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ABSTRACT
COMPUTERIZED ANALYSIS AND DESIGN OF VEHICLE MULTI-BODY SYSTEMS

James Alanoly, Ph.D.
Concordia University, 1989

This thesis deals with computer-aided modelling analysis and design
of vehicle systems for ride and handling studies. Characteristics of
vehicle multi-body models are identified and formalisms are developed
for automatic computerized equation generation and solution. These are

implemented using interactive graphics and applied to several

vehicle dynamics studies.

The method of velocity coeificients is proposed as a versatile tool
to model and analyze suspension linkages for ride and handling. The
velocity coefficients can be evaluated from a kinematlc analysis and
then used to characterize a linkage suspension as a linkage-free
suspension of equivalent isolation and handling properties. Dynamic
analysis can then be carried out without solving for the kinematics at

each integration step, leading to efficient soclution.

When the suspensions are represented as force-generating elements,
most vehicle models can be represented by free-multi-body systems or
multi-body systems in tree configuration. For these systems, a
computer-based modelling strategy is formulated which parallels the
intuitive and custemary technigques used by vehlcle system dynamiclsts.
In this scheme, each rigid body may have any number of degrees of
freedom between 1 and 6. The implicit constraints are automatically

taken care of in the formulation so that a minimal set of differential
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equations are generated.

General purpose formulations are presented for the velocity_‘
coefficient and design sensitivity analysis of suspensions. A general
analytical method has been derived to determine the vehicle roll
stiffness and roll centre location, which hags hitherto been done
graphically. Some prevalent mlsconceptions regarding roll centre
arising #from the graphical construction, and compounded by an official

SAE definition, have been clarified.

Implementation of the formalisms developed is presented in the form
of two pieces of software - GENKAD and CAMSYD. GENKAD is a
comprehensive set of programs for the kinematic analysis and design of
planar mechanisms, featuring automatic symbollic equation derivation.
GENKAD can compute positions and velocity coefficients and determine
their sensitivities to any of the system parameters, to be used for
optimal design. CAMSYD is used for modelling and dynamic analysis of
planar, lumped parameter mechanical systems. The system equations are
generated symbolically and can be solved for a variety of analysis
options. CAMSYD has interface to GENKAD to represent linkage

suspensions.

The theory as well as the software have been verified and validated
tbrough comparison with results from published literature. The software
was alsc used for the modelling and dynamic analysis of a snowmobile.
Displacement and acceleration time histories of the vehicle going over a
bump obtained from simulation are compared with measurements made on an

instrumented snowmobile.
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Chapter 1

INTRODUCTION AND LITERATURE REVIEW

1.1 GENERAL INTRODUCTION

Simulation plays a major role in almost all fields of science and
engineering. Simulation can be defined as "experimentation with models"
[1]. In computer simulation, the emphasis can be either on
experimentation or models. Traditionally, the emphasis has been on
experimentation where the same model is used repeatedly to generate
trajectories of certain descriptive variables. This is mainly because

modelling is a very costly and error-prone task.

Computer simulation involves medelling, derivation of equations and
solution on computer. Modelling 1s a creative and intuitive process.
Since we cannot model the world, we must isolate and idealize various
components to build our system. Model building is an incremental,
evolutionary process. A modeller often starts with a simple model which
grows in complexity as he studies its behaviour, or components of the
model are built and tested separately before being put together. In any
case, manually deriving the system equations and coding them for
computer solution makes modelling an expensive process. Therefore there
has been considerable interest in the computerization of equation

generation and solution processes.

This is the aim of so-called self-formulating programs. For



dynamic analysis of mechanical systems, there are several such programs
available, as listed in Ref. [2]. They include IMP, DADS, ADAMS, DRAM
ete.. One important drawback of many of these is that the problem
formulation can be very tedious and that the user, 1s required to know
speclialized theory and syntax. The analytical metheds used ln these
programs for modelling constrained mechanical systems glve rise to a

very large number of differential equations, leading to numerical

difficulties in solving them.

The general objectives of the current research program are: (1) to
create formulations that are suitable for computer implementation which
allow the system (especially a vehicle system) description to be input
in a schematic or graphical form, ;and automatically generate the
governing equations; and (2) to develop and implement numerical
algorithms that automatically solve the systenm equations for dynamic
reéponse of the system, and provide computer graphic output of the
resultswto the designer or analyst. With these objectives achieved, the
engineer is relieved of a lot of routine manual calculations and

programming, and the power of the digital computer 1s exploited to the

maximum.

In the following section we present a review of the theoretical
background of multi-body dynamics, the different methods of formulation
for computer implementation, and examine some of the commercially
available general purpose software, We evaluate the suitability of

these software for the analysis of vehicle system dynamics. It is found



that most of the theoretical and software development has been carried
out for the kinematic and dynamic analysis of machine mechanisms and
spacecraft structures, We note that in vehicle system dynamics, the
topology of the models and their scale of motion differ significantly
from the other applications mentioned earller. We use this information
in fermulating generalized modelling, analysis and design synthesis

strategies for vehicle dynamic applications,

1.2 STATE OF THE ART AND LITERATURE REVIEW

A system of interconnected bodies {rigid or flexible) that can move
relative to one another is called a Multi-Body System (MBS). This term
now enjoys widespread acceptance and it describes a large class of
mechanical systems such as spacecraft, ground vehicles, manipulaters,
machine mechanisms etc.. The coupling between bodies may be through
Joints with certain kinematic properties, or springs, dampers and active
force generators. The term, multi-body, dynamics is usually reserved
for systems that undergo large motion and therefore can only be
described by nonlinear (inertia variant} differential equations of

motion.

Figure 1.1 shows examples of different multi-body systems. A
multi-body system without any constraints (Fig. 1.1 (a)) is called a
free multi-body system. Generation of equations of motion for this

class of systems is relatively easy. Systems of constrained bodies may
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be ordinary multi-body systems {holeonomic constraints and
proportional-differential force elements), or genera. multi-body systems
(nonholonomic constraints and proportional-integral force elements). We
concentrate mainly on ordinary multi-bedy systems. In constrained MBS,
the bodles may form open kinematic chains (Fig. 1.1 (b),{c)}) or closed
chalns (Fig. 1.1 (d}). This distinction Is important because the
methodology for generating the equations of motlon can be different for

each.

Leading researchers in computer aided analvsis of mechanical system
dynamics are found in 6 groups, 3 in West Germany, and 3 in the United
States. They are, in Germany, Schiehlen, et al. (University of
Stuttgart), Kortiim, Wallrapp et al (DFVLR, the German Aerospace Research
Establishment), Wittenberg, et al. {University of Karlsruhe): and in the
US, Ulcker and Seth (University of Wisconsin), Orlandea, Chace, et al.
(Mechanical Dynamics Inc.), and Haug, Nikravesh, et al. (University of
Iowa/Computer Aided Design Software inc.). Other important names
include Paul (University of Pennsylvania) and Andrews (University of
Waterloa}. P

The NATO Advanced Study Institute on Computer Aided Analysis and
Optimization of Mechanical System Dynamics (1983) brought together most
of the leading researchers in this area and the lecture notes were
published [3]. These notes provide a very comprehensive and almost up
to-date information on the state-—of-the-art. Other important

conferences on this subject include the 1977 IUTAM symposium in Munich,



FRG [4], the 1985 IUTAM/IFToMM symposium in Udine, Italy (5], and the
1986 ICTS seminar in Amalfi, Italy [6]. Kortiim and Schiehlen [7]
surveyed general purpose vehicle dynamics software. Wittenberg [8] has
also provided an excellent bibliography on multi-body system dynamics.
These and other publications (most of them by rcsearchers mentioned

above) provide the bulk of the information in this field.

The résearchers who have tackled the multli-bedy dynamics problem
come from two distinct backgrounds, namely, spacecraft dynamics and
machinery dynamics. Spacecraft dynamicists considered mainly systems
with open chain (tree) topology. These systems usually have a large
number of degrees of freedom and some elegant multi-body formalisms are
available for generatlon of equations of motion. However, the mechanism
dynamicists have to deal with systems with closed chains. In most
mechanism applications there are large number of bodies interconnected
with so many constraints that the total degree of freedom Is only one.
Therefore the treatment of the problem differs significantly from that
of open loop ones, We will review the analytical and computational

techniques of mechanical system dynamics in the next section.

1.2.1 Analytical Methods and Computer Programs

There are several analytical methods in classical mechanics dealing
with the dynamics of systems of rigid bodies. To be useful in a general
purpose computer application, these methods should satisfy two important

requirements which, in general, are not easily fulfilled simultaneously.



First, they should be general enough to describe the dynamic behaviour
of a wide range of dynamic systems, Second, their application to any
particular mechanical system should be possible with a minimum amount of

preparatory work. For example, Lagrange's equations of the second kind,
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satisfy the first requirement, but not the second. Therefore, this
formulation ils avoided in most general purpose programs. The ones that
have been commonly wused are: Newton-Euler equations {vectorial
mechanics), Lagrange's form of d’Alembert’s principle, and the use of
Lagrange Multipliers. Paul [9,10] and Wittenberg [11,12] give excellent

reviews of the different analytical techniques.

GMR DYANA from General Motors Research Laboratories [13,14] seems
to have been the first self-formulating program for mechanical system
dynamics, However, it was restricted to one-dimensional (scalar)
systems. For example, models shown in Figure 1.2(a). Scalar systems
are free multi-body systems with each body's motion restricted along one
direction and they have a simple, direct analogy with electrical
networks. This recognition has led to other general purpose computer
codes, such as the one by Ferrer ([15}, for linear, scalar mechanical
systems. These programs are of limited use and have not been further

developed.
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Fig. 1.2: Vehicle suspension models used in ride comfort
studies



The equations of motlon for free multi-body systems in space are
derived most easily and directly using vectorial mechanics by applying
Newton-Euler equations to each free body. No commercial software exists
based on this principle because their application would be limited. For
motion in 3D, there is no direct electrical analogy since the motions
are coupled, However, Andrews and Kesavan combined the concepts of
graphs theory and vector mechanics to formulate the vector-network
method for 3-dimensional mechanical systems [16,17]. This gave rise to
computer programs, such as VECNET and PLANET, developed as research
tools. The original formulation was applicable only to free MBS, and
also required the user Yo draw two separate networks - one for
translation and the other for rotation. Recent developments have seen
these barriers removed [18-24]. Two general purpose programs, ADVENT
for 2D systems [20] and RESTRI for 3D systems [24} have also been
presented. However these are still not fully developed programs since
they require much preparatcry work by the user, such as drawing

vector-network dlagrams,

All the other multi-body formalisms also make use of concepts of
graph theory, but in a more limited form. The major problem in any MBS
formalism is the need to handle the kinematic constraints in the joints.
The constraints give rise to algebraic relations among the coordinates
and velocities representing the relative motion between the constrained
bodies. There are two basic strategies to handle constraints. In the
first, a maximal set of equations of motion for the free body diagram of

each body is established using the Cartesian coordinates. These are



augmented by the algebraic constraint equations. Then the combined set
of differential and algebralc equations are, solved using special
algorithms [25,26], In the second stratééy. a minimal set of
differential equatlons is generated by reducing the order through
incorporation of the constraint equations. The number of equations that
remain are equal to the degrees of freedom and these coordinates are
called generallized coordinates. A combination of the these two

strategies is also peossible.

The popular modern constrained multi-body dynamics programs, ADAMS,
and DADS, saw their inception in the work by Chace and Bayazitoglu [27].
This work led to the program DAMN [28,29], and its successor DRAM [30],
both of which were for planar systems. The analytical basis of these
programs is the Lagrange Multiplier method. In DRAM the angular
orientation if links and the translation of slider joints were used as
the set of Lagrangian coordinates. When there are closed loops the
number in this set exceeds the degrees of freedom of the system, and
therefore the ordinary form of Lagrange's equations (Equation 1.1)
cannot be used. Instead a form involving Lagrange Multipliers is used
together with a set of sescond order equations obtained by twice

differentiating the algebraic constraint equations.

ADAMS [31,32] and DADS [33] are three dimensional cousins of DRAM.
In ADAMS and DADS, each rigid body has 6 Lagranglan coordinates
associated with them, say, for a total of N of them. In a free

multi-body system, these coordinates correspond to the degrees of
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freedom of the system. But in a constrained system with M holonomic
constraints, there are algebraic compatibility equatlions at each jeint
which relate these coordinates te each other. The system has only
P = N-M degrees of freedom. But the N Lagrangian coordinates can be
treated as independent, if we conceptually remove the explicit
constralnts but consider the reactions produced by the constraints as
external forces. This leads to the equation of motion in the form of
Lagrange's equations with multipliers. These are N differential
equations with N+# unknowns (N Lagrangian coordinates and M Lagrange
multipliers). They are augmented with the M algebraic constraints and
the resulting differential algebraic system of equations (DAE) are

solved using special techniques [34-37].

Another popular general purpose program is IMP (Integrated
Mechanism Program), developed by Uicker and Seth in 1971 [38]). It is in
fact the first general purpose code for large displacement MBS in 3D.
This program is available as part of the popular CAD system called
[-DEAS ({39]. The mechanism may be modelled and assembled using the
solid modelling module, GEOMOD, of I-DEAS, and analyzed using IMP. It
uses Lagrangian ccordinates and loop-closure techniques to derive the
equations in the form of Lagrange's equations of the second kind. This
leads to a minimal set of equations, although in an extremely complex

form, which can be integrated using standard techniques.

MEDYNA was developed with high speed transportation systems in

mind. It has analysis options useful for vehicle ride and stability

11



analysis and special modules for vehicles on rails [40,41]. It allows
for closed kinematic loops, but only small deflections for the bedies,
MEDYNA generates a minimal set of equations by incorporating the
constraint equations. Another significant way in which 1t differs from
other MBS programs i{s that the equations can be generated with respect
to a moving coordinate system instead of an inertially flixed system. An
inertial frame is valid for mechanisms and robots but for vehicles,
there could be numerical difficulties due to the combination of large

position vectors and very small relative motions.

The programs mentioned above are the more common of several general
purpose software currently in the market. Others include DYMAC, NEWEUL,

MESA VERDE, SD-EXACT, SPACAR, NEUBEMM etc. (2,7].

Computer implementation of a particular formalism may elther be
numerical or symbolic. In a numerical formalism the equations of motion
are generated numerically. They have the shortcoming of having to be
generated for each set of parameters and at each time step in the
integration procedure. In a symbolic formalism the equations of motlion
are generated symbolically, and usually written out in a high level
programming language (42]. These equations are then compiled and used
by an analysis program. This leads to fast execution as well as ease in
parametric variation. The programs NEWEUL, MESA VERDE and SD-EXACT

generate the equations of motion symbolically [7].

In most of the commercial programs the use of a maximal set of

12



equations to take care of the constraints greatly increases the number
of equations to be solved. It is not wunusual to have hundreds of
differential equations to be solved even when the multi-boedy system hag
only one or two degrees of freedom. In some applications of these
programs for vehicle dynamlc simulation, one second of vehicle motion
simulation has taken 1 hour of mainframe cpu time [43]. Because of this
the general purpose programs ar2 used only for critical event
simulation. In fact, time simulation is the only dynamic analysis
option available in most programs. Several users of these programs also

complaln about the inadequate and ‘unfriendly’ user interface.

General purpose programs can solve a very wide range of problems and
can give accurate results. But their general use is limited by the
drawbacks pointed out above. Another disadvantage of these programs 1is
that the mechanical system has to be modelled as a spatial mechanism to
be input to the program. This may not be the procedure all mechanical
system analysts are used to. In vibration analysis, schematic models of
mechanical systems are of the form shown in Figure 1.2. The analysis to
be carried out may be transient response, eigenanalysis, transfer
functicns etc.. Using existing general purpose programs solution of

these kinds of problems is either impossible or very cumbersecme.

1.2,2 Vehicle System Dynamics

In ground vehicles, the vehicle dynamic analysis deals with three

essential aspects: ride quality, handling, and load support. In this

13



research project we are primarily concerned with ride and handling.
Although for a passenger, the quality of ride is determined by such
factors as seat layout and noise, we use ride quality to mean the
vibration level in the vehicle (experienced by passengers, cargo or
vehicle components). There are three primary sources of vibration in
vehicles, namely, engine and drive-train, aerodynamic loads, and
vibration induced by the terrain and driver maneuvers. We concentrate
on the last of these as it is the most domirant. Handling analysis is
concerned with driver manoeuvres such as turning, ©braking and
acceleration, and their influence on the response of the vehicle. In
the present study we focus some aspects of roll dynamics due to

steady-state turning.

There is a large body of research dealing with ride and vibration
problems of road vehicles, off-road vehicles, rail-vehlcles, and
aircraft on runways [44-47]. Most of these studies deal with
analytically predicting the dynamics of vehicles to different kinds of
inputs, and the design and analysis of passive vehicle suspension
systems to provide better isolation. In most vehicle systems, there are
three stages of suspension units. With refergnce to an automobile these
are (1) primary suspension (tires), (2) secoﬁdary suspension tassembly
of spring-damper and linkages at the wheels) and (2) tertiary suspension
{seat). The majority of ride comfort studies use the vehlcle models
-such as those shown in Figure 1.2. Most of these studies are also based
on linear analysis. When nonlinear effects are included, they are

usually those due to dry friction and other non-viscous damping
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phencmena.

Ride quality is achieved mainly by isolating shock and vibration
from the ground. The main isolation units, usually consisting of
springs and dampers, are connected between the wheels and the vehicle
frame. Development of different types of suspension systems such as
passive, active and semi-active systems to improve the ride quality is
an important area of current research [48-501. The application of the
methodology and software packages that we develop in this research is
envisaged mainly in}this Field.

The spring-damper isolator ‘units usually appears as part of a
linkage arrangement connecting the vehicle frame to the wheel or track.
Figure 1.3  shows some examples of linkage geometries in wvehicle
suspensions. The linkage configuration in the suspension affect the
vehicle ride comfort, often unintentionally. Therefore, a complete
study of ride comfort must also include the effects of the linkage
configuration in the suspension. This study can be divided into two
areas: |
1. Analysis, ‘”to investigate the effect of various linkage

configurations on ride performance;

2. Design, involving the synthesis of a linkage geometry to achieve
desired goals of ride performance as well as the requirements of

proper support and handling.

These two aspects of the problem have gained little attention from
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Fig. 1.3: Examples of vehicle suspension linkage arrangements



researchers so far. The linear analysis used in most ride comfort
studles are in general valid only when the displacements are small. In
the case of a linkage suspension, 1ts change in geometry under large
deflections often causes highly nonlinear effects. Although these
aspects have not been examined from the point of view of ridg comfort,
studies are reported for handling behaviour and componenf‘ stress
analysis. In fact, it seems that suspension linkage geometry design is

entirely determined by handling behaviour [51].

Vehicle handling and stability studies have considered suspension
kinematics in detail [52]. Hales [33] proposed the suspension
derivatives method for a planar suspension system to study the
relationship between the roll and bounce movements of the vehicle body
and the camber and scrub movements of the road-wheel. Butler and Ellis
(54]) later extended it for spatial kinematics and provided experimental
valldation. Cronin [55] has modelled the MacPherson strut suspension
and studied the influence of wheel bounce on the changes in camber, toe,

scrub, ete..

Several researchers have included the kinematics of suspension
linkages in their study of vehicle dynamiecs. Dorgham and Ellis [56]
used the suspension derivatives method in the modelling of a planar
suspension for dynamic analysis. Majcher et al. [57] carried out
large-deflection kinematic analysis of suspension linkages, using a
linearized model for dynamic analysis. Morman [S58] modelled the

suspension system as an inertia-variant multi-body system and derived
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dynamic equations using the Lagrange Multiplier mrethod. Reddi et al
[S9] studied the dynamics of a helicopter with semi-levered landing gear
traversing the runway. Nalecz [60] has presented a Pfibased program to
evaluate the handling behaviour of a2 number of light vehicles. He has
also considered suspension kinematicg.ln the study of 4 wheel drive car
'_handling maneuvers [51-62]. Many others have presented dynamic models

of automobiles which include the kinematics of the suspension linkages

(63,64].

An important aspect of vehicle handling is 1ts turning behaviour.
The distribution of lateral load-transfer due to centrifugal forces can
cause understeer or oversteer effects [52]. A commenly employed method
of characterizing the roll dynamics of different suspension systems is
via its roll centre location and roll stiffness . These are determined
by the kinematics of the suspension linkages, and therefore, several
authors have presented methods of determininé them [52,60-62,65-69].
Others [63-64] have elther used or computed roll centres, without
describing how they are computed. However, there has been some

confusion as to what exactly is the roll centre, and how to determine

its location etc. [69].

We now examine the use of some general purpose programs in vehicle
system dynamic analysis. Some researchers have used finite element
programs for ride comfort studies [70,71]. However, they are cumbersome
te use and of limited application. Some researchers have also used the

general purpose multi-body programs mentioned earlier for various
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suspension studies. Glannopoules and Rac [72] used IMP teo carry out the
dynamlc simulation of an automoblile wheel impacting a curb. The purpose
of the study was to compare vehicle models of varying complexity for
suspension load determination. Rai et al [73] used ADAMS to determine
peak loads on suspension components during abuse events. Orlandea [74]
and Orlandea and Chace [75] used ADAMS to compute suspension forces in a
Chevorlet Malibu meodel. Chace [32), Antoun et al. [76] and Hackert et
al. [77] carried out transient handling dynamic simulation of light
trucks using detailed suspension models. Farm vehicle manufacturers
also have been using the programs ADAMS and DRAM [78,79]. But their
primary interests are the dynamics of different mechanisms (for
planting, harvesting, etc.) attached to the farm wvehicle, and not

vehicle dynamics.

The program DADS has also been used for vehicle dynamic studies.
Trom et al. [80,81] modelled a mid-size passenger car and simulated
turning maneuvers, as well as, the dynamics of a simple load-levelling
contre]l algorithm. McCullough [82] studied tracked vehicle dynamics

using super-element representation of suspensions and track.

Most applications of MEDYNA have been in the area of high speed
rail transportation systems. Duffek and kortﬁm [40] have presented
simulation results for a magnetically levitated vehicle. Jaschinski and
Kortlim [83] and Jaschinski [84] presented the theory of wheel-rail
interaction structure, and simulated a 4-axle rail passenger car

travelling at high speed. They also demonstrated the application of the
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software in the analysis of low speed hunting behaviour of a freight
car. Fuhrer has [85] detailed the many vehicle system dynamic analysis

methods implemented in MEDYNA.

NEWEUL is a program that can generate symbolis linear or nonllnear
equations of motion which may then be solved by other simulatlion
programs. Schiehlen [86] has presented equations of a simple vehicle
model for lateral dynamic analysis, and those of a complex automecbile
for vertical vibration. Both NEUBEMM and NEWEUL has been used by
researches at BMW to study transient and steady-state analysis of a

metoreycle and an automobile [87].

MEDYNA does not take into account large rigid body motions in
suspensions. Two other programs, ADAMS and DADS, which do this, are
based on formalisms that generate a maximal set of equations for the
multi-body system. For example, even a simplified model of a MacPherson
strut suspension unit gives rise to 35 second order differential
equations together with 33 algebraic constraint equations (81]. Full
vehicle models may have hundreds of equations and may take an hour or
more of main frame CPU time for a single second of vehicle dynamic
simulation. These programs also require large amounts of geometrical
and physical data, and require a high level of modelling expertlse and
time. Furthermore, due to the complexity of the model, little physical
insight can be gained about the effect of various components on the

overall system performance.
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1.3 SCOPE OF THE PRESENT STUDY

Vehicle system dynamicists do not usually make use of the general
purpose mechanisms programs described earller. Apart from the high cost
of these software, there are other important reasons why this is the
case. One reason ls apparent when we look at the kind of mechanical
system models that these dynamicists use, shown in Figure 1.2, These
are most of the time inertla-invarlant systems of free multi-bodies or
articulated multi-bodies in tree cenfiguration. It is cumbersome and
sometimes meaningless to model these systems as spatial mechanisms as
most of the general purpose programs require. The second reason is that
the analysis options available in the general purpose programs are
usually limited to time simulation. However, the vehicle system
dynamicist must be able to carry out frequency and time domain analysis
of vehicles traversing deterministic and stochastic terrains, as well as
optimization studies. Another disadvantage of the general purpose
mechanism programs is that they do not allow a modular appreoach to
analysis and design. Since the vehicle~terrain system is modelled as
one system, It 1is not easy to understand the effect of varlous
subsystems on the overall performance. Therefore the use of these

programs in design is very limited.

1.3.1 Objectives

In ground vehicle applications, the multi-body model of the vehicle
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1s characterized by bodies of relatively large masses Interconnected by
springs and dampers, or by kinematic jeints in the case of articulated
vehicles. The linkages making up the suspension assembly are of much
smaller mass and often form closed kinematic chains. The large bodies
representing the wvehicle sprung masses go through only small rotatlion
angles, at least in roll and pitch modes, whereas the links in the
suspension assembly may experience large motions. These characteristics
warrant a different approach to the modelling and analysis of vehicle

systems.

In the current research program we seek: (1) to create an
anaiytical formulation that is suitable for digital computer
implementation which allows the engineer to input data that deflnes the
mechanical system of Iinterest (especially vehlicle systems) and
automatically generates the governing equatlons; (2) to develop and
implement numerical algorithms that automatically solve the equations
for dynamic response of the system, and provide computer graphic output
of the results to the designer or analyst; (3) to develop new techniques
for the analysis and design of suspension linkages; (4) to implement
these in a general purpose program; and (5) to use these techniques and

software for the analysls of suspension systems for a snowmobile.

As part of the flirst objective we seek to create a formulation
whose modelling strategy parallels the Intuitive sand customary
techniques used by mechanical system dynamicists. We explaln what we

mean by this with reference to an example. Figure. 1.4(a) shows a
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Fig. 1.4: Lumped parameter model of a automobile with a driver
{a) conventional schematic, (b) mechanism model
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typical model of an automobile with a driver. The driver is represented
by a mass which may move vertically up and down (bounce). The vehicle
may bounce and pitch. The suspensions are represented as two-port force
generators. Totally there are 3 degrees of freedom and we can easlily
write down 3 second order differential equations of motion. We have
intuitively regarded this as a free multi-bedy system and applied
Newton-Euler equations for each body. In genéral. an unconstrained
rigid body in a plane has three degrees of freedom. Therefore there aie
implicit constraints imposed on the driver and the vehicle so that the
driver has only one, and the vehicle two degrees of freedom, as shown ln
Figure 1.4(b}. We have written the equations for each degree of freedom
by considering only the relevant forces and torques. If this system
were to be analyzed using certain general purpose programs, it may have
to be modelled as shown in Figure 1.4(b). We may typically expect 6
second order differential equations together with 3 algebraic constraint
equations ! We consider this situation unacceptable as the computer has
complicated the problem. In this research program we present a

formulation which would closely follow the manual modelling technicques.

The second objective is the implementation of the new formulation
as a general purpose program for mechanical systems dynamics. We seek
an implementation which makes wuse of interactive graphliecs to full
advantage. The model description to the program should be as easy as
constructing the schematic drawing of the system by assembling its
various components on a graphics screen. The program should be able to

carry out a wide range of analyses for stochastic¢, harmonic and
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transient Iinputs, The software should also be able to generate the
system equations symbolically in a high level language, so that the
analyst may use it in his own special analysis programs. Most of these

are features nonexistent in the current programs.

Vehicle suspensions are not made solely of a spring and damper
attached to the wheel and the body. They often appear as parts of a
linkage assembly. But in the models shown above they have been
ldeallzed and represented by an equivalent isolator. Since the
suspension linkages go through large deflections, they introduce
geometric nonlinearities on the force generation of the suspension
system. As seen from the literature review, previous researchers have
taken two approaches to this problem. The common solution is to
linearize the model about the operating point. The other is to include
the nonlinear suspension kinematic model and solve it in each step of
numerical integration of a transient analysis. We develop a new
methodology for the analysis of linkage suspensions, called the method
of velocity coefficients. In this modelling scheme, the Iinkage
suspension is replaced by a linkage-free equivalent force-generator
model of identical isolation characteristics. A kinematic analysis is
performed a priori, to extract precisely and completely, the information
required for a separate dynamic analysis. This is Objective (3) and it
complements Objective (1) mentioned above, and leads to a eertain
modularity in the analysis and design stages. Another aspect of the
third objective is to take a fresh look at the concept of roll centres,

and to clarify some disputed points. We show that the method of
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velocity coefficients provides an analytical methed of computing roll
centres and roll stiffness, in contrast to the exlsting graphical

methods.

The fifth objective is to apply the techniques and software
developed as part of the first three objectives, to the kinematic and
dynamic analysis of suspension systems for a snowmobile. The suspension
model under study has a very complex linkage arrangement and it has been
shown that their kinematics have significant effects on the ride

comfort.

The present research project has been conducted over the past three

years and has resulted in several publications given in Ref. [88-93].

1.3.2 Organization of the Thesis

In Chapter 2, we present a mathematical formalism for modelling
vehicle system dynamics. This methodology parallels the intuitive and
customary techniques used in manual modelling and leads to symbolic
derivation of system dynamic equations. In Chapter 3, we present a
software called CAMSYD (Computerized Analysis of Mechanical System
Dynamics) which has been developed based on this work. This is a
general purpose, modelling and analysis program for two-dimensional
multi-body systems. The program features interactive graphic lnput and

output, automatic symbolic equation generation, and a wide variety of
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analysis options for vehicle dynamic analysis. Its usage is illustrated

through several typical examples.

In the modelling technique wused in Chapter 2, the vehicle
suspension systems are represented as ‘black box' force generators. In
reality, a suspension system consists of several linkages with springs
and dampers forming a part of it. In Chapter 4 we present new
techniques for the modelling and analysis of linkage suspensions. Using
this method, large deflection force deflection characteristics of the
suspension system can be evaluated from a kinematic analysis separate
from the total system’'s dynamic analysis. We also present new methods
of determining roll centre locations and roll stiffnesses of linkage

suspensions.

In Chapter S we present a software package called GENKAD (General
Purpose Kinematic Analysis and Design) for kinematic and kineto-static
analysis of linkages. It features interactive graphic data input and
output, animation, and design sensitivity analysis. Several vehicle

suspension systems are modelled and analyzed.

In Chapter 6 we present modelling and analysis of a snowmobile for
ride comfort, GE&KAD is used for kinematic analysis to determine the
equivalent force-generator models of the suspensions and CAMSYD is used
for dynamic medelling and analysis. Analysis results are compared with
results from field tests on an Iinstrumented snowmobile. Finally,

Chapter 7 presents general conclusions and some recommendations for
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future research.
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Chapter 2

A GENERAL PURPOSE FORMALISM FOR LUMPED PARAMETER

VIBRATORY SYSTEMS WITH APPLICATION TO VEHICLE DYNAMICS

2.1 INTRODUCTION

In very many applications in mechanical system dynamics, we
encounter models of the sort shown in Figures 2.1 through 2.4. These
include a dynamic model of a cam mechanism (Fig. 2.1) [94], gear dynamic
models (Fig. 2.2) [95], roll-plane model of a railroad car (Fig. 2.3)
[96], and ride dynamic model of a tractor semitrailer (Fig. 2.4) [97].
We have cited a few examples, but is clear that this type of lumped
parameter models are commenplace in engineering analysis. In this
chapter we present a general purpose formallsm suitable for computerized

derivation of equation of motion for this class of systems.

Models shown above may lack a certain realism, compared to
'mechanism’ models. But their widespread use indicates that they are
valuable in both analysis and design of mechanical system dynamics.
Furthermore, they are in keeping with the paradigm that models should be
“no more complicated than absolutely necessary to provide the necessary
information with the desired accuracy and timeliness, while minimizing

the use of resources" [98].
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Fig. 2.2: Typical gear dynamic models
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2.2 EQUATIONS OF MOTION FOR MULTI-BODY SYSTEMS : BACKGROUND

Multi-body systems are characterized by rigid bedies with inertia:
and springs, dampers, and other force-generators without lnertia; and
kinematic joints without frietion. Multi-body systems may be free,
holonomic, or non-holonomic, depending on the bearings and supports
which constrain the motion. Free multi~body systems have no kinematic
constraints. Such a system of p bodles in 3-dimensional Inertial frame
is represented by n = 6p generalized coordinates. A holonomic system of
p bodies and m holonomic, rheonomic constraints hag f = 6p-m degrees of

freedom.

There are several analytical methods in classical mechanies dealing
with tpe dynamics of constrained rigid Ebdy systems. The preferred
approach used in many current general purpose programs 1s the Lagrange
Multiplier Method. Using this scheme each rigid body is modelled with 6
Lagrangian coordinates associated with them, say, for a total of n of
them. In a free multi-body system, these coordinates correspo?d to the
degrees of freedom of the system (i.e., they are the géﬁéfallzed
coordinates). But in a constrained system with m holonomic constraints,
there are algebraic compatibility equations at each Jjoint which relate
these coordinates to each other. The sy;tem has only f = n-m degrees of
'freedom. But the n Lagrapgian coordinates can be treated as
independent, if we conceptually remove the explicit constraints but
consider the reactions produced by the constraints as external forces.
This leads to the equation of motion in the form of Lagrange's Equations

with Multipliers. These are n differential equations with n+m unknowns

34



(n Lagrangian coordinates and m Lagrange multipliers]). They are
augmented with the m algebraic equations of constraints and the
resulting system of differential - algebralc equations (DAE) are solved

using special techniques [34-37].

As a simple example, consider a particle of mass m in 2-dimensional
space. If there are no constraints on the mass, it is allowed to move
in xl and xa directions, which are the degrees of freedom of the system.
Consider forces F‘1 and F2 acting along the same directions. Then the

equations of motion follow directly from Newton's Second Law as:

m:‘él = Fl
(2.1)

These equations are independent and can be solved without
difficulty. Consider, now, that this particle is constrained to move

along the line:
ax+ b X,k ¢ = 0 (2.2)

The situation is shown in Figure 2.5. We cannot treat X, and X, as
independent unless we include the reaction forces due to the constraint.

Using the Lagrange Multiplier methed we can write,

mx, = F2 + b A (2.3)

ax+bx+c=20
1 2
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Now we have 3 unknowns, X0 X, and A, and 3 equations which can be
solved. Note that this procedure generates 3 equations although the

system actually has only 1 degree of freedom.

[f we choose the variable g as shown in Figure 2.5 as the

generalized coordinate, we will get the equation:

mqg= - (b/r) F.+ (asr) F, (2.4)

a2+ b

[l

where r

The quantities -{b/r) and (a/r) are the direction cosines of gq.
Therefore, the expression on the right-hand side of Equation (2.4) is
simply the sum of the components of the external forces in the direction
of q. In this formulation, we get exactly one equation for the one
degree of freedom. For this simple example, where the constraint was
between the particle and the inertial frame, it was possible to find a
Lagranglan coordinate which greatly reduced the complexity of the
equation. But it may not generally be the case. Nevertheless the above
example serves to illustrate the contrast between computer aided
formalisms based on a 'general' approach, and a more traditional
approach whereby one makes use of the speclal characteristics of a given

preblem.
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2.3 A NEW FORMALISM FOR A CLASS OF MULTI-BODY SYSTEMS

2.3.1 Characteristics of a Class of System Models

Models of the sort shown in Flgure 2.1 through 2.4, which represent
the majority of models used in mechanlical systems dynamics, are of the
inertia-invariant type. This characteristic is a result of dellberate
modelling decisions based on an understanding of the system that is
being studied, For example, models used in vehicle dynamics are
characterized by bodies of relatively large masses interconnected by
springs and dampers, or by kinematic joints in the case of articulated
vehicles. The linkages making up the suspension assembly are of much
smaller mass and often form closed kinematic chains. The large bodles
representing the vehicle sprung masses go through only small rotation
angles, at least in roll and pitch modes, whereas the links in fhe
suspension assembly may experience large motions. Therefore, if
suspensions are represented as spring-damper elements, the resulting

system is of inertia-invariant type.

Before presenting our modelling formalism, we would point ocut some
additional features of the models referred to earlier. Figure 2.1 shows
the modelling steps involved In studying the dynamlics of cam mechanism
[94}. The modeller's knowledge of the behaviour of such a system leads
to an abstract representation of the model as shown in Flgure 2.1(c).
The flexibilities and inertias of various links are lumped at discrete
points. Each of the masses has a single degree of freedom and Is

assumed to move vertically up and down. Figure 2.2 shows some models
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used in gear dynamics [95]. In some models the gears have a single
rotational degree of freedom. The shafts have rotational stiffness and
the gear meshing 1s represented by the linear stiffness of the
contacting teeth. In some other models, some of the gears have a single
rotational degree of freedom, while others possess an additional linear
degree of freedom. Figure 2.3 shows the roll plane model of a railroad
flatcar [96]. Once again we observe that different bodies are modelled
with different numbers of degrees of freedon. In the tractor
semitrailer model [97] shown in Figure 2.4, each of the wheel axle
assemblies are modelled as a point mass restricted to move in the
vertical direction. The tractor and the semitraller are modelled with 3

degrees of freedom. The fifth~wheel coupling is modelled as a hinge.

So, we note that in traditional modelling it is customary to model
different bodies with different numbers of degrees of freedom. This
decision is made by the modeller based on his experience and his
understanding of the particular problem. When he manually derives the
differential equations of motion for these systems, he does not
explicitly write six equations for six of the possible degrees of
freedom and then write additional constraint equations to represent the
gearing, bearings etc.. These constraints are automatically taken care
of when the actual degrees of freedom are identified in the modelling
stage and equations are written only for those degrees of freedom. In
this chapter, we formalize this customary equation derivation strategy.
The methodology leads to a straightforward algorithm for computerization

of equation generation.
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In vehicle systems, the suspensions are not made solely of a spring
and damper attached to the wheel and the body. They often appear as
parts of a linkage assembly. But in the models shown above they have
been idealized and represented by an equivalent isolator. Since the
suspension linkages go through large deflections, they introduce
geometric nonlinearities on the force generation of the suspension
system. In Chapter 5, we present a methodology whereby the linkage
suspension can be replaced by a linkage-free equivalent force-generator
model. Once the large deflections in the suspension linkage are taken
care of In this manner, there is no real need to model the entire

vehicle as a mechanism to use general purpose programs.

2.3.2 Modelling Techniques and Reference Frames

The formalism accounts for all of the models shown in Figures 2.1

through 2.4. A generic system is shown in Figure 2.6(a), along with

appropriate reference frames. In deriving equations of motlon we
recognize two types of bodies -~ free bodles without any kinematic
connection to other bodies, and those with kinematic constraints. A

single system model may consist of groups of articulated bodles as well
as kinematically lisolated bodies, connected together via springs and
dampers. This is typical of vehicle system applications. The formalism
treats free bodies individually and each set of articulated bodies as a
group. Only planar cases are considered with revolute joints being the
only Jjoint type. The methodology can, however, be extended to spatial

systems as well.
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(b) (c)

Fig. 2.6: A generic planar multi-body system: (a) system model and
coordinate frames, (b) system graph (c) directed graph
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The system is represented in an inertial reference frame XY as
shown in Flgure 2.6. This frame may have a constant velocity motlion
with respect to a ground-fixed frame XY®. Each bedy, i, has a body
fixed frame XY? at its CG. In the system nominal position, each of
these frames coincide with frames, XYT, which have constant positions
and orientations with respect to the inertial frame. Each of the bodles
may undergo large translational motions and/or small rotational motions

with respect to their nominal positlons.

2.3.3 Free Bodles

Free bodies have no explicit kinematic constraints relating their
motion to other bodies. The study of these bodies is therefore quite

straightforward.

2.3.3.1 Kinematics of Free Bodles

As discussed in Section 2.3.1, the bodies may have Implicit
sclercnomic constraints so that certain of their degrees of freedom are
restricted with respect to the inertial frame. Thus, we have
l1-degree-of -freedom bodies, which may have either translational motion
along a line or rotational motion. 2-DOF bodies may have elther two
translational degrees of freedom, or one rotational degree of freedom
and one translational degree of freedom. A 3-DOF body ls a truly free

body in the conventional sense.

Kinematics is the description of absolute motion. For a free body
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this is given by the generalized coordinates representing each of its
degrees of freedom. The nominal body reference frame, XYT, is defined
so that it aligns with the possible degrees of freedom of each bedy.
Therefore, the body position is given by an appropriate combination of

, and BT in this reference frame.

2.3.3.2 Dynamics of Free Bodies

For each free body dynamic equations can be written independently
of other bodies, once applied forces are known. The dynamic equations
are written in the body's nomiﬁal reference frame, corresponding to each
of its degrees of freedom. The total applied force on the body, Fi, is

given in inertial frame. Its components along Xf and YT are determined

as FT and FT . Then the equations of motion are:
m X = F' (2.5a)
R 1
m y = F (2.5b)
1 7 1
J 8 =N (2.5¢c)
1 {

where 9l is the rotation of bedy i, if it is allowed, and Hl is the sum
of all the moments acting on it. A combination of Equation {(a), (b), or
() apply depending on whether the corresponding degree of freedom
exlsts. For each body there are only as many equations as there are

degrees of freedom.
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2.3.4 Constrained Multi-body Systems

The analytlcal development in this section closely follows that
given by Wittenberg [11] with some modifications. Wittenberg ([11],
Chapter S5} has derived equations for large displacement dynamics of
systems of rigid bodies in tree conflguration. All kinematic joints are
assumed to be ball and socket joints. Two special cases are considered:
(1) a system with one body coupled to an external body whose motion is
specified; and (2) a system without any coupling to an external body.
Case 1 .befers to systems such as robot manipulators, human body in
locomotion, etc.. Case 2 refers to spacecraft in orbit, vehicle systems
etc.. For systems of Case 2, Wittenberg derived equations of motion
with the set of coordinates of the composite system centre of gravity as
one of the vector variables. This is appropriate for spacecraft, but in
many applications including for vehicle dynamics, it is more sensible to
treat one of the bodies as tﬁe main body and derive equations in terms
of that body’'s coordinates. This is the approach we follow here. For
the sake of clarity we present the derivation for a system of
articulated 2 degree-of-freedom bodies in a plane (each with bounce and
pitch degrees of freedom). The method can be extended as in Ref. {11]

to 3-D systems and other types of joints.

2.3.4.1 Description of Interconnection Structure

Ideal springs, dampers etc. do not constrain the motion of bedies
to which they are attached, but kinematic Jjoints do. In Figure 2.6(a)

bodies 5, 6 and 7 are free bodies as dealt with in Section 2.3.2.
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Bodies 1, 2, 3, and 4 form a system of constrained bodies. A very
convenlent way to describe the interconnectlion structure is by using a
system graph. A graph consists of two filnite sets: a set of elements
called vertices and a set of elements called edges [99]. The vertices
in this graph represent bodles and edges represent hinges. The graph
has a tree structure if there is a unique path between two vertices.
Figure 2.6 shows a typlcal example of the system under study (a), and

its associated system graph (b),

Each hinge appears between two bodies, and we associate an
arbitrary direction with it. Each hinge has a direction which points
away from one bedy and points toward the other. When there are n bodies
interconnected Iin the form of a tree, there are n-1 hinges. We
deslgnate any one of the bodies as the 'main bedy’, and it is numbered
as body 1. We assume a fictitious hinge, numbered as hinge 1, between
body 1 'and the inertial frame. Now there are n bodies and n hinges.
Figure 2.6{c) shows this structure along with directions assigned to .

each hinge.

The interconnection structure can also be described using an
incidence matrix, S. This is a square matrix. Its rows correspond to
bodies and columns to hinges. The elements of this matrix are defined

as:

+1 , if hinge i is pointing away from body j
SIJ =4 -1, if hinge i is pointing toward body j
o, otherwise
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For the systems shown in Figure 2.6, the incidence matrix is:

o O 0
+
o O
o +
LB o ]
+ 1
— — Q

Another matrix is also constructed to describe the interconnectlion
structure. It is called the path-to-datum matrix, T. Its rows
correspond to hinges and columns to bodies. Its entries are also 0, +1
or -1, If a hinge, i, belongs to the path from body j to the datum
(inertial frame), and is directed toward it, then le is +1. If it is
directed away then le is -1, otherwise it is 0. It can be shown that
that matrix T is the inverse of S, and thls inverse always exlsts for a

tree. For the systems shown in Flgure 2.6, the path-to-datum matrix is:

+1 +1 41 +1

0 0 0 +1

We note in passing that this matrix has a speclal structure. It is
an upper diagonal matrix, with all non-zero elements and all diagonal
elements equal to +1. This is a result of the particular way in which
the bodies and hinges were labelled. There are three conditions to be
satisf&ed - (1) all edges in the directed graph are pointing towards the

ground; (2) for each body the number for the inboard-pointing hinge is
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the same as the body number; and (3) body numbering is such that they
menotonically increase radially. The theory that follows is equally
valid no matter what the manner of labelling. But obviously the
structure of the matrix has a bearing on the form of the equations, the
complexity of matrix operations, as well as, storage requirements in a

computer implementation.

2.3.4.2 Kinematics of Constrained MES

Kinematics describes absclute motion of the system, l.e., positien,
velocity, and acceleration. For free MBS, position coordinates of each
bedy are alsc generalized coordinates. However, for constrained
systems, they are not all independent. For the case of a system of
2-DOF bodies in tree configuration, the kinematics is described in the
nominal referenq@fframe of the main body (body 1). The generalized
coordinates are selected as the set consisting of: 2 main body
coordinates (yi, 61) and rotation angles of each of the other bodies
(91, i =2 ...n). The rotations are considered to be small. The
{n+1)-vector, g, of generalized coordinates is,

T T\T

g =y, 98)

o8 (2.6)

Position kinematics is solved when each of the dependent
coordinates (yz...yn) are expressed in terms of g. In order to achieve
this, we describe another matrix. This is a matrix, c, whose elements,
clJ correspond to the X? distance from the centre of gravity of bedy i
to hinge j incident on it. From this we construct the matrix C, whose
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elements are the products of the corresponding elements in $ and c.
Since hinge 1 is fictitious, €., has no significance and is set to zero,

Using matrices € and T we define the distance matrix, D, as:

T

D = -(CT) (2.7)

The structure of C and T is such tnat the top row of D is all zeros.
Now we can write each of the bounce coordinates as:
n
y, =y, + Z Dij GJ I=1...n (2.8)
or, in matrix form as :

y=1ly + D8 (2.9)

where ln is a n-vector with each entry equal to 1. This establishes
position kinematic relations for small rotations. Velocitles and

accelerations are obtalned by differentiating 2.9 with respect to time

as:
y = lnyl + D8 (2.10)
y = lnyl + D8 (2.11)
For the sample system shoﬁn in Figure 2.6, application of Equation
2.9 gives,
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These can be verified by inspection from the figure.

2.3.4.3 Dynamics of Constrained MBS

Equations of motion are derived by applying Newton's Second Law to

the total system and the law of moment of momentum to each individual

bedy. Each bedy, i,

effective forces equal to applied forces, for

has a mass m], and moment of inertia IF

Setting

the overall system, we

have,
n n
E ay, = Z Fl (2.12)
1=1 i=1
f.e.,
T n
my = [ Fl (2.13)
=1
Substituting for y from Equation 2.11,
n
T . i
m (1y +D8) = :;F‘ (2.14)
or,
m ¥+ @mDd = ir (2.15)
tot”1 — — L' :



n
where My o= rm , is the total mass of the system. Equation 2.15 is

one of the n+l equations representing the system dynamics in n+l
variables. The other n are obtained by applying the law of moment of
momentum to each body separately. For this purpose we cut each of the
hinges and consider the free-bedy dlagrams of each body. Now the
internal forces in hinges appear as applied forces and torques along

with external forces and torques.

n
16 =M + T(S Y +C  X°) (2.16)

or in matrix ferm as

$6 = M + sY+cx (2.17)

where Yj is the torque generated due to friction or rotational
stiffness, and Xj is the constraint force in hinge j. X° can be

determined as follows.

Applying Newton’s Law to each free-body, we have,

=
<
I

F+ sxj (2.18)

4
>
1)
f

sy - F)

Tlal1y +06)-F|
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=y, Tm + THDE - TF (2.19)

Substituting this in Equation (2.17), we get,

T T P T

D my, + (3+D.MD)§ =M +SY+D F (2.20)
All the vectors above are n-vectors, and the matrices are nxn.

Equations 2.15 and 2.20 can be combined in matrix form to obtain

the final equations of motion as:

Aq = B(g,q,t) (2.21)
where,
T
mt.ot. il b
A= (2.22)
D'm  $+D'MD
and
LF,
B(4,q,t) = c (2.23)
H+SY+D'F

A is the generalized mass matrix of the system and it is constant
and symmetric. This can be evaluated once and inverted, to write the

system equations in state-space form as:

X = fix,t) (2.24)
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where £T= [ gT, QT ] is the state-vector.
These equations are in a form easily implemented in a computer
algorithm. This has, in fact, been carried out in the general purpose

program, CAMSYD, to be described in Chapter 3.

2.3.5 Applied Forces

In the forgoing discussions it was assumed that the applied forces
and moments acting on each body are known. This Section shows how these
can be computed. All forces acting on a body except those due to
kinematic constraint forces are called applied forces. These include
gravity loads, external loads, and those imposed by springs, dampers,
ete. . They can be proportional or proporticnal-differential forces.
Proportional forces depend on the systems position, defined by the set
nf‘generalized coordinates, g. Proportional-differential forces depend

on‘position and velocity. Thus, if we know the state of the system
defined by the state-vector x =lg, g]T, we can determine all the
proportional and proportional-differential forces. Forces in passive
springs and dampers depend only on the relative motlon across their
terminals. Wher. a terminal point is connected to a rigid body, the
motion of .this point can be computed from the state-vector using a
constant transformation matrix. Once all the forces are computed in the
inertial frame, they can be summed for each body and expressed in its

own reference frame. After this the deriﬂation of equations of motlion

follows as described in the previous sections.
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2.4. SUMMARY

A large class of mechanical systems can be modelled as lumped
parameter systems undergolng small rotations, and interconnected by
springs, dampers and hinges. Conventionally each body is modelled with
an limited number of degrees of freedom, so that the modeller can study
a particular behaviour without building a full mechanism type model.
For this class of systems, we have presented a formalism which leads to

stralghtforward computerization of the equation derivation process.

Rigid bodies may appear as free-bodies or groups of constrained
bodies in tree configuration. For free-bodies, the Newton-Euler
equations are applied directly to each free body. Groups of articulated
bodles can be treated separately and the equations derived for each
group. In this manner we avold having to construct a large mass matrix
for the entire system. There are smaller mass matrices for each set of
hinged bodies. The applied forces can be proportional or
proportional-differential type. A general purpose computer code based

on the above formalism is presented in next Chapter.
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Chapter 3

CAMSYD: AN INTERACTIVE GRAFHICS BASED SOFTWARE FOR

PLANAR MULTI-BODY SYSTEM DYNAMICS

3.1 INTRODUCTION

The terms computer-aided analyé;é. design etc. have become
commonplace in modern engineering practice. However, In most instances
they only mean that the computer is used sometime, somewhere in the
analysis/design process. Most of the time it is used only as a dumb,
albeit powerful, calculator. The engineer performs such tasks as
problem formulation, equation derivation, deciding on a solution
procedure, coding these in a computer language, debugging, plotting the
results, etec.. In a truly intelligent computer-aided engineering
environment, most of these tasks would be relegated to the computer.
The program CAMSYD, which we present in this chapter, is an attempt at
achieving this computerization. The contrast between the coenventlional,
manual or computer-alded approach, ang the‘-computerlzed approach Is
illustrated In Figure 3.1. We use the term ‘computerized’ as opposed to

‘computer aided' to signify this contrast.

The many self-formulating programlk reviewed in Chapter 1 have
greatly contributed to this computerization by automatic generation of
equations. However, the use of these programs require a fair amount of

work on the part of the user in problem formulation, data preparation
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and entry, and selection of numerical solution methods. Because of this

many a user has commented about poor user-program interfaces.

The general purpose programs have user Interfaces of varyling
degrees of sophistication. The earlier programs (e.g. GMR DYANA [13])
were executed in batch mode. ADAMS, DADS, and DRAM allow Interactive
data entry using a command language. For example, Reference [30] glives
a brief description of the syntax of the DRAM command language and
application to an automobile hood linkage. MEDYNA has interactive data
entry using menus and queries. The programs provide some error checking
and feedback to the user, as well as detailed on-line help. However,
data entry is entirely in textual form. In IMP, the pre-processor
displays links as lines on a graphics screen. Post-processing modules

of IMP, DRAM, ADAMS, and DADS feature graphlcs for generating plots and

animation. Reference [32,78] shows animation outputs from DRAM and
ADAMS, Reference [100] shows some examples of DADS animation
capabllity.

Multi-body dynamics programs designed with integrated graphics
features include DAVIS [101] and a new program described in Ref. [102]).
The former is for scalar {one-dimensional) spring-mass-damper vibratory
systems and was developed on now obsolete equipment. The latter,
presented in 1988, is for planar systems and has features very similar
to CAMSYD. It has a library of elements and the system model is
assembled on a graphlics screen using a mouse. The elements include
particle mass, rigid body, as well as linear and nonlinear springs and

dampers. The rigid bodies may be lnterconnected in tree conflguration
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using hlnges. However, the program only generates the equations of

motion in symbolic form, and does not solve them.

Several commercial CAD systems feature ‘mechanism’ modules
integrated with the rest of CAD operation. This allows for geometrical
models to be built using the interactive graphics features of the CAD
system, and in some cases provides animation of system motion. In most
CAD systems the only analysis possible is kinematic analysis of planar
mechanisms. The 3-D mechanism code IMP is used in I-DEAS software from
SDRC [39]. I-DEAS solid modeller can be used to generate realistic 3-D
component link models, or links can be represented as lines in the
mechanism module. Outputs can be viewed in X-Y plots or animated
graphics. I-DEAS can also be used as a graphic pre-processor to ADAMS.
Thls 1s an external interface, meaning that I-DEAS simply translates its
database of the model into an ASCII input file formatted for ADAMS.
Some other CAD systems such as COMPUTERVISION alse has interfaces to
ADAMS, while yet others (MEDUSA, INTERGRAPH, etc.) are either creating

interfaces for ADAMS or completely integrating it.

It is clear that interactive graphics is the preferred medium for
creating mechanical system models, | The proliferation of inexpensive,
yet powerful engineering workstations has made it almost an imperative.
The main advantage of graphics is that it gives the analyst a clear
understanding of what his system looks like, and allows efficient visual
error ‘checking. However, using CAD systems to generate mechanism models
has some disadvantages as well. First of all, a CAD model often

requires far more dimensional data than what is actually used by the
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analysis program, This means that even when one wants to perform
exploratory, preliminary analysis, a large investment in time 1is
necessary for data entry. A meore important drawback of CAD systems,
especially the wireframe variety, is that the CAD system has no
understanding of the physical object created by the user other than its
graphical manifestation on the screen. Therefore, the system ls unable
to use any of the properties of the underlying physical objects to help
and gulde the user through the modelling stage. This also means that
even minor changes, such as changing the length of a link in an existing
assembly, may necessitate having to redraw many different components to

which that link is connected.

3.2 SCOPE OF THE NEW SOFTWARE, CAMSYD

CAMSYD {Computerized 4nalysis of Multi-body System Dynamics) ls
primarily an interactive graphics based software. While the graphic
pre-processors reviewed above can be classified as a ‘'drafting board’
variety, CAMSYD uses a ‘sketch-pad’ type of model description.
Engineers use sketches to symboiically represent physical objects and
their configuration in space. These sketches are often not drawn to
scale. Rather the relevant dimensions are simply marked on them. Using
CAMSYD, the analyst can input his model in this symbolic fashion. The
graphic pre-processor has a ‘knowledge’ about the underlying physical

model, so that it can guide him through the modelling phase.

The class of problems we attempt to solve is somewhat different
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from those to which the general purpose programs mentioned above are
applied. However the above review and discussion is relevant since they
peint out the features that make nur appreach unique. Furthermore the
same arguments apply for the graphics based kinematic analysis and

deslgn program, GENKAD, presented in Chapter 5.

The speclial class of planar lumped parameter mechanical systems
addressed by CAMSYD is characterized by rigid bodies interconnected by
springs, dampers and revolute joints. The bodies may undergo small
angular motinns but large translational motions; the forces generated in
springs and dampers can be passive or active, linear or nonlinear. The
majority of system models in vehicle dynamics, machinery vibration,
rotor dynamics, and the like, can be represented by models of this sort.

Some examples of this class of models are shown in Figures 2.1 - 2.4.

L

CAMSYD is based on the analytical methods described in Chapter 2,
and is limited to planar systems. As mentioned in Chapter 2, rigid
bodles in a plane can be modelled as one, two, or three
degree-of -freedom bodies. These DOF may be made up of any combination
of twe translatlions and one rotation. The present implementation of
CAMSYD allows for only one-DOF (bounce) and two-DOF (bounce and pitch)
bodies. The bodies may form free MBS or MBS in tree configuration. The
impliecit and explicit constraints are automatically taken care of in the
formulation so that a minimal set of differential equations |is
generated. The equations are written in general state-space form and
may be linear or nonlinear, depending on the force generator elements

used.
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For both linear and nonlinear systems, CAMSYD provides time
silmulation with prescribed displacement or force inputs. Nonlinear
models can be linearized about any position and used in other options
available for linear models, such as frequency response functlions and

stochastic response.

3.3 USAGE OfF. CAMSYD

The program is fully interactive, taking advantage of the
interactive graphics facilities of modern engineering workstations. It
communicates to the user via on-screen menus and queries, and the user
responds with Inputs from a mouse or the keyboard. The user.need not
know any speciallzed theory of problem formulation or syntax of model
descriptioﬂ. He simply draws the schematic diagram of the mechanlci:l
system essentially as those shown in the figures referred to earller.
This is done by assembling the schematic on the graphics screen by
selecting system components from a menu. The user also specifies the
required cutputs and applies inputs by pointing to appropriate elements
on the screen. The package is divided into three main modules: the
pre-processor, the analysis (solution) stage, and the post-processor. A
brief description of the functions of each module is given in Table 3.1.
Figure 3.2 shows how, using CAMSYD, one proceeds through the modelling,
solution and post-processing stages. Figure 3.3 shows details corf CAMSYD

in its hlerarchical form, along with the contents of importznt menus.
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CAMSYD
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Fig. 3.3: Organization of CAMSYD
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Flgure 3.4 shows the mailn CAMSYD menu and the schematic
representations of various components. It contains rigid bodles with
various degrees of freedom, linear and nonlinear springs and dampers..
and revolute joints. At a higher stage in the menu hlerarchy, the user
also has the option of creating user-defined two~-port suspension
elements whose force generation characteristics can be specified. Thisg
feature 1is wuseful in modelling components such as oleo-pneumatic
suspensions, or active and semi-active isolators. When a new component
1s defined, it is automatically added to the menu of system elements

shown earlier.

Starting with a schematic diagram of the vehicle system such as
that shown in Figure 2.4, the user builds his computer model simply by
duplicating it on the graphics screen using the components from the
CAMSYD menu. The components can be assembled in any order using CAMSYD

pre-processor, Once the model creation 1is complete, the equations of

motion are generated after checking for proper topology. Closed
kinematic loops are not allowed. The equations are generated
symbolically as FORTRAN subroutines. The system parameters are

represented symbolically in the equations and their values are suppllied
at the solution stage. This facilitates easy parameter variations and
bptimization studles. The equations are written in standard state-space
form and the user may use it with any other special analysis program to
carry out analysis options which are not provided in CAMSYD. This

feature provides tremendous flexibility to the use of CAMSYD.

Once the model generation is complete, the user specifies the
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analysis he wishes to perfornm, This 1is also carried out in the
pre-processor. A wide range of analysis options are avalilable, such as,
time simulation for transient inputs, eigenanalysis (frequencies and
mode shapes), frequency response functions, stochastic analysis, ete..
A nonlinear model may be automatically linearized about an operating
point before it is used in frequenc: domain analysis. The program has
several special features for vehicle system dynamic analysis. For
example, various wave forms are available to be used as translent wheel
inputs. For vehlcles travelling with constant velocity over a given
terrain profile, the program automatically computes delayed inputs at
each wheel. Similarly, for stochastic analysis with single-variate
input process, the input spectral density matrix is also computed from

the spectral density of the single input.

A general purpose post-processor helps the user to graphically
examine the results. It can select output data and display X-Y plots,

mode shapes, write data to files, etc.

3.4 IMPLEMENTATION

Presently the program has been implemented on Apollo workstations
running AEGIS op:srating system, Silicon Graphics IRIS workstations under
UNIX, and Digital VAXstation workstations under VMS (partial
implementation). All these workstations feature high resolution color
screens, three-button mice and good environments for program

development. Furthermore they represent a very large segment of
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engineering workstations in use.

CAMSYD was originally developed on Apollo workstations and is
written entirely in FORTRAN 77. The analysis module of CAMSYD has no
user interaction and is therefore fully portable to any wmachine that
supports FORTRAN. However, the pre- and post-processors of CAMSYD make
extensive use of interactive graphics. The difficulty of making
graphics code portable is the wide variety of graphlics hardware and the
direct dependence of graphics code on this hardware. There are two
approaciies to making graphics code portable. The most desirable
solution is to write the graphlics code in a device-independent graphics
standard, such as GKS (Graphics Kernel System) for 2-D, or PHIGS
(Programmer’s Hierarchical Interactive Graphics System) for 3-D. Both
of these provide'general device-independent primitives and coordinate
systems as well as a set of logical input devices. The second approach
is to develop specific graphics libraries on each of the machines.
This, of course involves more work. We tried both approaches on Apollo
and the experience was that the PHIGS interface had a slower response
than the device dependent code. Since fast response is a truly
important factor for interactive graphics, PHIGS was abandoned.
However, this experience should not be general ized. Thatch and
Myklebust [103] have reported a PHIGS-based graphics pre-processor for
IMP. Some researchers have chosen to develop their own graphics

libraries - e.g. the program LINCAGES [104].

A 1library of high level graphics subroutines was developed to

provide interface between CAMSYD and the graphics hardware on each of
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the platforms. This library provides user interfaces such as menus and
queries, mouse and keyboard 1inputs, and graphics primitives such as
lines, circles, etc.. CAMSYD makes calls to this library for all device
dependent functjons. So in this sense the program is device

independent.

CAMSYD is designed and built as a collection of modular subpackages
for ease In development and additlion of new modules. As shown in Table
3.1, the main dlvisions at the top level are the pre-processor,
analysis, and post-processor. The pre-processor is used in defining the
system model and analysis options. It then generates the system
differential equations and writes them into a file as a set of FORTRAN
subroutines. The analysis information as well as the model database are
also written into files. The equations are compiled automatically and
linked with the analysis program to create an executable image. This is
Invoked from the main CAMSYD menu to carry out the solution. The
post-processor uses the output files created during the analysis run, as

well as the model database file created by the pre-processor.

3.5 APPLICATION TO VEHICLE RIDE ANALYSIS

We illustrate the graphics based modelling and analvsis of vehicle
system dynamics wusing CAMSYD. Examples are taken from published
literature to show the versatility of CaAMSYD as a generai purpose
modelling and analysis tool. The models are built from the system

components in the CAMSYD menu and the analysis and the graphical display
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Table 3.1: Implementation of CAMSYD

MODULE

FUNCTION

PRE~-PROCESSOR
{interactive)

- Create / edit system models
- Derive equations of moticn
~ Define analysis to be done
~ specify inputs and outputs

ANALYSIS
(no interaction)

~ Carry out solution
- Capabilities:

Nenlinear : linearization,
Linear: transient, elgenanalysis, transfer
functions, stationary random, etc..

transient response

POST-PROCESSOR
(interactive)

- Select and plot, write or animate results

Table 3.2: Parameter values for models shown in Fig. 3.5 and 3.8

m, 200 kg
m, 80 kg
m, 20 kg
X 30000 N/m
1
k2 320000 N/m
ka 60000 N/m
c, 4800 Ns/m
c 0

2
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of results are also carried out, Two examples are presented -

automoblle ride analysis, and tractor semitrailer ride analysis.

3.5.1 Automobile Ride Analysis

The first example is an automobile vertical vibration problem taken
from the textbook by Miller and Schiehlen {105]. Figure 3.5 shows the
schematic representation of a two degree-of-freedom quarter car model.
The reader may refer to the equations and lengthy solution procedure
given in [105. To study this problem using CAMSYD, we recreate this
schematic on the graphics screen by picking 2 single-degree-of -freedom
rigid bodies from CAMSYD menu (Figure 3.4, item 1), and positioning them
using the mouse. We then pick spring-damper combinations (Flgure 3.4,
item 7), representing the tire and suspension system, and attach them to
the rigid bodies appropriately. Next we define the free enq of the tire
as an input point (item 10); and the model is complete. Figure 3.6 is
the schematic of the vehicle model generated using CAMSYD. The
parameter values are given in Table 3.2. We can now select the type of
analysis to be carried out from a menu of various analysis options. We
want to evaluate the elgenvalues and eigenvectors of the dynamic systenm,

and study its transient response for a set of initial conditions.

Using the CAMSYD pre-processor we build the model and specify the
analyses that are to be performed. The differential equations are
automatically generated in state-space form In terms of the

. . 1T
state-vector [xl. X0 X, xz] . The eigenvalues are : AL2=
-30.2536 * 77.003i, and A3 = -1.747 + 4,.578i, Transient response of
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Fig. 3.5: Schematic of two degree of freedom automobile model
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Fig. 3.6: Two DOF automobile model generated using CAMSYD

71



the system for an initlal condition with xI(O) = 1.0 is shown in Flgure
3.7. These results are, of course, ldentical to those given in Ref.

[105], but obtained with little pain, and in a matter of minutes.

The model shown in Figure 3.5 ig very widely used to evaluate the
ride and road holding abilities of passive and active vehicle
suspensions. The frequency response function of this 2-DOF system shows
a significant vehicle body acceleration at the wheel-hop frequency. One
proposal to reduce this vibration is to employ vibration absorbers at
the wheel axles [105], as shown in Figure 3.8, The absorber Is a
relatively small mass elastically attached to the axle. This
modification to the earlier model is very easily achieved using CAMSYD.
We simply select another single-degree-of-freedom mass from the menu of
components and place it on the screen. A spring-damper element is next
selected and attached to the absorber mass and the unsprung mass.
Figure 3.9 shows the model of the total system, which now has three
degrees of freedom. When the user indicates that the model is complete,

the equations are automatically generated.

We 1llustrate another dynamic anélysis capability of CAMSYD by
using the model developed above. The aim of the analysis is to evaluate
the f{requency response of the car bedy vertical acceleration for
different values of the absorber damping, cs. Having created the model
we select the analysis options menu of the pre-processor, and select
frequen;y response functions, We ask for the frequency response
function relating the vehicle-body acceleration to the base

displacement. The response of the system is shown in Figure 3.10. For
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Fig. 3.8: Model of automobile with vibration absorber
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Fig. 3.9: Model of Fig. 3.8 generated using CAMSYD
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zero damping, total absorption takes place at the wheel-hop frequency.
At other frequencies the amplitude is larger than what we get with
damping. With increasing damping one actually loses the effect of total
absorption, but this is compensated for by improved performance at other

frequencies.

3.5.2 Tractor Semitraller Ride Analysis

The second example Iis a tractor semitrailer modelled as a
six-degree-of -freedom system as developed in Ref. [106]. Figure 3.11
shows this schematic model. The tractor and the semitrailer are both
two-degree-of-freedom (bounce and pitch) rigid bodies. The wheels are
single-degree-of-freedom (bounce) rigid bodies. We use the revolute

Joint element to represent the fifth-wheel coupling between the tractor

and the semitrailler. Figure 3.12 shows the system schematic mode:
reproduced using CAMSYD pre-processor. The fifth-wheel constralint
reduces one degree of freedom from the total of 7. The final six

degrees of freedom are: tractor pitch and bounce, traller pitch, and
bounce of each of the three wheels. CAMSYD generates the minimal set of

exactly 12 first order differential equations for this systemn.

CAMSYD recognizes beodies 1 and 2 (Figure 3.12) as a system of
constrained bodles in tree configuratlon and derives equations as given
in Section 2.3.4.3. The other 3 rigid bodies are free multl-bodies and
their equations are generated separately, as described in Section
2.3.3.2. CAMSYD generates equations of motion as FORTRAN subroutines,

Appendix A shows the complete listing of these equations as written by
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Fig. 3.12: Tractor-semitrailer model generated using CAMSYD
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CAMSYD. The assumption of small angular motlons for rigid bodies leads
ta a constant coefficient mass matrix for the hinged pair of bodies.
This matrixz is evaluated once after data initialization and inverted
symbolically (Subroutine INIT). Subroutine DIFEQN represents the actual
equations of motion and is repeatedly called by the analysis program
during solution. All system parameters are denoted by symbols (REAL
arrays MASS, SPAR and DIST), so that equations once generated, can be

used for any set of numerical values for these parameters.

To demonstrate the analysis capability of CAMSYD, the eigenvalues
and mode shapes of the above example are studied. In Ref. [97], damping
in the three main ~uspension units are optimized considering a
stochastic input. We take these parameter values, shown in Table 3.3,
and study the effect of varying the location of the fifth-wheel coupling
between the tractor and the trailer. This is a very practical design
varlation and it is expected to have a large influence on the ride
performance, To evaluate the real natural modes, we set all damping
values to =zero, and compute the eigenvalues and eigenvectors. Two
variations of the fifth wheel location are studied, 0.5m behind the
nominal position (+0.5m), and 0.5m ahead of it (-0.5m). Figures 3.13
and 3.14 show the first 2 modes of vibration, plotted using the CAMSYD
post-processor. From the ;esponse we see that moving the fifth-wheel
rearward leads to generally lower bounce in the first mode and lower

pitch in the second mode response of the tractor.

Magnitudes of the bounce and pltch acceleration transfer functions

are shown in Figures 3.15 and 3.16. The same two variations of the
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Table 3.3:

Parameter values for tractor semitraller meodel

m1 2400 kg
m, 14125 kg

m, 440 kg
m, 775 kg
m, 310 kg
I 1660 kg m°
15 37000 kg m°
k1 290 kN/m

ka’ k3 960 kN/m
k4 1450 kN/m
k., k 2900 kiN/m

5 6

c, 9350 Ns/m
c2 44150 Ns/m
c3 41390 Ns/m
d 0.82 m

1
d2 1.84 m
d 1.62 m

3
d 2.55 m

4
d 3.02 m
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Fig. 3.13: First mode of vibration for 3 different positions of
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fifth wheel location are studied for their effect on the frequency
response of the vehicle. From Figure 3.15 we see that the -0.5m
position leads to higher amplitudes at lower frequencies and lower
amplitudes at higher frequencies. In the case of +0.5m positien, the
situation is reversed. But the pitch acceleration response shown in
Figure 3.16 lIndicates a very different picture. The +0.5 position
gives consistently lower amplitudes for the frequency range considered.
Similarly, the -0.5 position leads to higher acceleration amplitudes

throughout the frequency range.

3.6. SUMMARY

We have presented a general purpose program, called CAMSYD, for the
modelling and analysis of lumped parameter mechanical systems. The
system models are described to the program by assembling its graphical
schematic on the computer screen. The program is self-formulating jn
that it can automatically generate the dynamic equations from the
graphical \input. The analysis options- implemented in CAMSYD cover a
range of analysis techhiques. We have lllustrated its use by applying
it to a number of vehicle dgéamics problems.

Using CAMSYD, it is possible to model, and solve complex vehicle
system dynamics problems Iin a matter of minutes, without writing any
equations or programming them. Graphics acts as the language of
communicatlion between the user and the computer. The computerization of
equation generation and selution ensures error-free results and enhances

productivity.

86



Chapter 4

ANALYSIS OF SUSPEN§ION SYSTEMS USING

THE METHOD OF VELGCITY COEFFICIENTS

4.1 INTRODUCTION

In ground vehicles the suspension system performs three essential
tasks of providing rilde quality, handling, and load support. Ride
quality 1s achieved by isclating the passenger and cargo from ground
induced vibration. This aspect of the study concentrates on the bounce,
pltch and roll responses of the vehicle sprung mass due to ground
excitations. Vehicle handling and stability, on the other hand, depends
on 1lts lateral, longitudinal, roll and yaw motlions induced due to
driving manoeuvres and various surface conditions. The problem of load
support falls in the domain of stress analysis, and is not taken up
here. The problems of ride and handling are very different and distinct
from each other and are therefore studied using different models and
analysis techniques. In this chapter we present some new technlques for
the analysis and design of vehicle suspension systems using the method

of velocity coefficients.

- Conventionally vehicle ride dynamicists have used lumped parameter
mass-spring-damper models of vehicles for ride dynamics studles (44-47].
Models, such as the one shown in Figure 1.2, have proven to be useful in
evaluating vehicle ride quality, and such fundamental vehicle

characteristics as natural frequencies and mode shapes. These models
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treat the vehicle sprung and unsprung masses as rigid bodlies undergoling
small deflections. The suspension system is often modelled as linear
spring-damper elements interposed between the sprung and unsprung
masses. But in reality, it consists of several links and lisolator
elements such as springs, dampers, and bushings, as shown in Figure 1.3
The criteria that motivate the designers to create the differing linkage
geometry are seldom based on ride comfort, but rather on handling and
stability characteristics of the vehicle [51]. However, as we will show
later, the linkage configurations have a significant effect on the ride
behaviour of some vehicles. The large angular motions in suspension
linkages produce nonlinear suspension forces, even when the individual
isolator elements themselves are linear. In this Chapter, we show how,
using the method of velocity coefficlents, linkage suspensions
undergoing large deflections can be modelled as equivalent force

generators for ride analysis.

One of the time-honoured conecepts in vehicle handling studies is
the one of roll centres [52,60-69]. The concept of roll centre is
considered to be of primary importance by vehlicle suspension designers.
The suspension systems play a major role in the vehicle handling and
stability by distributing the wheel normal loads. The concept of roll
centre provides a concise and simple calculation of this distribution
from lateral and longitudinal load transfers during a manceuvre. But
unfortunately there 1ls some confusion in literature as to what exactly a
roll centre is, how to determine its location, etc.. In this Chapter we
take a fresh lock at the problem and clarify several disputed points.

For example, it 1s shown that definition of roll centre given by SAE
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(107] is inherently misleading, although it is valid in certain cases.
We reestablish roll centre as the instantaneous centre of rotation of
the sprung mass, arnd propose a new, general method of determining its

location using velocity coefficlents.

Suspension kinematics has been taken into account In several
stability studies ([52-62), as reviewed in Chapter 1. The velocity
coefficients we present in this chapter have a resemblance to the
suspension derivatives presented by Hales [53]. Suspension derivatives
are "derived by equating the velocities of the inboard Jjoints of each
suspension link expressed in terms of body velocities to veloclties of
the outboard joints of the same link described in terms of wheel
velocities in the direction of the link" [56]. Mathematically the terms
suspension derivatives and velocity coefficients are synonymous. But we
prefer the latter because of itg wider meaning and accepted usage in
kinematic analysis [108]. Some authors have used the term veloclty

influence coefficient to refer to the same quantity [109].

Textbooks on kinematics of mechanisms define velocity coefflcients
in the context of kinematic analysis. However, their significance in
suspension theory has not been clearly understood., Therefore the aim of
this Chapter 1s twofold - to elucidate the above point, and to show how
a suspension system can be modelled so that all the relevant veleclty
coefficients are computed in the process of doing position analysis. We
show how the velocity coefficients.can be used to form an equivalent
force-generator model of a suspension system for ride analysis; for

kinetostatic analysis of wvehicle systems; and for determining roll
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centre locations and roll stiffness of suspension systems for use in
handling studies. Once the suspension behaviour is understood in terms
of velocity coefficients, the engineer has to carry out kinematic design
whereby he seeks to specify a linkage which would provide the desired
behaviour. Towards this end, we also derive expressions for the
sensitivity of velocity coefficients to design variables. This
sensitivity information can be used to manually iterate a design, or it
can be used in optimization algorithms. The ideas and procedures
presented in the present Chapter are implemented as general purpose
computer programs and are illustrated in Chapter S by application to

suspension systems of racing cars and snowmobiles.

4.2 THE DERIVATION OF VELOCITY COEFFICIENTS

Consider a generic suspension system as schematically shown in
Figure 4.1. The first task is to kinematically model the suspension as
a mechanism. For this purpose we consider the vehicle chassis as the
fixed link and identify a leocal coordinate system fixed at a convenient
reference point on it. Next, all links, Jjoints and force-generator
elements (springs dampers, etc.) are identified. Also, we define a
convenient set of Lagrangian coordinates which will uniquely determine
the configuration of the mechanism. These are typically joint variables
and link orientation angles. In kinematic analysis, shock-absorbers are
usually modelled using twoe links, 2 revolute joints and a prismatic
Jjoint, as shown in Figure 4.2(a). For the purpose of our analysis, we
can make a simpler model by intreducing a 'rubber band link', as shown

in Figure 4.2(b). We still have the same number of variables, but fewer
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(a) (b)

Fig. 4.2: Kinematic model of a shock-absorber (a) conventional
model. (b) ‘rubber band' link model
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numbers of Joints and links. The set of Lagrangian coordinates chosen
must include the deflections across all the force-generating elements.
For torsion springs, for example, these are their angular deflections,
and for shock-absorbers and coil springs, thelr length. From kinematic
eriteria (Gruebler's criterion, or loop-mobility criterion [108]) we
determine the number of degrees of freedom of the mechanism. MWe defline
that many number of kinematic variables as the independent varlables or
the generalized coordinates of the mechanism. These variables should
ideally correspond to the motions externally impressed on the suspension
system. If such a varlable is not readily avallable from the kinematlc
modelling, one can always add this variable alse to the other kinematic
variables, and write a constraint equatien relating this new varlable to

the others.

The suspension system is now characterized by a set of n Lagrangian
coordinates, g, among which 1 of them are identified as the independent
variables, g. The rest (n-1) = m of them are the dependent varlables,
¢. These include the p deflectlon variables across the force-generator
units. We order ¢ such that the first p of them correspond to these
T, qT]T.

variables. We can partition ¢y = (2 : Since there are m <ependent

variables, we can write m linearly independent constiraint equatlons
relating the n kinematic variables ¢. Assuming all g are known, we have

a set of m simultaneous nonlinear algebraic equations in m unknowns, $:

£l¢, ¢, @i q, 9,.q) =0 (4.1)

The variational form of this equation, after rearranging terms,
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becomes,

m afk 1 afk
y — d¢, =) dg, , k=1, 2, ....,m (4.2)
=1 a¢l =1 an .

or, in matrix notation,

Ad¢ = -Bdq (2.3)
where
af1
4= [A ] = |—— , a mxm Jacoblan matrix,
i) 8¢
J
and
af‘l
B=|B = [— | , a mxl matrix.
1) aq

J

As an illustration of the kinematic modelling procedure, we model
the conventional outboard racing car suspension shown in Figure 4.3.
The modelling 1s carried out as outlined above. Figure 4.4 shows the
variables and kinematic loops. A coordinate system is fixed on the
chassis at the lower inboard joint. Only one generalized coordinate,
q,. is sufficient to specify the motion of the suspension system. This
is chosen as the vertical motion of the road-wheel contact peint, ¢

1

denotes the deflection of the spring. cl are the constants that define
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the geometry.

He can write two equations corresponding to each of the two loops,
and one equation corresponding to the wvertical

road-wheel contact point.

coordinates,

f1 = c.cos ¢5
fa = cssin ¢5
f3 = ¢cos ¢5
f4 = césln ¢5
fs = cssin ¢5

Matrices A and B are obtained through direct differentiation as

and one independent coordinate, q,-

+

+

-+

motion, ql,

These 5 equations relate 35

The equatlions are:

c_cos ~gcecos ¢ -ccosc_= 0
7 ¢4 8 ¢3 1 2

c751n ¢4 - cssin ¢3 - c151n c, = o

+ C CoSs - cCos c, - CccCOs5C
(¢1 11] ¢2 3 4 1 2

(¢1+ ciilsin ¢2 - casin ¢, - clsin c,

csinlg+ e ) - q +¢, = 0

follows:
[ ) 0 c,sin ¢, -c sin ¢, -c.sin ¢,
0 0 -cacos ¢3 c7cos ¢4 cscos ¢5
A= cos ¢2 —(¢1+ cil)sin ¢2 0 0 -cssin ¢5
sin ¢2 (¢1+ cIIJcos ¢2 0 0 c cos ¢5
| 0 0 0 cgcos(¢4+ c1o) c cos ¢5
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For a general system, to carry out position analysis we must solve
Equation 4.1. For this we assume that the independent coordinates, g,
are known (constants). Then the m simultaneous nonlinear algebraic
equations (4.1) in m unknowns, ¢, can be solved using the popular

Newton-Raphson algorithm [108]). The iteration scheme is:

(i+1) (1 -1(1}

- e (4.4)

=3

=@

The jteration stops when 2(“ and 2(“4)

are sufficiently close,
The matrix 4 ' is important for other reasons also. From 4.3 we

can write,

d¢ = -A"'B dq = Kdq (4.5)

where K = -4 "B.

The elements of K are called the velocity coefficients of the
mechanism (108]. KU is in fact the partial derivative of the dependent
varlable, ¢t = ¢l(g), with respect to the independent variable, qj,

since we can write,

—— dg {4.6)
1 1= aqj

o
S
1}
ur~i~
=
o
0
m
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The Lagrangian coordinates we are particularly interested in are
those corresponding to the p force-generator elements, ¢1. ¢2...¢p.
The velocity coefficients corresponding to these are the elements of the

first p rows of K. They play an important role in the many applications

of velocity coefficients that we will consider ln subsequent Sections.

4.3 DESIGN SENSITIVITY ANALYSIS

In the Sections following this, we show how the force-generation
and roll centre characteristics of a complex suspension with several
kinematic variables can be described by a few velocity coefficients. In
a dynamic analysis model these coefficients appear as system parameters
along with other conventional parameters, such as stiffness, dampling
coefficients, etec.. Optimization may be carried out at this stage,
based on some dynamic criteria, to determine desired values for velocity
coefficients, generally as functions of the suspension generalized
coordinates. Then it is the task of kinematic design to synthesize the
suspension mechanism to provide the desired velocity coefficients.
During the <course of an 1iterative optimization process, most
optimization algorithms require sensitivities of objective and
constraint functions to changes in design [110]. Therefore, in this
Section we derive expressions for the sensitivities of dependent
varlables and velocity coefficlents to design and input variables. This
information can alsc be used in manual iteration to improve design. As
will be seen later, the sensitivities velocity coefficients to input

variables are also required for kinetostatic and ride and handling
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analyses as well.

The problem of mechanism synthesis has gained considerable
attentlon from researchers in the theory of machines and mechanisms.
Detailed reviews can be found in Ref. [111,112], and it is not our
intention to go deeply into this subject. Briefly, mechanism synthesis
can be divided into two areas: type synthesis, which selects the
appropriate mechanism type, and dim2nsion synthesis, where Iits
dimensions are determined. The objective of synthesis can be divided
into three areas: kinematlcs, kinetostatics, or dynamics. In suspension
design the linkage kinematics must satisfy the requlrements of camber,
toe, and caster changes, as wellzgs. produce overall forces as specified
functions of suspension travel. Although force generation falls inte
the area of kinetostatic synthesis, using the velocity coefficients
method we have reduced the problem Into one of pure kinematiecs. We

restrict our attention to the problem of dimension synthesis.

The objective and constraint functions for kinematic design are
dependent on position variables, ¢, generalized coordinates, g,
velocity coefficlents, K, and design variables, b. In the subsequent
discussions one must note the distinction between kinematic constraints
and design constraints. The design objective and constraints may be of

the form:

¥ =¥ (¢, g, K, b) (4.7)

where, as before, ¢ €®', g e R', K is a mxl matrix, and b € R° is the
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vector of design variables, and ¥ e R" is the vector of objective and
constraint functions. b is in fact the set of dimensions (constants)
that define the geometry of the linkage configuration. As example of an
objective function of the type shown above, see Ref. [113], where an
off-road motorcycle rear suspension linkage ls synthesized te obtain a

specified leverage ratio (velocity coefficient) curve.

For use in optimization algorithms we require the derlvatlives of
Equation 4.7 with respect to the design variables, b. As a necessary
first step towards computing these, the expressions for the
sensitivities of ¢ and K with respect b and g are derived in this

Section. From these, the required sensitivity of Wj to b can be

computed using the chain rule of differentiation.

4.3.1 Sensitivity of ¢ with respect to b

The kinematic constraint equations (4.1) can be rewritten, showing

thelr dependence on b, as:

£(¢. q, b) =0 (4.8)

Taking derivatives, as in Equation 4.2, we have:

ar ar ar
[ [ [

1o

(4.9)

The first two matrices in this egquation are A and B defined in

Section 4.2. The third one we call C. Clj is the derivative of the ith
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h design variable.

kinematic constraint equation with respect to the jt
For a given design b is constant and hence db = 0. In this case 4.9 is
identical to 4.3. From Equation 4.5, KlJ can also be interpreted as the
sensitivity of the position variable ¢} with respect to the input qr
For a glven configuration, dg = 0, and therefore, from Equation 4.9

we have;

Adg = -Cdb (4.10)

or

d¢ = -A"'Cdb = Pdb (4.11)

where P = -47'C is sensitivity matrix of the position variables, ¢, with

respect te the design variables.

4.3.2 Sensitivity of K with respect to b

By definition (Equation 4.5),

d __ d
N (4K) = TR (B)

H i

d4 d¢ _ _dB

= d—bl-K"'Ad—bl' - a—b—l
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= 95_ = -A'l [ Eﬁ. K + EE_ ] (4.12)

This is the expression for the sensitivity of K. However, it needs

to be further simplified because the derivatives, g%— and gg—. are not
! !

explicitly known. Since 4 = A(¢, g, b),

Q.
fis]

o}
o
5]

(4.13)

[oX
=

¢
QO
BN

+
QJIQJ
Bl
o
T|e

+
mlm
L]
o
|

The last term drops because g is independent of » (g%— = 0). From
!

Equation 4.11 we can write g%L = Pl, where Plis the Ith column of the
!

=1

matrix P = -4 "C. Equation 4.13 now becomes,

dA 84 a4

E: = a—bl- + -53 Pl {4.14)
Similarly,

dB _ 488 a8

a-sz—a—b-:'*‘%f’l (4,15}

Substituting these in Equation 4.12, we get,

dk  _ -1 8A a4 aB aB
'cwi = -4 [ [%: + % Pl]K + B_bl + 'a? Pl ] (4.16)
Note that gg is a 3-dimensional array, mxmxm, since A is a mum
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matrix and ¢ is a m-vector. Similarly, gg is mxlxm.

4,3.3 Derivative of K with respect to g

This derivative is the rate of the change of the velocity

coefficients with respect to the input deflections. Its derivation
parallels that of gﬁ . Similar to Equation 4.16 we have,

dk_ L g1 | (24, 94 98 88

aTIT = -4 [[aa-l-+a¢ Kl]K + aql+a¢ K;] (4.17)

where Kl is the ith column of the matrix K.

4.4 APPLICATION TO VEHICLE RIDE AND HANDLING ANALYSIS

The general purpose programs, such as IMP, ADAMS, DADS and MEDYNA,
have been used in several vehicle dynamics studies that include the
suspension kinematics [72~84]. Most applications of IMP, ADAMS and DADS
have been especially for suspension load determination. While these
were developed by researchers in machine dynamics, and are more relevant
to that area, MEDYNA was developed with high-speed transportation
systems in mind. It has analysis options useful for vehicle ride and

stability studies, and special modules for vehicles on rails [83-85].

MEDYNA does not take into account large rigid body motions 1in
suspensions. The two most popular programs, ADAMS and DADS, which do

this, are based on formalisms that generate a maximal set of equations
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for the multi-body system. For example, even a simplified model of a
MacFherson strut suspension unit, as shown in Figure 4.5, gives rise to
35 second order differential equations together with 33 algebralc
constraint equat16n5 [81]. Full vehicle models may have hundreds of
equations and may take an hour or more of main-frame CPU time for a
single second of vehicle dynamic simulationil These programs also
require large amounts of geometrical and physical data, and require a
high level of modelling expertise and time. Furthermore, due to the
complexity of the model, little physical insight can be gained about the

effect of various components on the overall system performance.

Important kinematlc parameters affecting handling dynamlcs are toe,
camber and scrub, and their derivatives with respect to wheel travel.
Besides these, the movements of suspension links also affect bounce and
roll stiffnesses. These effects are especially important to consider in
the case of racing applications, By using different linkage
arrangements to mount the springs and dampers in the suspension systenm,
sne has the possibility of shaping the stiffnesses as functions of the
relative motlon between the body and the wheel as desired. In Figure
4.6 we see the double wishbone linkage as the basic suspension concept
with variations in the way the spring-damper wunit 1is mounted.
Similarly, in Figure 4.7 we see several variations on the rear swing-arm
suspension system employed in off-rocad motorcycles. In each of these
figures, the kinematic relation between the vehicle body and wheel
movements are the same while the effective stiffness properties have
been modified. In four-wheeled vehlcles, the roll stiffness of front

and rear suspensions are related to vehicle understeer and oversteer
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Fig. 4.5: MacPherson strut type front suspension
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characteristics [52]. Although many studies have assumed constant roll
stiffness, it has been shown that this can vary considerably depending
on suspension movement [(67]. The velocity coefficlent approach we

propose provides a convenient way of analyzing and understanding these

effects.

In this Section, we present an approach to medelling linkage
suspensions that fits in with traditional methodology where suspenslion
systems are modelled as two-port force generators. At the same. time
this approach incorporates nonlinearities iIn springs and dampers;l@nd“
large deflections in suspension linkages. We do not have to model Eﬁe
entire vehicle-terrain system as one spatial mechanism, as would be
required by certain general purpose mechanism programs. Forces
generated in the elements of the suspension assembly may be passive or
active, linear or nonlinear. They may also be experimentally evaluated
'black-box’ elements. In our approach, a kinematic analysis |1is
performed a priori, to extract precisely and completely, the information

required for a separate dynamic analysis.

The information obtained from kinematic analysis is independent of
isolator parameters such as spring stiffness, damping characteristlics
ete. . The parameters of these elements can be varied and optimized
during the dynamic analysis/design stage without having to redo
kinematic analysis. The optimum variation of velocity coefficients and
isolator deflections c¢an alsc be computed at thls stage. This
information can then be used to solve the problem of kinematlc deslgn,

whereby one tries to synthesize these curves. This modular approach
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affords the engineer a better understanding of the problems, thereby

leading to better design sclutions.

4.4.1 Suspenslon Forces Using Velocity Coefflicients

We continue with the kinematic modelling and analysis procedure
described in Sectlon 4.2. As noted there, the vehicle suspension system
is modelled as & mechanism. Among the p force generating elements in
this mechanism, let the forces generated in the i*™" element be denoted
F . The corresponding deflections in the direction of these forces are

1

¢i. In order to model the suspension system as an equivalent
force-generator, we seek to find the set of generalized forces, Qj,
corresponding to the generalized coordinates, qj. Using the prineiple

of virtual work we can write,

17 F &¢ (4.18)

Using velocity coefficients (Equation 4.6}, this becomes,
K L) = i .19
. qJ] F K GqJ (4.19)

which implies

Q, = i FK {4.20)

This means that all QJ can be evaluated, once the input motions,

110



qj. are known. Thus we have a complete description of the force
displacement characteristics of the suspension. In particular, if the

force generators are passive elements,
Fl = Fl(¢l' ¢1) (4.21)

Variables, ¢l, are known from the solution of Equation 4.1, for a given

q. ¢1can be evaluated as (Equation 4.6), knowing g, as

(4.22)

g

1
ne—-—J-

-~

Q

, Y J

Therefore we can write

e, =0lg, a (4.23)

This expression is valid for active force-generators as well, since the
full state of the system is known once g and é are specified. Since K
is known once the positions ¢ and g are known, a position analysis alone

is sufficient to compute the overall suspension forces.

Note that g is a vector describing the relative motion between two
ends of a suspension system, and @ is the vector of corresponding
forces. Since, using Equation 4.23, the forces can be expressed in
terms of the relative moticn, a linkage suspenslon can be modelled as an
equivalent two-port force generator in conventional vehicle dynamic
models. The kinematic analysis can be done once, to evaluate the

required variables (spring deflections and velocity coefficlents) for a
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full range of input motion. These values can then be used during a
subsequent dynamic analysis either as a look-up table with interpclation
or as a functional approximation. in this manner, we can carry out
large-deflection dynamic analysis of the vehicle system without having
to solve the kinematics repeatedly in each integration step of the
dynamic equations of motion. If a small-deflection analysis 1is
required, the kinematic analysis carried out at the operating height
provides the necessary information to determine equivalent stiffness and

damping coefficients. This procedure is described in the next Section.

A further advantage of the'velocity coefficient method is that [t
helps us to characterize a suspension system using a set of fewer number
of parameters than those of the original system. For example, to define
the suspension system shown in Figure 4.3, one must specify the
interconnection structure of the different links and their dimensions.
In characterizing the forces generated in this suspension, these
ind;vidual parameters are relevant only to the extent te which they
affégt ~this force generation. The method of velocity coefficients
summa;;ze the overall force generation characteristics in terms of a few
parameters. Since the dynamics of the sprung mass is determined only by
the forces acting on it, 2 kinematic analysis is not relevant at that
stage. This division of kinematic and dynamic analyses helps to give
better understanding of the system. It also helps by separating the
design problem into manageable sizes. For example, during dynamic
analysis, optimization may be carried out using a cost function of
dynamic response varlables to determine optimum variation of velocity'

coefficients for a particular set of inputs. A kinematic synthesis may
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be carried out subsequently to design an appropriate suspension
configuration which will achieve this criterien as well as other

relevant ones.

4.4.1.1 Special Cases

We will now consider suspensions with each force-generator element
being a linear, passive spring in parallel with a damper. The stiffness
and damping coefficients are kl and cl, and the spring has an
unstretched length of ¢?. Then, using Equations 4.20 and 4.22, the
generalized forces corresponding to each of the generalized coordinates

can be written as:

o= |

1
0 .
l K, {kl(qbi—qbl ) +e jZIKU qj} (4.24)

1

Note that Q.| are in generazl nonlinear, due to nonlinear ¢l and Kly
although the forces generated in the lsolator elements themselves are

linear with respect to motions across them.
The linearized (small deflection) force-generation characteristles
of the linkage suspension can be written in terms of constant-

coefficient Ixl stiffness and damping méﬁrices. K and 6, as:

Q = Kqg + 6g (4.25)
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where

30, : oy .
K, = — - s_iks { K K, + (8 9, ) ~ } . (4.26)
9 |a=q - ) lag
and
8,

€ = — = i cK K (4.27)

i) 3(} o 21 s s si 0

) (979 q=q9

where go is the position of the generalized coordinates about which
linearization is carried out. If at this position ¢ = Q?, then the
second term inside brackets in Equation 4.26 vanishes. However, this is
often not the case since suspension springs will have a nonzero
deflection at static ride height due to vehicle weight. This means that
unless the velocity coefficlients are constant with respect to wheel
motions, the rate of change of velocity coefficients, —gg—, must also be

taken into account in computing effective wheel rates., This fact 1is

neglected in books on car suspension design [65,66,68]. Analytical

expression for computing gg is given in Section 4.3.3. There, this
same quantity Is represented by the notation :g

4.4.2 Vehlicle Handling Analysis

The main objective of handling analysis is to determine the vehicle

performance in cornering and braking. These are largely determined by
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the forces developed at the road-tire contact patches. Therefore the
most important components of a vehicle system affecting its handling
performance are the tires. Next in line is the suspension system, since
it transmits the forces between the vehicle sprung mass and the tires,
and determines the kinematics of wheel motion with respect to the
chassis and the road. The methodology for analyzing suspenslion forces

has been explained in Section 4.4.1.

Among the suspension system kinematic varlables, the wheel camber
angle and its rate of change with respect to wheel travel are very
impertant in determining the cernering performance. Other wvarlables
such as toe, bump-steer, roll-steer, and wheel scrub are also required
for vehicle handling analyses. All these quantities can be computed
using the kinematic modelling and analysis procedure described above.
The 'rate’ quantities (camber rate, bump-steer rate etc.) are nothing
but velocity coefficients when the suspension system is appropriately
medelled. These can therefore be computed from a kinematic analysis,

prior to a dynamic analysis, for the full range of input variables,

4.4.3 Kinetostatic Analysis

In mechanism theory the terms kinetostatic and quasistatic are used
to refer to static analysis that includes applied forces, as well as,
d'Alembert forces [108]., The problem may the determination of Jjoint
reaction forces for a given state of the system and/or the determination
of equilibrium position under the action of applied and inertia forces.

Knowing the spring/damper forces (Equatlion 4.21)} and generalized

115



external forces (Equation 4.20), determination of joint reaction forces
can be achieved using static force analysis methods given in References
[10,108). In this -Section we describe the determination of kinetostatic
equilibrium position using velocity coefficients. This computation is
often required in vehicle suspension analysis, for example, to determine

steady-state roll angle for a given centrifugal force [52,60,66].

Ellis [52] has presented a procedure for determining steady-state
roll angle using the concept of roll centre. This procedure, which is
widely used in practice, assumes constant roll stiffness and fixed roll
centre location, and gives a closed form solution. Nalecz [60] has
shown that roll centre movements can cause changes in roll moment arm of
up to 20% for some suspension systems. This means that error in roll
angles computed using Ellis' equations would not be insignificant
Nalecz used essentially the same equation as those in [52] but
implemented an iterative procedure to take care of roll centre
movements. However, a constant rell stiffness wvalue was assumed.
George and Sadler [67) actually solved for link forces and computed
steady-state position from force equilibrium, without reference to a
roll centre or roll stiffness. A set of simultaneous nonlinear
algebralc equations representing kinematic constraints and force balance
is solved numerically. The partial derivatives required in

Newton-Raphson algorithm are computed using numerical differentiation.

We present a method of kinetostatic analysis using velocity

coefficients. This procedure makes use of the expression for

generalized forces (Equation 4.20) and linear stiffness matrix (Equation
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4.26) derived earlier. Let R e R' be the vector of external forces
applied along the generalized coordinates q. If there are other
external forces, they can be included as one of the p forces, Fl.
already considered in Equation 4.20. In the case of lnertlial forces, we
apply the corresponding d'Alembert force at the CG of that particular
link, and treat it like an external force. For each external force, F‘.
there is a corresponding Lagrangian coordinate, ¢V included in the

kinematic constraint equation, so that the velocity coefficlient relating

it to the Iinput motion, qj, are computed as Klj. For static
equilibrium,

gl(g) = Q| - R1 =0 , 1 =1,2, ..,1 (4.28)
R 1s a known, since it is a constant vector. Q@ is in general a

nonlinear function of q as glven In Equation 4.20. Therefore Equation
4.28 represents a set of ! simultaneous nonlinear algebraic equations in
1l unknowns, g. As in the case of Equation 4.1, this can also be solved

using Newton-Raphson algorithm. The iteration scheme is:

g(s;«-l) = g(s) - K-l(s)g(s) (4,29}
vhere,
8g aq
Kfjj I | = 1! (4.30)
a (s) d (s}
9 lg=q" 1 lg=g®

For the case of linear springs, this stiffness matrix is given in
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Equation 4.26. The expression involves velocity coefficients and their
derivatives as given in Equations 4.5 and 4.17 respectively. All these
quantities can be evaluated for a given g from a kinematic analysis as
explained in the previous Sections. The flow chart of the kinetostatic
procedure is shown in Figure 4.8. It involves 2 nested iteration loops.
The lnner loop is the kinematic analysis stage which computes positions
{(solution of Equation 4.1) and stiffness matrix, for a given gl The
outer loop varies g to solve for Equation 4.28. The method is general
and does not involve numerical differentiations. The stiffness matrix
derived in the last stage may be used for a subsequent computation of

roll centre location and roll stiffness as explained In Section 4.5.

4.5 ROLL CENTRE LOCATION AND ROLL STIFFNESS

Roll axis of a suspension system is generally taken to be the line
about which the sprung mass rolls when it is acted upon by a lateral
force. This is the line Jjoining the front and rear suspension roll
centres. It is presumed that the vehicle rolls about this line during
cornering. The concept of roll centre is a very old one. Dixon [69]
traces its roots to 1908. The term is very widely used in discussing
vehicle handling dynamics [52,65-69]. Its primary purpose has been to
aid in the computation of the load transfer that occurs between inner
and outer wheels during steady-state cornering manoeuvre. This in turn
may be used to determine the vehicle wundersteer or oversteer
characteristics. Therefore, the concept of roll centre is considered to

be of great importance by vehicle suspension designers.
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It is possible to perform computer simulation and analysis of
vehicle dynamics without explicit reference to roll centres. it is
recognized that the roll centre approach is only an approximation which
gives first order estimates of suspension loads [52]. However, the
concept of roll centre is still popular because it very neatly
summarizes some important characteristics of the suspension system. But
unfortunately there has been some confusion in literature as to what

exactly a roll centre is, how to determine its location, etc..

In this Section we take a fresh look at the concept of roll centres
and clarify some disputed points. For example, it is shown that the
definitlion of roll centre given by Society of Automotive Engineers [107]
is inherently misleading, although it is valid 1n certain cases. We
reestablish roll centre as the instantaneous centre of rotation of the
sprung mass, and propose a new, general method of determining its
location based on velocity coefficients. The method is 1llustrated in
Chapter 5, where several racing car suspension geometries are analyzed.
It is shown that many suspension systems have a variable roll stiffness

as well as varying location of the roll centre.

4.5.1 Definition of Roll Centre

Ellis [52] defines =o0ll centre as "kinematic centre of rotation of
the suspension assuming that the wheels are rigid and do not move
sideways on the road surface". The Society of Automotive Engineers

[107] defines it as the “"point in the transverse vertical plane through
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any pair of wheel centres at which lateral forces may be applied to the
sprung mass without producing suspension roll". vanValkenburgh [68]
says it is the "single point at which resultant (lateral) force vector

acts on the chassls centreline".

We have briefly listed above some of the conflicting definitions of
roll centre advanced in literature. These definitions do indeed
conflict, because it is not necessarily true that a lateral force
applied at the instantaneous centre of rotation will not produce
suspension roll. Similarly, instantaneous centre ls not necessarily
the point at which the resultant suspension force acts on the body.
Thirdly, a point where a lateral force may be applled without causing
suspension roll is not necessarily the same point where suspension
forces are effectively applied to the body. We have repeatedly used the
term not necessarily in pointing out the deficiency in all the three
above definitions because these definitions are not always valld or
equivalent. It so happens that the procedure for determination of roll
centre location 1is almost always 1illustrated with the aid of a
conventional double wishbone suspension system. In this partlcular case
all the above definitions are correct since they refer to the same

point. However, this is not the general case.

Recognizing the apparent differences in definition, Dixon (69]
makes a distinction between kinematic roll centre and force roll centre.
He refers to the generally understood definition of roll centre
(instantaneous centre of rotation) as the kinematic roll centre and the

SAE definition as force roll centre. He proposes the definition that
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the roll centre "is the point at which suspension link forces are
effectively applied to the hody". He presents a geometrical
construction for determination of force roll centre, which is identical
to the construction procedure for the kinematic roll centre. However,
the procedure 1i1s now explained in terms of forces rather than
kinematics, The method is illustrated and explained with a double
wishbone suspension as the principal example. He points out the
ambiguity in the SAE definition, where, it refers to "the point . . at
which lateral forces may be applied”, while what we have 1s a line of
application of force. Dixon suggests that we do away with a graphical
construction altogether and use an abstract definition of roll centre
height as the product of actual load transfer factor and vehicle track
width. In this case the lead transfer will somehow have to be computed
first, before the roll centre height can be deduced. However, the
general procedure [52] is to compute the roll centre height first, so

that it can be used to compute the actual load transfer.

Dixon is the only person who has pointed out the apparent
differences between the general understanding of roll centre and the SAE
definition. But he does not notice a conflict. This conflict is not
obvious in the case of a double wishbone, or MacPherson strut
suspensions with the wheels assumed to be rigid and pinned to the
ground. These kinematic models have only one degree of freedom each.
Therefore, at any given position there is a unique point about which the
body is free to rotate, no matter where and how external forces or
moments are applied to iIt. This is, of course, the instantaneous centre

(IC) of rotation. 1In this case any force applied at the IC will not
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cause any body roll, and therefore the IC is identical to SAE deflnitlion
of roll centre. To illustrate the deficlency if this definitlon, we

take a more general case of a 2 DOF body as shown in Figure 4.9, which

has rotational and vertical degrees of freedom in this plane. An
applied vertical force at P causes a translation and rotation. The
instantaneous centre is located at C as shown in the fligure. It is

obvious from inspection that a vertical force applied at C will not fall
to cause a rotation of the body. Therefore in this case the SAE rell
centre is not the instantaneous centre of rotation. Note that there ls
no unique IC, since itgllocatlon will vary depending on the point of

application and direction of the external load.

As we noted earlier, the practical use of roll centres 1is to
determine the lateral load transfer occurring during a steady-state turn
or to determine the steady-state roll angle. This calculation involves
the roll stiffness of the suspension about the roll centre and the
moment of the centrifugal force about the roll centre. This requires a
pure angular deflection of the body about the roll centre and therefore
this point must be the instantaneous centre of rotation of the body.
Hence we define roll centre as follows: it is the instantaneous centre
of rotation of the body for a lateral force applied at the centre of
gravity. This is the only valld definition for use in determining
suspension lateral properties. It incorporates both kinematic and force
parameters as opposed to the IC definition of Ellis [52] or the SAE

definition [107].

Using the above definition, roll centre location and roll stiffness
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are very easily determined using the method of veloclty coefflclents.
This is in contrast with graphical methods [42], and other numerical
methods [88]. The graphical method for independent suspenslions 1s
fairly well known. The method does not make any reference to forces,
but rather it is based on kinematics of single degree of freedom
mechanisms. When it comes to multiple degree of freedom suspenslon
system modeis there is some confusion as to how the roll centre Is
located. For example there is clear discrepancy between Smith [86] and
Bastow [87] as to rell centre locations of varlous beam axle suspension
systems. The method we present is more general. It does not have the
limitations of the graphical method, or the complexities and
inaccuracles of an ad hoc numerical metheod. Exact analytlical
expressions are presented for the roll centre location and roll
stiffness. The method is a logical extension of the velocity
coefficient method of suspension analysis presented earlier, and

involves only a kinematic analysis,

4,.5.2 Determination of Roll Centre

The approach is simply to apply a small lateral forcg. GQY at the
body centre of gravity, and determine the point on the body which has
zero translational velocity, i.e., the instantaneous centre (IC). Roll
stiffness is then the moment of this force about the IC divided by the
roll deflection, &6, caused by aoy. The method is general enough to be
applied to any system, no matter how many degrees of freedom it has.
For example, we can analyze the 5 DOF suspension system model shown in

Figure 4.10, or the 3, 2 or 1 DOF models shown in 4.11 - 4.13. We
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(b))

Fig. 4.11: Suspension system models with 3 degrees of freedom
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Fig. 4.12: Suspension system model with 2 degrees of freedom



Fig. 4.13: Suspension system model with 1 degree of freedom
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present detailed derivations for bodies with degrees of freedom 3, 2,

and 1.

Figure 4.14 shows the general notation for derivations that follow.
The body 1s in generalized equilibrium under the action of all applied
and effective forces. xcq. ycg. and 8 are the location and rotation of
the vehicle beody centre of gravity in the inertial frame. xp and yp
specify the position of the roll centre in the inertlal frame. & and 7
are 1its coordinates in the body-fixed coordinate system, which Iis
parallel to the inertial frame when 6 = 0. Then, a = (£cos@ - 7sing)

and B = (£sin® + ncos®) are the x and y distances to the roll centre

from the body CG, measured in the inertial frame. We can write,

X =x +E£cose-nsineé
pcqs 7

(4.31)
=y +€sinB+ 2]
yp ycg £sinB+ncos
X =x - (£sin® + mecosB)8 = x - BO
p cg cg .
» (4.32)
vy = ¥ + cos® - nsing)d = + af
Y, =Y, (Eco n ) Yog *

4.5.2.1 Bodies with 3 Degrees of Freedom

Figure 4.11(a) and (b) show models of suspension systems with 3
degrees of freedom. In (a) this is a general 'free’ body in 2D. 1In (b)

this is the model of a conventional double wishbone suspension system
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Fig. 4.14: General notation for determination of roll centre
location
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with the tires modelled with their lateral stiffnesses. In any case we
can kinematically model the system with the 3 indep:ndent coordinates,
q,. 9, and q,» as xcg, ycq. and 8, respectively. For small deflections,

3qg, we can write,

°Q1 Kn KIE Kw 6q1
Q| = Ka1 Kzz Kaa éq, (4.33)
i 5Q3_ i K:n J{32 J{33 ] L aqa_

To find the roll centre due to a lateral force, 501 (corresponding
to generalized coordinate q1=xcg}, we set 602 = 603= 0 and solve for the

deflections 6q1. égq_ and 6q3 from above. Then we get,

2

- = - 3
oq, = °Q1(K223{33 Kazxaa) /4
3q, = =80, (K, K - K K ) /4 (4.38)
g, = 8Q (K, K= K Kpp) /8 )
where, A = det(X). Substituting Equation 4.34 in 4.32, we get,
% = 5Q1[(:K22K33- 3{32;{23) - BK, Km K317{22]] /8
(4.35)
Yo T 501[(3(313{33- K21K33) *alX, Ko K31Kaz)] /4

Setting ;tp= j.lp= 0 we can solve for («.B), the location of roll

centre. We then get,
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34
|

= (K K K Kg) 7 (K Xse™ Kaixzz)

{4.36)
3

(K Kagm KgaKpg) 7 (K K= Ko Koy)

We note that the roll centre location depends only on the stiffness

coefficients, KIJ. These are, In turn, dependent only on the
generalized coordinates and spring stiffnesses, and can be computed
using velocity coefficients as in Equation 4.26. Therefore, we can

determine the roll centre locatien for any given position from a
kinematic analysis. We also note that the above computation of roll
centre location was for an incremental lateral force application. The
roll centre will, Iin general, be different if other force components are

present.

4.5.2.2 Bodies with 2 Degrees of Freedom

F.zure 4,12 shows the model of suspension systems with 2 degrees of
freedom. Thls is the model of a beam axle suspensicn of Panhard rod
type. In this case.we choose g = xcg. and q,= ycg, as the two degrees

of freedom. Setting 602= 0, we get,

8q 3Q K, / A

1
(4.37)

&q, = -3Q K, / &

2

where A = det(X) = (J{HKEE- Kzl‘}{la]. During kinematic analysis @ is

chosen as one of the dependent variables, so th.t we can write,
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30 = K 6q. + K _3q (4.38)

where Kt1 and Ktz are the velocity coefficients relating the bedy roll
angle, 8, tc teo the lnputs, q, and q,- Substituting Equations 4.37 and

4.38 in 4.32, and solving for a« and 8 we get,

b=
]

Ky 7 Ko Xae™ K%

(4.39)

w
1]

Kpg 7 (K Koa™ K K5))

4.5.2.3 Bodies with 1 Degree of Freedom

Figure 4.13 shows the model of a suspension system with 1 degree of
freedom. This is the model of a conventional double wishbone suspension
system with rigid tires, assumed toc be pinned at the contact patch.
Since the body has only one degree of freedom, it has a unique roll
centre no matter what the direction of applied forces. For kinematic
analysis, It is convenient to take q,= 8. For the: one degree of freedom
system, we can arbitrarily choose Sql. During kinematic analysis xcg

and ycg are chosen as dependent variables, so that we can write,

O:
=
n
=
o
£

(4.40)

2
‘<
]

=
o
0

where le and Ky1 are the velocity coefficients relating the body
lateral and wvertical deflections to the body roll. . Sukstituting

Equation 4.40 in 4.32, and solving for « and B we get,
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y1
{4.41)

x1

4.5.3 Roll Stiffness

Roll moment, Mr, is the sum of all moments about the roll centre,
In a vehicle roll plane model, this is the moment due to the vertical
and lateral forces. The roll stiffness, Kr, is the rate of change of
the roll moment with respect to the roll angle, &8, and reflects the
resistance of the vehicle body to roll about the roll centre [88]. Then

we have,
Mr = Q1B - Qam + Q: (4.42)
Therefore,

6Mr = 5013 + 0163 - 6Qza - Qzaa + 603 (4.43)

Then the roll stiffness is,

(4.44)

-~

|

1]

w0

+

e
[+7] |0a
[+ I o)

1

R

1

Lo

+

As iIn the case of roll centre determination, we look at the case of
6Q, = a&é@ =0, i.e., roll stiffness due to an incremental lateral force.
As before, we note that the stiffness will be different when other force
components are present. In the above expression, we can substitute for

oz and QE as follows:

a8 ae
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(4.45)

p cg cg 2

This is so because xp= yp = 0, since the roll centre does not move by

definition. Also from the definition of roll centre (Equation 4.32), we

have,
aq1 = 3 38, and aqa = -a &0 (4.46)
Hence,
g
o 1
—_— = = —— =-B
S0 80
(4.47)
8q
_a£=-_2=m
&0 (12]

Substituting this in Equation 4.44 and setting BQE = 603= 0 we get,

601
XK = —B «+ Qx“ + QB8 (4.48)

56 2

For the 3 DOF system in Section 4.5.2.1 this becomes,

} _ v o - 2
Ko = B XK KpKog) 7 (K Kpm K Kool + Qe+ Qf (4.49)
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where, « and B are given in Equation 4.36, and A is the determinant of

the 3x3 stiffness matrix X.

For the 2 DOF system in Sectlon 4.5.2.2 we get,

K = Koo (K Ko Xy X)) . K0 + X0, (4.50)
£ )
(K, Kon K2 Xy, (K, Ko™ K, %)

1

For the 1 DOF system, with q,= 8, the roll stiffness is simply,

Kr = K11 - Q1Ky1 * QZle (4.51)

A curiosity in the expressions for the roll stiffness ls that the
stiffness depends on external forces. This seems peculiar slince we
usually think.of stiffness as an intrinsic property of a system without
any regards to the external stimuli. This is indeed the case here also
because Q1 and Q2 only serve to keep the system under equilibrium, or in
other words, to actemine the position of the system. Indeed we can
express these forces in terms of the intrinsic properties of the system
as in Equation 4.20 or 4.24. Therefore roll stiffness, as well as roll
centre locations can be determined purely from a kinematic analysis.
Once again we see that although the roll centre and roll stiffness are
defined with reference to forces, these can be determined without a

force analysis, using the method of velocity coefficients.
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4.6 SUMMARY

In this Chapter we have presented a computer-aided analysis
methodology for vehicle suspension linkages. The approach allows the
modelling, analysis and design of various subsystems in a modular
fashion as opposed to a scheme where the complete system is studied as
one mechanism. Using the velocity coefficients method we propose, a
kinematic analysis program can determine precisely and completely, the
infermation required for a separate dynamic analysis. This approach
affords the engineer a better understanding of the problems, thereby

leadling to better and faster solutions.

He have presented the velocity coefficient method of Kkinematic
analysis to determine the equivalent force generation characteristics of
linkage suspension. This method helps to represent the suspension
system by a few parameters which may be optimized during a dynamic
analysis. Kinematic synthesis may then be carried out independently to
obtain the actual mechanism which will yield these parameters. To ald
this process, expressions for the design sensitivity of velocity

coefficients and deflections have also been presented.

The procedure can be used to determine both handling and ride
characteristics of a linkage suspension. For ride the suspension system
is modelled to determine its vertical force deflection characteristics

in terms of velocity coefficlents. For handling analysis, the method
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yields variatiocns of all kinematic parameters, as well as, the locatlon
of roll centre and roll stiffness. We have discussed and c¢larified
several confusing points with regard to the concept of roll centre, and
presented a new definition as well as a convenient way of computation

based on velocity coefficients.
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Chapter S

APPLICATION OF VELOCITY COEFFICIENT METHOD IN

THE ANALYSIS OF VEHICLE SUSPENSION SYSTEMS
5.1 INTRODUCTION

In tﬁe previous Chapter, we discussed the method of kinematic
analysis and  :haracterization of suspension properties using vzlocity
coeflficients. In the present Chapter we discuss the implementatlion of
this theory in a general purpose software package and its applicatien to
a number of suspension system analysis problems. The software
implementation is presented in the context of other kinematic analysis
programs already available as well as the multi-body dynamic analysis
program, CAMSYD, presented in Chapter 3. The new software, GENKAD, for
General-Purpose Kinematic 4nalysis and Design, is a set of programs
that allow medelling and analysis of general, multi-loop,
multi-degree-of-freedom planar mechanisms for positiens, veloclty
coefficients, force characterization, and kineto-static and rell centre
calculatieons. It features interactive graphics, symbolic equation

derivation, and display of animated motion.

The commercial general purpose mechanism programs mentioned in
Chapters 1-3, such as ADAMS, D/DS and IMP, can carry out dynamic as well
as kinematic analyses. Other commercial general purpose programs for

kinematic analysis include KINMAC (Kinematics of Machinery) and STATMAC
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(Statics of Machinery) developed by B. Paul and associates (108]. There
is an inexhaustible supply of special purpose programs for the basic
mechanisms such as the four-bar linkage [114-115]. Research and
development in this area is by no means static as we witness new
programs and techniques appearing every year. Recently presented

general purpose kinematic analysis codes include MECHAN [116]1 and CINPLA

[117].

Modelling and analysis techniques that may be applied to a
mechanism problem depend on the complexity of the problam. The
graphical method which uses drawing instruments and a calculator is
still popular in practice because of its simplicity. Fabrikant and
Sankar [118] has presented a computer program which emulates the
geometrical constructions on a graphicél screen to solve the four-bar
linkage rroblem. The solution method must be preprogrammed for
particular mechanism types and 1is therefore not a general purpose
scheme. For simple mechanisms of known types, closed-form algebralc
solutions are available. These can be easlily solved on a calculator or
computer, and are mostly restricted to single-loop,
single-degree-of -freedom systems, for which algebralc displacement
equations can ke derived [114-115]. Closed-form solutiocns can also be
derived for many multli-loop mechanisms if they can be assembled as a
sequence of simple mechanisms ([119). This concatenation must be such
that one would be able to solve for one block after another with the
outputs from one forming the inputs for the next. The program MECHAN

[116] is based on this modular approach. Kinematically complex
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mechanisms which require the simultanecus solutlon of a set of nonlinear

equatlions cannot be analyzed by MECHAN.

General purpose programs capable of solving multi-loop, multi-
degree-of -freedom mechanisms use iterative numerical methods to solve a
set of nonlinear algebraic equations. A small set of tightly coupled
equatlons usually result from the use of Lagrangian coordinates and
loop-closure techniques [108], while a large number of sparse equation§
is the result of Cartesian coordinates and joint compatibility
equations. IMP, KINMAC use the former approach where vector loop
equations are derived for each closed kinematic loop in the mechanism.
The method used in KINMAC is explained by Paul in his popular textbook
{108]. This is essentially what has been implemented in CINPLA [117].
These programs cannot directly handle open kinematic chains. To analyze
such systems, the user must first close all loops using additional
links. The general purpose programs ADAMS and DADS derive one vector
equation for each joint expressing the constraint imposed by it 1in terms
of the Cartesian cqordlnates of the *fwo bodies, resulting in a large
number of sparse equations. These programs have no difficulty analyzing

open or closed chalns.
5.2 A NEW SOFTWARE IMPLEMENTATION, GENKAD

5.2.1 Scope of the Software

The kinematic analysis programs mentioned earlier are intended for
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general machine mechanisms and do not address the special needs of
vehicle suspension studies. Besides position analysis, these needs
include determination of rate of change of certain kinematic variables
with respect to suspension travel (velocity coefflciéntsh
characterization of forces, kineto-static analysis and rull centre
calculations. Researchers who have used the general purpose mechanism
programs such as IMP, ADAMS and DADS [72-82] model their systems as
complex mechanisms without reference to such concepts are roll centres,
bump-steer etc.. Therefore the results from such dynamic analysis do
not yield good insights into system behaviour. We seek to redress thils

deficiency using the present software, GENKAD.

GENKAD 1is a comprehensive set of programs for the kipematic,
kineto-static, roll centre, and design sensitivity analysis of vehicle
suspension systems modelled as planar mechanisms. The analysis can, of
sourse, be applied to any planar mechanism. The mechanism may conslist
of any number of rigid links interconnected in whatever fashlon using
revolute and sliding Jjoints. GENKAD automatically generates the
equetions of motion from a topological description of the system
configuration. It can carry out position analysis and determine the
velocity coefficients. The velocity coefficients may be used to
determine generallzed forces at lnput points as well as reaction forces
at link joints. It can alsoc determine the sensitivities of positlons
and velocity coefficients with respect to any of the system parameters.
Using this sensitivity information, the engineer can carry out iterative

deslgn modifications to arrive at an improved design. For vehicle
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systems, it determines suspension force generation characteristlics as
functions of the generallzed coordinates to be used in dynamic analysis.
It can also carry out kineto-static analysis, determine roll centre
location and roll stiffness. The post-processing features in GENKAD
allow the user to animate the motion of the mechanism, and to obtain

graphs and tabular listings of the analysis results.

5.2.2 Usage of GENKAD Package

Figure 5.1 shows schemati¢c of the overall structure of GENKAD
package. It consists of the main modules GENMODEL, GENEQN, ANALYSIS,
KINETIC, EQUALS, GENPOST, and ANIM. GENMODEL is envisaged to be a

graphic pre-processor which will help the analyst to communicate a

. schematic description of the mechanism to the package. It is a sketch

pad for modelling znd data entry system as in CAMSYD, described in
Chapter 3. Its development is presently not complete. Currently, the
model description must be suppllied in text files to be processed by
GENEQN, which generates the system equations in symbolic form as
deseribed In Secticn 5.2.2.2. The equations are derived based only on
the topology of the system, and geometric parameters, and Lagrangian
coordinates arpear as symbolic variables 1In the equations. Their
numericzl values are elther supplied by the user or computed by the
program, as the case may be, during the analysis phase. ANALYSIS is a
general module which carries out position and velocity analysis, design
sensitivity computations and generates files for animation and general

post-processing. KINETIC 1is for kineto-static and roll centre
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calculations of vehlicle suspensions, and EQUALS derives the equivalent
force generation characteristics to be used in dynamic analysis. ANIM

and GENPOST are used for post-processing.

The software package 1is still in a stage of Iimprovement and
integration. However, in 1its present state 1t still forms a
comprehensive tool for analysis and design of vehicle suspension
linkages as we will illustrate in Section 5.3. The package is now
operational on Apollo workstations running AEGIS operating system, and

on Digital VAXstation workstations under VMS. The software is for the
‘ most part device-independent since graphics interface 1s achieved
through libraries developed on both systems, as described in Chapter 3.
Since quick turnaround is important for animation, the module ANIM

directly uses graphics native to each platform.

5.2.2.1 Modelling of Mechanisms

The mechanism may be any regular, planar mechanism. Regular means
that all joints are lower pairs (revolute and slider joints) and that
there are no closed kinematic loops contalning only slider joints. The

mechanism may be made up of any number of links and any number of

Jjoints. It can be a simple 4-bar mechanism or a complex multi-loop
multi-degree-of -freedom mechanism. Mechanisms with open kinematic
chains, such as robots and manipulators, can also be analyzed. In

addition to rigid links there can be 'rubber-band’ links. These can

represent coil springs, actuators or shock-absorbers, as mentioned in
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Section 4.2.

The system must be modelled as outlined in Section 4.2. The first
step is to model the mechanism as a network of orlented edges. The
orientation is an arbitrary direction assigned to an edge. The next
step is to ldentify the kinematic variables and constants of the system,
as well a set of iIndependent kinematlic loops. Edges and
variables/constants are identified such that each edge, i, possesses a
length, r,. inclined at an angle, ® to the inertial X-axls. Both r

and o may have'a variable part and a constant part so that we can write,
r =v < c: (5.1)
@ =v® (5.2)

vhere v: is the varlable part of r, and c: iz the constant part of r.
Similarly vt and c: are the variable and constant parts, respectively,
of @, . The user must supply a table of indices of these constants and
variables for each edge, in the Edge Data Table. He must also supply,
for each edge, a list of edges that make up the path from the origin of
XY to the base of that edge (Ground Path Table), as well lists of edges
that make up individual loops (Loop Table). This data structure is
essentially the same as that described by Paul for the program KINMAC
(108]. However, in our implementation, the equation are derived
symbolically and there are more analysis optlons. We alsc have the

facility of specifying additlonal constraint equations. An additional
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constralnt equation specifies either the x or y coordinate of any point
on a link as a new variable. This can be used to mocdel open kinematic
chains, such as robots, or to denote the motion of specific points on a
mechanism, such as the road-tire contact peint in Figure 4.4, or to
generate coupler curves. Whereas two scalar equations are generated for
each loop, a single equation is generated for a node specified in a Node

Data Table.

5.2.2.2 Equation Derivation

The topological description of the mechanism contained in the
tables described above are sufficient to generate the system equations
for kinematic analysis. The first stage of equations are the kinematlc
position constraint equations. These are the loop closure equations and
additional constralnt equations. These equations are the summaﬁion of
the lengths of a list of edges in either the X or Y direction. Each
term in this equation has a very simple form. For the X direction, it

is
+ (v‘l” + c';) Cos (v: + c':) (5.3)

Similarly, for the Y direction we have Sin instead of Cos. These
equations are symbolically generated by GENEQN. Derivatives of the
position equations with respect to the position variables form the
elements of the matrices A and B (Equatlon 4.3). Similarly their

derivatives with respect to the design variables {constants) form the
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matrix €, required in design sensitivity analysis (Equatlon 4.9).
Derivatives of 4 and B with respect to the design variables are required
in sensitivity analysis (Equations 4.16, 4.17). These equatlons are
also made up of term with the simple form of Equatlon 5.3. GENEQN

carries out the symbolic derivations of all these equations as well.

In the equations generated by GENEQN all the system parameters
appear as symbols. During analysis, these .parameters are given
numerical values. Since the equations are derived symbolically, they
need to be generated only once for a given topology. The symbollic
equations also lead to exact symbolic derivation of wveloclty
coefficients and sensitivity coefficients. This is very desirable

since numerical methods for computing derivatives are very error prone.

If the mechanism has n variables and a total of m equations, then
it has (n-m) = I degrees of freedom. Therefore I of the variables must
be specified as the idegrees of freedom. The equations are derived such
that the user does not have to specify this information at this stage.
During analysis, he has the choice of selecting any of the variables as

the degrees of freedom.

5.2.2.3 Analysis Optlons

The equations generated by GENEQN are used by the three solution
modules ANALYSIS, KINETIC and EQUALS. ANALYSIS ls a general kinematic

analysis program and it does not require any further information about
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the model except for the numerical values of the constants and initial,
approximate values for the variables. Kineto-static and roll centre
analysis module, KINETIC, requires additional information such as
external forces, and spring stiffness. EQUALS computes the equivalent
force generator models of the suspension unit to be used in a separate
dynamic analysis of the vehicle system. This program asks for the

unstretched lengths of springs.

ANALYSIS module asks the user to ldentify the required number of
variables as degrees of freedom. Analysis is carried out subsequently
for a specified range of numerical values for these control variables at
constant intervals. At each step position analysis is performed to
solve for all the other variables as well as to compute the velocity
coefficients of all these varlables with respect to the degrees of
freedom (Equation 4.5). Optionally, sensitivity analysis can also be
performed for selected variables and velocity coefficients with respect

to selected design constants and inputs.

Velocity coefficients can be used to compute the generalized forces
correspunding to the generalized coordinates (degrees of freedom) as
given In Equation_rg.zo. This can be used to determine effective
suspension forces at the Iinput points, or in the case of otﬁer
mechanisms, driving torques or forces required to keep the mechanism in
equilibrium at a given position and given applied loads. Since ANALYSIS
performs only kinematic analysis, 1t does not directly solve this

problem. However, the force analysis can be carried out using the
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post-processor, GENPCST. This is really a positive aspect of our
software lmplementation. Using the velocity coefflcient method we can
compute the generalized forces for any set of external forces without
doing a static force analysis. Commercially avallable programs require
the forces to be numerically specified before the solutlon. Using the
present software, kinematic analyslis can be performed independently,
and the post-processor GENPOUST can be used to compute generalized forces
by specifying the external forces, either as numbers, or as functions of

the kinematic variables themselves.

Reaction forces in hinges are often required for stress analysls,
Since stresses are generally nonlinear with respect to large motions in
mechanisms, forces are to be computed as part of kinematic analysis
stage and then used in a finite element stress analysis. The discussion
above showed how the generalized forces corresponding to the generallized
coordinates can be computed using velocity coefficlents. Internal
reaction fofces in hinges can alsc be computed in a similar manner.
This requires the mechanism to be modelled with some additional detalils.
The trick is to create additional degrees of freedom corresponding to
each of the internal forces we wish to compute. This means that links
must be separated at the hinges and connected using eﬂges in the same
direction as the force we rish to compute. These edges will have
lengths defined as additional wvarlables, Since we are adding new
variables without increasing the number of equations, we have more than
the initial number of degrees of freedom.- The hinge variables are gliven

zero lengths, and a kinematic analysis is performed. The velocity



coefficients corresponding to the hinge variables can now be used to
determine the generalized forces corresponding to each of them, which
are the internal hinge forces. This method has the advantage that a
static analysis need not be carried out for specific values of forces.
Any set of applled forces can be specified at the post-processing stage

to compute the corresponding reaction forces.

If reaction forces are to be computed the system must be modelled
with a large number of extra degrees of {reedom. This causes an
additional computational burden and unnecessary outputs when only a
position analysis is required. This problem is circumvented in ANALYSIS
as well as KINETIC znd EQUALS by giving the user the choice at run-time
to specify any of the degrees of freedom as constants. The numerical
solution then treats these variables just like constants with thelr

speciflied numerical values.

The module KINETIC is based on the flowchart given in Flgure 4.8.
It determines the static equilibrium position of a planar mechanism,
given the external ferces acting on it. These forces may be applied
along any of the kinematic variables, including the degrees of freedom.
Springs are assumed linear with respect to the motion across them,
although nonlinearities can easily be included. The program can also
determine the roll centres location and roll stiffness as detailed in

Section 4.5,

EQUALS 1s a module in GENKAD used to generate a data file
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describing the deflections and the corresponding velocity coefflcients
of the force generating elements in a suspension. This file ls used by
the dynamic analysis program, CAMSYD, to compute the equivalent
suspension forces. Computationally, EQUALS 1s a subset of ANALYSIS.
The necessary quantities are computed at equally spaced grid points
along each of the degrees of freedom. An interesting polnt that occurs
in the program logic is the determination of the order in which these
grid points are to be visited. At each polnt, the iterative solutlon
procedure requires an approximate starting value for the kinematic
variables. The user supplies it for an arbitrary position In the
beginning. The program uses it as the starting value for the nearest
grid point. It then determines an order such that each grid points can
be visited from an adjacent point that has already been solved for,
This adjacent point supplies the starting values to be used for the

Newton~-Raphson iteration.

5.2.2.4 Post-Processing

As we saw in the preceding Section, the analysis program computes
positions, velocity coeificients and their sensitivities to design and
input variables. There is a wide variety of ways in which these can be
used depending on the particular application, as seen in Chapter 4.
Therefore a general purpese post processor was designed with a
functionality similar to that of a calculator, together with flile
manipulation and plotting capabilities. It can extract any set of

results from an analysis output and perform a variety of mathematlcal
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operatlons on 1it. Values can be stored and combined with other data
sets to perform complex operations. For example, it can be used to
compute suspension forces as in Equation 4.24, or wheel rates as in
Equation 4.26. It can also be employed to compute possible performance
vartations due to design changes using the sensitivity analysis results,

or to compute reaction forces in joints as described in Section 5.2.2.3.

Another post processing feature is the module ANIM, which displays
the animated motion of the mechanism. This program has also been
extremely useful in the preprocessing stage to display the initial
position in order to visually verify the input data. The mechanism is
shown as a collection of lines. The number of lines used can be more
than what 1s required for the purpose of kinematic analysis, so that the
visual representation is satisfactory. The animation can be smooth or
frame by frame. It can be speeded up or slowed down. The image can be
zoomed in and out, panned, and reproduced on a printer. On a color

graphics screen, the link colors can be modified.

5.3 APPLICATION TO VEHICLE SUSPENSIONS

We illustrate the use of GENKAD using two types of analysis applied
to vehlicle suspension systems. These are suspension force analysis
using ANALYSIS, and kinetostatic and roll centre calculations using
KINETIC. All the results presented in this Section, including graphs

and plots of animation sequences, are generated using GENKAD. First we
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show how suspension systems are modelled and analyzed to characterize
their force generation behaviour. Analysis 1is performed on four
variations of the double wishbone suspension system, and comparisons are
made. The program is also applied to a more complex snowmobile
suspension system which has two degrees of freedom. Secondly,
kineto-static and roll centre calculations are carried out for racing
car beam-axle suspension systems, The accuracy of the software
implementation is validated by comparing the results obtained from thls
general purpose program with published data from other sources, The

analysis also leads to several original observatlions.

3.3.1 Suspension Force Analysis

By force analysis we mean the characteriration of a suspension's
force generating behaviour using velocity cecefficlents are detalled In
Section 4.4.1. Various suspension systems were kinematically modelled
as described in Section 5.2.2.2. Corresponding data files were then
prepared and passed to GENEQN for equation generation. This is the only
major effort required from the user. Once the equations are
successfully generated, they are used by subsequent analysis modules to

perform a variety of tasks as we will lllustrate through examples.
Vehicle ride comfort analysis 1is often carried out using small

deflection linear analysis. Suspensions must however, be designed to

perform under a wide range of inputs. In extreme cases it must not
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allow metal-to-metal contact and consequent damage. One way to achieve
this 1s by increasing the force generated in the suspension as it
reaches the limit of 1its travel, Te this end one may employ a
combination of rubber ‘'bump’ stops, ‘rising rate' springs, or suspension
linkage with a ‘rising rate' leverage ratlo. Leverage ratio is the term
used in racing circles to refer to the negative value of the velocity
coefficient which relates the shock-absorber travel to the wheel
vertical motion. Suspension springs are designed for a desired static
wheel-rate, and it is assumed that the wheel rate is the product of the
spring rate and the square of leverage ratio {65,66]. We will show that
this expression is not always valid and can lead to gross errors. The

correct expressions are derived and design guidelines are established,

§.3.1.1 Racing Car Independei* Suspension

As an example, consider the four variations of double wishbone
suspension, as shown in Figure 4.6. The four configurations vary only
in the manner in which the spring-damper unit is mounted. We assume
that they all support the same weight and have identical static ride
helight. We will examine the effect of the suspensiun geometry
variations on the vertical force generated at the wheel, and also

comment on how the springs are to be selected for proper wheel-rate.

The suspensions are kinematically modelled as outlined earlier.
For example, Figure 4.4 shows the variables and kinematic loops for the

conventional outboard system. A coordinate system is fixed on the



chassis at the lower inboard joint. Only one generalized coordinate,
q,. is sufficient to specify the motion of the suspension system. This
is chosen as the vertical motion of the road-wheel contact point. ¢1
denotes the deflection of the spring from the unstretched poslition so
that ¢S = 0. The force generatlon characteristics are completely
defined by the variables ¢1 and K11' Since we are dealing with a single
spring and a single input variable, we will omit the subscript, 1, in

the subsequent discussions, and simply refer to ¢, ¢°. q. Q, K and k.

We consider a wheel vertical motion of *2.5 inches aboui the statlc
ride position, Figure 3.2 shows some frames from the animatéd mot ion
generated by ANIM for the inboard rocker configuration for this range of
input motion. The sheck absorber deflections with respect te the static
position are shown in Figure 5.3 for the four conflgufﬁtions. We note
that there 1is no significant wvariation from one conflguration to

another,

Figure 5.4 shows the leverage ratic (the negative value of the
velocity coefficient relating the shock-absorber motion to the wheel
vertical motion) as a function of the wheel vertical motion, g, for all

the four configurations. The vertical force at the wheel is (from

Equation 4.24),
¢ = Kko+K eg (5.4)

Since at static equilibrium (g = 0), the spring force must support the
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vehicle weight, W, we have
W = kK(0) ¢(0) (5.5)

Since, in general, the leverage ratlos are different for each of the
four configurations, k and/or the static spring deflection, ¢(0), may be

different for each.

The wheel-rate of the suspension is the effective stiffness at the

wheel. This is, from Equation 4.26,

Kiq) = k [xth) . olq) g—g(q)] (5.6)

Suspension springs are designed for a desired statlc wheel-rate, X(0)
[65,66]. Once the geometry is designed, K and 8K/dq are known. What we
need to find are the spring stiffness k and the static spring

deflection, ¢(0). These can be solved for from Equations 5.5 and 5.6,

and we get,
2
$(0) = L (5.7)
X(0) K(0) = W 32(0)
and
X(0) W g—K(o)
k= — - 3q— (5.8)
k2 (0) K3 (0)
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During the design stage if we find either k or ¢(0) to be
practically infeasible, we must redesign the linkages. As we noted
earlier, this expressien for finding the stiffness, k, is different from
that given in many books, where the second term in Equation 5.8 is
ignored. This factor may be lignored only if the leverage ratic remains
constant as the wheel input Is varied. Furthermore it is clear from
Equatlon 5.5 and 5.6 that the wheel-rate does not vary proportionately

with the spring-rate, since ¢{(0) also varies with the spring rate.

The effective stiffness at the wheel is generally a nonlinear
function of the wheel displacement. If this stiffness increases with
increasing wheel deflection, one has a rising rate suspension. Figure
S.5 shows the wheel rate for the four suspension configurations,
normalized with respect to the static wheel rate, ¥{0). Using numerical
values for a typical Formula Ford vehicle, we have selected each of the
springs so that all the configurations have the same static wheel rate.
The conventional outboard system has nearly constant wheel rate because
it had a nearly constant leverage ratio as seen in Fir -e 5.4. The
inboard rocker and pull-rod configurations have wheel rates that vary
+15 to *20 % of the static value, The push-rod configuration,
curiously, has a wheel rate that at first increases, and then decreases
with wheel travel. This is despite the fact that the leverage ratio ls
monotonically rising. The reason for this is the second term in
Equation 5.6. It must be pointed out that the behaviour shown in Figure
5.4 and 5.5 are true only for the particular geometrical dimensions that

we have used and cannot be generalized for each of the suspension
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categories.

Ignoring the second term in Equation 5.8 in calculating the spring
stiffness can lead to substantial errors if the leverage ratio is not
nearly constant. In the examples we considered above, this would lead
to the springs being over designed by 0.454 for the ronventional
outboard, 6.33% for the inboard rocker, 12.25% for the inboard pushrod,
and 6.85% for the inboard pull-rod configurations. If the leverage
ratlo decreases with wheel travel the springs would have been

under-designed.

From Equation 5.4 we note that while spring force is only position
dependent, the damping force depends on position and velocity. Flgure
5.6 shows a nondimensional parameter representing the effective damper
force experienced at the wheel, as a function of the wheel bounce
velocity for a sinusoidal input at the wheel, assuming linear viscous
damping across the damper unit. For systems that have nearly constant
leverage ratio, the damping wheel damping force is alsc nearly linear.
Otherwise, the magnitude of the damping force 1is strongly position

dependent.

5.3.1.2. Snowmobile Rear Suspension

As an example of a more complex suspension system we examine the
track suspension geometry of a performance snowmobile. Figure 5.7 shows

an overall view of the rear suspension system and Figure 5.8 shows a
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schematlc of lts linkage geometry. At the bottom , the track runs on a
pair of rails called runners. These are connected to the vehicle body
through a linkage arrangement allowing bounce and pitch motlons of the
runners with respect to the vehicle body. Two sets of shock-absorbers
are also incorporated into the linkage assembly in the front and rear of

the runners.

Unlike the automobile independent suspension system, this
snowmobile suspension has two degrees of relative motion between the
base and the vehicle bedy. These are q, the vertical motion of a
reference point on the track, and q,. its rotation. Corresponding to
these coardinates are the generalized forces, vertical force Q1 and a
torque Qz‘ The deflections across each of the spring-shock-absorber
units from their unstretched position are ¢1 and ¢2 as marked in
Figure 5.8. The corresponding forces at these units are F1 and Fz
respectively, Using the velocity coefficients method, we can express

the forces at the base of the suspensien unit as:

AD
I

Kan + K12F2 ' (5.9)

s
I

K12F1 + K22F2 (5.10)

where K“. K K_. and K22 are the veloclity coefficients relating the

12’ T2
deflections of the front and rear shock-absorbers to the twe input

motions, such that:
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q. + K &2 (5.11)

hal
I
B

p. =K q +K. g (5.12)

The kinematic analysis was carried out for a complete range of
inputs, q, and q, Figure 5.9 shows the linkage geometry for different
positions of the track vertical displacement. These are superimposed
frames from animation using the pos#;processor ANIM. Varlables ¢1 and

, K and K _, have also been evaluated for all

¢2' and K11' K 21 22

12
coembinations of the Iinputs q, and 9, These show that the motion of the
linkages cause nonlinear suspension effects. Figure 5.10 shows the
deflectlon of the front and rear springs of the track suspension for the

bounce deflection of the track. Figure 5.11 shows the 4 velocity

coefficients for the same input motion.

The equivalent force generator model of the linkage suspension was
extracted using the module FQUALS. This is used in the dynamic analysis
of a pitch plane vehicle model, which includes the front ski suspension
as well. The dynamic analysis methodology and results are presented in

Chapter 6, along with correlation to test data.

5.3.2 Kineto-Static Analysis and Roll Centres

In Chapter 4, we have presented the theory of suspension roll
centre. We have defined the roll centre as the instantzneous centre of

rotation for an incremental lateral force applied at the centre of
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gravity, It was pointed out that, although the roll centre and roll
stiffness are defined with reference teo forces, they can be computed
from a kinematic analysis alone. Using the softiware package GENKAD, we
can compute roll centre iocation and roll stiffness by post-processing
the analysis results from ANALYSIS module. Alternately, the module
KINETIC can be used to compute these also, given a set of applied forces

on the bedy. In this Section we use both these methods to determine

these quantities for a racing car rear suspension system.

George and Sadler [67] have presented detalled descriptions of
modelling, analysis procedures, as well as numerical data and results,
for three types of racing car beam-axle suspensions. They derlived the
equations manually and wrote special-purpose programs for each case.
The nonlinear algebraic equations represent a set of equations
describing the kinematics, and another set describing the
force-equilibrium conditions. For a given set of numerical parameters
and applled forces, these equations are solved using the Newton-Raphson
scheme. For this calculation they derived the expressions for the
partial derivatives of force and displacement equations and programmed
them. Numerical results were presented for roll centre locatlions and
rull stiffness of the three types of suspensions acted upon by various

combinations of lateral and vertical loads.
We use the suspension models and numerical data given in Ref. [67]

to validate the theory presented in Chapter 4, as well as to demonstrate

how effortless it is te carry out such analysis using the new general
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purpose software, GENKAD. Usling this program, the user does not have to
write any equations. Furthermore, since the generation of equatlions and
their partial derivatives are carried out symbolically, the numerical
solution does not involve the errors assocliated with flnite difference
approximation of derivatives. We compare the results obtained from
GENKAD with those presented in [67]. It 1s found that they are
identical, except for some minor discrepancies, although the methods
employed for the calculations are entirely different. We also present

some further analysis and discussions.

5.3.2.1 Racing Car Beam-Axle Suspensions

The three suspensions considered are the Panhard Bar, Watt, and
Roberts linkages. These linkage geometries are used for the lateral
location of the vehicle body with respect to the axle, and are contained
in the transverse vertical plane through the two wheel centers. Figure
5.12 shows these lgyouts. The figure also shows some additional links
used to restrain the f{fore-aft motions as well. The Panhard bar
suspension 1is very common in passenger cars. The Watt linkage ls used
in some high performance sports cars. The Roberts linkage, also known
as Jacob’s Ladder, is used only on oval track race cars because of its
asymmetrical properties. Although independent suspensions are gaining
popularity, beam axle suspensions have certaln definite advantages -

they are less expensive, rugged and camber-free with vehicle roll.

We consider motlons in the roll-plane (i.e., the vertical plane
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Fig. 5.12: Three types of beam axle suspensions - {(a) Panhard bar,
(b) Watt linkage, and (¢) Roberts linkage
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through the wheel centres). In all three configurations, the iseclation
units are coil spring and damper combinations connected between the axle
and the sprung mass on either side. Each of the linkages are such that
the sprung mass has two degrees of freedom with respect to the axle. If
we consider another degree of freedom for the axle with respect to the
the level ground, we have 3 degrees of freedom. In the analysis that
follows, we consider that the axle ls rigidly connected to the ground so
that the motion of the sprung mass alone is studied with its two degrees
of freedom. However, 1t is noted that the models are built with all 3
degrees of freedom. The axle freedom ls treated as a constant at the
analysis stage to simplify calculations, as mentioned Iin Section
5.2.2.3. The body has two degrees of freedom and the applicable
equations for roll centre calculations are those given in Section

4.5.2.2.

Each of the suspension systems are modelled as described in Section
5.2.2.2. For the sake of convenlence all the constants and variables
common to the three systems are labelled by the same variables and
constants. Figure 5.13 shows the main ones in the case of the Panhard
bar suspension system. This model has a total of 9 kinematic variables.
The Watt and Roberts linkages have 11 variables each. Our notations for

all three configurations, corresponding to those used in Ref. [67] are

as follows: Q1 F, Q = -, and ¢7 = ¢,

2
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5.3.2.2 Analysis Results and Comparison

The object of the analysis is to duplicate the kineto-static and
roll centre calculations reported in Ref (67}, in order to demonstrate
the capabilities of GENKAD. All the linkage dimensions as well as other
numerical parameters are used as given in Ref. [67], after converting to
SI units. First of all position analysis was performed in each cases to
visually confirm that the modeling is correct by animating the motlion
using the post-processor module, ANIM. Flgure 5.14, 15 and 16 show some
frames from the wvertical motion of Panhard, Watt and Roberts
configurations, respectively. One disadvantage of the Panhard bar
systems compared to the other two is clear from these figures - namely
the fact that for the Panhard beam, a vertical motion is accompanied by

an undesirable lateral motion.

Results presented in Tables I, II and III of Ref. [67] were
duplicated using the kineto-static and roll centre calculation module,
KINETIC. It was found that for all three suspension configurations the
results obtained using the present program is almost identical to those
already published. For example, Table 5.1 shows the comparison of
results for 9 combinations of loads on the sprung mass for the Panhard
bar type suspension. In each case results from Ref. [67] are indicated
in parenthesis, Three values for vertical load and three values for
horizontal load make up the nine combinations of inputs. Six output
quantities are also given in the table. The results are almost

identical, often differing only in the third decimal place. The
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Table 5.2: Panhard bar roll centre results for incremental vertical load

Q, Q, X Yo Kr-
1b 1b in in lb. ftrsdeg
-1000.0 ~1650.0 25880, 11.682 244,76 x 10°
0.0 -1650.0 -2273.4 52.431 2.2040 x 10°
1000.0 -1650.0 ~1139.8 51.983 0.6161 x 10°
~1000.0 ~1500.0 -3993.9 -61.972 6.4574 x 10°
0.0 -1500.0 233. x 10°| 62.201 24026. x 10°
1000.0 -1500.0 4576.0 -64.033 9.9196 x 10°
-1000.0 ~1350.0 -2363.7 ~73.618 2.4196 x 10°
0.0 ~1500.0 3615.5 72.188 5.9684 x 10°
1000.0 ~1500.0 1137.2 11.243 0.6151 x 10°
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discrepancies can be attributed to numerical round-off errors.

The roll centre location and roll stiffness given in Table 5.1 are
for an incremental horizontal load, as described in Section 4.5. In
Ref. [67] the roll centre location is computed numerically by applying a
small extra lateral force at an equilibriun position, and then applying
the perpendicular bisector approach for these closely spaced positions.
Roll stiffness is computed by dividing the resulting incremental moment
about the roll centre by the incremental rotation. The comparison in
Table 5.1 shows that the general purpose program, GENKAD, using the new
analytical expressions dé;iVQd in Section 4.5 gives the same results as

the speclial purpose code develdped in Ref. [67].

We defined roll centre with reference to an incremental horizontal
forcez It was pointed out that the distinction is necessary because the
roll centre may be different for other force directions. To illustrate
this point we present the results from GENKAD for an incremental
vertical load. Table 5.2 shows these results for the same 9 load
combinations used in Table 5.1. The results for the x coordinate of
roll centre location show large magnitudes, indicating, as expected,
that the body motion is essentially pure bounce., Consequently the roll
stiffness is quite high. This means that roll motion is determined
almost ;ntirely by lateral loads, as one would expect. The present
analysis method and software makes these ideas more explicit and

guantifiable.
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From Table 5.1 we see that the roll centre location and roll
stiffness vary with each load case. This 1s in contrast to the fact
that mahy studies lignore this effect., It was polinted out in Chapter 4
that roll centre location and roll stiffness are of necessity qualities
intrinsic to the system, and do not explicitly depend on the external
loads applied on it. 1In Ref. [67], these quantities were presented in
terms of the lateral or vertical loads acting on the body. This
presentation is alse wvalld, since the external loads determine the
actual spatial coordinates assumed by the body, which in turn determines
the roll centre location, roll stiffness ete.. In this Chapter, we show
these quantities as functions of two spatial quantities - the vertical
bounce of the vehicle CG and its roll angle. The results are
essentially the same if one thinks of these plots in terms of vertical
and lateral loads, since we have shown that vertical loads cause little

rell (Table 5.2).

Figures 5.17 and 18 show the roll centre x and y coordinates for
the Panhard bar suspension plotted as a function of the roll angle for 5
different values of vehicle CG bounce. It is clear that the roll centre
moves over a wide range 1in both horizontal and vertical directions.
These movements are nearly linear with respect to both the roll angle
and bounce. Note that the system has two degrees of freedom and
therefore a combination of bounce and roll uniquely determines the
posltion of the system. Similarly the roll stiffness is not a constant
as it is often assumed to be. Figure 5.19 shows this plotted for

various roll and bounce values. This illustrates the asymmetric nature
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Roll centre Y coordinate, m
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Roll stiffness Nm/deg
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Fig. 5.19: Roll stiffness of Panhard bar suspension
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of the Panhard bar suspension roll stiffness. The figure shows that
generally speaking, the vehicle has more roll stiffness in left-turns
than in right-turns, assuming that Figure 5.12 shows the front view of
the vehicle. Furthermore, this difference is more pronounced as the
vehlicle static ride height is varied. Another point to note 1s that the
roll stiffness decreases as the vehicle CG is lowered. This could imply

that the roll natural frequency is significantly altered.

Flgures 5.20 and 21 show the rell centre location for the Watt
linkage suspension. These indicate that the roll centre location is
almost insensitive to the vertical motion of the vehicle CG. The x
coordinate varies by a significant amount as the roll angle is changed,
and in linear fashion. However, there is very little movement of the
roll centre in the vertical direction. Whatever variation is there, 1is
symmetric with respect to the level position (roll = 0), Figure 5.22
shows the roll stiffness. This is also symmetric with respect to the
zero roll position. This is the reason why the Watt linkage is often

preferred over the Panhard bar.

Figures 5.23, 24 and 25 show the roll centre x and y coordinates,
and roll stiffness, respectively, for the Roberts linkage. This is also
an asymmetric system, designed for use in an asymmetric environment -
oval tracks with right-turns only. Variation of roll centre locations
fall between those of the Panhard bar and the Watt linkage. From Figure
5.25 we see that the roll stiffness varlation, as a funection of roll

angle, is more severe than the othéer two types of suspension. However,
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Roll centre X coordinate, m
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Roll centre Y coordinate, m
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Roll stiffness Nm/deg
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Rall centre X coordinate, m
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Roll centre Y coordinate, m
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Roll stiffness Nm/deg
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unlike the Panhard bar, Roberts linkage bounce is not accompanied by

lateral shift, as seen in Figure 5.16.

The results obtained for roll centre locations and roll stiffnesses
are very nearly the same as those presented in Ref. [67]. The results
we have obtained are based on more general theory and obtained using the
general purpose program GENKAD. The excellent correlation obtuained
validates the theoretical development presented in Chapter 4, as well as

its numerical implementation in the form of the software packages.

5.4 SUMMARY

In this Chapter we have presented a new general purpose software
package for the kinematic and kineto-static analysis of - planar
mechanisms. It differs from the many other programs already In the
market in two Iimportant aspects. First, it is based on a sketchpad
approach to system modelling, so that the model is described to the
program in an abstract, symbolic form, without any expliclt reference to
Joints or dimensions. This is in contrast to many other programs where
more exXplicit descriptions are required. This program can therefore
precompute derivatives and sensitivity cocefficlents symbolically,
leading to accurate computations, as well as fast design evaluations.
The second main feature of the software package is that it can be used
in many specific vehicle suspension system application, as lllustrated

in this Chapter. The velocity coefficient method is used to perform
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kinematic position analysis, to represent linkage suspensions as
equivalent force generators, and for kineto-static and roll centre

analyses.
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Chapter 6

COMPUTER SIMULATION AND TESTING OF

SNOWMOBILE RIDE DYNAMICS

6.1 INTRODUCTION

In the previous chapters we have presented theory and software
implementations for the computerized analysis of lumped parameter
vehicle systems. In this Chapter, we present the application of these
to the modelling and ride dynamic analysis of a snowmobile, and the

validation of the analysis results using fleld testing.

In Chapter 1 we have reviewed some of the vast amount of research
conducted in the area of vehicle suspensions [44-47]. Although there
are many common aspects between suspension systems of other grround
vehicles and snowmoblles, there are many obvious differences as well.
Snowmobiles use tracks in the rear, and skis in front. There Is very
little published material in the area of snowmobile dynamics. Much of
the work related to tracked military vehicles [120,121] are not
considered to be applicable for two reasons. First, the tracks of these
vehicles move under a set of wheels, each of which is suspended on the
chassis, while on the snowmobile, the track moves under a rigid rall,
wbich is suspended from the chassls in such a way that it can bounce and
piteh. Second, in the other types of tracked vehicles, the

track-terrain interaction is considered to be very important [120,121].
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Recreational snowmobiles, for the most part, operate on groomed trails
of packed snow, and experience has shown that snow compaction 1s not a
ma jor factor. The suspension system of a snowmobile used in racing that
we analyze 1s qulte complex, and very different from conventional

automobile suspensions and tracked vehicle suspensions.

Newman et al. [122] studied the dynamic behaviour of a snowmobile
as 1t traverses a bumpy terrain using a high speed motion picture
camera. A hybrid computer simulation was later conducted to simulate
the vehicle behaviour [123]. The snowmobile model used had leaf-spring
suspensions for skis and and a bogie-wheel suspension system for the
rear track. The performance snowmobile we study has linkage suspensions
for the skis and a linkage suspension that couples a rigid rail to the
chassis, under which moves the rail. Leaf-spring ski suspensions are
still widely used in popular models, while the bogie-wheel suspension
has all but disappeared. Hollnager {124] has studied many design
aspects of snowmobile ski suspensions. Due to the recreational,
off-road operation of snowmobiles, safety has been a very serious
concern. This aspect is studied by Kho and Newman [125] and by Smith
(126]. A 1973 conference [127] addressed the enviroﬁﬁ;ntal and social
impacts of recreational snowmobile use. As we see from the above
review, very little theoretical-effort is presently directed at studying

the ride dynamics and suspension system design of snowmobiles.

We have discussed earlier how, for ride dynamics studies, a lumped

parameter mass-spring-damper model of a vehicle is preferable to a
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complex mechanism model of the vehicle~terrain system. Using the
methodelogy described in Chapters 2 and 4, ve can model vehicle sprung
masses undergoing small angular deflections and suspensions with large
deflections. The software, GENKAD, presented in Chapter 5, helps to
model any general planar suspension system as equivalent
force-generators which can be used in the general purpose dynamic
analysis program CAMSYD. We have made use of both these programs in the
dynamic analysis of snowmobile ride that is presented in this Chapter.
The force-generation characteristics of the suspensions derived from
GENKAD are used in a 2-degrees-of-freedom ({bounce and pitch) wvehicle
model, generated in CAMSYD, to evaluate driver ride comfort. The
enveloping action of the ski and track are taken into account by using a
separate terrain pre-processor. 'Discrete event simulatlion’ is carried
out for the vehicle tréversing a bump at various speeds. The vehicle is
considered to have constant velocity forward moticn, with the ski and
track always in contact with the ground profile. The main purpose of
this study is to analyze the ride dynamics using equivalent force

generator models employing the method of velocity coefficients advanced

in Chapter 4.

The general methodology we follow is a very traditional one. At
the same time it incorporates nonlinearities in springs and dampers, and
large deflections in suspension linkages. Figure 6.1 shows the steps
involved in the present methodology. We do not model the
snowmobile-terrain system as one spatial mechanisr, as would be required

if some other general purpose mechanism programs were to be used.
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Fig. 6.1: Schematic of analysis methodology
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Nonlinear characteristics of spring and shock-absorbers are
experimentally determined. Xinematic analysis ls performed a priori, to
characterize the force generation characteristics of the suspensions
required for a lumped parameter dynamic analysis to :ollow. A terrain
pre-processor 1s used to compute the equivalent path to be followed by

va-lous points on the ski and track. This modular approach enables one

to understand the problems more clearly.

Field testing was conducted at Bombardier Inc. to vallidate the
computer simulation results. We present the analysis of test data and
their correlation with simulation results., It is seen that there is a
good correlation between the two sets of data, despite the fact that
this is the first time such analysis and testing has been attempted. As
anticipated, the computer program fails to predict response at higher
vehicle speeds because of the vehicle losing contact with the ground
profile. However, at lower speeds, predicted values of displacement as
well as acceleration time histories are very close to what was recorded
in field tests. There are several factors which may have contributed to
poor correiation in some instances. It is surmised that the maln ones

are nolse and vehicle speed variation.

6.2 DESCRIPTION OF THE SNOWMCBILE

The snowmobile under study is a Ski-doo FORMULA MACH 1 model

manufactured by Bombardier Inc. of Valcourt, Québec. Figure 6.2 shows a
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plcture of the vehicle. This 1s a performance vehicle, operating at

high speeds over harsh, snow and ice covered off-road terralins.

The front suspension of this vehicle involves a spatial linkage
geometry similar te a double—A arm type automobile suspension. The skis
are free to pivot in a vertical plane. The vertical motion of the pivot
point is transmitted to the shock-absorbers, mounted under the hood in a
nearly horizontal attitude. Figure 6.3 shows a view of the front

suspension system. A schematic of the linkage configuration is shown in

Figure 6.4.

To provide traction in snow, the snowmobile has a track in the
rear. At the bottem this runs on a pair of rails called runners. These
are connected to the vehicle body through a five-link linkage
arrangement allowing bounce and pitch motiéﬁé‘ of the runners with
respect to the vehicle body. Two sets of shock-absorbers are also
incorporated into the linkage assembly in the front and rear of the
runners. A view of the rear suspension system, as well as schematic of

the linkage arrangement were shown in Figures 5.7 and 5.8.

6.3 MATHEMATICAL MODELLING AND COMPUTER SIMULATION
The modelling and analysis are carried out ln two phases. In phase

1, the various components such as shock-absorbers, springs, and

suspension linkage arrangements are modelled and studied separately. In
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the second phase, the mathematical model of the complete snowmobile is
created which includes the component models created in phase 1.
Component modelling 1s carried out using both analytical and
experimental methods. The kinematic analysis of the rear suspension
linkages are carried out using the newly developed general purpose
program, GENKAD. The front suspensiow:, which is a spatial mechanism, is
modelled and analyzed using the commercially available program, IMP
(38], used as part of I-DEAS [39] software package. From the kinematic
analyses, the force generatlon characteristics of the complex

suspensions are summarized in terms of a few parameters.

The vehicle suspension component models are then incorporated into a
full vehicle dynamic model used to evaluate driver ride comfort. For
this purpose, a two degree of freedom (bounce and pitch) model is
developed. This model takes into account the suspension nonlinearities
due to large motions at linkages. 'Discrete event simulation’ is
carried out for the vehicle traversing a bump at variocus speeds. Unlike
wheeled vehicles, the contact between the ski or track to the snow
terrain cannot be adequately represented by a 'point contact’ model. We
have taken into account the enveloping action of the ski and track by

using a terraln pre-processor.

6.3.1 Subsystem Models

The snowmobile is conceptually divided into 3 main subsystems:

shock-absorbers and springs, suspension linkages, and
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chassis~body-driver subsystems. Each one 1ls modelled separately and

brought together in the full vehicle model.

6.3.1.1 Shock-Absorbers and Springs

The suspensions use shock-absorbers with coiled-over springs. The
shocks are manufactured by Monrce and Marzocchi. The mathematlical model
requires the force vs velocity characteristics of the shock-absorber.
Springs have been manufactured to give linear force-deflection curves.
For the shock-absorbers, we do not model the complex oil-flows and
analytically predict the force-deflection characteristics, but rather
determine these experimentally. From the force-deflection curves
produced by sinusoldally stroking the shock-absorber at different
frequencles, average damping constants for compression and extension are
identified. Using these constants, the shock-absorbers are modelled as

bilinear dampers.

6.3.1.2 Suspension Linkages

Since the springs and shock-absorbers appear as part of a lirkage
assembly in the suspension, the forces acting on a vehicle sprung mass
are not the same as those developed locally across these elements. The
manner in which these forces are modified by the linkages is represented
by a set of velocity coefficients, as explained in Chapter 4. These
veloclity coefficients and deflections, which determine the local element

forces, are evaluated from a kinematic analysis. This data is stored

208



and used during dynamic analysis to compute the forces across the
suspension units, This leads to a computational efficiency several
magnitudes higher than what would be possible if the total system was
modelled as a mechanism. The information obtained from kinematic
analysis is independent of shock-absorber parameters such as stiffness,

damping etc.. These are supplied during the dynamic analysis stage.

Figure 6.5 shows a side view of theusnowmobile with the deflections
and forces at the base of front and rear suspension systems. If we
ignore the inertias of the suspension links, the suspension forces
depend only on the relative motion between the vehicle body and the base
of the suspensions. To evaluate this, we consider the vehicle body
fixed, and apply deflections at the ski and track. The ski has one
input, q, the vertical deflecﬁiqn_of the ski-pivot point. The track
has two degrees of relative motidh, 9, the vertical motion of a
reference point on the track, and q, its rotation. Using the velocity
coefficients method, we can express the forces at the base of the

suspension units as:

01 = QI(qI. ql) (6.1)
02 = Qz(qz. 9, 9, qa) (6.2)
Q =Q,lq, a, g, q,) (6.3)

Kinematic analysis of the ski suspension, which is a spatial

mechanism, was carried out using IMP. The program cannot directly
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handle open kinematiec chalns. Therefore the schematic shown in Flgure
6.4 was modified so that the ski pivot point is connected to the ground
by a series of links and 3 prismatic jeints, and one ball joint. This
creates a path for artificial loop closure. To input the model the
initial position must be precisely known. It is important to model the
mechanism so that it does not have any redundant constraints or any
unrestrained motion other than the degree of freedom. Position analysis
was carried out by specifying the vertical motion of the ski pivot point
as the primary motion. The analysis gives the solution of various joint
variables as a function of the primary motion. From this result, the
velocity coefficients were determined by numerical differentiation.
Figure 6.6 shows the deflection of the shock-absorber as a function of
the ski vertical motlion. The corresponding velocity coefficient is
shown in Figure 6.7. It must be noted that this quantity has a
significant wvariation with ski travel, and therefore the effective
spring stiffness is highly nonlinear. The shock-absorber deflection and
velocity coefficient is tabulated for use in the dynamic analysis
program. There the spring and damping characteristics are combined with
these to calculate the effective vertical force, Q1’ as experienced at

the ski pivot.

Kinematic modelling and analysis ofhihe rear suspension linkage was
carried out using GENKAD as detailed in Chapter 5. The shock-absorber
deflections and four velocity coefficients are given in Figure 5.10 and
5.11, Using the EQUALS module of GENKAD, these six quantities are

tabulated for a range of values .of rail relative bounce and rotation.
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Fig. 6.6: Shock-absorber deflection vs ski vertical deflection
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During dynamic analysis, a second order interpolation or extrapolation
i1s carried out during differential equation solution to find values ot
these variables at any given position. Frem these the suspension

forces, 02 and 03 are computec.

6.3.1.3 Chassis and Driver Model

The vehicle chassis and body are assumed to form one rigid body.
The dynamic characteristics of this rigid body are its mass, moments of
inertia (MOI), and centre of gravity (CG) location. The lnertia and CG
location parameters are difficult to determine analytically due to the
many irregular shapes that make up the vehicle, an experimental
procedure was adopted as given in [128). Using the pendulum method, the
unladen vehicle centre of gravity location and moment of inertias were

determined about the vehicle pitch, roll, and yaw axes,

The driver is assumed to sit on the vehicle without any relative
motion between the two. Using centre of gravity and moment of inertia
data given in [129]) for human body parts, the driver's CG location and
MOI's were computed for a typical riding posture. From this
information, the composite vehicle-driver system CG location and MOI's

were computed.

6.3.2 Snowmcbile Ride Dynamic Model

A two-degree-of-freedom (bounce and pitch) model is used for the
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analysis of ride dynamics. Such a model is very widely used for vehicle
ride analysis and proven to be adequate in many applications (44-47].
The schematic 1is shown in Figure 6.8, where the front and rear
suspension systems are depicted as generic force-generators. In the
front, this force depends on the relative translatory motion between the
ski attachment point (ski pivot) and the vehicle, the spring and damping
coefficients, and the velocity coefficient relating the shock-absorber
motion to the ski pivet vertical motion. In the rear, the track is free
to pitch as well as bounce. This causes a vertical force, Qz’ and a
torque, Qa' These depend on the relative track motion, the spring and

damping coeffliclents, and the four velocity coefficients.

6.3.2.1 Equations of Motion

Shock-absorber and spring parameters, as well as the kinematic
parameters are determined as described earlier. For dynamic analysis,

the vehicle acceleration is determined from Newton-Euler equations, as,

Q +Q, (6.4)

8.

I8

-Qld1 + “'zdz + 03 (6.5)

where Q1' Q2 and 03 are functions of the relative deflections 9, 9, and
9, and their velocities, as given in Equations 6.1-3. q,. 4, and q,
are computed assuming small angular motions, 8, for the sprung mass.

Theyv are,
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In the ride dynamic model of Figure 6.8, u, is the elevation of the
ski pivot, and u2 and u, are the elevation and rotation of the reference
point on the track bottom. As shown in the figure, because of the
enveloping action of the ski, the elevation of the snow surface, Yo and
that of the ski pivot, u, are not necessarily the same. A similar
situaticn exists for the track as well. For given terrain profiles, we
use a terrain pre-processor to pre-compute the values of ul, u2 and u

3

as functions of vehicle horizontal position, p.

6.3.2,2 Terrain Pre-Processor

We assume a 'non-deformable’ terrain profile, y, expressed as a
function of the horizontal distance, p. y(p) is assumed to be a
continuous function of p. The ski and track are represented by straight
lines with a reference point on it, whose horizontal position is
speciflied. For this point, the terrain pre-processor computes the
vertical position, u, and the slope of the ski or track, so that the ski
or track is always above the ground and touching‘lt. The computation is
carried cut using an iterative numerieal algorigﬁm;' The derivative of
u, du/dp is then computed using a S-point difference formula. The ski

and track of the snowmobile pass over the same terrain profile, y, with
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a delay depending on vehicle speedf But u, and u, are not necessarily
the same after an axis shift because the ski and track shapes are not
the same. The values u, u, and u, are computed by the pre-processor
once, and used by the dynamic analysis program repeatedly for various

speeds and parameter variations.

The pre-processor is a menu-driven, interactive graphics program.
The user can select one of five common transient waveforms as the
terrain profile, and specify its parameters. Figure 6.9 shows the menu
of profiles from the program. The user also interactively specifies the
parameters describing the ski or track shape and the location of a
reference point on it whose motion is to be determined. The program
then displays the position of the ski or track as it moves over the
profile. This tabulated position information can then be written into a
file to be used during dynamic simulation. Figure 6.10 shows positions
of the ski at fixed p-intervals as it goes over a half-sine profile. In
Flgure 6.11 we see the actual path traversed by the ski pivot. This
clearly shows how the enveloping action of the ski affects the input

motion.

6.3.3 Dynamic Analysisg

Dynamic analysis was carried out using the two-degree-of-freedom
model discussed above. The equation generation and numerical solution
was accomplished using the graphics-based dynamic analysis program,

CAMSYD, described in Chapter 3. The ski and track suspensions were
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modelled in CAMSYD as user-defined elements, and subroutines are
appended to the CAMSYD-generated equations of motlon to describe the
forces generated in these suspension units. The numerical values for
suspension parameters as well as the motlon of the ski and track appear
as tabulated data from the respective pre-processors. The dynamic
analysis program makes interpolation techniques to determine thelr
values when the integration time does not fall on the grid points.
Since the simulation program does not solve for the kinematles of the
suspension linkages and motion of the ski and track, it is very
efficlent and fast. This means that a variety of dynamic analyses can
be carried out in a short time to understand the behaviour of the

dynamic system.

A versed sine 'bump' of 20 cm height and 2 meter length was used as
the obstacle over which the vehicle was simulated to travel at varlous
speeds. Figure 6.12 shows the profile. Low speeds are used since the
profile is quite severe. Numerical simulation was carried out in CAMSYD
using a variable step, variable order Adam's method with error control.
Simulation results are presented along with test results in the

following Section.
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6.4 FIELD TESTING AND VALIDATION OF SIMULATION RESULTS

6.4.1 Descripticn of Test Setup and Procedure

Testing was carrled out to measure the dynamic response of a

Formula Mach 1 snowmobile as it went over a 'bump’ at various speeds.

The bump was made of wood and was rigidly mounted on a smootﬁ

snow~covered terrain.

{130].

displacements at

The measurements are:

Ci:

c2:

Cc3:

P4:

AS:

AB:

AT:

A8:

A9:

AlQ:

various locations.

Data acqulsition was performed as described in

The snowmobile was instrumehted to measure accelerations and

Figure 6.13 shows these locatlons.

Linear displacement between a point on the tunnel and a point
on the rail at the rear.

Linear displacement between a point on the tunnel and a point
on the rail at the front.

Linear displacement across the ski shock-absorber.

Angular rotatlion of the ski with respect to the ski-leg.

Acceleration
track.

Acceleration
trauck.

Acceleration
plane of the

Acceleration
plane of the

Acceleration

Acceleration

of the rear of the rail perpendicular to

of the front of the rail perpendicular to

of the rear of the tunnel perpendicular to
tunnel.

of the front of the tunnel perpendicular to
tunnel.

the

the

the

the

of the ski-leg along the direction of its length.

of the front end of the chassis.

In addition to these signals, the vehicle speed was also recorded.
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Signals were callibrated in engineering units as follows: acceleration -
g’s; displacements - mm: rotation - degrees; and speed - km/hr. Data
was acquired and recorded using a six-channel portable digital
acquisition system by Somat™. A trigger signal was used to enable all
measurements to be aligned along the time axis. At each test run one
channel was used for the trigger signal, another one for the speed and
the other four were used for four of the ten measurements listed above.
All channels of data were acquired at a rate of 1000 samples per second?ﬁ
A total of five combinations of measurements were carried od£ at eacﬁ‘ L
speed. At each speed the test was repeated four times. Qut of the
four, the worst one was rejected based on how steady the vehicle speed
was maintained. The three sets of data for each run were transferred to

an IBM Pcm-compatible microcomputer as ASCII files.

We now give some of the ’'raw’ data signals to show the quality of
signals acquired. Figure 6.14 shows a sample of vehicle speed recorded
ac a nominal speed of 10 km/hr. It shows a variatlon of approximately
+20%. There is a consistent tendency for the speed to drop as the
vehicle encounters the bump. This drop in speed is even more prominent
at higher nominal speeds. For a given speed the signals are fairly

similar with a maximum variation of 15% for the example shown.

Figure 6.15 shows displacement measurement, Cl, at 10 km/hr. This
signal is typical of all the displacement measurements. A very high
frequency noise is superimposed on the low frequency signal. The

amplitude of the noise is typically 20% of the signal.
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Figure 6.16 shows a typical acceleration signal, A7, measured at 10
kim/hr vehicle speed. The Y-axis is marked in g's and shows very high
magnitude peaks of 10g acceleration. This is however not experienced by
the driver. These high frequency components can alsc be treated as
noise, and may be attributed to the vibratiocn of the structure on which
the accelerometer was mounted, and the vibrations due to engine, clutch,
and track motion. However, the high amplitude of the noise casts some

doubts as te the integrity of the hidden low frequency signal,

6.4.2 Signal Processing

The computer aided dynamic analysis software is intended for the
ride analysis of the vehicle-driver system modelled as a rigid body
moeunted on front and rear suspensions. It is known that this system
would undergo vibrations at low frequencies. The high frequency
components measured are therefore to be treated as noise, and must be
filtered before a meaningful comparison with analysis can be attempted.
In this Section we describe how this signal processing was carried out

and present some typical results.

Since the data was available on a computer in digital form, it was
logical to apply digital filtering by software. Two cascaded

first-order low-pass filters were employed, as shown below.

————| Fillter f1 > Filter f2 .
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Here f1 and f2 are the cut-off frequencies (in Hz) of each of the
low-pass filters, x is the unfiltered signal, and z is the final,
filtered signal. If T is the sampling period, @ = [1—exp[-Tf1)] and o =
[1-exp("Tf2)] are the constants of the filters, and i is the sampling
instant, we can write,

y. . = (I-al)y1 + @ X (6.9)

1+1 11

and

2y = (Lme)zy vy, (6.10)

We selected the cut-off frequencies, f1 and fa' to be 40 Hz and
20 Hz respectively. Filters inevitably distert the low {frequency
signals even as they suppress the high frequency noise. We have tried
other combinations of cut-off frequencies, and visually inspected the
results by superimposing flltered and raw datz., The above cholce of
frequencies seemed to give satisfactorv rocsults. In some instances it
was noted that the peak values of filtered signals are up to 10% lower

than they ought to be.

Figure 6.17 shows the filtered displacement signal, Cl, for three
runs at 10 km/hr speed. The raw data corresponding to "Test 1" was
shown earlier in Filgure 6.15. It is seen that the filtering has

effectively eliminated the noise without causing much distortion. Once
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the nolse 1s filtered, we can attempt meaningful compariszon between the
test results. It ls seen that the data from all three runs are fairly

similar, with a maximum deviation of approximately é%.

Figure 6.18 shows the filtered acceleration signal, A7. The raw
data corresponding to “"Test 1" was shown earlier in Figure 6.16. It is
clear from comparing these two plots that the 'true’ signal is really
hidden in the raw data. The results are less dramatic for higher
vehicle speeds as the magnitude of ride response is higher. A more
curious feature we notice is that the different test runs have a
significant amount of zero offset. This behaviour is barely discernible
in the raw data because of the widely different magnitudes. While the
filtered signals have a typical peak-to-peak magnitude of 1.8 g, the raw
data has 16 g. Clearly the signal that shows acceleration to be always
below zero is not correct. However, except for the offset, all the

signal do look similar and therefore cannot be dismissed.

It is possible that the accelerometer has sustained some impact
damage causing the offset. Or it may be that the instrumentation or
calibration had a flaw, Had there been a reference signal measured on a
stationary wvehicle avallable, it could have been used to correct the
error. Since this is not the case we must deal with the situation so
that we can make the best of what data we have. A solution that seemed
very reasonable is to shift each signal in the Y axis so that its mean
1s zero. This in effect ensures that the velocity associated with the

acceleration signal is zero at the end of the recorded data. This is
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10 Km/hr

A7 bounce acceleration (g), shifted
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strictly true only when the vehicle has come to a rest. However, for
lack of a better solution, we use this method. This zero-shifting was
carried out after filtering and was applied to all acceleration signals.
Figure 6.19 shows the signal, A7, after zero-shifting. Similarly,

Figure 6.20 shows the signal, AS8.

6.4.3 Comparlson of Simulation and Test Data

Among the 32 respdnse quantities available from the dynamic
analysis program, the only one directly measured in the test was the
deflection of the ski shock-absorber, C3. However, there is sufficient
amount of information available so that any of the others can be easily
computed. We have decided to carry out the validation of the software

by using the data Cl, C2, C3, A7 and AS.

As we sald earlier, C3 is available directly from simulation. With
regard to Cl and C2, the corresponding quantities from simulation are
the relative bounce q, and the relative pitch q, between the track and
the tunnel. Quantities corresponding to acceleration signals on the
vehicle body, A7 and A8, are the bounce and pitch accelerations of the
vehicle-driver system CG, z and 8, respectively. One can use Cl and C2
to compute q, and q,. or conversely, use q, and q, to compute C1 and C2.
Similarly A7 and A8 can be used to compute z and &, and vice versa. We
have chosen to compute C1, €2, A7, and A8 from simulatior results and
compare each with the test results. The analysis results are presented

for the vehicle traversing the bump at constant forward speeds. The
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plots that follow show two curves from test and one from analysis. The
test data represent the maximum and minimum values from among the three

runs. Ideally, the analysis results must be bounded by these curves.

From the location of the various measurements, we can write, for

example,
Cl =q,-0.226 q , (6.11)
C2 =g, +0.284 q, (6.12)
AT = -2 - 1.053 & {6.13)
and
A8 = - z + 0.112 & (6.14)

The assumptions implicit in these equations are that A7 and A8 are
measured in the ve;tical direction (A7 and A8 are measured positive
down, while z is positive up) in the inertial frame, which implies that
the vehicle pitch angle is "small" (cos{8)1), and that the relative
rotation between the track and tunnel is small (cos(qa)sl). Other
assumptions are that the tunnel and the rail are rigid, and the
horizontal movement of the rail relative to the tunnel 1s small. These

are reasonably valid assumptions under the clircumstances.
The deflection measurements, Cl, C2, and C3 do not have a zero

starting value. This magnitude is rather arbitrary depending on the

mounting locations of the transducers. Therefore, for a wvalid
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comparison with analysis, these curves are offset by a constant so that
they all start at zero. The analysis results are also suitably adjusted

so that at the statlic position, C3, q, and q, are zero.

6.4.3.1 Some Additional Notes on Computer Simulation

With respect to the comparison between computer simulation and test
data, certain detalls of the modelling must be made clearer. The
mathematical model used in dynamic simulation is based on the following

assumptions:

Mass: The vehicle and the driver are considered te constitute one

inertia-invariant rigid body. The equations of motion are written for
the bounce (vertical) and pitch (rotational) motions of this boedy. This
model neglects the compliance of the seat and the possible movements of
the driver (voluntary or involuntary). The model assumes zero or
constant velocity in the longitudinal direction. Possible variations in
speed will cause longitudinal accelerations which will be coupled to the

bounce and pitch degrees of freedom,

Suspension Systems: The suspension systems are modelled as
massless links, springs and dampers coupling the suspended mass to the

ground profile. The nonlinear effect of large deflections in the links

are taken into account. However, the limits on these motions due to
bu, o~stops and 1limit on shock extension etc. are not included. The
springs are modelled with linear stiffness. The nonlipearity in
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stiffness due to the air-spring effect of air in dampers is not
included, due to lack of real data in this regard, Similarly the
stiffness of rubber bump-stops was also not included for the same
reason. These effects could easily have been incorporated in the model
had they been available. Dampers are modelled as bilinear elements,
with one coefficient of damping in compression und another in extension.
These were determined from test data supplied by Bombardier. Peak
forces and velocities in compression and extension for sinusoidal
stroking were used. This 1is a gross approximation in reality.
Moreover, it is known that damping can vary as much as 50% from one
damper to another. However, for lack of better data, we have used the
present model. Again, it is easy to incorporate detailed models of the

damping mechanism when desired.

Terrain Vehicle Interaction Model: It is clear that a

'point-contact’ model will not be appropriate for our application. The
enveloping action of the rigid ski and track 1s taken into account by
using the program SKIPREP, to determine an ’equivalent’ profile that
would be applicable at the ski pivot and at a reference point on the
track/rail, SKIPREP determines the path that will be followed by these
points and the angle assumed by the ski and the track, provided the ski
and the track are always in contact with the ground. They are both
modelled as straight lines, ignoring their smoothly curved profiles at
the leading edges. This approximation makes a ground obstacle seem more

severe than what it 1s in reality.
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6.4.3.2 Vehicle Speed of 10 Km/hr

Flgure 6.21 shows the actual vehicle forward speed for the test
runs, As We noted earlier, the speed drops as the prefile lIs
encountered. Figure 6.22 shows the deflection of the ski suspension
shock-absorber. The shock compresses as the ski ascends the bump and
starts to extend as it descends it. It continues to extend as the track
goes up the bump and subsequently compresses. Both analysis and test
data exhibit the same trends, but the peak magnitudes obtained in
simulation are larger than those freom testing:.‘The simulation response
is more oscillatery than the test data curves, implying that the damping
values are probably underestimated. The same reason could also explain
the higher peaks. The simulation does not take into account bump-stops
and other limits on shock-absorber travel. Therefore, the excess
deflections would have been limited in reality. Despite all these the

analysis and test results are satisfactorily close.

Figure 6.23 shows the comparison of simulation and test results for
relative deflection between the rail and the tunnel, C1, measured at the
rear of the vehicle. It is seen that the curves match very well both at
the beginning and at the end of the run. When the ski goes over the
bump and later as the front of the track hits the bump, the rear of the
track compresses. The magnitude of this part of the signal is very close
to the test results. During the subsequent extension, the simulation
results Iindicate higher peaks than test results. This is because the

dynamic analysfs program ‘considers that the track is always completely

~
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in contact with the p-efile, However, as the front of the track is
toward the top of the bump, the rall must rotate to keep the track in
contact with the profile. The program assumes that this is possible.
However, due to the constant length of the track, the rail 1s restricted
from extending this far in the rear. As the rail goes down the bump,
the rear compresses once again, and during this stage, the theory and

experiment give very close results.

Figure 6.24 shows the response at the front of the rail, C2. The
curves all show the same basic behaviour, however, there is discrepancy
at the peaks. The same explanation that was offered for Cl alsc applies
here. As the ski hits the bump, the entire vehicle is elevated at the
front and the track which is still over level ground must lift slightly
off the ground. However, the program 1s not expected to take this into
account, and therefore predicts higher values of deflection at the front
than what is actually experienced. Similarly as the front of the track
encounters the bump, the front compresses more than what was measured.
This is due to the presumed rotation of the track as explalned above and
also because the shock bump-stops are not included in the model. When
the centre of the track has just cleared the apex of the bump, the rail
must rotate to keep the track in contact with the profile. However,
this may not occur because of the length limitation of the track.
Thereforé. the simulation r~esults vary from the test results. As the
rear end of the track 1s going down the bump, the computer results match

the test results very closely.
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10 Km./hr

A7 bounce acceleration (m/s2)
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10 Km/hr

A8 bounce occeleration (m/s2)
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Flgure 6.25 shows the vertical acceleration on the tunnel, A7,
measured almost at the very back end of the snowmobile. The test and
analysis give very close peak values, as well as the same type of
oscillations. However, there is some discrepancy regarding the location
of the peaks on the time axis. These can be attributed to the
difference in suspension forces due to the discrepancy in their

deflections as seen earlier.

Flgure 6.26 shows the vertical acceleration, A8, measured at the
front end of the tunnel. This point is almost at the middle of the
snownobile, and is only 112 mm ahead of the system CG. The test and
analysis results match very closely in peak values and the type of
oscillation, except that the first negative peak is less than what was

measured, and that there is a time shift as noted for A7.

6.4.3.3 Vehicle Speed of 20 Km/hr

Flgure 6.27 shows the speed variation for the field test. It is
steady at 19 km/hr as the ski goes over the bump. Then it drops
suddenly to around 17 km/hr. The simulation considered a constant speed
of 20 km/hr and therefore represents a more severe condition. This

discrepancy is reflected in the results.
Figures 6.28 through 32 show the same five quantities discussed

above, plotted for a nominal speed of 20 km/hr. The results are very

similar to what we saw for the case of 10 km/hr tests. In comparing the
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20 Km/hr

A7 bounce acceleralion (m/s2)
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Flg. 6.31: Acceleratlon signal, A7, at 20 km/hr
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deflections C3, C1, and C2, we find that the simulation results show
peaks which are higher than the test results. Moreover this variation
is more than what was observed in the case of the 10 km/hr run. The
reason may be that the simulation ground profile is more severe than the
real one, as pointed out earlier. The acceleration signal, A7, shows
good correlation. There is a good correlation for A8 also, except that
the simulation peaks are larger. From all the five flgures we see that
the simulation indicates the vehicle moving on level ground for time
greater than 0.8 seconds. During this time, the ski and track are In
constant contact with the flat ground, and the vehicle response is only
due to the residual forces in the suspension. However, the test results
indicate that the vehicle is still experiencing terrain inputs. This is
due to the fact that the vehicle speed drops as the bump is encountered,

and the whole vehicle clears it only at a later time.

6.4.3.4 Vehicle Speed of 30 Km/hr

Figure 6.33 shows the vehicle speed variation at a nominal speed of
30 km/hr. The actual speed averages about 27 km/hr. Figures 6,34
through 38 show the five measurements and analysis results plotted for
the three tzst runs and for simulation at 30 km/hr. The results show
very similar qualitative behaviour. However, it ls clear that analysis
results occur at a shorter time scale than experimental results.
Furthermore the analysis data show generally higher peaks than test
results. The main reason for this discrepancy 1s the same as what we

discussed for the 20 km/hr case, but now the effects are nore
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pronounced. At a constant 30 km/hr forward speed, the vehicle must
completely clear the bump in 0.53 seconds, as indicated from simulation
results. However, test results indicate that there is terrain induced
inputs even up to 0.8 seconds. There are two possible reasons for this
~ drop In speed, and the vehicle flying off the top of the bump and
impacting the ground one or more times. The droplin speed effectively
reduces the severity of the terrain. For'these‘reasons the simulation
results are generally higher in magnitude and shorter in duration than

test results.

6.5 SUMMARY

In this Chapter we have presented a computer-aided analysis
methodology for the ride dynamics of a snowmobile. The approach allows
the modelling analysis and design of various subsystems in a modular
fashion. For example, the kinematic analysis program determines
precisely and completely, the information required for a separate
dygamic analysis. The terraln pre-processor computes the trajectory of
the ski and track over any specified profile. The vehicle ride dynamic
model 1s built with bounce and pitch degrees of freedom. Computer
analysis ls performed to simulate the vehicle traversing a bump at 3
speeds. The simulation results are compared with data acquired from

fleld testing.

The overall evaluation of the test and analysis results is that
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they exhibit a very good level of correlation. If one takes Iinto
account the effect of speed drop in testing, the analysis and test
results show excellent qualitative correlation. The displacements in
suspension units obtained from simulation are generally higher than what
were recorded on the field test. The reason for this Is quite clear -
the mathematical model assumes that the skis and track are in contact
with ground profile at all times, and the limits of travel on the
suspension units are not taken into account. When a suspension unit
reaches its limit of travel in extension, in reality, the unit will lose
contact with the ground. This is not a desirable behaviour, because of
the consequent loss of traction and loss of control. Therefore, the
simulation program helps the designer to know how much suspension travel
must be avallable under various circumstances so that this situation can

be avolded.

There 1s a very good correlation for acceleration peak values,
especially at low speeds, between testing and simulation. Barring
measurement and recording errors, a factor responsible for the
discrepancles may be the bending vibrations of the tunnel stru:ture on
which the accelerometer was mounted. The tunnel is made of aluminum
sheet and could presumably vibrate at frequencies close the ones we are
ﬁeasgring. Some other effects which may have affected the results are
the.driver interaction, and the effect of seat stiffness. The seat,
made of foam rubber, is mounted directly on the tunnel, and the effect

of seat-driver dynamics would be directly felt on the tunnel.
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There are several other points of uncertainties both in the
mathematical model and its numerical parameters as well as the test
data, For example, the mass, moment of inertia, and CG location of the
vehicle~-driver system is only approximately known; damping coefficients
are assumed to be constant; acceleration test data has a very high noise
to signal ratio; etc.. Despite all these difficulties, we have been
able to gel a satisfactory correlaticn between theory and experiment.
Therefore, It 1is concluded that the modelling, analysis, and

interpretation of simulation results are reasonably valid.
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Chapter 7

CONCLUSIONS AND RECGMMENDATIONS FOR

FUTURE WORK

7.1 HIGHLIGHTS OF THE PRESENT WORK

As set out in Chapter 1, the overall objectives of this research
program have been (1) to create an analytical formulation that is
suitable for digital computer implementation which allows the engineer
to input data that defines a mechanical system of interest (especially
vehicle systems) and antomatically generates the governing equations;
(2} to develop anq iﬁplement numerical algorithms that automatically
solve the equations for dynamic response of the system, and provide

'cpmputer graphic output of the results teo the designer or analyst; (3)
't; develop new techniques for the analysis and design of suspension
linkages; (4) to implement these in a general purpose program; and (3)
to use these techniques and software for the analysis of suspension

systems for a snowmobile.

These objectives have been accomplished as presented in the
preceding chapters. In the present chapter, we point out some
highlights of the work and summarize the main findings. We also present

some recommendations for future work based on the present research.



A notable aspect of the research presented in this thesis is that
the subject matter is very general. This is in contrast to most
others, where problems pertalning to specific systems are studied in
detail. Our aim has been to formulate general methods for meodelling and
analyzing vehicle multi-b;dy systems, which lead to computerized
solution. General purpose computer programs have been developed which
relieve the engineer of a lot of routine manual calculations and
programming when studying a wide class of systems. Our overall aim has
been to develop teools which may be applied in a variety of problems, and

we have i1llustrated their use through many examples.

General multi-body dynamic formalisms and computer programs are of
course not new ideas, and have been pursued by many researchers. What
is new is the approach we have taken to model vehicle systems, realizing
their particular nature, in contrast to a general mechanism model
approach. The mechanism approach models the vehicle and the interacting
environment as a spatial mechanism. This leads to a very complex and
expensive-to-build model which hdé-;wo main drawbacks - inability to be
used in all but transient response simulations, and voluminous output
which are hard to interpret in terms of basic system properties. Using
the methods and software we have developed. the vehicle systenm
dynamicist can easlly model systems in a conventional manner in terms of

the schematic representations of various subsystems.

These methods and software are based on a dichotomy apparent in the

dynamics of vehicle multi-body systems — the large relative deflections
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in the suspension linkages of small masses, and the small relative
deflections in the sprung bodies of large masses. The suspension links
may contain closed-loop kinematic chains, whereas the Sprung masses may
only have open kinematic chains. We do not model the vehicle system as
large~deflection mechanism as in ADAMS and DADS, or as a
small-deflection-only system as in MEDYNA. Large-deflection analysis of
the suspension mechanisms is performed separately and prier to the

small-deflection-only analysis of the total vehicle system.

Kinematlc analysis techniques for suspension linkages have been
presented in detall. Suspension force generation characteristlcs are
presented in terms of the generalized coordinates that define its
degrees of freedom, using the method of velocity coefficients. The
kinematic modelling and analysis extracts only these geometric
characteristics so that damping and stiffness parameters can still be
varied at will during the dynamic analysis stage. Sensitlivity analysis
of velocity coefficients and deflections are also presented so that
suspension linkages may be designed to give required force-deflection

characteristics,

In the course of suspgnsion kKinematic analysis, we have examined
the concept of roll centres, which is very popular among racing car
suspension designers. We have exposed some conflicts in the existing
definitions of roll centre. Using the method of velocity coefficlents
we have presented =z 'genefal analytical method for deteqmiping roll

centre location and roll stiffness. The older method uses é}aphical
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constructions and is applicable only to one-degree-of-freedom systems.

Two new software packages which embody the methods and philosophy
advanced in thesis have also been developed and presented. These
packages are distinguished by the fact that they are based on a
schematic, sketch-pad approach to modelling. Using a minimum amount of
data the user can interactively build a system model in a schematic
form. The system equations are automatically derived in symbolic form

and solved for a variety of options common to vehicle system analysis.

We have also formulated suspension and ride dynamics models of a
snowmobile. Analyses were carried out using the general purpose
sof tware developed. Ride analysis of modern racing snowmobiles have not
been presented elsewhere in literature. The analysis results compare

favorably with results obtained from field testing.

7.2 GENERAL CONCLUSIONS

We have shown that a large class of mechanical systems, especially
vehicle systems, can be modelled as free multi-body systems or
constrained mﬁiti-body systems in tree configuration. If the internal
'forces in force-generating elements are proportional or
proportional-differential forces, the system equations can be derived in
closed form with a minimal set of variables. Each body may be modelled

with enly the necessary number of Lagrangian coordinates representing
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its degrees of freedonm. Thus, one may have one-degree-of-freedonm
bodies, two-degree-of-freedom bodies, or six-degree-of-freedom bodies.
Equations are derived in an inertial %rame which may move at a constant
velocity with respect to the groﬁnd—fixed frame, so that large
reference~frame motion of vehicles can be accommodated without numerical

difficulties.

We have demonstrated that the velocity coefficient method can be
employed to model linkage suspensions as equivalent two-port force
generators, still maintaining their nonllinearities due to large
deflections. This modelling approach affords the engineer a better
understanding of the problems, thereby leading to batter and faster
solutions. The procedure can be used to determine both handling and
ride characteristics of a linkage suspension. For ride the suspension
system Is modelled to determine its vertical force deflection
characteristics in terms of velocity coefficients. For handling
analysis, the method ylelds variations of all kinematic parameters, as
well as, the location of roll centre and roll stiffness. We have
discussed and clarified several confusing points with regard to the
concept of roll centre, and presented a new definition as well as a

convenient way of computation based on velocity coefficients.

7.3 RECOMMENDATIONS FOR FUTURE WORK

Future work which may be based on the present foundation falls. into

270



two categories, - namely, analytical development, and sof tware
development. Recommendations for analytical work may be summarized as

follows:

1. Include friction-stiction effects in force elements. In the
present formulatlon friction forces can be accounted for as long as
motion exists. When the amount of friction is such that a jelnt is
locked-up (stiction}, the force-element acts as a rigid link,
creating additional kinematic constrajnts. A formalism based on
maximal set of equations and a constraint addition-deletion
strategy is implemented in the 2D version of DADS [131]. Since
friction or stiction in suspension elements will not cause closed
kinematic loops of sprung bodies in most vehicle system models, a
constraint addition-deletion strategy can also be implemented based

on the formalism presented in this thesis.

2. In constraint addition-deletion occurring due to stiction mentioned
above, we are dealing with systems that change their topologies
during motion. Another phenomenon that causes the same effect is
wheel-hop. In vehicle systems wheels may occasionally lose contact
with the ground. The constraint due to contact is really a
non-holonomic constraint. However, the assumption of holonomy 1is
generallQ.?alid as long as contact exists. When a2 wheel is no
longer in contact it not constrained by the ground profile and a
different set equations of motion might apply. The formalism, as

well as, the computer code may be enhanced to take this lInto
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account.

In the dynamic analysis of vehicle systems we have modelled sprung
masses as rigid bodies. The flexibillties of these bodies may have
significant effect on the overall dynamics when large wheel spans
or small structural stiffnesses are present. The formalism may be
extended to include the flexibility and mass distribution effects

[132].

The definition of roll centre, and z methoed for determination of
its location and roll stiffness has been presented for a planar
system. In the 3-dimensional case we have a roli axis, Instead of
a roll peoint. The theory developed in Chapter 4 can easily be

extended to this case also.

Another extension of the present work is the use of expert systems
or artificial intelligence technirques in building wvehicle system
models. As we mentioned earlier, modelling is a very intuitive
process, Since no one can say there is one and only one medel which
should be used to study a particular problem. Simpler models may
not exhibit all the necessary characteristics of a system which are
being investigated, and more complex models are expensive to build
and hard to interpret. With help of a model knowledge base, an
expert system may guide the analyst in the modelling process.
Viable applications of expert systems 1iIn mechanical system

modelling and analysis are not reported in numbers, although these

272



are certainly growing [133].

6. Active and semi-active controls are galning prominence 1in
suspension systems. This ©brings electronic sensing, and
electrical, pneumatic or hydraulic control as integral parts of a
suspension systems in addition te springs, dampers and linkages we
have considered. A modelling formallsm which is Louted to be able
to handle such a multi-domain systems is the bond-graph method
(134]. However, at present the formalism is not well developed to
handle kinematie constraints. Future developments in this area

will definitely be of use to vehicle dynamics.

The software packages that have been developed can certainly be
extended through the implementation of analytical developments mentioned
above. Besides them, there are a number of other recommendations for

software development work, which may be summarized as follows:

1. Extend CAMSYD to full 2D. Presently the component menu contains
only one and two degree-of-freedom masses. Addition of a three
degree-cf-freedom rigid body will glive a full planar capabllity to

CAMSYD.

2. Extend CAMSYD to 3D. The theoretical basis for equation derivation

will be the same. However, the main difficulty will be Iin

designing an easy-to-use graphics based 3D sketch-pad as the
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pre-processor. Linkage suspension subsystems will be represented

as equivalent force generators using a 3D version of GENKAD.

Include sensitivity analysis option in CAMSYD for frequency domain
computations. These will include eigenvalue and eigenvector
sensitivities to design, as well as, sensitlvities of frequency
response functions. The theory for these already exists [135] and

are increasingly being used for vehicle system design [136].

Implementation of a full optimization scheme is a logical next step
after sensitivity analysis. Instead of using a general nonlinear
programming approach, one can make use of the state-space
description of system equations, both in kinematics and dynamics,
and ﬁse state-space methods of optimal design as detailed in the

text book by Haug and Arora [110].

Another Iimprovement 1in software implementation would be to
integrate GENKAD and CAMSYD into a single software package with the
same graphical interface and syntax. One could then build and
alter detailed kinematic models of suspension linkages while

building the overall lumped parameter dynamic model.
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APPENDIX A

Equations of Motion for a Tractor-Semitrailer Model

noano oon

oon

nonon

)
L ]

SUBROUTINE INIT(IUN, IER)

INITIALIZES THE COMMON BLOCKE /PAR/ AND /MAS/

REAL MASS( 7), SPAR(11), DIST( %)
REAL MIN1(3,3), MATR(3,3)
COMMON /PAR/ MASS, SPAR, DIST

COMMON /MAS/ MINI

READ IN IN DATA

READ{ TUN,
READ ( IUN,
READ ( TUN,

MASS MATR

MATR( 1,
MATR( 1,
MATR( 1,
MATR( 2,
MATR( 2,
MATR( 3,
MATR( 2,
MATRC 3,
MATR( 3,

¥)
1)
z)

Ix

1)
2)
e b
2)
<}
3)
1}
1}
2}

(MASS(I},Ial, 7
(SPAR(I) , I=1, 11D
(DIST(DY, [=l, =

FOR TREE 1

MASS (1) +MASS(D)

DIST (1) xMASS (3)
~DIST (4) tMASS(3)

DIST (1) SMASS (3) KDIST (1) +MASS(2)
-DIST (1) $MASS(3) sDIST (4)

DIST (&) TMASS (3) xDIST (4) +MASS (4)
MATR( 1, 2)

MATRC 1, )

MATRC¢ 2, 3)

HEUyYReEyEN

INVERT THE MASS MATRIX

DET = MATR(1,1)X{MATR{2,2)xMATR(3,) -MATR(2,3) ¥x2) -
MATR{1,2) s (MATR{1,2)3MATR(3,3)-MATR(1,3) sMATR(2,3}) +
)

MATR(1,3) X(MATR (1,2} SMATR (2, 3) ~MATR (1,3) ¥MATR (2,2)

IF (DET.EQ. 0.0} THEN

IER = 2

RETURN
ENDIF
MINL1{1,1) = (MATR(2,2)3MATR(3,3)-MATR(2,3)£22) /DET
MINL(1,2) = (MATR(1,3)tMATR(Z2,3)~MATR(1,2) SMATR(3,3)) /DET
MIN1(1,3) = (MATR(1,ZVEMATR(2,3)~-MATR(1,3}$MATR(2,2)} /DET
MIN1(2,2) = (MATR(1,1)8$MATR(3,3}-MATR(1,3) $%2) /DET
MINL(2,3) = (MATR(1,3)TMATR(1,2)~-MATR(1,1)SMATR(2,3))/DET
MIN1(3,3) = (MATR(1,1) SMATR(2,2)-MATR(1,2) $%2) /DET
MIN1(2,1) = MIN1(1,2)
MIN1(3,1) = MIN1(1,3)
MINL (3,2) = MIN1(2,3)
RETURN
END
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SUBROUTINE DIFFUN (NDE, T, X, XDOT}
SYSTEM EQUATIONE IN STATE SPACE FORM

REAL X(12), XDOT(12), FEL( 7), FTR{ I)
REAL MASS( 7), SPAR(11), DIST{ =
REAL MIN1(3,3)

COMMON /PAR/ MASS, SPAR, DIST

COMMON /MAS/ MINL

COMPUTE ELEMENTAL FDRCES, FEL
CALL ELFORCS(T, X, FEL}

SYSTEM EQUATIONS OF MOTION IN STATE SPACE FURM
XDOT(,) = F(X,T)

0o 10 I=t, &
X0OT(I) = X(I + &}
CONTINUE

TREE 1

FTR( 1} = -FEL(2)-FEL(3)-FEL(4)

FTRt 2) = -DIST(1)FEL(4)-FEL(2) xDIST(2)-FEL{3) sDIST () =-FEL (1)
FTR( 3) = OIST(4)2FEL(3)-FEL (4) xDIST (M) +FEL(1)

X0OTC 7) = MINL(L,LYSFTR(1)+MINL(1,2) SFTR(2)+MINL (1,3) X TR(3)
XDOT( 8) = MIN1(2,1)2FTR(1)+MIN1{(2,2) SFTR(2}+MINS (2, 3) sFTR(3)
XDOT¢ 9) = MIN1(3,1)sFTR(1)+MIN1{3,2)XFTR(2}+MIN1(3,3) sFTR(D)

ISOLATED BODIES

XDOT(1¢) = (FEL{2)-FEL{M))/MASS (D)
XDOT(11) = (FEL(4)-FEL(7})/MASE (&)
XBOT(12) = (FEL(3)-FEL(&})/MASS(7)

RETURN
END
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SUBROUTINE ELFORCS(T, X, FEL)

REAL X(12), FEL( 7), RV(11)

REAL MASS( 7), SPAR(11), DIST( W)
COMMON /PAR/ MASS, SPAR, DIST

GET MOTION ACROSE EACH ELEMENT, RV(.)
CALL ELEMOT(T, X, RW)

COMPUTE ELEMENTAL FORCES, FEL(.)

FELC 1) = FORCEO7(RV( 1), SPAR( 1))
FEL( 2) = FORCEOQO4(RV( 3), SPAR( 3))
FEL( 3) = FORCEO4(RV( 5), SPAR( %))
FEL( 4) = FORCEOA(RV( 7), SPAR( 7))
FEL( 9) = FODRCEO1(RV( 9), SPAR( 9))
FEL( &) = FORCEO1(RV(10), SPAR(10})
FEL( 7) = FORCEO1{(RV(11), SPAR(11)}
RETURN

END
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SUBROUTINE ELEMOT(T, X, RWV)

COMPUTE THE REQUIRED MOTION VARIABLES FOR EACH ELEMENT

REAL X(12), RV(11l}, XX{i®)

REAL MASS( 7), SPARI(11), DIST( O)

COMMON /PAR/ MASS, SPAR, DIST )

GET MOTIDN OF EACH BODY, XX(.), USING X(.)

CALL BODYMOT(X, XX}
CALL BODYMAT(X¢ 77, XX( 8))

COMPUTE MOTION ACROSS EACH ELEMENT

RV{ 1) = XX(2)-XX{4)

RV( 2) = XX(9)-XX{11})

RV( 3) = XX(1)+XX{2)IDIST(2)=XX(3)
RV({ 4) = XX(BY+XX{F)EDIST(2)=XX{12)
RV( ¥) = XX(1)+XX(2)2DIST(3)=XX(7)
RV &) = XX(BY+XX () SDISTII=-XX{14)
RV( 7) = XX{3)+XX(3)2DIST(S)=-XX (&)
RV( B) = XX{10)+XX(11)3DIST(S)=-XX (1
RV{ 9} = XX(S)-Y{(10,T)

RV(10) = XX(7)=-Y(12,T)

RV(11) = XX{(&)-Y(14,T)

RETURN

END

nono o

SUBROUTINE BODYMOT (X, XX)
MOTION OF EACH BODY USING THE STATE VECTOR
REAL X{ &), XX(¢ 7)

REAL MASS( 7), SPAR(11), DIST( ) ‘
COMMON /PAR/ MASS, SPAR, DIST

XX( 1) = X{1)
AN 2) = (D)
XXt 3) = X{L)+X{2)sDIST(1)~X{(3)2DIST(4)
XX( 4) = X(3)

XX( 3) = X(4)
AXL &) = (W)
X2 7)) = X&)

RETURN
END
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