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Abstract

Value at Risk and the Distortion Operator
Wai Lun Cheuk

VaR is a popular measure for benchmarking market risk based on price or return
fluctuations of instruments among institutions. Calculation of VaR depends very
much on the model explaining the price changes and volatility of the underlying
assets. However, theoretical models can be very unrealistic in comparison to actual
historical data. Modifications are required in order for the models to better fit the
actual market conditions.

If finding a mathematical tool to bridge to theoretical model with reality were
possible, we could expect a better or less expensive estimation of the VaR. Calcula-
tion of the actual VaR for an asset can be started by first finding the risk adjusted
return under the assumption of a theoretical return model covered by the risk neutral
measure, where a new mathematical tool could link the risk adjusted models back to
the actual measure.

We propose a distortion operator to serve as such a bridge between the actual and

risk neutral distributions.
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Chapter 1

Value at Risk

1.1 Introduction

Value at Risk (VaR) is a firm-wide measure of the market risk of a financial firm’s
“book”, the list of positions in various instruments that expose the firm to the financial
risk. Due to its simplicity and relative non-expensiveness for calculation it is gaining
popular acceptance among institutions.

Although credit risk is viewed as part of the market risk, it is treated separately
in a parallel measure namely, Credit-VaR. The methodology of measuring VaR
focuses narrowly on the market risk due to price or return fluctuations of the traded
instruments over a short time period under a stationary market condition. Other
forms of financial risk, such as operational or regulatory risk, are simply ignored or
briefly taken into account. With these limitations VaR itself can only be regarded
as a benchmark for comparing one instrument against others under a specific time
horizon and confidence level. It is misleading to consider VaR as a measure reflecting
the true financial risk exposure and capital adequacy of a financial firm.

According to Duffie and Pan (1997) the measure of VaR depends on

(1) A model of random changes in prices of the underlining instruments.

(2) A model for estimating the sensitivity of the prices of derivatives to the prices



of the underlying assets.

The elements of the above models are already available in the markets for the purpose
of pricing and hedging derivatives. Measuring market risk by integrating these ele-
ments across trading desks however sounds difficult, mathematical modelling comes

into the stage under the demand of independent risk management systems.

1.1.1 Basics of VaR

According to Duffie and Pan (1997) Value at Risk is defined as follows:

For a given time horizon 7" and confidence level 100p%, the Value at Risk
is the loss in market value over the time horizon T that is exceeded with

probability 1 — p.

Mathematically speaking the T-period VaR at 100p% confidence level of a portfolio is
indeed the distance between the lower bound of the 100(2p — 1)% confidence interval
and the current market value of the portfolio (not the expected value) conditioned on
the current market information over a T-period time horizon. In order to guarantee
a VaR model to be valid a model giving a larger value of VaR is preferred.

The values of T" and p vary depending on the standard of a particular institution.
For example, the Derivatives Policy Group (DPG) proposed a standard for over-
the-counter (OTC) derivatives broker-dealer reports to the Securities and Exchange
Commission (SEC) with T of 2 weeks and p of 99%, while J.P. Morgan requires a
daily T and p of 95%. Overnight VaR is widely used for internal purposes.

The mathematical challenges in VaR are many including availability of data, sim-
ple theoretical and empirical model and computational methods. In Duffie and Pan

(1997) the recipe for estimating VaR can be summarized as follows:

(1) Build a model for simulating changes in prices, and volatility across the under-

lying markets. It can be either parametric or nonparametric.



(2) Build a database of portfolio positions, including derivatives and estimate the

corresponding current size.

(3) Develop a model for revaluation of derivatives subjected to changes in the un-

derlying market prices.

(4) Simulate the changes in the market value of portfolios for each scenario of
the underlying market returns. Generate independently a sufficient number of

scenarios to estimate the critical value of the loss distribution.

We will focus mainly on the price risk model of the underlying markets for VaR

calculation.

1.2 Price Risk

The key issues of the underlying price risk model are tail fatness, volatility, skewness
and correlations. Volatility is defined as the annualized standard deviation of the price
of an underlying asset, and it is usually regarded as merely the standard deviation

itself. It is occasionally used as the primary measure of the market risk of a position.

1.2.1 Basic Model of Return Risk

Let R; be the continuous daily return of some underlying asset (e.g. stock) with price

A, at the end of day t. Then the price of the asset at the end of day ¢ + 1 will be:
‘4t+1 = 04-t eRH-I s

and, conditionally on a sequence of market information {P;} available on day ¢, the

successive return can be modelled as:
Reoy = + €100, (1.1)

where u; = E[Riy1|P), 0¢ = /V[Rir1|P] = o[R1|B] and €.y is the shock to the
asset price on day t + 1 with Ele;..1|P] =0, ole;n1|B] = 1.



If the number of trading days in a year is denoted by n, the volatility of the
corresponding annualized asset return on day ¢ will be g;v/n. In general, the volatility
of an annualized asset return, with price A, at day t over a period of T days, is
J[Rt,TIPt]\/IET where Rer = Riry + Rivo + ... + Rer. It becomes stochastic if it
is allowed to vary randomly over time. For a multiple period horizon the T-period

return of an asset at day ¢ can be written as:

Rt = + €101

where ;7 = E[R.r|F] ovr = o[R:7|P], and €, r is the shock over the T-period
again with Ele;7|FP;] = 0 and ole,r|P.] = 1.
For illustration purposes, the analytical 100p%-level T-period VaR of the asset

with price A; at day ¢t is:
VaR,[T; A = A(1 — e"‘-T"[E"T}P"t-T) ,

where Ple,7 > [e:r]p] = p, [€:.1]p is the 100(1 — p)*® percentile of the shock to the

T'-days annualized return of the asset at day ¢.

1.2.2 Actual Versus Risk-Neutral VaR

If the current market is fair enough that the price of an asset truly reflects its return,
it is reasonable to assume that the asset price at the end of day ¢ is determined by its
conditional expected return over day t+1 and it must satisfy the martingale condition

for any available information on day ¢ :

A, = A eFlRenlP]

or equivalently, E[R;+1|P:] = e = 0. This is the basic assumption RiskMetricsT* uses
for the calculation of VaR and the sequence of the pivotal values {f—f} is assumed to
be i.i.d. Normal(0, 1).

However, if the market is assumed to be efficient, the construction of a distorted

pseudo-probability @ measure is required to calibrate the expected return with the



risk free rate ry. This measure is used for derivatives pricing, for example Black-
Scholes’ famous formula. Under this assumption, the price of the asset has to be

rewritten as:

At — AteEQ[Rc-i-l—Tf,th:I ,

or equivalently, Eg[R¢+1|P:| = p: = 15, where 74, denotes the risk free rate of return
at day ¢ + 1. It is deemed constant with respect to the market information P,.
Values calculated under this @ measure are regarded as risk-adjusted. The risk-
neutral or risk-adjusted VaR can be calculated from the above assumption. According
to Harrison and Kreps (1979) the risk neutral distribution has indeed a very different
nature from that of the actual in representing the risk of a position. Nevertheless as
Duffie and Pan (1997) point out, for most markets there is no significant difference

between the risk-adjusted VaR and the actual VaR over a short time period.

1.2.3 Tail Fatness

The tail fatness of the shock € to an asset is also viewed as an indicator of the level of
market risk exposure. It is usually measured in terms of kurtosis. Given two assets
whose shocks are calibrated to have the same standard deviation, the one with a
greater kurtosis value gives a greater overnight VaR. The kurtosis of a normal shock
is 3 while the kurtosis of the shocks in most markets is generally greater than this
value. Therefore a fat tail model is generally preferred for VaR valuation in order to
capture the worse possible situations.

Another measure of the tail fatness, more related to VaR, is the number of stan-
dard deviations from the mean associated with the critical 100p%-level of downside
return. [t is indeed the value of €ver, mentioned above. For a standard normal
shock the corresponding value at a 99% level is 2.33 while it takes a greater value for
most markets. If a particular market shows a thinner than normal tail, it is usually
negatively skewed, which is not in favour of investors.

Many sources contribute to fat tails. Mixtures of normal shocks can be the major



reason, which is the idea behind the assumption of stochastic volatility. A typical

example of this mixture of normal shocks is the jump diffusion model.

1.2.4 Volatility

Volatility is one of the key inputs for the VaR calculation. A mixture of normals,
leading to fat tails stochastic volatility, is usually assumed for the calculation of VaR.
Many models use conditional autoregressive models such as GARCH or EGARCH.
GARCH models can also be extended to the cross-market level by taking the covari-
ances between assets in different markets into account. If a market is sophisticated
and efficient enough, option-implied stochastic volatility based on the risk neutral

assumption is suggested as a better alternative for the estimation of volatility.

1.2.5 Skewness and Correlations

Negative skewness is another major concern in studies of market risk, especially for
long positions. It shows a heavier weight on the downside return or loss and it is
reflected in the value of VaR. If the negative skewness of the return of an asset is due
to the shock and normality is assumed, it will be vanishing over a long time period
due to the central limit tendency. Otherwise the skewness is caused by the correlation
of the asset return with the market, which is often referred to the systematic risk of
the asset in the market. A good assumption about the correlation of a particular
asset with the market will be important for the estimation of VaR over a long time

horizon.

1.3 Return Risk Models

Consider the simplest form of a return risk model, namely the plain vanilla model:

the daily return is modelled as

Riv1=p +o€qr,



where y, = 11, 0y = o are constants and €., ~ i.i.d. Normal(0, 1) for all ¢.

In this setting, the annualized returns R, ares also i.i.d., unconditionally normal
with mean p and volatility o\/n, where n is the number of trading days in a year.
Denoting R, = R¢+y + Rivo + ... + Reor the T—days period return at day t can be

written as:

Rt,T = ,UT + Gt’TO'\/T s

where ;7 ~ i.i.d. Normal(0, 1) for all ¢. The annualized R, r arei.i.d., unconditionally
normal with mean u7" and volatility o/F.
The 100p%-level T-day period VaR. of the asset with price 4, at day ¢ is:

VaR,[T; A = A,(1 — e#T ~71-p0VT)

If two assets with respective prices A;; and Ass at the end of day t constitutes a

portfolio, it can be verified that:
VaRy[T; A1y + Asy] S VaR,[T; Ar sl + VaR,[T; Aay)

which shows the benefit of diversification. Equality holds if the two asset returns
are perfectly positively correlated. Moreover, pesrfect negative correlation between
returns of identical o, with both expected values greater or equal to the risk free rate,
is not allowed. Otherwise these would imply the existence of pure arbitrage.

In a jump diffusion model, where an extra shock &, is introduced to the plain

vanilla model, the daily return can be written as
Ry = p+ (€01 + Eesalo,

where §.; ~ i.i.d. compound Poisson, denoted C .P.[Normal(0, »?), %] and indepen-
dent of ¢, for all .

&:+1 Is a compound Poisson variable with an arrival rate of shocks of % and a
severity distributed as Normal(0,2?), where n is the number of trading days in a
year. It has a fatter than normal tail, and it can be verified that the degree of tail-

fatness of the jump diffusion model converges to that of normal over an asymptotically



long time period, which is consistent with the normal feature of the efficient market
assumption. However, both models above can seem unrealistic when compared to
actual historical data. Other modifications such as stochastic volatility are used to
reconcile theoretical models with reality.

Under the assumption of a specific model based on data for a particular position,
a simulation of the price can be performed. The 100p%-level VaR can be obtained by
finding the 100(1 — p)*™® percentile of the simulated data over a specific time period.

1.4 VaR for Portfolios of Assets and Derivatives

Using the definition of the underlying asset VaR, the estimation of VaR can be ex-
tended to a portfolio. By the risk mapping technique, the portfolio risk can be
decomposed into a vector of m risk factors, {¥;}%;, each with a different degree of
exposure, 3;, in the portfolio. Here 8; measures the ratio of change in portfolio return,
per change in i*® risk factor. These risk factors are usually represented by a list of
market information, for example, foreign exchange rates, interest rate, market indices,
all assumed to affect the portfolic return. The total market risk of the portfolio can
thereby be obtained from the distribution of these risk factors.

In the case of a portfolio whose return is driven by a set of plain vanilla risk factors,
denote the ¢** risk factor over the T-period by Y;.r at day t. The i*® “surprise” factor

X1 is then represented as:
Xi,t,T = Yi,t.T - E[Yi,t,T[Pt] -
The return of the T-period portfolio return at day ¢t is written as:
m
Ry = UpeT + Z BiXieT
=1

which is normally distributed with expected value pp: 1 = E[R,:r|P.]. Denoting by

C;; the correlation between the i and j*® risk factors, the total risk of the portfolio,



D, is then given by:

D = URp,t,T|Pt]
BiBiCij -

-3

1 j=1

If the market price of the portfolio is A, at the end of day ¢, the 100p%-level T-period

portfolio VaR will be:
VCLRP[T; AP,tI = Ap,t(l —_ e#p,t,r-i-:l_pD) )

Moreover, estimation of the VaR for derivatives of a set of underlying assets can
be done by the delta and gamma estimations on a pricing formula f over a short
time interval. For instance, in the case of derivatives with a single underlying asset
of price A; at day t, the price of the derivatives is f(4;) at day ¢t. Denoting a “small”
change in the underlying asset price over a T' period by AA,r, the corresponding

delta estimation of the derivatives price will be:
f(Ace +AAr) = f(A) + f(A)AAr .
An 100p%-level T-period estimate of the derivatives VaR is then:

VaR,[T, f(Ad)] = f/(A)VaR,[T, A .

If the VaR of the underlying asset is large, it will lead to an over-estimation of the
derivatives VaR.

The delta-gamma estimation is a simple extention of the delta equation to the
second derivative term, which is known as the gamma of the pricing formula. The

corresponding estimate of the derivatives price will be:

f(Ar+ AAcr) = f(A) + f'(A) DA + 1/2f"(A) AA7 ¢



and the estimated risk of the derivatives is:

VVIF(A+ 84 ~ (/A

= fl(A)V[AA 7]+ 1/4f"(A)*VI[AA; ]

+f'(A) f'(A)CoVI[AA, 1, AA} 7] .

Then one crude estimate of the 100p%-level T-period derivatives VaR is z;_, \/WA—t) .
However, the second derivative nature of the gamma term usually results in an under-
estimation of the VaR, especially for the Black-Scholes type options. Both delta
and delta-gamma estimates of VaR work well over very short time intervals and the

accuracy declines as the time horizon increases.

1.5 Conclusion

VaR is a popular measure for benchmarking market risk based on price or return
fuctuations of instruments among institutions. Calculation of VaR depends very
much on the model explaining the price changes and volatility of the underlying
assets. However, theoretical models can be very unrealistic in comparison to actual
historical data. Modifications are required in order to better fit the actual market
conditions. If finding a mathematical tool to bridge to theoretical model with reality
were possible, we could expect a better or less expensive estimation of the VaR.
Calculation of the actual VaR for an asset can be started by first finding the risk
adjusted return under the assumption of a theoretical return model covered by the
@ risk neutral measure, where a new mathematical tool could link the risk adjusted

models back to the actual P measure.
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Chapter 2

Wang’s Distortion Operator

2.1 Introduction

At a time where insurance and financial risks are becoming more integrated, many
researchers including Smith (1986), Cummins (1990, 1991) and Embrechts (1996)
share the viewpoint that a unified pricing theory is desirable to link both fields.

From the evidence of the influence of expected utility theory in actuarial risk the-
ory Borch (1961), Bithlmann (1980), Goovaerts et al. (1984) and Wang (1995, 1996),
the latter proposed an actuarial valuation approach by distorting the survival func-
tion of the risk variable. The method is based on Venter’s observation for insurance
layer prices, coinciding with Yaari’s economic theory of risk. Researchers also see a
resemblance between Black-Scholes option pricing formula and a stop-loss reinsurance
cover, despite differences in the underlying valuation measures and the broader choice
of distributions used in reinsurance.

However, difficulties remain in finding a justifiable unified pricing theory. The
proportional hazards (PH) transform, as a special member of the general class of
transforms defined by Wang (1994), is gaining importance in the field of actuarial sci-
ence for pricing reinsurance risk layers. It, nevertheless, fails to restore Black-Scholes

formula for lognormal risks. Moreover, simultaneous applications of the transform to

11



both assets and liabilities, simply leads to inconsistencies. Applications of the capital
asset pricing model (CAPM), from the theory of finance, to insurance pricing also
results in serious drawbacks due to the normality assumption on asset returns in the
model and estimation errors associated with the underwriting beta [see Cummins and
Harrington (1985)].

Many actuaries and financial economists such as d’Arcy and Doherty (1988) or
Gerber and Shiu (1994) have tried to bridge the pricing theory in the two fields, a
unified theory still is a missing piece in the puzzle.

In this chapter we discuss some basic properties of distortion operators. A new
distortion operator proposed by Wang (2000) is discussed in Section 2, which has
some interesting properties like reproducing the capital asset pricing model and Black-
Scholes formula. The ideas of standard deviation principle and Yaari’s dual theory of
choice are also being captured under this new distortion operator. Moreover, a new
measure of tail fatness for capturing the downside risk can also be derived from it. It
seems that this new distortion operator can serve as a good candidate in promoting

an unified pricing theory.

2.2 Distortion Operator

Let us focus first on non-negative random loss variables and the distorted transfor-
mation of their distribution for the valuation of insurance premiums. Denote the
non-negative loss random variable by X and its cumulative distribution F'x. The
corresponding survival function is Sx = 1 — Fx. From the expected value principle,

the pure insurance premium is given by

E[X] = /0 " ydFx(y) = /0 " Sx(y)dy -

12



An insurance layer X(gq+m) is defined by its payoff function as:

0 OSxY<a
Xaaim=4§ X—a a< X <a+m
m a+m<X

where a is the retention and m is the limit.

Then the survival function of the insurance layer is

Sx(a+y) 0<y<m
S-Y(a.,a-}-m[ (y) =
0 m<y

with a net premium of

E[X(ava'*'m]] = / Sx(a.a+m] (y)dy = / Sx(x)dx -
0 a

It is important to notice that the net premium based on the expected value principle
is not necessarily the market price of the risk layer. Venter (1991) observed that for
any given risk, market price by layer always implies a distorted distribution. Wang
(1996) therefore suggested a valuation method by distorting the survival function of
the risk layer:

H,(X] = / " glSx(@)dz |

where g : [0,1] — [0, 1] is an increasing function with g(0) = 0 and g(1) = 1. This
function ¢ is known as a distortion operator which transforms the original distrib-
ution of X, characterized by Sy, into a new ground-up distribution characterized
by g o Sx. The expected value under this new distorted distribution represents the
risk adjusted premium. Similarly, for the case of a risk layer the corresponding risk

adjusted premium is

o0 a+m
Hg [X(ava+m]] = /0 g[S‘Y(a.a-‘rm]]dy = / g[SX(x)]dx -

The application of distortion operators can be generalized to assets and losses

simultaneously, where an asset A is considered as a negative losses X = —A. By

13



making use of the Choquet integral, which is suggested by many authors including
Yaari (1987), Wang (1996), Young and Panjer (1997) as a general pricing framework,
for any variable X with a susrvival function Sx the risk premium under the distortion
g is:
Q oo
HiX] = [ {oisx@] -1}z + [ glSx(a)lds
—oc 0

We can see that Hy[X] can boe further generalized to derivative pricing consistent with

the expected value principle,, provided that the derivative product is comonotone with

respect to its underlying assset. According to Wang (1997):

Definition 2.1 For arisk X~ and a real-valued function h, ¥ = h(X) is a derivative of
X. If the function h is non deecreasing, Y is a comonotone derivative of the underlying

risk X.

Theorem 2.1 For a comomotone derivative Y = h(X), the following two methods

are equivalent:

(1) Distortion Method: Hy, is directly applied to Y’
0 oo
Y= [ {alSvt)] - 1do+ | olSrwldy.

(2) Transformation Metho.d: The distribution of the underlying risk X is first dis-
torted by g such that :Sx/(z) = go Sx(z), then the expected value E[h(X')] is

taken with respect to X’.

If the derivative is not comoonotonic with the underlying risk, an inconsistency with
the expected value principle will result with the first distortion method.

By considering an asset ass a negative loss X = —A, a distortion operator g implies
the existence of a dual oper-ator g*. According to Denneberg (1994) it satisfies the
following equality:

Hy[-A] = _Hg' [A] )
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where g*(u) = 1 — g(1 —u), 0 < u < 1, is the dual operator of g. Moreover, if g
is convex, g~ is concave and vice versa. This indeed coincides with the dual theory
of choice of Yaari (1987). However, it is not necessary that g* belong to the same
parametric family or that it have the same desirable properties for a loss than for the
corresponding asset.

According to Wang (1996), in order to serve as an distortion operator for pricing

insurance risks, the function g has to meet the following criteria for 0 < u < 1 :

(1) 0 < g(u) < 1 where g(0) = 0 and g(1) = 1. This ensures that the distorted
distribution remains valid and (non-)zero events remain (non-)zero under the

distortion.

(2) g must be an increasing function where g(u) > 0 so that g o Sx defines a
probability distribution. It is also consistent with a risk adjusted premium that

decreases as the layer increases for fixed limits.

(3) g is concave, where ¢g”(z) < 0 if it exists. This ensures that the risk load is
non-negative and the relative risk loading increases with the level of the layers,

for fixed limits.

(4) ¢’(0) = +oc for the purpose of attaining an unbounded loading at extremely
high layers. It seems reasonable to have unbound relative loadings at high
reinsurance layers, based on the observation of market reinsurance premiums
by Venter (1991). The loss beta also appears to be unlimited at extremely high

levels, as shown by Butsic (1999).

A particular function which satisfies all the above conditions is g(u) = u”, where
0 < r < 1. This is known as the proportional hazards (PH) transform of Wang
(1995). Although the PH-transform provides some unique and desitable properties,

researchers and practitioners noticed the following drawbacks:
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(1) The PH-transform fails to replicate the lognormal distribution under the distor-
tion g(u) = u". This simply implies that it fails to reproduce the Black-Scholes

option pricing formula.

(2) The oversimplified nature of the PH-transform leads to a lack of flexibility in
applications. It occasionally generates a relative loading which increases too

fast at high layers.

(3) Simultaneous application of the PH-transform on both assets and liabilities is
usually not possible. The main reason is due to the difference in shape between
the distortion operator g(u) = u" and its dual ¢*(u) =1 — (1 — u)", which fails
to provide a unified approach in pricing insurance and financial risks for a loss

and its asset, respectively.

2.3 A New Distortion Operator

Even though the PH-transform fails to provide a unified treatment of assets and
liabilities, Wang (2000) suggests a new distortion operator which, apparently, solves

the problem. It is defined as:
ga(u) = Q[0 (u) + ], uwe€l0,1], (2.1)

for some real value of . ® is the cumulative distribution function of the standard

normal distribution with a density function:

f(x):\/lz?e_ , forzreR.

It is obvious that this new distortion operator g, with a positive & > 0 satisfies all

"’l"w

the four conditions stated by Wang for insurance pricing. Denoting z = ®~!(u) we

have:

(1) 0 < ga(u) < 1, due to its cumulative distribution nature and in the limiting
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cases

9(0) = t];_l{%gc(u) =0 and ga(l)= Illlﬁga(u) =1.

(2) ga is an increasing functiom and we have

vooy_ Oga(u)  flz+a) 22
Ga(u) = = @) ° T >0.

(3) ga is concave since
0?galu)  af(z+a)
ou? f(z)? <0

(4) For @ >0, g, (u) is unbounded as u approaches 0.

If we can generalize the application of g to an asset by assuming a negative value

—a < 0, then the following additional properties hold:

(5) We have a dual operator g by simply changing the sign of o, due the symmetry

of the standard normal property. It is defined as:

go(u) =1 —go(l —u) =g_o(u), foruel0,1].

(6) g is convex by contrast to- g.(u) of the insurance risk in (3).

Under this new distortion operator we have a specific Choquet integral:
0 o)
H[X;a] = / {ge[Sx(z)] — 1}dz +/ 9a[Sx(z)]dz .
oo 0

Due to the expected value nature and its dependence on the parameter « it has

some very nice properties:
(1) For any constant ¢, H[c;a] =cand H[X + ¢;a] = H[{X;a] + c.

(2) Forb > 0, HbX;a] = bH[X;a] and H[-bX; —a] = —bH[X; —a] as a general
case of H{—X;a] = —H[X3—qa].
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(3)

(4)

(5)

(6)

For any two variables X; and X,
H[X, + Xs;a] < H[Xi;0]+ H[X2;¢0], fa>0,

H[X1+X2;a] > H[Xl;a]+H[X2;a], ifa<0.

This shows the benefit of diversification, except for a pooling of comonotonic

risks, which will result in strict equality, or no risk diversification.

For a non constant variable X, H[X;q] is an increasing function for a € R,
such that min[X] < H[X;a] < max[X] and H[X;0] = E[X]. It is important
to notice that the distortion can be applied to point at different values of the
100p*" percentile of X under an appropriate value of c. If o, corresponds to the

100p*™® percentile of X under the distortion g, a cdf-like function is obtained
G(ap) = Pr{X < H[X; ap]} -

Then, if o, is a 100p*"-percentile parameter of the distortion operator Ja, it
must satisfy:

’llif%) Glap—h) <p < G(ay) -
One should notice that «, is unique for any continuous distribution but not for

a discrete distribution.

With a positive « for losses or a negative one for assets, H[X; o] preserves the

first and second order stochastic dominance (Rothschild and Stiglitz, 1970).

For a positive o, g/,(u) goes unbounded as u approaches 0. It can be seen under
a Bernoulli(8) risk with Pr{X =1} = 0 that

lim H[X; ol

S TEX] 90(0) = +oo .

This distortion operator g, is applicable to any probability distribution, including the

discrete type. The most obvious discrete case is the calibration of the Bernoulli(4)

risk B with some designated price 8:

H[B; ay] = go,(8) = 6,
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which solves for
ap =®71(8,) — 271(9) .
In particular, analytical forms of the ground-up distribution exist for normal and
lognormal asset returns and prices, respectively, which are the most commonly used
distributions in financial mathematics.
If X ~ Normal(u,0?) with survival function Sy, the ground-up survival function

Sx» = g, 0 Sx is given by

g.[Sx(x)] = @{®7'1 — 8(Z=E)] + a}

)] +a}

-+ U

o
-+ U+ ao

- I
[x - (,u;— acr)]

= B{d1[®(
= @
= 1-9

= S)(l(l') 3
where X’ ~ Normal(u + oo, o?). Hence,
H(X;a] = E[X'] = E[X] + ac[X] .

This reproduces the traditional standard deviation premium principle with parameter
a.

If Y ~ Lognormal(yu, 02) with survival function Sy, then the ground-up survival
function is given by Sy = g, o Sy for Y’ ~ Lognormal(u + ag, o?).

Although closed forms do not exist for other distributions, numerical computations
are fairly simple. g, can also be generalized to multivariate distributions by applying

to the corresponding joint cumulative distribution function.

2.4 Measure of Downside Risk and Tail-Fatness

One of the major concerns in financial and insurance risk management is the mea-

surement of the down-side risk. It plays an important role in solvency analysis, risk-
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based-capital requirements, VaR calculations and dynamic financial analysis. The
distortion operator g, can be applied to transform the underlying distribution of
a particular risk and obtaining the corresponding risk-adjusted down-side measure.
Wang (2000) also suggested that H[X;a] be used to define measures of variability.
As a variation of the expected policyholder deficit (EPD) by Butsic (1994), Artzner
et al. (1998) and Artzner (1999) suggested a set of rules for coherent downside risk
measure based on the expected deficit in excess of a prescribed 100p™ percentile.
A risk-adjusted version of the down-side measure can be obtained by applying the

distortion operator g, to the survival function of the excess deficit:

ga(u) 0<u<p,
g(u) =
gda(p) p<u<l.

If the underlying distribution is lognormal, the expected value of the ground-up dis-
tribution is indeed the price of an European call option with a strike price at the
100p*® percentile value.

Another application of Wang’s distortion operator is the measurement of the tail-

fatness, namely right (left) tail deviation, defined respectively for some positive a

RD.X] = é{H[X;a]—E[X]}, (2.2)
LD.[X] = ={B[X] - H[X; o]} . 23)

As an alternative to kurtosis, which measures the two-side tail-fatness, it is inter-
esting to measure the tail-fatness on only either the right or the left side, especially
for the case of financial modelling. Wang suggested the use of a right(left)-tail index

which is defined for some positive « as:

RDy,[X]

LTL[X] = .%2:%_ (2.5)
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If X ~ Normal(u,0?), it is easily seen that RD,[X] = LD,[X] = o and that
RTI,[X] = LTI, [X] = 1. A tail index greater than 1 indicates a fatter than normal
tail.

Based on &he expression of the tail deviation it is interesting to see the limiting case
when a approaches 0. By (2.2) and (2.3) this limit is seen to be a partial derivative

evaluated at ex = 0 :

. : 9
lim RD,(X] = lim LDa[X] = 5~ H[X;a]lao -

It measures tthe degree of distortion by g, from the original distribution of X. Con-

sequently, we define the following index.

Definition 2:.2 The distortion index (DI) of a random variable X under the dis-
tortion operawor g,, which measures the severity of the distortion from the original
distribution o-f X, is given by

DI[X] = %H[x; ]lao - (2.6)

For instance, in the case of a Bernoulli(8) variable X,

DI[Xy] = %H[xb;anazo = fle 1) ,

while the DI of the random variable X ~ Normal(u, o?) is always o for any u € R.

Moreover, the definition can be generalized to any other distortion distribution G.

Definition 2.3 A 6,-percentile density of a distribution function G with a density

function g is defined as:
pa(8) = 9[G™'(6,)] (2.7)

which benchmuarks the tail-fatness of the distribution with respective to 8,.
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2.5 Parameter o and Systematic Risk

For the asset price risk in financial markets, the focus is on the asset return, which
determines the asset price. Under an efficient market and a plain vanilla return
assumption the current price of an asset and its return distribution implies a specific
value of a, which has a very special meaning in the context of the capital asset pricing

model (CAPM) and the related systematic market risk.

2.5.1 Implied Parameter «

Assuming asset returns are compounded continuously, for an asset with current price

A; at day t, the return over day ¢t + 1 is:

As mentioned in Chapter 1, the current asset price is assumed to be determined by
the expected return over the future period. If we want to force an efficient market

assumption, there exists a risk neutral measure such that:
A, = AteEQ[Rt-'rl_"!] ,
where 7y is the risk free return over the one compounding period. The above equation

can be rewritten under the distortion operator g_, as it is suggested by Wang for

pricing purposes:

A, = AeflRerimrrizal

Assuming a plain vanilla return model where E[R,] = u and ¢[R;] = o for all ¢, under

the properties of the ground-up distribution for a normal risk, we have:

Ty = H[Rt+1; —Ot]

= H—ao.,

where




Now, if the asset also belongs to a market portfolio with a plain vanilla return Ry, ~

Normal(gar, 03;), we have the following market portfolio ayy -

Har — Ty
Vs

Gprr =

It can be identified as the market price of risk (Cummins, 1990) in the expression of
the capital market line (CML) in CAPM.

The above plain vanilla return setting for deriving the implied a can be generalized
to a multi-period horizon. Denoting by R, r the net return over a T —period starting

at day t, and by A, the current price of the asset at day ¢, we have:

A t+T-1 A t+T—1
Rt,T =In tTT Z In k—l Z Rl\. ’
k=t

and R;r ~ Normal(Tu,To?) since R; ~ i.i.d. Normal(u,o?). Assuming that the
single period risk free return r; is constant, the T—period risk free return is then

Try. Under the same efficient market assumptions there exists an a such that:

H(Ri7;—a) =Tp—avVTo =Try,

a=\/"f{“;rf}.

For the case of geometric Brownian motion (GBM) returns with a one period rate

and hence,

p and volatility o, the asset price A; satisfies the stochastic differential equation :

s = udt + odlWV, .
Ay

The continuous shock, denoted by dW;, is a white noise. According to Hull (1997)

we have a lognormal distribution over the future period [¢t,t + T :

In A;;'T ~ Normal [(p — %02)T, o?T) .

t
Under an arbitrage free assumption with a risk free return ry, a similar condition
holds:
A= e—rfTH[At-;—T; —a] )
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which implies again that
(=T
o

Notice how « shares many properties with volatility measures. For a plain vanilla
return « is proportional to the square root of the horizon length T, which compares
to the volatility. For the case of stochastic volatility, used with a fixed value of u, the

above conditions yield a stochastic & under a conditional normal return.

2.5.2 Capital Asset Pricing Model and Systematic Risk

As was already mentioned in the previous section, aas can be associated with the
market price of risk in the CML of CAPM. We review here some basic elements of
the CAPM, which links a to the systematic market risk.

A major concern in CAPM is to measure the portfolio risk, under the constraint
of a designated expected return in one compounding period, and the assumption of
an efficient market. By mixing a risk free returm ry and an efficient market portfolio,
which attains a minimal risk for a given level of expected return, we can derive an
efficient strategy resulting in a linear relationship between risk and return. Denoting
the expected return and risk of this strategy, respectively p, and o,, we have the

following relation, namely the capital market lime (CML):
Up =Tf+ Qprop -

For the case of a single asset A in a plain vanilla return model R4 ~ Normal(ua,03%),
one can make use of the correlation between A and the market, in terms of market 3
under a linear model setting, to obtain the secur-ity market line (SML). Denoting the

market portfolio return as Ry ~ Normal(uar, onr) the SML is given by

pa =1+ B{par — 75},

with
CoVIR4, R o,
B = [ 2A vl = .DA,M—4 .
Om oM
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It can be rewritten as
HA =T5+ parsopoca,

and hence the following result is obtained

Ha—Tf _
T4

PAMONM = x4 -

The SML can be generalized to a multi-period horizon by the same treatment under
the plain vanilla assumption. For a GBM return, Merton (1973) proposed a intertem-
poral version known as ICAPM. Exact results can be obtained from both cases.

Investors in the financial market face two type of risks, namely systematic and
non-systematic risks, where only the latter can be reduced by diversification. In other
words, the systematic risk is determined by the current market condition and it is
reflected by the correlation between the return of their investments and that of the
overall market. From the expression above of a4 for a single asset A, we can see
that a4 corresponds to the systematic risk in the particular market. For the case
of portfolio management a portfolio is priced by its own « based on the SML. If a
derivative Y is comonotonic to an underlying asset X, both share the same level of
systematic risk as X, where pgr, r,, = pr..r,, and hence, ay = ax. The derivative
should be priced by H[Y; ax] under a risk-neutral approach.

As the above results are all based on the multivariate normal assumption of the
asset returns in the market, one will face serious drawbacks upon insurance pricing
where loss distributions are highly skewed. Moreover, in reality asset returns in a
market are not all necessarily normally distributed.

Wang (2000) proposes a generalization of CAPM by transforming the compo-
nents of an aggregate risk portfolio, which can be expressed in terms of a vector of
component risks:

{XhX?.e .- :Xk} 3

for some large k. Denoting the aggregate risk Z we have

k
Z=2Xi.

i=1
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Transforming the vector of the component risks into a vector of multivariate normal

variables

{(D_l[Fxl (Xl)]: (D—I[R’Q (X2)]7 secy (D-I[F:’(;.- (‘Xk)]} 3

Wang defines a new measure of the systematic risk for the i—th component as
p;(i,Z = COV{(D—l [R‘Q(Xi)]’ Q_I[FZ(Z)]} -

As a generalized result from CAPM we have a pricing formula H[X;;ayx,] where
ax, = pk. z&z. However, adjustments to the value & may be required depending on
the size of the portfolio and other factors taken into account. A higher value of « is
generally preferred in reflecting the market friction and incomplete information.

A similar treatment can be applied to the asset returns in a financial market
without assuming plain vanilla returns, except for the market return. We can replace
X: by Ra,, as the return of the i*® asset in the market, and Z by Ray, as the market
return. However, this is not convincing since the market return is regarded as non-
measurable in the theory of financial economics. Instead of generalizing CAPM, the
problem is expected to be solved by developing an alternative pricing theory, known

as arbitrage pricing theory (APT) which will be discussed in the next chapter.

2.6 Distortion and Black-Scholes Formula

Many researchers see Black-Scholes option pricing formula as a special case of a stop-
loss reinsurance under a lognormal risk neutral price. Wang asserts that the distortion
operator g_, replicates Black-Scholes formula under the specific @ mentioned in the
CAPM.

Denoting A; as the current price of an asset at day t with a strike price of K
and a right to exercise after T" periods, the payoff of an European call option can be

expressed as
0 if AH—T S K 3

Apr— K if Apyur > K.

At+T (K,0) =
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The expected payoff is calculated as:

E[AH-T (K,OC)] = / SA:,’-T (K,00) (:L‘)d.’L‘ = /K S-4e+'r(y)dy -
0

Applying the distortion operator g_,, the price of the call option is given by

oG

e_rfTH[At+T (K.00); _a] = e—TfT/ [SA;+T (y)]dy .
K

It can easily be verified that with a GBM return of rate x and volatility ¢ under the

parameter
_ (p—rVT
pn :

«

the ground-up variables A} implies a lognormal distribution

In AZ,'T ~ Normal|(ry — %UZ)T, a*T] .
t

The distorted setting and resulting pricing formula reproduce exactly Black-Scholes

model.

2.7 Comments and Conclusion

As stated by Wang the new distortion operator g_, appears to be one of the missing

links in the puzzle of a unifying pricing theory for the four different approaches:

(1) Yaari’s economic theory of risk,
(2) traditional standard deviation approach,
(3) capital asset pricing model,

(4) Black-Scholes option pricing formula.

It promotes a unified approach for pricing both financial and insurance risks.

The application of g, suggested by Wang in measuring the downside risk, and
the relation of the parameter o associated with the systematic risk serve as hints
in refining methodologies in current market risk measurements, for example VaR

modelling and computation. This will be further explored in the next few chapters.
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Chapter 3

A New Distortion Operator

3.1 Introduction

Observe the mathematical formulation of Wang’s distortion operator in (2.1) and
notice that it is a conjugation of the standard normal cumulative distribution on
a linear function. Intuitively it can be seen as a special asymmetric form of a more
general distortion. The word asymmetric here refers to the fact that the inverse of the
distortion can be obtained by simply switching the sign of a. Using different functions
over the decumulative values u, different distortion operators can be derived but some
of them may not satisfy the conditions for insurance pricing.

In this chapter we focus on the general linear function applied on the decumulative
value u and search for a general form of the distortion family which contains Wang’s
distortion operator. As the latter serves an important role in bridging other financial
economic theory, as mentioned in the previous chapter, the attempt is to find a new
distortion which retains all of these properties plus an extra distortion in the volatility

resulting in a varying risk neutral volatility.
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3.2 A Generalized Distortion

3.2.1 General Linear Gaussian Conjugation Class

Recall that Wang’s distortion operator with parameter —« takes the form:
ga(u) = ®[®@ ' (u) —a], where u € [0, 1].

It is indeed a special case of a more general distortion class introduced here.

Definition 3.1 For any real-valued functions F' and m defined over all S O m(S),

any real-valued function g that satisfies

g(y) =FomoF'(y),
= F[m[F~(y)]]. forye F(S),

is said to be in the same F-conjugation class as m.

Definition 3.2 If F' = & and m is a non-decreasing linear real-valued function, any
function h = ® o m o ®~! belongs to the same general linear Gaussian conjugation

(GLGQC) class.

We can therefore see that Wang’s distortion operator for any real « is in the

Gaussian conjugation class of m, where
m(z)=z+a, forzelR.

Here consider a more general form of m, that is non-decreasing, but with two para-

meters, namely « € R and 8 > 0, such that
m(z) = B(z + @), where z € R.
Define a general form of the distortion h, g, where

hop(u) = ®{B[® (u) + o]}, foru e [0,1].
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3.2.2 A Special Distortion Operator

Let us take one step back and assume that o = 0, before studying further the new

proposed distortion. This introduces a special distortion operator
kg(u) = ®[B® ' (u)], wel0,1], (3.1)

for some B > 0.
This special distortion operator kg satisfies two of the four conditions stated by
Wang for insurance pricing. Denoting by z = ®~!(u) and f the pdf of the standard

normal distribution we have:
(1) 0 < kg(u) < 1, and the limiting cases
kg(0) = 11‘13‘% kg(u) =0 and kg(l) = zlll/rr{ kg(u) =1.

2) kg is an increasing function, and
B g

dks(w) _ BF(Ba)
du f(zx)

K (u) = =BeT1-F) 5 0.

3) For 8 > 1, kg is concave for u > £ and convex for u < . By contrast, for 8 < 1,
B 2 2

kg is convex for u > % and concave for u < i. It can be seen that

[N

kp(u) =z

— 32)Bez(1-6%)
Ou? - f(IL') (1 /8 ),36 a -

Even though it fails to satisfy the insurance pricing criteria, these properties give
an interesting representation of the change in the investor’s utility or preference

for an asset compared to its expected loss.

(4) For 8 <1, kj(u) is unbounded as u approaches 0, while for 8 > 1, kp(u) tends

to zero as u approaches 0.

B > 1 implies a risk optimistic perception; an unbounded relative loading is not

necessary.
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(5) A dual operator k3(u) exists and is equal to itself
k() = 1 — kg(L — ) = ks(u)
Hence the distortion that applies to both asset and risk is identical.

(6) An extra property we would like to mention here is the inverse distortion, which
will eventually play a role in classifying risks of the same ground-up distribution.
The parameter 3 classifies risks in terms of admissibility to a fixed distorted
ground-up distribution. For a fixed ground-up distribution X’ there exists a

family of distributions of X which can be distorted to X”, for some £, satisfying
ks[Sx(z)] = Sx-(z).

This implies an inverse distortion k7' such that
kg [Sx(z)] = Sx(z),

and it can be expressed as

k3l(u) = @[%Q—l(u)] = k% (u).

Properties (3) and (4) show that this special distortion operator is not appropriate
for insurance pricing. However, these properties have a special interpretation in price
return, particularly for the market expectation.

Under the special distortion operator in (3.1), the Choquet integral becomes

0 o
K[X; 6] = / {ka[Sx(z)] — 1}dz + / ks(Sx (z)]dz .

This means that a, in Wang’s distortion, contributes to the mean translation, while 3
in this special distortion contributes to the median related polarization. In addition,

the following properties hold for the distortion in (3.1):

(1) For any constant ¢, K[c; 8] = ¢ and K[X + ¢; 8] = K[X; 0] + c.
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(2) For all b € R, K[bX; 8] = bK[X;4].

(3) Denoting by fzx the median of a non-degenerate variable X,

et

fix =supfz : Sx(z) < 3]
then K[X;p] converges to ix with certainty as (8 goes unbounded. In other
words, the ground-up distribution of X is just a point mass at fix. Moreover,

as 3 tends to O :
K[X: 4] — max[X] :){—mm[X] -

Notice that for all 8 > 0 and continuous variable X, K[X; ] is equal to gx if

E[X] = fix-

(4) For any two comonotone variables X; and X5,

K[X: + Xo; 6] = K[Xy; 8] + K[X2; 8], if 8>0.

(5) For any variable X and 81 > (> > 1,
bx < K[X; 6 S K[X; 6] < E[X] if E[X]>px
if E[X]<jix

fx > K[X; B3] > K[X; 8] > E[X]

For 8 < B2 < 1,
K[X;6:] 2 K[X; 8] > E[X] if E[X]2jix
K[X; 8] < K[X; 6] < E[X] if E[X]< ix.

For 8 = 1, K[X; 8] = E[X] simply implies no distortion.

This distortion operator kg is applicable to any probability distribution, includ-

! with some

ing discrete ones. For the case of the Bernoulli(8) risk B, where 8 #

designated price 8, :
K[Bvﬂb] = kﬁb(e) = 05 :

which solves for
<I>‘1(6b)
SR SOk
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However, according to the inverse distortion property, notice that the solution exists
only for an appropriate 6,, where § must be §,—admissible.

For normal and lognormal asset returns and prices, due to their symmetric nature,
we have the following result:

If X ~ Normal(g, o) with survival function Sy, the ground-up survival function

Sx+ = kg o Sx implies X' ~ Normal(u, §*). Hence,
H[X; 8] = E[X'] = E[X],

where § has no impact on the expected value of the normal distribution.

If Y ~ Lognormal(u, 02) with survival function Sy, then the ground-up survival
function is given by Sy = kg o Sy for Y’ ~ Lognormal(u, §*). Even though there
is no impact on the expected value under normality, the variance is distorted, which

makes this special distortion operator interesting for volatility distortion.

3.2.3 A New Combined Distortion Operator

Consider the return risk for the stock market and recall that Wang’s distortion oper-
ator does not create any volatility distortion for normal and lognormal distributions.
This is not consistent with the binomial return model, where the variance cannot be
identical for both, risk neutral and actual distributions, if the expected return is not
risk neutral . We propose a new distortion by combining Wang’s distortion operator
with the special distortion operator ks in (3.1), where § is related to a. We relax
his conditions (3) and (4), required for insurance pricing in Section 2.2, as investors
may not be as conservative as insurers. On the other hand, one assumption here
is based on an observation from CAPM: return is an increasing function of risk, or
equivalently, loss is a decreasing function of risk. This translates to an expected loss
that is a decreasing function of volatility, and therefore, we assume 8 = e®. This also

ensures the absence of distortion at a = 0.
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Definition 3.3 The combined distortion operator is defined as

hoea(t) = ga © kea(u) = kea 0 ga(u), u € [0,1],

which is expressed equivalently as

hoea(u) = ®{e*[® ' (u) +a]}, uel0,1], (3.2)

for some real value of «.

This new distortion operator h, .= satisfies two out of the four conditions stated

by Wang for insurance pricing. Denoting z = ®~!(u) we have:

(1)

()

(3)

(4)

0 < hgee(u) < 1 and we can again see in the limiting case:

hae=(0) = 1111{1(1) hoea(u) =0, and hgea(l) = 11;% hoea(u) = 1.

haea 1s an increasing function and denoting 8 = e* we have

h;B('u,) = -dh_o;@ — 68%12(1_32)_1.&‘32_%&2&2 0.
' u

The second derivative of h,g(u) with respect to u is

tha'ﬁ(u) = z(l- '82) — aﬁzﬁe%zz(l—ﬂz)—xaﬁz—%azﬁz.
du? f(z)

For a > 0, hap is convex whenever u < @(f‘%) and h, is concave whenever

u > @({"_i;g) For o < 0, hsp is concave whenever u < &( 1"‘_3[:,_, ) and hap

is convex whenever u > CD(%). This reflects a reasonable preference of the

investors towards a return or loss at z such that Sx(z) = @(%).

For a <0, h, 3(u) is unbounded as u approach 0. For a > 0, hl, 4(u) tends to

0 as u approach 0.

This property represents that investors are perceiving a more certain loss at
a more conservative loss premium. On the other hand they will see a more
fuctuating loss or gain over a less conservative loss premium which leads to an

unbounded relative loading.
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(5) A dual operator A}, ..(u) defined as:

hyea(u) = 1—hgea(l—u)
= {e*[®@'(x) —af}
= h—a,e“(u)

Here assets and risks are distortsed under the same general family in a broader

sense.

(6) An inverse distortion defined as

h’c:,i:“ (u) = @{e—m[(p—l(u) - aea]} = h—ae“,e‘“ (u)

Under this new distortion operator Ckhoquet’s integral takes the form
0 oo
H[X;a,e% =/ {hae=[S x(z)] — l}dx-i—/ haes[Sx(z)]dz.
oo 0
It has the following properties:
(1) For any constant ¢, H[c;a,e*] =c and H[X + ¢, e*] = H[X; o, e*] +c.

(2) For b > 0, HbX;a,e?] = bH[X ;a,e*| and H[-bX;a,e*] = —bH[X; —a,e?].
In particular, H[-X; @, e®] = —iH[X; —a, e*].

(3) For any two comonotone variablees X, and X»,

H[X]_ —l—X;;;a,e"‘] = H[,XI;CY, 8a] + H[/YQ;O:, ea], if a> O,

(4) For a non-degenerate variable X, hq=[Sz(z)] is an increasing function in o €

[ag, a1] € R, whenever S;(z) > ~y for
vy=1-®&(1+ o)
and

min[X]| < H[X;a,e®*] < max[X],
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If o = 0 then H[X;0,1] = E[X]. Due to its composite nature, H[X;q,e?]
inherits the increasing nature of Wang’s distortion operator with respect to a.
Therefore for any symmetric distributed variable X, H[X; o, e®] increases from

min[X] to max[X]| as « increases.

(5) For a negative a, h}, ..(u) goes unbounded as u approaches 0. It can be seen

that for a Bernoulli(8) risk with Pr{X =1} =4

. H[X;a,e?]

—-———:h, -3 = -
fiy ] = o (0) = oo

The distortion operator .= can be applied to any probability distribution, including
discrete ones. To calibrate a Bernoulli(@) risk B with an appropriate designated price

0p, the equation to be solved is

H(B;ay,e™] = ha,.em(8),

= eba

then « is the solution of

<I>[e°"’<b“1(9) + ap| = 6.

Again analytical forms of the ground-up distribution exist in the normal and lognor-
mal cases.
If X ~ Normal(u,o?) with survival function Sx, we can see that the ground-up

survival function Sxr = hgee © Sx :

hoea[Sx] = @[e*{@71 — ®(X2)] + o},
= Plex{O 1O (=EH)] + a}],
= @[=gEel,
-1 (I)[X-(;H-ac)]’

e~ %o

= Sx.

It defines X’ ~ Normal(u + ao, e~2*¢?). Hence
H[X;a,e*] = E[X'] = E[X] + ac[X].
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As in Wang’s case, this distortion operator restores the traditional standard deviation
principle.

If Y ~ Lognormal(u, o?) with survival function Sy, then the ground-up survival
function Sy: = hq e © Sy defines Y’ ~ Lognormal(u -+ ac, e 2%g?).

For other distributions, numerical computations can easily be performed in EX-
CEL. hAqea can also be extended to multivariate variables by an application to the

corresponding joint cumulative distribution function.

3.3 CAPM Revisited

Due to the invariant nature of H[X;, e*| with respect to H[X; ] under normality,
this new combined distortion operator preserves all the properties of Wang’s operator

in reproducing the CAPM.

3.3.1 Capital Market Line

Assuming asset returns are compounded continuously, for an asset with current price

A. at day ¢, the return over day t + 1 is:

Aps1

A,

We want to replicate a risk neutral measure such that:

Rty = In( ), t=>0.

At = AteEQ[R‘+1—rf] y

where 1y is the risk free return over the one compounding period. The above equation
can be rewritten under the distortion operator hA_, e, in a way similar to Wang'’s
pricing equation:

At — AteH[Rg_;.l—rf;—a,e“] )
Under a plain vanilla return model where E[R;] = p and o[R,] = o for all ¢ we have
Ty = H[RH-I; —Q, ea]

= u-—ao.
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Therefore it provides identical results to Wang’s. distortion,

H—ry
e

G =
If the asset belongs to a market portfolio with a plain vanilla return, that is Rys, ~
Normal(uar, 03,), we replicate the market portfolio a,y :

HAr —Tf
OAr

Qupr =

It is exactly the market price of risk (Cummins, 1990) in the expression of the capital
market line (CML) in CAPM.
For a multi-period horizon, denote R, r as the net return over a. T—period starting

at day ¢, and by A, the current price of the asset at day £, then

A Ty t+T—1
Rir = t+T Z In L—1-1 _ Z R,
k=t k=t

and R;7 ~ Normal(Tyu,Toc?) since R, ~ i.i.d. Normal(y,o?). Assuming the single
period risk free return as ry, the T—period risk free return is then 7ry. Under the
same efficient market assumptions there exists an @ and a time adjusted distortion
such that:

H[R:T; —a, 6707] =Tu—aVTo = Try,

and hence,

a=ﬁ{u}.

ag
This differs from Wang’s result in the case of geometric Brownian motion (GBM)
returns with a one period rate x and volatility o. The asset price A, then satisfies the

stochastic differential equation :

dA
A: = udt + odW; .
Again we have a lognormal distribution over the future period [t,¢ + T :

, 1 >
In % ~ Normal [(px — 502)T, o°T} .

t
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Under an arbitrage free assumption with a risk free return r¢, for an GBM level o~ a

similar condition holds:
Ay = e TH[Apur; —a™, eVF]

which implicitly defines a* satisfying

a.zﬁ[(#;rf) +%

o(l — e—za')J i (3.3)

Here a* is similar to the case of the expected return. For a GBM return the above
expression indicates that « is adjusted by an additional term related to the volatility.

Comparing with the T—period expected return we have

At
Ay

E [m ] = (u— %JQ)T.

3.3.2 Security Market Line

Under our new distortion operator, a;,, is identical with the market price of risk
in the CML of CAPM. For the case of a single asset A we can again replicate the
security market line (SML) identical to that of Wang’s distortion operator produced.

Denoting the market portfolio return as Ry; ~Normal(uar, oar) the SML is given by

gA
ba = T5+ PA,M;—(TJ’ — [ar)

= Tf+ PpaMOANMOTA,

and
HA—Tyr
[} Q4
PAN = = —
Qur 04V

Identical results can be obtained over a multi-period horizon by the same treat-
ment under the plain vanilla assumption. For a GBM return, we can expect a minor

deviation resulting from the discussion on o~ in (3.3). By rearranging the expression
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of the SML, one obtains

—_ BA—T 1 —2a", 1 —2a”,
—”’;;f [—UAA +504(l—e aA)] — 504(1 —e™%4)
ParM = —F =
’ HAMTTS BAL—TS 1 —2a* L —2af
oar ot -+ 50’@[(1 —e O‘M) — ‘—_)vo"‘,[(]~ —e aM)

any — 104(l —e2a)

aj; — soa(l — e=29%0)
This expression is important to infer the o, for a particular asset A from the whole
market o}, under an GBM assumption.

Again if a derivative Y is comonotonic to an underlying asset X, both share the
same level of systematic risk as X, where pgr, r,, = Pr.(.r, and hence, ay = ax.
The derivative should be priced by H[Y; —ax, e%] under a risk-neutral approach.

Without assuming plain vanilla returns the above results from CAPM can still be
applied in a similar manner but on the assumption of conditional normality charac-
terized by different values of . A mixture of normal distributions results. This is
reasonable as many researchers observed that there is no one loss and profit (L&P)

distribution that can fit all the market information for a particular asset.

3.4 Arbitrage Pricing Theory

Let us revisit Wang’s result on the o implied by CAPM, as promised in Chapter 2.

Recall the relation between the a4 of a particular asset and the whole market c,

Q4 = PAMOAN-

Simply assume that the a4 can be obtained directly from the correlation between the
asset and market returns under a known ajs. As seen in the previous chapter this
assumption is problematic since the market return u,s is considered non-measurable
in the context of financial economics. This implies that a,, is also non-measurable as

__ My — Ty
OAr

Qpr
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Another approach, based on arbitrage pricing theory (APT), is an alternative to
CAPM that can resolve this problem. It uses the underlying ideas behind the portfolio
VaR method mentioned in Chapter 1.

The basic assumption of APT is that the asset return R, is driven by a finite
number m of normal independent economic factors (or returns) R;. These factors have
to be identified by the risk mapping technique. For a designated level of expected

return u,, it asserts that
m
pa=rr+ > Bilp —ry),
=1

where

i = E[Rj]
_ CoV[Ra,R:
B =S

In terms of a’s it can be rewritten as

m
KB4 =Tf+ Z PR R0 [ Ral,
=1

where

_ Hi— Ty
g; ’

Q;

Now all the components «; can be obtained since these component returns are mea-

surable and the particular asset a4 can be obtained as follow

Ha — 7‘f
Qg = R4] ZPRA R OG-

3.5 Black-Scholes Formula Revisited

As an alternative to Wang’s distortion operator, our time adjusted combined distor-

tion operator h = replicates Black-Scholes formula under the a* in (3.3) for the
—a,e

CAPM at GBM return level.
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Denote by A, the current price of an asset at day ¢ and assume a strike price of K
for the right to exercise an option after T periods. Recall the payoff of an European

call option
0 tf Aipr < K

Apr— K if Auur > K

AT (Kio0) =
and the expected payoff, calculated as

E[Atir (Koo)] = / St o (T)dT = / Sa..ry)dy .
4] K

Applying the new distortion operator h =+ , the price of the call option is given

—a*,eVT

by
«® (o]
e_rfTH[At—;-T (Koo); —C",eVT] = e_rfT/ [SA:+T(y)]dy .
K
It can easily be verified that with a GBM return of rate u, volatility o and a parameter
a” satisfying
- 1 on
at = \/’i"—[—(# Urf) +50(l—e™ )]s

the ground-up variable A; implies a lognormal distribution

Al 2 2 - 2
In ATT ~ Normal[(ry — %e’"“ o) T,e 2> T .
t

If we accept the new ground-up volatility e=*"¢? as the risk neutral volatility og, the
distorted setting and resulting pricing formula reproduces Black-Scholes model over
a completely risk neutral GBM return (rf,0g). It is more reasonable and preferable
to have an implied volatility different from the actual volatility o; as mentioned
by Duffie and Pan (1997), the risk neutral and actual distributions have complete

different natures.

3.6 Comments and Conclusion

Our new combined distortion operator h_, e« is an alternative to Wang’s distortion
operator g_, for asset pricing and preserves the bridges between the four different

pricing approaches of Chapter 2:



(1) Yaari’s economic theory of risk,

(2) Traditional standard deviation approach,
(3) Capital asset pricing model,

(4) Black-Scholes option pricing formula.

Even though it may not promote a unified approach for pricing financial and insurance
risks, as it fails to satisfy all the insurance pricing criteria, it captures other interesting
features like the market preference or utility and a possible risk return parity in the
exchange market. One should however notice that by comparing the return to the
severity of insurance risk, the time adjusted distortion operator converges to Wang’s
original distortion operator as the time factor tends to ultimate under a fixed «, which
still lays a hint to the unified pricing theory.

The operator h_, = can be applied under the assumption of conditional normality,
with some «, to generate a mixture of normal distributions. This can result in a two
layer L&P distribution, further discussed in the next chapter. We will see how under
an appropriate setting, our distortion in volatility reproduces the implied volatility

smile observed in the last decade by market modellers for post-crash markets.

43



Chapter 4

A State Return Model

4.1 Introduction

The previous chapter shows how our new combined distortion operator A_, e« can
serve as an alternative to Wang’s distortion operator g_,, linking the four different
pricing approaches in finance. However it does not help to unify finance and insurance
pricing.

This chapter focuses on generalizations and applications of the four basic price

return models generally used in the VaR calculation:
(1) The plain vanilla model,
(2) The jump diffusion model,
(3) The Gaussian kernel density estimation model,
(4) The stochastic volatility equivalent model.

A new two layer model, we call “State Return Model”. is proposed as a way to unify

the above basic price return models.
We will see that the four different models originate from the same underlying

setting that lead to the new distortion operator h_q, ca, but with differences in the «
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assumption. To motivate the definition of this new two layer state return model we
start with a simple example. Its interpretation will help understand the behaviour of
investors in an efficient market. We then relate the four basic pricing models above to
our new proposed model. Mathematical and economical aspects are then discussed

in the sections that follow.

The value of « is a key feature of this new return state model; it can be obtain

directly or indirectly, depending on the model setting.

4.2 Motivation

As a risk example, consider the 6/49 lottery. It is well known that for each dollar of
ticket purchase (price) the expected payoff P is far less than a dollar. Now assume
that the one dollar price per draw has a market of its own. In terms of distortion
operator h_, .o, we see that the distortion is severe, due to the extremely large value

of « in the public perception. It must satisfy
H[P;—qa,e*] =1, where E[P] < 1.
Now assume that you have purchased a limited number of hypothetical win-or-

nothing lottery tickets and that you are allowed to re-sell them to the public, or to

another dealer, in a secondary market. The initial conditions are:
(1) Each ticket has a payoff Py € {0, 1} such that
Py ~ Bernoulli(rg), where E[P,] = rg
and with the return expressed as Ry = Py — 79, with E[Ry] = 0.

(2) You purchase each ticket at ry and you can be sell them at r; dollars, the price
of public bids from the i-th preferences (or utility) class. Clearly nobody will
pay you more than 1 dollar for a ticket, but you can choose not to participate
in the draw by selling all your tickets. On the other hand, you are forced to

participate on the unsold tickets.
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The question is:
How would you justify the price ry of each ticket in the current market?

The problem can be solved by a two layer model. There exists a set of preference
indexes reflected by a set of parameters «; in the distortion operator A_g, ca:, together
with weights assigned to each a;, representing the preference distribution in the public.
Recalling the observation from Venter (1991) we would suggest a price obtained from
the expected value of the random variable under distortion with respect to each
preference class. Each participant with common preference index «; will follow a pre-
distorted return in the secondary market R; € {1 —r;, —r;} with winning probability
To- R; has a ground-up return distribution with expectation H[R;; —c;, e*| = 0. For
all preference classes participants perceive the same ground-up distorted expected
return.

Notice that any participant follows a pre-distorted return R; with the index
a; = 0, where H[R;;0,1] = E[Ry] = O implies a risk neutral preference. On
the other hand under the inverse distortion of the original payoff we have that
0 < H[Py; —aze™,e"*] < 1 implies that all possible expected prices with respect
to each a; are within the range [0, 1]. Denoting by P, = R; + rg for a given 19 > %,
min_,,[P;] > 0 indicates a supporting point of the ticket, from the technical analyst

point of view. According to this idea each ticket must be priced as:
P = Eai{H[Pi; — Qs eai]} =To,

which justifies the price of the ticket in the lottery market. We easily see that the
primary layer is the pre-distorted payoff distribution agreed by the participant of a
particular preference index ;. The second layer is the distribution of the preference
a; within the public. However, you would be more interested in the actual payoff of
the tickets in the secondary market of this hypothetical setting. From a speculation
point of view, the return on the ticket generated from the secondary market is driven

by the market preferences.
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Obviously this is just an hypothetical example but it mimics the trading behaviour
in the stock market. If we can see the initial purchase of the tickets as the initial
public offering (IPO) of a stock, then the ticket re-selling is indeed the stock tradings

and it is driven by the market preference instead of the original ticket payoff.

4.3 Plain Vanilla Model

Recall the basic assumption of the CAPM for the 1-period return of an underlying
asset 7 in the plain vanilla model. Let R,.; be the next period return of an asset A
with price A; at day £. This model assumes that R,,; ~ i.i.d. Normal(y, 02). From
our result in Section 3.3.1, under the distortion operator h_ye= for the 1-period a

and risk free return ry we have

ks (4.1)

and hence,

L =ry+ ao.

Therefore R, ~ i.i.d. Normal(r; + ao, 0?)

Rty =15+ (0 + €141)0,
where €., ~ i.i.d. Normal(0, 1) for all £. Then the 100p%-level overnight VaR defined
in Section 1.1.1 is here

VaRy[1, A] = Al — erf‘*‘(&—Zl—p)a]_

For a multiple T-period plain vanilla return model we have the T-period a;7 =
VTa and return,
Rir=rT + \/T(a + &.1)0,
where €1 ~ i.i.d. Normal(0, 1) is the white noise for all ¢. The 100p%-level T-period

VaR is then
VaR,[T, A = AL — e T+VTla=npa].
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Notice that VaR depends solely on the value of @ and o. The expected value of the
return E[R; 1] = uT disappears from the expression. However, with this derivation
it is not clear that the plain vanilla can be considered a two layers model. If it is,
there does not seem to be variability in the parameter a.

An alternative formulation is to impose synthetic conditional normal returns with

a fixed volatility:
R+ given a;y1 ~ Normal(rs + op17m, 72).

Then the returns can be modelled as
Ripy =7f+ Qe + €417
=r1f + (Qre1 + €41)7-
where a;;, is independent of the white noise ¢.; ~ Normal(0, 1).
If a; ~ Normal(c, v?), then
E[Rey] = aeir VE[Res1laeer]}
= E[rf + ape1m]
=Ty +an.
The volatility o[R;+1] of the asset return is then
VIRer1] = Baoi {VI[Reri|aen1]} + Voo { E[Reri | ]}
= E[n°] + V[rs + ass1n]
=n* + " = (1 + )7,
o[Res1] =V1+ 2.

Notice that a;;; + €+ is normally distributed, therefore
Riyy ~ Normal(y, o),

where
k= Tr+an
a2 = (1+v57%
It replicates exactly a plain vanilla return. Moreover, by assuming different distribu-

tions for the varying «, different return models can be generated.
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4.4 Jump Diffusion Model

Recall our result on CAPM in Section 3.4 where the a of an asset A corresponds to
its systematic risk in the market. Denoting by ayr = 22="L the market price of risk

aM

for the market portfolio which has a Normal(uys, o3,) plain vanilla 1-period

Gy = PAANMOAS

for all ¢ provided the market is frictionless with complete information.

In reality the market itself is seldom frictionless and information complete, there-
fore the price of an asset does not necessarily follow the SML in CAPM (see Section
3.3.2). We can suspect the existence a small independent deviations from the theo-
retical o, say &1, for each compounding period. A new a;.; can then be used by
assuming that the asset return is conditionally normal such that R, given ;. is
Normal(p;+1,7%) and

Uirl = Tf + Q17

where

Qpr = 0 + &1

§e+1 is an 1.i.d. compound Poisson jump shock ~ C.P.[Normal(0, v?), 2] where n de-
notes the number of trading periods in a year. As a result we can model the 1-period

return as
Riry =71+ (0ps1 + €41)7

=15+ (a+ &1 + €1)7.
This is exactly the jump diffusion model mentioned in Duffie (1997) if the &, are
assumed to be independent of the €;,,. Under the assumption of a constant volatility
o for asset A, we can interpret the jump shock &.; in the jump diffusion model
as the result of the fluctuation of a;;; in the conditional return, with expectation
E[Rip|oes1] = 1§ + ap1m, due to the friction or information incompleteness of the

market.
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Given an a,s for the whole market at time ¢, under the assumption of a plain
vanilla market return Ry ~ Normal(uyr, o3,) for all ¢, assume that our result on «

holds for the conditional distribution of an individual asset. Then

Gaprl = Qe

= PAMt+1CA
HAL —7'!

= PAME+1 " 5]

We can conclude that the change in expected return implied by ,.; is the result
of the fluctuation on the conditional correlation PAaMt+1 between the asset return
R4:+1 and the market return Ry,.,, provided that the market conditions remained
unchanged.

Notice that if the expected return is a fixed constant a stochastic volatility model
will result.

‘The 100p%-level overnight VaR for this jump diffusion model with the asset price

A; at day ¢ is given by
VG.RP[]_, At] = At(l _ erf+&11+[£1+t+sl.é_¢lpn):

where [£14¢ + €1.44]p is the 100(1 — p)*" percentile of the sum of the jump shock and
the white noise.

For a multiple T-period model, the T-period a;r is given by
a,r = VTa+ &1

The T-period return at day t can be written as:

Rt,T = TfT -+ (\/TCZ + &1+ ﬁet,T)n
=(r;+a)T + (&1 + VTer)n,

where & r ~ iid. C.P.[Normal(0,+?),2L] are the jump shocks and €7 ~ iid.
Normal(0, 1) are the white noise for all ¢, all being mutually independent. There-
fore the 100p%-level T-period VaR is

VaRy[T, Ay = Ay (1 — s +amT+[&e,7+VT ce.rlemy,
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where (£, + VTe,r], is the 100(1 — p)t® percentile of the sum of the jump shock
and /T times the white noise. However, no closed form formula is available for the

percentile in this type of model, numerical methods are required.

4.5 Gaussian Kernel Equivalent Model

Recall the following identity in (4.1) for a 1-period plain vanilla model

L—Tf
—

In the previous section we have seen that the above result can be applied even though
the asset return is not plain vanilla, as long as the return is conditionally normal with
respect to a; with a CAPM assumption at the conditional level. We will see that the
kernel estimation model and stochastic volatility model indeed come from the same
conditional setting, based on A_, a, by fixing either the rate of return or the volatility
and varying the other over the available market information.

If we assume that the asset return R; is not plain vanilla but conditionally normal
with a constant volatility o with respect to a particular «., for each compounding

period we have the following condition at all ¢
R, given o; ~ Normal(u,,n?).

Under an efficient market assumption and if all possible returns are reflected by
conditional expectations, given the available market information, we have a sequence
of o, values. h_g, cae can be applied with a risk free return 7 to obtain the following

result

Myl —Tf
Q1 = —————-

]
Hence,

ety = Tg + Qpq17).

Notice again that a,.; corresponds to y:4; and we have the following return model

Ric1 =715+ 01 + €017,
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where €., is the white noise and a certain distribution is assumed for «,. For sim-
plicity, if we assume that all ¢; are independent and from a discrete distribution, we
get a discrete mixture of normal returns. This type of model serves the purpose of
generating fatter than normal tails in order to capture the worse market scenarios.
If we choose each empirical return to correspond to the conditional expected re-
turn, where p;4; = 7 + 04417 takes on the values of R; fori=1,2,... N, with

weight ﬁ, it replicates the standard Gaussian kernel with component mean p;.;; = R;

and bandwidth A = o. The kernel density estimator is then
1 1 1 Rer1—Hesr1.iy2
Ri)=) — —e 2= = )
The 100p%-level overnight VaR is the 100p*™® percentile of the above density.

For a multiple T-period, the same approach gives
Rir =Trs+ aonVT + eeonV'T,

where

1 I
;T = ﬁ ; Qqppi—1-
A similar estimation density can be obtained by matching the conditional expected
return e, = Trp+0e VT with the T-period empirical return R, 7; = SI5 Rifjoy.
The 100p%-level VaR is obtained accordingly.

Finally, notice that the « of the jump diffusion and in the Gaussian kernel models
are related to a stochastic expected return. The value of 7 is quite synthetic which is
not necessarily equal to the spot volatility of the asset due to its conditional nature.
This explains why 7 can serve as the bandwidth in the kernel density for smoothing

purposes. Under a different setting, n can also be the risk neutral volatility; this is

further discussed in the next section.
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4.6 Stochastic Volatility

In a way similar to the previous model we can construct an alternative return model
by fixing the expected return u and varying the volatility over time, to correspond
to the information reflected by . Assuming that, given o, for each compounding
period, the asset return R, is conditionally normal with a constant expected return
L, we have at all ¢

R, given «; ~ Normal(u,n:).

By the same argument as in the previous section we obtain a sequence of a; values.

Under the CAPM, the conditional normal return gives

=T
Qi = .
Te+1

Notice that a stochastic a,., with a fixed p implies a stochastic volatility Mt+1. Hence

the following stochastic volatility a return model is obtained

w—r
Ripy = p+ €41 f:
Gyl

where €,,, is the white noise and a certain distribution is assumed for a;.;. As men-
tioned in Section 1.2.4, the stochastic volatility model is generated from a mixture
of normal distributions, the same result can be expected here for the stochastic «
model. Again here the parameter representing the conditional expected return p is
synthetic. It can be inferred from the estimated «. Finally, notice that under this
assumption an increase in the conditional risk of an asset reduces the market price of
risk a;.

The estimation of VaR for this type of model can be achieved by simulating the
stochastic o, a good model assumption for & will be essential in the estimation process.
The 100p%-level VaR of the stochastic & model will be the 100pt® percentile of the
simulated returns for a sufficiently large simulation size.

An auto-regressive model for a;, compared to that of the volatility, can also be
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considered. We can therefore develop a Markovian stochastic a model of the form:
G = F(att Zt+1 t)7

where {2} is a sequence of white noises. A standard stochastic volatility model is

obtained under a log-autoregressive assumption
logo? , =08+7 logo? + K2zp1,

where (3, v and & are some constants. v represents the persistence factor and vl <1
if the model is non-explosive. Similarly, we have an o version of this model by simply

substituting the o; in terms of the above expression:

loga?. , = ++'logo? + 'z,

where
B =21 —)log(u—ry) — 6.
Y =7
K = —k.
Here
/ _r2
& = li{nE(at) = exp{1 ?_7, + %1 i n/z}

is the steady-state «.

Moreover, referring to GARCH and EGARCH models for the stochastic volatility
we can again expect an « version of these models. We will not explore further these
models as we try to prop ose a new state return approach. Further research is expected

in this direction.

4.7 Return State Model

4.7.1 Parameter «

For all models with a stochastic «, such as the jump diffusion, the Gaussian kernel

density estimation and the stochastic volatility models, the estimation of a plays an
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important role setting up the conditional normal distribution of the return R, given
Q.
For the jump diffusion and Gaussian kernel density models, the conditional ex-

pected return
R, given a, ~ Normal(r; + a7, n?),
such that
E[R] = Eq {E[Re|ae]} =7 + Elcu]n = r; + o,
where E[a;] = a. It implies that n = ﬂR—i——ri. We can infer the value of n from the
estimated a and the empirical average return R;.
For the stochastic volatility a model, the conditional expected return

-
R, given oy ~ Normal(y, “—a——{)
t

b4

where

k=Tf+ o =T5+an = ry + ac[Ry.
Again, the value of the conditional expected return p can be inferred from the esti-
mated « and the empirical standard deviation Sg,.

Once all the parameters are set, an appropriate assumption for the behaviour of
the stochastic « is needed. It can be done either by assuming a prior distribution
and using Bayesian inference or by establishing a filtration model. Here we take the
Bayesian approach and assume a discrete marginal «; distribution, which leads to a

set of conditionally normal return states over a particular time horizon.

4.7.2 « State Return Model

Wang (2000) suggests that the price of a portfolio be determined by its systematic
risk, reflected by «. If CAPM holds at the conditional normal return level, then
the conditional return state is determined by its conditional price of risk «;. Under
the new proposed model we use a simple diffusion over «; and fix the value of the

conditional volatility n through time, as in the Gaussian kernel density model.

55



For simplicity, consider a one-stage binomial model, with risk neutral initial state
Py, but where the return R eventually differentiates into two term structure condi-
tional return states, respectively the upside and downside states, denoted by P, and

Py. For a given risk free return rf we have

P, ~ Normal(rs + a,n,n?)
P, ~ Normal(r + aqn, n?),
where the weights of each state are determined by an underlying prior distribution of

«. Here we adopt a binomial type distribution where,

D if A=aqa,
Prla = 4] =
1—p if A=aqay.

Using our new distortion operator i_, ¢« On each state we obtaim a pair of risk neutral

states
P2 ~  Normal(rs, e 2e«n?)

P2 ~  Normal(ry, e=2ep?).

Under this setting we have

E[R] = 717+ [aa+plow — ad)ln
olR] = ny1+p(l-ploy —aq)?,

and under the risk neutral measures

EQ[R] = T'f
o?lR] = n/1+p(e2e« —e2aa).

A refinement of this binomial tree lets o evolve over IV states. VWe choose a Bernstein

binomial-like o with a probability function defined as

N a-a ay—a
- N="2d NS2u—<a,
f(A=ao;N,p, Q, Qq) = p "xTea(l — p) euTed,
a—ag
Qy —Qg

where

S "X o §=0,1,..., N — 1.

a=qaqg+1 N
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We recognize here a discrete version of a bounded diffusion process for a. We can
see that the actual return and the risk neutral volatility are stochastic, down the «
binomial tree. Volatilities are not identical, as desired for both actual and risk neutral
returns. Finally the key input of this model is the set of spot European put-call prices
and its implied volatility, from which the value of the state a can be inferred.

For a sufficiently large number of states, a tends to be normally distributed. As
a result we see that the risk actual expected return tends to a normal distribution
and the risk neutral volatility approaches lognormality. This just coincides with the
standard assumption for the expected return and stochastic volatility, justifying our

choice of § = e*.

4.7.3 Geometric Brownian Motion o Implied Tree

We can generalize our new return model under a geometric Brownian motion (GBM)
in order to recover Black Scholes formula.

For simplicity, again consider an one stage binomial model with a risk neutral
initial state Py. The return R eventually differentiates into two GBM term structure
conditional return states, where the upside and downside states are respectively de-
noted by P, and P,. For o~ defined in (3.3), Section 3.3.1 and a given risk free return

Ty we have
P, ~  GBM(rs+ain+ (1 — e~20%),7?)
P; ~  GBM(ry+ajn + in?(1 — e~223), 1),
where the weights of each state are determined by an underlying prior distribution of

o defined in the same way as the continuous return model of the previous section.

Here we obtain a pair of risk neutral states

P2 ~ GBM(ry, e2un?)
P? ~  GBM(ry,e2@in?).
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Under this setting we have

E[R] = r;+ o} +p(o] — o)l — e + p(e=2% — e=2d)]n?
olR] = ny/1+p(1—p)l(ez — af) + k(e — e=2)nP2,

and under the risk neutral measures

EC[R] = r.— 3le7?% +p(e7?: — e7d)|n?
aQ[R] = 17\/6‘2"‘2 + p(e—2ei — e—207),

The same prior distribution of implied tree can be generated for a GBM «. By cali-
brating the set of spot calls with the weighted average of the state call price at the
end-node of the implied tree, both the actual and risk neutral distributions can be

obtained.

4.8 Comments and Conclusion

The application of the new distortion operator h_, o can be used to replicate the
basic return risk models used for the computation of VaR under the assumption of
CAPM at the conditional level. We see that the return state model based on a
conditionally normal return implied by the stochastic « hints to a possible bridge
between the actual and the risk neutral distribution, as in financial economics. This
model shares some properties with the actual expected return and the implied risk
neutral volatility, which provides a possibility in the search for a link between the
actual P-measure and the risk neutral Q-measure.

We can see that all four models, plain vanilla, jump diffusion, Gaussian estima-
tion kernel and volatility related stochastic a are two layers stochastic o models.
They have a primary conditional normal return state and a secondary return state
distribution, determined by the behaviour of the changing o with a binomial type
distribution assumption. For convenience, an implied a binomial tree is suggested.

A detailed fit of this model to real data is discussed in the following chapter.
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By fixing one parameter of the conditional normal return and varying the other,
we can use the expected a to infer the fixed parameter. Hopefully, our new distortion
operator h_g .o allows to vary both parameters and have them implied from a risk
neutral assumption, like in Black-Scholes formula. We hope that this can explain the
distortion of the option implied volatility, namely, the “smile” shape of volatilities

over different striking prices of a call option at a single spot moment.
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Chapter 5

Two Estimation Methods

5.1 Introduction

In this final chapter we will make use of the results developed in Chapters 3 and 4
for the new distortion operator h_, e and the implied o tree model, to implement
a practical return estimation model. A discussion of the concept of risk neutrality is
presented in the first section. A brief discussion of the implied volatility smile follows.
The estimation models are then discussed using a set of spot put-call prices or implied
volatilities.

We propose two basic estimation methods. Generalizations to option non-available
positions can be achieved provided a market in index options is available. We will
first borrow the idea of the Gaussian kernel density estimation and then go back to
the implementation of the & implied binomial model.

Details of the model are discussed. An analysis of the strengths and limitations

of the model are given in the conclusion.
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5.2 Risk Neutrality

Reconsider the risk-neutral assumption in Black-Scholes’ model. Given an actual
return with mean g and volatility o, Black-Scholes’ formula corresponds to a risk
adjusted price for an European option, under the assumption of a risk free rate that
follows a GBM with a risk neutral volatility. However, under the assumption of the
new distortion, for a particular risk neutral state, the pre-distorted risk actual state
is not unique and depends on the value of «;.

Consider the two parameters of a normal distribution; the expected return x and
volatility o constitute an ordered pair of risk-return parity. For our new distortion
operator, each possible risk neutral state actually contains a class of ordered pairs of
risk-return parity. Given a risk free return ry under a one-stage continuous return,

look at the inverse distortion from a given risk neutral state P9, where
P? given a ~ Normal(rf,né).

The following relation exists between the class of risk actual state P,, for some «,
P, given a ~ Normal(ua,n?).

Under the distortion h_, e the following condition holds,

Ty = H[P,;—a,e?

= po — O,
and
Ng = e °n
It can be rewritten as
o = H[Pg;ae* e™9
= 715+ ae%ng,
and
n = e%nq.
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Then the set of « satisfying the following equation
Ha = T§ + ae®ng,
indeed defines a family of normal return state P, of the form
P, givena ~ Normal(ry + ae®ng, e®ng)-
We can easily see that
Normal(ug,n*) — Normal(rf,né) as a —0,

which represents the distortion to risk neutrality. However, we have another limiting
case

Normal(p,n?) = 75 as a — —oo,

which represents the distortion to the risk free return. This justified our choice
of 8 = e~ in the GLGC distortion of Chapter 3, distinguishing the risk free from
the risk neutral distribution. Notice also that the above expression for « is convex
and a minimum of p, is attainable, which features a supporting point, in technical
analyst terms, for a particular risk neutral state. On the other hand, if we are
able to determine the risk neutral return, we then know the lowest admissible risk
actual return state. In addition notice the existence of a positive expected state
return, beyond ry, of extreme low volatility, which may represent some sort of low
risk investment at the given interest rate (for example convertible bonds). Further
investigation of this idea is needed.

One last thing we have to mention is that the families of all risk neutral states will
cover the whole risk-return parity plane in R?. Therefore extreme negative returns

are possible in the market.

5.3 Implied Volatility Smile

Theoretically, under Black-Scholes’ formula an European option with different strik-

ing prices should have a constant volatility. For a given set of option prices for
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different striking prices we can invert B.lack Scholes’ formula to solve for the under-
lying volatility, which is known as the immplied volatility. However, researchers notice
that this volatility exhibits some sort of wariability over different striking prices which
cannot be attributed to the white noise. The variation of the implied volatility versus
the striking price produces a graphical ccurve known as the volatility smile.

Fix the time to expiration for a underlying spot price and take a close look at
Black-Scholes’ formula over different volatility levels, we discover that any average of
two price curves crosses some other price curves. Inverting the values on the average
price, we can actually see a variation ofS implied volatility along the striking prices.
Under our state return model together wi.th the distortion operator h_, ¢ it is possible
to capture this type of variability.

A set of M possible return states {P;, P,,..., Py}, gives a set of M risk neutral re-
turn states {PlQ VP2 Pﬁ}, under the distortion induced by a set {a1, as, ... ,apr}.
We therefore define a modified option pri:cing formula which captures the set of actual
spot option prices {6x,,0xk,,- .- .0k, } off different striking prices { Ky, Ko, ... , Kw},
expressed as

Ar
6(K;) = Pr[A=ailoo,(K;) foral j=1,2,...,W,

=1
where o0,,(K) is the option price of the i*" risk neutral state evaluated by Black-
Scholes’ formula replicated by our disto-rtion at striking price K;. This is the key

component of the estimation method proposed in the next section.
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5.4 o« Gaussian Kernel Density

5.4.1 Model Objective

Consider the estimation problem for our Gaussian kernel model and assume the fol-

lowing return density of R
N

1 1 Lo Ret1=ter1iy2

f(R) = ; Mo E‘?_E(_”-_) -
Our objective is to estimate the bandwidth parameter n under a set of N slack
parameters {a;}, by calibrating the set of spot puts {¢(K;)} of W different striking
prices with that of the modified option prices stated in the previous section under the

distortion h_g; co:. Least squares is applied to minimize the following expression
w N

Min: Y[ D cal) = i

Jj=1

where ¢, (K;) is the call price evaluated under the new distortion with state parameter

@;, at striking price Kj.

5.4.2 Source Data

The required source date are:

(1) A set of N daily continuous historical prices {A;, A, ... , Ay} such that
S | A;
; — =n° =In(—=L), for i=1,2,...,N,
R — 357 (A,-_l)

where R; is the historical return under the GBM assumption at time for 7 =

1,2,... ,N +1.

(2) The risk free rate ry is assumed constant and it can be inferred from interest

instruments such as bonds.

(3) A set of call prices {pk,,--- , Pk, } with different striking prices {K7, ... , Kw},
respectively. Note that the set of spot put prices would work as well if the

implied volatility of the puts does not deviate too much from that of the calls.
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5.4.3 Model Constraints

Several constraints are needed to infer all the parameters in this model.

(1) As we suggested in Chapter 4, each historical return R;, can be considered as
the expected return of a return state {P,, P, ..., Py} with a fixed bandwidth

n for the set of assumed « values {a;, as,... .an}
P~ GBM(R;,7n*) for i=1,2,... N.

Under the distortion to risk neutrality of GBM returns and the risk free rate

T, R; can be expressed as

1
,Ri—_—"l"f‘*‘aiﬂ—ge

<

—2&i 2

n° +1
and the expected state price is e%.

(2) For a good fit in the optimization we have to make sure that the average im-
plied volatility call price falls between the maximum and minimum call curves

evaluated on the set of the distorted risk neutral states. Therefore, for all K;
mij‘n[cai(Kj)] < E(KJ) < m?x[cai(Kj)],

where ¢(Kj;) is the call curve evaluated at the average implied volatility of the

smile, which can be obtained by inverting Black-Scholes’ formula.

(3) The bandwidth obviously must be positive such that n > 0.

5.4.4 Comments

Note that it is possible to solve for all ¢; values; as we have already mentioned, they

play the role of slack parameters. The constraint in (1) can be expressed as

2

R - o Le—2a;p2 )
e f R = gTMgTemt3e TN for 1 =1,2,... N,
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where the second term on the right hand side is indeed a moment generating function

of a normal variable Y;, evaluated at 7, where
Y; ~ Normal(—qy,e™2*), for i=1,2,...,N.

Therefore the set of a;’s is just equivalent to a single bandwidth parameter 7.

Puts are preferred over calls, as this input is more likely to show the convexity of
the smile.

Under this estimation approach we are indeed looking for a L&P density such
that parameters are inferred not only from the historical data as in the classical way.
We also try to extract information from option prices, which may reflect the market
preference and anticipation, in order to capture the current momentum of the market.

However, in the same way as most VaR models, this density does not give a
better expected return, which is just the average of the historical return. For an
improvement in estimating both return and risk we introduce an alternative model

in the next section.

5.5 « Binomial Model

5.5.1 Model Objective

For simplicity we consider only a one period GBM binomial model mentioned in the
previous chapter. Our objective is to estimate the state parameters a, and ay and the
upstate weight p. By calibrating the set of spot calls {é(K;)} of W different striking

prices with that of the modifies calls
c(K;) = pca, (K;) + (1 — p)ca,(K;), for j=1,2,..., W,

under the distortion h_q, e, and assuming that the bandwidth parameter 1 equals

the average of the implied volatility, we invert Black-Scholes’ formula on the input
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calls. Again least squares is applied to minimize the following expression

w

Min: Z[C(KJ) - éKJ—]2-
j=1
5.5.2 Source Data

Historical returns are not used in this model. The key input data are:

(1) The risk free rate rs is again assumed constant; it can be inferred from interest

instruments such as bonds.

(2) A set of spot call prices {éx,, éxa: - - - : Ciyy, } With different striking prices { K, Ko,

..., Kw}, respectively. Again the set of spot puts works well.

(3) By inverting Black-Scholes’ formula on the calls for each striking price, we can
obtain a set of implied volatilities. We are assuming that 7 is the average of
the volatilities. One should notice that the value of 7 is essential in reflecting

tail-fatness of the return density.

5.5.3 Model Constraints

Fewer constraints are needed for inferring all the parameters in this model.

(1) For a good fit in the optimization we have to make sure the actual call curve falls
between the call curves evaluated on the upside and downside of the distorted
risk neutral states. Under the volatility distortion induced by 8 = e* and the
fixed bandwidth n assumption, the distorted volatility of the upside state is less

than that of the downside state. Therefore

Cou (K5) < 6K;) < Day(K;)-

(2) ay > 0 and oy < 0 in order to ensure that the model captures both possible

upside and downside price movements.

Refinements and modifications are needed for a multiple stage model.
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5.5.4 Comments

This estimation approach is actually prospective, as pure information is drawn from
the option prices. However, numerical procedures may be complicated for solving
three variables in a multiple stages model. One possible way would be to first find
the optimal set of feasible risk neutral distorted volatilities and state weights, then
solve for the o; values. Moreover as mentioned above, puts are preferred over calls.

Unlike other VaR estimation methods, this one appears to be more practical for
individual investors or speculators as more information will be reflected by having the
estimated return heavily depend on the option prices. Moreover, the accuracy of this
model depends on the time to expiration. As an option is close to its expiration, the
estimated density tends to be more accurate under normal market condition as the
market expectation becomes increasingly clear. We notice that estimation is done
within a certain time to expiration; the best estimation range would be up to the
expiration date. Interpolation up to expiration is possible but extrapolation after the
expiration is possible but with reduced accuracy.

For historical data reconciliation, we can choose an additional constraint in cali-
brating the expected return of each return states with a set of historical prices, in a
similar fashion as the kernel estimation method in the previous section. The size of
the historical data have to be sufficiently large in order to obtain a smooth density.

In this case the estimation becomes a prospective-retrospective mixture.

5.6 Conclusion

We have presented two estimation methods based on the idea developed from Wang’s
distortion operator. A new distortion operator is proposed which leads to the return
state model proposed of the previous chapter. By calibrating the spot European
option prices we notice that our model is able to generate the implied volatility smile.

On the other hand the 8 = e® parameter in the GLGC class features some properties
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which may be significant in the exchange market in terms of supporting point. A
change in utility over the return value is also featured in the properties of the new
distortion operator.

The main problem of this model is the option non-availability of a position. How-
ever, this situation can indeed be overcome if the market itself is index European
option available and the position is correlated with the index. We can first impose
our model over the index together with its option. Then we will make use an as-
sumption that the return states correlation between the position and the index is a

constant g across q; :

oy — 3Mai(l — e7*%%) for all i

P=pa A = 1 PR
Qppi — 5l — e72%us)

Least squares can also be applied and the solution is rather easy to obtain in EXCEL.
The worse case is when even the index option is not available; our estimation must
then resort to the traditional Gaussian kernel density or simply be inapplicable.

Further research can be done in several directions. Some suggestions are:
(1) A better 8 parameter may exist in relating the risk and return.

(2) The volatility related stochastic & model may lead to better estimation of the

stochastic volatility as the market price of risk is concerned.

(3) Generalization to the American option or intermediate type option, for example,

the mid-Atlantic option can also be developed.

(4) Further investigation of 8 = e in the new distortion may be important as
it already features some interesting properties in the market preference in the

exchange market.
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Appendix A

Numerical Results

We derive the estimation based on a 4-stage a binomial GBM model on the
sets of implied volatility of puts over different striking prices of the following

underlying assets:

(1) Nortel (pre-crash, 2000) on October, 12 with option expiring on Decem-
ber,16.

(2) Nortel (up-move, 2000) on October, 18 with option expiring on October,

21.

(3) US index (post-crash, 1990) with option expiring over 164 days.

Denoting as Sy initial price of the underlying asset, as S, the price at the
expiration date of the option, as rf the risk free rate, as 7 the time to expiration
of the option in unit year and as n the bandwidth, the input data and the
estimated expected price on the option expiration date under both actual and
risk neutral measures are shown in the Table A.1. The subscripts next to the

expected price indicates the corresponding continuous rate of return.

Table A.2 shows the values of o, and ay with their corresponding state weights,

and also the VaRs of actual, risk neutral and plain vanilla models, where their
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subscripts indicate the lower bound of the price at the expiration day of the

call.

The recalibration errors on calls & (which can be obtained by put-call parity)
and that of implied volatilities IV for each striking price K are shown in the

Table A.3.

Graphs of the return density, call price and implied volatility smile are shown

subsequently.

Notice that the high VaR of the Nortel pre-crash prices together with a fat
downside tail on the return density indicate a possible down slide of the stock
price, even thought the expected price at the date of expiration does not given
much indication or warning signal. In the Nortel up-move case, the expected
price reflects a possible up-move of the stock price together with a very positively
skewed return density. One should also notice that the actual VaR is indeed
less than that of the plain vanilla model. For the US index post-crash case, the
high VaR together with the fat lower tail of the return density indicates the

“Crash-o-phobia” anxiety among investors.

The above examples indicate that our proposed a binomial model can capture
the market preferences and reflect the market movements up to the expiration

date of the options, on both pre-crash and post-crash prices.

Table A.1: 4-Stage Nortel Pre-Crash, 2000

So | 90.90 E(S:) | 91.99 7245
rr | 4.88% Eq(Sr) | 91.63 488%
T | 0.16 Sr 95.6 _299.04%
n | 89.58%
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Table A.2: 4-Stage Nortel Pre-Crash, 2000

o p VaRgos | VaR§ | Plain Vanilla VaRgge
G, = 0.057630 | 0.992724 51.14 39.76 45.51 45.39 30.00 60.90
ag =-3.554319 | 0.007276

Table A.3: 4-Stage Nortel Pre-Crash, 2000

K c é (c—é)2 I\ vV | (IV =1IV)2
65 {| 29.009124 | 29.151050 | 0.020143 | 90.20% | 92.00% | 0.000323
70 | 25.260991 | 25.304538 | 0.001896 | 89.55% | 90.00% | 0.000021
75 || 21.848182 | 22.513372 | 0.442478 | 89.12% | 95.00% | 0.003454
80 || 18.782233 | 19.178564 | 0.157078 | 88.86% | 92.00% | 0.000987
85 || 16.061586 | 16.101262 | 0.001574 | 88.71% | 89.00% | 0.000008
90 || 13.673994 | 13.581119 | 0.008626 | 88.65% | 88.00% | 0.000042
95 || 11.599207 | 11.649102 | 0.002489 | 88.66% | 89.00% | 0.000012
100 || 9.811830 | 9.557770 | 0.064547 | 88.73% | 87.00% | 0.000300
110 || 6.985776 | 6.563740 | 0.178115 | 89.04% | 86.00% | 0.000923
120 || 4.968056 | 4.650186 | 0.101041 | 89.55% | 87.00% | 0.000650
130 || 3.552821 | 3.523219 | 0.000876 | 90.27% | 90.00% | 0.000007

0.088988 0.000612
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Table A .4: 4-Stage Nortel Up-Move, 2000

So | 94.65 E(S7) | 95.78 14436%
rr | 4.88% Eq(Sr) | 94.69 4ss%

7 | 0.01 Sr 103.75 1166.88%
n | 144.92%

Table A.5: 4-Stage Nortel Up-Move, 2000

o p VaRgge | VaR$y, | Plain Vanilla VaRgge
a, = 1.341547 | 0.880342 | | 2.86 9179 | 12.29 g0.36 3.34 g1.31
g = -2.558773 | 0.119658
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Table A.6: 4-Stage Nortel Up-Move, 2000

K c é (c — &)2 v vV (IV — IV)2
85 || 10.565441 | 10.411485 | 0.023702 | 122.85% | 115.00% | 0.006160
90 || 6.139630 | 6.190174 | 0.002555 | 98.22% | 100.00% | 0.000316
95 || 2.814179 | 3.000214 | 0.034609 | 86.57% | 92.00% 0.002953
100 || 1.474899 | 1.336393 | 0.019184 | 99.77% | 95.00% 0.002276
105 || 1.012685 | 0.771419 | 0.058209 | 120.92% | 110.00% | 0.011929
110 | 0.752278 | 0.580335 | 0.029564 | 139.89% | 130.00% | 0.009790
115 || 0.591513 | 0.631432 | 0.001594 | 157.36% | 160.00% | 0.000698
120 || 0.490474 | 0.708574 | 0.047568 | 174.08% | 190.00% | 0.025348
130 || 0.374923 | 0.776744 | 0.161461 | 205.44% | 240.00% | 0.119462
0.042049 0.019881
Table A.7: 4-Stage US Index, 1990
So | 349.19 E(S;) | 372.66 14057
re | 8.62% Eo(Sr) | 363.17 ggae
7 | 0.46
n | 18.89%
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Table A.8: 4-Stage US Index, 1990

o VaRg.g9 VaR$y | Plain Vanilla VaRg g
0, = 1.059332 | 0.884987 | | 194.48 15471 | 137.13 210,06 54.62 20457
oy = -3.010166 | 0.115013

Table A.9: 4-Stage US Index, 1990

K c é (c—8?2 | IV vV | @V -1V)?
250 || 110.362426 | 109.876033 | 0.236578 | 34.50% | 32.00% | 0.000627
300 || 64.064408 | 63.613065 | 0.203711 | 24.75% | 23.70% | 0.000110
325 | 41.953520 | 42.422089 | 0.219557 | 20.17% | 20.90% | 0.000053
330 | 37.680155 | 38.342361 | 0.438517 | 19.24% | 20.20% | 0.000092
335 | 33.497023 | 34.287025 | 0.624104 | 18.33% | 19.40% | 0.000115
340 || 29.447771 | 30.415433 | 0.936371 | 17.47% | 18.70% | 0.000152
345 || 25.594649 | 26.842553 | 1.557262 | 16.70% | 18.20% | 0.000225
350 | 22.013960 | 23.261056 | 1.555248 | 16.07% | 17.50% | 0.000204
355 || 18.784158 | 19.669575 | 0.783964 | 15.62% | 16.60% | 0.000095
360 || 15.969257 | 16.544963 | 0.331437 | 15.38% | 16.00% | 0.000038
365 | 13.603476 | 13.647590 | 0.001946 | 15.35% | 15.40% | 0.000000
370 || 11.683071 | 11.187345 | 0.245744 | 15.53% | 15.00% | 0.000028
375 || 10.168570 | 8.989467 | 1.390284 | 15.90% | 14.60% | 0.000168
380 | 8.995772 | 7.319476 | 2.809968 | 16.42% | 14.50% | 0.000368
385 || 8.090603 | 5.484004 | 6.794360 | 17.06% | 13.90% | 0.000996

1.208603 0.000218
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Exhibit 1: Nortel Pre-Crash, 2000
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Figure A.1: Nortel Return PDF
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Exhibit 1: Nortel Pre-Crash, 2000
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Figure A.2: Nortel Call Prices
Exhibit 1: Nortel Pre-Crash, 2000
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Figure A.3: Nortel Implied Volatility Smile
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Exhibit 2: Nortel Up-Move, 2000
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Exhibit 2: Nortel Up-Move, 2000
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Figure A.5: Nortel Call Prices
Exhibit 2: Nortel Up-Move, 2000
300.00%
250.00%
e [\/

200.00% — IV_hat

> 150.00%
100.00%
50.00%

0.00% T T T T T T T =
85 90 95 100 105 110 115 120 130

K

Figure A.6: Nortel Implied Volatility Smile
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Exhibit 3: US Index, 1990
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Exhibit 3: US Index, 1990
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Figure A.9: US Index Implied Volatility Smile
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Appendix B

Glossary

1 APT - Arbitrage pricing theory. Alternative to the CAPM in which the

market portfolio plays no special role. Pp.26, 40.

2 BS-Model - Black-Schole Model. The option pricing model for European
options of a non-dividend paying underlying stock under the assumption
of a risk-neutral GBM return at the risk-free rate r; and volatility o.
Denoting Sy as the current spot price of a stock, S, as the stock price at
the date of expiration, T as time to expiration and K as the striking price,

the standard expression of the call ¢ and put p options are:

c =eTEG[(S; — K)i] = So®(d)) — Ke ™ ®(ds) ,

P = 6_rfTEQ[(K - S-,-)_;.] = K—e—rf‘rq)(—dg) — So@(—d]_) s
where s .
dy, = Ln(?ﬂ);-\(/gr-f'-%)r ’
d2 == d]_ - U\/F .

An alternative expression in terms of survival functions is used here. Pp.27

3 CAPM - Capital asset pricing model. A model based on the proposition

that any stock required rate of return is the risk-free rate plus its risk

premium. Pp.22.
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CML - Capital market line. A graphical representation of the relationship

between risk and the required rate of return. Pp.23-24.

DI - Distortion index. A measure of the severity of distortion upon the

expected value induced by a distortion operator. Pp.21.

EPD - Expected policyholder deficit. A downside risk measure of an
insurance policy. With an asset denoted by A and a random loss denoted

by L the EPD of the policy is expressed as E[(L — A).]. Pp.20.
GBM - Geometric Brownian motion. Details can be found in Chapter 2

and 3. Pp.23, 25.

GLGC Class - General linear Gaussian conjugation class. A generalized
class of distortion operators based on distortion operator of Wang (1999).

Pp.29.

ICAPM - Intertemporal capital asset pricing model. An GBM version of
CAPM. Pp.25.

PH-Transform - Proportional hazard transform. A transformation of
random variables induced by the following distortion operator over the
survival value u

g(u) =u”
where 0 < r < 1. Pp.11.

SML - Security market line. The line that shows the relationship between

risk and rate of return of individual securities.
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