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Abstract

Fay’s identities, Goldman bracket and Integrable Systems

Jordi PILLET, Ph.D.

Concordia University, Université Bourgogne-Furope, 2025

The results presented in this thesis contribute to the understanding of the interplay between
the geometry of Riemann surfaces and their moduli space and the theory of integrable systems.
First, in Chapter 2, we present a new degeneration of Fay’s trisecant identity leading to
algebro-geometric solutions of the Schwarzian Kadomtsev-Petviashvili equation in terms
of Riemann theta functions. Then, in Chapter 3, we introduce a new set of log-canonical
coordinates on the SL(2,C) character variety of compact Riemann surfaces; these coordinates

are constructed by combining shear type coordinates with length-twist type coordinates.
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Chapter 1
Introduction

The notion of integrability in mathematical physics first appeared at the end of the nineteenth
century with the notion of Liouwville integrability in Hamiltonian mechanics. These results
showed that a Hamiltonian system of dimension 2N can be solved by quadratures, provided
that there are N conserved quantities [44], [4]. Such ideas found far reaching generalizations
and enrichment during the 1960s with the discovery of completely integrable systems with
infinite number of degrees of freedom. These systems typically admit special solutions called

solitons [48]. The most famous example is the Korteweg-de Vries (KdV) equation [40]:

This equation admits a soliton moving to the right with constant velocity c:

1

~ 2cosh’ (x—ct—a)’

¢($at) =

where a is an arbitrary constant. The 1970s witnessed the emergence of powerful new tools
for the study of integrable systems, including Inverse Scattering Transform [1] and the
notion of Lax pairs [43]. These ideas opened unexpected bridges with algebraic geometry,
where Riemann surfaces and their moduli spaces play a key role. In this context, Novikov
proposed a conjecture characterizing Jacobian varieties in terms of solutions to the Kadomt-
sev—Petviashvili (KP) hierarchy. This conjecture was later proved by T. Shiota, who used
Fay’s identities [59].

Chapter 2 is dedicated to the construction of algebro-geometric solutions to integrable
nonlinear partial differential equations (PDEs) in terms of multidimensional Riemann theta
functions using degenerations of Fay’s trisecant identity. To describe these results in more

detail, let us introduce some notation.



Let C be a compact Riemann surface of genus g € N, equipped with a canonical basis of
homology cycles

A1y...,0q, bl,...,bg,

satisfying the standard intersection conditions:
aiObj:(Sij, (liOCL]‘:O, biOijO, Z,]:L,g

Let w be the g-dimensional vector of holomorphic 1-forms, normalized by

/széij, Z,j:]_,,g

The matrix of b-periods is defined by

Bij:/wj, Z,j:]_,,g
b;

This matrix B € H, is a Riemann matrix, that is, a symmetric complex matrix with

positive-definite imaginary part. The Abel map

P
A: P~ w
I0)
is an holomorphic map from the Riemann surface C into its Jacobian variety Jac(C) = C9/A,
where the period lattice A is given by
A={m+Bn:mnecZ%.

Given the above data one can construct algebro-geometric solutions to integrable partial

differential equations in terms of multidimensional Riemann theta functions

Opq(z,B) = > exp{in (B(N+p),N+p)+2mi(z+q,N+p)} .

Nez9

where z € CY, and p, q € RY. Here, (-, -) denotes the standard Euclidean scalar product:

<N,Z> = i]\/}z‘Z .
i=1

Riemann theta functions can be viewed as holomorphic sections of a line bundle over the

Jacobian variety Jac(C) of the compact Riemann surface C.



Quasi-periodic solutions to integrable nonlinear PDEs expressed in terms of Riemann
theta functions were first discovered during the 1970s, via the Baker-Akhiezer function - a
function on C with an essential singularity - originally introduced by Clebsh and Gordan. A
more 'direct’ method for obtaining such solutions was developed by D. Mumford et al. in the
1980s [49]. Their approach is based on Fay’s trisecant identity [18], a remarkable identity for

Riemann theta functions:
0349:04c(2)Ora(z) + O;,07,0u.(2)Oa(z) = 0,,0,,0(z )@a+b,c+d(z) ) (1.1)

where we use the notation

@ab(z):®<z+/abw,B), © o (/abw,IB%), (1.2)

with ©(z,B) denoting a Riemann theta function with zero characteristic, ©*(z, B) a Riemann
theta function with an odd, non-singular characteristic (whose precise definition is recalled in
the beginning of Chapter 2), and where a,b,c,d € C are arbitrary points on C.

To study degenerations of identity (1.1), one considers limits in which two or more of the
points a, b, ¢, d coalesce. This requires Taylor expansions of the Abel map. The expansion of

the Abel map at a point P € C near a point a € C is written in the form

7—]+1

e R 1.3

7=0

where 7, is a local parameter in the vicinity of a that also contains P. From this expansion,

one defines directional derivatives that act on a function f(z), z € CY, as follows:

g g g
Do=Y vigd, D= wvad., DI=Y 2o,
g v ()
D =\"_"__9_ N.
a Z(n+1)|z7 ne

=1

By substituting these expansions into (1.1), one can obtain various degenerate forms of Fay’s
trisecant identity, involving some combination of directional derivatives of Riemann theta
functions. These degenerate identities can be used to directly solve some integrable nonlinear
PDE’s by identification.

In [49] this framework has been applied to obtain solutions of the Toda lattice, Sine-

Gordon and Kadomtsev-Petviasvili equations. Further reductions, involving special classes of



Riemann surfaces (e.g. hyperelliptic or trigonal), yield solutions to the Korteweg-de-Vries and
Boussinesq equations, respectively. Extensions of this approach have also produced solutions
to the Ernst equation and the Camassa—Holm equation [38] [36].

More recently, C. Kalla derived a new degeneration of Fay’s identity in [35], which we prove
again in Chapter 2, Section 2.3. Using this identity, known solutions of Davey-Stewartson
and vector nonlinear Schrodinger equations have been re-derived.

The first result of this thesis is the derivation of another higher-order degeneration of

Fay’s trisecant identity

0 =2(D,U)*D"D,U — 2D, UD"UD2U — (D,U)*D:U + 4D, UD3UD?U

(1.5)
—3(D2U)* + 3(D,U)’D;U — 3(D,U)*(D,,)’Dal

where a,b € C are two points on the Riemann surface lying inside a chosen fundamental
polygon, the directional derivatives D,, Dy, D!, D” are defined by (1.4) and the function U is
given by

U =D, In[0(2)0;,]

with D, acting on both theta functions.
The second main result is the construction of a new class of algebro-geometric solutions
to the Schwarzian Kadomtsev-Petviashvili (SKP) equation using identity (1.5). The SKP

I Y [ R

where {¢; x} denotes the Schwarzian derivative in = defined by

(ora} = 2= - 0 (%),

equation

was first introduced in the context of Painlevé analysis of the KP equation in [62], where it
appeared as a singularity manifold equation. The same work established its connections to
the KP, modified KdV, and Harry Dym equations via Miura and Béacklund transformations.
Its complete integrability was later proved in [§].

Using identity (1.5), one can verify that the function
é(z,y,t) = Dyln [@Zb@(xvo(a) +yvi(a) + tve(a) + d)]

where (z,y,t) € R3 d € C%, and v; = (vy;, ..., vy;) € C9 for j = 0, 1,2, with v;; the coefficients
of the Taylor expansion (2.4) near a of the Abel map, solves the SKP equation (2.3).

Similarly to the KP equation, reductions to the Schwarzian KdV and Boussinesq equations,

4



which require elimination of one variable, are obtained by restricting to special classes of
Riemann surfaces, hyperelliptic and trigonal, respectively.

The SKP equation itself belongs to an infinite integrable hierarchy, as shown in [52, 53].
These equations and their discrete analogues have attracted recent attention |13, 41], notably
through their connections to inversive geometry and dimer models.

Moreover, Fay’s trisecant identity is a special case of a general identity involving an
arbitrary number of points [18]. Dubrovin [16] has derived a fully degenerate version of
this general identity and proven that it encodes the entire KdV hierarchy using Lax pairs
formalism. Similar conjectures are presented at the end of Chapter 2 for the Schwarzian KP

hierarchy.

In Chapter 3, we study the symplectic structure of the SL(2,C) character varieties of
compact Riemann surfaces and the moduli space of compact Riemann sufraces M,. More
specifically, we introduce new explicit sets of log-canonical coordinates for those spaces.

The SL(2,C) character variety V, of a compact Riemann surface C of genus ¢g with

fundamental group 7;(C) is the quotient space
V, ~ Hom (m(C), SL(2,C)) / ~,

where the equivalence relation ~ is up to conjugation in SL(2,C). We denote by M,
€ SL(2,C) the monodromy matriz corresponding to a contour v € m1(C). Traces of those
matrices provide local coordinates on V,. W. Goldman in [25]| introduced the following

Poisson bracket on V,

1
{tr M, trM5}e = Z v(p) (terop@ — 51:1VMAY trMQ) ,

PEYNY

where v, € m(C) and v(p) is the contribution of the point p to the intersection index of
v and 4. On V, the Goldman bracket {-, -}« is non-degenerate and we denote by 2 the
corresponding symplectic form. For the Teichmiiller space of compact Riemann surfaces
T, (the relationship between V, and 7, is recalled page 8), the form  coincides with the
Weil-Petersson symplectic form wyyp [66].

A well-known set of Darboux coordinates for the Weil-Petersson symplectic form wy p in
T, is given by the Fenchel-Nielsen twist-length coordinates. Fenchel-Nielsen coordinates are
associated to an arbitrary trinion decomposition of C. Such a decomposition is obtained by

cutting C along m = 3g — 3 closed, non-intersecting geodesics. This produces 2g — 2 trinions,



that is, spheres with three holes 7®. Let ¢, be the hyperbolic length of ~;. The original
surface C is recovered by regluing the trinions along their boundaries. In this process, there is
an S! freedom of rotation. This rotational freedom is described by a twist 7, corresponding to
an oriented arc length from a chosen origin. The 6g—6 real parameters {£,,, 7, }392_13 e R"xR
are the Fenchel-Nielsen coordinates on M, [20], [31]. By analytic continuation to the complex
domain, these give Darboux coordinates on V,, called complex Fenchel-Nielsen coordinates.
S. Wolpert proved the following expression for the Weil-Petersson symplectic form wy p on

M, in Fenchel-Nielsen coordinates |66]

39—3

wWwp = Z dT’Yj A dg,yj . (17)

J=1

Let C have n punctures, denote by 7, the corresponding Teichmiiller space. There exists
a set of log-canonical coordinates on 7, due to Thurston called shear coordinates, later
generalized by Fock and Goncharov to higher Teichmiiller theory [21]. These coordinates are
defined for any ideal triangulation of C with vertices at the punctures. Namely, pick two
adjacent triangles T = [x1, 9, 23] and Ty = [21, x3, 4] with a common edge e = [z, x3]. In
a fundamental domain of 7 (C) in the upper half-plane H the points z1, ..., x4 lie on OH in

counterclockwise order. Then the shear coordinate z. on the edge e is defined as [45]

(21 — @9) (w3 — 24)
(21 — 24) (29 — 3)

Ze = In

These coordinates are log-canonical for the Weil-Petersson symplectic form on 7, ,, and
Darboux coordinates can be obtained as linear combinations with constant coefficients.

In the unpunctured case, the explicit parameterization of V, using shear coordinates
remained unclear. Results in this direction were obtained by F. Bonahon and I. Kim
[11], who discussed the relationship between Fock-Goncharov coordinates and Goldman
coordinates for the space of convex projective structures on a closed surface with negative
Euler characteristic, using trinion decompositions. More recently, M. Shapiro and L. Chekhov
also used Fock-Goncharov coordinates to parameterize V, [12] and discussed some examples
of higher genera.

New systems of log-canonical coordinates on V, are constructed as mixtures of complex
shear type coordinates (., = In 2., and complex twist-length type coordinates {3,,(,} (the
complex toric variable 3, is closely related to the complex Fenchel-Nielsen twist 7).

Using the framework of [7] we equip C with an embedded ciliated graph I' with SL(2,C)

jump matrices on its edges. A canonical symplectic form is associated with this graph and



jump matrices assignment; this canonical symplectic form turns out to coincide with an
extension of the Goldman symplectic form €.

The simplest illustration of the general idea starts with a single contour v dividing C into
two surfaces with boundaries C and C. , of genera g and g, respectively. A pair of complex
twist-length type coordinates {f,, ¢, } is associated with ~. Collapsing the boundaries 7 and 7
to points v and v, we equip C and C with triangulation fat-graphs S and i, each with a single
vertex at v and v. The complex shear type coordinates z., and Z., appear in the off-diagonal
entries of the jump matrices gei and §ei on the edges é; and ¢e; of 3 and i, respectively.

By amalgamation of the graphs 5 and i, together with some additional structure, we

obtain the embedded ciliated graph I' in C shown in Figure 1.1.

Figure 1.1: The graph I' drawn on C for g = 2.

Denote by {Eel =1In Zei}?zz?’ the logarithms of the shear type coordinates on V5 ; and by

{Zej = InZz, }?z?’ the logarithms of the shear type coordinates on V;;. These coordinates

satisfy the following linear constraint

65—3 65—3

2) =2 G =1y (1.8)
i=1 j=1
Resolving the constraint we define the following set of independent coordinates:

{0155 (G50 0,8, ) (1.9)

Our first result is that the Goldman symplectic form € on V, can be written in log-canonical



coordinates (1.9) as follows

92904‘51—1—@14-@24-@27

where
Qy =2dB, ANdL, ,
693 _ B 653
0 = Z (G — 1y +cu)de, NdGe; , = Z (Chi — cu +C1) dCe, A G,
ij=2 k=2
i<j k<l
6g 3 6g 3
Z Cndty AL, Z Cindly NG, -

The integer coefficients ¢;;, ¢j; lie in the interval between —4 and 4. They are determined by
the order of the edges of the one-valent graphs 5 and 3 at their respective vertices v and v.

This result is then generalized to an arbitrary system of closed contours {7v1,72, ..., Ym},
1 < m < 3¢ — 3, splitting C into n Riemann surfaces C with k) boundary components
for i = 1,...,n. There are now m pairs of coordinates {3,,,¢,, };”:1 Each surface C® has a
triangulation graph X" drawn on it and we associate complex shear type coordinates ((e) to
the 69 — 6 + 3k edges of ©. In this situation, one can write the Goldman symplectic

form on V, as

Q=) QW43 dg, Ade,,, (1.10)
. —

where

= > D deAdeG. (1.11)

veV( »( )) e,elv
e<e

When m reaches its maximal value, that is, m = 3¢ — 3, the surface C decomposes into
2¢g — 2 trinions, C decomposes into 2g — 2 trinions C?). Then, all shear type coordinates can
be expressed in terms of the complex boundary “lengths” of C¥), due to the constraints (1.8).
This yields 3g — 3 log-canonical coordinates {ﬂ%7€%}3g ? for the Goldman symplectic form
2 on V,.

Define the trinion graph I'y.;, whose vertices correspond to individual trinions, and whose
edges describe how the boundary components are glued together. Denote by /. the “complex

oriented length” of the trinion’s boundary component corresponding to the edge e. Then, the



form € takes the expression

39—3

Q= % DD dlendlz+ > dB, AdL, . (1.12)

VEV (Ttrin) e,gJ:v j=1
e<e
Here, for each vertex v € V(I';.;,,), the inner sum is over pairs of the three edges incident to
v, according to the inherited ordering of the triangulation edges of the ciliated graph I". The
expression (1.12) is independent of the position of the cilium.

When restricted to R, the real character variety Vf has several connected components
[27]. In Section 3.10, we prove that the representations constructed by our framework lie
in the Fuchsian component. When projected to PSL(2,R) each conjugacy class of such
representations is in one to one correspondence with a point of the Teichmiiller space 7.
Therefore, our sets of log-canonical coordinates are well fined on 7, and the form 2 coincides
with the Weil-Petersson symplectic form wy p, given by equation (1.7). By results of S.
Wolpert [66], the form wy p is invariant under the action of the mapping class group and
therefore descends to an open dense subset of M,.

39—3

On My, the log-canonical coordinates {3,;,/,,};2;" can be related to the real Fenchel-

Nielsen coordinates {7, (,, }353. The real length coordinates /,, are the same in both
systems, while each real twist coordinate 7, differs from 3, by a function that depends only

on the lengths.

(D (IT) (IIT)

Figure 1.2: Three possible configurations of two vertices v@ and v of Tyin



Consider a standard edge e,, = [v(i), v(j)] connecting two vertices v and v of Ty, Let
e, and e, be the two other edges incident to vV, with e, < e, < e,,. Similarly, let e, and e,
be the two other edges incident to v\9), with e, < e,, < e; (see Figure 1.2, configurations (I)
and (II)).

The relation between the Fenchel-Nielsen twist 7. , the toric variable S, and the
eigenvalues

/\em = 6i€ek7 )\ep = eiéepa /\eq = eﬂ:feq7 )\En - eﬂ:fen, )\ek = eigek

follows from the geometric definition in H of the Fenchel-Nielsen twist associated to the

gluing of the trinions 7@ and 7 corresponding to v and v\9), respectively. One obtains:
Tem = Bem F AN, Aeyi Ae,,) FINA(,, Aei Aey) (1.13)

where the function A(x,y; z) is defined by
(Lt zy2)(y + az)(z +y2)] "

Ar,y;2) = y2(22 — 1)2(z + yx)

For a loop edge e, = [v\9) v0)] cf. Figure 1.2, configuration (III), equation (1.13) becomes
Ten = Ben + INA*(Aer, Aerii Ay - (1.14)

Consider a symplectic potential (or Liouville form) 0y for wyy p in Fenchel-Nielsen coordinates

such that dfpy = wwp. A possible choice (see equation (1.7)) is

eFN:% Z Zredzze.

VEV (Dipin) elv

Similarly, for the same trinion graph, a symplectic potential in log-canonical coordinates (cf.

equation (1.12)) can be written as

O = 0% + 00,

=5 > Y pde, 0 =— 3 Y e

vGV(Ft”n) e,elv veV(l"t”n) e,elv
e<e e<e

Q

The difference 0ry — 0p¢ is an exact 1-form that depends only on lengths. It can be described

10



in terms of a generating function G(I'}.;,), such that:

aG Fm’n
Orn —Oc= > > %dée : (1.15)

VEV (Lirin) elv

Substituting equation (1.13), (1.14), into (1.15) and integrating gives the following expression

for G(T'in) (9% is specifically chosen to cancel a maximum of logarithmic terms):

1 ; ; 1 ;
Clwn) =5 2 |0 O deide) +06 Op Aide)| +5 0 D0 P Oeide,).

em=[v() v(®] en=[v0) p{)]
(1.16)
where standard edges contributions are given by
; 1
98 Qs Aeri Ae) = =5 | @00, A M)+ Li(1 = A2 ) + (32 ) (A2, = 1)] .
i 1 .
98 Oy Aeyi M) = =5 [@(Aep, ey Aen) + Lin(1 = X2 ) +1In(A2 )In(A2 — 1)] ,
and loop edges contributions by
) . _ T (132 2 2 1y 1n2)\6n
gl (Aem’ Aen) - ¢()\en’ )\em’ )\en> L12(1 Aen) 1n(>\en) 1n(>\en 1) ]'n )\em ln Aen + 2 ‘

Here the auxiliary function ® is defined as
O(x,y, 2) = Lis(—ayz) + Li2( - %> + Liz( - %) - Lp( - i) :
Yy T

— Ox wdt denotes the Euler dilogarithm.

Finally, at the end of Section 3, we outline a method for constructing new systems of log-

where Liy(z) =

canonical coordinates on an arbitrary SL(N, C) character variety of 7 (C). This construction
combines the Fock-Goncharov coordinates associated with the graphs and the eigenvalues
plus toric variables associated with M,. Explicit computations for g = 2 and g = 3 are

provided in an appendix.
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Chapter 2

Higer order degenerations of Fay’s
identities and applications to integrable

equations

Joint work with C. Klein
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Abstract

Higher order degenerated versions of Fay’s trisecant identity are presented. It is shown that

they lead to solutions for Schwarzian Kadomtsev-Petviashvili equations.

2.1 Introduction

Solutions to integrable partial differential equations (PDEs) in terms of multi-dimensional
theta functions on compact Riemann surfaces appeared in the 1970s in the search for quasi-
periodic solutions, see for instance [14, 5| for a historic account. These solutions were
constructed via the Baker-Akhiezer function, a function with an essential singularity on the
Riemann surface first introduced by Clebsch and Gordan. Mumford and coworkers introduced
in [49] a complementary approach based on Fay’s celebrated trisecant identity for theta

functions [18],
02490ac(2)Oba(2) + O7,03,04:(2)Oud(2) = 07,0,,0(2)Oartb,c1a(2) ,

where we have introduced the notation

ab = *(/abw) ; @ab<z):@(z+/abw) : (2.1)

Here ©(z), z € CY, is the g dimensional Riemann theta function with zero characteristic,
©*(z) is a theta function with an odd non-singular characteristic; see the definitions (2.6),
(2.7), ©* = ©*(0) = 0, and a, b, c,d are points on a Riemann surface C with genus g. The
Abel map fabw between two points a and b on C is defined at the beginning of Section 2.2.1.
Note that the name trisecant identity refers to secants on the so-called Kummer variety, see
[60] for a comprehensive review.

Since Fay’s identity (2.9) holds for arbitrary points a, b, ¢, d on the Riemann surface C, it
is possible to consider the identity in the limit that two or more points coincide!. This leads
to identities between derivatives of theta functions making it possible to identify solutions to
certain PDEs from degenerated identies. In [49] this was done for the Sine-Gordon equation
and the Kadomtsev-Petviasvili (KP) equation. On special Riemann surfaces (hyperelliptic,
trigonal) the latter solutions lead to algebro-geometric solutions for the Korteweg-de Vries

(KdV) [49] and the Boussinesq equation [5]. In [38] previously known solutions to the Ernst

!Note that there are generalizations of Fay’s identity to more than 4 points and degenerations thereof, see
for instance [19, 15, 6] and references therein.
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equation [39] were reconstructed via Fay’s identity, see also [17], in [36] known solutions to
the Camassa-Holm equation [23] were obtained with Mumford’s approach. In [35] Kalla
presented a new degenerated identity allowing to identify known solutions to the nonlinear
Schrédinger (32, 57] and Davey-Stewartson equations [46] and to construct solutions to vector
nonlinear Schrédinger equations in terms of theta functions. For a recent review on completely
integrable dispersive PDEs, we refer to [5]. In this chapter we generalize Kalla’s approach to
higher order in the local parameter near the point a. We obtain with the above notation
Main theorem Part I

Let a, b be two points on a compact Riemann surface C, lying inside of a chosen fundamental
polygon. Let the derivatives D,, Dy, D, D” be defined as in (2.5) and let U = D, In(©06;,)
(Dy, acts on both theta functions). Then U satisfies

0 =2(D,U)*D"D,U — 2D, UD"UD2U — (D,U)*D:U + 4D, UD3UD2U

(2.2)
—3(D*U)? + 3(D,U)*D*U — 3(D,U)*(D,)*DU .

This identity has similarities to the classical identity (2.14) by Fay in the sense that it
involves the derivatives D, D! and D, of O(z), but appears to be new. In contrast to the
potential in (2.14), the function U also depends on a point b on the Riemann surface C which
is distinct from a, but otherwise arbitrary.

We also prove
Main theorem Part II
The function ¢(z,y,t) = DyIn [0%,0(zvo(a) + yvi(a) + tva(a) + d)], (z,y,t) € R?, solves

the Schwarzian KP equation:

b 1, 3(0u\ _3(9\ _
(5 3tea), —5(54), —1(5). =0 (23)
2
where {¢;x} denotes the Schwarzian derivative along z; {¢;x} = % — %(‘;;L:) , Where

the indices denote partial derivatives with respect to the respective variable, and where v;,
Jj =0,1,2 has the components v;;, i = 1, ..., g defined in (2.4).

The solution ¢ in terms of multi-dimensional theta functions for the Schwarzian KP
equation seems to be new. The Schwarzian KP equation (2.3) appeared first in the Painlevé
analysis of the KP equation in [62] as a singularity manifold equation. Its integrability was
established in [8]. As in the case of the KP equation, a reduction to a Schwarzian KdV and
Boussinesq equation is possible. It should be noted that these equations and their discrete
analogues have gained some intention in the recent literature [13] [41].

This chapter is organized as follows: in section 2.2 we collect some basic definitions of
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quantities defined on a compact Riemann surface and known facts on Fay’s identities. In
section 2.3 we rederive identities (2.12) and (2.16) from identity (2.10) and prove the first
part of the main theorem. In section 2.4 this is applied to integrable PDEs. We add some

concluding remarks in section 2.5.

2.2 Preliminaries

In this section, we will collect some basic definitions and known facts on Fay’s identities and

applications.

2.2.1 Basic definitions

In this chapter we always consider a compact Riemann surface C of genus g € N equipped
with a canonical basis of cycles ay,...,aq,b1,...,b, satisfying the intersection conditions
aiobj:&-j, aiOCL]‘:O, biObjIO, Z,]:L,g

The g-dimensional vector space over C of holomorphic 1-forms is denoted by Q!(C). An
element w € Q'(C) is normalized by [ w; = d;, i,j = 1,...,g. The matrix of b-periods
B;; = fbi wj, t,J = 1,..., g, is a Riemann matrix, i.e., it is symmetric and has a positive
definite imaginary part. The Abel map A : P — [ PPO w is an holomorphic map from the
Riemann surface C into the Jacobian Jac(C) = C9/A where A is the lattice formed by the

periods of the holomorphic 1-forms,
A={m+Bn:mnecZ%%} .

The expansion of the Abel map at a point P € C near a point a € C is written in the form,

Jj+1
T4

G+

AI<P) = Z’Uij

J=0

i=1,...,9, (2.4)

where 7, is a local parameter in the vicinity of a containing also P. We define the directional

derivatives acting on a function f(z), z € CY as

g g g
Vi2
Da = 7 az ) D/ = 7 az ) D” = _az s
. (2.5)
D — L N .
a Z(n+1)! o ME

=1
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In other words, D, f(z) = Y7, v;0,, f(z) and analogously for the other derivatives.
Multi-dimensional theta functions are the building blocks of meromorphic functions on

Riemann surfaces. The theta function with characteristic [p, q] is defined as an infinite series,

Opq(z,B) = Z exp{ir(B(N+p),N+p)+27i{(z+qN+p)} , (2.6)

Nez9

with z € C9 and p, q € RY, where (-,-) denotes the Euclidean scalar product (N,z) =

7 | N;z;. The properties of the Riemann matrix ensure that the series converges absolutely
and that the theta function is an entire function on CY. A characteristic is called singular
if the corresponding theta function vanishes identically. Half-integer characteristics with
2p, 2q € 79 are called even if 4(p,q) = 0 mod 2 and odd otherwise. Theta functions with
odd (even) characteristic are odd (even) functions of the argument z. The theta function
with characteristic is related to the Riemann theta function ©, the theta function with zero

characteristic © = Oqq, via
Opq(z,B) = O(z + Bp + q) exp {ir (Bp, p) + 27i(p,z+q)} . (2.7)

A theta function with a chosen nonsingular half-integer characteristic * is denoted by ©*.

2.2.2 Fay’s identities

Theta functions on Jacobians satisfy Fay’s celebrated trisecant identity [18]. We remind the
notation ©%, = ©* ( JP w) for theta functions with nonsingular half-integer characteristic, and
Ouw(z) =0 (z+ [ b w) for theta functions with zero characteristic. Fay’s trisecant identity
can be seen as a generalization of the classical relation between cross ratio functions for four
arbitrary points a, b, ¢, d in the euclidean plane [56]. According to this point of view, let us

define the function on C

* *

Napeg = =2b—cd 2.8
RCHC 25

where a, b, ¢, d are four points on C, all lying inside a chosen fundemental polygon. The
function defined by (2.8) vanishes for @ = b and ¢ = d and has poles for a = d and b = ¢. Note
that this function is independent of the choice of nonsingular half-integer characteristic. This
can be seen by rewriting Agpeq in terms of prime forms (which are characteristic independent)
as

)\abcd -
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where the prime form E(x,y) is defined by

@*
E(z,y) = — :
ha() /D (y)
with h.(z) a spinor satisfying h,(z) = Y7, %—(ij(x).

Theorem 2.2.1 (Fay [18]). Let a, b, ¢, d be four points on the Riemann surface C, all lying

inside a chosen fundamental polygon. Then with the above definitions the following identity

holds
>\cabd @bc(z)@ad(z) + )\cbad @ac(z) @bd(z) = @(Z) @a+b,c+d(z) , Vz € CI. (29)
The integration paths in (2.9) have to be chosen in a way not to intersect the boundary of the

fundamental polygon.

Degenerate versions of Fay’s identity lead to identities for derivatives of theta functions.
In the limit d — b, one finds for (2.9)

Corollary 2.2.2 (Fay [18]). Let a, b, ¢ be three points on the Riemann surface C, all lying
inside a chosen fundamental polygon. Then the following identity holds

@aC(Z) @bc(z>@ab(z)
Dyl = b b,¢)—————~—= 2.10
pin @(Z) b1 (CL, 70) +p2(a> 7C) @ac(z) (Z) ) ( )

where o 0" D.6"
pl(av b7 C) = Db In @%Z ) pQ(av ba C) = #@3;(1 . (211)

In the limit ¢ — a, equation (2.10) yields

Corollary 2.2.3 (Fay [18|). Let a, b be two points on the Riemann surface C, both lying
inside a chosen fundamental polygon. Then the following identity holds,

Opo(2)O 4 (Z
D,Dy () = a0 8) + gfa ) 2y (2.12)
where D.6D.6"
q1(a,b) =D,DpyIn©;, ,  @qa(a,b) = W (2.13)
ab

In the limit b — a, equation (2.12) can be cast into the form

Corollary 2.2.4 (Fay [18]). The following identity holds on the Riemann surface C
D?InO(z)+6(D?InO(z))*+3D. D, InO(z) —2D,D!/InO(z) + ;D> InO(z) +c; = 0, (2.14)
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where

D//@* DS@* D/ @* 2
—9a N/ _ a . 2.15
A= ~ipe 7 ? (Da®*> ’ (2.15)

the constant ¢y can be obtained by expanding q1 and qo (2.13) in the considered limit to fourth

order in the local parameter 7, near a.
Kalla generalized the identity (2.12) to
Theorem 2.2.5 (Kalla [35]). Let a, b be points on C, then the following identity holds,

@ab(Z) @ab(z)
O(z) O(z)

+2D21n O(z) + Ky(a,b) ,

@ab<Z)

0 =D/ In + <Da In o) Kl(a,b)) (2.16)

+D?In

where K1(a,b), Ks(a,b) depend on the points a, b, but not on z.

2.3 Proof of Main theorem Part 1

In this section we will consider various identities following from Fay’s identity (2.10) in the
limit ¢ — a. First we identify the known relations (2.12) and (2.16), then we prove the
first part of the main theorem (in this section the dependence in z in the arguments of the
Riemann theta functions with zero characteristic is dropped in notation).

To this end we write (2.10) in the form

Vv
V2D, ‘(/C) = Dy070;.0,40k. , (2.17)
where we have put

2.3.1 Known degenerations of Fay’s trisecant identity

For identity (2.17) we consider a Taylor expansion in the limit ¢ — a in the local parameter

T, in (2.4). In lowest order we get (2.12) in the form
1
Dan InV = WDb@*Da@*@ab@ba . (219)

In order 72, we get for (2.17)

& ( D, ©*

7Db(D§ InV +D/ InV + (D,InV)?) = D,0*D,0*0 4,60, 5D O + D, In @ba> ,

18



which can be written with (2.19) in the form

D' O
2D, 6%

1

§Db(D2 InV+D/ InV + (D,InV)?) = D,DyInV ( + D, In @ba> : (2.20)
Since this identity holds for all z € C, it also holds for z replaced by z + f: This means
© — Oup, Op, — O. As shown by Kalla [35], the difference between identity (2.20) and (2.20)
after this shift of z reads

2 2
0 leb D! In S + DoO _ DO +2D,In©;,D, ln%
2 S) Oub S) ©
. o, (2.21)
+ Dan In @@ZbDa In @ba — Dan In @ab@ZbDa In® — 2Daa@* Dan In @a .
With (2.12), we get
1 2
0==D, [ D) In Ot | D?In O | (D, Q) 4 2D?1n 067,
2 S) © ©
(2.22)
. IDACH Ouw
+ (Da In @ba - m) Dan In o) .

Introducing the derivative V, = >"7 | v;0(b)9,, acting only on z, we can write (2.22) in the

form

1 D/ *
0=V, {— (D;ln O +D%In G“b) + (Da In O}, — O > D, In 2

2 R e 2D,0* R .
2.23
.1 Ow )’
+D; 06y, + 5 (Dam @") } .

This implies that relation (2.16) holds with

@ab ®ab % DZL@* @ab
K(a,b) :D;lng +D21In 5 +2 <Daln@ba ~ D0 Dalng

(2.24)

2
+2D2In 06}, + (Da In @(;b> ,

where K (a,b) just depends on a, b, but not on z. It can be computed for instance by putting
z = 0 on the right hand side of (2.24). This reproduces the proof of Theorem 2.2.5 from [35].
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2.3.2 Third order terms

In third order of the local parameter 7, we get for (2.10)

1 1 1 1
0 =D, (—D” IV + DD, InV + oD, VD, InV + DIV

6 ¢ 2
1 2 1 3
+§Da InVD,InV + E(Da InV) (2.25)
D"e* D3e* D! ©* 1 D2o,
_D,D,1 a a e D, InO,, + =D’ InO, a 20
pln ¥ <6Da@* T 60,0 T 20,67 DO + 5 Daln6n 5o )

where we have used (2.19). With (2.20), we can replace Oy, in (2.25) to obtain a relation
only involving V. To this end we put

F = %Db (D,InV +D2InV + (D, InV)?) (2.26)
as well as D' o
o= Do (2.27)

which leads to (2.20) in the form

F

D, IO, = ——
e = DD, IV

Ch. (2.28)
In addition we put

1 1 1
G =D, (—D” InV + §DaD; InV + §D; InVD,InV

6 a
1 1 . (2.29)
—|—6D2 InV + §DZ InVD,InV + E(D“ In V)g)
nd D/6° DO
Oy = —a a (2.30)

~ 6D,0" ' 6D,0
with which (2.25) takes the form

1 1 1
G = Dan InV (CQ + ClDa In @ba + ED:I In @ba + §D2 In @ba + §(Da In ®ba)2> . (231)

Eliminating Oy, with (2.28) from (2.31) leads in a first step to

G 1 F F? cz o1
7 _-p, . —Cy— 2t 4 D IOy, .  (2.32
D.DyInV 2 (Dan an) 2DuDy V) 2T 3 Tghe® (2:32)
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Differentiating with respect to D, (note that the derivatives of the odd theta functions in ¢y,
¢z vanish), we obtain with (2.28)

G 1 F F? 1 F
D,(=——— —-D, - =D (=——") . (233
(Dan mV 2 (Dan an) 2(D,Dy In V)2> 2 (Dan an) (2:33)

We have with U = DyInV

G —lD F B F?
D,DyInV 27\ D,D,InV 2(D,DyIn V)2

2.34
DU, DDLU 1y, DWW (DRU)P (DU (2:34)
= —_— n —_ J—
6D,U ' 4D,U ' 2°° 12D,U * 8(D,U)?  8(DU)? "’
thus we get for (2.33)
o DiD.U_DLUDRU DU DRUDRU _ (DRU)  (DLUPDRU_ (DLfDaU -, oo

6D, U  (6D,U)2 12D,U ' 3(D,U)2 4(D,U)? " 4(D,U)? 4D, U

identical to equation (2.2) which concludes the proof. Note that there are terms in (2.33)
without a derivative D,, but remarkably these terms all cancel leaving (2.34) a relation for

terms all involving this derivative.

2.4 Applications to integrable PDEs

In this section we will apply relation (2.2) to integrable equations, prove the second part of

the main theorem and consider various reductions on special Riemann surfaces as known for
the KP case.

2.4.1 Main theorem Part II
To prove the second part of the main theorem, we define the function
¢(x,y,1) = Dy In [03,0(xvo(a) + yvi(a) + tva(a) + d)]

and show that it solves the Schwarzian KP equation (2.3).

With our previous notations ¢ = DyIlnV = U, moreover we can identify: D, = 9.,
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D! = 0, and D? = 0;. Inserting the function ¢ into (2.3) we get:

D/D,U DU 1 DU 2

— D'U — —=4 D2UD3U
DU (D2 % 2D,U (DO e
3 3 DU 3 (D! )2U
S S A S LG VAT A O VA
D)+ 55,07 V) ~ 57,7 )

2(DU)?

which is equivalent to (2.2) thus proving this part of the theorem.

The Schwarzian KP equation can also be written in the form

U 11U, 3U? 3Upz, 9 33Uy
— — = . — — = =0. 2.36
(Ux 2Ux+4U§)m 208 V2T, (236)
Integrating with respect to x, we get
1 3U2 —-U? 3 U, U, U
U — -Uppo + ———— Y L U, 0] [ 2LY - & 2.37
I ””(Ug Ux)’ (2:37)
which can be written in the form
1 302, -U2 3
Uy — Uy + ——— ¥ U W, , 2.38
D) 1 U, o TV (2.38)

where W, = U, /U,. This is equation (13) in [8] after the change of time t — 2t.

2.4.2 Reductions on special Riemann surfaces

Let us restrict our attention to the special case of the Riemann surface C being hyperelliptic,
i.e., given by the zero locus of the polynomial P(\, u) = p? — Hj.v:l()\ — ;) where \; € C,
j=1,...,N,and N =2g + 1 or N = 2g + 2, and denote by 7 : C — CP' the projection
onto the Riemann sphere.

If a is a branch point of 7 then the hyperelliptic involution locally reads o : 7, — —7,. The
pullback on Q'(C) of the hyperelliptic involution is given locally by: o*w;(a) = —w;(a). Hence
the Taylor expansion (2.4) of A; around a must be even in 7,, i.e vi = 0 and thus D} = 0.
Eliminating Oy, from (2.31) via (2.26), we get

Corollary 2.4.1. Identity (2.2) reduces on hyperelliptic surfaces with a being a branch point

to
1 (Dsz In V)2

- 2.
8 D,DylnV (239)

1 1
0= 6D;{Db InV — ED;”;Dblnv — oD Dy InV +
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If we put again U = Dy InV, D” = 9; and D, = 0,, we get for (2.39)

1 1 102
“U, — —Uppy — ColU, + 22 — ) 2.40
6 " 12 2 +8Ux (2.40)

This implies

Theorem 2.4.2. The function ¢(z,t) = DyIn [07,0(zvo(a) + tva(a) + d)] solves the Schwarzian

KdV equation:

Lo 1o
ol =0 (2.41)

As in Chapter 3.4 of [5] for KP, there is also a reduction to a Schwarzian Boussinesq
equation. If the surface C is given by a trigonal curve, i.e., a curve on which a meromorphic
function with a third order pole at a point a € C and no other singularities exists. A simple

example of such a curve is
4

pt =TI - E). (2.42)

=1

In this case D? = 0, and one can simplify (2.2).

Corollary 2.4.3. Let C be a trigonal curve, with the point a being the single pole of third

order of a meromorphic function. On such a surface, identity (2.2) reduces to

D!U  DMUD2U  (D2U)® . (D,U)?D2U  (D,)2DU

0="1p,0 3(D,U)2  4(D.,U) ' 4(D,U)*  4D,U

(2.43)

In this setting,

Theorem 2.4.4. The function ¢(x,t) = DyIn [07,0(zvy(a) + tvi(a) + d)] gives a solution

to the Schwarzian Boussinesq equation [62]

(- o), - 3(2),- 3. . o

2.5 Conclusion

In this chapter, we have studied degenerations of Fay’s identities in higher order of the
local parameter 7, near the point a. The starting point was Fay’s identity for 3 points on a
Riemann surface in the form (2.17). The case of order 72 was studied in detail, leading to
identity (2.2). As an application, we used this identity to find solutions under the form (2.4.1)

to the Schwarzian KP equation (2.3). Reductions to special Riemann surfaces (hyperelliptic
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and trigonal curves) allowed us to further simplify (2.2), leading to solutions of the Schwarzian
KdV and Schwarzian Boussinesq equations.

It would be natural to generalize this approach to higher orders of the parameter 7,. A
standard Taylor expansion of the quantity V(c) = 0,.0%, yields for the left hand side of
equation (2.17)

D f: L R A s A N N R (2.45)
—— (7D, + — — e : .
" LamlV 270 6 KLO
Thus one gets in order 7"
D'V DD,V DMV
D & < - e+ —1. 2.46
’ (n!V 2(n — IV L nlV ) (2.46)

The same expansion can be obtained on the right hand side of (2.17) for ©_, where all even

order derivatives vanish for symmetry reasons, and for ©,. leading to derivatives of O,,. As
in section 3, the latter terms can be replaced via (2.28) by derivatives of ©. As in (2.33), it
will be necessary to differentiate with respect to D, in general to eliminate all terms with
Ope- It is beyond the scope of this chapter to detail the resulting identities and to establish a
potential relation to integrable PDEs and whether these are from a hierarchy of Schwarzian
KP equations. An interesting question is also whether a similar approach can be applied to
the degeneration of identity (2.12) in the limit b — @ in higher orders of the local parameter
near a, which would lead to a generalization of relation (2.14). This will be the subject of
future research.

Another interesting aspect would be to relate the present work to the bilinear approach
studied in [9], [42] and [52]. In the first two articles the authors describe the tau functions
associated to the Schwarzian KP hierarchy. For the KP hierarchy let us recall that the tau

function is a solution of Hirota’s bilinear-bilocal equation [42]:

/ dr(s — N)r(s' + [\]) exp [¢(s — 8, N)] = 0. (2.47)

Where the integration path is taken along a contour about infinity, s = (¢1,ts,%3...) is
an infinite vector containing the time flows (with the convention x = t1,y = ta,t = t3),
s+ [N = (t1 + (N1, t2 + [A2, -..), with [A]; = 32X and ((s,\) = D07 | £, A",

Defining the polynomials p, such that exp [((s,A)] = Yo7 pn(s)A", and using Hirota’s

bilinear symbols:

Dxm(fg) = (a’t - aﬁv')mf(x7yat7t47 "')g(x/7y7t7t47 '“)‘z:x’ 5
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one can show that equation (2.47) contains the following system of equations which generates

the full KP hierarchy
1 3
iDan’T.T = ppy1(D)7.7 . (2.48)

With D = (Dy, 5D, 5D3, ...). It can be proven ([9], [59]) that this tau function satisfies the
following addition formula for a, b, ¢ and d some arbitrary complex numbers :
(@ —c)(d—Db)T(x+ [a] + [c])7(x + [d] + [b])+
[b] + [e])+
[d] +[c]) = 0.

This addition formula is nothing more than Fay’s trisecant identity when a tau function is

—

B

o]+ ]+
+ [a])T(x + [d] +

=S

written in terms of Riemann theta functions (|59]).
Let ¢ be a solution of the Schwarzian KP equation, then ¢7 is a tau function for the

Schwarzian KP hierarchy, which means that

%Dan¢T.¢T = pn+1(]3)(b7.¢r

generates the full Schwarzian KP hierarchy [42]. This observation, together with the well-
known expression of the KP tau function in terms of Riemann theta functions motivates the

following conjecture.

Conjecture 2.5.1. There exists a quadratic form Q(t) = Z” Qijtitj, Qi € C, such that
the function

7= eAWO(Vt + d)DyIn [0;,0(Vt + d)]

1s a tau function for the Schwarzian KP hierarchy with V a g X oo matriz whose columns are

the vectors associated to the different time flows.

The precise relationship between the higher order degenerations discussed above and such

a tau function has to be explored in a future work.

2.6 Appendix: Links with other integrable systems

We collect in this appendix some facts on the Schwarzian PDEs appearing naturally in
the context of higher order degenerations of Fay’s identity. The Schwarzian KP, KdV and
Boussinesq equations originally appear in a series of papers by Weiss [62], [63], in an extensive
study of the Painlevé property of many integrable PDEs. These three Schwarzian equations

were shown to be, in some sense, prototypical PDEs satisfying this property. They are
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also linked to some integrable systems that appear in physics through Backlund and Miura
transforms. Here, we present these relationships.

First, observe that SKP, SKdV and Schwarzian Boussinesq equations are invariant under
Mobius transformations. Namely, if a function ¢ solves the Schwarzian KP, Boussinesq or

KdV equations then
Ap+ B

Cop+ D
with AD— BC # 0, A, B, C'and D being some constants, is also a solution of these equations.

P =

Moreover, this transformation plays the role of an auto-Béacklund transform for these three
equations.

If ¢(x,y,t) solves the Schwarzian KP equation

&, ¢\ L Ledny _
<@ + {¢’x}>x * <¢x>y T3 <¢g>x =0,
then the Backlund transformed function

2

0
u(z,y,t) = 12@1n¢+ v

with ) )
v = ?)ﬂ o 4¢xmc gbt Yy

o b o O

is a solution of the KP equation
Uty + ui + Uy + Uy + Uyy = 0 .

Similarly, the Schwarzian KdV equation is related to the classical KdV equation through

Bécklund transformations. Let ¢(z,t) be a solution of

% (o=,

T

then )

0
u:12@1n¢+v

is a solution of
Up + Uggr + U, :07

where v is given by

2

o bo P
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The very same Bécklund transformations also relate solutions of the Schwarzian Boussinesq

equation to solutions of the classical Boussinesq equation. Moreover, if we set A = 0 then

¢ b

solves the modified KdV equation

0 w

Finally, let us consider the following Miura transform
T — ¢, t—t, o=,

which implies
_&
bq

Under this transformation, the Schwarzian KdV equation is rewritten as follows

1
{2} = =2 {50},  ¢p= —, u=
p

xixt = )\xi + {x; ¢},
replacing the Schwarzian derivative {z; ¢} by its explicit expression, we get
171 37 1\2
-3 30
2\wy/ 06 2\xy/ ¢
Setting v = x;l, the previous equation is equivalent to
Vs = U30¢¢¢

i.e. the Harry-Dym equation.
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Chapter 3

New systems of log-canonical coordinates
on SL(2,C) character varieties of compact

Riemann surfaces

Joint work with M. Bertola and D. Korotkin
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Abstract

We construct new sets of log-canonical coordinates on SL(2, C) character varieties of compact
Riemann surfaces. These coordinates are obtained by combining shear type coordinates with
length-twist type coordinates. On the real component corresponding to the moduli space of
compact Riemann surfaces M, the generating function corresponding to the symplectomor-

phism between these new coordinates and Fenchel-Nielsen coordinates is explicitly computed.

3.1 Introduction

The SL(2,C) character variety V, of compact Riemann surfaces of genus ¢ is equipped with
the natural complex symplectic form, inverse to the Goldman Poisson bracket on V, [26].
There exists a set of Darboux coordinates on V, which is obtained by analytic continuation
to the complex domain of the Fenchel-Nielsen coordinates on the Teichmiiller space 7, [66].

Once one introduces n boundary components on the Riemann surface and considers the
corresponding character variety, there exists a set of coordinates which are extensions of
Thurston’s shear coordinates and are log-canonical for the Goldman form on the symplectic
leaves (the coordinates are called log-canonical if the coefficients of the 2-form written in
terms of those coordinates are constant, the actual Darboux coordinates can then be obtained
as linear combinations of those coordinates).

However, so far it remains unclear how to use the (complexified) shear coordinates
efficiently on V,, although important steps in this direction have been made in [11]. In the
case of Vs, a set of log-canonical coordinates alternative to Fenchel-Nielsen were recently
constructed in [12]; however, generalizing this construction to higher genus was still an open
question.

In this chapter, we construct new systems of log-canonical coordinates on V, for any g
by combining the ideas behind the (complexified) shear coordinates and the twist-length
coordinates. The technical framework is in [7], where for each graph on a Riemann surface
and an assignment of SL(2, C) matrices on edges, one associates a canonical two-form.

The main result is that we associate a new system of (local) log-canonical coordinates
on V, to any system of simple non-intersecting closed contours {71, ..., vy}, for any m =
1,...,3g — 3. In the case of maximal m = 3¢9 — 3, the set of contours define a “trinion
decomposition” of the Riemann surface into three-holed spheres (the trinions or pairs of

pants). In this case, our coordinates are closely related (but not exactly coinciding) with
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the complexified Fenchel-Nielsen length-twist coordinates; their relationship is explained in
section 3.5.

We start by presenting this construction for the simplest case m = 1, which corresponds
to a single contour v that separates C into two Riemann surfaces, C and C of genera g and g,
respectively. The associated system of log-canonical coordinates on V), consists of a pair of
coordinates of length-twist type along «y, and also complex shear type coordinates on SL(2, C)
character varieties of Riemann surfaces C and C with the boundaries collapsed to a point.

More precisely, given a representation p in V,, let A, and A7 ! be the eigenvalues of the
monodromy matrix p(v) = M, and denote £, = In \,, with some choice of branch for the
complex logarithm. Let us choose a point v € Cina neighborhood of v on the C side, and
similarly another point v € C that is also close to ~ but lying on the C side. Consider a
fatgraph 3 on C with only one vertex at v, and a fatgraph S on C with a single vertex at v.
These graphs are chosen to triangulate C and C if their boundaries were collapsed to a point.
The number of edges of Y and equals n = 6g — 3 and n = 6g — 3, respectively. The valences
of the vertices v and v are equal to 2n and 20, respectively, since every edge of > (resp. i)
comes to v (resp. v) twice.
To each edge, €;, of the graph 3 we assign a coordinate Eez € Cand 2z, = ezﬁi, which are
complex coordinates of shear type parametrizing the character variety V5, of C. The complex

“length” /., of the separating loop 7 is related to these coordinates by
2> G, =1, (3.1)
i=1

We shall continue calling QN"G shear or shear type coordinates in this chapter although they
really coincide with logarithms of Thurston’s shear coordinates only when the length of the
boundary curve is zero. Similar coordinates QA‘ej’s and Z,’s are assigned to the edges €; of 5

and they satisfy the similar relation
2> (=1, (3.2)
j=1

Using (3.1), (3.2) we can eliminate ¢; and {; so that the full set of independent, complex local

coordinates on V, looks as follows:

{{Zei G (4 }12,&,767} . (3.3)

The total number of variables in the set (3.3) is given by n + 71 = 69 — 6 which coincides
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with the dimension of V,. The coordinate 3, is the complex toric variable along contour ~y
(similar but not coinciding with the complexification of the Fenchel-Nielsen twist). Then, by

Theorem 3.7.1, the form €2 on V, can be written as follows in terms of coordinates (3.3):

Q= Qo4+ + 0 +Q+Q, (3.4)
where
Qg = dB, Ade,
B 6g—3 B N 65—3
D= (@ +a)de AdG,, Q=) (@ —cuteu)di, Ad,
i,j=2 k=2
1<j k<l
B 1 69—3 B 1 65—3
Oy =3 mzzzamd@ NG, =3 ; Cindly A dC,, -

The integer coefficients ¢;;, ¢j; lie in the interval between —4 and 4. They are determined by
the order of the edges of the one-valent graphs 3 and ¥ at their vertex.

This construction extends to an arbitrary system of simple non-intersecting contours
M, Ym, 1 < m < 3g — 3, which split C into n subsurfaces C®) with k) boundary
components. Then we have m pairs of log-canonical coordinates {3, ,, -, }7-,. Each subsurface
C carries a triangulation graph X® with 6¢® — 6 4+ 3k edges, to which we assign shear
coordinates (.. In these coordinates, by Theorem 3.8.1, one can write the Goldman form on

V, as

n

Q=) "0V +>"dg, Ade,, (3.5)
j=1

=1

where

O = > 3y deAdéG.

UGV(E(Z')) e,elv
e<e

When m = 3¢ — 3, the surface C decomposes into 2g — 2 trinions. Since each C® is a
trinion, all shear type coordinates can be expressed in terms of the boundary lengths of C®,

due to the constraints (3.1). This yields 3g — 3 log-canonical coordinates {f,,, £, }?i_ls for
the Goldman form €2 on V.

Using the trinion graph I',;,, whose vertices correspond to trinions and edges to the gluings
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of their boundary components, one may rewrite € as (cf. Theorem 3.9.2)

39—3

Q= % Y dlendlz+ Y dy, Ade,, (3.6)

VEV (Dirin) e,EJ:v 7=1
e<e
For each vertex, the inner sum runs over pairs of incident edges, ordered according to the
inherited orientation of the ciliated graph. This expression is independent of the choice of
cilium.
When restricted to the real Fuchsian component which projects to the Teichmuller space

Ty, the form Q coincides with the Weil-Petersson form wyp. In terms of Fenchel-Nielsen

coordinates {7,,,,, }523, the form wy p can be written [66]
39—3
wwp = Z dT’Yj A\ dg,yj . (37)
j=1

The length coordinates £, are the same in (3.7) and (3.6) while each Fenchel-Nielsen twist

coordinate 7,; differs from 3,, by adding a function that depends only on the lengths. The

39—3
Jj=1

generating function of the symplectomorphism between log-canonical coordinates {3,,, £,, }
and Fenchel-Nielsen coordinates {7, £, }?23 can be expressed in terms of Euler dilogarithms.
This construction admits a straightforward generalization to the case of an arbitrary
SL(N,C) character variety of 7 (C). Here, one needs to use the Fock-Goncharov coordinates
associated to each fatgraph I'® together with N eigenvalues and toric variables associated to
each M, .
Some explicit computations of the Goldman symplectic form €2 for low genera are given

in an appendix.

3.2 Main spaces

3.2.1 Character variety of a compact Riemann surface

Let C be an oriented compact Riemann surface of genus g. Then the standard generators

{ou, Br}i—, of the fundamental group m;(C) can be chosen such that

i, Bi] = id (3.8)

g
=1

1
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where
[y, Bi] = a3 a1 B

A point of the SL(2,C) character variety V, is represented by the equivalence class under
conjugation of the set of monodromy matrices {M,,, Mg, ..., Mo, Mg, } C SL(2,C) satisfying

g
[T Me, Ms) =1, . (3.9)
=1

Traces of monodromy matrices can be used as coordinates on V.
The Goldman Poisson bracket on V, (the complexification of the Weil-Petersson bracket on

M,) can be written as follows in terms of trace coordinates

1
{tr M, tr M5} = Z v(p )(teroM 2trM7trM§) , (3.10)

PEYY

where v,7 € m(C) and v(p) is the contribution of the point p to the intersection index of ~y
and 7.
The Goldman bracket on V, is non-degenerate. The symplectic form inverting the Goldman’s
bracket on an arbitrary SL(N,C) character variety of a compact Riemann surface was found
in [3], but the corresponding log-canonical coordinates for them are unknown.
Below, we show how to construct systems of Darboux coordinates on V, which can be naturally
extended to higher SL(N,C) character varieties using the machinery of Fock-Goncharov
coordinates.

Let now C be a closed and oriented Riemann surface of genus g with n > 1 marked
points ¢y, ..., ¢,. Then the standard generators {7;}7_;, {w, Bi }]—, of the fundamental group
m(C \ {t;}) can be chosen such that:

g

Y1+ Vn H [, ;] = id

i=1
Consider now a representation of m1(C \ {¢;}) in SL(2,C). Then monodromy matrices

corresponding to the standard generators of the fundamental group satisfy the same relation:

g
M, M, [ [ Mo, Mg ] =15 . (3.11)

=1

We denote the eigenvalues of M, by A, and 1/A,,.

Define the character variety V,,, as the space of monodromy representations modulo simulta-
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neous conjugation by SL(2,C). The coordinates on V,,, can be again chosen to be the trace
coordinates, i.e. tr)M,, for sufficiently many elements v of the fundamental group.
The Goldman bracket on V,,, is defined by the same formula (3.10). However, on V,,, it is

degenerate, with the Casimir elements being the eigenvalues of M, ..

3.2.2 Extended character varieties

The character varieties V, ,, admit natural extensions H,, that possess nondegenerate Pois-
son structures. The idea of such an extension is to introduce canonical partners to the
Casimirs £.,, ..., {,, of the Goldman bracket on V,,,. Suppose that all monodromies M,, are
diagonalizable with

M, = CpM\Ct .

Here we do not fix the order of the eigenvalues and eigenvectors of M., . The Casimirs £,
are defined by ¢,, = £In\,,, where In denotes a branch of the complex logarithm (on the
real slice we will assume \,, > 1 and analytic continuation can be obtained by choosing the
principal value).

Define the extended space H,,, as follows

g
Hyp = {{Maj,Mﬁj 9 ACk Mdpey : GG ONANCR [ Mo, M) = ]12} [~ .
=1

(3.12)
The sets related by transformation M, — GM, G, Cy — GC}, for a fixed G € SL(2,C)
(while Ay, remain invariant) are assumed to be equivalent.

The space H,,, for an arbitrary matrix dimension was studied in [33|, [10] and [7]. It
possesses a natural symplectic form [10, 7]. The canonical partners of the Casimirs are
the coordinates [3,,, which are the logarithms of the so-called toric variables b,,. The toric
variables are the normalizing factors of the eigenvectors of M., encoded in the matrices Cj.
In [7] this symplectic form was represented in a log-canonical form for an arbitrary SL(N, C)

group by combining Fock-Goncharov coordinates with the toric variables.

3.3 Graphs on surfaces and canonical symplectic form

Let I" be a finite ciliated oriented graph embedded into a Riemann surface C, with V(I")
and E(I') denoting the sets of its vertices and edges respectively. The chosen cilium at each
vertex induces the ordering of edges attached to this vertex. One writes e < €’ when the edge

e precedes the edge €' in a counterclockwise order from the cilium.
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We will use the following notation: e = [vq, 3] denotes the oriented edge connecting vy to vy
and —e = [vy, v1] denotes the oriented edge connecting vy to v;. If an edge e is incident to a
vertex v we write e L v. We define the valency n, of a given vertex v to be the total number

of edges incident to v counted with multiplicity.

Definition 3.3.1. A pair (I', J) consisting of an oriented graph on C up to isotopy and a
map J : E(I') — SL(2,C) is canonical if it satisfied the following conditions:

1. The map J : E(T) — SL(2,C) satisfies J(—e) = J(e)~!. The matrix J(e) is called the

jump matrix associated to the edge e.

2. For each vertex v € V/(I') of valence n, > 2 with incident incoming edges {e, ea, ..., €, }
enumerated counterclockwise starting from an arbitrary chosen edge the local mon-

odromy around v is trivial, i.e.
J(el)J(eg)...J(em,) == ]12 . (313)

To each pair (I', J) we associate the canonical two-form Q(I') as in [7]:
Ny —1

1 v -1 v v -1 v
o) =gt > 3 () Py (A7) an, (3.14)
veV () I=1

where Jl(v) = J(e), e; L v, are the matrices defined by the map in Definition 3.3.1 corre-

sponding to the edges ey, es, ..., €,, incident to v, and

Iy = 10

The form (") is invariant under the set of the following admissible moves [7]:

1. merging of two vertices v; and vy of valency n,, + 1 and n,, + 1 respectively, connected

by a common edge ey, to get a single vertex v of valency n,, + ny,,

2. zipping of two edges e; and e, with jump matrices J; and .J; respectively, connecting

the same two vertices v; and vy, to get a single edge e with jump matrix J;Js.

3.4 Standard graph and symplectic form on V,

Let C be a compact unpunctured Riemann surface of genus g. Choose a base point vy and a
set of standard generators {a;, 3;}9_, of m(C,vo) satisfying (3.8). Denote by M,,, M, the
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corresponding monodromies which satisfy (3.11) for n = 0:

g

[, M) =1, . (3.15)

Jj=1

Let us choose some oriented closed contours on C starting at vy representing the elements
a;, B;; with a slight abuse of notations we denote these loops by the same letters. Consider
the one-valent ciliated graph I'y (which we call the standard graph, see Figure 3.1 (a)) with
vertex at vy and 2g oriented edges {«;, ﬁj}gzl; the valency of vy equals 4g. Define the jump

matrices on the edges of I'y as follows:
J(aj) = M,Bj ) J(ﬁ]) = Maj . (316)

The cilium at vy is chosen between oy, and f3; (see Fig 3.1 (a)). Notice that the relation (3.13)
in the general definition of jump matrices on a given graph is written under assumption that
all the edges e; are incoming to the vertex. In our case, since every edge meets the vertex
twice, while defining the canonical form (3.14) we need to inverse the orientation of 2g out of
4¢g half-edges incident to vy as shown in Fig 3.1 (b).

ay B2 e €5
B2 er

(%) €s

L B I es
-7 aq -7 €9

B1 €1

(a) (b)

Figure 3.1: Orientation of the edges of the standard graph I'y for g = 2.
Then we get:

Jler) = My, , J(ea)=Mg", Jles)=M;", Jles) = Mg, ,....
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Under these conventions we get

g
J(er)J(e2).. 0 (esg) = | [ Mo, My My Mp, =T, .

i=1

Therefore, the standard graph I'y with our choice of jump matrices satisfies the condition
(3.13).
Applying the formula (3.14) to the pair (I'g, J) we get the symplectic form Q(T'y) which can

be written as follows:

2g—1
1 _ _
ATo) =5 > tr (KB A K ) (3.17)
j=1
where K is the jth matrix in the product (3.15); K. ; denotes the ordered product of
matrices entering in the same product (3.15) up to j; for instance

Ky =M, , Kpgy= MM K23 = MalMﬁ_llM_l

ﬁl’ @ vttt

Proposition 3.4.1. The form Q(T'y) given by (3.17) coincides with the Goldman symplectic
form Q on V,.

Proof. The symplectic form  inverting the Goldman bracket on the SL(N,C) character
variety of m;(C) was computed by Alekseev and Malkin [3]. The form of [3]| can be represented
via (3.14) for a special graph G and the jump matrices |7]. In turns out that the Alekseev-
Malkin graph can be transformed to the standard graph I'y by a series of admissible moves
preserving the symplectic form. Therefore, the form Q(I'y) coincides with the Goldman
symplectic form (for an arbitrary SL(N,C) case).

O

3.5 Parametrization of V, by plumbing two lower genus

Riemann surfaces

Here, we are going to construct another oriented ciliated graph on C (with jump matrices on
its edges) which can be transformed to I'y by a series of admissible moves. This allows us to
get an alternative representation for the form Q(I'g) which will be used in the next section to

construct new systems of log-canonical coordinates on V.
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3.5.1 Oriented graph on C by amalgamation of standard graphs on

two Riemann surfaces of lower genera

Consider two topological Riemann surfaces, C and C, , of genera g and g, respectively (such
that ¢ = g + g) with one boundary component each. We denote by 7 (resp. 7) a contour
slightly shifted from the boundary to the interior of C (resp. C ).
Pick a point v on C near its boundary and a point v on C also lying near its boundary. The
fundamental group m (5 ,0) is freely generated by the elements {a;, Ei}lgzl and we define the
monodromy around the boundary of C by

g

M =] [Mai, MBZ_] . (3.18)

=1

We assume that M5 is diagonalizable, M5 = CAC~! where the matrix of eigenvectors C has
a freedom of multiplication with SL(2,C) diagonal matrix from the right.
Similarly 71 (C, D) is freely generated by the elements {a, Bj}f;l and we define the monodromy

around the boundary of C by

g
-1 __ -
M =] [Mai, Mﬁi] , (3.19)
i=1
which is also assumed to be diagonalizable, M5 = CACL.

Define the following moduli space:

_ ] S o I

H— {{Maj,ng}jzl, (C.A}y: CRC] [Mai,MEJ _ 112} /o~ (3.20)
i=1

where C,A € SL(2,C) and A = diag(M5, )\51).

The equivalence relation ~ is the same as in (3.12). The monodromies { Mg, MEj} can be

chosen arbitrarily; they determine the matrix A uniquely. The matrix C is then defined up

to the right multiplication with a diagonal matrix.

Similarly, consider the moduli space:

H= {{Maj,MEj}ll {C. R} éf\élﬁ (Mg, M3, | = 112} [~ (321)

J

with C, A € SL(2,C) and A = diag(\s, \51).

The idea of the following proposition is to construct an element of V, starting from a set

of matrices representing a point of H and a set of matrices representing a point of H that
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satisfy the additional constraint

A=A, (3.22)
We observe that for a diagonal matrix A, the inverse matrix is in the same adjoint orbit,
namely;
At =b"'Ab, (3.23)
where

0 1
b =109 = :
109 [_1 0]

Assuming (3.22) we can glue (topologically) the surfaces Cand C along the boundary to get
a topological surface C of genus g = g +g. We denote by 7 contour on C placed between 7

with 7. The diagonal monodromy matrix representing v is given by

A = diag(Ay, A1)

such that A = A = A.

Figure 3.2: Generators of the fundamental groups 1 (C, ) (black) and 772(5 ,0) and corresponding
generators of m1(C, ) (red) for g = 2.

The generators {ay, 5;}_; of the fundamental group m(C,v) are naturally inherited from the
generators {a;, o} and {3}, B} of the fundamental groups of C and C as shown in Figure
3.2.

Let us now construct the SL(2,C) monodromy representation of m(C,?) starting from a

point of the space (3.20) and a point of the space (3.21) satisfying the constraint (3.22). In
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other words, we are going to construct the map

F:HxH =V, (3.24)

A=A

Proposition 3.5.1. Consider a set of matrices representing a point of H and a set of
matrices representing a point of”;q such that A = A.
Then the following set of SL(2,C) matrices

M,, = Co7'CT'MzCoC™" | My, = Co'CT'M;CoC, i=1,..,7,

vy =M, Ms., =Mz, i=1,..3. (3.25)

defines a point of V.

Proof. From the definitions (3.20) of H and 7 one has

(3.26)

Imposing A=A we get

Cb'0 (ﬁ | Mz, M@D CoC! (ﬁ M., M@}) — L. (3.27)

i=1 =1

Defining M,, = Cb~'C~'Mz,CbC~* and Ms, = Co~*C~'M5CbC ! fori = 1, ..., 7, equation
(3.27) can be rewritten as:

] g

(Mo, My T [Ma M@} ~ L.

1 =1

()

Now, defining M,,,. = Ma, and Mg, . = Mj;, for i = 1,...,g, this last identity can be
rewritten: B o

g g+g

H [Ma,., Mﬁi] H [Ma,, M,Bi] =1,

i=1 i=g+1
which coincides with (3.9). O

Let us now use this plumbing formalism to construct the natural graph I'y on C equipped with
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jump matrices on its edges such that the canonical form Q(I'y) coincides with the Goldman

form €2 on V.

The graph I'; is constructed by amalgamation of three graphs:

e the graph I, (which can be considered to be the standard graph on C if the boundary

component 7 is shrunk to a regular point),

e the graph fl (which can be considered to be the standard graph on C if the boundary

component 7 is shrunk to a regular point),
e and the five-vertex “plumbing” graph I'y;.

These graphs can be seen in Fig. 3.3. The five-valent graph I'j; has one-valent vertices at v,
v, and three four-valent vertices which we denote by ¢, ¢ and ¢; these are the points where
the segment connecting v and v crosses 7, v and 7, respectively.

The jump rneitrices on the edges of T are given by matrices Mg, M 5,5 the jump matrices on
the edges of I' are given by matrices Mg, ME_; according to the rule (3.16).

Finally, the jump matrices on the edges of I'y; are given by

J([3,d) = J(&) = M5 , J@)=J@) =A, J([0.d)=JE)=M,
J@=C, JA)=C, JH)=b,

as shown in Fig. 3.4 (recall that M5 and M5 are defined by (3.18) and (3.19) and that the

orientation of v is irrelevant because —b = b~ = b are the same in PSL(2,C)).

. a ¥ Y y a
B o _ R L B
_ v er g €2 q es q el v N
v v
o N a
B ¥ Y y B
f1 f1
'y

Figure 3.3: The graphs fl, I’y and fl for g = 2.

One can verify that the local monodromies around all five vertices are trivial. Consider, for

example, ¢, ¢ and v (the computation at v and ¢ is identical).
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Figure 3.4: The amalgamated graph I'y drawn on C for g = 2.

e For ¢: Let us choose the cilium position to be between the edge [¢, ¢] and the half edge
corresponding to v with the same orientation as [q,g]. The four edges incident to ¢ in
counterclockwise order have jump matrices: J(e;) = b™1, J(es) = A, J(e3) = b and
J(es) = A. Then

J(e1)J(ez)J(e3)J(es) = b TABA = ATTA =1, .

e For ¢: Let us choose the cilium position to be between the edge é = [v, ¢] and the half
edge corresponding to 7 with the same orientation as —é. Then we have J(e;) = M5
J(es) = C, J(es) = A" and J(es) = C~'. Then

J(e1)J (e2)J(e3)J (es) = MGCATIC™ = Ms Mz =1, .

e For v: Let us choose the cilium position between the edge € and the half edge corre-

sponding to Bl with the same orientation as —é. Then

Je) =Mz, Jle)=M5',  Jles)=Mg',  Jlea) =Mz,

J(€5):Ma2, ey J(64§+1):J(é):M§1

Therefore,

4g+1 g

H J(e) =11 [Mai,Mgl} M =1,

=1

The graph I'y can be transformed into the standard graph I'y by a sequence of admissible
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moves in the sense of |7]:
1. Merge the vertices v with ¢ and v with g.
2. Merge the vertices ¢ , ¢ and ¢.

3. Zip together the three edges v, ¥ and 7 whose jump matrices are respectively b, Cc-1
and C to get a single edge o with jump matrix J() = Cb1C1L,

4. Zip the edge v with the edges {@;, 5;}_, to get edges {a, 3;}_, with corresponding

jump matrices:

J(B;) = Mo, = Co7'C7'M5,CbC™" J(ay) = My, = Cb'C'Mz C6C, i=1,...3.

Therefore, the canonical symplectic form (1) coincides with the canonical symplectic form
Q(T). In other words, one can use the graph I'; to compute the Goldman symplectic form
on V.

In the next section we construct another graph I'; which can also be transformed to I'; by a
sequence of standard moves; the jump matrices on edges of I'; will be expressed in terms of

Fock-Goncharov coordinates, and, therefore, can be used to write {2 in the log-canonical form.

3.6 Triangulation of C and C and log-canonical coordinates

3.6.1 Graph I'; from triangulations of C and C

For explicit computation of the Weil-Petersson form in terms of log-canonical coordinates we
are going to construct one more graph on C, which we denote by I'y, with jump matrices on
its edges which make it equivalent to I'y and T'y.

The graph I'; and jump matrices on its edges are constructed via amalgamation of the

following three graphs

1. Graph T’y constructed as follows. Fix an oriented triangulation (i.e. such that an
orientation is assigned to each edge) S of C with a single vertex v such that the
boundary v and contour 7 fall into one of the triangles. The number of edges of D

equals 6g — 3. The jump matrices on the edges e; of 3> are chosen as follows

~ 0 1/7.. -
J(gj):Sej=< /zﬂ>, %, €C.

~Z, 0
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Note that 5;1 = —gej = g_e].. We also denote
Zej =Inz,,

for j=1,...,69 — 3.

Choose on each face F 5. of Y an extra internal vertex wy, connected to v by three internal

edges oriented toward wy. To each internal edge (shown in red in Fig. 3.5 and Fig. 3.6)

(3 3)

. Graph fg constructed as follows. Fix an oriented triangulation S of C with a single

assign the constant jump matrix:

vertex ¥ such that the boundary v and contour 7 fall into one of the triangles. The

number of edges of 5 equals 6g — 3. The jump matrices on edges ¢; of 5 are chosen as

a 0 ]-Ae' ~
J(@):SeF( /"V>, 2. €C,

%0

follows

and denote Z\e =InZz,, for i =1,...,69 — 3. Introduce on each face of S a point Wy,
together with three internal edges linking it to v. Assign the jump matrix A to each of

these internal edges.

The variables Eand Z are assumed to satisfy the constraint

65—3 65—3

>l => ¢, (3.28)
j=1 i=1

or, equivalently,

65—3 65—3
Iz =11z (3.29)
j=1 i=1

. The “plumbing” 5-vertex graph part I'y; remains the same while the jump matrices on

its edges are defined from the variables (N“ej and Eej as follows.

The monodromy matrix M5 (which is also the jump matrix J([v, q]) on I',;) can be

computed as follows and turns out to be lower-triangular

e -1
Lo~ X 0
=1 * )‘? '
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where

=117 (3.30)

Choose the special matrix C of eigenvectors of M5 having the form

52(1 ?)

Then the general SL(2,C) matrix ' diagonalizing M5 (such that M5 = /C\'/’A/N\/C\'/’_l) has
the form
~  ~ (' 0
C'=Cc| : (3.31)
0 b

where the complex number b5 is called the toric variable. The corresponding logarithmic

coordinate is denoted 35 = In bs.

Similarly, we define the matrix

e -1
LENPN M0

M3:<HASSZ) :< ! > )
=1 * )‘ﬁl

65—3

=1z, (3.32)

€j

with
j=1

* 1

and the general matrix diagonalizing M5 of the form

-1
C'=C (ba 0) , (3.33)

the matrix C of the form

0 by
where by is another toric variable; we denote 35 = In bs.

Note that the necessary condition

is the corollary of the constraint (3.28).
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In the sequel we shall drop the decorations and denote

Define also

l,=1In)\, .

An example of graph I'y for genus 2 surface C is shown in Fig. 3.5.

Figure 3.5: The graph I's drawn on C for g = 2.

Another representation of I'y with explicitly shown triangulation is given schematically in
Fig. 3.6. To get from Fig. 3.5 to Fig. 3.6 we cut the genus two surface C along the contour ~
(shown in blue) positioned "in the middle" between 7 and 7. Then the edge e connecting ¢
and ¢ is cut in half, leaving the half-edges inside the small circles in both genus one "halfs"
shown in Fig. 3.6.

The graph I's can be transformed into the graph I'; by the following sequence of standard

moves:
1. First, merge the internal vertices wy with v and w, with .

2. Second, zip together the edges with jump matrices A and the edges with jump matrices
561. (resp. §el) to get edges with jump matrices Agei or A—1§€i (resp. Agei or A—1§€i)‘

3. Third, zip together the edges of the triangulations > and ¥ to get the set of edges

{ai,&-}?:l and {a;, Bi},?:l. The jump matrices

{Mz, M5, , Mg, , Mg } (3.34)
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w w
A A
v §€2 v v §62 v

Figure 3.6: Triangulations of genus one components C and C for g = 2. The segments inside of the
circles represent the two edges [q, ¢] and [q, ¢] in Fig. 3.5.

on these new edges become then some products of S, gei, Aand AL

The Fuchsian monodromy matrices M,;, Mg, can be obtained from matrices (3.34) using
formulas (3.25) with C and C replaced by the general diagonalizing matrices C" and C" (3.31)
and (3.33).

The matrix
0 -1

1 0

-~

o c (3.35)

azaA[ 0 Tk
-1
(b5 5) 0

depends only on the product of the toric variables; thus the Fuchsian monodromies depend

only on the sum of their logarithms and we can define the new variable

By = 28+ Bs) (3.36)

Note that the variables Zej and Ze]. are not independent but satisfy the constraint (3.28). The

independent set of variables can be chosen as follows:
(1G5 (G 6,8, (3.37)

Then the remaining coordinates Zl and 21 can be obtained from the logarithmic version of
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(3.32):

65—3 65—3

~ 1 ~ ~ 1 ~
Cel = 567 - JZQ Cej ) Ce1 = 567 - Z gej . (338>

Jj=2

3.7 Computation of Goldman symplectic form as (I'y)

We are in a position to state our main theorem.

Theorem 3.7.1. The Goldman form €2 on V, has constant coefficients in terms of variables

(8.37) i.e. these variables are log-canonical for Q. Namely, we have

Q=+ + +%+Q,, (3.39)
where
Qo =dp, Ade, |

B 6§—3 B B 69—3
D= (G —cy+a)di, Ade,, Q=) (G —u+ ) dle, AdC,

i,j=2 k=2

i<j k<l

6g—3 69—3

~ 1 ~ ~ ~ 1 ~ ~
Qy = 5 mZQ clmdév A dCem , Qy = 5 ; C1ncw'y A dCen )

The integer coefficients ¢;;, ¢ lie in the interval between —4 and 4. They are determined by

the order of the edges of the uni-valent graphs S and S at their vertices.

Proof. The symplectic form Q(I'y) can be computed using the general formula (3.14) by
summing the contributions of all four vertices v, v, ¢ and ¢ of the graph I's.

The contributions coming from the vertices ¢, ¢ and ¢ are given by the following lemma:

Lemma 3.7.2. The contribution of the vertex q to Q(I's) equals to Q7 = 2dp5 N dl,, the
contribution of the vertex q equals to Qg = 2d S5 A AL, and the contribution of the vertex q

equals 0.

Choose the cilium position to be between the edge [v,q] and the half edge corresponding
to 7 with the same orientation as [v,¢q]. The four edges incident to ¢ in counterclockwise
order have jump matrices: J(e;) = J; = Mz, J(ex) = Jo = C", Jles) = J; = A! and
J(es) = Jo=C" .
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According to equation (3.14) the contribution of ¢ to Q(I'y) reads:

3
1
Q=5 >t (Jptyddn A TN
=1

1 1

= Str ((J1d2) " d(Jido) A Ty tdds) + St ((J1d2J3) (1o ds) A J3tdTs)
1 — N P U R e

= ((M5C) A7) A 7 1d0’> + 5t (¢ 40 A Ad(AT))

_ %tr (M5ans A O AT + %tr (Aaancacr).

Using the identity M{ldMg —OAC (dfC\7 +dA + d(fCT’il)> we see that the first term

is equal to the second one, so the contribution (27 simplifies to:
—_—1 —~
Q7 =tr (AMAAACTaC)

Using the definition (3.31) of C” we get:

Q7 = tr (A—ldA A ’c*vf’ld’@) _ oAby oag aar
N
Similarly,
dA dbs
2 0

The four edges incident to ¢ have jump matrices b=%, A, b and A. Since the matrix b is

constant by immediate consequence of equation (3.14) the contribution of ¢ to € is zero. [
To compute the contributions of the vertex v we can use the result of 7| which states that

2(65—3)

05 = § ¢, A dC,,
1,5=1
6i<6j

where each edge comes to v twice. Eliminating repetitions of similar terms we get
69—3
Q5= Y Gde, AdC,, | (3.40)

3,j=1
1<)

where ¢;; are some (depending on the order of the edges at the vertex) integers from the
range {—4,...,4}.
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Similarly,
69—3

Qs = Gudle, AdC, , (3.41)

k=1
k<l

where ¢y, are also some integers from the same set {—4,...,4}.

If one eliminates (; and 21 using the constraints (3.38) we get also

65—3 65—3

e 1 -
Qs =Y (@ — &y + &) i, Ad, + 5 3" Gwdl, AdE,,
l%j<:jQ m—9
653 L 693
Q5 = Z (G —cu +cix) dle, AdG, + 3 Z Crndly, A dée,
o =2 o
k<l

Summing up the contributions of all four vertices to Q(I'y) we get (3.39).

3.8 Generalization to multiple cutting contours

A system of log-canonical coordinates generalizing (3.3) can be naturally associated to any
system of m closed nonintersecting geodesics 7, ...7, for any m = 1,...,3g — 3. These
contours split C into one or more Riemann surfaces with boundaries which we denote by
CW,...C™. Denote the number of boundary components of C% by k) and the genus
by ¢¥; we have Y7 k) = 2m. The boundary components of each C¥) are denoted 7]@,
j=1,..,k% see Figure 3.7.

Then we can choose two points U,f near the opposite sides of the curve 7. Consider now
a fat-graph X0 with k() vertices v € C® that provides triangulation of each C® if the
boundary components shrink to a point. The number of edges of ¥ equals 6¢ — 6 + 3k,
which coincides with the dimension of the moduli space of Riemann surfaces of genus g
with k@ boundary components of variable length.

We associate complex shear coordinates (e(f.), j=1,...,6¢" — 6 + 3k to the edges of X(;
for each e € £ we simply denote the coordinate by (.. Adding internal vertices and edges
we get a graph I'® on each CY. The graph in C obtained by amalgamating all graphs '), in
a manner similar to that of Section 3.6, is denoted by T'.

There are m constraints that relate the oriented lengths ¢,, of v; to (.’s

Z C6:£7k7 kzl,...m7 (342)

e€E(X®), elvy
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c® c® c@

Figure 3.7: An example of multiple contours for m = 4 and g = 5.

where some terms on the left-hand side come with coefficient 1, and some other terms with
coefficient 2 (depending on whether the edge “comes back” or not).

The system of constraints (3.42) is linear in terms of (.. The system of log-canonical
coordinates contains “complex lengths” ¢,, for k =1,...,m and the shear-type variables (.

(there are linear constraints (3.42) relating £, to (.’s).

Theorem 3.8.1. The Goldman form ) can be represented as
Q=>"00+> dp, Adl,, (3.43)
i=1 j=1

where

O = 3" 3 deAdG. (3.44)

UeV(E(i)) e,elv
e<e

Proof. The proof is by direct computation of 2 as (I"), which is a straightforward general-

ization of the one given in the proof of Theorem 3.7.1. O

Remark 3.8.2. In (3.44) some terms repeat and some coordinates (. should also be expressed

by a linear combination of the remaining ones and ¢,, due to constraints (3.42).
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3.9 Complete trinion decomposition

Let us discuss in detail the case of complete trinion decomposition. This decomposition is
obtained by splitting C along a system S of m = 3¢9 — 3 closed non-intersecting geodesics
Vs ---,V3g—3 to obtain 2g — 2 trinions -that is, spheres with three boundary components-
denoted by 7).

Consider a single trinion 7. A triangulation on 7 is shown in Figure 3.8.

Figure 3.8: Triangulation and monodromies associated to a single trinion 7.
The triangulation in Figure 3.8 has edges ordered as follows:

er,ea Ly, ey <ep,
er,ez3 L vy, e <es, (345)

eg,e3 L vg, e3<ey.

The boundary components near the vertices vy, vy, vs are denoted by v, ¥2, 3, respectively.
The induced cyclic ordering of the boundary components, based on the edge ordering (3.45),
is:

(73,72, 71) - (3.46)

Taking the base point p inside the black triangle (Figure 3.8), the local SL(2,C) monodromy
matrices around v; are denoted by M;, with complex eigenvalues —\; and —1/);, j =1,2,3.

The shear-type coordinates z,, 2., and z., can be expressed in terms of A\;, Ay and A3 as:

)\3 )\2 )\1
[ == bl (5 - 9 e == . 347
T\ O “e =\ N s =\ NG (3-47)
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Then a representation p : m(7,p) — SL(2,C) is explicitly given by the following three

monodromies:
-\ 0 A3 ZA2As—A1 1 =doda—\
— — A1 A12 — A3 A2
M, Aotz 1 ! My DAodidAs MAZHA A+ ’ Mg 0 .
>\1>\3 /\1 /\1 /\1)\2 3
(3.48)

These monodromies satisfy the fundamental relation in homotopy:

My MsMs =15 , Tr(M;) = =X\ — — j=1223.

For an embedded trinion 7), the complex lengths of its boundary components must match
the lengths of three geodesics in the system S. This matching imposes additional constraints.
The coordinates {,,, 3, }?9213 form a set of log-canonical coordinates on V,. The exact
expression of the Goldman form 2 in those coordinates depends on the chosen trinion
decomposition. Nevertheless, a general expression can be written using the “trinion graph”

corresponding to a complete trinion decomposition.

Definition 3.9.1. The trinion graph I';,.;, of a complete trinion decomposition is the graph
whose vertices are individual trinions. The edges of I';.;, represent the boundary components

where two trinions are glued (or a closed handle for a loop edge).

Figure 3.9, right, shows a vertex v\) of the trinion graph. It corresponds to a trinion 7V,
which is glued along its boundaries to two other trinions 7U~1 and 70+,

Let the boundary components of 71 be 79 ), yéj ) and véj ), ordered as (3.46). Figure 3.9,
left, shows that vij ) lies in a collar neighborhood of ~,,, véj ) lies near v, and yéj ) lies near Vs
where v, Ve, Ym € S and n,r,m € {1,2,...,3g — 3}. This induces the following ordering of

the geodesics:

(’7717 Vrs '7m> . (3.49)

This is equivalent to the following ordering of the edges ¢e,, e, and e, incident to the vertex
09 of Ty

(€ny€ry€m) - (3.50)
With the edge ordering (3.50) fixed, we formulate the following theorem.

Theorem 3.9.2. Let I'y,;, be the trinion graph of a complete trinion decomposition. Then

the Goldman form on V, can be expressed as:

0= % Z Z dl. N\ dlz + Z dfe A dee (3.51)

UGV(Ftrin) e,ELv eGE(Ftran)
e<e
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Figure 3.9: Gluing of a trinion 7U) with two other trinions 70U~ and 7U+Y -with graph T'()
drawn on TU)- (left) and associated edges and vertices of the trinion graph (right).

where the 3g — 3 variables {. are the “complex oriented lengths” of the edges of the trinion

graph, and B.’s are the conjugated variables.

Proof. Let {/\Z(j ), bgj )},;:1,2,3 be the eigenvalues and toric variables associated with the j — th
trinion 7). Their logarithmic counterparts are {fgj ), i(j )}i:m,g. These variables are pairwise
duplicated due to trinion gluing. Applying (3.17) to the monodromies (3.48) yields the
contribution of 7 to the symplectic form Q:
3
Qo =Y (degﬁl AdeD + 2439 A cwﬁj)) , (3.52)

1=1

where the summation index i taken modulo 3. Importantly, the expression (3.52) is indepen-
dent of the trinion configuration and is compatible with the ordering (3.46).
Let v9) be a vertex of I'y.;, corresponding to 7U). The three gluing constraints (for the

configuration shown on Figure 3.9) imply:

G = =t ==, = = (3.53)

€em °*
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The corresponding toric variables are:
b =2 (89 +55) . e =2(0+08) . B =260 +607)

These constraints correspond specifically to 7U) glued to 77U and 70U+,
For a loop edge e, incident to a vertex v(@ (corresponding to a “closed handle"), the constraints

become:

l§‘1) — léq) — lep 7 Bep — 2 (65‘1) + 55‘1)) .
For a trinion P®) glued to three distinct trinions 72, 7¢=D and TG+ one possible
choice of constraints is:

E:())s) — E:(LS+1) — Eet , gés) — E:())S_l) — Eev , EI(LS) — €é8—2) — ge

w *

The corresponding toric variables are:

B =2(8+80) . B =2(B0+607Y) B =2(A0+807Y)

In general, gluing of boundary components always falls into one of the three above cases.
The particular choice of constraints does not affect the final form of 2. Summing over all

vertices v of the trinion graph and using the ordering (3.45), we obtain

S Y deAdl+ ) dBeAde, .

vEV(Ftrm) e,elv e€E(Ttrin)
e<e

The prefactor 1/2 in the first term corrects the duplication of variables due to gluing.

3.10 Application to 7, and M,

The SL(2,R) character variety V;R has several connected components classified by their Euler
class (Euler numbers of the corresponding representations) [27]|. In this section, we prove
that the representations in Vf constructed by plumbing of two or more lower genus Riemann
surfaces with boundaries lie in the Fuchsian component of Vgg. Projection to the Fuchsian
component of the PSL(2,R) character variety enables us to parametrize the Teichmiiller
space 7, using log-canonical coordinates. We explain in detail the argument for two Riemann
surfaces, the generalization to multiple plumbing being straightforward. These results are

already known in the existing literature; we only adapt them to our setting and give proofs
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for the sake of self-completeness.
Given the setting of section 3.5, consider two Fuchsian representations g : m(C,7) — SL(2,R)
and p: m (CA ,0) = SL(2,R). Such Fuchsian representations are given by hyperbolic matrices

g g
{{M&j’MBJ}jl’Ma}y {{Maf’M@}jl’Ma}

still satisfying relations (3.18) and (3.19), respectively. The representations p and p act on
RP! by Mébius transformations, since RP* 22 S' = R/Z (by stereographic projection), one
can lift these actions to R. We denote by ;5 : R — R and by R; : R — R the lifted actions
of p and p, respectively.

Taking an element M € SL(2,R), its action on RP* = S' can be lifted to an action
Ry, : R — R. The Poincaré rotation number is then

for 6y € R not a fixed point. For hyperbolic elements this limit is an integer, independent of
0y, and invariant under conjugation.

The Euler numbers e(p) and e(p) are then defined to be [27]:

g g

e(p) = rot (RMﬁ) +Zrot <[RM&NRMEZ-]) , e(p) = rot (RMa) + Zrot ([RM&NRM@D .

=1 =1

Lemma 3.10.1. For the two Fuchsian representations p : m(C,7) — SL(2,R) and p :
ﬂl(é\, v) = SL(2,R) we have:

(=21, ep)=2-1.

Proof. Recall that M5 and M5 are SL(2,R) hyperbolic matrices diagonalizable over R, with
diagonal forms diag(), 1/A) and diag(), 1/)), respectively. For such matrices it is a classical
fact that |27, 24]:

rot (RMﬁ) = rot (RMa) =41.

We adopt the 4+1 convention, which corresponds to the orientation-preserving choice. If we
close the surface C by capping off the boundary, the resulting closed surface of genus g carries

a Fuchsian representation with Euler number 2g — 2. Hence,

g

> ot ([Ra, Ray 1) =25 - 2.

=1
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The same argument applies for C. Putting everything together it follows that

(P =2%—-1, e@F)=2%-1.
OJ

Proposition 3.10.2. Consider the representation p : m(C,v) — SL(2,R) given by the set
of matrices constructed in Proposition 3.5.1. We have e(p) = 2g — 2.

Proof. For the representation p constructed in Proposition 3.5.1 we have

g g

e(p) = Zrot (Réb,lé,l [RMaiv RMEJ Réb@*) + Zrot <[RMaia RM@'])

=1 =1

zt ([ 10, ]) + Z ot ([Rus P, )

=1

= e(p) + e(p) — (rot (A) + rot (A7)
=2-1+2g-1-0
=29 —2.

]

Therefore, the representation constructed in Proposition 3.5.1 lies in the Fuchsian component
of Vi Projecting to PSL(2,R), we have the following corollary by Goldman’s classification

of connected components of PSL(2,R) character varieties.

Corollary 3.10.3. Let p: m(C) — SL(2,R) be the representation constructed by Proposi-
tion 3.5.1, and let p : m(C) — PSL(2,R) be its projection. Then the conjugacy class of p
defines a point of the Teichmiiller space T,.

Proof. By Proposition 3.10.2 the Euler number of the representation p is

e(p) =29 —2.

The central subgroup {£I,} C SL(2,R) acts trivially on RP', therefore the Euler number
of the induced PSL(2,R) representation p coincides with e(p). In particular p achieves the

maximum possible value of the Euler number:

e()| =29 —2.
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By Goldman’s classification of connected components of PSL(2,R) character varieties over
compact Riemann surfaces [27, Corollary C|, representations whose Euler number is maximal
(in absolute value) are exactly the discrete, faithful representations. Therefore, p is discrete

and faithful and its conjugacy class determines a point of the Teichmiiller space 7.

]

The following lemma gives the other direction ; any point in 7, can be recovered from the

data of a Fuchsian SL(2,R) representation p.

Lemma 3.10.4. Consider the following subsets of VE:

vy ={p":m(C) = SL(2,R) | f[[Mame] =+ }/SL(2,R),

i=1

where the representations p*™ € V1 are assumed to be Fuchsian. Then the natural projection

H+:Vg+—>7;

Jr —
p=p
18 surjective.

Proof. Every point of the Teichmiiller space 7, corresponds to a Fuchsian representation
p:m(C) — PSL(2,R),

which can be realized as the side-pairing group of a fundamental 4g-gon in the hyperbolic
plane H. Each side-pairing is an isometry of H and each such isometry has two preimages in
SL(2,R). W. Abikoff, in [2], proved that one can choose the lifts consistently by imposing a
canonical sign convention (for instance, requiring the lower-left entry of each matrix to be

positive). With this convention, the relation

g

H[Mom Mﬂi] =+

i=1

holds in SL(2,R). Thus every Fuchsian representation p : m(C) — PSL(2,R) has a
canonical lift p : 71(C) — SL(2,R) lying in V. Since every point of 7 arises from a Fuchsian
representation, the projection

It V; — T

is surjective. O
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In other words, Corollary 3.10.3 and Lemma 3.10.4 prove that conjugacy classes of represen-
tations constructed by gluing of Fuchsian representations presented in Proposition 3.5.1 and
points of the Teichmuller space 7, are in one to one correspondence.

We can deduce from the above results that expression (3.39) for the Goldman symplectic form
(2 in Theorem 3.7.1 holds on 7,. The form must therefore coincide with the Weil-Petersson
symplectic form wy p. By the results of S. Wolpert, wyy p is invariant under the action of the
mapping class group and hence descends to the moduli space of Riemann surfaces M,.
The above reasoning can be generalized to an arbitrary number 1 < m < 3g — 3 of Fuchsian
representations p® : 7, (C%) — SL(2,R) (using the notation of Section 3.8). So, expression
(3.43) for the Goldman form €2 also lifts to 7, (and M,). Essentially, Theorem 3.8.1 assigns a
different set of log-canonical coordinates to any component of the Deligne-Mumford boundary
of M. The real slice for m = 3g — 3 (complete trinion decomposition) is discussed in detail

in the next section.

Remark 3.10.5. Let My :[l5] (resp. Mg1[l5]) be the moduli space of Riemann surfces of
genus g (resp. g) with one geodesic boundary of length {5 (resp. l5). Starting directly at the
level of the moduli space My another idea of proof for Theorem 3.7.1 would be to parametrize
each space Mg 1[l5| and Mg,[l5] independently and then quotient My, [l5] x Mg1[65] by the
R action

By = By +t, B5 = By +t, teR.

The moment map p @ Mg1[lz] x Mgz1[ls] — R of this action is given by the Hamiltonian
function

by, by) = by — L5 .

The moduli space M is symplectomorphic to u=1(0) J R, i.e:
My =p7'(0) /R,
and the Goldman symplectic form € can be written as in Theorem 3.7.1 on the reduced space
pH0) /R
3.11 Relationship to Fenchel-Nielsen coordinates

We continue to restrict our attention to the situation in which the log-canonical coordinates
are defined on the Fuchsian component of the SL(2,R) character variety V;'. Our goal is to
establish a precise relationship to the real Fenchel-Nielsen coordinates in terms of algebraic

expressions that can be simply extended to the complex Fenchel-Nielsen coordinates on the

59



SL(2,C) character variety V.

3.11.1 Dehn twist action on the variable 3,

To simplify the discussion, we adopt for the rest of Chapter 3 a slightly different but equivalent
convention for the toric actions on the spaces H and H. Instead of defining it on jump matrix

CasC 5’6%'3 and C 6bg3, we define a reduced toric action directly on the matrix b:

NG

br—>$:bg"3bbg3:\/1§ e

where b, = (b5 b5)? is the toric variable on Vf. Thus the jump matrix on the curve v is taken
to be ¥. Figure 3.10 illustrates how a Dehn twist along « deforms the graph I';. Under such

a twist, the log—canonical variable 3, transforms as follows:

Figure 3.10: Action of a Dehn twist on the plumbing region.

Proposition 3.11.1. A Dehn twist on the plumbing region acts on the log—canonical variable
By by:
By By + L.

Proof. To see how the Dehn twist acts on the monodromies, consider the red loop correspond-
ing to the trivial monodromy M = I,. Before the Dehn twist this monodromy (Figure 3.10
left) is given by

M=C'My+CTC Mz CT =1,

After the Dehn twist (Figure 3.10 right) it becomes

My=C'M;1CASC Mz 1 O A =1, .
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Therefore, this twist only acts on T by
T—= AT

Consequently, b, transforms as b, — by, which in logarithmic form gives 8, — 8, +¢,. U

For a closed geodesic v, one can take the ratio of the real Fenchel-Nielsen twist parameter 7,

over the length ¢,. Then, the quantity (with some suitable choice of origin and orientation

for 7,)
-
0, =2r -,
v g’y
can be interpreted as an angle. In the present setting, the corresponding quantity is
2 & ,
ty

where 3, is the log-canonical coordinate conjugated to ¢,. To describe the relation between
B, and 7,, we consider next the real length-twist coordinates arising from the Fuchsian

uniformization of a trinion.

3.11.2 Fuchsian uniformization of a trinion

Consider again a single trinion 7 with the triangulation shown in Figure 3.8. Take the Fuchsian
representation p : m (7,p) — SL(2,R) determined by the three hyperbolic monodromies
whose explicit form is given by (3.48). The eigenvalues of M; are labeled so that A; > 1.

The edge variables 2., j = 1,2, 3, are now real and positive. They can still be expressed in
terms of the eigenvalues of M; via (3.47). The next lemma describes the fixed points of the

Mobius transformations corresponding to the monodromies M; in the upper half-plane H.

Lemma 3.11.2. For each monodromy M;, let Fix(M;) = {fj(ﬂ, f](_)} denote the pair of

attracting and repelling fixed points of the associated Mobius transformation. Then

. 1— )\
FIX(MI) = {ﬁuo} = {f1(+)70} )
. Aoz + Ay (+)
= = .04
Fix(t) = { A 1 = (40, (3.54)

St N
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In addition, the fixed points satisfy
fP o< f59 <1< f

Proof. The proof is obtained by direct inspection of the matrices (3.48) and recalling the

running assumption that A; > 1. O]

3.11.3 Gluing of two trinions and real Fenchel-Nielsen twist

Glue a trinion 7 with monodromies M, My, M; (as in (3.48)) to another trinion 7 with
monodromies M\l, ]/\4\2, ]\/4\3, defined in the same manner, along the axis of Mg (Figure 3.11).

Let 5’]- (resp. @) denote the matrices diagonalizing ]\7/] (resp. ]\/4\])

Lemma 3.11.3. Let My, My, Ms be normalized monodromies as in (3.48) for a trinion T, and
]/\/[\1, ]\72, ]\/4\3 be similarly normalized monodromies for another trinion '?, with /~\3 = /A\g =A.
Then the following SL(2,R) matrices

My=M , My=D>M,, M=CT'C;'MCTC;', My=CyT 'Oy MaCs3C5t

form a Fuchsian representation of 1 (S*[€), p), where S?[€] is a four-holed sphere with boundary
lengths € = (1, 0y, (1, 0y).

Proof. Diagonalize M (resp. ]/\4\3) by an upper-triangular matrix Cy (resp. Cs) so that
53K353_1 = Mg and 637\363_1 = ]/\/[\5 Impose Kd = /A\g = A. With M, My, M3, M, defined

above, one checks

My Mo MMy = My MyCaT ' Cy ' My My Ca3Cy
= My MyC3T'C5 ' M ' C53C5 !
= My MyC3T A5 '35
T e (3.55)
- MlMQCgAgc?jl

— Mlj/\\J/QégKgégl
- Mlﬂgﬂgg - I[Q .
Hence, the set of generators { My, My, M3, My} defines a representation
p:m(S°[],p) = SL(2,R),

where S2[£] is a four-holed sphere with boundary lengths £ = ((71, (72, Zl, @\2) Since all the
matrices My, My, M3, M, are hyperbolic and their axis in H are mutually disjoint, the subgroup
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of SL(2,R) they generate is discrete and acts freely on H [31]. Therefore, the representation
of 71(8%[€],p) defined by these matrices is Fuchsian. O

Remark 3.11.4. Lemma 3.11.3 is essentially Klein’s combination theorem [64] presented in

a slightly different manner.

Denote by AX(MV;;) the axis of M;. Let v be the separating contour on S2 [£] given by
~v = Ax(Ms)/(Ms). Tt is a classical fact (see, e.g., [31, 64]) that the real Fenchel-Nielsen twist
parameter 7, can be expressed as the hyperbolic distance along the axis of ]\73 between two

distinguished points (see Fig. 3.11):

e the intersection point ppy of the axis of Mg with the unique geodesic orthogonal to
both the axis of ]/—\\4/3 and the axis of M,

e the intersection point p, of the axis of Mg with the unique geodesic orthogonal to
both the axis of ]% and the axis of Mjy.

o0
féJr)

RT i3 15

Figure 3.11: Axis of Ma, M4 on H and Fenchel-Nielsen twist 7.
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Proposition 3.11.5. For two trinions T and T glued along the axis of Mg, the real

Fenchel-Nielsen twist T, and the log-toric variable B, are related by
7 =By + I A, A A) + In AN, Aos A) | (3.56)

where the rational function A(x,y; z) is given by:

(14 zy2)(y + z2)(z + yz)] 1/2

Az, y;2) = { 2 (22 — 1)2(z + xy)

Proof. Consider for T the unique geodesic on H orthogonal to both the axes of Mg and ]/\\/[/2.
Its intersection with the axis of M is (see Fig. 3.11)

DEN = ;,(Jr) + i\/(féﬂ — J?QH)) (A;)Jr) - J?gi)) = J??EJF) + iA(X17X2SX3) .

For 7:, before gluing, the geodesic mutually orthogonal to the axis of Z/\/[\Z and the axis of ]\//Tg

intersects this same axis at:

Dy = J;;Jr) JrZ.\/(AS(JF) _ J;;Jr)) <f§+) . J?Q(—)) _ A3(+) +z’A(X1,X2;X3) .

Upon gluing T and T along the axis of Mg, the generator J/\/[\g is conjugated:
]/\4\2 — M4 = 63‘:_163_1]/\2263‘253_1 .
This conjugation maps the fixed points as
~ - -1
B B9, B0 e 0 = 0, (B9 -0
~ ~1
Ao g0 =50 (B -2)
Hence,

~ Y| Z’b ~ . ~~ —~ —~ _
pFN —> }/?\IFN — 3(+) + 2l — f3§+) + Zb»yA()\l, )\2, )\3) 1 .
) TN () )
\/ (A7 - F) (A7 - 1)

By definition, the Fenchel-Nielsen twist is the following hyperbolic distance along the axis of
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Mgi
T,y = K(ﬁFN,ﬁFN) =In b,YA(/)\\l,/)\\2;/)\\3)A(X1,X2;X3)] = ﬁ,y—i-hl A(}:l,j\\g;j\\g)ﬁ—h’l A(Xl,XQ;Xg) .

Imposing the constraint X3 = and A3 = \ we get formula (3.56). O

Remark 3.11.6. There is some arbitrariness in the choice of geodesics. We could also have
taken the geodesic mutually orthogonal to the axis of Ml and J\73 and the geodesic mutually
orthogonal to the axis of M3 and ]/—\Zlg The twist magnitude defined in this way would just
differ from the one defined above by half a Dehn twist.

3.11.4 Closing an handle : the non-separating case

In the previous subsection, we have only considered the case of gluing two different trinions.
Let us now discuss the case where we close a handle, i.e., we transform a trinion 7 into a
one-holed torus 77 [f5] with boundary length ¢, = In Ay, by identifying the geodesic boundaries
corresponding to M; and Ms.

For monodromies (3.48), if we want to keep the diagonalizing matrices C; and C5 lower and
upper triangular respectively, with constant coefficients on the diagonal (this ensures that
the coordinates {f3,,¢,, (2} are log-canonical for € in M ;[ls], by (3.14)), we impose the
constraint A; = A;' = A. This condition is satisfied without permuting the eigenvalues. The

corresponding b,-jump matrix 8 must then be diagonal:

%({f’ /H

The following lemma gives a Fuchsian representation of the one-holed torus 7; 1[¢5] under

such a convention.

Lemma 3.11.7. Let {M;, My, M3} be monodromies as in (3.48), such that Ay = A3 = A.
Define
A= ]\43 , B = CS%—lcrl—l’

where Cy (resp. Cs) diagonalizes My (resp. Ms) and B is the diagonal b-jump matriz. Then
the pair {A, B} defines a Fuchsian representation

p - 7T1(7—1[€2],p> — SL(2,R) ,

where T[ls] is a one-holed torus with boundary length o = In \y.
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Proof. Set A = Ms and B = C5%8~'C ! as above, with the constraint A; = A3_1 = A. Then

one computes the commutator:

AB'AT'B = M3CyB 1 Cy My O3B O
= M3Cy B 'ASIBC !
= M3C A\ C? (3.57)
= MM,
= Mt

Hence, the matrices A, B satisfy the relation of the fundamental group of a one-holed torus
AB'AT'B =M1

so they define a representation of 7! (7[(3],p) — SL(2,R). Again, since all the matrices A,
B, M, are hyperbolic and their axes in H are disjoint, the subgroup of SL(2,R) they generate

is discrete and acts freely on H. Hence the corresponding representation is Fuchsian. O]

Let Ax(Mj;) be the axis of M3, and v be the separating contour on 7 given by v =
Ax(Ms;)/(M3). We have the following relation between the real Fenchel-Nielsen twist 7., and

the log-toric variable 8, when T is transformed into a one-holed torus 7*[/s).

Proposition 3.11.8. Let T be a trinion with monodromies (3.48). Transforming T into
a one-holed torus T*[ls] by gluing along the axis of Ms, the real Fenchel-Nielsen twist 7., is
related to the log-toric variable 3, by

7, =B, +In A%\ A3 N (3.58)

where
A+ X)) (A2 + 1)

AZ(0 Mg 2) =
(A Aei A) (A2 —1)2)2

(3.59)

Proof. The real Fenchel-Nielsen twist 7, is defined as the hyperbolic distance between:

e the intersection point p; of the axis of M3 with the unique geodesic mutually orthogonal
to the axes of My = BM,B~! and M3, and

e the intersection point ps of the axis of M3 with the unique geodesic mutually orthogonal
to the axes of My and Ms.
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The fixed points of the relevant hyperbolic generators are:

Fix(M,) = { #9 } (1/20,1} |

Fix(Mj) { }
B b2>\2 /\2/\2 + 1) (A2 + 1)+ Xa(1 = A2)? BN+ Ag) (A2 + 1) + Xo(1 = A?)?
- { 22 (A2 — 1)(A2X; + 1) ’ b2(A2 — 1)(A2 + Xo) } ’
A2(\
Fix(M3) = {f+’f } {—)\i)\;ig oo}

Assuming b, > 0, one checks that

0<fi” <1< < <py

Hence, the coordinates of the intersection points are

N ey , 02 )0 41
" :Z\/<f2( - 5) (8- 17 :Z\/( A%(i\l(jm ),

= (7 A7) () = ey

Therefore, the Fenchel-Nielsen twist is

(A% + X)) (A2 + 1)

(EESY T By + I A%(A Ags )

Ty = g(p%pl) - ﬁ'y +1n

3.11.5 Generating function on M ,[¢] and M, [(s]

Consider first the moduli space of four-holed spheres with fixed boundary lengths £ =
(Zl, ZQ, Zl, ZQ) We denote this space by

Moal€] .
The Weil-Petersson form wyp on Mg 4[€] can be expressed in log-canonical coordinates

{¢,=InA\, 5, =1Inb,} as
wwp = dB, Ade, = d(8,de,) . (3.60)
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In Fenchel-Nielsen coordinates {¢,, 7} its expression is [66]:
wwp = dry Adly, =d(7,dl,) . (3.61)
Subtracting (3.60) from (3.61), we obtain
d((ry = B;)dty) =0,
which implies the existence of a function gg(\g) such that

T =By _dg
A d\

Using Proposition 3.11.5, go(\) is given by the following antiderivative (integration constants

are irrelevant)

lnAX,X;)\ —i—lnAx,X;)\
gO(A):/ — ))\ 22 (3.62)
= H(M1, Ao A) + H(Aq, Ao; A) — Lis(1 — A?) — In(A%) In(A% — 1),

where we have introduced the auxiliary function

H(z,y;z) = —% [LiQ(—xyz) + Lis (—%) + Liy (—%) — Liy <—i>] —In(y)In(z) , (3.63)

and Lig(z) = — [ M dt denotes Euler’s dilogarithm. Note that all arguments of the

dilogarithms in the expressions above are in (0, 1) or negative since all the lambda’s are greater

than one, ensuring that the standard branch of Euler’s dilogarithm Liy(z) = — Ox ln(lt_t) dt is

well-defined and real-valued.

Now consider the moduli space M 1[¢5] of one-holed tori with fixed boundary length /5.

The Weil-Petersson form wyy p in log-canonical coordinates {¢., 5.} is
wWwp = dﬂ,}, N d£7 s
while in Fenchel-Nielsen coordinates {¢, 7} it takes the form [65]:

wWwp = d71y N dg,y .
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By the same reasoning as above, there exists a generating function g;(\) satisfying

=By _dg
A d\

According to Proposition 3.11.8, g;(\) is given by

2 .
gl(A)z/lnA A AN

A

2 (3.64)

= —Liy(—A\?) — LiQ(—;—) —Lip(1 =2 —InA?In (A —1) —2In Ay In .

2

Remark 3.11.9. The generating functions gy and g, are equal under the identification
M=M=M=X, A== 2N\y.

Therefore, the two expressions (3.62) and (3.064) are consistent.

3.11.6 Generating function on M,

Consider the moduli space M, obtained by a complete trinion decomposition, together with
its associated trinion graph I'y.;,. Recall that on an open dense subset of M, the form (2
must coincide with the Weil-Petersson form wyp. One can compare the expression (3.51) for
() in log-canonical coordinates with the one of wy p in Fenchel-Nielsen coordinates given by
[66]:

39—3
wwp =Y _dr, Adl, = % > (Z dre A d€e> . (3.65)

j:1 ’l)EV(FzMn) elv

In order to describe explicitly the symplectomorphism between the two sets of coordinates,
one must distinguish three possible configurations of edges adjacent to given vertex v\ of
I'4in. Those three different configurations are shown in Figure 3.12. Let e,,e,,e,, be the
three edges incident to v"/), with counter-clockwise ordering (e,, €,, ¢, ). When the vertex
v\ is in configuration (I) and (II), the edges e, ,, e, are called standard edges. When the
vertex v\ is in configuration (III), the edge e, is a standard edge and e, is called a loop

edge.

Proposition 3.11.10. Fizing the trinion graph Uy, the Goldman form Q0 (3.51) coincides
with the Weil-Petersson form wwp (3.65) on an open dense subset of M,,.

Proof. The proof is by inspection of the contribution w}j‘% of a vertex v\7) (for every possible
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(1) (I1) (IIT)

Figure 3.12: The three possible configurations of a vertex v(?) of the trinion graph T'ypin.

configurations (I), (II), (III), shown in Figure 3.12) to the Weil-Petersson symplectic wyy p.
Consider first a vertex v in configuration (I), linked to three other vertices v, v @,

Let e, = [v(j ), v(i)] be the standard edge corresponding to the gluing of the trinion 7 with
T,

According to Proposition 3.11.5, we have
Tem = Bew TN AN, Aeyi Aey) FINA(N, Aeys Aey) (3.66)

where the two edges {e,, e,} with ordering (e,, €, €, ) are incident to v), and the two edges
{e,, e} with ordering (e, €,, €,,,) are incident to v® (see Figure 3.12, (I)).

Similarly, for the standard edges e, = [v¥), v®)] and e, = [v0), v"]:

Te, = Be, +InA(Ne
Te, = Pe, + 1IN A(A

)\ .

€m)

Aens

n)

en) + ln A()\€S7 )\et; )\en) 9 (367)
er) +1n A()‘eu’ )‘ew§ Aer) . (368)

T )\
em> Aens A

Only the first two terms in (3.66)(3.68) correspond to the contribution of the vertex v().

Inserting these expressions into (3.65) and keeping only the terms depending on A.,,, Ac,., Ae,.,
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we get

o(9)

wyp = dre,, Ndl,, +d7., Ndl,, +dT., Adle,
=dB., ANdl,, +dB., Adl., +dB. Adl., +dl,, Adl. +
+dl,, Adl,,, +dl,, Adl,,
= Y (Al Adlz+dBAdL)

e,elv(®)
e<e

This calculation remains valid for a vertex v\9) in configuration (II), linked to only two other
vertices v and v (Figure 3.12, (II)).

Let v") be linked to another vertex v by a standard edge e,, = [v),v®] and to itself by a
loop edge e, = [vV),v9)] (Figure 3.12, (III)). Then using (3.56) and (3.58)

Tem = Bem T INAA,, e Aey,) FIDA(N,, Ay Aes) (3.69)
Ty = Ben + A% (e, Aes Ae,) - (3.70)

Inserting (3.69)-(3.70) in (3.65) one can check the following

L@

wWP == dTem /\ déem + dTen /\ deen
=dg.,, ANdl.,, +dB., Ndl.,
= Y (dleAdlz+dBeAdL),

e,eLo(@
e<e

(3.71)

since the first terms in the last sum cancel each other.

Therefore, summing over all the vertices of I';,.;,,, taking all three configurations into account,

forms (3.65) and (3.51) indeed coincide.
[

Consider a symplectic potential (or Liouville form) fpy for wyp in Fenchel-Nielsen

coordinates such that dfpy = wyp. A possible choice (see equation (3.65)) is:

eFN:% Z ZTedze.

VEV (Drin) eLv

Similarly, for the same trinion graph, a symplectic potential in log-canonical coordinates (cf.

equation (3.51)) can be written as
T
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Q%Z% > D Bt H(ﬁgz—% > e

vEV (Tepin) elv VEV (Dirin) e,eLv
e<e

Hence, there is a generating function G(I'4,) on M, depending only on lengths ¢(e) such
that:

oG(T TN
Opn —Opc= > > %dﬁe : (3.72)

VEV (Tirin) elv

The generating function G(I'.;,,) can be expressed as follows.

Theorem 3.11.11. Given the edges configurations shown in Figure 3.12, the generating

function G(Tyn) can be written as:

1 : ; 1 :
G(Ftrin) = 5 Z [g((]])()\ena )\er; )\em) + g(() )()\epa )\eq; )\em)] + 5 Z gy)()\em; )\en) )

em=[v@ p®] en=[v) W]
(3.73)
where standard edges contributions are given by
; 1
géj)()\en7 )\E'r; Ae'm) = _5 |:(p()\en’ )\er’ )\em) + L12(1 - )\g'm) _I_ ln()\gm) ln()\g'nl - 1):| ’
i 1 .
95 Oy Aegi M) = =5 [(I)(Aep,/\eq,/\em) +Lis(1— X2 )+ (A2 )In(A2 — 1)] ,
and loop edges contributions by
() . _ ST (122 ) 2 2 1y 1n2)‘en
91" Nems Aen) = =P(Aeys Aens Aep) —Lia(1=A7 ) —In(A; )In(A; —1)—In A, In A, + 5

Here the auxiliary function ® is defined as

P(x,y,z) = Lig(—zyz) + Li2< — %> + Lig( — %) — Lig( — i) :
Y Zz Y
Proof. We inspect the contribution of each edge to G (I ).
Let v be in configuration (I) (see Figure 3.12). Consider the standard edge e,, = [v¥), v@)].
Recall the ordering of edges (e,, €., ,,) at v'9) and (ey, €, €,m) at v, We want to write the
term in (3.72) corresponding to the edge e,,. This term can be splitted into two. Fixing

e = e, in the difference Opn — G(L%, and using Proposition 3.11.5, we obtain

InA(Ae,, Aepi Aey,) F I AN, Aeys Aey)
Ae

(Ter = Bey)dIn A, = dX.,, . (3.74)

m
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Integrating expression (3.74) we get

InA(Xe , A, s Ae In A(Ae, Ae.; Ae 1
/ n ( n r m)/\+ n ( » q m> d)\em — _5 [(I)()‘ena)\eT7)‘em> +(I)()\ep7>\eqa>\em)} _

~Lip(1=22) ~ (A2 )In(A2, —1) —In., In k., —Ink, oA

(3.75)
Now, fixing e = e, in —Q(L% we have
> ledle, + Y lzdl,, = (In)., +In), )dIn),, . (3.76)
elv (9) GLU( i)
em <€ em <€

Integrating expression (3.76) and summing with (3.75) we recover
96" s Aeri Nen) + 95 ey Acgi Aer)

This computation remains unmodified for v\9) in configuration (II).
Let v") be in configuration (III). Setting A, = A, in the preceding computation, we obtain

that the standard edge e, contributes to the generating function by
()\en7>\en?)\em) +g0 ()\ep7)\eq7)\ ) .

Let us finally consider the term of (3.72) corresponding to the loop edge e, itself. Due to

Proposition 3.11.8, we have:

dAe, A2\, A
Aen A,

(Ten - Ben> d)\en )

which, after integration with respect to A.,, gives

In A2 >\e >\e ')\e
/ n ( n) m) n) d)\en — _@(}\en?Aem,)\en>_L12<1_)\zn)—ln(>\§n)ln(Ain—l)—Z hl )\em ln )\en

e,
(3.77)
Fixing e = ¢, in —91([,2%; in this situation we obtain:
Y lzdle, = (In), +1n),)dIn ), . (3.78)
eJ_v(Jl
em<e
Integrating (3.78) and summing with (3.77) we get g1(Ae,,; Ae,,)-
Summing over all edges in I'y,y, we recover expression (3.73) for G(Tin ). O
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3.12 Higher SL(N) groups

The generalization of our construction to an arbitrary SL(N) character variety (in both
complex and real cases) of 7 (C) for compact genus g Riemann surfaces is pretty straight-
forward if one uses the system of higher rank Fock-Goncharov coordinates [21]. Technically,
in the higher SL(NV) case the jumps matrices on edges S, become anti-diagonal; each such
matrix contains N — 1 coordinates while matrices A also contain some of the coordinates
(one coordinate for SL(3) case, three for SL(4) etc) [7]. The logarithms of eigenvalues of the
monodromy matrices around the separating contours and the logarithms of the ratios of the
corresponding toric variables form an additional set of N — 1 conjugated pairs of coordinates
for the Goldman symplectic form. The technical details for an arbitrary SL(N) case are very

similar to [7].

3.13 Conclusion and future research directions

In this chapter, we have constructed explicitly new systems of log-canonical coordinates
on SL(2,C) character varieties of compact Riemann surfaces as combinations of shear
type coordinates and length-twist type coordinates. For complete trinion decomposition
characterized by a chosen trinion graph I'y.;,, the relationship to Fenchel-Nielsen coordinates
on M, has been established through a generating function I';,;,. These new systems of log-
canonical coordinates as well as generating functions may find several potential applications.

First, consider a one-holed torus 7T'[f5] as in section 11.4, together with some choice of
SL(2,R) monodromies {A, B} satisfying AB"'A~'B = M,. Consider the Hamiltonian of
the two-body Ruijsenaars system given by (cf. [58] [28], [51] equation (42)):

4sinh?p —m — 2
4sinh?p — 4

H(p,q) = 2coshq\/ :
according to the authors of [51], this Hamiltonian coincides with trA on M, ;[fs] (the
parameter m is chosen such that trMs = m). The action-angle coordinates in their work
satisfy {p,q}c = 1, so they must coincide with Fenchel-Nielsen coordinates (maybe with
a different convention for the twist 7,). Thus, the generating function g¢;(\) given by
expression (3.64) should be related to the Hamilton-Jacobi action generating the canonical
transformation (¢, =1In X, 5,) — (¢,p). This correspondence may be generalized to M,, for
which the generating function G(I';,) could probably be interpreted as a Hamilton-Jacobi
action for some SL(2,R) Hitchin-type integrable system.

Then we have also remarked that for V,, choosing the trinion graph to be the “theta graph”
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(see Figure 3.15, left, in Appendix), the generating function G(I'y4,) given by (3.82) closely
resembles the 'Neumann-Zagier potential’ (cf equation (19) in [50]). The possible connection
between the generating function G(I'y,;,,) and classical limits of quantum invariants on trivalent
graphs is unexpected and remains at this stage conjectural. The question also remains open
whether the combination of dilogarithms appearing in G(I'y.;,,) has an interpretation in terms
of hyperbolic volumes.

Finally, there exist some analogues of the Fenchel-Nielsen coordinates for SL(3,C) char-
acter varieties that have been studied very recently [54]. It would be interesting to relate this

construction to our framework applied to such a case.

3.14 Appendix

In this appendix we explicitly compute the forms of Theorem 3.7.1 and Theorem 3.8.1 on
M (with one, two and three contours) and on M3 (with one, two, three and four contours).
For complete trinion decompositions some explicit expressions of the generating function of

Theorem 3.11.11 are also given.

3.14.1 M,

One contour

For M the idea is to select a separating contour + which cuts a double-torus into two
one-holed tori C and C. , endowed with graphs [ and I as shown in Figure 3.13 (the internal

edges and the contour 7 are not represented), whose associated shear type coordinates are
{Cers Ceas Ces b and {Cey, Ceys Gey }, respectively.

Proposition 3.14.1. In log-canonical coordinates {562, Ees, 262, @3,67,67} the Weil-Petersson

form on My can be written :

wwp = 2dCey AdCey +2dCo, Ao, +dLy A (dZ‘eQ + dZ‘e3> +dl, A <dfe2 + dZ“eB) +dB,AdL, . (3.79)

I6)



v €2 v v €2 v
_ & _ |9 & ~
€3 €3 €3 €3
q
v €5 v v e 0
T r
vy 8
C C

Figure 3.13: Single contour splitting for Ms and associated graphs.

Or, equivalently, the Poisson structure is given by the following Poisson tensor:

0 -20 0 -1 0
2.0 0 0 -1 0
p,— [0 0 0-2-10
00 2 0 -1 0
1111 0 -1
00 0 0 1 0

Proof. Using equation (3.40) for the vertex v of [ in Figure 3.13, together with the twist-length

type contribution 2dj35 A df5 coming from ¢, without any gluing constraint, we get:
Q(T) = 2dC,, A dCe, + 2dC,, A dCe, + 2dC,, A dC., + 2df3s A ds.

Similarly, using (3.41) for the vertex v of f, together with the twist-length type contribution
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2dB5 A dl5 coming from @, we obtain:
Q(T) = 2d¢,, A dC,, + 2dC, A dC, + 2dC,, A dC,, + 2485 A dés.

Therefore we have:
Clg = C13 = Ca3 = 2
Clg = C13 = Ca3 = 2

Hence we get ; ¢o3 — ¢13 + C1o = 2, Cag — C13 + C12 = 2, so applying Theorem 3.7.1 equation
(3.79) follows. O

Two contours

Here one of the contour, vs, is non-separating. The resulting pieces C and C by cutting along
v and 7, are a one-holed torus and a three-holed sphere (i.e. a trinion) respectively, see
Figure 3.14. We can associate to 5, endowed with f, shear-type coordinates {Eel, 5627 Z”%}
whereas CA, with f, comes with shear-type coordinates {Eel , 262, @3}, but all of them can be

replaced by length-twist coordinates {¢.,,(.,, 55, 35, } due to the constraints.

Proposition 3.14.2. In log-canonical coordinates {562, Zes,ﬁ%,éw,ﬁm,ﬁw} the Weil-Petersson

form on My can be written :
wirp = 20Cey A dGey + Al A (A, + dGy ) + By, A AL, +dBy, AdLy,
Proof. As in the previous example we still have (the contribution from ¢/ is now given by
2dB5, A dlz,):
Q) = 2d¢,, A dC, + 2dC, AdC, + 2dC,, A d,, +2dB5, A dls, (3.80)

whereas equation (3.41) applied to the vertices v, vy, v§ of I’ (together with twist-length

type contributions coming from ¢, ¢y, ¢; ) gives:
Q) = dl., AdC,, +dCo, AdCe, +dCoy AdC, +2d 85, Adls, +2d 85, Adls, +2dB5, AdLs, . (3.81)
The constraints for v, reads:

2(5@1 +Z-€2+Z€3) :gﬁlv
Cey + Ces 28%7
Uz, =l =/

M M "
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U1 €2 Ufr
_ €1 _
€3 qil- €3
v € vy
I I
_ _ %
71 a1 A
73
C

)

Figure 3.14: Two contour splitting for My and associated graphs.

and the constraints for the non-separating contour v, are given by:

Ce1 + Ceg = f% 5
C€3 + <€2 = é% ’

f% = E% = 6'72 .
Hence:
~ 1 ~ ~ ~ 1
Cel = 56’71 - Cez - <€3 ) Cez = 672 - 5671 )
—~ 1 ~ 1
Cey = 5671 ) Ces = §€’Yl :

Inserting those constraints in (3.80) and (3.81) we obtain:

T) = 20y A Ay + dly, A (dC, +dC, ) + 2485, AdLy,

Q(T) = 2dBs, A dly, +2dBs, A dLy, + 2465, AdE,, .
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~ A~

Summing up Q(I') and Q(I") while setting 3,, = 2(55, + B5,) and ,, = 2(55, + [5,) we get
the expression of Proposition 3.14.2. n
Three contours

In this situation, we get complete decompositions into trinions. The two possible trinion

graphs ftrin and ftrin are shown in Figure 3.15. The log-canonical coordinates associated to
Tprin (resp. Do) are denoted {lz,, Bz, Y3, (resp. {ls., B }2_,).

Proposition 3.14.3. The Weil-Petersson form wyp on My coincides with the following
forms in coordinates {lz,, Be. }3_, {le., Be. }3,:

o Q(Tpin) = dBs, Adls, +dBs, A dls, + dfz, A dls,,

° Q(ft”n) = dﬁgl N dggl + dﬁ’@ A\ d€g2 + dﬂg?) A\ dﬂe\?’.

€1
€1 €3
€2 2
M 22
ey 22
€3
Ft’rin Ftrin

Figure 3.15: The two trinion graphs fm-n and ftrm.

Proof. The proof is by direct application of Theorem 3.9.2 to fm-n and ftrin-

Using formula (3.51) for [y ONE can get:

~ 1 1

Urin) = 5 [degS Adbs, + dls, A dls, + dls, A dggl] +5 [degl A dls, +
+ dlz, A dlz, + dlz A degl] + dfg A dle, + dfz, A dle, +dfz A dle,
= dﬁgl A dfgl + dﬁgQ A dng + dﬂgg A df'g?) .
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Similarly, for ftm-n:

~ 1 1

UTiin) = 5 [de@ Adls, +dls, Adls, + dls, A dng] +5 [dégg A dls,+
dls, A dls, + dls A de@} 4B, Adls, + dBe, Adls, + B, Adl,

= dﬁgl A dfgl + dﬂg2 A df@ + dﬂ% A dfg3 .

Proposition 3.14.4. For the graph ff,rm, the generating function G(fwm) 15 given by

G(Thin) = —3 [Li2 (XQX@X%) + Liy (-%) + Liy (-%) + Liy (-%)] -
~Lip (1-32) = (R2)m (02, = 1) = Lip (1-32 )~ (32, ) (32, = 1) -
— Liy (1 — Xi}) —In (X33> In (Xi — 1) + g In? (\,) + §1n2 ey + ; In? (A, )—
— 210 (Aes Az hes)
(3.82)
and for the graph ftm-n by

B P A v N 25 A Y
G(thn):§ LIQ(—/\61>\62)+L12 /):1 —|—L12(—)\63/\e2)+L12 _/):3 —|—§L12 (—/\62)_

~Lip (102 ) =1 (320 (02, = 1) = Lip (1-32,) =10 (32, ) 1n (32, = 1) -
— Liy <1 - ng) —1In (Xi) In (ng - 1) + 21n? XEQ —4ln A, + gIHQ (D) + ; In? () .
(3.83)

Proof. According to Theorem 3.11.11, for the graph Grin which contains only standard edges,

we have:

By M Y X @ Y X

G(Tarin) = 95" Cegs Meas Ay ) + 057 R Aegi Aer) + 957 ers e Ae) + 98 Neis Aers Aew)+
+ 967 Ceas Aeri Aes) + 957 Rers Aeai Aey)

_ _% 200 Xeas Aer) + @ (s Aegs hew) F+ @ (hes, Mgy Aea) + Dy, e M)+

By heys hey) + @(Xel,XEQ,X%)} ~ Li (1 - Xﬁl) ( ) <)\2 - 1)

— Li (1 - X;) ~In (P) In (X; - 1) — Li (1 - )\33) ~In <>\63) In </\§3 - 1) .

(3.84)
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We recall
®(z,y, z) = Liy(—zy2) + Liz( - %> + Lig( - %) . Lig( - i) .
Yy

Using the identity

, . (1 72 In*(—z
Lis(z) + Lis (;) =75 (2 ) )

one can rewrite the auxilliary function ®(x,y, z) as (the constant —%2 is irrelevant):

O(z,y,2) = Lis(—zyz) + Lig( — %> + L12< — %> + L12< — ﬁ) + —In? (ﬁ> .
Y T z 2 z

Therefore, the first term in (3.84)

1 ~ ~ ~ ~ ~ ~ ~ ~
- 5 [q)()\e:;? )\827 )‘el> + (p<)\617 )\637 )\62) + q)()\ep )\637 /\62> + (I)<)\637 )\61; )\62)+

+ q)(XeW Xe17X63) + ®(X€17X627 Xeg):|

can be rewritten

DY Xe Xe Xe Xe Xe Xe
-3 L12 <)\61 )\62)\63) + L12 - Al« 2 -+ L12 — 3 ! + L12 —#
A‘53 >\62 )\el
L In? _/\2&2 + In? —)\fl/\eQ + 1n? —)\?/\63 + In? —)\i/\eg’ )
)\63 )\62 )\51 )\62

T3
Simplifying the second sum of four logarithmic terms and summing with the remaining terms
in (3.84) we obtain equation (3.82).

+

Now for the graph fmn that contains two loop edges and one standard edge, we have,

according to Theorem 3.11.11
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SO |
——[<I><A61,A62,Ael> 5@@@,&1,&2)+<I><A63,A63,A> O3 Fer )| -

~ Lis (1 - X;) I (X2) In (Xgl . 1) ~ Li (1 N ) ( ) In (X; - 1)—
. Ag)

- ~ 1 .~
In (A§3 - 1) — Ik, Ik, — Ik, I, + SR+

(3.85)

Using again (3.14.1), one can rewrite

~ o~ o~ 1 ~ ~ ~ PO o~ o~ o~
- |:(p()‘e1’ )‘627 )‘61> + 5(1)()‘61’ )‘61’ )‘62) + CI)(/\€37 /\637 >‘62) + (I)()‘ega )\eQa )\63):|

as

3 . 32N . /):2 32N . Xga
5 LIQ(—/\61>\62) + L12 —= | + ng( )‘63/\€2> + L12 —/)\\

€2

+1n® A\, +1n® X\, —4In ), .

Summing this last equation with the other terms of (3.85) we recover (3.83). O

3.14.2 M,

One contour

In this case C is a one-holed double torus and C is a one-holed torus, the associated graphs r

and T are shown in Figure 3.16. We associate to 5, endowed with f, shear-type coordinates
{C@l) C@Q? Cega <€4’ €€57 CCG? C@?? C€87 CEQ} and tO C? Wlth F? Shear—type Coordinates {Ce1 ) CeQ? 483 }‘

Proposition 3.14.5. In log-canonical coordinates

{2;27563756472-3575367567756875697@276\6376’77/87}
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- €5 -
e €2
_ €6 _ R-a\\ R
v v es q es
~ e7 q ~
€3 €1
€s = = P
5 o v €9 v
A €9
€y €4 f
I X Zz pdl
v es v
Y 0
C C

Figure 3.16: Single contour splitting for M3 and associated graphs.

the Weil-Petersson form on My can be written :

wwp = 2dC, A dCe, + Gy AdCe, + 2dC, A dC, + 2dC, A dCe, + 2dCe, A dCeg+
+2dC,, AdCy, + 2dC, A dC, — 3dCe, AdC, + 2dCe, A dCe — 2dCe, A dCey + 2dCe, A dCey,—
—2d(,, AdCe, — 2dC., AdC, — 2dCe, A, + 2dCe, A Gy + 2dCey A dCey — 2dCey A dCey—
—2dC., A dCe, + 2dCe, A Ay + 4dCeg A ACey + 2dCe, A dC, + Al A (dfe2 + d@3> +
+de, A <dé2 +2dG, + 2dC,, + dl, + Aoy + 2dC, + 240, + 2d569> +dB, Ade,

(3.87)

Proof. The proof is by direct application of expression (3.40) and Theorem 3.7.1. For sake of
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brevity we only write the non-zero coeflicients ¢;; for Q(I'y):

~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
Cl2 = C15 = C1g = Co5 = (g6 = Cag = C34 = C39 = C49 = C57 = C58 = Cg7 = Cg9 = C9 = 2

C38 = C46 = C48 = C78 = —2
524 = 3

C13 = Ci4 = C17 = C1g = Clg = C23 = C9 = C59 = Cgg = 4

\ (35 = C45 = —4

Whereas for Q(T'y) the same non-zero coefficients are given by ¢ = €13 = a3 = 2. We let to
the reader the straightforward but long computation of each ¢;; — ¢1; + ¢3; in order to check
(3.87). O

Two contours

Choose two separating contours ; and ~,. As depicted in Figure 3.17, bottom, we obtain
by cutting along these contours a one-holed torus CY), a two-holed torus C® and another
one-holed torus C®, with respective graphs and shear-type variables: I'") and {Ce(ll ) ¢ e(;)}
LT and {6, 67,6860 ¢, ¢ T and (¢, 62, (DY

vl ef” vf vp ef” vp vy ef” vy
egl) (3)
6gn egn eéZ) 64(12) egs) 6gs)
@) o 2)
ey €2
(2) (2)
(& & _ _
v eél) vl 3 Uy 6&3) v
vy el? vy
(1) . ()
Y 2 g 3
by 2
c c® c®

Figure 3.17: Two contour splitting for M3 and associated graphs.
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Proposition 3.14.6. The Weil-Petersson symplectic form on M3 in log-canonical coordinates
1
{Ce(Z)v 63 ) 62 ) CGB ) C€4 ) <€6 ) <€2 I C€3 I 6“{17 571 ) g’yza 6’)/2} ZS gZ’U@n by

wwp = 2d¢D A AL — 2d¢ A d¢® + 24P A AP +2d¢P A d¢P + 24P A AP+

+2d¢P A AP + 24P A dC®) + dey, A (AED + d¢D) + dey, A (AP 4+ d¢ - d¢?) +

+dly, A (AR = d¢P — d¢ + ¢ + dey, A (AP + ) +dB,, AdL,, +dBy, Ade,
(3.88)

Proof. In this situation, by equation (3.40) (plus the twist-length contributions) we have:
Q™) =2d¢!) A ¢l +2d¢) Adel) +2d¢Y) A ¢y +2d8 o Ade )

QI®) =d¢® Ad¢® —d¢® Ad¢® +d¢® A d¢® —d¢® A d¢?
+d¢f? AdC —d¢ A A — d¢ Adg +d¢fP A g
—d¢P AACE + ¢ A A+ dC A dC + acl A
+d¢ Ad¢ +2dB ) AL @ +2dB @ AdL g

(3.89)

QI®y =2d¢® Ad® +2d¢P Ad¢® +2d¢P Ad¢P + 243 AL o) -

The constraints for the first contour ~; read:

2(¢V + ¢+ ¢y =1 g

71

2D+ 20+ ¢+ P+ @+ =t
4751) = E'yf) == E%

Whereas for the second contour 5 we have:

D+ +E+ =t
Y2
2+ ¢+ ¢y =L e
6(2)_6 >_£72

Therefore one can eliminate the variables Céll ), Céf), Cé? and Cé?) according to:

1
gel = _gm €62 geg ) Ce(?) = 5672 - CS) - C«Sg) )

1
(D =gl =) = ¢ () =, = (7 =D =D
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Inserting these expressions into (3.89), summing Q(I'V) with Q(I'®) and Q(I'®) while
defining f,, = 2(5%1) + 67§2)) and 3,, = 2(5752) + ﬁ7§3)) one can obtain (3.88). O
Three contours

Let us think about the 3-torus as a sphere with three handles as shown on Figure 3.18. Cutting
these handles along three separating contours 71, v», v3 we get four pieces: C® a trinion and
three one-holed tori CV, C® and C™. Denote the associated graphs by 'V, 1) TG) T4,

Proposition 3.14.7. The Weil-Petersson form on Ms in log-canonical coordinates
1
{C‘g2)7 63 ) 62 7C€3 7C€2 7C€3 7€’Y17€’yza£’y375’yl ﬁ’ymﬁ’w} ZS gwen by

wp = 2d¢D A dCY +2d¢? A ¢ + 24P A dCY +de, A (A +d¢D) +
+dloy A (ACD +d¢D) + deyy A (AP + D) +dey, Adey, + by, Adey, + Al A dl,+
+dB, AdLy, +dBy, AdL, +dB,, AdL,, .

(3.90)

Proof. Applying equation (3.40), and taking into account the twist-length contributions, let

us write:
QD) = 2d¢V A d¢fh) +2d¢D A d¢Y +2d¢H A dCY +2dB, oy AdL g
“ 1 1
Q) = 2d¢P A ¢ +2d¢P A +2d¢ A (D + 248 o AL o
1 1

QI®) =) Ad¢t +d¢) A dCE) +d¢f Ade +2d8 A dl e +2dB @ Adl o+
+ 2dﬁfy§3) A dé’yég) ,

QW) = 2d¢P AdC +2d¢fP AdC + 24 A A + 245w AL -
1 1
(3.91)

The constraints for ~; reads:

1
Q(Cel + C€2 + C( )) - K%U )
3) _
Cel + Ce(g,) - €7§3) ?
3751) = Evgs) = g’n
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Those for v, are given by:

2+ ¢+ ) =t ,

3 3
(=t

of e wf
(1)
€1

eg) egn

vf eél) vy
T

of e uf
(2)
&1

eéz) egz)

PO
@

c

c®

1
)

E’y?) = 5753) = 572 .

3 4
(i a0

c@

Figure 3.18: Three contour splitting for M3 and associated graphs.



And for v3 we have:

2+ + ) = O
3
<ez + Cé3) = 67;5,3) 3
f%z;) = 5%3) =L, .

From these constraints we get:

¢ty ——e =y, @ ——6 — ¢ -, <<4>—2 —¢ =)
1

1
Cél - (6’71 + 6’72 - K’Ys) ) CS) =35 (6’72 - K'Yl + e’Y:s) ) CS) = 5 (g’h - g’YQ + 6’73) .

Inserting these expressions into (3.91) while setting 3, = 2(@/(1) + 67(3))a By = 2(57@ + ,37(3))
1 1 1 5
and 3, = 2(ﬁ7£4> + ﬁ%g:s)) we get (3.90). =

Four contours

With four contours we recover complete trinion decompositions. As an example, take the

trinion graph to be the “tetrahedron graph” I';e;., shown in Figure 3.19.
e

€6 €4

@ o)

€5

Figure 3.19: Tetrahedron graph T'iesrq.

Proposition 3.14.8. The Weil-Petersson form wwp on Mgz coincides with the following
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form in coordinates {Lc,, Be, }5 j=1

wip = dlo, A dl,, + dle, A dle, + dley A dle, + dle, A dl, + dlu, A Lo+
+ dle, Adle, + dle, Adly, + dle, Adle, + dlug Adl,, + dlu, A dl,+

+ dley A dle, + dley Adle, + dBe, Adly, + dBey A dle, + dBey A dle,+
+dBe, Adle, + dBey Adle, + dBey A dls, .

(3.92)

Proof. The proof is by direct computation using Theorem 3.9.2, equation (3.51), applied to
Cietra- The form Q(Teq) coincides with wy p on M3 by Proposition 3.11.10. H

Proposition 3.14.9. For the tetrahedron graph Uyeirq, the generating function G(Tierrq) takes

the following expression

3 Aes e Moo Ao
G(rtm):—5 Liy (Aey AeyAes) + Lis (— ) ( >+L12 (— A )} -
2

—Lip (1-A2) —Lip (1 —A2) —Lir (1—2) +

4
In (e, AeyAe [ Aes A, o e o Aeaes )]
— 711( 12 3) — ; LIQ ()\ )\ )\85) + L12 ( + L12 (—5> + L12 (—5) -

—Lip (1=A2) —Lia (1 =A2) —Lix (1= A2) +

A
- 4 -
B In ()\622)‘64>\85) . g Li, ()\53)\@5,)\@6) + Liy <_ )\e:;/\eg,) + Li, (_ )\e3/\66) + Li, (_ )\65)\66) o (393)

—Lip (1=A2) —Lip (1—A2) —Lip (1= A2) +

4
1 - € € . . € . €. €6 . € €6
— n(>\e32>\ 5)\ 6) _g L12 (A61)\64)\e6) +L12 <_)\ 1)\ 4) +L12 (_)\ 4)\ 6) +L12 (_)\ 1)\ 6>:| _

2
—Lip (1 =A%) —Liy (1 =A%) —Liy (1 =A%) + In Eﬁel) N

In (Ae; Aey Aeg)
— 5 -

Proof. Applying Theorem 3.11.11 to the graph Gy, which has only standard edges we get

G<Ftet7"a) - g(()1)<)\e37 )\62; )\61) + g(()3) (/\647 /\ee; /\61)

By a direct computation very similar to the proof for the expression of G (fmn) in Proposition

3.14.4 we get equation (3.93). O
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Chapter 4
Future research directions

In Chapter 2, we analyzed degenerations of Fay’s identities to higher orders in the local
parameter 7, near the point a, deriving the new identity (2.2). As an application, we employed
this identity to construct solutions of the form (2.4.1) to the Schwarzian KP equation (2.3).

These results naturally suggest the following future research directions:

e The first direction is to start with the four-point Fay trisecant identity and study terms
of order greater than three in 7, in the Taylor expansion of the Abel map. This leads
to n-th order Taylor expansions of V(c) = 0,.0%, as discussed in equations (2.45)
and (2.46). However, the number of terms grows very rapidly, and simplifying them
using known degenerations requires heavy algebraic manipulations. A more systematic
approach, based on conceptually stronger techniques, would therefore be desirable.
Even the case of order 7 would already be very interesting, as it could potentially

produce integrable PDEs in four dimensions, of which very few examples are known.

e Another possible generalization is to start from the more general n-point version of
Fay’s identity. Dubrovin (|16]) has shown that the n-point generalization of the identity
(2.14) encodes the full KP and KdV hierarchies. A natural question is then: what is
the n-point generalization of (2.35)7 Does it encode the full SKP and SKdV hierarchies

in a similar way?

Chapter 3 focused on constructing a new symplectic parameterization of SL(2,C) character
varieties of compact Riemann surfaces. This illustrates the effectiveness of the framework
of [7] for such a problem. Although the existing literature already contains many results
for SL(2,C), much less is known for SL(N,C). Extending this construction to arbitrary
SL(N,C) character varieties of compact Riemann surfaces would therefore be a natural next

step. Some technical issues must be addressed, in particular the correct ordering of the N
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eigenvalues of monodromy matrices along separating contours. This may require the use
of flag varieties [21]. Finally, as noted in Chapter 3, the generating function relating the
new coordinates to Fenchel-Nielsen coordinates may possess some applications for integrable
systems. These applications would certainly deserve further exploration. There exist also
other generating functions related to “flip of the separating contour 7” (see [51]) and also
to “flip of a triangulation edge” (see [7]), and the question of knowing how these different

functions are related would also be very interesting.
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