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Generalized Hilbert’s Tenth Problem

Francesco A. Zuccon

The aim of this work is to retrace the path to the solution of the classical
Hilbert’s Tenth Problem and the attempts trying to generalize it reaching,
finally, a new result concerning its extension in number fields. First we deal
with the classical case classifying diophantine functions as the recursive ones,
using the diophantinity of the exponential as a key tool. In order to generalize
the unsolvability of the diophantine problem to rings of integers of number
fields the line is to simulate the core of the classicl proof, which seems to
be more natural in the setting of totally real number fields as shown by the
work of Denef and Lipshitz. After that few attempts were done to reach a
general result, Pheidas was able to use the Elliptic Curves to obtain a new
criteria which, in its generalized version of Shlapentokh, is the key together
with the new additive combinatorics techniques of Pagano-Koymans to the
proof of the general case.
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Chapter 1

The Classic Case: MRDP
Theorem

In the beginning of the twentieth century, at the International Congress of
mathematicians, David Hilbert presented a list of problems, which exerted
great influence on the development of mathematics in the twentieth century.
The tenth problem on the list had to do with solving Diophantine equations.
Hilbert was interested in the construction of an algorithm which could de-
termine whether an arbitrary polynomial equation in several variables had
solutions in the integers.

Here is his wording, translated to English:

Given a Diophantine equation with any number of unknown quantities and

with integral numerical coefficients: to devise a process according to which it

can be determined by a finite number of operations whether the equation is
solvable in integers.

In this chapter, we will show that no such algorithm exists mainly following
the line exposed in [1], collecting the main results given by Martin Davis,
Julia Robinson, and Hilary Putnam in the 1950s and 1960s, with the final

missing piece that was given in 1970 by Yuri Matiyasevic.

1.1 Diophantine sets

First of all, the notion of diophantine set will be developed, being funda-
mental during the whole chapter.

Definition 1.1.1. n € N: § C Z" is a diophantine set if 3m €¢ N A 4P €

1



2 CHAPTER 1. THE CLASSIC CASE: MRDP THEOREM

Zlx1, ..., Tn, Y1, -, Ym] such that:
S=A(z1,...,2n) €Z" : Y1, .-, Ym) EZ™ : P(x1,...,Tpn,Y1,---,Ym) = 0}

In this case the polynomial P is called representative for the set S, which
can be denoted as Sp.

Remark 1.1.2. It is evident that finite unions or intersections of Diophan-
tine sets (in both senses of integers or positive integers) are again Diophan-

tine:
U SPi - SH1§i§n P ﬂ SPZ' - Szlgign P? -

1<i<n 1<i<n

where in the second equality the polynomials are considered with the same
variables x4, ..., z,, but different variables y; 1, ..., Yim,.

Lemma 1.1.3. S C Z" Diophantine —> S N N" Diophantine.

Proof. Recalling the Lagrange’s four-squares Theorem which states that
every positive integer is a sum of four squares of integers, then it follows
from:

-----

which is Diophantine by Remark 1.2. O
Example 1.1.4. Here a few elementary examples:
o Divisibility: {(z,y) € Z*: z |y} ={(z,y) €Z* Iz € Z : xz = y}.

o Ordering relation:{(z,y) € Z? : * < y} = {(z,y) € Z* Ia,b,c,d) €
Z iz +ad>+ 0P+ A+ d*+ 1=y}

« Non-square numbers: {z € Z : fiy € Z\ {£1} : y* | 2} = {a €
Z a,b,c,d, z,y,w,z,p,q,7,8) € Z? : (a®> + b* + A+ d?)? + 22 +y* +
w422+ l=a=0@+0++d+1)>2 - P*+ @ +r*+ s>+ 1)}
Note that thanks to[1.1.2] and the previous example this can be
seen in the following easier and more natural description: {z € Z 3n €
Z:n>0An*><z<(n+1)?%}

Definition 1.1.5. A function f € U,cy Homge(Z", Z) is called Diophantine
if its graph I'(f) = {(z1, ..., 20, y) € Z"' 1y = f(x1,...,2,)} is a Diophan-
tine set.

The claim of the first half of this chapter is precisely the following theo-
rem:
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Theorem 1.1.6. The function exp : Z x N — Z such that exp(a,b) = a’ is
diophantine.

Note that the domain isn’t a power of Z, but can be seen that way
extending expZ x Z — 7 or just considering the more restrictive condition
for natural numbers of

1.2 Special form of Pell’s equation

1.2.1 Historical background

As said in the introduction, H10 was reduced to by Davis and Robinson,
but Robinson was also able to state a technical condition that, if checked,
would have implied the theorem.

The core of the idea found by Matiyasevich to verify this abstract condition
lies in the following properties of Fibonacci’s number.

Defining the Fibonacci’s number Fy = 0, Fy = 1, F,, = F,,_1 + F,_5 per
n > 1 and the golden ratio ¢ = HZ—‘/%, one has the key properties:

B ¢n _ (1 _ ¢)n
E, = — (1.1)
F2|F, = F,|n (1.2)

The first property underlines the exponential character of the sequence, the
second gives a diophantine control of the indexes thanks to the first example
infl.1.4

After this brilliant trick sensed by Matiyasevich, Robinson was able to
convert it in a clever way with another sequence satisfying a similar recur-
sive relation and preserving an analogue of the two key properties presented
above, thanks to which sequence the abstract condition could have been
avoided.

In particular, she was able to reduce[I.1.6]to the diophantinity of the function
that associates to a positive integer n the correspondent Fibonacci’s number
F,, or, as it will be shown, the analogue of this function but replacing to
Fibonacci’s numbers the recursive sequence found after.

This is the approach presented below taking inspiration from [I], but pro-
ceeding in a more constructive and intuitive way.
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1.2.2 Path to a special exponential diophantinity

As mentionted before, the first attempt to prove the diophantinity of the
exponential function is to try to prove the diophantinity of a certain func-
tion which has an exponential character similar to the the property (1) of
Fibonacci’s numbers, and which canonically builds a bridge from exponenti-
ation to polynomials, which can naturally be found in Pell’s equation:

v — Ny* =1 (1.3)

Indeed, by Dirichlet’s unit theorem applied to the number field Q(v/N) (for
N non-square), it turns out that the rank of the group of units of the ring
of integers is one, so that in particulare every solution of (3) is a power of a
fundamental unit.

Furthermore, the theory of continued fractions gives an explicit proce-
dure to find the fundamental unit, thanks to the continued fraction of VN
that can be expressed as [ag, B, 2ag], where B is a palindromic vector of
integers all of size strictly bounded by a9 = |v/N], in which case the fun-
damental unit can be recover as the numerator and denominator of the ra-
tional number x/y = [ag, B] if the lenght of the vector B is odd, otherwise
x/y = [ao, B, 2a9, BJ.

For our purpose, the equation (3) is useful cause, once fixed the funda-

mental solution (z1,y;), one has the identity x, + YnV'N = (x1 + ylx/N)”
which is an exponential expression that can be encoded in a polynomial
(which is (3)).
The intuition found by Robinson was a particular choice for N in (3) so
that the fundamental unit is clear even without recalling all the results cited
above about Dirichlet’s theorem or continued fraction (indeed, it is not in
general easy to describe explicitly the palindromic vector B), so the equation
in which there will be the focus for the rest of the discussion is remarked in
the following definition:

Definition 1.2.1. Let a > 1 integer and consider the special Pell’s equation:
v —(a® - 1)y* =1 (1.4)

define the n-th solution (n-th power of the fundamental unit which existence
will explicitly be established in the following lemma) as (x,(a), y,(a)).

In particular, by the discussion above or, more elementary, thanks to [1.2.3]
and below, it turns out:

zp(a) + yn(a)Va? — 1 = (z1(a) + y1(a)Va? — 1)"
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Remark 1.2.2. Notice that the choice N = a? — 1 makes evident the trivial
solution (z1(a),y1(a)) = (a,1), and indeed the following lemma will prove
that is the fundamental unit, as in this case there is a trivial continued
fraction expansion: va? — 1 = [a, 1, 2a.

Remark 1.2.3. For a general Pell’s equation in the form of (3), one has
trivially that if (z,y), (w, z) are solutions, then also their product (p,q) =
(zw 4+ Nyz,xz + yw) (as numbers in Z[v/N]) is again a solution:

P = N¢*=(p+qVN) (p—qVN) =
= (z+yVN) - (w+2VN)- (2 —yVN) - (w - 2V'N) =
—(@+yVN) - (z—yVN) - (w+2VN)-(w—2VN)=1-1=1
Lemma 1.2.4. The following hold:

i.Ya>2, Pr,y€Z suchthatl <x+vVa>—1y<a++va2—1 A 2%—
(a®> —1)y* = 1.

ii. {(z,y) e N?: 2% — (a®* — )y* = 1} = {(zn(a),yn(a)) : n € N}
Proof. i. By absurd assume it’s true, then by the identity:
(z+vVa2—1y)(z—Va2—1y)=2>—(a®>—1)y* =1

One can deduce from 1 < x4+ vVa? — 1y < a + va? — 1 that it has to be
a—+va>—1<xz—+a>—1y<1,so that:

—l<—z+Va®?—-1ly<—-a++va*—1
which added to the inequality taken in the hypothesis gives:
0<2yva?—1<2vVa® -1

so that it follows 0 < y < 1, a contradiction for y € Z #.
1. Suppose by absurd

3@ 9) € {(z,y) e N* 1 2” — (0 — 1)y’ = 1} \ {(za(a), yu(a)) : n € N}

then being x;(a) + y1(a)va? —1 = a + +va? —1 > 1, the sequence s,(a) =
zp(a) + yn(a)va? — 1 = (a + va?> — 1)" is increasing in n, so that Inyg € N
(which must be greater than 1 cause of the previous claim) such that:

Sno(@) <T+TYVa? —1 < spor1(a) = spy(a) - (a+ Va2 —1)
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So that in particular diving by s, (a):

A R

sn(a)
But rationalizing multipling and dividing by x,,(a) — yn,(a)Va? — 1:

1< (@T+yva®—1) (xy(a) —yp(a)Va® —1) <a+va®—1
which is a solution (thanks to([1.2.3) that contradicts i.. O

So once stated this crucial lemma it is possible to make clear the main
goal of this entire section, which was announced to be the diophantinity of a
particular function of exponential character:

Theorem 1.2.5. The function x : N x Noy — N such that x(k,a) = x(a)
is diophantine.

In particular, to reach this purpose one has to find a representative poly-
nomial P(x1, %9, 3,91, -, Ym) € L[T1, T2, X3, Y1, .., Ym] such that (recalling
I, ={(x,k a):x=ux(a)}):

L, ={(z,k a) €N3:E|(y1,...,ym) e N": P(x,k,a,y1,...,ym) =0}

By one can reach the construction of the polynomial by steps using a
sistem of more elementary polynomials that one aims to be vanishing simul-
taneously, so that it is natural from to define the first equation of the
system:

S:{I:xQ—(aQ—l)gle

This way, thanks tom Ji € N: x = x;(a), so the rest of the system will be
about trying to force ¢« = k. To do that, one has to investigate the properties
of the set of solutions of the special Pell’s equation .

Indeed, again by[1.2.4 one can define the isomorphism of monoids ¢, : N —
S, == {(z,y) € N* : 2% — (a* — 1)y* = 1} setting in the most natural way
¢a(n) = (xz,(a),yn(a)), but one has to describe in a more precise way its
behaviour from both the additive and the multiplicative point of views, as
shown in the next lemma, which contains all the basic properties of :

Lemma 1.2.6. The followings hold:
i. Tpim(a) = x,(a) - n(a) £ yn(a) - ym(a) - (a® —1).

. Yntem(a) = Ty (a) - yn(a) £ x,(a) - ym(a).
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g Tpp1(a) = 20 - Tn(a) — Tp_1(a).

. Ypy1(a) = 2a - yn(a) — yp-1(a).

v. ¥ € N: zpi1(a) > za(a) > a® A wn(a) < (20)".
vi. Yn € N ypp1(a) > yula) > n A yala) < (20)"

vit. Tnm(@) = S0 im0 () 2@ yala)' - (@ = 1)3.

m m m—i i izl
V13- yn-m(a) = 244=0, i=»1 (z) ’ xn(a) ' yn(a> ' (a2 - 1) 2.

Proof. Those are just trivial computations:
Trim (@) + Ynim(a) - Va2 —1 = (a + Va2 —1)"" =
=(a+Va2—1)"-(a+Va>-1)F" =
= (zn(a) + yn(a)Va? = 1) - (xm(a) £ ym(a)Va® - 1) =
= (zn(a) -wm(a)£(a® —1) Yu(a) Ym(a)) +(zm(a) Yn(a) £a(a) ym(a)) Va® — 1

which proves 7. and 7i..

Then, applying this addition formulas for m = +1 one can obtain #7. and
0.

Tni1(a) = a-x,(a) +ynla) - (@> —1) A zp_1(a) = a-z,(a) —yo(a) - (a® — 1)

Adding both of them, one has z,1(a) + z,-1(a) = 2a - x,(a), the claim of
i71.. Analogously for 7v.:

Ynt1(a) = a-ynla) + zn(a) A yoa(a) = a-ya(a) = za(a)

— Yn+1 (CL) + ynfl(a) = 2a ' yn(a)

Thanks to these recursive formulas (which is very similar to the one of Fi-
bonacci’s numbers), one can easily prove v. and vi. by induction.

The base steps are tautologies, and for n > 1 using 4. & . and the induc-
tive hypothesis x,(a) > z,-1(a) and x,(a) > a”, so as y,(a) > y,—1(a) and
Yn(a) = n:

Tpi1(a) = 2a-x,(a)—z,_1(a) > 2-x,(a)—z,(a) = x4(a) = zpi1(a) > z,(a)

Tpi1(a) = 2a-z,(a) —x,_1(a) > 2a-x,(a) —z,(a) = (2a—1)-2,(a) > a-x,(a)
— Tny1(a) > a"t?

Tni1(a) = 2a - 2,(a) — vp1(a) < 2a - z,(a) < 2a - (2a)" = (2a)""
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yn—i-l(a) =2a- yn(a) - yn—l(a> > 2a- yn(a) - yn(a) = yn(a) >n
- yn-i-l(a) > yn(a) A yn—l-l(a) 2 n+ 1
Ynt1(a) = 2a - yp(a) = yn-1(a) < 2a-yu(a) < 2a- (2a)" = (2a)

Finally, for vii. and viii. using the binomial theorem:

Toom (@) + Ynm(@)Va? —1=(a+va? —1)"" = ((a+Va®> - 1)")" =
= () + (Va1 =3 () )l (VT

i—0 \ !

n+1

which is the thesis isolating the coordinates in Z[v/a?> — 1], depending on the
parity of indexes. O

The previous lemma shows the fundamental basic properties of (1.4),
and since the aim of the system to describe I', is to control the index of the
solution, then [1.2.6] vi. suggests to impose the equation:

g I:z?2—(a®>—1)y*=1
|l IT:y>k

In particular, thanks to equation I tells that 47 € N such that
x = x;(a), y = y;(a), so now the point of the system is to try to impose the
condition ¢ = k in a diophantine way.
The intuition beyond the reason of the choices in adding the next polynomial
equations to this temporary system, is based on an elementary, namely to
impose i =4 k for a certain module d such that 0 <i<d N 0 <k <d.

The next theorem (1.2.9) is the core to impose a such equivalence relation
between indeces of solutions of Pell’s equations of the form of 1) but first
two lemmas are needed:

Lemma 1.2.7. 29,1:(a) =4, —2i(a), in particular Tan,+(a) =4, (a) i(a).
Proof. By[1.2.6] . and 4. it follows:
Donai(a) = 25(a) - Tori(a) + yu(a) - Ynai(a) - (@ — 1) =p,(0)
=00(a) Yn(@) Ynri(a)(a®=1) = yu(a)-(wi(a) yn(a) £xa(a) yi(a))-(a*~1) =, 0)
=0 2:(a) - yn(@)” - (a® = 1) = @i(a) - (20(a)” = 1) =, @) —i(a)

with the last equality given by Pell’s equation: (a2 —1)-y,(a)® = z,(a)
Finally:

[\
|
=

x4nii(a) E:En(at) _$2nii(a) Ezn(a) _xz(a)
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Lemma 1.2.8. z;(a) =, zj(a) AN 0<i<j<2n A n>0 = i=
i Va=2n=1,i=0, j=2.

Proof. Suppose z,(a) =5 1, let ¢ := (x,(a) — 1)/2, then a set of mutually
incongruent residues modulo z,(a) is given by —q,—¢+1,...,0,...,¢—1,¢,
but then 1 = z¢(a) < z1(a) < -+ < zp_1(a) < |zn(a)/al < [za(a)/2] = q,
but one has the congruences xs,—;(a) =5, —;(a), so that in particular it
holds: 3, (a) =4,(a) —%0(a), - .., Tnt1(@) = Ton—(n—1)(a) =z,(a) —Tn-1(a), so
that in this case the claim is clear.

If x,(a) =2 0, let ¢ := ,(a)/2, then a set of mutually incongruent residues
modulo z,(a) is given by —¢+1,—q¢+2,...,0,...,¢—1,q, so that the same
reasoning as before holds, except if z,_1(a) = ¢ A Tp11(a) =z,(0) =0 Zana) -
But, in this case x,(a) = 2x,_1(a), and by z,,(a) = ax,_1(a)+y,_1(a)-(a®*—1)
it forcesa =2 A y,_1(a) = 0,sothatn =1, then j =n+1=2, i =n—1=0,
which is the thesis. ]

Theorem 1.2.9. 0 <i < n:wx(a) =, vj(a) = j =4, Fi.

Proof. Writing j = 4nqg + k with 0 < k < 4n, frommthen zj(a) =4, ()
zi(a).

Suppose now 0 < k < 2n, then by one has i = k or k = 0 and
t =2 > 1 =n which is impossible.

Finally if 2n < k < 4n, then 0 < m = 4n — k < 2n so that by
2;(a) =z,(a) k(@) =2, (a) Tm(a), to which case the previous reasoning can be
applied. O

At this point one has the ingredient for trying to upgrade the system of
equation for describing the graph of the function in Indeed, to use
one needs at least three Pell’s equations of the form (1.4) and such that
the hypothesis of the theorem is satified, so the enriched system now is:

I:z?2—(a*—1)y*=1
II:y>k
S=¢ Il:u?—(a®>—1)? =1
IV:s?—(a*>-1)t?=1
Vis=,x
In particular, this system tells us the following:

3i,j,mn e N:z=uz,(a), y =yi(a), u=1x,(a), v=y,(a), s =z,(a), t =y;(a)

s=, 1 = 1(a) =4, zj(a) = J =4n £ (1.2.9).
At this point, one could try to impose k£ =4, j and £k < n A i < n, so
that £ = ¢, but the definition of n is random, so there’s not an immediate
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diophantine way to avoid this difficulty.

But, we already have k < y by [T and ¢ < y;(a) =y bym’., in particulare
for the second condition is sufficient y < n.

A suggestion to how impose a similar condition in a diophantine way is
suggested by [1.2.6] vii. and viii., which can be formalized as in the following
lemma:

Lemma 1.2.10. The following hold:
i. Yn(a) | ye(a) <= n | t.
i, yu(a)® | y(a) <= yn(a) | t.

Proof. i. (<) byvz’..

(=): by absurd suppose y,(a) | y:(a) and n 1 t so that one can write t = gn+r
with 0 < r < n, then by 0.

Yn(a) | yi(a) = Ygntr(a) = T4n(a) - yr(a) + x.(a) - yqn(a)

But one knows by the previous implication that y,(a) | ysm(a), so that it
follows that y,(a) | z4.(a) - y,(a), which is a contradiction: indeed y,(a) |
Ym(a) N (xg(a),ym(a)) =1 = (z4(a),yn(a)) =1 and also 0 < r <
n = 0<y(a) <yn(a) = ynla){y-(a), so that y,(a) f zgn(a) - yr(a)-

it. By [1.2.6| vi. it holds ypn.m,(a)
lar:
(<) yn(a) |t = Im € N:t=y,(a)-m, in particular by what remarked:

Eyn(a)?’ m:- $n(a)m_l : yn(a), in particu-

t—1

Y(a) = Yy @ym(a) =, 02 T 2(@) ™ - yula) = m-z0(a) " - yala)®

which means y,(a) =, )2 0.
(=) yn(a)® | ve(a) = yn(a) | y:(a) = n |t by i, sothat Im e N:t =
n - m, in particular by what remarked:

0=, 2 ¥(a@) =Yom(a) =, 3 m- Zn(@)™ " yn(a)
which means y,(a)® | m - 2,(a)™ " - yu(a), equivalently y,(a) | m - z,(a)™ ",
but (z,(a),yn(a)) =1, so that y,(a) | m, and by t = n-m then y,(a) | t. O

Remark 1.2.11. Notice that i1. gives the analogue of the property
(1.2) of Fibonacci’s numbers to the sequence {y,(a) : n € N}, property that
will play a key role in proving indeed, as already underlined, one has
to control in a diophantine way the index of a solution of the special Pell’s
equation.
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Thanks to this remark and the previous lemma, a suggestion to translate
our two conditions k =4, j and £ < n A ¢ < n is just imposing y | n,
so that of course y < n which was remarked to be sufficient for the second
condition, and the first now can be expressed in an easier way which makes
no differences thanks to the stronger bounds £ <y A ¢ <y, namely k =4, j.
So to express the first of this two new conditions, namely y | n, thanks to
ii. one can express this equivalently with y? = y;(a)? | y,(a) = v which
is now a diophantine condition.

In particular the system should look like:

[:2?2—(a®>—1)y*=1
II:y>k
I u? — (a®? =12 =1

5= IV:s?—(a*>-1)t? =1
Vis=,x
VI:y?|v

The second condition is k =4, 7, but again there’s the same problem as
before: the index j exists, but has no explicit diophantine definition.
To avoid this problem, there’s a trivial property that is suggested by
vi. remarked in the following lemma:

Lemma 1.2.12. y;(a) =4,-1 J
Proof. n = 0,1 is an equality: yo(a) = 0, yi1(a) = 1, then for j > 1 by
induction with vi.:
yjr1(a) = 2a-y;(a) —yj-1(a) Za-1 2y;(a) —yj1(a) a1 2/ — (G —1) = j+1
O]
In particular, the conditions k =4, j can be expressed thanks toto

the diophantine conditions k =4, y;(a) =t and 4y | @ — 1, so that finally a
candidate for the final system is clear:

[:2?2—(a®>-1)y2=1
II:y>k
IMI:w? — (a®* — 1)v* =1
IV:s?—(a*—1)t* =1

Vis=,x
VI:y? |v
VII: k=4t

VIII: 4y |a—1
Recollecting everything done till this point, one can state the following
theorem, which is pretty close to the claim of
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Theorem 1.2.13. Let a,k,x,y,u,v,s,t such that it is satisfied the system:

I:z?—(a*—1)y*=1
I1:y>k
IIT:u?— (a® — 1?2 =1
IV:s*—(a*> =1t =1
Vis=,x

VI:y?|v

VII: k=yt
VIII : 4y |a—1

Then it must be x = x(a, k).

Proof. Byand equations LIITIV 3¢, j,n € N such that z = x;(a), y =
yi(a),

w=aa(a), v =ya(a), s = a5(a), t = y;(a).

In particular, equation V can be read as z;(a) =,,) v;(a) = j =4 *i
by |1.2.9] but equation VI is telling 3? = yi(a)2 | yn(a)2 =v? < y|nby
[1.2.10] é., so that j =4, +i.

Applying|1.2.12| one has t =, 1 j which combined with equation VIII leads
to t =4y j, and then equation VII gives k =4, t =4, J.

In particular, by these two observations one has k& =4, £, but by V.
one has ¢ < y;(a) =y and by IT k& < y, so it must happen k = i, equivalently
x = zg(a) which is the thesis. O

Remark 1.2.14.|1.2.13| tells that:
Fm g {(:C’k’a) E N3 : 3(y17"'7ym) E Nm : P(x7k7a/7y17"'7ym> = 0}

with P(x,k,a,y1,...,ymn) obtained by translating diophantinely the system
S of the statement:

I:z?—(a®>—1)y*=1
IT:y=k+m
IIT:u? — (a*> = 1) =1
IV :s*—(a*> = 1)t? =1
Vis=qu+zx
VI:v=r- 1>

VII :t =4yd+ k
VIII :a—1=4y- f

In partiCUIar P(ya u,v,s,t,m,q,r, d7 f) - (:L.Z - (a2 - 1)y2 - 1>2 + (y —k—
m)?+ (u* — (a®> = )2 =12+ (s> = (> = D)* = 1> + (s —qu —2)* + (v —
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roy?)? + (t—dyd — k)2 + (a—1—4y - f)>

Clearly, to obtain is sufficient to prove the other inclusion, but, given
(x,k,a) € N3, trying to construct a solution to the system seems not natural
cause to satisfy I y = yi(a) is forced by # = xi(a), but one still needs
4y | a — 1, which might not happen since they are now both fixed.

Since the role of equation VIII is passing from the congruence of t =.1
J to t =4, j, then one can try to replace the variable a in VIII with a free
variable that preserves this property, namely b satisfying b =4, 1, but in order
to obtain t =4, j, one now needs t =,_; j, so that it is needed to change the
system:

I:2?2—(a*—1)y*=1

M:y>k

I :u? - (a®> - 1)v? =1
IV:s2— (P -1t*=1

Vis=,zx

VI:y?|v

VIL: k=4t

VIIT: 4y | b—1

The only problem in the way back of is that it was used s =, = as
z;(a) =4,(a) zj(a), which now will be z;(a) =,,(,) z;(b), so to be able to use
one needs to check that choosing b such that b =, a for a certain c,
preserves the congruences also for the solutions, which is shown by the next
lemma:

Lemma 1.2.15. a=.b = Vn € N:z,(a) =, z,(b) N yn(a) = yn(b)
Proof. Proceeding by induction, for n = 0, 1:
zo(a) =1 =x¢(b), z1(a) =a=.b=x.(b)

Yo(a) = 0= yo(b), yi(a) =1 =1y.(D)
Then for n > 1 using|1.2.6| 7. & iv.:

Tpi1(a) =2a-z,(a) — xy_1(a) = 20 2,(b) — xp_1(b) = T y1(D)

ynJrl(a) =2a- yn(a) - yn71<a> =c 2b - yn(b) - ynfl(b> = yn+1<b)
O]

In particular, now one has to choose a suitable ¢ such that it is valid
zi(a) =4, %j(a) = x;(b), and it is then natural to impose ¢ = x,(a) = u.
At last, one can notice that to satisfy equation VIII it seems pretty convenient
to have (u,4y) =1 in order to apply the Chinese remainder theorem.

But one has y | v A (v,u) =1 = (y,u) = 1, so one just needs (2,u) = 1,
which is something that can be imposed thanks to the next remark:
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Remark 1.2.16. By tv. one has y,.1 =2 Y,_1, so that by the base
cases Yo =2 0 A y; =5 1 inductively: Vn € N1y, =20 A 99,41 =2 1.
In particular, by (x,(a),y,(a)) =1: Yn € N: 29, =2 1 A 9,411 =2 0.

Theorem 1.2.17. Let (z,k,a) € N*: x = x(a) <= S can be satisfied in
N, where

I:2?2—(a*>-1)y*=1

II:y>k

IIT:u? — (a®> —1)? =1

IV:s?— (=12 =1

Vis=,x

VI:y? v

VII: k=4t

VIII :b=4y1 N b=, a

Proof. ( <= ): proceeding as in [1.2.13] by [1.2.4| and equations LIIL,IV
Ji,j,n € N such that z = x;(a), v = yi(a), v = z,(a), v = yu(a), s =
zj(a), t =y;(a).

In particular, equation V can be read as x;(a) =5, ©;(b), but byand
equation VIII one has x;(b) =, %;j(a), so z;(a) =4, ) vj(a) = J =45 +i
by

Furthermore, equation VI is telling 32 = y;(a)* | ya(a)® = v®> <= y|n by
1.2.10| 44., so that j =4, %i.

Applying|1.2.12| one has t =,_; 7 which combined with equation VIII leads
to t =4, j, and then equation VII gives k =4, t =4, J.

In particular, by these two observations one has k =4, +i, but by vi.
one has ¢ < y;(a) = y and by II k£ < y, so it must happen k = i, equivalently
x = xg(a) which is the claim.

( = ): defining y = yx(a), I is satisfied by having = = x1(a) by hy-
pothesis, but also II thanks to vi..

Setting then n = 2ky, u = z,(a), v = y,(a), 11 is satisfied, but by .
since y = yx(a) | n, then y* | y,(a) = v so that Ir € N such that v = r - y?
satisfying VI.

Furthermore, y | v A (v,u) =1 = (y,u) =1 and by [1.2.16] (u, 2) = 1, so
that (u,4y) = 1 and one can apply the Chinese Remainder Theorem to find
b such that b=, a N b =4, 1, so that VIII is satisfied.

Then, setting s = xx(b), t = yr(b), IV is satisfied, and by b =, a one has
s = xk(b) =, x(a) = = thanks to so that also V is satisfied.

Finally, by [1.2.12|one has ¢ =, 1 k, but VIII holds so b = 4y1, in particular
one has t =4, k which is VII and the system is satisfied. O]

In particular, in a similar procedure such as in[1.2.14] one can explicitly
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construct the polynomial to describe the graph of the function, z(k,a) =
xy(a), which provesm

1.3 Fibonacci’s Diophantinity and Exponen-
tial
In this subsection the goal is to prove|l.1.6|using|1.2.5|proved in the previous

section, and the technique will be in substance trivial, imposing for a certain
h:

nf=,m A n"<h A m<h. (1.5)

For this purpose one can notice that, working in Z[v/a? — 1] and so defining
€a =0a+Va?—1, could be interpreted as

The function ¢ : N x Noy — Z[Va? — 1] 5. t. e(k,a) = ¢," is diophantine.

In particular, for reaching one has to replace in a diophantine way ¢,
with a generic n € N, and for this aim one has to build a system of equations
which will then include the ones (I-VIII) of the previous section.
Furthermore, supposing one can replace n in the reasoning then:

nF = e, = zr(a) + ye(a) - Va2 — 1 =, _, mi(a) + ye(a) - (n — a).

And noticing NQ(M)/Q(GQ —n) = 2an — n? — 1, applying the norm to the
equivalence one should reach the next result:

Lemma 1.3.1. z3(a) + yr(a) - (n — a) Zgan_n2_1 n*.
Proof. Trivial induction using wi. & . O

Thanks to|1.3.1} one can choose in the natural i = 2an—n?*—1, so that
the system will need to include the condition zy(a) 4+ yx(a) - (n—a) =san_n2_1
m, equivalently:

IX: (z+y(n—a)—m)* = f* (2an — n* — 1)*

But then one has to try to impose m < 2an —n? — 1 & n* < 2an — n? — 1,
but the first one is itself diophantine, so:

X:m<2an—n>—1

For the second condition n* < 2an — n? — 1 one has to notice that in the

updated system (I-X) one has as free variables just a,k, but k needs to
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be generic in this new system so as for n, while the choice of a can be
manipulated in such a way to obtain the desired bound.
In particular, thanks to v. & wi. one can try to impose:

a>— (w1 =1

So that, it holds a = z;(w) > w’.

But it was seen a way to bound the index: indeed, by |1.2.12| one has ¢ =

Yj =w—1 J, so that imposing the diophantine condition w — 1 | ¢, it must

happen w — 1| j, in particular w — 1 < j, so that the bound would be:
a=z;(w) >w >w""!

Then one can conclude imposing the diophantine conditions w > n & w—1 >

k., so that we have obtained the bound a > n*, which reaches to the claimed
bound thanks to next lemma:

Lemma 1.3.2. a >n* — 2an—n?2—1>nk

Proof. Defining g(n) = 2an —n* — 1, one can notice that it is an increasing
function in the region a > n* > n by ¢(n) = 2a — 2n > 0, then since
g(1) = 2a — 2 > a, then the claim follows by monotony being g(n) > a Vn :
a > nk. O

Recollecting all the previous ideas, finally the more precise statement of
[1.1.6] is reachable:

Theorem 1.3.3. Let (m,n, k) € N3: m =n* <= S can be satisfied in N,
where

I:z?—(a®>—1)y*=1

11 :y>k

IIT:u?— (a> =12 =1

IV 2= (=12 =1

Vis=,z

VI:y?|v

VII: k=gt

VIII :b=41 N b=, a
IX:(x+yn—a)—m)*>=f?-(2an —n® —1)?
X:m<2an—n?—1
XI:a*>—(w?—=1)-(w—1)2-22=1
XIT:w>n AN w—-1>k
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Proof. ( <= ): by the solvability of (I-VIII) and thanks to [1.2.13] it must
happen that z = zx(a) & y = yi(a).
By IX and

m =oqn n2_1T+y-(n—a)=2xx(a)+yr(a) (n—a) =san_n2_1 n”

Also, X implies m < 2an —n? — 1, so that for the thesis is sufficient to check
n* < 2an —n? — 1.

But as seen before, from XI and v. a = z;(w) > w’, and by
one has 0 =,_; (w— 1)z = y; =,_1 j, which means w — 1 | j, in particular
w — 1 < 7, so that finally thanks to XII the bound would be:

and bythis implies 2an—n?—1 > n*, which combined with 2an—n?—1 >
m and M =44,_n2_1 nF necessarily leads to m = n* as desired.

(= ): given (m,n,k) € N3 such that m = n*, one can choose w > n and
w > k to satisfy XII, then define a = z,,_1(w) and ¢ = y,,_1(w), so that by
¢ = Yp_1(w) =p_1 w—1=,_1 0, so that one can also define z such
that ¢ = (w — 1) - z to satisfy XI.

In particular, with the same reasoning as in the previous implication one
obtains again a > nF, which by implies 2an — n? —1 > nf = m to
obtain X.

Then set = zx(a) and y = yx(a), by one has:

z4+y-(n—a)=axila) +ye(a)  (n—a) Zggnp2—1 " =m

so that one can find an f to satisfy IX.
Finally, having set x = xx(a), I-VIII are satisfiable by|1.2.13 O

1.4 Binomial and Factorial are Diophantine

The result reached in the previous section, has the task to prove that
as much sets as possible are diophantine, as shown later in

To see the power of[1.1.6] the aim is now to show that the binomial function
((n, k) — (Z)) and the factorial function (n +— n!) are diophantine.

Remark 1.4.1. The floor function is diophantine:

C:{ZJ < c¢-b<a<(c+1)-b
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Remark 1.4.2. For any u > 2"

] =2 0= )

Indeed, & — A (") u*~* but by the binomial theorem:

uk i

k-1 k-1
Z <n)u2k <ut. Z (n) <ult.2"<1
=0 \* =0 \*

Theorem 1.4.3. b(n, k) = (Z) is diophantine.

Proof. One has:

mz(Z) < Ju:u>2" N m<u A {MJ =, m

uk

Indeed, u > 2" is a diophantine expression by |1.1.6] so as m < w, but also
{MJ =, m is diophantine thanks to|1.4.1}

uk

By the binomial theorem it implies u > 2" = (1+1)" = >}, (Z) > (Z) V1 <

k < n, but also m < u, and by [1.4.2 (Z) =, V“zf;)w =, m, so it must be

__(n
m—k.

For the other direction just u = 2" + 1 is sufficient. O

Lemma 1.4.4. r > (2n)""™! = n! = V%J

@

Proof.
r" r" . n! 1
= =n!
(:L) r(r—1)---(r—m+1) ( —%) (1—“;1)
:>n!§{)§n!~<1—n>
r r
-1 +oo k +o0 2
<Lfﬂ ZXXf>§Lﬂlzpk_1+”
r k=0 \" k=0
n k
2n " (n\[2n 2n X (n 2n
1+ = )1+ <14+=.om
() -0 T ) e
" 2n-n!-2" 2n - n" - 2" (2n)" !
=>(T)<n!—|—r<n!+r:n!+ . <nl+1
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Theorem 1.4.5. f(n) = n! is diophantine.

Proof. By[TAZ

m=n! < Ha,b,r:m:{ZJ ANa=r1r" A b:<r> A 7> (2n)"H!
n

which are all diophantine expression thanks to[1.4.2|& [1.1.6]|& [1.4.3] O

Corollary 1.4.6. P = {p € N : p prime} is diophantine.

Proof. By Wilson’s Theorem P = {n € N : (n — 1)! =, —1} which is a
diophantine expression thanks tom O

1.5 Recursive Functions

In last part of the chapter, using the powerful tool obtained in the previous
sections, namely the diophantinity of the exponential function, the goal is to
prove that the set of diophantine sets (or functions) coincides with the one
of recursive sets (or functions respectively), which was once known as Davis’
Conjecture, thanks to which it is pretty clear the undecidability of Hilberth’s
Tenth Problem.

First of all, the notion of Recursive Function will be developed, being fun-
damental during the whole discussion.

Definition 1.5.1. For f,g € Homge(N"*' N) define the minimalization
of fand g as h(xy,...,x,) = ming(f(z1,...,2Tn,y) = g(z1,...,2,,y)) if de-
fined everywhere.

For f € Homgu(N",N) and g € Homge(N"2 N) define the primitive
recursion of g based on f as

Mz, ... xn, 1) = f(z1,...,2,)

Ry, ... et +1) = g(t,h(z1, ... 20, 1), 21, ..., Tp)

For a subset S C U,,eny Homse: (N, N), it will be denoted S = S if S is closed
under composition, minimalization and primitive recursion.
Defining few elementary functions:

clx)=1, s(x)=x+1, 7 (x1,...,2,) = @;
A Recursive Function is an element of the following set:

R=[5

SeF
F={SC |J Homg(N",N) : ¢,s,m' € SVi,ne N A S =5}

neN
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The main result of this first section is the following theorem:
Theorem 1.5.2. f € U,eny Homge:(N",N) @ f diophantine <= recursive.
Two easy but useful lemma to start investigating recursive functions:
Lemma 1.5.3. P(xy,...,x,) € N[xy,...,x,] is recursive.

Proof. fi(x,y) = x + y is recursive thanks to primitive recursion applied to
the elementary functions:

iz, 1) =s(x), filz,y+1) =gy, filz,y),2) st. g=som)

fa(x,y) = x -y is recursive thanks to primitive recursion applied to the
elementary functions and to fi:

fa(z, 1) = mi(2), folw,y +1) = g(y, fala,y),2) s.t. g = fro0 (73, 73)
Finally, hy(x) = k constant function is recursive thanks to induction and fi:
ha(z) = () recursive, hip(w) = fi(hi(x), o))

The claim follows from finitely many compositions of fi, fo and hy : k €
N. O

Lemma 1.5.4. For a,b € N, define by Euclid’s Algorithm q,r : a = gb+r
with 0 < r < b, then the functions q(a,b) = q and r(a,b) = r are recursive.

Proof. Defining the recursive functions Z(0) = 1, Z(x + 1) = 0, pred(0) =
0, pred(z+1) = x = 7} () and sub(z,0) = z, sub(z,y+1) = pred(sub(z,y)),
then one can define as a recursive function

_Jlifz<y
O(z,0) = Z(z), O(z,y + 1) = O(pred(z),y)
In particular, ¢(a,b) = miny(©O(((¢ + 1)b), a) = 0) recursive.
Finally, r(a, b) = sub(a, q(a,b) - b). O

For the easier implication ( = ) of the key ingredient will be the
Sequence Number Theorem, but first one needs the following result called
Cantor's Pairing Function Theorem:

Theorem 1.5.5. 3P € Homgy(N? N), L, R € Homge(N,N) diophantine
and recursive functions such that:
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o Va,y e N: L(P(z,y)) =2 N R(P(x,y)) =y.
o V2eN:P(L(2),R(2) =2 N L(z) <z N R(z2) < z.
Proof. Let

T(n):éi:nm;l)

which is an increasing function in the variable n, so that Vz € Nt3ln, €
N:T(n,) < z <T(n,+ 1), so there is a unique representation of positive
integers as z = T'(n,) + y., 0 <y, < n, + 1, equivalently there is a unique

representation z = T'(z, + y, — 2) + ¥, defining =, = n, — y, + 2, so that one
can define the desired functions:

L(Z):xm R(Z):yZ7 P(:E,y):T(ZE+y—2)+y

which trivially satisfy the desired conditions.

Finally, being P a polynomial with positive coefficients, it is then recursive
by |1.5.3] for recursivity of R and L:

R(z) = min, (H |P(2,y) — 2| = 0)

=0

y=0

L(z) = min, <ﬁ|P($,y) —z| = 0)

Finally one is able to prove the Sequence Number Theorem:

Theorem 1.5.6. 35 € Homgs.(N? N) diophantine and recursive function
such that:

e VieN:S(i,u) <u
e Yne N V(ay,...,a,) EN", Fu e N s.t. Vie {1,...,n}:S(,u) =q
Proof. By Euclid’s Algorithm one can define ¢(i,u), S(i,u) such that
L(u) = q(i,u)[1 + iR(u)] + S(i,u)

so that one has the first property S(i,u) < L(u) < u by
The diophantinity of S(i,u) is clear by I's = {(w,,n) € N® s.t. (x,y, z,v) €
N* . Qu,z,y) = H(z,w,z2,i,y) = K(i,y,w,v) = 0}, with Q(u,z,y) =
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2u—(z+y—2)(x+y—1)—2y, H(z,w,z14,y) = —w— 2z(1 +iy) and
K(i,y,w,0) =1—1iy —w—v+ 1.

Finally, for ai,...,a, € N, choosing y > max{a; : i € {1,...,n}} such
that k | y Yk € {1,...,n}, so that {1 +ky : k € {1,...,n}} are pairwise
coprime numbers: indeed if d | 1 +iy A d |1+ jy for 1 <i < j <mn, then
d| [j(1+iy) —i(l+ jy)] = j — i, in particular d < n, so that d | y, but by
hypothesis also d | 1 + iy, so that d = 1.

In particular, by the Chinese Remainder Theorem dz € N: 2 =144, a; Vi €
{1,...,n}, so choosing u = P(z,y), one has x = L(u), y = R(u), so that
L(u) =14ir(w) @ and by definition it follows S(i,u) = a;.

Finally, S is recursive thanks to being the remainder of recursive func-
tions. [

Thanks to this result, it is now possible to prove the easier implication
(=) of[[53

Proof. Let P(x1,...,%n,y,t1,...,ty) the polynomial that vanishes for a cer-
tain (t1,...,tm) € N <= y = f(z1,...,x,), being f diophantine.

Then, one may express this vanishing as an equality between polynomials
with non negative coefficients:

Q(z1,. Ty Yy t1, oy t) = R(x1, oo T, Yy by, oo )

By one can codify for a certain u € N the sequence y = S(1,u),t; =
S+ 1,u):1<i<m,so that:

flxy, ... xy) = S(1L,min,(Q(z1, ..., z,, S(1,u),S(2,u),...,S(m+ 1,u) =
= R(xy1,...,2,,5(1,u),S(2,u),...,S(m+ 1,u))))

1.6 Bounded Quantifiers

In this section, the main goal is to prove a general theorem on diophantine
sets which will be proved thanks to the diophantinity of the exponential and
that will be used to prove the less trivial implication ( <=) of

First of all, the statement of the main result of the section:

Theorem 1.6.1. VP € N[zy,..., Zy1mi2]| the following set is diophantine:

S={(z1,...,2,) e N": (VK)<, 3(y1, -, Ym) : P(y, k.21, ..., Ty Y1y -y Ym) = 0}

The importance of this result can be seen in a simple example:
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Example 1.6.2. P = {p € N : p prime} is diophantine as corollary of
Wilson’s Theorem and the diophantinity of the factorial function as shown

in|1.4.6) but one can see it immediately thanks to|1.6.1}

P={zeN:x>1ANVMy,2)<;ly-2<axVy-z>xVy=1Vz=1]}

Usingit is now easy to see (<) of

Proof. Let D the set of diophantine functions, then clearly c¢(z) = 1, s(z) =
r+1, ¢*(x1,...,2,) = x; € D, so that it is sufficient to check D = D by
minimality of recursive functions.

Composition: let f(y1,...,Ym), 91(1, ..., &n), ., gm(z1, ..., x,) be diophan-

tine functions, h(xy,...,2z,) = f(g1(x1, ... 2n), ..oy gm(T1, ..., 2,)) is dio-
phantine cause finite intersections of diophantine sets are still diophantine.
Minimalization: let h(x1,...,x,) = min,(f(x1,..., %0, y) = g(z1,..., 20, 7))

for f, g diophantine functions, then:

y:h(.ﬂ?l,...,.fn) <~ ¢1A¢2
where:
or=3z:2=f(z1,...,¢20,y) N2 =9g(T1,...,Tpn,Y)
po=Vt)y(t =1y V(Fu,v:u= f(x1,...,2,,1)
ANv=g(x1,...;T5,t) AN(u<vVu>v)))

With ¢; diophantine formula and ¢, diophantine formula too thanks to[1.6.1]
so that h is diophantine.
Primitive recursion: let h(zq,...,2,,1) = f(x1,...,2,) and h(xq, ..., T, t+
1) =g(t,h(xq,..., 20, t),21,...,2,) for f, g diophantine functions, then using
1.5.6

y=nh(z,...,2,,1) <= Ju:o1(u) A pa(u) A p3(u)
where:

O1(u)=TFv:v=f(xy,...,20,y) ANv=5(1,u)
Pa(u) = (V2)<t(z =t V(Iv:v=8(z+1u)ANv=g(z,5(z,u),x1,...,2,,1)))
o3(u) =y = S(t,u)
All diophantine formulas thanks to|1.5.6|and [1.6.1} O

For the proof of first a lemma generalizing both exponential and
factorial diophantinity is needed:

Lemma 1.6.3. h(a,b,y) =I1/_,(a + bk) is a diophantine function.
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Proof. The idea is to find M(a,b,y), f(a,b,y) diophantine functions such
that 0 < h(a,b,y) < M(a,b,y) A (b, M(a,b,y)) = 1 so that 3¢ = q(a) :
qb =ni(ap,y) @, and finally aiming for h(a,b,y) =n(apy) f(a;0,y).

In particular, a trivial bound is h(a, b, y) < (a+by)Y, but to impose the second
condition one might choose M (a,b,y) = b(a+by)Y+1 (trivially diophantine),
then:

Y |
h(a,b,y) Znrasay) H bg + bk — v ;y)- = byy!<q Z y)

and in the previous chapter it was established the diophantinity of a function
such as f(a,b,y) = b¥y! ( )ﬂ’) ]

To prove|1.6.1|one can notice that, taken yik), ..., Ym(k) solution associ-

ated to each k& < y, then defining u = maw{ygk) 1 <i<m,1<k<y}
one may suppose those solutions to be bounded too, so that the goal is to
find an equivalent expression which get rid of multiple solutions, so that it

is natural to find a uniform bound 0 < |P(y, k,z1, ... ,xn,y§k), Ly <

Qy,u,xq,...,x,) Vk < y.
Then, to impose the vanishing of P on those m—tuples dependln% on k could
%

be expressed as a divisibility condition oy, | P(y, k,x1, .. mn,yl T
combined with a bound 0 < |P(y, k, z1, .. xn,yik), oy < ap VE <y,
in particular it is sufficient to ask for Q(y, Uy Ty ey Tp) < g VE < y.

To do so, it is useful the diophantinity of the factorial, cause the following
fact holds: v prime, a | 1+d-Q! = @Q < a Vd € N*.

In particular, the second condition on those «y could be expressed for a suit-
able choice of dj, € Nt as oy | 1+dy - t, where t = Q(y, u, x1,...,2,)!, so that
the multiple divisibility conditions oy | P(y, k,x1,..., Ty, yﬁk), o, y%)) can
be expressed just as [T}_,(1+dx - t) | P(y, k,x1,. .. ,xn,yyc), - .,y%)) which
a diophantine condition thanks to|1.6.3

Now, to avoid this dependence on k for collecting those conditions all to-
gether it is just needed to manipulate the dividend, so that one may try to
replace the variables yl( ) with constants a; such that a; =144, + yl )k < yso
as of a constant c such that ¢ =144,.« k¥ Vk < y, thanks to which the condition
will transform as [[/_,; (1 +dg - t) | P(y, ¢, @1, .o, Tpy @1y e v oy Q).

To hope for something like that, the most natural way is to apply the Chinese
Remainder Theorem to the sequence {1+dg-t};_,, which leads to the natural
choice dy = k that should insure (1+i-¢t,1+j-¢t)=1V1<i<j<y.
Indeed, to find how to fulfill this coprimality suppose d | 1 +i -t Ad |
l+j-t = d|[j(l+i-t)—i(l+j-t))=j—i<y = d <y, so that
imposing y < Q(y,u,x1,...,x,) recalling that t = Q(y,u,xy,...,z,)!, then
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d <y = d|t, which combined withd | 1+i-tA1<i = d=1as
desired.

To sum up, the vanishing of P(y,k,z1,... Lz, (k)) VEk < y was

reduced to the existence of Q(y, u, x1,...,z,) such thaty < Q(y, u, z1,...,x,)
and 0 < |P(y, k,xq,. .. ,xn,y§k), Ly < Qy,uy .., 1) VE <y, to-
gether with the existence of a tuple ay, . . . , a,, satisfying the divisibility condi-
tions a; =14+ yz(k) Vk <yand [T}_;(1+k-t) | P(y,k,x1,...,Zn,a1,...,aQn).
So that, to conclude this reduction is just needed to observe the useful-
ness of the bound w on the solutions: indeed, one has 1 < y§’“)§“ and
Qy,u,x1,...,x,) < Q(y,u,x1,...,2,)! =t < 1+ kt Yk <y, so that adding
the trivial condition u < Q(y,u,x1,...,x,), one will have that yi(k) would be
the residue dividing a; by 1+ kt, so that the congruence conditions could be
resumed in [T{_,(1+k-t) [ [Tj;(a;i —j) V1 <0 <m.

In particular, it was intuitively deduced the following key lemma:

Lemma 1.6.4. Suppose IQ(y, u,x1,...,x,) S.1.

i 0 <|P(y,k,x1,. ., Tn, Y1y Ym)| < Qy,u, 1, ..., 2,) Yk < y Vy; <
u

0. y < Q(yvuaxla s 7xn)
. u < Q(y,u,x1,...,Ty,)

Then the existence of t,c,aq, ..., a, satisfying the system:

I:t=Q(y,u,x,...,x,)!

IT:1+ct =TT (1+kt)

IIT:1+ct| Ply,c,x1,. .., &n, Q1. .., Q)
IV :l+et |l (e —j) V1 <i<m

is equivalent to (Vk)<,3(y1, - Um)<u : P(U, K, 1, .o, Tn Y1y -+, Ym) = 0.

Proof. (=) :Vk <y, let oy be a prime divisor of 1+ kt, then by I it must
happen oy > Q(y, u, 1, ..., Zy,).

Define ygk) as the remainder a; =,, yi(k), then by IVV1I <i<mdl < j,i <u
such that a; =,, ji, but being 1 < yl(k) < apand 1 < ji < u and as one
knows u < Q(y,u, x1,...,x,) < ay it must be yi(k) =ji <.

Also, by IIVE <y :1+4+kt =, 1+ct =, 0 = kt =,, ct, but being ay
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prime and ay > Q(y,u, x1,...,2,) = (ag,t) = 1, so that ¢ =,, k, which
(k)

combined with the congruences a; =,, y;"’ leads to:

P(y>k>$17"'7xn7y§k)7"'7y£§)) Eak P(yacaxla"'7$n>a1>"'7am)

SO that by I 897 | P(yakaxh s 7$n7y§k)7 SR 7(7];))7 but also being yz(k) S u
one has 0 < |P(y,k, @1, ..., Tn, Y1y Ym)| < Qy,u,x1,...,2,) < Qg, SO
that P(y, k, 1, ... ,:cn,ygk), ..,y®)) =0 as desired.

(<) : define t = Q(y, u, 1, ..., x,)! satisfying L.

Then, the congruence [[}_,(1 + kt) =; 1 gives the definition of ¢ satisfying
II.

As remarked above, the numbers {1 4 kt : 1 < k < y} are pairwise coprime,

then by the Chinese Remainder Theorem V1 < i < m da; : a; =144+ yl-(k) VEk <
yand by 1+ kt | (14+ct)—(1+kt)=(c—k)t N (1+kt,t) =1 = c=14pt
k Yk <y, so that:
P(y,c, T, A am) =146t Py, kyx 2,y )y =0
) Cylly ooy bmy U1y oo oy Um ) =14kt Yy Ry 1y o5 Tns Y1 7y e o5 Y

Vk <y, so that III is satisfied too again by coprimality.
Finally, IV is given by a; =114 yz(k) Vk <y, coprimality and yz(k) < u. [

It is easy to check the existence of such polynomial Q(y,u,z1,...,x,)
satisfying the conditions of [1.6.4} which is the task of next lemma:

Lemma 1.6.5. VP(y,k,x1,..., 0, Y1, -, Ym) IQ(y, u, z1,...,T,) S.L.

i. 0 S ‘P(y>k>$la'"axnaylw"aym)‘ < Q(y7uax1a"'7wn) Vk S yvyl S
U

iy < Qy,u, T1,...,x,)
. u < Q(y,u,x1,...,Ty,)
Proof. Expressing P(y, k, X1, ..., Tn, Y1, Ym) = >r b, of terms of the form

t, = dy*kbaf .. xlyit . ysm ) then defining Q(y, u, 21, ..., 7,) = y +u +
Y, u, where u, = |djy*ttz? .. 29 u2is1 % the claim follows. O

Finally, it is a trivial remark that is just a corollary of :1.6.4 and
cause the expressions in [1.6.4]are all diophantine thanks to[1.6.3]
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1.7 Universal Diophantine Set and Recorsive
Sets

It is simple Set Theory the fact that N[z, : n € N] = U,enNlzo, ..., z,] is

countable, being countable union of countable sets (recalling that #A[z] =

#Pr(A) = #A for any set A thanks to the axiom of choice, where Pr(A) is

the set of finite subsets of A).

In particular, one could choose a way to enumerate those polynomials, let’s
fix it this way thanks to m

P =1, Py 1 = w1, Py = Pruy + Pray, Psiv1 = Prg) - Pr)

So that it is now possible to enumerate all the diophantine sets (of positive
integers, from which all the others could be built) of dimension one (contained
in N), in the following way:

D, ={xo € N:3(21,...,2,) € N: Py (@0, 21, ..., Tn) = Prn)(To, 1, ..., 20) }

which is well-defined on the number of variables being L(n), R(n) < n by

[L.5.5]

Also this definition leads to a Universal Set defined as:
U={(x,n)eN’:2€D,}

which next result shows to be diophantine too:

Theorem 1.7.1. U = {(z,n) € N*: z € D, } is diophantine.

Proof. The thesis, thanks to will follow from the claim: z € D,, <=
Fu s d1(u) A g2(u) A dz(u) A pa(u), where:

d1(u): S(L,u) =1AS2u) ==z
do(u) : (Vi)<p = (S(31,u) = S(L(i),u) + S(R(i),u))
d3(u) + (Vi)<pn 0 (S(30+1,u) = S(L(7),u) - S(R(i),u))
¢a(u) : S(L(n),u) = S(R(n), u))

Indeed, here the proof of the claim:
(= )LetzeD, = Fxy,...,2, €N:

pL(n)(xw%'la <o 7xn) = PR(n)(wala e 7$n)

In particular, using|1.5.6| one can find u € N such that S(i,u) = Pi(z, 21, ..., ,)
V1 <1 < 3n-+2, so that by definition of the enumeration the claim is checked.
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( <= ) Vice versa, defining z; = S(3¢ 4+ 2,u), then by induction it must
happen S(i,u) = Pi(z,x1,...,2,) V1 < i < 3n + 2, so that in partic-
ular by ¢4(u) one has Pryy(z,z1,...,2,) = S(L(n),u) = S(R(n),u)) =
Prny(x, 1, ..., 2,), which means x € D,. O

The previous result suggests a way to find an explicit non-diophantine
set:

Theorem 1.7.2. V ={n e N:n ¢ D,} is not diophantine.

Proof. By a Cantor argument, suppose by absurd V' diophantine, then by
Ji € N such that V' = D;, so that i € V' <= i ¢ V the contradiction.
m

The previous result will also naturally give a non recursive function:

Theorem 1.7.3. The function

| 1ifx¢ D,
9(”’”3)_{ 2if z €D,

s not diophantine.

Proof. Suppose by absurd g is diophantine, then let P(n,x,y,y1,...,Ym)
such that y = g(n,x) <= Jy1,...,Ym : P(n,2,9,91,...,Ym) = 0, then it
would be:

V={mneN:Jy,....yn: P(n,n, Ly, ..., ym) =0}
So that V' would be diophantine, contradicting |[1.7.2 O

Finally, to prove the unsolvability of Hilbert’s Tenth Problem, one has to
formalize the notion of algorithm needed to theoretically establish the solv-
ability of diophantine equations, and to do that the main point of reference
is the famous "Church-Turing Thesis":

Theorem 1.7.4. Every effectively calculable function is a computable func-
tion.

Indeed, it is known that recursive functions are a model of computation
for the theory of computability, so that they must incarnate the notion of
algorithm needed (for alternative models see Turing Machines or Lamba Cal-
culus).

In particular, supposing Hilbert’s Tenth Problem would be solved by a recur-
sive procedure h, then Vn € N let P, a polynomial associated to D,, (diophan-
tine set) so that D, = {z € N: Jy1, ..., Um@m) : Lo, Y1, - -, Ym(n)) = 0}, s0
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that h can be applied, Vn € N, to the polynomial P, to establish if z € D,
or not, which would make the function g(n,z) computable, i.e. recursive by

i.e. diophantine by [1.5.2] contradicting [1.7.3]

In particular, the main result of the chapter follows:
Theorem 1.7.5. Hilbert’s Tenth Problem is unsolvable.

As a corollary, it could be proved a strengthened version of Godel’s In-
completeness Theorem:

Corollary 1.7.6. Corresponding to any given axiomatization of number the-
ory, there is a Diophantine equation which has no positive integer solutions,
but such that this fact cannot be proved within the given azxiomatization

Finally, a theorem characterizing diophantine sets in an analogous way

to[L.5.2}

Definition 1.7.7. S C N" is called recursively enumerable if 3f (z, x1,. .., x,),
g(x,z1,...,x,) recursive functions such that:

S={(z1,...,z,) eN": 3z : f(x,21,...,2,) = g(x,21,...,2,)}
Theorem 1.7.8. S C N" is recursively enumerable <= it is diophantine.

Proof. ( <=): By being diophantine 3P(xy,...,Zpn, Y1, .., Ym) such that:

S={(x1,...,2,) e N": Iy1, ..., ym) E N P(z1,...,Z0, Y1, -, Ym) = 0}

In particular, the equation P(zq,...,Zn, Y1, ..,Ym) = 0 might be espressed
as Q(x1, .., Toy Y1y Ym) = T(x1, ..., Tp, Y1, - - -, Ym) for polynomials Q, T
with positive coeffients, which are recursive functions according to[1.5.3
Using then one can find a u € N such that S(i,u) = y; V1 <i <m, so
the claim follows with f(u,z1,...,2,) = Q(x1,..., 2T, S(1,u),...,S(m,u))
and g(u, x1,...,2,) =T (x1,...,2,,5(1,u),...,S(m,u)).

( = ): By being recursively enumerable 3f(z, x1,...,x,), g(x,z1,...,2,)
recursive functions such that:

S={(x1,...,2,) eN": 3z : f(x,21,...,2,) = g(x,21,...,7,)}
In particular:
S={(x1,...,2,) eN" 1A, 2: 2= f(x,21,...,20) N2 =g(x,21,...,2,)}

which is diophantine being f, g diophantine by ]



Chapter 2

The work of Denef, Lipshitz
and Pheidas

2.1 Generalizations of H10

Investigating the question of solvability of diophantine equation, right after
the answer of Matiyasevich to Hilbert’s tenth problem it was natural to try
to extend the result to other rings, starting from the most natural ones: the
rings of integers of number fields.

The classical case of Hilbert’s tenth problem was mainly focused on producing
as much diophantine subsets of Z as possible, so that finally it was sufficient
to describe them as the recursively enumerable subsets.

In this case, finding all the diophantine subsets of the ring of integers of
a number field will be just a corollary of establishing exactly one of those
subsets, which is indeed Z as shown in but first a lemma about general
properties of diophantine sets inside rings of integers of number fields:

Proposition 2.1.1. K C L number fields:
. S1,9 C O, diophantine = S1 N Sy, 51U Sy C O diophantine.
it. Op\ {0} C Op diophantine.
1i. 7. C Og and Og C Oy, diophantine —> 7Z C Oy, diophantine.
w. 7 C Oy, diophantine —> 7 C Ok diophantine.

Proof. i. S; diophantine through the polynomial P, S; through P, then
S1 U .S, is diophantine through P - Ps.

Let then f(z) = 2"+a1z" '+ - ~+ap € Z[z] with no roots in L (it exists being
L/Q finite), then S; NS, is diophantine through Pl +a; P} ' Py +- - -+ ao Py

30
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#. Since 1/2,1/3 ¢ Op then by the polynomial P(z,y,v) = zy — (2v —
1)(3v — 1), one has immediately:

S:={x €O :3y,veOy: P(x,y,v) =0} C O\ {0}

Also, supposing z € O \{0}, then by the decomposition of ideals in Dedekind
domains (x) = [17,p{" =pi'q with p; prime ideals and e;,n € N* since x # 0
and z € Oy,

Being pi' and g coprime ideals (trivially even in the limit case of g= 1) by
the Chinese remainder theorem Jv € Oy, : 3v =p1 1NA2v=¢1.

In particular, there are the ideals inclusions (3v — 1) C p{* and (20 — 1) C g,
which implies (3v—1)-(2v—1)) = Bv—1)-(2v —1) Cp{* -9 = (z), so that
JyeO zy=2v—-1)3v—1).

i17. By the hypothesis:

Z={x€0Ok:31,....Yn: P(x,y1,...,ym) =0}

Ok ={x€0p:32,...,2: Q(x,21,...,2) = 0}

Then again choosing f(z) = 2" + a;2" ' + - -+ + ag € Z[z] with no roots in
L (it exists being L/Q finite), then:

Z={xe€Or:3y,....Um 21, 2 €O : PP +a P" Q4 -+ayQ" =0}
iv. Supposing P(z,y1,...,Ymn) polynomial with coefficients in Oy, such that
Z={x€Op: 3y, ..,ym € Op : P(x,y1,...,Ym) = 0}, then since it is

known O = Okgw; + -+ + Ogw, with [L : K] = n, one could write the
unknowns y; = -7 @ jw; so that with the new polynomial:

Qz, 11, Typ) = R(2,D_ T1 W, .., Y T jw;)
i=1 i=1
where, recalling Homg(L,C) = {oy,...,0,}:

Ry, ym) = S0Py, )

So that R(x,y1,...,Ym) € Oklx,y1, ..., Yn), and in particular Q(z, 211, ..., Tmn) €

Oklz, 211, .., Tmn), then it follows:

Z={x€ Ok :3x11,....,Tmn € Ok : Q(x, 211, ..., Tmy) =0}
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Lemma 2.1.2. K number field: 7Z. C Ok diophantine =—> H10 over O is
unsolvable.

Proof. Suppose by absurd the existence of a recursive procedure h that is
able to test for any polynomial P € Ok|xy,...,Zn, 41, -, Ym) have solutions
in the y/s variables for any given z1,...,z, € Ok, for n,m € N arbitrary.
Then, since Z is diophantine, for a certain polynomial Py, € Oglx, y1, ...,y
one can describe it as:

Z={x€ 0Ok :3,....,uy € Or : Py(x,y1,...,y) =0}

Also, there must exist a polynomial Q = 2" +a,_ 12" '+ --+ag € Z[x] with
no roots in K, so that for any polynomial P € Z[zy,...,2n,Y1,-..,Ym| One
can apply h to the polynomial R = P"+a, P" 'Py+---+a, PP} ' +aoPy,
sothat R=0 <= P = P; =0 ( <= is obvious, for = by absurd R =0
and Pz # 0 (if P # 0 then it must also be Py # 0), so that dividing by P}
one will find P/Py as a solution for () in K which is absurd).

This way, one would find a procedure to check for any polynomial with inte-
gral coefficients if it has integral solutions or not, contradicting the classical
H10’s unsolvability. O

With the same strategy, restricting to the totally real case since it’s the
protagonist of the main seminar and makes completely natural the extension
of the definitio of recurively enumerable subsets, one can prove the analogue
characterization of the classical case:

Lemma 2.1.3. K totally real number field, Z C Ok diophantine:
S C Ok diophantine <= recursively enumerable.

Proof. (= ): Always true as in [1].

( < ): Let wq,...,w, be an integral basis of K over Q, in particular
one has O = Zwy + -+ + Zw,, then since S is recursively enumerable
Af(x,z1,...,2m), g(x, 21, ..., 2,) recursive functions such that:

S={(x1,...,2p) €Ok :x € O : f(x,21,...,2m) =g(T,T1,...,Tm)}

But one could write x = Z?:1 0jw; and x; = Z?:1 Aijw; for suitable A; ; € Z.
In particular, defining the new functions:

h(91, e ,‘gn, )\171, ey )\m,n) = f([L’, Z /\1,jwj’ ey Z )‘m,jwj)
i=1 j=1

]C((gl, e ,Qn, )\171, N )\mm) = g(l’, Z )\17]‘(4}]', ey Z /\m7]~w]~)
7j=1 j=1
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which are going to be on each coordinate a classical recursive function, mean-
ing diophantine by [1], so that each projection of S is diophantine in Z,
meaning diophantine in Ok too thanks to the hypothesis and the transitiv-
ity stated in 114., in particular S is diophantin in O since it’s described
as the solutions of the system of polynomials describing each coordinate of S

and the linear polynomial given from the integral basis, and the intersection
of diophantine sets is still diophantine by .. ]

Finally, another useful tool to prove H10 for rings of integers of numbers
fields is to make less restrictive the choice of the special subset one aims to
be diophantine, which from was just Z:

Lemma 2.1.4. K C L number fields: S C Oy, diophantine such that NT C
S COx = Ok C Oy, diophantine.

Proof. Choosing an integral base {w1,...,w,} of Ok, since N C S C O,
one could describe Ok as:

OK:{ZEOL2222)\1'0.11'3)\1‘65\/—)\1'65}

=1

which is diophantine in Oy, thanks to .. O

2.2 Quadratic number fields

The first and more natural case among all the number fields is the one of
quadratic rings Q(v/D) for D € Z square-free, which will be the main focus
of this section.

In particular, thanks to|2.1.2] and |2.1.4]it is sufficient to prove the following
lemma:

Lemma 2.2.1. D € Z square-free = 3 X finite system of diophantine
equations in variables t,x, ..., s such that:

i. (t,x,...,s) solution to ¥ in Q(vD) = teZ
i. k€ N\{0} = 3(t,z,...,s) solution to ¥ in Q(v/D) such that t = k*

Indeed, the set S = {t € Q(v/D) : %(t,z,...,s) = 0}, by definition a
diophantine set, will satisfy N> C S C Z (with N? the squares of natural
numbers), so that by Lagrange’s four-square theorem adding to > the equa-
tion (a? + b* + 2 + d?)?* = t (Actually a® = t is sufficient since Z* = N?)
it is immediate that N? is diophantine in A(D) := OQ( N trivially N is
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diophantine and so Z too as required by

To prove the main lemma for quadratic rings the strategy will vary
depending on the sign of D, so the real and imaginary cases will be sepa-
rated, but still following a similar approach again based on the particular
form of Pell’s equation that was protagonist of the proof of the classical
Hilbert’s tenth problem. Indeed, recovering the notation from the previous
chapter, here a useful property:

Lemma 2.2.2. a,n,k € N with a > 1: yn(a)’ =, (0! Yn(a)’ k>
Proof.

@)= <k> (@) yaa) - (@ - 1)

i=0, =21 \?

In particular yux(a) =, (3 ka,(a)" 'y, (a), so that Z’;’“—((;) =,.(a)? kap(a)",
which, by using the Pell’s equation in the form x,, (a)2 =,.()? 1, implies:
Ynk(a) 2 k—1
nk _ 2 2\F—4 __ 2
(yn(a) > St B @n(0)) =y @2 b

2.2.1 The Real case

For the real case one has D > 1 and the strategy will be based on next
lemma:

Lemma 2.2.3. A, B € N\ {0} such that A>—DB?* =1 A z,y € A(D) such
that 2> — (A2 - 1)y’ =1 = y? e N.

Proof. Clearly a > 1 and combining the two equations one obtains x? —

DB?*y? = (x —vVDBy)(z+ v DBy) = 1, so the unit u = x + DBy in A(D)

has inverse u~! = & — v/ DBy, in particular by squaring v — u~' = 2v/DBy:

w4+ w2 =4DB%? + 2

Noticing u™t = 41 it must be 4DB%*y*> + 2 € Z, so that y> € QN A(D) = Z,
but for D > 1 then y? € N. O

Remark 2.2.4. A useful remark is that in A(D) for D > 1 one could try to
imitate the following property of integers:

n,m,keN:0<nm<k ANn=m = n=m
Indeed, analogously one can state:

r,y,z € AD):x=,y N 0<z,y<z NO<ZT,y<zZ = z=y
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Proof. By abswrd ©# # vy =— x —y = zw with w # 0, in particular
[z—yllz—y| = |2Z[[N(w)|, but w # 0 = [N(w)| = 1, so that [z—y||z7—y[ =
|2Z| which is a contradiction with the assumptions. O

Finally, the proof of the real case:

Theorem 2.2.5. D € N\ {0,1}, A, B € N\ {0} such that A> — DB? =1,
defining ¥ as follows:

I:2?—(a®>—1)y*=1
IT:u?—(a®>— 1?2 =1
Y= IIT:0%— 9% =z
IV : t = w?
Vi —t=1+h*+¢+1r*+ s

Then the conclusion of|2.2.1| holds.

Proof. i. Let (t,z,...,s) € A(D) solution to X, by I and II and one
has y2,v? € N, in particular by v?/y? =2 t and so v?/y? =2 T, making
t =, t, but since by IVand V 0 < ¢, < y? one hast =1 by and so
t € Z and t > 0 implies ¢t € N as claimed.

ii. Supposing t = k? for k € N then IV is obviously satisfied.

By monotony on the index choosing n € N such that y,(A) > k and setting
r=2,(A),y = yn(A),u = z,1(A),v = Yo (A) then I and IT are also satisfied.
Finally, IIT can be satisfied thanks to and V thanks to Lagrange’s four-
square theorem since y, k € N and the choice y* — k* > 0. [

2.2.2 The Imaginary case

In this case, the previous strategy needs to be modified: with D < —1 square-
free no longer holds since there are no more non-trivial integral solution
to the Pell’s equation.

Next lemma is going to show a similar trick to to guarantee the inte-
grality using the characterization of the roots of unity in biquadratic fields:

Lemma 2.2.6. D < —1, define F' = A? — 1 where

L JtirD=-1v D=-3
| 3 otherwise

Then for x,y € A(D): 2> — Fy? =1 = y* € Z.
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Proof. 1 = 2> — Fi? = (z — VFy)(z + VFy), so u = x + V/Fy is a unit in
Q(VF,v/D), which has invariants r = 0 A 75 = 2 so that by Dirichlet’s
unit theorem one has 2 + v/ Fy = pn™ for p root of unity in Q(v'F,v/D),
fundamental unity and m € Z.

In particular, z—v/Fy = p~ '~ so that 4Fy>+2 = p?n*"+p~2n~2". Again,
from Dirichlet’s theorem one has also a fundamental unit € in Q(v/F), and
also a unit in Q(v/F,v/D) so it must happen € = pyn*, and recalling the
Galois group G /7 .vpy0 = {1,0p,0p,0r - op}, with op(v/F) = —V/F,
74(V/D) = VD. op(v/D) = —D. op(\'F) = VF:

€* = eop(e) = (prop(p1))(nop(n))* = p'e*

for certain p’ root of unity of Q(v/F) and e unity of Q(v/F), so being ¢
fundamental in Q(v/F) then one can express e = 4| so that finally € =
p'(£e* )% in particular from |e|? = |e|** it must happen k = £1 V k = £2.
Substituting n? = pye® in 4Fy? + 2 = p?n®™ + p~ 272

4Fy2 4 92 — p2p£n€mk + p—2p2—m€—mk — ng/m + p36/—m

For the choice of F' one has Ny /7,g)(€) = 1, so that op(e') = ¢! so

considering the imaginary parts of both sides since Im(¢’) = 0 and Im(p3 ') =
—Im(ps):
Im(4Fy* +2) = (€™ — op(e™)) Im(ps)

But y € A(D) implies Im(4Fy* +2) = qv/—D and ¢ € Q(/F) implies
(€™ —op(e™)) = @V'F, for q1,¢ € Q.
Since roots of unity in biquadratic imaginary fields could be just the ones
in the set U = {1, 44, (£1 £iv/3)/2, (£i £ v3)/2, (£v2 £iv/2)/2}, then
it must happen Im(ps) = ¢sv/S for g3 € Q and S € {0,1,3} (S # 2 since
F € {3,15}).
In particular, g;v/—D = ¢2q3/FS, imposing q; = ¢2q3 = 0 for the choices of
F, so that 4Fy* 4+ 2 € Q giving y* € QN A(D) = Z.

0

Remark 2.2.7. To imitate the strategy of|2.2.4] one can notice the alterna-
tive statement:

D< -1, te A(D),nmeZ:t=,n A NQ(\/E)/Q(t><m2/4 = teZ.

Proof. For certain u,v € Z one has t = n + (u + ivA/—D)m/2, so that it
follows Ng/p)/0(t) = (n+ um/2)? + |D|v*m?/4, so if by absurd v # 0, then
Nowpyo(t) = m?/4 which is a contradiction, in particular being v = 0 it
follows t € Z.

[l
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Theorem 2.2.8. D € Z with D < —1, F = A? — 1 where
A:{4sz:—1 Vv D=-3

3 otherwise

Then defining 3 as follows:

I:22—Fy?=1
IT:u?—Fv? =1

Y=< II]:v%—y’t = 2z
IV :ry+s(bh+2)=1
Viy=2tw

Then the conclusion of|2.2.1| holds.

Proof. i. Let (t,z,...,s) € A(D) solution to X, by I and II and one
has y?,v? € Z, in particular bva/y2 =t

Supposing by absurd y = 0, then IV implies s(5h + 2) = 1, being 5h + 2
a unity which having h € A(D) is impossible since it should be in the list
{£1, 44, (£1 £i/3)/2, (£i £ /3)/2}.

Thanks to V, Ny/5)/0(4*) = 16(Ngm)/0(1)* (Ng(vp)/(w))? and the com-
bined facts of y # 0 A y € Z give y* = Ny(p),0(y°) = 16Ny /p)0(t), in
particular Ny /5),0(t) < (y*)?/4 so that since y?,v*/y* € Z by 2.2.7|t € Z.
ii. Supposing t = k% for k € N\ {0} then choosing solutions X,Y € N with
Y # 0 such that X? — (F(2t)?)Y? = 1 and, seen that F = A? — 1, setting
r=2,(A),y = yn(A),u = zpx(A),v = yp(A),w =Y then I, Il and V are
satisfied and y # 0.

Finally, III can be satisfied thanks to and since y # 0 IV can be sat-
isfied for any number of the sequence {5h + 2}pen coprime to y (recalling
Dirichlet’s theorem on arithmetic progressions, infinitely many of them are
primes, so all of those except the prime divisors of y, which are finitely many,
will work).

O

In the end, putting all together:
Theorem 2.2.9. D € Z square-free:
i. 7, diophantine in OQ(\@).
1. S C (9@(@) .S diophantine <= recursively enumerable.

15. H10 is unsolvable for (9@(\/5).
Proof. 1. follows from |2.2.1] [2.2.5| and [2.2.8] then 4i. follows from 4. and

2.1.3| and 7. from 7. and

]
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2.3 Refinements to other rings of integers

A similar reasoning with a more accurate argument will lead to the general-
ization of the previous result:

Theorem 2.3.1. L number field satisfying one of the followings:
i. [L:Q]=2.
. [L:Q] =4, L not totally real and IK C L : [K : Q] = 2.
iii. K C L:[L: K] =2 and K totally real and Z diophantine in Of.
Then Z is diophantine in O,.
The main lemma on which the proof of is the following:

Lemma 2.3.2. L/K Galois extension of number fields, 3d € Or, \ {0} such
that:

i. v2 —dy? =1 has infinitely many solutions in Oy .

1. Je € NT:
(x +yVd)* — (z — yVd)
2V/d

Va,y € Oy satisfying % — dy* = 1.

ek

Then Ok diophantine over Oy,

For this purpose, two preliminary lemmas trying to generalize the tech-
nique used in|2.2.3|and |2.2.6}

Lemma 2.3.3. L/K Galois extension of number fields with [L : Q] = n:
£ € Op,z,w € Ok such that:

. &=, w.
i 2V (E+ 1) (E+n =1 2.
Then & € Ok.

Proof. If z =0, then £ = w € Ok.

Supposing z # 0, by ii. |Np(2"(§+7)")| < [Npje(2)| Vi € {0,...,n—1},
in particular [Nz ,g(€ + j)| < ¢ := [Npg(z/2")[Y/"(> 1 since z # 0).

In particular, for Homg(L,C) = {oy1,...,0,} one has [T\, (d:(§) + j) < ¢,
which by next remark implies |0;(£)| < 2"c = 1| Ny o(2)[V/" Vi € {1,...,n}.
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Remark 2.3.4. ay,...,a, € C,c € Rye > 1 : [[|a; +j] < V0O <5<
n—1= |a| <2"cV1<i<n

Furthermore, for any 7 € Gk : 7(§) = (): T(w) = w =, & and

oi(7(£)) < 3|Nzjo(2)|"", so that o;(& — 7(£)) < L[ Npg(2)|'/", in particular

£ =1(§), giving & € Ok.
]

Remark 2.3.5. L number field, ¢t € Op \ {0}, e € O unit = Im € N* :

t]em—em.

Indeed, for m := #(0r/(t))*, then ™ =, 1.

Lemma 2.3.6. L number field, e € Op unit, k € N odd:

b — ek _
1 —e—e1 k
€E—¢€
Proof.
k
€ —e”
k—2i—1
€
oS-y
But since € =._.-1 € !
k—1
kal:eelkekl
=0

But again €2 =._.-1 1, since k is odd €' =,_ 1 1.
]

Following again the strategy of the diophantinity of Ox over Oy,
will follow from next lemma:

Lemma 2.3.7. L/K Galois extension of number fields with d € Op \ {0}
and e € N\ {0} such that:

i. the equation x> — dy® = 1 has infinitely many solutions in Of,.

. (IJ’y\/&);—/g_y\/&)e €cKVr,yc Op:a?—dy*=1.
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Define 3 as follows:

I:a2?—dy>?=1
IT:u?—dv?* =1
III: » = (z+yVd)°—(z—yVd)*

2vd
Y=< IV:2#0

) _ (utvVd)*—(u—vVd)©
Vi:izw= vd

VI:w=,26+1
VIT: 2" (28 +1)". .. (26 +n)"| 2

Define S COp by € €S < dz,y,u,v,z,w € O satisfying X.
Then S C O, diophantine and N C S C Ok.

Proof. S C Op, diophantine since i. & 1. and hypothesis 7i..

Suppose first ¢ € S, then by hypothesis 4., I and III one has z € O, N K =
Ok, and with the same reasoning from II and V zw € Ok, but since 1V it
must be w € Ok too.

In particular, by VI and VII € € Ok by [2.3.3] so that S C Ok.
Furthermore, supposing ¢ € N, there must be found solutions in O to X.
First of all, choosing xy, yo € Oy, satisfying I such that € = 29+ yoV/d is not a
root, of unity (possible by hypothesis ¢. and L/Q finite), then € € O}, where
L' = L(V/4d).

By Im € N7 such that:

26 1) (26 +n)"2Vd | ™ — e

Defining z,y : © + yvV/d = €® A & —yv/d = e ™, then it must be z,y € Oy,
(if Vd ¢ L, then x = o(z) A y = o(y), where o(v/d) = —V/d), so that T is
satisfied.

Setting z = % I1I is satisfied, but also IV since € is not a root of unity,
and of course by the choice of m € N* VII holds.

Finally, defining u, v unique satisfying v + vvd = €™+t and v — vV/d =
e+ 1] is satisfied, and then setting w = eme(%;i:::zz(z&l), then w € Oy,

and clearly V is satisfied, but by VI is satisfied too which completes the

construction of a solution to ¥, in particular N C S. O]

Lemma 2.3.8. L number field, Uy, := O group of units of L, d € O, such
that I :== L(\/d) # L, defining:

VL:{m-I—y\/E:x,yGOL A 2? —dy? =1}

then Vi, < Up and rk(Ur) = rk(Up) — rk(Vy)
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Proof. Considering the restriction of the norm map = € Uy — Ny, /L(x) €
UL, then VL S KGT(NL’/L|UL/) S UL/.

Byone has [Ker(Npplu,,) : Vi) < +oo A [Up : Im(Npyylu,, )] < 400,
so that:

’l“k(VL) = ’f’k(K@T(NLI/L|UL,)) = Tk(UL/)—Tk([m(NL//L’UL,)) = Tk(UL/)—Tk(UL)
[

Remark 2.3.9. To prove the strategy will be the following: proving
for each case the existence of d € O, \ {0} and e € N\ {0} satisfying
so that there must exist such a diophantine subset S, so that Ox C Oy is
diophantine from m

Notice that the assumption of[2.3.7]of the extension being Galois is checked in
all of the cases since L/K is quadratic of char(K) # 2, so it must be Galois,
then the result follows from the transitivity of being diophantine stated in

Finally, according to the previous remark, the proof of
Case ii.: Let Homg(K,C) ={01,...,04,0n41,...,0%}, where {o1,...,04}
do not extend to embeddings of L into R and {op1,...,0%} extend to em-
beddings of L into R, then by hypothesis h > 1.
Choosing d € Ok such that o;(d) > 0 for 1 < i < h and o;(d) < 0 for
h+1<:<k.
Setting K' = K(v/d) and L' = L(v/d), then by Dirichlet theorem one has
rk(Ug) = k—1,7k(Ux) = k+h—1,7k(UL) = 2k—h—1 and rk(UL/) = 2k—1.
By [2.3.8|7k(Vi) = h and rk(Vy) = h, so that e := [V : Vi] < +oc.
Being h > 1 then 22 — dy? = 1 has infinitely many solutions in Oy, so i. is
satisfied.
Furthermore, Vz,y € Op, : 2> — dy?> = 1 one has (z £ yV/d)® € Vx C K/,

but the element (”y\/&);—/gﬂ_yﬂ)e is invariant under the automorphism v/d

—V/d, so it is in L, in particular it is in K’ N L = K as desired.

Case i.: If L is imaginary, then it follows from Case 7. with K = Q.

If L is real, then L = Q(v/d) for a certain d € N*, and by the classical Pell’s
equation with infinitely many solutions in Z, condition 7. of is satisfied.
The automorphism 7 : v/d — —+/d is such that 7(z+yv/d) = £(z4+yVd)"1 =
+(x —y+/d), so considering e = 2 the element (Hyﬁ);_gg_yﬂ)e is T-invariant,
in particular it is in Q, but also in Oy, then it must be in Z.

Case 7i.: If K is real then the claim follows from Case #7. and Case i..
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Supposing K imaginary, then Uk is finite by Dirichlet theorem, defining then
e := #Ug and choose d € Oy, : L = K(v/d), so that since rk(Vy) = rk(U.) >
1 condition 4. of[2.3.7]is satisfied.

Finally, condition 4. is satisfied being Ny /x(x + y\/c_i) € Uk, which by the
definition of e gives (z 4+ yvd)*r(x + yv/d)* = 1 with the automorphism
7:vVd— —V/d fixing K.

In particular, 7(x 4+ yv/d)¢ = (x + yv/d)~¢ = (z — y\/d)*, so that the element

(w+y\/g)e\_/(§_y\/g)e is 7-invariant, which means it is in K, but also in Oy, then

2
it must be in O.

Remark 2.3.10. This generalization of the method of the first section can-
not be improved since the conditions 7. and 4. of the main tool used (2.3.7)
can be both satisfied only with extension of number fields of the cases of

2.4 Totally real number fields

The main goal of the last section of the article will be the following theorem:

Theorem 2.4.1. Let K be a totally real number field: 7. C Ok is diophan-
tine.

For such purpose the strategy will follow ideas close to the ones for the
diophantinity of the exponential function, which will work thanks to the or-
der on R that will make possible using congruences and bounds to deduce
equalities.

To procede this way, next lemma is the key point and makes clear the as-
sumpion on the number field:

Lemma 2.4.2. K number field, o embedding of K into R: {x € Ok : o(x) >
0} diophantine.

Proof. Choosing ¢ € Ok : o(c) > 0AT(c) < 0V1 € Homg(K,C)\{o}, Vz €
Ok: o(x) >0 <= Tz, 71, 72,73, 74 € O : 19 # 0AT2x = 23+ 23 +22+ca?
by Hasse-Minkowski theorem on quadratic forms representation, and from
[2.1.1]4. and 4. the claim follows. O]

In particular, it turns out that to prove thanks to it is sufficient
to show the existence of a more generic diophantine subset S of O satisfying
next lemma:
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Lemma 2.4.3. K totally real number field, S C Ok diophantine such that
Nt C S CZ = Z C Ok diophantine.

Proof. Applying with the number fields extension K/Q (Og =7Z). O

Pell’s equation revisited

K number field, a € Ok, define 6(a) = va? — 1 and €(a) = a + 6(a).
Supposing 6(a) ¢ K, in analogy with the classical case define the sequences:

Tm(a) + ym(a)d(a) = (e(a))™

Lemma 2.4.4. K number field, a,b,c € Ok : 6(a),d(b) ¢ K, m,h,k,j € N,
then:

i. €(a) € Ok sy with e(a)™" =a—d(a).
ii. {(zm(a),ym(a)) :m e N} C{(x,y) € O% : 2% — (a®> — 1)y* = 1}.
e(@)m—e(a)™™

. Tp(a) = ““—5%—, ym(a) = 25(a)

. Trman(a) = rp(a)zr(a) + (@® — Dym(a)ye(a).

vi. yr(a) =y, a8 kon(a) " yn(a).

Vit Tyy1(a) = 2ax,(a) — Tpm-1(a), Ymi1(a) = 2aym(a) — ym-1(a).
Vit Ym(a) =q_1 m.

ir. a=.b = zp(a) = x,(0) N yml(a) = ym(b).

T Lo (@) Ze,@) —25(a).

zi. n € Og \ {0} = Im e NT 15| yn(a).

Proof. i.-iz. are equal to the classical case in Chapter I.
z.: Let m := #(Oks(a))/(2n0(a)))*, then €(a)™™ =a,5() 1, in particular one

has 7 | % = Ym(a). O
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Suppose for the rest of the section K totally real number field with the
real embeddings Homg(K,C) = {o1,...,0,}.
Suppose a € Ok such that:

oi(a) >2*" A oi(a)] <1/2Vi€ {2,...,n} (%)

so that a ¢ Z and §(a) ¢ K, define L = K(d(a)) with the embeddings
Homg(L,C) ={0;1,0:2 1€ {1,...,n}}.

In particular, one has 0;1(0(a)) = £4/0;(a)? — 1 and 0,2(6(a)) = —0;1(d(a)),
so for the assumptions on a, 0,1 and oy 2 are the only real embeddings of L.
Choosing 071 such that 0 < o11(0(a)) = +4/0i(a)? — 1, one can identify L
as a subfield of R through this automorphism, and similarly for K with o.
Next lemma will show trivial bounds that will help to reach the desired
bounds similar to the one of

Lemma 2.4.5. K totally real number field, a € Ok satisfying[+] then ¥Ym €
Nt Vie{2,...,n},Vj € {1,2}:

i. a)2 < 8(a) < a, 01;(6(a)) € V=IR, 1/2 < |0:;(8(a))| < 1.
ii. a < e(a) < 2a, |oi(e(a))| = 1.
iii. €(a)™/4a < ym(a) < e(@)™/a, |oi(ym(a))] < 2.
. €(a)™/2 < zm(a) < (@)™, |oi(zm(a))| < 1.

Proof. i.: since a = o(a) > 22" > 16 > 2/4/3, then a/2 < §(a) < a is
obvious.

Since ¢ > 2, 0;; is not a real embedding, but being K totally real and
L = K(6(a)), then it must be o, ;(6(a)) ¢ R, but d(a) must then be purely
imaginary and so o, ;(6(a)) € v/—1R.

Finally, from 0 < |o;(a)| < 1/2 one obtains —1/2 < o;(a) < 1/2, so that
0 < 0;(a)? < 1/4, equivalently —1 < 0y(a)* — 1 < —3/4.

In particular, from 3/4 < |o;(a)? — 1] < 1, one finally reaches the claim:

1/2 < V3/2 < \floi(@)? — 1] = |o,(5(a))] < 1

it.: By the previous 0 < a/2 < d(a) < a one has a < a+ d(a) = €(a) <
a+a=2a.

Furthermore, |0, j(€(a))| = |(0i(a) £ \/@'(@Tl)(ai(a) F \/m)‘ =1L

iii.: thanks to(2.4.4{ . ymn(a) = W, but since a/2 < 0(a) < a, it

holds 76(@”1;;(“)4” < Ym(a) < e(a)m_;(a)fm < G(ZW.

But 16 < a < €(a), in particular ¢(a)*™ > 2, which means ¢(a)™/2 > €(a)™™,
so that e(a)™ — €(a)™™ > €(a)™/2, which also imply the other inequality.
.: Similar as 7. ]
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Finally, the purpose of is clarified from next lemma: it will show that
in this particular case the same property of the classical case holds, namely
that all the solutions to the Pell’s equation z? — (a*> — 1)y = 1 are of the
form (£x,,(a), £ym(a)), so generated by the solution (a, 1):

Lemma 2.4.6. K totally real number field, a € Ok Satisfying then:
{(5,9) € O% +a* — (a® = )y = 1} = {(£0m(a), £ym(0)) : m € N}
Proof. Let Uk := O} and Uy, := Oj, define:
S:={r+da)y:z,y€ O N 2°+ (a®—1)y* =1}

then S C Ker := Ker(Ny/k|u, : Ur = Uk).
Also Uz C Im :=Im(Ny/k|u, : UL = Ug) C Uk and [Uk : Im] < 400, so
that 1 < 7rk(S) < rk(Uy) —rk(Ugx) =n — (n — 1) = 1 by Dirichlet theorem
and € € S.
But S C R, so that S;,, = {£1}, so choosing €y = x¢+ d(a)yo generator such
that g > 1, de € N:e = ¢j.
In particular, since yo = (o — €5 ') /25(a), one has 26(a) | (¢p — € '), which
implies:

|N/o(26(a))] < [Nijgleo — e )

By explicit computation:

1N 28(a)] = 29 s(a)(~(a)) [T [T (o, 0001)

j=14=2
Being [L : Q] = 2n and using|2.4.5|.:
INL/g(20(a))| > 2%6(a)*(1/2)" 7 > @

Furthermore:

2 n
(0 — € ) (e —€0) [T I (0u(e0) = ai(e0)™)

j=1i=2

[Nl — €)=

which by 7. implies:
|NL/Q(€0 _ 661)| < (60 o 661)2227172 < 63227172

and recollecting all together a? < €22*"2 5o supposing by absurd e # 1, then
€ > €2, but since 2a > ¢ by 0., then one has a < 2?71 contradlctlng

O
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Furthermore, || is important cause, as seen in the previous lemma, it
guarantees many properties of the Pell’s equation over Z, and it is the case
also for the main one that is used to control in a diophantine way the indexes
of the canonical solutions (£x,,(a), £ym(a)):

Lemma 2.4.7. K totally real number field, a € Ok satisfying[x] h,m € N
such that |o;(yn(a))| > 1/2 Vi € {2,...,n}, then:

i. yn(a) | ym(a) <= h|m.
ii. yn(a)?* | ym(a) == hyn(a) | m.

Proof. i.: (<= is given by v..
( = ): by absurd suppose h { m so that m = gh + k for certain ¢,k € N
such that 0 < k < h.

From . ym(a) = zg(a)ygn(a) + zg(a)ye(a), but by v. yn(a)

yqn(a), so that thanks to the hypothesis it must be y(a) | z4n(a)yx(a).
Since zg(a)? — (a* — 1)ygn(a)?* = 1, one has (z44(a), ygn(a)) = 1, which also
gives (zqn(a),yn(a)) = 1, in particular y(a) | yx(a) and so:

INLo(yn(a))] < INLo(yk(a))l
but, by explicit computation using the hypothesis |o;(yx(a))| > 1/2 and

101.:

INLo(yn(@)] = [yn(a |H|az (yn(a |>|yh<a>|<1/2>”‘1>efi (i)

and similarly:

INLo(yk(a)] = lyk(a IH\myk N < ye(a)|2"! <

and recollecting all the inequalities one obtains e(a)"~* < 22" in particular
being k < h: a < € < "% < 22" contradicting [+]

ii.: by yn(a)? | ym(a) and i. one has h | m, so that m = hk.

In particular, by Elm'.: Ym(a) = yne(a) =y, ()2 kzn(a)*'yn(a), which gives
0 =y, (a2 kzn(a)*yn(a), so that yu(a) | kza(a)*, and by (z1(a), ya(a)) = 1,
it must be ypn(a) | k. O

Again another property that is inherited thanks to

Lemma 2.4.8. K totally real number field, a € Ok satz'sfyz’ng k,7 €N,
m € N such that |o;(zp(a))| > 1/2 Vi € {2,...,n}, then:

rp(a) =40 Txi(a) = k=, £
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Proof. By Euclid’s algorithm k& = 2mq4ky and 7 = 2mh=+j, with q, h, ko, Jo €
N and kg, jo < m.

Byx. 1(0) =4,.(a) Tho(a) and xj(a) =4, () T, (a), so without loss of
generality one may suppose 1 < k,7 < m.

In this case, from z(a) =,,, ) £x;(a) it will follow xx(a) = £2;(a), sup-
posing not, one notices x,,(a) | xx(a) £ x;(a) so that |Npg(zm(a))| <
[Npjg(an(a) £ x;(a))l-

Furthermore, one may suppose z;(a) > x;(a), so by explicit computation
using the hypothesis |o(2m(a))] > 1/2 Vi € {2,...,n} and [2.4.5] iv.:

n

[Nijo(@m(a))] = zm(a) I:IQ\Ui(fUm(a))l > T (a)(1/2)"7" > €e(a)™(1/2)"
and similarly:

n

[Nrjo(zk(a) £ z(a))| < (zi(a) £ z5(a)) g(\ai(xk(a))l + |oi(z;(a)))
so that:
INLjo(zr(a) £ x5(a))] < 2z(a)2" " < e(a)*2"

which recollecting all the inequalities leads to €™ % < 22" in particular from
ii. a™ % < 227 but by[#]it must be m = k.

In particular, the congruence is translated in x,,(a) | z;(a), and with the
exact same reasoning this leads to a™ 7/ < 2", and for j # m = k this is
contradicting so that it must happen zy(a) = £x;(a) (if j = k then this
is obvious).

By vii. the sequence is increasing in indexes, so it must be k = j5. 0O

Finally, to use all the previous extensions of the classical properties of
the Pell’s equation 22 — (a®> — 1)y? = 1, one must find an algebraic integer
a € Ok satistying all those hypotheses starting from
For this purpose, first it will be recalled a theorem of Kronecker:

Theorem 2.4.9. 04,...,0,,1 Z-linearly independent, a,...,ar € R, N, € €
R*, then In,py,...,pr € Z such that n > N and |n€,, — pm — | < € Ym €

(1,....k}.

Reformulating Kronecker’s theorem in its multiplicative version with torus:
T=R/Z,e,k € N' 0= (v1,...,0.) € T : vy,...,v linearly indipendent in T

= {m-U:k|m} everywhere dense in T°

one has now the key tool to make|2.4.7|and |2.4.8|concretely useful, as claimed
in the following lemma:
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Lemma 2.4.10. K totally real number field, a € Ok Satisfying ke NT,
then 3m, h € kNT such that:

los(xm(a))| > 1/2 Wi € {2,... 0}

loi(yn(a))| > 1/2 Vie {2,...,n}

Proof. With multiplicative notation 7' = {z € C : |z| = 1}, setting the vector
v = (021(e(a)),...,on1(e(a))), by ii. one has v € T"!, and from
iii. one has oy(xm(a)) = 3(051(€(a))™ + 041(e(a))™™) Vi € {2,...,n} and
similarly o;(y,.(a)) > |(0;1(e(a))™ —0;1(e(a))™™)], so it is sufficient to check
Kronecker hypothesis of linear independence.

Indeed, supposing [}, 0;1(€(a))* = 1, let 7; automorphism of C such that
Tj0j1 = 01,1, then:

@ I oule(@)® = (1) =1

i=2,i#j
but thanks to ii. |oi1(e(a))] = 1, so it must be |e(a)®] = 1 too, in
particular a; = 0 and the desired independence is checked. O

In the exactly same way of the classical case in proving the diophantinity
of the exponential, one has the need to control as desired the choice of the
parameter a, in particular it is useful to combine the property iz. of
with the stability of satisfying|[+}

Lemma 2.4.11. K totally real number field, a € Ok satz’sfyz’ng and such
that |o;(a)] <1/8 Vi€ {2,...,n}, m € NT, then 3b € O such that:

. b E:cm(a) a.
7. b Eym(a) 1.

. b satisﬁes

Proof. Forany s € Ni. and 4. trivially holds with b = z,,,(a)*+a(1—z,,(a)?)
by using x,,(a)?* — (a* — 1)y,(a)* = 1.

Furthermore, by iv. one has x,,(a) > 1 and |o;(z,(a))| < 1 Vi €
{2,...,n}, so one could choose any s € N sufficiently large such that b > 22"
and also |o;(z,(a)?)| < 1/4Vi € {2,...,n}. O

Lemma 2.4.12. K number field, [K : Q] =n, Homg(K,C) = {o1,...,0,},
£,2€ Ok and z # 0:

e+ 1) (E -1 | 2 = o) < 1/2Npg(a)Vn Vi €
{1,....n}.
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Proof. Same as[2.3.3] O

Finally, recollecting all the pieces and following the already known system
with the right adjustments:

Theorem 2.4.13. K totally real number field, Homg(K,C) = {o1,...,0,},
a € Ok satisfying:

o1(a) > 2*" A |oi(a)| <1/8Vie{2,...,n} (%)
Define ¥ as follows:

I:2?2—(a*>-1)y*=1
IT:w?—(a®>—1)22=1

IIT :u? — (a®> = 1% =1
IV:s— (B -1t2 =1

V :o(b) > 2%

VI:|owb)] <1/2Vie{2,...,n}
VII:|oi(z)| > 1/2Vie{2,...,n}
VIII: |o;(u)| >1/2Vie{2,...,n}
IX 040

X:2%|v

XI:b=,1

XII:b=,a

XIII:s=,x

XIV :t=,¢
XVortien(e+)n . (E4+n—1)"] 2
XVI:2mtgr(z+1)". .. (z+n—1)" ]z

Define S C Og by £ € S <— € € O ANz, y,w,z,u,v,s,t,b € Ok
satisfying 3.
Then S C Ok diophantine and NT C S C Z.

Proof. Thanks to[2.1.1] ¢. & ii. and to[2.4.2].S C Ok is diophantine.

First it will be shown S C Z. Suppose first £ € S so that £ € Ok and
dx,y,w, z,u,v, s,t,b € O satisfying 3.

From [+ a satisfies [¢] from V and VI b satisfies [] too, in particular by
and [-II-ITI-1V Jk, h,m,j € N :
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s =dx;(b) ¢t =+y;(b)

In particular, from vitl. § =1 y;(b) = £t and by XI it holds j =, +t,
which combined with XIV leads to j =, ££.

Furthermore, by iz. and XII one has z;(a) =, z,;(b) = £s which com-
bined with XIII gives z;(a) =, £2 = fxx(a) so that from it must be

] =m tk.

But thanks to X 22 = yu(a)? | ym(a) = v and so from ii. one has

z = yp(a) | m, in particular it holds j =, +k, and so k =, +¢£.

One then notices that from XV and|2.4.10| one has |o;(£)| < 1/2|Ngq(z)[V/"

Vi € {1,...,n}, similarly from XVI and[2.4.10(k < |o;(2x(a))| < 1/2|Ng/g(z)[*/"
Vi e {1,...,n}, so that:

04(€ + B)[o3(€) + k| < | Nijo(=)[" Vi € {1,...,n}

giving finally |Ng/o(§ £ k) = [TiL, 0s(§ £ k)| < |Nkjg(2)|, which combined
with £ =, +£ leads to £ = +k € Z.

Then it will be shown N* C S. Suppose £ € NT, then the previous part of
the proof suggests to define k = &, x = x4 (a), y = yr(a) so that I is satisfied.
Defining n = 2"H¢n(E+ 1) ... (E+n—1D"2"(x+1D)"...(z +n —1)", by
zi. Jhg € N such that n | ys,(a), but then from dh € hoNT
such that |o;(yn(a))| > 1/2 Vi € {2,...,n}, and byz’. Yno (@) | yn(a) so
that setting z = yp(a) VII, XV and XVI are satisfied.

Setting naturally w = xp,(a) II is satisfied too.

Again using zi. Imgy € NT such that 22 | y,,(a) but then from
Im € moNT such that |o;(ym(a))| > 1/2 Vi € {2,...,n}, and by i
Ymo (@) | ym(a) so that setting u = z,,(a) and v = y,,(a) 11, VIII, IX and X
are satisfied.

By [2.4.11]thanks to [x*]3b € Ok satisfying V,VIL,XI and XII.

Finally, setting s = x(b), t = yx(b) IV is satisfied and thanks to XII and
iz. XIII is satisfied too.

From XI combined Withm'z'z'. XIV follows, in particular &, x, y, w, z,u, v, s,t,b €
Ok are a solution to X, so that £ € S. m

Finally, the proof of the main theorem is given combining [2.4.13
with [2.4.3]
In the end, putting all together:

Theorem 2.4.14. K totally real number field or quadratic extension of a
totally real number field:

i. Z diophantine in Of.

1. S C Og: S diophantine <= recursively enumerable.
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ii. H10 is unsolvable for Ok.

Proof. i. follows from |2.4.13| and |2.4.3| for the totally real case, and from
2.3.1|the other case, then 4. follows from 7. and and #. from 7. and
2.1.2 O

2.5 Pheidas strenghtened procedure

The main goal of the last section of the chapter will be the following theorem
due to Pheidas:

Theorem 2.5.1. Let K be a number field with exactly two non real embed-
dings: 7. C Ok 1is diophantine.

In particular, an immediate corollary:
Corollary 2.5.2. K number field with exactly two non real embeddings:
1. S C Ok: S diophantine <= recursively enumerable.

7. H10 is unsolvable for O.

Proof. i. follows from [2.5.1|and |2.1.3] and 4. from 7. and [

For such purpose the strategy will follow ideas close to the ones used by
Denef and Lipshitz, but here an immediate example of a class of such new
number fields:

Corollary 2.5.3. Let K = Q(d) where d ¢ Q and d® € Q, then Z C Ok is
diophantine.

Suppose for the rest of the section K number field with exactly two non
real embeddings, so that [K : Q] =n > 3and Homg(K,C) = {oy,...,0,-1,0,}
where o,,_1, 0, are the non real embeddings and o, is the canonical inclusion.
Noticing that the embedding ¢ := &, is non real, then it must be ¢ = 7,,_;.
In particular, there could be only two different cases: 0,_1(K) = 0,(K) or
On-1(K) # o,(K).

In the first case, by the Primitive Element theorem let b € K such that
K = Q(b), in particular 0,(K) = Q(c,(b)) so that thanks to the hypothesis
one trivially has [0, (K) : 0,(K) NR] = 2, where 0,,(K) is a non totally real
quadratic extension of the totally real number field o, (K) N R, in particular
by Denef-Lipshitz result Z C O,, (k) = 0,(Ok) is diophantine, so as well
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By the previous reasoning, it will be considered just the case o, 1(K) #
o, (K), and supposing a € Ok such that:

loi(a)| < 1/2*" Vie {1,...,n—2} (% % %)
so that a ¢ Z and 6(a) ¢ K, define L = K(d(a)) quadratic extension of K

with the embeddings Homqg(L,C) = {0;1,0:2:1 € {1,...,n}}.
In particular, one has 0;1(0(a)) = £4/0;(a)? — L and 0,2(d(a)) = —0;.1(6(a)).

Next lemma will play an analogous role as the trivial bounds in the path to
obtain Denef-Lipshitz result using the strenghtened bounds in

Lemma 2.5.4. [K : Q] = n > 3 number field, Homg(K,C) = {o1,...,0n-1,0,}

where 0y,_1, 0, are the unique non real embeddings, a € Ok satisfying [+ * |
then Vi e {1,...,n—2},Vj € {1,2}:

i 0 < |ow(a)] < 1/2, [on1(a)] = |om(a)] > 22,
ii. |0y,(e(a))] = 1.
iii. |on-1,j(€(a))| # 1, |on;(e(a))| # 1 and
maz(|on-1,1(e(a))], |on-12(e(a))]) = maz(|oy1(e(a))l, [on2(e(a))]) > 2

Proof. i. Since 0,1 = &, then |o,_1(a)| = | on(a)l.

Furthermore, being a # 0, then Ng/g(a) € Z \ {0}, so that [T}, 0i(a)| # 0,
in particular using [+  x|one has 0 < |o;(a)| < 1/2*".

Finally, from [[]}"; 0:(a)] > 1 and 0 < |oy(a)| < 1/2*", one immediately
obtains |o,_1(a) - o,(a)| = |o,(a)|?> > 29("=2) and being n > 3 then 4n(n —
2) > 4n, so that |o,_1(a)| = |o,(a)] > 2%

ii. |o;;(e(a))]* = |oi(a) + 0;;(6(a))|?, but since Vi € {1,...,n—2} : |oi(a) <
1|, then o, ;(6(a)) € iR, so that:

l05,5(e(@))|* = loi(a) + 0:;(0(a)[* = oi(a)” + |oi;(d(a))|* = 1
iii. From o, 1(e(a)) + op2(e(a)) = 20,(a) so that:
|on1(€(@))] + lonz(e(a))] = |onai(e(a)) + onz(e(a))| = [204(a)] = 27

Concluding by 2maz(|on-1,1(e(a))l, |on-1.2(6(a))]) = |on(e(a))| + |om2(e(a))]
and |o,| = |on_1]. O

Remark 2.5.5. Thanks to iii. one may suppose for the rest of the
section that |0, _11(€(a))] > 2% and |o,1(€(a))| > 22"
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Remark 2.5.6. Noticing that lim ¢(n), then it is well-defined:

n—oo

d = lem{ord(§) : £ € p(Q) Nord(€) < 2n}

Lemma 2.5.7. Let K number field with two non real embeddings, a satisfying
kx| 0(a) = Va2 — 1, d as in|2.5.6) defining the sets:

S={(z,y) € Ok : 2* — (® = 1)y* = 1}

Then RCT.

Proof. By Dirichlet’s theorem on units, K has n — 2 fundamental units, and,
being [L : K| = 2 and having L no real embeddings, L has n—1 fundamental
units.

Considering the set @ = {z 4+ yd(a) : (z,y) € S}, then since Yu € O3 :
Nk (u) = u?, the image of NL/K|OL\{0} has free rank at least n — 2, in

particular ) = Ker(NL/K‘O o Or \ {0} — Ok \ {0}) has at most free
L

rank 1,but €(a) € @ and torsion free, so that rank(Q) = 1.

Hence, there exists ¢g = x¢ + yod(a) € @ fundamental unit such that Vu €
Q:3J € w(Op) ANIm € Z :u = Je', in particular €(a) = Jyef for a certain
Jo € uOg, (so J§ =1) and e € Z\ {0} since €(a) ¢ u(Oy), and without loss of
generality one may suppose e > 0 (if necessary replacing the role of €y with
€).

By eo—€" = 2yo0(a), 20(a) | (0—€g "), 50 [N/ (20(a))| < [Np/x(eo—e5")|-
Furthermore, recalling o,,(a) = 0,,_1(a) and so 0,,_1(a)? — 1 = an,l(a)Q— 1=
o,(a)? — 1, and by explicit computation:

n—2

[I(oi(a)® = 1)llon(a)® — 1

i=1

N1o(26(a)) = 2" Nig(d(a)) = 2*"

So that:
Npjg(20(a)) > 22"(1 = 1/2%")" Yo, (a)® — 117 > 227(1/2%)" Yo, (a)® — 1)

Nr/q(20(a)) > 2Yon(a)® — 1* > 2%ow(a)* — 1| = 2°|o(a)|”

Also, noticing that it holds ¢,,_11(€y) = 0n—1(20) + 0n-1(Y0)0n-11((a)) and
On-12(€0) = 0n-1(20) — On-1(40)on-11((a)) = Un—1,1(€51)7 then:

lon—11(€0) —on-1,1(e¢ )| |on—1,2(€0) —On—1.2(€5 )| = |on_1,1(€0) —On-1,1(eg)[?
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and similarly for o, 1,0y, 2.
Furthermore:

(0j1(e0) — 051(601))* = 4(0j(a)? = 1)o;(yo)?

From the relation |0;1(€)|® = 0j1(e(a)) > 1Vj € {n—1,n}, then since e > 0
also 0j1(e0) > 1Vje{n—1,n}.
In particular, an explicit computation gives:

n

[T l(oij(e0) = 0ij(eg))l

i=1
=12

But by ii. |(0i5(€0) — oi(ea")] < (o (€0)| + loig(eg )| < 1+ 1 =
2 Vi€ {1, n— 2):

[Niyi(eo — e ) < 2" H(ona(eo) — onaleg )

Nk (o — €)=

Also
|1 (€0) — Tni(eg )I? = lomi(e0)? + onaleg)? — 2|
< opa(eo)” + |oni(eg )P —2 < 2(|on(e0) | + loni(eg)]?)
So that |(o,.1(€0) — ona(eg"))* < 4(|oni(e)|* + |oni(ep!)]?)?, and in par-

ticular with the same reasoning |(0,.1(€0) — oni(eg™))* < 8(|oma(e0)]* +
onalea)Y). 1 1

Hence, [Np/x(eo — )| < 2274 (ona(eo)|* + |oni(6)1) < 27| (eo)]!
since 0,1 (€g) > 1.

Finally, supposing by absurd that e > 4, then:

Nk (6o — € )| < 27 |ona(eo)|* < 22|01 (e(a))|
But:
loni(e(a) = a+d(a))| < loni(a)l +/loni(a)? — 1] < 4oy, 1(a)l

reaching finally | Nz k(ep—€5")| < 4|01 (a)|, but combining this with the pre-
vious bounds | Ny (20(a))| < |Np/r(eo—€; )| and Ny q(25(a)) > 22|, (a)|?,
it turns out 2%|o,(a)|* < 22"*2|0,, 1(a)|, equivalently |0, (a)| < 22" contradict-
ing i.

In particular, e < 3, so that supposing (x,y) € R, so that 37,7 € S :
r+yd(a) = (T +70(a))®, then Im € ZAJ € p(Or) : T+ yd(a) = Jeo,
in particular, since 7 =1, defining k = |6nd/e|, then k € N for e <
and so z + yd(a) = 5™ = ¢(a)**, so that = +a(a),y = Fyi(a), and
(x,y)eT. O
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Lemma 2.5.8. Let K number field with two non real embeddings, a satisfying
h,m € N such that |o;(yn(a))| > 1/2 Vi € {1,...,n— 2}, then:

i. |on(yn(a))| > lon(e(a)]"/4]on1(5(a))| Aloni(e(a))] > 227
it. yp(a) | ym(a) <= h|m.
iti. yn(a)? | ym(a) = hyn(a) | m.

Proof. i.: |on1(e(a))| > 2% follows from ii1. and the choice of indexing
established in|2.5.5

Thanks to this inequality, it trivially follows |o,,1(e(a))|" — |on1(e(a))| ™" >
|on1(e(a))"/v/2 Yh € N*, so that:

[ona(e(@)" = ona(€(@) ™ o Jomale(@)]” _ lona(e(a))]”
2|n1(5(a))l ~ 2v2[00,1(0(a))| ~ 4lona(6(a))l

ii.. (<= is given by the properties of Pell’s equation ..

( = ): by absurd suppose h 1 m so that m = gh + k for certain ¢,k € N
such that 0 < k£ < h.

From the addition formula w. Ym(a) = zr(a)ygn(a) + zgn(a)yg(a), but
by v. yn(a) | yen(a), so that thanks to the hypothesis it must be
yn(a) | Tqn(a)ye(a).

Since z44(a)? — (a* — 1)ygn(a)® = 1, one has (z44(a), yen(a)) = 1, which also
gives (z4n(a), yn(a)) = 1, in particular y,(a) | yx(a) and so:

[Nesa(yn(a)] < [Npjg(ye(a))l

lon1(yr(a))] =

but, by explicit computation using the hypothesis |o;(yn(a))| > 1/2:

[Nijo(yn(a))| = Hlaz yn(@))llon-1(yn(@)llonyn(a))] > (1/2)"|on(yn(a)|*

Giving thanks to i.:

|NL/Q(yh(a))| = "%,1(6(@))‘2’1 <1)n_1

A1 (8(a)? \2

But from o;(zx(a))? — (05(a)? — 1)oi(yx(a))? = 1 and Vi € {1,...,n — 2} :
loi(a)| < 1, then also Vi € {1,...,n —2} : |o:(yx(a))|] < 1 and so:

[Nejo(y(a I—Hlaz yr(@))llon—1 (yi(@)llon(yi(a))| < low(ye(a))l’
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But:

So that: o1 (e(a)) [
on1(€e(a
[Neje(yr(a))| < ===~

/ 01(5(a))P
and recollecting all the inequalities one obtains:

|ona(e(@)" (1"
4jon1(0(a)) 2 (2) < [Npjo(yn(@)] < [Npjo(ye(a))] <

|o,1(e(a))|"% < 2" contradicting 4. being k < h.
iii.: by yn(a)? | ym(a) and i. one has h | m, so that m = hk.
(a)

|01 (e(a))[**

|on.1(8(a))[?

By - vi.: Ym(a) = ype(a) =y, kzn(a)*yn(a), which gives 0 =, (4)2
kxzy(a)*yn(a), so that yp(a) | kzp(a)®~1, and knowing that (z(a),yn(a)) =
1, it must be y,(a) | k. O

Lemma 2.5.9. Let K number field with two non real embeddings, a satisfying
k,j € N, m € Nt such that |o;(zn(a))| > 1/2 Vi € {1,...,n — 2},
then:

rp(a) =40 Tri(a) = k=, £

Proof. By Euclid’s algorithm k = 2mq+tky and j = 2mh+jy with ¢, h, ko, jo €
N and k(),j() S m.

By T 2k(a) =4,.(0) Thola) A zj(a) =4,.a) Tjola), so without loss of
generality one may suppose 1 < k,j5 < m.

In this case, from x(a) =,,,) £2;(a) it will follow zx(a) = *x;(a), sup-
posing not, by z,,(a) | zx(a) £ z;(a) one has [Ny g(xm(a))| < |Npjg(er(a) £
o

Furthermore, one may suppose |0, (z;(a))| > |on(z;(a))|, so by explicit com-
putation using the hypothesis |o;(z,(a))] > 1/2 Vi € {1,...,n —2}:

Ny jaln(@)] = TLIo:zn(@) (@) 2 loazn@) (5)

i=1
But also |0y, (z,(a))| = ‘U”’l(E(a))mgo”’l(e(a))_ﬂ so that:
m o __ —m\2 2m
el = (O = s DY et
: 1\ ! 2m
Hence, it follows |Npg(xm(a))] > (3)" |owa(e(a))*™.

Similarly:

[Ny (k(a)tz;(a l_:[ loi(zx(a))|+oi(z;(a)]) (lon(zi(a))] + |ow(x;(a))])?
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< 200 (wk(a) 2" < 2" (e(a))[*

which recollecting all the inequalities leads to:

|01 (e(a))[*™

gt < Neja(@m(a))] < [Nijo(zi(a) £ 25(a))] < 2"|on,1 (e(a))[*

In particular, |0, 1(€(a))[*™™2F < 221 o that |o,,1(€(a))[™* < 271 and
if m # k, then the inequality would contradict i., 80 it must be m = k.
In particular, the congruence is translated in x,,(a) | z;(a), and with the
exact same reasoning this leads to |0, 1(e(a))[™ % < 2" and for j #m =k
this is Contradicting i., so that it must happen zy(a) = £z,(a).

If z1.(a) = z;(a), then €(a)* + e(a)™ = €(a)’ + €(a) ™7, in particular it holds
e(a)* —e(a)! = e(a)™7 —e(a)~F, hence e(a)*(1—e(a)’ =) = e(a) 7 (1—e(a)~F),
giving (e(a)f — e(a)™)(1 — €(a)*7) = 0, implying (¢(a)* — €(a)™7) = 0 and
so k= —j, or (1 —e(a)*7) =0 and it must be k = j.

Similarly if xy(a) = —z;(a). O

Lemma 2.5.10. Let K number field with two non real embeddings, a sat-

isfyz’ng and such that o,1(e(a))/on_11(e(a)) ¢ w(Q), k € NT, then
dm, h € kNT such that:

loi(zm(a))| >1/2Vie{1,...,n—2}
loi(yn(a))| > 1/2 Vi e {1,...,n — 2}

Proof. With multiplicative notation 7' = {z € C : |z| = 1}, setting the vector
v = (021(e(a)),...,on1(e(a))), by ii. one has v € T" !, and from
iii. one has o;(z,,(a)) = 2(0i1(e(a))™ + o1(e(a))™) Vi € {1,...,n — 2
and similarly o;(ym(a)) > 3|(0i1(e(a))™ — 051 (e(a))™™)], so it is sufficient to
check Kronecker hypothesis of linear independence thanks to m

Indeed, supposing []'-?0;1(e(a))® = 1, let K; normal closure of K and
Ly normal closure of L so that Ky C Ly, suppose Vj € {1,...,n — 2}37;
automorphism of K, such that 7j0,-1 = 0; and 7;0; = 0,1 and 70, =
o; Vie{l,...,n}\{j,n— 1}, then applying to both sides an extension of 7;
in Lq:

n—2
(@ [ oilela))™ =7(1) =1
i=1,i#j

but thanks to ii. |oi1(e(a))| = 1, so it must be |e(a)®| = 1 too, in
particular a; = 0 and the desired independence is checked.

To verify the existence of such automorphism 7;, first it will be proved the
following claim: ¢,_1(K) € 01(K)...0,-o(K)o,(K).

Indeed, since o,,_1(K) # 0,(K), there exists a non trivial extension of the
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identity of 0,(K) to 0,_1(K)o,(K), which extends to a 7 automorphism of
K.

Since Tlonir) = 1|gn(K) and Tl (50 # 1|%71<K>, then 7o, 1 # 0,_1 so as
TOn—1 # 0y, in particular it follows that 7o, is a real embedding o;, for a
certain iy € {1,...,n — 2}, and thanks to the conjunction = (0,,_1,0,), one

obtains the transposition 7(o,_1,0,)7 " = (0iy, On)-

Finally, assuming by absurd o,,—1(K) C 0(K)...0,_2(K)o,(K), then ap-
plying the transposition it happens o,_1(K) C 01(K)...0,-2(K), which is
impossible being ¢,,_; non real and o; real Vi € {1,...,n — 2}, so the claim
follows.

In particular, considering the extension E;/F;, where:

E;=0,1(K)o1(K)...0;21(K)oj1(K)...0n—2(K)o,(K)

P} = Ul(K) .. .O'j_l(K)O'j+1(K) .. .O'n_Q(K>O'n(K)

then it cannot be a trivial extension thanks to the claim, so that there exists
a non trivial extension of the identity of Fj to Ej;, which extends to a 7;
automorphism of Kj.

Since 7; = 1. , it happens that 70y = 0; Vi € {1,...,n}\ {j,n — 1}, but

J
having also Tiln. # 1|Ej, then 7;0,_1 # 0,,_1, so that it must be 7;0,,_1 = 0;
J
and 7;0; = 0,1 as desired.

]

Lemma 2.5.11. Let K number field with two non real embeddings, a satis-
fying and such that |o;(a)] < 1/2%" Vi€ {1,...,n — 2}, m € NT, then
db € Ok such that:

. b =zm(a) Q-
7. b Eym(a) 1.

. b satz’sﬁes

Proof. Forany s € Ni. and 4. trivially holds with b = z,,(a)*+a(1—z,,(a)?)
by using z,,(a)? — (a® — 1)y,(a)? = 1.

Furthermore, since |o;(z,,(a))] < 1 Vi € {1,...,n — 2} and |0,—-1(z(a))] -
|0 (2 ()| = |on (2 (a))|> > 1, one could choose any s € N sufficiently large
such that |o;(xy,(a)*)] < 1/2%"Vie {1,...,n — 2}.

In particular, Vi € {1,...,n — 2}:

|o:(0)] < |oi(@m(a)*)] + loi(a)] - |1 = oi(2m(a))?] < 1/2% +1/2°" < 1/2%

]
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Finally, recollecting everything:

Theorem 2.5.12. K number field with two non real embeddings, Homg(K,C) =
{o1,...,0n_1,0,} with 0,_1,0, non real, a € Ok satisfying:

loi(a)] < 1/2%" Vie {1,...,n—2 (% % %)

Let d be as in|2.5.6) and define ¥ as follows:

I:m?—(a*- 1)y =1

IT:w?—(a*—1)z2 =1

I :w? — (a*> - 12 =1

IV 52— (12— 1) =
a

VI:w+zd(a) =(
VII :u+vi(a) = (u+705(a))

VIII :s+t6(b) = (5+5(b))%

IX :|oy(b)| <1/2" Vie{l,...,n—2}
Y= X:|o(z)| >1/2Vie{l,...,n—2}

X1 :oj(u)| >1/2Vie{2,...,n}
XIT:v#0

XIIT: 2% |v

XIV:b=,1

XV:b=,a

XVI.s=,

XVII:t=,¢

XVIIT: 2 (e +1) .. (E+n—1)"| 2
XIX 2tz +1)" ... (z+n—1)" ]z

satisfying 2.
Then S C Ok diophantine and Nt C S C Z.

Proof. Thanks to i. & 4. and to the diophantinity of the inter-
section and of the order S C Ok is diophantine.
First it will be shown S C Z. Suppose first £ € S so that & € Og A
dx,y,w, z,u,v,s,t,b € Ok satisfying X.
From a satisfies from IX b satisfies too, in particular by
2.5.7|and I-II-III-IV-V-VI-VII-VIII 3k, h,m,j € N :

r = txi(a) y = tyr(a)

w = txp(a) z = typ(a)
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u = tx,(a) v = tyn(a)
s =dx;(b)  t=+y;(b)

In particular, fromvz’z’z’. J =p-1 y;(b) = £t and by XIV it holds j =, +£t,
which combined with XVII leads to j =, £¢£.

Furthermore, by iz. and XII one has z;(a) =, z;(b) = £s which com-
bined with XVI gives z;(a) =, +2 = +x4(a) so that from it must be
j=m k.

But thanks to XIII 22 = y,(a)? | ym(a) = v and so from i17. one has

2 = yxp(a) | m, in particular it holds j =. £k, and so k =, ££.

One then notices that from XVIII and|2.4.10[one has |o;(€)| < 1/2|Ng/q(z)[Y/"
Vi € {1,...,n}, similarly from XIX and[2.4.10|k < |o;(zk(a))| < 1/2|Ng/q(z)[*/"
Vi e {1,...,n}, so that:

o3& £ k)lloi(€) £ k| < [Nipo(2)'" Vi€ {1,...,n}

giving finally |Ng,o(§ £ k) = [T[L, 0:(§ £ k)| < |Nkyo(2)|, which combined
with k =, +£ leads to £ = £k € Z.

Then it will be shown Nt C S. Suppose £ € NT, then the previous part of
the proof suggests to define k = £, © = xx(a), y = yx(a) so that I is satisfied
and by V is satisfied too.

Defining n = 2" ¢ (E+ 1) ... (E+n— D2 (z+ 1)"...(x + n— 1), by
zi. Jhg € N such that n | ys,(a), but then from dh € hoNT
such that |o;(yn(a))| > 1/2 Vi € {2,...,n}, and byz’z’. Yno(a) | yn(a) so
that setting z = yp(a) X, XVIII and XIX are satisfied.

Setting naturally w = xp(a) II is satisfied and by VI is satisfied too.
Again using zi. Imy € NT such that 22 | y,,,(a) but then from [2.5.10
Im € moNT such that |o;(ym(a))] > 1/2 Vi € {1,...,n — 2}, and by [2.5.8
W0, Yme(a) | ym(a) so that setting u = x,,(a) and v = y,,(a) 111, XI, XII and
XIII are satisfied and by VH is satisfied too.

By [2.5.11] thanks to b € O satisfying IX, XIV and XV.

Finally, setting s = x(b), t = yi(b) IV is satisfied and by VIII is
satisfied too, and thanks to XV and[2.4.4] iz. XVI is satisfied too.

From XIV combined with viii. XVII follows, in particular the elements
defined &, xz,y, w, z,u, v, s,t,b € Ok are a solution to X, so that £ € S. n




Chapter 3

Reductions with Elliptic Curves

3.1 Poonen’s Theorem
The main goal of the section will be the following theorem:

Theorem 3.1.1. Let F C K extension of number fields: E elliptic curve
over F' such that rkE(F) =rkE(K) =1 = Op C Ok is diophantine.

An immediate corollary is the following:

Corollary 3.1.2. Let ' C K extension of number fields: HI10 unsolvable
over Op and E elliptic curve over F' such that rkE(F) =rkE(K) =1 =
H10 unsolvable over O .

Remark 3.1.3. Recalling that Op \ {0} C O is diophantine, then thanks
to the surjective map ¢ : Op x Op \ {0} — F such that (a,b) — ¢, then if
S C F™ diophantine over F, one has (o= 1)"(S) C O%.

In particular, one may suppose some of the variables are taking values in O
and some others in F'.

Definition 3.1.4. F' number field, Op rings of integers of F, for t € F*
define the denominator ideal of t as den(t) := {b € Op : bt € Op} and the
numerator ideal of t as num(t) := den(t™'), with the convention num(0) :=

(0).

Lemma 3.1.5. Let F' be a number field, n,m € N*:

e . §= {('Ilu"'wrn?yh"‘uym) € e (fL’l,...,In) | (y177ym)} C
F™t™ diophantine (meaning the division of fractional ideals).

o i S={(t,u) € F* x F* :den(t) | den(u)} C F? diophantine.

61
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o iii. S={(t,u) € F* x F* :den(t) | num(u)} C F? diophantine.
o iv. S={(t,u) € Op x F* :t|den(u)} C F? diophantine.

Proof. i.: obvious.

ii.: trivially by 7. considering that den(t) | den(u) < (u,1) | (¢,1).

ii.: noticing that den(u™') = num(u) it follows that den(t) | num(u) <=
u=0 V (Fv)(uv =1 Aden(t) | den(v)) concluding then from 7i..

iv.: analogously t | den(u) <= (Jv)(tv = 1 Aden(v) | den(u)) concluding
then from 7i.. ]

Let for the rest of the section n = [K : Q] and s = [F': Q], a € Ok such
that B, = {a':i € {0,1,...,s — 1}} integral basis of K over F.
Define D, = Discg/p(l,a, ..., h).

Lemma 3.1.6. Let F C K extension of number fields and o, D as above:
de = (F K,a) € N¥ such that VI G Ok non zero ideal, Vp € Ok :
j= Srbaal fora; € Fi (ulu+ 1)+ (u+n) | I — Nejg(Daas) <
Ngjo(I)¢ Vi e {0,1,...,5s —1}.

Proof. See [8] Part 2 section 1.2. O

Lemma 3.1.7. Let F C K extension of number fields and o, D as above:
I = ¢(F,K) € Nt : VI C Ok non zero ideal, Vi € Ok,Yw € Op : u =

S0 a;a’ for a; € F: Nig(Daa;) < Ngo(I) Yi € {0,1,...,5s — 1} A
1=r0, w = p € Op.

Proof. Choose Jy, ..., J, representative ideals generators of the class group of
Op and let ¢ > 0: ¢ Ngjo(J;) <1Vie {l,... h}, thenlet ig € {1,...,h}:
Jiy,I™1 = (2) principal for a certain z € F*, and since y =0, w one has:

s—1
2(p—w) = z(ag — w) + Y _(za;)’ € (2)IOk = J;,Ox
i=1
So that Dza; € Op Vi € {1,...,s — 1}, but noticing:

Nie/a(Jio)|
[Nija(1)]

In particular, Dza; =0Vie {1,...,s—1} andsoa; =0Vi € {1,...,s— 1},
in particular p € O N F = Op. O

|
|Nkjo(Dza;)| = |Ngyo(Dai)||Nkjg(2)| < | Nk ——np < 1
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Let E : y?* = 2% + ax + b Elliptic curves in Weierstrass form for a,b € O
such that rk(E(K)) = rk(E(F)) = 1, and denote by O the point at infinity
(identity of E(F)).

Let p a non archimedean place of K, K} its completion, so that the reduction

. F .
gives E;°'" smooth part of By = Proj ( T ng[xg’(zzl,é,bzs)), then defining

Ey(Ky) == {P € Ey(Kp) : P € Ej"°"(Fy)} (P meaning the reduction of
P modp).

Lemma 3.1.8. The followings hold:
i. Eo(Kp) < Ep(Ky) (as a subgroup).
it. redy - Eo(Kyp) — E3""(Fy) epimorphism.
iii. [Ep(Ky) : Eo(Kp)] < 0oA[Ey(Ky) : Er(Ky)], where Ey(Ky) := Ker(redy).

Proof. i. and ii. are from [12], and 4ii. follows noticing that both are open
subgroups of the compact topological group Ey(Kj) with respect to the p-adic
topology. O

Let r € NT : #E(K)iors | 7 N [E(K) : E(F)] |7 N [E(Kp) © Eo(Ky)] | r.
For Qf the set of places of K, recalling the definition of height: h(a) =
% ey log(maz{jal,. 1}), then:

Lemma 3.1.9. Let X be a smooth, projective, geometrically integral curve
over K of genus g > 1, v € Qg, ¢ a non constant rational function on X,
{P,}nen € X(K) sequence of distinct points such that Img € NT Vm € N :
m > my = P, not a pole of ¢, so that z,, := ¢(P,,) € K:

i Log(lzmllh)

Proof. See [13], Section 7.4. O

Lemma 3.1.10. 3ro e N* Vr e N:r > ro, P € rE(K) \ {O},m € Z\
{0, £1}:

log(Nigsa(den(e(mP)))) > mPlog(Nysa(den(a(P)) > 0

In particular, den(x(mP)) # den(x(P)) A den(x(P)) # (1).
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Proof. By hypothesis rk(E(K)) = 1, implying rk(rE(K)) = 1 too, so that
one can fix a generator P; of rE(K), by results in Chapter 8 of [12] 3h(P;) €
R* such that h(z(mPy)) = m2h(P,) + O(1) Vm € Z.

Applying with X = F, ¢ = x, to each v € Qg archimedean for r
sufficiently large the result follows from:

log(Ngg(den(z(mP)))) = (14 o(1))h(z(mPy)) = (1 — 0(1))m2ﬁ(P1) +O(1)
]

Let from now on r € NT satisfying the hypothesis of |3.1.10] and the
divisibility conditions above, equivalently such that VP € rE(K)\{O},Vm €
Z\{0,+1}:

I :log(Ngg(den(z(mP)))) > s5m?log( Nk g(den(z(P)))) > 0
172 (K i | 7

IIT: [E(K): E(F)]|r

VI B(Ky) By | 7

Lemma 3.1.11. Let r € Nt satisfying the conditions of ¥, P, P’ € rE(K) \
{O} then: den(z(P)) | den(z(P')) <= P’ integral multiple of P.

Proof. First it will be shown the claim: VI C Ok non zero ideal the set
Gr:={Q € rE(K) : I |den(x(Q))} is a subgroup of rE(K).

Indeed, by convention den(O) = 0, so O € Gy, and since intersections of
subgroups are still subgroups, using the decomposition of ideals in Dedekind
domains and noticing I, J coprime ideals = G; = Gy N Gy, then it is
sufficient to check the claim for I = p™ for n € N, p prime ideal.

As in Chapter 4 of [12], denote F € Ok|[z1, 20]], then, letting O, denote
the p-adic completion of O, one has the isomorphism F(pOy) = Ey (k)
explicitely given by z — (x(2),y(z)) pair of Laurent series with coefficients
in OK.

Through this isomorphism, it is clear that Gp. = F(p"/210p), so that it is a
subgroup as claimed.

In particular, ( <= ) is immediate since Glgen(z(pP)) is a subgroup and so
integral multiples of its elements are still in it and trivially P € Gen(z(p))-
For the other implication ( = ), since Guen(z(p)) < rE(K) = Z, then it is
an abelian free group of rank 1, let @ be a generator of G gen(z(p)), but clearly
P € Ggen(z(py) so that P is an integral multiple of @, and by the ( <)
part it follows that den(z(Q)) | den(x(P)), but by definition of Ggen(z(p))
also den(z(P)) | den(z(Q)), so that den(z(Q)) = den(z(P)), which from
implies () = +P, and the hypothesis den(x(P)) | den(z(P')) gives
immediately P e Gden(w(P)) =70 = 7P. ]
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Remark 3.1.12. Let r € N* satisfying the conditions of X, I C Ok non-
zero ideal, then 3P € rE(K) \ {O} such that I | den(x(P)).

Indeed, as in it is sufficient to check it for I = p™ for n € N and
p prime ideal, in which case, thanks to the isomorphism F;(Kp) = F(pOy)
which gives the correspondence Gypn = F(pI"/210y), one has that F(p"/210y)
is an open subgroup of E(Kj}), in particular it has finite index and can’t be
trivial.

Lemma 3.1.13. Letr € N* satisfying the conditions of 3, P € rE(K)\{O},
m € Z\ {0}, t = z(P),t = x(mP), then den(t) | num((t/t' — m?)?)

Proof. Supposing p prime ideal such that p™ | den(t) for a certain n € Nt
then & = vp(2(P)) € NT since n = 2k and thanks to the Laurent series
x(P) € z(P)72(1 + p*Ok).

Furthermore, with the formal group law it follows z(mP) € mz(P) +p* Ok,
in particular vy(z(mP)) > k so that also z(mP) € z(mP)~?(1+p*Of), which

leads to:
t_x(P) ( =(P)
t x(mP) z(mP

))_ (1 +1°05)

Z?T(f]l) € m+pFOy, then t/t' € m? +p*Ok, so that p* | num(t/t' —

m?), and the thesis follows since n = 2k. O

But since

Theorem 3.1.14. Let F C K extension of number fields, E elliptic curve
over F such that rkE(F) = rkE(K) = 1, Let r € Nt satisfying the condi-

tions of X, ¢ constant of ¢ constant of ¢ € Nt sufficiently large
such that thanks to|3.1.10

¢ Nigjo(den(x((Fy))'"?) > Nijo(den(z(Fy))°) (%)
Define 11 as follows:

I:P=IF

I1:ty=x(PRy),t =a(P),t' = x(P)
M=< IIT:(p+1)(n+2) - (u+n)|den(ty)

IV : den(t) | den(t')

V den(t) | num((t/t' — p)?)

Define S by p € S <= pe€ Ox NIRy, PP € rE(K)\ {0}, 3to,t,t' € F
satisfying I1.
Then S C Ok diophantine and N = {k* : k e N*} C S C Op.

Proof. S C Ok is diophantine thanks to
First it will be shown N C S: let k € NT, define u = k2 and let by [3.1.12
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Py e rE(K)\ {O} such that (n+1)(n+2) - (u+n) | den(to), and III holds.
Define P = (P, and P = mP, so as tg = z(FRy),t = z(P),t' = x(P’), in
particular I and II hold too.

Thanks toIV holds, and by V holds, so that p € Sand N C S.
Finally, it will be checked S C Op: let p € S, by IV and [3.1.11] one has
P’ = mP for a certain m € Z \ {0}, combining with V one obtains
that den(t)'/? | num(u — m?) (den(t)'/? well-defined since as in all
primes dividing den(t) must occur to an even power since t = z(P) € E(K),
ie. y(P)? =t>+at+0).

Noticing t, ', m* € Op, then num(u—m?) = (u—m?), so that p =, py/2 M*.
Finally, writing u = 3570 a;a’ for a; € F, thanks to I1I and one obtains
Nk o(Da;) < Nk jg(den(ty))® and by the definition of £ it holds N /q(Da;) <
d N g(den(t)¥/?), in particular applying [3.1.7|with I = den(t))"/? and w =
m? the thesis follows. O

Finally, with the usual trick it is easy to prove m
Proof. Using the usual argument in with the set S given by|3.1.14] [

3.2 Main Theorem

In a paper (see [10]) of Cornelissen, Pheidas and Zahidi, the assumptions
of Poonen’s theorem have been weakened somewhat. Instead of requiring a
rank 1 curve retaining its rank in the extension, they require existence of
a rank 1 elliptic curve over the larger field and an abelian variety over the
smaller field retaining its rank in the extension (which are now known to
hold).

However, using a strengthened version of Poonen’s method, Shlapentokh was
able to extend his result to the following criterion (|7], Theorem 1.9):

Theorem 3.2.1. Let F C K extension of number fields: E elliptic curve
over I such that rkE(F) =rkE(K) >0 = Op C Ok is diophantine.

The importance of the theorem, as for the one of Poonen of the previous

section, is that gives another way to find diophantine sets in a less explicit
way as it was done during both the first two chapters.
Furthermore, recently thanks to additive combinatorics P. Koymans and C.
Pagano ([9]) were able to check Shlapentokh’s condition in a specific situa-
tion, that turns out to actually be sufficient to solve Hilbert’s Tenth Problem
for rings of integers of number fields:

Theorem 3.2.2. K number field, L = K (i):
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1. L Galois.

1. K = L<° is the fized field of the decomposition group of an infinite
place (in L/Q), so L/K is a quadratic extension ramified at some infi-
nite place.

iii. Q(i, V5, VT, V11,v/13,V/17,V19) C K.
3E elliptic curve such that rk(E(K)) = rk(E(K(i)) > 0.

Indeed, thanks to this theorem and the whole discussion of the thesis,
one is finally able to prove the main theorem:

Theorem 3.2.3. F' number field: 7Z C Op diophantine, in particular H10
over Or is unsolvable.

Proof. Define L = F-Q(i,v/5,v/7,V11,v/13,4/17,1/19) normal closure of
the composite field, so that K, := L<?~ has satisfies the hypotheses of
Vo € Gpg such that < o >= D, 19 decomposition group of an infinite
place v.

In particular, Ok, € O is diophantine Vo € G /g considered before, so that
from[2.1.1] 7., also Oy C Oy is diophantine, where M := N, K.

Finally, thanks to[2.4.14]¢ Z C Oy, diophantine since M must be totally real,
and so by 1i. 7 C O diophantine too, so as from w. Z C Op
diophantine, and the rest of the claim follows from[2.1.2] O
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