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ABSTRACT

Concept Image and Concept Definition in the Calculus:
a Comparicson
between Their Occurrences in History and in the Class

Man-Ching Vong

Based on Vinner‘’s cognitive model of concept image
and concept definition for learning a mathematical notion,
and on reviewing of the researches on the acquisition of
concept image of students when learning some notione in
Calculus, and on the conceptual development of the subject,
it was found that, on the one hand, the ctudents chared
certain natve concept images with mathematicians in ancient
times; On the other hand, there was evidence that toc some
extent certain misconceptions were eliminated due to the
resul te of organizing the concepte in a coherent way. Two
questionnaire were formulated in order to study to what
exi3nt the inappropriate concept image would be eliminated
when the definition was enforced as well as to what extent
the students would be convinced by mathematical arguments.
Resul ts suggested that the proper use of definition needed a
certain mathematical maturity and that the ‘naive idea’
often dominated the ‘correct idea’ which was based on

mathematical arguments even when both ideas were presented.
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1.1 Introduction

Thiough the study of Piaget’s theory of thinking,
S. Vinner [31, 32, 33] believes that it is worthy to extend
Piaget‘es notion of mental imagery intoc the domain of
mathematical thinking. Putting an emphasis on the mental
image frame of reference, he develops a theory of thinking
and then applies it to explain why the definitional approach
in mathematice should not be introduced teo the uninitiated
student. Furthermore, he goes on to construct a simple model
for cognitive processees in order to analyese the process of
learning some mathematical concepts.

Before precenting the work of Vinner, csome
terminclogy which are frequently used will be introduced

firet.,

Mental image

The mental image of certain nouns (or noun
phrases? in each individual’s mind is defined asz the set of
all pictures ascsociated with those nouns (or noun phrases).
Generally, there are four typees of nouns (or noun phrases),
namely, 1. concrete-common ¢e.g. catd); 2. concrete-proper

(e.g. my cat); 2. abstract-common (e.g. set); 4. abstract-



proper (e.g. Cantor set).

Mental image frame of reference

The mental image frame of reference refers toa the

concrete world to which the pictures in one’e mind are tied.
For instance, children identify numbers ac the concrete
“things” in their mind., Theze “thinge’ then become part of

their number realm.

Platonic approsch to mathematics

According to Platonism, the mathematical objects
exist independent of experience and have a reality of their
own. Mathematicians deal with the worlid of mathematical

objects which recsembles to the world of ‘things’.

Naive Platonic approach

According to the theory of Piaget, children learn
to deal with the abstract objects by looking for the
similarity in the concrete world. Ther act as if there
exists an analogy between the abstract world and the

concrete world even being aware of the difference. For



“——

instance, children may think ‘five is greater than three’
having the same <¢tructure as ‘Bill is stronger than Steve’.
Since such approach matches Plato’s theory of ideas, it is

named as the naive Platonic approach .

Formalictic approsch to mathematice

According to formalism, mathematics just consists
of axiome, definitione and theoreme. In thies structure of
mathematice, certain primitive terms {undefined terme) and
primitive statementes (axiome and postulates) are first
given, thern every non—primitive term is defined by means of
primitive terme and everry new statement can be deduced from

the primitive statements by rules of inference.

Definiticnal appraach

Er definiticonal approach , Vinner referc to the

approach whereby tr»pee of mathematical objects are defined
according to ‘lower” types. For instance, the complex
numbere are defined as pairs of reals, the reals are sets of
rational numbere satisfying the conditione of Dedekind cutey
the rational numbere as paire of integers with the condition

that the cecond one is not zero; the integers are pairs of



natural numbers; the natural numbers are a model for Peano

axiom.

Naive group

Learners concsicting of high schcol ctudernte,
college freshmen and adulte who ztedy mathematices zs s minor

subject are called the npaive group .

Implicit preliminary aspproach

According to the work of Piaget, learnere have
their own preliminary approach to the subject matter in
concideration. In the learning situaticn, the learners
themselves are often unable to formulate this approach or
are not even aware of it. They just react to the situation
depending on their previous experience. Since such

preliminary approach is implicit, it i€ caid to be the

implicit preliminary approach .

Maive philosaphy of mathematice

Children will develop their own implicit

preliminary approach to science according to their own



conceptione of the world. Briefly, in science children learn
to discover the relation between objects and facts in the
world. Vinner ascserts that the way science relates to the
concrete world is just like the way mathematics relates to
the realm of mathematical objects., The idea that learning
about the world of mathematical aobjects ie analogous to
learning about the concrete world is called the naive

philosophy of mathemztice .

1.2 Vinner‘e apprcoach to mathematical thinking and its
educaticonal implication

In Piaget’es theory of thinking, the mental image
playe an itmportant role. Vinner (1975) puts an emphasis on

the mentzl image frame of reference to claim:

"Unleze the question of the realm of object in
concideration ie settled, the mental image cannot play its
role tn thinking., In other worde, thinking (both concrete
and abstract® cazn be accompliched only after the question of
realm has been zettled." [31, p. 340, the words in the
bracket are minel

In the case of concrete thinking (that is, thinking
of concrete objects), most people will not have difficulties
due to the fact thzt the guecstion of realm ic generally

settled. Whereze, at the abetract level, the question of



realm is quite complicated and vague. Worse, the realm
acsociated with abztract objects may appear to be self-
contradictory. Consequently, the mental image cannot
function, thinking cannot be accomplicshed and <o
difficulties arise in abstract thinking (that is, thinkKing

of abetract objects?.

In mathematice, the learneres csomehow have to deal
with abstract objects. Thus, it ic essential to study the
mental images of abstract-common and abstract-proper nouns
(or noun phrases’ 2z well as their associasted reslms.
Through the work of R. Dubisch [S1, #nd Piaget [17], Vinner
observes that, in general, children act as if there is an
analogy between the concrete world and the abstrazct werld.
Although different children may develop different
aprroaches, & certain Kind of analogy does exist in their
mind. Due to this observation, Vinner concludes that
children’e approxchecs to the domain of abstract obiects are
basically naive Flztonic approach until they become a member
of naive group.

Or the cther hand, as the learning goes on,
children develop their own implicit preliminary approach to
learning accorainy to their own conception of the world.

Just YiKe in ecience, they learn to discover the relation



between objects and facts in the world. Similarly, children
will draw the analogr between the concrete world and the
world of mathematical objecte. From this point of veiw,
children‘s conceptions of learning mathematics are mainly
naive philosophy of mathematicse

Mareover, the naive philosophy of mathematice and
the naive FPlatonic approach to the realm of mathematical
cbhiecte are interrelated., On the one hand, naive philosaphy
of mathematics can only be developed in those people who
have the naive FPlatonic approach to the domain of abestract
objects. On the othzr hand, naive philosophy of mathematics
does adwance naive Platonic approcach becaucse naive
philosophy of mathematics presupposes the existence of the
worid of mathemstical obiects in learning process. For
instasnce, one can azsume that the real numbere exiet without
etarting from Feasno axiom.

As a result, Vinner concludes that in the naive
group, the learners’ aspproaches to the learning of
mathematics will be naive philosophy of mathematice i there
is no explicit discussions in the philosophical and
methodological aspects. Now if the definittional approach is
introduced, the naive group will face the change of their
implicit preliminary approach to the realm of mathematical

objects. Such chasnge will cause confucsions and difficulties



because the nature of thinking for the definitional approach
and the naive Platonic approach are totally different. For

instance, thinking integers as pairs of natural numberc will
be different from thinking them as “things’ in the ceoncrete

worltd.

Yet, one may argue that introducing the
definitional approach may benefit the naive group in
learning mathematics. Vinner pointe cut that the proocfe of
theorems in algebra or calculus do not really need the
definitional approach or that the definitional apprcach is
so important to be tsught. In the former case, even when the
need for the definitional approach to a theorem ic required,
the teachers still can present it as a fact in mathematical
world instesad of the explanation appealed to the
definitional aspproach. With regard to the latter, the
definitional approach may be fascinating for mathematicians
and some teachers because they are aware of the problem in
the foundations of mathematice. However, for the naive
group, mathematics itself is rather applicable in comparsion

with the philosephy of mathematics.

Using the above arguments as a basis, Vinner

asserts that the definitional approach cshould be avoided at



-

the naive group. A a step further, he recommends that naive
Platonic approzch should be adopted as an alternative in the
teaching situation. Vinner cupports hic acssertions by
examining three different aspecte, namely, the development
of a mathematical comcept, the advantages of the naive
Platonic approsch and a coherent strateqgyr in teaching

environments,

In the hicstory of mathematics, a lot of subjecte,
for inztance, the calculus, were invented and enriched leong
before the mathematicians adopted the definitional approach
to the abstract cbjects. The lack of rigorous approach in
developing thece subjecte csuggecste that it ie not improper

to act az it the abstract cobjects exist.

Secondly, the naive Platonic approach to
mathematical objects ics clocer to the nature of human
thinking. It halpe the learnere not only to construct the
realm of mathematical objects but also to overcome the
problem of using concrete modele as the exemplification of
certain mathematical concepte. Often, a new mathematical
cbject ie introduced to the students by & concrete model.
For instance, the model of the real line exemplifiecs the

real numbers. Yet, the teacher may cshift to other modeles in



order to explain certain facts about thic mathematical
object. Thue it ic important to convey that the existence of
the mathematical objects is totally independent of the
model. Once the learners are aware the difference between
the abstract world and the concrete world, they are able to
realize that the domain of mathematical thinking i€ not the
csame & the concrete model which the teachers use to
exemplify the zbstract world. Different concrete maodels can
be attached to & given mathematical concept. In this way,
the learners will not be tied up to a particular model and
so the learning will become more flexible. Consequently,, all
the pictures created by these concrete models as well &< the
naive Platonic approach will form the implicit preliminary

approach to the realm of mathematical cbjecte.

Finally, Vinner argues that the choice of the naive
Platonic approach should be a full choice in the whole
curriculum., In the elementary school, teacherc themselves
are members of naive qroup. Generally, they do not have a
clear idea about the definmitionsl approach Their approach
to the realm of mathematical objecte in teaching is mainly
the naive Platonic approach. Whereas, the mathemstical
abilities of the teachere of the naive group are cufficient

to adopt the definitional approach. Yet, the choice of the

10



definitional approach should be avoided on the ground that
the definitional approach cannot provide the naive group
with a coherent way of thinking. Hints about it or small
fragmente only create confusions in the learning process. As
a result, he comments:

veey the n.P.a. Crnaive Platonic approach) strategy
should be applied to students who have had the n.P.a. (naive
Platcnic approach) and nothing elece. The d.a (definitional
approach? strategr chould be applied to students who had the
d.a (definitional approach) and nothing else." [31, p.34%,
the words in the bracketes are minel

The definitional approach described by Vinner
highlighte the hierarchical structure of definitions. In
schooly, most of the math textbooks adopt the formalictic
approach to mathematice. Under such setting, definitions
play an impeortant role. What, then, one may ask, ie the
learners’ point of view of definitions? This aspect will be

discussed at length in the next cection.

1.3 tudiec on _the notion of definition

In order to study the studentse’ notion of
definition under the formalistic approcach to mathematics,

Vinner conducted two studies, namely, (1) on the corcept of

11



defining operatiaone [33] and (2> on the concept of

definition [32]1. 1 shall briefly decscribe each ctudy and ite

finding.

1.2.1 Caze studys on the concept of defining cperaticong

The purpose of this study was to examine whether
students treated exponentiation as the operation aX defined

by means of kKnown coperations. Three formulas, namely,

1y all =

= A3 e e R where a ies any real
— rumber and m ie whole
m times number
L - -m
DOCO T = t/a" where a, m are as
above with a # 0
(x5 /M= WP

= 3 where a, m are
above and n is
whole number

were distributed among other formulas in a questionnaire.
The <tudente were :z:zbed to identify whether a given formula
was a theorm; 2 lz+; a fact about numbers; a definition or
an axiom.

The csample was 251 math majore which were composed
of 195 frecshmen and 56 cophomores and junior at university
of Californias, Eczrteley, As the result of the study

indicated, onlv 174 of the first group and about 1/2 of the

12



second group could identify &l1 the defining formula.

1.3.2 Cacse cstudy on _the concept of definition

——

The purpose of this study was to find out what was
the studerte’ point of view as to the notion of definition.
Seven scnternces written in the same grammatical form which
hinted the role of definition were given, Five were the
‘canonical definition’ as in most of math textbooks. The
subjects were asked to identify whether the given centerce
was an exiom; & postulate; a fact; a definition; a theorem
or something else.

Two different groups participated in the study. The
first group conzizted of &% pre-calculus students at the
univercity of Migsouri - 5t. Louie. The second group was
compocsed of 12% students in several high schools in St.
Louis, A the result of the study indicated, at leacst 904 of
the cocllege =students and at least 794 of high school
ctudents had neither the formaliztic point of view about the
structure of mathematice nor a satisfactory understanding of

the relative role of definition.,

1.3.2 Some propozals by Vinner




From the result of the first study, Vinner
concludes that the idea of defining operatione and notione
in mathematice does not get along with naive Platonic
approach. However, the improvement at the upper
underaraduate level indicates that the mathematical maturity
may be cobtained through mathematical experience.

Furthermore, Virnner applies the above result to
acssert that the definitional approachn chould be eliminated
from the norn-major mathematics curriculum, Often, those who
teach the definitional approach claim that the requirement
for understanding the definitional approach is mathematical
maturity, not previous Knowledge. Applying the noticon of the
implicit preliminary approach of the learners to
mathematical cobjiecte, Vinner argues that in the cacse of
mathematical maturity, the implicit preliminary approach of
the learners should be quite cloce to the definitional
approach, Now, the dats showed that the naive group does
have difficulties with the idea of defining cperatione in
mathematics; they should have even more difficulties in
understanding that mathematical obldects are hierarchically
derined. However, the data also showed that some years of
mathematical experience will develop certain mathematical
maturity. Concequently, Vinner proposes that the

definitional approach should only be taught after the

14



students have reach certain level of mathematical maturity,

for instance, at the graduate study.

From the result of the second study, Vinner makes

two observations:

(1> Certain definitione, for instance, the
absolute value of a number x is x itself in case x is
non-negative and it i€ -x in case x is negative, are far too
complicated for the students to understand. Thus, the
ctudente will forget them soon after these definitions are

mentioned.

(2 Certain definitione, for instance, a rectangle
ie a yquadrangle that has three right angles, cannot help the
studente to conctruct a mental images. As a matter of fact,
the data cshowed that some students try to draw gquadranglecs

that have only three right angles.

Az a result, Vinner ascserts that a good definition
should be as simple and as natural as poesible, that is, it
should be easy to uncerstand as well as helpful to construct

the associateo mental images.

15



1.4 The lexical definition and its teaching implication

As the data in both studies showed, the naive group
hae difficulty understanding the formalistic point of view
about the structure of mathematics. In order to develop a
concistent methodology of teaching mathematice starting with
& naive point of view, Vinner introducee the notion of

lexical definition.

In general, lexical definition ie & form of
history. It referes to the actual way in which some actual
worde have been used by come persons. In this case, the
meaning of a word is what it means to some person or
persons, Often, the ‘ordinary man’ who lookKs upon the
meaning of & word tends to ignore its special meaning to
thie essential person. Ins*«ad, the ‘ordinary man’ thinks
that the meaning of a word ie eternal and independent of
human beinge. Just Vike everybody agrees that the square
root of 100 is and alwaye must be 10. Thus, definition of a
nour can be treated ac a certain statement about the object
in consideration, a statement that can uniquely (or almost
uniquely) characterize this object. In deing so, a
definition ie not necessary ‘canonical’; but depends on the

situaticn. For instance, at the defining situation, the

16



sentence ‘a house is a building for human habitation’ serves
as a definition. However, at a different situation, the same
sentence can be considered as a statement or a fact.

Applying the notion of lexical definition, Vinner
not only conjecturez that the naive studente’ implicit
preliminary approach to mathematical definitions ic the same
as the ordinary man’s approach to lexical definitione but
also suggezts the ordinary man’s approach as a teaching
strategy. Basically, he proposes that in teaching cituation,
mathematical definitions can be viewed as lexical
definitione, that iz, definitions are statementes about
mathematical objects; statements that are employed to
characterize these cbjects in defining situation.

With the above approach, definitions are not
necessary defined hierarchically as in the definitional
approach. For instance, the object denoted by the word
‘rectangle’ ie & quadrangle that hzs four right angles. This
way of presentation avoids the question how the rectangle is
defined according to primitive term=. Moreover, this
teaching strateg, may lead the learners to appreciate the
relative role of definition in mathematics. Thus, a failure
to identify & definition, in Vinner’s studies, does not
imply a failure tc conceive the underlying structure of

mathematics, but only a failure to remember the meaning of a

1?



given “terminoclogy’.

On the other hand, as the data of Vinner’s cstudies
indicated, the formalictic approach cannot get along with
the naive Flatonic approach, conflicte will be expected in
the learning process if the teacher holde the definitional
approach vihereas the cstudente hold the naive Platonic
approach., By uszing the naive lexical approach to
mathematical definitions, there ie a hope to eliminate the

conflicte at the communication procecss.

Howewver , Yinner‘s view towards mathematical
definitions ie mathematical rather than psychological. In
facing & given task, to what degree do the learners uce
definitions either to create the ascsociated mental images or
to handle thise tazk? In order to answer thiec question,
Vinner constructe a cognitive model to explain the role of

definition in the rroceses of learrning mathematical concepts.

1.5 Vinner’s model for cognitive process

In teaching and learning mathematics, on the one
hand, the teacherz make efforts to convey mathematical

concepte; on the other hand, the students try hard to grasp

18



these concepts. In 1780, Vinner constructed a model by using

the notion of concept imsge and concept definition to

analyee the cognitive procese for iearning a mathemaical
concept. In this section, 1 shall first present how a
concept is formulated according to the work of R.R. Skemp
[211, then Vinner’s notion of concept image and concept
deftinition as well as their rolec at the stage of concept
formation and that of performance [35]1. At the end, the role
of Vinner’s model in mathematice education will be discugced

according to the worlk of Vinner and D. Tall (241,

1.5.1 Concept image, concept definition and concept
formation

fccording toe the work of Skemp, & concept is
formulated by abstracting the invariant properties from
different experience which have something in common, During
the procecs of forming a concept, different orders of
abstraction will be achieved. The conceptes which are derived
from senszory and motor experience are called primary
concepts. For instance, the notion of circle ic an
abetraction from the experience with round objectes. Concepts
which are abstracted from some existing concepts are said to
be secondary. For instance, the notion of function is

compocsed cof three sub-concepts, namely, domain, range and
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rule of correspondence [15]., In mathematics, concepts are
generally secondary and so are hierarchical. Such concepts
can hardly be communicated only by definitions, but by
contributory examples and non-examples. In other words, the
learners have to extract the common propertiec from those
examples which presuppose other concepte. In order to
analyce thie cognitive process for learning a mathematical
cencept, Vinner introduces the notiorn of concept image and

concept definition.

Vinner aceumes that there are two cells (not
biclogical) which are referred to image cell and definition
cell in each individual‘s cognitive structure. The former
conziztes of each individual’s mental picture of a given
concept, namely, &11 visual representationse such as graphe,
symbole, ..., etc of the concept as well as a set of
propertiec ascociated with it. Thic cet of properties
together with the mental picture is called concept image.
Given & concept, esch individual may form different concept
imagee, not neceszzry in a coherent way, according to one’s
own perception and experience.

On the othier hand, the definition cell containe a
verbal definition that accurately explains a given concept.

In mathematices, & concept definition which is accepted by
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mathematical community at large is referred as a formal
concept definition (or Jjust concept definition).
Particularly, a form of word:s used by each individual to
explain hie (or her) own evoKed concept image is referred to
as a personal concept definition. In general, personal
concept definition may be quite different from formal
concept definition,

In & learning situation, some concepts can be
introduced by concept images. For instance, children acquire
the concept ‘red’” from different Kind of red objects without
a verbal definition. On the other hand, some concepts may be
grasped by comcept definition. For example, the concept
‘forest’ can be conveyed by saying: ‘Many many trees
together are a forecst’.

In the case of informal learning, concept may be
firet acquired by experience or evamples, Ostencive or
formal definition will given at the end or only menticned
implicitly. Howewver, in formal learning situation,
definition may be introduced prior to the forming of the
relevant concept image. The image cell ics expected to be

filled according to the given definition,

No matter how conceptse are learned, three cases

will happen when definition (either ostencive or formal) is
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given:

(1) The image cell will be changed to include (or
to be filled) with images reflected by all the aspects of

the oestencive or formal definition.

(2) The image cell remaines az before but the
definition cell will temporarily contain the cstencive or
formal definition. In moet cases, this definition will be

forgotten or distorted after & while,

(3 The image cell remsines the same and the
definition cell contains the ostencive or formal definition.
In thie cace, the learners react to 3 given task by evoking
their concept image, not concept definition. When the
definition ie asked directly, the learners recspond with
ocstencive or formal definition.

Vinner concludes that at the stage of concept
formation, there chould be an interaction between concept
image and concept definition (see diagram 1). & one way

procecs (csee diagram 2 which is expected by most teachers
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cancept _— concept

definition <~ image
(diagram 1)

concept —_— concept

definition image

(diagram 22

at the cecondary and the collegial levels does not happen
very often, thst iz, Just by giving a concept definition,
the =tudent does not necessarily evoke an asscicated concept

image.

cutput
(intellectual behaviour?)

N

concept concept
definition image

7

input (task)

(diagram 27
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s & matter of fact, Vinner model challenges many
teachers’ beliefs that both concept image and concept
definition will be activated when 3 cognitive task is given
to the learners. Vinner goees on to criticize the assumption
that concept definition will be necessary in learning of

mathematical concepts, He writes:

"There iz no war to force a cognitive structure to
uce definiticons, either in order to form concept images or
in order to handle 2 cognitive tacsk. Some definitions are
too complicated to deal with., They do not help in creating
concept imagesz in —tudents’ mind. Hemce, they are useless.

1.5.2 The raole of Vinner‘s madel and its relevant notions
in mathematics education

gccording to Vinner’s model, when the learnerc are
asked to carry out 2 task, only parts of the image cell will
be activated at certain moments. In addition to that,
different individuzls will evobe different parts of their
image cell, the same individual may activate different parts
of his (or her) image cell at different moments.
Concsequently, in order to understand the students’ cognitive
process, it iz essential to study their concept images

associated with a given concept. In fact, revealing the
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concept image of cstudents not only provides us with a better
understanding of their intellectual behavicur but also
suggests a better approach in teaching. Some educational

implications are outlined as following:

(17 Different examplee should be given to reflect
different aspecte of the definition. Implicitly, teachers
acsume that studente will ucse the concept definition to
carry out a cognitive task. Thus, there is no need to give
students different examples. However, very often mathematices
educatars and teachere find that ctudente hold the wrong
concept images due tc & specific cet of examples. For
instance, in an introductory course such as a course on
functions; pre-caiculus and calculus, the concept definition
of a mathematical function is given according to

Dirichlet-Bourbalki approach, that ie:

"& function is any correspondence between two sets
(the domain and the ranged which ascsigne to every element in
the domain exactly one element in the range"

Examples given by teachers are often concentrated
on algebrzic or trigonometric functions, Consequently, the
students may have the concept image that & function is given

by a formula. Holding such restricted notion, the students
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may be unable to cope with a broader idea of function in

later context.

(2> The notion of concept definition and concept
image may be used to explain how conflicte occur in learning
a mathematical concept. According to the work of Tall and
Vinner [2%1, in a learning situation, perzonal concept
definition will generate its own concept images and <cuch
concept images may be inappropriate to other part of concept
imagee; or to perconal concept definition, or even to formal
concept definition. Thus, individual‘s concept image may
contain potential conflict factore. At 3 certain situation,
a specific stimulus may activate a particular part of
concept image. Wow, if the conflicting aspects are
simultanecusly evoked, poszible confusions in the learning
processes will result., For instance, in the concept of
complex number, the definition of x + iy as an ordered pair
of real number <(x,v) and the identification of x + i0 =
(x,0) as the real number contribute to a potential conflict
factor in cset-thearetic approach becaucse the element x ic

different from the ordered pair (x,0) in '’ theory of sets.

(3> The notion of concept image is uceful for

describing the development of understanding of a formal
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concept definition. As Vinner’s model indicated, students
may state or identify correctly the concept definition but
develop their own concept image (possibly empty) through
experience of manipulating examples or the relevant theory.
When a tazk asscciated with a given concept is performed,
studente often react to it with the concept image in their
cognitive structures. Thue, studring the students’ concept
images may> provide the teachers with a better understanding

of how an imposed concept is learned.

(4) The study of corcept image may lead to a
teaching strategy which ie concistent with the formal
theory. As in (27, students react to a task with concept
image. Particularly, each individual’s intuition for a
concept depends directly on his or her own concept image.
Tall [24] suggests that a suitably formulating concept
definition mey lead toc a suitably concept image bacsed on the
studente’ intuition. For instance, the notion of continuocus

function can be introduced by the following definition:

“& function £:D » R (from a subset D of the real
numbere R>» is said to be pictorially continusus if over
any closed interval [a,bl in D, given e > 0, there exists
d > 0 such that for x, ¥ in [a,bl, Ix - ¥l < d implies
1F(x> = f(y2] ( e
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By using such a definition, the teacher can shcw
that: given a pencil vhich draws a line of any thicknees,
the graph of a pictorically continuous function can be drawn
to any specified scale over a closed interval [a,bl in D
without 1ifting the pencil from the paper. In doing so, the
studente are expected to create a concept image which is

consistent with the formal structure of mathematics.

(S From the learners’ aspect, & suitably
development of concept image may lead them to discover the
general thecry., For instance, having the impression that
1 + 2=2+1; 34+ 4=4 + 33 ... etc, the learners may
abstract the common properties from these generic examples

to arrive at the idea of commutative 1law.

Overall, the study of concept image provides the
mathematice educators a flexible view of mathematice through
the eyes of the learners. In learning a mathematical
concept, the learners have to conestruct their concept image
through experience for the given concept. In thie cognitive
development, new information may activate the potential
conflict factors and =o causes confusion. In order to
accommodate thic new information to the cognitive structure,

the learner have to reconstruct their concept image. This



observation leads me to conjecture that a better teaching
approach is to guide students to become aware of the
difference between the formal theory and their own concept
images. Once the difference is recognized, it is possible
that they will reconstruct their concept image in order to
accommodate the new situztion. In such a way, students not
only can etiminate conflicte but also experience the

development of & mathematical concept.
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CHAFTER 11

HISTORICAL MOTEZ OF! THE CONCEPTUSL DEVELOPHMENT OF CALCULLS

(WITH PAFTICULAR FEFEFRENCE TO THE COMCEFT IMeGE.



1 ok

2.1 Introduction

The aim of this chapter is to summarize the mental
imiges of notions in the calculus as held by the
contributore to the subject at their time. Ac the evolution
of the concepts in the calculuz took more than two thousand
vears, their final forme are of great abstractnesses and
generalities. Often, these final forme cannot show ineight
inte the motivations which led to their creationg.
Consequently, the study of the mental images held by the

contributorse of the subliect may provide information about:

1 the discovery of and difficulty involved with

these noticons
(2) the most likely studente’ concept images

s a remar¥, mathematice educatore should not
expect that the corcept images of the original contributors
to the calculus are the same as that of our students. The
most obvious difference ie due to the fact that
mathematicians in zncient time and our precent—day students

live in different erac and different cocial environments
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lead to different experience. For instance, mocdern
technology createcs certain concept images (ac we thall csee
later) which cannot have been held by the early contributors
to the calculus. Thue, some of the concept images held by
past mathematicians are not necessary the came as those held

by present-day students.

In thiz chapter, I shall firest precent the
contributore’ views towards those notione in the calculus
mainly as it appears in the work of C.B. EBoyer [1) and M.
Kline {111, Lster, the naive concept evolution vercsus
Vinner ‘e concept formation in the learning situation will be

discusesed.

The following six phases of the historical

development of Calculuz are precsented according to the

classification of Bover.

2.2 Phace 1: Conceptions in Antiguity

The roots of the notione in calculue can be traced
back as early as the ancient Greeks. One of their great
discoveries - namely, the incommensurable ratioe (The two

quantites cannot be measured by a common unit. The
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incommensurable ratios are expressed in modern mathematics
by irrational numbers) - was made by Fythagorean school
(c.580 - ¢.S00 B.C.>. The Pythagoreans believed that all
phernomena in the universe can be reduced to whole numbers or
their ratios. As they noted that the ratic of & diagonal to
a side of & square cannct be made precice under their
concept of number - in other words, they learnt that the
procecs of finding a common unit between & diagonal of a
square and its side cannot be terminated in finite cteps -
they restricted themselves ta those ratios which can be
expressed by whole numbers and hence failed to conceive the
idea of infinite procese. Their diemicssal of thie discovery
not only 1:2d to their failure to define exactly the notions
of lengthes, areas, wolumes ... etc but alsc brought on the

problem of the relation of the discrete to the continuocus.

On the other hand, the notion of the infinitesimal
also entered 1nto mathematical thought through the Abderitic
¢chool (¢.S00 -~ c.3200 B.C.,Y>. Thie school asserted that
everything is composed of atoms which are indivisible, One
of the followers, Democritue (c.440 - 370 B.C.), made use of
the idea of indivisible to determine the volumes of the
Pyramid, the cylinder as well as the cone. Bacically, he

considered the volume of a cone as a series of infinitely
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thin parallel circular laminae.

Az we have seen, the Fythagorean theory of
proportion could only be applied to commensurable ratio. It
was Eudoxue (c.480 - ¢.355 B.C.) who introduced the notion
of a ratio of magnitudes to extend Pythagorean’s theory so
ac to cover both commensurable and incommencsurable ratios.
Since then, the separation between number and geometry was
drawn. Becides, having recognized that the Democritean view
of the infinitesimzl Yacked logica! basies, Eudoxus took over
the 1dea suggezted by Antiphon, gereralized by Bryzon later,
to establish the area and the volume of curved figures. This
method ies Known ac the method of exhausticon. Basically, he
sequeezed the area or the volume of the given curve figures
between two commensurable ratios. Thie could be done by
applying the following axiom (now called the axiom of

Archimedese):

"if¥ from the aqreater there be subtracted a
magnitude grester than ite half, and from that which is left
a magnitude greater ite half, and if thic process be
repeated continually, there will be left some magnituds
which will be lecse than the lesser magnitude set out" [Boyer
p.331

&~ccaording to thie axiom, the process of squeezing
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will continue up till the difference become as small as we
please, Following by the reductio ad absurdum argument,
Eudoxus established the desired area or volume (see Boyer
p.5% for detaill.

The method of exhaustion was modified later by
Archimedes (287 - 212 B.C.>. He combined it with
infinitesimal considerations - the idea that a figure was

made up of itz elements - as well as mechanical techniques -

the balance point of a figure - to determine the volume of
segments of concide and cylindrical wedges, the area of a
parebeclic segment ... etc. It ic interesting to note that
neither Archimede=z nor his predecessors included any
reference to the infinite and the infinitesimal in the

proct.

Ancther prevailing view in this period was that of
monism which stated that all change was illusory. It was

caid that Zenc 41, c.450 BE.C.) defended thies doctrine by

formulating & numb:r of paradoxes to challenge both the
infinite divigibtlit» and infinite indivisibility., For

ingtance, the Dichotomy paradox acsser ted that before an
obiect can travel across a given dicstance, it must firct
pass over orne gJusr*er and so on. Under the assumption of

infinite divicibilitv of space, Z2eno argued that the object
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could never reach its distination within a finite time.

LY

Obviously, this contradicted our daily experience. Thus,
change was impossible. Aricstotle (384 - 322 B.C.)>, a
mathematician, physician and philoscopher, refuted Zeno by

saying:

"...there are two cences in which & thing may be
infinite: in divisibility or in extent. In a finite time,
one can come into contact with things infinite in respect to
divisibility, for in this sence, time is alsc infinite; and
co a finite extent of time can suffice tou cover a finite
length" [Kline p.3351]

The refutation iteelf was not convincing enocugh <o
that the Dichotomy paradox ctill had its position in
mathematical thought. In modern view, the failure in
answering this paradox was due to the 1nability of
conceiving the 1imit of infinite convergent seriec as well
a5 the nature of continuum, However, Aristotle’s refutation
did exprese hig point of view on infinity. As & matter of
fact, he only accepted the ‘potential infinite’ due to his
belief that unknown exiets only as a potentiality.

Concerning the continuity, he gave & vague assertion likKe:

"By continuity, I mean that which iec divicible into
divisitbles that are infinitely divicible" [Borer p.42]
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As the continuum is defined in modern mathematics
in terms of the concept of number, it iec interesting to
examine Aristotle’s view of number. His conception of number
was under the influence of Pythagoreans, ac was the case +for
most of the contemporary Greek mathematiciane. However, such
a view of number could not be reconciled with the infinite
divisibility of continuous magnitudes. As a comprise, he

followed the Eudaoxus’ ascserticn:

... numbers are discrete quantities and must be
distinguished from the cortinucous magnitudes of geometry"”
[Kline p.3%]

Owing to this comprise, the study of continucus
msgni tudes became independent of that of number throughout

the following centuries.

Tre paradoxes of Zeno arcse from the doctrine that
motion wae imposszible, Beside the above refutation,
Aristotle did try to ceel a cuitable foundation to clarify

the nature of moticn. He remarked:

"WJe can define motion as “the fulfillment of
movable qua movable" [Baver p.42]



Furthermore, he made & connection between discrete
quantities like pointe and continuous magnitudes tike lines
by way of motion. In his doctrine, pointe are like numbers
which are indivieible. Thue, points canrot be made up a line
for the latter is divizible. However, a line can be
generated by a point through movement! On the other hand, he
denied the possibkility of instantanecus rate of change <€ince

it waz & perception berond practical experience. He said:

"Nothing can be in motiorn in & present... Nor can
anything be at rest in & precsent.” [Boyer p.43)

Becsides, both Zeno and Aristotle opposed the
doctrine of the infinitesimal. Zenc based his opposition on

following arguments:

"That which, being added to another does not make
reater, and being taken away from another does not make
ecss, is nothing" [Bover p.231]

Aristotle argued that there 1€ no clear conept of

the infinitesimal derived from sensory experience.

Also owing to Greek, perhaps starting from Thales

(c.640 -c.54é B.C.), mathematice have been developed ac an
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independent body of Knowledge based on deductive reasoning
which guarantees the truth of what is deduced (if the
starting axiome are consistent)., Thus, those ideas without
logical basie - for instance, the infinitecsimal, infinity,
instantaneous rate of change - were frequently rejected by
mathematicians. Even those who developed the method of
exhaustion omitted the reference to the notion of infinity
which directly related to the Yimiting process., In fact, the
Greek mathematiciane never considered the procese as being
carried out to an infinite number of steps, a3c we do
nowadaves in paesing to the limit! For them there was a
quantity, no matter how small, left over and hence they
failed to comprehend this process, Querall, their images
towsrds those notions in calculus were very vague. In this
aspect, the paradoxes of Zeno did raise a very fundamental
question - can change and variation be discussed in
mathematice? From the developmental point of view, neither
Greek conception of number nor their symbolic algebra could
provide & clear answer. Yet, these paradoxes encouraged not
only the ideacs of infinitezimal, infinity, limiting process
co. etc. but alse the search for a rigorouszs basic of these

ideas.

2.3 Phace 2: Mediewazl contributicns
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The contributions in the Middle Ages could be
summarized into three different groups, namely, the Hindus

of India, the Arabs as well as western and central Europe.

The Hindues introduced the principle of positional
natation, the zero and its cperation (including the
indeterminste forms?, negative number as a debit and the
operations on the irrational numbers. Among these
operatione, the moaszt significant were the procedures to
coperate on irrationa! numbers. For instance, the addition of
two irrational numbersdfg—andnfzrcan be calculated by

ﬁa+b>+2ﬁ€.

Thie neot only freed arithmetic from geometrical

reprecentaticon tut alco promocted the algorithmic procedures
in the later developement of algebra and that of Calculus,

Bacically, the Hindues bothered neither with Zenc’s
paradoxes and the relevant notionzs nor with the logical
bacie of incommencsurability. In fact, the notion of
infinitesimal onls appeared when Brahmagupta (f1. 625) found
the difficulties in operating with the number zero. This led
him “to regard zero as an infinitesimal quantity which

ultimately reduced tc nought’” [Borer p.é21
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On the other hand, the Arabs not only combined both
Hindus’ arithmetic and Greeks’ géometric demonstration but
also tranemitted thoze workes to Eurcpe. Mainly, they avoided
the problem of incommensurability, continuity,
indivieibility ard infinity as the Hindus did. Howewver. they
did add more recults derived from the idea of infinitecimal.
For example, the summaticne of the cubes and the fourth

powers of the positive integers.

The succeszor of the Arab civilization was that of
Eurcope. In the beqginning of European civilization,
mathematical thought was dominated by the doctrine of
Arictotle. As 2 result, the nature of infinity and
infinitesimal cauzed much disputatione on philosophical
rathier than mathemstical aspecte. Aristotle had
distinguiched two kinds of infinity - a potential and actual
infinity., He rejected the exictence of the latter and
restricted the *fcormzr to the casecs of infinitely emal)
continuoue maor tudes and infinitely large number. Along
this line, & categaorematic infinite (& quantity without endd
and a syncategorematic infinite (a quantity which is so
great but can ctill be made greater) were acserted by FPetrus
Hispanus in the th.rteenth century. Ewen & these two Kinds

of infinity were generally recognized in this period,
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philosophers held different views concerning their
existence. For instance, William of Occam (1300 - 134%)
denied the categorematic infinite. Around the same time,

Gregory of Rimini argued that:

"...there is in thought no self-centradiction
involved in the idea of an actual infinity" [Boyer p.é%]

From the mathemastical point of view, the comment
made by Richard Suiceth in the fourteenth century on the

infinity wase irnteresting. He said:

"&11 sophieme regarding infinite ... would imply
that any part, when added to the whole would not change it
in magnitude" [EBorer p.701

Later, while more of Greek worKs, ecpecially the
wark of Archimedesz, were tranzmitted by the Arabs, the ideas
of infinity and infinitecsimal entered into mathematice. For
ingstance, Nicholaz of Cusa (1401 - 146440 gave the definition
of infinitely large (that which cannot be made greater) as
well as that of infinitely emall (that which cannot be made
smaller?. He viewed that the triangle and the circle were
the polyqone with the emallest and the greatest number of

sides. Becides, he believed in the actual infinity and
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upheld tha* the infinity can be only approached by going

through the finite.

It was also eaid that Leonardo da Vinci (1452 -
1519>, who was influenced by both the work of Nicholas and
that of aArchimedes, employed the idea of infinitesimal to
find “the center of gravity of tetrahedron by thinkKing of it

a¢ made up of infinite number of planee’ [Boyer p.%31

Concerning the notion of continuum, Thomas
Bradwarline (c.12%0 - 1234%) ascerted that a continuous
magnitude is composzed of an infinite number of indivisible
elements, but it 1€ not made up of such elements. William of
Occam, who denied actusl infinity, believed that a line does
congiet of points. In a similar manner, Nicholas of Cucsa

regarded the line as the unfolding of & point.

Also in this pericd, the study of motion and
variation arocse in mathematics. Discussions on the latitude
of form ¢the variability of gualities? including latitudo
uniform (uniform rate of changed), latitudo difforms
(rnonuniform rate of chernge), latitudo uniformiter difformis
(uniform rate of ctange of rate of change) and latitudo

difformiter differmie (nonuniform rate of change of rate of



change) appeared., The result of these notions led to the
developement of infinite series. For instance, Richard
Suiseth considered the following problem in hizs work Known

as Calculator <(or the Liber Calculstionum , 1337):

"1¥ throughout half of a3 givern time interval a
variation continues at certain intencsity, throughout the
next quarter of the interval at double thie intensity,
throughout the following eighth 2t triple thice, and so ad
infinitum, then the average intensity for the whole interval
will be the intensity of the variation during the seccond
subinterval (or doubt the initial intensity" [Boyer p.76]

Having realized that the sum of the above infinite
series 172 + 274 + 3/8 + ... + n/2" 4+ ... iz finite ( = 27,
Suiceth arrived at & paradoxical result which was similar to
that of Zeno. Suiseth wondered how can an infinite rate of
change produce a finite average rate of change™ Finally, he
appealed to ‘edious verbsl argumente based on the intuition

of uniform rate of change to demoncstrate the cornvergence of

the infinite series {For detail, see Boyer p.77 - p.78).
Crn the other hand, Nicole Oresme (1322 - 13282

associated the phyeical change with the geometrical
interpretation. He intreoduced a horizentzl line (longitude)
to reprecsent the time and the vertical line (latitude) to

represent an instantaneous velccity. Having studied this



graphical representation and the problem of Suiseth, he
explained the convergence by saying that “the total distance
covered would be four times that cowvered in the first hal+
of the time’® [Borer p.&&1. Furthermore, he was confused by
the problem of the indivieible and continuum and agreed with

Aarictotle that every velocity precicted for a time.

Throughout the Middle Ages, discussions concerning
infinite, infinitesimal and continuity emphacsized
philozophical considerstione rather tharn geometric rigor.
However, thege vicrbs were discursive and dialectic., This
phernomonon could be explained in terms of the different
images that were created by different mathematiciane,
according to their own conceptions of the world. These new

formed i1mages were not clear encugh to develop rigorcusz

I

ressconings. However, the study of motion and its graphicsl
representstion not only led to the ideas of variabkility and
functionality but aslso stimulated the creation of algebraic

symbole in mathematice,

z.4 FPhace 2: A century of Anticipation

Thie periacad started at the end of the Middle Ages

and ended with Newton and Leibrniz. The three major
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contributions in this period were:

(1> The generalization of the concept of number
(2> The improvement of algebraic notations
{3y Llesing mathematice as & tool to solwe real

world problem

@élthough operations on irrationals were carried out
freely at thie period, people were still confused as to
whether irratinonals were really numberce, For instance,
Michael Stifel (1424 - 1547), after expressing irrationals

in the decimal notation, caid:

"Since, in proving geometrical figures, when
rationsl numbere fz211 vue, irrational numbere take their
place and prove ersctl, those things which rational numbers

could ncot prove... we are moved and compelled to acsert that
they truly are numbers, compelled that ie, by the results
vhich foclleow from their uce ~ resulte which we perceive to
be real, certain, and concstant. On the other hand, other
consideratione compel ue to deny that irrational numbers are
numbere at all., Tc wit, when we seek to subject them to
numeration [decimal reprecsentationl... we find that they
flee awzy perpetuzlly, o that not one of them can be
apprehended precisely 1n itself... . Now that cannot be
called a true number which is of such a nature that it lacks
precision... . Therefore, just as an infinite number is not
a number, €0 an irraticnal number is not a true number, but
lies hidden in & Kind of cloud of infinity" [Kline p.251)

“ae 3 matter of fact, there were different images of
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irrationals. Blaise Pascal (14623 ~ 14662) and Isaac Barrow
(1830 ~ 1477> acsserted that the existence of irrationals
should depend on the continuous geometrical magni tude and
those operations applied on irrationals should be Jjustified
by Eudoxian theory of magnitude. Simon Stevin (1548 - 16200
accepted irraticnale az numbers which could be approximated
by rationals. John lWallis (1414 —-1702) and Fene Descartes
(1594 - 1450 admitted irrationals as abetract numberse which
could be used to reprezent continucus magni tudes,

EBesidez, negative and imaginary numbere were also

recognized at thst time. The former were known in Europe
through the Arab te:ts and the latter were cobtained by
extending the srithmetic operatione by method of completing
square, Although zome of the contemporary mathematiciane did
not consirder these quantities as legitimate numbers, they
did accept the operaticnal procedures. The emphasie on the

operationz] method: ‘ed to the development of Algebra.

Frior tc the cixteenth century, algebra wae purely
rhetorica), e:cept that of Diophantus (f1. ¢.250). In
recponse to the rapidly, expanding scientific demands on
mathematicz, bet:er svymbolic notations were introduced by

Vieta (1547 - 1402y 3¢ well as many other mathematicians
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like Thomas Harriot (1540 - 16217, Descartesz, ... etc.
Undoubtedly, an eace of notation not only made the
mathematical work more easy to communicate but zleo led to

new discoveriec.

Firet, many mathematiciancs emplored the idea of
infinitesimal and modifications of the Eudoxnian method of
exhaustioz-ta arrive at some significant results. For

_ntl
=

example,) xD dx = /tn+l), for all positive integral

value n,g»as cbktained by Bonaventura Cavalieri (1598 -
1447), Gilez Ferzone de Roberval (1402 - 14730 and Blaise
Paccal independently. Morecover, thie result was generalized
by Pierre de Fermat (1401 - 1645) and Evangelista Torricelll
(1408 - 1447y, sepzrately, for all rational values of n #
-1. &s we shall zee later, the methods these matheraticians

uced to derive the zbove recsult were different and so viere

their imsge:z of the underlying notions.

Cecondly, ac the preccsurec for the mathematization
of science increaszed, there was a need to dicscuss change and
motion in mathemztice, The cearch for a quantitative
statement to describe motion gave the birth of the idea of
function. Galileo Galilei (1544 - 1442) was the first

mathematician toc =«preces his idea of functional



relationchips in terms of the language of proportion. He

said:

"The ¢psces described by a body falling from rect
with a uniformly sccelerated motion are to each cther acs the
squares of the time intervals emplored in traversing thece
distances" [Kline p.338]

During thie periond, the study of function was
equivalent to that of curve. Mathematiciane like Roberval,
Barrow regarded a curwve as the path of a moving point. Owing
tc the anslrtic geometry of Dezcartes and Fermat, a curve
could alec be represented by an algebraic equation. Yet,
neither the ides of function wae clearly formed nor the
dictinction between slgebraic and trancscendental functicons
wss drawn. In the work of Descartes, he viewed &
trancscendental function as a mechanical curve. Towards the
end of thie pericd, James Gregory (1638 - 14750 gave
explicitly the definition of function as “a quantity
obtsined from other quantities by a succession of algebraic
operaticone or by anry other opertzion imaginable” [Kline,
p.33%1. The last phrase of Gregory referred to the operation

of ‘pascage to the limit-,

In order to study thece mathematicians’ images
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towards the notions of numbers, Yimit, fumnction, ... etc., a

short summary iz edited as following:

- Simon Stevin employed the idea of the Eudoxian
method to rediscover come results of Archimedes (which were
not yet Known at that time? without adding the reductic ad
absurdum arguments. Instead, he used & method cslled
‘demonstration bv numbere’ (For detail, see Borer p.102Z2 -
p.103, to argue that if the difference between two numbers
could be made &= small as desired, there could be no
difference, In thice method, Stevin tried to establiceh that
numbers can be infinitely divicible as geometrical
magnitudes. From the point of modern view, his werk marks a
cignificant step towards the notion of number and limit.
Yet, he neither thought of a sequence of numbere obtained by
hie methad as carried ocut to an infinite number of terme nor

did consider hice method ags a mathematical demomzirztion.

= Lucza Valerico (1532 - 1418) anticipated the
geometrical form of the 1imit concept through methodrzing
the Eudoxian method. He assumed without proocf that if the
ingcribed and circumscribed figures of a given curve
differed by any given quantity, then there cculd be no

difference betweenrn the ares of the curve and the area of the
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inscribed or circumscribed figure. However, he did not
regard the area of the curve as the limit of the arez of
either the inscribed or circumscribed figure. Basically, his
images towards the notion of limiting process are

geometrical.,

- In crder to abridge the gap between the
curvilinear and rectilinesr, Johnnas Kepler (13517 - 14307
considered continucous magnitudee as composed of an infinite
number of infinitesimal elementz of the same or lower
dimencsion. For instance, the sphere concsiste of an infinite
number of infinitestimsl cones whose vertices are the center
of the sphere and whose bases make up the surfacej the cone
iz made up of an infinite number of infinitely thin circular
taminae. Havirng resaorted to & vague idea of “law of
continuity’, he ssserted that there ic no essential
difference between an infinitesimal area and & line, or

be tween the finite and infinite.

- BGalileo Galilei admitted the poscibility of

cateqoremstic infinity. Yet, he felt that the notion of

infinity was hard to grasp intuitively., In his The Disloque

on_Tweo New Science , he observed:
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"We have cne line segment leonger than ancther, each
containing an infinite number of points"

Furthermore, he quezticned whether the infinite
number of points on the longer line segment could be
compared with those in the zhorter cegment. At the other
time, by eztablishing the difference between the rules for
the finite and thoce for the infinite, he shifted his
attention from infinite magnitudes to infinite aggregates.
Owing to thie ehift, he thought of continuous magnitudes as
the aggregation of indivisibles in the state of fluids.

Becidee, Galileo employed the infinitesimal
concsiderations and the geometrical demonstratione of Orezme
to discover the functiconal relationships between dicstance
and time of 3 body f2lling from the rect with 3 uniformily
accelerated motion., He also tried to answer 2enc’s paradoxes

by regsrding rezt 2z an infinite =lowness.,

- EBonaventura Cavalieri employed the noticon of
indiviesible to develop & geometrical method of demoncstration
(For detail, see Bover p.11%9 - p.120) which led to the
recult

a

J My = a1 / oned
0

for all positive integral wvalue n. Under the influence of

51



Galileo, he regarded continuous magnitudes as generated by
the flowing cof indivicibles. He expressed that indivicibles
could be concsidered 3z having no thickness, but alsoc could
be small elements of area and volume if one wished, His
attitude towsxrds intinity was described as ‘agnosticiem’,
For him, infinity was an auxiliary notion which appeared
only &t certain stages of the procedures. Throughout his

work, the idez of 1imit was completely concealed,

- Evangelista Torricelli fully recognized that
Cavalieri’s method of indivicsible was useful for discovering
new resulte but lacked mathematical rigor. Az & compromise,

he added & geometrical demoncstration originated from Valerio

-r

"

to the reszul obtzinmed from the method of indiviciblese., By

w

s he

m
"

doing thi 1o improved Valerio’e idea concerning the
notion of 1imit., He asserted that if the inscribed and
circumecr ibed figures differed by any given quantity, then
the difference batizen the area of the curve and either the
inscribed or coirrumscribed figure would be emaller than the
given quantity, Bs=ically, his view towards indivisibles

resembled tc that of Democrituse., He acserted:

... in tre case of unequal lines, the number of
pointe on each was the came, but that the pointe themselves
were unequszl” [EBo.er p.1341]

]
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Becides, Torricelli emploved the idea of
instantanecus direction to develop & dynamic conception of
tangents. He determined the tangent of a curve at a given
point by conzidering the resultant direction of horizontal
and vertical velocities at that point. Yet, hic notion of
tangent was bsced on the classical Greek, that is, a line
touches 3 curve 2t 3 single point. He neither used the ides
of limit tc define instantaneocus velccity nor conzidered the

tangent a: the Timit of secante.

- Gregory of S, Vincent 11584 - 14472, who wae
familiar with the work of Stevin and Valerio, azszerted that
& continuoue magnitudes could be exhausted by allowing a
varring subdivision to continue to infinity . This dynamic
concideration led not only to advance a step toviardz the
idea of variability but alsoc to the notion of the limit of

an infinite geometrical progrecssion, He wrote:

"The terminus of & progrecsion is the end of the
cseriec to which the progrecssion dees not attain , even if
continued to infinity, but to which it can approach more
closely than by any given i1nterval." [Borer p.137, my
underlinel
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Moreover, he was also aware that the paradoxes of
Zeno could be explained in term of the sum of infinite
series. Howewver, he failed to give a satisfactory

resalution.

- Andreas Tacquet (14812 - 1440) acsserted that
continuous magnitudes are composed of homogena - that is,
part of the like dimencion. For instance, a sclid consists
of esmall eclids. Thus, he considered neither that a line is

made up of points nor that it iz generated by way of moticn.

- Giles Percsone de Foberval worked out hie method
of indivisibles by using infinitesimal concideiraticon as well
as arithmeticsl manipulation. He asserted that a line, a
surfzce, a colid 12 actuzlly made up of an infinite number
of little lines, surfaces and scolids respectively. After
dividing a given figure intoc smali parte, he continued to
decreacse in magni tudes and performed all the calculations
arithmetically by sstabliching an acssociation between
numbere 3.:d the little linesz, However, when the moment came
to draw conclusione, he appealed to his geometrical
intuition. He argued thzt a2 line hae no ratio to = cube
because an infinit: of linee only make a square, and a cube

has an infinity of squares; thus, adding or subtracting a



single square has no effect. Consequently, he neglected
higher order infinitesimal in his calculations.

Besides, he considered a curve as the path of
moeving point and acserted that direction of motion will give
that of the tangent. Although the motions involved in his
method of tangent were different from that of Torricelli,

they both emplored the idea of composition of movements,

- The mathematical work of Blaice Pascal was
sccomplished in two pertods which were characterized by
different wiens on the nature of infinitesimal.

In the first pericod, he applied the theory of
infinitesimal to arithmetic triangle to cobtain results
gimilar to thst of Cavszlieri. In his work, he neglected the
quantities in lower dimension by arguing that a single point
added nothing to the length of line because the former is
indivisibtle with respect to the latter. Furthermore, he
compared his indivicsible of geometry to the zero of
arithmetic (th=t ic, he regarded the indivicible quantities
az nothing but zeros? and defended hie omicssion of
infinitely small quantities with theclogical arguments.

In the zecond period of Fascal s mathematical
activity, he not only tended to avoid arguments involving

infinitely small quantities but also changsd hie view
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towarde infinitesimal, Prehaps, under the influence of
Roberval, he alsoc asserted that continuous magnitudes are
composed of the like elements. Becides, he appealed to the
mysterious notion - the infinitely great and £mall which are
considered to be complmentary (for instance, 100,000 and
17100,000) a=z well as to be incomprehencible, in order to
establich the transition between finite and infinite.
Oversll, Pascal’s work was dominated by the theory
of numbers and classical geometry. MaKing a connection
between numbers and geometrical magnitudes, he arrived at
many results in integral calculus. However, he failed to
i terpret them a= the limit of infinite ceries due to his

underestimation of the value of algebraic technique.

- Following the algebraic methaods of Viete and the
graphical represzentation of variables by Orecme, Fierre de
Fermat accociated each curve with an equaticon and assumed
that every line zegment corresponded to zome number. Under

such an assumption, he uced the idea of geometrical and

[ ]

rumerical infinitezimal to develop a method for finding

ma imum and minimum values {For detail, see¢ Boyrer p.155 -
p.15é). As an application of thic method, he alsc determined
the tangent of & parabola at a given point. The idea

employed «n hie method was the following: he first changed



the variable slightly in the begining and then let the
change become zero. Using the modern motation in calcuius,
Fermat first considered x + A%, then he letax = 0 (not ac
nowzdays where vie letd vy » 02, Although his methad warked
out nicely, he failed to explain what i the relation
between the methcd of maxims and that of tangent. Az Boyer
commented, the reazon is that Fermat wae thinking in terms
of equations and the nfinitely emall rather than of

functions and Vimiting idea.

- The idex of 1nfinitezimal appeared only in the
early work of Rene Descartes. For example, he uszsed the
phrace “first instant of itz movementse’ to decscribe the
force drawing 3 body. After the publicaiion of Geometrie
in 1437, he hzd & tendercy to replace the i1dea of
infinitesimal by algebraic and mechanical conceptions. In
criticizing Fermat‘cs method of tangent, he ectabliched hic
own method of tzngent which iz purely algebraic. Moreover,
there was no notion of 1imit and infinitesimal involwved.

Howewver, from = modern point of view, hi¢ procedures could

be interpreted in terms of defining the tangent ac the limit

of secante.

- Having reaxlized the powerful idea of infinity
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and infinitecimal emplored in the work of Cavalieri and
Fermat, John Walliz sought the independence of arithmetic
from geometry. He regarded a plane as an infinite number of
infinitel, emall parallelograme which coculd be concsidered as
lines. He furiher associated numbere with these magni tudes
and performed arithmetic operations. Besides, he introduced
the sy mbol """ Ffor infinity and "1." for infinitely small
quantityv. More than thiz, he not only allowed to uce
categorematic infinity in arithmetic but also manipulated

it as a number throughcout hic work De sectionibus Conicis

He 3leso drew an snalogy between the properties of the

infinite and thoze cf finite. For inetance, from

oo+ L (1 4+ 1 = 173 + 1/6;
i+ 1+ 4 S 4+ 4+ 4y = 1/3 + 112
(D 4 1+ 3+ %) (T + P+ T+ T = 1/3 4 1/18;

he abzerved that the greater the number of terms, the closer
the ratic sppro. irmzted to 173, He argued that acs the
procedure contiruesz to infinity, the difference between 1/3
and the ratic w:ll completely vanish. Thus, the ratio for an
infinite number of terms 1= 1/3., Here, the noticon of l1imit

of infinite sequence was indicated vaguely!




= Through studring the problem of quadratures,
James Gregory cbtained a convergent series by constructing a
sequence of inscribed and circumscribed polygons to 3
circle, He azserted that the 1imit of thic convergent series

could be concider zd 2= the last polyqgon of each series and

thie la=st polygon will give the arez of the circle.
Considering that the 3rea of 3 circular sector ie & function
of the radius and the chord, he upheld that the ‘paczzage to
the 1imit’ ie an i1ndependent arithmetical operation in the
definition of function. Becidee, he aleo noted that thies new

arithmeticsl operaticon may create new numberz as well a

m

tranccendental functicn=s.

- Thomsz Hobbes (1382 - 1479) criticized Wallie”
werkK due ko hie cwn belief that mathematics ie an
idealizztion of cencory perception. He upheld that the
infinitely small magnitude is the smalle=’ possible line,
plane or s2lid. In the connecticon with the motion, he
introduced the concept of the constus to clarify the 1des
of motion at & point az the beginning of the mation in an
infinite emall interval which ics lese than an, giwven
interval. Becides, he also tried to ancsvier Zeno’s peradones
by arguing that ‘whern the time interval haes disappeared, the

tendency toward motion remains’ [EBoyer p.17%1,

59




Unfortunatel:;, none of thece attempts succceeded
mathematically. Ae Boyer commented, the notions involved

here were intellectusl rather than empirical.

- aAncother critic of Wallie was lesaac Barrow.
Barrow maintained that the conception of numbere should be
bacsed on the gecmetrical interpretation of continuous
magnitudez., He viewed continuous magnitudes either as
continuous flow of one instant or point; or as an
aggaregaticon of inctants or points. He expressed that there
te no difference 1n regarding a line as composed of points
or of indefinitel, =mall linelets.

Furthermore, he thought of a tamgent of a curve naot
only a2z the prolongastion of one of the infinitel, many
linea)l elemente of which the curve might be assumed to be
composed but slso as the directior of motion of a paoint

which, by moving, generated the curve.

In summar », mathematiciane in the “century of
anticipation’ develcped & lot of method:s to solve calculus
problems. é&though moet of them ennlored the idea of
infinitesimal, their imzges towardes the underlring notions
were considerazbly Sivercsed., This can be seen through their

explanations of the sublect.
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The evcolution of the notion of 1imit and tangent
could be traced from the work of Stevin and Valeric to that
of Gregory, from the method of Torricelli to that of
Descartes respectivel . On the other hand, the noticn of
function wss far from being formulated. Yet, from Galileo to
James Gregory, the definition of function proceeded towards
a greater zbztraction.

Another feature of thie pericod wae that ad hoco
methods were widely used to dizcover new resultzs. Now and
then, the neglect of rigorous foundations of thece methods
caused much controvercies. Howewver, theze method:z did qive =

csaticsfactory preparaticn to the barth of calculue.

2.9 Fhace 4: Newton asnd Leibniz

Both Sir leaac Newton (1642 - 1727) and Gottfried
Wilhelm Leibniz (1844 — 17164) are credited ac being the
inventors of the calculus. Their contributione mainly lay in
the recognition of the inverce relationcshipe between the
problems of quzadrature and those of tangent as well sz
developing the systematic procedures to deal with the
gimilar problems in general, Athough both of them acquired
retevant knowledge from their predecessors in ordaer to

establicsh the &algorithmic procedures for the csublject, their
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points of view and modes of presentation are quite

different,

Newton, who followed the line from Archimedes,
Galileo, Csvwxlieri to Barrow, outdid hie teacher, Barrow, in
realizing the significzance of Wallie’ arithmetization.
Newtor s conception of number included irrstionsl ratice and
negative ratice. His mode of thought could be divided into
three different stages according his three expositions of
the calculus.

“z early a

"
m

1445 - 44, Mewton ztarted to formulate
hie calculue after he had attended Barrow’s lectures and had
dicscovered the binomial thecrem. In hiz monograph (1446%),

Le Ansl,zi per dmeguationes Mumere Terminorum Infinitas , he

determined the area under & curve by sclving the inverce
protlem, that 13, he supposed that for the abscissa x and
the cordinate », the zrea z under the curve ic given by

n+1
zZ = 3 xn

S (n + 13 and derived that the curve will be

n
a ¥ ,

i

Y
In his procedures, he firet employred the idea of

infinitely sm2t1l, both geometrically and analrtically, to

ectabliceh the infinitesimal increase in x, denoted by o and

the correcpondino auagmentation in area, denoted by ox. He
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obtained

Z + ey = na (x +o0 ;n+m)/®%n + md,
Next, he applied the binomial theorem to the right hand
cide, removed the termes without o , diwvided through by o ,
neglected all the termes <till containing o and finally
arrived at the result y = ax",

Examining MHewton‘s procedurecs closely, we notice
thst he not only derived the general method for finding the
inctantaneous rate of change but also showed that the
summation of infinitel» =mall zrezz could be accomplicehed by
revercsing the procezs of finding rates of change. Inm such a
way, he made the idea of determining ratee af change
furndamental in hie calculue. However, he did not erplain
clearly the noticorn: involved in his procedures. As Borer

commented:

"Tt will be noticed that al though the work of
Newton contains the essential procedures of the calculus,
the justificatiion of thece iz not clear from the explanaticon
he gave, Newton did not point out by what right the terms
involving powers of o were to be dropped out the
calculation, ... . Hie contribution was that of facilitating
the operations, rather than of clarifying the concepticons.
As Newton himsel+ admitted in thic work, his method is

‘ehor tly explained rather than accurately demonstrated”."
[Boyer p.i1%2 - p.1731

In arder to remove the harcehnecs: from the doctrine
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of indivicibles, Newton changed hics point of view towards
infinitely small in hie second exposition of calculus,

Methodue Fluricnum et Serierum infinitarum , which was

writtern 3about 1671, but not published until 1734. In this
work, he conceived of geometrical magnitudes as generaied by
continuousz motion of pointe, lines, planes, rather than acs

aggregates of infinittesimal elemente ae in the De Analys. .

Subject to thiz chasnge, a variable quantity iz called a
fluent, dencoted by =, ¥, 2 and a rate of changed of the
fluent iz =aid to be & fluxion, dencoted by %, ¥, z. Due to
thece newi terminzslogiez, the fundamentasl problem of the
calculus was stated much clearly, that is: given the
relationship between two fluents, find the relation between
their fluxionsz, snd convercelsy . Moreover, slight
modification 1n the earlier exposition wase aleso given,
Bazically, he used %o and ¥o to represent the indefinitely
emall increments of fluent x and ¥ recspectively. In finding
the relation bestween the fluxion % and ¥ for y = xn, he
firet ec:abliched

)’*):'°=(><+';:o)n
and then proceeded 3z in his earlier work to obtain

y = nxPh

Al though Newton’s view of infinitely small changed

from the static indivieible of Cavalieri to the dynamic
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movement of Gslileo, he could not cffer better clasrification
for neglecting the terms containingo. Hic explanation was
that the infinitely small increment of quantities could be
concidered &as zero in comparsion with the one retained.
After all, that the justification of neglect of infinitely
emall depended on the noticon of limit waes not yet clearly

formed in hiz thought.

Bezides, Newton also noticed that in hie theory of
fluxion, the valuesez of fluxions themselves are not ac
meaningful s their ratioco. Prehaps, due to this obeervation
as well as hie disszsatisfication with the explanation for
digscarding the termes containing o , Newton formulated
another approsch - the method of prime and ultimate ratio -

in his third expeosition, JTractatue de Quadrztura Curvarum ,

written in 1476 but published in 1704, In thic treatise, he
attempted to abanmdon a1l the argumente involving infinitely

small. In determining the ratio of fluxions y/x for y = xT,

n
he tirst repltaced P by ¢ x + 0o ) where o stands for the

increment in », then obtained the increace of xn,

n-1

Mo + [(n? - n)/2]°2xn-2+

by applying binomial theorem to (x +° fi. At this stage, he
considered the ratio of ¢ and the increace of xn incstead of

the infinitely sma211 argument which led toc the omission of
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the terms containingo. In doing so, he arrived at the ratio

n-1 2

1 to nx + [{n “-z+

- n)/23ey vse » Now, by allowing the
increment o to vanicsh, the resulting ratio I to nxN"?
would be the ultimate ratio of ‘evanescent increment’ or the
prime ratic of ‘nascent augmente’,

Yet, the above argument could not successfully

protect Mewton from the criticism of the infinitesimal

quantities. As Confrey [2] commented:

"The bzazic argument being put forth was as follows:
Prior to vanizshing there ics no ultimate ratio and once the
fluent has vanicshed there is no ratio at all" [Confrey,
p.11013

Mewtorn himesezlf seemed also realized the weakriess
for he included 211 three approaches in the Principia

Mathematica Philocsophiae MNaturalis of 1687,

Another contribution of Newton waes the use of
infinite series 1n connection with the binomial theorem.
With the aid of infinite cseries, his fluxional method could
be applied to a large clases of functions in comparsion with
tho.- handled by his predececscors. More than this, the
series representation of function alsc led to broaden James

Gregory’s notion of function in the following century.

-1-)



However, Newton himzelf still viewed function as the path of
moving point due to his drnamic considerations towardes the

subjects.

around 14672, Leibniz, who followed the thought from
Demucritus, Kepler, Fermat, Pascal to Christian Hurgens
(1429 - 1495, waes alsc aware of the inverce relationshipes
between tangents and quadratures through studring the work
of FPacecal. He noticed, on the one hand, that finding the
tangente depended on the ratio of the difference in the
ordinates and absciczas, as these became infinitely emall,
On the other hand, determining the quadratures, relied on
the sum of infinitely thin rectanglez which were formed by
the ordinate and the infinitesimal intervals in the
abzciszas. Owing to thie cbgervation, he used symbol dx to
represent the difference and jx, later written as dex, to
reprecent the sum. These notations did facilitate his
discovery of the rules as well as the development of

algorithme.

Differently from Newton, Leibniz made the idea of
finding “difference’ or ‘differential of a quantity’ as
fundamental in developing his general procedures. Basically,

he first establicshed rules for finding ‘difference’ of xy,
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written as dix»), In the beginning, he wondered whether
d{x»)> = dxdy. Later, he concidered

dixyr = (x + Oy + dy) - xy
and arrived at dixy) = xnd»r + ydx + dxdy. Observing that dxdr
was infinitely emall in comparsion with xdy and ydx, he
arrived at dinw) = xdy + »dx. He went on to extend this
result to d(xn) = nxn-ldx, for a1l positive integer n. By
arguing that the summation is the inverse of determining a

‘difference’, he concluded that area under the curve y = x0

should be xn+1

Al + 1), From this brief description of
Leibniz’s discovery, it can be ceen how strongly Leibniz
believed that a correct result would be cbtained if the
rules were properly applied. Due to this belief, he

emphasized the algorithmic nature of hie method and tried to

define diffsrentiales of higher orders.

Yet, the justification of the omission of dxdy in
Leibriz’s proceduresz csused much criticisms. In defending
thise, he appealed to the infinitely emall consideration
which resembled the doctrine of Robervail and Pascal, that
ie, a point is nothing in comparcion with a line. What
Leibniz did wzas tc translate this doctrine intoc aigsbraic

form and concludec that by differentials of higher order

could be ne=glected in comparcsion with lower order.
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In the early work of Leibniz, the notion of
differentiale were conceived as finite, assignable
quantitiez. The omission of dxdy forced Leibniz to ponder
about the trancsition from finite to infinitesimal and the
nature of infinitesimal. Moreover, since the significance of
the differentials lay in their ratiose and not themeselues,
Leibrniz had to conzider the ratios of infinitesimals., In
order to settle these questione, he thought of infinitely
smzll differentials variously as inascignables, 3z
qualitative zerao, and as auxiliary variables throughout his
later worl,

In the beginning, he rescrted to analcgies in order
to explain the infinitely small differentiasals., He considered
hie differentialz sz the momentary increments or decrements
of quantities in Newton’s work; and the infinitely small
quantity ss resembling 3 point to the earth., At ancther
point, ke conzider:zd the differential as a quantity less
than any given quantity, In replying whether the
differentials were aszsignablez or not, he exprescsed that if
cne wished rigor, the “ascignablez’ could be replaced by
‘inassignsblecs’. However, he explained neither how the
replacement aof zzz.gnables, rnor how the trancition between

finite and infinitesimal, could be justified.
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Having failed to qive clear explanation, Leibniz
evokKed the naive idea of continuity tc abridge the

transitione. He =tated the law of continuity as following:

"In any supposed transition, ending in any
terminus, it iz permicsible to institute a general
reascning, 1n which the finaxl terminues may alsoc be
included.” [Borer p.2171]

Then, he aspplied thie principle to explain his

manipulation. He said:

“the difference ie not assumed to be zeroc until the
calculastion ie purged 3¢ far as ics poscsible by legitimate
omissicong, and reduced to ratiocs of nonevanecscent
quantities, and we finzlly come to the point where we app'y
our result to the ultimate case” [Boyer 5.217 - p.2181

However, hic attitude towaides infinite and
infinitesimal ceemed to be somewhat uncertain in hie later
gar-¢. On the orne hand, he expressed that all numbers are
finite and acscignabkles in his Theodicee . On the other

hand, he virote to Guido Grandi (1871 -1742) that:

"Meanwhile, we conceive the infinitely emall not as
a2 gimple and sbstract zero, but as a relative zero, ... ,
that is, ae an ewvanescent quantity which »et retaine the
character of thst which i¢ disappearing.”" [Boyer p.218 -
p.21%1
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Yet, at the other time, he explained that he
believed neither truly infinite nor infinitesimal magni tude.
Prehaps, the vacillations of views could be explained by the
divercse imagees *hat were evoked when he tried to settle a

rezolution.

Leibniz conceived the ares under & curve as the cum
of an infinite number of infinitely narrow rectangles. Being
unasle to explain why the sum of an infinite number of
infinitesimals might turn out to be finite, he could rnot
answer the paradoxes of Zeno properly. He did use 1nfinmite
series but he thought that the real goal chould be to end up
with finite terme. Thic led him to oppose the expansion of
function into ceries, Marbe owing to th' s objection, his
view towarde function was somewhat different from MNewtun. He
censidered function as “quantitiec that depended on &
variable’, or ¢ “any quantity varying from point to peoint
of a curwe’, Yet, he failed to distinguicsh clearly between

independent and dependent variables.
As a result, the different views held by Newton aad
Leibniz may be exptained by their manner of working, their

mathematical experience as well as their personal tastecs.
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Newton, an empirical scientist, developed his fluxion in
term of moticn, whereac, Leibniz, & cspeculative philosopher,
expressed his differential in thought of ‘monad’. It is
interesting to note thxt both of the inventores tried hard to
reconziruct their images to accommodste the new challenges.
Yet both of them failed to clarify the underlying notione in

their methods.,

2.6 Phase 5: The period of Indecicion

Throughout the whole of eighteenth century, the
foundation of the method of fluxions and tne differential
calculus wazs questioned by many mathemscicians and
philoscphers. Although they might not have contributed tu
the subject dirw _tly, their criticisme did have a positive
impact. Thus, it i€ interesting to stud, their images
towarde the subject as well. Another characteristics o+ this
period was a number of waricus resolutione proposed for the

rigorocus foundation of the calculus.

The moest significant attack was made by the
philozopher, George Berkeley (1485 - 1733), in his The
Analy st ir which the subtitle ics: Or & Discourcse Addrecssed

to an Infidel Mathematician Wherein It I1s Whether the
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Object, Principles and Inference of Modern Analysis Are More
Dietinctly Conceived, or Maore Evidently Deduced, Than
Religious Mysteriouz asnd Pointe of Faith., “Firet Cast the
Beam Out of Thine Own Eye: and Then Shalt Thou See Clearly
to Cazt Out the Mote Out of Thy Brother‘e Ere.”

In this work, Berkeley did accept the validity of
the resulte but cri*'cized the lack of legitimate arguments
in the methode of MNewton and of Leibniz. Basgsically, BerKeley
argued that the confuszion came from Newton first considering
the increment not to be zero and latter allowing it to be
zero, in order to arrive st the resulte. On the other hand,
Leibniz’e method for finding the tangent brs meancs of
differentials actuaily gave the secant rather than the
tangent. The valid resulte were obtained only because of the
twofold mistakesz, Morecuer, Berkeley himzelf erprecsed that
mathematice should desl with conceivable ideas. Thics view
led him to think of geometrical magnitudes as composed of a
finite number of indivicsible ‘“minima sensibilia’ and reject

instantaneousz velocity as a mathematical abztraction.

In England, James Jurin (1484 - 1780) refuted
Berkeley‘z attack by resorting to the idea of infinitesimal
and of unacssignable magnitude. He upheld that the magnitude

of a varighle quantity was not all determined but



perpetually changing till it became zerc. Moreover, the
ultimate ratios of vanishing quantities was the last ratio.
In modern terminclogv, Jurin asserted Lhat the limit of a
sequence s, is the laszt term of Spe
Digzaticfied with Jurin‘e argument, Benjamin Robins
(1707 - 17S1) made hie own attempt to defend the doctrine of
Newtorn. He upheld that the wariable quantities in fluxional
method should be interpreted in terms of prime and ultimate
ratios. Contrary to Jurin, he sscserted that variable
quantities need not zattain the l1imit, but approach it within
any degree of nesrness through a perpetual augmentation or

diminution.

Ee

m

ide the Jurin - Fobine controversy, there were
many other attemptsz to clarify the foundation of the
calculus in England. Colin Maclaurin (1498 - 1744) defended
Newton’s fluwiorzal method by way of geometrical rigor. He
barniched the infiniteiy small as inconceivable and felt that
the idea of incstz-tsnecus velocity might be introduced in
geometry. On the cther hand, Brook Tayor (1685 - 1731)
sought rigor in terme of an arithmetical procedure. He dealt
with finite incremente but could not evplain their

transition to fluuwions,



Overall, the British mathematicians failed to give
the rigorous interpretation of the cslculus, partliy due to
the confusion betveen fluxions and momente and partly
because of theic waegue ides of the limit and function

concept. As Boyer commented:

"... the confusion in the interpretation of the
limit concept wasz due to the lack of a clear distinction
between quections of geometry and thoce of arithmetic, and
to the abzence of the formal idea of a function.” [Boyer
pP.235 - p.23&1

Mearnvhile on the continment, the craiticisms of
Leibniz’s work came from EBernard Nieuwentijdt (1454 - 1718).
Mainly, he questiconed about the nature of infinitely emall
and the convergence of asn infinite series. Fortunstely, the
continental methematiciane paid little attention to the lack
of sound foundaticon, On the other hand, there was a3 tendency
to link the cslculuz with the concepte of limit and of
function. The re=zu:ts of this trend were: (1) the emphacic
on arjithmetical and 2lgebraic manipulation in the
procedurez; (2> th: employment of the concepte of limit of
function ac a base to develop the theory of calculus. Under
such an environment, the differential calculus grew more

rapidly in the continent than in England. A summary of



continental mathematiciane’ images of the subject ic as

followse:

- @&lthough James Bernoulli (1455 -~ 1705) gave a
cattion not to use the pseudo—-infinitecimal, his attitude
towarde infinitely emall differential wae uncertain. He
thought of differentiale as variables and as imaginary
eymboliem., He wzz aware of the Euclidean axiom - “If equals
are taken away from equals, the results are equal’ - failed

to haold for infinitely emall quantities.

- John Bernoulli (1867 - 1748), James’ brother,
accerted the existence of infinitesimal by using the
reciprocsl relastionship between the indefinitely small and
indefinitely grest. Since the sequence of natural numbercs is
infinite, the infinitesimal existe. Moreover, he put forth
Leibrniz’e view about the notion of function. He defined a
function as quasntitiecs formed by algebraic and

transcendental exprescions with variables and constants.

-~ Under the influence of Wallis and Bernoulli,
Leonhard Euler 1707 - 1751) was dicsatiefied with the
geometrical interpretations in the calculus. Thus, he sought

the formal thecory of functionm as the bacsics of the subject.
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Besides the introduction of the notation f(x), he defined a
function as a single analytical expression formed in any
manner from a variable quantity and conztants. Soon, he
found through the study of the vibrating-string probliem that
this definition wase insufficient. Concequently, he

generalized his own conception of function as:

"I1f come quantities depend on othere in such a way
ag Vo undergo variation when the latter one waried, then the
former are functions of the latter" [Kline p.S0&]

Urnder thie new definition, he admitted that one
furction may have different expresciones in different
domains. It ic alsc interesting to remark that Euler thought
that a function is dicscontinucocus at points where the
expression changes form. For him and his contemporaries,
continuous functicne have to be anxlytic exprecsione except
for an occacsional discontinuity.

Furthermore, he not only distinguiched between
algebraic and transcendental functione; between explicit and
implicit furnctione; and between cingle-valued and
multiple-valued functions but he also developed a eystematic

method to study their differentiales and integrals.

On the other hand, he acsserted that anm infinitely



small or evanescent quantity was simply zero and so were the
differentiale dv and dy. Thue, the methode in calculus were
simply the process of finding the value of the exprecsion
0/0 which represented the ratio of evanescent incremente
dr/dx. In such 3 way, he accepted the exiztence of zero
quantities whose ratiocos are finite number without further
Justificztion. Al=o owing to this view, he regarded the
integral as the inverse of the differential rather than a

process of summmation.

With respect to the infinite, he admitted o as =
number and sszerted that there were different orders of
infinity. For instance as dx = 0, a/dx =oce, hence a/(dx)z

will be infinite of the second order, and so on.

~ Meanwhile, Jean le Rond D &lembert (1717 -~ 1783
asserted that the bacsic of the calculus lay in the idea of
limit. He defined a2 quantity to be the limit of ancother if
the latter could approach the former within any degree of
nearness so that the difference between them wa. osclutely
inassignable. Under this definition, the varying quantity

would never reach ite limit, A a matter of fact, he was

only interecsted in thocse variables which were manotonic

within the neighbourhocd under concideration. Becides, he
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denied the existence of both the infinity and infinitecimal
and regarded function as a sgingle analytic expression

formed by the procese of algebra and the calculues.

- Another approach towards the foundsztion of the
calculus was proposed by Joseph Louis Lagrange (1736 -
1813). Not saticfied with the use of infinitesimal and
limit, he defined differentials and fluxions in terme cof the
coefficients of the Tayor series under the assumption that
every function could be represented by a seriec expanzior.,
In doing so, he intraduced the notion of the derived
function and ite notation f7x%x. Under csuch concideration, he
viewed a function as “any expression useful for calculation
in which the varisble entered in any manner whatscever’. In
such & "3y, he brosdened the notion of function by accepting
power series as legitimate function. Yet, he failed to
recognize the problem of convergence. In his mind, the

exprescion did nct really go on for ever!

-~ Simon L’Huilier (1750 - 1840) agreed with
D’Alembert‘s view towarde the calculus. He made the idea of
limit fundamental., Hice noticon of limit was based on the
ideas which were presented in the method of exhaustlion.

Consequently, he came up with the conclusion that the

9



variable is alwars less or greater than its limit but does

not oscillate. Furthermore, he accerted:

"14 a variable quantity at all zstages enjoys a
certain property, its limit will enjoy the game property "
[Boyer p.254, my underlinel

Pecidee, L‘Hutlier concidered the ratioc cof
incremente as a single variable whose 1imit is & single
number (the derivative). Thus, in his work, the derivative,
not the differential, becomes ess:ntial. Mareover, he chared
D‘Alembert e rejection of the existence of both the infinity

and infinitesimal.

- Louuis Arbogast (175% - 1803 supported

Lagrange’s views towsrds the calculus. Through the study of
whether asny function can be represented by series expansion,
he made the distinction between continuity and contiguity,
discontinuity and diccontiguity. His views were described by

Grattan-Guinneszs [?] ae:

"/Dicecontinuoue’ curves are o becauce the) are
defined by different laws for functions?) or by no law at
all, but they are continuous to the modern view as they do
Join up. Qur conception of dicscontinuous functions,
functions with Jumpz, te called ‘discontiguous’, and for
Arbogast continuity ie broadened to include contiguity,
connectedness - including, one presumes, vertical lines



R e WAL TR TIasriowenemsy

Joining jumpe." [Grattan-Guinness, p.104]

- Sslvestre-Francois Lacroix (1745 - 1843), on the
one hand, tried to interpret the method of seriecs in terme
of the method of limit. On the other hand, he used the idea
of infinitesimal whenever the method of 1imit could not
provide & rigorous argument. Alsc under the influence of
Leibniz, he confuzed the coefficient of the Tayor seriecs
with a gquotient of zerc. Besides, he introduced a broader
notion of a function. Basically, every quantity whose value
depends on one or zeveral others is called a function of the
latter. Explicitly, he aleo pointed out that it was not
necessary to Know the operations between those quantitiecs,
This was, in fzct, a significant improvement for he viswed
functionzlity az = matter of relationcship, not = a formal

representation,

Throughzut thise period, many other mathematicians
searched for the faundations of the sublect, Mainly, their
works were based on that of Euler, of D’Almbert and of
Lagrange. Questioning the validity of Lagrange’s assumpticn
that every continucus function (in modern cencey can have a
series expanzicon, =rought up the connection between the

method of ceriec arnd that of Yimit. The gradual evclution of
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these notions gave & suitable preparation for the next
period.

Fur-thermore, the applicatione of the calculus
enriched the subject itself and new images were created
through thece applications. Consequently, accommodating
theze new images into the existing notions led to ancther

level of abetraction.,

2.7 Phace &: The rigorous formation

The need for the formalization of the notiore of
function, limit, infinity and continuity grew continually
not only through studyring the calculus but also other
csubjecte like the theory of wave and heat. Mainly, the
quesztions vere: 1) What iz the relationship between ‘prime
and ultimate ratios’ and 0/70% (2) What ic meant by a
function in general and by & continuous function n
particular? <3 What functions could be represented by the
infinite cseriec? Mathematicians like Bernhard Bolzane (178l
- 1848, Augustin-Louie Cauchy (178% - 1857) and Karl
Weierstrass 1815 - {18%97) made efforts to answer these

questiconz.

Mot czticfied that non-trivial proofs in the



calculus, for instance, the intermed ate value theorem,
depended on the considerations derived from spatial
intuition, Bernhard Bolzano formulated the definition of
continuity of a functiorn of one real variakle. Deccribing
thr relationships between 1imit and continuity of a

function, he wrote [181:

"ewecording to a correct definition, the exprecsion
that a function +(x) varies sccc Jing to the law of -
continuity for all values of % incside or outside certain
limits means just that: if x is some suco valus, the
difference f(x + w) - ${(x) can be made emaller than any
given quantity provided w can be taken as smzll as we
please.” [Russ p.142]

Then, Bolzano interpreted the derivative in terme
of limits of ratios of finite differences which basically
recembled that of L'Huilier. Viewing the quotient of finite
differences az 3 single function, he went on to explsin that
this function might have a limiting value at a point where
the walue of the function itself was 0/0. Besides, he was
aware that the continuity did nct guarantee the exicstence of

derivative,

B, pointing out that Lagrange’s method of series
neglected the quection of convergence, Bolzano gave the

criterion of the ‘pointwice) convergence of an infinite



series by using the idez of limit. Even though his idea of
convergence was significant with respect to the modern
definition of real numberes, he failed to distinguish between
continuum and densenecs. For instance, the rational numbers
posses the property of denseness but do not form a

continuum.

Bolzanc’s views on infinity recembled those which
had been used by other contemporary mathematicians, that is,
he rejected both the existence of infinitely large and
infinitely small magnitudes. Owing to this view, he
regarded, on the one hand, that the integral was the inverse
of derivative; on the other hand, he remarked that there
might be an actual infinity with respect to aggregation.
However, the impact of his workK was very small becasue it

remained unnoticed for more than a half century.

In Bolzano’s work, he gave a description of the
nature of limit rather than a formal definition. It was
Auguestin-Louis Cauchy who gave a clear arithmetical
definition. He started with the definitione of variable and

of function which were:

“One calle a quantity which one considers as having
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to succescsively assume many valuecs different from one
another & variable" [Kline p.¥501]

"When variable quantities are so joined between
themselvee that, the value of cone of these being given, one
may determine the values of all the others, one ordinarily
conceives thece diverce quantities exprecssed by means of the
one among them, which then takee the name independent
variable; and the other quantities expreccsed by means of
independent variable are those which one calle functions of
this variable" [Kline p.%501]

In order to integrate the notion of funmction into
other branches of mathematice, for instance, the theory of
heat, Cauchy admitted explicitly that an infinite series
could be used to represent a function. However, a function
might not be an analytic exprecssion. Moreover, he asserted
that a function has to be cingle-vxlu=. Besides pulting an
emphasic on the relations between variables in the
definition of function, Cauchy aleoc gave the definitions of
1imit ¢ well z¢ infinitesimal in termes of wariables. He

defined both of these notions as following:

"When the cuccessive valuecs attributed to a
varisble approsch indefinitely a fixed value so as to end by
differing from it by as little as one wisheg, this last is

called the 1imit of 211 the others.” [Kline p.®31, my
underlinel

"One saye that a variable quantity becomes
infinitely small when ites numerical value decreacses
indefinitely in such a way as to converge to the limit 0"

85



tKline p.9511]

A variable quantity pocssecces the above quantity
was called infinitesimal., He continued to define the
infinitely large az “a variable quantity becomes infinitely
large when ite numerical wvalue increscses indefinitely in
such a manner az to converge to the 1imit @ ° [KLine p.$511

1t iz interezting to note that Cauchy tried to
clarify both the notion of infinitely small and large in
terms of hiz notionz of Vimit and variability. Owing to this

veiw, he accepted ornly the potential infinit,.

Having broadened the notion of function and
ecstabliched the notions of timit, infinitecsimal and
infinitelr large, Csuchy started to formulate the concept of
continuity and that of derivastiwe. Since Euler, the
continuity of a function had depended on wnether it could be
exprecsible by weanz of a cingle equation. Disagreeing with
this approach, Cauchy interpreted the notion of continuity

in terme of limiting idea. He said:

"The function ${(x) is continuous within given
limite if between theze limite an infinitely emall increment
i in the variable » produces always an infinitely small
increment, f(x + i) - §{x), in the function itself" [Boyer
p.2771]
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Bacically, hic idea of continuity recembled that of
Bolzano. However, it ice interecsting to note that each of
their formulation came from different motivations. Yet, they
both ended up with a definition in terms of local

concideration.

Cauch, aleo defined the diccontinuity of a function
as follows: a function is discontinuous at a point if it is

not continuous in every interval asrocund that point.

Az Bolzano, Cauchy defined the derivative ac the
laet ratic of infinitely small incremente [fix + i) =~
f£4x1/1 when | approsches zero. He ;hen expresced the
differential in te~ms of the derivative. Although Cauchy
formulated the gprezize definition of both derivative and
continuity, he failed toc make the distinction between them.
He beliewed that continuous function must be differentiable

except at isoclated point such as x = 0, » = /%,
Since the invention of calculus, two different

viewe on intearsl exieted, namely, as a procecses of summation

and as the invercse of the differential (or fluxion). 1t was
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Cauchy who introduced the notion of the (definite) integral
ac a limit of a gum. Thus, the derivative and the integral
become two independent concepts. He was also the first
mathematician who precsented & rigorous demonstration of the

fundamental theorem of calculus.

after the notion of Yimit became eccsential, Cauchy
went on to attack the problem of convergence. In his view, 2
ceriec was convergent “if, for increasing values of n, the
sum =

n approsches indefinitely a certain limit ¢, the limit

e in this czase b

1

ing called the sum of the cerieg” [Eoyer p.
2811. Cauchy pointed ocut that an infinite ceries could have
a sum only if 1te 1imit exicsted and that the sclution of

Zeno’s paradove

(1]

la> in the concept of limit.

Yet, two of Cauchy’'s micconceptione are worthy to
look at. First, he chared a similar view with L’Huilier on
that the Yimit precerved the propertiecs possecsed by its
variable quantities. Thus he thought that the limit of a
gsequence of continuoue functions is continucus, Secondly,
there wae & circular reasoning in his theory of resl
numbere. Bacsically, he defined the irraticnal numbere in
terms of the limiting idea, that is, as the limite of

sequence of raticnal numbers, The circularity comes from the

0
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fact that the notion of 1imit presupposes the notion of real

numbers.

Unhappr with the phrases “approach indefinitely’,
‘as little as one wiches’, “last ratioz of infinitely small
increments’ in Cauchy’s dynamic approach, Karl UWeieratracs
tried to remove 211 traces of motion by formulating his
‘etatic’ approach. First, he defined variable as letter
designing any one of a set of numerical values. Then he went
on to define continucus variablesz, continuity and 1imit of a
functicon. Matnly, hic definitions are the came as the modern

€ -8 definitions. It ic interecting to take a look at his

definition of 1imit of function:

"f function has & limit L at x = x,if given any
positive number € , there exicsts a & zuch that for all x in

the interwal 1u - Kol €&, £ = L1 < €

In thiz definition, the idea of approaching ic not
involved. Instead, the precupposition of the limiting value
L opens the ctatic approach towards the notion of limit.
Concsequently, the problem of Zenc’s paradoxes loces ites

meaning in Weierstrases theory of limit.,

Becides, Weierstrasse was aware of the need for



formulating a definition of irrational numbere independently
of the limiting idea. Briefly, starting with the esicstence
of natural numbers, he concidered other numbers as compocsed
by aggregating different elements. For example, the number
1.41 is made up of 1a, 4b, lc where a ic ite principle unit
and b, ¢ are its “aliquot’ partes. Under the condition that
the esum of any finite number of elements ic alwavs less than
a certain retionzl number, he gpreoved thathE-ie the 1imit
of the variable sequence {a; la, 4b; la, 4b, lc; ... instead

of tresting it ag = detinition,

Around the came time, Charlee Meary (1835 - 17110,
Eduard Heine (1821 - 1881), Georg Cantor (1845 - 1%1&)
applied a similar ides to give the definition of irrational
numberz. On the other hand, Richard DedeKind (1831 - 1®1&)
adopted & somewhszt different approach. By noticing that
densenese is not continuity, he suggested to define an
irrationsl number by conceidering the division of a line into
two disjoint subsets, This division he called a cut. For
instance, he concidered two sets of rational numbere, the
first one consisting of those whose square are lese than 2,
and the second consicting of &1l the others., MNMoting that
this cut is not determined by a rational number, Dedekind

identified 1t as a new number, that is, the irraticnsl /2.
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In doing g0, every real number can be completely defined by
such a cut. The continuity of real numbers follows from the

continuity of the line.

Ey thie stage, the controversies in calculue were
bazically resolved. The arithmetical approach to calculus
led to the ctud. of cet theory. Concequently, the foundation
of the number s=rsstem wss accompliched by Giuseppe Peano

{185

o~

w

- 1932) who created « model for natural numbere. On
the other hand, the study of infinitesimal approach ted to
another form of calculus, Known as non—standard analycis

which was proposed by Abraham Robinson (1918 - 1974),

2.8 & remark on the noticn cof function

i a remark, it ie interesting to note that there
1 & gap between Cauchy’e definition of function and

Dirichlet-Bourbaki’'s definition, that is:

"# function ie any correspondence between two csete
(the domain and the range) which assigne to every element in
the domain exactly one element in the range."

The Dirichlet—-Bourbaki definition is widely

employed in today’s calculus text., In order to give a more
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complete picture of the evolutional process, I briefly

describe the development of function after Cauchy.

Studying the problem related to heat canduction,
more precicsely, the convergence of ‘Fourier ceriecs’, Peter
Gustav Lejeune Dirichiet (1805 - 185%) realized that in
order that for each x, the series converges ta a resl number
which 1¢ the walue of 3 given function f at %, the notion of
function muet be independent of mathematical operationes.

Consequently, he re-defined the definition of function as:

", ie a function of x when to each value of % in &
given interval there correcsponds a unique value of y" [Kline
p.7S01

vet, the notion of function were only defined cver
the real numberes. After Cantor developed hic set theory, he
implicitly expressed that given two sete N and M, ‘each
element n of N z definite element of M ie corresponded,
whereby one and the came element of M may be ucsed
repeatedly. The element corresponded with n from M is a
csingle-value function of n.’ [Grattan-Guinness p.208) Once
agsin, the notion of function was broadened, that ig,
independent of resx! numbers. With the birth of the notions

of metric and topologv, the study of the propertiecs of

?2
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function led to the nctione of domain and range [131.
/

2.9 The naive cancept evclution vercsuse Vinner’s concept
formaton

B> naive concept evolution, 1 mean the hiztorical
process of forming s concept. During thic process, the
contributors to the concept do not have any 1dea of ite
final form. However, through working with a particular cet
of problems, they roughly have a “feeling’ for it. At the
moment when they could extract common properties from their
problemsz, they are likely to describe this abestraction by a
definition, Lat r, when & new problem or situation appears,
either they tr, to generalized their original idea in such &
way *that the new information ie accommodated; or they just
ignored thtiz inform=tion. Thie can be seen through the
development of the rnotion of function as well as the
quecstion whether the infinity should have ite place in
mathemzaticz. My 1ntention here i to point out thal the
evolution cf ¢ mataemstical concept dependes on the concept

imagez held by its contributors,
Having thie assumption in mind, I examine closely
Vinner‘s model o+ concept formation. If the learners only

react to a given tast according to their concept image, why
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is the process of learning a mathematical concept, in
general, shorter thzn the process of forming it in the first
place? Of course, the answer to thie quecstion involves many
factore, for instance, a coherent was of presenting the
subject, a good tesching strateg», ... etc. Among all of
thece, 1 ¢hall add that learners, in fact, evperience
implicitly the final form of the concept, for the materials
they learn from are carefully built up around the formal
concept definition which describes precisely the underiying
noticon. Under such eetting, certain concept imagee which vre
conzistent with the formal definiticon are expected to be
created tliough thece materiale. From thice point of view,
the learners may not construct their concept imaaes directl,
from ti,e concept definition, but indirecti» from it. Thuz,
the concept definition should have ites role in teaching and

learning mathematics., After 311, it i

)]

the responsibility of
the teachers and mathematics educators to makKe & good use of

definition!

zZ.10 Educzationz)l implications

Through thic brief study of the development of the
calculus, some edocational implications will be made,

namely, thzat:
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(1> The concept definitions of function, limit,
continuity wiich are prescently taught to studente lack of
motivations which led to their creatione and so do not help
creating suitable concept images. On the one hand, they are
too abztract to undercetand; on the octher hand, their final
forme are far removed from the original idea. Consequently,
if we prezent thece notions by using formal definitions,
difficultiezs for students to create accsociated concept
images will be expected.

Howewer , if we precent the material based on
intuitive idess, confusions will 1ikely occur in later
learning if those ideas are not consicstent with the concept
definition., A better approach might be based on the conrert
imagee of the lezrnere, complemented by those imagesz of the
contributorse of the subject, in order to develop a teaching
strategy which will be concistent with the concept

definition.

(2) Different approaches chould ke encouraged in
teaching situation. As we have <seen, matiematicians have
ucsed different approschees to arrive at the same recult.
Thus, given a task, there maybe more than one approach to

handle it. Being aware of this, the teachers should




A,

encou age studentes to uce students’ own approach to a given
task. In doing so, the students will learn to dicscover their
own methads rather than memorize the given methods. Of
course, teachers chould alea guide their studer.iz to
reconstruct their concept images if their approach does not

get along with the formal theory.

(3 @A grezt diescovery or invention often came (i om
the discatisfication with the previocus approachecs; or the
awareness of common properties of & cset of problems. Thue,
the intuitive approsch chould be adcpted before the =tudents
are aware of the need of formalistic approach. For instance,
the formal definition of ccntinuity should be given after
precenting certain examples in which the intuitive approach

fails.,
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3.1 Introduction

In thie chapter, cstudies which reveal the student’s
concept images of some mathematical concepts in the calculus
csuch as the nation of number, the noticn of function, the
notion of limiting process, the notion of continuous

function and the notion of tangent will be reported.

In the pazt many yeare, lotse of studies have
examined ztudente’ views towards the bacsic notions in the
calculus., Some of these notionz, for instance, the notion of
number and the notion of function, are gernerally taught in
the high school. Yet, other notiones such as the limiting
praocecses, though not taught explicitly in the high school,
can be conceived through the intuitive approach before
taking the calculue. Hence, in order to give & more complete
picture of students’ concept images, some studies which
report thoce concept i1mages held by high schoal cstudents are

also included in this review,
In chapter 2, I have alrealy investigated the
concept images heid by the contributors to the calculus. In

this chapter, I further compare the concept images held by
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the students and by thece contributore. Some ocbservations

will be dizcussed.

3.2 The notion of number

Under the formalistic approach, the underlying
notione in the cslculus are based on the concept of number.
J. Confrey (1980) [2] adopted the theory of corceptual
change to ascsert that there ies no single number concept to
resclve different problems and different dilemmas in the
calculus, According to Vimnner’s model, this can be explained
by the different concept images that are evoKed under
different stimuli., Consequently, in order to examine the
students’ wviews zbout number, or more specific, about real
numbers, ditfterent tssks which are expected to evokKe
different images should be given. In this section, two main
iesues, namely, the dencity azpect and the decimal
representation of real numbers will be discussed according

to the work of 1. Hidron and S. Vinner.

3.2.1 The dencsity acspect of the raticnsl numbers

s we have ceen in chapter 2, B. Bolzano confused

continuum i th denceness and so failed to give a




satisfactory resclution on the cocept of real numbers. On
the other hand, R. Dedekind succeeded in defining real
numbers by noticing the difference between the two concepts.
What, then, are the studente’ views about the dencity aspect

of the rational numberzs?

The ctudy

In 1983, Kidron and Vinner [10] studied the Kind of
images held by high school etudents about the density azpect

of rational numbers by acking the following gquecstion:-

"Students were told that in an 3lgebra lesson on
rational numbere a teacher had written down two rational
numbere and had azked his students whether there were more
raticnal numbers between them and if they were - how many.
One of the =tudent:z to whom this wae told claimed that the
answer depende on the two given numbers. A& second student
ctaimed that there are always numbers between two given
rationale but the number of these numbers depends cocn the two
numbers. A third student ciaimed that there are alwaye
numbers between two given rationalse and the number of thece
numbere does not depend on the given numberes. Who is right
and why?"

The sample of thie etudy consisted of %1 grade 10

and 85 grade 11 students at the high schocl in Jerusalem.

Recul ts

99




RENOFIs 27T RATTET T WA

The results indicated four different views. They

were summarized as follows:

€1> 20% of the sample held that given two
rationals, there was 2 finite number of rationals between
them and that the number was dependent om the giwven
rationsle. For example, come of them explained that ‘it is

impossible to write down numberes in between two concsecutive

numbers. For instance, 1/2 and 237,

(2) éAround 1S4 cut of the total thought that there
was always ancther rational between two given rationals.
Same ezprecced that no matter how clocse the given rationals
were, it was possible to find numbers between them. For
instance, S%271740 lay between 1/2%9 and 1/30. However, this

group did not answer how many such numbercs could be found.

{2 Abou*t 1% concidered that given two rationals,

there waz an infinite number of rationals in between though

the Kind of intinity depended on the given raticnals. For

inctance, one students wrote:

"The dicstance on the number line determines the
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number of numbere between two given numbers; if the distance
iz greater there are more numbere"

Thiz Kind of view resembled the idea of
mathematiciane such as Gzlileo (see Z2.4) around 16 and 17
century. The difference between Galilec and this student was
that this student boldly made his {or her) comparszion

without further jucetification.

T4  Around S04 of the subjgecte beliewved that given
two rationaslz, there was an infinite number of raticnals in
between independently of the given raticnals. Some of the
studente appealed toc the general arguments to support this
view. For inctance, the procecss of finding & new raticnal

betwesn two given rationals can go on for ever,

Few studente related their explanation to

irrational numbers. For instance, one student wrote:

"The <tudent who claimed that the ancswer depende on
the number iz right, cince it ie possible that the two given
numbers are concecutive and there are no rational numbers
between them; for example: two numberes between which lies
the number % which is irrational." Imy underlinel

Kidron and VYinner concsidered that this image
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indicated ‘& beginning of an accommodation process’, that
is, the student tried tc find csome way to link together the

concept of rationales and that of irrationals.

Moreawver, some students viewed the densenece as a
property of real numbers rather than the rationals. For

ingtance, one cstudent explained:

"The third student is right since between two
numbers, there are infinitely many numbers and therefore
probably some of them are rationale"

Comments
Quver alil, what Kind of intuiticons or beliefe are
held br the students when the density aspect is discussed?

Some commente are made as followe:

£1y The image that numbers were consecutive

caused difficulty to conceive the idea of denceness. As the
data showed, the idea of consecutive numbers was constantly
evaked. Thic might come from the experience of natural
numbers and integerz. Often, in the elementary algebra text,
the phrases l1ike “find two concecutive numbers’, “find two

consecutive even numbers’ were frequently used. Of course,
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the word ‘numbers’ here stood for ‘integers’ not rational
numbers or irrational numbers. Howewver, the studentec might
not be aware of the difference and so the image that numbers
Cincluding rationzle and irrationals) were “concecutive’ was
created., Furthermore, 172 and 2/3 were ‘consecutive’ might
come from that {1 and 2 in the numeratore ac well as 2 and 3

in the denominatore were consecutive.

(2» The image of rational as the quotient of two
integers may cause confusion. In Kidron and Vinner’e study,
some ctudente fxiled to conceive the denceness of raticnals

due to this conception. For instance, one student wrote:

"“Between 172 and 173, there are no rational numbers
because 1/2.9 is not rationasl since it is not presented as
an integers over an integere"

Eecides the incorrect operationes in finding the
mean of 1/2 and 1/32, the answer showed that an inappropriate
image was created by considering & raticnal number as the
quotient of two integers, After all, 1/2.5 could be
rewritten as 2,5. Moreover, a remark on the incorrect

ocperatione was that the image of rational was 1/n.

(3} Another interesting observation in Kidron and
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Vinner’s study was that no student even mentioned the
decimal representation of rationals. Prehaps, this might be
explained by that the decimal representation of rationals
needed further mathematical reasonings as well as some
direct ctimuli. Reminding ourselves that Michael Stifel (see
2.4) could not decide whether irrationals were really
numbers, after ztudving the decimsl reprecentation, it was
waor-th to look at the studente’ points of view about the

decimal reprezentation of numbers.

3.2.2 The decimz?! reprecentstion of resl numbers

In 185, Yinner and Kidron [38] examined whether
the students recognized the decimal repreczentation of real
numbers. Two mor-=tandard questions were posed to 91 tenth
grader and %7 eleventh grader at a high school in Jerusalem.
The firet question addressed the repeating decimal
representation of rational numbers and the second one aimed
at the intfinite non-repeating decimal representation of
irrational numbersz by askKing how an infinite decimal was

formed,

Quection | (Rat.zrale as repeating decimals)

A teacher asked b1z =tudents what is the 50th digit in the
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decimal equal to 1/7. One student claimed that it i¢ too
much work to carry out S0 divicsion stepe. Another ctudent
claimed that it ic possible to find the answer in lese than
50 steps. Who is right? Please, explain!

Rezults

As the ancwers to this question indicated, three

2T =

different viewsz were invokKed:

P —

' (1Y 10 of the sample thought that the decimal

representation of 1/7 was not repeating. The studente in

e N e R

thiec group uzually ctopped their long divicsion caiculations

before the decimal began to repest.

$2y 12 of the sample did not kKnow whether 1/7 was
repeating or, at lesst, not in advance. Most of the students

in this group proposed carrying out the detail computstions,

PR

(3 74 of the totsz) believed that 1/7 was

i g

repeating. Among them, only 34 argued the repeating of 1/7
by mathemztical reasonings instead of actually dividing 1 by
7. For instance, the possible remainderc were investigated.
217 gave no explanation and 494 found out the repeating

decimul by performing certain ctepe of divieion.
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Vinner and Kidron concluded that 3% and 21%,
totally 244, of studente recognized that any fraction has a
decimal reprecentation which may be finite or infinite

repeating.
Comments

The data also suggested that different images may
be created even under the same stimulus. Usually, the notion
of fractions, the notion of decimale ac well acs the
connection between fractions and decimale are taught prior
to the notion of fractiones as repeating decimals. The
hierarchical etructure of theze notions can be prezented in

the following diagram:

Fractione Decimale
Connection between
fractione and decimales

Y

Fractions as
repeating decimals

In the question of Vinner and Kidron, the students
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had enough stimulue to -. '« the connection between fractions
and decimale. As the data chowed, at leacst 104 + 12/ + 494,
totally 714 of studente used division as the starting step.
However, only 4%% were able to establicsh the relation
between fractione and decimale. Here, we gee that diverse
images are farmed from one level to another in this simple
hierarchical structure. My point ic that to be aware of
fractions as repeating decimales one needs not only to
recognize the patterns from Known information; to predict
what will happen i¥ the divicion is carried ocut forever, but
one also needs to advance thoughts into the abstract domain.
1 quote one of the students to support thics point:

"The cecond student is right because in this |
particular cace 1/7 is a repeating decimal. It is .142857
Thie 1 have discovered by dividing 1 by 7. After getting

thie number ¢.142857) 1 caw that again 1 cshould divide 1 by
7. 1 can assume that there will be no change in the result

when I etart the divicion again and €o on till infinity"

Question 2 (Irraticonale az infinite non-repeating
decimale)

A teacher ached hiz ctudents to give him an example of an
infinite decima'.

Dan: 1711 look for two whole numbere such that when 1
divide them I won’t get a finite decimal; for instance, 1
and 3.

Ron: 1’11 write down in & sequence digits that cccur tc me
arbitarily, for instance: 1,234418...

Dan: Such a number doec not exict because what you write
down ic not a recsult of a divicion of two whole numbers.
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Ron: Who told you what you write down must be the result of
a divicion of two whole numbers?
Who is right? Please explain!

Results

Among all the subjects, over 774 claimed that they
had learnt about irrational numbers. Yet around 554 believed
that any finite and infinite decimal can only be identified
by a rational number. On the other hand, 20X of tenth
graders and 43% of eleventh graders suggested that an
infinite decimal can be obtained not only by dividing two
whotle numbere. For inctance, one can write down an arbitrary
sequence of digits. Moreover, among those 7?74 who had learnt
about irrational numbers, at teast 324 did not Know the

infinite decimal representation of irrationals.

Commente by Vinner and Kidron

The answers to thie question indicated again that
different images were evokKed under same stimulus. Vinner and
Kidron explained these phenomena by the notion of
imagination act [391, that is, the mental activity whereby
certain people can abstract their experience toc construct an

imaginary worild. In this case, those who failed to construct
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or concieve an infinite decimals out of nothing showed a
lack of imagination act. Yet, the difference between tenth
grsders and elewventh graders in the data showed that the
imagination acts may be developed through mathematical
experience. When certain mathematical maturations are
reached, the students are expected to imagine an infinite

procedure of writing down digits.

3.2.3 Summary

Vinner and ¥idron’s studies indicated that neither
the notion of dencenese nor that of the infinite decimal
reprecentation of real numbers are intuitive to the
students. After all, both of these notione are intellectual
rather than empirical. In certain cence, the learneres are
expected to build up certain imagination acts which are
chared in mathematics community. However such imagination
acte may not be conzistent with the learnere’ personal
experience. Ac Tall and Schwarzenberger [28] pointed out,
the existence of an infinite decimal representation of real
numbere contradicts daily experience which is subject to the
limited accuracy of a practical drawing, measurement, ...,
etc. No matter how large a scale is adopted, we can only

experience finite decimal places of accuracy. Thus, in
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practice, one can hardly distinguish between a real number
and its rational approximation. The failure of conceiving
the infinite decimal representation will occur if the
learners are unable to distinguish the difference between
the theoretical requirement for infinite decimals and
practical xperience of finite decimals. The difficulty
involved here may alsoc explain why, historically, Stifel
could not decide whether irrationals are really numbercs as
well as why some students in Vinner and Kidron‘s study could
not conceive the idea of densenese and that of infinite

decimal representation of numbers.

3.3 The notion of function

"& function ie any correspondence between two sets
(the domain and the range) which ascsigne *o every element in
the domain exactly one element in the range"

[Dirichlet-Bourbakil

#s the Dirichlet-Bourbaki approach to the notion of
function gradually became one of the main topic in modern
mathematice curriculum, lots of studies have been done in
the past few decades to investigate different aspects of
thie no’ ‘on under euch an approach. For instance, K. Lovell

(1971 [12) examined the growth of the function concept
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among 12- to 17~ year old studente; S. Wagner (1981) (401
applied Piaget’s methodology to study 10- to 15- year old
studente’ understanding of relations., In thie csection, 1
report of findings in mathematics education literature which
reveal mainly the concept imagees of students as to the
concept definition of the notion of function at the high
school and college level., The work of 1. A, Maryanckii
(1943723 S. Vinner (1982>; T. Dreyfus and S.Vinner (1982,
1989) as well as that of 2. Markovits, B. S. Erlon and M.

Bruckheimer (1?83, 19842 will be presented.

3.3.1 The work of Maryanskii

During the period 1958-1942, 1. A. Maryanskii [14]
conducted stuu.es to determine the psychological
difficulties involved in studentes’ macstery of the notion of

function.

The study

The camples of the ctudy consisted of 132 gradecs 8
- 10 s%udents in five schoole at Rovno. Some written
questions wers first distributed in order to reveal the

students’ images towards the notion of function. Then a




follow-up discussion was held between teacher and students

in the classroom,

Results

The results of this study were reported according
to the notions of variable quantity, set and functional

relationship.

(1> The notion of quantity was conceived as ‘vinat

ic measured’ or ‘that which is large or emall”’.

(2) The notion of set was understood by ‘wvery
many’ or ‘“an aggregate’. Moreover, it ic interesting to note
that 43 out of 4é students could not give a positive answer
to the gquestion which stated ‘Can a set contain only one

member?/.

(3) The common images concerning the functional
relationship were: “the features of the function were not
the one-tc-one correcpondence between the valuese of two
quantities, but the changeability of the quantities and the
presence of a general or a causal connection between them’

or ‘a function cannot assume identical valuece’,., Due to the
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latter conception of function, students frequently rejected
the ‘constant function’ as & legitimate candidate of

function.

#s the cverall resulte indicated, there was no
significant improvement between the tenth graders who Knew
lote of functione and eighth graders who juet began studyring

elementar:y functions.

From the asbove cobservatione, Maryanebii concluded
that the percheologizcal difficulty in mastering the notion of
function lay in the fact that this notion exceeded the
boundz of what waz ordinsry for students, that is , this
notion did not remind the studernts of any familtiar concepte.
Mzryanszkii further e«plained that introducing the notion of
function by the variable quantity was not sufficient to
develop a familiar environment to assimilate the
Dirichlet-Bourbialki definition of functicon. Acs a matter of
fact, emphacsizing the aspect of variability might lead to
neglect the escential features of the function such as the
single—valued part znd the nature of the cet on which the

functional relaticoncghip is defined.

Comments

113




e

Maryanskii’e study wae carried out during 1958-1962
when the Dirichlet-Bourbaki approach to function in school
mathematice was at ite infancy. Marranckii‘s study pointe to
the psrchological difficulties invelved in mastering the
Dirichlet-Bourtaki definition based on the variakility

approsch to the notion of function.

3.2.2 The work of Vinner and Drerfus

The sim of Vinrner and Drerfus’ two studiecs was to
reveal the concept imagesz of function evcked by the

Dirichlet-Bourbaki definition.

The firet study

Yinner +v1978) [23) carried out hie firet study in
order to revezl the ztudents’ concept images of function.
The samples in this study included 65 grade 10 and &1 grade
11 etudents in tuo high schoolzs at Jerusalem. A
questicnnaire consisted of five questions was handed out to
these two groupz. The first four quecstione asked to identify
or construct a furnition from a given sentence or graph. For

instance, one sample question was: “ls there a function that




admits integral values for non-integral numbers and admite
non-integral values for integral numbere?’” The students were
told to answer each question by choosing “yes’ or ‘no’ as
well as giving their explanations. The fifth question
addressed to students’ cpinions about function. The grade 10
cstudents ancswered the questionnaire after several monthe
when they had learnt the Dirichlet-Bourbaski spproach to
function while the 1{ grasdere whao took the test had learnt

thies notion of function at grade 10.

Resulte an the concept definrtion

The result of this ctudy showed that among the 344
of the subljectes gave the Dirichlet-Bourbaki definition, only
207 acted according to this definition. The studente’
cpinions about the definition of function could be

summarized intc four categoriec:

(1) 57% of students gave Dirichlet-Bourbaki
definition or the mixture of this definition and some
personal concept imazges., For instance, a 10th grade =tudent

wrote

"Function in my opinion ie that every x has one




—

directly

number or one object

in ¥ but not vice versa"

(22

4

14 thought that the function was “a rule of
correspondence’ A

‘“a relation’, dependence between
variablee’ or ‘& law’. For inctance,
exprecssed that:

an 11th grader

|l'.2’
in one set
according to

function i€ a relation

in which every element
is relsted to a single element +trom ancther cet
a certain law . UWe have to discover the 1aw
but it alwarys must exict."

(& 14X expressed that the function was an
algebraic term, a formula, an equation and arithmetical
operations. For instance, a 10th grader wrote:

" function is a st of numbers such that when
doing to them = certsin arithmetical cperation we obtain
another zet of numbers= which is functional to the first sst"

t4y 74 identified the function a= some elements in
a mental picture. For instance, the graphical
or the form »y =

representation
fOx).

Since the definition of function wae not acsked
in the questionnaire,

the opinione about the
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definition did partially reflect the concept images held by

etudents.

FRezulte on the cancept image

Concept images were exposed extencsively when the
students were asked to identifyr whether a given reiastion is
a function or not. A= a3 matter of fact, the answers to the
firet four quecstions not only showed the lack of
operationality of the concept definition, as Vinner’s model
described, but also indicated certain inconsistencies
be tween studente’ concept images and the Dirichlet-Bourbaki
definition. The common concept images concerning the notion

of function could be zummarized ze follows:

(1> & function should ke given by on- rule. For
incstance, the function which assigns each positive number
the rmumber 1, ezch negative number the number -1, and 0 the
number 0 i€ not considered as a member of the ‘function
family’. Some of the students who held this view explained

that there were different rulec.

{2) & function cannot have exceptional point. For

instance, the function which assigne each number except zero
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ite square and 0 the number -1 was rejected due to the

reason that there is no number whose square (e neqgative,.

(3 & graph of a function should be reasonable.
For instance, & function must be symmetrical; alwars

increacsing or alwaye decreasing.

Furthermore, certain inappropriate images were
generated by failing to recall, perhaps to understand
precicgely the Dirichlet-Bourbaki definition. For instance,

‘a function iz

e

images indicated the confusion between one-to-many and
manyv-to-orne. For inetance, ‘for every » in the range there

ie only one v in the domain that corresponde to it7.,

The esecond stud.

Besid

o

m
"t

the above study, Vinner and Dreyfue

(1582,1587) [

7,4} conducted a similar study. The aim of

M

thie etudy was to eramine the Kind of imagees held by the
college student:z atter they had learnt the Dirichlet-
Bourbaki approach to function in high school, but before

thiz notinn wz. v.noroduced to them.

The camplzs were 271 first year college studente in

cne—to-one corresponderce’, Yet, some other



two lsraeli institutions and 38 junior high school
mathematice teachers. The numbere of subjecte reported here
wére those who gave enough information to reveal part of
their concept images. Moreower, according to the students’
mathematical training, Vinner and Dreyfus divided the
college ctudents into four levels, namely, low level (3323

¢

intermediate level (4703 high level (1133 and mathematics
majore (58).,

& questionnaire recembled that given in Vinner’s
first study was handed out to the studente. It consisted of
seven questicons. Howewer, in this second studs, the subjects

had the opticn to choose "1 do not Know’ as one of their

answere in the firzt six questione.

Pezults on the conept definmition

The reszults of th s stud, indicated that 2 low
levely 12 intermediate level; 17 high level; 26 mathematice
majore students as well as 2% junior high school teachers
Ctatally 27%), gave the Dirichlet-Bourbaki definition of
function. Amang them, 2 out of 2 low level; 12 out of 12
intermediate lewely; 12 cut of 17 high level; &6 out of 2&
mathematics majors and 14 ocut 25 junior high school teachers

did not use this definition to answer the first six
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questions, that is, only 124 of the total acted according

the Dirichlet-Bourbaki definition.

The opinions about the definition of function in

the second study recembled to thoce in the first study.

Results on the concept image

The data in the cecond study reflected come
sddi tional aspects of corcept images generated by the
Dirichlet-EBourbaki definition. For instance, cne-valuedness
- that ie, 7i¥ a correspondence assigne exactly one wvalue to
every element in ite domain, then it ie a function’ - was
used to justify whether a given relation ie a function or
not. Another aspects like “discontinuity” - a gap in the
graph - as well az ‘split domain” - the subdomain where
different rules are defined - were aleo evoked as a

criterion of justification.

Obecerwvations on both studies

Some obzervatione made by Vinner and Dreyfus were

as follows:
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question ‘Coes there exist a function whose value for
integral numbers are nonintegral and whose value for
nonintegral numbers are integral?’ was asked in both
cstudies, the subjects tended to find zn algebraic rule like
y = 1/% to juztify the anzwer. Thie Kind of answer, as
Vinner and Dreyfus explained, might come from the

observation that 1/ iz & nonintegral number if » i

"
a
o

integer greater than one.

Mareover, in the second study, when the subjects
were asked to construct a function whoze valuesz are equal to
each other, the answeres included a general evprecsion like
y = ¢j a gpecific example like » = 5 a2 well az the formuls

like » = %/ %, » = %0 and even y = x.

A, Sfzrd (19872 [19) slzo reported a similar
cbservaticone in her recearch. Briefly, che acsked &0 1&- to

18~ wear old secondary school students to choose e&ither

(1) Function ie a computational process which
produces some value of one variable (y) from the given value
of another variable (x);

or (2 Function ic a kKind of & (possibly infinited
table in which to ever, value of one variable (1)
corresponds certain value of ancther variable ().

Aaround 720% of the subjec-s preferred case (17,
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Moreover, the operational aspecte of functions were more

popular among the older students.

{4y In the second study, the number of the
subjecte wha gave the Dirichlet~Bourbaki definiticon
increased with the level of the mathematical training, that
ig, &4 in the laow iewel, 189 in the intermediate level, 184
in the high level, 454 in the group of mathematice majore
and 70 in the group of junior high school teachers. Vinner
and Dreyfus explained this phenomenon by arguing that the
use of the Dirichlet-Bourbaki de2finition rneeded a strong
mathemstical orientation. Howewer, Vinner and Drerfus also
remarkKed that the high precentage in the teacher group might
come from that only half of the teachers provided sufficient
information to analyee the ancewers. Yet, another possibility
was that the teachers were well aware of the role of

definitions in mathematics.

I would like to make three comments. First,
according to Vinner and Dreyfus’ data, among those teachers
who gave the Dirichlet~Bourbaki definition, only 44% acted
according to thie definition. Thiszs leads me to wonder if
some teachers recalled the definition properly due to their

repetitive prezsentation of the same material rather than the
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awarenezs of the role of definition in mathematice.

Secondly, Vinner and Dreyfus did not explain the
decreasing precentage (13X in the high level group.
Feviewing how Vinner and Dreyfue divided their subjects, !
find that the high ievel group mainly consisted of students
madoring in chemictry, biclogr #nd technological education.
The scientific and technological background of this group
may lead them to regard a function as a dependence between
two variables just like the relation between scientific
data., As a matter of fact, 320 of this group did express

thiz view.,

Thirdly, the percentage giving the Diritchlet-
Bourbaki definition in the first study (34X iz higher than
in the second cne <27%). Thic may be explained by the fact
that the etudent:z in the second group had learnt the

definition of function & long time ago in comparcsion with

the students in the first group.

(S) From the historical point of view, certain
aepects of function such as ‘diecontinuity’, ‘different
rules’, ..., gtc, were often used by mathematicians (for

instance, Euler) at a aground to reject a given example as a
H =
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function. Taking into consideration that the difficulties
exhibited in both studies as well as the difficulties
involved in the historical evoluticn of the concept of
function, Vinner and Dreyfus suggested that mathematice
educators should reconsider seriously whether the
Dirichlet-Bourbaki approach to function should be adopted in
thosge courszes where such definition is not particularly
useful. Furthermore, they suggested that a better teaching
strategy is to introduce differentc aspects of function baszed

cn the learners’ previous experience.

Comments

Gn the cne hand, Vinner and Drexfue did not explain
how the *ranzition betwsen the naive approach, that is, the
approach bazed cn one’s experience, and the Dirichlet-
Bourbaki approzch to the notion of function, can be made
perchologicallsy, Margover, what is the consequence if the
naive approsch can'.ct accommodate with the Dirichlet-
Bourbaki approachk, in ths later learning. On the other hand,
from a more pozitive point of view, the historical
difficulties inherent in the notion iteself as well as the
findings thast th- _oncept images of the learners resembled

those of the contributors of the subject, provide




mathematice educators with more information as to how to

develop a bett~r approach towards the teaching of functions.

0

2.3 The worl cof Markovite, Evlon and Bruckhe imer

The aim of the work of 2. Markovits, B. 5. Evlon
and M. Bruckheimer [15, 18] was to investigate studente’
understanding cof different aspects of the notion of function
such se domain, range, rule of correspondence, algebraic and
graphical reoresentation after they had learnt the
Dirichlet-Bourbaki approach under the Ieraeli curriculum.
The ztuds

In the leraeli curriculum, the sequence of
prezenting the furction concept begine with the three
sub-concepts, namely, domain, range and rule of
correspondence; then proceedz by different representations
of function such ae arrow diagrams, g-~aphical and algebraic
formz were dicscussed. Finally, there are activities to
translate a given function from one representation to
anocther. After ctudying how the function concept was built

in the curriculum, Markovite, Eylon and Bruckheimer came up

with a large variety of problems which could be divided into




four categories, namely, (1) The ability to identify and
construct examples of functions; (2 The ability to identify
and find the preimages, images or pairs of preimage and
image for a given function; (32) The ability to identify
function as well ae to transfer a given function from one
reprecsentation to another; (4> The ability to construct
examples of functions caticsfying certain constraints. These
problemz were handed out to about 400 grade ? students in
Rehowot, Israel., Since the ztudy addressed cstudents”
understanding of the notion of functicn, the studentz’
answere revealed their concept images under different
stimuli created by the questions. In the fcllowing summary,
the relevant concept images with particular reference to the
graphical snd algebraic reprecentation of function will be
reported, according to the four categories szuggested by

Markovite, Eylon aznd EBruckheimer.

(1) The sbility *c identify and concstruct examples of
furctions

The questionz pocsed in thie category resembled
those in Vinner znd Dreyfus’ cstudies and so did the
recspondents’ concernt images. However, the common concept

image that ‘“every preimage has more than one image’ was
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frequently used to reject a given example as function, when
the algebraic representation of a piecewice or a constant
function were given., Moreover, most of the students answered

correctly when the graphical representation was used.

In the construction task, moet of the students
confuced many—to-cne relation with cne-to-many relation.
I remark here that thie phenomenon also appeared in Vinner
and Drevyfus’ ctudies, when the studente were asked to write

down their opinions of functicon.

-

(2) The ability to identifty and find the preimages
imames or paire of preimage and image for = giv
function

i

i

When the graphical represertation of function was
given, more than half of studente haa difficulty in locating
preimages and imagee. Many of them held that “the preimages
or images were on the curve, correcsponding toc the given
pointe on the axes’, However, they did recognize that pointe
on the grs>h represented pairs of preimsge and image, and

vice verea,.

More difficulties arose when a function was given

in an.algebraic form. Overall, the case of determining
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whether a given number was a preimage of a given function
was relatively easy in comparcion with the case of
determining an image. In the former case, the students only
needed to check whether the given number belonged to the
domain. As a matter of fact, mozt of the students did check
it correctly. However, in the latter case, checking whether
the given number belonged to the range, involved performing
certain calculations and checking whether the resulting
number was the legitimate member of the domain. For
inctance, given a functicon from natural numbers to natural
numbers which is defined by f{x) = 4u+é, Determining whether
€ ie an image of f, involves checking whether & ic a natural
number, finding whether the preimage of & ig a natural
number. In answering this questicon, half of the students
cnly checked whether 2 was 3 natursl number. The majority of
thoze who performed the calculations neglected to check
whether the pre—image 172 belonged *o the domain.

I remxrk that thics phenomenon can be explained as
follows: during the sclution process, an evoked idea does
not need to remain throughout the procecss. Often, when
anotter idea iz evoked, the previous one is scon forgetten.
In identifyring & preimage, the idea of checking dominates
the whole process, whereasz in identifying an image, the idea

of finding the corresponding preimage takees cver that of



checKing.

(37 The ability to identify identical function =z well as
to transfer = given function from one reprecentation
to ancther

In identifring identical functionz, the concept

images that ‘3 function iz defined by the rule of

i
[Tu]

correcspondence anly’ and “a graph of function mucst be
continuous’ we e evoked,

Given 2 function £ from natural numbere to natural
numbere defined by fix) = 4u+é and a function g from real
numbere to real numbere defined by gix) = 4x+é, the students
were azsbed whether § and g were identical. More than half
thought that ¢ and g vere the came. On the other hand, most
of the students bzlieved that f waes not identical with the
function h defined by hixd = Zx+3 with the natural numbers
as domain 3nd rzrmge. From this result, Markowits, Erion and
Bruckheimer suggested that the students held the idea that

‘a functiron ic defined by the rule of correcspondence only’.

When Markovite, Exlon and Bruckheimer acsked whether
the algebraic reprezentstion of the above f and its
gt-aphical reprecentation were identical, some ctudente gave

the reason euch az ‘the points must be connected’. Here, the




concept image that a graph of function must be continuous is
evoked. I remark that thies idea may come from plotting a
graph by finding & set of discrete points and then joining
these points together as ie done in the scientific
experiments zs well zs when learning to draw some elementary

functions such asz straight line and parsbaola.

In the tzzks of transfering a given function from
graph-to-algebra and vice wersa, the students often ignored
the given domzin and range. For instance, when they were
acked to draw the graph of f defined by f{s) = 3 with the

maturs)l numberz az domain and range, they replaced the

ut

natural rumberz b real rnumbers.

Furthermrars, Markovits, E¥lon and Bruckheimer alzo

noted that 1n & familiar setting such as linearity,

slgebra-to~grzph wiz eazier to master than graph—-to-algebra.
(4> The abilits to construct examples of functicons

satisfving certsin constraints

Different constrasinte imposed on function were
under inveztigstion, For instance, constructing a function

which increases owver part of the domain and is constant over
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the remainder; drawing & function pascsing through given
points,..., &tc, The aim was toc study what kKind of images
ascociated with the function concept would be evoked under
the=e constraints. Begides, Markovite, Eylon and Bruckheimer
tried to examine to what extent the cstudents were aware that
there might ke infinitely many different functions

satisfring the given conditicne,

Az th

M

results indicated, the linear image of
function and cnce asgain, the idea that a piecewicse function
wss not a =ingle Function were evoked, Besides, very feuw
students were sware that there might be infinitely many
functicnz eaticf-ing the given constrainte. Ouverall, the
answers showwed that the ztudents preferred to give esamples

in graphical form.

When the studentz were asked to construct a
function which increszsesz over part of the domain and
decreasesz awver the remazinder, the parabolic function was
given. Howswver, when ther were ashbed to give an example of a
function which increases cver part of the domain and ic
constant over the remainder, most of the students failed to
give an example., Markovite, Ey¥lon and Bruckheimer explained

that the studernts did not think of piecewice function as a




single function.

In ancther question, the students were asked to
find a function pazsing through two given points. The
ancswere indicated that the subject: tended to use linear
functions as examples. As the number of given points
increaced, ezpecially the given pointe could not be joined
by & =ingle linear function, for instance, points like
(3,4, &,7 and (8,12, more studente failed to answer the
quection. Some of them even mentioned that a function
pazsing through 73,4), (4,7 and (&,13) did not exist.
MzrkKovite, Erlon and Bruckheimer explained that the linear
image of function might come from the euxperience of geometry
guch az two points determine a line az well asz the fact that
the linearity was the simplest form of function. Perhaps,
the linezar image also led to the image that there was only

one function satizfring given constrainte,

In an overzll summary, Markowvits, Exlon and
Bruckheimer concluded that the ctudente did reach certain
understanding of the Dirichlet-Bourbaki definition since a
reaconable percentzge identified succeszfully whether a
given example was & function or not; as well as gave a

cuitable example of function. Taking into consideration that



the Dirichlet-Bourbaki definition can be applied in
non-numerical contexts Yike trancsformaticne in geometry,

they sugoested that the uze of this definition is

n

worthwhile. Yet, they also proposed downgrading some
components of the functicon concept, for instance, the domain

and range, due to the difficultiez found in their stud,.

Comments

Two comments are made 3¢ follows:

(1Y From the recults of identifying identical
functicons, Markavite, Eylon and Bruckheimer suggested that
the students held the ides that ‘a function is defined b
the rule of correcspondence only ‘. By ucing the notion of
concept image, 1 view that in the casse of identifring
identical functicne, the question iteelf ctimulates the
concept image that a function ics defined by the rule of
correpondence. However, thie doesz not mean that the cother
images of function do not erist. Omn the one hand, the idea
of comparing the domzin and range of ¥ and g, where £ is
defined by f{x> = 4x + & with natura)l numbers as domain and
range and g i€ defined by the same exprecssion but with real

numbers sc domain and range, relates to the conception of




numbers, that is, the students need to pay attention to the
difference between the domain and range of f and that of g.
On the other hand, neglecting to compare the domain and
range may come from their previous experience of functions.
Thie point can be fur ther explained by come personal

teaching experience.

Few »ears back, 1 taught an elementary algebra
course in Macao. My, s=tudente were 12- to 13- year old who
attended the first year of secondary school. Their
mathematical training included a little bit of modern
mathematice, for inztance, the notion of cets, the cet of
natursl numberz, integers, ..., ,etc; some algebra, for
inetance, the notion of real wvariables, basic algebraic
operations az well a= solving linear equations. After the

N,

topic of solving linear inequalities such as » + 2 7

)

’
where »« waz resl variable, was introduced, I assigned some
similar quecticons as home ascignments. UWhen the time I
marked the returned asssigrments, I was shocked to learn that
more than half of the clzee, including csome good students,

wrote:
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Thue, » are 2. 3, 4

3
L]
-
.

At the firet glance, I thought that the use of
number line to demonstrate the sclutione of inequalities led
my students to choose the labele which are natural numbers

ag ahswer

m

. Having this in mind, 1 aeked my ctudents whether
the, noticed that there were marn» other numbers between two
natural numbers., For instance, 572 between 2 and 3. Almost
11 the ctudents znewered loudly, ‘Yes, 572 iz between 2 and
2 but you cannot count it as a eolution of ® + 2 3 3.7 1
questioned why S72 could not be 5 solution of x + 2 > 3. One
good students answered with confidence , ‘Wle considered
ornly the natural numbers as soclutions.’ Well, thiz was the

exact point to which 1 wanted to draw my students’

attentions., To 1 2sked, “Why do you only consider the

natural number=? He =zaid, “that iz the war to write the
solutions of inesqualities.’” 1 was completely curpriced b/
this amswer., &fter more diccuesions, 1 finally found cut the

real r con: mr ctudents had learnt to solve the lineszp

i
['U

inequalities in the course of modern mathematice where the

variable was considered to be natural numbers only .

In my cace, it was hard to Know to what extent my
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students were aware that a variable can be used in different
context, such as real numbers and natural numbere, for they
did accept the numbere other than natural numbers as
colutions of linear eguaticns. My point here ies that my
studentes” previocus experience had led them to evoke the
concept image that the solution of an inequality has to be
natural numberz. In the setudy of Markovite, Eylon and
Bruckhe ‘mer, there waz no information as to why the ctudents
thought that £ and g were identical. Carelecsenecss, previous
experience, ... or some other factors might be there.
Furthermore, according to their working experience of

function in the elementary level, I would argue that the

differerce between ¥ and h, vhere h iz defined by
hix) = 2u+32 with the natural numbers as domain and range, IS
more cbwicuws in comparsion with that between f and g. Thus,

the conclusion thst “a function ic defined by the rule of

correcspondence Zni. 7 in fact neede further Jjustifications,

{2y The ar¥ of Markouvits, Exlon and Bruckheimer
does shaow the comple.ity of mastering different aspects of
furiction. However, the idea of downgrading the importance of
domain and range leads to abandon cne of the main features
of Dirichlet-Bourb=ki approach. If ctudents have the

difficulty mastering the idez that different Kind of numbers
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can serve as the domain and the range of functions, 1 wonder

how we, as mathematice educatorz and teachers, hope that our
students undercetand the idea of defining a function on the
set of geometrical objects? On the other hand, from the
historical evolution of the notion of function, the idea of
domain and range not only highlights a step of abstraction,
but alec integrates the function concept into other branch
of mathemztice such as topologyr, making the notion of
functicon centeral in modern mathematice. Hence, it iz not
clear to me how downgrading the components of domain and

range can ccoerict with the Dirichlet-Bourbaki approzch,

3.3.49 Summsar ¥

In the work of Maryanskii, the work of Vinner and
Dreyfus as well as that of Markovits, Eylon and Bruckheimer,
lote of concept images ascsociated with different aspects of
function are revealed. Among theze concept images, some of
them resemble to those held by methematiciane in ancient
time. For inst

ce, “a furnction is an operational process’

w
)
)

resembles to the idea of Jame Gregory (see Z.4)3 “a function
i a dependence between variables’ recembles to that of
Leibniz and some cf hic followers fsee 2.5 and 2.4, In

Justifying whether 2 given example as function, the ideas




such ag ‘discontinuity”, ’‘different rules’, ‘split domain’,
‘exceptional pointe’ resemble to that of past mathematicians
in the pericd of indecicsion (see 2.6). In certain degree,
the resemblance do provide us (mathematics educators and
teachers) with information about what Kind of difficultiecs
will be expected in the learning situation. Besides, the
gradual! evolution of the notion of function ofter came from
the obestacles in applying such notion in diffrrent context.
From thiz observation, I suggest that mathematice educators
and tea~here should create the environment in which the
learners will erperience the need to ‘broaden’, if
necessary, the notion of furcticn., For inetance, in the

calculus course, the serie

"y

reprecsentation of function will
cshow the inzufficience of conceiving a function as an

cperstionsl process,

Furthermore, from these three studies, different
recesrchers gave different percspectives concerning the
underlyang difficuity in the notion of function., Mar,yanekii
emphazized the ps,choloical difficulties caused in the
variability approach; Vinner and Dreyfuse suggested the
reconsideration of using the Dirichlet-Bourbaki zpproach;
Markovits, E,lon &=nd Bruckheimer thought that the use of

Dirichlet-Bourbalki azpproach was worthwhile but some



components such as domain and range cshould be considerable
reduced,

At the firet glance, 211 these three percspectives
ceem to be diverse. However, they 211 indicate 3 dilemma:
whether the Dirichlet-Bourbaki approach to functicn zhould
be adopted in the elementary level? If the Dirichlet-
Bourbaki spproach ie adopted, the pzychological difficulties
involwed in mastering the notion of function will be
expected; whereas if the Dirichlet-Bourbsaki is abandoned,
difficulties and conflicte may occur in mastering different
mathematice concepts baiedlon the notion of function in the
later learning. Although Vinner and Dreyfus, Markowits,
E¥lon and Bruckheimer held two different opinions about the
value of the Dirichlet-BourbsaVi sppreoach in school
mathematice, they a1l agreed with one point: downgrading

some aspecte of function in the elementary level. Thus, the

quesztion now beccmes to what extent the components such 3
domain and range could be reduced? Moreover according to
Marvanskii’z cuggesztion ~ there ic & need to develop 2
familiar environment in order to aszimi’ate the Thrichlet-
Bourbaki approach — as well as Vinner‘s approach to the
theory of mathematical thinking. I wonder, what kKind of
envirorment will provide cur students an opportunity to

change their implicit preliminary approach towsrds the
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Dirichlet-Bourbaki approach to the notion of function? This

leade to my further study in chapter 4,

3.9 The nation of limiting procecsses

In the elementary calculus, the notion of limit is
often introduced by different Kinde of iteratiwve procesces,
for instance, tangent az the limit of csecante; arezx under a
curve as the limit of & sum. It i¢ worth studying what Kind
of concept images held by students as to the notion of 1limit
under such cettings, The work of D, Tall and S. Vinner
(1981) az well 2z that of R. B. Davige and €. Vinner (1%8&>
did give pratizlly ancswers to this question. As well, in
exploring the poszibilities of elaborating didactical
zituation thzt would help the =ztudents overcome

epistemciocgical abstacles related to Yimits, A, Sierpinka

1}

(1937 alzc ed &

O
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rtsim concept images of studentes.

«

0r, the cother hand, 2¢ 1 have already dicscussed in

chepter 1, the leszrrers have their own preliminary approach

w

tovards mathemstical corcepts, Hence, it ie alec interecsting
to examine what kind of beliefe the, possecss towarde the

notion eof timiting procescses, before taking the calculus. E.
Fischbein, D, Tirosh, p. Hess and U, Melamed (197%) carried

out some ztudies to e.amine this aspect.
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I thie section, I shall concentrate on part of the
above studiez which directly relate to the concept images of
limiting processecs. Some educational implicationes will alse

be discucsed,

2.4.1 The preliminary approsch to the limiting processs

The aim of thiz section iz to report the studente’
beliefs towards the notion of limiting proacecses befare
taking the calculus. Twe =studies which carried out by
Fiechbein, Tircsh, Hesz and Melamed would be selectively

presented,

The first s+ud:

Th

11
Nanad

fir study wmas conducted be E. Fischbein, D.

(1

[[1]

Tircsh and F. Hezs [?P1. The aim of this studys was to

determine the re

rztance of the intuition of infinity
through sge and tesching influencez, ac well az the relstion
betweern the intuitive interpretation of infinite and the
school achievement level of the subjects. The term

intuition here wae used for direct, global, celf~evident

forms of krnowledge. For instance, the statement: ‘If A > B
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and B > C, then & > C’ may be considered as an intuitively

accepted truth.

At the first glance, thie study did not deal with
the notion ¢f Vimiting processes. However, from the
development of the caslculus {see chapter 2>, the notion of
infinity and that of limiting processes were tied up closely
until Cantor who formulated the modern theory of cardinal
infinitiez., With this connection, the work of Fiechbein,
Tiroegh arnd Heszes did reflect part of the concept images

addressed to the notion of limiting processes.

The camplez concsizted of 470 primary and junior
high school studentz - 4¢ grade S, 98 grade & (17 out of 38
had participated zome supplementary course in modern

mathematicss, 132 grade 7, 104 grade 8 and 110 grade

~0

at
Tel-Aniv., A queztionnzire which included «tems cuch as the
divisibility o4 eegments and 1imite was handed out to the

subjectes.

The second =tud.

The eecond stud, was carried cut by E. Fiechbein,

D.Tiroeh and U, Melamed [8]1. The aim of thie study waz to




investigate the degree of intuitive acceptance of a certain

solution or interpretation given by the csubjects.

In selecting the taske, Fischbein, Tirosh and
Melamed favoured the questione related to the notion of
infinity., They explained that infinity exceeded the bound of
daily e:perience and o only the intuitive leap could endow
the m=aning of this notion. Due to this assumption, a
quecstionnaire concicsted of some questions which directiy

related to the rnotion of 1imiting processes was formulated,

In order to meazure the degree of 1ntuitive
acceptance of a2 certain solution, the subjects were azked to
anewer, in addition tc eazch question, two group of ‘check
questionz’ which mainly messured the subjects’ level of
confidence and their feeling of obvicusnesse as to their own
zolutians. For instance, one check questicon for the level of
confidence was ‘Have »ou doubted with respect to the

correctness of your answer?f

The samples in thie study included 108 grade 8 and

% ctudents who enrclled in different high echools <ituated

in 4 different regions of lsrael,.
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Que=ticnz related to the notion of limiting processes

In the $ollowing summary, I shall concentrate on
those questions which directly related tc the limiting

procecses,

Guestion 1

We divide the segment AE intoc two equal parts, Fointes H ie
the midpcoint of the zegment. Now we divide AH and HE. Fointe
P and O reprezent the midpointe of the segments AH and HE,
repectivel ». Ue continue dividing in the samz manner. With
each divigsion, the fragments become emxller and smaller.
Cuestion: Will we arrive at & €ituation such that the
fragmente will be o small that we will ke unable to diwvide
further™ Explain you answer.,

Thiec quection wae pocsed in the first studyr. The

wers couwld be divided into two main categories:

11}

an

w13 41 of the camples claimed that the process
was infinite., The mzin explsnaticons were that one could
alwars continue to divide a cegment and that there waz an
infinite number of points in every segment. Bezidee, zome of
them used the concrete form of explanations csuch ast: With
perfect instrumentz one could alwars go on to divide 3

cegment.

2y 55 of the subjectes claimed that the process
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was finite. Almoet half of them explained that the segment
was limited., The others suggecsted that practically, the
imperfect instruments gave the end of the procecs or that

somehow, everything would come to an end.

Furthermore, the &th graders with better training
in mathemztics and those ctudents with high level of schao!l
achievement favoured that the process was infinite, Uhersase,
more than 8070 of those with low level of school achievemnt
were classified as “finitiste . Moreocver, starting from

grade 7, the percentsge of ‘infinitist’ answmerz 1ncreaced

0

from grade 7 to grade 2, decreazed from grade to grade 7.
From the above cbeervations, Fischbein, Tirosh asnd
Hess commented that the two opposite categoriez of answers
could not be completely explained as an effect of teaching
or ag a recsult of perzonal interpretation. For f the
tezxching procez: influenced the answers, there should be a
tendency toc improve in the upper grade. Wheresas if the
perzons)l interpretation of the question “for instance, the
successive divicions of & segment might be interpreted
either as an idesl, mathematical proceees which could be go
on for ever or 22 3 concrete process which would stop at
some point' influenced the answers, the “finitists’ would

favour the concrete form of explanations and the
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‘infinitiste’ would address to the ‘purist’ arguments.
However, the explanatione given by both groups did not
suppert thiec claim. Thus, additional factors such as the
inconsistencies between the “finitiet’ character of ocne’s
intellectual schemes and the notion of infinity itself must
be taken intoc concideration. As we chall see, in the recsult
of question 2, the inconsistence between intuitive approach
and formal approach to the Vimiting process will be explored

extensively.

Cuecstion =
(a) Given
segment BC

I w

cegment AB = & meter. Let use add to AE &
1.2 ter. t us continue in the same way

adding segment € deszcribed above, come to an end?

{b> Let us co r rt (a). What will be the sum of the

segments AB + BC + CD ... etc?

Thie quesztion wasz asked in the second study. 84 of
the total thought that the process would never come to an
end in part 7z, The justificationz for the answiers based on

two typical srguments:

fa3) A line segment could be divided indefinitely.

For instance, one student wrote:

"¢ line cornsiets of anm infinity of points and each
segment could be divided an infinity of times. Therefore,
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we can continue to =dd segments"

12 A line segment could be extended indefinmitely.

For instance, one student expressed:

"It ie slwaye possible to add a line segment which
will have the hzlf of the length of the former line
segment,"”

qorecusr, the belief that the procees was infinite
had a high level of intuitive scceptance.
With regard to the answer in part (b, only 5.48% of

211l the csubjyects e.precscsed that the sum of the segments 4B +

EC + CD + ... wazs 2. Hzlf of this group refered to the
reazon thzt 2 waz the sum of  + 172 + 1794 + .0 o fet, in

general, the sabjects in thiz group thought that the level

of intuitive zoceptznce for this answer wazs low.,

Around 177 claimed that the sum would be lezz than

2. The typical srguments in this categor, were:

"The cum tends to 2 meters. No matter how much we
shall continue to add segments, we chall never reach 2
meters"
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Orne csubject even justified his (or her) answer by

saying:

"G = 2 - 1/ bhecauce there ics no end to the sum of
the segmente.”

Cverall, thece types of answers were considered to
have the highest intuitive acceptance in comparsion with

cther answersz to part b,

Hal4 of the subjects exprecsed contidently that the
sum of the segments was infinite due to the fact that the
procees waxs infinite, The Jjuetifications included: ‘A line
can be externded endlezsly’; ‘The procecs can be continued

endleesly 3 “There will ke an infinit: of cegments’.

Fizchbein, Tirozsh and Melamed commented that the
high percentage (844 of correct anewer in part (a)
indicated that mozt of Lthe zublect:z did anticipate the
notion of intinite procez=s. However, the subjects’ notion of
infinit, was generally inconcistent with the formal theory
(Cantor‘z spprozch to infinity) as the data shown in part
{bY. Fiechbein, Tirozh and Melamed explained that for the

intuitive underztzanding, infinity was only conceived as a

14%



potentiality. Whereas, in the formal thecry, infinity was an
actuality and did not have any intuitive interpretation.
Herce, the intuitive interpretation of infinmity would
certainly cause inconsistence in formal theory. Finally, 1
quoated here & remark of D. Tall [28) in order to give 3
difterent perspective of this result in termes of the notion

of concept image.

"Even before the limiting process had been
discussed the concept image intuitively alighte on the
infinite nature of the process rather than the numerical
Timit,"

~

Quection =
Cie an arbitra
and subdivide =
Will we arrive

division will ¢

ry point somewhere on secgment AB. We divide
egment AB as we did in question 1., Question:
at a situaticn such that one of the pointes of
omincide with pornt C? Explain your answer,

Around 20 of the total subjectzs in both studies
answered affirmatively that the point C would be reached,
The percentage of thig ancswer was alsc high among the high
achievers (7310 and was even higher among the &th graders
(1% in the firet study., Half of the E0M gave the reaczon
gsuch act “The segment was limite 73 “The divizion was
infinite’. On the other hand, very few subjects, about &4 in

the first study ar3 &4.5% in the second one, claimed that the
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solution would depend on ‘he location of the point C.
Moreover, the measurment for the intuitive acceptance in the
second study indicated that even those &.54 who gave the
correct answer did not believe strongly in their own

soltution.

Fischoein (4] pointed out that in lcsrael, the
strdents =tarted to lesrn about the irraticonal numbers in
the grade 7. A= the reszultz of this question indicated, most
of the studentz were not influence by this knowledge. By
uesing the rcotion of concept image, I remark that the
queetion did not give any estimulus addressed to the notion
of irrational numbers. Whereas the concept image that every
point could be rezched by continuzlly dividing 3 segment was
celled up intuitinely. Az one of the university students

expressed:

"Tntuitively, 1 feel that the point C will be
resched beczsusze the procesz of division ie infinite. On the
other hand, I kKncow, from mathematices, that it is possible
that the point zhould not be reached. Surely it will not
reached if the point is an irrational one.”

Commentes
Two commente addreszed to the notion of concept
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images are made in order:

(1) The recults of Fischbein’e studiec showed that
the subject’s preliminary approsch to the limiting procesces
| esembles to that of mathematiciane in ancient time. Far
instance, the two caztegories of answerz to guestion (1)
crould be anticipzted from the controversy between infinite
divizibility and infinite indivisibility of 2 geometrical
magni tude throughcout the development of calculus; the
csuggestion that the sum of segments ie infinite in part (b7

of question Z recembles to thst of F. Suiseth. He wondered

L0 ]

¥

how an infinite zeriez could have a3 finite sum {=see 2.
even thoze subjiectes who were aware thzat the finite sum lecss
than 2 might be obtzined sppezled to either Zeno’s argument

ar the arithmetic ocperatione on infinity such &

sum = 2 - 1/ which was suggesied by J. wallis and his

~

contemporar ez feee Z.43, Fur thermore, the inability to
distinguish between the infinite divicibiltiy of 2 line

cegment and the nature of continuum in question 3 reminded

me of the cornfuzion of B. Bolzano teee 2.72. B id

(g
[]]
L (]
1]

Fiechbein’c data in the second study indicated that most of

o

the above concept images have a relatively high intuitive

T

acceptancFs. These intuitive but incorrect views held by the

subjects and mxthematicians in ancient time do provide




mathematice educators with evidences that the formalistic
approach tc the notion of limiting processes is highly
inconcsictent with thoze concept images which are built from

the “finite” experiernce.

t2» The resulte in questicon 1 and part (a) of
question 2 are diverse., In question 1, the “finitizts’ and

‘infinitizste’ wiews were split almost equally among th

[y ]

subjects., Whergas in answers to part (a) of gquestion 2
showed a high precentage of ‘“infinitists’. Becidez the fact
that different zamplesz were tezted {quesztion 1 was choszen in
the firet studs and question 2 in the second oned, this
phenomenon may be explasined by the fact that in the former

c

€e, the infinite preocecs wae carried out within a bounded
lirme segment snd = sctivated the idea that the process

somehow would com

[1U

to an end. Cn the other hand, in the
latter caze, the continually adding c3llecd up the idea that
the line zegment would be estended forever. From this
obiservation, ! remsrk thzt the concept images of the

*

‘infinite process’ depend not only on the iterative

procecsses but alec on the feature of the question itself.

3.4.7 The warl of Tall and Vinner




. The aim of thie study wae to examine whether the

concept definition of the 1imit of a sequence can be
integrated into the concept images which were generated
under the Britizsh curriculum setting. Tall and Winner (1581
(27] firet explained how the concept images of the limit of
& sequence were built pracf'cafly in the Curriculum, then
appliev the notiaonz of concept imzgeszs and concept
definitionz to snalryse the datz which were obtained b, Tall
(1927 [Z2). Some potential conflict factors and teaching
implicaticone propozed by Schwarzenberger and Tall {19730

[22] would slec be dizcuseed,

The Britizh curriculum

Im British curriculum, the notion of & sequence was
introduced with reference to the notion of function, thst

D

nc

ty

o
i

y ™ E&QU ¢ defined az & function having for domzin
the et of naturs) number or non-integere. Examples of
sequencez such sz zraithmetic and geometric progecsions were

ez to

m

given. Later, the uze of different iterative proces
approximate a g:ven number was discuzsed. Finzlly, the

notion of conver gence of a cequence was formzily introduced.

The quectionnaire




A questiconnaire concerning the notion of the limit
of a sequence waz handed cut to 38 first year mathematice
studente at Wzrwick Universit,y, England. It consicsted of

four quectionsz.

Oyeszticon 1
Have you been taught the concept of the 1imit of & sequence
Sy 359 4 Eq 4 ess if school”
! 2 3 A. with precice definition
E. nformzliy
c., not st all
{tick the most appropriate

Cuecsticon 2

Find the limit fid it exiet" of
Tim 1 + 510 + 5100 + ... + §/100
= o

e

Cueztion 2
1f you Know the defintticon of the 1imit of & sequence, write
tt doer:

4 = at 0 dwm Lnz

n
Guecstion 4
I« 0.% fnought point nine recurring) equal to one, or is it
jJuzt leszz tham one™ E:plsin the rezson behind wour answer.

Fezults on queztion 1

10 cut of 3¢ students claimed that they had met the
precise definiticon of limit and only 7 out of 10 g=zve &
suitable definition in question 3. On the other hand, 21

answered that they learned the informa)l definition and only
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1 gave a definition.

Recsulte on question 2

2% out of 36 wrote down

Tim (1 + 5710 + 57100 + ... + ¢-10™ = 2
r-> e«

FRezylts on guecstion 4

Mumber of FRemarke
ztudents

0.¢ = 1 14 onl, 1 ctudent in thiz group
claimed that € he Knew the
precice definition of the
Timit

0.% ¢ 1 20

uncertzin z favour U.§ =1

Some of the cstudents who claimed that they knew a

precise definition of the 1imit of & sequence not cnly

m

believed that N, ~ 1 but alseo gave reasons such a

"Juet lesz thzn one, because even at infinity the
number through cloze to one is ct!1l not technically equal
to one"

"It ie yu:-t lecss than one, but the difference
between it and one is infinitely small.”
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Tall and Yinner commented that the concept images
of infinity a2 a 1imiting proacess and that of infinitecsimal
e arbitarily =mall were evoked respectively. Even one of

those who claimed 0.5 = 1 gave the following explanation:

"I think 0.9 = | becxuse we could €3y ‘0. reaches
one &t nfimtty although infinity does not actuszlly enist,
we uze thiz way, of thinking in c3lculuz, Vimits, etc.”

Bezidez, there was a conflict between 0.99%7..% to a
finite number of places and the infinite expsncion. 1 remark
here that thie confucsion may come out of the ewperience of
decimal operations as well as that of using calculator,
Ofter, ctudents lesrn how to read and how to operate an

finite decimsl piace

"

prior to any notion of infinite
decimals. Even when the rotion of infinite decimale is
introduced through converting fracticne into decimale,
finite decimale are frequently uced to approsimate infinite
decimalz in the science course., For example, 0.3333 may be
uced to approsimate 172 up to the accuracy of four deicmal
places. In the beginning, the symbol ‘=’ which stands for
‘ie approximatel s equsl to’ ie emphasized. & time goes onyg

nobody bothere to put one dot above the equal sign.



Moreover, at the calculatore become widely available,

ciudente get their answers from pressing the keys incstead of
carryi g out the tedious calculations. Unfortunately, the

symbol ‘=’ ic not on the kexboard. The equivalences between

K

‘ and ‘=" are drawn and €0 the concept image that any real
numbere can rewritten 22 & finite number of decimal places

ic generated.

R1
b
3
L
it
=
I
O
a
—+
-
b
-
L d
m
«
-+
(1]
i
1
2
(n}
o]

rolneg question 2 and questicon 4

In mathemztice, the computstion of

. . . n,
Tim <1 + %2710 +« 97100 + ., + %710 3
n-=o

recemblz the problem of determining whether 0.7 iz equal to
or juszt lezz than one. However, 14 students 1n Tall s
samples claimed that

Tim €1 + @10 + ©/100 + ... + 57107 = zZ

21, Tall and \Vinner explained that question 2 and
quection 4 evohed different parte of the concept images of
the Vimiting procesces, In order to activate the suitable

concept image to gquesztion 4, a follow up test was given by

Schwarzenberger. In a lecture, he szid:

"1 will write down 2 number of decimals and ask you

—
4]}
L}




to exprecs them as fractions in the simplest form. Example

0.5 = t/2."

He then wrote on the blackboard:
1" 25

Zv0,0%

2 0.2

4y 0.5 = .332...

Sh DL = ,8%%,,.

and poainted cut that 6.3 and 0.5 zre recurring,

In thic

tezt, 24 ztudents answered either 0.7 = 1

or 0.9 = 1/1, fmong them, 12 were those who e¢xid

Vim (1 4+ §/10 + 9,100 + ... + §/10") = 2
r- oo
but 0.% < 1 in ansvering the queztionnaire. Furthermore, the

answers to (4) and 5, shomed that come of those students

whe claimed earlier 0.9 ¢ 1 evperienced conflict in their

mind. For inztance:
Studer ¢ Far Se The comment of
Tald
4 U ) U.é = 1./2 Student A zam the
. . conflict and
(S5 0.5 =3 » 0.2 responded with
= 3 z 1.3 exasperation
= rubbizh
B 4y 0,323... = 1/3 ficcording to the

ne fraction

sthig answer was

cr

£.

czzed out?

*eP... = no fracion

follow up
discussion,
student B came to
the conflicte in
(S) and this



TR T - oo

forced him back to
crozs ocut his
ancwer in (4)

c 4y 0.2 = L/3 Student C
. visvalized two
Sy 0.9 =1 or possible
(rnone exiets) alternative, but

fournd it difficult
te exprecss

K vdy 0.2 = L/3 Student D switched
. from 0.5 az an
(5 0.7 = 0.9%7 in¥1n1te decimal
te 0.9 as a finite
decimsal
E {4an O.é = {/3 Student E zwitched
R from 0.3 as an
(Sy 0,9 =1 infinjte decimal

to 0,9 as & number
approximately
equal to one

I remsrb thst in the sbove anzwers, there was 3
tendency to sccept U.é = {72 but not D.é = 1. Frehaps, the
cause for thie tenazncy came from the fact thst 0.9 =1

could not be vera¥.ed by long divieion. The representation

O.é of 1/2 could be obtained from dividing ! by 3. Howeuver,
dividing t br 1 gze 1.6 not 0.%., Ac Tall and

Schwarzenberger [23) pointed out that pscheologically, two
different reprezentations l.ﬁ and 0,§ contradicted the
belief thzat there waz only one infinite decimal

representation for each real number.
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Moreover, come cimilar findings were reported by 4.

Sierpinska (1987 [20], In her studies, she described the
reactionz of her six 17 »ear old humanities studente after

the following method wase used to obtain 0.9 = 1

Let x = 0.7
10 = ©.9
10 - x = §.% - 0.5
Cx = 7.0 = ¢
= 5/9 = |

Only one =student accepted that 0.9 = 1 and the
above methematiczxl proceduresz but gave no explanation. Scme
accepted the result but locked for diffesrent explanation.

For instance:

"It csnnot equal to one unlese ... unless we
that it reslly goes on to the very infinity... . Then
equsl to one. Beczausze these esmall difference alec get
zmzaller and smsller in an unlimited way."

—_
m
[
3

-+ m
3
[Vi]

"0LP = §FF.../FFF. .. = 1"
“Yet, some other rejected both the result and the
mathematical procedures. For instance, one student

erpregsed:

"0h, but here it doeesn’t hold! ... Because it‘s
infinity ..."
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Half of them held the view that the recsult 0.9 = 1
wae not reacsonzble but the mathematical procedure was valid.

For instance, one girl =ssid:

"erithmetically or algebraically, it’e all right,
but in reality +o. It will be close to one but not equsl to
one. There will bhe & €light, very €light difference,..."

Sierpinska’s study did show that the concept image
generated from experience would take over those concept
images crezted from methemztical comtext when suirtable
interpretation needed to be scught. After 211, the
intellectusl and counter—intuitive featuree of the

representation 0.% for ane led to the answer 0.9 < 1.

Results on question 2

In the reszultz on questicn 3, Tall and Yinner
found that cne of the popular concept images of ’sn 2 s as N

e B B~ ’Er,apprcsches =, but never actuslly reaches
there’. The czxusez of guch a concept image were examined by
Tall, Vinner and Schwarzanberger. & summary was edited as

follows:
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{1> The wverbal definition of the limit of a
sequence calls up this concept image. Informally, s > < as
n > meznz that as n gets very large, s[\gets close to s.
The collaoquial phrase ‘gete close to’ in the verbal
definition helps generating the concept imags that Sh i€ not
allowed equz! to £. As & matter of fact, the word ‘close’

ha

the meaning near but not coincident with in daily
experience, Az one student wrote:

ose to € as n gets large,
til infinity,"

but doee not
{2 The verbal definition of the limit lcses the

precicicn with reference to the formal definition:

" sequence fs_ ) of real numbers tends tc a limit g
ie: qiven any positive real number € > 0O, there esists M
{which may depend on €) cuch that

-l ¢ &

for 211 n > MY

Aan informal verbal tranelation - as n gets very
large, = agrts close to ¢ - specifies neither how close, how
large nor the relationship between the € and N. The loss of

precision will enforces of the concept image generated by




the intuitive interpretation of the notion of 1imit.

(2) The curriculum iteelf does not preovide encugh
examples to eliminate such concept image. For instance, most

of examples of the limiting process ic either Sp = 1.n or n

o

=1 +r + ...+ PV o ¢ (1, A1 theze sequences have

the property that € does not equal to its Timit. When Tall
presented the example

R ] if n ie odd
1.72n ifn is even

to & group of four studente, the ctudents claimed that (=}
wag not one csequence but two and 20 it could not be
cansidered as 3 sequence some of whose terms equalled the

Timit!

& propossl be Tall snd Schwsrzenberger

T3l and Schwarzenberger proposed thst to avoid the

2

concept image that “en does not actuslly reach = unti)

infinity’, the strees=z shouyld be placed on that ‘s and ¢ are
practically indistinguicshable” and not on “n very large’.
The phrase ‘practically indistinguishable’ could be

demcnetrated by the Vimited accuracy of practica)l

measurement of 3 real number. For instance, consider the
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sequence Ky = 0.999...9 with n §5, then 1 - k, = 1/10". For
any deczired degree of accuracy € satisfying that l/ldn i<
less than €, WK, is indistinguishable from | to within €. In

other worde, the l1imit ie reached within the degree of

accuracy €.
Commente

The existence of the concept image that the terms

of & nce cannot reach ite 1imit i not accidental.

w

equ

[} ]

Ofteny the process of finding the limiting value & of a
SEQUENCE, S43 Spv «eey Spy eon suggests the idea that the
lVimit ie never complete. In order to deal with the infinite
cituation, the learnere often seek for the zimilaritiez in

the “finite” =ituation and e come to the conclusian that

n

the 1imit ¢ will enjoy the zame property of the terms. For
ingtance, 0.% < 1, C.9% < 1, 0.9%% {1, ... and sz the limit
of this sequence should be less than one. Az & matter of
fact, thic argument was used bv &, L/Hulier to claim that
the termz of s sequence was alwaye less or grester than, but
not equal to its limit (gee 2,.8), Moreover, the assertion of
Cauchy thzat the Timit of a sequence of continuocus function
is continuous suggested the similar idea {(see 2.72. My point

is that the concept image that the terms of a sequence never




I gy

reach ite limit hss its cwn root in makKing the transition
from ‘finite’ to “infinite’,

Becides, more evidences can be found in the
historical development of calculus. Thie concept image not
only wase held by lots of mathematicians such &z Gregory of
St. Vincent (see 2.4 and 2.4) but alec caused much
diecuszians, for instance, the Jurin-Robine controversy in
England (cee Z.&), From thiz observation, the proposs) by
Tall and Schwarzenberger may not sclve the problem
completely due to the fact thst the limiting valuse = has to

be Knowrn in zduance, My point i€ that the exnlanztions

addreszed to the guestion:’How can the limiting value be
found?’ max» alec lesd to such misconception. Perhaps, a

conztant enforcemsnt streszsed on the examplez zuch a

0, 1,
172, /2, .. mz+ help in eliminating this incorrect concept

image.

3.4.%2 Ths work of Davie and Vinner

The zim ot Daswvis and Vinner’s stud, (1984 [3] was
to examine the studente’ wiews towards the notion of
limiting prozesszes under a pedagogical approach which was
based on the idex of teazching with underctanding. Analyses

were done by applryring the notion of comcept imzge ond
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concept definition. Some naive conceptualizatione that might
lead to confusione in the formul theory of limit were also

discussed.

Problem baclkqround

With referance to the work of Tall and Vinrner

(15813, Davizs and Win=mer criticized that onme could not

L

mn

reaxliv tell the causez of those concept images such as

n
approaches =, but never reaches it’ or ’sn gets close to s
as n gets larqe, but dose not actually reach & until

D

infinit¥’., That iz. the answer to the questions such sz “Did
this phenomenon come from the bad pedagogy?™’ or “Was it
inherent in tne concept itself?’ would not be clear if one

did not take the tezching strategy inteo considerations.

& pedsaongical spprosch beging with uderstanding

In wrcer to take the pedagogicasl zpproach into
conziderations, Laviz dezigned a 2-year calculus course
which bazed on the idea of "‘reascnable reponces to

hxllenges’. & group of 15, aged 15 - 146, cepable

s

reasconabl

T
n

1Z2th gradercs attended this course at University» high school,

Urbans—~Champzian.




In this cource, the notion of the limit of a
sequence was introduced by finding the work done for
compressing & spring. A sequence of refined work done was

formulated when the conestant force (the maximum force and

the minimum forcer was assumed over shorter and sharter

1

intervalsg. & gereral mathematical formula which reprezented

csuch sequences would be derived. More examples of sequences
were given through finding the area under y = », » = 5 2

yeeory €tc, Some zpecific cequences lilke
1/1 .1 1/.01
(1 + 1O y (1 + .1)1/ y 1+ ,01)
{(sinTH /17, (sinf/1M)7(T210),
(Einﬁ//looﬁ/':“/’.icloo‘,...

were aleo dizcussed.

&z the courcze went on, the studente were zasbed to
formulate sequence of new typez and establich a definition
cof the limit of 2 zequence. During thie conztructian,
different vercion: of definitions were suggested by
examining different e,amples, For instance, the definition

like “the Yimit L 1= the number that the term in the

n

n
cequence are approaching” will be challenged by the
following argument=z: Consider the zequence 0.9, 0.9%,
0.99%3.04., the term €n = 0.999...9 with n 9’¢ ie approaching

1044, but Sn and 1u&é do not get close to each other.




After some mare discussions between definitions and
examples went on for & while, three definitions were

arrived:

(1> An infarmal form of definition:
The number L iz the limit of the seguence 513 Sq»

Shrte £ in T L within & tolerant error, for the

s 00y

terms large enough.

(Z2) @A geocmetric form

Congider the graph of & s=quence S99 Sprecry € e
if L iz the timit of the sequence, troen for any po:zitive
tolerance, a cut-point N (depende on the =ize of the
tolerance® can be founded €o that all tve term s, will be
lie inm the chaped strap {see Figure 1) except for a finite

number of termsz.
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Figure 3.1

(2 The uzsuzl formsl definition:

The number L ic the 1imit of the sequence Sys %29

cry Epeees it given any € > 0, there erizte a positive
integer N such that
L-€ . spiL +E for a1l n > M

Exawoplesz such a= 1, 0, 1, O0,... with € = 273 =nd
L = 1/2 were uced to clarify the meaning of the word “any:

in the formzl definition.

After the studente acquired the formal definition
of limit, they started to learn the proofe of some basic
theoreme such 3= “the uniqueness of a 1imit’, the limites of
sums, ..., etc, Moverover, the distinction between “limits’

and ‘approsimaticons’ was demoncstrated by the uniguenecse of
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1imit. The wezkness of intuitive ideas was made clear by
considering the set of rationalz, Cantor’s diagonal

counting, the set of reals etc. Anioms like law of
Trichotom., the Archimedesn Postulate and the existence of

least upper bounds were also introduced.

“ocording to the way which the materisl was
presented and the results of the writtern tests during the

acsdemic yeasr, Daviz and Vinner claimed that the student did

W
m

undercstand limitsz in zuch pedagogical szettin

A written tezt

atter the zummer vacation of that acacdemic rear,
the studerts were azked to write a few paragraphe about the

notion of 1imit of = sequence including:

1) A description of 3 limit of & sequence in
intuitive cr yntormal terms

2Y A precisze formal definition

a

The rezultes of the tezt indicated that some comman

naive mizconception: aid exist. They were:

(1Y @A sequence must not reach ite Yimit. For
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example, one student wrote:

“... the Yimit of a sequence ic never rearhed by
thst sequence."

Thiz finding rezembles that of Tall and Vinner (see

.4.2%. Not zurprisingly, the emphasiz on mathematical
contert cannot el iminzte such concept image due to the fact
that the comcept imsges generated from intuitive ides often

take over those concept images generated from the formezl

)
J

theory, @z &. Zierpinzka‘s study indicated (zee 3.4.30.

{2» There iz an mplication that a cequence ic

monotonic., Dawvi

and Vinner explained that this concept
image might be 1dentified by the phrasse “going toward a
limit?, Besides, tlh =z concept image might al=c come from the

fact that the monteonic zeguences were used to introduce the

notion of 1ot ny processes in the beginning of the course.

I remark hzre thzt thie idea wae also held b J. D’AYembert

and some of hiz <ollowere (gcee 2.6).

{2 The limit of a cequence mucet be an upper or

lower bound focr .tz *terme. For instance:
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.

"The limit is a boundary beyond which the sequence

cannot go."

"The 1imit ie the point past which the zequence

does not go ... "

Thie idea recembles that of Nicholas of cusa. He

m

aszerted thszt the triangle and the circle
with the emallest and the greatest number

2.3Y. Similrar idezz can also be fcocund am

(U]

mathematiciane throughout the development

were the polygons
of cidec (see
ong other

of calculus.

(4 A sequence has a ‘last’ term. For instance:

"The 1imit of & sequence iz the
sequence, ... "

"The 1imit of & sequence is the
liet of numbers..."

Again, this idea rezemblecs that

Vnicent and lote of other mathematicians

(3 One csn somehow ‘ga through

termz of a sequence’., For instance,

"The limit of & sequence is come
limit apprcachesz. It is the number or val
would get if y»ou continued the sequence |

end of the

end point for a

af Gregory of St.

(see 2.4 and 2.67.

infinitely many

thing that the
ue of what you
nfinitely «.."
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Thic explanation ie simitar that of Nichaolas of

Cuza. He erprecszed thazt “the infinity can be approached by

Q

going through the finite’ {(see Z.3'.

(&) There iz 3 confusion between the walue of the

function at %o and the value of fr2d as x ‘goez’ to Ko

Davie and \Vinner zuggested that the confusion indicated a
potential overlap between the 1imit of a sequence and the

limit af function.,

(?) A szequence has come obvious, consicstent

pattern, For exampl

i

H

s 1, 1sZ, 13, 174, 175, 176, ...

0)

t, 2,
mwill be excluded. Thice view was aleo held by come subljects

in the study of T211 and Vinner (cee 3.34.2).

Besidesz the above naive misconceptions, some
studente neglected the sequential order, for incstance, first

€, then N, in the definition of limit. As one student wrote:

"The limit of sequence ic the number from which all
the term in the szeguence, after a certain point, vary only
by a limit number €."
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fleoc, ‘Here was confusion between the fact that ‘n
does reach infinity” and the question of ‘whether ¢4 may

possibly “reach’ its limit’.

Sources of nzive mizconcention

in order to answer the question: “Where do these
naive misconceptions come from?’, Davie and Vinner listed

five sources:

(1) The infuence of language

The word “1imit’ and the phrase ‘n goes to
infinity” lead to thoze mental repzentations that should not
be part of the noticon of 1imit., In daily ucage, the word
‘1imit” meane & bound that may not or canncot be passed. For
instance, the speed limits; the city timit {(the boundary cf
the cit»); ... etc. The different meaning of 1imit in daily
experience may distort the mathematical notion.

Davie and Vinner rems “Yed that in the 2-year
calculus courcse, the word “1imi ¢’ was not introduced until
the notion of limit seemed toc be well established. Instead,
the terminclogy ‘asscciated number’” was veed. For instance,

the seguence 1, 112, 1/3, 1/4, ... has the ssscociated



number zerc. However, it ie not yet clear whether this

setting will reduce the confusion,

(2) Azzembling mathematical representations from pre-
mathematical fragments

Those ideas which come from the erperience may aleo
affect one’s mental representations. For example, the time
gequence of occurrence may effect the idea of choosing €

before determining M.

(3 Building concepts within mathematics

Ee

]

idec the meaning of the word outside mathematics
and the ideas from daily experience, Daviz and Vinner
commented that the concept images within mathematices itseldt
have to be esztablished gradually., For in:itance, the notion
of Vimit iz zo complex to put into & single idea. The
learnere cannot master the whole idea immediately., Thus,
parts of the idea m3, get adequate representaticon beforz

other parte will,

¢4y The influence of epecific examples
Sometimes, examples may lead to misconceptions. For
instance, the noticon of l1imit ie introduced and then

elaborated by way of monotonic seacvences in the above 2-rvear
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calculus course. It ic not surprising to find out that the
monotonicity became part of the concept images of limit as

the result of the written tect showed.

(8 Mizinterpreting one‘s own experience
Miecaonceptions mar alec come from misinterpreting
one’s civn e perience, For instance, finding the limit of

= 2nSin+i) by rewriting €p 3% 2/¢1+41/n) may get the idea

w

n

that the availability of a simple algebraic formula for Zn

ie an ezssentisl part of the theory of limit.

& _suggecstion

Davig and Winner remarkKed that the misconceptione
seemed to be part of the students’ ideas about limit., Hence,

it is worth to provabe more erplicit confrontation between

as

a ctudent’s correct ides and hizs or her incorrect ideas in
crder to probe into his or her understanding. For inestance,
the teacher mzr az¥ the question such as “Some people zay
that the terms in a cequence are not equal to the timit.
Other people dissgree. What would »ou =zay to these people to

recaoncile this dizagreement.’

Comments

[
~J
~J



The ctudy of Davis and Vinner provides us with more
information about the studeits’ ideas towarde the notion of
limit., Az the dsts indicated, some of the misconceptions
were inherent in the notion itself; come came from perconal
experience or zpecific examples. Among all those revealed
misconcepticones, many of them resemble the ideas held by the
contributores toa the calculus, The rezemblance doess reflect

one point - the struggle for abridgment between “finmite’ and

1w

‘infinite’,

Morecver, the result of this study alec chowed that
even 3 prdagogical approach with strong mathematical
training did not eliminate some miesconceptions. The concept
images which come From the intuitive idezs terd to take over
the concept definition acs well as those concept imagee which
are purel, built i, the mathematical comtext. The =ubjects
in Davie and Vinner ‘s study might undersztand the idea of
lTimit during Lthe =-acdemic year. However, this
‘underetanding” will scon be forgotten 1f no suitable

enforcement iz add=zd.

2.4.4 Summsr

The studiez of Fischbein, Tall and Davis did show




that the concept imagee generated from the intuitive ideas
create difficulty in acquiring the notion of limit due to
the inconsistence between tne intuitive interpretations and
the formal theory. In order to overcome these difficulties,
new teaching approach chould be sought. Tall (1781) (23]
aszerted thazt the theory of ‘superreal numbere’ which is
congidered closer ta the studente’ intuitive ideas may ke
uzed to clarify the notion of infinity. Howesver, the
operations in the ‘superreal number’ syestem are far too
complex for the students to handle. Tirosh, Fiechbein and E.
Dor {1%25) [30) =suggested that a conflict-teaching approach
may make the studentsz sware of the conflicts between the
intuitive idez and the formal theory. Similar suggestion was
proposed b GA. Sierpinska (198702 [20] as well, Howewver,
there i no solid evidence to back this approach. The
resultz of Davie’ =tudr chowed the insufficience in his
appraach., He further upheld that putting more emphacis on
the conflictz between students’ correct ideas and their
incorrect ideaz may provide us with more information about
the studentz’ ideas towards a given notion. From all the

suggesticons, it

n

eems to me that in aorder to justify the
conflict-teaching zpproach, it is worth to investigate how
students will react to a situation in which bkoth a correct

idea and an incorrect idea are given. This leads to my»
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further study in chapter 5.

3.5 The notion of continucus function

The aim of thics cection is to present the work of

D. Tall and S. Yinner (1981) a2 well ac that of &, Vinner
(1%87) concerning the concept imsge and concept definition

of continuoue function at college level.

In eltementary calculus, the notion of continuous
functione are alwers taught intuitively. The studente are
told that the graph of a function is continucus if it can be
drawn without V1ifting thz pen from the paper. Later on, the

student:z mar encounter the Yimit definition, that iz:

"f y2 eaid to be continupus at & if limf(xd = FCad"
nra

or the € ~ § definition, that ic:

"$ je eaid to be continuous at a if for every €5 0,
there exiets a 8§ 0 such that
x> - 7201 < €uwhenever lx-al <(8".

In the work of Tall and Vinner (1$81) as well as

i8c




that of Vinner (1%87, they tried to reveal what Kind of
concept images the students held with reference to the
notion of continuity in such setting. In the foarmer work,
the authir aleso discucsszed some conflicts between the concept
images formed by the intuition and the formal definiticon in

the cognitive procecss,

3.5.1 The wor¥ of Tall and Vinner

Tz1l and Vinnzr 1281 [29] evamined the concept
images of continucous function 2t Warwick universit,,

England.

The stud.

According to School Mathematice Froject sdvanced

Level Tewtez in Ergland, the notion of continuity is taught

i

intuitively with a light discusszion con the behavicur near a
diecontinuity. At the end of the courze, the limi t
definition and € -~ § dzfinition are formally introduced.
This study was carried cut when the studente had just

arrived at the university,.

41 studernte participated the studwv. Their
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mathematical backaround was concidered to be csaticfactor,.

Most of them got anm & or B grade in A-level mathematics. &

questionnaire which consicted of five questions and four of
them had pictures was handed out to them. In this

questiconnaire, the students were asked:

"Which of the following functions are continuous™
1f poessible, give your reasan for your ansuer.”

Pesul ts

The results indicated that the common concept
imsges were ‘311 in ane piece’ and ‘no gapz’. However, some
correct anzwers wvere justified with wrong reasons. For

inegtarmnce, the functian

£ix) = 17, x#0

<4

ic continucus ‘becauce it ie given by only one formula’ or



the functicon

f(xD ={D if x £0
i if x

ie discontinuousz "beacuse 1t 12 not given by one formula“.

Sometimes, the students uced zome non-relewvant

argument to gustif. their clazim. For example, when the

furmction
f {») =(0 wher » is rationzl
1 when & ie irrational
ie given, lhe reason cuch az "It has a continucus pattern of

definition’ i€ uced to jusztify the continuity whereze the

reason such =z ‘It 1= impossible to draw’ ie uced to clam

the dicscontinuit,

Furthermore, there wss also a confucion between

continut, and differentiability. For instance, one student

claimed the dicscontinuity of the function
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£(x) ={D if x
s ifF ¥

[ PN
0o
->

J

by using the rezcon like “There iz a sudden change in

gradient’

Comments by Tall and YVinner

Tall arnd Minner commented that the common concept
imagezs - ‘all in one piece’ and “no gape’- were correct in
globzxl senze. &= the notion of continuity ie defined
locally, the mentzl pictures sssociated with the above

concept 1magez m:e Taand to confusion in the develcopment of

formal theary,. For instasnce, £ @ rationzsls > raticonals
givern b

7,0 =f0 % v 42 Q or .):..2241 2
1 f » > 0 and »¢ > 2

haz a graph with = gap but is continuocus over ite domzin.
Moreover, the function given by:

rational

£ ={. if x
i - irraticonal.

i
if o= i

won

has a graph with mare than one piece but ie continuous at
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1/2.

2.9.2 The work of Winner

Winner (1%87) [3e] ctudied the concept image and
reaconing of continuous function 3t Hebrew university,

Jeruzalem,

The etud~

= qroup of 40& =zcience students whose msthematical
bsckground waz relativel, ztrong were examined. Mast of them
had tzken a chort czlculus courze in high school. When theys

arrived a3t the uvniver

)

ity zfter their militar, zervice ¢

yveare for men and 2 years for womenr, 1t was expected that
the, hzd forgetten s grest amount of content., A
questicnnaire was handed ocut to them & few weeke after the
notion of continuous functions was taught. These students

learned mainly the intuitive definition., Some alec learned

e

the limit definition, the€

Sdefinition or the intermediate

value definiticn, that ic:

"“& functiocn f£04) ie continucus on [a,bl if for
every x, » such that a { % { y £ b and for any intermediate
value ¢ between fix?» and f(y>, there existe d, » < d < »
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such that f£<(d) = ¢".

A questionnaire concsisted of two parte was handed
tc them. The first part had seven graphes and the second part
hsd five functions defined by formulae without any pictures.
The =studentz sre zsked to determine whether the given graphs
cf functicne or functiconsz are continucuz., Esplanations were

encour aged,

The recults of thie studr indicated that most of

. However, some of them

10

r

[[1]

the studentz got the correct aznsw
gave the wrong rezzzns. Five categoriee of the evplanations

were found:

(1 405, of the eubjects concsidered that continuity

mwzaz the zame 3% be.ng defined and discontinuity was as being

T

undefined. For inz.ance, “The function ie continuous becauze

it 12 defined for every »’ or ‘“The function is discontinucous

4

beczuse 1t ie not defined for every »’,

o

Vinner erplained that thie confusion might come
from the falze contraposition of "1 f(x) ic not defined at

certain point, thern it ies discontinuoue’, that is, if fix2

18¢



iz defined at every x, then it i continuous.

(2) Continuity or dicscontinuity are related to the
araph. For instance, ‘The function is continuous becauce its
graph can be drawn 1n one ctrocke’; ‘The qgraph has no jump”
‘1t i€ in one piece’; “The function iz dirscontinuous because

ite graph has two parts which do not meet” or “There iz 2

-

gap in the grzph’.

{2y There iz certain reference to the concept of
Timit. Far in=stznze, “The function iz continuousz because 1 t
tendz tc & Limit far every «'. Some studente wrote down

‘f is caontinuousz becauze 1Tim £(x) = £ 2 or “f 1%

0
P
0
discontinuousz becauze 1im 7. # $<y0W’ without an~
v,
0

n

hx]
T
[X]
-+
(]
0w
-
[}
o
0
..’5

tn the particular quesztions.

(4 Mo eqplanaticon. Some ancwers were just
cstatementz thst the given graph:z of functions or functions

are continucus or discontinucus without any evplanmaticon.,

s

L

5

zz than 200 of the cubyects gsve rezson: like
/

s continucaue functicon 1 one to one’y ‘a graph or & $ormula

iec discontinuouz because it conzsizts of two functicone’. For

I—



instance, the graphs of functions such as= the one given by:

A

S

~

/

were considered to be discontinuous, COtherces used non-—
relevant reazone such az that ‘s function iz continuocus
because it hzs no inflection point’ to claim continurty.
Bezides, there waz 3 confuzion between continuity and

differentiability.

Furthermare, only few ctudents tried to graph the

function when the formulae were girven.

Az the above data indicated, wrong reasonz were
often uzed to justifs the anzwers, Vinner esplained this
phencomencn by the zzsertion that & student might identify

fu

-—

succes s e.zmpiez or non-erxamples of a given

"w

mathematical concept concept without Knowing whv, After 2al11,
the act of identificstion did not have to follow any procecss

of mathematical thinbing. When ctudents were forced toc give
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erplanationz, they tended to Jjustify their ancswere bazsed on
their concept imsgesz or csome non-relewvant but mathematical

arguments.,

Femsrke on B4 and ES

“mony 211 the questions, the correct percentages to
the quesztionsz

EJd: .

n
—
3
—-
o~
-+
I+
[om )

and BS: {-Zsm (1.7 1 f s £ G
o if % =0

were relssinely loa, Winner teoob one ztep further to znal,se

The rezults yndicsted that 25.9¥ in B4 and 220, in
BS used the rezzon "The furmction iz defined for ever. | o
Justif, for contimurty, On the ather hand, 7% in BS and =.5%.
in BS clzimed the doscontinuity by evplzining that the
function ie not defined for every x. Vinner commented that
these 7 zmd £.%0 zvoved the inzbility to understand the

formulae sing tolh foenctions were defined for every x.

ofs

e

Bezidesz, 22 in €4 uced the 1 imikt concept to

i
]

justify for the dizzontinuit., Vinner remarbed that the uce
of 1imit concept 1n B3 was accidental because of the

relative 1oy perzentzagez to the similar cituation in BT,
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Comments

My commentes on both studies are ac¢ follows:

(1) Comparing the results of the two studiez, 1!
find that the common concept image of & continucus function
in the former =studs is <311 in one piece’ and in the latter
one iz ‘defined for everyw ., The czuce of cuch a divers:ty
mz, be esplained by difterent emphaszes in different
curriculum zettings, different teaching strategiez az well
a2 the questionnzire 1tself. Hovever, no concluszion can be
drawn without furtter anslyzis on the firet twe aspecte. For
instzmce, the studentz ma. avord to uze the intuitiwve

dictor s to intuiticon are

ne
]
]
[od
3
T
a
-+
m
-+
m
e
i
+
T
"t
M
]
a
-
-
0w

dizcusee r the clzzz,. Alszo, tnability to underztand or to
operate on the formzl definition may lead to no erplanation

cr rnon-relevsnt e.planztion. A remark of Tall and Virmner in

the firzt stuc th-t-

luded to az &

"The ac’ zr of continuity 1 ra 1
i t up from

formal definiticon, but a concept image
informal usage cf the term"

may give uz the n=13ht 3¢ to why the student:z in England
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are more comfortable to justify their answere by intuitions.

Furthermore, in the first study, both function and
ite graph were given in most of the questicns. Whereas, in
the cecond =ztud,, either function or graph was given. In
answering the questionse only involuwed formula, the concept
image related to the graph of furnction mas» not have been

evoked and so hzz led to different arguments in both

c2y Studyring the dictribution of the explanation

for correct znswers to part I ~f the questionnaire n
Vinner'e ctud, fcee tzhle 3,12, 1 coheerve that in A2 and A&,
the numbere of

Chostrbption of e rplanation for correct svsuer s

ions Al - &7
entage out of correct answerg?

{the number indiczte pe

Cuestion

Categories Al A2 A3 A4 AT A4 A
! 3& 44 22 4T % 20
2 2z 22 | 21 20 21
c 15 1S 17 13 15 13 4
4 10 14 T 25 14 285 1%
= 7 15 18 s 4 ] 5

(Takle 3.1

studentsz giving reazone in category 1 decreases and thoze in
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category 2 increzzecs. \Vinner did not explain this
phenomercrn., €xamining closely the quecstions in part I, 1
find that A% hzz a jump in the graph and A8 has & gap. Al
the other questions in part I did not have these properties,
My point iz that ¥ the confusion in the category 1 comes
from the falee contraposition of “I4 fix) is not defined at
certain point, then 1t 1 diccontinuous’, that is, if f(x0
ic defined at every », thern 1t 12 continuous, how can one
explain the fzct that the percemtages of category 1 go down
in A3 and A where both functiane are defined for every x?
Hence, the confusion in category 1| needs further
Justification, For 1nmstance, what iz the ctudents”

conception of the phraze ‘defined for ewery x’.

~ccording to the infarmation at hand, I do not know
whe ther the 233 of category 2 in A2 and 3890 in Aé uzed the
explanations in category 1 for other quections. Yet, I argue
thzt the ircreaze in number of students in category 2
indicated, that a2t the moment of decision making, the
fezture of 3 gruven taesk alsc contributed .o the evocation of
concept imzges. In this caze where the graph highlights a
Jump or 3 gap, the concept images az thoze in category 2
become stronger. Norever, thigs mar also be elaborated by the

low percentagez of category 2 in Bl - BS (cee table 3.20.



When a formula ie given, the roncept images related to the

Digtribution of erplanation for correct amswers
to questions Bt —RBS
(the number indicate percentages out of correct ancswerse)

Cueztion

Categories E1 EBZ B3 B4 ES
1 = 2% &0 25 44
2 = = 4 2o
2 4 4 4 22 B
4 & 12 25 0 21
S 4 5 T 16 12

araph, or the connection between the formulas and itz graph
cannot be evoked. Instead, the concept image related to the
mzthematicsl terms such as category 1 or category 3 plas the

dominant raole.,

Y20 Uinner commented that the 23 in B4 ueing the
concept of +imit Yo justify for the discomtinuity, isc
accidental . It iz not clear to me in which wsr the students
used the concept of 1imit, whether they just stated the
limit definition or whether they attempted some
calculationsz., However, 1 remark that even though B4 and BS

are similar, the preocess of evaluating lim sin (1/x} and
X0

1im xzsin 17,9 are different. Some trial values or
x=0

123 :
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examining the behaviour of sine function may lead to the

conclusion that 1im ¢in (1/x%) does not exiet. Thus, the
%20

function in B4 ie diecontinuous. On the other hand, more
cteps are needed to justify the continuity of BS, namely,

showing that ltim xzain (1/%) exists and ite limit equals to
#20

the value of the function at »x = 0, Both of the existence

and evaluation of lim xZsin (1%} are not straight forward.

%20

2sin (1/% ie not easy to

Even worse, the graph of » = x
draw. A1l thece may a3lso affect the percentages in category

32 for ES.

4y A& emall number of students in the first study
and very few etudents in the ezcond study justified the
continuit, brs "2 gsingle formula” and the discontinuity by
‘not a single formula’,. This idea recembles that of Euler,
Arbogast and their contemporaries (csee 2.4). However, the
low percerntage of thie misconception may be viewed acs the
result of teaching and learning. In school, the notion of
function iz taught prior to the notion of comtinuity.
According to the Dirichlet-Bourbaki definition of function
(ege 3.3», the student learns that a function can have more

than one “rule’ or ‘formula‘’. Besidee, the conniection
y
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between function and ite graph ies well establizhed before
any notion of continuity is introduced, 1 argue thst under
this setting, the background Knowledge of continuity (at
least the intuitive one? iz built up carefully and so the
students do have better preparation to eliminate certain
misconceptionz., OF course, I do not exclude the poszibility
that some other micconceptions may be created. At the time
of Euler, mathematicians still fought for & surtable meaning
for both “function  and ‘continuits . The images ther held
represented the struggle for seeking a criterion to clarify
these noticnz and, zo, were conziderably incoherent.

Whereas, 3 cle ntation of the notion of function in

!‘l.
1<)

r pres
present-da» curricuium eliminates certain misconception,
Hernce present ztudents’ comcept imagee zxre not likely to be

the came z2= tho .t mathematicians.

"

e of p

U
L]

Furthermore, the confusion between continuity and
differentiabkility mey be identified with that of Lagrange,

whe theought thst swer~ continuous function can have & serie

w

expanzicon (zee 2.4, The percentagez of thie micconception

in both ztudies are alsoc low.

)
(41}

3 Summary
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Both ctudiesz chowed that the students justified
their answers by uszing their concept images or even some
non-relevant but mathematical arguments, The diverse images
chown in both studies sucgested that different concept
images will be formed or evoked under different
environments. However, most of the reveasled concept images
do not carrespand to the formzl definition of continuity.
Hence, in order to develop a coherent teaching strategy
which ie consisztent with or vhich eliminates those concept

images, more studie

hzve to be done on the following two

[n]

Al

acpecter (1) Pevesz'ing more concept images in different
settinge and (2} exploring the conceptual structure of the

notion of continu. by,

3.4 The notion of tancgent

Th

iTd

zim =+ *hiz section is to report two studies
which rewveszl tle =-.dente’ concept images about the notion
of tanoent aftzr the, have learned about thie notion in the

calculue cource,

At ezrl, stage of mathematical etudies, etudents

experiencez thz ta.oont in circle geometry. They learn that

the tangent i 2 Vine that touches the graph at one point
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and does not croes it. Whereas, in calculus course, two
approchez are used to introduce the notion of tangent,
namely, tangent as the limit of secante or asc intuitive
concept. In the Yztter approach, the emphasie ie put on
calculating the slope of the tangent which ts tied up to the
notion of derivative. Hence, it ie interesting to study
whether the rnotion of tangent in calculuse contributes to
come significant change to the notion of tangent in circle
geometr 7 S, Yinner (15782 conducted x stud, to examine
thiz problem. Later, O, Tall 71987 carried out another
ctudy to compare the students’ ideas abovt the notion of
tangent through using computer to draw a lime through very
close points on the greph, with the traditional strategr,
that iz, assuming an inturtive Knowledge of the meaning of a
tangent. EBoth of these studies will be repcorted briefly.

Some obeservations will aleso be discuszzed.

I The work of V'inner

The aim of Yinner s study (15820 [34) waz to
investigate whether the generalized approach to the notion
of tangent asz in cslculue would replace the intuitive
approach in circle geometry after the former approach was

introduced,



The stud-

L]

firset wear college studente who had learned

s

-~
L.

sbout derivstive

m

and tangents in c3lculus course

participzted thi

(1i]

study. A questionnaire which included five

questionz w=2s hznded out to them. The fir=st thres questions

addressed to the notion of tangent where those concept

1mag rzted in circle geometry would lesd to a2 conflict

b O
m

gen

hd

situation. For tnstance, the case where the tangent crosee:
the curve, swuch as the tangent at the inflection point; the
case where the tasngent will coincide with part of the graph

such as the tangent 3t the origin of the function:

eo=ea% iF s 20
(D 1f o« £ 0
In each of the firet three questions, the function

and its graph az well &z the point p at which the tangent

wa
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expected to be drawn were given. The students were acked
to choose and follow the instructions in one of the

following cacsec:

(@ Through P it i2 poseible to draw exactly one
tangent to the curve (draw it),

(B> Thrcugh P it ie possible to draw more than one
tangent (specify how many, one, two, three, infinity). Draw
all of them in cacee their number ie finite and some of them



in case it it infinite.

{c) It iz impossible to draw through P & tangent
to the curve.

Furthermore, in the last two quecstions, the
students were azsked to write down the definition of tangent
if they recalled aney ctherwicse, tried to define one

according to their own experience.

I remarl here that 1n the cacse (B}, the statement
iteelf ie confusing. I+ there is more than one tangent, the
choice of one tangent chould ke excluded, From this
cbeervation, the choice of (A) and (B) cannot really
distinguieh the studente’ 1deas towards the notion of
tangent without examining their drawings. Hence, 1 shall

cnly report the resulte acceording to the drawings.

The drawing rezults

The results showed that very few studentse held the
generalized tangent concept 2= it wzz taught in the
calculus, At least one third of the students till held the
intuitive tangent concept in circle geomstry, Some other

really experienced conflicts between the old and the new

1¢%



tangent concept. Overall, 21X in question 1, 29% in question
2, 154 in question 3 chose “C’ , that ies, no tangent as
answers, but 284 in question 1; 429 in question 2, 27 in
question 2 did rnot provide 3any drawings. A summary of the

students’ drawings were edited az Followe:

Quecsticon

¥ = yB and PoO,00

far 12y by 38%9 (co &4

Cuecsticon 2

v=,/1s1 and POOL,00

~

(a) 849 (kY 184 (cy 18%4 (d) 144




Guestion 2

y =(x% i4 x 3 0 and P(O,0)
{m i< % (0
ca) 120 A A feY 1év (dy 7V

The precentagez indicates the distribution of
ctudente’ anzwerz. Virnner concidered that those students who
drew the tangent z:z i1n the czzez (a) held the correct idesz

towarde the concept of tangent in the calculus. However,

=,

Qs

Tall (1987 commented later that in the caze of quesztion 2,
there were controverzies even within mathematice community.
Some mathematicisnz consider that there it no tangent n
thie cace beczusze 2t the crigin, the right hand derivative
ic positive infinite; whereas, the left right hand

derivative ie negative infinite.

Furthermare, 3&% of the total gave the tangent

definit:on &z in geometry and 417 as in the calculus.



Comments

Coserving Vinner”’e data, I firet divide the
studentz’ ideaz toward: the notion of tangent into three
categories, ramel~, <1) the generalized tangent concept,
thst i=, the tsngent concept in the calcoculuz; (22 the
geometricxl tangent concept, that ie, the tangent concept in
circle geometry; ard (3) a mixed tangent concept, that is,
the combinstion of the generslized and geometrical tangent
concept, Then, I s3ppl. the notion of corncept image to make

the following commentsz:

tid Therz ie & tendency to creste a situstion in
which the intuiti.z tangent concept can be zpplied. For
instance: in the czss (b)Y of quecstion 1, 384 of the total
tried to draw the tangent a little bit off the origin in
order to obtzin th= tangent saticsfrying the properties that a
tangent touchez %k zraph st only one point and does not
cross the gragh. Similar 1dea can be found in the anzwers to
question T and question 3. In the former cace, the tangent
which looks a2 if it i a “balance” iz drawn in the first
two parts of csz= d¥. With regard to the latter casze, the
tangent v~ ich ands touches the graph at cone point ie drawn

as in the cacse (b, These answere showed that the concept

)
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images of the gernerslized tangent concept were not evoked.
As I have mentioned in 2.4.2, this can be explained by
noting that the concept images formed by intuitive argumentsz
aoften dominzte thoze formed by mathematical conteste,

(2 Some studentsz rezlly e.perienced conflicts
when the concept images generated b the mived tangent
concept were evoked. Some of them presented the conflict by
including both rnotione in their answere. For instance, cace
L) 1m gquesztion 1, the third part of caze (dY in question 2,

as well a2z ca

g ¢V in qQuestian 2. Yet, othere showed the
conflict through the ideas of draming infinitely many
“tezrngente’ nmear the given point F, For inztance, case 7c) in

question 2 and ca

e {(d! in question 3. Perhaps, thiz group
of ctudente applied the concept images of tangente as the
limit of secsnte, to construct the zituation in which the
tarngent zhould touch the graph at one point. Furthermore, 1t
is interesting to ncote thzt no ztudent constructed
infinitelw mar, tangentsz in question 1. Perhapz, thiz comes
from the “unplezzant’ situation that any line pazsing
through the 1nflection point has to crose the graph and thie

directly viclates to the geometrical tangent concept.

(3> The two tangentis obtazined from case (b)) in the

)
o
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question 2 may suggecst the impact of examples. In the
calculus, cimilar graphs are often uced to demonstrate the
situation where the derivative does not exist at point P,
Thie demoncstration mav lead to the confusion that at point
P, there are two tangents, Moreover, even if we agree that
the vertical tangent ie undirected, it i really hard to
tell whether there iz a2 wvertical tangent, without carrying
cut all the detaxil calculations, From thie abservation, I
alsco suggest that in facing & task, the students tend to use

their concept imagesz rath

ther than mathemstical calculations

py
-
1

r

"

to justify their anmcsw

m

.8.2 The wark of Tall

The aim of Tall s study F1987) [28] was to test the
impsct of computer packages in tesching and learning
situation s to the notion of tangent. In traditicnal
teaching zituation. the dynamic approach to the tangent as
the timit of cecants wase conzidered to be tedicus due to the
number of calculatione. By using the aid of modern
techrnology, 1t was hoped thast students might acquire the
generalized tangent concept through handling appropriate
examples and non-e~yamples, In Tall’s etudy, he tried to

examine whether using a computer package to investigate
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different examples and non-exsmples would help enrich and

develop 3 more coherent comcept images of tangent.

The stugdy

Twa groups of students participated 1n thoz ztudy.
41 students in the experiments) aroup lezrned to negotizte
the meaning of & tangent through using computer to draw &

line paszsing two very clos

()

points cn the graph, in an

introduction cource of

it
e
1]

ulus. On the other hand, &5

]

tudents in the control group scquired the meaning of &
tangent through a traditiconal teaching etrategs, that ic, an

gzzumption oFf the ymturtive Vroweledge of tarngent.

A queztionnmzire which coancigsted of =1 quections

wxs handed to them zfter the notion of tangent waz studied

in detzil. Irmn e

w

th question, the functicn amd 1ts graph were
caoth given 3nd the students were zzVed whether the graph had
x tangent at the origin. Furthermore, they were szbed to
esketch the tsngent 1 f their answer was “yes’; otherwize, to
give explanations., In order to compare the performance of
the experimentsl group with more mathemzatical mature

studentsz, this gquestionnaire was 2leo distributed to a group

of 47 firet year univercity mathematics students.

]
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Recsul t=s

The results indicated that the performance of the

.t =

140
m

w

experimental group wase at le good as the univereity

group. Although the concept images generated by the
intuitive tangent concept persiceted in a1l three groups,
there waz 2 csignificent improvement among the experimental

group. The anzwerz to some of the questions were as follows:

Cuezticon !

78 ot the total in the experimental group as well
as the universit, group answered *hat there was no tangent.
Howewver, cnly 4%4 in the control group gave thie answer.
Furthermaore, 159{ in the experimental group claimed that
there were {ws tangents by discuesing ‘left’ and “right”
tangent. More students in the control group (244) drew a

‘balance tangent along x-sxie than in the experimental
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group (less than 3%).

Cuection 2

Mozt of the cstudents (824 answered that there was
no tangent., bheress, only 37 in the control group and 40%
in the univerzity group suggeszted the same answer. Qr the
other hand, 7' in the experimental group, 2S¥ in the control
group and 4% in the univercity group ascer ted that there

e

was 5 werticzl tan t. B y less than 2¥ in the

n
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experimentat grovo, arcund 15% in the contrel group and 4%
in the univerzit, group drew 3 ‘balance’ tangent along

n—axis.



GQuestion 3

A high percentage (7F43{) of subjecte in the
experimentsl grougp gave that the tangent at the origin was

along the 1.

ow

v = ~, Whereas, only 24¥ in the control group
and &2 in the university group gave the abcove answers.
Morecover, 239 in the control group claimed that there was na
tangent by usirng the arguments such a:z ‘because at » = 0 is
where two functions meet’ . Tall remarked that throughout the
experimertal course, onlv thosze functionsz with a single
formulae were discuezed., The above data suggecsted that the
experience of the experimentzl group helped the zubjects
enchance their abilitiee to tranefer the acguired Krowl edge
toc & new contevt,

Since the tangent in this question coincided with
the curve to the left of the origin, the conflicts between
the generalized tangent concept and the geometrical tangent

concept would have been expected as the results of Vinner‘s

LD

etudy indicated. However, only 20% in the experimental group
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but 384 in the control group and 30X in the university group
drew the tangent a little off the curve sco that the tangent

seemed to touch the curve only 2%t one point.,

Que<stion 4

ey if o2 L0
{::2 it >0

Thie question resulted in responces cuch ‘Mmary’

g_l
"

and “infinite number  of tangents touching the concern of
the graphy 2 ‘balance’ line abowe the concern etc. However,
0% af the subjectz 1n the experimentsl group explained that
there was no tangent. Uhereas, only 58X in the control group

and 81!, tn the university group gave the same explanation.

Comments

Tall commented that in acquiring the notion of the

tangent, the use of & computer package not only helped the

m

tudente to develz~ a more coherent concept image but aleo

enchanced the student’s ability to transfer their kKnowledge

20%



to new context. For instance, the experimental group did
better in determining whether the tangent existed at =z point
where the formulae changed. Hence, there was a hope to
develop & curriculum in which the eccential properties of a
new concept were prezented by handling examples and

non—examples in an appropriate complex context.

A3 Summsar

Im both studies, there ie evidence that the concept
images generated from the inmtuitive tangent concept still
exizt after the generslized tarngent concept is introduced.
In order to be aware of the inadequacy of the intuitive
tangent concept, more examples which directly cauce
conflicts should be given in the tezching situztion.

Moreover , compar ing the resulfs in both studiesz, 1
obzerve that in Tall = study, the image of ‘infinite number”

of tangentsz iz not =

n

frequentl; evoked &= in comparsion

with that of VYinner‘z. This suggestes that in Vinner’s =study,

w

the evocation of “infinite number” of tangents may come from
the guestion itself., Of course, cther factore such as the
teaching strategiee cshould alec be considered.

Finally, no student emploved explicitly the idea of

composition of movemente to describe the notionm of tsngent




in either studiees since the questionnaire addressed
mathematical rather than phrsical contexts. As modern
mathematics becomes independent of the science, most of the
notione in calculus can be defined independently of space
and motion. Hence, the idea of movement is not called up

when the question ic posed in the mathematical context.



CHAFTER I

A DUESTIONMIGIFE O THE NOTION OF FUNCTION



4,1 Intraduction

A quecstionnsire wase given with the aim of eyamining

how students reacted to & given task according to the given

concept definition of a function.

In ch t

DY
[ {J

pter 1, 1 have slresad;y discussed Winner‘s
noticon of concept image and concept definition for learning

of & mathemstical concept. In chapter 3, zome of the studie

Wt

vthiich were corducted by Vinner and other rezearchere, to
reveal the student’s concept imzgee with reference to the
notions in the Calzulus were reported. The results of thece
studies indicsted that the concept image, not concept
definition plased & dominant role during the stage of

performance.

Analyzing the ctudies on the notion of function, I
cbserved that men, =ztudents gasve inappropriate exolanations
due to their lack of recall of the Dirichlet-Bourbaki
definition. A a matter of fact, come of them did justify
their ancwere according to their own definition. On the one
hand, the CLirizh" & -Lourbaki approach to the notion of

function was neithzr eazsy to teach nor to master due to its
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abstractness and generality. Often, teachers give the

definition and then restrict themselves to those examples

1

which will be uzeful lster on. Under such a setting, the
students” conceptions of functione mainly come from their
experience of esamples. Hence, it is reasonble for the
studente to use part of their concept images instead of
concept definition when & tas¥ is given.

Fur thermore, there ic lack of mativation far the
studentz to acquire of the Dirichlet-Bourbaki definition., In
the coursez such as Functione or Calculus, the studente are
rarely ascked to identify whether a given example 1s &
function or not. Inetead, the character of some particular
functicons like psrzbols, cine, ... etc are discuszzed in the
former cour<e) properties such asz continuity and
differentisbility are eramined 1n the latter one. There is
no reinforcement of the Dirichlet-Bourbaki definition
iteelf. Mot zurpriszingly, the concept definition will soon
be forgetten.

From the above obcervaticons, come questione may be
asked: What is the role of definition in student’s mind? To
what extent do ctudente react to a given task according to
the concept definition? Will the situation become different
if a definition itz given together with the task? Moreover,

what Kind of desfinlicon can be uzsed age a lexiczxl definition




(see 1.4) For learning the function concept at senior high
or college lewel? Thecse questiones become interesting only if
we are convinced that the good usze of definition will help
mathematical thinking as well as organizing different
mathematical concepts in a coherent way. In thic chapter, 1
do not intend to answer &1l these questione thoroughly.

!

Rather, the analog- between clazsifring a mathematic

w
n

n

object asccording to & definttion and Jjustifring ctep
according to logical reasonings leads me to =tudy the kind
of concept images that will be evaobked if a definition is

reinforced.

4.2 Selection of the taske, population and research
method

The sim of thic section ie to report the criteriaon
of selecting the quecstians in the quecstionnarie, t*

population as well as the reseach method.

Often, the learnerz f2il in conceiving the
Dirichlet-BourabVi approaxch to the function concept due to
their experience with some particular functionz. However,
thic failure does not mean the failure in mathematical

reasoning. Skemp [z1] quoted the work of VUrgotsky:



"One child was told to call a dog by the word
‘cow’. He w = then asked ‘Hae a cov horne?’ Child: “Yes, it
has’. Experimenter: ‘But this cow is really a dog.’ Child:
‘0f cource, if & dog ic & cow, if it is called a cow, then
there must be horns, Such & dog which iz called a cow must
have little horns’."

The previous concept image of a {real) cow not the
prezent concept definition ¢a cow is a dog) wss evoked while
the child was facing to mske hie decision. Yet, the child
did react to the task according to hies own concept
definmnition. I bring this example up here to point out that a
good definition should not be too artifical, it should be
close to the learners’ experience., My condecture iz that the
lesrrners will act more logically if the given definition can

stimulate o familiar ides.

4.2.1 The quezticnnaire

Under the abouve conjecture, it is handy to extend
the study of Vinrner and Dreyfus (=22 3.2) hecsuse their
studiec provide & 1ot of information concerning the
learners’ experience, Basically, I ucsed thics information as
well as the hisztorical development of the function concept

to formulzte the ec called ‘definition’ in my questionnaire.

h
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Three definitionz were arrived as follows:

Definiticon 1

& function i€ a =single rule which asszigne, to each

number , some resl numbersz.

Detiniticon I1

real

A function i a rule between two sete (the domain and range)
which z2zsigns to every element in the domain exactly one

element in the rangs.

Definttion IT1
A function i & rule which azsignz, to e
gingle real number computed b» 2 (2

ch rez)
i 1

attached to each definition, there are
questionz which include four rules and two graph

They are:

1y The rule which 2=

= ch real number
L o= 02 - 1,002 4

=0
=
1]
Cad
(]
T
Qs

¢2y The rule which aszignse to each real number

(2 The rule which assigne to each resl number
% if x t1e greater than 2 and the number x-1
lese thzn or equszl to 2.

number , &

formul =.

1}
—

W

» the
» the
y the

if =

number

rnumber

number

(=

{4) The rule which assigns to each student the cstudent’s ID

number .

3]
o~



(5) WN
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The guiding princple for choosing the qraphs and

rules was bazed on the difficulties found in the work of

Mar yanzkii, the wark of Vinner and Dreyfus as well az that
of Markevitz, Eviarn znd Bruckheimer., Some remarke zre zc

follons;

1) Fu'e 2 ie chozen hecause the brokern functicon
iz considersd to Ltz difficult for the learrners in the
above-menticrned ztudiez and becaucse this rule vaoilates

definition 1 But not definition 11 armd 111.

i The notiorn of functicn is often introduced

;
.

t \:I

graphicall«, that iz, the cstudents are told that if &
vertics! line interzects the graph at one point, the graph
is a graph of = functicon. This concept image of function iz

incufficient z¢ to the Dirichlet-Bourbaki definition. Rule




1, rule 4 and the graph & are chosen hbecause the graph of

the function given b» rule 1 ie hard to draw; in the cazse of

n

rule 4, there iz no graphical presentation; graph & fails
the vertica! line test but 2+ill ie a “function’ accarding

ta the defintion I.

Ch Fule 2 1€ chozen becauce the constant functican

iz also found to be Jdifficult 3nd becauze the number 2 4

n

given ewpliciti,, not neceszsary computed by o mathematical

formul z,

Ay Another aspect that emerged from the akove
studies iz that lesrnere often igrore the domzin of

function, when 2 rule or a graph is given., Rule 4 has the

set of students == itz domsain and graph S has the st of
integers &z itz donz'n, both of them are legitimate
candidatez: of 2cfi. 0 on 11 but not definition I and III.

The =ztude-*tz 3re a

[H]

bed to answer each queszticon by
‘Yez’y, ‘Mo’ or "1 dc nmot Know” and 2lso tc give reason for
their choice. At the fnd of the questicnnaire, the ctudents
are asked vwhich of the three definitions best fite their

-

idea aof funrt | 0™

[
—
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4,.2.2 Population and the relevant informsation

The cample included &3 Math 202, S% Math 205 and &7
Math 242 ctudentz a2t Concordia university., Only those
studente who either =znswered each question inm the
questionnarie, or gave at lesst Z reasons to explain their

answers were concidered,

Math 202, Hath 205 and Math 242 are Calculue I, 11
and IIl rezpectivel . Students in thece courses are mainly
arte and =science students. The mathematical background,

especially in Math 200, are considered to be diverse,

Howewver , the precentage of zcience ctudents increscses

according to the leswel of the course. A brief description

n

for the role of furnztion in these courses ie summarized &

follows:

Math 202 iz C3lculuse 1. In this course, the
students review the Dirichlet-Bourbaki defimition in the
firet week, Later on, propertiees and behaviour of functions

such a3z centinuity, increasing, ... etc are discuscsed.

Math 20% ie Calculus 11, In the firet part of this

course, the students mainly learn applications and



TR AT e e

techniques of integration.

Math Z2&2 ie calculue 111. Functione with ceveral
variables are ztudied. On the one hand, the notion of

function is reviewed and spplied to a more germeral setting

[n]

such as the element in the domain can be ordered pair, order

tripley, ..., etc,

4,2.3 The method

The questionnarie was suppozed to be distributed

]

among the students during the c¢classz. Howesver, some
instructors were reluctant to do s due to time cotstraint

and it waxs sgresd that it would bz given at the end of class

1 J
T

to be completed 2t home, As & result, only one Math 203 and
eleven Math 262 =tudents returned the taske home
queztionnaire, Thoze who ansviered in clase took zbout 1S
minstes to do eo. 21 students anewered it price to their

firet clas:z test,

Before the questionnarie wae handed out to the
wholie group, & pilot =tudy was conducted with 20 Math 203,
21 Math 20% and & Math 282 students. 4dmong them, 41 answered

the quecstionnasire during the class and ¢ at home. Some small

220



chariges were made zfter thie pilot s*udy. They were:

(1> In the pilot study, rule 3 wae cstated ac:

"The rule which aszigne to esch real number » the
number 2 1f 4 1= greater than 23 and the number -~ - 1 g

lesz than or equazl to Z2."

One ztudent thouzght that 737 w

n
w

H the compler number

s

‘17 becauze the ditto coprs wzs not clesr encugh, o 73

W2z

taven off in the final wversion.

..\
g\
N

n

In the pitot ztud,, the lazt question i

wn
lnd
Q
e of
"
Qa
as
[

"Will sou zocept any ot the zbove definitians acs
- ~

the definttion of functicn

Some ctudents anzwered that they zccepted 211 of
them, cthere thezt the, did not zccept anys chne of them.

Conszequently, thiz question was changed to:

"which of the sbove definitione best fite your
tdeas of a function?"

The f1nel guecstionnaire was handed ocut in the



middle of the fall term 3t the azcademic rear 8. At this
time studentsz, ezpecizll, Math 203, would have zcquired

quite 2 1ot of working erpertence of function.

4,3 Anslysziz of the datz
-

The si1m cf thie zecticn 12 to report and an

w
By

1y

"

the rezults cf the questionrnaire on the notion of function.

m
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Given, SCMe remark:

12 Throughout the anzlyziz, the diztribution of
the snswerz for e3ch queztion 1z presented by fiue
subgroups, name’ly, Ay sesy ‘B noy ¢CO 1 do not Krows; (Do
no snswer znd By snzeers with rezzcns,

‘2, The reszcns given by the rezpeondentszs are

tnd

groupec into different categories, ten in definitior I and

Ill; nine in defirition 11, according nc* cnly the common

w

pect

w

3 of the three giver defirnitions, f-r i1nctsnce, a rule
of correspondence between two zetz, or featuresz such as ‘3

single rule”’ some rezl rumbere- but 3les sccording to the
g s >

studefite’ responcses., fHleo, categories ‘no e«planation’ and



‘miscellaneous’ are used. The former category referes to the
reason such ac "Satisfies the definition” or 71t ic a
function’. Whereas, the latter refers to those reasons which
are incomprehencive; lack of information; or hard to put

intoe any cpecific category.

L

()

57 Az 1 have mentioned in (2}, the three given
‘definiticne’” in the gquestionnarie share the common
structure, that is, a rule carrespondence between two sets.
Definition II1 i the Dirichlet—-Bourbaki definition, these
twe setsz are specified #¢ “domain’ and ‘range’., However,
both cete in definition I and IIl are onmly given as the sei
of real mumbers. In order to pin-point the target set to
which I refer 1n my analessis, the terms “the first cet’ and

s

‘“ihe ececond zet’ zrz used to represent the role of ‘domain’

and ‘range’ in thezs two detinitions.

f3y Im order to examine which aspectz of concept
imagees will likel, be ewvoked according to a girven task and a
given definition, 2 qiven reason may be classified into more

than one category, Eramplez will be given in 4.3.1.

In arder to deal with the data from different

perspectives, come ctatistical observations will first be

[
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reported according to the results of each question and each

—

definition. Analyeice will be made on recponces to all

questions within & given definition, as well

W
w

, respon

ut

es
to a particular question under different definitions.
Moreover, some miscellaneous responzes will also be

diecussed.

4,2.1 Statis*tics) results

In this section, two cstatistical tables of the
dizgtritution of anzwerz and of the distribution of reazanc
within different categoriez according to & given definition,
will be presented bazszed on the results of each guesztion and

each definvticn.

Categories +or ded o'tion 1
The reazz-z given b, the respordents under
definitior, I zre z-cuped into ten categories, namely:

Reacte in come wav

1Y

“cording to the common structure of the
given definitions. that is, a rule of correspondence between

two serts

20
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Categor~y 2

Concidere the precperty of the elements in the first cet or
the feature of the firszt set

Category %

Considere the property of the elementes in the second zet ar

the Feature of the

"
h
-+

econd

m

Emphasize the ides of correpaondence

Categor. S

Considerz the mezning of the word ‘some’” or the phrase ‘zome

real numbers

Category 7
Feacts according to the working experience with functions

Appeale toc some mathematical cobservations or calculations




Catecory &

No explanation

Under

assigne only one r

thi

concsidered to fza11

in category 7.

"

T

clzecsitication, reason
3] number ¢>) to each real
into three categories

as ‘llo function can make

1

namely», 1, 2 and

euch as ‘"This

number’ i<

a loop’ i%s



Resulte on gquesticn 1

The dJdistribution of answere accarding
toe five subgroups

Total 140 23 e a2 107
Math 2072 42 = 4 a2 =
Math 20% 47 v 2 ] 2o
Math Zé&2 51 11 2 z S0

8% out of 140 studente in subgroup & and 17 ocut of

2% in subgroup B gave ressons.

The distribution of reasone according to ten

cateooriezs wisthin the firzt fcur subgroups

1 2 2 4 <) & 7 = 14

Total 4z 25 31 S 2 14 g Z9 5 14
Math 202 w T & 4 1 0 i 1 10 1 =
B 4 2 i 1] 0 4 z g 0 1

C i 0 i} ] f 1} o g 0 o

L o ¥ 0 o 0 i 0 G 0 G

tMath 205 & 12 7 =] 2 z 8] 0 = 0 =
B ] ] ¢ 8] 0 0 1 z 0 0

C 0 ¢ o k] a 0 g 0 0 0

D Q 0 ] 0 0 G g 0 0 0

Math Z&2 A z1 ¢ 14 1 0 4 4 7 4 S
B = 1 ci 1 0 3 o 2 4 2

C O 0 [t} ] 0 i i 0 8] 0

b ) 0 0 ¥} 0 ] ] 0 o 0

227




Rezultes on question 2

The dicgtribution of ancsuwere according
to five subgroups

& B c D E
Tatad 107 54 1% g 105
Math 202 T2 25 9 I 20
Math 205 21 14 10 4 24
Math 2&2 44 17 = 1 =3

&9 out of 107 =ztudents in subgroup A and 35 out of

Sé in gubgroup B gzve reasonc.

The distribution ef reascns according to ten

categqoriesz within the first four suboroups

{ 2 I 4 S & 7 & T 10

Total 21 17 22 z o 20 11 2= 5 10
Math 202 © ) S 2 i 0 i z & ¢ 2
E q 2 Kl g o] 7 1 2 i 1

C G 0 0 ] 1 0 a i 0 o]

] o a G | U} ] 0 0 { 3]

Math 205 & = 4 7 0 a 0 1 4 2 1
E 0 0 1 vl 0 i 1 2 i ¢

C ¢ o ¢ o 0 i 0 0 C 1

D 0 0 0 0 0 0 0 8] 0 ]

Math 242 @A 1S 7 14 o a 0 S S 1 3
5] 1 0 2 1 0 ¢ 1 2 0 i

T 1 0 1 G o 1 §] ] 0 1

9] 1l 1] 1 o 0 0 ¥ 0 o ]



Recsults on queztion 3

The dizstribution of znswers according
to five subgroups

A E c D E
Tota B 42 28 14 s
Math 20Z z0 it 10 & 2¢
Math 205 24 16 3 q 20
Math Z&Z 47 S b 4 2

S< out of ¥% =tudents in subgroup A and 2% cut of

4% in subgroup B gave reaszone.

The distribution of reazons according to ten

cztecories mithin the firet Four suboroups

1 2 o 4 S & 7 ] T 1G

Totsl 22 17 15 0 & 13 6 34 4 14
Math 202 & I ) 2 0 1 0 1 7 0 z
E i 2 2 1} 1 S i q ] 2

o o 0 o 1] g ¢ u a 0 z

D e i 0 1] 8] C 1 0 s} i

Math 205 & Z 4 z g ] o i 4 2 ic
E i H ¥} 1] 1 i 1 2 1} z

C a ] ] c a e} 4] 0 a 1

0 0 0 0 0 0 1} ] 0 0 0

Math 242 @A 1z & 2 0 1 2 3 12 z 2
= o 1 1 v} z 4 0 q t] 0

C 1 G ¢ a 0 1 0 1 1] 0]

D ] o D 0 a ] ] ] 1] 1

2297




Fezulte on questicrn 4

The distritution of ancswers according
to five subgroups

]

o

c D E

Tota) = TZ @z 7 101
Math 202 o2 24 = z 2"
Pizth 209 o= 14 11 4 24
Math 2&2 28 3z 7 o 4z
41 out of B2 students in subgroup & and Sl cut of
-

72 n subgroup B gave rea

"

one.,

The distribution of reszonz: according to ten

coatez-~iez within the fiyret four subgroups

. = 3 4 ) & v 2 ¢ 10

Total =< 322 14 s 0 12 b ) 1 1e
Math 202 3 0 z 1 0 0 o 2 ¢ 5
g = v i 1 ] 4 1 G ¢ 3

C O i 0 0 c U { o o 1]

o c X} a 0 0 o 0 0 0 z

Math Z0% w« v = 2 z ! 1 1 g i z
E ) 4 1 4] 0 2 0 i (] 0

C 0 | ] ¢ 1} a 0 a 0 2

i 1 0 1 0] { a 0 g o 0

Math 242
0

M m7I
b I I |
DHEEI‘.-J
L B o X1 Y Y
Qo WM

o
oo

o - N
QM)

oo
Q - BB

Lok}

)
)
o



Resuylte on question S

according

The dicstribution of znswer
o five zuboroup

U (1]

& E c D E
Total 124 &0 4 2 102
Math 2072 4z 20 i i 30
Math 205 43 14 1 1 24
Hath Z&2 a7 2¢ 2 0 3&
3 out of 124 students in subgroup & and 43 cut of
&0 in subgroup B gave reasons.

The distribution of reszons according to ten

cetecoriesz within the first four subaroups

1 2 3 4 S & 7 g 7 0

Total 24 ZX 12 & 1 1S 25 23 i 18
Math 203 & 2 1 1 1 o 1 11 S o 2
B S ] 2 i g 7 i o ¢ 2

C t 0 0] i} ¥} a 0 0 ¢ 0

O 0 ] ] 0 1] Q i) g 1] o

Math 205 A 4 K 2 i 1 0 é q ol i
B 2 1 i ] ] 2 1 S 1] 3

C ¢ 1] i) o 1} (K a U 0 ]

D b 0 0 0 0 1] g 0 0 5]

Math 2&z2 & S 4q 4 2 1} U] 4 = i 4
E & < 2 1 ] q 1 13 U 2

C 0 ¢ « 0 1} (1] i 1l 0 0

D ¢ 0 o ] ] 8] ] o ] o

[
0
—



Recsultse or gquesztion 4

The distribution of answers according
to five subgroups

] E c ¥ E
Total F4 &% 17 g gz
Math 207 24 28 & s 2%
Math 205 24 249 =] 9 24
Math 242 4& 17 = 1 4%

SZ2 out of P4 students in subgroup A& and 25 cut

4% in eubgroup B gzve rezasonz.

The diztribution of rezxzuns acc
categories within the firset £0

crding to ten
ur zubgroups

i 2 ] 4 S & 7 = 7 10

Total 25 14 18 2 0 31 23 1% 4 14
Math 203 & e E 1 { n ? 1 2 1 1
E U c 0 0 1 10 & 0 !

C r 0 a a a a a a o 1

b o a 0 0 0 0 0 i 0

Math 203 & v S 9 G 0 S 2 1 0 !
B ! 1 0 0 0 1 3 1 ] 2

c g U 0 0 c o 0 a 0 1

b f r 0 0 n 0 0 D N 0

Math 242 A 1z 7 1a 1 0 14 1 é = K
B i 0 0 i 0 z 4 2 0 2

C i Q g 0 o 1 0 it a 0

D f 0 1] 0 0 0 0 0 0 1

(3]
[0
[gX]



Categories for definition 11

The reacone given by the regpondents under

definmition 11 zre grouped into nine categories, namely:

Feactz 1n zome way ccorcding to the common ztructure of the

s
i

given definitionz, that iz, a rule of correspondence between

two sete

Cateqor, 2
Congiderz the property of the elements in the domain or the

feature of the domzin

Conziderz the property of the elementz 1n the range or the

feature of the rangs

Emphazizes the idez of the correspondence

Category S

Concsiders the meaning of the phrase “exactly one element in

the range

[aY]
03
()]




Cateqor» &

Fescts according to the wor¥ing experience with functions

-

Cateqory 7

appeals to some mathemztical obserwvations or calculations

Cztegor,

Mo explanaticn

Miecellanecous

by

0



Pesultes on question 1

The dicstributicon of ansmers according
tao five csubgroups

¥4 B C D E
Tots) 124 44 10 8 5
Math 20% v 1% 4 4 25
Mz th 205 4% ? = 4 22
Mzth 2&2 44 20 K 0 48

&% out of 125 studentes in zubgreoup A and 31 out of

4& in subgroup B gzwe rexsones.

The distrikbytion of rescons according to nine
categoriez within the firet four subogroups
i = 2 a =] & N = s
Tatsal 27 7 & e 22 3 44 4 10
Math 202 & £ 0 (] a 4 i 3 2 32
E £ o 3] z 2 g é 0 1
C 0 0 0 { 0 0 a 0 ]
K o il o 0 0 o 0 0 o
Math 20T & S 43 2 i z 1 é 2 b
B £ 1 1 0 N 0 S 0 1]
C o] Q C 1} ] 0 ] g 0
¥ 0 | ] 0 0 0 G 0 o
Math 242 & 1z 2 2 4 11 1 g 2 )
B 0 f t] 1 2 c 14 1] 1
C o L g 0 0 ] 1 a a
D 0 0 0 0 ] g 0 0 o]

M
(D) ]
[




Results on _gquection 2

The diztribution of anzwere zccord ng
to five subgroups

A B C D E

Total 1068 &2 1z 10 100
Math Z07 e Z é 4 v
Math 205 22 27 4 & &%
Math &2 Sl 14 2 a 34

&

4~

&2 in szubgroup B gazwe reasonc.

The distribetion of rezcons sccording to nine
ceteczrizs varthin the firzt four subgroups
1 z = 9 5 & 7 ] g
Tatal 29 v T 2% & 4¢ 4 =

Math 2072

m I
[
s

& 0

]
4]

Y e
P I e I S
e wm L o el
= 3N
T i ]
CD -+ e

17T O

Lo O]
L]

(e
o

[ ]

L

m

pa

Math 205

T
[um BN

>
Lol so i 8 I N
-

300
Lo I ) I 4N
[ Rl 5 B ol
l:\OrJM
o
(]
[l o I & NN £} |
o B e Y O B

L R o]

Math 2645 A 14 2 4 14 = 1% 1 z
= z a z a 1 0 & 0 1
Z i a a 0 0 a i 0 a
5 G 0 ) o 0 0 0 0 0

[\
)
(XN

cut of 108 =tudents in subgroup A and 22 cut of



Results on questicn 2

The distribution of answers according
to five subgroups

~ B C o E
Total 101 43 2% 17 73
Math 203 oz e R 7 18
Math 20% 29 19 11 = 17
Math 2&2 3% 11 11 2 it

€1 cut of {01 studente in subgroup A and 14 out of

4% 1n subgroup B gzve reazons,
The distribution of rezsone according to nine
cxtecaries within the first four subgroups
1 2 g < = & 7 & g
Total ] 4 S S 25 3 37 S 4
Math 203 & £ 0 ] =z & 0 =z 1 {
E i i 1 0 ] 0 2 0 0
. Al L a o 1 a 1 ( 1
0 o I 3 4] [K; 3] 0 1
Mzth 205 & z K] 0 4 i =] 2 0
g 1 1 0 { 1 0 4 0 g
C o 1] 0 0 0 0 ] 0 i
o i 0 0 §] 0 0 3] 0 0
Math 242 A 14 1 1 L §C 2 1a& z 1]
E Al 0 ] 1 1 g é o 0
Z e K o 0 G a 1 0 0
D o 0 0 fJ 1] 0 1] 0 1
237



§ e Taw meTg ATSRIR

Feculte on

queztion

4

Total

Math
Math
Math

12 in

Math

Math

]

(DR
(N
[ O]

suybgroup B gzre re

The

dicstributicon

of answers

accarding

syubgroups

2 ocut of 135

Vam

to five
= B
135 18
4z ¢
v 2
=& 7

ztudent

C D E
23 14 873
& 20
14 & 17
= i &

in subgroup & and & out of

The digstributicn of rezsong sccording to nine
cotezor, =z thirn the first fou- zsubgroups
1 = ! 3 = S A g ¢
2 10 e 1o 3ZS 1 11! 14
i z 1 G 4 = Al 2 ] o
E r 1] i o N ] 0 o z
C C 0 G ] 0 a 0 { z
o 0 1 0 o ] ] 1 f Z
=) o 2 2 2 s 1 1 1 z
B 0 D U O 0 0 0 0 4]
C J 0 0 0 N Q 0 0 i
o o D 0 3 ] i) a 0 0
- ya & 5 4 {7 o & 1 4
E C i 1 (0 0 0 ] Ict
C 0 a a ] a o 0 ] a
D il 0 ¥ 0 ] ] 0 ¢ 0
238



Results on quesztion §

The diztribution of anewere sccording
to five subgroups

A E C D E
Total 153 20 4 13 22
Math Z073 a2 g 1 3 <0
Math 205 40 & 2 e 21
Math Z2&z &1 i i 2 91

72 out of 152 ztudents in subgroup A and 2 out of
20 in subgroup B gave reacons.,

The distribution of resccons according to nine
czxteqories within the firszt four szuboroups

1 Z =2 4 S & 7 & &

Totsl 25 11 ¢ 7 20 2 1g é 7
Math 202 & b z 1 z 7 1 4 i 1
E 0 f 0 o 1] 3] 1 0 1

C 0 0 0 4] K] 0 0 Q o

o] D i o 0 o ( 0 0 o

Math 205 @& = 2 2 ¢ g 1 4 1 1]
E 1 N} 1 i 0 o] i G ]

C 0 U o] 0 1] 4] 0 v i)

] 0 0 ] 0 0 o 0 0 1y

Math Z&z2 A 17 5 4 4 15 ] 7 4 2
E 0 £} 0 Ly 0 1 1 0 2

T [ 1 1 0 0 0 ] ) ]

o (0 U 0 ¢ o 0 0 0 1]

N
)
9



Recultes on questicon &

The distribution of ancswere accarding
tg ~ive subgroups

A B c D E
Total 2 124 11 13 101
.
Math 202 10 45 4 S 24
Math 205 11 2& S 7 24
Math 2&Z2 11 I z { =3

o
0
[ae
-~

11 out of 22 ztudent:z in subgroup @& and B8

5 amrT s oA, T

123 in subgroup B gave rezszonc.

The diztributicon of rezcanz sccording o nine
teqories vvthin the first four csubgroups

t 2 3 4 s & 7 & %

Total zz & 7z 53 5 2% 2 11

; Math 203 @ ¢ © o e o0 o0 o 0 0

E S o o ¢ 13 1 & 0 4

C c o o o 0 0 0 0 1

r ¢ ¢ o © © o0 0 0 o

Math 205 t =z 2 o0 O© 1 2 0 3

E 4 + Zz © 11 0 & 0 O

c ¢ 0 © o ©© ©0o 0©0 0 O

C @ o o ©o o o ¢ 0o @

‘ Math 2462 @ = 3 3 ¢ 1 0©0 1 0 O

: E ~ 0 0z 2E 3 14 3 3

C 0 o 0 @O © 0 O 0

: o c ¢ € ¢ o 0 © 0 0
i
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Categoriesz for definition 111

The reazcne given by the respondente under

definiticn 11l 3re grouped into ten categories, namely:

given definitionsz, that 1e, a rule of correzpondence between

Corneidersz the property of the elemente in the first cet or

tte fezature of the first set

Category %
Conziders the propert, of the elemente 1n the second set aor

the festure of the secard cet

Categor, 4

Emphasizes the idex of the correspondence

Cstegory ©

v

Corciderzs the prroze ‘= eingle real number’
k-




Cateqorv §&

Coneidere whether the rule ie given 3¢ & mathematical

formuls

Feacte according to the working e.perience with functions

I
LR
el

m
b

n

—
[
m
0
3
O
3
LU

I~
x
[1
3
g,l
.
n
o
el

abieervwzticone or caleculations

Cateqory ©

Mo e.planzation

Czteqgor .~ 10

Miscellaneous

[N
B
S



Results on que=ztion 1

The dizstribution of snswers according
to five subgroups

A E c b E
Tots! 135 20 12 1z &%
Math 202 4z 13 o 4 i¢
Math 20% 40 ] 7 v 14
Math 2&2 =ic i1z i 1 cr

54 cut of 125 =studentz in suboroup & and 14 out of

20 1nm subgroup B gave reazons.

The diztribution of reazorns according tao ten

cx*oguriezs within the first four subgroups

1 2 e 4 = & 7 ] 7 1t

Tota) 18 2 2 o 10 ZzZi 2 2% 2 2
Math 202 & 3 1 0 0 2 7 0 S 1 i
g 1 0 0 o 0 i 0 3 0 £

C 0 0 o a o K} 0 0 a o]

' 0 a o 0 ] 1 i 0 1] 0

Math 205 & & ¢ 0 0 0 z 1 4 1 1
B G U 0 a 4] i 0 2 O 0

C 0 Q G a g 0 0 0 6} o

b i 0 1 0 0 0 1 0 0 0

Math 242 & = 1 2 0 g 5 0 g & il
B 0 0 a 0 0 0 0 ? 1 0

C o G 0 o i) 1] 0 0 0 0

D o n ] ] Al 0 0 0 0 o

243
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Pecsuylts on questicon 2

The dicstributicon of arncwers according
to five subgroups

& E C D E
Total e 7é 23 13 73
fMath 2073 =3 24 i1 é 1%
Math 205 20 25 = & 15
Math z&2 25 27 4 1 i

34 out of 78 students in subgroup A& snd 2% out of

74 in subgroup B gzwve reazons.

The distribtution of reszons according to ten

cateqories within the firzst four subaroups

1 z <t 4 5 & i e 7 10

Total s z 0 ] 5 37 z 39 1 4
Math 203 & ! 0 0 ] 1 =2 ] & K 0
B 0 1 o 0 [ = 0 3 4] 1

C C ¥ 8] o ( z o 1 g 0

o 0 {1 0 1] 0 ] ] 0 ¢ 1]

Math 205 & z i n ¥ 0 2 ¢ z Q ]
E 1 f o 0 1 S 1 q 0 ]

(™ i) [ i i) 0 1 1] o 0 1

|w] 0 0 0 0 1] 0 o 0 0 o}

Math 242 @& 4 ) Q 0 i S i 17 0 1
E ¥} 0 0 g o '3 8] 7 1 z

C U 0 Q 0 1} 1 0 0 0 0

K 0 i 0 ] o 0 0 0 o 0



Results on quezticn 3

The diztribution of anzvie

rs according
to five subgroup

ul e

& B C o E
Tota) S 45 2z 18 %7
Math 203 e 18 1z & 14
Msth 205 25 12 1z 7 7
Math 2&Z 4z 14 2 3 36

9

2 out of % students in subgroup A and 20 out of

v

4% in esubgroup B g

a0
(]

rea

1]

1y}

"

The diztribution of resazone szccording to ten

categortes wikhin the first four subgroups

i z = 4 = & N a ¢ 10

Total 7 1 0 ¥] 5 22 o 25 3 q
Math 202 & 1 8] 1} 0 1 ic o z { §]
B ] 1 0 0 i S 1] S { 1

C D 0 Q a iy 1 il 1 1] a

D ] i L 1 o] D ] 0 { ¢

Math 209 & i 4] U] a W] 2 ] z 0 0
E 1y 1] 0 0 8] 1 1] 2 0 0

( o o a a G o a o 1] 1

D 0 0 0 0 9] n g (] ¥ 0

Math Z&2 & 4 0 0 D CHEE| o 17 i ¢
B 1 o 1] 3] 1 1 ] 4 2 1

C a 1} 0 o a 1 0 0 0 i

] 0 0 Q 5] 0 0 a 1 1} 0



Resulte on questicn 4

The distrabution of answvweres 2ccarding
to five subgroups

A E c D E
Total 445 ¢S 3= 14 23
Math 20z 1% ZE & g o]
Math 205 1& 22 4 7 15
“lath 242 11 4% 10 1 4%

1é out of 44 students in subgroup & and 40 ocut of

%S in subgroup B gave reazons,

The digstribution of reacsone zccording to ten
cautegortes within the firzt four subgroups

1 z e 4 S & 7 2 A ]

Taotal 4 13 1 2 2 40 ot 14 2 13
Math Z0Z & ¢ 1 a g 0 ] o 1 0 K]
B 0 2 0 0 013 0 2 0 0

C K 0 1] 1 ¢ 1 0 i 0 g

L 0 §] 0 0 0 K ] U ] 1

Math 205 & | ¢ { 0 i 2 o Q o 1
= C z |t} 1 ) 4 “ 0 a 1

C ] 1 U 0 a v} 0 0 0 1

D 0 0 0 0 g 0 0 0 f z

Math 242 & i 0 0 1 z i 0 2 1] i
e 0 n 1 G 0 1&g o 2 2 3

C { { 1 1] a 1 0 1] a

o 0 0 0 0 o 0 0 0 ¢ 1]

r
B
(g



Reszults on

guestion S

Taotal

Math
Ms*th
ttath

4d in

Tatal

Math

Math

Math

o)

U JU
O
£y )

i N

(]
L)
[N

%)
[}
0

zé2

oy
wd

The distraibution of amswers according

Lan B I v 2 I A

Lo B B x 2 B B

to five subgroups
(< B C D E
107 44 17 0 A7
37 14 =) 2 14
34 10 & 7 12
=) z0 é = 35
out of 109 ctudent=z in subgroup & and 25 cut of
subgroup B gave reasons
The distraibution of rezsone according to ten
cotego-1es pithin the first four subgroups
| z = 4 o & 7 c @ 10
& q 1 1 S 1?7 z i 2 1z
2 o g 0 z 3 0 ) ] 3
{ I G 0 0 2 n 2 0 O
1 G o D 0 c Q 1 o O
0 o i} O 0 0 {i 1 0 0
2 C 0 o z 2 0 4 0 1
o ] ] 0 ] 0 4] ] 0 1
0 1] o 0 ] 8] u] a 0 0
(1] 0 0 (8 ] 0 1] 0 1] 1
2 o 1] 1 1 7 1 & 1 =
0 4 1 0 U 3 1 7 1 4
C G 8] g 0 2 0 i 0 0
o G 1] Q 0] W] ] 1] 0 0

2 m

247



Results on question &

The dictribution of answere sccording
te five subgroups

A E c D E
Totsal 29 105 24 22 44
Mzth 207 15 2 7 8 14
Math 205 10 30 10 % 13
Mzth 247 14 41 7 5 27

T out of 2% students in subgroup A and 5S4 cut of

10% in zubgroup B gave ressone.

The distribution of reazsons according to ten

cxtenories within the fircet four subgroups

H z i 4 5 é 7 & e 1a

Total 1 1 0 0 20 e 3 z8 1 é
Math 203 & . g 1 0 { 1 0 7 8] 1
E 1§ L a 6] 7 a 1 o ¢ C

T 0 C N h { ] Al s} o 1

o G i f 8] g 0 o 0 g o

Math 205 < 0 0 G 0 0 0 U 0 0 0
E o i 4] 0 i P 0 £ 0 c

C a ¥ 0 0 0 0 0 o i U

D 0 a ] 0 0 ] 0 0 G 1

Mzth 2842 & 0 ] 0 0 0 1 1 1 0 1
E o 1 ] o 1z 3 i 19 1 z

C a q 0 0 Q 1 0 \] o 0

Al ¢ N o 0 0 4] 0 0] 0 ¢

Y]
I
Q



4.3.2 Responzes to 2l) gquections within a given definiticon

Im thig section, the owverall responcses to six

questions under & given definiticon will be analysed.

Before etudring the detail anzaly=ziz, we note that
throughtout this secticon, the wector notation (&, b, ¢, d,

ach

[} o}

g, ) will represzent the number of rezponses to

-

question, for inztzrnce, (1%, &, 2 10, 5, 1) stande for 13

()

rezponses in gqueztion 1, 8 responses in question 2, ... etc.

Fezpansee to definiticon 1

Bezidez ite common structure with the other
defimitionz, that 1, & corespondence between two setsz,
definition I hae ite own festures, namely: i) The first set

t of rezxl numberz; (2> The zecond set ie a

-k
-

hae to bs the =

T

f =

subset of real numbers; 2 Only “a single rule’ ic allowed;
(4) Esch element in the firzt set may be assesoicated with one
or more elementsz in the second set., These features directly
exclude rule 2, 4 and graph S as examples of functions. The

-, ~

gorys 1y, 2, 2, © or & partially reflect the

D

responses in cat

numbers of students who take zome of these features into




conciderstion. The genersl! responsee to definition 1 are:

(1) 1%, &, 2, 10, 5, 1) studsnts ac

N

d

[
e

ept given
example as & “function’ of defanition 1, by conzidering only

the ides of correspondence. Esamples viere:

=
=
m
B
g
i
-
I
m

: will give , 2 & b, krnowing
vy o= (x% - 13702 4 1) {,eg) [Fule 11

"It send ewverwthing toc 2" (rez) [Fule 23

"BEach etudent is azzigned an ID number" (,ez) [Fule
41

or "For ever. ., there 15 2 , thzt corresponds to 1t"
{ye=) [Rule 1, 2, graph 5 and &l

In quezticn 4, & cut 10 stydents poimted cut that

each =ztud

Qg

nt can o fact have 3 unigque ID. However,

overlocking features

uch #¢ “=sirgle rule’ and the property

cf the firzt et 1

[

d to the inapproprizte zcceptance of rule

o

[
-t

2, 4 and gr

ae

ph

2y (1%, 15, 13, 4, 5, 4> students di1d concider
the feature of the fircet set or the second set or both 1n

add. tion tc the cor-espondence relationship. Examples were:

"Becaucse x iz a reasl #.y i going to be R # when
the value of » are filled in" (veed [Rule 11

250



“Beczuse this rule assign the number two, & real
number, to each real number @ ¥y = 2" (yes) [Rule 2]

"mgain, under thie rule, each real no. transformed
intc snother resl no., whether this reszult iz equzl to x or
y = 1" cregy [Fule 321

"The I0#H iz & # 25 a whole but alec & collection of
rexl # which 13 azcigned to the student" (,ecd [Rule 4]

"The dot mespz a coordinate of » to & corrdinate of
vy Fezl 9 Fesl,o 2 tunction" (wves) [Graph 51

Whrthan thiz greoup, enlye 71, O, O, 1, 1, 0 students
rejected ome of the giuven rules or grzphs ae an e.ample of
definmnition I. For inctance:

LY
-
T
;3

"I , iz 3 resz)l number hern » could not be

]
to this

number according furnction" ‘no) [Rule 11

"1 am & student snd I am not & resl number although
I 2m szzigned one” fngd [Rule 4]

"Hezigns integere to integer. (nor [Graph T

the failure to clazsify rule 3 may

come from overlooking the condition ‘& single rule’ .
= Y

Howewver , the fxilure in Jjustifing rule 4 and graph S raicez

come questions cuch az: What are the studente’ conception of

real numberce? How do the studente comprehend the phrasze ‘for

each real number "™ Certainly, some recponcses show that some

ctudents do not have & clear ides of res) numbers. Some



examplez are:

"Iz a2 ctudent a real number?!''!'" {1 do not Krnow?
[FPule 4]

"2 is an integer, not 2 real, 2.0 ig real" “no)
[Fule 21

The Yatter rezponze 1€ 1i¥elt, due to the influence
of computer gprogramming. Inm wrating a program with a
language such &z EARSIC and FOFTRAN, the declarsticn of
integers’ &nd “resl numbere 12 ver, important. From this
esperience, the students may acquire the tmages that a real

number muset have decimzal point,

Qr

Fur thermore, thoze ctudents who accepted graph S ac
a graph of “functicon® by definition 1, pointed cut thsat
graph S iz 3 graph of “4unction’ which maps real”’ to
‘real”, It iz libwel, that these =tudentz fzil to comprehend

the mearming of "for each real numbers’.

£y (&, 12, 2, 26, 5, 1) ctudents considered conl,
the reacsons in category 2 or 2 a2t orounde to justif, their
responses. They mainly concidered featurez of the firet set

or the second zet. Erxamples were:

[N
uw
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"yw owill tabe the value of all real numberce” (yes)
[Rule 11

"(/z - 1 and (xz + 1) represent real numbers: when
divide octh, rou get 3 rezl number" (yec) [Rule 11

"Because the image 1€ & resl walue' (»es) [Rule
11

"Dirsin € F" ¢V yezy [Fule t and 21
= & resl number" (yez) {(RBule 21
studert 1 not a real number” (no) [Fule 4]

"ot a2l € R are concidered” (ncd [Graph 5]

e note thxt the mizuse of notation ‘€7 in the
fourth exsmple w2z not z2n izolasted event. lncarrect use of

‘ ’,

mathematics! notzationz such az ‘v were zlzo found

throughout the guestionrzraie,

-n
0d
"

tedernt:z juctiftied their anzwer b> com

0 J

mathematics) gbzervatioconz related to the firet or zecond

cset. E,amplez ver

Y
e

"Domzin 1 positive (Ff(x))" (yes) [Graph 8]

"The range 15 2lwzyse defined" (yesy [Rule | and 31

.

{4y The phrase ‘some real numbere’ canfused some

students who thought that it means ‘more than one real

rJ
(L)}
o)



number’ and co rejected those rules which asszign “cne’ resl

number ¥ to each

[{ B on]

"Thic
rezl rnumber =

numbers , indic
number" (noy [Fu

Beczu
real number {an

reaxl number »., Examples were:

it assignz to each reazl number cone other
rnot severall" [Rule {1, 2, 2]
zigns only one resl number 72) for each
rezz the abowve definition specifies

ing vtstrictly epeaking’ more than one
e 21
t some resl numbers" <ned [Fule 21

ctudent there is ore ID # not more" (nod

In question &, 22 ctudentz noticed that there zre’

more thamn one

the giver graph

s T N M
a2l number

-d
pou iy

D

m
H

cicated with zome x and o concluded that

iz arn e-ampie of definittion 1. For imstance:

= .o def, resl numbers can be aszigned to
there are 2 #'s zzzigned for cane number"
= 0 haz 2 walue of »" ‘yes) [Graph 41

Few students argued that graph & is not a graph of

& function b
are ascigned

student wrcte:

detinition 1, becauce

10
nh

nct all real numbere »

r~zl numbers ¥ . For incstance, one

)
o
H




"EBecau

piotted to on)#

S

<t

zome <f the numbers

functi

an

value,

in the

domain get

I¥ vou restrict the domzin

to the irtervs)l I indicsted zbove then I would zrnswered
Yee!" dno [Graph &1
e ra Y ——
Z_l—"l
1
N feor studente 2, 0O, &4, 0, 1, 0Os tock
the fez*ure "2 cirmzle rule’ ints considerations. E awmples
relzted to rule 1 oznd graph S were:
"# 2 hzoes beern zzzigned B 1 orule to Hoe" (veszd
[Fsle 1, Graph S1
= stuZentz noticed that question 2 1novalves more
ther ocne rule, dne student reponzed to thie obzervzdion by
e.plain ng:
"rez becauze to esch reazl number this rule assigns
&2 rex! number sc-orcing to 3 compozite rule, but unique”
twrecs [Fule 21
The other +i10e studentz thought that rule 2
violates the definition 1. Some of their ewplanations were:

[ —4
bt

2




"multiple rule" (no! [Rule 21

"Here you have more than one rule" crna) [Rule 21
Fezponzez to definiticon I1

Definitian II i

the Dirtchlet-Bourbkszbki defaniticon,

Besides the correszpondence relstionzhip betuweern two cefs

{domain a2nd ranger, each element in the domsin 1

1]
ar
0
1}
0
(n]
D)
fad
T
(5§

with only cone element in the range., Thus, the rezponzez 1n

w

tegory 1 osnd S i1l reflect at lezzt a psrtial master, of

the definition 1I1. Mtoreover, zz I h

i

ve pointed cut in

chapter 2, it i the =zbstract nature of the domain and r

1111

[}

[

&

i

which mavez = function 3 powerful 1des 1n cr¥ferent branches

cf mathemszticsz., C=ztegory 2 and 2 praovide us with infoarmztion

az to the e:tent thzt a3 ztudent ie swzre of the abstract

w

idea of domzin and range. The genersl rezponses to

o

definition Il were:

1y Quer:zll, 14, 29, z0, 2%, 20, 18) students

gave reazons which f211 into 2t e

1]
m

t both categories 1 and

S. Examples were:

"“For 211 . you can find one walue of »y in the
range" {(yez) [Rule 1| and 31

0y

™)
n



"For esch walue of %, there ic one walue (2) in the
range" {yes: [Fule Z1

"For every ctudent has a unique ID" {(yes) [Rule 4]

"Wo two students have the same 1D number and ewvery
cstudent haz 3 ID #" (,ec) [Rule 4]

“Far zome slements of the domzin there ie mare than
cne 2lement 1n the range" <nod [Graph &1

Mozt ztudente (16, 21, 17, 2%, 30, 1) thought that
rule 1 -~ & and araph T azre ewamples and Graph ¢ ise not a
example of definition I1. Mow, some of rezsonz for encluding

rule 2 or rule 2 3z e.amples of Dirichliet-Bourbaki

definition were:

"Becsuze every element in the domain correzponds
not to cne element e.zclty in the range, but to the zame
element" (no+ I[Rule 2 and 3, my underlinel

"v = the number 2. it dogs not to guery  element
in the domatrn eractly 1 element in the range” f<no» [Rule 21

"Thiz can be rewritten as f{x) = 2 and to e3ch
rumber n the domzin 1t sssignz eractly cne 1.e. two. It e

to be noted alsa thaxt the definition does not include the
condition of 1=1 correspondence” (no asnzwer?> [Fule Z)

It iz interezting to note that the three arguments
give different percpectives of the definition Il. The first
one suggests that there iz & difference between ‘exacltr one

element’ and “came element’. At first glance, this reasaon

r
1))
]




conveys the idea that the corresponding elements in the

range should be diztinct. Howewer, the same rezson was 3l

[}

(2]

applied to rule

In the eecond casze, besidesz the insppropriate
interpretion of rule 2, the incomplete zentence structure
and the highlight of “ewvery’ suggests that this etudent may
Be well awsre thzxt the ‘domzin’ amd ‘range’ of ‘% = 27 are
{23 and P " the set of &1l real numbers? rezpectively. All
£ “he did wmaz to formulste reszons sccording to the
defimition I1, that iz, tt rthe rule which' doez not
Cassignd, to every element in the domsin, esactly one

element 1n the range.

In the th(rd case, thiec etudent gave 2 =zuitable

interpretion of rule 2. Howewer, the 13zt remsrk suggest

m

a connection betveen 1-1

tha=t, $or thiz =ztcdermt, there |
correzpondence =nd the idez of functional relationship. In

fact, the conmcept imsge that & function ie & “cne-to-one

14

retationghip’ is freguently evcked to justif, & given

example,

(27 déc an definrtion 1, some students (04,

(o

2
-

O3

3

&, 3, 3% aonly considered whether there i€ a correpondence



relationship, Most of them ((&, 2, 2, &, 2, 3>} concluded

that a givern ruie or graph 1€ an example of definiticrn 11,

by zppealing to the trpical rezsons such ag:

"For every wslue of » there ies 2 value of " (yee)

The zacceptznce of greph & a¢ an example of

(L

definttion Il zuggests that the maztery of the notion of

correspondence relationehip iz not sufficient for masterin

i

the notion of function,

The cne ctudent who ercluded greph 5 &z a
“function’ of definition 11 erplained that “For only some
pointz of ¢ there ie¢ = y" Jnod [graph S, suggesting that

this student fz1led to consider that the set of integers can

be zerwed =2z the domzin of “graph 37.

fome ztudernts justified 3 given rule or graph
bv conzidering vihether there ic only one element in the
range. Especizll» in the casze of graph &, 34 students
pointed cut, 'n some wizs or another, that for certzin »x in

more than one y in the range. Examples

(1]

the domzin, theiz |

were:

[
[N ]
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"One x can have more than one ¥" (nod) [Graph 4]

"Here at v = 0, there are 2 elemente for the range'
(no) [Graph &1

"LQ give two wvaluee" (ne) [Graph &1

Some students interpreted the phrace “exactly one
element in the range’ =z “the range can have anly cne
element in it’ snd so sccepted only rule 2 as 3 function by

defimition I1.

4y Qther =z=tudent:z <73, %, 7, §, 11, 22 justified
their answmers by giving resszonz which f211 inte categor, 2

or 2 or both. Some concluded that s given rule ar graph i

[11]
w

function by defim:ition 11 because it ‘has 3 domzin and
range’, Socme of the students in thiz group did write down
the correct domsir snd range. Yet, others juztified that a

givern rule or graph i€ not a function by arguing that it

hzs nc range or domain’® or “there iz no ramge’. The lazt

reason occcurec on! wMen rule 2 or 2 was gliven.
(S Rezszan: zuch as ‘a resz)l is not a2 set’ ar ‘:
cstudent is not = st/ were aleo used. These rezsponces

pointed that the notion of am abstract szet waz either not

understood ar zimp.y igorned.

240



Recponzes toc definition II11

The featurees of definition IIl are: each real

number in the fir

n

t =et correzponds ‘& single resl number’
in the second set and the rule is given as a mathematical
formula. Thuz, the reasons which 211 into the category 1,
2, 3, T ang & are conzidered to reflect the character of

definition II1.

i1

ince definition III also embede the idea of
correspondence, certain students juztified a given example
by appealing to the carrezpondence relationchip, as was the

cace for definition 1 snd I1.

(2 Fome ctudente (&, S, S, 2, 4, 0)) used the

reszanz falling 1m both cztegory 1 and category S. such

m
"

‘for each real number x, there is orly one rezal number ¥,
Using such resszoning, only a few (0, 1, L, G, O, 0%
cancluded that rule 1 — 4 or graph S5 iz not “function’ by
definiticon III.ewen though rule 2 was not given as a

mathematical formula and rule 4 and graph 5 did not take al)

the rezl numbersz 3¢ it

mw

first gset. Once again, not all

acpecte of definition 11l were evoked when a taszk was




considered.

”

(2 & group of <1, 0O, 0, O, O, 20) studerts only

considered whether there iz a zingle real numbsr

corresponding to each real number. Examples were:

"= l."}:rz - 1)/(;/2 + 1Y wil

]
rumber once computed" fwresgy [Rule i1

" 2 waluee for some valuy

I
m
[n]

£ " frno [graph &1

From the dicgtribution of responees within this

group, it seem

that graph £ triggered the considerstion of

the phrase "& zingle rexl number”.

(4

Some ztudents comzider

d the feature

Lt ]
M

1)
e
10

‘mathematical formulas’ in addition to the correspondence
relztionghip. Basically, they used 72 mathematical formulaz’
az a ground to zccept or redect a given rule or graph az =z

‘furnction’. Eramplez were:
v =2 iz ztill & mathematical formula” (yeed [(Fule
"] do believe that rule 3 ie a mathematical

formula" f{yes) [Fule 21

"Formula -« th conditione" (yec) [Rule 21



"Ztudent’s ID number not computed by a mothematical
formula" {(rno) [Rule 41

"There muzt be come Kird of formula" {(yec) [Rule 41

"é mathematicsl formula plot for the set of
integere {including zera)" (yes? [Graph S1]

Sometimes, & given example was considered s &

‘mathematical formula’ b> one group and rejected by ancther.,

Il‘r

o ezch number x, we have another real number but
rnot computed b. & formula" <(nod [

Rule 1]

"For ezch %, we had only cone real number (»)
computed by 3 mathemstical formula" (yeed [Rule 11

"Moo formala f¢x:) = 2% {nod [Fule 2]

e =m f{xd = 2 Sformula" {vez) [Rule 2]

ther studente coulld not decide whether &

o

ome

[

(U}

directly or indirectly related to a

T

given e.ample

<

3 3,

‘mathemztical formula’., Eramplez were:

"I¢ 2 math formula®" (I do not know) [Rule 21

“1 am not sure if the definition of & mathematical
formula includez =uch expression as
fond = xn 0if w2 2y F(x) = 4 -1 if s £ 2" (1 do not

[
o
(02)




Furthermore, certain cetudentes even tried to invent

‘mathematical formula’ ac ine

"
-

nt

n be depending if formula xlwars givez 2

f.e, # = (»,0) ¢+ 2" (yez) [Rule 2]

L
m
[
~
r

"The numbkers asre given cut in tncreazing waly
as & » t 1 t,pe of formula" (resy [Fule 41

"y mathematical formuls f.e, » = m + b exicst: to
calculate » valuee" Lvyee) [Graph 5]

"There is & formulas implies 2 - 1 but » must be
declared dizecret:" (1 do not krnowr [Graph S

The lz:zt rezponzz chows thst this student noticed
that graph S fullfilled the requirement of a “mathematical
formula but rot the reguirement of “the first zet haszs to be

a1l real numberz’ .,

Cverall, different definitions called for different
criteria of justificstion, for inetarnce, the ‘multi-vzlues’
part in definition I, the “single-value’” part in defirnition

11 a2 well 32 "3 msthemtical Sformula’ 1n definition 111,

oY
o)
W

Reponeee to each quecstion asccording to differ=snt
defintticns

-

In 4.2.2, 1 have discuseed the different responces

“nder the came definmition. In this section, analyzis will be

244



done on the influence of the three given definitions upon a
csingle question. In order to avoid repetitions, I chal)
tocus on those sspectz which are not covered in 4.3.2.
Hovtewer , z brief teview of results «n 4,.3.2 may be presented

in order to give & complete picture of the data.,

The wector notzation (&, by €2 will reprezent the

number of responcez in each definition, for incstance,

(1, 1&, &Y etsndzs for 1 recponce in definition I etc.,

Fule | szticsfiez a1l three drfinitions., However,
the obzervztozn that ‘pozitive and aegztive v yield the same
y* led come studente ({1, 1&, 422 to reject it; whereas
(z, 2, 0" slugents zccepted it as an example of the giver
definmition, The ircrezsze number of regections in definition
11 may be sxplained partlv bv the confusion between
‘ene—to-mxrn s’ ard ‘mzny-to-cone’ relaticncship., The latter ¢
acceptable as functional rezltionship according to
definition II while the former ie not. Yet, ancther
poscibilit, come:z +1om the concept image that a functional

relatianshin ie ‘crne-to-crne’. A=z one ctudent commented:

"
[N
[}




"Thie 1 mot ane to cne functicon <« = 1 or - 1 if

only i€ ¥y = C" "ned fdefinition 111

Fecponces to question 2

Fule 2 zatizfies definttion I and Il but not
defintion IIT. OF the <22, 22, 17 responses, come wrote
o “fixd = 27, Faret, let ue esamine
the reazonz for writing 4 = 2°, This group consisted of
v1z, 21, 10 studertz out of which 13, 13, 9 circled “yec’
as the answer. Ir desinittion 1, most of these studentz did

nat give further e.planation. Hovwewer, cne did expreszz:

inece o iz itzeld aszigned the HZ, then:. = 2 and
nothing el ze” ez Ldefinitian 11

Yoder definition 11, 2 ocut of 13 erplained that
“far = 2, we gzt it ane wzlus 1n the range: (yesd, Some
drew the correct g 3en of 7y = 27 euwen though they wrote

‘'x = 27, Ome rezponze zhowed the inmsbilit, to underetand

both definmiton 11 a2nd rule 2

"The te 2 .12n i x = 2. S % is domain is 2 and
range ic P" (yes) {lefinttion I11



Among those who circled ‘“no’, one student wrote:

"w = the number 2, doe: not everr element in the
domain eractl. 1 element in the range” (no) [Definition 111

Under detinition 111, zome explanzticons were:

2 st a mathemztical formula" (yes)
[Detinrtion 1111

"= Zogive 3 eingle real number" (yez) [Definition
1111
Cne ztusent wondered whether “» = 27 ie & formula

or identites and so circled '1 do not brncowe’ .

Querall, the condition "» = 25 likely ctems from an
inspproproste ynterpreftztion of the word “assign’. This can

be traced to the e-planzticn that “zince % ig iteeldf

2]

szzigned the ®Z, then » = 2 ...” or ‘Because » iz only equal
to twe’. Az 3 matter of fzct, few students did write down °2
iz assigned to »7 instesd of "% = 2. My point is that the
vierd “azzign’ iz not interpreted as a ‘corresponding’

¢

relationship but as an “aszignment’. The interpretation that

.

X ig assigned the #Z" or ‘2 ic assigned to x’ means “n = 27

may come fruom expzrignce in compute, science. For instance,




the statement ‘aszzign 2 to the wvsriable 3’ cxn be trancslated
ag ‘A = 27 an owritrng & computer program.

Among the %, 12, 7% students who obkszerved that
y = 20 @qr £ )Y = 27, (2, 4, &Y curcled “yesg’ ac an ansuer.
Furthermore, (2, 1, 0 e plained that 7, = 2 1z = conztant
function’, Too students using definition Il & preszed that

- 7

Yy = 2 1% unique

w

while one uzing definition I11 srgued that
‘fiyy = 2 s 3 maethemztical formula’. The rect gave no
further e.planstion. One student viho chose ‘no’ =2z an anzmer

under definttion II e . plained:

"ean’t hzve v = 2 more than once” ‘mo [Definmition
111

Orn the other hand, thoze who rejected rule & a2z =n
example of definition I1I conzidered that “f(r2» = 2 13 not a

matrematical formuis’,

Rezpomsesz to question 2

Fule 2 cetizsfies definition I1 and IIl but not
defintion 1. Some ctudente complained that rule 3 waz too

complicatec to underctand. Overall, <17, %, %) ctudents were

ha
o~
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able to tranzfocrm rule 2 into mathematical form. More than
half of them were in Math 242. Basically, two t-pes of

mathematical observations were given:

For the firzst casse, few studentzs provided =
graphiczal form., Some of the students who wrote down
expreszsion: (2% got confused so circled ‘1 do not Koo’
Rgain, I remark here that expression 42Y iz likKely the

rezsult of

0

o inspproprizte interpretztion of the word

‘a=sign’ in the civen ctatement.

The following discussionz which followsz wil)

concentrate on those ctudents who used expressiaon 1),

Only few students concluded that rule 2 is not an
example of definition I, bv considering additional factore
such as ‘not 3 sinmgle rule’ or “have unigue value’., The rest

accepted it 2¢ a “function’. Some appealed to arguments csuch

r
[N
~)




as ‘result ic & real no.’, though most gave no fur ther
explanaticon. On the other hand, using definttion 11, &1}
betieved that rule 3 ie 2 function of the givenm definition.

Some gave esplanations such as:

in the teszt of drawing & vertical line to graph
hat the function plote erxactly one number in
)

will wverifr t
» [LDefinmnition T1i3

the range" o

"1 vwalue of » for every uwalue of %" (ves)
[Definition I11

fgsin, using definition 111, the studentz”

m
(V1]

justificeztion rezted on whether e:precsion 1 |

mathematical formulz or not.

Beszidesz, the “discontinuity’ of rule 2 alzo causzed

]

ome conhcern. Beziczlly, two types of arguments were

involved hare: V1 A function must be continuouszy (2Y A
function mars be dizcontinucus,. Those who concluded rule 3 as
an e:ample of = girven definition favoured the latter

=

argument. As & matter of fact, rule 4 and graph S are also

called up the idea of ‘continuyty’

Responcez to guesticon 4




Fule &4 gaticfies only Definition 11. As we have

h
o
5.
14

.
3

discuse 1.2.2, tn addition to the correcpondence
relationship, the respcnzes in definition 1 favoured the
explanation: =uch =2t “a student is not 2 real number’ and
those in definition LIl often suggested that “there is no
mathem=tics] +ormulza’, Besides there wac an increase number
of erplanstions bzzed on the idez of correzpondence,
especially in definition I xnd II. & gQroup of (7, 10, 27
students gbzerved that rule 4 ie a one—to-one relationship,

Among themr, 7S, 10, 13 concluded that rule 4 is an

approproste evample. One, fzirly typical response, was!

"Well, I think zo, for it iz & one—to-one relation
wihiich emnoucht o ms it = function (I guess, 1 would have
to thind morz about 412" Cwesy [Definition 111

arether student wrote:

"{ tao 13 . - ¥y relationchip 2 formuls used ?¢ (I do
rnot Knowd [Definition 1111

Thiz answer indicated that this e¢tudent could not
decide whether = ane—to-one relationship without a formula
can still gusrentee rule 4 as a “function’ accoarding te

definition 111.

a3
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Rezponzesz to cueztich

Agxin, graph S saticefive only definition I1, In
addition to the ccorrespondence relztianship, responges such
as ‘not =211 real numbers are conzidered’ were evcked by
definition I 3snd 111, Some students fasvoured writing domn =
mathematical formulx for greph S in order to fit definition
I1I. Mostly, three tvpes of arguments were uwsed 3 (17
Agppealing to the ~»erticzl line tecst’, that iz, 1f =z

vertical line interzects

w
e
r
34}
[u}
=
w
ol
-
aq
-*
[a)
o
d

point, the graph
i€ a graph of 2 function., (2" Locking for gimilarity between

grzph S and zome Vrnaown functionz. Res

on

[}

uch a:z “Equstion

i

of strzight line ¢ or

"w

rhoof strasight line” (One student
sven Jjoined the ponts on the graph by 3 straight Yinedy 1t
Yooks Vike one 3 "1t recembles » = ¥ which ie = function”

R = b

wiere giver here; (7 ~ppexling to th rties of function

g
[

prop

in

L 6

m

such as "continuit.- . In general, the number of recspon

using argument (2 1-re con

"

iderable higher for definiticon

I.

Responses to guezli o0 &

Graph ¢ csa2t sfies onl, definition 1. The 1oop
27z



feature directly affectzs the act of identification under
different definitions. The reascon that “for some value of x,

there ic more thanm one wvalu

L

of s’ was used both to accept
graph 4 2z an e, ample of definition 1 and to reject it 2s an
example of definitian 11 and 111, Az we have seen in other
queztions, definition I11 promoted the idea of finding &
‘mathemztical formulz’. However, no student wrote down 3
formula for thie graph, Definition 1 and Il called on school

erperiences with functiconsz resulting with statements such as:

"o function can make & loop" (nod [Definmition I

"Iever ceen =z function like this" ftnod [Definition

111
Moreover, the fxilure in the vertical line test was
xlzo used Yo rezject thiz graph 32 a2 graph of function under

different definiticnz. Yet,

ar
w

in the work of Markovits,

E-len znd Bructbuweimer [141,

"

(=2}

(1)

studentz, but very few,

held the concept im

o

ge that a function must be linear. For

inztance, cne ztudent wrote:

"Moo because it jen‘t linesr and ¥ can equal more
than 1 »" ¢(nc: [Defimnition 11

In summary, different rules and graphe called on

28]
by’
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different responses under each definition, Besides the

images generated by the given definitions, the image

111

created by school esperience with functions were alsoc evoked
constarntl, . In 4.4.2, csoms case studiez will ke considered
for thes choe that, zometimes, the concept images of
functicon plsy a dominzte role in the whole procese of

Justification.

4.2.4 Hizcellaneou

)

1]
|
M
n
T
0
3
"
[
[H]]

The zim of this section is to report zome general

findings which are not cowvered in 4.2.2 and 4.2.,3.

1+ Students may be well =zwsre that the notions of
‘domzin’ and ‘range” are parts of the function concept for

the terms ‘domzin’ and ‘range’ are evokbed in thoze responcse

"

under definttion I znd 11I. Howewer, some studerntsz fail to

mazter th

T

ze¢ two notions properly. In addition to the
ocbzervztion “Domairn € FY which I have discuszed n 4,2.2.,
cther examples were found throughout the asnswere. For

inetance,

"Bevauce for each domain x there is a range ¥
(there ic only cne for each?)" [(Rule 1]

8]
-3
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"More than | range is asceigned" [Rule 21
"v. hzz cnly range 2" [Rule Z
"Range 1z always defined" [Fule 21

"Ta esch domsin there ie a range” [Rule 41

[Tu}
T

Perhzps, the zbowve confusionz may come from school
problems on finding the domain and the range of & given
function. For instaznce, in Msth 203, the studentz are asked

t of R which serves az the domain

n

h4

uoe

of tunction such as » = JLZ - 2. 1In order tc solwe this

4

problem, the students have to determine 211 the wvalue of x

te find the largest

w

cuch that »¢ - 2 > 0., During this processz, the equivalence
= ' J

betweern finding the domzin of » = .

[

and the walue of =«

iz drawn. In time, the idez that the domain i€ x isg formed

and zo tezd to confusicor.

$2Y The noticons of ‘“variarble’ and ‘depending

relationship” were also evohked. Some examplec were:

"The value of » ie dependent % and each walue of x
will yield one and only one value for y according to the
rule" [Fule 11

"I+ you put & real number 1n the wariable » you
will get an anzwer in ¥" [Fule 11

ta
~J
o



"Each real perzon ie assigned some number s,
However , theze numbers cannot change, whereas in & function
there i= & variable" [Rule 4]

ot

The last rezponze cuggests that ‘variable’ relates

to ‘change’. Thiz Kind of ides can #1s=o0 be found in the

)

ztud, of Marnranshkii (see 2,3.10

2y & \hnner [34) remarked: whern students are
forced to explain their ancwere, ther are likely to use szome
‘mathemstical asrgument’ . In the case of this quesztionnaire,
mathematical termsz such 2=z ‘solution’, “vwalue’ were used in

# norn-relevsnt or incomprehensive way. For instance,

g
[
I{I

"0l integers sxlutions” [Graph 53
"Fvery . hzxe | or 2 real solutionz" [Graph &1

"11! rezl numbersz are being aszigned values" [Fule

o
s

4y The grzphiczal reprecentation was considered
easy under definition I1. Most of the ctudentz applied the
‘pertica) line tecst’ to Jjustify their answere. Howvever, lots
of studentz fzi1led to justify the same task under definitior
I and 111. This phenomenon may be explained by remarking

that, in the csse of definition I and 111, the students

by
~J
o




cannot apply the ‘vertical

they have to figure cut the connection between

line test’

directly, Furthermore,

the graph and

the given defirnition, in addition to the step of
Justification.
4.4 Fesultz on the 'beszt $it7 defirition and come czce
studies
In this secticon, we shzall present the results on
the last gquezticn, that iz, “which of the above definitions
best fite wour ides of function?’. Morecwer, some caze

studiees will be conducted in

order

to study the following

aspect: Is there any connection between the choice of the
‘bezt it dedfinttion and the jesponzes to the other parts
of the questionnaiTe?
4.4,1 Fesults on the ‘beest it definition
The atm of this section ie to report the ctudents”

responses to the gqueztion of “best $it” definition.

The answers of the ‘bect fit’ question are divided
into five categories. They are: (1) Definition I; (22
Detinmition II; «+3 Definition 1113 <4 No answer and (S

277



Othere. The fifth category refers to those answere which
cannot be put inta the firet four categoriez, For inctance,

‘Det I and Det 1117 or “rone of them”. The distribution

w

among these five categories iegd

Lt 1 Lef I1 Def I11 Mo answer Cther
Total 1S 75 24 42 26
Mzth 20% = 24 7 17 =
Math 205 z 195 s 22 10
Math 242 S =4 11 e &

Orerall, around 185 of the whole population

explained their anzr.ere. Scme of theze explanaticns were

presented a2s Folloaasz:

v1o 40 zlzimed that definittion I1 best fite their

T

idea of function., Evzmples of the answsre wered

"t Z.

It = general, It does rot 1imit »our range
and domairn and doe: -~

it invalve formula." [(Math 2031

"Iy 1dea of function i€ 25 such defined in #Z where
crne variable sffect zanother and cam be illustrated in & 2
dimensional piane." [Math 20351

"Pefinition Il is & function because for every real
number there iz onl~ one real number. Irregardlesz of two
real number= -~ ='¢ 4 the came rexl number in the range.
Example: , = x2, =1 , y=1;3 x=-1, ¥y =1." [Math 205

o 9L

o, anty 2ofinmition 11, A& function a rule

is
concerning an, mathematical object.” [Math 2521

27e




R S ik A S

b AR e

"#I1; It

#llowe for functiones that do not have

zet for domsin or range (i.e. 3llows for

fields not only RO

From the zbowe e plxnztions, it seem:z th

- ¥
211

hd

studentz do r

T

range in definition

detinition., vet, the second and third re

the concept

3
il
10
i

definition, a2z Vinner e model d

)
—+.
@
b ]
w
v
—
L
|11

C

[Math 2821

.

t some

a

the zabstrzct festure of the domzin and
I, that 1=, the Dirichiet-Bourbak)
tponEes Tuggeszt that

£ funchtion need not follow the concept

escribes, After 211, the ide:
reated from the warbing erperience mith

functionz rather than the concept defimition. Morsover, the

-+
-
-
o
[g]
o
m
ud
Q
(1]}
n

a
i d
-+
)
D ad
[}
3
—
L]

showiz that the e,ample ,

u

?2, not the

zed to clarift, the idea of function. fAs =

matter of fact, thiz student not onl, observed that 1n rule

1y positive 3n3 necstive value of x4 »ield the same 5 but h

w

part of definmition

hie mind after the

€2y Cnl.

leo chezncerd e choice from ‘no’ to “re

M

r

H(

in answering the
I1, 1t 15 quite possible that he chauyged

eample ¥ = xz wxzs evoked.

2y of the subjects choze definition I as

the best Fit definition. However, the vxplanationzs in this

group were incomprehenzive. For inetance, one student vircote:

X
~J
D



"{More general) the first definition because the
other 2 reztrict function which are functicons" I[Math 2821

Ferhaps, the 1o precentage in this category may
come from the fzct that the “multi-valuee’ feature in
definition 1 contradicte deeply the ‘=ingle-value’ part in
the Dirichlet-Bourbalki definttion., Ore student even pointed
cut that detinition I givese onl, & “relation’ not a

“function .

(2 &Around 149 of the sample thought that
mathemzatice dezslz writh formulas and €0 do “functiaons’. Some

examples were:

es, definition IIl hae mearning which relzated to
mzn, formolzz: d2zling oith Math, Sciences, Computer=z. and
manys more Srostems 'n oour eociety.” [Math 2053

"Cefiniticn I1I. Simply put every input “x) hss and
cutput 20" [Math 208]

"Definrtian 111 becauce you can use a3 formula and
with the wze of the formuls rou get 2 funciion.” [Math 242

"Definition HZ, An equation which can result in &

different anzwer for the same number iz not a function. #Z
ceems to ctate that the best." [Math 24621

Moreguer ., one ctudent expressed somewhers in the

questicnnatre that:



.. give me #72 and tell me what to do with them,
but I don‘t understand 11 thie ..." [Math 2033

(4"

u3

O

D (]

studentz either gave 3 general comment on
the three definiticorne or proposed their ‘perzonal

definition’. Eramples were:

"Def I: nothing clear to zpecify. What rule is
up of - MASYEE, Def 113 functions can have mans » "2 to 1 >,
Def I1I: =~y relaticnship doesn’t have to be unique, ¥ can
have 2 » in & function" [Msth 20321

"fesz, vie can from disgram to define it is or not =
function”" [HMath 20321

Moy each of the asbove definiticon: do not =
for vzrisztion:z (even when the error ie obvious). Hot 211
functicns are found through mzthematical computatione as
definition 82 and the student=z ID ig 5 valid function for
definition #1 and #2.," [M=zth 2051

"o, I believe that the definition of 2 function e
& rule that ascigns any numbere to a given wvariable, but
each variasble only has one walue." [Msth 205]

"I would accept a1l of them s¢ loocse definmiticone of
the function." [Math 2&2]

"Definition 11 is most comprehensive becauce it
yields one elemsnt in » f‘ramged for each » in the domsin,
Definiticon I has arn ambiguous because which » in the range
must we choose? Definition 111 iz ambiguous to me because of
this case if for a1l x, ¥ = 2, then, there i
mathemzticsl formuls invalving ¥ in thie case.” [Math 2421

The commente made by the ctudente ma» not be

rJ
1)
—



correct. However, gome do give us incsight into their idea of
function. For instznce, the third and fourth comments
cuggest that the idea of variability iz very important in

their notion cof function.

In thie zecticon, some cacse ztugies will be reported
in order to study vhether the choice of the “"best £t
definition iz consistent with cther parte of the

questionnzire.

Student & rliath 20230

Student ~ claimed that definition I is closest to
hie ides of function., He certainly recognized the

‘multti-nsluez’ znd “rezl number’ feazturee in definition 1.

lad

Howmever , neglecti

-

g the part of “single rule’ led him to

=)

accept rule 2 2z an

exazmple of definition I. Morecver, he
e.cluded rule | - 4 2=z sn example of definition Il b

arguing that meither ‘a reasl’ nor “a student’ ie & sget. Th

Qe
(3

responses 1n the part of definition 111 shows uncertainty
due to the fact that most of the explanatione are eraced.

Overall, the responses of student A are conzidered to be

[}
(X1 ]
(0]



consistent. However, this student had difficulty in

interpreting definition Il due to hic wague idea of cet.

Student B MMsth 2020

Student B claimed that detinition Il ie the best
it definition, However, his Jjuztifications rarely appesled
to the definition., For inztance, rule | wase considered a

function of defintticon Il becaucse it look libte orne”. On

tn

the other hand rule 2 was alec considered & legitimste
candidste dus to the one—-to-one property even though rule C

ie not one-to-one. Moreower, the resson ‘ansmers define’ was

w
(]

yeed to accept graph S =2 3 function.

Student € tizth 205

Stident 7 zhared the came view with ctudent B on

L1}

Iy

the “bezt fit’ detinition. Hovewver, his method of

Justification was totally different from B. He tried to
determine the domsin and the range in answering the part of
definition 11, To make matters wioree, none ot hic

calculztion

or zrguments was correct. For instance, C

argued:

(0
0
W



"Cince thers are different student ID rumber, =a
that the goms:in 12 "-w,0 ' and the range can be any number
in (-~ ,o," [Fule 4]

Whereas, |

EI

accepted rule 1| az an example of

defimition I by, srguing th

e

t if » te 5 rezl number, then »
iz alec & rea) number, he ozve no erplanation in the rest of

the quest. onnarie,

Studernt [ Motk a2

“tudent [ z-cepted nome of the three given
definirtionz, Highlighting the ‘multi-values’ festure led D

ag fuynctions of definition I.

T
m

to redect 211 the =, smple
Although be guestizaed the meznming of “exactly one element
i the range’ in Cs$inttion 11, he answered all the
questions correctl. b, drawing disgrams,. Considering the

4

correszponaences rrel:zt.onceship and the feature of ‘cingle reasl
rumber ©, ztudent L $2iled to identify rule 2, 4 and graph S
as non—e.ampies of definition 111,

One zhow thazt there sre two

T
a
(]
s
Z‘l
-+
ha
L
10
T
-
M
w
c
—
-
L

types of reaciionz waen the task and definition are both

nr

given. Studernt A arni D rescted to 3 given task according to

part of the given definition. Yet student B and C, were



aware of the definition, but =till appealed to their concept
image to justif, 311 their reesponses. Moreover, for the
former type of reaction, the responces are coneidered to be

conziztent while for the latter, ther are itncoherent.

Throuchcut the znalycsis of the gquesticnnzire,

concent imzoes genmersted from the given definmitions and

working e,perience wier d extensively, Az an overal)

it

eXpac

]

discu

i
1

ion, we mabe the following pointe:

“1v The resulis of the questiconnaire suggest, on
one hang, thst gruving definmition explicitly does not

eliminzte inzpprcoriate e plenstionz and, on the other hand,

m

that the given definitions do have impact at the
Justificztion gtage. Howerer, students often fail to
identif, 211 the components of = given definition due to its

complerity,

(2 Az 1 have discusesed in chapter 3, the

evocation of concept image alza depends on the festure of

w
x
n

the tasik., The rezultz ehaoaw not only that different ta

czx1l for different imzges but 2lso that the same tz=k under



different definitionz mas lead to different mental

reprecsentaticonz.

r2Y The meaning of the werd ‘assign’, which is

used in & particular way tn computer science, leads to =zome

"

mental representzticon: that are independent of the given

task and the given definittion, Thiz finding suggests that

[} ()
o
w

the uze of the word “acsi1grn’ 1n the definition of function

needz further clarificateon,

{47 There are differencesz among the thres groups
of studentz. The studentes in Math 242 not only do better
overall but xlzoc g.ve more e planatione., Many of them are
aware of the absztrsct festure of the Dirichlet-Bourbaki
definition, The stodentz in Math 20% not only get the lowest
overall score but also favour come non-releuvant calculations
or argumentz., The ztudents in Math 203 do &1} right when
using definttion I{ but not definmition I znd I1l. Perhaps,
this ie becausze definition Il ies taught in class but the
other definitions sre not. Thiz =zituation suggeszts that
studentes 1n thic group have difficulty to apply their

Knowledge in = new situaticn.

(52 In a1l three groups, ctudents tend toc justify



their answersz onlrs according to

For instznce, reazons zuch ac

"

Q

~

to juetify rule 2 as & ‘“functino

=3

n

part of the azfinition.
ie 3 rezl number’ sre uzed

of definition !. Strict!y

speaking, this Vind of gustification iz insufficient,

something moszt of the ctudentsz

fzail to realize.



CHAPTER W
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S.1 Introduction

Thiz questionnaire examines the extent to which

students are convinced by mathematiczl srgumente,

The study of Ta11 and Vinner, diecussed 1n chapter

2> £ l1g:

(O
1"
=¥
[o]
<
“~
m
L

that the common concept image of

w

n

"2y #ppreoaches to =, but never reaches it

One would like to Know 1 f this phenumenon comes

from the bad pedagogr or if it inherent in the concept

itself. The znmewer iz not clear unleze we take the teaching
gtrateg: into considerztions. J. Confrey [2, 1780] comments
that:

. in calculue, the conflict ie within the
mathematicz, az wsli 2z in teaching and learning, ..."

Later on, Davie and Vinner L[3] contirm Confrer’s
point of view, They revort that misconcepiions in lezrning
the roticn of timit seem to be unavocidabkle evern 2 better

teaching approach is adopted {(see 3.4.3). The ‘naive

M
0
L]



concept’ of limit (a sequence must not reach its 1imit) will
be evoked naturzlly ic most case rather than the ‘correct
concept’ (3 sequence reschez its 1imit if the limit exists),
The questiconnaire attempts to find out how studentes il

react to mzthematiczl arguments especially when both the

‘naive’ and ~correct’ concepte are evaoked.
S.2 Selection of the taszt:es, population snd recesrch
methaoo

In this section we repart on the criterion of
cselecting the gquzz*:znz in the gQuestionnarie, on the

populaticon s weil 2z the receach method.

The tzurce:z of thiz questionnaire come from
different researchesz including Tall and Schwarzenberger (28,

19731, Confre- [Z, 17801 az well ac Vinner and Kidron [38,

Thz mzthenz.ical srguments given in the
quecstionnzire follow the technique which Confrey used in her
clinical interview, The format of the precsentation recembles

the questionnzire of Vinner and Kidron.

5.2.1 The gquesticnnaire




Thiz gquestionnaire consiste of two queztions

concerning the notion of Yimit, They are:

A teacher asked his studente: "le 0.97%... C(nought point
nine recurring equal to one, or just lessz than one?

In order to change 0.7%9%... to !, John did the following:

Let » = 0.9%9...
Then 10s = ¢.99%...
So 1o = 2,9%9%, ..

w = 0.FFY...
Subtrzcting 9 = ® and x = 1
Therefore, 0.7%97.., = 1

ancther student, Peter, claimed that 0.929%... ie Jjust lese
than one because the difference between it and cone ic
infinitely emall., bttho is right? Please, explain? Moreover,
cauld »ou settle thie diesgreement?



Question 2

A rabbit sterts at point A, On the firet hop, the rabbit
hops to M , halfwsy betwsen & and B. On the second hop, the
rabbit contiruesz to take hops ahead which are half the
length of the przvious hop. Does the rabbit reach BT

//—\ /—\_\_:/}-_‘“ s

A My M, My B

Mary wrote down AM; = 172 AB
MiMy = 1/4 AB

50 the rabbit will hop

A+ MM+ L,

172 4B + 1794 AB + ..,
12 + 174 + ... &B

Summing up this infinite geometric series with common ratic
172, Mary gete:

12 + 179 + .00 = 1720 » (- 172y =

Thus, the rabhit will reach B
However, Jennifer did not agree. S
can only get close to B becauze it
&

previous diztance. Sz the dictanc
it will never rezch

rgued that the rabbit
pz hopping half of the
t hopsz becomes smaller,

m

In »our cpinion, whao is right? Please, explain. Agsin, could
vou seiftle thhs dizagreement?

.2 Fopulation and the relevant informstion

Thiz questionnaire was handed cut a group of 42

Math 342 studente at Concordia Univercsity.

Math 242 ¢ Analysis I. The pre-requicsite for this

cource ig Calculus I, I1 and 111 in which the notion of

2%1




limit is taught informally. In the textbook of Math 362, the
notion of limit is introduced by a provisionsl defirnition of

the 1imit of function:

" A functicn £ approachee the 1imit 1 near a, if we
can make fix) 3s close as we live to 1 by requiring that x
be sufficiently cloze to, but unequal to 2"

Me=t, a seri

[ d
mn

of esamplez znd non-esamples
focueing on the relationship betuween "¢’ and “§° in the
formal definition are preszented. Finzlly, the formal

definiticon iz zrrived:

"The functicn f approzches the limit 1 near =z
means: for every € > 0 there is some &§ ~ 0 such that, faor
TV oy iF 0 4 1~ 21 2 &, therm tf(xh = 11 ¢ €.,

Hernce, it was expected that concept imzges

generated by the notion of 1imit of Function will likel, be

evoked by the questicns in the guesticnnaire.
S.2.3 The method

A pilot study waz carried out with group of 23
students in the middle of the fall term of the 1985 acasdemic

year. Howewver, no change waz ceemed necessar, after

292



examining the reszult of the pilot. Thue, the <ame
quectionnaire was distributed to the whole population at the
end of the same term, which took zbout 13 minutes to znswer,

a2t the end of the clas:z.

5.3 fnalvzsiz cf the dsta

The aim of thie section is to report on the reculte

of the questionnasire.

E

w
-

=ic

5

1re &

0

alveie was done on each question,

bazed on the rezponsez of the students,

Fesultzs on queszticn |

0

studentz 1n question asserted that 4.9%%... = 1

)

while 2% thought that 0,99%..., is Just less than 1. &

u

students were uncertzin, In & summary, €is kinds of

(1> & studentz argued that 0,%%%... only

‘approschesz’ ver, close, but not equal, to 1. Examples were:

(]
2
iy



"Peter is right by saving that 0.999... ic less
than 1. It will never reach ane but it i= approching it
slowly"

ight. Since 0.99%..., is not {, 1 ies 1
and 0.97%... i€ 0.99%..., 0.99%... i% approaching | but is
never 1, If we zre tazl¥ing about 1imitz Feter iz right, but
if we zre talking 2bout 3 simple number we would round it to
1 making John right."”

The cecoand esplznation ¢

]

uggeste that thie student
+ailea to conceive the infinite decimsl reprezsentation of
real numbers,. One more respornice Will give some insight into

the studentz idea of decimal reprezentation:

"Feter ie right, becauze 0,79%... ie an
approvimation to 1, not equal to 1. Once you have decimsl

R

placesz, it already meanz zan approximation. 1 is an integer
number. For erzmple, when someone counte cardsz, the- say,
n ~~ oen - A e B . n - - - - - - - -

1, 2, 2" pot "i1,09, 2,0, ,.." beczuse there evasct wvzxlues,
contracst to decimzl places othaich zare approsimate valueszs,”

Under cuzkh a conception of decimal represzentation,
it t2 not zurzaricsing Yo find out that 0,.297.,. and 1 can

never equal.

Yet, ccme student argued that 0.9%7%... and 1 are co
close that the error betwesn them can be neglected. One

student wroteo

(]



"John is right 0.79%...= 1. The recurrence of ¢
gives a number which ic so close to 1 that the error ic
extremel )y =msll and ezcentially equale to 0. Therefore the
method ueed b, John iz correct.”

)

.20 P studente upheld that although the difference

betvieen 1 and 0.9%%.,. is infinitely small, the difference

still g iztz and €0 0.9%%... ie Jjust leze thazn cne. Example
in thiz group wes:

"Feter, G.% 1n not 1 ever though it iz wery cloce
to it. Like Peter zzid the difference between 1 and ©.9 ic
wery smail but it e;iztz,"

The studente inm this group bazically followed the
srgumente of Feter 1 the quesztion. Yet, cne student clzimed
that the dirf+ference between 1 and 0.99%... can be neglected

due to the infinite fezture. He wrote:

= <710 + #7100 + 221000 + ..,
Since it 1z ar ind b.te procese we could €ar it equals to d
because the differernce is too emz1l ¢o John ie right.”

{3 2 sgtudentz, wheo did not view 0.99%.. az the
sum of gomelr o .- e, asserted that 0.999... < 1 due to

the infinitz espanzian,. For inestance:

2935




"1 personally believe that .999 is just less than
cne and that ,ou could erpand indefinitely, never re
one."

3% S students rewrcte 0.99%,.. az the zum of a
geometric seriezs with the first term /10 and the common
ratio 17100 After finding out the sum, 4 of them concluded
that 0.99%... = 1, The remaining ztudent claimed that both

Feter znd John are right. He e«plained:

"... Both students 4 and B are right becau
recurrent series, itz Vimit approaches
ez approsch infinite"

Agzin, thiz student tried to recalve the
digagresment b pointing out the difference bebween 1| and

D .

~,.)

Fees wWill ke zliminzted 32 the digits of 72 goez to

intint by,

VS5 Some stude-t:z appesled to some mathemztical

cbece

-

vstions to jusztif, John's arguments. For erxample:s

g.99% = & x 100 + 9 » 1072 _+ 5 x 1072 + ..,
0.55% = % x 10°F + & x 107% + ...

Both &are infinite ceriece, and therefore you cannct simply
subtra~t cne from the other, as John did. 0.9%% tends to
but # 1"



".,.John ie wrong by saying that 0.99¢... = 1. It
ic live gasing 1 = 2 or | »ew=mw, 2 xo==*implies 1 = 2

A=A

2 ’/"‘22= o 2

“o- A= AT - A

G T = o= A AYOE - )
A (A - &0l - A = 2 Cannnot do thice because 4 - A =0

A= 2A
1 =2  wong 1 £ 2°

Some other ztudente in thie group argued that John

Just rounded 0.%%%... to 1.

(&Y Some ctudents appealed to their krowilege OFf
limit by, for inztance, writing down the formal definition
af limit of sequence or function or rewriting 0.99%... in

termz of functioan., Eramples were:

"LFPe... ie leze than 1 since without thice lim of

X¥rz
700 wold necesszril, be, a2t zome point, f73r and thige is
ot the czze .2, 1im F{x) €3y » = .#9%.,.. ic not
21

necezzari v £10"

"John ie right. Concider the cequence s
1 z E
- L7 PR 2 =
sin) = ,59%,..

——

1
Tim suny = 1
fi— o
i.e. Given € : 0, there enicte M > 0 esuch thet

lziny - 11 < € whenever n > N

But this doesn’t mean .%9%... = 1 it meancs we can make
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«$99... arbitrary cloze to 1*

The lzst student in fact erazed ‘FPeter’ and then
wrote dowm “John . Hig (Herd sttempt to settle the
dicagreement through the formzl definition resulted in
confuzion. Az 3 remark, tws other studentz who zttempted to

Jugtif, their anzwers b, uzing the defimiton of limit of

functicon, &lzc came to 3 conclusion thst 0,977

"m
.
[
"
-

o0 K

—
4
wm
m
-+
-
[
|
—
-

Im zummzry», the erplanations giver by this
group zshowed the nfluence of the te.tbook. Gerneralls, the,

argued that 0.5%%,,, tends to, but |

w
)
0
-+
T
0
c
10

to 1,

becsusze ., tendsz to, but not equzl to 7a‘ in lim fixy = 1.

tued

[

Overzatl, mozt of nte tried to settle the
digzgreement b either justifring thzt an infinitely sm=z1
quantity can be neglected or by pointing out thst the
mathematical argument given by John ie rnot convincing.
Perhapsz, the vsague zrgument of John led the ztudent:z to
favocur Peter. However, even students wiho zppesled to the

valid mzthemztical cbservation, that i=, viewing 0.992... ac

the zum of & geometric seriez, still supported Feter.,

Recultse o qguesticn =

r
9

]



Bazically, the eaplanations given to question 2
resembled thoee of gquestion 1. Howewer, the concept image
such as intinitel, divisible was evoked, due to the feature
of the taesk . Furthermore, some students tried to csettle the
dizagreement b, conzidering the difference betwsen the

thecaretical and practical azpect. For instance:

"Iirn thecrsy, the rabbit will newver get to B but in
practice 1t will, But if the rabbit kKeep hopping for ewver i1t
will eventuzll, get at a point =0 cloze to B that we can saw
it 1 at B"

Crverzll, 1S studentes thought that the rabbit will
rezch B while 22 held the opposzite wview, Tabking a closer

lock a2t the answerz, e note that:

1y &round a quarter of the whole cample
considered the gueztion of how close the rabbit will get to
the point B, A1 e cept two of thece believed that the

rabbit will not rezch B, Some of them expressed that:

"Jennifer, the rabbit will get infinitely cloze to
B, but never reach B

"Jenntfer ic correct. The infinite geometric series
is simply = Jimiting series. i.e., the rabbit will never go
berond B, but 1t w1l get infinitely close to E."

"I thimbt that the rabbit will never reach E'!'! He




will get ver, ver, close to B, but will never reach it in
theory."

The cther two ztudents arqued that the rabbit will

resch B becazuze it ig2, in fact,

ar

pprosching the l1amit B. For

o

instance:

"1 believe thzt Marr ics right, since 2z he
spprosches the Timat iz E."

f2 % =ztydent:z considered the differernce In
digtznce betieen wthere the rabbit ie and the point B, &4 of

them arqued thst rc matter how smz11 the distance iz, the

diztance erxiztz and =2 1t can a3lwarz be divided b, half.
Thue, the rabbkit vn1) not resch B, E<xamples were:

"The rzboit never rezsch B since we can aluzs. g
divige the Jdistsnze between B and the rabbkit, even though
this i€ very =ms1l number."

ety

w

nother four etudents thought that the
digstznce between E and the rabbit will eventuxll, tend to

zerca, Therefore, the rabbit will reach B. One ztudent wrate:

: the rabbit hops hzalf the distance between
where it (= iz diztance » 0. S0 after a3 while we

iz
add zerc to our zomt



The remsining student got leost in the argument:

"In & war thisz ie cimilar to the cother question
becausze to =3 the rsbbit hss not reached the point there
must be 5 differernce 1t must travel. When it is close and
travels 172 the remztining difference more what is the
difference, It 12 Zero since never resch ..."

2 students pointed out that the rabbit wil)

)

orly reach B at ynfinity which ie impossible. For instance:

in

right. This

ennifer i ig
' rabbit will reach

“J i
211 meth course. TH

1S hever»®

well explained in 3
at infinity {which

m

"N

vde 2 ostogente argued thxt the rabbit will reach E
due to the corwerge ze of the given geometric seriez. QOne
student virote:

o

"Mar s i - aght fobivouslyl, Jennifer is making the
mretake 5 sz:zuming that because one is summing up an
infinite number 2f dy=ztances, the abbit will take an
infinite amount of time. The sum of the infinite zeries can
be finite."

- {1

|

- 2 r of students tried to relate this

quecstior o their rnoalege of lTimit. The arguments involved




ueing the formal definition rezembled those in question 1.
Fur thermore, two of them appealed to the notion of 1imit of
function to conclude thzat the rabkbit will not rexch B, For

inztance:

"Jenntfer iz correct. The answer that Mar, is
giving msrbe the limit as the number of jumps goes to
infinity, btut the e:1=ztence of such & limit doe:z not
neceszaril, impliez that thiz “functicn’ will esver take on

that value.,”

vet, sncther student claimed that Mary ie right by

explaining:

"Mar,, uzing limits

2, hoshep he w1l never get
there but tzbing the Yimet sou owi

et the distination,.."

i

&Y Ziome orher appesled =trongly to their

intuitions, E.eamples were:

"Mapr. je right becausze the rabhkit does reach 1ts
distination., If Jenn:fer were right, no one Cincluding the
rabbit? would ever reach their distination.”

"Mars iz right beczuse the two points & and B 12 &
finite distznce ard eventuall,y the rabbit get toc point B."

"That =

11 dependz on the health of the rabbit if B
ie physically pcsz'ble

0}
[
)



These Vinds of arguments chowed that the increase
of support to Mary came from “intuitive’ truth and not from

mathematiczl zrgumentes.

Im this esecticn, come caze ztudiez will be

discus

ed in order to examine how the featurez of a given

question zffected the answers.

Student &

Student A thought thst 0.277... < 1 but the rabhbit

will reach B. Hiz z-gumentz in both quezticns were:

"Feter, 0.9 ic not 1 ever though it is very cloce
to 1t. Libe Feter szid the difference between 1 and 0.9 is
very emall but it eriste.”

"Mar., ae the rabbit hops half the dicstance between
where it iz st and B, thiz diztance 2 0. 20 after 3 while e
add zero to our sum"

These two arguments suggest that the came idez led
to different choices, due to the feature of the questions.
After all, questicon | deals with csome abstract idea which is

beyond experitence, vhile quesztion 2 can appeal to one’s

W
[
w




everyday experience.

Student B

Ztudenrnt B azncenered quecstion 1 by rewriting 0.%%

~5)

2z the sum of the geometric zeries 710 + 27100 + 71000 +
vv. HMNoticing the sum of thie seriez ie 1, B concluded that

0.992%, .. = 1. However, ztudent B justified question 2 by

"Firet student ic right, You could argue that the
digtsrnce €11 to go becomes infinitesimally sm3l)l 2 0. ~ou
reach the <« J."

The rezponzes of B show that the "naive ides’ is

evoked when the task iz not strictly mathem=tical.
Student

Ztudent C azpplied different idez to answer

different questionz. In guesztion 1, C acsserted that:

"Peter ie right because limit of 0.2%9%9%% s
approaching 1 but not equal toe it. 5o what Peler said is
true ard right because the answer has infinite number of
recurring 973"



Cn the other hand,

dicstance between & and E

suggested that different

Questions.,

Student D

Student D wias

will reach B, b

mar be finite

, . -
cerigs fzee T.30.

infinite

th=t 0,9%%,.. czan slza be

.5 Dizcuzsion
In both questions,
b the abztrzct mathematical

the

‘naive’ |

“correct’ idez, even when

maore than hzalf the students

in both questions by considering whether an

quantity czn b

the one who
arouing that the sum of an

F, he

Qhvicusly,

njewed az a3

imit aoften

both

reglected or

he agreed with Mary because the
is finite, These recponsszs

images were evoked under different

claimed that the rabbit
infinite series

0.79%9... i=

thought that

I beczuse John cannot simply subtract two

he overlocked the fact

convergent seriesz.,

very few studente were convinced
arguments. Thizs suggests that
dominates cuer the

ideas are presented. Overall,
tried to cettle the dicagreement
infinitely small

not., Thiz point of view
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resembles that of Leibniz and his contemporaries. There is
also evidence to the fact that the ‘naive’ idea is
encouraged by the prezentation in the tewtbook. For
instance, the introducticon of the notion of 1imit by the
limit of function not anly causes & confusion between the

value of the function 2zt ‘3’ and the value of f0¥ ) when ¥

o

‘goes’ to ‘=, as Viinner and Davis obesrve {(ze

[

4.3

~

but

L Qg

U

also c=au

€

w

a confusion 2= whether F(x) actuzlly reachez its

limit, cince “x’ does not necesgarily reach “a’., Similarly,

the formzl definition of 2 Vimit of 2 sequence doe: not
indicste whether the termz of sequence can tabe on the

Yimiting value, Thi

0

mzr erplain why studentz who tr, to use
the formza) definition often f211 intc a confusion. A1l of
th ok

[l

tion

(10
[[}]
L1 d
"
T
0w

[}
-1

einforce meo belief that 3 pedagogical
sppreoach emphazaizing only the forma) meathematical arguments
ic not encugh to conwve, the correct idea of limit. Perhaps,
a2 et of mell-prepsred exzmples addrescsing to different

misconceptionz of 1imit should alsc ke given, in order to

make the stuodernics zware of thesce misconceptions.,
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CHAPTER UI

COMCLUSION



The z21m of this chapter is to give an coverail

conclusion of the reszults discuszsed in the previcus

chapters. Sewver

f1y W

concept definit
arid not conept
both =tages of
the historical
development of
the =tudics of
hand, these =ztu

mathemztician:z

the conceptz

definitions do

2l obserwvatione are made acs follcusz:

inner ‘e cognitive model of concept image and

Van Ve

definition, will pl

1.9y suggestszs thzt concept images

r the dominant role =zt

iy

concept formation and performance. Comparing

concept |

Calcoculus,

msg

held by mathematicismz in the

D
mn

T

znd thoze held by the lezrnerz 1n

"“"imrer sno cthers, I argued thst, on the one

dernts chare certasin naive concept imagesz with

of the ps3

m
[
i ad
o
"
-+

zre eliminated s th

1]

=t cemturiesz: On the other hand,
to some extent, certain

ult of or

[

re

m

uw
W

nizing

coherent wars, From this point of uview,

hzve their impasct in teaching situzation,

122 QCbdecting the formalistic view of definittion

in teaching mathemsticz, Vinner proposes that mathematical

definitione can

definiticonz are

be viewed az lexical definitions, that ic

statements about msthematicasl objects;

erz emplo,ed to characterize thece chjecte

in



defining situstion (see 1.4, In order to find cut the
learners’ idex of definitions, that ic, vihether the learners
view mathemzaticas)l definitions as lexicsl definitiong, 2
questiconnarie on the notion of function wasz formulated. As
the results of the questicnnaire indicate, some students
Juzt rel, their concept imzges in order to carry cut the
task. Even thoze =students who take a given definition into
considerzticon often f2il to claseirt, the task, psrtly due to
inability to handle the complexity of 3 given definition.
Ancther fxilure comesz from the fact that coften, the meaning
of certzin words’ 1n mzthemzticz i not the zame 23 in
cther cubjectsz or in daily erperience. However, the
improvement in rezults by studentz in the upper leuvel

I

[a]

u

T
i

b that Yinner‘e idez of viewing mathemzatical
definitionz == je. 1c3) definitiane alec need certain
mathematical mxturitty, Lhile 1 zgree with Yinner that in the

learning situsticn, definitione seem unimpeor tant, I do

1]

uozest thet the t.zchersz should master definitione which

w
T

need higher level f abstraction such as the Dirichlet-

n
m

a

Bourbaki definitiaon 'n the cacse of functicn. This will

ensble teachersz to give suitable erxamples in order to
eliminate studente’ misconceptions, as well as, to organize

different concept

in & coherent way. For inetance, the use

of cne—to-crne reictionchip to claszify whether a given rule




iz a functicn may stem from the popular example such as ‘the
rule which assigns to each student the =ztudent’s 1D number’.,
However, teachers cught to comstruct cther examples such as
‘the rule which sssigng to each ctudent 5 grade within the

renge A - F  to make clear that & functional relationship is

not nece

sar one—-to-one,. In

m

uch 3 wa,, it is hoped that
the etuderntz will be zwvtare of the difference between their

omn cenceptions and the form3sl definittion, and so

w

cquire &

b d

btetter underctanding of 2 given notion,

F2Y Bezide the fact that mathematical definitioneg
are not exz. to master, mathemstical arguments are 120 not
that convincing 1n the lezrnere’ mind., Studying the results

on the questionnzire on the notion of limit in which two

[t}

kinds of zrgument:z were presented — the ‘correct’ idea w

at
m

written in mathematical form; the ‘naive’” misconception in
the zenternce form - I cbeerved that more thasn half the
studente favoured the "naive’ idea, ewven when this ‘naive’
idea did not make senze one’s real experience. Again, I
sugge=t that the correct idea of certsin mathematicszi
notions cshould be precented through a3 sequence of refining
examples leading towesrde the formal definition, and
complementing mathemstical arguments. It is hoped that the

concept images generated from thece examples will lead to a

309



better understanding.

Cverall, an approzch emphasized on examples and
non-examples may provide the learneres with a better

gitustion for lesrning methematicel notionz.
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