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study done at the University of-Massachusetts, Clement, Lochhead, and
T .
Soloway found that even science-ariented college freshmen have a great

E}

deal of difficulty translatinag word nroblems into equations. In one of
s

their test questions: "Write an eauation using the variables S and P to
/ .
represent the following statement: ‘There are six times as many studgﬁts

3

as professors at this university'," 37% answered incorrectly. ‘Since such
college freshmen, whHom we can nrésume know,what an equation is, have
difficulty translating simple word problems into equations, this implies
the ‘existence of coanitive problems varticular to the translation pro-
cess. Thus to trv and construct meapinq for the concept of equation
through word proglems mav create relevance, but is also likely to com-
pound the difficulties encountered by the high school student in the

/

acquisition of the concept of equation. |

I i

Anéther difficulty which arises with the "word problem" appréach
is the "Let's use the letter x to georesen? khe number" aspect. Some
students séem to have difficultv thinking this way, as has alreédy been
nointed out bv Firth. Further evidence has been provided by Davis in
his recounting of an interview with a very bright seventh-grader who was

not recoanizina that "x Was some number."z\\ygp Engen also has pointed

S~

out that "the symbol x represents a class of numﬁgfgxyhich may cause

+

lJohn Clément, Jack Lochhead, and Elliot Soloway, "Translating

- Between Symbnl Systems: Isolating a Common Difficulty in Solving

Algebra tigrd Problems" (Coanitive Development Proiect), Unpublished
manuscript, Universitv of Massachusetts, 1979.

2 . ' . . . .
) N Davis, "Cognitive Processes Involved in Solving Simple Algebraic
Eguations,” p. 17: ‘ ' ’
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, each intermediate step, -the intuitive modes of representation precede

the symbolic one, thus encouraging intuitive and relational modes of

understanding and leading to the formal mode. Thus the formal mode

.

acguires a representative character since every intermediate subconcept

is first,expressea in other forms. Of course, this can apply to the

i

main new gbncept if it involves a new matbematic$1 form. It is only
when this new mathematical-forﬁ has acguired meaning through this con-
struction that the process is reversed {(whence the name "Didactic
Rgverqal") and that the learner is encouraged to find tﬁe‘form which.

s

existed previously, thus relating the new mathematical form béck'to the

«

concept upon which it was built. i ‘ ' '
The principies of "Didactic Reversal" can bé applied to the
teaching of equations. As has already heen péinted out, standard pre-
sentations of the teaching of equationg Beqiﬁ with an equatiog, such as
Ix + ? = 17, a new and possibly m$aninqléss aléegra}c form, which
through manipulation produces thg/solﬁtion, X = 4.' Then‘through verifi-
cation, which yields the arithmet;c ;qUalitQ,'3-4 + 5 =17, th; student
ends up with a simplér known’ form, the érithme?ic.eqqality. This.
beginning with the new %ormAcan cause a péqniiive disequilibrium.
Attempts to make the new form meaninaful by relating'it back, after the
Facé} tb the old known form can prodgée a huge accommodation problem for
some gstudents. "Didactic' Reversal"” suqgests starting the other way:

beginning with the known form which exists in the student's cognition,

the arithmetic equality (3.4 + 5 = 17), and gradually bhuilding up to the

v

. N . : , . . s
new algebraic¢ form {3x + 5 = 17) by means of a set of assimilative inter-

mediate subconcepts., When the new algebraic form, the equation, has

N
~
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on an arithmetic identity is immediately verifiable by the student.

Furthermore, since our students now define equations as arithmetic iden-

a

tities with a hidden number, the operations performed on arithmetic

identities can be transferred to operations on equations.

Inducing the Rules Used in Solving Equations

How can arithmetic identities be used to induce the rules
invoived in the solving of equations? We suggest beginning with one of
the sudent's arithmetic identities and asking him what would happen if
we added the number 2 to the right side. TIs it still an arithmetic-
identity? How could he make it into an aritﬁmetéc identity again? The
same questions are repeated with three different "add-ons." Following
this, the student'is asked if there seems to be some rule regarding the
addition of numberg to arithmetic identities and if he thinks this rule
would work with other different arithmetic identitieé.

We can then take the same arithmetic identity that we started
with above (or a different one) and multiply the left side by s;me

number. {It is understood that the student would have already learned

about bracketing and order of operations). We then ask the student what

7

has harvened to the arithmetic identitygﬁnd how we can make it into an
arithmetic identity again. These questions would be repeated with three

different multipliers, following which the student would be asked if

" there seemed to be some rule regarding the multiplication of arithmetic

identities by different numbers. BAgain he would be asked if he thought

-

. that this ru}e applied to all arithmetic identities and to give an

Al .
example. ‘

The same line of questioning is used for the operations of

ks b
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quantitative data is of.less concern than the falrly subjectlve analysis

’
i

1. P . oL
Qf qualitative data. Most studies'deallwith some aspect of the school

H

situation, with -the data often qatbefedaftom.a~sampling of "strong,"

"average,” -or "weak!: students who aré generally categorized and

N

selected with‘the‘aid of the classroom teacher. ' The dafq colleéted‘a:e

often qualitative, obtained in a ¢linical setting by recording verbal

protocols for future analysis. In addition, the ihvolveyenf with the: .
? ; ! R

same children can range over periods from about six weeks to the,

f

The "dvnamic" nature of the Soviet "teaching &xperiment® is one

_of its strongest points. Their method which is "primarily directed q;L

discloéinq and elucidé}ing the very process of learning, EE.iE takes

’

_place under the influence of gédagogv"z permits a researcher #o studQ'
changes in mental %ctivity as wefl as the effects of planned instruc; -
tion on such activity and té “"determine how instruétion can optimally .
.1nf1uence these processes. w3 Although the general "course" outline and

contént to be covered are determined in advance, the. experlmenter has’
4 )

the flexibilitv to plan a new instructional strategy for the following |

- Al " ’

session on the basis of what occurred during the previous session. He

é Mary Grace Kantowski, "The Teachlnq Experiment and Soviet
udles of Problem Solving,"” Mathematical Problem Solving: .Papers
from a Research Workshop, eds. L. Hatfield and D. Bradbard - (Columbus:

FRIC Science, Mathematics, and Environmental Education Clearinqhouse'_
in press). - '

~ -

2Menchinskaya, "The Psychology of‘Mastering Concepts:
Fundamental Problems and Methods of Research,” p. 89!

-
3Kantowski, "The Teaching Experiment and Soviet Studies of.
Problem Solvinag." ' 4/

! ' ' ' o
academic year. ' .

-
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' We then asked some of our subjects who had responéed to the above

question ("Can you use the equal sign with an operation on both sides?")

’

I
with the same operation on each side the following question: "Can you
give me an example where you have one operation on one side and a Ce

different operation on the other side?" That even a very simple ques-

~

tion such as this can be misunderstood is shown by Patricia's response:

I: Can you give me an example where you have one operation on one side
and a different operation on the other side?

Pa:~ 6+ 3 =3 x6.

I: Is that true?

Pa: No, that's 9 (left side) and that's 18 (right side). g
: And what does the equal sign mean? -

Pa: The eqgual sign means that this number, no, thls problem here ls
‘ supnosed to be same as that one. 4 -

I: Uh, huh. So, if that's not trpe, can’ you flx it up so that it is

true?
Pa: . e . . ‘
I: You've used the same numbers. You've used a 6 here, a 3 here, and
a 6 here and a 3 here (pointing to the respective numbers). Do '
vou have to use the same numbers?
Pa: No.’
I: Well, let's leave the "6 + 3." ’ )
Pa: O.K. - ’
T: The "6 + 3" has a value of ?
Pa:. 9. ' . 3
I: . Now yvou have 9 on the left side. You want to have something that
) works out to bhe i / o
Pa: 9. . ! -
I: On the right side. !
Pa: 6+ 3 = 3 x 3. o .
I Good!

¢

Patricia seems to have théught at first that both sides had to
have the same numhers. Although she quickly realized that 6 +.3 =

3 x 6 was not true, she seemed temporarily blocked and was unable to ' ¢

_think of a suitable response. It was only when she was asked if one

had to use the same numbers that she was able to construct an equality
with_a different operation on each side. 2 ¢

When we asked Piero the same question, "Can you give me-an

1
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I; So if this (4 + 6 = 8 + 2) isn't an equation because it doesn't
. have an unknown in it, let's call it by a special name - an
© -+ "arithmetic identity." Do you know what the word identical means?

Ci Yeh, when two things loo}the same, or are the same value.

I: So why do you think thatJ® + 6 = 8 + 2 is called an arithmetic
identity? ’

C: Because both 4 plus 6 and 8 plus 2 are equal to 10. Both sides-
equal 10. They're identical. [

I: Does an arithmetic identity have an unknown?

C: No.

I: Does an equation have an unknown?

C: Yes.

With Grea: Y

1: Last week when we were working on things like this {5 x 3 = 15, -
15 4+ 5 = 3), we called them egualities. But I think it would
help if we gave them a special name. We're going to call them
"arithmetic identities." Do you know what the word identical
means? g ®

G: Yes.

I: What? ‘ . ,

. : When spmething is the same.

I: So why do you think these are called arithmetic identities?

G: Because 5 x 3 equals the same as 15. ¢

I: fThese are very simple arithmetic identities. We just have one
operation on one side and the result or the answer on the other
side. Would you give me an example of an arithmetic identity
that is‘'not quite so simple? 0ne that has two operations.

G: 3 x5+ 3 =18,

"I+ Alright, can you give me another arithmetic identity where you
have an operation on the ‘left side of the egual sign and an
operation on the right side? }

Gt 3 +6x2=9+6. . ? /

I: So, what are these called? '
G: Arithmetic identities.
What was required at this voint was to verify during the next
session with Greqg and Caroline (Session 3) whether or not they had
& become aware of the clear-cut distinction between an "arithmetl‘c
’ identity” and an "equation," which distinction had been lacking for
thg most part hetween an "equality" and an "equation." T

.

At the beginning of Session 3 with Greq:

-

J

4
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¢: 6x5+1=ax5+1. v

I: 0.K. "There you've got pretty well the same thing on both sides.
How about one where it doesn't look quite so much the same on both
side§? .

C: 6x 4 +2=8x10+2.

I: Now T notice that you put a box down for your unkno&n.

c: 0b!6§c4‘+2=8xa+2. . |

o

raroline, in a similar fashion to Greg and Piero, was not build-

.

’ing her equations bv\§tartinq off with a written arithmetic identity

. \
and then hiding' any number. The arithmetic identity stage was being

done mentally. Her equation-build@ing bedgan in a vergfgimple way:

’

2 xa=10, 3 x a= 24, i.e., a single operationh on one side (multipli-

\

cation) and the resultaon the other. When asked for an example with
. 4 =
more than one number on the right side, she gave 4 x b = 2 x 8. Again

the unknown was on the left $ide, in contrast to Greg, whose first
examples all‘hqd the unkﬁown on the right. It was enly when asked‘to
have the unknown oﬁ the riéht side tha;‘she came up with 3 x 7 =
7 X a. . . . . - .
pPutting the‘ukknown on the'right seemed to he a little difficult
for Caroline, for not orly was she av?idinq it in her first examples,
but also when asked for such an example she chose one of the simoiestf
tvpes -~ an illustration of‘ﬁhe commutative, property. She\invented an
operation for:her left side, "revégsed" it for the right side and sub-
stituted one of theAnumbers on the right by a 1e££er. .This method L
helpéd her to avoid any mental effort that miqht have been required in
building some more-complicated arithmetic identity. It elihiqgted‘the
need to keep track of any numbers.or even to compute the wglue of thep

left side. Then, when urged to give an equation with two Oferations

on each side, she produced somethiné simpler still than 3 X 7=172%x a.
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Although our two subjects reached the desired conclusions, it is

, i

&

obvious that our questions were not sufficiently specific to avoid
t . confusion. We wanted the students to become aware of and be able to
verbalize the rule, "Do the same thing to both sides." However} it

- B

seemed that Michel and Barbara had been temporarily sidetracked by -~

having the choice of at least two operations that would bring the
. -

arithmetic identity back into equilibrium. Thus, we decided to try

restricting the line of guestioning.

\

We would take one of their arithmetic identities and after adding

some small number to one side, we would ask them, "Using only addition,

is there énythinq that you can do to make it an arithmetic ié;ntity
again?" We would not ask them to compute the value of each side unless
they were unable to answer the previous question. This procedure would
be repeated four times in all with progressively larger numbers,

followina which we would ask the student if there seemed to be any rule

s : that one could follow when building new arithmetic identities, using

o addition. _If any student begah to add on to both sides spontaneously,

We would then apply the same process, but this time subtracting a

number from one side and asking, "Using only subtraction, is there any-

.Yy

we would ask for the "rule" without going through any further examples. ' 4
L
1

thing that you can do to make it an érithmetic identity again?" After
,using the same method for multiplication and division, we would ask ' “
them if they could ﬁake up one rule thcﬁ would cover the four separate

rules.‘ ’

! «
By using these directed questions, we felt that our s¥bjects

+would be able to induce the rule, "Whatever you do to one side, do to
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’

examples. In each case we decided that the subﬁect*tbﬁld be asked for
y !

. e . , | :
. the rule when he was performing spontaneously the identical operation

-

on both sides. Only after the student had induced the four individual

‘ ¢

rules, was he required to generalize.

.

In working with the examples leading to the addition rule, we

restricted our duestion to, "Using only addition, is there anything that
A Y ny

you can do to make ‘it an arithmetic identity again?”, thus avoiding the
previous- confusion that occurred with our. first two subjects. With all

four subijects, four examples or less were sufficient to elicit the
]

" desired rule. Thus we avoided the purely instrumental approach of

3

giving the rule and having the students merely verify it by means of

several examples.

For the remaining operations we used the same restricted line of

questioning. Three of our four subjects could see the analogy with the

previous work on addition, as evidenced by the facility with which they

induced the remaining rules. In fact, one example was sufficient for .

each operation, since they were operating spontaneously on both sides

of their arithmetic identity. THe fourth subject was able to induce

these rules but required a few more examples with subtraction and mul-
tiplication before operating spontaneouslv on both sides with division.
It was but an easy step for our four students to reach the next
level of abstraction, that of considering the individual rules as
gxamples of a more global .one. This was achieved on the basis of the

students' intuitive notions of arithmetic and their ability to think

inductiQely.
- v

. i .

In this last section, we have prepared the ground for "doing the
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v

SUMMARY AND CONCLUSTINNS

Since ghis s;udb has addressea itself not only to the development e
of a teifhinq scheme for equations, but also to an examination of the

"way in which students téink about and erstand the conqépts involved
- during the actual teaching procesy, it would seem appropriate to divide

s+ this concluding ch;pter into three parts: ~a summary of the teaching -
outline anQ the ra£ionale hehind it, experimental conclusions .(based on

the individual interviews), and qeneral conclusions. ~ )

The summary covers the first four chabters: statement of the
brohlem,'theoretical framework, a teaching-learning scheme for equa-
tions,'methodoloqv. :

The experimental conclusions which are based on the analysis of

the protocols of the individual interviews as presented in the fifth

chapter include: pretest, extending the notion of the equal sign, the

‘concept of equation, operating on arithmetic identities, difficulties ~~

‘with bracketing and the conventional order\of operations. #" ) ‘ ‘
. [

, The general conclusions deal with the success of th;iexperimeht, ' \ s

the intuitive and éperational aspects of the constructions, the 9per§-

tional nature of students' thinking, pedagogical implications, and

suggestions for further research.

IS
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| The tendency to evaluate an arithmetic identity from left to right
, ) ;

‘ was so predominant that it gave rise to different and unexpected

[

responses to the use of bracketing. Michel was one student who didn't

B see the need of bracketing the first operation on the left of each side

since these were tHe ones he was calculating first anyway. Two other

students, Carnline |and Patricia, seemed to think that whatever was ' !

bracketed was not ohly'to be done first but was also to be placed first.

When operating\on their already-constructed arithmetic identities,

most of our subjects merely "tacked on" the new operation at the right 1

v

end of each side, withdqut using brackets. 1In doing so, they were con-

sistent with their own jntuitive conventions of calculating from left to

/ b right. The yesvonse of one of bur students provided striking evidence
of the sequential nature of his \thinking and of the problems which can
) arise as a result of not following this natural order. Michel, who was

told that he could add-on to either thé left br right end of each side,

.

wanted to add 7 to both sides of (§\+ 10) < 3 = (4 x 2) - 3 by writing

5+10) 3=+ 714 x2) -3 | | T

i The difficulties' experienced with bracketing have led us to » |

‘ su;best alternate approaches to the teaching.of £his topic, which shall

e-%iscussed under "Pedagogical Implications."

N

"
\ .
Ge& ral Conclusions

t '

;| (@) Success of Experiment

, L K This experiment was designed to investigate whether or not the
; {

v

==

'\ constructions involved were accessible to students representing a wide

)

. range of ahility. From the written énd verbal evidence of our six

v . subjects, we could conclude that all of them were able to construct

| - )
‘x ‘ ) ‘































