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ABSTRACT

An Iterative Algorithm for Inversion of Matrices

Jayashree Rajagopalan

Matrix computations are the backbone of many science and engineering problems.
Matrix inversion is used in many real-time engineering applications which have stringent
computational requirements. It has beer mentioned in the literature that iterative
procedures are suitable to manipulate large matrices as they are robust and less
susceptible to numerical errors compared to direct methods.

This thesis focuses on the development of an improved iterative matrix inversion
scheme. A generalized, efficient matrix inversion scheme has been developed. The
proposed scheme requires n(k-1) less operations than the conventional approach, where
n is the order of the matrix and k is the total number of iterations. The computing
efficiency of the proposed scheme is further improved by optimizing the number of terms
from the infinite series used in the computation. Investigation of the analytical resuits
reveals that the optimum choice for the number of terms from the power series is 3 for
a fixed number of arithmetic operations. Iterative schemes require an approximate initial
solution which is successively improved till the desired solution is obtained, and a
stopping criterion to limit the number of iterations to be carried out. Three schemes to
compute the approximate initial solution using the one, infinity and Frobenius norms have
been developed. A stopping criterion has been proposed to determine the number of

iterations needed to compute the inverse.
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It has been experimentally substantiated that fastest convergence to the desired
inverse for a fixed amount of operations indeed requires only three terms from the infinite
series. Tests have been carried out for the proposed iterative scheme using the developed
initial inverse formulations to validate the analytical formulations. Experiments carried
out with matrices of different orders indicate that the convergence is not very sensitive

to the orders of thc matrices.
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CHAPTER 1

INTRODUCTION

1.1 General

A huge amount of computer resources is spent for carrying out matrix
computations for solving linear systems, which is the backbone of many science and
engineering problems. The connection between digital computation and matrices is
obvious. Matrices represent linear transformations from one finite set of numbers to
another finite set. Since many engineering problems are linear, and since digital
computers with finite memoery can manipulate only finite sets of numbers, the solution

of linear problems by digital computation usually involves matrices.

Matrix theory is used in the state variable representation of a system [1]. The
state variable representation of a system is concerned with a systein as a whole, including
the intemal variables of the system, and the input/output variables. These are
characterized by a state matrix. In solving for these variables, matrix inversion is
inevitable. The characterization by state matrices is important in studying complex
systems, their stability, determining critical parameters for achieving improved
performance and also in many signal processing applications. For example, to find the
impulse response of a discrete time system, the state variable representation of the system

can be used. The state variable representation of the system in turn is given in matrix



notation. Calculations involving these m:: .ces invariably involve the inversion of
matrices.  Real-time signal processing applications have a stringent requirement of
carrying out computations within a minimum amount of time. In some cases, intormation
continues to arrive and must be incorporated into the solution or updated while in some
others it may be necessary to remove old observations from the sclutions. Application:
involving recursive least square updating or downdating include robust regression in
statistics, optimization techniques, and estimation techniques in adaptive signal processing
ana control [2]. There are many scientific anu industrial applications which require
enormous processing powr. In some cases huge amounts of data must be processed to
produce usable results, and in others, large amounts of calcuiations have to be carried out

on small amount of data.

1.2 Applications of Matrix Inversion

In general solution of linear systems require matrix inversion operations. For
example, image reconstruction problems require operations of matrix inversion, which
may be time consuming if a very accurate estimate is needed. Image reconstruction using
singular value decomposition and a neural network method are discussed by Sterit: and
Fiddy (3] for finding the inverse of a matrix for the prioritized discrete fourier ~ansform
(PDFT). The PDFT algorithm is used to recover an estimate of the original image f from

the availuble data g given by [3]

gx) = [Ax)f)dy + k (1.



where A is the transformation kernel and k is a noise signal. If the data is spectral data,

this can be given as [3]

g - Af + k (12)

where g and f are vectors and A is the transformation matrix. To estimate f, the inverse

of A has to be calculated.

Another application rcquiring inversion of matrices using iterative scheme is
phased-array radar [4]. Target tracking is a recursive prediction correction process, where
Kalman filtering [5] is extensively used. Target equations are model.ed explicitly such
that the position, velocity and potentially higher derivatives of each measurement are
estimated by the track filter as a state vector. The error estimated with the state vector
is modelled using a covariance matrix, which is then used in subsequent computations,
where matrix inversion is one such computation. This covariance matrix gets updated in
each iteration of the track filter. Finding the inverse in the next iteration could make use
of the inverse in the present iteration. In such cascs, the matrices involved are very large,

and efficient iterative inverse procedures are important to ensure fast computations.

In VLSI circuit simulation, large systems of equations have to be solved. To solve
these, the system is partitioned into groups of tightly coupled variables, called blocks,
such as the subcircuits in the VLSI structure. These matrices represent the internal

variables of a subcircuit, and the interconnections among the subcircuits. A method to



invert such matrices in which the matrices are in a block diagonal form is discussed by

Milovanovic et al. [6].

Another real-time application is that of noise cancellation from the main signal as
discussed by Welstead [7]. The receiver configuration may consist of a main antenna and
several omni-directional side antennas. The main antenna receives both the desired signal
and the unwanted noise. The side antenna try to pick up the noise alone, so that the noise
can be subtracted from the combination of signal and noise to get the desired output.
However, the noise received by the side antenna may be a delayed version of what is
received by the main antenna. The characterization of delayed versions of the secondary
noise signals and its removal from the desired signal invoives the minimization of a

function where inversion of the noise covariance matrix must be computed.

Spreadsheet programs make it easy to carry out many calculations on chemical
systems and these have been discussed by Wink [8]. Spreadsheet can quickly carry out
certain matrix manipulations. The reacting chemical systems can be described by a
matrix formulation, and the corresponding chemical equations can be obtained through
the application of linear algebra. The essence of this method is the solution of a linear
system of the form Ax = b, where A is the systom matrix with N columns for the N
chemical substances and N rows for the M elements; n is the stoichiometric matrix, whose
columns contain the coefficients for the substances in a balanced chemical equation. The

algebraic challenge consists of finding the stoichiometric matrix from the matrix A.




Spreadsheet programs obtain this by the inversion of the matrix A.

Matrix inversion schemes find use in robotic applications. In robotic applications,
itis often required to compute the velocities of the robot joints (joint space velocities) for
given velocities of the end-effector of the robot (cartesian linear and angular velocities)
by inverting the Jacobian matrix [9]. Though the size of these matrices are not large (6x6
for a robot with six degrees of freedom), the speed at which these computations have to
be carried out becomes important for real-time control. Though the direct methods can
provide the required solution, the stability of the iterative schemes makes them suitable
for these applications. Further, if the sampling time is small (say 10 ms}, and if the robot
is moving at a slow speed, the elements of the Jacobian matrix changes slowly. Iterative
matrix inversion methods are suitable for such slow changes in the elements of the input
matrix as solutions obtained during the previous sampling instant can be used as the
initial approximate inverse to compute the inverse Jacobian for the current sampling

instant.

There are many techniques for matrix inversion that have been discussed in the
literature. While some of them are more suitable for direct matrix inversion [8, 10-13]
as in spreadsheet computations, or computing the inverse of a Jacobian matrix in robotic
applications [9], there are some applications, such as in signal processing applications
where it is preferable to use iterative methods [7, 14]. It has been reported in the

literature [5] that many direct methods of matrix inversion, require high accuracy in the



calculations to cbtain proper soluticns as they are not tolerant to errors in the computed
matrices. In contrast, iterative methods compensates for individual and accumulation of

round-off errors as it is a process of successive refinement.

1.3 Literature Review

Finite precision arithmetic introduces round-off errors. These errors become
significant if the given problem is computationally very intensive. Hence, in large
engineering problems, this factor has to be taken into account when solving
computationally intensive problems. Matrix inversion is a very good example of such
problems, where round off and truncation errors result in large errors in the inverted
matrix. Matrix inversion can be carried out using a number of methods which can be

broadly classificd as direct and iterative methods.

Direct methods arrive at an exact solution after a finite number of steps.
However, this is only true if we have infinite precision. Since only finite precision is
used in computations, the solutions are still approximate. They are susceptible to round
off errors. The effect of such inaccuracies become magnified for very large problems

such as those involved in matrix manipulations.

Iterative methods, on the other hand, improve successive approximations until the
solutions converge to the desired result. Iterative methods for matrix computations are

widely used, especially for large systems, because these methods tend to be simpler, more



robust to numerical errors, and require less storage compared to the direct methods [16].
The speed of convergence of iterative methods, however, depends on the initial
approximation. Hence, the choice of the initial solution is very important to make an
iterative method efficient. Improper choice of the initial solution will result in the
divergence of the iterative method from the desired solution. Solutions provided by
iterative methods are also no doubt approximate solutions. But the effect of truncation

and round-off errors is minimized.

The Gauss-Jordan method [6, 15, 17] is a direct method of matrix inversion. The
inversion of a matrix by this method involves applying a series of transformations on the
rows and columns of the matrix to convert it into an identity matrix. The corresponding
operations on a unit matrix, transforms the identity matrix into the inverse of the original
matrix. Several variations of this method are discussed in the literature suitable for
implementation on a processor array [15, 17]. The principal advantage of the Gauss-
Jordan method is that it is very stable. However, it requires two matrices to be stored and
manipulated at the same time. This becomes a major disadvantage when very large

matrices need to be inverted.

Milovanovic et al. [11] have discussed a variation of the Gauss-Jordan method
suitable for implementation on a processor array, which operates in a pipeline fashion.
It uses a global scheduling strategy to calculate intermediate results in processors and

redistribute them to all the processors. The processors then calculate the columns based



on these results. A direct parallel matrix inversion algorithm based on the Givens plane
rotations [11] is discussed by Amwy and Dharmarajan [18]. A parallel Gauss-Jordan
algorithm suitable for implementation on pyramidal multiprocessor system has been

analyzed by Geus et al. [19].

Schlereth and Schlereth [12] have discussed the use of a transputer-based large
multiple node attached parallel processor for solving ultra-large computing problems. The
procedure proposed has been designed to solve large sparse, dense or bounded matrices.
This parallel processing environment uses very little communication among the processors
during the execution of the algorithm. It has been mentioned that there is a linear
increase in the processing power as the number of nodes is increased. The matrix
inversion scheme uses the Householder’s algorithm [20] because of it’s inherent stability.
Schlereth et al. {12] elaborate the parallel implementation of the Householder’s algorithm
to reduce the matrix to a triangular form. This results in an approxiniaic solution. The
paper also mentions that this approximate result can be improved by an iterative

algorithm.

Cholesky method [17], also known as the square-root method can be used to
calculate the inverse of a matrix. Consider a system of the form Ax = b, where A is a
positive definite, symmetric matrix. In the Cholesky method, the given matrix, A, has

to be decomposable as

A-LLT (1.3)



where L = "U]' i,j = 1,..,n and Iy =0, i<j.

The inverse of A is given by

A-(L) L (1.9
Thus, the complexity of finding the inverse of a symmetric matrix has been reduced to
the one of finding the inverse of a lower triangular matrix. Since the inverse of a lower

triangular matrix is also lower triangular, the complexity of finding the inverse is reduced.

Gianey [21] outlines the use of Strassen’s algorithm [22] to compute the matrix
inverse on a transputer array. The Strassen’s algorithm is a matrix multiplication
algorithm in which the two n x n matrices to be muitiplied are partitioned into sub-
matrices. The product matrix D = EF is given by

z)ll 1)12
1)21 1)22

11
Ii!l

12 (1_5)

l;ll ‘212
‘;21 1552

L‘:”

where
Dyy, Eqq, Fyyq, are of the order p x p
Dy, E;y Fyy are of the order p x q
D;;, Eyy, Fyy, are of the order g x p

Dy, E;; F;, are of the order q x q

p- [%] and q=n - p, where | | denotes the least integer equal to or greater

than n/2.



The multiplication operation is confined to computing the intermediate quantities X;, i =
1,.,7, where X;’s are the intermediate results obtained by adding and multiplying the sub-

matrices of E and F as given below.

X, = (E, +Ex) (Fy, + F,)

X, = (E, + Ep)F,

X, - E\(F,~-Fy)

X, = Ey(F, - F,) (1.6)
X; - (E, + Ep)Fy

Xe = (E, - E\))(F,, + F)

X, = (E, - Ep)(F, + Fy)

Using the intermediate results X, to X;, the product matrix D is computed as shown

below:

Dy = X, + X, - X5 + X,

D,, = X, + X, n
D, - X+ X,

Dy =X +Xy-X + X

Gianey [21] has outlined the use of the Strassen’s method [22] to obtain the inverse of

a matrix A. Let the matrices B = A°! be divided into sub-matrices as shown in (1.8).

-1
-B- [Bn B,
B, B,

All AIZ
4, 4y

A - (1.8)

10




Then intermediate quantities §; ,..,Sg are computed from the given matrix A, using the

equations shown below:

IR
S, - Azn S,

Ss - s;l

Using the sub-matrices §; ...Sq the sub-matrices Byy, By, By, By, of the matrix B which

is the inverse of A can be computed using the relationship given below.

gwuu

o o

- 5, S

-5 3,

=5 - (S, By)
- -5

(1.10)

In this method, the matrix multiplications and the inverse is computed recursively and it

is suitable for implementation for very large matrices on a parallel system with shared

memory. This method is however not suitable for any class of invertible matrices. It can

be used for triangular matrices that are invertible and for matrices tnat can be decomposed

into an upper and a lower triangular matrix. Further, this method cannot be implemented

efficiently on a parallel system with distributed memory.

Pease has outlined a matrix inversion method based on partitioning {23]. The

method is based on a two-fold partition of the matrix to be inverted:

where A, B, C and D are the sub-matrices into which M is partitioned. The inverse of

11



u A B]
cD (1.11)

M can then be obtained as
A B!
M- -
CcCD

The sub-matrices A and D are square matrices, but may not necessarily have the same

A'(I-BD'CA™)'  -AT'BDT(I-CAT'BDY)! | (4 49
-D'CA-\U-BD'CA"Y)' D'(U-CA'BD')

dimensions. If A and D are not of the same dimension, then B and C are rectangular.
This formula is not applicable if either matrix A or D is singular. This method can be
applied recursively to obtain the inverse. In order to apply this method, we need a priori

information on the applicability of the method.

In another method of matrix inversion, called the double-bordering method, Levin
and Evan [24] have used a process of successive bordering to obtain the inverse of a
matrix. This method is suitable for parallel implementation on MIMD computers.
However, it is not suitable for all classes of matrices. The matrices must have non-zero

principal minors.

A panllel algorithm developed by Csanky for fast matrix inversion has been
discussed in [25]. It is based on the Leverrier method [26] for computing the
characteristic polynomial of the given mauix A. The characteristic polynomial ¢(A) of

A is defined by

12



d(\) = det(A - AD)
« GOV AN« p AN AN w s A+ py) (1.13)

The roots Ay, A,, .....,Ay are the eigenvalues of the matrix A. The coefficients p;, i=1,

2,...,N, of the characteristic equation is the solution of the linear triangular system,

where p = (py, Py - P and t = (), by i)l ty = tr(A%), p = T"*t and the matrix

T is be given by

1 0 0 0 0]
., 2 0
r, ¢
T-\ . . . .. (1.15)

By fheg fyg e b N

To invert the given matrix A, tie values t, are first computed. Note that this involves
the computation of the powers of A and their traces. Then, by using the systems of
equations (1.4), the coefficients of the characteristic polynomial are obtained as p = T
With the knowledge of the powers of A and the vector p, the inverse of a matrix A can

be computed as

13



N -1 N-2 N -3
- A "plA —p2A T eeeee "pN_ 1] (1.17)
PN

Al

Although Csanky’s algorithm is a fast algorithm for matrix inversion, it does not lend

itself to practical implementation as it is very unstable [27].

It has been mentioned in the literature [26] that iterative procedures are suitable
to manipulate large matrices as they are robust and less susceptible to numerical errors
compared to direct methods. The iterative method for matrix inversion developed by Pan
anc Reif [14, 29] present a formulation that uses only the first two terms of an infinite
series involved in representing the inverse. Further, the formulations of initial inverse
using various norms and their effect on the convergence of iterative schemes to determine
the inverse has not been studied. The effect of the choice of the number of terms, on the
error between the computed inverse and the actual inverse, for a fixed amount of

computations, has not been examined in the literature.

1.4 Scope and Organization of the Thesis

The focus of this thesis is to develop an efficient iterative matrix inversion
algorithm involving an infinite series expansion, to investigate (i) the effect of the number
of terms from the infinite series on the convergence to the desired inverse; (ii) the
possibility of reducing the number of operations and present a simple generalized iterative
formulation to calculate the inverse, and (iii) the development of a simple scheme to

choose the initial inverse for the iterative procedure.

14



From the computational point of view, it is essential to reduce the number of
operations in order to devise efficient algorithms. Chapter 2 proposes a new simple
formulation to calculate the inverse iteratively involving a reduced number of operations.
The efficiency of the algorithm is further improve.. in the case of a fixed number of
arithmetic operations by choosing an optimum number of terms from the power series
used in the inverse calculations. A proof for the choice of an optimum number of terms
from the power series expansion is derived. Iterative schemes for matnx inversion require
the computation of the initial inverse by some means. Improper chowe of the initial
inverse will result in failure to arrive at the desired inverse. Formulations of the initial
inverses usi1g matrix norms are aiso derived in this chapter Since iterative schemes need
a stopping criterion to determine the number of iterations that have to be carried oui, a

stopping criterion is also proposed.

Chapter 3 elaborates the results of the tests carried out to experimentally to verify
the theory developed in Chapter 2. A T-800 transputer along with Occam, a parallel
language, is used for this purpose. Results of the tests are presented to verify that the
new simplified iterative formulation developed in Chapter 2 converges to the desired
inverse. Experimental verification for the optimal choice of the terms from the infinite
series is camried out. Test results to verify the correctness of the initial inverse
formulations are included. The effect of the choice of different initial inverses formulated
in this thesis is also investigated. Conclusion of the present study and the scope for

future investigation are presented in Chapter 4.

15



CHAPTER 2
ANALYTICAL FORMULATIONS FOR ITERATIVE

MATRIX INVERSION

2.1 Introduction

Iterative matrix invcrsion schemes involve successive improvements of the initial
inverse calculated. These methods alsu need a stopping critevion to deterinine whether
the desired inverse has been obtained. Thus, iterative schemes for matrix inversion have
three components, namely, (1) a scheme to compute the initial inverse, (2) a scheme to
successively improve the inverse starting from the initial inverse, and (3) a stopping
criterion to determine if the desired solution has been achieved. In this chapter, a
formulation for matrix inversion that yields a good approximation of the desired inverse
for a fixed amount of computations is proposed. This approach is based on the Pan and
Reif method [14, 29]. A proof is provided to show the validity of the formulatioa. A
method to determine the initial inverse for a general dense matrix, and a stopping criterion

for the algorithm are also proposed.

2.2 Matrix Norms and Some Related Definitions

Some of the matrix norms definitions commonly used in matrix algebra are
discussed in this section.

Definition: A functionfl . Il M, -> R is a matrix nomm if for all {A, B} € M, it satisfies

16



the following five axioms [33]:

1. I A Il >=0 (Non-negativity)

2.1l A Il = 0 iff A = 0 (Positivity)

3.cAll =1l Il All for all complex scalars ¢ (Homogeneous)
4 lA+Bll<=IlAHIl+1IBIl (Triangle inequality)

S WABIll<=1lANIIBN (Sub-multiplicative)

Some commonly used norms are the one norm, infinity norm, spectral norm and the

Frooenius norm. They a-e defined as follows [28].

One Norm: The maximum column or the one norm as it is called is defined by

Al - max Y gl (2.1)

1<jsn £
Infinity Norm: The maximum row sum norm as it is otherwise called is defined as
1<i<n

A, = X §|a,| (2.2)

Frobenius Norm: The Frobenius norm or the Schur norm or the Hilbert-Schmidt norm

is given by

1Al = J )IDINT: ML (2:3)

17




Spectral Norm: The spectral norm is defined as

1A, - max {yZ : A is an eigenvalue of A* A) (2.4)

Spectral Radius: The spectral radius p(A) of a matrix A is given by

p(A) - max{ | A | : A is an eigenvalue of A) (2.5)

Convergent Matrices: Any square matrix A satisfying the condition given below is said

to be a convergent matrix [15]

im A -0 (2.6)

Yeoo

Given a matrix A, the following statements are equivalent:

(a) A is convergent;

lim

y ~on JAY ] =0 , for some matrix norm;

(c) p(A) < 1, where p(A) is the spectral radius of the matrix A. The spectral

radius is the largest eigen-value of the matrix A.

18



Relationship Between Commonly Used Norms: In general, JA |, < C, |14 I For the

values of Cy, given in Table 2.1, this inequality is always ensured. It can also be said that

the values of Cy given in this table are the maximum values of the ratio |A L, / 14 |,.

F ﬁ——-; T
Ie g | R ] belly Bel Iellp

Il'llﬂ

el 1 \/n_ n Jn

|;.||2 \/rT 1 ‘/;;' 1

Il n yn ! Jr

I s e i Iy !
I N

Table 2.1 Relationship Between Commonly Used Norms

2.3 An Iterative Improvement Scheme for Matrix Inversion

Let A be an n x n nonsingular matrix whose inverse is to be computed. Let R,
be the approximate inverse in the kth iteration. The residual matrix is a measure of
deviation of the computed inverse from the actual inverse of the given matrix A. The

residual matrix, E,, is given by
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E -I-AR, @7

The matrix E, is also called the residual matrix. If Ry is the initial inverse matrix, then
the inverse of A can be expressed in terms of the initial inverse, R and the initial

residual matrix E, as

AT - RR M - RAR Y - RA-E Y =R T (& @D

The above expression is a power series in E;. The expression converges to A1, the
inverse of A, if the power series in Ej converges i.e if E; is a convergent matrix. Hence
the initial inverse calculated must be such that the residual matrix resulting from it must
be convergent. Otherwise, the series begins to diverge and the iterative procedure will not
be able to arrive at an inverse and the procedure becomes unstable. The expression used

by Pan and Rief [14, 29] to calculate the inverse is given by

R,-R, (21 -AR,,) 29
where R is the inverse of A, obtained in the kth iteration. The following analysis shows
that the method used by Pan and Reif [14, 29] is in fact the infinite series expansion

given in (2.8) with only the first two terms taken into account.

The residual matrix in the computed initial inverse R, is given by (2.7). Hence,

AR -1I-E 2.10)
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A R)Y'-U-E)!
At =R (I-E)!

Al =R (I +E + Ep + )

By limiting the infinite series to the first two terms, we have,

AV =R (I+ Ep

A'-R (I+1-AR)

A'-R QI-AR)

Alternatively, this can be written as,

R, - R, ,21-AR,_)

211

(2.12)

(2.13)

(2.149)

(2.15)

(2.16)

2.17)

where, R, is the inverse in the next iteration. This expression for the inverse is the same

as given in (2.9).

It has been pointed out by Isaacsson and Keller [15] that the inclusion of the first

three terms gives the fastest convergence of the iterative process for finding the inverse.
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In the next section, it is analytically established that the fastest convergence can be
achieved by including only the first three terms of the power series in the expression for

the desired inverse given in (2.8).

2.4 Optimum Choice for the Number of Terms from the Infinite Series

It is evident that the expression for A™} given in (2.8) is an infinite series.
Considering a finite number of terms, say p, the resulting approximate inverse from (2.8)
in the first iteration is, say Ry, and the corresponding residual matrix is E;. Using R, and
E; in (2.8), the approximate inverse R, can be further improved to R, during the second
iteration. Successive application of this approach will result in further improvement of the
inverse, reducing its deviation from the actual inverse. If either the residual matrix is zero
or when the difference between the actual and the computed inverse is zero, then the
inverse obtained is the actual inverse of the matrix A. In engineering, it is a standard
practice to stop the computations as soon as the residual matrix assumes some small value
in the neighbourhood of zero. Thus the iterative expression for finding the inverse in this

manner can be written as

R,-R, , U+E, +E}  +.... L EP_)) (2.18)
E,-1-AR, (2.19)

where Ry and E; are the inverse and the residual matrices , respectively, in the kth

iteration. Using (2.18) and (2.19), the residual matrix in the kth iteration can be written

22



as

Ek-I—ARk_l(I+E‘l+ ....... +E,f__,l
~I-(I-E\(I+E, +...+ E[})
P

- E, (2.20)
Substituting the value of E, ;, E 5, E,.3 etc., we have,

E, = [En)” m= 1,23,k 221
For m = k, we have

Ek - EOP‘ (222)

From this generalised expression for the residual matrix, optimal aumber of terms from

the infinite series given in (2.8) can be obtained. This is done next.

Since the residual matrix E; is assumed to be a convergent matrix, its eigenvalues

A, Ay .., A, satisfy the condition

Al <1 (2.23)

}\'s - max lel (2.24)
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Thus, A, is the spectral radius of the residual matrix Eg. The eigen values of the powers

of the residual matrix E2* are AP' [15]. Hence the spectral radius of E¥" is 12", The

best choice of p is that value of p for which the least amount of computation yields an
approximate inverse of desired accuracy, i.e., the best scheme could be defined as the one

which yields the most accurate inverse for a given amount of computations.

It can be inferred from equations (2.18) and (2.19) that, to calculate the inverse
R, for a given matrix A, in the kth iteration, the residual matrix E, ; and the inverse R, ,
are needed. The total number of operations required to compute E ,in (2.19) is 2n3,
since calculating the product AR, , involves n® multiplications and n®(n-1) additions, and
n? subtractions are needed to subtract the product AR, , from the identity matrix I.

Equation (2.18) can be re-written as

2 -
Rk'Rk-l*_Rt-xEk-x"'Rk-xEk-:* ----- '*Rk-inp-xl) (2.25)

The successive terms in the above equation can be expressed as the product of the

previous term and E, ; as shown below:

Ri=R, \+Ry \Ep *+[REp B+ [Rk-lEkz-l]Ek-l M +[Rk-lEk’-—12]Ek-l (2.26)

From this expression, it can be inferred that to calculate each term only one matrix
multiplication is needed. Therefore, calculating matrix multiplication in (2.26) requires

(2n3 - n2) operations. Since there are (p-1) terms that need to be computed in (2.26), the
p p
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total number of operations to compute the (p-1) terms is (p-1)(2n3 - n2). Further, (p-1)
matrix additions of the terms are needed to evaluate the inverse matrix Ry, which requires
(p-l)n2 operations. Moreover, in each iteration, calculating the residual matrix using
(2.19) from the previous iteration using (2.19) involves 2n3 operations. Hence the total
number of operations to calculate the inverse in each iteration is 2pn3. For k iterations

the number of operations needed is

op. count = 2kpn’ (2.27)

If M operations are allowed, then the number of iterations is given by

k-_M_ (2.28)

2pn 3

The spectral radius of E } " s given by

()

To determine the value of p which results in a spectral radius of the residual matrix with

k

5 (,7) |
a minimum value, the minimum value of Xs p , where k = M/n 3, must be determined,

since n and M are independent of p. Let
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k
(pF) Q
X = A - A
X
Q=-p”*
From equation (2.30) we have,
InQ = _’f Inp
p
Differentiating (2.32) yields
.ldQ--izlnpdp+_lf2_dp
Q p p

Rearranging the terms results in

ag _, 0 _
- k;.z.[l Inp]

But,

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

Substituting the values from (2.34) into (2.35) and taking the differential of (2.32), we

obtain,

dx -y Q0 ,
E.-ka FL[I—IHP]
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For the spectral radius of E 2" to be a minimum, the differential % - 0. Hence

Q liQ'l) _22_ [1 _ lnp] -0 (2.37)
p

Equation (2.37) implies the following three possibilities.

Casc(i):_l.i-O
p

This implies that p = oo, This is not possible, since p has been assumed to be finite.

Case(ii): 0% AL =0 (2.38)

This implies that

Q=0 or A =0 (2.39)

But, these conditions are not valid.

Case (iii): 1 -Inp =0

This implies that

(2.40)
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The value for ¢ (the Napier’s Constant) can be approximated to 2.718, hence, p = 2.718.

The spectral radius A, of the initial residual matrix E is less than 1 since the matrix E

( k)
p . -
is convergent. Hence, the minimum value for the function A, P! is obtained when p'®

is maximum. The solution for (2.37) identifies the critical point for the function in (2.29)
at which the function may be either at its maximum or minimum value. The function will

be maximum if A is greater than 1. Since A  is less than 1 in the present case, the

(,7)
function will be minimum and the second derivative of A'” :

. will be positive. Equation

(2.33) is differentiated with respect to p using a symbolic manipulation software
(MAPLE). The output from this is shown in Appendix A. The simplified form of the
second derivative is given by

ax M

_2p-l _2p-1 5p-1 (2.41)
. 5 *la —lnp)z[lnlsp P yp P }
dp p

-p P (3+2Inp

Substituting p = e in (2.41), the second derivative is given by

2
ax ’2‘ - 0.135 A

dp

1.445
s

In(A) (1071 Ind) - 0.532) (2.42)

The above equation is always positive for a convergent residual matrix since A, is less
than 1. Hence, it can be concluded that the second derivative is positive.
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From the above discussion, it can be concluded that p = 3 indeed yields the
minimum value of the spectral radius of residual matrix in the kth iteration. Since k has
to be an integer, we can examine the ' .lues of the function in (2.30) for integer values
The spectral radius of E, given in (2.30) is a function that monotonically decreases from
p = 0 to p = e and monotonically increases for any value of p greater than e. Hence, it
is sufficient if we exainine the value of the function in (2.30) for the integer values p =
2 and p = 3. The value of the function in (2.30) at p = 3 is lower than the value at p =

2. Hence, the optimum choice of p is 3.

Fixing the amount of computations indirectly implies that if the computational
time allowed to carry out the inverse caiculations is fixed, best results can be obtained
by choosing no more than the first three tenns from the infinite series in (2.18).
Including more than three terms in the infinite series results in more accurate inverse

calculations. This is, however, achieved only at the expense of increased computations.

2.5 Iterative Inverse Formulation Using a Reduced Number of
Operations

The iterative matrix inverse formulation given in (2.18) can be rewritten using the
‘urmula for the residual matrix given in (2.22). The inverse in .. =cessive iterations can

be re-written as

R, - RO[I + Ey + Eg + o+ E:"] (2.43)
R -R[l+ B+ (B + (B + . + (B (2.44)
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R, - Rz[’ + (Eo”) + (Eo")z + (E:z)s + ..+ ( ﬂy-l]
Thus, the general form is derived as
R* - Rk_l [’ . (E:A-n) R (Eopl-l)z N (E:M)S .o e (Eopk-l)p-ll
Repeated substitution for the value of Ry _; in (2.46) results in

Rk-Ro[1+Eo+E:+...+E€'l][I+EJz+(E(fz)2+"'"'(Eopz)"-l]

[I+E(,’H+(Eu"-l)2+...+(EOPHr—I]

k-1 Pt ph2 phk-1
-8 1 [ (5) (T e (]

(2.45)

(2.46)

247)

The following derivation arrives at the number of operations involved in

calculating the inverse.

L=t the number of terms chosen from the infinite series in the inverse formulation

given in (2.47) be p = 2. Then, the inverse in the first iteration is given by

R, - Ro[’ + Eo]

(2.48)

The number of operations to multiply two matrices is 2n3-n? for a matrix of order nxn.

The number of operations to add two matrices is n2. Further, from the discussions

presented in Section 2.4 for the optimum choice of p from the power series, it is noted

that the 2umber of operations to calculzte the residual matrix E is 2n3. Hence the total
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number of operations to calculate the inverse R, is given by
N, = (2n3 - nz) +nts2n3

- 4nd (2.49)

The inverse for p = 2 in the 2nd iteration is given by

R, - R, [I + Eg] (2.50)

This calculation involves 2 matrix multiplications and 1 matrix addition. The number of

operations to calculate R, is

Ny, = 2n3 - n2 4 n? 4 23 - p?
- 4nd - n? 2.51)

The inverse for p = 2 in the 3rd iteration is given by

R - Ry[I + K]
- Ryl + E5.Ey]

(2.52)

Thus calculating R, involves 2 matrix multiplications and 1 matrix addition. The number

of operations to calculate Ry is also 4n3-n. Except for the first iteration, all other
iterations have the same operation count equal to 4n3-n2. Hence, if k iterations are

performed, the total number of operations required is given by
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N = (k-1)(@n3 - n?) + 4n3
- 4n3k - n%k-1) (2.53)

Using three terms from the infinite series, the inverse in the 1st iteration is given by
R, - Ry[l + By + By @39
The calculation of R, involves three matrix multiplications and 2 matrix additions. The
operations count to calculate the inverse R, is
Nl-2n3—nz+n2+2n3+nz+2n3-n2

-6n3 (2.55)

The inverse R, for p = 3 in the 2nd iteration can be written as

R, = R[I + E§ + (E5)(E5)] (2.56)

The operational count N, is equal to

N2-2'13—n2+n2+2n3—nz+n2+2n3—n2
2 2.57)

-6n3-n

Similarly, the inverse R, is given by

R -Rl+ E + E'|
- R[I + (B5) (E) + (E9) (Eo)] o @
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The operation count N, is given by

N3-2n3-n2+nz+2n3-nz+nz+2n3-n2
=6n3-n? (2.59)

To perform k iterations, the total number of operations using p =3 is

N = (k-1)(6n3 - n?) + 6n3
-« 6n3k - n2(k-1) (2.60)

For p = 4, the inverse in the first iteration using the iterative improvement scheme is

given by

RI-RO[I+EO+E:+ 3]

- Ro[’*Eo + EX + O(Eg)]

(2.61)
The number of operations N, is given by
Nl-2n3—n2+n2+2n3+nz+2r13—n2+112+2n3—r12
-8n3 (2.62)
The inverse in the second iteration is given by
- RII+E*+ E® + E®
R, 1[ o + Eo + Eg ] 263)

SB[ E BB
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The operation count N, for R, is then calculated as

N2-2n3--nz+nz+2n3—n2+nz+2n3—nz+nz+2n3—n2

«8n3-p?

The inverse in the third iteration is

Rg-Rz[I+Eow+E32+E0“]
- R+ BB+ BOLES B E

The operation count N, is computed as

N:,_-2n3—n2+nz+2n3—n24»nz+2n3—nz+nz+2n3—n2

-8n3-n?

Thus the total operational count for k iterations for p = 4 is given by

N = (k-1)(8n3 - n?) + 8n3
- 8n3k - n2(k-1)

(2.64)

(2.65)

(2.66)

(2.67)

From equations (2.62), (2.64) and (2.66), it can be inferred that the number of

operations for a given value of p for k iterations is obtained as

N = 2n3kp - n2(k-1)

(2.68)

The expression for the number of iterations obtained in Section (2.4) for the number of

operations to calculate the inverse using the general iterative scheme is n3pk. Thus, there
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is a reduction in the number of operations needed to compute the inverse using the
simplified generalized formulation presented in (2.47). The number of operations needed
is reduced by a factor (k-l)nz. Section 2.4 shows the optimum choice of terms from the

power series is 3 for a fixed amount of operations. Hence, using p =3 in (2.47), results

in
k-1 A 52
R-R 1 |1+ (&)« (&2"] (2.69)
k-0
The expression presented in (2.69) has the advantage that the calculation of the
inverse R, in one iteration, involves the use of the inverse obtained in the previous

iteration along with the computation of only 2 new terms involving the initial residual

matrices. The calculation of these terms involves the multiplication of the error matrices

ob.ainied previously. For example, the first iteration involves calculating E and E;' . For
the next iteration, we need to calculate Eg » which can be obtained as a product of E; and

E:, and E:, which can be obtained s the square of Eg. The matrices I, E(’: undi.‘g

are added, and the result is multiplied by R, to obtain R,. Similarly, the matrices needed

for the third iteration is E: and E;s. The term Eg can be obtained as the product of E 3
6 18 9 - 9 .18
and Ej, and E;  can be computed as the square of Ey. The matrices I, Ej andE,

are added, and the result is multiplied by R, to obtain Ry. Thus, calculating Eg" and
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[ ap\2
(E:" ) in (2.69) requires only a single matrix multiplication.

The problem of finding the inverse of a matrix has been effectively reduced to one
of performing matrix multiplications. There are several known parallel algorithms for
performing matrix multiplications which can be used. Using fast parallel algorithms for
matrix multiplications provides asymptatic convergence for obtaining the inverse of a
matrix [21, 30]. The matrix multiplication algorithms by Strassen [22], Winograd [30]

or some bilinear algorithms [31] can also be used.

The successful implementation of this method or any iterative matrix inversion
scheme lies in the proper choice of the initial inverse. If the initial inverse, Ry, used is
such that successive powers of the residual matrix Ey, begin to diverge then, the iterative
scheme will fail to arrive at an inverse, and will become unstable. The following section

describes the initial inverse formulation developed in this study.

2.6 Initial Inverse Formulation

An inverse matrix Ry, is considered a good initial approximation of the inverse
of a matrix A if the residual matrix E, resulting from it is convergent. The residual
matrix Eq is given by

E, - I-AR, (2.70)
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Hence,
ARy - (I - Ep! @27
Since
I-( - E){I - E)”! 272)
We have
(- E)'=1+E(-Epy"' (2.73)

With respect to some matrix norm,

I - EQ7'l s 1+ |E) IU - EQ') (2.74)

Dividing both sides by Il (I - Eg)™! ll, we have

1< ——1-—,— + 1E,| (2.75)
- EYl
From (2.70) we have
R;'A' - (I - E)” (2.76)
Hence,
Al - R - Eo)'l (2.77)
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With respect to some matrix norm, we have

1471 - IR, (I - Ep)I
SIR 11U - Ep'

Using (2.75) in (2.78), we have,

IR

1A < IR NI - Byl <
RIIC - BN < 735

Since

1

W - Byt s ———
0) 1 - "Eol

From (2.79), we have,

i1l

1 - |)E|l <
TR

Thus,
c(l-lEol-—E%!'— c 21

Hence the nomm of the residual matrix can be given by

El -1 - ¢ ul:?'u ¢ -

o |

<1

(2.78)

2.79)

(2.80)

(2.81)

(2.82)

(2.83)

However, the residual matrix Ej must be convergent for the initial inverse approximation,

Ro to be valid. If this condition has to be satisfied, we have to have
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o Kol (2.84)
K

Let the initial inverse Rg be given by

R,-aA (2.85)

Case (i) : Infinity Norm

Let the value of a in (2.85) be given by

1
« = 2 (2.86)
1415
Thus,
IR 1 jaA]
Al Al
471 1477 2.87)
14l
14121470
Using the infinity norm, (2.87) can be written as
IR 1
& S - 41 (2.88)
1A A4,
The condition number of A with respect to a matrix norm is given by
KA) = 1471 141 (2.89)

The condition number of A with respect to a matrix norm determines if small changes in

the given matrix A results in small changes in the inverse calculation. A matrix is said
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to be well conditioned if the condition nunber is small, and it is ill-conditioned otherwise.
Further we know that the condition number of any matrix is greater than or equal to 1,

since

M 2 U - 2.0

Using (2.89) in (2.88), we have

Bl 1, (2.91)
M, K«

where K_(A) is the condition number of A with respect to the infinity nomm. Since

0 < ¢/ <1, (2.84) is satisfied. This verifies that the initial inverse formulation using

the infinity norm is correct.

Case (ii) : One Norm

Let the value of o in (2.85) be given by

a - p (2.92)
A I
Substituting (2.92) in (2.84), we have,
iR | _lad]
A -1 A -1
{ 1 1 [ (2.93)
141
kA4
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Using the one norm, (2.93) can be represented as

IR1, 4y,

| - (2.94)
A7, 141471,
Equation (2.94) can be re-written as
IR, -1 (2.95)
'A_lll KI(A)

where K,(A) is the condition number of A with respect to the one nom. Since

/

0 <c’ £1, (2.84) is satisfied. This verifies the correctness of the initial inverse

formulation based on the one norm.

Case (iii) : Frobenius Norm

Let the value of o in (2.85) be given by

1

a - ’ (2.96)
14 1f
Substituting (2.96) in (2.84), we have
IR1 a4l
Al Al
A1 1477 2.97)
- 141
141147}
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Using the Frobenius norm, (2.97) can be written as

IR
RO F - IA 'F (2.98)
147 1ALGIAT Y,

Using (2.98) in (2.85), we have

Wb, 1 (2.99)
M-l"p KF(A)

where K ¢(A) is the condition number of A with respect to the Frobenius norm. Since

0<c! <1, (2.85) is satisfied. Thus, the correctness of the initial inverse formulation

using the Frobenius norm is verified.

Case (iv) : Combined Norm

One another choice of the initial inverse is given by

Ry=aA T (2.100)
where a is given by
a-—1 (2.101)
nlAl_14],
Substituting a in (2.100), we have
iRl _ 1471 (2.102)

1AL nlALLLIALLAT

42



With respect to the infinity norm,

IR L 1471
1AL nlALIAYLIATL

(2.103)

Using Table 2.1, we get

i LI (2.104)
Ul KA

This form is same as the one shown in equation (2.91) for case (i), formulation is valid.
However, it should be noted that the convergence obtainable using this formulation for

choosing the initial inverse, is affected by the order of the matrix to be inverted.

2.7 Stopping Criterion

The iterative procedures require a stopping criterion to limit the number of
iterations carried out to obtain the desired results. A stopping criterion is derived for this

purpose. The norm of residual matrix in the kth iteration is given by

| Ek | - IEOS‘I (2.105)

Using initial inverse formulation presented in Section 2.6 for the iterative procedure

results in a convergent residual matrix, i.e.

1E,1 - g, where q <1 (2.106)

Then, by the properties of norms, (2.105) becomes
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< 1 (2.107)

The deviation in the computed inverse from the actual inverse is given by

A" - R - A7 - AR,) (2.108)

With respect to some matrix norm, we have,

IAT - Rl < AU - AR) |

< AV E (2.109)
Fence,
A'-R
Ii_._l_"“ < 1E (2.110)
[ S |
From (2.107) and (2.110), we have,
-1 _
H_-Rr_» @.111)
A7)

Once the initial inverse is formulated, the residual matrix E; is known. Hence,
the value of q, which is the norm of E, can be determined. Since the valuc of p, i.e. the

number of terms in the infinite series is also known, suhstituting these values in equation
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(2.111), the number of iterations needed . 1 be determined, when the allowable

percentage deviation in the computed inverse is given.

2.8 Summary

In this chapter, an =fficient iterative scheme for the inversion of matrices which
uses less number of operations to arrive at the desired inverse compared to the
conventional approach has been presented. It has been shown that the number of
operations needed to calculate the inverse is reduced by n2(k-1) compared to the
conventional approach. The efficiency of the inversion scheme is further improved by
choosing an optimum number of terms from the infinite series used in the iterative
formulation, for a fixed number of operations. An analytical proof has been derived for
this purpose, and the optimum value for p has been established to be e, the Napier’s
constant. Since the spectral radius function monotonically decreases upto e and increases
thereafter, integer values of p in the neighbourhood of e have been examined. An
investigation of the nature of the function for the spectral radius reveals that the optimum
integer value for p is 3. The generalized iterative formulation has been further improved
by taking only the first three terms. Iterative schemes require an initial approximation
that is iteratively improved, and also a stopping criterion. Formulations to choose the
initial inverse using the one, infinity and Frobenius norms and a stopping criterion have
been derived. From the formulation for the stopping criterion, factors that affect the

stopping criterion have been identified.
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CHAPTER 3

EXPERIMENTAL RESULTS

3.1 Introduction
This chapter presents the experimental verification of the theoretical results
obtainec in Chapter 2. To carry out the tests, implementation is carried out using parallel

processing hardware and software, namely, the T-800 transputer and Occam.

Section 3.2 summarizes some of the features of transputers. Section 3.3 presents
the structure of the Occam procedures developed for implementation in this thesis. The
results of various experiments carried out are detailed in Section 3.4, Tests are carried
out for different orders of matrices (10x10, 25x25 and i00x100) to illustrate that the
method can be applied for high order matrices without a drastic increase in the number
of iterations. Further, test results for different choices of initial inverse using the one,
infinity and Frobenius norms for p = 2, 3 and 4 are included. To demonstrate that for a
fixed amount of computations, the error is minimum for p = 3, tests have been carried out

and are discussed in this chayter.

3.2 Hardware and Software Platform

Transputers can be used in applications ranging from embedded systems to

supercomputers. Many computationally intensive applications such as image synthesis,
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digital signal processing, robot control etc., can use large arrays of transputers for carrying
out parallel computations. The system performance depends on the number of
transputers, the speed of inter-transputer communication, and the performance of each

transputer.

The word transputer is a contraction of the words transistor and computer. It is a
new generation VLSI architecture which explicitly supports paralielism. The INMOS
transputer consists of a high-performance processor, on-chip RAM, and inter-processor
links, all on a single chip of silicon [32]. The T-800 transputer is a 32 bit 10MIPS RISC
processor with 4KB of local RAM, an external memory interface and four link interface

units.

The on-chip RAM allows fast data access and fast code execution in comparison
to off-chip performance. By holding frequently accessed data in local RAM, a high level
of performance is obtained by the stack oriented six-register architecture. The registers
A, B and C form the evaluation stack. The workspace register points to an area of store
where local variables for currently executing processes are stored. A process can be in
any one of the states: suspended, executing or executable. A process that is suspended
is waiting for some input or output action to be completed on a channel. All the
processes that are capable of being executed are kept on the dispatch queue. The
scheduler is a hardware facility which moves from one executing process to another very

quickly.
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The interprocessor links are autonomous DMA engines and permit any number of
transputers to be connected together in arbitrary networks providing extra processing
power. Interprocessor communication is supported through these links. They avoid the
communication bottleneck of a single bus system. Bit-serial communication rates of 20
Mbits/s are achieved via the four bidirectional interprocessor links. Serial to parallel data
conversion is performed by the on-chip link interface hardware. Communication between
the transputers must be via explicitly passing the data along the links. Hence, if all the
processors need a data set, they must each have a copy of it. If the data set gets updated,
arrangements must be made for keeping all the copies of that data set up to date. This
overhead means that it pays to send the processors only the data that they logically need.
Hence, array handling programs must be designed so that individual processors need only
part of the array, or only part of it at a time. The absence of shared memory affects
coding techniques because most languages implicitly assume the presence of shared
memory. One of the major challenges of using transputer networks is splitting up the
application over multiple transputers and meeting the performance requirements of the
application while making effective use of the transputers available. This is because,

interprocessor communication is only through the physical serial communication links.

The external memory interface allows linear access to a total memory of 4
gigabytes in the 32-bit T-800 transputers. Transputers are hardware processors which
execute software processes. It has the feature of multi-tasking in a single processor and

multi-threading any number of processes in a single or multiple transputers. Multi-tasking
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allows many tasks to share data using a common locai memory of 4Kbytes on a single
chip. Though transputers allow multi-tasking, the programming language used in the
implementation has to support this feature. Whereas, the multi-threading on a single
transputer simulates the code execution on multiple transputers. Multi-threading allows
data sharing through explicitly defined communication channels instead of using the
common shared memory. These channels are software channels if the implementation is
carried out on a single transputer. When implemented on multiple transputers, these
channels are the hardware channels. This distinction needs to be defined only in a
configuration file which places the channels on hardware or software links. The
configuration file also contains the information on the number of transputers used in the

physical system.

The programming model for transputers is based on the Occam model of
concurrency i1cing message passing for multi-threading, Occam offers the best support for
utilizing the concurrency and communication facilities offered by transputers [33].
Processes are connected together using synchronized, unbuffered, point-to-point, uni-
directional communication channels. Occam does not support shared variables for two
or more processes executing on a single transputer to share data, i.e. multi-tasking is not
supported by Occam. Hence, message passing is the only form of communication
between parallel processes. Thus, the same model of concurrency is used both within
processes and between processes. This has two advantages: it prevents a class of

programming errors associated with shared variable communication and it makes it easier

49



to change the way that a particular program is split-up between processes. To indicate
that two, or more processes are concurrent (multi-threading), the PAR construct is
provided in Occam. All subprocesses of a PAR must either be completely independent
of each other or interact using channels and a synchronous communication. From
program development standpoint, the PAR construct can be used to express concurrency.

These features make Occam a suitable choice for programming on transputers.

3.3 Algorithm Structure

This section presents the structure of the procedures developed using Occam to
implement the scheme proposed in Chapter 2 to compute the inverse of a matrix. The
computations that are capable for parallel execution are identified and implemented. The
algorithms developed for implementation are NORM, TRANSPOSE, INITIAL INVERSE,

MATMULT and INVITER as presented below.

Procedure NORM
Input: An n x n matrix A
Output: The infinity norm of A
for i= 0 to n-1 dopar
nfil =0
odpar
for i = 0 to n-1 dopar

forj=0ton-I
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nlil = abs(A[i]{j]) + nli]
odpar

Thus, the sum of all the rows or columns of A can be carried out in parallel. From
the calculated values of norm, the maximum is determined as the infinity norm. The
same procedure is used for the other norms discussed in Chapter 2 to obtain the desired

inverse.

Procedure TRANSPOSE
Input: An n x n matrix A
Output: The transpose of A
for i= 0 to n-1 dopar
for j= 0 to n-1 dopar
Allij] = Alji]

odpar

The transpose of the matrix is needed to calculate the initial inverse if the Frobenius norm

is used.
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Procedure INITIAL INVERSE
Input: A, norm
Output: R
for i= 0 to n-1 dopar
Jor j= 0 to n-1 dopar
Rylij] = norm * Alij]

odpar

The procedures to calculate the inverse using the one norm and the Frobenius norm are
similar to the one given above except for the fact that the norm and the initial inverse are

calculated using (2.92) and (2.96) respectively.

Several parallel algorithms for parallel matrix multiplication are available. There
are systolic algorithms for matrix multiplication discussed by Chaudhuri [34]. Another
matrix multiplication algorithm that can be implemented in parallel is the Strassen’s
algorithm discussed in Chapter 1. As a matter of fact, a parallel implementation of this
is discussed by Gianey [21]. One another algorithm which can be used is the
commutative Winograd algorithm [29]. Francomano et al. [35] have discussed the
comparison of different methods for matrix muitiplication. However, a simple parallel
implementation of the matrix multiplication algorithm as given below is used in this

chapter as the focus here is on validating the concepts developed in Chapter 2.
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Procedure MATMULT

Input: Matrices A, B

Output: Matrix C = AB

for j = 0 to n-1 dopar
Clilljl = 0
for t = 0 for n-1 dopar
Clilljl = Clillj] + ALi][{]*B(!](j]

odpar

odpar

Procedure INVITER
Input : Ry, Ej
Output : A"l = INVERSE
matmult(SQREO, EO, EO)
matmult(CUBEQ, SQREO, E0)
for i = 0 to n-1 dopar
for j = 0 for n-1 dopar
INVERSELi][j] = IDY[i]lj] + EO[i][j] + SQREO[i][j]
odpar
odpar
dopar

matmult(INVERSE], RO, INVERSE)
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matmult(SQREO, CUBEO, CUBEQ)

odpar

for i = 0 to n-1 dopar
for j = 0 for n-1 dopar
INVERSE?[i][j] = IDY[i][j] + CUBEO[i][j] + SQREO[i][j]
odpar
odpar
matmult(INVERSE, INVERSE!, INVERSE?2)
fori =0to k-1
marmult(EQ, CUBEQ, SQREOQ)
matmult(SQREQ, EO, EO)
CUBEOQ:= EO
Jori =0 ton-1
Sfor j = 0 for n-1 dopar
INVERSEI[i][j] = IDY[i][j] + EO[i][j] + SOREO[i][j]
odpar
matmult(INVERSE2, INVERSE, INVERSEI )

INVERSE := INVERSE2

The initial error Ry and the residual matrix E; are calculated using the algorithm

matmult for matrix multiplications. The variables SQRE0Q and CUBEQ are used in the first
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step to store the products Eg and Eo3 respectively. The computations involving the

addition of matrices to evaluate the inverse, R, are performed in parallel and the result
is stored in the variable INVERSE. The inverse R, is computed as a product of the

initial inverse input matrix Ry and INVERSE, and the result is stored in the variable

INVERSEL. The value Ey is computed in parallel with INVERSE! and the result is

stored in SQREQ. The intermediate result of adding matrices IDY, CUBE(O and SQRE(Q
to compute R, is carried out in parallel, and the result is stored in INVERSE2. The
inverse R,, stored in INVERSE, is obtained by multiplying INVERSE1 and INVERSE2.
The computations to find the inverse in subsequent iterations is same as those to calculate

R,.

3.4 Implementation Methodology

The INMOS T-800 transputer is connected to a host PC, to give access to the
terminal and the filing system of the host computer. The processor intensive part of
performing matrix manipulations is carried out on the transputer. The host computer
stores the code to be executed in the transputer in its filing system, and boots up the
transputer with the code when the application is required to run. Since the matrix
inversion is done as a stand alone application in this case, the booting of the transputer
and the program execution in the transputer is done at the command line prompt of the
host PC. The main procedure downloads the matrix to be inverted from a file in the host

to the transputer. This is done by the procedure trial-load. The transposc of the matrix
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if needed, (if Frobenius norm is used to calculate the initial inverse) and the initial inverse
are computed. The inverse calculations in each iteration are carried out by the procedure
inviter which makes use of the procedures matmult, norm, and initial inverse. These
procedures are described in Section 3.3. The matrix multiplication is done by the
procedure matmult. The parallel operations within matmult are the vector load for

initialization and vector multiply for the inner loop of additive multiplications.

3.5 Experimental Results

Experiments are carried out to test the various concepts developed in Chapter 2.
For this purpose, several sets of matrices of orders ranging from 10 to 100 are randomly
generated and used. Tests are carried out to verify the optimum choice of terms to
calculate the inverse, to show that convergence is assured if the initial inverse is chosen
according to the schemes developed in Chapter 2, and to shew that the number of
iterations needed for the calculation of the inverse is not sensitive to the order of the

matrices.

In order to verify that for a fixed amount of computations, the most accurate

inverse is obtained forp =3, | E, llm is plotted against the number of iterations, k. Tests

are carried out with the initial inverse formulation using the infinity norm, for matrices

of order 10x10, 25x25 and 100x100. Figure 3.1 shows the results obtained for a matrix

of order 10x10. From Fig. 3.1, the value of the error | E £ I is determined for a fixed
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amount of computations, by arbitrarily fixing the number of computations, say, 8x10’

operations, and using the formula

No of operations =2n3pk - (k-1)n 2 (.1

derived in Chapter 2. Since the value of the number of operations is fixed, and since the

values of p are 2, 3 and 4, the number of iterations needed in each case is obtained.

From the knowledge of the number of iterations, the values of | E & | have been

determined from Fig. 3.1. The procedure outlined above is repeated for another value of

the number of operations, 4x10%. The salue of | E k Ilm is once again obtained from Fig.

3.1. The number of iterations needed and the value of | E X IIw obtained in each case is

tabulated in Table 3.1.

Total p=2 p=3 p=4
Number of l

Iteration E. Iteration E Iteration E.
Operations IE; o IE, I HE oo
55x 194 14.1 0.043 9.3 0.015 6.95 0.043
5.0 x 104 10.2 0.29 6.8 0.26 5.1 0.29

Table 3.1 Number of Iterations Required and Error Norm for Fixed Amount of

Operations for Various Values of p Using Infinity Norm, n = 10x10.
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Figure 3.2 presents the results of the same test, as mentioned above, for a matrix

of order 25x25. The number of operations used is fixed arbitrarily to 8x10° and 6x10%,

The values of | E, | 1is obtained for each case from Fig. 3.2, for p = 2,3, and 4. The

values of |E, II‘m are presented in Table 3.2.

Tota.] p = 2 p= 3 p= 4

Number of |
Iteration Iteration Iteration

Operations IE; N, IE, I VE .,

8§x 10° 12.9 0.16 8.6 0.12 6.4 0.16

6x 10° 9.7 0.38 6.4 0.34 4.8 0.38

Table 3.2 Number of Iterations Required and Error Norm for Fixed Amount of

Operations for Various Values of p Using Infinity INorm, n = 25x25.

Figure 3.3 shows the results for a matrix of order 100x100. The results of the

tests are summarized in Table 3.3.

Results of Tables 3.1-3.3 are also plotted in Fig. 3.4. For integer values of p, the

values of JE; |l increases below and above p-3. The nature of || E, Ilm has been

descuibed in Chapter 2 in the context of optimizing its spectral radius with respect to p.
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It is observed that the function monotonically decreases for integer values of p from 0 to
3, and increases monotonically thereafter. Hence, p=3 is the only critical point
(minimum) in this function. Thus, the experimental resu:lts verify that the choice of p =

3, ensures fastest convergence to the desired inverse for a fixed amount of operations.

Total p=2 p=3 p=4
Number of

Iteration [teration Iteration
Operations £, 1., 1E, I, FE .
6 x 107 15 0.21 10 0.24 7.5 0.21
4x 10 10 0.5 6.7 0.47 4.7 0.5

Table 3.3 Number of Iterations Required and Error Norm for Fixed Amount of

Operations for Various Values of p Using Infinity Norm, n = 100x100.

To experimentally verify that the initial inverse formulation presented in Chapter
2 is correct, tests are carried out on matrices of order 10x10, 25x25, and 100x1(0). These
matrices are randomly generated and the initial inverse is calculated using the expressions
developed in Chapter 2 for various norms (one, infinity and Frobenius). This initial
inverse is iteratively improved using the procedure developed in Chapter 2 for different
values of p (p = 2, 3 and 4). The results of the tests for a 10x10 matrix are shown in

Figs. 3.5a-3.5¢ for p = 2, 3 and 4, respectively. Figures 3.6a-3.6¢ and 3.7a to 3.7c show

65



91

VL

¢ = d pue 91X(Q] = U ‘SUOIIB[NUILIO]
3SIAAUI [eniul 1ua1a)J1p uisn uostredwod 23uadau0) ec ¢ “Sig

) ‘suonjelay) jo Jaquuiny

cl ()8 8

9

i ’ ! ’ |

wioN Anuijuj

000

LLO

€e0

050

£9°0

€80

00’1

Hx l' ‘WJON 10443
H

66



¢ = d pue 9IXQ] = U ‘SuUOLR[NUIIO]

9SISAUI [BNIUI JUSISJJIP Suisn uosLIedwiod 90USSIdAUOD) qG ¢ "B1]

3 ‘SuonielIal] JO JaquINN

ol 8 9 v 4

00°0

L1L°O

€€0

0S°C

90

Hx H "WION Jo.i3
d

£8°0

001

67



v = d pue g[xQ[ = U ‘SUONRINULIO]

9SI9AUL [RIIUT JUAIIJIP Sulsn uostreduiod 95UIFIAUO)) 96 ¢ "S1

14

) ‘suoilelal] jo 1Isquinpn

cl

oL

8 9

€€°0

0Ss°0

L9°0

€80

' 00°1

Hx H ‘WION Jou3
q

68



¢ = d pue ¢Z¥g7 = U ‘suone[nulIoj
9SI9AUI [enIul 1u213)JIp Suisn uosiredwod 0uad1aAu0) vo ¢ "314
3 ‘Suoile1d}| JO J2qWnNN

0¢ gl 91 145 ¢l 0l 8 9 % 4
" _ ﬁ _ 00

i i | ’ ' i i

{zo0

ULION Alunjuj

69



¢ = d pue ¢gxgz = U ‘SUOIIB[NULIO]

9SISAUL [eNIUT JUSIYIP Suisn uostIedwod UIFISAUOY) q9°¢ 1

) 'Suol}el8l| 40 Jaquinp
0¢ 8l 9t vi ¢l ot 8 9

_._.___._)__._

WJIoN Anutjuj

00

0

v°0

90

’ ’XHH ‘w0 10413

70



$ = d pue ¢7XC7 = U 'SUOLR|NULIO]
9SI9AUI [BNIUI JUAIQYIp Sulsn uosLIedwod 93uagIsAtuo) 99°¢ 1

3 ‘SuoIlRIal| JO JAqWINN
0¢ 8l 9l 14" cl 0l 8 9 1% 4

1 ’ ] 1 1 1 1 0.0
\ s WION SNIUAqOI]
. dz0
ULION 3uQ m
3
(@)
4vo0
prd
O
-
3
90 °
\ . ~
-
ultoN Anuyuj 80
oL

71




¢ = d pue QO1X00] = U ‘SUONBULIO]
9SIQAUI [eNIUI a31JIp Sulsn uostredwod 3duagioauo)) e/ ¢ Sy

) ‘suoileiay| Jo Jaquinn
0¢ Gi Ot g

| i ! ‘ T . 00

ULION SNIUSQOL] -

uloN Anuyug \

‘"WJION Jou3

b |
I

72



¢ = d pue gQIXnQ] = W ‘Suole[nulIo]

9SIDAUT [RIIIUI 1USISJIp Suisn uosiredwo? UIFIAUOD qL'¢ 81

3 ‘suoljels}] L0 IsquInpN

0¢ Gl Ol ]

_. /'L/ 0°0
—= uLIoN 3uQ

ULION SNIU3GO1] \\ J/

120
ULION bEcE

470
490
180

‘ ‘HHH "wioN Joaig

73



y = d pue Q1XQQ] = U ‘SUONE[NULIO]
9SISAUL [BNIUT JUSIYIP uisn uosLIedwod 90uag1aAu0)) 97°¢ “S1g

) ‘suollelal| 40 JaquInp

0z 51 oL g
_ e _ _ — 00
ULION SNIUSQOL. VA
uuoN Anutjup ¢ m
o
e |
Z
0 ©
<)
3
190 —
M
=
{80
0L

74



the results for 25x25 and 100x100 matrices. It can b coucluded from Figs. 3.5-3.7, that
the method of choosing the initial inverse Ry is correct since all the results presented
exhibit ronvergence. Further, it is also observed that there is very little difference in the
convergence to the actual inverse when different norms are ‘sed to formulate the initial

inverse and when different orders of matrices are used.

Figure 3.8 shows the effect of the change in the order of the input matrix on the
convergence rate for p = 3 using the infinity norm to formulate the initial inverse. It is

seen from this figure, that the number of iterations needed for a matrix of order 10x10

such that | E, ||c° becomes 0 is 9, while it is 11 iterations for a 25x25 matrix. The

number of iterations needed for a 100x100 matrix is 17. A ten-fold increase in the order
of the matrix does not result in a drastic increase in the number of iterations. Hence, it

can be concluded that, the number of iterations is not sensitive to the order of the matrix.

The various tests carried out and the results presented in this section confirm the

validity of the theory developed in Chapter 2.
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3.6 Summary

This chapter has presented the results of experiments carried out to test the theory
developed in Chapter 2. The hardware platform chosen for the implementation is a T-800
transputer, and Occam has been selected as the programming language. The software
developed for implementation has been elaborated along with the salient features of the
hardware. Tests have been caried out to verify the optimum choice of the number of
terms in the power series, and to show that the convergence is assured for the initial
inverse chosen based on the schemes developed using the one, infinity and Frobenius
norms. Test results have indicated that the number of iterations needed to compute the
inverse for a fixed p, is not sensitive to the order of the matrices. It has also been
demonstrated that the choice of the initial inverse based on the one, infinity or Frobenius
norm has little or no effect on the convergence of the iterative procedure to obtain the

desired inverse.
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CHAPTER 4
CONCLUSIONS
AND

SUGGESTIONS FOR FUTURE WORK

4.1 Conclusions

The focus of this thesis has been the development of an efficient, generalized
iterative algorithm specifically suited for the inversion of large matrices. The efficiency
of an algorithm is ensured if the number of operations involved in the computations are
minimum. The formulation presented in this thesis makes use of reduced number of
operations compared to the general iterative scheme involving an infinite number of
terms. The optimum number of terms needed from the infinite series for a given amount
of computations has been deduced in order to further improve the efficiency of the
proposed iterative scheme. Iterative schemes arrive at the desired solution by continually
improving an initial value. Hence, initial inverses have been formulated using different

norms.

The generalized, efficient formulation for matrix inversion developed depends only
on the initial inverse matrix and the initial residual matrix, E,. This approach reduces the
number of computations involved to calculate the inverse, as the calculations of the

residual matrix E; and irc powers in each iteration are not needed. This scheme has
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reduced the operational count by nz(k-l), where k is the number of iterations and n is the
order of the matrix, compared to the conventional approach in which the residual matrix
in each iteration is computed. Investigation of the analytical results reveals that the
optimum choice for the number of terms from the power series is three for a fixed
number of arithmetic operations. From the generalized expression for the iterative scheme
for matrix inversion, a formulation for p = 3 has been deduced. Initial inverse
formulations have been devised using the one, infinity and Frobenius uorms such that the
resultant residual matrices are convergent. A stopping criterion has been established to
determine the number of iterations needed, given the allowable percentage deviation in
the computed inverse. From this criterion, it has been deduced that the following factors
affect the stopping criterion : (i) the norm of the initial residual matrix; (ii) the choice of

the number of terms (p) and (iii) the number of iterations used.

To verify the concepts developed in Chapter 2, tests have been carried out on a
transputer using Occam. Test results illustrate the convergence of the generalized
expression developed for the iterative scheme to the actual inverse for various values of
the number of terms (p = 2, 3 and 4) in the infinite series. The experimental results
demonstrate that the choice of 3 terms from the power series for a fixed amount of
computations is optimal. The correctness of the initial inverse formulations is also
verified. However, it is observed that the choice of the one, infinity, or Frobenius norm
in the determination of the initial inverse makes little difference on the convergence of

the algorithm. Simulation results have indicated that the number of iterations required
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for convergence is not very sensitive to the matrix order. It has been noted that on an
average, a ten-fold increase in the order o the matrix, results only in a two-fold increase

in the number of iwrations f~r a given value of p.

4.2 Scope for Future Investigation
The initial inverse formulation presented in the thesis is valid for any invertible
matrix. However, properties of special matrices may be exploited to formulate initial

inverses, which may result in faster convergence to the desired inverse.

The iterative scheme has been implemented on a single transputer. The
components of the algorithms developed in this thesis need to be further invesiigated for
perallel implementation on a transputer array. Parallel implementation should address
issues of partitioning the data for parallelism and parallelizing the iterations. The
computations have to be carefully decoupled so that parallelism can be exploited while
still avoiding data dependencies to the maximum extent so that the interprocessor

communication overheads can be minimized.
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Appendix A

Mapie Results for Symbolic Computation

This appendix shows the proof that has been obtained using a symbolic
manipulation software MAPLE. Thess resulte are summarized in equations (2.36) to
(2.42). In the follov.ing equations the variable k is equal to A_ in the above mentioned

equations

|
Step - 1 : Function entry a/ - k7? v

> al:=kMpA(1/p));
(1/p)

Step - 2 : Find the derivative of the function with respect to p: a2 = %"_l.
P
> a2:=diff(al,p);
(1/p)
a2 .=k p b -ee- + ----1 In(k)
I 2 21
Npoop/
Step - 3 : Simplify the derivative.
> a3:=simplify(a2);
(1/p)
P ) W/p
k p  (n(p)- 1) Inck)
a3 1= - e
2
Y
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Step - 4 : Solve the firsi derivative for p a4 = 8801 -0

p

> ad4:=solve(ad=));
ad :={k =1,p=pl. {k=k, p=exp(l))

Solution is : p = e!

- _ 8% u3
Step - 5 : Find the second derivativeof p : a5 = >
op
> aS:=diff(ad.p):
(1/py
p ) (/p)2/ In(pp 1\ 2
K p ) b + ----lIn(k) (In(p) - 1)
2 21
\ p p /
B = e
2
p
(1/p)
(e ) U/py/ In(p) 1IN
k p f+ aeee- + ----l (In(p) - 1) In(k)
b2 21
\Npoop/
‘ 2
p
(1/p) (1/p)
@ ) U/hp) (e ) {/p)
k p Ink) k p (In(p) - 1) In(k)
- mmmmmmmcmcmeccccmancas 4 2 e e mcaceaeee
3 3
p p

Step - 6 : Simplify the derivative function (a$)
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> a6:=simplify(a5);

/- 1+p\
(1/p) e R
P ) \ p / 2
a6 =k In(k) (p In(k) In(p)
[/ -1+p\ [ -1+p\
- 2 emeeeee | [- 2 —emmee- I
\ p / \ p /
-2p In(k) In(p) +p In(k)
/ -1+2p\ / -1 4+2p\ / -1+2p\
| PR I [« —ommaaee | l- mmeeemeee I
\ p / 2 N p / N\ p /
+p In(py -2p In(p) +p

D

\ p /2 N p /2 /[ 2
-3p p +2p p In(p)) / p
/

Step - 7 : Solve the second derivative given by a6 for p = e!

> a7:=evalf(subs(p=exp(1),a6));
1.444667861 -9

a7 :=.1353352833 k In(k) (.1*10 In(k) - .531463606)

Solution is : 0.13534 kK7 In(k) (0.1x10°° In(k) - 0.53146)

Step - 8 : End.
> quit;
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