

—1

19/ lzn ey S N9 2o() Sas [ Bar(20)] 7 -

r—xo
ar

Finally, let § = ¢/(*-%0) which is an extension of g with ||g|| g»(n) < c(n, k, a,d), and

this completes the proof of the second case.

Case p #

—5 k= 0,1,2,.... This case is similar the previous one and even
simpler. This time we can take a to be any number such that £ = Q°N B, # () and

after a dilation and translation, we pick a point € F and extend ¢’ by

B
Yy—x
g=4+ c30°0,, c5=(—1)A1H! /g,(y)( ) dy.
|BI<[n(1/p=1)]
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The rest is just like the previous case.

In all the above cases, the method of extension is linear in terms of g so from
Lemma 2.2.1, there is a linear extension operator if the conditions of Theorem 2.3.1

hold. O

2.5 Proof of Necessity

Now that we’ve proved the conditions of Theorem 2.3.1 are sufficient, we have to
show they are necessary as well. To do this, we need to construct some functions
in the dual of HP(R") to prevent any bounded extension when those conditions are
not satisfied. We need some lemmas and our first one is a simple consequence of a

theorem proved by Uchiyama. We give it below and its proof is found in [27,69].

Theorem (Uchiyama). Let A > 0 and FE , B be two subsets of R" such that for any

cube ) we have

: ‘QmE| ’QHB‘} —2nA
mln{ o 0] < 275, (2.14)

Then there exists a function f € BMO(R"™) such that f =1 on B and f =0 on E

with ”fHBMO(R”) S %

Lemma 2.5.1. Let 0 < e < %, a > 3 and B the unit ball of R™. Then for every set

E C (2B)° such that |ENaB| < €, there exists a function f € BMO(R"™) with the

following properties:
e f=0o0nk
e f=1o0onB
o |fllsmor) S smmerats=T7

32



Proof. Let us check the condition of the above theorem for B and F. If a cube Q)
doesn’t intersect one of the sets (2.14) holds for any A > 0, so assume it intersects
both of them. Then there are two possibilities either Q N (aB)¢ # § or @ C aB. In

the first case 1(Q) > (a\/—Q which implies 2021 < a™", and in the second one we have

el
[(Q) > 1, which gives us |?Q‘|A| = ‘lelg;“m < e. So for A ~ min {loga,loge™'} (2.14)
holds and the claim follows from the theorem. O

To construct similar functions of the above lemma in A*(R™), we need a couple
of facts which are well known and we bring here as lemmas. Here it’s convenient to

write BMO(R) = A°(R).

Lemma 2.5.2. Let f € A*R) and F(z) = [ f(t)dt, Then F € A*Y(R) with

HF”A’“Jrl(]R) 5 HfHAk(R) fO’f’ k= Oa 1727
Proof. For k = 0 we have

z+2h

x+h
AZF(a)/h] = \1/17, [ f‘ < 1 Flloso)

+h

and for k£ > 1 we have

h h
AP () = ML) = A5 [ fa e = [ (a8 4t
0 0

which implies

AR (g Ak+1
I~ RE+L | = |h| / =5 hk |(z +t)dt < ||fHAk(1R)
So in any case we get || F'[| jer1 @) S Il argr)- 0

Lemma 2.5.3. Let k be a positive integer, f € A*(R™) and g € C*R"). Then

fg € AR™) and || fgllin@ny S iy 1 iy I VE (@Ollzoe + [l 195 (9) oo
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Proof. Let thg(x) = g(x + h), so for Al(fg) we have

AL(fg) = AL(F)T"g + fAL(g). (2.15)

By taking the difference operator k + 1 times and applying (2.15) each time we can

see that AF1(fg) has the form

AIH_I f(] Z Z Cl,k,m,sTmhAl}L+1 (f)TShAi_l(.Q)v (216>

—1<i<k 0<m,s<k+1

where in this formula AY(f) = f and ¢ s are some integers. Now for 1 <[ < k we

have

A O < Ml 1857 (9)] S IV ()l A,

where ||[V°(g)|lz~ = ||lg]|z>, and for I = —1,0 we have
[AHOIS I s 1A (@)l S UV () el

Putting these estimates in (2.16) completes the proof.

One more property of A’“(R”) that is needed here is the inequality

1—L

1l Ay S Hf||Loo’“HfHAk(Rn L<I<F, (2.17)

which is a consequence of the fact that Al (R™) is the interpolation space between

L>(R") and A*(R") (see [47] Theorem 17.30).

Lemma 2.5.4. Suppose 0 < ¢ < 1/4, a > 4 and let I C [—a,a] be an interval with
|I| < 2¢. Then for each k = 1,2,3, ... there exists a function f, € AF(RY) with the

following properties:
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fr=0o0nIU][-a,al

|fx] 2 min{loga,loge™'} on J = [xg — 1/2,20 + 1/2]° N [-1,1]

1fellzoe < a*

kaHAk(Rl) 5 1

Proof. Suppose xq is the mid point of I and consider the function

t_
o(t) = min flog |~ g 51}
3 A

which is nonnegative, vanishes on I U [—a, a]¢, g > min{loga, log %} on the interval
[z — 1/4, 20+ 1/4]°N[—1,1] and also ||g||smo S 1. Now let Fi(z) = f;; g(t)dt which
vanishes on I and |Fy| 2 min{loga,loge™} on J = [zg — 1/2,20 + 1/2]° N [-1,1].

Also, according to Lemma 2.5.2 we have [|F1[[31g:) S 1 and we note that

log™® |%|dt <a.

@< [ gtis [

Now let ¢ € C§°([—1,1]) such that 0 < ¢ < 1, ¢ = 1 on [-1/2,1/2] and set

wa(x) = @(x/a). Then the function fi(x) = Fi(x)p.(x) has the following properties:
e fi=0o0nIU]|[—a,a]

e f; is positive on the right hand side of xy and negative on the other side with

|f1| 2 min{log a,loge™'} on J
o [[fillz= Sa

o [filligy ST

For the last property it’s enough to note that

1Py S B> Sa, lgallie <1, @Gllze Sa™,
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and therefore Lemma 2.5.3 implies || f1[[ 411y < 1. We continue this process, meaning
each time we integrate the function of the previous step from xy and with ¢, cut it

off the interval [—a, a] then at k-th step we have Fi(z) = f;; fr—1(t)dt and fi, = Frp,.

The function F}, vanishes on I, is positive on the right hand side of xy and negative
or positive (depending on k) on the other side. Also, it follows from Lemma 2.5.2
that

“FkHAk(Rl) S L (2.18)

and moreover

[ F | o S/ | fetl S a. (2.19)

Now from (2.17-2.19) we get || Fi || yir1) S a*~! for 1 <1 < k. We also have the bound
ngék_l)HLoo < a'7F for 0 <1 < k. Now these facts combined with Lemma 2.5.3 shows
that || fxllir@) < 1. Finally we observe that at the previous step, f—1 changes sign
only at xy, which implies that by integrating it from xy no cancellation happens and

then | fx| 2 min{loga,loge™'} on J. The proof is now complete. O
The following is an analog of Lemma 2.5.1 in the A*(R") setting.

Lemma 2.5.5. Let 0 < ¢ < 1/4, a > 4 and B the unit ball of R™. Then for every

set E C R" with w(E NaB) < ¢, there exists a function f € A*(R™) such that
o f=0o0nk

° fB|f|%1

1
b Hf“A’“(R") S min{log a,loge~1}

Proof. Let v be a direction for which w(E NaB,v) < ¢ and choose ¢ such that
lv-a+c¢c <eforxz e ENaB. Also let ¢ € C(B) with 0 < ¢ < 1 and ¢ =1

on %B. Now take the function f, € A*(R!) constructed in the previous lemma with
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I = [—¢,¢] and set

1

F0) = i oga g ey e 7 +O)ee/a)

This function has the desired properties. In fact the first two properties of f follows
directly from properties of fi, and for the third one we note that || fi(v - +¢)|| jrgn) =
1 fillirry S 1, so an application of Lemma 2.5.3 gives us || f]| jx@n) S W.

O]

Now that we have constructed our functions in the dual of Hardy spaces we can

prove the necessity part of Theorem 2.3.1.

Proof of necessity. We have two cases:

Case p = 1. Suppose  doesn’t satisfy (2.2) then for §; = 277 and a; = j
there’s a point x; such that (2.2) doesn’t hold. Let us denote B; = B(z;, %d(T])) and
ry = %d(T]>

Now suppose €2 still is an extension domain and take a sequence of (1, {2)-atoms
g; with supporting ball B; and denote their extensions by g;. Then we must have
il 1y S 1. Now by a translation and dilation we move every thing to the unit
ball and set

Q° — X

Bj=— g;(x) = rigi(rjz +x;), gj'(x) = rig;(rje + z;).
J

Here we note that Fj; satisfies the condition in Lemma 2.5.1 with € = ¢; ~ d;a} and
a = a;. So there exists a function f; € BMO(R") with properties of Lemma 2.5.1.

Now from duality and the fact that ||g;'|| g1 @n) S 1 we get
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1
min {log a;,log 5;1 }

1G5, £i) | S NG5 1 e |1 £l Brro@ny S

and on the other hand since f; = 0 on E; we have

G 5= [ dh (220)
which implies the following contradiction if we choose g; = sgn(f;).|B;|™*

1

R~ , < — 0.
’f]’ ’ <g] >| ~ min {logaj7log8;1}

The proof of this case is now complete.

Case p # 1. The above argument holds word by word if instead of Lemma 2.5.1
we use Lemma 2.5.5 and note that the functions f; vanishes in a neighborhood of E;

0 (2.20) holds.

This finishes the proof of necessity. O

2.6 Applications

As an application of Theorem 2.3.1 we are able to characterize the dual of H'(Q)
as a complemented subspace of BMO(R™) (see [54] the final remark). Let us recall
that the dual space of H'(Q) which is denoted by BMO(f) in [54], consists of those

functions f such that

!mmmmzwpr—fﬂ+sw fm<m
2Qcq Jo Q QEW(Q

where W(2) is the set of all Whitney cubes of Q2. By extending f € BMO(Q) to
be zero outside of Q, we get f € BMO(R") with || f||paro@ny S |Ifllzmowy. The
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converse of this inequality is also true when Q is an H'-extension domain. Indeed by

using duality we have

Iflssow ~ swp (f.9) Sas s (£.3) = Iflzuson.
HgHHl(Q):l Hg”Hl(R”):l

The above is true because every g € H'(2) has a bounded extension g € H*(R™). So

we have the following:

Corollary 2.6.1. When 2 is an extension domain for H', the dual of H*(Q) is iso-
morphic to the closed subspace of BMO(R™), consisting of all functions with support
on 2.

Next, let E : HY(Q2) — H'(R"™) be the extension operator, then by duality the

adjoint operator F' : BMO(R") — BMO(Q) given by

(E(f).9) = ([, E'(9)),

is bounded. Now if ¢ € BMO(R") with support on € and f is any (1,(2)-atom

supported on a Whitney cube (), we have

[to=[En9= [ 1200

So on each Whitney cube @, E'(g) = g, and therefore E'(g) = ¢ on the whole €.

This allows us to conclude the following:

Corollary 2.6.2. Let € be an open subset of R™ satisfying (2.2). Then the subspace
of all functions in BMO(R™), vanishing outside of ) is a complemented subspace of
BMO(R™). Moreover, the operator E' defined above is a bounded projection onto this

subspace.
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Chapter 3

Maximal Operators on BMO and

Slices

3.1 Introduction

Let A C R" be a measurable set with positive finite measure and f € L} (R"). By

loc

the mean oscillation of f on A we mean the quantity

ose(f, A) = f = fal.

where fAf and f4 mean the average of f over A, i.e. \T}IfA f. Then it is said
that f is of bounded mean oscillation if osc(f, @) is uniformly bounded on all cubes
@ (by a cube we mean a closed cube with sides parallel to the axes). The space of
such functions is denoted by BMO(R™), and modulo constants the following quantity

defines a norm on this space:

| fll Braro@n) = Sup O(f,Q).
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Sometimes we use || f| zrmo(g,) which means that we take the above supremum over
all cubes contained in Qy. BMO(R™) is a Banach space, and since its introduction
has played an important role in harmonic analysis. It is the dual of the Hardy space
HY(R™), it contains L>°(R™) and somehow serves as a substitute for it. For instance,
Calderén-Zygmund singular integral operators map BMO(R"™) to itself and conse-

quently these operators map L>°(R") to BMO(R"™) but not to itself [25].

Another important class of operators is the class of maximal operators, and the
first objective of the present paper is to investigate the action of some of these op-
erators on BMO(R™). Let us recall that the uncentered Hardy-Littlewood maximal

operator is defined by

M(z) = sup f Sl feLL (R,
z€EQ JQ

where the above supremum is taken over all cubes containing x. As it is well known
M is of weak-type (1, 1) and bounded on LP(R") for 1 < p < oo [25]. For a function
f € BMO(R"™), it might be the case that M f is identically equal to infinity. For
instance, this is the case when f(z) = log |z|. However, in [3] the authors proved that
if this is not the case then M f belongs to BMO(R™) and for a dimensional constant
¢(n) we have

M f | Bao@ny < c(n)|| f |l Baro@n)-

Another proof of this was given in [2], and a third one in [60], where the author
proved that M preserves Poincaré inequalities. Regarding this, we ask the following
question about the continuity of the uncentered Hardy-Littlewood maximal operator

on BMO(R"):

Question 3.1.1. Let f € L®(R™) and {fi} be a sequence of bounded functions
converging to f in BMO(R™). Is it true that {M f.} converges to M f in BMO(R™)?
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The operator M is nonlinear and for such operators continuity does not follow
from boundedness. However, it is pointwise sublinear and this makes it continuous
on LP(R") for 1 < p < oo. In [52], a similar question has been studied for Sobolev
spaces, where the author proved that M is continuous on WP(R") for 1 < p < co.

However, in Section 2 we give a negative answer to the above question.

BMO(R™) has an important subspace, namely VM O(R™) or functions of vanish-
ing mean oscillation. VMO(R™) is the closure of the uniformly continuous functions
in BMO(R™). Another characterization of VM O(R™) is given in terms of the modulus

of mean oscillation which is defined by

and f € VMO(R™) exactly when (lsin(l)w(f, 9) = 0 (in the above by I(Q) we mean the
—

side length of @) [61]. Regarding this subspace we ask:

Question 3.1.2. Let f € VMO(R") such that M f is not identically equal to infinity.
Is it true that M f € VMO(R™)?

In Section 3 we provide a positive answer to this question.

In the last section, we consider the action of some other maximal operators on
BMO(R™). More specifically, the directional maximal operator in the direction e; =
(1,0,...,0), M,,, and the strong maximal operator, M, which are defined as the

following;:

M, f(21,2) = sup ]l ol Mf(@) = sup ]é £l

1€l TER
In the above, fu/(t) := f(t,2'), where (t,2') € R x R"™! and the left supremum is

taken over all closed intervals containing x;. In a similar way one can define the
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directional maximal operator M., which is taken in the direction e € S*~!, simply
by taking the one dimensional uncentered Hardy-Littlewood maximal operator on
every line in direction e. However, since BMO(R") is invariant under rotations it is
enough to study M,,. In the above the right supremum is taken over all rectangles
containing x, and by a rectangle we mean a closed rectangle with sides parallel to the
axes. These are the most important maximal operators in multi-parameter harmonic
analysis and are bounded and continuous on LP(R") for 1 < p < oo [16]. Regarding

these operators we ask:

Question 3.1.3. Are there constants C,C" > 1 such that at least for every bounded

function f the following inequalities hold?

| Me, fll Bro@ny < Cll fllBmo@ny,  |Msfllpromny < C'\| fllsro@n)-

To answer this question we have to study the properties of slices of functions in
BMO(R™), which is the second objective of this paper. Many function spaces have
the property that their slices lie in the same scale of spaces. For example, almost
every slice of a function in LP(R") or WH(R") lies in LP(R"™!) or W1P(R"1), re-
spectively [47]. The same is true for BMO,(R™), strong BM O, which is the subspace
of BMO(R™) consisting of all functions with bounded mean oscillation on rectan-
gles [18]. This property is also satisfied by the scale of homogeneous Lipschitz spaces
AGY (R™), the duals of HP(R™) for 0 < p < 1 [25]. Regarding this, we ask our last

question:

Question 3.1.4. Is it true that almost every horizontal or vertical slice of a function

in BMO(R?) belongs to BMO(R)?

In Section 4 we answer both questions negatively and in the last theorem of this

paper we prove a property of the slices of functions in BMO(RR?).
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Before we proceed further, let us fix some notation. By A < B, A 2 B and
A= B, wemean A < CB, A> CB and C'B < A < CB respectively, where C is

a constant independent of the important parameters.

3.2 Discontinuity of M on BMO(R")

Our theorem in this section is the following:

Theorem 3.2.1. Let f be a nonnegative function supported in [0,1], || f|lr~ < 1 and
| fllor > log2. Then, there exists a sequence of bounded functions {f,} converging to

f in BMO(R) such that {M f,} does not converge to M f in BMO(R).
To prove this we need a couple of simple lemmas which we give below.

Lemma 3.2.1. Let T > 0 and h € BMOI0, %]. Then the even periodic extension of

h, which is defined by

], H(—z)=H(x), H(zx+T)=H(x), z€R,

18 1N BMO(R) and ”HHB]WO(R) S ]‘OHhHB]WO[O,%]‘

Proof. For an arbitrary interval I, there are two possibilities:
: T
(i) 1] < 3.

In this case by a translation by an integer multiple of 7" and using periodicity

of H, we may assume either I C [—%, %] or I C [0,T]. Suppose I C [—%, %] and

note that if 0 ¢ I, we have either I C [0,%] or I C [-Z,0] and from the symmetry

O(H,I) < ||hHBMO[0,§}- If 0 € I, then take the interval J centered at zero with the
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right half J*, which contains I and |J| < 2|I|. Again from symmetry we get

J
O(t,1) < 2710(H. 1) < 10(H, ) < Wil o 1

The same argument works for I C [0, T]. This time we use the symmetry of H around

T

r
(i) 1] > Z.

This time take J = [nT, mT] with n, m € Z which contains I and |J| < |I|+27T <
5|I|. And again like the previous cases, from the symmetry and periodicity of H, we
get

J| T
O(11.1) < 27.0(1.) < 100(1,[0. 3] < 10]blpop

The proof is now complete. O

In the above, the norm of the extension operator is independent of T', and we will

use this in the proof of the next lemma.

Remark 3.2.1. There are much more general ways to extend BMO functions to
the outside of domains, but for the purpose of our paper the above simple lemma is

enough. See [42] for more on extensions.

Lemma 3.2.2. For ¢ < —1, there exists a sequence of functions {g,}, n > 1 with the

following properties:
a. g, >0
b. g =0 on [c,1]

< ignllz~ <1

o

S

lim JC[O,n} gn =1

n—oo
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e. lim Hgn”B]WO(]R) =0.
n—r00

Proof. Let log™ |z| = max{0,log|z|} be the positive part of the logarithm, and con-
sider the function h,(z) = log™ = on the interval [0, n], which belongs to BMO[0, n]
with |2, || sropn < ||log* ] - ||l smom). Then an application of Lemma 3.2.1 with
T = 2n gives us a sequence of nonnegative functions H,, with ||H,||zmom) S 1 (here

our bounds are independent of n). Now, let g, = Hy(x) (1= Xje0)(z)). Then,

_1
1+logn
the first three properties are immediate from the definition, the forth one follows from

integration, and the last one from

1

log |c
19n | Brom)y < ———— (| HnllBrom) + | HuXjeo =) S S

< S—— n>1.
1+ logn 1+ logn

This finishes the proof. |
Now, we turn to the proof of the above theorem.

Proof of Theorem 5.2.1. Let f be as in the theorem, a = fol f, ¢ <0 a constant with
large magnitude to be determined later, and let g, be the sequence constructed in

Lemma 3.2.2.

We will show that

. a
lim ||Mf, — Mf|spom >0, fo 1=f+1—_cgn, n>1. (3.2)

n—oo

This proves the theorem once we note that since f and g, are bounded functions,
fn is bounded too. Also, from the fifth property of {g,} in the above lemma, {f,}
converges to f in BMO(R).

To begin with, we claim that M f,, = M f on [c, 0]. To see this, note that from the

positivity of f and g,, M f,(x) > M f(z) for all values of x, and it remains to show
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that the reverse inequality holds also. For = € [c,0], M f(x) >

any interval I which contains x, we have two possibilities:

(i) either I C (—00,0), in which case from the third property of g, we have

o= f (o r0) = 15 fon < Tl < 725 < M5

(i) or I N[0,1] # 0, in which case the second and the third property of g, gives us

a |1 N[z, 1] |[I\[z,1]] a
fn=7[(f+ gn)z— g+ Al on
]{ Ji l—c I Jiaa Il 1—cJppy

nfll, o, e e
A TR s

<

This proves our claim.

Next, we look at the mean oscillation of M f, — Mf on [2¢,0]. Because this

function vanishes on [c, 0], we have

O(M f, — MF,[20,0)) > | ][ (Mf, — MJ). (3.3)
[2¢,c]

To bound the right hand side of the above inequality from below, we note that
0 < f < xpa so Mf(z) < M(xpa)(z) = = for < 0. Also, for z < 0 we have

a a n
R S CES y ES g A,

So we get the following estimate for the right hand side in (3.3):

1
][ (Mf, — Mf) > ][ D dr— ][ dz. (3.4)
[2¢,c] l—c [0,n] [2¢,d 0 — T [2¢,] l—x
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Combining (3.3) and (3.4), gives us

1 c
Mf — M — d 1 .
IM £ — Mo 4(1—c]{0n] ]{ 4L og( 0_1))

Now, taking the limit inferior as n — oo and using the forth property of g, gives us

1 a 1
li Mf,— M + =1 1+ —
n%” [ — M fllBmom) > 1 (1 c og< + 1))

This shows that if we have

a >

c—1 c
1 1 3.5
c og( +c—l) (3:5)

then (3.2) holds. Here we note that the function on the right hand side of (3.5),
attains its minimum, which is log 2, at infinity. Also, from the assumption a > log 2,

so if we choose |c| sufficiently large (3.5) holds, and this completes the proof. O

By lifting the above functions to higher dimensions with

f(xlv"axn) :f(xl)'/ gm($1,-.,$n) :gm(x1>7 (36>

we obtain a counterexample for continuity of the n-dimensional uncentered Hardy-
Littlewood maximal operator on BMO(R"), simply because the BMO(R™) norms

and the maximal operator become one dimensional.

Corollary 3.2.1. The uncentered Hardy-Littlewood mazimal operator is bounded on

L (R™) equipped with the BMO norm, but it is not continuous.
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3.3 The Uncentered Hardy-Littlewood Maximal Op-
erator on VMO(R")

As it was mentioned before, VMO(R") is the BMO(R™)-closure of the uniformly
continuous functions which belong to BMO(R™). The operator M reduces modulus
of continuity, because it is pointwise sublinear, so it preserves uniformly continuous
functions. But from our previous result, one cannot deduce boundedness of M on

VMO(R"™) by a limiting argument. Nevertheless, we have the following theorem:

Theorem 3.3.1. Let f € VMO(R"™) and suppose M f is not identically equal to
infinity. Then M f belongs to V MO(R™).

Before we prove this, we bring the following lemma which is needed later.

Lemma 3.3.1. Let A be a measurable subset of a cube QQ of positive measure and

f € BMO(R") with || f|| smomr) = 1; then we have

Q
1= tol s 110 5 (3.7

Proof. From the John-Nirenberg inequality [41], there is a dimensional constant ¢ > 0

such that

][ dr—tal < 191 [ elr—ral < 1@l
A 14] Jo ~ Al

Now, Jensen’s inequality gives us (3.7), as follows:

1 1
][ If = fol = —][logec'f‘f‘?' < —log][ tal <14 log 19!
A CJA c A ’A|

O]

Remark 3.3.1. In the above lemma, let A be a rectangle and take Q) to be the smallest
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cube which contains it. Then
O(f,A) S 1+ loge(A),

where e(A) is the eccentricity of A, or the ratio of the largest side to the smallest one.

We now turn to the proof of Theorem 3.3.1.

Proof of Theorm 3.3.1. Let f be as in the theorem then we have to show that (lsim w(Mf,6) =

—0

0. Now, for every cube Q, we have O(|f|,Q) < 20(f, @), which means that |f] €

VMO(R"™) too. From this together with M(|f|) = Mf, it is enough to prove the

theorem for nonnegative functions. Also, from the homogeneity of M we may assume

| fll Brro@ny = 1.

Let @y be a cube and ¢ a constant with ¢ > e. We decompose M into the local

part, M7, and the nonlocal part, M, as follows:

M f(z) = sung , Myf(z) = sung .
S xre
1(Q)<cl(Qo) (Q)=cl(Qo)

We have M f(z) = max{M, f(z), Maf(z)} and so

O(Mfa QO) 5 O(M1f7 QO) +O(M2f7 QO) (38>

To estimate the first term in the right hand side of (3.8), let @ be the concentric

dilation of Qg with I[(QF) = 2¢l(Qo). Then for the local part we have

O<M1f’Q0><2]é My f = fo; <2]£2 M [f = foy

; . :
<2(f onlr-ri?) <2 (i [ O017 - foilver)?)
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By using the boundedness of M on L*(R™) we get

O(M.f, Qo) < é(fv far

) ,

and an application of the John-Nirenberg inequality gives us

O(Myf, Qo) < <2 || fll o @3- (3.9)

To estimate the mean oscillation of the nonlocal part, suppose z,y € Qq, My f(x) >
M, f(y) and let @ be a cube with {(Q)) > cl(Qp), which contains z and such that

Myf(y) < fo. Now, let @' be a cube such that Qo U Q C @', [(Q") = 1(Q) + 1(Qo),
and let A = Q'\Q. Then Myf(y) > fo and we have

Fo— Maf(y) < fo — for = fo — GHf+WV) Ao~ )

Q' Q|
A 4l
<
> Q/’ ’ ‘ ‘f fQ‘

(Ifo — fol +1fo — fal) S =;0(f, Q

Here we note that |[A| = |Q'| — |Q| =~ 1(Qo)I(Q)"}, and I(Q’) ~ I(Q). So from the

above inequality and Lemma 3.3.1 we get

[(Qo) Q) B
fo—Maf(y) < Q) (1 + log l(Q())) S e loge.

The reason for the last inequality is that l((%o)) < ¢! and the function —tlogt is
increasing when ¢ < e~!. Finally, by taking the supremum over all such cubes Q, we

obtain

| My f(z) = Maf ()] S ¢ Hloge, .y € Qo.
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So for the nonlocal part we have
O0M:f.Qn) < f F100f(e) - Maf(w)|dody S e loge. (310)

By putting (3.8), (3.9) and (3.10) together we get

Y

O(Mf,Qo) S c? £l Brrocqy) + cloge,

and taking the supremum over all cubes QQy with [(Qo) < § gives us
Ww(MF,8) < c2w(f,2e0) + ¢ Loge.

To finish the proof, it is enough to take the limit superior as § — 0 first and then

let ¢ — 0. O

Remark 3.3.2. The above argument shows that for all functions in BMO(R™), if
one chooses a sufficiently large localization of M, (3.10) holds, meaning that the
mean oscillation of the nonlocal part is small. This also shows itself in the dyadic

setting: if one considers the dyadic mazimal operator M? and dyadic BMO, denoted
by BMO4(R™), then for a dyadic cube Qg

Mif(z) = supfo = sup fg, =€ Qo
z€Q QoCQ
H(Q)>1(Qo)

Hence, O(MZf, Qo) = 0 and therefore no dilation is needed (c = 1).
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3.4 Slices of BMO functions and unboundedness
of directional and strong maximal operators

In this final section we discuss properties of slices of functions in BMO(R™), and for

simplicity we restrict ourselves to BMO(R?). We begin by asking:

Question. Suppose ¢,1 are two functions of one variable, when does f(x,y) =

o(2)Y(y) belong to BMO(R?)?

To answer this, we need the following lemma which is an application of Fubini’s

theorem and its proof is found in [18].

Lemma 3.4.1. Let A, B C R be two measurable sets with finite positive measure,

and f be a measurable function on R%. Then

O(f, A x B) = ]éO(fy,A)der qu(fx,B)d.r

Now, take two intervals I, J with {(I) = [(J). Then, an application of the above

lemma to f(z,y) = ¢(x)Y(y) gives us

O(f,1 % J) = O, ] ][|so|+0so, ][|w|

Taking the supremum over all such I, .J we obtain

I fllzao (R2) =3 bup (bup ][|90| sup O(¢,J) + sup O(p, ). sup ][|¢|) - (3.11)
6>0 J

(1) 1(J)=6 I(I)=6 1(J)=6

When f € BMO(R?) is non-zero on a set of positive measure, the above condi-
tion implies that p,v0 € BMO(R). To see this, note that if ¢ is non-zero on a
set of positive measure, for some Lebesgue point of ¢ like z, ¢(x) # 0. Then

from the Lebesgue differentiation theorem, for sufficiently small 6 we must have

23



supyn—s 1712l 2 le(x)] > 0. So 1 has bounded mean oscillation on intervals with
length less than 0. For intervals J with I(J) > 0, |¢/| has bounded averages because
otherwise there is a sequence of intervals .J, with [(.J,) > d and lim £, [¢| = co. Then
by dividing each of these intervals into sufficiently small pieces of length between g and
d, we conclude that 1| has large averages over such intervals so sup;_s £ 1] = oo.

But then sup;;)_; O(p, I) = 0, which means that ¢ is constant. We summarize the

above discussion in the following proposition.

Proposition 3.4.1. Let f(z,y) = o(z)¢(y), f € BMO(R?) if and only if (3.11)
holds and if f # 0, then ¢,v € BMO(R).

Remark 3.4.1. When ¢ and 1 are not constants, the above argument shows that
they belong to bmo(R), the nonhomogeneous BMO space, which is a proper subspace
of BMO(R). See [28] for more on bmo(R).

Corollary 3.4.1. Let log™ |z| = max{0, —log|z|} be the negative part of the loga-
rithm and p,q > 0 with p+q < 1. Then the function f(z,y) = (log™ |z|)” (log™ |y|)*
is in BMO(R?).

Proof. A direct calculation shows that

6! i>1
sup ][(log_ 2|)" do =~ )
Hn=e 71 (—logd)’ 6<3
A o>1
sup O (log™|-[,J)" = :
1=0 (—logd)"™" s<1
and the claim follows from Proposition 3.4.1. O

Remark 3.4.2. The above function f does not have bounded mean oscillation on
rectangles, simply because the BMO-norm of the slices becomes larger and larger as

we get closer to the origin. See [45] (Example 2.32) for another example.
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Now we answer the third question of this paper.

Theorem 3.4.1. There exists a sequence of bounded functions {Gyx}, N > 1 such

that it is bounded in BMO(R?) but
Jim ([[Me, (Gw)llsmoez) = 00, lim [|My(Gw)llsmoes) = o0

To prove this we need the following simple lemma.

Lemma 3.4.2. Let Qy = [—1,1]", f € BMO(R") with support in Qo, and xy be a
sequence in R™ with |y — x| > 3y/n for k # m. Then g(x) = > f(x — xx) is in

BMO(R") and ||g|smo@r) S || fll Brmo@n)-

Proof. First, by comparing the average of | f| on Qg with Qg + 2e; we have

|f|=2"< fun-o IfI)50(|f|7[—1,3]”)<H|f|||BMo<Rn><2||fHBMo<Rn>~
Qo 0 Qo+2e1

Next, take a cube @ and suppose for some k, Q N (2 + Qo) # 0. We note that the
distance of the support of functions f(- — ) from each other is at least /n so if

(@) < 1 then O(g, Q) = O(f(- = 21), Q) < ||/ | maroqan). Otherwise, we have

0(9,Q) <2 F 9] < —; (y —ax)| dy
][ |Q| on(a +Q /Ik-i-Qo
k

Now to finish the proof, note that #{k|Q N (x + Qo) # 0} < |Q| which implies

0(9,Q) < ||fHBMO(1Rn)- |

Proof of Theorem 5.4.1. We may assume n = 2, since by a lifting argument similar
o0 (3.6), we can conclude the theorem for higher dimensions. Let f be as in Corollary

3.4.1, N a positive integer, and consider the following function:
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N 2k+t1_1

Z Z f(x—S\/_m y——)

k=0 m=2k

gn has the following properties:
(i) llgnlBro@m2) S 1 (here our bounds only depend on p, ¢ but not V).

This follows from Corollary 3.4.1 and Lemma 3.4.2 applied to f with z,,, =

(32m. ).
(ii) Ms(gn)(z,y) = Me,(gn)(2,y) Z (log N)? for 0 < 2,y <1and N > 2.

To see this, let 0 < x < 1 and % <y< H'Tl for some [ < N. Then consider the

average of (gy), on I = [0,3 - 2%1y/2], which is bounded from below by
21—

][( N)y > 2 21+1\f2/f(t_3\/_my N)dt

Now note that for 28 < m < 2! — 1, I contains the support of f ( —3V2m,y — %)

and since 0 <y —

f (t —3V2m,y — %) > (log N)? <log_ <t - 3\/§m>>p.

From this we get

2l+1_q

M., (gn) (7, y) > ][(QN) » leﬂ\/_ Z/ (t—3\/§m,y—%) dt
> % (log N)* /1 (log™ [¢[)" dt

At the end we note that for every function g, M., (g) < Ms(g) holds almost ev-
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erywhere, and this proves the claim.
(iii) M., (gn)(z,y) =0 for y < —1.
This holds simply because gy is supported in [3v/2 — 1, 00) x [—1,2].
(iv) Ms(gn)(z,y) S1for0 <z <1,y <-2.

To prove this final property of gy, suppose R = I x.J is a rectangle with (z,y) € R.

Then if RN supp(gn) # O we have [(I),1(J) > 1, and we note that

#{mlresapn (1 (-3 - 1)) 20} <10,

which implies

Fov <t {mmirns (1 (- svEn. - 1)) 20} [ 12

Now taking the supremum over all rectangles R proves the last property of gy.

—_

Next, we measure the mean oscillation of M., (gx) on the square [—3, 3] by

O (M., (gn),[-3.3]%) ][ M., (gn) ][ M, (gn)-
[0,1]2 [0,1]x[—3,—2]

Then from the second and third properties of gy we obtain
O (Mel (gN)> [_3’ 3]2) Z (10g N)q 5 (312>

and the same is true for M, by the third and fourth properties of gy.
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At this point we note that the constructed sequence of functions {gy} has all
the desired properties claimed in the theorem except that they are not bounded
functions. However, this can be fixed by using a truncation argument as follows. For

each N, M > 1, let gy be the truncation of gy at height M, i.e.

gy = max {M, min {gy, —M}}.

Next, we note that by the first property of {gx } this sequence is bounded in BMO(R?)
and since ||gn,a|| Bro®?) < 4||gn |l Brom2), the double sequence {gy,a} is also bounded
in BMO(RR?). Now, for each N > 1, gy is a compactly supported function in L?(R?)
and the sequence {gy s} converges to gy in L*(R?) as M goes to infinity. Then, since
the operators M., and My are continuous on this space, we conclude that for each
N > 1, {M.,(gnvm)} and {M(gy )} converge in L?(R?) to M., (gn) and M,(gn),

respectively. Therefore, for N large enough (depending on ), we have

O (M, (gnn): [=3,3)%) > 50 (M., (gn),[3,3]7) Z (log N)*,

N —

and

@ (Ms<gN,N’)a [_37 3]2) > =0 (Ms(gN>v [_37 3]2) Z (10g N)q :

N —

To finish the proof, let Gy := gy - and note that {Gy} is a sequence of bounded
functions such that it is bounded in BMO(R?) but

lim ||]\4e1 (GN>HBMO(]R2) = OQ, lim ||MS(GN)HBMO(R2) = Q.
N—o00 N—o0

O

By modifying the above function, one can construct a function in BMO(R?) such
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that none of its horizontal slices are in BMO(R), which provides a negative answer

to the forth question of this paper.

Example. Let {r,,} be an enumeration of the rational numbers and consider the

following function:

h(z,y) = Zf(x—?)ﬁm,y—rm>.

m>1

Then we have
O (hy, [3v/2m —1,3v2m + 1]) = O ((log™ ()", [=1,1]) (log™ (y — )"

So by density of the rational numbers, for all values of y we get sup;;_, O(hy, I) =
o0, even though h € BMO(R?).

The above example shows that one can not control the maximum mean oscillation
of the slices, when we look at intervals with a fixed length. However, in the following

theorem, we show that there is a loose control when the length of intervals increases.

Theorem 3.4.2. Let f € BMO(R?) with || f||pmowz) = 1. Then there exist constants
A, ¢ > 0, independent of f, such that for any sequence of intervals I, (k > 1) with

[(I,) = 2%, and any interval J with [(J) = 1, we have

/eASupkzl O(fyﬁlk)dy <.
J

Proof. Let E; = {y € J|sup % > t}; then,
k>1

O I
Et = U E@k, Et,k = {y € JlM > t} . (313)

k
k>1
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Now, taking the average over E;j and applying Lemma 3.4.1 gives us

1

1
t<if OUnhiyS O box Eu).
Btk

Next, let J;, be the interval with the same center as J and with I(J;,) = 2*, and note

that £, C J C Jy, so Iy X By C Ij, X Ji. Then an application of Lemma 3.3.1 shows

that
1 1 ‘Ik X Jk‘ 1
t<S-O(f,lx xEp) S—|(1+log——— ) S 1— —log|E, |
So for an appropriate constant @ > 0, which is independent of f, we have |E, | < e7%*
for ¢ > 0. From this and (3.13) we get the estimate
B <> B Se™, t>0.
k>1
Now, an application of Cavalieri’s principle gives us
/egs‘lpk>1 O(fzylk)dy = g/ e2!|Bydt < 1.
J 2 Jo
Hence, (3.4.2) holds with A = §, and this finishes the proof. O
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Chapter 4

The Operator Norm of

Paraproducts on Hardy Spaces

4.1 Introduction

Let A; (j € Z) be the Littlewood-Paley operators associated with a Schwarz function
1, and let S; be its partial sum operators (precise definitions will be given in the next

section). For an integer [ and tempered distributions f and g, the bilinear form

(f,9) == > Sj=(£)As(g),
JEZ
is an example of a paraproduct. There are also dyadic counterparts of these bilinear
forms, which will be discussed later. Paraproducts are among the most fundamen-
tal bilinear forms in harmonic analysis and PDEs. Loosely speaking, they are ”half
products,” and historically, their first appearance was in Bony’s para-differential cal-
culus [8], where they were used to extend the work of Coifman and Meyer on pseudo-
differential calculus with minimal regularity assumptions on their symbols [17]. Later,
they were used in the proof of the T'(1) theorem by David and Journé [19], and since

T. Figiel’s work on the representation of singular integral operators in terms of simpler
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dyadic ones [24], they have proven to be an essential component of such operators [39].
It is well-known that for real p > 0 and sufficiently large [, the operator II is bounded
from HP(R™) x BMO(R") to HP(R™) [1,32], where H?(R") is the real Hardy space
and BMO(R") is the space of functions of bounded mean oscillation [21,41]. Also,
for any triple of positive real numbers (p,q,r) with % +1= %, the bilinear form II
maps HP(R™) x H"(R") to HI(R™) [4,32]. In addition, the boundedness properties of
analogs of these objects in other settings, including multi-parameter and multi-linear
settings, have been studied extensively. We refer the reader to [31,46,56,57] and the
references therein. The purpose of the present paper is to show that these bounds
cannot be improved in the sense that by freezing ¢, the operator norm of the corre-
sponding operator, 114, is comparable to a norm of ¢ predicted by the current bounds.

See 4.3.1 and 4.4.1.

Let us begin by reviewing the current known results in this area. The first result
on the operator norm of paraproducts seems to be in [7], where it is shown that for

the dyadic paraproduct operator 7,, we have

7ol o) = l9llBro®), 1 <p < oo.

Also, recently the author in [36] has shown among other things that for 7, it holds

that

1 1 1
17| Lo@my— La@ny = |9l 1 @n) ;T lSasp<

The result in [36] is stronger than what we have stated here and was obtained in
the Bloom setting, but we are not concerned with that here. To the best of our
knowledge, these are all the results known about the operator norm of paraproducts.
The ideas used in [36] are similar to those methods employed in [38], where the

author completed the characterization of the operator norm of commutators of a
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non-degenerate Calderon-Zygmund operator 1" and pointwise multiplication with a

locally integrable function b. In fact, it is shown in [38] that for 1 < p,q < oo we

have:
(1011 1141
10]] 1 g s —p T P>4
T, 0] || Lormy > Lamny = 4 1Bl Barowny P=q
. 1_1_a np
L Hb”CO‘(R") qg  p n’ P<q < (n—p)4+

where in the above L”(R") denotes L"(R") modulo constants and C*(R") is the ho-
mogeneous Holder space. The strategy of the proof, used both in [38] and [36], is to
bound the local mean oscillation of the symbol of the operator by testing it with suit-
able test functions. Then, using boundedness of the operator will finish the job for all
cases except for p > ¢. To resolve this, the local mean oscillation inequality [48,50,51]
is employed to obtain an appropriate sparse domination of the symbol. Then, after
using a duality argument and a probabilistic linearization, the result follows from

boundedness of the operator.

Here, although we are dealing with the operator from H? to HY, for all cases
where p < ¢, our approach is essentially the same as in [7], [38], and [36]. To show
that the symbol belongs to BMO(R™) or A*(R™), we bound an appropriate mean
oscillation of the operator’s symbol. However, when ¢ < p, and especially when
q < 1, an argument based on duality will not work. This is because the Hahn-Banach
theorem fails for H? when 0 < ¢ < 1 [20], so we cannot guarantee that the operator
norm of the operator and its adjoint are the same. Instead, by using a suitable
sparse domination for the square function of the symbol g, we can handle all cases
where 0 < ¢ < p < oo. This sparse domination is not new; it is a special case of
the general method formulated in [50]. This method shows that almost all known

sparse domination results follow a general approach, which we use here. We should
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also mention that we first encountered this idea in [55], where it is used to construct
an atomic decomposition for dyadic H!, based on the square function. Notably,
the construction idea in [55] is derived from [40], where it is shown that functions
in Hardy spaces have an atomic decomposition into atoms, whose supporting cubes

form a sparse family.

4.2 preliminaries

4.2.1 Notation

Throughout the paper, we use <, 2, and ~ to suppress constants and parameters in
inequalities that are not crucial to our discussion; this will be clear from the context.
We use B,(z) to denote the ball of radius r centered at z. A cube @ in R™ refers to
a cube with sides parallel to the coordinate axes. We denote its Lebesgue measure
by |Q], its side length by I(Q), and its dilation by a factor a as a). A dyadic cube
is a cube Q of the form @ = 2¥(m + [0,1]"), where k € Z and m € Z". For such a
cube, all 2" cubes obtained by bisecting its sides are also dyadic and are called its
children. Any dyadic cube @ is a child of a unique cube, called the parent of ), and
denoted by Q We use D(Q) to denote the family of all dyadic cubes within @, and
D for all dyadic cubes in R™. For a locally integrable function f, its non-increasing

rearrangement is denoted by

fr@) =i {s | {[f] > s}[ <t}, >0,

and its average with respect to the Lebesgue measure over a cube @) is given by

1
<f>Q_@/Qf
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Additionally, for 0 < p < 0o, we use osc,(f, Q) to denote its p-mean oscillation and

osc(f, Q) to denote its pointwise oscillation over @:

1

osey(£.Q) = (If ={1q )] ose(£.Q) = sup |f(x) = ()]

z,YeQR

4.2.2 Sparse Families

Here, we review the definition of sparse families, one of their useful properties, and

the general method of sparse domination introduced in [50].

Definition 4.2.1. Let 0 < n < 1, and let C be a family of cubes that are not nec-
essarily dyadic. We say that C is n-sparse if, for each () € C, there exists a subset
Eqg C Q such that |Eg| > n|Q|, and for any two cubes Q, Q) € C, the sets Eg and

Eqr are disjoint.

A useful property of sparse families, which is crucial for us here, is that although
they may have many overlaps, they behave as if they are disjoint. A simple example
of this phenomenon is given by the following lemma, which is well-known and whose

proof can be found in [36, 38].

Lemma 4.2.1. For an n-sparse family of cubes C, nonnegative numbers {aq}qep,

and 0 < p < 0o, we have

0 (ZGQIQ\) S agxellr Su7' <Za€g|@|> : (4.1)

QeC QecC QeC

We now describe the general sparse domination method introduced in [50].
Let { fo}gep be a family of measurable functions defined on R™, which we consider
as “localizations” of a function or operator. For every two dyadic cubes P and ) with

P C @, let fpg be a measurable function satisfying

|frel < |fel+fal,
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where fpo will serve as the “difference” between two localizations. Finally, for such
a family of functions, the maximal sharp function is defined as

mgf(x) := sup osc(fpo, P), x€ Q. (4.2)

zeP
PCQ

Then, it is proved in [50] that the following holds:

Theorem 4.2.1 (Lerner, Lorist, Ombrosi). Let {fo}toep and {fro} be as described
above. For a dyadic cube Qo and 0 < n < 1, there exists an n-sparse family of cubes

C contained in Qo such that for almost every x in Qy,

fQo ($> 5 ZWQXQ(m)a (43>
QeC
where
1-— 1-—
0 = (axa) (etll) + iy (il ) (1.0

As shown in [50], almost all known sparse dominations are special cases of the
general theorem above. We refer the reader to [50,51] and the references therein for

a general theory of sparse domination and dyadic calculus.

4.2.3 Dyadic Hardy Spaces

Next, we review the definitions and basic properties of the dyadic Hardy spaces that
we are concerned with, beginning with the Haar basis.

For a dyadic interval I, let h; = |I|72(x;- — x+), where I~ and I are the left
and right halves of I, respectively. These functions form the well-known Haar basis
for L?(R). In higher dimensions, the Haar basis is defined as follows: First, we let

ht = h; and h% = |I|"2y;. Then, for a dyadic cube Q = [I;_, ; and a multi-index
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i = (i1,...,1,) # 0, where each i; € {0,1}, we define
o=11":
=1

For the Haar basis, the associated square function is defined as

Su(f) () = (Zzwf,h@\”%f)) . zeR", (4.5)

QED i#0

where (-,-) denotes the usual inner product in L?(R™). Another important dyadic

operator is the dyadic maximal operator, defined as

Mqy(f)(z) = Sup [(fal (4.6)

where the supremum is taken over all dyadic cubes ) containing x.

Definition 4.2.2. For 0 < p < oo, the dyadic Hardy space H}(R™) is the completion

of the space of locally integrable functions f such that

[ f ez @ny = | Ma(f)| 2o @ny < 00

When 1 < p < oo, the dyadic Hardy space is a Banach space with the above
quantity as its norm. For 0 < p < 1, however, this quantity is a quasi-norm, making
HY(R™) a quasi-Banach space. It is also well known that for 1 < p < oo, HY(R")
is identical to LP(R™). There is also a closely related space that is not identical to
HY(R™), even though it is denoted by the same notation in the literature. To define

it properly, we make the following definition:

Definition 4.2.3. A dyadic distribution f is a family of complex numbers {fé Q€
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D,i # 0} and is formally written as

f=2_D (fhghhg, (f.hg) = fo

QED i#0

Definition 4.2.4. For 0 < p < oo, the dyadic Hardy space Hfl'(R”) is the space of all

dyadic distributions f such that

1A sz eny = 15a ()| o emy < 00

The important fact here is that H%(R") is the same as H?(R") modulo constants,

meaning that for f € L} (R™) we have

15 ny ~2p LN = el ny. (4.7)

Now, we turn to the definition of the dual of Hardy spaces.

Definition 4.2.5. For 0 < a < o0, the dyadic homogeneous Lipschitz space Af{(Rn)

is the space of all locally integrable functions f, modulo constants, such that

1/ llig@n) = sup Q) “osci(f, Q) < oc.
QeD

In the above, AY(R") is identical with the dyadic BMO, denoted by BMOy4(R™),
or the space of functions with bounded mean oscillation on dyadic cubes. The first
crucial fact about the above definition is that if, for a positive number p, we replace
oscy(f, @) with osc,(f, @), we obtain nothing but the same space. More precisely, we

have

11 Aa ny = gtégl(@‘“oscp(f, Q) <oo, a>0, p>0. (4.8)

Another important fact that we need later is that for 0 < p < 1, the space Ag(]R") is
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the dual of HY(R"). Specifically,

Ry =AY RY), 0<p<l. (4.9)

See [12,26,37] for the proof of these.

4.2.4 Dyadic Paraproducts

Now, we define and review the boundedness properties of dyadic paraproducts, which

are the focus here.

Definition 4.2.6. For a dyadic distribution g, the dyadic paraproduct operator with

symbol g is defined as

=YY (Nolg hp)hiy, | € Li,(R"). (4.10)

QED A0

In the above, 7,(f) is a dyadic distribution, and when f is a linear combination of
finitely many Haar functions, it is a well-defined function. The next theorem contains

boundedness properties of 7, on dyadic Hardy spaces.

Theorem (A). For a dyadic distribution g and real numbers 0 < p,q,7 < oo, the

following inequalities hold:

1 1 1
179 (M s @y S N9l ar @ 1z ey, —=—+ = (4.11)
qQ p T
1 «
||7Tg(f)||Hp (Rn) ~ ||g||A“(Rn ||f“H” (R")5 E = 5 - ﬁ’ O<ap<n (4-12)
17g () iz @ny S N9l Brroa@) Lf iz ey (4.13)

Let us briefly discuss the reasons behind these inequalities. The first inequality
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(4.11) follows from the pointwise bound

Sa(mg(f)) (@) < Ma(f)(2)Salg)(x),

the Holder inequality, and the maximal characterization of dyadic Hardy spaces (4.7).
For inequality (4.12), we have an analog of the classical Hedberg inequality, which we

could not find in the literature, so we decided to prove it here.

Proposition 4.2.1. For 0 < an < p < 00, a dyadic distribution g, and a locally

integrable function f, it holds

Db
pr

Salmy(F)() S 190l ig e 1 i gy Mal ) ) (1.14)

Proof. After normalization, we may assume [|g|[3qgn = [flzz@ny = 1. Let @ be
a dyadic cube. The cancellation property of Haar functions ( f hé? = 0), and the

triangle inequality imply

[(9:hg) | < (l9 = {9) | Ihl) < osci(9. Q)IQIF < Q1T+,

For (f),, we have the following two competing bounds:

[{Nel = f Ma(f)(@), [{Nlol = QI Il ey Xl 2 ny (4.15)

where the right-hand side inequality follows from duality. When 1 < p < o0, it is clear
that [[xo|l gz @n) < |Q]1_%, and the duality relation (4.9) gives a similar bound holds
for 0 < p < 1. To see this, note that if R C @ is a dyadic cube, then osc;(xg, R) = 0.

For @) € R, we have

1_ _1
osc1(xq, R) < 2{xq), < 2|RI7HQ| < 2|R|» Q| 7,
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which implies

1—1
HXQHAZ(%_Q(R”) <2|Q[ 7. (4.16)

Combining (4.15) and (4.16), we get

(g S min{ nf M@ QI F . 0<p <o

Finally, we estimate the square function as

Salmy(D)(@) < 3 D" 1{Fq {9, hy) IR 2 X ()

QED i£0

< > min { Ma(£)(@),1Q1 7 } 1017 xa(@)

QeD

<M Y. QP xe@+ Y QI T xe(w)

Ma(f)(@)<IQ "7 Ma(f)(@)>1Q "7

P

S Ma(f) ()7,

which proves the claim.

O

Now, taking the LP" norm of (4.14) proves (4.12). The last inequality (4.13)
is the most complex one, so we only outline the main steps to prove it. The L2
boundedness of 7, follows from the Haar characterization of BAMOy4(R™) in terms of
Carleson measures and the Carleson embedding theorem. Boundedness on LP comes
from Calderén-Zygmund theory, and boundedness on HY is derived from the atomic
decomposition. We refer the reader to [55] for more on dyadic Hardy spaces and a
proof of this. See also [7] for another proof of (4.13). We will now shift from the

dyadic setting to the Fourier setting and provide the necessary definitions.
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4.2.5 Littlewood-Paley Operators

We begin by fixing some notation. For a Schwartz function f, the Fourier transform

is defined by

A~

f&) = | fla)e ™ da,
R

and the convolution of two functions is defined as
frg(x):= . [ —y)g(y)dy.
Moreover, we use the following notation for translations and dilations of functions:
(7™ f)(2) == f(x—m0), O'(f)(2):= f(t7'2), fi(z):=t"6"(f)(x), t>0, zp,7€R"
and below we summarize some of their useful properties:
TO(frg) = (Tf)xg = fx(T79), [fix0°g=05(fi-19)-

Now, let 1 be a Schwartz function with its Fourier transform supported in an annulus

away from the origin and infinity, meaning

supp(() C {a < || < b}, 0<a<b<os, (4.17)
and such that
DT =1, ££0, (4.18)
jez

(see [29] for examples of such functions). Then, the Littlewood-Paley operators asso-

ciated with v are defined as
AJ(f) =t v f, JEL,
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and the partial sum operators are defined as

SU(F) =Y AL, Si(f) = Tams = f,

k<j

where

. Doreo V(27€) €H#£0
) .
1 £E=0
In the above, ¥ is a Schwartz function whose Fourier transform is supported in a ball
around the origin and equals to 1 in a smaller neighborhood (throughout the paper,
we use capital Greek letters for the kernel functions of the partial sum operators).

Similarly to the dyadic case, the square function with respect to ¢ is defined as

Sy(f)(z) := <Z \A}”(f)(:r)P) .

JEZ.

For simplicity, we drop the dependence on 1 when it is clear from the context. An
important feature of the Littlewood-Paley pieces A(f) is that their Fourier transform
is localized at the scale 27, which means they behave like a constant at scale 277. This

feature can be expressed through Plancherel-Polya-Nikolskij type inequalities.

Theorem 4.2.2. Let f be a tempered distribution whose Fourier transform is sup-

ported in a ball of radius t > 0. Then

e For(0<p<q< oo, we have
1.1
£z S G f ) zoen- (4.19)

e There exists a constant ¢ such that for 0 < h < ct™t, and any sequence of
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numbers {xy, : x, € h([0,1]" + k), k € Z"}, we have

I{f () beezn lw@ny =~ B (| fll oy, 0 < p < oo (4.20)

See [68] for the proof.

4.2.6 Real Hardy Spaces

Now, we recall the definition of the real Hardy spaces.
For a Schwartz function ¢, the associated maximal operator M, and the non-tangential
maximal operator M7 are defined as

M, (f)(z) == sup ¢ * f(z)], M(f)(x) :==sup sup |p;* f(y)|.

t>0 >0 |z—y|<t

Definition 4.2.7. For a Schwartz function ¢ with [¢ =1 and 0 < p < oo, the

Hardy space HP(R™) is the space of all tempered distributions f such that

| fll e @ny == [| Mo (f)|| Lr@ny < 00.

The above quantity defines a quasi-norm when 0 < p < 1 and a norm when
1 < p < oo, which makes H?(R") into a (quasi) Banach space. The space HP(R") is
independent of ¢, and for any other choice of ¢, the corresponding (quasi) norms are

comparable to each other. Also, for any Schwartz function ¢, we have

IMG(F) | r@ny S N llar@ny, 0 <p < oo,

and if [ ¢ =1, the above inequality becomes an equivalence, with bounds depending
only on p, n, and finitely many Schwartz semi-norms of ¢ and ¢. Furthermore, with

a minor difference from the dyadic case, the square function characterization holds as
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well. To be more precise, let H?(R™) be the Hardy space H?(R") modulo polynomials,

or equivalently, the space of all tempered distributions with
: ny «— 1 f — P n 5
17 ey o= nf 11F = Pllaseny < o0

where P, is the space of all polynomials on R". Then, for any choice of Littlewood-

Paley operators {A},cz, we have

IS r@ny = ([ fll p@ny, 0 <p < o0.

Finally, just as in the dyadic case, for 1 < p < oo, HP(R") coincides with LP(R")

[21,30,66]. Next, we recall the duals of Hardy spaces.

Definition 4.2.8. For 0 < a < oo, the homogeneous Lipschitz space AO‘(R”) is the

Banach space of all functions f with
1|y = sup sup [1] =D (f)(x)] < oo,
z€R™ h£0

where Dy, is the forward difference operator defined as Dy(f)(x) = f(z + h) — f(x),

and [a] denotes the largest integer not greater than «.

Modulo polynomials, the homogeneous Lipschitz space A~ (R™) can be character-
ized in terms of Littlewood-Paley pieces. Specifically, let A“(R”) be the space of all

tempered distributions f with
Kamn) = inf — Pl joipny < 00.
1 £11 4 (Rn) PlgIPn I f 14 (Rn) < OO
Then, for any choice of Littlewood-Paley operators, we have

£ | ey =2 5P 297 |4 () | e )
JEZ
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Similarly to the dyadic case, we have
R = A"GTORY, 0<p<1, H(R") = BMO(R"),

where BMO(R") is the space of functions of bounded mean oscillation equipped with

the norm

“fHBMO(R”) = Sgp OSCl(f7 Q)a

where the sup is taken over all cubes in R”. It is well-known that for any positive p,
if we replace osc; with osc,, we get an equivalent norm [25, 30, 66]. It is also useful
to define BMO(R™), or BMO(R™) modulo polynomials, with the usual definition of

the norm

||f||BMO(]R”) = Plggn |f = Pllemon)-

4.2.7 Fourier Paraproducts

Finally, we discuss the type of paraproducts mentioned in the introduction.

Definition 4.2.9. Let ¢ be a Schwartz function satisfying (4.17). For a tempered
distribution g and a Schwartz function ¢, the paraproduct operator 11, , with symbol

g 1s formally defined as

Iy o(f) = Z(@Q—j * f)A;b(g)
JEZ
The meaning of convergence in the above sum is not clear unless we impose some
restrictions on f and ¢. One situation where the above operator is well-defined is
when the support of the Fourier transform of ¢ lies in a compact subset of R". In
this case, for a Schwartz function f with Fourier transform supported in an annulus,
the sum is finite and hence yields a well-defined smooth function. Furthermore, when

the support of ¢ lies in a ball strictly within the annulus containing the support of
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1, the boundedness of this operator on various Hardy spaces is well-known and we

present it here as a theorem [30, 32, 66].

Theorem (B). Suppose ¢ is a Schwartz function whose Fourier transform is sup-
ported in a ball around the origin with radius @ < a, where a is as in (4.17). Then,

for a distribution g and real numbers 0 < p,q,r < o0, the following inequalities hold:

1 1 1
W (M raeny S Nl ey 1 Wy, o= 24 (4.21)
1 1 «
Mg o () e @y S N9l ey 1 Nl 17 e > op w 0<ap<n, (4.22)
g0 ()| zrr @y S N9l rrogn |1 f Il p(eny. (4.23)

The reasons for the validity of these inequalities are similar to those in the dyadic
case, although there is a minor difference. The source of this difference is that in
the definition of II,,, there is always some overlap between the Fourier supports of
consecutive terms. Consequently, we cannot guarantee that a term like (¢q-i% f)A;(g)
is a Littlewood-Paley piece of II, ,. However, since the Fourier support of the product
of two functions is contained within the algebraic sum of their Fourier supports, for
a’ < a, the Fourier support of (po-; * f)A;(g) remains away from the origin and
around the annulus where the Fourier transform of A;(g) is supported. Therefore,
for a sufficiently large natural number m depending only on a’, a, and b, the Fourier

supports of the terms in

Mio(f) = S (2% NAy(g), 0<i<m (4.24)

JjEMZA1

are all sufficiently far from each other. Thus, by choosing an appropriate Littlewood-

Paley operator {A?}jez such that 0 equals 1 in a neighborhood of the support of 1&,
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we have
Af (s % FAG(9)) = Ok jiprs % fA;(g), k€Z, jemL+i.

This implies that
2
So(Iige)(f) = ( > lpas *fAj(g)|2> , 0<i<m.
JjEMZA1

Arguments similar to those used in the dyadic case can be applied to the operators

II; 4., Since

Hg,w = E Hi,g,w

0<i<m
we conclude that the same results hold for I, , [30]. Having established our notation,
provided the necessary definitions, and recalled the essential facts, we now proceed

to the next section of this article.

4.3 The operator norm of Dyadic paraproducts on
dyadic hardy spaces

Our main results in this section are as follows:

Theorem 4.3.1. Let g be a dyadic distribution. Then we have

+—, 0<p,qr<oo, (i)

[ =
S|

||7T9HH§(R")—>H§(R") = ||9||H5(Rn)a 7 =

1

||7T!]||H§(Rn)*)H5*(Rn) = ||g||A§(Rn)’ "

a
——, 0<ap<n, 0<p<oo. (i)
n

=N =

To prove (i), we need the following rather general theorem.

Theorem 4.3.2. Let {gg}gep be a sequence of nonnegative numbers indexed by
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dyadic cubes, where 0 < q,r,s,p < co and % = %+ % Suppose there exists a constant

A such that for all step functions f with compact support, the following inequality

holds:
> 1fxo)'goxaq < Allf sz @ny- (4.25)
QeD La®n)
Then we have
> gaxe S A (4.26)
QED LT(RTL)

Let us accept this and prove Theorem 4.3.1.

Proof of Theorem 4.5.1. The upper bounds for the operator norm of 7, are covered

by Theorem (A), so we need to prove the lower bounds.

Case (i): For the inequality (i), let A = ||7TgHHg(Rn)—>Hg(Rn)- This means
1Sa(mg (PD pany < AlFlmpcem),

which is equivalent to

SN 1 xo) . W%ﬁ

QEeD i#0

< AQHf”?{;’(R")'

L3 (®n)

For each fixed ¢ # 0, we have

2 2
< A2
L% (®n)

S 1F xe)Plo. h@?ng)

QeD

which matches the assumption (4.25) in Theorem 4.3.2 with

(g, hy)?
gq = |Q| 3

s =2,

[SLSTRY
Iz =

1
q
2
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Thus, by (4.26), we get

3 (9, h5)*xo(2)

< A2

~J

T

L5 (R)

Summing over i # 0 and using the (quasi) triangle inequality, we obtain

HSd(g)”Lr(Rn) - HgHI-'Ig(R”) S A,

proving the claim for Case (i).

Case (ii): For the inequality (ii), let A . We first consider

= Hﬂg”Hg(Rn)_,j{g*(Rn)
the case where g has a finite Haar expansion. For a dyadic cube R, choose 7 # 0 so

that f = |}A~2|%h§% is equal to 1 on R. Then

To(f) =D g Wty + > > (. xo){g. hby)hly = g1 + g,

QCR j#0 QF R j#0

which implies
AL 1
0l oy < 1o (P ey < Al iy = AVRIP < AIRP.

Here, g1 = (9 — (9)r)xr- Since |g1(x)] < My(g1)(x) for € R™, by the maximal

characterization of H” (R"), we have
1
91l L @ny < N1Malgo)ll e @y S N92ll e ey S Al

which is equivalent to

0sc,-(g, R) < Al(R). (4.27)

Y

Combining this with (5.7) yields ||g]| As ®n) < A, proving the claim for g with a finite
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Haar expansion. To remove the restriction on g, let N be a natural number and define

gv= Y D g hg)hg.

2-N<i(Q)<2N j#0

Note that ||7,, || HE( ) < A, which implies

R7)—HP" (R"

Ag(Rm) SA

HQN|

For a fixed dyadic cube R, using (4.27) and (5.7), we get

I ) S AURY,

where

gy = (gv = {9n)r)XR = Z Z(gN, h@h]é.

QCR j#0

By the weak compactness of L?, a subsequence of gy converges to a function g}, with

Hg;{HL?(R,d—I) < Al(R)".

|R|

Since (gjy, hfy) converges to (g, hiy), we conclude that g} coincides with g on R.
Hence, ¢ is a locally integrable function, and on each dyadic cube R, it satisfies

osca(g, R) S Al(R)®, and thus,

. <
||9||A3(Rn) S A,

which completes the proof. O

Now, we proceed with the proof of Theorem 4.3.2. To do this, we use the following
lemma, which is similar to the construction in [55] (Theorem 1.2.4). Here, it is more

convenient to introduce a notation. For a family of nonnegative numbers {gQ}QG’D
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and a dyadic cube R, we define

GIR)(x) == > goxelr

QeD(R)

Lemma 4.3.1. Let {gQ}er be a family of nonnegative numbers, Qy a fized dyadic
cube, and 0 < n < 1. Then, there exists an n-sparse family of dyadic cubes C in Qg

with the property that:

For each Q) € C, there exists an integer Ag such that

(91Q0) S 2%xq (4.28)
QeC
QI S 1{(9lQ) > 2%} . (4.29)

Proof. Let

fo=0Q), fra="rfo—fr= > grxn. PEDQ),

PCRCQ

be as in Theorem 4.2.1. Then, we note that the condition

B

frol <

holds, and therefore, an application of Theorem 4.2.1 gives a family of cubes in @,

which is n-sparse and such that

(91Q0) S voxe (4.30)
QeC
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where in the above

_ 1 —
To = (faxa) (g lQD + () (g Q1)

Here, the first thing to note is that fpg is constant on P and thus osc(fpg, P) = 0,

which implies that mg f vanishes on Q. Now, for @ € C, if ( fQXQ)*(an_+Z |Q]) is zero

it doesn’t appear in (4.30), and we remove @) from C, and if not let Ay be an integer

such that

— * 1 -1
2*e7! < (foxo) (W|Q|) < 2Me,

then (4.28) holds, and from the definition of non-increasing rearrangement we must

have
1—n ~ )
vz @] < {fe > 27"} = [{(9|Q) > 2%~} ],
which shows that (4.29) holds as well, and this completes the proof. n

We break the proof of Theorem 4.3.2 into two parts, depending on whether 1 <
sp < oo, in which case our argument heavily relies on sparseness, or 0 < sp < 1,

where instead of sparseness, we take advantage of the sub-additivity of the L* norm.

Proof of Theorem 4.5.2. Case (1). 1 < sp < oc:

First, assume that there are only finitely many nonzero coefficients in {gr} zep
and let @)y be a dyadic cube. Then, an application of Lemma 4.3.1 with n = % gives
us a %—sparse collection of dyadic cubes C, satisfying (4.28) and (4.29). Now, observe

that from Lemma 4.2.1 it follows that

1(91Q0) 17y S Y 27210 (4.31)

QeC
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Then, let

. s . r
T(f):Z|<f>R| 9RXR; fzzzw\QXQv tzs_a
ReD QecC p
and note that
(Hr=2"2, ReD@Q), QeC,
which implies that
{(9lQ) > 2271} C {T(f) > 26+ 1} N Q. (4.32)

Also, another application of Lemma 4.2.1 gives us

1

Lep(Rm) 2 <Z 2TAQ\Q|> : (4.33)

QeC

I1f

Now, we proceed to estimate the right-hand side of (4.31). To this aim, let us partition
C as
C, ={QeC| o=k}, kez,

which implies that

D 2Ql=) 2" > Ql (434)

Qec k€Z  Qec,
Now, let C;’ be the collection of maximal cubes in C;, and note that since this collection

is %—sparse, we can estimate the last sum as

dIRI<2) |Egl <2iufQec} =2 1@l (4.35)

Qec, QecC, Qecy

Also, from the second property (4.29) of the cubes in C, together with (4.32), we
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obtain

ke Z,

Slels Y [l =21 < > {16 >

Qecy Qecy! Qecy!

and then by noting that cubes in C; are disjoint, we get the following estimate:

STIQIS HT(f) > 26001 | ez,

Qecy

Putting the above inequality together with (4.34) and (4.35), we obtain

> 2me|Q < Y2k {T(f) > 2ttIE

QeC keZ

which, after noting that st +1 = g, and using the layer cake formula implies that

S 27e|Q) < ot S [T
ERCEY D> /.

Qe 2T <27 (f) (=)

At the end, we use (4.25) and (4.33) to obtain

q

S A <Z2“Q|@r>p,

QeC

S elQls [ Ty < a

QEC n

which, together with (4.31), gives us

1(91Qo) | zrmny S <22’"’\Q|Q|> < A.

QeC

Now, since there are only finitely many nonzero terms in {gr} pop, for 2" large dyadic
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cubes in each octant of R"”, we have

2n
> grxr =) (9lQ:), Q;=1[0,+2"]".
ReD im1

Then, applying the above inequality to each cube @;, and using the (quasi) triangle
inequality, we get

| Z IrXR| L@y S A,
ReD

and this proves the claim when there are only finitely many nonzero terms. To remove

this restriction, let

gr 27V <IU(R) <2V,
(gN)R =
0  Otherwise,

Then from the fact that the assumption (4.25) still holds with A, and the above
inequality, we get

|| Z gRXR”LT(R”) S A,

2-N<(R)<2N
which, after an application of Fatou’s lemma, gives the desired conclusion and com-

pletes the proof of the first case.

Case(2). 0 < sp < 1. Here, we cannot use the function f, constructed above, as
a test function because functions in H”(R") must have lots of cancellations. How-
ever, in this case, the sparseness of the family is not necessary, and we may use

sub-additivity which helps us to repeat a similar argument.

So, as in the previous case, suppose only finitely many terms in {gp}rep are

nonzero. This time, let

G = Z IRXR;

and for k € Z, let C; be the collection of maximal dyadic cubes in {G > 2*}. From
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the layer cake formula we have

IGI @y = Y 275G > 25 =) 2™ Y Q). (4.36)

keZ keZ — QECk

Now, just like in the previous case, we try to estimate the last sum. In order to do
this, let Cx, be the collection of maximal cubes in {Q | Q € Cy}, and for each Q' € Cr,
let Xor = |Q'|2hi,, for some i # 0. We note that this function is either +1 or —1 on

the children of ', and belongs to H;”(R") with |[X¢|5;

b n( = |@'|. Then, let

:ZH Yrl’9rXR, [ = ZQ’“ZX t:—,

ReD keZ Qely,

The above function, f, has the following two crucial properties:

I£1

%”(Rn) S erk Z Q) (4.37)

JEZ QECy,

[(f)pl 22" ReD@Q), QeC ke (4.38)

To see the first one, note that from sub-additivity it follows

1F1

T < D207 Y IX@ @ <2027 Y 1Q).

keZ Q'eCy, keZ QeCy,

In order to see the second property, let @) € Cy and fix R € D(Q). Then, we decompose
f as

:ZQﬁ Z Xo(z +Z2J Z Xo'(x) = fi(z) + fa(x), =€ R.

JEL Q'el; JEL Q'eC;
Q'CR RCQ’

Now, because of the cancellation of the functions Y¢/, we have (fi), = 0. Further-

more, since Y, is either +1 or —1 on the children of )’, f5 is constant on R. Next,
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we note that for each 7 € Z, R is contained in at most one cube in éj, and when this
inclusion is strict, the contribution of each term in the right-hand sum on R is either
+27t or —27t. Therefore,
fa= ) £200 2
QIEéj
RCQ’
where in the above [ is the largest j € Z such that R is strictly contained in a cube

Q' € éj. Then, since R C Q C Q, and Q is contained in a cube in ék, we conclude

that [ > k, and this shows that

[{(Frl=1{fo)p ] =2" > 2",

which proves the second property of f. Next, we proceed to estimate the measure of

the level sets of G in terms of T'(f). So, let @ € Cr. We claim that
Q C{T(f) Z 2618}, (4.39)

and in order to see this, we consider two cases: either gg > 2F~! or g9 < 2*~!. In the

first case, the claim follows from (4.38) as we have

T(f) > (g 9axq 2 25 xq.

For the second case, we note that by the maximality of Q in {G > 2¥}, we have

> grxr > 2o, (4.40)
QCR

and since we assume gg < 27! we must have

Z grxr > 2""xg,
QCR
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So for Q" a maximal cube in Cj_;, we have Q C (’, and then the maximality of ¢’
implies that

Y grxr<2xg, QCQCQCQ (4.41)
Q'CR

Subtracting (4.41) from (4.40), we obtain

Z grxr > 2""xq.
QCRCQ’

Now, since Q" € Ci_1, it follows from (4.38) that we have
[{(Nrlz 2"V, QCRCQ,
which together with the above inequality implies that

T(f) > Z | (g IPgrxn 2 2540 Z grxr 2 20"y,
QCERCQ’ QCERCQ’
which proves our claim in (4.39). Now, it follows from (4.39) and disjointness of cubes

in C;, that

Y IQI < HT(f) 2 280y, ke,

QeCy,
and the rest of the proof follows the same line as in the previous case. Inserting the
above estimate in the right-hand side of (4.36) gives us

sq
917 Rn) b

St jQl < 2T 2 2y 5 [ T s Al
keZ QeCy, kezZ R

and then using (4.37) and (4.36) we obtain

|G r@ny S A,
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which is the desired result when there are only finitely many nonzero terms in
{9r} rep, and then the limiting argument presented at the end of the previous case
extends the result to the general case, and this completes the proof of this case and

Theorem 4.3.2. O

We conclude this section by giving an example which shows that for 0 < ¢ < 1,
the operator norm of the formal adjoint of a dyadic paraproduct m, can be much
smaller than the norm of the operator itself. This happens because of the fact that

the Hahn-Banach theorem fails for Hj(R™) [9,20].

Example. Let g be a dyadic distribution on R. Then the formal adjoint of 7, is
given by
X
W;(f) = Z <.fa h[) <ga hI> ﬁ

IED(R)
Now let
1 1 1
g=>_ I|]7h;, —=-4-, 0<g<1<p<oo,
1€D[0,1] @ pr T

|I]=2""

and note that S(g) = X[o,1], s0 we have ||g||Hg(R) = 1, and Theorem 4.3.1 implies that

||7Tg||H§(R)—>Hg(R) ~ 1.

In fact, here we do not need to use Theorem 4.3.1 to conclude this. This can be
simply proven by testing the operator 7, on g itself. However, the norm of the adjoint
operator 7 : A%_l(R) — (HY(R)) can be estimated as follows: Let ||f||/.\é,1 =1,
and note that

[(f ) | < oser (£, D2 < [1]5%,
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which implies that

< Y 1 =207 g,

IeD[0,1]
|I|=2""

and thus

Iy = ) oy < 20,

which shows that for large [, the operator norm of 7T; is much smaller than that of .

4.4 Fourier paraproducts

In this section, we show that similar results hold for the operator I, ,. Here, we
are faced with many error terms and are forced to assume more than merely the
boundedness of II, ,. To resolve these difficulties, instead of merely assuming that

11, is bounded from H?(R") to H9(R™), we assume that the sublinear operator

f) = (Z | pa-s * fAj(g)|2> : (4.42)

JEZ
is bounded from HP?(R"™) to LY(R™). When ¢ has compact support and satisfies the
restriction mentioned in Theorem (B), this extra assumption is equivalent to assuming

that the operators I1 mentioned in (4.24), are all bounded. The reason for this is

1,9,

that
Z SG 4,9, SOf )a S Rna

0<i<m

and thus

Hsg,@”HP(R”)—wq(R"): Z ||Hi,g7<p||HP(Rn)—>H4(Rn)'
0<i<m

Now, we state the main result of this section.
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Theorem 4.4.1. Let ¢ be a Schwartz function as in (4.17) and (4.18), and let ¢ be a
Schwartz function whose Fourier transform is supported in a ball with radius @’ < a,
where a is as in (4.17), and equal to 1 in a smaller neighborhood of the origin. Also,

let g be a tempered distribution on R", and let the sublinear operator S, , be as in

(4.42). Then we have

1 1 «
Sg.0ll oY L2* ®I) == H.‘JHAa(Rn)a —=-——, 0<ap<n, 0<p<oo, (I
p p n
1Sg ol mp@m)— Loy = |9l iro@n): 0 <P < o0, (1I)
1 1 1
1Sg.6ll 1r @) La@n) 22 |9 gy =y Ty 0<epr<oco (I1I)

In the above, the upper bounds for the operator norm of S, , follow directly from
Theorem (B) and the above discussion, and it remains only to prove the lower bounds.
As we mentioned before, here we are dealing with some error terms that, at the end
of the proofs, have to be absorbed into the left-hand side. To this aim, we bring the

following simple lemma.

Lemma 4.4.1. Let ¢ be a Schwartz function, g € BMO(R"™), and Q a cube. Then

we have

|60 % (9 = (9))l(2) £ (L +[logth Q)" Dlgllsyorn, =€, t>1UQ).

Proof. Since ¢ is a Schwartz function, we may assume

C(¢)

[o(y)| < e

yeR" 6>0.
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Now, we have

160 (9 — (9)Q)l(@) S / n %mw — (g} ldy

1+|u

. t" -
< [ ol X [ s lot) - Gl

k>0

where in the above we used the fact that for z € Q and y € 21Q\2*Q we have

|z =yl = 2°1(Q).

Next, we note that

[ 106) = 6 S lallssroren(h + DI2GL, - k20,
2k+1Q

which, after plugging in the above, gives us

60% (9 = (9)Q)I(2) S llgsarogen (¢ (1 “Y e 2k>n+5> - (443)

lc>0

Then, we estimate the last sum as

T 2kn; < Y my Y 2 koL
(1+t71(Q)2k)n+s — (t=1(Q))n+o°

k>0 t—1(Q)2k<1 t=11(Q)2k>1

Noting that because of the geometric factor, each sum in the above is dominated by

its largest term, we obtain

Z (1+ t—lzl:g;)%)n+5 + (t(Q >_1>n| log tl(@)_l‘a

k>0
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which, together with (4.43) and our assumption that ¢t > [(Q), implies

90 % (9 — (9))(@) S llgllBro@n (1 + | log t1(Q) ™),

and this completes the proof. |

We break the proof of Theorem 4.4.1 into two parts, and first we prove (I) and
(1I).

Proofs of (I) and (II). Let A = [|S; ol gp®n)— Lr* (), and let ¢ be such that

pE) =1, [l <ec

We take a Schwartz function f with

supp(f) € Bo\ By f0) = [ f=1.

and for j € Z and zyp € R", consider the function f;,, = 77082 f, whose Fourier
transform is supported in Beg; \ Bei-1 and fj,,(x9) = 1. Now, since ¢ is equal to 1

on B, we have @g-i * f; ;o = fjz,- Therefore, from the boundedness of S, ,, it follows

7@7

that

23 % fia0Bi 9l o ry < All fioll v @ny-

Then, since || ;a0 || mr@r) 2795 and ©g-s * fjay = fjao, We must have
1 fj.20259| o+ mny S A277%.

At this point, we note that the Fourier transform of the function f;,,A;g is supported

in a ball of radius ~ 2/. Therefore, using the Plancherel-Polya-Nikolskij inequality
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(4.19), we obtain

1 f 0050l oo @) S 277 || fr00 i 9| 1o oy S A2 T8) = A2,

and since f; ., (zo) = 1, we must have
|A]g(l'0)| 5 A2_ja, To & Rn7 ] € Z,

which shows that

Regny = SUD 27| Ag| ooy S A.
9]l ~ sup 24| A¢| S A
JEZL

This proves (I).

Now we proceed to the proof of (II). To this end, let A = ||Sy. | ar@n)—Lr@n),
and choose a large integer m such that the Fourier transforms of any two consecutive

terms in

Z 902_j*fA]'<g)v 0§i<m7

JjEMZA1

are at sufficiently large distances from each other. Also, for a fixed natural number

N, let
gin= Y Dg. Bn(f)= D i fAjg, 0<i<m. (4.44)
jemi+i jemz+i
ljI<N l7ISN

From now on, we fix 4, and for simplicity of notation, set ¢’ = g; v and P = P, y. We

note that for a suitable choice of 0, we have

Al(g) =609, jEMZ+i, €T,
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and thus we may replace A;{’ g with A? (¢'). Therefore, we have

g/ = Z A?(g,)’ P(f) = Z Po-j * ng(g/>’ (445>

JEZ jEZ.

and since there are only finitely many nonzero terms in the above expression, we have

|1 P 1o gy 1o ey = || Pl pro ey s oy S A-

We now turn to estimating the mean oscillation of ¢’ over a cube. Before doing
so, we must ensure that ¢’ belongs to BMO(R"). To sece this, we note that the
previous argument for (I) still holds with o = 0. Thus, ||A;g||Le@®r) S A, and since

¢’ is a finite sum of such terms, it is bounded as well and hence belongs to BMO(R™).

So, let @ be a cube with 27% < 1(Q) < 27%*! and x( be its center. Also, let kg be
a large number to be determined later, and take the function h = fi_, »,, where f is
as in the previous case. Note that k is supported on B gk-ko \ Bugk-ko-1. Then, since
the Fourier transform of ¢,-; is equal to 1 on By, and vanishes outside of B, we

conclude that for a sufficiently large choice of m depending only on ¢ and a’, we have
po-ixh=h, jJ>k—ky, @e-ixh=0, j<k—ky, j€EmML+u.
This observation implies that

P(hy=h > Alg)=hlgd— > Alg))=hlg — St 4 1(9))

k—ko<j J<k—ko—1

Now, let © be the kernel function of the above partial sum operator. Then, since
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[ © =1, we may write
9 = Siro-1(9) =9 — (g = Oarerorr ¥ (¢ = (9)g),
and thus we obtain
P(h)=h (g’ —{9') g — Og-rtror1 % (¢ — (9’>Q)> -
Also, since h(xg) = 1, we can decompose the above sum as
P(h) = g/—(9) g=Oa-sssorix(g/ (g} g)+(h=h(x0)) (9 = (9)g = Orsrron * (9" = (9))) -

which is equivalent to

9 = {9)q = P(h) + Ogrrrorr % (9" = (9') ) = (h = h(x0))(9" = {9')g)

+ (h — h(xo))e)Q—k-&-ko—H * (g/ — <g/>Q> = P(h) + E1 — EQ + Eg.
This implies that

osc,(g', Q) S ose,(P(h), Q) + Z osc, (B, Q), (4.46)

i=1

where

By = Ogrenorix(9'—(9) o), Fa= (h=h(0))(¢'—(9)g)s FEs = (h—h(20))Os-rro+1%(g'—(g"))-
Now we estimate the p-mean oscillation of each term. For the first term, we have

_1 n n
0scy(P(h), Q) S1QI 7 I1P() | oy S 257 | P(W) | wqny S A2°% ||| o -
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n(kg—k) —
Then, since ||| gr@n) >~ 2 5= , which follows from the fact that h = 77062 " (f),

the above inequality implies

nkq

osc,(P(h),Q) <277 Al (4.47)

For the second term, we have

oscp(E1, Q) S Q) sup VOy-kirgt1 ¥ (¢ = (97) ) (@)]

where we used the mean value theorem. Since for any ¢t > 0, VO, = t"}(VO),, we

may write

osey(B1, Q) £ 27 U@ sup [ (V) (o — o)) )], (148)

and by applying Lemma 4.4.1 to VO, we get

squ (VO)y—rirgr1 * (¢ — (g’>Q)(m)‘ < (1 + log Q*Hk‘)*ll(Q)*l) 19| Brro@n),
e

which, noting that [(Q) ~ 27*, together with (4.48), gives
0s¢,(E1, Q) S 27ko /| masoge. (1.49)
To estimate the third term, we note that

oscy(Ez, Q) S (|Eal")f < sup [h(w) = h(zo)losc,(g', Q) S UQ) sup [Vh(z)osc,(g', Q)
TEe e
and since ||Vh|[pe =~ 2¥7%0 we obtain

0s¢y(F2, Q) S Q_kooscp(g', Q) < 2_k°||g'||BMo(Rn). (4.50)
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Finally, for the last term, we have

oscy (B3, Q) < 281615 |h(z) = h(zo)] sup Og-riror1 * (¢ = (9') ) (¥)] »
T Yy

which, using the mean value theorem for A and applying Lemma 4.4.1, implies

oscy(F3, Q) S UQ)2¥7M (1 +1og 27" Q) ™Y) |l Bro@e) S 27 kollg' || Bron).-
(4.51)

Putting (4.46), (4.47), (4.49), (4.50), and (4.51) together, we obtain

nkg _
0scp(g, Q) S 27 A+ ko27™||g' || ron,

and taking the supremum over all cubes gives

nkg _
19 |Bro@ny S 27 A+ ko27™||g' | Bromn)-

Now, by choosing ko large enough and noting that we already know ¢’ belongs to

BMO(R™), we conclude that ||¢'|| srom@n) S A. Finally, recall that

!/

g =giN= E Ajg,
JEMZA1
|7|ISN

and we have

gN = Z Ajg = Z 9i,N-

ljl<N 0<i<m
Thus, this sequence must be bounded in BMO(R"), and the Banach-Alaoglu theorem
implies that there exists a subsequence converging in the weak™ topology of BMO(R")
to a function G with ||G||pmom) S A. Since the sequence gy converges in the space

of distributions modulo polynomials to g, we conclude that g is equal to G modulo a
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polynomial, which means that there exists a polynomial U such that

lg = Ullpmomy S A,

and this proves (II). O

Remark 4.4.1. We note that the boundedness of the operator S,, on L*(R™) is

equivalent to the statement that the measure

du(x,t) = Z |Ag|? dx dby-; (t),
JEL
1s a Carleson measure. For p =2, our result can be rephrased as: if the above measure
is Carleson, then g, belongs to BMO(R”). As far as we know, the previous proof of
this fact uses the assumption on g, and directly shows that modulo a polynomial g lies
in the dual of H'(R"). Fefferman’s duality theorem then implies that g € BMO(R™)
[66] (p. 161). However, here we only used the fact that, to estimate the BMO(R™)
norm, we may use any p-mean oscillation, which follows from the John-Nirenberg
lemma, and the fact that every bounded sequence in BMO(R™) has a subsequence

converging in the topology of distributions modulo polynomials.

We now proceed to the proof of (III), and in order to do so, we need a series of

lemmas.

Lemma 4.4.2. Let ¢ be a Schwartz function with [ ¢ = 1, and let By be the unit
ball in R™. Then, for a > 2 and 0 < p < 00, there exists a function x supported in a

ball with radius c(a, p, @) such that

- 1
|1 % X[ > X8 t<a, (4.52)
||>2||HP(R”) S C,(907O[7p)' (453)
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Proof. First, note that if ¢ is complex valued then the integral of its real part is 1,
and therefore without loss of generality we may assume that ¢ is real valued. Then,
we construct an atom with a large amount of cancellation that satisfies the required

conditions. To this aim, pick a large number M such that

1 o
2 S o M > )
/x|zM| =3 2

which implies that for ¢ < «, we have

1
[ lewa= [ pl@ast
el o> M

Also, for x € By, we have

1 * XBoy (7) = / Oe(T = Y)XBanr (y) dy = / pi(2)dz =1— / pi(2) dz,

o ()

and since BE,,(z) C BS,(0) (because o > 2), we have
2
Pk XBay(t) 2 3, T € Bl (4.54)

Now, take a natural number N > n(% —1), and let B’ be a ball of radius 1 at distance
D from the origin, say B’ = B;(2De) for some unit vector e. Then, we choose P, a

polynomial of degree at most N, and set

X(@) = XBou () + P(2) x5 (2).

To make Y into an atom, we need to find P such that

/)2(1:)@(;1:) dr =0, QePy. (4.55)
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where Py is the space of real valued polynomials in n variables with degree no more
than N. Additionally, P has to be chosen such that Pxp has a small contribution

to ¢ * ¥ on the unit ball, meaning that

, T€E€B, t<a. (4.56)

Wl =

o0 * (Pxp)(2)] <

To achieve the first task, consider the inner product on Py, defined as

(Q1,Q2) = ; Q1(2)Qo(x) dx,

and pick an orthonormal basis {Qs}s<n With respect to this inner product. Then,

translate these polynomials to the center of B’, and set

Qs =7"Qs, B <N, (4.57)

which gives an orthonormal basis for Py, equipped with the new inner product

(Q1,Q2) == . Q1(2)Q2(x) dx.

Now, the cancellation condition (4.55) becomes

(P.Qy) = - /B Q. 181<N,

which has a unique solution P defined as

P(a) = D> (P.Qy) Q) = D _ caa’.

IBI<N IB|<N

Then, to see why (4.56) holds note that (4.57) implies that for each /3, the coefficients

of Q’;, grow no more than a constant (which depends only on n, and N) times DY,
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and therefore

(P.QL) | < / Q] < C(n, N, a, M)DY,

Ban

which implies that
cs] < C'(n,N,,a,M)D*N, D>1, |Bl<N.

On the other hand, the Schwartz function ¢ decays faster than any polynomial, so

for a constant C'(¢, N), we have

1
< N)——a—, R"™.
()| < Ol N o €

Now, for x € By we write

ot (Pxon)@I < [ Jerle = n)lIPG)]

and we note that since © € By and y € B’, we have |x — y| ~ D. Also, since P is a

polynomial of degree at most N, we have
|P(y)] < C(n,N,a, M)D*™, y e B

which implies that

1

e (Pxpr) ()] < / oi(z —y)|P(y)l dy < C(n, o, N, o, M)D*Nt™" | ——ere
B g [t71D3N+n

Then, it is enough to recall that |B’| = 1, and ¢ < « to obtain
|(pt*(PXB’)(x)| SC(,’%@’N;Q’M)D_”; T € B.

Now, we choose D to be sufficiently large so that the right-hand side of the above
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inequality is less than % This shows that we can find P such that (4.56) holds, which,
together with (4.54), implies that y satisfies (4.52). Finally, since x satisfies (4.55)
and is a bounded function supported in a ball with a radius depending only on ¢, p,

a, and n, we conclude

Xl e @y < C 0,0, ),
which completes the proof. |

We continue by proving the following lemma, which is designed to verify some a

priori bounds.

Lemma 4.4.3. Let 0 < p,q,r < oo with é = %—I— %, ¢ a Schwartz function with

[¢ =1, and u, a smooth function with compact Fourier support. Also, assume

(e * lullpa@ny < Al f|| ar@ny,

holds for compactly supported functions f. Then ||ul|pr@ny < 0.

Proof. After a rescaling, we may assume that supp(u) C B;. Our strategy is to use
the second Plancherel-Polya-Nikolskij inequality (4.20) and show that for a sufficiently

small choice of h, there exists a sequence {zy}rezn with
{u(zr) Hr@zry < o0, @ € h(k+[0,1]"), keZ", (4.58)

which implies the claim once we apply the Plancherel-Polya-Nikolskij inequality (4.20).

In order to do this, fix A and partition R™ into cubes of the form
Qr = h(k+10,1]"), keZ",

then let ¥ be the function provided by Lemma 4.4.2 with ¢, p, and a = 2. Now,

for each cube Qy, consider the function f, = 7"%§2V"y, which, for A < 1, has the
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property that

[ ful 2 X8y mik) = XQus W fellme@n) S 10 [fil S XBohn):

where c is a large number provided by the above lemma. Next, choose an arbitrary
collection of numbers {ay}rez» such that only finitely many of them are nonzero,
and let {€; = £1}rezn be a family of independent random variables with Bernoulli

distribution. Then, for the function f defined as

[ = Z €rak frs

kezr

we have
q

[ul* < AU f oy (4.59)

Z €xakp * [

kezZm

IG5 Yl = |

Now, for 0 < p <1, let us use sub-additivity and estimate the right-hand side as

1
1f | r@ny < (Z |ak|p||fk||Hp(Rn> S [Hawtkezn liw@ny,

keZ™

and for 1 < p < co we estimate as

[ f | eny <l Z |ak|X 5.k | 2o @ny Sh [[{arteezn llivzn).-
kezm

Therefore, from (4.59) we must have

/

Now, taking the expectation we obtain

/E

q
> erarp * fi

kezn

ul” Sn A?|{an teezn |l zn)-

q

ul=E [

q

> erarp * fi

kezn

> erarp * fi

kezn

|u|q 5}1 Aq || {ak}kEZ” ||lqp(Zn)7
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and then applying Khintchine inequality gives us

kezZm

g
2
/ <Z |ayp * kaQ) ul” Sn AY{anteezn o zn)-

Now, we note that |p * fi| 2 xo,, and the cubes @), are disjoint, which implies that

1
q
<§j ai]? / W) < All{ar}rez iz,
Qk

kezn

Then, we choose a natural number N, and set {ay }xezn to be
ap = aj ([ul")q, , |kl <N, otherwisea; =0,

which after plugging into the above inequality, and letting N goes to infinity implies

that

SEb

(Zﬂ(w%k) ) < A

Finally, since u is continuous for any cube @)y, there exists a choice of x such that
1
lu(ze)| = (Jul)g, . ar €2,

which shows that (4.58) holds, and this completes the proof. O

In the next lemma, we find a sparse domination of the square function of the
symbol of the operator, and as in the dyadic case, it is more convenient to introduce

a notation. For a dyadic cube R and «, we set

SalR) = > 187@F] xn

2-i<al(R)

Also, we use the convention that 27°° = 0.
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Lemma 4.4.4. Let g be a tempered distribution, s > 0, and o > /n. Then, for a
dyadic cube Qy and 0 < n < 1, there exists C, an n-sparse family of cubes in Qg, with

the following properties:

For any Q € C, there exists \g € Z U {—o0} such that

Sa(9lQu)(@) £ Y 2x0(@) + a3 (M u(9)°) xal®), (4.60)
QeC QecC
QI < {Sa(9lQ) > 271}, (4.61)

Proof. Using the notation of Theorem 4.2.1, for any dyadic cube () and P C @, let

fo=25.91Q), fro= > A (9)*xq
al(P)<2-7<al(Q)
First, we note that, by Minkowski’s inequality for the {? norm, the condition |fpq| <
|fp| + |fo] holds. Then, it follows from Theorem 4.2.1 that there exists an 7-sparse

family of dyadic cubes C such that

2) S voxe(@)
QeC
where
1—
10 = (foxe) Q1) + (M o) (@D, 7 = F- (4.62)

So, it is enough to choose numbers Ag, such that for all () € C (4.61) holds, and in

addition

1
(foxe) (1QD) £ 2, (MG fxe) (11Q) < o™ (Mgy(9)(2)*);,
and this proves the claim. First of all, if (foxg)*(7'|Q]) = 0, we set A\g = —o0,
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and then (4.61) trivially holds. Now suppose (foxq)*(7'|Q|) # 0, and let A\g be the

integer such that

27! < (fox) (01Q]) < 2,

then from the definition of non-increasing rearrangement we have

71Q| < [{foxq > 2271},

which shows that (4.61), holds for @ as well. Also, in both case we have

(faxe)" (@) < 2%¢.
So, it remains to estimate (mngQ)*(n’|Q\). To this aim, recall that

mgf(x) = sup OSC(fP,Q: P)? S Q7
BEo

and fix r € @ and P C @ with x € P. Then for any y,z € P, by the triangle

inequality for the {2 norm, we have

=

[fro(y) — fre(2)] < Yo 1AY@W) - AP (4.63)

al(P)<2-71<al(Q)

Now, for a fixed j, applying the mean value theorem gives us

AT (9)(y) — AT (9)(2)] < UP) sup [VA;(g)(w)],

wEeR

which, by recalling that

Ajg(w) = 1o * g(w), Vihy; = 2j(vw)2—ja
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is equivalent to

A7 (9)(y) — AT (9)(2)] S 2UP) sup |(V)5-4 (9) (w)]-

wEeR

Also, since |w — x| < /nl(P) < y/na™277 it follows from the definition of the

non-tangential maximal function that for o > y/n, we have

A7 (9)(y) — AT (9)(2)] S 2UP) My (9)(@).

Now, we estimate (4.63) as

[fro) = fro(2)] S My (9)(@)U(P) Y 2 Sa ' Mgy(g)(x).

al(P)<27

which proves that

osc(fpq, P) S a My, (9)(x),

and after taking the supremum over P C @) gives us

my f(x) S a7 Mgy (9) ().

Next, we note that for any function h and 0 < A < 1, Chebyshev’s inequality implies
that

R OQI) < A (B,

which, together with the above estimate on mé f, gives us

(mf Fxa) (1Q1) S o (| My (0)I*)5

and this completes the proof.
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The last lemma that we need is the following well-known result, which we prove
it here.

Lemma 4.4.5. For (0 < s <r < oo, a function h, and an n-sparse collection of cubes
C, we have

5 ((h)) e

QeC

S Rl @ny-

Lr (]Rn)

Proof. Let M be the cubic Hardy-Littlewood maximal operator. For Q) € C, let Eg

be the disjoint parts as in the definition of sparse families. Then we have

(Rl < M(R[)F (), =€ Q,

which, after taking the r-average over Eg, gives us

(1) < (M(BP)E) g,

Now we have

SRS Yo

QeC

<

S (MR, v

Lr (Rn) QEC

Y

Lm(R™)

which, after applying Lemma 4.2.1 and using the disjointness of the sets Eg, implies

SRS xe

QeC

S =

s (/ peaa?)

Finally, using the boundedness of M on L+ (R™), we obtain

1

eXQ

> ((r)

QeC

S/ ||h||LT(R”)7
L'r(]Rn)
which completes the proof.
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Now, we proof the third part of Theorem 4.4.1.

Proof of (I11). Let A = ||Syo|lar@r)—ra@ny. As in the proof of (II), consider the
function g; y and the operator P,y as defined in (4.44). For simplicity of notation,
we use ¢’ and P instead of g; y and P, y, respectively, as in (4.45). Furthermore, we

note that, as in the previous case, || P||gr@n)—na@n) S A.

We begin by showing that ¢’ belongs to H"(R™). Since it is a finite sum of terms
A?(g’ ), it is enough to show that for each j € Z, the function A?(g’) belongs to

L"(R™). To this aim, we note that the boundedness of the operator P implies that

1(p2=s % F)AN G La@ny < Allf v @ny,

holds for all compactly supported functions. Since A?(g’ ) has compact Fourier sup-
port and [¢ = 1, an application of Lemma 4.4.3 implies that A?(g’ ) belongs to
L"(R™), and thus ||¢'||z@ny < 0o. Next, we fix a dyadic cube @y and apply Lemma

444 %0 ¢ with s <r, n=

)
%, and a large a which will be determined later. We then

have a sparse collection of cubes C and numbers \g € Z U {—oo} such that

Sald1Q0) S oxg+a ) <M%¢(9/)s>é X (4.64)
QeC QeC
QI S {Salg'lQ) > 2%}, (4.65)

Now, (4.64) implies that

15a(9'1Qo) I rmy S 1D 22X (@) @ + oM (M3 (9)(@)*) ¢ xallLr -
Qec Qec
(4.66)
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For the first term, we use Lemma 4.2.1 and get

||Z2AQXQ Mer@ny S <22’AQ\Q|) , (4.67)

QeC QecC

and an application of Lemma 4.4.5 provides the following estimate for the second

term:

IS (M () @)Y Xollirmn S 1M (g S 119l oy,
QeC

where, in the last line, we used the boundedness of non-tangential maximal functions

on H"(R™). Putting the above two bounds together with (4.66), we obtain

HSa(.q/|QO>HLT(R") SJ (Z 2T)\Q|Q|> + O[_1||.QIHHT(R")- (468)

QeC

Now, we proceed to estimate the main term of the above inequality. To do this, let
X be the function provided by Lemma 4.4.2. Then, for each cube @) € C, with center

cq let
€Tr — CQ

2¢/nl(Q)

Here, we summarize properties of the above function:

Xo(@) = X(5—=75) = 706V @Dy(x), = eR™

. 1
[P % Xol = 3x@: 0 <t <al(Q), (4.69)
‘XQ' 5 XcQs (470)
IXollHr@n) S !Q\p- (4.71)

To see the first property note that from Lemma 4.4.2 we have

cq §2V(Q) 1 ¢

) 1
0 Kol = I7 (Pt * X 2 X8 o) 2 3X0 Gy S

The second and third properties also follow from the properties of ¥ and from using
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dilation and translation. From now on, we fix a finite sub-collection of C and denote
it by C’. Then, take a sequence of independent Bernoulli random variables {¢g =

+1}gecr and consider the following random function

. r
fe= Z €02%g, t=-.
Qec’ p
The first thing to note is that
1
P
[ fell prny S (Z 2”@]@\) , 0<p<oo. (4.72)
Qec

To see this, we note that for 0 < p < 1 sub-additivity implies
1 1
P p
I fellncary < (Z WQil»zQiizW)) < (Z 2“@|@|) ,
QeC’ Qel’

where the last estimate follows from (4.71). Also, for 1 < p < oo, from (4.70) we have

I fell ey S W fellze@ny S 1Y 22Xl o).
Qecr

which after noting that the collection of concentric dilations {cQ : @ € C'} is ¢ -

sparse, and using Lemma 4.2.1 implies that

=

p
fellmny S 11 22xeollon) S (Z 2’“Q|Q\> :

QeC’ QecC’

which proves the claim. Next, recall that in the defining expression of the operator

P
P(f) = @i s fANg) = D s x fAY(g),
JEZ JEMZ+1
l7I<N

every two consecutive terms have Fourier support at sufficiently large distance from
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each other provided by the large magnitude of m. Therefore, if we take a sequence of

independent Bernoulli random variables {w; = £1};c7 and modify the operator P as

Po(h) = ) wips-s % hA](g),

JEMZA1
l7I<N
we still have
1
2
So(Po(M)(@) = | D o=y hAT(9)|(2)* | < Sp()(x), x €R™,
JEMZA+1i
l7|<N
which implies that
||PWHHP(R")—>HQ(R") =~ HPUJHHP(R7L)—>H‘I(R") S A (473)

Now, for a fixed w and € we have

Pu(fe) = Z Aj(g )wjpa-i * Z €Q2™Xq = Z €22 ij%—j * XAj(9")-

JEL Qec’ Qec’ JEZ

Then, we get

| Po(fllamny < N[Po(flla@ny < All fellzr@ny,

and from (4.72) we obtain

||Pw(f5>||Lq(Rn) 5 A <Z 27’/\Q|Q|> ,

Qec’

or equivalently
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q

D €27 " wipas x Xo(x)As(g) (@)

Qec’ JEL

dz < A (Z 2MQ|Q\> .

QecC’

J.

Taking expectation with respect to € first, and using Khintchine inequality gives us

/ Z 92tAq

Qec’

> wiwa-i * Xo(2)Ay(g) ()

jET

2\ 7 g
wsn(Seva)

Qec’

and then taking expectation with respect to w implies that

g

2\ 2 4
[ B[ 2% (S + fa@le)@) deAQ<Z2”Q\@|) -
! Q

ec’ jez Qec’

Now, let us call

q

2\ 2

F(z)=E | ) 2%

Qec’

D wjps-s * Xo(2)A(g) (@) z € R, (4.74)

JEZ

Y

then the above inequality is nothing but

a
1|2ty < A (Z 2TAQ|Q|> : (4.75)

Qec’

Our next task is to show that
Q| SHF z227}nQ|, QeCl. (4.76)

In order to do this, we note that
q

Fx) > 299 | Y wipai * Xo(@)A;(g)(2)|

JEZ
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which after using Khintchine inequality implies that

NS

F(z) 2 279 (Z |p2-1 * Xq (ib’)Aa’(g’)(x)IQ) , v e R

jez
Also, from (4.69)

. 1 .
[a-i * Xl > JXe 2 ! < al(Q),

we obtain

SIS

Fa)z27e [ 3 (a)@))P | =2998,(/1Q)@), =< Q.

2-7<al(Q)

Now, recall (4.65) stating that

Q1 S {Salg1Q) () > 2771},

which together with the above inequality implies that
QI S {F(x) 2 212} n Q.

Now, it is enough to note that

1

T 1

p g p 1T

which proves (4.76). Having this inequality in hand, we can follow the same line of
reasoning as in the dyadic case, which we will do now. First, let us partition cubes
in C' as

Cr={QelC :Ng=k}, keZU{—o0}.
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Then we have

el =) 2" > Q).
Q

Qec’ k€EZ €c;,
So, if C"y is the collection of maximal cubes in C’y, it follows from sparseness of C’y,

that we have

Y2y RISy 27 Y Al

kez QeC;, keZ Qecy
which together with (4.76), and noting that maximal cubes in C"j are disjoint implies

that

D2NQISY 27 Y HF22"InQl S ) 2" {F 2 2} S IIF |l eny-

Qec’ keZ Qecy keZ

Next, we use (4.75) and obtain
q
p
SERCEVIOERTI N
Qec’ QeC’
and noting that the right hand side is finite we get
1
(> 20l) <
Qec’
and after taking the supremum over all finite sub-collections of C we get
:
(Srial) <
QeC

Then, we recall (4.68) and obtain

15a(9'1 Qo)

Hr (Rn) .

Now, we consider 2" large dyadic cubes of the form [0, +2%]", apply the above in-
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equality to each of them and then after letting L tends to infinity we finally get

1S r@my S A+ a Mg @

So, there exists a polynomial U such that

g = Ullgr@ny S NS er@ny S A+ g @,

however since we already showed that ¢" € L"(R™), the polynomial U must be zero

and we conclude

Hgll H’V'(R’VL) S A + Oé_lugll HT'(RH).

AN

Now by choosing « large enough and noting that ||¢'|| zr(=n) is finite, we get || ¢’ || zr @n)

A. Then, recall that ¢ = g; y and

gN = Z Ajg= Z 9i,N

lil<N 0<i<m

which implies that the sequence of functions

Sxlg) = (3 18,912,

7SN

is bounded in L"(R"™), and thus Fatou lemma implies

15 (@)r@m < A

which means that there exists a polynomial U’ such that

Hg - UIHHT(R") S A,
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and this prove (I1I), and completes the proof of Theorem 4.4.1.

119



Chapter 5

The Operator Norm of
Paraproducts on Bi-parameter

Hardy Spaces

5.1 Introduction

The one-parameter dyadic paraproduct operator with symbol ¢ is defined as

7Tg(f) = Zgl <f>[hla

1€D

where D denotes the collection of all dyadic intervals on the real line, h; is the
L?normalized Haar wavelet associated with the interval I, g; represents the Haar
coefficient of g, and (f), is the average of f over the interval /. Bilinear forms
(in terms of f and g) of this type are among the most important ones in harmonic
analysis, with many applications to PDEs. This is mainly due to the fact that many

bilinear forms can be decomposed in terms of paraproducts and their adjoints. For
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instance, the product of two functions f and g can be written as

fg=mo(f) +m(g) + mg(f),

where 77 denotes the adjoint of m,. For this reason, the boundedness properties of
these operators play a crucial role in analyzing various problems in harmonic analysis
and PDEs. We refer the reader to [5] for a brief introduction and to [58] for an
excellent exposition of this subject. See also [1,4,7,8,17,32] for various boundedness
properties of paraproducts. Because of their importance, it is natural to wonder about
the norm of these operators acting between various function spaces. The first result

in this direction appeared in [7], where it was shown that

”Wg”LP(R)—)LP(R) = ||g||BMOd(R)7 1 <p<oo.

Here, LP(R) is the Lebesgue space LP(R) modulo constants, with the quotient norm
defined as

1Al 2oy = L [f = cllr),

and BMOy4(R) stands for the dyadic BMO, the space of functions with bounded
mean oscillation on the dyadic intervals of the real line. In addition, recently in [36],
the authors extended the above result to the off-diagonal range of exponents. More

precisely, they showed, among other things, that

1 1

1
||7T9||LP(R)A,L<1(]R) =~ ||g||Lr(R) where . =4

PR 1 <p,qr<oo.

The next progress in the subject comes from our recent work in [65], where our

main contribution was to replace Lebesgue spaces with Hardy spaces and to lift

the restrictions on the exponents on the right-hand side of the above two results.
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Specifically, it was shown that

’|7T9||H5(R)—>H5(R) ~ |lgllBmogm)y, 0 <p < oo, (5.1)
1 1 1
H7rg||Hg(R)—>Hg(R) = ||9||H§(R)» p = P + g 0 <p,qr<oo, (5.2)

where the HY(R)-norm is defined as the LP(R)-norm of the dyadic maximal function,
and the H%(R)-norm refers to the L”(R)-norm of the dyadic square function. We also
obtained similar results for Fourier paraproducts in the continuous setting, and we

refer the reader to [65] for precise statements in this context.

The proof idea in [36], which is similar to that in [38], heavily relies on the dual-
ity of Lebesgue spaces. However, as demonstrated in [65], this approach fails when
0 < g < 1. In [65], we therefore adopted a direct method. By using a suitable
pointwise sparse domination of the square function of the symbol g, we were able to
construct a test function f such that, when testing the operator 7, on f, we could

recover the L"(R)-norm of the square function of g, achieving the desired result.

In the present paper, we focus on operators acting on bi-parameter Hardy spaces.
There are various types of bi-parameter paraproducts, and the one we study is the

most similar to the one-parameter operator. It is defined as

To(f) == Z 9r () g g,

ReDRD

where the sum is taken over the collection of all dyadic rectangles in the plane (see the
next section for precise definitions and notation). We refer the reader to [58] for an
exposition of multi-parameter paraproducts. See also [46,56,57]. To obtain an analog
of (5.1) and (5.2) for this operator, we employ a similar strategy and demonstrate how

the one-parameter arguments in [65] can be modified to work in the multi-parameter

122



setting. As in our previous work, we first present our arguments in the dyadic setting
and then extend them to the continuous setting. Before doing so, let us fix some

definitions and notation.

5.2 preliminaries

As mentioned before, by D we mean the collection of all dyadic intervals in R, and

D ® D stands for the collection of all dyadic rectangles in the plane. For f € L} (R?)

loc

and E a measurable set of finite positive measure, we denote the average of f over
by
(Ppi= B [ £
JE

For such a function, the bi-parameter dyadic maximal operator is defined as

Ma(f)(x) == sup [(f)gl-

TER
ReDRD

When the supremum is taken over all rectangles (not necessarily dyadic) with sides
parallel to the axes, the resulting operator is denoted by M and is referred to as the

strong maximal operator. We also need the following version of this operator:
1
M (f)(x) == M([f*)*(x), 0<s<oo,
as well as the bi-parameter Fefferman-Stein inequality, which states that

IO M) 2 ey S TO ) lo@e). 0<s <p < oo
J j
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The next notation deals with an enlargement of open sets €2, which occurs quite often
in multi-parameter theory. We use the following somewhat standard notation:

0= {M(Xﬂ) > 5},

and recall that

QcQ, 9519,

which follows from the boundedness of M on, say, L?(R?). See [16,22,23] for the
proof of the above assertions and other properties of maximal operators in the prod-

uct setting.

Now, to modify our one-parameter arguments in [65], we need to generalize some

properties of sparse families of cubes to simple families of measurable sets.

Definition 5.2.1. A sequence of measurable sets {Qi}izo of finite measure is called
contracting if

1
Qg1 CQ, |Qi+1|§§|Qi|7 1=0,1,2,...

In the next lemma, we show that when dealing with LP norms, a contracting

family can be treated as a disjoint family.

Lemma 5.2.1. Let {Qi}izo be a contracting family. Then, for any sequence of non-

negative numbers {a;};>0 and any 0 < p < oo, we have

=

1Y~ aixalle = (O allou])?.

i>0 i>0

Proof. First, note that

(a7 S 1S axononlle < 1Y ae,

>0 >0 >0

Lp.
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So it remains to prove the other direction. For 0 < p <1, from sub-additivity we get

1Y S aixallze < laixa T, = a?lo].

>0 >0 120

Therefore, we are left to prove

=

”ZaiXQiHLP 5 (Zaf‘QZD , I<p<oo. (53)
i>0 >0
To this aim, take a function g € L?, where p’ is the Holder’s conjugate of p and note

that

/Qzaimi <2 a; (|gl)q, [\ < 2/m<g)za’ixgi\ﬂi+1v

>0 >0 >0

where in the above

m(g)(x) := sup (|g|)g, -
5

For now, let us assume that this operator is bounded on L?" with norm that depends

only on p. Then, the above last inequality gives us

1
/Qzaz‘Xﬂi <20 Y aixanon e llm@ls S (Y af1ul) 7 gl

>0 >0 >0

which implies the desired inequality in (5.3). To show why m is bounded on Lebesgue
spaces, note that m is L>°-bounded with norm 1 and is of weak-(1,1) type. These
two facts, along with interpolation, imply that m is bounded on L* for 1 < p < oc.

The weak-(1,1) bound for m follows from the fact that for A > 0, we have

{m(g) >N =1 | Q=12 <A gl

(gl >

where ig = min{i > 0 | (|g]),, > A}. This completes the proof.
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Another useful property of contracting families is that their large portions form a

Carleson family of sets.
Lemma 5.2.2. Let {Qi},5, be a contracting family and suppose {E;},;5 is a family
of measurable sets such that for 0 <n <1, we have

Then, for any A C {0,1,2,...} we have

I %|UEZ~|.

i€A €A

Proof. Let k = min{i € A} and note that

B <Yl <20 < 2B < 2| B
n

i€A i€A U i€A
[l

For more on Carleson families of measurable sets, we refer the reader to [35] and

the references therein.

5.2.1 Bi-parameter Dyadic Hardy Spaces

Next, we turn to the definition of bi-parameter Hardy spaces in the dyadic setting.

For a dyadic rectangle R € D ® D, we define
hR22h1®hJ, WhereR:IxJ,

with h; and h; being the L?-normalized Haar wavelets associated with intervals I

and J, respectively. As it is well-known {hr}zcpep forms an orthonormal basis for
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L*(R?) and for f € L*(R?) we have

Z frhgr,  fr=(fhg).

ReD®D

To define dyadic Hardy spaces rigorously, we first make the following definition.

Definition 5.2.2. A dyadic distribution f is a family of real numbers { fr} pepep;

and formally is written as

> frha

ReDRD

For such an object the dyadic square function is defined as

S QXR 5
( > Jijpl

ReDRD

Definition 5.2.3. For 0 < p < oo, the space H)(R ® R) is the completion of the

space of all real valued locally integrable functions f with

£l 22 o) = l[Ma(f) |l Lr@e) < oo

Definition 5.2.4. For 0 < p < oo, the space Hg(]R ® R) is the space of all dyadic

distributions f with

||f”Hg(R<®R) = HSd(f)”LP(RZ) < o0.

Now, let us explain the relation between these two (quasi)-norms. When a priori f

is a bounded function with compact support, or more generally a function in L},.(R?)N
L%(R?) for some 0 < q < oo, the two mentioned quantities are equivalent, with

constants independent of this a priori information. The inequality

IMa(f)llLr@2) Sp [1Sa(F) ]| o), (5.4)
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follows from sub-linearity of the operator My, and an atomic decomposition of f,

which can be easily derived from the square function [15,70]. The other direction

1Sa()l o2y Sp | Ma(f)]

LP(R2); (5.5)

is harder to prove and follows from the following distributional inequality due to

Brossard [10]. See also [70].

Theorem (Brossard). There there ezists a constant C' such that for any compactly

supported function f € L*(R?), and any § > 0, we have

/ Sdf < <52| 1) > o)1+ | Md<f>2) 60
{{Mqa(f)>06}~}¢ {Ma(f)<é}

In [10], the inequality (5.6) was proved in the general setting of bi-parameter reg-
ular martingales. The analog of this inequality for bi-harmonic functions is due to
Merryfield [53], and in the one-parameter setting, this inequality was previously estab-
lished by Fefferman and Stein [21]. To the best of our knowledge, the only application
of this type of inequalities so far has been to prove (5.5). However, in the next sec-
tions, we will show that the inequality (5.6) can be useful in certain constructions (see
lemmas 5.3.2 and 5.4.1). It is also worth mentioning that all the arguments presented
in the following sections extend verbatim to any number of parameters. We chose to
work in the bi-parameter setting only because we could not find the analog of (5.6) for

a higher number of parameters, though we believe such a theorem should hold [22,53].

Here, we would like to mention that in the literature, the above two spaces, which
are different, are both referred to as H;(R®R). This is also true for the one-parameter
version HY(R) and the continuous versions H?(R), HP?(R ® R), etc. However, these
spaces are not identical, and their equivalence must be understood through some a

priori information or by using quotient norms. The reason lies in the cancellation
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within the square function, which is absent in the maximal function. For instance,

since all bi-parameter Haar coefficients of a function of the form

E(x1,29) = fi(w1) + fa(22)

are zero, adding or subtracting such functions does not affect the bi-parameter dyadic

square function but does change the dyadic maximal function.

The last function space to recall is the bi-parameter dyadic BMO.

Definition 5.2.5. The space BMO4(R @ R) is the space of all dyadic distributions
f with

1
1 Brourer) : = sup (197> )7 < .

RCQ

In the above, the supremum is taken over all open subsets of the plane, and as
Carleson famously showed [14], it is not sufficient to consider only rectangles, which is
in sharp contrast with the one-parameter theory, where intervals or cubes can replace
open sets. The next fact to recall is the bi-parameter John-Nirenberg inequality,

which states that for any 0 < p < oo, we have

1

> XR\3
1l BMOuRaR) 22 Sgp<5d(f|9)p>ga d(f19) = (D f 12~2|;| )? (5.7)
RCQ

(see [58] for a proof). Throughout the paper, we will use the notation on the right-
hand side for localizations of the square function. Last but not least, we recall the

well-known C. Fefferman’s duality
H}R®R)* =~ BMO4(R @ R), (5.8)
the proof of which in this setting is due to Bernard [6]. We refer the reader to [70] for
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the proofs and an exposition of Hardy spaces in the general setting of martingales.

5.2.2 Bi-parameter Hardy spaces in the Continuous Setting

Let ¢ be a Schwartz function on R? with

supp(¥) C {€ = (£1,6) | 0 <a < |&], || < b < oo}, (5.9)
Y@, 27RG) =1, &,6#0. (5.10)
(J1,j2)€Z?

Then, the bi-parameter Littlewood-Paley projections and the associated square func-

tion of a tempered distribution f are defined as

Nj(f) = thos e fr s (§) = h(27161,2728), jE T, (5.11)
S(N@) = (X 1A N@P)F. = e’ (5.12)

In addition, for a Schwartz function ¢ with [ ¢ =1 let

1 1 T2

M@(f)(m) ‘= Ssup \@t*f(l’”a o) : @(t—a t_)’ r = (T1,22) € RQ, ti,t2 > 0.
1 2

t1,t2>0 tits

be the bi-parameter smooth vertical maximal operator and

M(f)(z) = sup [+ f(y1,y2)|,

|1 —y1]|<t1,|ze—y2|<to
1,t2>0

be its non-tangential analog.

Definition 5.2.6. For 0 < p < oo, the space HP(R ® R) consists of all tempered

distributions f with

1F e emy = || M () @2y < 00,
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and H?(R x R) is the space of all tempered distributions with

||fHHP(R®R) = ||Sw(f)||Lp(R2) < 0.

In the above, both spaces are independent of the choice of ¢,1, and HP(R ® R)
is identical to LP(R?) for 1 < p < oco. Similar to the dyadic setting, with an a priori

information such as f € LY(R?) for some 0 < ¢ < oo, we have

HfHHP(R@R) Sppsp H-f“HP(R@]R)'

See [53] and [22] for the proof of these.

Next, we recall quasi-orthogonal expansions and their properties. Let, 6 be a
Schwartz function whose Fourier transform is compactly supported and is equal to 1

on the support of 1@ Then we may write

Ag) = 00+ A(g) = Y /R 0s(z — )0, (9)(y)dy, j € 72,

REDED;

where in th above D ® D; denotes the collection of dyadic rectangles with sides

2791 x 2792 (j = (j1,72)). Now, let

Ar(9) Zzlelglﬁj(g)(y)llRI%, ar(g) = /\R(g)‘l/RQQ—J-(w—wAj(g)(y)d% R € D&D;.
(5.13)

Then, one can show that

lgllieemy = I D Ae@helieery 9= Y Ar(g)ar(g), (5.14)
REDRD REDID

roughly giving an isomorphism between H?(R ® R) and H P(R®R). In addition, for
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any sub-collection C of dyadic rectangles we have

1> Ar(@)ar(@)lln@ez) S 1) AR(9hel rzen): (5.15)
ReC ReC

The above inequalities follow from almost orthogonality of functions ag(g), Fefferman-
Stein vector valued inequality, and a well-known inequality which captures the local

constancy of band-limited functions. Bellow we bring its bi-parameter version.

Theorem. Let f be a function with supp(f) C {& | |&1] < t1, || < ta}, then we have

|f(W)] Ss (L + tato|or — yil|we — yo|) Mo (f)(2), 0<s<oo0. (5.16)

See [30], p. 94, for the proof in the one-parameter setting. Here, we would like
to mention that we could not find a proof of (5.14) and (5.15) as stated above in
the literature. However, the one-parameter arguments presented in [30] work for any

number of parameters with minor changes. See also [15].

At the end, let us recall the continuous BMO in the product setting. Similar to the
one-parameter theory, BMO(R®R) can be defined in terms of Carleson measures, but
we do not use this fact here and instead mention its quasi-orthogonal characterization,
which is quite similar to (5.14). More precisely, BMO(R ® R) is the space of all

tempered distributions g such that the dyadic distribution

> Ar(9)hn

ReDRD

belongs to BMO4(R ® R), and the equivalence of norms holds:

1
9]l Bro®er) = (Slslzp 217> Ar(9)?)®.

RCQ
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See [15] for the proof.

5.3 Bi-parameter Dyadic Paraproducts

In the bi-parameter theory, there are different types of paraproducts arising in the

product of two functions [58]. The one considered here is of the form

Ty(f) = Z (f)rgrhr,

ReDRD

where ¢ is a dyadic distribution, f € LL_(R?), and 7,(f) is understood as a dyadic

loc

distribution. It is easy to see that

Sa(my(f)) < Salg)Ma(f),

and thus, by Holder’s inequality, we obtain

1 1

||7T9||Hdp(R®R)%Hg(R®]R) < ||.q||Hg(]R®R)7 5 = ]—3 + o 0<p,qr<oo.

Additionally, atomic decomposition together with the John-Nirenberg inequality im-
ply that

||7T9HH§(R®R)—>H5(R®R) S lgllsrmo,rer), 0 <p < oo.

In this section we will show that in both cases the reverse direction holds, and this is

the content of our main theorem.

Theorem 5.3.1. Let g be a dyadic distribution. Then we have

1 1 1
H7Tg||H§(R®R)—>Hg(R®R) = ||g||H§(R®R)7 a = 2_9 + - 0<p,q,r<o0, (I)
H%||H§(R®R)—>H§(R®R) ~ ||gll Bmos@er), 0 <p < oo (1)
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Using the duality relation (5.8), we get another characterization of BMO4(R®R),

which is dual to (II).

Corollary 5.3.1. Let g be a function with only finitely many non-zero Haar coeffi-

cients. Then for the operator

Ty ([f) = Z ngRi%’,

ReDRD

we have

”g”BMOd(R@)]R) = Hﬂ;||BMOd(R®R)—>B]VIOd(R®R)-
The proof of theorem 5.3.1 is based on the following two lemmas.

Lemma 5.3.1. Let g be a dyadic distribution with Haar coefficients that are zero
except for finitely many, and such that for an open subset Qo with finite measure, we

have

9= grhr.

RCQo
Then, there ezists an absolute constant 0 < 1y < 1 (independent of g and ) such

that for any 0 < n < ng, the following holds;

There exist a contracting family of open sets {Q;}i>0 starting from Qy, and a

sequence of numbers {\; € Z U {—o0}}i>0 such that

NIl < {Salglx) > 271}, if MeZ x>0, (5.17)
[l Pr——— (D 2MQ))", 0<r<oo. (5.18)
>0
In the above we use the convention that 2=°° =0, and r - (—00) = —00.

Lemma 5.3.2. For 0 < p,e <1 and any open set of finite positive measure Q C R2,

134



there exists a function Xo € HY(R ® R) N L*(R?) such that

~ 1
||XQ||H5(R®R) §p,s |Q|”7 (5-19)
1
Y] >(1-9)Q, ={zeq] inf (Xa)p > 5}. (5.20)
S
RCQ

Let us accept these two lemmas and prove Theorem 5.3.1.

Proof of Theorem 5.5.1. First, we consider the case (I), and to this aim let

A=, |’H§(R®R)—>H§(R®R)'

We must show that

||9||H5(R®R) S A (5.21)

Now, observe that if ¢’ is a dyadic distribution with finitely many non-zero Haar
coefficients which are the same as those of g, the operator norm of 7, is not larger

than A. This follows because

Sa(mg (f)) < Sa(my(f)).

If we can show that (5.21) holds with g replaced by ¢, then by the monotone conver-
gence theorem, we can easily deduce (5.21) for g. Therefore, without loss of generality,
we assume that ¢ has only finitely many non-zero coefficients, and that the associ-
ated dyadic rectangles are all contained in €25. We then apply Lemma 5.3.1 to g with
sufficiently small 7, which yields a finite contracting sequence of open sets {2;}i>o
and numbers {\; };>o with the described properties. Next, when 0 < p < 1, we apply
Lemma 5.3.2 with € = %77 to each €2; to obtain the function ygq,. For 1 < p < oo, we

set Xq, = xq, for ¢ > 0.
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As the next step, we take a sequence of independent Bernoulli random variables

{w;}i>o with P(w; = £1) = £ and construct the following random function:

r
= Zwﬂt’\ifm“ where t = — — 1.
i>0 q

Now, from (5.4), we have

/‘ gr fw hR‘q N Aq”waHP(R@R)

ReDRD

Additionally, if we choose another sequence of independent Bernoulli random variables
{€r}repop and multiply these signs to the coefficients of g, the operator norm of the

resulting dyadic paraproduct remains unchanged. This yields

/‘ Z erwigr2™ (Xo,)  hrl’ /‘ €rgR (fu) hR‘q<Aquw||Hp RER)"

R,i>0 ReDRD

Now, taking the expectation with respect ot both variables and using the bi-parameter

version of Khintchine inequality gives us

2N 2 XR\ 4 q
(/ Z gR2 ’R‘)Z S AqE”waHg(R@R)'

R;1>0

Next, call the function under the sign of integral F' and rewrite the above inequality

as

2 XR\ 4
HF“Ll(RZ) (S AqE”wa?{g(ﬂg®R)a Z 92 2% E)Q (5.22)
R,i>0

At this point, let us first estimate the right hand side of the above inequality, and

assume initially that 0 < p < 1. From sub-additivity, (5.19) in Lemma 5.3.2, and the
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fact that tp = r we obtain

tNi || tA; — rA;
waHI;{g(R@R) < ZQP ||XQ7, I[){g(R@R) 5 2217 |QL| - 22 |QL|

>0 >0 >0

In the case that 1 < p < oo we also have

1
Qi')pa

1 foll sz amy = I full oy < 1Y 2% v, liaeey = (D 27

i>0 i>0

where in the above we used Lemma 5.2.1. Therefore, from the above and (5.22) we

must have

1F ey S AT 27|, (5.23)

>0

The next step is to observe that (5.22) implies

F>2%( Y g2 (%o f%j)
RCQ;

Then, since from (5.20) we have
(Xai)g = %, RCQ; z€R, xze,
we conclude that
F(x) > 20F0ai=20 = grhi=20 o ¢ B = O/ N {S4(g]Q) > 2471}, i >0. (5.24)
Now, since

1 _ .
(4 = (L= 5m)lul, [ {Sulgl%) > 27 > |, >0,
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we have that

1
|E;| > 577|Qi|7 E, CQ;, 1>0,

which together with (5.24) and Lemma 5.2.2 implies that

DM =2 [ S, Y 2> B S (5.25)

120 kEZ Ai=k keZ Ai=k
S 2k Bl <> 2FF > 22 o || P aey. (5.26)
kEZ Ai=k kEZ

From this and (5.23) we obtain

Yooy S Ar(Y 2

i>0 i>0

which after noting that the sum appearing on both sides is finite gives us

)" < A

( Z ori

>0

Finally, we recall (5.18) and obtain

HQHHQ(R@)R) S A4

which is the desired inequality in (5.21), and this finishes the proof of case (I).

Now we turn to the case (II), which can be proven by almost the same argument,
and we outline only the required changes. This time, we need to show that for any

open subset of finite measure €2y we have

/ Salgl Q) S A1l A= 117yl oz e

We note that if 1 < p < oo, the result follows trivially by inserting the function ygq,
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into the operator and observing that

Sa(g]€20) < Sa(my(xay))-

Thus, we only need to consider the case 0 < p < 1. In this scenario, the only change

required in the argument is to set £ = 0 and note that

H.fw“];{g([g@]g) S |Q0|

Then, the inequality (5.23) is replaced with
1E |2y S API€0),
and in (5.25) and (5.26) we replace r with p, yielding

[ 8uta190y = Y200 S 1P sy S 4719

i>0

This establishes the result we sought, thereby completing the proof of case (II) and
the proof of Theorem 5.3.1.

O

Now, we turn to the proof of Lemma 5.3.1, which is based on an iteration of a

well-known argument in multi-parameter theory.

Proof of Lemma 5.3.1. Let Ay be the smallest number in Z U {—o0} such that
[{Sa(gl€%) > 2%} < 7lQ0]. (5.27)

The above inequality is satisfied for sufficiently large values of Ay € Z, ensuring the
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existence of such a number. Also, if \g € Z, we must have

Q| < [{Sa(g|Q) > 227}

Next, let
Ql = {Sd(g’Q()) > 2)\0}N N Qo,

and note that if n is small enough, we have

1
1| <1l < §|Qo|-

Now, we repeat the process by replacing €y with €, and get A\; and §25. Continuing

this, we end up with a sequence of contracting open sets {§2;};>0 and numbers \; €

Z U {—oo} such that

Q/L'+1 = {Sd<g‘Ql) > 2)\i}N N Qi, 1> 0,

0|l < [{Sa(glSh) > 2%}, if N\ € Z.

Clearly these sets and numbers satisfy (5.17), and it remains to show that (5.1

as well. First, we show that

32 S 1509 ey

1>0

which follows from

Yo =) Y el <ty 2t Z {Sa(gl) > 2571},

i>0 kEZ Ni=k keZ
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and noting that from (5.29), we are allowed to apply Lemma 5.2.2 to get

D2 S Y 2 {Salg) > 271} = [1Salg))]

i>0 keZ

T
L (R2)-
In order to get the other direction, we decompose g as

9= 0. 9= grhg, >0, (5.30)
120 RCS;
REQi41

with the convention that if ; = (), then g; = 0. Then, we consider two separate cases

either 0 < r <2 or 2 < r < oo. For the first case, we apply sub-linearity and get

S ( / Sd<gz->2)%,

>0

1S40 ey = [ 130 Sutan?* <3 [ [Suta

>0 120

where in the last estimate we used Holder’s inequality. Therefore, it is enough to

show that

/Sd(gi)2 S 22|, >0, (5.31)

which together with the previous estimate gives us

1S ey S Y 2741,

i>0

which is what we are looking for. Now, to see why (5.31) holds, note that

[si0r = ¥ <2 > dl(sutelo) > 2y 0 R||R
RCQ; RCQ;
RZQi41 RZQ; 11

where the last inequality follows from the fact that B € Q;11, and this gives us

/Sd(gi>2 < 2/ Sd(g|Qz>2 <2 22>\i|Q’i|7 i >0,
{Sa(glQ2:)>2 i }e
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showing that (5.31) holds, and the proof of this case is finished. Next, we consider
the case 2 < r < oo, which follows from duality together with a similar argument to

the one presented above. Let ¢ be a function with ||@|]L(%)/(R2) = 1. Then we have

/Sd(g>290 = Z/Sd(gi)QSD => ) grlps <

i>0 i>0 RCQ;
REQit

23 > grl{Salgl) > 22} N R[B! () | <
i>0 RCQ;
REZQ 41

2y [ Su(9192*Mal) <2 [ 3 20 M) <
{Sa(glQs)>2*i}e

i>0 i>0

2” Z 22)%)(91'

>0

2
L5 @2yl Ma(@) | L5y ey S (Z i Qi\) ,
>0

where for the last estimate Lemma 5.2.1 is used, and this shows that

1Sa(9) |l r@2) S (Z 2417,
i>0

which completes the proof of this case and Lemma 5.3.1. O

Remark 5.3.1. The decomposition (5.30)

gngi, gi = Z grhgr, 120,

i>0 RCQ;
RZQ; 11

s an atomic decomposition of g with the property that the supporting open sets of
its atoms form a contracting family. Indeed, the above argument shows that g; are
LP-atoms (although not normalized) for Hj(R®R) for any positive values of p and r.

See [40] for the counterpart of this result in the one-parameter theory. See also [55]

p. 42.

As our last job in this section we give the proof of Lemma 5.3.2.
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Proof of Lemma 5.5.2. Let 0 < 0 < 1 be a small number to be determined later, and

consider the following three enlargements of 2

Q= {Md(XQ) > 5}, = Qh QB = {Md<X92) > 5}7

and let

Xe=xa—f =) (xahr)hs

RZQ3

Then since

Xa= Y (xo,hr) hn,
RCQ3

from Hoélder’s inequality and the fact that |Q3] <5 |€2| we have

/ Sa(Ra)? < Q3] % (/ Sd(xg>2> Sop 1.

So, Xq satisfies the first property in (5.19), and it remains to choose 4 so small that

the second property holds as well. To this aim, we note that

<5€Q>R+<f>R:17 RQQ,

and thus

1 1
Q' ={zeq irelzf:z (Xa)p > 5} 2 {My(f) > 5}@(}9)
RCQ

which implies that if f is such that we have
1
M) > 3} < <[
then xq satisfies (5.20) and we are done. Now since we have

04u(5) = 5) 5 [ 1P
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it is enough to show that the right hand is small. Here, we observe that

Lk = [ sae= [ s [ sa N

5
and may estimate the first term by

| s =3 <XQ,hR>2’Q2,TT|R‘ <5 bwahn? <OQL (5.39)

RZ Q3 RZQ3

where in the above we used the fact that R 51 (3. For the second term we have

/ SoF2 < [ Salxa) < P H{Malxa) > 6} + / Ma(xe)
Q {Ma(xa)<d}

c c
2 QQ

which follows from (5.6). Now, using boundedness of My of L2(R?) yields

Salf)? < |{Ma(xe) > 5| + 5 / Ma(xa)

Q3 {Ma(xa)<d}

and putting (5.33),(5.34), (5.35), and (5.36) together gives us

000 = ) s [ 1P S i)

showing that by choosing ¢ small enough (5.32) holds, and this completes the proof.
O

Here, it is worth mentioning that in the one-parameter theory the same construc-

tion yields a function with the stronger property that
. 1

To see this, let f = ZIQQ frhr and xo = xo — f. Then, the function f, is constant on

each maximal dyadic interval of Q, and thus is not larger than % on {2, which proves
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the above inequality. Regarding this, we ask the following question:

Question. Let 0 < p < 1, and 2 be an open subset with |2] < co. Does there

exist a function yq with the following two properties?

, x €.

N | —

1 -
P, Xal(r) >

IXell a2 @or) Sp €2

5.4 Bi-Parameter Fourier Paraproducts

In this section we explain how similar results can be obtained for Fourier paraproducts

of the form

I,(f)(x) = > o f(@)As(g)(x), x€R?

jez?
where in the above ¢ C {{ | [&1],]&2| < @'} with a’ < a, and a is the same as in (5.9).

Then, one can show that

< 1 1 1
||H9HHP(R®R)—>Hq(R®R) ~ ”gHH’“(R@R)a 5 = ]—9 + e 0<p,qr<oo,

HHQHHP(R®R)—>HP(]R®R) S lgllBro®sr), 0 < p < oo.

Indeed, the above inequalities follow from the support properties of ¢ and 1/; and

1 1 1
[Sg(F)rarey S HgHHT(]RQ)“f”HP(R®R)> 5 = 1—? + - 0<p,qr<oo, (5.37)
1Sg(F)ILe@2y S 9l Bro@em | fllr@er), 0 <p < oo, (5.38)

where in the above

S,()@) = (X lpas * F@)A () @)P)?, x € R,

jEZ?
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[58]. Here, we show that the converse of (5.37) and (5.38) holds.

Theorem 5.4.1. Let g be a tempered distribution, and S, be as above. Then,

1 1 1 .
1Sl e (eom)—La®2) = |9 - moR): it et 0<p,qr < oo, (i)
|Sgll e (rem)— Lr2) = |9l BMO®RSR), 0 <p < o0 (ii)

Proof of Theorem. We prove only case (i), since the other case follows with exactly

the same argument. Let, A = ||S;|| g (ror)—La(r?), We need to show that

HQHHT(R@)R) S A

To this aim, recall the notation introduced in (5.13), let xz € R be such that
Ajgar)l = sup|A;(9)(w)l, ReD@D; jelt,
ye

and define

=Y Y oa # fl@r)Ar(9)hn

jE€Z2 REDYD;
Then we note that the function ¢y-; * fA;(g), has Fourier support in {£ | [&1] <

271 1&| < 272}, and thus we may apply (5.16) and get

|802—j*f(55R)|2‘£|Aj( 9) W) < sup oo f (W) Aj(9) (W) S Malpa-ixfA;(9))(x), = € R,

yeER

which implies that

S S e ® flar)Aalg) fj;sZM (921 % FA;(9))*(2).

j€z? REDRD jez?
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Then applying Fefferman-Stein inequality with 0 < s < q yields
1
17" ()l s remy S 1D Mo(@a-a%FA5(9))%) a2y S ISo(F)llzaez) < Allfllm o).
jEZ?
So we have
HW/HHP(R(@R)aHg(R@R) S A
Now, it follows from (5.14) that our task is the show that

Iy Ar(9) el s @er) S A
ReDRD

which follows from an argument identical to the one presented in the proof of Theo-
rem 5.3.1 if we replace Yq with its counterpart Yo in the following lemma, and this
completes the proof.

O

Lemma 5.4.1. Let 0 < p,e <1, and ¢ be a Schwartz function with [ ¢ = 1. Then

for any open set Q with | < oo, there exists a function Yo € HP(R @ R) N L*(R?)

such that
x 1
IXellar@er) Spe 97, (5.39)
) ~ 1
V> (1-9)Q, U={zeQ] wl;lefR ©a-i * Xa(y) > 5} (5.40)

RCQ,REDRD;,jEZ>

Proof. First, we note that since ¢ decays rapidly and f ¢ = 1, we may choose a large

constant «, depending only on ¢ such that

, YER, ReD®D;, jel

Ry

|0la-i * X(ar)e(y) <

where aR is the concentric dilation of R with a. Thus, if O is an open subset with
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the property that aR C O whenever R C () we must have

wa-ikxo(y)>=, yeERCQ, ReD®D,; jeclZ (5.41)

W~ w

So, let

O = {M<XQ) > ail}a

be the first enlargement of 2, where M is the strong maximal operator. Then, let

> Ar(xo)ar(xo),

ReDRD

be the quasi-orthogonal expansion of xo as in (5.14), and define the function

> Ar(xo)hnr

ReDRD

Now, we follow the same strategy as in Lemma 5.3.2 as it follows. Take a small

number 0 < § < 1, to be determined later and set
Oy = {My(E) > 6}, Oy:=0;, Oz:={Milxo,) >},

and decompose F and o as

RQOS RQO;g
Xo =Y Ar(xo)ar(xo) + > Ar(xo)ar(xo) = Xa + f- (5.43)
RCOs RZOs

Next, we note that (5.15), Hélder’s inequality, and (5.14) imply that

Kol eons S 1B gy < [ SE107 < [0 ([ SuE2) 550 10] Sa0 10
(5.44)
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Therefore, g satisfies (5.39), and it remains to show that (5.40) holds as well. Now,

similar to Lemma 5.3.2 we may estimate the L2-norm of f as

- - Os|
[ues [ie= [ isape+ [ 1sines S i [ s

03 RZOs 03

) Z E% +/ 1S4(E)|? < 5/ |E|? + *[{My(E) > 6}|+
{{Ma(E)>8}~}e R?

Rg03
[ wprss | jepeet [ (B S50 S sal
My(E)<6 R2 R2

In the above we used (5.15) and (5.6). Next, recall (5.41) and note that

, YERCQ, ReD®D;, jecl?

]

pa-i * Xa(y) + pa-i * fy) >
which implies that

1

Q’Q{x| sup wo-i * fy) > = }DQD{M* >—}CﬂQ,

z.yeR 4
RCQ,REDRD;,j€L>

where M (f) is the bi-parameter non-tangential maximal function of f. Finally, from

boundedness of M on L*(R?) and the smallness of L*-norm of f we get

1 1
2] <1050 > IS [ 157 Sl
RQ

and thus if we choose § small enough (5.40) holds and this completes the proof. [
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