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NOMENCLATURE

a radius of crack
' five elastic constants in transversely isotropic

body

c introduced notation

E Young’s modulus of elasticity

Fk(z) three potential functions (k=1,2,3)

F(zu one harmonic function (k=1,2,3)

gfx) function inverse to both ! and.% )

g (u) function inverse to both %(yb) and %(yo)

G shear modulus of elasticity
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h introduced notation
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% distorted length parameter in isotropic body

22 distorted length parameter in isotropic body
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isotropic body

Bak distorted length  parameter in transversely
isotropic body

% introduced notation

e: introduced notation

14 integral operator

ra integral operator

m transversely isotropic elastic constants (k=1,2)

M(p,¢,2) coordinate point in space
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CHAPTER 1
INTRODUCTION, BACKGROUND AND OBJECTIVES

1.1 GENERAL

The study of fracture mechanics is based on the
assumption that all engineering materials contain
preexisting defects and flaws in the form of cracks, voids
or inclusions which have a deteriorating effect on their
strength and hence a material will fail eventually under
excessive applied 1load. In order to have a correct
estimation of the life-time of a structural component under
external loading, it is important to know the stress
distribution caused by the presence of cracks.

Conventional failure mechanisms can be roughly
classified as ductile on the one hand and brittle on the
other. For ductile fracture, associated with yielding or
plastic flow ©before breakage, the defects such as
dislocations, grain boundary spacings and precipitates tend
to distort the crystal lattice planes. Brittle fracture,
which takes place before any significant plastic flow
occurs, originates at larger defects such as inclusions,
sharp notches or cracks. It should be clear that a material
may behave in a ductile or brittle manner, depending on the
temperature, rate of loading and other variables present.

Thus, any material is characterized as ductile or brittle



based on the ductile or brittle state of fracture behaviour.
Usually, the 1loading of a cracked body causes inelastic
deformation and other nonlinear effects in the neighborhood
of the crack tip. In nmaterials, exhibiting brittle
behaviour, the amount of inelastic deformation in the
vicinity of the crack tip is negligible compared to the
crack size and other length parameters of the body. In such
cases, the theory of 1linear elastic fracture mechanics
(LEFM) is sufficiently justified to address the problem of
stress distribution in the cracked body. The present study
is focused on the determination of stress and displacement
distribution of some new fundamental problems in LEFM.

The foundation of the contemporary theory of fracture
was made by Griffith (1921) [1) in his systematic study of a
size effect on the strength of solids. However, long before
1921, a number of results had appeared which gave evidence
of the existence of size effect. Even Leonardo da Vinci
(1452-1519) made tests to determine the strength of iron
wires. He found that for wires of constant diameter the
strength had an inverse relationship with the length. In the
19th century a few analogous experiments were conducted and
it was established that the strength of a short iron bar is
higher than that of a long one of the same diameter. After
the First World War a series of tests were conducted on
notched-bar specimens at the National Physical Laboratory,
Teddington, England. The results obtained showed that the

work at fracture per unit volume decreased as the specimen
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Fig.2.1 Geometric description for Q and ¢ .

Hereafter the following abbreviations will be used:

t () = ¢ (a,p,2) , £ () = ¢ (a,p,2) . (2.11)

¢ =t(a,p,2) , ¢, =t(a,p,z) - (2.12)

Note the limiting properties

lim el(ac) = min(a,p) , lim Zz(m) = max(a,p) . (2.13)
z-0 z2-0

In view of the properties above, the representation

(2.1) can be generalized

1 1
1+u 2 2 2] (1vu)r2
RL™  |p%+ pi- 2ppcos(0 - @) + 2|

23



£ Py)? A[-p—g—z-,cp -¢o]a:"da:
RReh e e L RIS

Formula (2.14) simplifies when u=0

1 1
Ro [ 24 ps— 2ppocos(¢ - ¢o) + ZZJUZ

2
1 Po’! A(pzo,(p - ¢o]dcc

]
=2 .
=7 J; [[ef(po) _ ma] [‘:(Po) _ mz]Jx/z

(2.15)

Again, it can be noticed that the integral in (2.15) may be

evaluated as indefinite:

J A[b‘;—:,(ﬁ - ¢o]da:
[ pg) - «®[e20p,) - )1

PR | G LR |

0 0

(2.16)

thus, giving another quite important representation in
(2.16) .

By a simple change of variables, another series of
useful formulae can be obtained from those given above,
however they will not be discussed here, since the aim is
not to give the variety of all very important integral
representations, but to make an introduction of an essential

part of the new results obtained in potential theory.
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2.3 ¢ = OPERATOR

The ¢-operator may also be called the Poisson operator,
since it was introduced by Poisson for solving the
two-dimensional Dirichlet problem for a circle. It is

defined as

2n

£(K)E(9) = 3= juk.cp—%)fwo)d% : (2.17)
0o

where A (.,.) is defined by (2.2).

The following properties of the ¢-operator are valid

£(k)¢(k,) = £(kk) , lim £(k)f = f . (2.18)
k=21

These properties are widely used in various transformations

and are essential to the method.

2.4 POINT FORCE SOLUTION AND CLASSIFICATION OF MIXED

BOUNDARY VALUE PROBLEMS

By giving the point force solution the necessity to use
the above integral representations and others which were not
presented here, but can be found in Fabrikant [16], can be
justified. The suggestion for the classification of BVP will

naturally stem from the point force solution. The surface
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displacement field for point loading of a transversely

isotropic half-space z>0 can be given as follows:

1 T,lg T _ P
u = 2G1 gt -2-G2 o Ha g (2.19)
_ T p
w = Ha Re[a] + H-}i ’ (2.20)
' here
q = pe1¢ - poel¢o . (2.21)

Here P is the normal force, T=Tx+iTy is an introduced
complex tangential force and the overbar indicates its
complex conjugate value. Tangential and normal displacements
are denoted by u=ux+iuy and w respectively. The elastic
constants H, «, G1 and G2 will be defined later, since they
are not the main issue here.

Expressions (2.19) and (2.20) are widely used for the
integral equation formulations of various mixed BVP for an
elastic half-space.

By suggesting the following classification of mixed BVP
two types of internal and external problems can be
specified:

Internal problem of type I: the normal displacements are

prescribed inside a finite domain S, f-he normal traction is
given outside the domain S, while the tangential tractions
are known all over the plane z=0.

External problem of type I: the normal traction is

26



pPrescribed inside S, the normal displacements are given
outside, while the tangential tractions are known all over
the plane z=0.

Internal problem of type 1II: the tangential displacements

are prescribed inside S, the shear tractions are given
outside, while the normal traction is known all over the
plane z=0.

External problem of type ITI: the shear tractions are

prescribed inside S, the tangential displacements are given
outside, while the normal traction is known all over the

plane z=0.

2.5 GENERAL SOLUTION FOR MIXED BOUNDARY VALUE PROBLEMS IN

ELASTICITY

The elastic half-space has proven to be a useful
mathematical model for the consideration of various contact
and crack problems in finite bodies, provided that the
domain of contact or the crack size is much smaller than the
characteristic dimension of the body. A general solution in
terms of three harmonic functions is presented for the case
of transverse isotropy.

For a transversely isotropic elastic body, where the
plane z=0 is parallel to the plane of isotropy and which is
characterized by five elastic constants AU’ the following

stress-strain relationships are satisfied:
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du au

= X - . ow
o= A ax t (Au 2A66)6y + A, 3z
du du
= - X Y w
7,= (A, ZAse)ax * Anay t AyEz 0
du du
=A - ¥ v
o= Ry ax * R ay + By 3z
r 9dU au du

= X4 ¥ = _vy , v
txy— Aaak ay + ox ] ’ tyz AM[ 8z +6y] !

du
_ [ 6w x
T Pl x5z ] ) (2.22)

The equilibrium equations are:

acrx atxy a'czx 31:” aay aryz
% ay+ 3z =~ 0 Bx +ay * 5z =0
at aT éo
Zx LYz L __Z _ . (2.23)

ax 3y 32

Substitution of (2.22) in (2.23) yields:

2 2 2 2

a u d u_ 8 u ] uy 82w
A +A +A +(A -A )s—= +(A, _+A )7:7—=0,
1 a2 66 ayz 44 872 11 667 X0y 13 s’ ox8z
azuy azuy azuy o%u_ 52w
A +A +A +(A -A )z +(A _+A )z:——===0,
66  4y? 11 6y2 44 822 11 667 dxoy 13 “a'dxoz
2 2
2 2 2 a"u a™u
Au [i—‘:' + é'_Vzg]-*.Aaaa Z +(A44+A13) [axa; * 8 a;]=°'
ax ay 8z b 4
(2.24)
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arises naturally. The solution for distributed loading can
be obtained by quadrature. The ability to write the
three-dimensional distance in a two-dimensional form allows
the integrals for the potential functions to be evaluated in
closed form expressions of elementary functions containing
El(a) and Zz(a) as parameters [e.g. see eg.(3.2.7), where
the argument a arises because of the limits of integration].

The expressions for the elastic field obtained here are
in compact complex notation. Their separation, which depends
only on the complex exponential ein¢ as a multiplying
factor, can be done in a simple manner by using Euler’s
identity.

It is important to point out that the expressions
derived here are easily evaluated anywhere in the half
space, for example, for z=0 the identities can be used, i.e.

lim El(a) = min(a,p) , lim Ea(a) = max(a,p) , (3.2.33)
250 z-0

where min(a,p) implies the minimum of the two values and
max(a,p) the maximum.

The surface values can be readily determined and be
verified with the boundary conditions of the problem. Since
the identities in (3.2.33) are equally valid for Bik(a) and
£2k(a), because 2z-50 implies zk=z/7k—)o as well, then on the
plane =2=0 the stress and displacement components for
isotropic and transversely isotropic cases are the same,

except for differences in elastic constants. Therefore the
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elastic field on the plane z=0 is presented here only for
isotropic case. In the results to follow, the first
expression of each component corresponds to the case of p<a,

while the second gives the result for p>a.

P, (1+v) (1-2v)

= i¢_ 22 12
u= AT [p cos¢ e 3a+ 2p],
p°(1+v) (1-2v) ig 2 2,172 a 2 a° . -1{a
u= STE pcos¢ e (p™=a”) 3(1+ 3 ;] -psin [3)
2
2 2,12(1 la . -1fa} (2 2 1.2
+a(p-a’) [5 -3 ;3]+51n [3] [-50. = 5P ]}, (3.2.34)
8p (1-—v)
W =———pcos¢ (a’~ p°)'? ,
w =0 , (3.2.35)
crl=-(1+ 2V)popcos¢ ’
2p _(1+2v) 2
_ Yo - 2_ 2,12 a 2 a
o, = vos¢[(p a’) p[1+ T 2]
p -a
-psin'l[%]] , (3.2.36)
02=0 '
2p (1-2v) .. . 2
o L2119, -1¢_ . _. 2_ 2,172 a 2 _a
o, = e {(e 151n¢)[(p a”) p[1+ 3 p?‘-az

2 2
-psin"1 [%]]+cos¢[(p2—a2)1/2 g[1- 2-‘1—2 + —g— za 2]
p P p°-a

-psin”[%]]} , (3.2.37)
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o _=-ppcos¢ ,

o —2p°c05¢ (p°=-a®)? &1+ 2 a’ -psin”' |2 (3.2.38)
z T P 3 2 2P p d e
p°-a
T =0 , for p > 0 (3.2.39)

It can be seen that the boundary conditions in (3.2.1)
have been identically satisfied. Also note that the first
expression in (3.2.35) is equivalent to the one obtained in

(3.2.11) (as it should be). And by taking into account that,

_1-v°?

nE !

for the isotropic case H there will be a complete
coincidence.

The evaluation of the opening-mode stress intensity
factor K, may be done by substituting second of the
expressions for o, obtained in (3.2.38) into the formula
defined in (2.37). It results in

4p a®

K,= _ cos¢ . (3.2.40)
3nv2a

It is interesting to note that the same result will be
obtained by using the alternative expression for the stress
intensity factor defined in (2.46) and the first expression
for normal displacement component defined in (3.2.35). As
may be seen the expression in (3.2.35) looks simpler than
the one in (3.2.38). Also it enables one to verify the
result in (3.2.40), which is in agreement with the result
given in Shah and Kobayashi [31].

At this stage of the discussion, the elastic field for
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transverse isotropy in the case of a slightly different
linear normal loading, namely, oz=-popsin¢, will be
presented. The reason for doing that is quite interesting

and important and the explanation will follow.

& 9, i¢ -1{ a 2 _ 2 1/"211: 2 a°
u=Hpoz -1 psing e psin [B—J-(ea-a ) e——(1+ 3 —-2—]
k=1 kK 2k 2k 2
2k
I 2?2
. 2 2,172(5 "1k 1 "1 . -1 a 2.2 1.2 2
ll:a(EZk a ) [-2- ? -2- 3 1—2-] +s1n (2:] ('3—0 -2-p +22k]]},
zk £
(3.2.41)
4Hp 2 m 2
_ o _ . k 2_p2  172(,_ a’]_ Lo-1 a
W o=— psm¢zm _1[(a Blk) [3 > ] 32k51n (e ]],
k=1 k £ 2k
2k
(3.2.42)
2 2
27 =-(1+m )y ¢ 2
. k k’'"3|,,2 2,1/2 1k 2 a
0. =8A Hp sing¢g — (& =-a”) [1+ = ]
166 0 k; 7, (m =1} [ 2k T, @ -2
2k 1k
- psin'l[e—a—-] , (3.2.43)
2k
2i¢ & 7, -i¢ 2 2,1/2 1k
02=—2A66Hpoe z-m (1e “"+icos¢) (£2k—a) B_[l
k=1 k 2k
2 a® -1{ a 2 2 l/zelk
+ 3 BT] - psin [Z_] +s1n¢ (EZR-a ) 2—[1
. 2k’ | 2k
2 2
2a 8 a . -1 a
2k 2k 1k
2p 2 {4 2
o_. 1 k+1 2 2,1/21k 2 a
O =——s1in¢— (=1)" 7 | (£ =a%) —[1+ = ]
z 0 v, kzl k[ 2 &, 3 e:k_ fk
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- psin™ -l,-“—] , (3.2.45)
2k
2p0 1 & kel i¢ 2,2 (172 :k
T 3w v =% Z(‘l) 2e7"sing(a-t ) 2.2 ,2
1 ‘2 k=t P (EZK-P“)

2 2. 1s2( a° -1 a
+ i[(a =) — = 3[+32z sin [—] . (3.2.46)

1k IE Kk Ezk

2k

Note: To obtain the stress and displacement components for
this problem some changes in expressions (3.2.18-3.2.23) had
to be done, namely, in real components w, o, O and in the
complex component T, everywhere cos¢ had to be replaced by
sing and sin¢g by =-cos¢, while in complex components u and
T the same replacements had to be done, follecwed by the
multiplication of each component by i.

Now, when the results for both cases of loading, i.e.
for -popcos¢ and -popsin¢ are Kknown, there arises quite
reasonable question. Why was the problem not solved from the
beginning, say for the linear normal 1loading such as
crz=-popei¢ ? It could be done, but the resulting elastic
field would have no meaning, since there is no way to
achieve (by any means) the separation of the components such
as u, o, and T, in order to obtain the correct answer. The
reason is, bacause they are complex (e.g. u=ux+iuy) and the
loading -popei¢ is complex itself. What this means can be
demonstrated by the following example for the u component.

If (3.2.41) multiply by i and then add to it (3.2.18), it

will result in
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- 2_ 2,172 1
f7(z) (a 21) 2(22_ 82)
pL= 5
2 2 2 2 2 2
£ (2) = (02_22)1/2[2 1 £1(£2+21X 1 21(3€1+4a )
8 1 2 2 2,,2 ,2 5 4
p (& -¢t) P
a 5
_8a 8 a” _3 tfa
’5‘7] 5 3 " 32sin [T] '
P P 2
2,,2,,2 2 2 2
£ (2) = (a2—22)“2[-3- 1 e +L) L1 ¢1 (3¢ +4a%)
9 1 2 2 2,,2 ,2 5 4
p(e -t)) P
Y
L N
5 5 a4 2 T )
o°) p* 2
£ (z) = 2psin”t(%)-(2-a?) 12 il 2 + 4.2
10 P [ 2 ) 3 2 2] !
\ "2 2 S/
2 1
£ (z) = Sln1a__(£2_21/2211__2_9_2+i a®
11 p ? 2~ ) I 3,2 3 2 2] !
2 2 4 =L
2 2 1
-1{a 2 2,1s2 el 2 a°
f12(z) = psin [7—] - (&€= a) [1 + 3 ——] ,
2 2

the notations 21 and 82 are defined in (3.2.15).

3.3.3 ELASTIC FIELD FOR ISOTROPY

(3.3.28)

(3.3.29)

(3.3.30)

(3.3.31)

(3.3.32)

(3.3.33)

The expressions for the stress and displacement field

for isotropy are now obtained by taking a limiting form of

the expressions

obtained before.

(3.3.16-3.3.21) for transverse

For

isotropy
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At the same 1location on the periphery of the crack the
tearing mode SIF K3 has the same value regardless of
Poisson’s ratio. When ¢=67.5° the picture 1is changing,
namely, K2 becomes independent on Poisson’s ratio, while K,
reaches its maximum and the smaller is Poisson’s ratio the

greater is value for K. This phenomenon repeats itself with

the period of 180°.

3.4 SUMMARY

The importance of the results obtained in this chapter
consist of the following. First, a complete solution to the
problems when the loading prescribed on the crack faces are
linear functions (in the case of shear it had both
axisymmetric and non-axisymmetric parts) was obtained.
Secondly, the results are in closed form and expressed in
terms of elementary functions, which makes their numerical
evaluation very easy. In early publications (Sneddon [20],
Westman [26]), even for the case of constant loading, the
results were expressed in terms of integrals containing
Bessel functions, making their numerical evaluation
difficult. And finally, the ability to have a complete
solution plays an indispensable role for the consideration
of interaction problems.

The expressions for SIF, which were presented in
Chapter 2, have been used and provided an absolute exactness

for the final results.
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The results obtained in this chapter can be used in the
stress analysis of various bodies with cracks subjected to
bending and/or torsion.

In Chapter 4, the attention will be focused on the

analysis of external circular crack problems.
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CHAPTER 4
EXTERNAL CIRCULAR CRACK PROBLEM

4.1 INTRODUCTORY REMARKS

As mentioned earlier, the great majority of solved
crack problems deal with the stresses and displacements in
the plane z=0 only. There are just a few complete solutions
published: e.g. Sneddon [20], Elliott [25], Westman [26],
where explicit expressions are given for the field of
displacements and stresses for the simplest axisymmetric
problems (a circular punch and penny-shaped crack). The
explicit expressions for the field of displacements due to
an elliptical crack can be found in Kassir and Sih [15].
Knowledge of complete solutions 1is indispensable for
consideration of more complicated problems of crack
interactions, influence of external loads on cracks, etc. By
using the reciprocal theorem, many new results can be
obtained, 1like, for example, the stress intensity factors
due to an arbitrarily located force.

In Chapter 3, solution for two problems of a
penny-shaped crack was given. In Chapter 4 a new fundamental
solution to the problems of an external circular crack will
be presented. That is, all the relevant Green’s functions
will be given explicitly in terms of the elementary
functions to the problems of an external circular crack

under arbitrary normal and shear loading. A complete closed
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form solution, with formulae for the field of all stresses
and displacements, to the problem of external circular crack
under arbitrary shear loading has become possible since the
recent discovery of a method of continuity solutions
(Fabrikant [32)). It was based on the use of the reciprocal
theorem to derive the continuation formula for the direct
relationship between the tangential stresses in the crack
neck in terms of the prescribed tractions t. This formula
allows one to obtain an exact closed-form solution in terms
of elementary functions to the governing integral equation
of an external circular crack in a transversely isotropic
elastic body. The solution to the governing integral
equation will be given by two different methods.

For the first time, a complete solution in terms of
elementary functions will be given to the two problems of a
transversely isotropic elastic space weakened by an external
circular crack subjected to an arbitrary normal and shear
loading. A complete field of displacements and stresses due
to a concentrated normal loading applied symmetrically to
crack faces is given for both transversely isotropic and
purely isotropic cases. The case of the isotropic body
weakened by an external circular crack is solved as a
limiting case of the transversely isotropic one. Some of the
results are given in a graphical form. In the case of a
concentrated shear loading applied antisymmetricaly to crack
faces a complete field is given only for the transversely

isotropic body. Part of the material presented in this
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chapter follows the paper by Fabrikant, Rubin and Karapetian
[33]. No similar results seem to have ever been reported in

the literature, even in the case of an isotropic body.

4.2 EXTERNAL CIRCULAR CRACK UNDER NORMAL LOAD: A COMPLETE

SOLUTION

Consider a transversely isotropic elastic space
weakened by a flat crack S in the plane z=0, with arbitrary

pressure p applied to the crack faces, Fig.4.1.

A\CRACK FACE 7 \4

\ M,
p T

Vol Loy

\! P(B,¢.)
Y

Y PE(L-P)3(¢:-4)
YZ

Fig.4.1 External circular crack under arbitrary normal load.

Due to symmetry, the problem can be formulated as
follows: find the solution to the set of differential
equations (2.24) for a half-space zz0, subject to the mixed

boundary conditions on the plane 2z=0:
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[+ 4] i o
I= 2n{ J e21¢ [el(z;%)]" (2n+1)p;"-(2n+2)o:2 e
n 0 \/pz-azz\/pf;-azz

2
«“"da

® e2i¢o[e-i(¢-¢o)]n (2n+1)p3-(2n+2)a:2

PP
o ‘/pz_mz‘/pz_mz

+
oO—n
&~

2
n=0 po

0
n=0

a
2i¢ -i(p-¢ )\n _2n
- 2nz (2n+1)/p2—a2Je °[e °] ¢ de (4.3.15)
0

The change of the order of integration was made according to

the scheme

a r a a
Jdr Jdm=JdmIdr ' (4.3.16)
0 0 0 @

and the following integral was used

. (4.3.17)

a
J rdr - T
T ( pi-rz) \/az-r'z\/r'z-a:2 2\/p§-a2\/p§—ac2

Comparison of the term in curly brackets in (4.3.15)
with a similar term in (4.3.13) indicates total identity,
except for the 1limit of integration. Now performing the

summation in (4.3.15). The result is
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a

1 =sz{e2i¢[1+€-2(mZ/p2>]+e21¢o[1+E'2(“2/"2’]

2 (1-€) ® (1-€) °
0
a
2i¢ .\ da /2 219, (1+€)dx
-e 06[ -2m po—a P . (4.3.18)
p*-e*Vpi-a® Po Vp?-?(1-8)°
Here
£ = _a®_1g-6) (4.3.19)
o, . 3.

The interesting feature of the first integral in (4.3.18) is

that it is computable as indefinite:

J{ezi"’ [1+€_2 (mzlpz)] L2190, [1+€-2 (m/Po)] _ezicpoE\ de

2 =, 2
(1-€) (1-E) Ve e

. i¢ . - 2_ 2 /2 2
[eziq) _ 21pe” "o sin(¢ ¢0)]a:\/p a v/po @« . (4.3.20)

q(1-%) P2 (1-€)

By using (4.3.20), 12 can be expressed

ei® sin o
I- 2n{§— 5 -tan"g]+[ezi¢ _ 2lpe""o sin(¢ ¢o)] a®n }
R q(1-%) p°pg (1-t)
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vpZ-a?(1-)®

a
21¢
- 2m/pl-a® X J (“g)d“ , (4.3.21)
0
0

where

_ait-0y (4.3.22)

The second integral in (4.3.21) is also computable in
elementary functions, but it will not be done because it
will cancel out, anyway, with yet another integral to be
computed.

The next integral to be computed is

2_ 2 ezi¢o[1+ r_e-iu//-rpo)]
0 P

0

ma A
I= rdrdy
3 ‘/2 2 2 2 2 r -i(w-¢)2
oo VP +r-=2prcos (¢-y) a’-r- p, (1- p—o-e o ]

(4.3.23)

Using the integral representation given in (2.1) for its

particular case when u=0, namely,

r

1 -2 I A(e’/pr,¢=¥) g, (4.3.24)
n
x/pz+r2-2prcos(¢—W) 0 \/pz-aczx/rz—m?‘

were A is defined as in (2.2).
Substitution of (4.3.24) in (4.3.23), with the series

expansion of the term in brackets, leads to
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2 2 2

A(e?/pr, ¢~ w)dm[ Po=® 2i¢,

2
2 2 2
-a:\/r-a: Po

Il

o3

2
1%

a
[ rdray
o\éz—r

Ot— N

o]

r -iw-¢ "
xnzo(2n+1) {Bge 0 ] ]

a a
/2 0
4 P, -a* 21¢J da J rdr Z (2n+1)[ o-ite-¢, ]
2
P, 0‘/pz_2m‘/aa_ra‘/rz_mz n=0 Po
a
21¢ &2
=2nvp-a® & ), (2n+1) o l@-9)"_de
0 P
po ! 0 A
a
2i¢ =
=am/pl-a® &0 [ (1+€)de (4.3.25)
Po o VPP -a? (1)

Thus I, is equal and of opposite sign to the last term in
(4.3.21), and they will cancel out in the final
substitution.

The last integral to be computed is

[\8)

li

na
I J [ pef¢ -retw rdrdy
4 pe-1¢

00

1y
-re /pz+r2-2prcos (¢-y)

VpZ-ate 21¢ (1+-;—e i(w'¢o)]
0

0

va 2_r2pz [1--;—e

0

—- (4.3.26)
i(w-qbo)]
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Since the series expansion of the term in square brackets of

(4.3.26) has only positive harmonics in ¥, only the relevant

negative harmonics in (4.3.13) are needed:

r

21T a
2i¢ 1(¢-|/J) n 2 2
2 rdrdy e 2n+l1)p =-(2n+2 2n
] e (f ey et o)
00

/ p \/pz—a:?‘\/ra—mz

-2i¢ i r _iw-¢\"
e :Zo(2n+1) [p—oe o)] ]

Po
2 2 a 0
p--a 2i¢, i(p-¢ )yn 2_ 2
co— 0 e [e o] (2n+1) (2n+1)p°-(2n+2)«a e
p2e21¢ n=0 p2 PP, 2 2
0 p -
0

an2 21(¢¢ )z [ ?et 9% )] (2n+1)vp°-a® ___L_ln .

a(lt)

(4.3.27)

Now all four needed integrals are computed, and (4.3.2) can
be substituted into (4.3.8) and the result rewritten as

follows:

2

T
u(p, $) =56, [- = J
0o

2

It(p, ¢,)Pdp A0

=

Qe—— 8

2
1IG

o——— A

JI Pyr ;) podpod¢0]
a
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n

+
(N
Q

N
o— A

2

M o
-5 {13, ,) 0, dp a6
n2 2 po' 0 po po 0

0 a

2

T o
GZ
P JJI4t(po.¢o)podpod¢o
1
0 a

2

—x P3P, 99,

oOt———mA

J‘t(P ' 9,)
a

T(Pyi9,)PAP AY, (4.3.28)

Q &——— 8
cln

Substitution of (4.3.11), (4.3.22), (4.3.25) and (4.3.27) in

(4.3.28) yields, after obvious simplifications

n

G
u(p,¢)= [
0

2

Here 7 and

0
G 2
t"(1+t
J [3ean™ (0, 4,) p,dr,34,
a

q(1-t)

T o .
G 24 i¢ . _
EEJ J[g—tan . azn [ ipe~ Yo sin(¢ ¢°)
0 a

- e2i¢]]?(po,¢o)podpod¢o . (4.3.29)

t are defined by (4.3.22).

4.3.3 SECOND METHOD OF SOLUTION

Since

the main result of the previous subsection
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1 (3
g,(z)= R—otanl[%—o] ' (4.4.24)

. : 2-p® 2
g,(2)= - Estani{%—] + aL.z z - - % , (4.4.25)
RO 0 z(Ro+j ) 22-21 R
2 2 2_ 2,172
z (3R -z%) : L c(pP,ma”)
o a1 {2 ) Zear (P« 2L
g | ar g R2+3°| R

— = = — 2,172
(22 21) ( -31) q s 21)

-1(s (Pz"az)l/z (az-cf) 1/2p0e1¢0 ael?

~tan™ (3] |+ — e - , (4.4.26)
s T X o -& i
: : i¢

=~ Q¢an |- (e _ 4

g.(z)= stan [R] t = .2[ 2_,2 2| ! (4.4.27)
R_ 0 R t) 2 -21 R

4 E g2 [0 (s
-tan —17 p— z 2o e !
(1-T) (1-%) a®-tt (a”=¢7)
(4.4.28)
— . 2_ 2-.1/2
£ 2 2i¢, 2 2.1s2 a 1)(a-pt)
98(2)"029 e " (p-a’) [(az_pa-f):vatan (ez_az) 1/2 ]
T (p-ti) 172
) _ , (4.4.29)
(a®-L2%) (a*-p°F) '
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=172 2 2,172
172 - 172 - t “(a -21)
+—————72 tan — 12 ~-tan T ' (4.4.30)
- a(1-%)

joe?E%? (a®+*E)

g, (2)= (4.4.31)

2 2 2T, 2 2 2
a®(a®-£3F) * (£2-22)

1
g,,(2)==
q

—2.3

4,,..2.2 4 2 2172
{3Ro+6z R -2 (p,-a”) )
a4 R,

~1 l _ §E -1
tan [Ro] tan [ )

~(p%-a?) 12| - 3(1—_§)1/2tan'1 a(1-¢)*"” + 28 & 4_p_£.__
Po —2 (22-a?)V? =
2

2 2i¢o‘ _

3pe s
* 0—4 [tan'i[ 2 Sa 1/2] - tan”’ [2]] - g_z[%
s / (a -81) s

p;ooe'l ‘¢'¢°)-€f P ps® \g P

. ip, 2 ,2
pe o . 3i¢g= .2 e T (p =L)) .
+ 0_ ][a- (az_ef)i/Z] +——-l—2 = p: 2q+zzg+ — : "2821¢ '
R +j 22—21 Ra ae

(4.4.32)

T 3 3i¢, 2 212 (ez-aa)”z a®+20%F
glz(z)=b—p e (Po'a ) 2 2 2 2 2 2 24—
(a°-£5E) (a"-p7E) [2] (a"-p"F)

a2+0%E 2(a2-€f) 3 1 (az_ 2E)1/2
P S tan™' |42 2P =L},

e 2, ,,2 2_,2¢ T
CE(L2-17) (£-7) (a-27F) | (a®-p°F)*2 (83-a%) '

(4.4.33)
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19(Pg=a®) 2 p® (4340%) (£3-a?)

3 2 2 2,52 2,372
a® g, (-pt) % (e2-p7)

2, 2 _g2.1/2
1/2 _ 172 t" " (a™=L))
_ st [tan 1[ £ ]_tan-l[ : ]]

pa(l-t)7/2 (1-t)1/2 a(l-t)”a

g,,(z)=-zt%pe

2 ,2
(£2-¢2)

a

_ 1 [2(1+t:)+ 6+9t

2 (1+t)
+
(1-t)°L p* p"’(l-t)] (az-ef)”z(l-t)a[ p*

6+9t 1+t 3
+ S - e 2] , (4.4.34)
p(1-t)  2-p®  -pit

=172
t

(1-%)

_(p =a”) =1/2
2'"0 I 3t tan™!
2 172

a l(l-‘E) >

F1/2, 2 ,2,1/2 2 ,2,1/2
eanct [t (a®-2) ”_ 1 [a.(a -t)) _

=172 -, 2 2 p2= -2-t
a(1-T) (1-F) a®-t5%

4_ .2, 2¢ 2_ 2,172
= pz(l +p°t) (L=-a")
+ a(l+t) ] + 2 2 } (4.4.35)

2_,2,1/2 2_ 2, .2 20,2 ,,2 52
(a™=£) (E,-p7) (£-p7E) " (£ -E))

o p2e21¢ (pz_aa) 172 (az—ef) 1/2fz(a2+£ff)
g..l2)= —
15 a®(e2-t%) (a®-2F)?

’ (4.4.36)

qR0 0

2 2 2 2,172
R +z . Lf(p.=a”)

g (z) =l{ 0 tan_l (.2_] —&Etan 1 [_._0._._..__]
16 a R -('i a

i¢
2 2.1/2|z]2 Po® 0 -1 s -1(s
_(po-a ) [: [: + 0_2 ] [tan (W] -tan [a]]

s|qg s

- ei¢o tan-l {a (1-'5) 172 ” + jaii"p (a- (az-ef) 1/2] }

po(l_-c-) 172 (ez_az)uz

(4.4.37)
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The absence of the function ge(z) from the list above is in
order to preserve in (4.4.17-4.4.22) the form of solution
used in (Fabrikant [16]) for a penny-shaped crack, where the
equivalent notation f ¢ Was used elsewhere.

Remember that the notations c,q,R,t,s,Ro,j are defined
in (4.3.3), (4.3.9), (4.3.22), (A4.4.29) respectively.

The identities should also be noted:

c1/2 ) F172 (az-if)uz (az-lf) 172
—1/2 5 ' -1z s * (4.4.38)
(1-%) a(1-%)

This means that the trigonometric functions which were
introduced in various formulae in different manner, are in

fact the same, for example

-61/2 3 E1/2 (GZ_Qf) 172
_—_——2 -tan
t

tan 1/ =172
(1-t) a(1-t)
_ -1 S - -1(s
=tan [———(az—ez)l/z] tan [a] ' (4.4.39)
1
Yet another example:
2 2172 =\ 172
-1f (a”=p't) - -1{a(1-0)
tan FENENYE tan [ FENEISE. . (4.4.40)
(22-a%) (¢2-a%)

Every function g, depends on the coordinate of the
field point (p,¢,2) and the coordinates (po,¢0,0) of the
point of application of the force T. The notation gi(z) was

used just to emphasize the fact, that z, (k=1,2,3) should be
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substituted instead of A when using formulae
(4.4.17-4.4.22).

The expressions (4.4.17-4.4.22) simplify significantly
on the plane z=0. The results are: (the first corresponds to

the case when p<a, while the second to the case when p>a)

e ¢t a2
=1 ltan-l[."l] - 2 T4,
m|R R Gf aa(l-t) 2
+ G—;l:%—tan'l[g] + _-1%[ %ii:) - Eel¢?_ ]]T ’ (4.4.41)
aR al? p,(1-%)
) 1 3 (ps_GZ) 1/2 (pz a2)1/2 y .
W= -ﬁHafRe atan [ = ] + gs tan ((az_pa)“z]

0] I!—'
N

_ (az_ 2)1/2
[1 a7

(pa_az) 172 (p"-—az ) 172
_ 2 1 -1 0 0 -1{a
W= ﬁHaRe{ [atan [ 3 ] + qs tan ( s]
2 2,172
G, a(p;-a®) ]
+ &2 3 gstan‘[g) - éi O (4.4.42)
1 p.e o |s s
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V2% (a-0"-° 2 2__2 .
22z 2x (q 22 s ) ) z" (3R ~2%) [ X, +h_]
TN A (e+)  FRR3+(R)?) ' (xP42P) 2 R?
2 *2 .2
[ ? X [(h) R, 2z°h° . n’ ][ q
IR+ (1) %)% (%427 V2 (R (n")%)® R+(n')? R’

1 ] 2z°h° [ qa .,  2x _ ]]}
* s 2 * 2{—.4 ,* 2, ®» s 3 e 2 e e » !
L +e)! R+(h)"\gr; (L) (&,+¢) (2))°(e,+2)
(5.2.37)
3 » . e
7 % {%tan-l {%;] "2 Rzihh' 2 [e'+2' ) :—
o (Ry¥(h ) "] +¢, o
b 2
2’ [ 2%, h‘] 22 ["o[(h )*-R;] h-]
+ +— |+ -
2 2 * 2 [ 3 * L ] 2 2 [ ] 2.2 L] - L d
Ry[Ry+(h) 1 th (e, +) R [RE+(R")*1%L n® (e +e))
* 2 2
2 . 2(R™-2%)
x [. 2. _ z_z]_ 2h z. 2[ '4x' g o4 ] ’ (5.2.38)
2 +2 RZ) R%+(h)%L(e’+e) R
12 0 o 172 0
2 . 2 X .
= {32§ tan” {h] TR Rgi h')? [h' Ziz ) -:_2]
L U o/ Ri[R:+(h")*1ln(x :
2 . 2 2 .
_[ x,2 [(h) -R.] 222h ]{g_ L, 1 ]
. 2 *2.2,.2, 2,1/2 2 * 2.2 2 , e
h [R +(h )17 (x"+2") [R+(h )" )R] € +e,
2 L
+—222—1.12[q—4+-—2.—3]} . (5.2.39)
Ro+(h) R, (£1+22)
This completes the solution to the problem of
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X 1/2
o = ML[- _0] , (5.2.60)

1 72 R2 X
o =P(1-2v)f2c _ ¢ ]
2 2 =2 - =
q qs
. _p(1-2v) [2_c _c ]tan'l [.S_-]1/2+ 2V-xcx +1 ( xo]uz
== 1= — 5% = 3| ™ x '
2 1 qz g =* 2X RS’ R? X
(5.2.61)
o= “P3(x-x)8 (y-y,) .,
X \1/2
P 1 [ o]
O = — —|= — , (5.2.62)
z na RZ X
T =0, for -o<X<o . (5.2.63)

In formulae (5.2.52-5.2.63) R2=(x-xo)2+(y-yo)2, and the rest
of the notations are defined as before.

The opening mode SIF can be obtained by using
expression defined in (2.43). Substitution of (5.2.62) in
(2.43) will result in

V=X

0

—_— (5.2.64)
2 2
Xo+ (Y-Y,)

K = .P_
1 2
n

It is of interest to note that the same result as in

(5.2.64) will be obtained by using the alternative
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expression introduced in (2.46), which in the case of

half-plane crack transforms into the following

K= —E _ 1im ¥ (5.2.65)

' 4(1-v%) x40 V=X
It is easy to check that the substitution of (5.2.59) in
(5.2.65) gives the same result as in (5.2.64). In Fig.5.5 is

presented the formula (5.2.64) in graphical form.

09

08f

07f

0.6

2/p

05f

2 3/
a

" 04}
03}
02}

IARY

Fig.5.5 Variation of SIF K along crack border.

5.3 HALF-PLANE CRACK UNDER TANGENTIAL LOAD: A COMPLETE

SOLUTION

The principal idea for the solution of this problem is

the same as in the previous case. The only difference is
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that here the results from the solution of penny-shaped

crack under tangential load must be used.
5.3.1 SOLUTION FOR A CIRCULAR CRACK

Consider a penny-shaped crack subjected to the action
of two equal concentrated forces T=Tx+iTy applied in
opposite directions in the xy plane at the points
(po,qbo,oi), p,<a. A complete solution for the field of
displacements and stresses in elementary functions, is

(Fabrikant [16]):

H G G
u= 771,72im;1{-[f2(z“)+ a_z. ?7(zk)]T+[f16(zk)+ Ef‘ fa(zk)]T}

1

G G
B - 2F T -2f T 5.3.1
+n{ I:fz(zs) G1 f7(za)] +[f16(za) G1 8(23)] } ! (5.3.1)
2 2 mk - G2 _
=-T-r- H?lwzﬂekzlm[fl(zk) + a: fg(zk)]T ’ (5.3.2)

27, % 2 G
¢ =Red —1 2 (-1)""[—1— - 1—] [f (z)+== . _(2) }
1 {n2(71-72)kz1 7:2;(mk+1) 7: 5' k" G 10 k]

@

2
=2 1 2F
o= nAasﬂ”l?szimk—l{ [fs(zk)+ G, fiS(ZR)]T

ny

G G
2 = 1 2 =
+[f11(zk)+ G_1 f12(zk)]T} T T2 {[-fs(za)+ 5: fxa(za)]T
3
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(5.3.4)

G
2 —
+[t‘“(z3)- oy flz(za)]T} ,

7.7 2 G

o =Re{—2 Y (-1)*"F (z)+ = F._(z)]|T} , (5.3.5)
z {n2(71-72)kz1 [ 5( k) G1 10" 'k ]
SELE ) (-l)kf[f (z )+ 2 7 (2 )]fr

z 2712(71"72)k=1 71« 3k G1 14" 'k

- G G

2 = 1 2 —

+_-f4(zk)+ E: fls(zk)]T} + ;;5{[f3(23)' E: f}4(za)]T

- G, _

+_f4(za)+ G_1 f15(za)]T . (5.3.6)

Here Re indicates the real part, the elastic constants are

defined by (2.36), and

1 (az_pz)vz -1 s pA -1th
f1(2)=g[—_-_s__ tan ?E;_Tz)m - -ITO- tan .12_0] ’ (5.3.7)
£ (2)=2- tan"[g—] , (5.3.8)

0 [o]
z -1(h h pz-zf z°
f3(2)=— -ﬁ-(; tan [-R—O] + Z(Rz+h2) [2:-8f - R—s] ’ (5-3.9)

2_ 2,172 ig¢
(a=p,) [Poe ° z]tan-1[ s ]

-S-Z a (e:_az) 172
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Z(3R§_22) B ] (a® pz)uz( 2_az)1/2poei¢o
o

2
- -1(¢-¢ )
q Ro qs [32 PP e 0]

2_21i¢
* ghhz[aqz - R 2] ' (5.3.10)
R,&#HGR,  (£5-) (£7-p°)

10p oi? - i9_) Jio
S et e Y e D

R R+h* R
) 0 o

(5.3.11)

2,1/2

2 3(2 -a”)
f—'(Z)_haz[zE ) 2t 2, 3 tan'l( 2 j 1/2]] '
s Zz-a t S (Ez—a )

(5.3.12)

2,172

£ (2) =1 (a®-p?) 1’2{_@:;_)1_/2 [tan'1 [—C_-i—l) " _tan™ [éﬁ%—] ]

2
p ]_ ]
1+ : 1f}, (5.3.13)
a [ g:_ppel(¢'¢o) }

2_p3y172 2_ 2,172
i¢ (a -po) {1 . -1 [a_] N a(Zz-a )
¢

f_(z)=-pe £sin —
i ’ (1-t) (E2-pp eT 9700

t
a

1/2
- 1 372 tan-I [a(; tl 1/2] ! (5.3-14)
t(1-t) (¢ -a

)

pet® 3£2-a’t)
fio(2)=- ' (5.3.15)
10 (e2-02) (£2-a°t)?

1 3R;+6R222-z‘
I, (2=

q

g tan™ [%-]-(a pz)l/z[z [_E_z _ P ”
R’ od =
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space and o for y<0. In order to derive the governing
integral equation, the second condition (5.4.37) must be
used. Repetition of the derivation of (5.4.23) for y<o0,

results in

o u
£ (2u-y-y _)o' (x,y )dy
4f(x.Y)|ym= 2J du [ ° °o 9, (5.4.38)
vu-y vu-y,
0 0

By using integral representation (5.4.7), the potential in
the lower half-plane due to the charge distribution there

will take the form

y o -
. r £ (y+y_~-2u)o (x,y )dy
18 (XIY)IY<O= ZJ du J 0 9 ° . (5.4.39)
vy-u vy, -u
- u

Since the second condition (5.4.37) implies that wn'+v =0,

the governing integral equation will be

e

vu-y va-y,
0
0‘ -
£ (y+y,~2u)o (x,y )dy
=—2J du J 0 ¢ "9, (5.4.40)
vy-u vy, -u

The left-hand side of (5.4.40) can be transformed by using

two representations (5.4.2) and (5.4.7) as follows
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o u . ° P
J, du Jx (ZH_Y_YO)O‘ (X'yo)dyo _ de JZ (ZU‘Y—yo)du a#(x y )
= ’
vu-y Vu-y vutyvusy, i
5 o o 0 Y
0
© Y .
£ (yty,-2u)du} |
- dYO g (xlyo)
vy-uvy -u
0 ~w °
v o | . Yy (0] . -
=J u r (y+y,-2u)o (x,yo)dyo_-[ du J'ie (y+ty,—2u)o (x,y,)dy,
= 7, A e
o 0 e v

(5.4.41)

Comparison of the last two expressions of (5.4.41) leads to

0 0

J £ (y,~2u)o (x,y,)dy, _ ‘J £ (y,m2u)o (x,y )dy, (5.4.42)
vy,~u vy, -u
4] u
Application of the operator,
0
d du .
T J —— £ (2u) , (5.4.43)
u-u
A9
to both sides of (5.4.42) yields
[s2]
. - Y, £ (v,) |
n{ (v)o (x,8) = - e —yz:g— a‘(x,yo)dyo ' (5.4.44)
0

and finally,
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[+ ]
- _ i /Y, £ (y,~y) |
o (x,Y) lyo = T w7V Ty —Y_OT— o (x,y)dy . (5.4.45)
0

Expression (5.4.45) gives the direct relationship between
the charge distribution ¢’ in the upper half-plane and ¢ in
the lower one. Formula (5.4.45) can be rewritten without the

£'-operator as follows.

=

[ ] [++] .

- Yy, o (x_,y_)dy

o (X,y) = - %deJ -yi’ °; ° 2 . (5.4.46)
2 (x-x) "+ (y-y,)

Now the charge distribution ¢ is known all over the plane
Zz=0, and the potential can be found directly in terms of the
prescribed density o'. By utilizing (5.4.7), the following

expression for the potential can be presented

14 0

1 » -
£ (y+ty -2u)o (x,y )dy
V(x,y,2) = 2J du J 0 0T To (5.4.47)
vy-u vy -u
-® g (u}

Substitution of (5.4.46) in (5.4.47) dgives, after

simplification,
e o
£ (y+y,~2u)o’ (x,y )dy
Vi(x,y,2) = -2J du J o o _©° (5.4.48)
-0 y—u 0 Lyo-g'(u)
The positive counterpart, according to (5.4.19), will take
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the form

. T 2'(2u-yo-y)du .
Vi(x,¥,2) = ZJdYO J o (xlyo)

Yu-yvg' (u)-y

0 e;(yo
(2] e:(yo)'
4 (y+yo-2u)du .
= 2 dy0 o (x,yo) . (5.4.49)

y-uvy - (u)

0

The order of integration in (5.4.49) can be changed

according to the scheme

L L]

[ el (y ) Y o 21 ©
J dyo Jdu = Jdu J' dyo + Jdu J dyo . (5.4.50)
0 -—® 2: g.(u) - o

By taking complete potential as superposition V- and V', it
may be seen that (5.4.48) cancels out with the second term

in (5.4.50), so the only term left is

y © N
£ (y+y _-2u)o (x,y )dy
V(X,y,2) = 2[ du J 0 el Ml (5.4.51)
¢ y-ug.(u) VY,=9 (1)
1

One may also change the order of integration in (5.4.51) and

perform the integration with respect to u.

L]
o ¢ (y )

! °£'(y+yo—2u)du
V(x,y,2z) = Zdeo J o(X,Y,)

* Vy-wy -g° ()
1

o ¢
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[o4]

[»¢] f———
1 -1 2 yozz
dxo R tan ]
0
0

cr(xo,yo)dy0 . (5.4.52)

I
Fiv

0

-0
In (5.4.52) a symbol + with ¢ was no longer used, because it
is obvious from the limits of integration that o is related
to the half-plane y>0. In the plane z=0 formula (5.4.51) and

(5.4.52) simplify as

Y w
£ (y+ty -2u)o(x,y )du
V(x,y,0) = 2J du [ 0 0
vy-u vyt
0

0 u

[++] [+4]
2 1 -1 2 yoy

== dx0 R tan R a(xo,yo)dyo . (5.4.53)

-t 0

5.4.4 APPLICATION TO THE ELASTIC CONTACT PROBLEMS

Let it be necessary to consider a transversely
isotropic elastic half-space 220, characterized by five
elastic constants Aik, as described in section 2.5. A
semi-infinite smooth punch act on the boundary =z=0, y>O0,

while the rest of the boundary, namely, 2=0, y<0 is

stress-free. Assunme that the punch produces normal
displacement
w=w(X,Y) ., for ~no<X<w , yz0 . (5.4.54)

The other boundary conditions on the plane z=0 are
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c =0, for —-0n<X<w , y<o ,
T =t =0 , for ~0<X, <o . (5.4.55)

The governing integral equation of the problem is

[+4] [+ 4]
o (X, ,Y,)
H dxo __—TT_——dyo= wix,y) , ~n<X<o , y>0 . (5.4.56)
-0 0

Here H is an elastic constant defined in (2.36), and
R%=(x—xo)a+(y-yo)2. According to (5.4.29), solution of

(5.4.56) takes the form

y [+ ]
. dy . dy .
o(x,y)=- W D"t et oy S| 2 ¢(y yw(x,y).
2 Y 1'd ] o'fo
217 H \/y-y1 y1 \/yo-y1
0

1
(5.4.57)

The complete solution to the problem can be expressed

through two potential functions

Hy, Hy
ml_l F(zl) [ FZ(Z) =

2
m_-1
2

F1(Z) = F(zz) . (5.4.58)
Here zk=z/3&, k=1,2 and m and ¥, are elastic constants
defined in (2.29) and the main potential function F(z) is

defined as

F(z)EF(x,)r,z)=deoJln[z+VQx-xo)a+(y—yo)%+szo(xo,yo)dyo .
© 0

(5.4.59)
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points (py¢o,oi) of the «crack faces (Fig.6.1(b)). The
second one is the same space, with the crack faces tractions
free, and the vertical force Qz applied at the point (p,¢,2)
(Fig.6.2(a)). And again, for the transformation to follow,

present (6.2.4) in a generalized form

w = Re(BT) = z(BT + BT) . (6.2.36)

Here B is the combined factor of T.
The normal displacement at the point (p,¢,z) in the =z

direction due to a couple of forces T will be

- 1 T\ =
w =T 5(B+ B) = T Re(B) . (6.2.37)

The respective displacement due to a couple of forces Ty is

= 3 1o _ 8 = -
wTy— ir 5B - B) T Im(B) . (6.2.38)

If the tangential displacement discontinuity in the x and y
directions due to force Q, is denoted as A and Ay
respectively, then according to the reciprocal theorem, it

gives

(8),= QRe(B) , (4) = -QIm(B) . (6.2.39)

Summation of the first expression of (6.2.39) with the

second one multiplied by i results in

A, = (AX)02+ i(Ay)0= Q_[Re(B) - iIm(B)] = I_SQZ (6.2.40)

z z
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A comparison of (6.2.36) and (6.2.40) suggests that the
tangential displacement discontinuity at the point (po,¢o,0)
due to a normal force Qz applied at the point (p,¢,2) can be
obtained by using the expression for tangential
displacements at the point (p,¢,z) due to a pair of equal
and oppositely directed tangential forces T applied at the

points (po,¢o,0i). So, from (6.2.4) it gives

G,
Aoz= % Q Hy 1zz(m—_-l—)7[f (z, )+ 2 £, (z )] X (6.2.41)

The SIF of the second and third kind can be expressed
through the tangential displacement discontinuity as it was

defined in (2.47), namely,

a Gle'l‘po A+ G, el% A

K2+iK =- lim RVE
2n(G -G° )V a p, =a (a =P, )

(6.2.42)

Substitution of expressions in (6.2.35) and (6.2.41) in
(6.2.42) and subsequent proceeding to the 1limit will give
the desired results for the SIF.

For application of Q

Q¢ e % .
K= - Py {Zm -1 [G ¥ G, [-f:i(zk) * fA(Zk)]

2 o —e —e Gie l¢o . .
+ G+ G, [-fa(zx) + f4(zk)] + _C_.-‘-';---_G'_2 [fs(za) + fe(za)]
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Gzei¢o e e
+ 'g’i_—Gz [fs(za) + fs(za)]]} ' (6.2.43)

2 G e'l¢o
K== —— I ) oy |5 (’f;(z) +f‘(z)]
4n k= 1 2 k 1 k

-ig¢
2 _— — Gle 0 (] .
tev ¢ [-f3(zk) + f4(zk)]] + [————G e [fs(za) + f6(z3)]

1 2 1 2

Gei¢o
2 — —
+ g- ¢, [fs(za) + f6(23)]]} . (6.2.44)

For application of Qy

an 2, 4 Glie'i‘ﬁo . .
K= ~ Re — [-f (z)-f(z)]
2 4n2\/2_a kzlmk 1 G1+ G2 3' 7k 4k
Gaiei¢o . . T Glie'i¢o . .
el GLARSAR) | I el CUSEE A
Gziei¢o i L, \
t e (Fiz) + Tz (6.2.45)
an 2 4 Glie'l¢o . .
K= - Im — [-f(z)—f(z)]
3 4n2V2—a kzlmk 1 G1+ G2 37k 4 "k

Gziei'po . - Glie'i¢o . .
t8¥ G, [fa(zd * f.;(zk)] tleme [fs(za)‘ fs(zz)]
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Gziei¢o . .
+ -Gl—_-G—Z' [-fs(zs) + f6(Z3)] . (6-2.46)

For application of Qz

Qa 2 m .
K= - ——4Bn2‘/2_am k=1—_—(“‘u'1)7u [Glf,,(zk)
L] [ ] GZ__'
+ Gz(f,’(zk) + f(z,) + é—lfs(zk)]] , (6.2.47)
Qza 2 mk .
K3= - ————4[3"2‘/2_51," kZl (mk-l) 7, [G1f7(zk)
L] . Gz__-
+ Gz(f7(zk) + fa(zk) + a:fa(zk)]] . (6.2.48)

Here the functions f:(z) are given as

2_,2 172 2_,2 (172 .
£ (2 )_(a -t .\ % a(a™-t_ ) 3 pel(qb ¢,
3' %k R%a G1 o2 2 a(ez -apel(¢_¢o))
k 2k
2 2,172
3(E=a’) -1 s
- = tan |——2—1| , (6.2.49)
3 2 2,172
s (8. -a”™)
2k
2 2 2 ,2 172
£(z)=1 {Rk+z“ Y 7 tan’l[ s ]
R 2— S — 2 _ 2,172
R T W N ¢ 5 q (& ~a*)"

k
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_ 2_p2 172 . 2_,2 (172
_ (C-l)“z tan_l[(a Eik) ]- e1¢[a(a Zlk) _1]
3 a(T-1) 172 P 32
_ 2_,2 1,2 i¢ 2_,2 172
) %[(C—l)“a tan"[(a L) ]+ e Tp(a®=¢] )
G - - 1 (-
1 o a((-l)“2 a(e:k apel“p ¢o))
el¢ (a2-£1k)1/2
. [ _ ..1] ) (6.2.50)
2,2 172 2,2 ,1/2 .
f'(z )_(a 213) ) _G_2 a(a -213) 3 pel(¢-'-¢0)
53 Rza ) s® s® a(EZS-ape“d’-'po))
3 (22 a2)1/2
- = tan™ = (6.2.51)
s3 (22 2,172 ! e
23 )
2,2 2 ,2 ,1/2
. _1 R 42, (a™=t) 3z, -1 s
£ (z)== R%G a - —— tan e —g2) 172
g | ®? 54 (¢, -a%)
2,2 172 . 2 ,2 172
'q' a(f-l) 1/2 P EZ
G, (T-1) /2 » (az-efa)l/2 e1¢p(a2 2?3)“2
t g — tan = e 2 1(g=¢
1 q a(¢-1) a(£23 ape 0')
i¢ (aa_efa)vz
"5 [ a ‘1] ' (6.2.52)
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Fig.6.10 K, SIF due to force Q at a point on the normal
axis for different n: (—n=0.0; --n=0.2; --n=0.3; --n=0.5).
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Fig.6.11 K SIF due to force Q at a point on the normal
axis for different n: (—n=0.0; =--n=0.2; --n=0.4; '-n=0.5).

221
























possible to find any solution similar to one considered here
in order to do a comparison.

It must also be noted that the results obtained in
Chapter 3 were both for isotropic and for transversely
isotropic materials. The elegant limiting procedure has made
it possible to obtain the solution for the isotropic case
from the transversely isotropic one. This consistence, i.e.
consideration of transversely isotropic and isotropic cases,
has remained through the rest of the problems presented in
this work.

The results obtained in Chapter 3 can be used in the
stress analysis of various bodies with cracks subjected to

bending and/or torsion.

7.3 CONCLUSIONS ON EXTERNAL CIRCULAR CRACK PROBLEMS

In Chapter 4 problems of external circular crack under
normal and shear loading were considered. The results
obtained there are new and of fundamental value. Their
novelty consists of the fact that the solution for the field
of stresses and displacements due to point force normal and
shear loading was given for the full space and in terms of
elementary functions. The results are of fundamental value
because now it is possible to consider even more complicated
problems such as: external circular crack under variable
normal or shear loading, like in Chapter 3, or the problem

of interaction between an external circular crack and
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arbitrarily located forces, like in Chapter 6, etc.

It should be mentioned that the consideration of those
problems for the isotropic case was given first by Ufliand
[50] and then by Lowengrub and Sneddon [51]. However, their
solution was so complicated that it would 1limit them to
obtaining only some of the stress components in the plane of
the crack. Also, the approach in their solution was not
general and was restricted by the consideration of constant
loading, while in the general case would arise the same
analytical complications as in the case of a penny-shaped
crack. The present results have a general character, since,
formulae (4.2.21) or (4.3.45-4.3.46) enable one to consider
the problems of arbitrary loading.

Although it was not possible to compare the results
obtained, due to unavailability of similar results, one of
the main formulae, namely, (4.3.29) was derived by two
different methods and was also verified by evaluation of the
stress intensity factor.

It is important to indicate that the results presented
in Chapter 4 for stress and displacement components are
expressed in terms of elementary functions. For the problem
of normal 1loading, the solution was obtained for both
transversely isotropic and isotropic cases.

The results presented in Chapter 4 can be used for the
stress analysis of the various bodies with cracks, provided
that the region connecting two half spaces be small in

comparison with the crack covering the region z=0",
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Finally, it should be mentioned that the results of the

section 4.3 are applicable to the contact problems as well.

7.4 CONCLUSIONS ON HALF-PLANE CRACK PROBLEMS

An intensive study of semi-infinite crack piroblems was
made in Chapter 5. As in previous chapters, the results
obtained in Chapter 5 are new and have fundamental value.
The novelty consists of the coumplete solution for the field
of stresses and displacements due to point force normal and
shear loading. The fundamental value of those results was
laid in the section 5.4, where the new method for the
solution of relevant mixed BVP has been developed.

The complete solution to the elastic field for both
normal and shear problems was obtained by making an original
consideration of the 1limiting procedure, using the results
of the complete elastic field for internal circular crack.
This idea, which gave an exact solution, still may find its
application in the consideration of some other problen,
which will be mentioned in the very 1last section of the
Chapter 7. The comparison with some of the results available
in the 1literature has shown an exact correspondence. This
was given in subsections 5.2.,4 and 5,3, 4.

It is interesting that the same results were obtained
with help of the new development method in section 5,4,
namely correspondence of formulae (5.4.80-5.4.90) and

(5.2.23-5.2.33).
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The solution was obtained for both transversely
isotropic and isotropic cases and was expressed in terms of
elementary functions. Having a complete solution at hand
make it possible to consider the problem of interaction
between the crack and arbitrarily located forces.

The method proposed and developed in section 5.4 was
based on a new integral representation for the reciprocal of
the distance between two points. It led to the solution not
only for the crack problem but also for the punch problem.
The solution to the governing integral equations are of a
general nature, since they make it possible to express the
potential in the whole space through its arbitrary boundary
value as in formulae (5.4.33) or (5.4.52). All this
illustrates that the method enables one to consider some
other types of problems, for example, when the loading
prescribed on the crack faces is variable.

Finally, the new developed method proves that it is in
fact possible to make a consideration of crack problems with

geometries other than circular.

7.5 CONCLUSIONS ON INTERACTION PROBLEMS

Chapter 6 has shown how a complete solution makes it
possible to <consider more complicated problems of
interaction. One type of interaction problem, namely,
interaction between an internal or external circular crack

and arbitrarily located forces, was considered. The solution
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to those problems was obtained by using the reciprocal
theorem. In the case of interaction between an internal
circular crack and an arbitrarily located force, there were
obtained-closed form expressions in terms of elementary
functions for the crack opening displacement and stress
intensity factors for all three modes. The results were
obtained for both transversely isotropic and isotropic
cases. Such explicit expressions have not been given in
literature previously. Thus, the results are new and it was
not possible to make an analysis of comparison. Only for the
axisymmetric case results are available and reported in
literature; comparison of present results with those have
indicated an exact correspondence. It was given in
subsection 6.2.5. Also, was made a thorough graph-analysis
of presently obtained results which once again has
demonstrated their correctness.

The solution of the interaction proklem between an
external circular crack and an arbitrarily located force was
presented partially. The procedure was outlined and some of
the expressions which are necessary for the complete
solution were obtained. However, it should be indicated that
the complete solution is now readily available due to the
results obtained in Chapter 4.

Thus, the results of the problems considered in Chapter
6 have emphasized the fundamental importance of the complete
solution of problems investigated in this work and have

proven that they are in fact obtainable if the complete
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-1 -2-t

- tan

F1/2, 2 ,2.1/2 2 2,172
t 7 (a -21) ]:,_ 1 [a(a —81)

12 (1-%)°| a?-%

a(l-t)

+ (A4.4.17)

8 ,,2, 2= ,,2 2 172
a(l+t + pz(L, +pt) (L;-a")
(a

2 2, 172 2 2 2 2, 2 2 2
-t) (£,=P7) (L~ )" (82 L))

Application of the A-operator to the complex conjugate

of (A4.4.15) will result in

AJJEZ(N,NO) In[R(M,N) +z]dS

S
/S22 2 2 2 ,2
L Vpi-a 12 2(p=-L7)
=nt2pel¢ o3 > (e:_aa) 1/2 21 - — 13
a pt  pT(1-t)

2 23_(22__(12)3/2:l > 2
(2. (044 5] -2 (B-aty 2z |-22ze%t
3p% (1-t)° 2 Pt (1-t)°
2 2 2 2,172
) i Wz (a -81)(82-a ) az-pzt _ 22¢
PPty | [0° 2 (e2-p%) (1-t)*  (1-t)°
N z 3(a’-p%t) _ _2d° _ sz%t
PPre-6)1?[ (1-)® O (3
' 2 £172 (az_ez) 1/2
x [tan™ —t'-l—é ~tan™? 1/ . (A4.4.18)
(1-t) a(1-t)'’?

Application of yet another A to (A4.4.18) yields

2 —
A JJBa(N,NO)1n[R(M,N)+z]dSN
s
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=nt2p2e21¢

/p;-azf 5 (2:-02) as2

3 2 2 2 2
o* (30 (1-t)

[4+t+ 6t ]

1-t

3_ 2_ 2,372 2_ 2,172 2 2_ 2
. 8([2 (22 a’) ][t+ 8+t -2]+ 2(22 a”) _8_1 } 2(p £1)
3p° (1-t) (1-t)® p? (223 |* (1-t)°
2 2,172
+ a? _ az-pzt +4(22—a N 2(a2—p2t) - 2a° - a®
1-t t(1-t)2 p4 t(l-t)3 1-t (1-t)2
2- 2,172 2_ 2 2 2_ 2
+4(22a) ae*(l+ R ]-&- " +es(p e%)
f 18T anY Pt an? pRa-n !
2 2,172
L2, a(a-t)) 62°t _ 4(a’-p2t) N a®-p%t 2%t
p? a®-te? (1-t)* (1-t) 3 (1-t) % (1-t)°

[za(az_ez)x/z
N 1
4

2 2 2 2 2 ,2
1, 2a°-2p°t (a*-¢7) (22’31)]_ ?‘Z:I

2 2 2 2 2 2 2 2
p®(a*-te?) (-2 p? (a™te?) p
2 2,172
5 |30a%0%) _ 24 _ sz%t 1 ala=t) 1
(1-t) 2 T 63| |pt(1-t) p%(a®-te?) |2-¢
. 1 . z 15(a®-p’t) _  6a® _ 35z%t
p% (1-t) p're(1-t) 13 (1-t)? t(1-t)°  (1-t)°
t1/2 a2_£2 172 1
-1 ( 1) -1 gl/2
x |tan 5 -tan |- v . (A4.4.19)
a(l-t) !’ (1-t)

Formula (A4.4.19) looks too long, and a way to simplify

it was not found. On the other hand, the same result can be

obtained by the integration of (A4.4.14) with respect to z.

Such an integration can be performed by using the indefinite
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integrals from Appendix B4.4, and at first glance it is too
long as well and includes various trigonometric functions.
Since (A4.4.19) contains only tan™' in the last line, then
it may be concluded that the coefficients of all the other
trigonometric functions should be zero. This simple idea led

to a relatively short result, namely,

AZHE?_(N,NO) 1n[R(M,N)+z]dS,

S
/[ 2 2 2 2,172 2
=nt2p2e2i¢ Po™@ !(Zz-a ) 35t 2 (a®-p°t) _ fl[?'_
a®> | o [202-t)° £(1-t) 2 (e2-p%)  p?(F
3 2 2,372
+ —35 ] + 2[z=(t,-an ] b (Bed?)V? 48+87t-38t°+8t>
(1-t)* 3p? 2 2% (1-t) *
2 2 3 2
+ [z__(ez_az)uzl [a (—6-:t-18t -:8t ) + 8:9t-2t3]
p t(1-t) p (1-t)
N z 15(a®-p%) _  6a® _  352°%t
Pt (1-t) 1'% (1-t)° t(1-t)®>  (1-t)°

x

t1/2 2 2,1/2
(a”-t)) £172
tan™! 1 -tan'|—% __ . (Ad.4.20)
a(l-t)”z (l-t)l/z

As it can be seen, (A4.4.20) is much shorter than (A4.4.19),
and except for the last 1line, looks totally different.
Direct numerical computations show that (A4.4.19) and
(A4.4.20) are identical, but there was not found a way to
reduce (A4.4.19) to (A4.4.20) or to reduce both to a third

expression which might be even simpler then (A4.4.20).
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It is of interest to note that (A4.4.20) was obtained
from (A4.4.14) by integration with respect to z. If now
differentiate (A4.4.20) with respect to z, it does not

result in (A4.4.14), it gives something very different,

namely,
A? —————BE(N'NO)dS
R(M,N) N
S
f2 2 2_ 2,172 2
crt2p2e210 Py~2 Ilz(iz—p ) 2 (a®-p°t) _ i 8
P 3 1 2,,2 ,2 2,,2 2 2|t
o | Pfer-t) [t (l-p%t)

2 2,1/2 2 2 2
, _ 35 ]_ 35¢ J_ z(t,-a) [ 4(a-pt)t,
P

(1-t)Y  2(1-t)* 82-¢® 2t (1-t) 2(2§-p2t)2

2 1

2

2 - 2 2 2,172 2 2,172
2 e ),
t

4 4 2 2 2 2
p (1-t) o e2-¢2 £2-¢3
- 2 2,172
. 48+87t-38t’+8t® [ H(57P) 1 fgi0¢-¢
2p%(1-t)* i 2-e? p?(1-t)°
2 2,172
+ a2(-6+t-18t2+8t3) - z(ez-a ) 6a’
pit(1-t)’ PE(e5-E7) (25-p"t) [t (1-t)°
_ 15(a®-p%t) . _352°¢| 1 6a®° _ 15(a’-p°t)
(1-t)° (1-t) '] p're(1-t))?[t(1-t)? (1-t)’
172 2 2,1/2
2 1/2 t" " (a"-L))
+ 1—053—""-—% tan™ —t—va ~tan™} L ) (A4.4.21)
(1-t) (1-t) a(1-t)

Again, numerical computations show that (A4.4.21) is
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identical to (A4.4.14), but it was not found a way to reduce
one to the other or to reduce both to a third expression

which would be simpler than both of them.

Application of the A-operator to 12 in (A4.4.11) gives

the result

ZB, (N,N_) jpetPTi? (a®+2°E)
Ml—F—as= 20—+ 1 — . (A4.4.22)

R (M,N) a“(a"-t)“(L5-L7)

s 1 2 1

Here j is defined in (A4.4.29), and the property At=0 was

used. Yet another application of A to (A4.4.20) yields

3 —_
A JJBz(N,NO)1n[R(M,N)+z]dSN

s
(22 3i¢\/p;-azf(E:-az)l/zl:Z(az-pzt) (2a°-p®t-E2)
=n pe 3 2 2 2 2 2 ¢ 2
| -2 |pPe(i-t) (£2-p7t)
2 2
(¢,-2a7) 55 8 35¢
+ 2 s T E” a a
P (1-t) 2p (1-t)
2 2,172 p 2
N (£-a) 140t _ _ 8(a-p%) ﬁ[ﬁ , _280 ]
Pt la-e)® ra-e)%(2p%) Pl Y T (1-yS

48+87t-38t°+8t>

2p%(1-t)*

+ 2 2 1- 2
- 82"21 \ p

4

’(Ez-az)l/a( Z(B:-az) ) 4[23_(£§_a;)m@]
3p

-2 [23_(2 z_aZ) 3/2]

2 3 4
”ez'az)VZJ-IM-”GH}%t -gst +16t
p (1-t)

258



(82-02) 172

2= (=% V2] [48+36t-4t2 . az(-36+4t—36t2)]_l
2

pt(1-t)° pt(1-t)° e‘:-ef
2 2,172
, Slzmttmen ™ 2-1:] |:8+9t-2t2 . az(—6+t-18t2+8t3)]
pz 1-t pz(l-t)3 p4t(1—t)3
2 172
+z_[ 62>  _ 15(a’-pt) . _352°t a(a®-e3) 1
PPlea-v® - a-n'f[e**-te)) (o7 -t
I S DR S z 30a®  _ 105(a’=p°t)
£-6) eta-n] prea-6)1"%[e1-t)’ (1-t)*
5 ‘2 tvz(aa_ez)vz
+ 3_15£.15=_ tan!|—t | _tan? ! ) (A4.4.23)
(1-t) (1-t)'? a(1-t)'’?
Note that
i¢ iy
_ pe '-re
ARIRMAN+21 ge, Wy RO, W) 27
APLnR(M,N) +2]= (pe*?-re'¥) 2 (R(M,N) +2] '

R’ (M,N) [R(M,N)+2]?

. . 2 2
A3ln[R(M,N)+z]=(pel¢-relw)3 8R éM'N)+9ZR(M’N)+3§ . (A4.4.24)
R™(M,N) [R(M,N)+2]

Though Iﬁ(M,No) can not be computed, as it is defined
in (4.4.12), all its derivatives are computable. The

simplest to compute is (Fabrikant [16])

zB_(N,N )
J =JJ__1_____2_ds

1 R3(M,N) N

S
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L] - * * X
f33(z)=-{3—z%tan‘[§—] po B ]
R, o RO[R+(h)°IIRS  h (x%+2°)
.2 2
_[q_ N 1 ][ 2%, [ (h) ~R;] 2zh’
R, 2(x+2) A ln"R2+ (n")%)2 (%+2°) V2 (RO (0) %)

L]
+ 2zh [g_

2 * 2|2
RO+(h) R

P2 ]
('31*82)3

-

f;4(z)_2-v—v 2,2 2 . —» 2[ %h—' + 2 2
(x"+27) (£2+s ) £2+s (x"+2%)
. 30zx —*\1/2
£ (2)=5% [ 0 tan” [—7]
35 2 vlh-(e;)l/z(g')wz ¢

x0
.
2,172 b

3 2%, [ 15 _ 5 2 ]
n's (x*+2%) 1%L s+ (+s)®
+ — s 2 2 2 1/2[ .];? 2 + — ? — + 14_- 2]
s (82+s ) (x7+27) 2(s ) s (¢ +sz) (£2+s )
N z [ 2n” | h' _’fg_]
. e . . 4
(L+5)%(x*+2°) Lo+ (x°+z%)? n
4
. (z)_1Iz(15Ro-10Roz+3z)tan_1 [1_1_]_ 2x0[8_ y
36 a RZEZ RO —s" az g'a
3 . E' 1/2 Z\/—Zx0 3
+ ]tan' [—.] - n ——
()2 e 2(x*+2%)"2[q(e) 2 (e+Q)
_ z [§_ -4 3 ]
)2+ ' s (50)°
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(B5.3.17)

(B5.3.18)

(B5.3.19)



-

(x2+zz)"2(e;+§')[h'§' e;+§ s g

2

.2 2
x,[ (h")*-R2)

ZX
el ) ]
h's (x2+2%) 72" @ [(RP+")% 12" (242?12
0
e .
>([ 2 21/2+:1--ZZ—+2]- ZZh’Z— 212 172
2(x"+2%) Roq RO+(h) q(x+2z")
2 2 4 2.2 4
_ 3 _ gf . 2(R0+22 ) _ 3Ro+6Roz b4
[ 14
2()(2_’_22)3/2 R4 —q-ZRZ 22 qZRZ (x2+22)1/2
o} 0 1 0
(B5.3.20)
»
£ v Y%, I 3z 2¢, !
37(2) 2-v — —_, % 172, 2, 2.1/2 . .2 LA
12q(£1) (x"+2%) (£2+s ) 82+s

/ * L] - L ]
2 21 rz-s _ 4x+s’ 222+s ]}
¢ '

- ,1 ] t - -+
¢ +q (x"+z7) (L s )2 ,+s 2¢, (x°+2°)
(B5.3.21)
2 .. 2
» R -32 . . 2%
f38(2)=_{ 0R5 tan'1 [_IRI_O_] _ RZ Rzi h‘ - [Zl’];z + h.(xzizz)]
0 o [RyF (R )1 R
* 2 2 .
) [ s - Ef][ olT L o ____2h
2(x2+zz)1/2 Rs ho[R2+(h0)2]2(X2+22)1/2 [Ri'i‘(h.)z]z
2 2
i . 2 (R%-2%)
) Zh'2]+ 2h'2[ zxz 3 T 04 ] ' (B5.3.22)
z[R0+(h )] R0+(h ) L2 (x“+2°) R
y 20 20
. v h 1 ) )
f (Z)— - e 5 + r —+ e Py ’ (B5.3.23)
39 2-v (x2+22) (2;+s )zl:z 22+s 22+£1:|
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fox 2z(q-¢.-5") 2 .
. _ 0 2 _ 39g -1(h_
fo(2)= . 2,172 stan [Ro]

_2 L pu— ) 2 2
22 29 (£2+s) (x"+27) Ro

2 2 2
2" (3R -z") . b4
+ 0 [1_‘_ + o ]

azns[Rf)ﬂh')z] R("; h’ (x%+22) 12

2 *.2 2 N
) [qq ) : ][ o il ¥ :
—2 . . hd hd 2 . 2,2 2 2,172 2 *2
Ry & (e +e ) th [RI+(h ) "]1% (x"+2") R +(h)
2, * 2, *
2z°h 2] + _22°h [ a . 2x%

2 .2 2 *. 2=y *2,,% ,*\3
[R+(h")?) Ro+(hT)2\QR)  (2)) P (£+L)

-2 ] , (B5.3.24)
(£)%(e +2)°

» [ ]

. 20 20

f;(Z)-ZZV — h - % - i - 2 (B5.3.25)
(x*+2%) (£ +s) :

282



APPENDIX AS5.4

Here the derivation of (5.4.34) is presented. By using
the rule of differentiation under the integral sign, the

expression in curly brackets of (5.4.33) can be rewritten as

22(t>-y]-

(£,-L)Vy

L] [ ] . y » [ ]
£ (y +el~y)Ve -y J‘° at [2 (22 (t)-y+y -2t)
+ v
) e ()=t (t)

(A5.4.1)

Introduce rf[Q(t)] as it is defined in (5.4.16) and

transform it as follows

h' (e (t) 1=2V2] (v ) -] (0)VE (v )=L. (¥)

=2y - (22/4) =L, (£) (y4y,) +[ 2 (£)1°

—aVy-2 () -t (t) =22/ {4 [y-L] (£) ]}

=2\/P;(t)—t\/yo-t = h(t). (A5.4.2)

Here were used the identities

L ] [ ] L ] 2 » L 3
£(E)-t=y=£ (t), £ (t)L (t)=yt- -i—, g (¢ (t)]=t. (A5.4.3)

The derivative

Ve (t)-t 2;(t)-£: (t)+y -t

; ; (A5.4.4)
at -t 2l (t) -t (t)
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With help of the identity 2!;(t)-y+y0—2t=l’;(t)-—l’:(t)+y0-t,
the expression in square brackets of (A5.4.1) can be

preserited as

(e (E)=¢, () +y -t]Ve, (t) -y

[, (£) =8 (£) 141, (E) =] (£)+y_ ~t]% (x-x )"}

N 372
Vi (B -wy -t 22(y,mt) dh(t) = (as.4.5)

i 2 2,42 dt
Ve (£)-t[R2+h® (t) ] h®(£) [Rg+h(t) )

Substitution of (A5.4.5) in (A5.4.1) and integration by

parts yields (the ¢ operator is replaced by A')

AT (y 420 -y, x-x ) 1o (y -t)*"%n’ (t)
Yot2lmy,x=x,) ZZJ dt d_[ Yo ]
0

(e,-8)VY, vyt 5 [n® (t) (RP+h® () ]
yO
(y,~t)h’ (t) h’ (t)dt
==2z lim p > + z[ 5 >
g D) (RE+RZ(E)] ] 0(e) RO+ (8))
h(yo)
(y,-t)h’ (t)
=-2z lim 2 > 2,,2 + EE J [ 21 ) 12 ]dh(t)
ey, h2(t) [RZ+h% (t) ] Roh h(t)  RO+h’(t)
(0)
h(yo)
c2z tin TR a1 [222)
oy, hP(t) [R2+h%(t)] R h(t) Ry R,
° ° h (o)
z [1 1 -1{h
=21, Lo [—]] . (A5.4.6)
Rs[h F% Ro
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