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Abstract

Fast All-Digital Carrier Synchronization Techniques for Linear

Modulation Formats

Nestor Caouras

This thesis studies fast. independent. low complexity. all-digital data-aided (DA) feed-
forward (FF) and decision-directed (DD) feedback (FB) carrier recovery (CR) tech-
niques based on oversampling. suitable for linear modulation schemes (M -ary phase-
shift-keving (M-PSK) and M-ary quadrature amplitude modulation (M-QAM)). Car-
rier syvnchronization is studied hecause. in passband communications. carrier phase
and frequency offsets. due to modem oscillator discrepancies and distances between
the users. corrupt the received data and must be removed for proper data decisions.
The proposed techniques are evaluated in an additive white Gaussian noise (AWGN).
non-multipath. point-to-multipoint burst-mode system.

Oversampling of a shert preamble is introduced to reduce the required overhead
for the FF techniques whiie still maintaining low hardware complexity. modularity.
and a minimal number of different system clocks.

The DA FF phase estimation technique is unbiased and shown to perform as well
as an equivalent efficient single-sample-per-symbol estimator achieving the Cramér-

Rao lower bound (CRLB). The bit-error-rate (BER) degradation agrees with the
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predicted one with. at most. an extra 0.1dB loss for a practical implementation in
field programmable gate array (FPGA) technology.

The autocorrelation-based DA FF frequency estimator. although unbiased. does
not achieve the CRLB for large window sizes. Nonetheless. it is able to produce coarse
estimates with low hardware resource utilization. Increasing the correlation distance
can produce at least a decade improvement in the variance.

The DD FB algorithm studied is an all-digital phase-locked loop (APDLL). When
oversampled. it performs just as well as an equivalent analog phase-locked loop (PLL)
relative to BER degradation. variance. and transter function characteristic.  The

ADPLL is stable and displays a wide tracking range. up to half of the sampling rate.

Keyv words: carrier recovery. feedforward and feedback synchronization. ADPLL.
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Chapter 1

Introduction

1.1 Motivation for Research

[n modern digital communications. proper transceiver svnchronization between
the communicating parties is crucial for reliable data transfer. Applications. such
as time division multiple access (TDMA) systems. cable modems (i.e. DAVIC).
digital subscriber lines (xDSL). wireline and wireless line-of-sight (LOS) point-to-
multipoint (PMP) architectures. and VSAT terminals. demand higher transmission
rates while simultaneously facing bandwidth restrictions. Thus. they mandate the
usage of higher-order passband modulation schemes in the upper frequency bands.
c.g.. 2 GHz to 42 GHz [1].

With passband modulation signaling arise new challenges: carrier phase and fre-
quency offsets. which must be compensated for error-free data reception. Hence. the
emerging applications prescribe the use of a burst-modem. whose different tasks in-
clude symbol-timing recovery (STR) and carrier recovery (CR). the latter being the
sole interest of this work. STR must determine the optimal svmbol sampling instants
before performing any data decisions. Research of STR. however. is a subtopic in

itself and is best left to a separate study [2]. On the other hand. CR must estimate



and remove from burst to burst the carrier offsets due to channel delavs (translated
in terms of a phase offset) and frequency errors.

The researcher must also balance the estimator’s effectiveness with its complexity
without severely compromising the system’s efficiency or abuse hardware resource uti-
lization. Coupled with today’s ever growing low power consumption requirements and
the need for svstem reconfigurability. the quest for simple. low complexity structures
become as dominant an issue as the development of the techniques themselves.

To harmonize the trade-offs of CR. this research examines all-digital. low com-
plexity coherent carrier phase estimation techniques. as well as frequency estimation
algorithms. both of the data-aided (DA) feedforward (FF) type. which operate on a
preamble of known symbols!. The proposed schemes are ideal for short burst systems
(down to as low as one hundred svimbols per burst) since the estimates are obtained
in a single shot. The techniques in question marginally affect the svstem’s efficiency
by requiring only a short preamble. Coherent carrier phase recovery concerns itself
with accurately estimating the carrier phase offset at the demodulator. a requirement
for burst-mode svstems for which the phase differs between received bursts. Coher-
ent demodulation also provides a 1dB to 3dB power advantage over non-coherent
methods. and is commonly emploved in practice [3. Sec. 3.9 & Sec. 7.5].

Oversampling forms the basis of these techniques with the goal of reducing the
burst's overhead to maximize the systems capacity. At the same time. reducing
the number of different clock domains in the transceivers minimizes the hardware
complexity.

The proposed methods are independent of one another. making each technique

! Because of oversampling, the data-aided feedforward carrier recovery algorithms do not require
perfect knowledge of the symbol-timing epoch during estimation. Chapters 2 and 3 detail these
points further.
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modular and easily integrable into present and future digital svstems. Digital imple-

mentations offer many advantages over analog. notably

—

. higher immunity to noise and voltage drifts.

2. insensitivity to component aging (of the transmit and receive oscillators. for

instance).
3. higher processing speeds.
4. resource sharing.

3. implementation of complicated mathematical functions. including memory de-

vices for storage of data intended for later processing.

For these reasons. the trend toward digital has dominated the past fifteen vears
of communication svstems design, and has also propelled the study of the digital
rechniques presented in this thesis.

In addition to the FF schemes. an all-digital decision-directed (DD) feedback
(FB) technique for tracking residual carrier frequency offsets is also considered®. The

feedback algorithm also applies to long-burst and continuous-mode transmissions.

1.2 Survey and Classification of Carrier Recovery
Algorithms

The vast number of carrier recovery estimators may be broadly categorized as
either feedforward (FF) or feedback (FB) schemes. Figure 1.1 suggests one possible

classification of existing techniques. Although each class can be implemented by

2The proposed DA FF frequency estimator is capable of providing only a coarse estimate of the
frequency error. A supplemental algorithm is required to refine the frequency estimate and the DD
FB satisfies this requirement.



analog or digiral means. digital is the onlv interest here because of its advantages
described in the previous section.

FF. or open-loop. estimators possess no feedback and. consequently. tend to be
very well snited for short-burst operation (as low as one hundred symbols). They
possess short and known acquisition times and avoid hangup complications faced by
their closed-loop counterparts [4]. Hangup is a phenomenon innate in FB topologies
causing them to drift aimlessly for significant periods of time before converging to
a stable operating point. Occasionally. this equilibrium state differs from the true
steadv-state point. and subjects the system to the false lock phenomenon. The leading
drawback of all FF estimators. however. lies in their inability to track time-varving
offsets. seeing how each estimate remains fixed until the FF algorithm is engaged
anew.

On the other hand. closed-loop systems generally experience long acquisition times
and may suffer from hangup. Nevertheless. they extremely effective at tracking
time-varving parameters since they continuously update and correct the error met-
ric. Long-burst and continuous-mode syvstems employ feedback strategies. where the
accumulated effects of time-varving phase and frequency offsets are intolerable. FB
techniques are very well suited for analog and digital topologies [3. 6]. whereas FF
structures can only be implemented digitally owing to the complicated mathematical

functions they encompass. for instance. an arctangent function [7].



l Carrier Recovery Synchronization Techniques for Passband Linear Modulation Formats
k

(e.g. M-PSK, M-QAM and their offset equivalents)

‘ Feedforward
Techniques

/\

Feedback |
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Figure 1.1: Classification of Estimation Techniques.

This thesis does not present an extensive survey of previous CR techniques since

many authors have already covered this topic in great detail. The interested reader



is referred to the comprehensive texts by Gardner [7. 8] and the more recent book by
Mevr. Moeneclaey. and Fechrel [9]. both of which chronicle various techniques derived
from maximum-likelihood (ML) theory and approximations thereof. They also discuss
implementation structures from theoretical and practical viewpoints. Franks presents
a tutorial review of carrier and symbol-timing synchronization in [10]. Going into the
particulars. the recent paper by Morelli and Mengali surveys a vast collection of digital
FF frequency estimators of the past fifteen vears for M-arv phase-shift-keving (/-
PSK) modulation. including autocorrelation and spectral-based techniques. Gard-
ner’s “hible™ on phase-locked loops [} presents substantial material in the analysis of
analog FB techniques. with Lindsey’s and Chie’s paper [6] complementing Gardner's
hook for digital PLL's (DPLL’s). An all-digital PLL is documented in [3]. A myriad
of other techniques have been reported in the literature but their treatment is omitted
here. The reader is encouraged to consult the additional references embodied within
the indicated works.

Pursuing the classification of figure 1.1. under the groups of FF and FB estimators
stemn joint and independent FF and FB strategies. Joint estimation involves the opti-
mization of the ML or maximum a posteriori (MAP) rules with respect to two or more
parameters [L1. 12]. For carrier recovery. maximization is performed simultaneously
over phase and frequency offsets. while other scenarios may require the symbol timing
as a third variable. Optimization of joint estimation is generally more difficult and
do not result in isolated structures. Nonetheless. they typically outperform indepen-
dent estimators [13. Sec. 6.4]. This research. however. seeks independent estimators.
Therefore. joint estimation is ruled out. STR also lies outside the scope of this work.

In contrast to joint estimation. independent ones maximize the decision crite-

rion over one parameter while treating the others as unwanted. These techniques



introduce added performance degradation. but warrant more modular synchroniza-
tion structures independent of each other. This is very desirable for reconfigurable
svstems where syvstem components may be changed on the Hy. depending on the
operating environmert.

Three types of joint and independent estimation exist:

l. Data-aided (DA) techniques exploit the knowledge of a known data pattern
(called a preamble) to aid data recovery. Because preambles contain no useful
user information. theyv decrease the overall system capacity and. as a result.
should be kept as short possible. In modern systems. a unique frame synchro-
nization pattern is almost alwavs necessary for proper detection of the burst’s
start position. With appropriate encoding. the same frame synchronization
preamble may also be emploved for CR. which. in turn. maximizes the burst’s
efficiency [14. 13]. In addition to maximizing the data throughput. burst-mode
svstems must rapidly acquire good offset estimates. DA technigues exploit
prior knowledge of the preamble svmbols at the receiver. and thus. provide ex-
ceptional performance even at low signal-to-noise ratios (less than 8dB). For

these reasons. DA FF techniques are studied.

2. Decision-directed (DD) methods resemble DA techniques except that symbol
decisions are substituted in place of the known preamble at the receiver. Under
moderate (8B to 13dB) and high signal-to-noise ratios (greater than 15dB)
decision errors are rare and DD techniques perform just as well as DA schemes.
Low signal-to-noise ratios (less than 8dB). however. engender more frequent
decision errors and DD performance might deviate significantly from the DA
case. Nevertheless. DD techniques operate without a preamble and. hence. do

not reduce system efficiency.

3. Non-data-aided or non-decision aided (NDA) methods require no preamble and

T



use the data itself instead of decisions for estimation. Hence. system capacity is
always maximized for these techniques. NDA methods average the effects of the
modulation sequence in order to maximize the ML function. The received signal
nmust be processed by a non-linear function to remove the effect of modulation.
so theyv result in more complex structures. At high signal-to-noise ratios (greater
than 15dB). NDA schemes perform similar to DA and DD structures. but avoid
the use of a preamble and symbol decisions. However. at lower signal-to-noise
ratios (approximately less than 8dB). they suffer from threshold effects. The
threshold represents the signal-to-noise ratio below which large estimation errors

start to ocaur.

The present study examines independent. low complexity. all-digital DA FF carrier
phase and frequency recovery techniques suitable for linear modulation schemes such
as M-ary phase-shift-keving (M-PSK). M-ary quadrature amplitude modulation (M-
QAM) and their offset equivalents. Their short acquisition times make them ideal for
short-burst operation. where the overhead must be minimal. NDA techniques are not
examined because they do not offer low complexity solutions. while the preamble-less
nature of their bursts cause them to be less easily detected in practical setups. DD
FF algorithms are not considered cither since we would like to use techniques that
can provide accurate enough initial estimates at virtually all signal-to-noise ratios.
Hence. DA FF techniques are the only FF techniques of interest.

NDA FB and DA FB techiniques are not examined since the former results in
high complexity structures. whereas the latter further increases the preamble. A
digital DD FB algorithm is. therefore. the optimal choice. Even if its performance is
less satisfactory at low signal-to-noise ratios compared to DA techniques. it results in
simple architectures. and does not increase the preamble. thus maintaining the overall

system efficiency. The sought after FB technique is introduced to counter the effects



of a residual frequency offset leftover from a coarse feedforward offset correction’.
The FB technique is independent of the FEF algorithms so that we remain in line
with our independence requirement. The closed-loop technique is also applicable to
longer-burst and continuous-mode systems.

All techniques are suitable for digital implementation in feld-programmable gate-
arravs (FPGAs) or veryv-large-scale-integration (VLSI) application specific integrated

circuits (ASICs).

1.3 Communication System Topology, Requirements
and Assumptions

The considered communication system is similar to a time-division-multiplexing/time-
division multiple-access (TDM/TDMA) topology. as depicted in figure 1.2, U7 users
are allocated a continuous connection to a central station over a common channel. on
which each user is permitted to transmit during prescribed time slots (bursts) using
a bandwidth which is much higher than what is normally required by an individual
user!. The intervals during which a user is allowed to transmit depend on the chosen
capacity allocation scheme. but it is not necessary to have a fixed or ordered amount
of slots between a given user’s transmissions (thus the term dynamic capacity alloca-
tion). Capacity allocation techniques are not described here since they reside outside

the scope of carrier recovery.

3The DA FF frequency offset that is presented is shown to provide coarse one-shot estimates of
the frequency offset.

*The bandwidth is derived from the required link bit-rate (or symbol-rate) plus the anticipated
frequency offset.
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Figure 1.2: Burst-Mode Point-to-Multipoint Communication System.

The detailed description of a single communication link between two users (any
user and the base station) is detailed in chapter 2. For now. the assumptions and
requirements governing the communication model of figure 1.2 are stated next and

justified where needed:

1. An additive white Gaussian noise (AWGN) linear channel with double-sided
noise power spectral density (psd) of Ng/2 is assumed. There is no cross-channel

interference. i.e.. the in-phase and quadrature channels are independent and
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possess identical stochastic properties (thev are AWGN).

2. A non-multipath PMP burst-mode system is considered. [n multipath fading.

time-delayed multiple copies of a transmitted signal arrive at a given station. in
addition to the direct transmission. This condition afflicts some tyvpes of fixed-
user systems (such as BWA. LMCS/LNDS [1]) and mobile systems (such as
digital mobile cellular. e.g.. GSNLIS-95. [S-136 11 1]) Multipath fading engenders
severe amplitude dips in the frequency spectruen of the resulting received signal.
[t is not studied since it requires equalization or other solutions [13. Ch. L4].
[t is left as a suggestion for future study. Instead. the burst-mode svstem of
interest is modeled as TDM/TDMA with fixed central and user stations. This

category includes most wireline topologies as well as wireless LOS architectures.

Linear modulation formats (M-PSK. M-QAM and their offset equivalents) are
studied because their behavior throngh a linear channel is very well understood.
Quadrature phase-shift keving (QPSK). equivalent to 4-level quadrature ampli-

tude modulation (4QAM). and offset-QPSK (OQPSK) serve as case studies”.

1. The carrier phase and frequency offsets are deterministic. unknown parameters.

They are assumed slowly time-varving so that they may be considered constant
throughout the entire duration of a short burst., or constant over a window
of svmbols in the case of longer bursts or continuous-mode transmission. Un-
der this assumption. multipath fading and Doppler frequency shifts (due to
relative motion between users) are immediately excluded since they produce

time-varving offsets within the same burst.

QPSK and 4QAM represent the same constellation even though they result from different
modulation formats. The four possible symbols are located at the corners of the square constellation
in the RS-plane. Throughout the text. QPSK and 4QAMI are used but the reader should understand
that they represent exactly the same information. They are denoted by QPSK/4QAM throughout
the text.

11



10.

L.

. The phase offsets arise solely because of the different geographic locations he-

tween rhe users. as well as the different startup phases of the up- and down-

conversion oscillators.

. The frequency offsets arise from oscillator imperfections (not Doppler frequency

shifts).

The proposed estimation techniques are based on oversampling with the purpose

of minimizing the preamble.

A free running oscillator is used as the sampling frequency. and is chosen as an
5 : | 3

integer multiple of the symbol frequency.

The techniques sought after should offer low complexity for minimal hardware

utilization. and easy integration with other components of the digital system.

Perfect symbol timing is assumed or recovered a priori (using techniques derived
from the maximume-likelihood (ML) principle [2. 7. 9]. or more traditional ones.

e.g.. the Costas loop or the phase-locked loop [13. Ch. 6]).

The signal is band-limited and satisties Nvquist’s criterion for zero inter-symbol
interference (ISI) (chapter 2 details this topic further). Band-limiting is required
since all practical systems must restrict the amount of bandwidth they intend

to use (square pulse shaping (infinite bandwidth) is not possible in practice).

2. Study of quantization effects on the proposed estimators is omitted since it

represents a topic in itself and falls outside the scope of this dissertation.

12



1.4 Scope of Thesis

So far. the current chapter has established the importance of researching carrier
svnchronization technigues. This section previews the chapters to follow.

Chapters 2 through - present the carrier recovery techniques investigated for linear
modulation schemes (M-PSK and M-QAM) and exemplified with quadrature phase-
shift-keving (QPSK). otfset-QPSK (OQPSK) and 4QAM. The first section of chapter
2 forms the theoretical substrate upon which the subsequent analysis is based. [t de-
scribes the complex baseband signal model. The remainder of that chapter examines
the proposedd DA FF phase offset estimator and assesses its performance analyvtically.
through simulations and practical measurements.

Chapter 3 focuses on a DA FF frequency offset estimator and reveals that the
proposed technique performs poorly in environments with moderate to high noise. To
counter this complication without increasing the preamble. a digital DD FB tracking
loop is introduced in chapter 4. where it is analyvzed using the z-transform technique.

The fifth chapter summarizes the global indings of this project and suggests future
routes to extend the topices discussed herein.

Appendix A presents the details of the approximate analysis leading to the fre-

quency offset estimator’s second moment.

1.5 Contributions of Thesis

The following list describes the contributions of this thesis:
1. Study of low complexity, all-digital. data-aided feedforward carrier phase and
frequency offset estimation techniques bused on oversampling. Two DA FF tech-

niques are presented. one for carrier phase error recovery based on averaging®.

“The proposed phase recovery algorithm resembles an oversampled version of the Viterbi and
Viterbi (V&V) technique [16].

13



and another for carrier frequency offset estimation based on the autocorrelation
principle with adjustable correlation distance. [t is demonstrated that both
technigques can result in low complexity structures while providing acceptable

performance.

Study of oversampling on carrier estimation. Due to the apparent absence in
today’s literature. the effect of oversampling on carrier recovery is examined in
this thesis by means of theoretical. simulation and practical means of the FF

algorithms.

Presentation of an approrimate variance analysis for small offsets and high
signal-to-noise ratios. In general. the carrier phase offsets are embedded non-
linearly in the transmitted and received data. Band-limiting and oversampling
introduce dependence in the received random observations. so that a closed-
form solution of the estimators’ moments is not possible. The thesis presents
approximations under high signal-to-noise ratios and small offsets to simplity
the performance analysis. The analysis techniques may also be applicable to

other case studies not covered by this dissertation.

Presentation and analysis of an all-digital DD FB loop using z-transform anal-
ysis. The dissertation studies a second-order. all-digital phase-locked loop (AD-
PLL). a simple DD FB scheme. using the =-transform technique since much of
the literature using this technique to analyze the loop is scattered or scarce.
The chapter devoted to this topic attempts to unify the information pertaining

to the ADPLL.
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Chapter 2

Data-Aided Feedforward Phase
Estimation Technique Employing

Oversampling

The signal model referenced by all subsequent chapters of this thesis is presented in
the first section of this chapter. Section 2.2 then presents the DA FF phase estimator
algorithm. while section 2.3 assesses the technique’s performance analytically. Section
2.4 employs simulations to the same end. and compares the results to the theory. BER
simulations and measurements are also included. Finally, section 2.5 examines the

estimator’s implementation.

2.1 Background

2.1.1 Equivalent Complex Baseband Signal Model

This section details the theoretical background used throughout the thesis. Figure

2.1 illustrates the equivalent complex baseband signal model.
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Figure 2.1: Equivalent Complex Baseband Signal Model.

The line coder maps a stream of user data bits into a sequence {ax} of R indepen-
dent data symbols chosen from a complex signal set. To facilitate synchronization at
the receiver. a known pattern H-syvmbols long is inserted at the start of the burst.
To maximize system efficiency. 17 should be kept as small as possible [17]. The av-
erage svmbol energy. E,. is normalized to unity for convenience. The band-limited
waveform w(t) at the output of the transmitter pulse-shaping filter Gr(w) is expressed
as

+W+R-1
“(t) = Z {lkg’l'(t - kTsym) (21)
k={
where ¢ denotes the beginning of the ¢** burst in the TDMA frame. T, the symbol
interval. and ¢r(¢t) the time-domain impulse response of Gr(w). The band-limited
signal u(t) modulates a carrier centered at frequency wc before being transmitted
over the communication link. In the receiver’s down-conversion process. a residual

frequency error. wyss. perhaps a significant fraction of the symbol rate. creeps into
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the received baseband signal and continuously rotates the demodulated data. engen-
dering cvcle slips. a situation where the “corrected” data falls in the wrong decision
regions and. consequently. increases the BER. Frequency errors arise mainly from
manufacturing discrepancies in the up- and down-conversion oscillators. In addition.
the modulator and demodulator oscillators are not phase-svnchronized because of
unequal initial oscillator phases. denoted by 87(¢) and #g(t) respectively.

For simplicity. the transmission link is assumed linear with a Hat frequency re-
sponse. The channel injects AWGN in the systen. denoted by w(t) = wi(t) + juwo(t).
whose in-phase (w;(t)) and quadrature (wo(f)) components are independent. zero-
mean. stationary random quantities with two-sided power spectral density (psd) given

by

o
(R
—

Supw) = Spylw) = U;-,),, = .Vy/2. (

Acconnting for the effects described in the previous paragraph. the complex en-
velope r(t) presented to the receiver's pulse-shaping tilter Gr(w) may be expressed
as

r(t) = w(t) exp{jfr() } expli{—=Br(t) + wopst]} + w(t) (2.3)

where the signs are chosen arbitrarily.
[n the equivalent baseband representation of figure 2.1 the carrier frequency we
does not appear due to the construction of the complex baseband model. Substituting

the carrier phase error ,7,(t) = p(t) — Or(t) into r(t) vields

r(t) = u(t)exp{j[Or(t) — Or(t) + wosst]} + w(t) (2.4)

= u(t) exp{ifloss(t) + juorst} + w(t). (25)

For the present analysis, since the carrier errors are assumed slowly time-varying

with respect to the svmbol rate, they may be considered piecewise constant over
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a window of symbols for long bursts (larger than one thousand syvmbols). or the
entire burst if it is very short (as low as one hundred svibols). For this reason.
Bop;(t) = Bypp. where 8,75 is now an unknown but non-random constant phase error
uniformly distributed in the interval [—=. 7]

The output of Grx) is

[ E]
c.
=

gty = [ult)exp{jbors + jworstt + w(t)] x grit) (-

!v
2!

= w(t)exp{jbosr + jworst} x grlt) + w(t) = gp(t) (:

with * denoting the convolution operation. and gg(t). the time-domain impulse re-

sponse of G p(w). Substituting w(t) of (2.1) into (2.7) results in
p :

PERTOR
g = Y aggr(t = kTaym) exp{J(foss + wapst) } * gr(t) +w(t) = gr(t).  (2.8)
k=¢

[f the phase error luctuations occupy a small bandwidth with respect to the chan-
nel frequency response. i.e.. the case of slowly time-varyving carrier phase parameters.
filtering and multiplication in (2.8) may be interchanged [9. Sec. 3.2]. Equation (2.8)
then simplifies to

-V R-1

y(t) = Y akgr(t — kTyym) * gr(t) exp{j(loss + wosst) } + w(t) * gr(t)
k=¢
P ER-1

= Y akgn(t — kTyym) exp{j(foss + wopst) } + v(t). (2.9)
k=¢

The expression gy (t) = gr(t) x gr(t) defines the combined impulse response of the
transmitter and recciver pulse-shaping filters. and v(t) = v(t) + juvo(t) is simply
the filtered noise at the output of gg(¢). In band-limited systems it is customary to
select pulse-shaping functions that satisfy Nvquist’s first criterion to eliminate ISI at

the optimum symbol sample. i.e.. the maximum eye opening [13. Sec. 9.2.1]. The
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most common type of zero-ISI hilter is the raised-cosine pulse with a rvoll-off factor
a (0 < a < 1). Common expressions for the raised-cosine’s impulse and frequency

responses are given in (2.10) and (2.11). respectively. with gy (¢) normalized to unity.

sin(mt/Tyym)  cos(amt/Ty,m)

(8) = 2.10
I ( ) ’Tt/Tﬁym l - (Q(YWt/Twm)'-’ ( )
T-*”/’“' 0 S |wTiyml < ’T(]- - (1)
' Ts'l"l . w'T»:m - T
Gylw) = )’ {1 — sin [—I’x—_—i]} (Ll —a) < |wTym] < 7(l +a)  (2.11)
< k43
0. !‘V*‘"Tsymi 2 a(l + ).

From matched filter theory. the pulse-shaping function is equally apportioned be-
tween the transmitter and the receiver. Gr(w) = GR(w) and Gyv(w) = Gr(e)Grlw) =
IGr(w)l? (17, Sec. +.1.1]. We thus speak of root-raised-cosine filters. Under these pro-
visions. the overall response remains Nvquist and signal detection is maximized for
an AWGN channel.

By virtue of the previous discussion. the power spectral densities S, (w) and
Siy(w) of the filtered noise components. with corresponding autocorrelation func-
tions R, (7) and R,,(7). equal

2 A ()
Su, (w) = SL’Q (w) = Sw: (w) IGR(W)I- = qu(w) [GR(W)[.' = —Gy(w)

9

Nosin(ar/Tyym) cos(ant/Tiym)
R, =R, (7) = — v AL, (2.13
! (T) Q( ) 2 'TT/Ts'ym I (QQWT/Tsym)l \ )

The autocorrelation functions are real (R;I(T) = R, (7). R;Q(T) = R, (7)) and

Q

even-symmetric (R, (=7) = R, (7). Ry (=7) = Ruy(7)). Also. @ = 0 generates the

Q
famous “brick-wall” low-pass filter.
The previous discussion demonstrates that the filtered baseband noise is no longer

delta-correlated. as noted in (2.12) and (2.13). except for sampling instants equal to
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integer multiples p of the symbol period. 1e.. 7 = pT,,,. However. the resulting
noise. although colored. invariably remains Gaussian. In essence. any linear system
preserves the Gaussian characteristic of the input random process as long as it was
Gaussian to begin with [12. Sec. 3.3.3]. The estimation techniques presented later
oversample the received baseband signal at rates higher than the syvmbol rate. so the
effects of colored noise cannot be ignored in their performance evaluation.

In the last stage of the signal model {figure 2.1). an analog-to-digital converter
(ADC) uniformly samples y(t) at intervals nT,,. Digital signal processing (DSP)
techniques may be applied to the resulting samples in order to vield the parameter
estimates. The uniform sampling rate. fy,. is chosen as an integer multiple A of
the symbol frequency. where f,, = /T, = K f,.v,,,u‘. There is no need. however. to
oversample the entire burst and obtain (IV" + R)A samples since estimation considers
but the preamble. Using the carrier estimates as its inputs. a complex rotator at
the receiver corrects the pavload symbols at rate f,,, without introducing [SI (since
optimum timing is known. unless the matched filter mismatch due to the frequency
offset it too great). The only prerequisite is a priori knowledge of the svinbol-timing
during correction. but only during data correction. The oversampled preamble at the

matched filter output is given by

-+ +R-1
.’/(”Tm) = Z “k.qN(”Tsu - I‘:T.n'ym) C\'P{J(f)off + woff”rm)} + U(”Tm)
k=¢
n=F¢¢+1..... (+-N-1LVN=AWI <R (2.14)

Multiplving the first .V samples associated with the preamble by the (sampled)

complex conjugate of the known preamble sequence. {ag}. bk =£0.¢04+1.--- £+~ 1L

!Under the equivalence condition between continuous and discrete-time systems. the matched
filter and sampling processes may be interchanged without any loss of information. thus allowing
the use of a digital matched filter. In fact. the samples r(nT,,) represent sufficient statistics for
estimation (9, Sec. 1.3].
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removes the effect of the modulating sequence [18]. Letting arpnp = L. where © denotes
| H LR

complex conjugation. the Hrst .V samples amount to

:(nTy) = ynT,)ey (2.15)

n==tF+1..... F+ V- L N=RITITMT KR

or. in expanded form.

F-W - R—1
:(”'Tm) = Z .(].V(”Tm - /\TTW,”) "xp{j(f)ufj + v‘v'uff,LTs‘u) }
k=r
+5(nT,,) (2.16)

n=¢60+1..... E+N-1L V=R IR

where cach af, is held constant for Ty, seconds. i.c.. A sampling periods. The symbols
{ar} may be chosen arbitrarily from the complex signal set. but the estimators at
hand employ the same symbol. The resulting noise samples ~(nTy,) = v(nTy,)ag
are statistically equivalent to ¢(nT,) [18]. This result holds. for the ag’s represent
known amplitude and phase variations. which affect all samples of ©(nT,,) in a known
and similar fashion. Thus. their statistical properties are maintained. The noise-free

component of (2.16) is given by

(V- R-1
b(”Tm) = Z .(]N(nrm - kTs’y‘m) "XP{.}.(H(;// + Q‘}offnrs‘u)} (217)
k=¢
n=~¢€0+1..... (+ V-LIWKR

and depends on the carrier phase and frequency errors. Replacing z(nT,,) by the

shorthand notation z,. and +v(nT,,) by =, results in a more compact notation of



F+~=R-1

5 = Z gx{nTy — kToym) exp{j(foss + wojpnTia)} + n (2.18)
k=¥

n=*tEf+1..... F+V-LN=RIIT<A

EFrom now on. the last line in (2.18) is omitted to alleviate the notation.

[t is also important to note that the phase and frequency recovery preambles may
be merged into a common one. that is. the same svmbols mav be simultaneously
processed for phase and frequency offset estimation. seeing that the two technicues
are independent of each other. This will become apparent when the FE techniques

are studied.

2.1.2 Performance Measures

[n order to judge an estimator’s quality. two performance measures are examined

[12. Sec. 2.4.2]. namely.
e the mean. or expected value. of the estimate. and.

e the variance of the estimation error.

The Mean as a Performance Measure
When evaluating the mean. three cases are encountered:

L. The expected value equals the parameter being estimated. i.e..
Eld]=¢ (2.19)

for all & where € is the non-random but unknown parameter. and £ is its

estimate. In this case. the estimate is unbiased.

N
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The expected value differs from the parameter being estimated by a fixed and

non-changing amount A. i.e..

E [5] =&+ A (2.20)

[n this case. the bias is known and equal to A. To transform £ into an unbiased

estimate. one simply subtracts the known bias from its expression. i.e

P
|8
[
—

—

r=£&- 4

Sy

so that the mean of the modified estimate equals

-~

3. For the third case. the expected value of € differs from the true parameter by a

variable quantity:
(2.23)

E[§] =€+ 4.
A(€) cannot be subtracted out as in the previous case since it depends on the

parameter to be estimated. Therefore. it results in a variable bias.

The Variance as a Performance Measure

The second performance criterion is the variance of the estimation error. denoted

— £
[

o
‘<
Iy



The variance of f provides a measure of the estimate’s spread about the parameter.
[f the estimator is unbiased. rthen the lower bound on its variance equals the Cramér-
Rao lower bound (CRLB}. which is an ideal performance reference for comparing the
variance of any unbiased estimate. It represents the lower limit on the variance that

cannot be outperformed by anv unbiased estimator. and given by

Flnf.(z]€)

o€

sample observation vector z. conditioned on the parameter & [t is assumed that the

where is the second order partial derivative of the conditional pdf of a
partial derivative exists and is absolutely integrable. An efficient estimate is one that
satisfies the CRLB with equality [L1. See. 3.5.1].

Clearly. an unbiased estimate does not guarantee a good estimate since its spread
mav be wide. Hence. a good estimate should exhibit both a small bias and a small
variance. preferably achieving the CRLB. In this case. the estimate clusters closely

about the parameter being estimated.

2.2 Presentation of Phase Offset Estimation Algo-
rithm

In this section the phase offset estimator is derived from the complex preamble
samples of (2.18). The proposed estimator averages .V preamble observations with
the intent of removing the influence of the noise. The argument of the resulting sum

produces the sought after phase offset estimate. Let’s define \, as the sample mean



statistic:
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Substituting (2.18) in \, vields

[ EN)
=1
—

1 F~N-1 /¥ -R-1 )
No= V Z ( Z [!/_\,-(nT_,.u - ATT,.,,,") (\x[){'/(f),,ff + .U,,ffllT,-,l) H + ‘.”) . (2
- n=¢

=1

Inspection of (2.27) in a noise-free environment reveals that 8,7, is independent of
the indices n and A& and can be moved outside the summations. Further. the frequency
offset is contained within a factor which depends on index n and can be moved outside

the inner summation over A. Ay now roads as

r+~N-1 P+ +R-1

: L ‘
AN = vxp{J(),,ff}T Z exp{jwosrnTin} Z gn(nTsy — kTsym). (2.28)
" k=¢

n="¢

The last summation in (2.28) depends purely on n since each burst is of fixed length.
Detining Hy(n) as
F+W S R-1
f[.\'(”) = Z _(]N'(”'Tm - kTs‘ym) (-)--)())

k=+¢

conveniently simplifies the notation in (2.28) to

4+ N1

Y :exp{ﬂ),,,,-}v Z exp{jwosfnTia} Hy(n) (2.30)

- n=>~¢
The overhead sequence is composed entirely of a single symbol. hence. Hy(n) is
approximately constant over the estimation window of interest. With this type of
preamble. the [SI Huctuations are minimal. although slightly more pronounced when

the matched filter roll-off approaches zero. Under these premises.

Hy(n) =~ B (2.31)
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where B is a real constant close to unity. given that the overall pulse-shaping impulse

response is normalized to unity. .\, degenerates to

/

N = o\p{ﬂ),,” Z exp{jwornT.a} B (2.32)

“XP{Jw'ufme{} - "x[){jﬂ-'ufme([ + \") } )
L —exp{JjwojsTiat

B .
= v exp{ﬂ),,ff} (

B
= v expi{ st -
<(‘\p {J“"’ffT‘“{} XD {_.j""vufan'u ~\-/2}' — OXp {.j""“f]Tﬁ‘(l'\'/:z )) (_) ;4)
exp {anff’[‘m/ } “‘\p _/':*"nffrm/.-)-) - (?X[)(jib':;jqu:z/Q)) -
B
= T ‘\[){J()l)ff}
<('kp {J.L“'nff—[vs'u(f + (\' - l) /—))} { —sin (woijwuv/?) }) ( ) ;_))
exp {j"‘"l)ffTw'll/.—)} (—Sin (W'o/st'u:z)) . -

Taking the argument of A, and realizing that only exp{j#.rs} exhibits a non-zero

argument. leads to the phase offset estimate 6,57, that is.

Oy = arg {\} (2.36)

exp {j;u,,ff'[;_“(/“ -+ (.V - ].) /3)} {— sin (..«.',,ffT,»u.V/'_))})
exp {_j(&'uffTsa/:z} (—sin (wnfme.-)-))

Oorp + arg (
(2.37)
fF+V -1

= ()r)ff + ( )wuffrm' (2.38)

Accordingly, in the absence of noise. F):f\f of (2.38) returns the phase at the middle
of the V-sampie observation window. not the phase at the beginning. f),/,f\f contains
the contribution of ;. but also depends on w,ss. which is not desired since we seek
independent estimators. Remapping ();f to cancel its dependence on w,f is now

examined.



The instantaneous phase offset 8, obeyvs the linear relationship defined by

HIL = H()jf + ;""'()jfTi(l," (2.3S))

The frequency offset is symmetrically distributed about the estimation window's cen-
ter. the only point displayving a zero frequency error. Rife and Boorstyn reported
this behavior when deriving the Cramér-Rao lower bound (CRLB) of the maximuim-
likelihood phase estimator for a discrete set of complex exponential observations em-
bedded in AWGN [19]. They conjectured that because the estimate depends on the
starting point ¢ of the estimation window. an optimum point must exist where the
phase estimator’s variance is minimum. Their optimization produced —¢ — (V= 1)/2.
The estimator proposed in this research is not in the form suggested by Rife and

Boorstyn. Redefining n by

V-1
7

(2.40)

n—+¥¢-—

the modified phase estimator. #, .. now determines a new phase offset. 8. defined

as
F+.V -1
Hfiff = 0".”' + (—;—> wr)[fTwp (2.41)

Substituting (2.40) into (2.18) leads to a redefinition of z, by z/. expressed as

~n

:;1 = :rz—(—'v—f- (242)
PV -R-1 7
- V-1
= Z gy ((n —{— ——)—> T - kTsym) ’
k=€ -

N -1

exp {J (0:)]'}’ + (n -€— ) ““'Uff]:ill)} + ‘."‘(’LT’NL)’ (-)"13)

Using (2.29) and (2.31) in (2.43) simplifies the redefined sample to

: . V-1
o= eXp{JH:;ff}exP {J (n —-€- > )'*’o/fTsa} ’
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AR
H.\' ( 3 ) + Q."(”Tsu.)
N-1

= Bo\p{Jr))”}(\p{ (n—/— ).»,,NT,,,}‘ “(nT)

n=+tf+1..... (+N-LN=RAII"IT" <R

The redefined noise-corrupted sample-statistic reads as

£+ N—~1

' N
’\I' - Z ~n

n=¢

= B“XP{]“):,U} ’

] FeN-—1 N -1
v Z exp {j (IL -t = 5 )w'nfme} + "'u} .
. n=¢ -

Neglecting noise in (2.47). the averaging statistic is easily shown to equal

, , 1 & N -1
,\f = B(\_\'p{_]():)ff T Z (»\p{ (Il - - 5 )'.d,,[me}
n=+¢ -
B -1 o
= = <‘\p{10.,ff v\P{ ( 5 ) wops T } '
(B
Z exp {.j"-‘-]uffrs'u”} .
n=¢

Evaluating the sum and simplifving further vields

, B N-1
’\P = V (‘\p{_}()nff} exp { ( ¢ — 5 > “‘u[fr\m} )

eXp {./anfTs'ué } - exp{.j“'offrm( €+ \) }
L — exp{jworsTia}

I
exp (J ("—\’_,‘i) w,,”Tm) — exp (j (\—_,'—l + 1) w,,fff,.,,)

(?Xp(jwafme/:z)[exp( —jwujfrm/z) - f‘xp(_}w,,ffT,a/Z)]

%QXP{J();ff} )
exp (J (Z¥) worrTua) — exp (J (552) wors T
exp(jwoffTsa/Q)[— Sin(woffrsa/g)]
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B
exp (J (:_)l) Wufan'u) ‘\P( (—}) 'offTs'u)

2.53
—sin(wesfTa/2) .
B — sin( \';u,,ij,u/")) 5
= — e 9 -) 4
\ e\P{J ()ff} l: . 5”1 ,,ffTsu/ ( ’ )

Taking the argument of A, and noting that all factors but the exponential bear zero

phase. produces the desired result. independent of w, ;.

vy = arg {\} (2.55)

L (2.56)

We now consider the effect of the ~, noise terms on the averaging statistic. in which
case a number of approximations are applied. The expression under the summation

in (2.47) may be rearranged into the following equivalent form.

V-1
\n = ©Xp {J < ) 5 ) ,‘,',,ffT,vu} + (.Zz-)t-)
. V-1 . -
= exp {_j (IL — ¥ - 5 ) ;d,,ffT,‘u} + ~rIn +J"v’Q,, (2.:)8)
) V-1 -
= C,exp {j [(n —{ - 5 ) Loffla + F,l] } (2.59)
where
Cn = \/(!R {‘("})2 + ((3 {\n});Z (260)
= \/[cos ((n - - ) vuoffTsu) '[n]
V-1 2
+ [sin ((n -{— ) wuffT,.a> + “,v’Qn] (2.61)
€n = arg{vw}- (2.62)



When the signal-to-noise ratio is high. the variance of the in-phase and quadrature
noise components is small compared to the signal portion. so the cosine and sine
functions can be replaced by their small angle approximations (cos(}’) = L. sin(}Y) =

Y for Y] <« 1). C, reduces to

) V-1 :
C'n ~ \/(’- + ."“)- + ((” — = 9 );“'()ffTﬁ'll + i’Qu) (-263)

/ ' '\" - l . >
= \/l + ((ll —f - 3 >~—‘~'ufme -+ “-Q,,) (2.6-1)
l .

o~
-~

The last approximation in (2.64) holds because the terms under the square opera-
tion are much smaller than unity. under the small w,p; assumption. The resulting

averaging statistic simplifies to

f+N-1

' B :
5 = St S

n=>¢

N-1
exp {j [(n -t - 5 ) Laofflsu + (,,] } (2.60)

and the associated phase estimate is

g, = arg{\} (2.67)
FEN -1 i
> {% L exp {J[(n =t = ) woy T+ eu]} }
#,7; + arctan “";_l
\R{[—\jf ZZ exp {J [(” -t - %) '-‘-'nfme '*'fn]}}
n=

(2.68)
= #,;; +degradation(worfTsa. noise). (2.69)

Equation (2.69) indicates that. at large signal-to-noise-ratios. the channel noise
corrupting the transmitted signal resembles a phase disturbance. A similar type of

modeling, albeit simpler. has been employed by Tretter in [20] to derive phase and
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frequency estimators for a discrete complex sinusoid in AWGN using lincar regression
(known also as least-squares estimation). His proposed phase estimator achieves
the CRLB at high signal-to-noise ratios because of the AWGN assumption.  Also.
pulse-shaping is absent in his model. implying that the bandwidth is infinite. In
Tretter's paper. the svmbol rate is selected as the sampling rate.  Any sampling
frequency would not correlate the white Gaussian noise components simply because
of the infinite bandwidth.

[n the major rexts on estimation theory. the performance of an estimator is eval-
uated in terms of its mean and variance. which in turn require the probability distri-
bution function (pdf) of the estimate [21. Ch. 5]. Obtaining the pdf of ¢, in (2.68) is
a formidable task for two major reasons.

Firstly. due to band-limiting and oversampling. the noise is colored and the sample
observations become dependent Gaussian random variables. The joint pdf of the
Gaussian observations is expressed in terms of the mean and covariance matrices.
but a different pdf exists for each kind of noise considered (the mean and covariance
matrices depend on the pulse shaping used). The simplest case. and the most often
researched. occurs when the covariance matrix is diagonal. The samples in this case
are taken at the syvmbol rate and. so. remain independent by satisfving the zero-
[SI pulse-shaping condition. The other possibility includes a matched filter with a
bandwidth equal to or higher than the sampling rate. This case is of little practical
interest for high sampling rates as the bandwidth is restricted by the requirements of
current and emerging technologies.

The second major difficulty lies in ¢, being expressed in a non-linear function (the
exponential). The solution to this problem generally involves a non-linear procedure.

but the effort associated with it is great and. occasionally. nnsatisfactory [22].
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2.3 Analytical Study of Phase Estimator Statistics

2.3.1 Cramér-Rao Lower Bound for Phase Offset Estimation

For phase estimation of a complex sinusoid embedded in AWGN. the CRLB is

expressed as [19].

) l -
T D —— (2.{())

Vo T 2N(E,/N)

where V is the number of independent samples (usually selected at the symbol rate
owing to the zero-ISI requirements of matched fltering). and E,/.Vy is the average
svimbol-energy-to-noise ratio.
For QPSK/4QAM and OQPSK.
) l

O 22— (2.
90 ~ AN(Ey/ Ny)

| ]
=1
—
—

Ey/ Ny is the average signal-to-noise ratio in terms of the average bit energy £y (note:
E, = 2E, for QPSK/4QAM and OQPSK).

The derivation of the CRLB involved an unmodulated carrier since modulation is
expected to introduce a degradation. Hence. the modulated CRLB could never out-
perform the unmodulated case [22]. This unmodulated CRLB assumption is generally

accepted and adopted throughout the literature. as well as in this text.

2.3.2 Mean of Phase Offset Estimator by Analysis

This section focuses on an approximate expression for the mean of ;. in order
to evaluate its bias.
It is more fitting to find the mean of the error between the estimate and the true

phase value. Let § = 6, — A s be the new random variable in question. Notice
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from (2.69) that o corresponds to the degradation term due to frequency error and
random noise. The moment we seek is exactly the mean of the degradation. Taking

the expectation of 0.

——

Ep] = E[F):;j/‘—():)ff] (2.72)
= Elth] - E[t)/] (2.73)
= Elth,] -, (2.74)

f,7 represents a deterministic but unknown quantity. on which the expectation
operator E[-] has no effect. In general. 8], assumes values within {~7. 7). but for the
sake of simplicity. let it be known. [n fact. without loss of generality. let’s equate it
to zero. Simulations in a later section verify the validity of this assumption.

From a graphical point of view. o may be interpreted as depicted in tigure 2.2(a).

Im 9"\ ‘m

off

Re of Re

(a (b)

—

Figure 2.2: Phase Degradation of 8, with respect to 8,5;. (a) 8,;; # 0 : (b) 8,,, = 0.
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When the noise variance is small (occurring for high signal-to-noise ratios) and
frequency errors assume insignificant values so that they are negligible. ():f\f is intu-
itively expected to closely approximate the true offset. With 8], = 0.0 = ()”” and
E[d] = E[H(,H] Hence. the estimates cluster around the real axis (see figure 2.2(b)).

Moreover. a small 8], suggests a potential linearization of the argument func-
tion encountered in (2.67). Most commonly. an arctangent operation recovers the
averaging statistic’s phase value. For minor values of f)f,fj. and consequently F)gf
;urtzm(,vg) &S \A, Under this condition. the expectation can be moved inside the

arctangent function®.

= 11J<E

Elfh,] = [4”1(%”2; )} (2.75)
[ .

v
= --U!/(.—i— Z\:IE[:n])

(2.77)
n=¢
Applying (2.29) and (2.31) to the noisy observations generates
> (Nl .
n = B(‘Xp {j()ojf} exXp ) (”' —-f = 9 -‘v'u[[Tm + . (--‘8)

The expectation of (2.78) may be expanded into the following expression:

N-1
Elz)] = E {B exp {jﬁf,ff} exp {j (n -t - 3 >w,,ffT.m} + ‘y’n} . (2.79)

We immediately observe that ~, is the only random quantity in (2.79). i.e..

N -1

Elz.] = BP\p{Jﬁaff}e\p{ (z—é‘— w(,,fT_,.,l)}quE[ynJ. (2.80)

>The = signs are dropped to alleviate the notation.
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The channel was assumed zero mean in both its real and imaginary components.
a property that is evidently retained by the filtered noise process at the output of
the linear operation of Gr(w). Consequently. E[~,] = 0. The expected value of z,
is merely reduced to its deterministic component. whereas the noise is averaged out.

leading to

E[z,] = Bexp {j()f,ff} exp {j (n. — ¢ - al : 1) uu,,”T,.u} ) (2.81)

Substituting this result into (2.77) and rearranging some factors vields

o B r+N-1 ‘ N =1
Elt,;] = Arg [T(‘XD {0:;]‘[} Y exp {J <’l —-f=-— ) ‘-dufme}J (2.82)
° n=»¢ -
B . —sin(.\'w,,ffT,.,,/Q)
= Arg|—exp{jf 2.8:
& {.\"\P {J nff}( it (wos  Tea/2) (2.83)
()-/;jj” (2.84)

In view of the previous assumptions and the fact that only the exponential factor
retains a non-zero phase. ¢, generates an unbiased estimate of the true offset. as
desired Also. note that the mean of 8, is independent of w,sy. since wopp displays

even symmetry about the center of the estimation window.

2.3.3 Variance of Phase Offset Estimator by Analysis

An analytical expression for the variance of 8,/ is derived in this section. The
frequency offset is set to zero. but its effects on the variance of 8, ; ( are studied through
simulations.

Under the same provisions of the previous section and application of (2.29) and



(2.31). the observations are expressed as

F+N~1 -
- ) -\, -1 ’ )
Z:l = exp {j():,ff} Z LAY ((” —t= _)_) Tsu - A.Tsym) + %n (38))
n=+¢ -
= Bexp{jth;} +n (2.86)
= In+JYn- (2.87)

The variance of 8, then cquals

car (6hy) = E (0l - E[Tf])] (2.38)

= E o] - (£ [t,)) (2.89)

= F f),,f, } — (8y5) (2.90)

where the squared mean is casily derived with the results of section 2.3.2. From (2.90).

the first term on the right hand side needs to be evaluated in order to determine the

variance. Substituting (2.47). (2.55) and (2.87) into the first term of (2.90) results in

) [ | ey :
E[f),,,,] = £ (vJ( > r,l+jy">” (2.91)

|

n=¢
l ¢+ V-1
N Z Yn

S A
— . ran - . n=r 9 Q°
= FE |arctan vl . (2.92)

= D In

L ' n=¢

For small phase offsets (#,;, = 0) and small noise variance (thus small estimation

errors), ¥y, <€ Y x, because the summation over r, is approximately constant. and
n n

the variances of both the real and imaginary parts are small compared to the squared

real mean [9]. This allows the linearization of the argument function in (2.91) and

36



allows the expectation to be

Eldy] =

Expanding the square and
B

moved inside the summation. This simplifies (2.92) to

B ) ]. F+-N—1
E |arctan® <T Z !M)] (2.93)
L - n==+¢
[/ ] =N~ 2
: B f=N-l -
E (T Z sltl(()f,,,) + ‘,Q,l> ) (2.95)
- n=+,

evaluating the expectation over appropriate terms

vields
+V-16+N-1
E [f)"ff ] = E|m Z Z; (Bsin(#,;;) + vqu) (Bsin(@,) + w,,)]
: p:
(2.96)
LN CLFeN—
= = Z Z E[B sin” ,H)] + E[Bs'irl((),’,ff)f.Q,,]

n=t¢t =¢

+F [B sin (),,ff) Q,,] + E [~onop) - (2.97)

The second and third expectations under the double summation in the above

equation vanish since the sin(-) and B factors are deterministic quantities. whereas

~on and ~gp are zero mean random variables. Hence.

\ | NN =L .
Elin] = = > X BBt Rgln -
n=¢ p=
1 F+N 10N -1
= V2 B*sin® (()OH ) + z; ZE R.,(n-p) (2.98)
n p=
L | teoleeN-L
= B“sin?( :’ff)+.\/_"-’ Z Z R,,(n—p). (2.99)

n=¢ p={

where the substitution R.,(n — p) = E [vgnvgp| of the noise autocorrelation function



was performed. For convenience let ., = 0 so that

— ] {+N-16+N~1
E [f)f,jf } = v Z:p z:p R.,(n —p). (2.100)
" n=*¢ p=¢

If R.,(n—p) is even-symmetric and real. which is usually the case for raised-cosine
pulse-shaping. then the associated covariance matrix constructed from R, ,(n — p) is

Toeplitz and real. Manipulating the terms under the double summation of (2.100)

vields
— l. 4 N-1
E[ :)” } = (-\"Rw(()) + Zl‘l(.\f - rn)l?A,Q(nz.)) (2.101)
* =
L L
= VR,,Q(()) + 7 Zl;)(.v = m)R.,(m). (2.102)
R.,(0) represents the noise variance of the quadrature channel. O’é = Ny/2

Hence. the first term can be expressed in terms of the channel symbol-energy-to-

noise ratio £,/.Ny. The noise power in one channel is half of the noise power in the

L2 . . 2 — \/. [0 b
Tihannets W ht‘l(} T hannel = 'VU [-UI Th(‘l(‘t()l’t‘.

it

total channel. Le.. 0f) =

oy = Ry,(0) (2.103)
L

S 2104

2E./No) (=104

In the case of uncorrelated Gaussian noise samples (for which independence holds).
substituting (2.104) into (2.102). and noting that the summation term is zero under
independence conditions. results in the CRLB for a complex sinusoid in AWGN (see
(2.70}):

1

E[H"ff ] = AN(E,/Ny) (2.105)
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If independence of the samples is not fulfilled. then the second term in (2.102)
represents a weighted summation of the quadrature channel autocorrelation function.
[t is equivalent to an extra degradation component arising from the noise correlation.
A stronger dependence between samples intensifies the degradation. suggesting that
higher sampling rates be avoided. Simulations give an alternative interpretation so
the effect of the autocorrelation summation does not seem as severe as (2.102) leads
on. It is obvious from (2.102) that larger estimation windows should improve the

performance.

2.4 Performance Evaluation of Phase Offset Esti-
mator by Simulation

This section links the theoretical findings of the previous sections with the more
practical results obtained by extensive simulations. The simulations evaluate the
estimate’s pdf. its mean and its variance.

In addition. BER simulations compare the simulated burst-modem with an ap-
proximate bound. and are later compared to results measured with a physical QPSIK/4QAM
and OQPSK modem system. The section concludes with a discussion of a purely dig-

ital implementation of the algorithm.

2.4.1 Probability Density Function of Phase Offset Estimator

The first step in evaluating the phase estimator’s performance is to determine
how the oversampling affects the estimate’s pdf and its moments. A closed form
solution for the pdf is not possible for the case of oversampling. whereas a solution
to the case of one-time sampling per symbol is possible after a laborious process {22].

Figures 2.3 to 2.7 show the effect of A" for QPSK/4QAM and OQPSK. for varving
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Ey/ Ny (3dB and 13dB) and an estimation window of 4A” samples. The dotted points
represent histogram plots of the occurrences of ()f/,;f using 10" estimates. In all cases.
the pdf is even symmetric about the 8., and obeys a Gaussian distribution or a
very close approximation thereof. The case shown is for a zero 8, ;. but the pdf was
observed to behave in the same fashion for non-zero values as well. In general it
focuses around 8, ;. The solid line depicts a true Normal distribution with mean and
variance obtained directly from the moments of the estimates. Clearly the Gaussian
pdf assumption is valid. In figures 2.6 and 2.7, the solid lines of figures 2.3, 2.4 and
2.5 are overlapped to demonstrate that oversampling marginally atfects the pdf of
f)z;f for both E,/Vy. Consequently. approximately the same moments will result for
different A'. leading to similar performances.

Although varying the number of samples per svmbol does not provide a pertor-
mance advantage. it is not degraded either. This observation suggests that oversam-
pling is not necessary. However. from a physical implementation viewpoint. it is more
practical to design with as few clock domains as possible. especially at higher operat-
ing frequencies where clock skew may cause a system to behave erratically?. Multiple
svstem clocks require extremely accurate timing alignment between clock regions so
the implementation necessitates added attention. Furthermore. oversampling simpli-
fies system integration with other components also based on oversampling. such as
STR and equalization. since one sampling clock is emploved. Already. modulator
and demodulator structures proposed in [23]. as well as the STR algorithm in [2] use

two-fold and four-fold oversampling with a marginal resource cost.

3Clock skew is a phenomenon in which the clock signal arrives at one point before or after
another instead of at the same time. High speed systems are very susceptible to clock skew because
of the small propagation delays tolerated by the high operating frequency. Careful system design.
particularly minimization of clock skew. becomes of primary importance.
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Figure 2.3: Plot of the pdf of f),T;f for ¥ = 2.V
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Figure 2.4: Plot of the pdf of sz\f for ' = 4 .V = 1K, §,;;

(QPSK/4QAM and OQPSK).
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Figure 2.5: Plot of the pdf of (}Zf for A= 16: .V = 4K 0,0 = 0. wyp = 0

(QPSK/4QAM and OQPSK).
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Figure 2.7: Plot of the pdf of K)Z;f for Varving Values of A2 .V = 4R 6, = 0.
Lofs = 0 (QPSK/HQANM and OQPSK).

A similar histogram analysis is now shown in figure 2.8 for E,/.V, equal to 5dB
and 153dB. varving window size V. and a fixed A (K = 16 times oversampling).
Once again. the estimates are Gaussian-distributed for .V equal to 2R 4/ and [GA".
The behavior is similar for both E,/.Vy. More observations concentrate the pdf closer
around the mean. indicating that the corresponding variance is decreasing. Such
behavior is strongly anticipated since. intuitively. more samples per observation win-
dow should average out the effects of the noise and. consequently. give rise to more

accurate estimates. The results presented in this section are now summarized:

1. Oversampling marginally affects the phase offset estimate’s pdf and is not ex-
pected to influence the estimator’s performance. although it can reduce the
number of required clock domains and simplify system integration with other

oversampled units (STR and equalization).
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2. Inecreasing the estimation window produces a focused pdf. so the estimates clus-

ter more tightly about the parameter of interest.

The next few sections verifv these assertions by simulation.
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Figure 2.8: Plot of the pdf of (),T,f\j for Varying Values of V1 K = 16. 8, = 0. w55 = ()
(QPSK/4QAM and OQPSK).

2.4.2 Mean of Phase Offset Estimator by Simulation

The mean is the first criterion in judging an estimator’s performance. In partic-
ular. the estimate should be unbiased if it is to focus around the true value. For
non-random but unknown parameters. the introduced bias equals the difference be-
tween the estimate’'s mean and the true value. To verifv equation (2.84). the mean of
070;]- is evaluated by simulation for moderate E,/N;. A wide sweep of 8, checks the
bias for larger non-zero phase offsets. Figure 2.9 illustrates the behavior of £ [HZ;I]

with respect to the true phase offset for A equal to 2, 4. and 16-times oversampling.
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N = 4K and QPSK/4QAM and OQPSK modulation at Ey/Ny = 3dB. The results

were very similar for these modulation formats.
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Figure 2.9: Mean of ()?,-;f versus the True Phase Error: Effect of K. w,pp = 0. E,/Vy =
2dB (QPSK/4QAM and OQPSK).

—

As expected from section (2.4.2). 8, is unbiased for virtually the entire range
(—m. 7]. outside of which modulo-27 foldover of the phase occurs due to the arctan-
gent’s limited range. Nevertheless. the reader should note that the entire range of
angles is covered with a slight bias appearing exclusively around the foldover points.
Angles lying outside [—m. 7] map within [—7. 7] and preserve their original phase
information. For practical svstems. A may be selected to satisfy the oversampling
requirements of a given application. Most contemporary systems operate at higher
bit rates and can also use 2 to 4 samples per symbol. whereas lower capacity applica-
tions may increase this factor to 16 with only a minor penalty in hardware cost. For

instance, svmbol-timing recovery usually requires oversampled symbols to accurately

45



determine the svmbol-timing clock. The matched filter may also run at the higher
rate. Hence. practical syvstems already benefit from oversampling and the extension
to carrier recovery is straightforward.

Varving A" does not induce a bias: however. the same does not hold entirely when
the estimation window length varies. Figure 2.10 exemplifies a larger vet tolerable
bias near the =7 foldover points for small .V (which uses less samples per estimation
interval). The bias may be circumvented by increasing V. The bias is essentially neg-
ligible in [~ 7. ] when the estimation window is composed of 16 symbols oversampled
by A = 16. as opposed to shorter windows of 1A and 2R, A similar observation is

noted in the next section for the variance of 8, .
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Figure 2.10: Mean of )., versus the True Phase Error: Effect of V. wopp = 0.
Ey/ Ny = 3dB (QPSK/4QAM and OQPSK).
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2.4.3 Variance of Phase Offset Estimator by Simulation

The variance constitutes the second most crucial performance measure of an es-
timator. [t informatively describes the estimate’s deviation from the value being
estimated. A smaller variance is always desirable because the estimates would then
gather more closely around the actual offset and. correspondingly. reduce the root-
mean-seare error. Figure 2.11 convineingly validates via simulation the variance
approximation derived in section 2.3.3. The overall performance closely matches that
of an equivalent efficient estimator achieving the CRLB (in the presence of AWGN
and founded on one matched filter sample per svmbol. i.e.. V/A svmbols). The
results are plotted versus .V for common values of £,/.Vy. The system operates in
burst-mode QPSK/4QAM and OQPSK. The dotted lines represent the CRLB for a
complex sinusoid in AZWGN for V/ A symbols. with A7 = 16. The simulations indicate
that the variance compares favorably to the CRLB of an equivalent etficient estimator
using .V/ A" symbols using one sample per svinbol interval. The high signal-to-noise
ratio approximation (2.102). illustrated by the solid lines. and the simulations. shown
as circles, hug the CRLB for all £,/.Vy and .V of interest. As expected. the variance
diminishes with increasing .V. Estimation window sizes between 4A” and L6A sam-
ples. i.e.. 4 to 16 QPSK/4QAM or OQPSK. are optimal for low complexity and small
overhead.

The analvtical approximation for the variance is valid at high signal-to-noise ra-
tio. but tends to be misleading for smaller estimation windows. providing slightly

optimistic values with regard to the CRLB.

47



T T T T

- == CRLB - AWGN, N/K Symbols
Approximation Equation
o Simulation

._/,,‘9-,

EbvNo = tdB

EbiNo = 3dB

51
5

Eb/No = 5dB

Eb/No = 7dB

Eb/No = 11dB

Eb/No = 15d8

Vanance of Phase Oftset Estimate (Radnansz)
4

50 100 150 200 250 300 350
N samples

Figure 2.11: Variance of (),T,;f versus Window Length V8.0 = 0. w,rp = 0. K=16.

[t has already been seen from the mean and variance of 95] that oversampling
has 4 minute effect on the estimator’s performance. and that the performance is very
similar to that of traditional ML single-sample-per-symbol estimators averaging N/ K
sv¥mbols. However. the oversampling estimator does not perform worse than an ef-
ficient estimator using V/A symbols because it was assumed that. on the average.
each svmbol is of energy E,. Oversampling the preamble by A increases the amount
of noise approximately A times per symbol (because the preamble possesses approx-
imately constant amplitude. see (2.31)) so that any performance gain achieved with
K" samples per symbol is countered by an equivalent loss due to the additional noise
resulting from oversampling. In light of this information. the performance comparison
should be carried out on the basis of the number of symbols rather than the number
of samples. Under this condition alone can the proposed estimator be considered

efficient. Although oversampling does not improve the variance. multiple samples per
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svmbol present benefits in a hardware implementation as discussed carlier in section
2.1

FF phase estimators often perform poorly under the influence of non-zero fre-
quency offsets. For example. the performance of the V&V algorithm [L6] decreases
rapidly. even for very small frequency offsets. The author in [22] determines that the
V&V phase estimation techuique can sustain a frequency error of up to 1% of the
svmbol rate before estimation is severely degraded. His analysis assumes an infinite
bandwidth AWGN channel using rectangular pulse shaping. A method exploiting the
svinmetry of the frequency offset about the center of the estimation window is pre-
sented to estimate the phase offset independently of the frequency offset. with only a
moderate increase in hardware complexity [22].

The algorithm proposed here resembles an oversampled version of the V&V algo-
rithm and unfortunately suffers from a similar performance degradation when sub-
jected to a rather small w,pp. Figure 2,12 illustrates the behavior for the case of
R = 16. NV = 1R and two values of E£,/.Ny. The frequency offset normalized to the
svmbol period. A fT,,,,. is varied between zero and 10% of the symbol rate. The
range of tolerable frequency offset in the band-limited channel is extremely narrow.
approximately £0.3% of the symbol rate. The smaller range is not attributed to
oversampling in our case but rather to band-limiting of the channel.

To understand the implications of this result. consider the case of a QPSK system
operating at 100 Mbps (50 Mbaud symbol rate) and transmitted over two different
carrier frequencies. 150MHz (narrowband) and 38GHz (wideband). Also. assume
that the oscillators are accurate to £100ppm. After transmission and reception. a
maximum £200ppm frequency error may be embedded in the demodulated data. For
the 150MHz case. this is equivalent to a £30kHz maximum frequency error. while for

38GHz. it corresponds to £7.6MHz. Based on figure 2.12. the maximum tolerable
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offset by the phase offset estimator is £0.3% of 30Mbaud. or £150kHz. Although the
estimator is still capable of operating in the narrowband case. it fails in the wideband
setting (as does the V&V technique). This indicates that higher precision oscillators
are required (with a maximum £2ppm deviation at most for the 38GHz example).
which ultimately increases the transceiver production costs. If this is not the case.
a substantial increase in the bit-rate (about 31 times) would be necessarv. which is
clearly not feasible in practice. Hence. the application of the phase estimator with

loose oscillator tolerances should be avoided where applicable.
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Figure 2.12: Variance of Hz-;f versus Frequency Offset w,s, (log scale)

2.4.4 BER Performance of Phase Offset Estimator

In most physical implementations. the BER and the BER degradation constitute

two commonly used figures-of-merit for a practical modem design. For illustrative

purposes. BER tests were performed for burst-mode QPSK/4QAM and OQPSK.
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The theoretical BER for QPSK/4QAM and OQPSK is

2Eh
BERQPS[\' = (2 \/ " (2106)
Ny
where Q(r) is the Markum Q-function defined by [12. Sec 4.4
l \: — e ) —
Qe = o / ¢TI (2.107)

E, is the average signal power integrated over one bit period. .V, /2 is the double-sided
psd of AWGN. and E,/N, is the bit-energyv-to-noise ratio. Equation (2.106) serves as
the reference for the simulation results and the practical measurements.

To determine an approximate mathematical expression for the BER degradation
incurred by the variance of ();f. the procedure described in [9. Ch. 7] is applied. Al-
though ()Z;f is obtained using the correlated observations at the output of the matched
filter. the svmbols of useful information need only be corrected at the svmbol rate
since at that time the estimated offsets will be known. Moreover. since perfect svmbol-
timing is assumed during the correction of the burst’s pavioad (at the svmbol rate).
independent matched-filtered symbol decisions result. Hence. the results derived in
[9. Ch. 7] apply here without restrictions.

In general. the BER degradation D is defined by

D = —lOlog(Z:;) (2.108)

2]

where 0 and o3 are determined by

BERy, = P(0:0; (2.109)

= Eu[P(v:0)] (2.110)



in which P(c: o) is the conditional BER associated with the svnchronization error
v - . -y - .

v=0 =t at By Ny = 1/(20°). and E [P(r: )] involves the expectation over the

svuchronization error ¢. An approximate relationship for the degradation is derived

in [9. Ch. 7} when the synchronization error is small.

S Fx(l_(l)-()—) (F+ U_]G)> var(e) {dB] (2.1L1)
where
- —l—Eg[—(N"”(o)] (2.112)
d(0)
J = E,A[((l""’(()))"’] (2.113)
and
dw) = 3{s(u)er™ M}, (2.114)

The expressions d'*) (1) and d'*¥) (i) represent the first and second order derivatives
of d(w) with respect to . respectively. and E,[-] denotes averaging over the symbol
sequence a (or {ax}).

For M-PSK. s(v) = /¥ = cos ' + Jjsin ¢ so that

d(v) = sin(e +7/M) (2.113)

= cos(v)sin(7/M) + sin(w) cos(w/M). (2.116)

Calculating the first and second order derivatives of d(w) with respect to v. we

(]}
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obtain

AN ) = —sin(e) sin(a /M) + cos(e) cos(7/ M) (2.117)

AN ) = = cos(e)sin(a/ M) = sin(e) eos(x/M). (2.118)

Evaluating the derivatives at zero and substituting these results into F and .J.

followed by the evaluation of the expectation E, [-] over the svmbol sequence a. vields

L
F = —— A 211

sin(w /M) Eysin(z/0] ( d

= I (2.120)

J = E[(costz/N) (2.121)

= cos(7/M) (2.122)

For QPSK/4QAM and OQPSK. M = 4 leads to F = | and .J = cos*(x/4) = 1/2.
Given the operating BERy. a value for gy may be obtained by using the theoretical
BER equation (2.106) and tables of the Q-function [24]. For the case of no synchro-
nization errors and operation at E,/ Ny = 1/(203). ora; = 1/(2E,/Ng) = 1/(4Eb/ My).
(2.109) becomes

P(0:0?) = Q( )V_E:) (2.123)

BER simulation results for QPSK/4QAM and OQPSK are compared against the
theoretical values in figures 2.13 and 2.14 for low to moderate E,/.N,. Estimation
window sizes of 4" and 16 k™ are shown for A" = 16. The frequency offset is zero and

the modem operates in burst-mode.
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The BER simulations are in line with the predicted BER degradation for both
estimation windows. with slightly more performance loss in the case of the shorter
window size. The BER degradation is approximately 0.2dB to 0.3dB for .V = L6A".
which is within the recommended range of 0.2dB loss. whereas for NV = 4/’ the
Ey/ Ny penalty exceeds the recommended since it ranges trom 0.4dB to 0.6dB 9.
Sec. 7.1]. Nevertheless. the degradation is still quite acceptable for QPSK/4QAM
and OQPSK. The minor discrepancy between the theoretical and simulation results
observed in figure 2.14 from 3dB to 6dB is attributed to the construction of the
matlab simulation model.

Figure 2.15 illustrates the BER degradation for a practical implementation of
the synchronizer tested with QPSK/LQAM and OQPSK using .V = 4R A = 6.
B, = 0. and wopp = 0. The practical curve closely matches the theoretical one.
effecting approximately a 0.7dB total degradation (about 0.1dB extra loss relative
to the theoretical value). This increase may be attributed to the quantization effects

related to the fixed-width data paths of the hardware implementation.



0.7 T T T T T T

- - - Theoretical
—s—  Practical

BER Degradation (dB)

0.35 - -
En/Nu (aB)

Figure 2.15: Theoretical and Practical BER degradation versus £,/.Vy with .V = 4/,

K =16. 8,5, = 0. <77 = 0 (QPSK/4QAM and OQPSK).

2.5 Implementation Aspects

The proposed phase offset estimator is computationally very efficient and requires
little hardware for its implementation. The simple block diagram is shown in figure
2.16.

The in-phase (I) and quadrature (Q) channels are independent of cach other. so
averaging :z, is equivalent to averaging its real and imaginary components separately.
The averaged sums for the two channels following the 1/.V scaling blocks are pre-
sented to the arctangent inputs. The trigonometric function. in turn. determines the
corresponding (}Z?f. Note that scaling by 1/.V is equivalent to manipulating the bus

interconnections if .V is an integer power of 2. The designer may choose to remove



the scaling blocks altogether (or adjust the bus connections differently in the case of

power-of-2 data paths) since their effect cancels in the arctangent’s ratio.

1 Averaging Unit for | Channel

1

Refz,) — Accumulator —# " v
: ! Cd ‘ 1
: g
; m{y Yy o) |7
~arctan -——-} —
: : Ret:; z [ '
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L ‘ 1 1
[m{z} —® Accumulator — v

Figure 2.16: Block Diagram of the Phase Offset Estimator.

The averaging functions are simple and fast accumulators. occupying a fraction of
the silicon in todav’s VLSI and FPGA technologies. The heart of the algorithm lies in
an efficient implementation of the non-linear arctangent function. Many implemen-
tation strategies exist depending on the required arctangent precision. but look-up
tables (LUTs) are the most common {23]. Nowadays. the coordinate rotation digital
computer (CORDIC) method is gaining much popularity for the hardware implemen-
tation of trigonometric and other non-linear functions. Volder first introduced this
technique in 1959 [26]. CORDIC is well suited when higher precision is demanded.
The method achieves an efficient compromise between silicon area and speed.

For the QPSK/4QAM and OQPSK burst-modem used in this research, 6-bit
quantization for the accumulated inputs and the LUT phase values were sufficient
to achieve acceptable BER performance. For these small data widths. the LUT ap-
proach proved just as economical as CORDIC but was simpler to implement.

To minimize the area occupied by the arctangent read-only memory (ROM). the

-
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rotational svmmetry of the R3 plane was exploited. Hence. only the first octant was
stored with the insertion of some simple address decoding units to cover the entire
[— 7. 7] range.

The ROM was pipelined in three levels to reach the 40MHz oversampling require-
ment and avoids the long path delavs normally incurred by a standard combinatorial
implementation. The addressing scheme (6 bits for [ 6 bits for Q) concatenates the
averaged real and imaginary samples to form a 12-bit bus. The extra address decod-
ing units reduce this bus width to 9 bits so that the LUT retains a manageable size.
[t is a well-known fact that LUT's double in size for every additional address bit.
Consequently. small ROMs are vital in hardware design involving applications with
nemory.

The phase estimator requires 2.V — 2 real additions for the two accumulators
(.V =1 for each channel). a scaling function. easily reduced to a shift or bus-connection
operation if .V is an integer power of 2. and a LUT read operation from the arctangent
ROM. The incurred latency equals .V + A clock eveles. where A represents the latency
of the arctangent module. The algorithm was implemented with A" = 16 and .V = {A".
The arctangent module. including the ROM pipelining latency that of the address
decoding circuits. required eight sampling clock cyceles. for a total latency of 8 + 6 =
72 cveles. The system was tested with an analog QPSK/4QAM hybrid modem. as
well as an OQPSK modem. The BER results of this implementation were shown in
figure 2.135 in the form of a BER degradation curve.

The receiver was also equipped with a complete digital phase correction circuitry
comprising a 16-bit wide numerically-controlled oscillator (NCO) and an 8-bit wide
complex multiplier for the data rotation. The phase correction unit was incorpo-
rated after the phase and frequency estimators. Except for the arctangent module

already discussed. all data paths occupied 8 lines with maximum precision maintained



throughout in order to minimize the effects of round-off and truncation errors.

The phase estimator. together with the correction. control and decimation units.
was implemented using VVHDL. The design was svnthesized and routed into a Nilinx
NC4028EN-3 FPGA. It occupied 632 configurable logic blocks (CLBs). or approxi-
mately 23839 equivalent gates. The Nilinx NCH4028EX-3 was the part of choice at
the start of the research that was both cost effective and flexibie enough for proto-
typing different kinds of designs. Our design can also target other vendors” FPGAs.
The implementation achieved sampling rates up to 40 MHz. allowing operation at
5 Mbps. but the modem in question was conditioned to operate at a bit rate of 2
Mbps. requiring only a 16 MHz sampling rate. The stand-alone version of the phase
estimator required 228 CLBs (approximately 8596 equivalent gates).

Although a low bit-rate burst-modem was used in order to verifv the algorithms.
faster operating speeds are achievable by selecting a faster technology and by fur-
ther pipelining the algorithm. The transmission rates can be increased with higher
modulation orders. but reducing number of samples per svmbol without altering the

sampling frequency has the same effect.



Chapter 3

Autocorrelation-Based Data-Aided
Feedforward Frequency Offset
Estimation Technique Employing

Oversampling

This chapter focuses on the description and performance analysis of the frequency
offset estimator used to counter the adverse effects of oscillator discrepancies. The
first section presents the technique. while section 3.2 provides an analytical treatment
of its moments. Simulations in section 3.3 evaluate the analyvtical results. A discussion

on implementation of the algorithm terminates the chapter.
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3.1 Presentation of Frequency Offset Estimation

Algorithm

The frequency offset estimator based on oversampling employvs the matched fil-
tered samples given by (2.18). The algorithm. although not derived trom the ML
principle. accumulates a processed version of the observations with the intent to re-
move the phase offset and retain only the frequency offset. The phase dependence is
removed by multiplving the complex samples by a delaved-by-L. conjugated version
of themselves. after which averaging is performed. L provides an adjustable means
by which the performance may be controlled.

The proposed frequency estimation technique may be interpreted as the sample

autocorrelation of the observations. i.e..

lf’r[,?A\'Al
A= v Z oL (3.1)
- n=£+L

where the length .V is not necessarily equal to that of the phase estimator. although
a common preamble may be emploved for both techniques. a direct consequence form
the independence of the algorithms.

The purpose of \¢ is to accumulate a multiple L of the true frequency offset so
that a more accurate estimate is achieved.

[f the definition of =, given by (2.18) is combined with (2.41). and the noise terms

are omitted, the complex product under the summation may be represented as

. V-1
~n~p-L |:E‘{p {Jgojf} exp {J‘-‘-ofme (n ¢~ -T_')}

i ((n-e- 25

V-1
. [e\p {Jﬁn,f}e\p {Jw,,ffT,,, (n L-¢~ —)——)}
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H ((n —L~-f- l;—l) T,.‘,)J- ) (3.2)

Carrving out the conjugation on the second factor and multiplyving our all terms.

with the knowledge that Hy () is real-valued. simplities (3.2) to

:n:y:—L = €xp {‘j\""ofmeL}
N -
Hy <(” — - ‘—)—1) wa)
N -
H\ ((” - L -1 B l> Tm) . ('3'3)

As we notice from (3.3). the dependence on B, ¢ has been removed. Remembering that
for high signal-to-noise ratio and DA operation with one tvpe of preamble syvmbol.

H(+) is approximately constant and equal to a real constant B (see (2.31)). Hence.

nia_n X Bzoxp {JworsTsal}. {3.4)

The averaging statistic under this new result approximately equals!

1 P+, +N-1 )
A= v Z B"vxp {j;u',,ffTﬁ,,L}. (3.9)
- n=~¢+L

All terms under the summation are independent of n. Moving them outside the

summation and evaluating the sum over n vields

A = B'“'exp {_jwofmeL} (3.6)

Taking the argument of (3.6) and dividing the result by the correlation separation

reveals that in the absence of noise the algorithm estimates the true frequency offset.

'The approximate equality is subsequently replaced by the conventional equality to simplify the
notation.
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independently of the phase offset. that is.

1
SoffTsa = ang{,\,f} (3.7)
l. *) - .
- Z;u’g{B'(‘xp{J;;.',,HT,.,,L}} (3.8)
= v'v'ufme ('39)

where £o7 /Ty, denotes the estimated frequency offset normalized to the sampling
period. If. instead. we seek AfT,,,,. the frequency offset in Hertz normalized to the

svmbol period. then the following change of variable is appropriate:

o I 1 Vf[f'—l
A./.Ts'_l"l = T—7arlgy :n-:,:ﬁ[' (31())
' 2wl i N n=¢+L
-‘-T Tﬁu['
= Zlf el (3.11)

To provide a common basis for comparison with existing methods, <, 7T, and
Loff T are adopted where applicable.

An important remark must be made about the estimator’s range. Evidently. the
arg{-} function is restricted to [—=.7]. within which there is no phase ambiguity.
However. the oversampling factor and the correlation distance limit this range. The
unambiguous range of S_?T,,_,,m is bounded by

I
< 2 (3.12)

S Tom| < 57

We now pursue the study of the estimator in the presence of the noise. Rewriting

(3.2) to include the complex noise terms =,. the sample product evolves into

-

* . - .V’ - l
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g N -1
f[\ ((Il - - ——)—) Tm) + -'n]
N =D
. [}lx[) {—j():'fj}(\xp {—_j:.u,,ij,-u <Il - L—-f¢- —)———)}

N1
Hy (L= 0= 22 T) + 5. (3.13)

Expanding the product generates the following four complex-valued terms. where
g 2 g
(2.31) was implicitly substituted:

: N -1
‘:!l:rll—L = exp {J;‘“l)ffT\'(lL} f[\ ((” - - ")—> Tm>

V-1
[“[\, ((II - L -t - ")—) Tm)
. V-1
o exp {8} exp {J’w'ufffm <” —f- _>—) }
V-1 ’
lL[\ ((H - - 5 ) Ts'u)

, . A |
+7p, €XP {—J()f,”}pxp {—jw,,fme <n. -L—-¢- f)}

TV, (3.14)
= 82 exp {_/'wufmeL }

' | | N -1
+ B~} exp {_j():)ff} exp {Jw.,jfTsu (” —t- 3 )}

. . .\,' _ L
+ B, exp {—j()f,”} exp {—J%”TM (n I S _ )}
T (3.15)
The averaging statistic now equals
1 F+L+N-1 .
Ve = 5 X Blexp{jwy Tl
. n=€+L
1 E+L+N-1 ) . - ' | ‘\/’ B 1
Ty ZK:L By exp{jt;;} exp {onfme (n - - )}
n=~0+
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l F+L+N~-1

N =1
+v > Baexp {—jb'f,ff} exp {—j’w’offT.,-u (H -L-t- —;—)}

n=€+L 4
1 +~L+N-1
+T D Cwtees (3.16)
A n=€+L
= Brexp {jwoTwl} + degradation(w,ps. ~n. 1) (3.17)

The averaging statistic in (3.16) and (3.17) contains the deterministic portion
of the transmitted preamble. but it is corrupted by signal-noise cross-terms as well
as cross-noise terms.  Hence. it becomes difficult to manipulate (3.16) into a more
workable expression. It is not clear from this equation how the correlated noise
affects the estimator. so an approximate moment study is carried out analyvtically in

the next section. Simulations are used later to determine the estimator’s variance.

3.2 Analytical Study of the Frequency Estimator

Statistics

3.2.1 Cramér-Rao Lower Bound for Frequency Offset Esti-
mation
Following the same explanations presented for the CRLB of phase estimators. the

CRLB applied to frequency estimation of a complex sinusoid in AWGN also considers

an unmodulated carrier [19] and is given by

5 6
=T, 3.18
T3 = NV = (B Vo) 313)

where \f is the frequency offset in Hertz. .V is the number of independent samples in
the estimation window. E,/:V; is the average symbol-energy-to-noise ratio. and T},

is the svmbol period.



For QPSK/4QAM and OQPSK. E, = 2E), so that the CRLB equals

9 5 6
=1, 2 :
JA[ sym = .\,’(.\'2 — l)(th/-\[O)

(3.19)

3.2.2 Mean of Frequency Offset Estimator by Analysis

Using the averaging statistic of (3.1) as our starting point. the mean of J 7
f

normalized to the sampling period may be expressed as

o M1
ElwyT.] = E Zil[’g{/\/}] (3.20)
-l | PHLEN-L 1
= —arg < —= i, 3.2
E I \rg % ";L nin_L J (3.21)
( I 1 feLeN-1
= £ ang T n;[‘ Iy +.j.{/r1 (5-2-2)

where the observations contain the signal portion in the presence of noise. The

substitution
hing = a7t jUn (3.23)

was used in (3.22). By definition.

If the signal-to-noise ratio is high and w,sf < 1. then ¥y, < ¥ . and arg{-}
n n

takes on small values. Therefore. expectation and argument may be interchanged in
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(3.22). This vields

l, 1 t~-L+-N—-1
EidofrTal = Zall‘g‘ E v Z Ly + jln (3.26)
- n=+#¢+1
L | LN
= 7 arg v 2 E[rn+ jynl (3.27)
l. l el + V-1
— ared — Y = 1 )Q
- L,uﬁ{_\_ P Elaz ]y (3.28)

[t is now possible to manipulate (3.28) with the use of (3.16). Considering

E [:n:,‘,_,‘] alone. and substituting (3.16) for =,z _; leads o

) 1 f+-L+N-1 R '
E [:":n-—L] = E .\7 Z B- exXp {_}(-“'uffTs’uL}
- n=t~1
1 fL+N-1 i » | | Voo
+V l_;-[ B"n—[. exXp {J()uff} CeXp {J‘-‘"ufme (”- - - ‘T‘) }
1 {+L+N-1 \, _ I
sl - s .
+-V ;L BA'Il(‘xp{-J(/nff}(‘xp{—J;‘:nffrwl (/l - L -t - 5 >}
n=¢+
1 t+L+N-1
LD DR M) (3.29)
- n=f+L

The first term in (3.29) is a deterministic quantity so the expectation has no effect
on it. Thus. it can be rewritten with the expectation removed.
The second term comprises four sub-terms resulting from carrving out the complex

multiplication. Letting

) o N-1
s, = Bexp {jﬁ:)ff} exp {Jw,,fme <n —t-— ) } (3.30)
and
Yn = Yint ./.A,’Qn (331)
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and carrying out the complex multiplications in the second term under the expectation

in (3.29). we obtain

term 2 = F [B Cos (9,',” + worfTsa (H -t -— \2_ 1)) "[n—L]
+E [B sin (()")” + Lofflsa (n. —f - al )_ l)) -,Q,I_L}
+jE [Bsin (85 + wors Tou (0 = ¢ - \)_ 1)) -,,,l_L] (332)

The expectation operates exclusively on the ~y, -1 and ~¢, _ factors. the only random
quantities in term 2. Since the noise components are zero-mean. and they are also
independent of the signal. term 2 reduces to zero. Similarly to term 2. term 3 equals
zero.

Expanding the fourth term produces

term 4 = E["'Iu'.'ln—[.] + E [",'er-'Qrz-[.]

_JE [A'In ","Qu—[.] + JE [",”In-L”,'Qn] . (333)

[n-phase and quadrature noise termns are independent of each other by construction of
the equivalent complex baseband signal model. Applying the theory of independent
random variables to (3.33). the last two expectations can be separated and ultimately
equated to zero. since the noise components are zero-mean and vanish under the

expectation operator. In other words.

Elimvgn-t] = E (Y] - E [von-t] (3.34)
= 0 (3.33)
E [A,'/In—LA/Qn] = FE [n/In—L] - E [Ar"Qn] (336)
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—_
—r

(3.37)
and only the autocorrelation functions of ~;, and ~¢, remain in term . ie..
term 4 = R. (L)+ R.,(L). (3.38)

Appropriately selecting L as integer multiples p (p > 0) of the oversampling factor

K drives R, (L) and R, (L) in term 4 to zero at these time instants. Hence.
E [:":,'I_L] = Blexp {JLwosrTia} (3.39)

Substituting (3.39) into (3.28) vields

. l | FeleN-t .
E {(-‘JoffTw'a] = Z arg { V Z B- exp {J L\-‘Juff T,-,, } } (5‘10)
: n=f+1L

l v) . .

= 7 arg { B exp{jLu,siTia }} (3.41)
l

= —L ' Tm 342
I ff (3.-42)

= -‘-'offTs'u- (3.43)

Equation (3.43) indicates that o7y is unbiased.

The estimation range of yf; T, is bounded by (see (3.39))

liofrTsel| < . (3.44)
or.
[er Splum| o o (3.45)
K
which readily reduces to
5 K .
|3 Toym| < T (3.46)



Hence. the estimate is unbiased when (3.46) is satisfied.

3.2.3 Variance of Frequency Offset Estimator by Analysis

The derivation of an approximate formula for the variance of &, 77 begins with the
ff ¢S

general definition for the variance.

varofrl] = E [(J,?ff,.,,)"’} - (E[uf,?jT,.,l})", (3.47)

i

= E[(iprTu)?] = (worsTa) (3.48)

where the substitution in the last term is a direct consequence of (3.43). Without
loss of generality. 8], is assumed zero (Wogy is independent of Opr)-

Under the condition of small frequency offsets and high signal-to-noise ratios. the
second moment of Jop Ty, (first term in (3.48)) is easily approximated as outlined
in [27] and [28]. Pursuing the method detailed in those two papers. the imaginary
part y, is zero-mean and the variances of both the real and imaginary components of
(3.23) are small vis-a-vis the squared real mean. Consequently. ¥y, < ¥ ., holds

n n
for (3.22) and arg{-} may be replaced by its small angle approximation. For high
signal-to-noise ratios. Lv S o, = B*. where. as before. B is a real constant close to
n
unity. To simplifv the notation. B is arbitrarily set to unity.

The second moment of Wy7,T,, approximately equals

1 C+L+N-1

E[("“T)Tfrm)-] = FE (LT)' R§L Yn ('3-19)
1 E+L§V—l (+Lz-4-.:\’—l

= —mk YnYm | - (3.30)
(L‘V).- n=¢+L m=~£¢+L



Deferring the lengthy mathematical details to appendix A. (3.50) results in

Nt
E [(.J”'f‘f]‘m)‘-’} - (_[.—-’ { (\ R(0) +2 Z (V- m)R(m))
m=1

N1

+T N —m)[R(im = L|) + R({m + L} ])

m=1}

N —m) (m))

t)

+

l
N)
+2 (.\R z_:
N-1
2 [ (.\"R(L) + Y (N =m)[R(lm ~ L}) + R(|m + L|)]>]

m=|

(3.51)

where R(m) vepresents the noise autocorrelation function in ecach channel. It has
already been assumed that the in-phase and quadrature channels behave similarly.
Equation (3.51) bears no resemblance to the CRLB for frequency estimation even
when the noise is AWGN. However. the approximated expression for the variance is
seemingly proportional to 1/L%. although some oppasite effects directly dependent
on L may be implied in the mumerator terms (R(n) depends on L for some terms).
The overall effect may be approximately proportional to 1/L rather than 1/L%. Sim-
ulations evaluate the true behavior of the frequency estimator’s variance in the next
section.

As a note. to obtain E [(AfT,y,,,)z]. one simply needs to multiply the right hand

side of (3.51) by (%)-’ (see the substitution in (3.11)).
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3.3 Performance Evaluation of Frequency Offset

Estimator by Simulation

3.3.1 Probability Density Function of Frequency Offset Es-

timator

As in the case of the phase offset algorithm. the pdf of the frequency error estima-
tor is now studied to gain some insight on the distribution of the estimator statistics.
As a first step in the analvsis. the effect of oversampling is presented. Figure 3.1
illustrates the cases for A taking on values of 2. 1 and 16 samples per symbol with

Af =0

Probabiity Distnbution Function

Estimate aof .Af T“

m

Figure 3.1: Effect of K on the pdf of S\fT,._,,m (QPSK/4QAM and OQPSK).

The spread of the curves depends on the signal-to-noise ratio but is marginally
affected as A" varies. A similar behavior was observed with the phase estimator in the

previous chapter. AfT,,,, is Gaussian distributed and the estimates are independent

2



of each other so that only the mean and the variance are required to fully describe
1ts statistics. Also. the pdf is centered at the true phase offset AfT,,,,. in this case.
it is zero. This was also verified for non-zero A fT,,, satistving (3.12).

On the other hand. the number of observations V does affect the statistical prop-
erties of the frequency error estimate. For instance. in figures 3.2 and 3.3, a larger .V
concentrates the pdf closer to the true frequency error. Consequently. the variance
diminishes.

For practical purposes. a window of 1A samples leads to a small estimator. but
produces somewhat coarse estimates. whereas 16/ samples is suited for better esti-

mates at the expense of an additional computational burden.
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Figure 3.2: Effect of .V on the pdf of S}'T,-,J,,,. Ey/ Ny = 13dB (QPSK/4QAM and
OQPSK).
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Figure 3.3: Effect of .V on the pdf of :\\j'Ti,,,,,. Ey/ Ny = 5dB (QPSK/4QAM and
OQPSK).

A third degree of freedom to control the frequency estimator’s performance is L.
the correlation distance between samples. So far. figures 3.1, 3.2 and 3.3 displayed
results when L was fixed at one symbol interval. i.e.. L = LA samples. [t was seen
from (3.43) that an nunbiased estimate was possible as long as L equaled a positive
integer multiple of A. Figures 3.4 and 3.5 depict the pdf for L = LK. 5K. 9K
and 15A samples. The advantages of parametrizing the correlation separation are
apparent in these two figures. in which the pdf sharpens itself around the mean as L
widens. This is anticipated from (3.51).

However. for each advantage gained an opposite disadvantage appears. Increasing
L too much narrows the estimation range proportionally. Hence. a compromise must
be reached between the estimation range and the desired accuracy. Simulation studies

regarding this topic follow in the next two sections.
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3.3.2 DMean of Frequency Offset Estimator by Simulation

Founded on the results of the previous section. the mean of _/X\fT_,._,,,,l barely depends
on A" and simulations of the mean verify that this is indeed the case. For this reason.
they are excluded from this section.

The bias introduced by .V and L is analyzed in this section using simulations.
The results for £,/Ny = 3dB and A = 16 are shown in fgures 3.6 and 3.7, Clearly.
from figure 3.6. increasing .V indeed reduces the bias at the AfT,,, = :t;,% foldover
points. but cannot completely eliminate it unless .V is excessively large. The estimator
inherits its modulo-(1/2) behavior from the arctangent function (L = LK), as did the
phase estimnator with its modulo-27 behavior. Nonetheless. 37"17,,,,,,1 remains unbiased

K /\']_

for the majority of [~ 5. 57

Mean of Estimated At T

1 I I L L L L L : L

-05 -04 03 -02 -04 1} a.t 0.2 0.3 04 0.5
True Aof Tsym

Figure 3.6: Effect of .V on the Mean of .QT,.,J,,, versus the True Frequency Offset:

K =16. L = 1K. E,/.Ny = 5dB (QPSK/4QAM and OQPSK).



The plots in figure 3.7 exemplify the decrease in the estimation range of :\7T,._,,,,,
as L is augmented. The modulo-% behavior is clearly noted for ditferent L. When
L = LK. the estimation range is maximized and the algorithm remains unbiased for
the tull range of frequency offsets (modulo-% behavior). However. when L is increased
to 21 and HK. the estimation range is reduced proportionally. If the true offset never
exceeds a given (approximately known) maximum threshold. the designer should very
well select from (3.46) the lowest possible value for L that avoids cvele slips during
the correction process.

The next subsection demonstrates the performance improvement in the estimator’s

variance by increasing L.

Mean ot Estimated A T

'y i 1 A 1 . 1 i L i i
-05 -04 -03 -02 -0 0 a.1 0.2 0.3 0.4 0.5
True Al Tsym

Figure 3.7: Effect of L on the Mean of .S_\fTsym versus the True Frequency Offset:

K =16. .V =16K. E,/Ny = 5dB (QPSK/4QAM and OQPSK).



3.3.3 Variance of Frequency Offset Estimator by Simulation

The variance of S?T_wm depends strictly on the estimation window length and the
correlation separation between samples. since oversampling by A” had negligible influ-
ence. This section qualitatively explores the compromise that must be met between
the two parameters. based on the anticipated maximum frequency deviation.

The effect of .V is examined first. In the discussion to follow. the phase offset is
set to zero. Figure 3.8 illustrates the variance of S}’T,,,,,, versus LV for Af =0 and

L=1K.

q L CRLB-AWGN N/K symbals |

1
E N _=219a8 ]
b 0
107 E
‘0-9 A L L L L
g 200 400 600 800 1000 1200

N samples

Figure 3.8: Variance of S\fT,.ym versus .V for MfTym = 0. L = IR, K = 16
(QPSK/4QAM and OQPSK).

Although the variance of the estimate decreases steadily for moderate to high

Ey/ V. it distances itself from the AWGN CRLB as the observation window increases”.

2[9. Ch. 8] shows that the ML estimator of AT, based on one sample per symbol is achieved
with a correlation interval equal to a unit symbol interval. Although increasing the correlation
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A similar behavior is observed for all £,/.V, cousidered.

Even though the performance of the simple antocorrelation-based open-loop fre-
quency offset estimator does not compare favorably to the CRLB. its variance can
benefit by adjusting L. Referring to figures 3.9 through 3.12. larger L. i.e.. greater
correlation separation between samples. reduces the variance. Intuitively. increasing
L reduces the correlation of the dependent noise samples. so they behave more and
more as independent random variables (refer to (3.51)). The time-averaging operation
can then more effectively filter out their etfect on estimation.

The influence of L on the variance is demonstrated for four different cases of
N in figures 3.9 through 3.12. The results are quite promising for the considered
quantities of E,/.Vy. For instance, when .V = AR K = 16 and E}/.Vy = 9d B (figure
3.10). increasing L from L = LA = 16 samples (l-symbol correlation separation)
to L = 3R = 48 samples (3-svmbol correlation separation) achieves a decade of

improvement in the estimator’s variance. while unambiguously operating over a wide

K = (1/6) fyym. (approximately 17% of the symbol rate).

frequency range equal to g =

Similar results are also witnessed for the other window sizes and operating E,/.V,.
The true benefits of adjusting the correlation gap are apparent when the offset
to be estimated takes on small values. This case occurs frequently in practice in

fixed-user topologies. for which frequency offsets arise from oscillator imperfections.

distance improves the variance of the algorithm (with respect to the CRLB for the 1K symbol
distance). the estimator should no longer be categorized as ML. Nevertheless. the CRLB. although
no longer directly applicable to these cases. can still be used as a reference for comparison.
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Figure 3.9: Variance of S]'T_,.,,,,, versus L for AfT,, = 0. NV = 2. K = 10

(QPSK/4QAM and OQPSK).
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Figure 3.10: Variance of S;’T,,Jm versus L for AfT,,,, = 0. V = 4A. A = 16
(QPSK/4QAM and OQPSK).
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Figure 3.11: Variance of S‘T,._,,,,, versus L for AfT,,m = 0.V = I6K. K
(QPSK/4QAM and OQPSK).
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Figure 3.12: Variance of S\fT,.ym versus L for AfTy,m = 0.V = 64K, k' = 16
(QPSK/4QAM and OQPSK).

81



3.4 Implementation Aspects

The practical implementation considerations associated with the proposed fre-
quency estimator begin with the block diagram in figure 3.13. The technique is

suitable for a fixed-point hardware realization using an FPGA test bed.
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Figure 3.13: Block Diagram of the Frequency Offset Estimator.

The complex-valued correlation circuit multiplies the incoming samples with a
delayed. complex-conjugated version of themselves before feeding them to the accu-
mulators. The arctangent module returns the phase associated with the averaged
complex sum at the output of the accumulator-scaling blocks. Finally. the result
is scaled by _,[T;L to vield S\fT_,.,J,,,. Once the estimate is determined. the NCO and
complex rotator correct the optimal payload symbol sample at the symbol rate.

The frequency offset recovery algorithm requires .V complex products for the cor-

relation section. equivalent to 4V real products and 2.V additions. The correlator

also necessitates L unit delays.



Because the input data sequence is complex-valued. the output of the complex
multiplier is also complex-valued. thus requiring 2 accumulators working in parallel
to sum the .V correlation results. Hence. an extra 2.V — 2 additions are needed. The
1/N blocks scale the sums. but may be removed entirely since they cancel in the
arctangent operation. An arctangent ROM calculates the argument of the complex-
valued result. Other possibilities include the use of the CORDIC algorithm [23. 26] in
place of a LUT. or. if the frequency offset is expected to be small. the approximation

arctan(y/r) = y/r. The latter was used in the hardware implementation since it was

simple and required little silicon. Final scaling by _,’%1 generates the required estimate
normalized to the symbol interval.

From the viewpoint of a hardware implementation emploving the LUT approach.
the arctangent ROM is designed to lump :)_{T\T with the arctangent values. Because the
final result is alveady normalized by 2. this simplifies the NCO's internal accumula-
tion operations. Furthermore. picking .V. L and A" as integer powers of 2 reduces the
scaling operations to simple shift operations or bus connections and furrher reduces
the associated hardware complexity.

The frequency estimator with .V = 4K = 64 and L = A" = 16 was implemented
in VHDL and consumed 474 CLBs (17871 equivalent gates) in a Nilinx NC-H028EN-3
FPGA. Inputs were 8 bits wide. while most of the internal operations were carried
out using 16 bits to preserve the greatest accuracy. The latency of the circuit was 112
clock cveles. The complete design. comprising the phase and frequency estimators.
the NCO and the complex rotator (which was shared with the frequency estimator)
utilized 844 CLBs (31822 equivalent gates) with an overall 126 clock cycle latency.
The maximum sampling speed achieved by the complete digital FF recovery system
including both carrier recovery schemes. the data correction circuitry and the control

unit. was 33 MHz. i.e. 4.125 Mbps for QPSK/4QAM and OQPSK. A substantial
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increase in the svstem throughput mayv be achieved by applving the same solutions
as those suggested at the end of section 2.5

Briefly. the frequency estimator pursued in this chapter. although not achieving
the CRLB. emphasized numerous implementation advantages over other techniques.

relative to size and speed.
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Chapter 4

Analysis of an All-Digital
Decision-Directed Feedback

Algorithm for Carrier Frequency
Tracking

This chapter presents and analvzes a DD FB algorithm suitable for tracking fre-
quency errors for short-burst. long-burst and continuous-mode operations. The FB
algorithm complements the FF techniques in maintaining the length of the synchro-
nization preamble fixed without greatly affecting performance. An all-digital phase-
locked loop (ADPLL) employing oversampling is the algorithm of interest. The FF
schemes produce coarse carrier offset estimates to initialize the ADPLL and allow it
to work in the vicinity of its stable tracking range from the beginning. This bypasses
the loop’s lengthy acquisition process and the received data needs only to be tracked.
For this reason. acquisition is not examined.

This chapter is subdivided in many sections. each focusing on a particular aspect



of the ADPLL. Section 4.1 presents control theory background necessary in under-
standing the operation of the ADPLL. Then. the phase detector is analyzed in more
detail in section 4.2 while section 4.3 discusses the digital loop filter. which processes
the phase error at the output of the phase detector. The core of the chapter com-
mences with the derivation of the ADPLL transter function in section -t.4. Here the
necessary approximations are presented. The ADPLL's performance assessment fol-
lows in section 4.5. in which section the loop noise variance is evaluated in terms of
the loop bandwidth. Section 4.6 derives the region of stable loop filter gains that re-
sult in stable closed-loop transfer functions. The ADPLL’s tracking range is another
important aspect treated in section 4.7. Finally. the BER degradation of the loop is
analvzed in section 4.8 with respect to the loop variance. In the foregoing discussion.
the z-transform technique serves as the analysis tool because of the ADPLL's sampled

nature.

4.1 Background on ADPLL

The ADPLL extends naturally from the well-established theory on analog phase-
locked loops (PLLs) [4]. Figure 4.1 depicts the general analog PLL and ADPLL
structures. Their differences lie in the substitution of the analog components by digital
ones. For instance. the analog PLL loop filter is replaced by a digital version. and
the voltage-controlled oscillator (VCO) by a numerically-controlled oscillator (NCO).
The phase detector has been implemented as a digital sub-function for over twenty

vears. indicating that the ADPLL is the logical extension of the analog PLL.
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Figure 4.1: Block Diagrams of Analog and All-Digital PLLs.

A brief explanation of the various loop components now follows (refer to figure
1.1). In the analog PLL. the phase detector receives an input phase. o,(f). and
VCO output phase. o,(t). and forms a phase error metric. o,(t). The error signal
is subsequently processed by the loop filter. with analog transfer function F(s). and
outputs a VCO control voltage to adjust the VCO output frequency. The ADPLL
functions similarly to its analog counterpart except that a digital filter replaces the
analog one and that the filtered o,(n) samples adjust the output phase of an NCO
directly. The transfer functions for the VCO and NCO are denoted by G(s) and G(z).
respectively. The described process repeats itself since the systems contain feedback.

ADPLLs and analog PLLs are essentially non-linear systems. which makes their
analysis very difficult. Fortunately. simplifving assumptions can be applied. allowing
the loops to be examined using a linearized model. For instance. when the phase
error is small. coinciding with the tracking mode of operation. the ADPLL may be
linearized by the equivalent model shown in figure 1.2. In most cases of interest.
the phase detector gain. K. is selected such that the slope of the combined phase

detector and the gain blocks equals unity for zero phase error. i.e.. 0;(t) — 00(t) = 0.
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Figure 4.2: Linearized Equivalent Model of the ADPLL.

The analysis presented in this chapter is uniquely constrained to the ADPLL. with
occasional references to the analog case. Figure 4.3 details the elaborated ADPLL
structure of interest. The initial phase and frequency inputs of the NCO are ex-
plicitly included in the diagram. but. in practice. the phase and frequency estimates
would initialize the NCO and the loop filter registers. respectively. thus bypassing
two additions.

The NCO :-domain transfer function is given by

and the digital loop filter is chosen as a first-order low-pass filter with corresponding

transfer function

~—1

F(z) = ‘:’d‘*“/jl—ff_—l (4.3)

L
= wty—7 (4.4)
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The coetficients ~,; and vy represent the direct path and integrator path gains of the
digital loop filter.

Incoming Complex
Data Samples

* Phase Detector
: Complex l ‘ Phase |
i Sample o Error Metric |
[

l ‘ Calculation

. Rotator

-

2 »‘!»\
- L
1 L
'y _
Digital Loop Filter
Initial Phase Initial Frequency

el Complex
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Figure 4.3: Expanded Structure of the ADPLL Used in this Thesis.

First-order filters in a closed loop with a perfect integrator. e.g.. an NCO. yield
zero steady-state errors when subjected to phase or frequency step inputs. The re-
sulting closed-loop transfer function is second order. The phase detector of figure
1.3 includes an exponential function. a complex sample rotator and the phase error
metric calculation. Note that although the phase error metric component performs

the necessary error computations. the other two blocks serve to translate or apply
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the updated metric to the newly arriving samples at the rotator. These three blocks
loosely constitute the complete phase detector.

The matched-filtered samples at the ADPLL input run at the svmbol rate and
the true frequency offset is expected to remain below one percent of the symbol rate.
Hence. adequate oversampling of the frequency offset is already available at this rate.
In fact. for proper operation. the ADPLL must be designed to mimic its analog
equivalent. and this. by increasing the ADPLL’s sampling rate [6]. The bhenefits of
running the ADPLL at the svinbol rate are demonstrated in section 4.5 where the

noise variance and the loop bandwidth are evaluated.

4.2 Phase Detector Characteristic

One of the major components in a PLL syvstem is the phase detector and is usually
the single most important block that varies between implementations. The hard-

limited phase detector selected for the ADPLL of this project obeys the relationship

0u(n) = Kylyasign(e,) — cnsign(ya)]. (-+.3)

which describes a combination of adders. subtractors and exclusive-OR gates!. The
quantities r, and y, represent the real and imaginary components of z, at the input

of the phase error detector. and sign(-) denotes the mathematical representation of

'Equation (4.3) follows directly from the expression o.(n) = Ky3{znd"(z4)}. where z, is the
current complex data samples. d(z,) is the decision made on z,, Ky is the phase detector gain
chosen to satisfv a unity slope for zero phase error, * denotes complex conjugate and 3{} takes the
imaginary part of its argument. With z, = £, + jy. and d(z,) = an + jbn, 0e(n) = Kylynan —
Lnbn] = Ky [sign(R {z. DS {zn} — 5ign(S {za )R {2n}] = Ralynsign(ca) — Iasign(y,)]. where the
last substitution results directly from the decision rules in QPSK/4QAM and OQPSK.
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a hard-limiter expressed as

I. of Y >0
sign(Y)y =< 0. if Y =0 - (4.6)
L if Y <0
Phase detectors are generally characterized by their S-curve. a plot of the average

phase error detector output as a function of the input phase error. A\ sawtooth re-
spounse possesses sharp transitions. which aid acquisition. Sinusoidal S-curves are also
encountered in practice. but their acquisition durations tend to be larger because they
lack the sharp transitions [7. Ch. §|. A sinusoidal response may be observed with the
hard-limited phase detector. when it is operated in a noisy environment. Both types
are suitable for tracking once acquisition has successfully completed. Nevertheless.
the sawtooth phase detector provides for a simpler implementation. 1/-PSK phase
detectors exhibit 27/ periodicity owing to the 27 /M cirenlar phase svmmetry of
the constellation. The phase detector characteristic for M-QAM modulation is pe-
riodic in 7/2 because of the 7/2 square svmmetry of the constellation. Figure 4.4
shows the S-curve for a hard-limited phase detector for QPSK/4QANM and OQPSK
(M = 4. and the period equals 7/2).

Since the hard-limited phase detector demonstrates approximately linear sawtooth

sections. (4.3) may be linearized in each region covering an angle of 27 /3. that is.

oln) = Ky } (i(n) = 0o(n)) (4.7)

x~ oin) — o.(n). (4.8)

where Ny = /7 achieves unit slope at the origin of the S-curve. The 7/4 factor in

(4.7) is attributed to the approximate slope of the phase error characteristic at the
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origin, excluding Ay.
Since the phase detector emploved herein is based on decisions of the rotated
svmbol samples selected at the optimum eve openings. the phase detector is therefore

DD. so the overall loop qualifies also as DD.

0.8+ -

04r B

o2 i

Average of Phase Error Detector Output
o

_1 L L A L L 1 1
-pi -3pi/d —pi/2 -pi/4 ) pi/4 pir2 3pi/a pi
Input Phase Error (Radians)

Figure 4.4: Phase Detector S-Curve for QPSK/4QAM and OQPSK - Noiseless Case.

4.3 Digital Loop Filter

The digital loop filter F(z) determines the amount of noise entering the loop by
adjusting the loop’s bandwidth through its gain coefficients. v, and ~, (discussed
in a later section). A small bandwidth passes less noise but restricts the tractable
frequency range. [t additionally increases the overall acquisition time. [n contrast. a

large bandwidth allows the loop to quickly acquire and track much greater frequency
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offsets at the expense of increased steady-state noise. Since the ADPLL is introduceed
primarily for tracking purposes. a residual frequency offset equal to a small fraction
of the symbol rate is to be tolerated and. consequently. a narrow bandwidth suffices.

Choosing a first-order loop filter allows the ADPLL to track not only a phase
error. but also a frequency error. as mentioned earlier® [30]. The general first-order
loop filter transfer function is

-1

Fiz)y=~,+ .'fﬁ (-1.9)

with the equivalent structure shown in figure -L.5.

‘('
Non-Filtered Phase Filtered Phase
Error Input s /T\ Error Output
[ / y
> #\\ i/ >
Yy

Figure 4.5: Block Diagram of a First-Order Digital Loop Filter.

2A loop filter composed solely of a direct gain branch (zero-order loop filter) is unable to track
a frequency error. However. a loop filter higher than order-one does provide a significant advantage
relative to the additional hardware complexity it imposes. and most implementations behave very
satisfactorily with a first-order loop [29. Sec. 6.4].
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4.4 Transfer Function

The derivations of the ADPLL’s loop bandwidth and loop noise variance presented

in the next section require knowledge of the closed-loop transter funcrion. and. so. is

derived here.

From control theory. the closed loop ADPLL transfer function. H(z). of figure 4.2

is expressed. in general. as

H(:) = ==

F(2)G(z)
L+ F(2)G(z)

(4.10)

(+.11)

Using the expressions for G(z) and F(z) from equations (+4.2) and (-L.4). and substi-

tuting (4.8) for A'y. the numerator of (4.11) equals

Substituting (4.12) into (4.11) produces the closed-loop transfer function.

walz = 1) + 5y
H(z) = !
(=) (z =12+ (= 1)+
_ N(z)
D(z)’

Correspondingly. the phase error to phase input transfer function equals

b.(z
_ (z—1)?
(=12 +vu(z=1)+ s
_ V.(2)
D(z)
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Referring to the analysis procedure outlined in [6]. 1 — H(z) is denoted by

l-H(z) = ((‘”% (4.18)
_ -\"e(:)
e (4.19)

where v and 3 are variables chosen to meet the ADPLL design specifications. Let

a = exp(—qwnLiym) cos(wnTipmy/ 1 = ¢2) (+.20)

3 = (?Xp("-(vunTwm) Si”(*'urs'ym I - k.')) (+4.21)

where T, is the ADPLL sampling period (selected as the svmbol rate). o, is the
natural frequency of the loop (w,T,,, is the natural frequency normalized to the
sampling period). and ¢ is the loop damping factor.

Substituting (-£.20) and (4.21) into the denominator polvnomial D(z) of (4.18)

and (4.19) results in

D(z) = (z—a)*+ 5 (4.22)
= -2+ + F (4.23)
= 2-2: exp(—CwnLoym) cos(wnTyym \/T-_F)

+exp(—2¢wn Toym)- (4.24)

Rearranging and equating corresponding terms of D(z) in (4.13) with those of
-4.24) highlights the relationship between the gain coefficients and the expressions
ghilg ) P

for & and J. Going through the details. D(z) of (4.13) may be rewritten as

D(z) = (z=1 +7(z=1) +v (4.1

[ ]
(&1}
~

= 2 -2z24+1+ Yg< — Td + Uy (4.26)
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= g =D+ (=gt ). (-4.27)

Direct comparison of (4.27) with (4.24) clearly indicates that

= 211 - pr(_g-‘:nT.ﬂ/m) Cos(""’nrﬁym\/l - g3)1| (’1-28)

and

v o= exp(=2¢wnToym) = L+ 7y (4.29)

= 1-2 exp( _'(»*-'nTwm) ("()S("""ILT\'I/HI v L - Q--,) + exp( _2‘;*'11Tsl/rrz)- (4.30)

The frequency domain transfer function is directly obtained by substituting : =

exp(jwTiym) into H(z). Le..
H(('?XP(jWTs:/rrz)) = H(:) s=erplyelyym) ('131)

If the loop is tracking, the steady-state phase error variance (loop noise variance).

o3 . is assumed small (o, < 1) and (4.31) may be interpreted as a continuous-time

filter H.(jw) [31. Ch. 7]. that is.
f[c(.}w) - H(:)‘::H-L‘P(J“’Tiym)' (4-32)

[f. in addition. H(z) is designed as a lowpass filter with a loop bandwidth B, much
smaller than the sampling rate (B <« 1/T,,,,. fulfilled when w,T,,,, < 1). then the
approximation = = exp(jwT,ym) = 1 + jwT,,m holds. Therefore. the ADPLL closely
mimics the behavior of its analog equivalent. This result indicates that in order for an
ADPLL to approximate an analog PLL. its sampling rate must be high compared to

its loop bandwidth [6]. Under such requirements, H(z) may be approximated using
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H,.(s). the general second-order analog PLL transfer function.

2 § 't Y’i r I *".-)
Hi(s) = ——uowmT*n (4.33)
ST+ '—)Q-ﬂ‘-‘n]‘sym + Wy

n

H.(s) is the Laplace-domain transfer function of the general analog PLL emploving
the same damping and natural frequency as the ADPLL. Equations (-1.34) through

(-1.36) establish the relationships between the digital and analog gain parameters:

Sy = :-)'C@'rzrsym (4.34)

Y= (-'-'“'nT.sym)‘l (-£.33)

= £ (4.36)
»LQ-

Figure 4.6 plots the ADPLL transfer function versus frequency (normalized by w,,)
for a variety of natural frequencies while maintaining th same sampling frequency in
each case. Also shown is the analog PLL equivalent transfer function to provide the
theoretical reference for the digital curves.

The ADPLL transfer function closely approximates that of an analog PLL. but
some discrepancies exist around the sampling frequency. even though the theoretical
limit is half the sampling rate. according to Nvquist’s sampling theorem (beyond
fsym /2. there exists some form of aliasing and the loop behaves erratically). Although
not very severe. the differences only affect the tracking range of the ADPLL if it is

operated near the f,,.,/2 threshold. Section 4.7 discusses this topic in greater detail.

97



10° 10°
& =
o &
- -
3 2
Q. a2 8., .2
;:, 10 § 10
I T
I = N
AN
107 - 107 -
10 10
wo , © = 27102 o, O =2n10°
n n n n
10° 10° N
= = N
g §. AN
’_m '_:n N
3 2
a a2 X a,a-2
510 N g 10
z oy
10" 2 o 10~ 2
107 10 10° 10°
- 4 - 5
m/u)n, o = 2710 m/(nn, o = 2z10

Figure 4.6: ADPLL Transfer Function (Log Scales).

4.5 Loop Noise Variance and Loop Bandwidth

In general. the loop noise variance at the phase detector output is given bv the
g g A

following contour integral,

g = —1- H(:)H(:_l):‘lsn(:)

- — dz +1.37
e 27 ) Jizi=1 2P, ( (4:37)
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or. likewise. by (after transforming the contour integral with = = exp(juTym)).

) 1 "T/’I.,-gm , ) DI . \ N )
. = ;T.ﬁ/"l /_- T if[(f-’.puwrﬂlm))|—~5nu((;-I'IJ(J“"T*!/'")) e (438)

sym

where P, is the average input signal power (equal to E,/T,,,,). S,(z) is the z-transform
of the input noise autocorrelation function. whereas S, (exp(jwTy,,)) is its Fourier
transform normalized by 2F,.

The noise entering the loop can be modeled as AWGN since the incoming samples
are taken at the svmbol rate (perfect symbol-timing is assumed). The independence
of the samples follows from the zero-IST matched filter criterion introduced in chapter
2. where points sampled at the optimum eve openings exhibit no [SI and. conse-
quently, hehave as independent random variables. The noise remains Gaussian since
the svstem is linear. The noise samples are uncorrelated with variance a2 = Ny,
where .V, is the one-sided psd of the noise and 11, is the bandwidth of the interme-
diate frequency (IF) filter. limiting the amount of noise entering the loop. Using this

information. the loop noise variance can now be expressed as

) L N ‘

T, = ST H(z)H(zY: lﬁ dz (+4.39)
A .

= — H(z)H(zYz" de. 4.40

37 2P, fum TERHET)T (440)

Defining the ADPLL’s one-sided loop bandwidth B; as

2B, l

= — H(z)H(z"YY2" "z, 441
1% 2y Jiz=t (2)H(=")="d ( )
o3, then degenerates to
) .‘\('0
0. = 5p (2BL) (+4.42)



Y .
,—)_E%(.—)BLTWHL) (‘l‘13)

where the substitution P, = E,/T,,,, was employed.

[n an cquivalent manner. the : = erp(jwTy,,) version of equations are

5 1 2T Cyym ) \ .\’0
To. = ')——T‘"!I"l/ . If[(‘)""p(./w’rs'nn))|-.°)_E duw (‘L‘l"l)
&t -y r"l"' 2 §
where
- . Vo -
bnu(P'I'[)(J;*"[w/m)) = )_E(-' (-L'l-'.))
was used. The one-sided loop bandwidth B, is defined as
Tsum SR . 9 .
2B1Tom = 2= | L H T e (4.46)
and vields
. N i
5 = Q—E:('-’B[,T,-.,m) (4.47)

which agrees with (4.43) derived earlier using the z-transform technique.
The previous results may also be derived using the equivalent analog transfer
function and analog loop bandwidth. as long as wTy,, < 1 is satisfied. I[n such a

case. B, approximately equals the analog loop bandwidth.

B, = Bg(analog) (4.48)
= L [P de. (4.49)
27 Jo

Figure 4.7 plots the steady-state phase error variance versus the loop bandwidth
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normalized to the symbol period. Undoubtedly. a larger loop bandwidth increases the
phase error variance. When the ADPLL is known to operate with small frequencey
and phase offsets (tracking mode). then a lesser By, suffices. for it sustains a minimal
steadyv-state error variance without losing signal lock.

Figure 4.8 illustrates the steady-state phase error variance versus E,/.V, for ditfer-
ent values of By. Increasing the signal-to-noise ratio reduces the loop noise variance
for all cases of By considered. In addition. the loop noise variance @3 of (L.47) cor-
responds to the CRLB for carrier trackers [9. See. 6.3]. Hence. the algorithm attains
the lower theoretical bound under the conditions presented in this chapter. Since the
transfer function of section 4.4 was shown to follow the ideal case under the same
assumptions exercised in this section. the simulations must agree with the derived

variance expression in (-L-43) (or (-L47)).

E ‘N _=0d8

4 o0
——— Eb/N0=5dB
10‘5 L I Eb/N°=‘IOdB .
4 —_— Eb/NozlsdB
r —_—— Eb/N0=20dB
E —_— Eb/N0=25dB
-8 Il L
10
107 1w
BL Tsym

Figure 4.7: Loop Noise Variance Versus Loop Bandwidth (QPSK/4QAM and
OQPSK).
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Figure 4.8: Loop Noise Variance Versus Ey/.Vy (QPSK/4QAM and OQPSK).

4.6 Closed-Loop Stability

The ADPLL's stability is assessed in this section using the z-transtorm analvsis
technique. For correct loop behavior. the loop filter gains must be chosen such that
the poles of the closed-loop transfer function of (-4.13) lie inside the unit circle in the

s-plane. The magnitude of the poles should measure less than unity. that is.
lroots[D(2)]] < 1 (4.30)

where D(z) is taken from (4.27). The roots of D(z) equal

TEy Yy (451)
. .

2

= 1+



Equating their magnitude to be less than unity. we obtain

E 11
1+ — : | < L (4.52)
|

The solutions (4.533). (4.54) and (4.35) to the above inequality define the stable

region for the loop filter gains:

o >0 (4.53)
g2 2y — (-£.5-1)
!v.f < “r‘[ . (1 —)3)

Figure 1.9 plots the triangular region of stability bounded by the above three
equations. The design curve for ¢ = 1/v/2 is also shown to verifv that proper values
may be chosen that satisfv both the stable region condition and the widely accepted
damping value of 1/v2 for a second-order loop.

Minimum noise bandwidth. and. consequently. minimum phase error variance. is
achieved for ¢ = 1/2. In practice, ¢ = 1/v/2 is chosen because it provides more
choices for the loop gains without severely intensifving the noise variance. In fact.
the noise bandwidth increases by 25% at most if 0.25 < ¢ < 1.0 holds [4. pp. 31-32].

The cross-over point at vy = vy = 2 determines the maximum allowed gains for
which the loop remains stable. given ¢ = 1/v/2. Therefore. the gain coefficients must
satisfy

g < 2 (4.56)

and

in addition to ¢ = 1/v/2.
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If the ADPLL is to behave like its analog counterpart. then ~,; and ~y must be

selected small enough to fulfill w7y, < 1. This is indeed possible for ¢ = 1/\/_3

4.5 T T T T T T T
= 1/sqrt(2)

T

4 / -

/S T

1.5 .

0.5F -

Figure 1.9: Stability Regions for ADPLL Loop Filter Gains.

4.7 Tracking Range

From control theory. the open loop dc gain A, (obtained by opening the loop and
evaluating it at w = 0) determines the tractable range of frequencies. Applying the

limit theorem in the z-transform domain for = — 1. produces

K, = lim[F(z)G(2)] (4.38)

z—l
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= lim I:ﬁ"l(? — —r -’f] . (4.59)

teading to

KN, = x. (-1.60)

Gardner [4. Sec. 2.3] explains that a large open loop de gain is required if a wide
tracking range is desired. Undoubtedly. the ADPLL meets this requirement in (-£.60).
Hence. the ADPLL exhibits a broad tracking span. limited only by half the sampling
rate. However. plots of the ADPLL transfer function exemplifv that the theoretical
fsym/2 limit is not attained. so a discrepancy will exist between the expected and
actual results in this case. In our applications. a small frequency offset (less than 1'%
of fom) corrupts the received data. The ADPLL’s tracking ability is not hindered

under these conditions. provided appropriate values for Br. v and ~; are enforced.

4.8 Bit-Error-Rate Degradation

BER degradation describes the additional signal-to-noise ratio increase on the
system in order to maintain the same BER at the receiver without svnchronization
errors. The BER degradation translates into a signal-to-noise ratio (E,/.Vy) penalty.
To better quantify the Ej,/.Ny penalty associated with the ADPLL's variance. some
conditions are presented next.

The loop is designed to imitate the behavior of its analog equivalent and operates
with perfect svmbol-timing epoch. The offsets fall within the loop’s bandwidth so the
system functions without cycle slips. Contributions to the BER from quantization
effects are deferred to a future study. Under these conditions and knowledge of the
linearized tracking variance derived in section 4.3. the BER degradation is evaluated.

The equations presented for the feedforward estimator in chapter 2 also apply to the
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teedback tracker. provided that the linearized ADPLL model is used with its tracking
variance. replacing the variance for the feedforward case [9. Sec. 7.4].

Figure 4.10 shows three cases of operating BER (1072, 107 and 107"%) for QPSK/4QANMI
and OQPSK. As the normalized inverse of the phase error variance due to svnchroniza-
tion errors increases. the phase error variance itself decreases causing a corresponding
decrease in the BER degradation. Another useful observation is the increase of the
BER degradation as the operating BER is decreased (or when the operating noise
variance o3 decreases). This loss is attributed to the inerease in synchronization er-
rors at the input of the decision device. which intensify the error variance o3 {9. Ch.
7.6]. Refering to (2.111). at higher BERs. the operating noise variance aj is very
low. so that the increase of o3 due to the synchronization errors dominates at these
BERs. If svnchronization errors oceur less frequently. then the E,/.Vy penalty is also

reduced. as illustrated in figure 4.10.
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Figure 4.10: BER Degradation (£,/.Vy penalty) for ADPLL Tracking Loop
(QPSK/4QAM and OQPSK).
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Chapter 5

Conclusion

This dissertation studied fast. low complexity. all-digital feedforward and feed-
hack carrier recovery techniques applicable to linear modulation schemes (M-PSK.
M-QAM and their offset counterparts) in an AGWN. non-multipath PMP burst-mode
svstem. The data-aided feedforward techniques emploved oversampling to provide ac-
curate or coarse estimates using a short preamble. whereas the decision-directed FB
technique was introduced to track a residual frequency offset following coarse feed-
forward correction without introducing additional overhead. This chapter highlights
the study’s salient findings and recommends new avenues for future research which

time did not permit to include in this work.

5.1 Summary of Research

The introduction and the first section of chapter 2 discussed the assumptions.
the requirements. the signal model and the estimator performance measures for this
research.

Chapter 2 then presented the open-loop DA carrier phase offset estimation tech-

nique suitable for TDM/TDMA-like burst-mode systems. The scheme was founded
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on oversampling a preamble of known data symbols. where multiple samples per svim-
bol were utilized in determining the offset. [ts mean and variance were investigated
by an approximate analyvsis for high signal-to-noise ratios. The phase estimate. f)z;f.
was unbiased for virtually the entire range [—r. 7]. indicating that. on the average. it
determines the desired parameter. The estimator’s variance achieved the CRLB when
viewed in terms of the number of equivalent symbols. V/ A rather than the number
of samples V. Henee. ()Z,\f was found to be efficient under this condition. another de-
sired result. Simulations of the pdf. the mean and the variance of f)?:f\f supported the
approximate theoretical results. even at low signal-to-noise ratios. BER simulations
for QPSK/LQAM and OQPSK compared favorably to the theoretical penalty. with
as little as 0.2dB to 0.3d B loss for a 16-svmbol overhead. and 0.4dB to 0.6dB for a
4-symbol preamble. Oversampling did not severely influence the performance of ()z;f.
The F)Z)\.j employing a 4-svmbol carrier phase recovery overhead and 16 times over-
sampling was tested in a practical modem for burst-mode QPSK/H4QAM and OQPSK
using an FPGA test bed. The implementation of ()Z; provided a low complexity. and.
thus. low cost. structure with marginal performance degradation. only 0.1dB worse
than the predicted loss. Accordingly. the phase estimator occupied a small area (228
CLBs in a Xilinx NC4028EX-3 FPGA)while achieving a 10MHz operating frequency.
Based on these results. the initial goals for phase recovery have been attained.
Chapter 3 delved into the analysis and simulation of a data-aided autocorrelation-
based feedforward frequency offset estimator. of Wiss. equally founded on oversam-
pling. The algorithm was generally unbiased for estimation window sizes in excess of
QPSK/4QAM or OQPSK symbols. Unfortunately. for increasing window lengths. its
variance diverged significantly form the AWGN CRLB of an efficient single-sample-

per-symbol frequency estimator. [t was recommended to maintain the window length
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in the order of 16 symbols. To improve the variance of Jyry. the correlation sepa-
ration L between samples was varied. Increasing L did in effect diminish the vari-
ance in an almost linear manner. at the expense of restriction the estimation range
in an inversely proportional manner to L. £upp was implemented practically for a
QPSK/4QAM and OQPSK burst-modemn using the same FPGA test bed as before.
The frequency estimator was designed to provide coarse estimates using a 4-symbol es-
timation window and a unit symbol correlation separation for the cross-multiplication
block. Although more hardware demanding than the phase estimator because of the
correlator. the implemented version of &7y still occupied a small area (484 CLBs in a
Nilinx XCH4028EX-3 FPGA) and could operate up to 33 MHz. Once again. the initial
objectives have been met. this time for frequency estimation.

The fourth chapter developed a DD FB algorithm (ADPLL) for tracking or re-
fining a residual frequency error after coarse teedforward correction. The FB system
was studied using the z-transform technique. Since the APDLL was oversampled.
it mimicked the behavior of an equivalent analog PLL. For this reason. the ADPLL
transfer function closely matched the analog case. up to half the sampling frequency.
Because of this equivalence between the analog and digital loops. the ADPLL pre-
sented a predictable loop noise variance and BER performance. as good as the one
for analog PLLs. The ADPLL demonstrated a wide tracking range limited only by
half of the sampling rate. Briefly. the ADPLL performed equally well as its analog
equivalent. By its digital nature. the ADPLL is also easily integrable into today’s
rapidly evolving digital technologies. In addition to all these advantages. the ADPLL
operates independently of the proposed FF techniques. so it may be coupled with

other FF estimators.
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5.2 Topics for Future Research

To conclude this dissertation. below follow some recommendations for future re-

search endeavors.

L. Study the interaction between carrier recovery and symbol-timing recovery al-
gorithins. specifically. the effects of non-ideal timing epoch. In general. when
studving a recovery technique (e.g. carrier recovery). the other is assumed ideal
(e.g. perfect symbol-timing). However. practical systems can never gnarantee
such conditions. so the interaction between the two. and particularly the cffects

of non-ideal svmbol-timing. should be studied for linear modulation schemes.

2. Study the effects of quantization on BER and variance performance. Since car-
rier recovery algorithms are essentially studied for application in practical sys-
tems. quantization is required when targeting a hardware architecture. There-
fore. the effects of quantization on the FF and FB estimators’ variance and

BER performance should be determined (via simulation).

3. Study the effects of Doppler shifts and multipath fading on the proposed alyo-
rithms in conjunction with an equalizer. It would be beneficial to analyze the
effects of these problems since they are commonly encountered in digital mobile
svstems (Doppler and multipath fading) and wireless local loops. such as BWA
(multipath fading). Performance evaluation of the CR techniques with prior or
simultaneous equalization of the received data would assess the applicability of

this thesis” techniques for channels other than AWGN.
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Appendix A

Derivation Details of the
Frequency Offset Estimator’s

Second Moment

To simplify the expression of the frequency varjance. we commence with the ex-

pression of (3.50).

LN =L+ N~

E[(wf,?ff,-u)"’] = T Z Z E[.‘/n.’/p] (A1)

(L~\[)2 n=~f¢4[ p:;u.[‘

where yp = 3 {:n S L}. The expanded form of =, z¢_, with 8, = 0 is given by
:Il:y.y,—L = Q()S(.’.u'offrsaL)

+J Sin(wofj TxaL)

- o N-1

. N -=1
Y O R )

N1
~JQn-L COS (waffTsa (n - - —;-))
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. N - |
+~"Q”—L sl <“‘"0ffTs'u <”. — (- ———r))
N -1
i cos (""'”ffrﬁu (” ~L[L -t~ ‘\———.) )
; : N =1
— ) sl (“"")ffTw (n R S 5

; N1
TJ)%Qn COS <.u(,”'[f,.(, (n N Sy - ))

. N -
7 sin (.u,,fj[,.u (n, ~[ -t~ _\)_,ﬂ
T n-L
—J i gn-L
I Qnin-L
TrQnTQn-L (A.2)

where Hy(-) = B = 1 was used because of the approximately constant amplitude
assumption of the DA preamble sequence used for estimation.
The expression for y, immedijately follows by taking the imaginary part of (A.2).

[t is expressed by

Yn = sin(’,‘,-,,ij,.,‘L)

. . V-1
+ 7 n—y, sl (w,,ff[,.u (n ~ ¥ - j_\))

N -1
= ¥Qn-r LOS <.u,,f,Tm (n - - \_,7\»

-

N =1
—%In sin (\'-'Joff]-‘su (”’ - L — - -’r))

-~

V-1
+7Qn COS ('.dnffT,.a <n - [ -~ T))

+7Q" Yin-L

_—h,"ln‘,"Q"_[, (._\.3)
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To alleviate Some of the notationa} burden. let

Q= ""nffriu. (-_\4)

The expectation operation in (A.1) may be arranged so that the elements appear

in a column formug. This will help keep the multiplication clear.

([ swer)
+5 -t sin (42 (n ¢ =5
(- 52)

Elpaml = E| | —wpusin(@(n=L~¢- %))

rguos (2 (n = L - € = 45L))
rgnin,

L\ ThmTQn-y

Sin(QL) 7

+=1p-1 Sin (Q (P —-f— L.':l))

—nqp-r.cos (2 (p— ¢ - 254))

—spsin (Q(p - L—¢ - 7)) (A
+gpeos (Q(p— L~ ¢ - L))

+7QpTIp-1t

—¥IpYQp-L

Multiplying throygh term by term and taking the expectation. and recalling that the

noise terms are Zero-mean. produces

E [y!lyp] =

sin(QL) + R(n — p) cos(n — p))
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-R(n—p- L)cos(Qn = p)) — R(n —p) cos(Qn —p+ L))
+R(n — p)cos(Qn —p)) + 2R (n — p)

=-2R(n—p-LYR(n-p+ L) (A.6)

where R(m) is the autocorrelation of the noise components for cach channel.
[t R(-) represents elements from a diagonal covariance matrix with entries o7, then

the resulting second moment of (A.1) is readily obtained as

Tl = g [VsioL) + N}

—(V = L)o? cos(2L) — (V - L)Uﬁ('os(—‘_’QL)

+No? +2No ] (A7)

Substituting cos(2QL) = 1 - 2sin*(2L) into (A.7) and rearranging terms gives us
glg g

) ! do? . 2Lo} 20!
% 2 L 220 ) sin2Q " eos(29) il )
E [(wo7sToa)?] Lz{(l%—.v >>ulu.L)+-_V2 cos(260L) + [+ (AS)
If in addition T,, = Tym. ie.. K = L. then (A.8) degenerates to the results

presented in [28]. Setting w,p; = 0 simplifies (A.8) further and achieves the result
derived in [32].

In the case where w,ry = 0 and R(-) represents clements from a Toeplitz even-
svmmetric matrix (which occurs in all practical applications employving symmetric

pulse-shaping). (A.6) may be rewritten as

Elynyp] = 2R(n—p)-=Rn=p—-L)—R(n—-p+L)+2R*n - p)

—2R(n—-p—-L)R(n-p+ L) (A.9)

so that after some straightforward manipulations. the second moment given by (A.l)
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leads to the following cumbersome form:

E[(JJ/T,.H) = Ll\ 2{ ( Z AY —m)R(m))
\—1
(\ (\/ ——m)LR(im—L[)+R(|m~:—[.[)])
m=1
(\/Rl 0) + i N -m) m))
\‘ 1 -
[ (\R(L (\'~m)[R(Im—LI)+R<Im+£l)]>] }
m=1

(A.10)

This expression can be evaluated using computer simulations since it cannot be sim-

plified further by hand.
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