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Coupled Mode Theory and Netwark Applications

Raffi Antepyan

This thesis [?resetxts an analysis and 'sumary of network
representation techniques for various coupled systems, and the
conditions and laws which define the system characteristics. Coupled
mode analysis is used to describe distributed systems supporting
weakly coupled modes: It is applicable to systems where a fraction .
of the powers is exchanged between propagating modes. The analysis
is carrie:d out for 2n-port networks and 4-port applicétims_are
given in detail. A method to evaluate the transfer matrix of lossy
and nonuniform forward and backward couplers is given, where Jones
and Muelier calculi are used in conjunction with coupled mode theory
to obtain phase, amplitude, and power relations. Examples are cited

from the areas of microwaves, integrated optics, and surface acoustic

¢

. wave devices. -




B
. - *
- ¢ * : N .
-
L 4 , “ - -
. o
? N - —\ & .t e
. e '
" ow
., v
» [
. i o .
[ ¢ !
"’ . !
’ . . . - .
. . . .. . »
, . N 3.
X . - A ’
\ N A a N . .
. A - -
. - ; . . i
: E . i
. . » » A H
' . . ,
- N
LN o : |
> 2 . P
‘
- . - -
- hd - N
. r N °
- a 3 ‘ ‘
. . - o *
- L. - .
. . ) .- i
. - . . < B
5 v . )
-—rt V B . “
' cQ‘ . g ‘Ib “ﬁ’ pamts
- R s l
. 4 M
' to e © v
] ) and to Karen .
a R .
N Vo, 0 °
. , ‘ . ‘ y 7
. ‘ N @ © R
¥ N N
. N
. . R . - .
12 . o
, N . . “
. . < - i AV
v
- . . . 5
. - . ¥
. . , Lt N ! v
. , - W . {
. i . e . o
. . . . s .
. . . N
I+ 9 - ;
. . : L . . A
. . hd v . f . i
¢ : R [ - < - i
. R . R
» . I3 o 3
, .
o~ LI A - % -
. A s
P
X B . I b,
‘ * - 2
- - » - " .
. P s . . . . . R
. . 2
. o R . .
\ Y N
~ . ' . * ' s M
- . s ” . N . Y
4 ~ RN .
- .
. t - ' A N -
. ’ O
- “ - b : * 1] -
- 1
o . 4 i A
. - ~ -
- * v M . 4

S —

»
.
f
.
Y
-

v »
%
- A . '
-~
~ . . )
. K I
. . .
. n -
, .
; ) .
v . ' . N
. . -
»
- L J
A .
t ’ Y
B .
|'~ ‘
)
R ) \ Y. .
. . h
z 3 - : e
) . + 0 . ! .
. Al . a
v
- .- .




, k /
. : ) : ii
. T T , B
o . ACKNOWLEDGEMENTS ., ‘ B
- \ T~
The author wishes to express his gratitude to Dr. Otto Schwelb
for his guidance and help*throughout this work. - .
]
. . . ‘

%
/

‘ [
IS
>
P
* ' i
. : v R .
. 1 '
. . ,
'
. ' . .
/ : .
~ . S
-5 » ‘
| * -
M .
' . A i
' *
/ -
. y M .
]
o o ‘ - . - L .
.
’ -
' b
» .
-
. a . 4 \ .
. - '
.
. .
L
L - @~ -
> . .
«
> "
4 h ,
. A ..
s . .
.
.
: ‘ N + ‘ ® . R ' M
‘ ' . R . .
~ N ) » » B
\ o &
b - .
' s A # .
- . ‘e . . , i, ‘
s
\ . I
ot . * U
. e N
- a , ) - .
: EN
3 L] S—— ‘e
. . .
- .. v ey Ak n - e e v . B p

———— ey o




I o

n

B a1 Y Y bl ML S NS A i e e s g 4" e

Ll

.
| Cii
5 ' ", mn-: OF CONTENTS
: ' = page
ABSTRACT R i
ACKNOALEDGRMENTS| 1 . BT
, LIST OF FIGURES- | S g
’ CHAPTER 5
, 1 mrmwcr{gj{ ‘ A 1
i | II  COUPLED MODE 'sts AND CONSERVATICN LAWS | |
;Y * 2.1 Coupled Mode Formalism - 4
;ﬁg‘ - . 2.2 Network Representations and Conservation \Laws 11
\ix Lo . 2.3 Pour-port Distributed Networks 27
II1  CODIRECTIQNAL AND CONTRADIRECTIONAL COUPLERS |
. 3.1 Stokes Vector and Mieller Matrix' o a3
’ 3.2 . Uniformm Couplers - ;o 47
3.3 Nmunifom Cauplers _ 57
{ 3.3.1 Tapered Couplers . , 60
3.3.2 Chirped Couplers - 63
° 3.4 Numerical Results S ‘ 66 '
| IV CONCLUSICN | o \ | 70
| REFERMNCES w R T T2
/ _ APPENDIX o % "
I  Properties of V - - 5
II Matrix Expgnentd.;ls and the Power of Certain Transfer
e Matrices | - | 80
III'  Program CONVRT4 | ' . ‘84

s
T Sl




ot

SRy

Figare X ) |

2.1 .Representatiop of n caupled lines a2n wmm

2.2 Circuit model of two coupled lcssy transmission lines

2: 3 Filter element cméisting of a forward caupler and a

" feedback network

2.4 | Three layered axgsotropic slab wavequide

3.1 System of n caupled transmissicn-lines

3.2 Possible routes of power flow. in a (#) codirect.ional_
(b) contradirectional coupler : /

3.3 Nonuni f arm caipler approodmated ‘by cascaded uniform

o - El

cauplers

O U YW

iv . .

page
12
29

35
ax

48




T > 1

I. INTRODUCTION

Many branches of science and engineering involve the concept
of wave motion and the related concepts of impedance, power flow,
phase and group velocities, and coupling of modes. Coupled mode
theory can be used to treat a numbef' of problems in physics and
engineering characterized by the above mentioned concepts.

The literature on coupled mode formalism is quite extemsive.
In references (10) to (16), one can find the basic principles
of this concept. Same of the applications of coupled mode theory
are given in references (1) to (9). Devices to which coupled mode
fOfma.lism can be applied include directional couplers, distributed
parametric circuits (2), electron beam devices (3,4), electro-optic
modulators, acousto-optic beam deflectors, and various other
devices (5-9). '

Another important concept used in this thesis is the Jones

and Mueller calculi, which are covered in the Appendix. of refe.r&ce (21).

Jones calculus was first introduced by R. C. Jones in a series

of papers in 1941 (30-32) . Originally used to describe the polarization
of light, represented by a two component state vector (go‘&s

vector), here the concept is~extended to cover systems having

a dimensionality higher than two (22,23). Its advantage is that

the four component polarization or Stokes vector whose elements

are determined by the camponents of the camplex electric field,

b
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and the generalization of Stokes vector to systems of dimensionality
higher than two contain valuable information on the modal powers,

|

reflection coefficients of the counterpropagating waves (24) \

phase differences between the wave amplitudes, and the local

v The properties of a linear network can be expressed in
closed ‘form in terms of its teminal matrix representations.
Analysisi provided in this thesis shows t;hat the properties of
a linear distributdd network oan also be expressed in terms of

its system matrix which describes the evolution of the field

parameters inside the distributed system. There are various refires tatiqgns

of a network; comonly used forms are impedance, admittance,

écattering, and transfer matrices. Comonly known properties of

a network are losslessness, reciprocity, and bilaberagl and transversal

symetry. Conditions for these and other network properties are

given in this thesis for terminal matrix representations and

‘for the system coupling matrix of a .distributed network.

In Section 2./1, the fundamental concept of coupled mode
theory 1is given in‘ conjunction with the generalized Jo :
Meller calculi. 8 and vy coupling, the two basic fo of couplings
encountered in a distributed system to produce effects ;:tf propagation,
amplification, and decay, are also the subject of this section.
Various matrix representations, and the conditions for various
network properties are presented in tabular form in Section 2.2.

.‘;%
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Secticn %.3 covers 4-port network analysis, uti;i.zi.ng the tgchniques :

- of the previous sections. Here, éx‘zmples are cited from diverse ‘ ' . X<

: fie_lds for 4-port networks: Also, the concept of antireciprocal L |
distributed systems is briefly discussed in thié section. .q |

Jones and Maeller calculi and their application o codirectionally.

and contradirectionally coupled systems are introduced in.Chapter 3.

The analysis given here includes the effect of loss in the normal

mode propagation. Also, a nonuniform system analysis is presented

5; for two é?ec”ific types of couplers, namely tapered, and chirped.

| A rore qenetal form of 2x2 x:nnuniform system analysis, involving

a linear transformation of the Eiependent variables arnd a double

diagonalization process can be found 'in reference (14) and is

J amitted here. The concepts introduced in Chapter 2 are successfully

applied here for both codirectional and contradirectional couplers. : y

" In Appendix I, the properties and construction of certain - -

special matrices and vectors are given. Appendix II is on the 7

(o

methods of obtaining the power of certain ty;;es of matrices.

q
Appendix III includes the listing and user marual of the camputer

o

program CONVRT4, written in FORTRANS which implements matrix\%

conversion and testing for violation of conservation properties.
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' I1.COUPLED MOCE ANALYSIS AND CONSERVATION LAgS
) ' A o .

\\ . . N H
2.1. Cowipled Mode Formalism - - \\*
Coupled modé analysis is used in cases when a system can = —_

be described by a first order vector di\fferentiz;l equation of

the form | : . |

P (2.1.1) .

- or a transmission system supporting a number of coupled propagation

negative z direction, the transfer matrix M(z) must be nonsingular,

-~ da(z) _ _ =
& 1R alz) , o |
/ :
I : i

el ~-
4 s

where E(Z)T - (al(z),az(z),,..,azn(z)) is the sta\tga vect;or and . . o
R, is the system matrix. For a weakly cpupled’ system Ra'rmst\

be diagonally dominanf, such that a small fraction of power in

L
the 1™ mode is coupled to the jt‘h mode aP ice Vexga. The solution

fo\ﬂr (2.1.1) is given as
a(z) = M(z) a(o) , N (2.1.2)
\ -

where !il(z) is the so called transfer matrix. Eq. (2.1.1) can .

A Dty e e T MBS b A ity WEL A LR 1R

be usea to describe a system of n coupled transmission lines

modes. In either case, assuming that the system supports bidirectional

propagation, i.e. the waves can pfopagate in both positive or . R

siglce

30 = M(2)™ &(z) : (2.1.3)
must correspond to a physically realizable situation (33), It ’

will be assumed that R, can be diagonalized by the similarity
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transformation

-

Ph U5 ddag(h g, o0+ o Ao s

(2.1.4)

where U is the modal matrix whose colums are the eigenvectors -

. . .th
- of Ra' and A is the i~ eigerwalue of R, .

If an nxn matrix has a total of n linearly independent

f;

eigenvectors, regardless of degenefacy, then tiMatrix is said

to be semisimple. Asduming that R, is semisimple*, it can be

expanded in terms of the set of projectors {K } on the eigenspace

ot

of Ra as

S

zn ¢
SN

\

(2.1.5)

[y

where)&i‘s are also the metrics of the space in which the vector

a(z) is 'etbedd_et_i'
havmg the following properties:

. . whereE

can be found in Chapter ‘XI of refenence (15) .

Kiz =Ky (idempotemy)

2n

one obtalns '

4a M(z) _

= -j R, M(z) ,

’

-

X projector is a linear rx:mgeneous operator

(2.1.6)

(2.1.7)

(2.1.8)

- ’

is the 2n x 2n identity matrix. A treatment of projectors

-Fram (2.1.1) and $2.1.2)

14

(2.1.9)

~

'
i ottt A i Roram e £ W &

rninn
»

B T T DU IV

[N

S eon v s

* For nongenisimple matrices one cannot expand R, in termms of thg
projectors on the eigenspaces. This case is treated in reference (15),
o pp. 270, 272.

‘ -
k] ¢ 0
[N . .
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with M(0) =E, . : (2.1.10)
_Assuming that M(z) can also be expanded as e
M(z) ﬂ X (2) Ky - (2.1.11)
i=1 ..
by (2.1.8), the boundary ‘condition in (2.1.10) will be satisfied
if
' * . )
mi(o) -1 for all i . . (2.1. 12)
iSubst'_itutmg (2.1.11) in’'(2.1.9) andusnagthepropertiesin
(2.1.6) ahd (2.1.7), one obtains
n 2n -
z (2) K, = =3 I A K T (2) K
{=1 a%ni i=1 ri i i1 Amd i
Zn \ [
- - iil *)“ri xmi(z) Ki . (2.1.13)
- [

. s \
Miltiplying both sides by K, elininates the sumation. The solution
satisfying (2.1.12) then is

@ e =iy ) , , (2.1.14)
| zn - ‘>
M@ = Doewp (3 Ay DK C L (2

From (2.1. 6) and (2.1.7), it can be seen thatR andM(z) ccmmte,
implyifyg that they have a cammon set of eigenvectors such that

f
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-1 _ .
Am(z) - U' .M(z) U = diag( exp(~j A z), exp(-j '\r2 z),.,

{
1

3

i

:
ooy

A eor expl-j ALon z) ) . (2.1.16) :
* Two forms of the system matrix R, are of partiqular interest. :
. }
" Namely . :
’ | -x rtr., \ ' , i
: (1) €a Ky R, Ky o (2.1.17) 5
g X + .
~ and  (ii) s " Ky Rg Ky o . (2.1.18?
where KO' - E, , and t represents Nermitean conjugation.
: . .
- R
§ | E, O
. K, = .
: 1 ! , ‘
0 -E Jl : |
and Ra in partitioned form is given as ‘ ‘
. R11 RlZ d
R, = ‘e . (2,1.19)
R Ry

Although no restrictions are dimposed on the size of the submatrices

st it SRR et s Pl it 0 WS

of Ra’_ in this report interest is focused on g ses when R, ard

: ;

| Rzl are both nxn matrices. The more c_{ene.ral case, when R12 and %

. N R,) are rectangular is treated in reference (13).

! case (;L) + R =R ?

. a a ¢ 4

‘ A matrix satisfying (2.1.17) is called Hermitean; The eigenvalues i
- of & Hermitean matrix are real. Eq. (2.1.17) can be written in %

terms of its submatrices as

TR R by by il s €1 2 L
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1 \ + .
Ry =Ry, N (2.1.20)
Ryy =Ry < (2.1.21)
- +
and R, =Ry . (2.1.22)
s . * &,

The eigenvalues of R determine the type of propagation and ‘caupling

LS

e i o e o

s RN

A |

between’the mcdes. To determine the eigenvalues of Ra, ‘a suitable
method is based on expressing the eigenvalues of R, in terms of
the eigenvalues of the submatrices Ry and R,, (13) . Letting

Rj; Uy = Alul ’ (2.1.2.3)
. Ry Uy =, , L (2.1.2‘?) .
ard Ra u=ku, ' . (2.1.25)
u .
-— 1 “ ’
where u = . (2.1.26)
5, 1
egs. (2.1.23) to (2.1.26) can be written as
() -k B Ri2 g,
-0 . . (2.1.2m) -
. + - . -
Ry Oy -k B )
Solving this for Gl and 52, one obtains
- -1 -
ul —_— RJ.Z uz ' (2.1.28)
(ll - k) ~
ad @, -—2 — r.FG . (2.1.29)
2 12 71
(A, = k)

4

Substituting first from (2.1.29) into (2.1.28) and then vice

versa,

R T i 6y o Tk WYY S

,3




[P g

e

1
R P e AT T AT TR e et % AT MY S e 0 e o4 s T §E] TS Y Y 6 3 £ B A LI AY I st 2o o n e v o o
P . !
. ™ g '
d '
t =2 ~
N\ R, Ry vy =x"u , _ (2.1.30)
t - 2= ‘ . .
and R12 R12 Uy =T Uy . ' (2.1.3)1) :
" where P =0 -0, -k L . (2132
' ~
It can be shown that the RHS of- (2.1.32) is always positive or
zero. Premultiplying (2.1.30) by G;, (2.1.29) by 1_121', ard equating
vields ‘
-t = 2 _ 2=t~ .
u, u, [y - k)l k“uy g .(2.1,33)
I Since ﬁzf Gz ’ Glf Gl' and (I(Ai -k |2 are all nonnegative, k2
must also be nonnegative. Solving (2.1.32) for k yields
K=3(A +2) t2x {, 27 % 213}, (2.1.34)
1 2 ( —5 )
K
which is real whenever )‘l and ).2 are real. It should be noted |
that when the dimension of R, is 2n x 2n, there wjll be n ()\l,)\z)
pairs and 2n eigenvalues of R, tk's), 2 ‘for each (AI,AZ) pair.
case (ii) : R, =K, R.' K, "
nt *Ta 1l a 1
Following a similar approach as before, (2.1.18) results
in
-Rr T . (2.1.35)
Rp~ Ry oo ted
Ryp = Rz; , : : ©(2.1:36)
- gt o ‘
and . R12 R21 . | (2.1.37)
4 - Eq. (2.1.27) now Becomes ,
. \ T
. .

* w

L R L 7] Wﬂﬁ'mm@w«"u’% R T . 3
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‘caupling', where the modes vary .sinusoidally with distance.

H
]
10
e &
I - ' '
By = k) gn Ry, U,
-0, (2.1.38)
-Rlz* (A, = k) E 8, .
whic{x result-s in
.
R12 R12 ul -nc ul P (2.1.39):
- ) .
and R12 R12 5 = =T U, , . (2.1.40)
_where k% is given by (2.1.32). Premultiplying*(2.1.40) by ",
the first row of (2.1.38) by ﬁlf, and equating the expressions
t ' H
so obtained yields " . . .
2t - .21 =
1Ay - ] Uyt Uy T =T Yy (2.1.41)
since’|A - k|2, G; u,, and Gl+ Gl are all nonnegative, «? must
be nonpositive. Writing, x = jk”, where x” is real, instead of
(2.1.34) one now obtains A
k-}(kl+>.2)t2n<‘{()‘l-)‘2)2 -1, (2.1.42)
2 KI
which is complex whenever
M Al - X2 . .
L 2], (2.1.43)

o

for real A and Ay A camplex eigenvalue of R, indicates exponentially

growing and decaying waves. Despltue the fact that the propagatlon

constants of each indlvidual mxde is real, the system as a whole

pow

produces amplification and decay in the mode pairs which correspond
to the camplex conjugate eigenvalue pairs of Ra' This phenanenan
is known as 'y coupling' or 'active coupling' (11). When the condition

in' (2.1.43) is not satisfied, then there is '8 coupling' or 'passive

itz T o v b A R SRt
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2.2, Network Representations and Conservation Laws '
Closed form expressions are derived to express conservation

of energy (losslessness cor;ciition) , reciprocity, bilateral and
transversal symmetry, senireciprocity, and antireciprocity in 2n-port
netwdkks. Although these e)(p;:essigns are in terms of the éort
quantities, their extension to d%stributed systems such as the
one sh-awn in Figure 2.1 is of particular intersef and will be
discussed here. ‘

Defining the input and output voltage and current vectors
<
=*7 =T _ + T
as vy© = (‘Vl,Vz,. .,Vn), vy (Vn+l’vn12""vzn)’ il (Il,Iz,..,In),
T __ ) . ’ N
i, (In 410 Thapr e ’IZn) , and dgnotmg the corresponding 1:}01dent

__and reflected wave vectors as as a2, bl' and b2 respectively,

-
e

the following eight ratrices are defined in n x n block partitioned
form. These matrices and their definitions are

2 {impedance)

["1 _ [211 %12 Hll] (2.2.1)
) 231 292 113, '
Y (admittance)

[om
]

1 Y Y2 (M A (3.2.2)
- \ 7
12 Y1 Y22

<1

<1
N
7~

Q or ABCD (impedance transfer) .

£
; 7 , .
n_|* B2 | (2:2:3)
T T N
-ll c D -1.2 [y
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/
- S(scattering\) ‘ ‘ %
' -t [5 E (2.2.4)
: ‘N ] E : L
" - i N %
, . . - T(scatgering ansfer) :
. E R
[1 11 T2 (2.2.5)
- - By T2 22 '
. o ‘ In addition to these, three more representatlons are considered.
v L These are x ’
t
: ¢ =gt (2.2.6)
‘ A =T , (2.2.7)
P and M =A T - (2.2.8)
A
where the symbol ~ fies the tilde transfonn, defined as -t :
X -n2n (2.2.9) §
' Y n > n > %
i - H
: 1|oloL ..0]ololojo...0] :
i hid H
ololol\ olijojojo of » | .
i ‘Q . . ) -
:i_ 0)l1}o] ojlolojJojlo "o
olojo"Lg oloji1lolo [ 2
0]Joj1]ol olojolojo o
My, = | O lojoJo...ojo0]o]1]o0O...0]| (2:2.10
L] . ..../ J
) 4] 9
. .
. | 0 ™o ) 10 .
' J ololo 1]o0 AR ¢
, . o 0ojJojJo]o..0jlolo]o...0]|1
.;" ' . - -
f "
i %
f:

: . [} C . K . . n -
. R T I TN,
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P ) .
is a permutation -matrix, where II2n - HZnT v n2n;
Since same representations use voltages (V) amg currents

»

(I) while others use waves:-(a,b), the relation between these

two types of terminal parameters must be given. In this report,

e

the so-called travelling wave representation, defined as
1

!

a; (2" =2 ( 7;:vi(z) £ /I, 1,()) ,i=1ton (2.2.10)

- shall be used. Here, tje normalizing impedance Zi is the
* v
characteristic impedance of the ith,,channel. Equation (2.2.11)

can be written in matrix form as ‘

(vi@a]  [a@"] :
I, (2) al(z)-
Vz(z) az(z)+

v (2) a ()"

| 1, (2)) [ & (2)7 | \

v:t)ezle the impedance transformation matrix @, and\its inverse

are given as

- .
A, 0 0... 0 \
o,
S L , (2.2,13)
1 a,
,n. \
i—o nnd

OIS RIS 3 e i Y

g(z)= I,(2)| = @ az(z)" = a(z) ,H\ (Z.ZS{) ¢
\
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L © qlevz|o . 3 (2.2.14)*
L / - .
% ) \ o1 i
‘ % : Y |
i e 0 .n -7/
// ) n /-
¢ 1 ]
: e :
A 1 - .
. ey o=, | - (2.2.15)
72: vz,
" 1

It is advantageous to introduce the terminal parameter

?Q—‘
-T,T

vectors a, b, V, and I, where for example a = ( SlT \ a, )7,
and tfxe following relations

a-Fl(V+F I) , ‘ (2.2.16)
and B—Fl(\-f—sz) , : (2.2.17)

where F, "= (2'*) diag ( zl'i,zz'i,'..,'zn'i,zl"i,z

z-il“lzn—k ) l‘ ’ . 4

" (2.2.18)

-

= diag ( zl,zz,..,zn,z Zosear2. ) (2.2.19)

and F 1722 n ‘

. ) : 2
By using the definition of "the impédance, admitté.nce,

and scattering matrix; ¥ =23, T=v ¥, adb=5 3, ' |

respectively in conjunc®ion with Ehe,above transformation,

one finds the conversion expression linking the 2, Y, and

S representations. These are given as
‘ -1 -1
Fy

[

‘ o 'S_Fl(z-Fz)(z+F2)

- -1 "
_ Fy (Ep - F, ¥) (B +Fw )7 F7, (2.2.20)

* Tt should be noted that every element in (2.2.13) and (2.2.14)
represents a 2 x 2 matrix. '
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‘ \/
Qg'; ’ 1 1 1
e 2=3F " (Ey -5) " (Ey *S)F ~, (2.2.2])
ey ;o , ‘
and  Y=2F (E, +8) (E, -S)F . (2,2,22)

Tt should be noted that the requisite inverses might |

[ 4
not exist, necessitating the use of an altegnate expression

C or indeed an altermate route. For example, if‘EZn-g is sjfGular :
but E, S is mot, Y can be camputed to ascertain whether
or not: 2 exists friom the nonsingular or singular nature of
Y. Alternatively, one can also attempt to cbtain 2 via the
Sl*'I.f-‘,Q*Zroutea
. | Ger:eralized Pauli matrices given as
‘ o5 ] 0 -E_ E_ 0
al-[ﬁ ; } , 2[ o } ,03-[0 : ] 2.2.2)
.. n n n ‘ i

are used in the closed form expressions of conservation.

The defmidGM and conversion from one type of matrix to .
another type are given in Table 2.1. The dj.agonal entries

of the Table give the matrix definitions and the préparties.

Other entries give either the specific transformation relationship,

or in the case of very camplicated formulas, instructions
for successive transformations. *

The relationship betweensthe impedance transfer matrix
and the impedance matrix on the one hand, and the scattering

transfer matrix and the scattering matrix on the other is '

é
i
é
&
3

3}

described by
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le‘le~ AC AC™"D-B
- (2.2.24)
._1 _l ¢
ZZl 222 | ] C cC  -D
[ s s.] [r,7. 7t o -7 m1r
11 12 21 11 22 21 11 12
: - -1 -1 ' ”
151 2| [ T =T Ty
' " (2.2.25)
provided that the appropriate inverses exist.
Y' .
The impedance ard admittance matrix of a reciprocal ’
i -
network must be symmetric, or \
z =1, (2.2.26)
and Y=Y, ‘ - (2.2.27) |

From (2.2.24), faor reciprocal networks A C—l, ¢t D, D B—l,

and BL A must all be symmetric and in addition (AC L p-B)T =

~clamda (0B ta-c)T =5t mst hold. Thus AT ¢, C DT,
D' B, and B AT must likewise be symmetric and in addition

AD' -Bc'=E_and D" A - 3T c=E_ mst hold. The latter

set of conditions are expressed as
-1 T AN
Q =0, Q o, . . (2.2.79)
The scattfering matrix of a reciprocal network is also v

-

symmetric, or

s =5t . ‘ : (2.2.29)

-1 -1
From (2.2.25), for reciprocal networks Ty Tll and Tll Ty

1 T -1

hold. The conditions are satisfied if and only if T), T;,"

T T o
Ty Tpp e Typ” Typamd Ty " T

mist be symmetric and ('1‘22 - Ty Ty

are symmetric and
21 7

b
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el 1
Flz-F ) (2+F,) TRy

~1_41]
Fy (EZR-FZV)(E2"¢F2¥) Fi

' »
[
- 1
2 L Y o q [_} 6
['1] [111 llz] ['1] . .
i, 2, I, 1, ’ AC ac~lo-p ‘
. ar: z=27 -l ‘ i €+0+2
oy ¢! clo !
bs Z--vIZu1 sr: 2-332 LB "
= -1t ts: 7-3,128y
- . -1 -1
’z Va1 Y22 LY 0]} C-DB™ A
. 1! Poroyey? ar: YeorT! . C geQey
bs: Y=o, ¥ . 87} g1y ‘
. : -Vl 01 ir: 3 3
. vyt .
1 Y=y ts: Y=1,v8, '
-1 -1 -1 -1 = -
1111y itaraatIyg| Y212 a1 h ¢ ol
» r -1 T a1 T T -1
Q '020 ozFr-O "010 oy IZI\G nz“
:1 -1 -1 -1 .0-1 .0° T
21 1122 222 Yyp'ar [P0 mvatoy [sritleg ooy s
L :Q'X-vlo*o1 ts:0-0,00, .
i’ _ 1511 12 i, by
| 6,, 8 | gene
: a1 821 I3
I1+-Q~+6 Y+Q-+6 6-1 r :3-1‘025702 Ir:G-l"'ﬂlGTG
bs:G'1-03663 sr:q'lw ¢'o
. -1 + . * . lamay
\ 167 -0, 60, ts.e-olsai% %
\ v g
N ¢
L Z1eQ+Tes v Y eQeTas
or or Q+Tas

§+Ta.5s"

u

1

ZOQ-OT '*Q-‘T *
/
or ’ or T =12 T 1.1
P ] P - thn € "an,
Z+5-1 Y-S 7T -
[ 4 .
bﬁ:‘\
b 3
1+0Q-+4A YeQoA a"19a P P
™~
i .
! 1241 1
1+Q-M Y+ QM ‘ n'Q e n- en

Table 2.1, Universal Table of 2nx2n matrix representations,
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4

r:reciprocity, 1:los
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The second set of. conditions is equivalent to saying
-1 _ T y .
h T 9y T gy - . (2.2.30) .
f Conservation of reciprocity is expresseg in terms of other
; matrix representations as ’
’ ¢l-5.6"5, , ( (2.2.31)
2 2 l$ /
-1 -~ T
A =oyh oy, ' (2:2.32)
} . .
! -l _ - I .
% M o, Mo, . i (2.2.33) ‘ C
’ . The impedance and admittance matrices of .lossless o -
‘ ‘ networks are skew hemmitean, or . - ' ;
g =-2" , o (2.2.34) |
| ' | .
amd ¥-Y, (2.2.35) ;!

! L]

: whereas the scattering matrix is unitary, or e

5 st=st . C o (2.2.36) ;

In'a lossless network, the net power dissipation must be . G«

T . zero. In terms of pdrk voltages and currents the power dissipated ‘
| in the network i's ‘ i
o Py~ &E re (v 1) =3 (5, L) tdh e an o [F;

. . - 4, 4

, | (223 1
\ .
where (2,2.3) and its hermitian conjugate have beqn used

2
Ll e T e R e
~

in obtaining the expression on the right. Setting P P equal to

. ' zero yields ) N
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-1 _ +
Q 010 oy

(2.2.38)

e e bt it oD o it e v

In terms of normalized incident and reflected waves the dissipated

power is : 1
= 3 Clagl® = o2y = (5,1 57 (1 ey oy }'H .
E ’ , 52 .
. v )
*(2.2.39)
where the expression on the right has been cbtained by using
(2.2.5) and its hermitian conjugate. When Py is farced to vanish
:r ' . for an arbitrary excitation, one obtains
» 7l - oy ot o5 . . (2.2.40)
In temms of other netwark representations, conservation of energy o

is expressed as

' : -1 _ - .t A :
) - G o G oy 4 (2.2.41) {
ALl - o at o . « (2.2.42) :

' M_l\- oy M oy . (2.2.43)

‘The condition of bilateral symmetry is derived by stipulating
) ™ \ L
that a representation be unchanged when the correspanding 4-port i

is rotated around the bilateral symmetyy axis shawmn in Figure

e
Lt e r

PN

2.1. Dencting the transformation hy a sub-tilde,

* one writes in the case'of the scattering trarisfer representation
»

a4 1
-7 =t (2.2.44)
-

Rl e




y

in the case of the impedance transfer represent&ticn .-

SR raomc tmm e rnas

Fas -

v v

IZ _Q[_.i.l . . (2.2.45)
(2] LT ‘ (o ’

and in the case of the scattering representation

b ]

(2.2.46)
| B ]

i‘y forcing the camplement to be equal to the original matrix,

e obtains the condition for bilateral symmetry. In the various

3

\\
représ\entations it is as follows

¥

g - o) 20y , (2,2.47)
\\\ A .
Yy = ol\!\ol_/ , . ' (2.2.48)
gl - 0300, | ' L (2.2.49)
-1 - - " ,
G = 0y G 9y (2.2.50)
S = 9y S o ’ (2.2.51),
-1 ' T
T =0 To, _ o (2.2.52)
-1 P ~ R * R A
AT =0 Aoy , (2.2.53)
N -~ Moy (2.2.54)

The condition of transversal symmetry is derived by stipulating

that a representation be unchanged when t)he carrespmdiné 2n-port
is rotated. around the transversal symmetry axis shown in Figure

2.1. Letting:a caret denote the transversal caplement, far

" the scattering representation one dbtains °

Ak kA st B i Rt W
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L3
‘ \
- 1 E-
b a 7
n n
n-1 an-1
. . b -
LS \ ¢ -
. bl R ay
=g
ban %n
, §
b2r1—l 32n-1 ) '
\ 1’) )
“~. [n*+l | ‘an*l ]

(2.2.55)

°
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Equating the carplement to the original matrix yields the condition”

ig given as

2—01201 I'Y)

Y-olYol ' )

S""'clISc:l '
_T-clTol ‘
‘A-alel '

M-°1M°1 .

(2.2.56)
(2.2.57)
(2.2.58)
(2.2.59)
(2.2.60)
(2.2.61)
(2.2.62)

(2.2.63)

It should be noted that transversal symmetry implies that

f
/ » 4 <in (neven)

127 Pne1-i o
i<3(n~-1) (nodd)

(2.2.64)

_for transversal symmetry. In various representations, this condition

e e ot
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and consequently that
1= 7y fl 9

(2.2.65)
Out of the six conditions included in Table 2.1, perhaps
the most interesting one in terms of a distributed network
_»is the antireciprocity condition. The antireciprocity concept
T has been previously defined from a circuit theoretical point

of view (17,18). An antireciprocal network is a network consisting

of pure gyrators, such as a matched 4~port equal power divider,

magic T (18), or a circulator. However, these les of
circuits are all lumped networks, rather distributed.
Antireciprocity condition in various representations is given a
as
z=-2 , (2.2.66)
Yy =-yT (2.2.67)
-1 T .
Q 9,Q 0 (2.2.68) .
1 _=-1 7" -1 /\
G =0T G o . (2.2.69) -
st-gT . (2.2.70)
-1 T
v TT =03 T oy (2.2.71)
Al=g. 2T o (2.2.72) :
3 3' ter
ML =g, M o (2.2.73)
3 3 . .2,

A semireciprocal network is one consisting of a pure i

. reciprocal network connected in series with a pure antireciprocal

network, Semireciprocity condition in various representations
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~
is given as .
7 - 53 7T 53 , (2.2.74)
Y=o, ¥ o * - (2.2.75)
3 3 . ?
Q—l - ;3 9, QT o, 0y , (2.2.76)
- . S |
¢lmo, 6 0 (om0 0y =0 (2.2.77)
~ T‘-. 4
S = Oy S 03 , (2.2.78)
Tl - 0y 0y TF 6,05 (2.2.79)
. .
At-o, 20, ,  (2.2.80)
Mt- o, M o - (2.2.81)

One can dérive the conditions pertaining to the system matrix
R, by first differentiating a given condition for the transfer
matrix M(z) in Table 2.1, ard then substituting from (2.1.9)
for M(z) “ (19). As an example the losslessness condition
for the R, matrix will be derived. From Table 2.1,

~

- M(z) 3, Miz)t 5 (2.2.82)

B, 3

is true for lossless networks. Assuming that the network
is a linear, z dependent distributed system as in Figure
2.1, differefitiating (2.2.82) yields

0 =n(z)" o, Mz 0y + M2) 83 M(z) T 83 ; .(2.2.83)

which upon substitution from (2.1.9) becames

R, ~ ;3 Ra* 53 . T (2.2.84)

§n R R yhile WK« % Fhra 4 LA b by B

TR e iy
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Equation (2.2.84) must hold for iossle‘;s’ systems, These and
other conditions for R, and M(z) 28 well as Rg and G(z) matrix
pairs are summarized in Table 2.2.

A users nanual and the listing of a camputer program
which implements the conversions and conservation laws of

Table 2,1 for 4-port networks are given in Apperﬁlx ITI.

s iy ARt e e o W A e oL eepamer et
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6(z) R
: g
9(z) = G(z) g(0) - .
ki . R -1
- . u a. U
6(z)|  §(z2) = (v (2),1 (2),.. 0¥ (2,0 (2))] rghrg
4 , n
. et f
for cofservation laws see Table 2.1 Ay = d1ag(exp(-jxrlz),....exp(-j{r’}))
dlz) = -3 R §2) , AU 1
dz g rg rrg
U\"g =8 Ura
: . -1 . -1 . T T
R = ' . Z - . £
g j 6(z)” 6(z) j 6(z) ' 6(2) ro: Rg azRg 3, ar: Rg leg 3y
‘ ) - t . = T .
1: Rg ale 3 sr: Rg qgfg af,
bs: R = -8 : =
N s R 3Rga3 ts Rg °1Rg°1
\\
“ /
M(z -1
(z) 0" G6(z) 0 Rg + Urg,Ar + Ugohy M(z)
A
'R‘ G(z) R, +R ol R a
a q a \ 9

Table 2.2. Conservation Laws and Conversion Routes for System and
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1 ’ z o
M(z) R, L
-1 ' .
- o M(z) o R.+U A »U A = G(2)
vl "a - Tra’r rg } ..
) \
, | |
. N _1
. \M(z)-rRa-»Rg QRaﬂ
b
) 3
a(z) = M(z) a(0)
i C T
2(2) = (a;(2)125(2),. .. s (2))
« , u__ A v "1
i ~ ra 't ra
. | for conservation laws see Table 2.1 :
. da(z) = -5 R a(z) ,u- A v !
2 . a ra'r ra °
_ -l
Upg = @ 'Urg
> .
] . B e M B w T
IR M = g ) [N R TR 8 i Ry °3RaT°3
. ‘ . = t . = -
‘ T:R 53R, 03 sr: R, QEﬁa afl,
bs: Ra = -dlkaal ts: Ra =v01Racl
\ [}

n and Transfer Matrices
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2.3. Four-port Distributed Networks

Four-ports carprise one of the basic building blocks ~ :
in microwave a.nd optical engineering. The classical example
is the‘djrectional coupler. Others include the electro-optical
coupler in which e.g. a TE and a ™ mode interact, the
acousto-optical coupler in which a’ surfage acoustic vave
deflects an optical ray, the travelling-wave twbe and the
backwa.rd wave oscillator where an electrcxf?é.gnétic transmission
line is coupled to an electramechanical tt;ahmdssion line,
etc., Since a number of integrated devices are four- ports,
or can be viewed as such, as for example the anisotropic
slab wavegu.lde supporting a TE~TM hybrid mode, this section
is devoted to the exambles of éistriNted four-port networks.

The mtat::Lon adopted in the previous section will be
used here to describe fpur-ports, where n is now 2. The

permutation matrix given in (2.2.10) in this case is

— - l

1 0 0 0
‘ ‘0 0 1 0 ,
m- , (2.3.1)
0 1 0 0
0 0o o 1 . '
w ‘ \’u

PA SIS e L A Y SRS

a4

P

the impedance transformation matrix given in (2.2.13) and

its inverse are

.
M oiada
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! vz, %y
V2|l 0 0 v’z‘2 /z’2
d 0 o] 1 -1
L 7 |
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1 1 VZI
A= N
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[(2.3.2.9)

(2.3.2.b)

A classical example of a 4-port distributed network is

a v, (z)=
3t

-( Ry

* Julyy ) Il(z)

+

July, ) I,(2)
o

+ j wcll ) Vl(z)

+ 3 mC22 ) V'z(z)

- (;R12+j

+

(R12‘*j‘

(G, *3

(G, *3

‘time dependence, straightforward nodal and mesh analysis yields

——

w L:

12 NI,(2)

(2.3.3)

(2.3.4)

j w C12 ) VZ(Z) .

(2.3.5)

(2.3.6)

LN SCIPRTR N RV IS\ I T SR Ty S R AN

é‘l'

" the directicnal coupler, modeled as in Figure 2.2, Assuming exp ( jowt)
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Figure 2.2 Circuit mpdel of two coupled lossy transmission 1ines
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< ,

swhere Ly =Lyg ~ Dipr Tp T Lpg = Tyar Bip TRyg = Rygr Rpo TRy < Ryar

) . |
Cyy 5 Cyg * Crar Co2 €t Gpar Gpp ~Gyp * Gppr @ Gy = Gy * Gy |
In matrix form, (2.3.3) ~ (2.3.6) can be written as : ‘ } |°
- - ) ’ ) ! '
i . ® d g(z) \ - W
3 « b == - R Z , ' . 2.3.7 |
: dz ) Ry gla) \ ( ) /fi
E where - % 1 j .
£ r . . \. N
0 z 4] 2 M
- ({ 11 12 | :
| G R =w || . e , : T (2.3.8)
. , g 0 Zl.2 0 222 .
[ Y2 0 Y O} o g
and ; Z._ =L j R Y., =G i C../ § -
217 =Dy IRy w2y Sy m IRy w Yy TGy 1 Gy ey
. / . , e .
/7 and Y 5 =Gy ~ J C12/ w . Using superposition, i.e. setting .
12 J V2 = (0 and solving for Vl/Il and vice versa, the characteristic :
impedances of the unloaded lines 1 and 2 -are found to be .
, - - |
, | 2, v zllﬁll , . (%.3.9) ;
H : ' ° . s
ad 2, =V 2N, . ) (2.3.10) | y
o .
These impedances are used in (2.3.2.a,b) to cbtain R, = oL Rg Q. z
Thus '
; [ v 0. (a*b) (a=b)]
0 i O -ﬁ(a-—b) - (a+b) A
' R - . LY
¢ a (a*b) . (a-h) "Yzq 0 '
(a-b R | ’
- {a = - + b -
/ h | ) ( a ) ‘ 0 | Yz J P
: : - ' (2.3.11)
. . .
) v
. e
! ) l
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The above results are valid for two uniform coupled transmxssxcn
" lines only. When the system is nonuniform, R ! Q, and R, gre no longer
constant but functions of 2. Differentiating (2.2.12), cme cbtains

- ~ . . -
2 afz) +a(z) a(z)” , {2.3.12) »

Since g(z) * = -j R
~ ﬁo g
be solved for R, 'to yield o . . :

G
T b3 i

$ g(z) and 3(z) * = -3 R, (z) a(z), (2.3.12) can

R (2) =~ T R (2) alz) + 3~ (zi)' alz) ~ ¢ : r
La) Rg(z) alz2) -3 a2 atz) - . (2.3.13)
Since o ' ' o «
f 0 ~{ln/Z_1}‘ 0 Q. i *
. A .
: R I Y T 0 o |
. -1 L y
(p (Z)‘) Q(Z)\{' 0 A .0 0 -{ln/f }u ’
el : 0 0o -2} o | ,
- i ‘ 2 . . !

(2.3.14)
the general form of R, will no ldnger contain zero e tsyat entries,
12, 21, 34, and 43 for xgonuniform systems.
Another exarple of ;n unifom, distributed 4-port is a surface

acoustic wave (SAH) nultistnp coupled filter cansisting of a piezoelectric

substrate supporting the SAW and a set of thin metallic strips
deposited on the surface of the substrate perpendicular to the

dir;ect.ion of SAW prcpagation The S, T, and Q matrices far the

umt cell ‘of such a devioe are

.

. ‘ N .
- " B ~
.
. ‘ - . o
1 N "
¥, .
.
. - . .
. * . ’ *
.
.t tmnan . L
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d
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(F+¥0) §r)dxe qepcl

.

((F9+76) §0-) 0 qepl -

((F6+70) §C~)dxo qepl-
(Yo L) do (eC41)
((%6-Y9) §-)dxo qeal
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((Fe+70) -y qepl
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(%% §)deo qepl
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-

((Fe-Y¢) ) qepl
e
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N

% {yd= (el~T)

P
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where a and b are nommalized, purely reactive circuit parameters

asscciated with track A and B of the SHA respectively, and ¢A and

¢y are phase sMifts on the corresponding tracks between two metallic
'strips. It can be shown that the above matrices satisfy the reciprocity,
the losslessness, and the bilateral symmetry conditions.

< Further examples of 4-port networks include microwave and

integrated c¢ptical filter elements using forward and reverse couplers

with feedback .(5) . Figure 2.3 illustrates a forward coupler in

which ports 2 and 4 are interconnected via a linear two-port,

- characterized by its transfer matrix Myt ‘
) by
’ b, =M, a, . $2.3.18) ."‘.
4 ' Straightforward part‘itioniné of te transfer matrix representing | i
L4 the 4-port: A , and subtitution of the relatimship existing L X

between ports 2 and 4 on account of M2 yields the AR matrix of

the reduced 2-port:
- A la | ' (2.3.19)

where Ap = Ay * A, (M) - A, )-lAzl' :

If port 2 is coupled to port 3, by M,, instead of port |

i 4, then the reduced 2-port is characterized by the expression ' \
: 2 A | Py #

‘ - C o (2.3.20)
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where Ap = App * Ay (M = 2By ) " By, -
L 4 ) A
Utilizing now a reverse ( or backward ) coupler charadcterized

by A one can construct a filter element by connecting port 4

_ via a linear 2-port with either port 3 or with port 2. In the

first case, letting the linear 2-port be characterized by

(b3 a47
. - ’ (2.3—.—21)
a A2 b
3 4
one obtains -
Ca. | [ a, | . -
1 - n 20, (2.3.22)
L P1 P2 |
where Ay = () Ay ¢ Ay o) (A Ry+hy o) o, ad i
(0 1
. o= . (2.3.23) i
1 0

In the second case

e i i

-

S R ay
B B , . (2.3.24)
P a, ] b4 P .
¥ !
: a, b3 i
\ - ‘ ) : (2.3.25)
E’ bl AR a ' ¢
: 3 "o
:

(Wh R TRyt Ay (o ko '“’izu)-l M1

The admittance matrix of an interdigitated directional

coupler can be represented by denoting the electrical length

3
¢ P

.
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of the interdigitated transmis$ion line sections by 6 and certain

characteristic admittances defined: in reference (28) by M and

-cot 0 csc 6 M N
¥=3 csc 8 -cote | *|N M ' - (2.3.26)

3

N as

where the x cperation indicates Kranecker, or direct product.

Fram the Y matrix results the Q matrix:

Q=cod 8 E,*jsins K, (2.3.27)
where ’
2 -
[0 o zm -202N
0 0 -ZO?'N zon
K = , (2.3.28)
M. N 0 0
N M 0 0

and 202 L/ - w9, Since‘K2'=E4, Q=exp (j6K) ,and

consequently Q" = exp ( 3 n 6 K) (see Appendix II). Finally,

the transverse scattering matrix is faund to be

- \

T = cod 6 E, * jsine v v , (2.3.29)
% v ' -u
where
M E;_ Nn- Mgy N n’
u=i - sl V=i . _ |+ (2.3.30.a,b) .
N n Mg N n M CZ
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-z s22m2, ,i=1,2andn’ =53, + 2.2//5.2, . Noting
i i O ! LA bt SV ) ,
that 4] A
-E R
. N U 4
the T matrix can also be expressed as a matrix exponential
9] v -
T=exp {36 }o. (2.3.31)
-v -U

Consequently, the scattering transfer matrix of n identical interdigitated

couplers in cascade is simply

-

) .
T = cos (né) By * j sin (ne) U V-
v U
—exp (3no |9 } ). (2.3.32)
‘ v  -U

The condition of antireciprocity discussed in Section

2.2 carries over to the system matrices Ra and Rg as

R = - ox R.¥ g, and R, = - 6. R Yo, . (2.3.33.a,b)

3Ry 93 18 9
Hence, Ra and Rg matrices of an antireciprocal system must have

the following forms: ‘

r i
0 T2 Fa13 Fald
Taz O Y23 Taza L
R=1. ' (2.3.34)
a L3 Tazz3 O Ta3d | -
Y14 Ta2a Taza O
L. -
[
[ )

T e, F
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(2.3.35)

To investigate the propez:‘t:.ies~ of a distributed antireciprocal

network, one can separate Maxwell's equations for a 3 layered

- anisotropic slab waveguide shown in Figure 2.4, and write them

as a set of coupled first order linear differential equations

time dependence ( e
v xH=jue

OC

.
’

and VxE--jwuouH p

where

rK
xX

L4 €™ | K
Yx

L H

K
Xy

K
Yy

K
zy

K
Xz

K
yz
22 4

involving only transverse field camponents. Assuming hamonic

Jut ), Maxwell's curl eguations reduce to

(2.3.36)

(2.3.37)

(2.3.38)

(2.3.39)

. 4
~  Considering that 3/3y = 0 and that the waveg,uide is uniform

in the z direction, i.e. 3/3z = -jez, one cbtaihs fram the Maxwell's

equations a set of linear coupled differential equations which

can be cagt in the form:

L]

\
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a3 T :
a%(’" --jR GG, ‘ | (2.3.40)
where g(x) = { E, (), Hy(x), E,(x), H (0) , (2.3.41) L
_ ' i
- B, \ whg (u b -w u ) j
Max Haex ;
. / H
a2, 2 _ ‘ /
B2 % kouxx('(xx")gx Kmxﬂ) - B ., 7
“H oM 3k Ty - ¢ i
Rs 7| B (km -k u ) whp (U ) ;
Z XX YX Xy XX |“M0 YxzHox Mo yz :
* 3k e \\A\ |
wEq (F:«sz'"‘xyxzx) 0
- L Km .

i
i
!
. i
‘ ! 0 wuo(”xyuzx "'xx”zy) ,
) " . ;
. . ‘ xx : ;

f wuo(ﬁgyz-'(xz‘yx) z‘f)&xuxy VX hye? L

7 o
[ = = , (2.3.42)
2
B,K ez korm(umuyy-uxyuyx) f
“yx . N W oMy 3
Vo
, m‘:O(Km('czz XZ zx) ~B2¥xz
! Fxx < Fex ]
i
R . [ -
{
»
. ¥
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Figure 2.4 Three layered anisotropic slab waveguide.
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and k02 - uzuoeo. The remaining x campohents of the electric ;
4 and magnetic fields are related to the transverse camponents 5
. as i - | y
el =R ?
- = X 0o | B () () 3,43) S
» H, (x) J ;uﬁz“ "z 0. Yxy E,, (x) ’ ‘
_ : | o ¥rox Hiox 1 180 i
L y -
Comparing (2.3.42) and (2.3.35), one can see that for
a lossless antireciprocal distributed device € and F mist have
the f;jrm: !
k | _ K 0 Iix ' (
) ] € - D Kyy jvcyz , (2.3.4‘4)
p -jK -—jncyz K '
and
W Ju
. W= o edu, |,  (2.3.45) .
i “v -dw, ow " .
’; “where K, ¥, "yz and uyzare real and “yz and/or xyz can be taken
} i as zero. For a system to be antireciprocal, (2.3.44) and (2.3.45)
: muist hold similtaneously.
¢ ‘ The foregoing analysis formmilates the conditions for an
antireciprocal distributed 4-port. To the best of the author's .

p
knowledge, no makfrial can satisfy (2.3.44) and (2.3.45) simultanecusly.
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‘o IIT.OODIRECTIONAL AND CONTRADIRECTIONAL OOUPLERS

[

3.1 Stokes Vector and lﬁleller Matrix

In this section, Jones and Mueller calculi are introduced
in the analysis of a system shown in Figqure 3.1. Here, each channel
is assumed to carry one wave; Same of the waves may be coupled
codirectionally, others coﬁtradirectionally. The waves are orthogonal,
therefore the total power flow in the device is the net sum of (
the powers propagating forward in the J.nd1v1dual channels. This x
means that when power propagates in the negatlve 2z direction m |
a particular channel, that power flow must be prefixed by a negative
sign, To keep the analysis consistent with Chapter 2, it is ass;med
that the nutber of channels is 2n. When this is the case, (2,1.1)
and (2,1.2) can be used to describe the system shown in Figure
3.1 |

Two additional vecéors are introduced to characterize the

T A ot e e e A B B At e

device in Figure 3.1, These are the coherency vector £ {z), and

the generalized Stokes vector s(z). The elements of f(z) are defined

! ! . .
by the expression .

Qd:Lag ( fl’fz’”'f ,..,f(2 y ) = diag ( al,az,..,aZn) x

s pn

* * *
| diag (. al,az,..@zﬂ) . (3.1.1) Lo

-

Here, the x refers to the so-called direct product or Kronecker product
of two m‘at.rices, and the star indicates camplex conjugation. T:l | ;
vector s(z) is obtained from £(z) by a linear transformation (

Apperdix I) given as oo ) N
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k™ , - :
. —_—t %
port 1 L ‘ a,(z) . "} port n+l
| ]
! : . |
! ! * I .
T, , . Rys M(z2). |
1 . * .
o) F, M{(z)xM(z) |
] v N
| Q, J(z) |
] ' | L
| ’ | .
Ia » I
L _— _ Lo
port n : an(z) \ 4 : port 2m
|- l
| . L
' l
I : (
| I
| |
} } -
0 0\ " ¢ 2

Figure 3.1, §ystem of n coupled transmission 1ines. Each ai(;) Y,

propagates in efther positive (,a1(z)-a1+(z)) or negative

(a;(z)=a;"(2))
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H?!—’ v s(z) , : - ‘ (3.1.2)
where s(¥) is real. Expanding (2.1.l1). appropriately, one can show

'Qzuations

-

%fz(z) -4 F i@, - - (3.L.3)
- k ’
and g_:(z) = -3 Q s(z) , ’ L (3.1.4)
whose solutions are .
’ - s - - * -
oy L £(z) = ( M(z) x M(z) ) £(0) , (3.1.5)
and s(z) =J(2) s(0) , " (3.1.6)
respectively. The matrices F, Q, and J(z) are found to'be"
: i ! . * r n
i . F=- R, XE, -E, X Ra' .- y (3.1.7)
a=-virv , ‘ (3.1.8)
, B and  J(z)= VI (M2 xM2) )V, « (3.1.9)
. o where J(z) is sometimes called the Mueller matrix.
3 ’ The pairwise properties of R arld M(z), discussed in.Section

2.1 are also satisfied by Q and J{z) on the one hand, and F and

-* . . '
/ ( M(z) x M(z) ) on the other. The results are sumarized in Table
H
3.1. =
AN
d B (£ 3
.‘ L)
& - .0 ’ .
[ 3
o -t LW .

that ¥(z) and 5(z) also obey a'set of linear first order differential .
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3.2, Unifarm Couplers
In this section, two channel uniform éouplers will be investigated.

A reciprocal, bilaterally symmetric codirectional (or forward) coupler

is characterized by a system matrix of the fomm
N e

k 0 Ke 0

Ratpy = (3.2.1)

| T
whereas a reciprocal,bilaterally symmetric contradirectional (or
backward) coupler has a system x\nat.rix

[k, 0 0 9« ]

/ 0 --kl “®p 0

Ra(b) = . . . ' (3.2.2) .

—Kb

where kl, k2’ Ker and Ky, are canplex. kl and kz are the propagation

constants in lines 1 and 2, and Ke (Kb) are the forward (backward)

.coupling coefficients. The wave'vector in (2,1.1) is now given as

- + - + -.T
a(z) = ( a;(2) ,a,(2) ,a,(z) ,a,(z) ) ‘ (3.2:3)
for both codirectional and contradirectional couplers. Figures 3.2.a,

and -3.2.b illustrate the possible routes of power flow in a codirectional

and a contradirectional coupler, respectively.

For a forward coupler, the two waves propagating in channels

t
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’
1 and 2 are al(z)* and az(z)+ both in the positive z direction or .
a;(2)” and a,(z)” both in the negative z direction. When this is
the case, one can conveniently reduce the two 4x4 matrices given in
: (3.2.1) and (3.2.2) into a set of 2x2 matrices. This is possible )
since only four of the eight nonzero elements are needed to characterize~
4 . ‘the coupler. Thus in the forward case
~ + 1 r - + -
4 al(z) k) xg al(z)
&" + - "J + ’ (302.4)
_aZ(Z) | -Kf k2~ _az(z) _J ‘ ;
whereas in the backward case
» !
- - q - + - .
, \ . al(z)+ Fkl k| ay : ,
. d ) ;
i . az - = =) N . (3.2.5) ;
) \h i a2(z) ] _—nb k2 ] _az(z) ] *
’ i
/ Further simplification is possible by cambining these and writing ?
” i
kl K ;
R = ) . (3.2.6) i
a tx k, :

where the upper (lower) sign corresponds to a codirectional (contradir-
- ectional) coupler, and it is understood that k2 is the wavenumber
[ . in line 2 which is negative in the contradirectional case. The R,

matrix in (3.2.6) does not satisfy the losslessness condition. To

- e -

satisfy conservation of energy,

%; (lay 2] £ Ja,(=)|?) | " (3.2.7)

e e v s g

mast vanish and as a result Ra mlnst be

(3.2.8)
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whexre By and B, are real.

f

A
Lgsses can be of two basic types: Losses due to propagation

! in the lines, which are characterized by a camplex loaded wavenuirber,
and losses in the caupling, where 12 and 21 elements of Ra are no
longer camplex conjugates of each other. losses in the lines can

be treated by letting

R, =Ry, -3 Ry R (3.2.9)
where .
ay 0 ,
Ry “1lo a |, ’ . (3.2.10)
and RAB is as in (3.2.8).

The foregoing simplification can also be justifiea by evaluating
the eigenvalues of the 4x4 system coupling matrix R,, which are the
propagation constants of the normal modes. Denoting the eigenvalues
ocerresponding to the propagation constants in c,:hannel 1 as kl+ and

k

+_k..

1 1 1
and kz* - kz- for codirectional and contradirectional couplers. Hence

-, andinchannelZask;andkz", it can be shown that k

the 2x2 system coupling matrix of (3.2.9) is sufficient to evaluate .
the performance of the caupler.
The appropriate wave vector in a forward coupler where propagatim

takes place in the positive z direction is .

T

. a(2) = (a;(2),2,(2) )T = (a,(2)",a,(2)™) (3.2.11)

The appropriate wave vector in a reverse coupler where the principal

channel carries energy in the positive z direction is, on the other

e e e T T

hand )

{ ‘ ’
f B ety MBI a2k 0 it WA
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T

 — i) = (a,(2),3, )T = (a,(2)7,2,(2)7 ) (3.2.12)

It can be seen that in the special cases discussed above a

-

2x2 matrix fommalism is sufficient to analyze the properties of the ‘
>,
\

coupler. In the ggneral case where both farward and reverse coupling

P

occaurs, such a reduction cannot be implemented. Also, when the termin-

k!
a’t.:‘igns- at the output ports of the coupler are reflective, i.e. when

al(z)- and/or az(z)_ in the forward case, or al(z)-~ and*az(O)?' in

; the backward case are nonzero, it is necessary to retdin the 4x4
' + matrix formalism. k
For a uniform coupler, the system matrix Ra given in (3.2.9)
is constant. In general, when the lines are lossy, kl and kz are
the cmplex loaded wavenumbers given by
ky =8 -de i 12. ‘ (3.2.13)

1

*

T Introducing the following notation .
kg =4 (ky +Ky) ! '

~
: Bk =3 (k) - k) ,
k= |k| ej¢,

‘ w_-'(zzz-l)i,

)
* not to be confused with free space wavenunber, defined as v’noco

A e - EE R .

4

one can write the eigenvalues of R as k" =Ky *+ Ix| W and k™ =k, - x| w. .
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It can be seen that 'v-caupling', discussed in Section 2.1 cccurs in
contradirectional couplers whenever Re( 22 } < 1. The modal matrix

OfRa can be chosen as )

{ /-

(a1 + G} I Ta0 - I
U= . . (3.2.14)
-2 e gas Dy s |
Referring to Section 2.1, the proper metrics of a lossless

system satisfying

R K =K R _ (3.2.15)
are s
1 [ W+ ejlt ]
K = T (3.2.16)
and
1 [ w-z it ] &
K, = 5w X | (3.2.17)
i |

These metrics can be used to write Ra and M(z) as

R, = k' Ky *+ kK Ky ’ (3.2.18)

and ° M(z) =exp ( -ik'z ) Ky +exp (-3kz ) K, , . (3.2.19)

The explicit fomm of the transfer matrix is

cos|x |Wz - 35 sin|x|Wz -3 sinjx|wz
Jka2z

M(z) =e 70 o3¢

Fiy sip|k|we cos |k|wz + _)% sﬂmlnle

. :
(3.2.20)

-
P . B
A s s ATt 3 i, s e o s L i kS Wbt s o

Rt T *‘»*’-ﬂ%}w : i i
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The faregoing so—called Jones calculus is madecpx@te to describe
the state of pola.:cizati_on at location z. This information is contained
in the Stakes vector defined 1@ Section 3.1. As discussed in Section
3.1, the evolution of the Stokes vector is characterized either by

the differential system matrix Q or by the terminal representation

J(z).
* For a lossy caupler
} ~Qg -39, , - (3.2.21)
“ffw‘he.re
[ 0o 0 0 o ]
. 0 0 in c
Qﬂ(forward) = J2ix| sne o=t '
0 -sing 0. -Re{2}
. T‘;U". o
| 0 -cos¢ - Re{2)} 0, . MY
(3.2.22)
S [ 0 0 - sing ~ cos¢p |
o o o 0 0
Qp (backward) ~ J2I%| ‘
sin¢ 0 0 =Re{2)
| cosé 0 Re(2} o ]
(3.2.29)
and i 2nn{1'<0) 2Im{Ak} 0 0 1
2m{ak)  2m(kg) O 0
Q el L
a 0 0 2Im{ky} 0
N L 0 0 - - 21k} | “
' (3.2.24)

S I e s et SRR o AT "
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N:ébrding td the lamellar representation suggested by Jones

(34), a éeneral anisotropic layer can be modelled as'® cascade of ' .
N r\eighut layers, each representing a basic type of optical behaviour.

) The eight basic types are: isotropic refraction and absori:tion ’
linear birefringence and linear dichroism along the transverse
coordinate axes, linear birefringence and linear dichroism along
the bisectors of the transverse coordinate axes, circular birefringence

! J and circular dichroism. These properties are summarized in Table
3.2, where Q ard R, are given for each type of optical behaviour.

Mot st

The sum of the Ra matrices corresponding to the first 4 properties

in Table 3.2 results in

, o 20 S e T R M W A * o
’ ) 7 - i 7

-+

' A ; B)*8, By-By | agtay 0y,

,7 * 0 7~ il - )

T e kit M

- . . (3.2.25)
0 82 - jaz

The sum of the R, matrices of the last 4 properties yields

0 (Kre + Ax) -~ J(8g - Kim)
(ocre—AK) ~ j(aE + Kim). 0
] \ -0 t Y Kyoes
| -] ) (3.2.26)
K = *loss _ 0 '
where X1oss ¢ - JAE . Letting Kloss be zero, adding (3.2.25)

and (3.2.26), and comparing the result to (3.2.9), one can see tha/t

R, given as in (3.2.9) for codirectional couplers includes all the

[P P - L T N T ST VO
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Q R,
Isotropic \ (0 0 0 0] (1 o)
refraction 0000 (8,+
0000 eyterd)
0 0 0 0 “- -
- o ’
Isotropic . 1 oo0 1 o
absorption 06100 :
~dlag*erlio o 1 0 - Jslaytay) 0 1
: _O 00 IJ - J
Linear birefringence 00 00 3 f1 0
along the xy co- 0000
ordinate axes 3(81-82)10 0 01 Wey82)) )
001 0_‘ - N
Linear dichroism (01 00 lrl 0
along the xy 1000 ] \
' coordinate axes -3ay-8,)15 0 0 0 -Ps(o-a,) 0 -IJ
0000 ' !
Linear birefringence _foo0o00] THER
along the bisectors . o 0001
"of the.xy coordinate JeKelD 00 0 Kre 1 o
axes hO -10-0] L T
Linear dichrofsm (001 0] (0 17
along the bisectors -JEM 0000 -3A
of the xy coordinate 1000 ¢ 1 o
axes 000 0;] L J
Circular birefrin- (000 0) (o0 1)
gence J2x50 0010 ‘5 ’ '
im {0 -10 0 JHm|
0000 L J
Circular dichroism (0001 - -
0 1
J2bK 0000 Ax
‘ 0000 . 10 .
1000 -1 0]
N N T :
) ‘Tabje 3.2, Q and Ra matrices for eight basic types of optical
behaviour.( from Ref. (35)) '
\
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properties of Table 3.2, except for linear dichroism .along the bisectors
of the xy coordinate axes, and circular dichroism. These two properties

can be regarded as coupling losses, and in the presence of «
.1.

loss’

the losslessness condition Ra — Ra is not satisfied. -

The general form of the' R matrix, where all eight‘ properties

of Table 3.2 are included is

k K.+ K ' °
1. "1°SS] . (3.2.27)

X loss k, N

‘l

[
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3.3. Nonuniform Couplers ; . .

Lt For a nonunifomm coupler, the system matrix R, is not oonst;ént

but a function of z. A closed fom solution to

9.
g—‘;(z’ --j R (2) iz) ' (3.3.1)

exists only for s&ne specific system matrices Ra(z) . Among the nocnuniform
system matrices for which a closed foum solution .to (3.3.1) is available
is the so-called tapered and the so-called chirped distributién. -'I‘hese ’ :

¢ are treated ?ln this section in detail. Other nonunifomrm couplers have
been investiéated by Chen and Ishimaru (14) , Kogelnik (36), and Milton
and Burns (7). Milton and Burns describe a transfamation wl;ich is
suitable to solve tapered noftuniform icouplers orTheir methzd is extended
here to enccmpasé a larger class of nownifammities. (22).

\ Starting with the linear transfarmation
alz) =u(z) d(z) |, . ‘ 4 (3.3.2)

S

e T T,

where U(z) is given in (3.2.14), and substituting this into (3.3.1), 4 -
{ - one cbtains
- d()* = -3 A (2) - 30 U2 7 NE(2)

1

” : =-3A_(2) A2) -U(2) " U(=) 7 d(z) (3.3.3) |

where Ar(z) = diag ( X' (z) k" (z) ) , and the notation used in Section - ‘ i

f 3.2 is followed. For a unifcrm coupler, l\r and U,are constant, hence

Bk s s

U = 0. The secand term on the RHS of (3.3.3) vanishes, resulting
in d(z)e = -j/\r d(z) . Hence £Or a unifom coupler (3.3.3) decouples

the system equation.

In order to reduce the camplexity /of the coupling matrix, a
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second transformation is mplemmted
Az -H@ @ , - (3.3.4) j
‘where H(z) = diag (hy, (zh,,(2) ) . _ (3.3.5% .
The system equat::.on on the new basis is
" f(z) - = s(2) Blz) : (3.3.6)
B where 5(z) = ~3h,(2) - U(2)8(z) )L ( U(2)H(2))” -
‘ . (2) * " hy,(2) . 1
S 'lir) W dam e - R g
‘3 ’ ™ n'a 4- . - hy(@” . ’
: +5 & 4 ji Sk - P 3k
. i 22‘ 2) W2 22'% e
’ T @ant ;
The problem is further simplified by chocsing H(z) such that the i
diagonal elements of S(z) are eliminated. Thus ‘
hyy(2) =ew (-3 FUi" +ider) az) , (3.3.9)
A @ ~ew (5 f (k" -3k a2y (3.3.9) Z:
f ’ | 4 h22( z) A e ’ ' ‘
g @ - *F -ad (3.3.10)
h'n(z) 7.
) B,y (2) =+ Rt (3 _5 . ng )., (3.3.11) -

and sy4 = §,, = 0. The s(z) matrix’ can then be written in terms of

a new transformation variable u, where u(z) = f f(z‘) dz* , for tapéred

nonunifomltnes characterized by

4

vz—lf' = constant, and ¢ = 0 , (3.3.12.&,()

" not to be confused with the scattering matrix.

- { :
TO heeaan o T LTI R
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‘ ~and fo‘r chirped nonuniformities, given by
) 2 '« constant , and 2° = 0 . (3.3.13.a,b)

w N El
. ) ,
* Whenever (3.3.12) or (3.3.13) is satisfied, S(z) may be written in terms

of the new variable u, where £(2) is yet to be determined. One then

-~

-seeks the solution of (3.3.6) in the form \/
Rw - b N R ‘ (3.3.14)
where D(u) is a diagonal matrix. Substituting ( 3.3.14) into (3 3.6),

a D(u) N(u) + D(u) N(u) = S(u) D) Niu) (3.3.15)

anerges as the ccnditxon a solution must sat:Lsfy, where the dot

represents differentidtion with respect to u. Assuming tpat a closed
form solution to (3.3.1) can be found, the transfer matr:.x of the original

basis can then be obtained, by succesive back transfarmaticns from h(u)

.~ to d(z) to a(z), resulting in :
7 ~ : s .
, M(z) = U(z) H(z) D(z) N(z) H(0)™> u(o)™t (3.3.16)
L 4
@ _In the follawing two subsections, tapered and chirped couplers
‘., characterized by (3.3.12) and (3.3.13) respectively, are investigated.
- . “g ] . . ‘ \ . s i
» ' , '
* - .
.g‘ﬂ - .
| :
i ’ .
n . e
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3.3.1. Tapered Couplers ¢
" F]
. Tapered cmp;lers.are characterized by a linear variation of
- e - *
the non‘nalized asynchronism parameter, i.e. by (3.3.12). H(z) and S(2)
* for tapers are
- z . . X .
w e"j6 k dz 0\ z e:J}u 0
-3/ kdz"T" "
H(z) = 3z - -e 30 0 . .
| - Lo e 3] k dz 0o &itu
(3.3.17)
and -
:;,& ) - 0 . __eju
S(u) = . , : (3.3.18)
2 se—Ju 0 .
r&si:ectively, where .
u(z) -Z 2|¢|w daz -, N ©(3.3.19)
and v -ZF' , Q (3.3.20)
Condition (3.3.15) can be satisfied by the choice
3 ’ ' -
Jiu
- . 3.3.21
D(u) | o e-Jiu ’ ( )
- and
- 1 v ‘
v cosilu - jF sinTfu . =~ T siniTu -
N(u) - . 1 |+ (3.3.22)
t %— sinjlu ‘ cosilu + j? siniTua '
where 12 =1t v2 . (3.3.23)
_ . singe W = 2% ¢ 1, (3.3.12a) yidlae ; g
. . * 2 -y22 Ty =0 .. = o (3.3.24)
’ , \
. o+ \
- \. . .

Ay ' -
. e -t . -0 B '
e ) o ToT A e m
Al . - e - 'Y
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N #:w,W;% i a

Given the boundary values Z(0) and Z(2), the solution for the codirectional

(upper sign) taper satisfying (3.3.24) is

Z2(z) —tan ( vz + §) , (3.3.29) :
where & —taf™l z(0) (3.3.26) ”
and  y=g (tanhz(n) -5) . (3.3.27)

Keeping”in mind that Z(z) is camplex for l&ssir,ccuplers, i.e. 2(2) =
o>

’ re(?) + 32, (2) , using the identity \ ) \ . g
4y m SiN 23 + § sinh 2b - ' \4 ‘5
tan (a + jb) =St ISTm (3.3.28)

a

& whereaandbarereal,ox}ed)tains

~

' . -1 2 Zre(o) ‘ ’ , o “- st
Re{8} = 3 (sin ——a §} £2nm) ,  (3.3.29) - o
((1-]z(0) | ) (0) ) . :
g -1 i . 4 Zim(O) ) ; 3 '
Im{8)} = *4 (cosh ~{1 + o, - PR }%) ,(3.3.30) ;
s (1-|zq(0)| )5+ 4z, (007 : M ;
where n is-a nonnegative integer. The real and'imaginary parts of Ycan - o § "
. . . s
® _  then be evaluated fram t N f
i
» : l ’ 4 —l ‘. - ’
. Re{y} =3 ( Re (tan "Z(2)) - Re (§) } , (3.3.3Y )
, {1 -1, k
and ' Im{y} =% { In (tan"zd2)) - Im () } , . (3.3.32) g

-’

respectively. The term tan-lz(z) is ébtained frem (3.3.29) ard (3.3.30) .,

v

by replac?ing Z2(p) by z(2).

A
Similarly for contradirectional (lower sign) couplers, the solution
- for (3.3;'24) is given as ’
z2(z) = tanh (~-yz + 6 ) . (3.3.33)

Following a similar procedure as the foregoing one, y and é can be cbtained.

-
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The results of this process are:

2
: 4 2_ (0)
' Re{8) = th(cosh™H{1 + e — 1+ ,(3.3.30
~ (1-[z(0) [9)* + 4z, (0) Py
A 4 2 Zim(O)
3 , Im{§} = § (min~{—0n s Fyin , (3.3.39) -
o ‘ . (asjzloy |5% + 4200
1 -1 '
> Re{y) s ( Re{é} - Re{tanh “2(2)}) , . _ . (3.3.36)
o 5
‘ In{y) =+ ( In{6) - Im{tamh (1)} ) © @3N g
" } . -
‘.q" *
! [
g .
' N .i 3
\ 'e P “\} v .
’\- R -
- “ ] @ .Y
1 i ‘ .
N N
* i‘ . \ ~l \ "
™ )
/ | .
( . \ ‘
1] * i
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3.3.2. Chirped Coup'lers _ - -

Chirped coupiers are characterized by a;linear variation of ‘
the nommalized phase of the coupling coeffic%.ent, expressed by conditions ‘ f
in (3.3.13.a,b). This condition simplifies (3.3.8) - (3.3.11) and r

as a result
2ot %47
. e—jé(k + bl ydz 0 ; ,
H(z) = 2 - -

. : I {

0 e i - 7 )ar : !

. ’ {

. - !

z el L .

- e ko2 u | ' (3.3.38) 1

L 0 e J . l’ .

~ 3

) . and ‘ ) H
. I 0 f e ’ 7

’ ' sw = . o (3.3.39) 4
i - . B ie J»\ 0 —] .

‘where now u(z) "'(Jz; ( 2|klw+—z—£i)dz ' ' (3.3.40) !

~ . ' ' ) ' g

C aavy=38 . - (3.3.41) |

| ‘ . }
Choosifig D(u) the same as in (3.3.21), one obtains: |

h ! : - .. | cosiru'= J% siniTu o, %-s»iri}vl‘u ‘
N(u) = ‘ _ o ; (3.3.6)
‘ ” . t %—sipﬂu cosiTu + j—rt siniTu '
’ where 1¥ =17 v% . S (3.3.43) "
Fram (3.3.13.b), 2 is constant, for chirped nonuniformities.

Hence W =~ (22 t l)! is alsoca constant. Fram (3.3.13.a) ¢’ is constant,

or $(z) = Az + B where A, B are real,

fdn 4

Jo— : ' * . LR e W . - ‘
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For both tapered and chirped ccuplers, H(z) D{z) = e—j?)kodz E,.

.

-

11

AR ot | AT i 2t Mk ot T D B o ek S b o AR S S e Koo - ——

and H(O)—l -E,. Hence (3.3.16) becames

<
o
™ .
s 9 T e -
~— » o o
) ( v @ ,
5 °
Ud
sz (o] . - . )
'o ' §
o 4. )
LB 0]
nlu. m . C L
= . .
m (S¥-gg)
5 8 .
N . I z J 207 _ ol 2 I _ .2
zU m Anenmﬁm.nmnﬁw .m.. + 9) a%d sy % S5t ,mou + (S ﬁ.ﬁ o) wom&
g
j=} 4] 4 -
o ¥ (P6.08) 500 lﬁ.mn + 9”80 + o %d% - ol %80 . (s .mn - 0)08%ay
1 o ’
o
i m .7 A
s 3 AN.?fAuAZm.m..QO ...mn + ovnmov - s .Mu 2% , s m. 2% = (s m.m - ovuwo& - .
= g S = %
. ~
ot .m Anolcovmﬂlmnﬁ .mn + uvnv.cv F w.m %% . s m Zp0g - (s pﬁu.m - Uuomw&
O & . ‘ b
B . ’ ) .
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here p(z) = (31 + )1, qla) =301 - P}, gy = pl0), 7, = (@),
ay = al0), a, = qlz), 4, = ¢(0), ¢, = ¢(2z), c = cosiru, s = sinjru,.

and as usual the upper (lower) sign refers to a forward (backward)
ocoupler. The expression of Mo(z) for chirped coupler is identical to

(3.3.45) with the exception of a sign change in front of the third

. temm in every.one of the square brackets.

(-
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3.4. 'Numerical Results
Using the analysis of the previous secti&\ , a carputer program
has been written to carry out the evaluation of the transfer matrix

Mo(z) . given in (3.3.45) . The nonuniform coupler is then divided

into N unifarm sections in cascade as shown in Figure 3.3. The

transfer matrix of each unifom’m section is evaluated fram (3.2.20).
The overall transfer matrix of the coupler can then be approximated
by multiplying the transfer matrices of cascaded uniform sect'_ions.‘

]koz, where ko is calculated from the approx-

é
i
B
:
i
;
|

P *  This is then divided by e

! . imated values of k; and k,. 'The resulting matrix is an approximation

of MB(!L) , given in (3.3.45). Same examples of the numerical results
)

are given below.

4 v Exanple #1. Codirec.:tional, linear tapered coupler (k,(z) - k,(z)
is-constant))
Data input to the px’zagram:
1.1 .02 +j.03 : 1.2 .024 +j-..,036
. (0) = [ ] , Ra(!,) - -
| .02 -5.03 1.3 .024 -3.036 1.4
" length: £ = 22.5 (normalized with respect to freé space wavelenéth )
f Results: > |
f _ (-.75076 + §.61368)  (.18829 - §.15584)
) ; o [(- 18829 - 3.15584)  (-.75076 - j. 61368)]
i - Approximated by (N = 21) unifom sections, the resulting transfer

matrix (without the phase term exp(- jgkodz) is

L]

I { . .
e e T T
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\
(~.75084 + 3.61315)

L) -~
FH (-.18488 ~ j.16153)

Example #2. Codirectional, linear chirped coupler (&k(z), Ixtz)l

vary linearly!) "

Data input to the program:

‘1.1 2+ 3.

R_(0) =
a 2-3.2 1.2

Results:

[ (~.75996 + j.11314)
ML) =
0 _ (~.45258 ~ 3.45258)

TR L T IR o R TR R S L TaT L

(.18488 - j.16153)
(~.75084 - 3.6.315)

°

2 1.0
, R_(8) =
a .04 -

Normalized length: £ = 123.5 (*X meters)

(.45258 - §.45258)

(-.75996 - j.11314)

N

¥
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j.04 1.02

Uniform section approximation with N = 21 results in

[ (-.75996 + j.11314)

pgz) -
| (-.45258 - j.45258)

-~

(.45258 - j.45258)

(~.75996 - j.11314)

.04 + j.04:

e Example #3: Contradirectional, linear tapered (|x|'is constant.).

Data inéai to the program:

1.3 .05 + 3.04 [
R_(0) =~ R (2) =
a -.05 + §.04 -1.1 ' a

~

Normalized length: & = 15.5 (*) meters)

Results:
(.61085 - §.79275)

q}l) - .
(.02362 + §.03209)

(.a\ I

(.61085 + .79275)

e L L

1.47
-.05 + j.04

\

’

.05 + j.04

-1.25

i -wm_g,_%,“ )

Mt i e ek v o
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"}

Uniform section approximation with N = 21 results in

(.61887 - §.78649)  (.02623 - §.02978) Va
(.02623 + 3.02978)  (.61887 + 3.78649) | ™

M(2)
4 . 0

»

E)'@nple #4. Contradirectional, linear chirped (ak,|x| are constant.)

Data input to the program:

R_(0) = 1.1 02 + 3.03 | R (2) = [-1.2 ' .03 +3.02

-.02 +3j.03 -1.2 -.03 + 3.02 -1.1

[P

Normalized length: £ = 10.5 (*\ meters)
Results:

[ (.87888 + 3.47744)  (-.01367" + §.01367) |

M, (2) =

Uniform section approximation with N = 21 results in\

| (~.01367 - j.01367) (.87888 - 3,47744)

PR

- .
(.87887 + 3.47746)  (-.01441 * J.01441) b
MO(!-) =

_(-.0144}. - j.01441) (.87887 - j.47746) . |

In all four examples, MO(L) satisfies the losslessness and
the reciprocity condition.

[}
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IV. CONCLUSION

A general analysis has been introﬁced utilizing the principles
of the coupled mode formalism and Jones and Mueller calculi. The
ahalysis is applicable to varfpus systems from diverse fields, same:
of which are cited in‘Section 2.3.

A tabular summary of various matrix representations of networks
is given, including the conversion methcds from one type of matrix

. to any other type. Conditions are given for reciprocity,losslessness,
antireciprocity,semireciprocity,bilateral and transversal symmetry.
These conditions are stated both in terminal matrix repxésentation
and system coupling matrix representation, applicable to distributed
systems. Although the analysis is carried out far 2n-port networks
using n by n block partitioned matrix representations, there is no
obstacle in. extending the formalism to the more general case where
there are rectangular (nxm) blocks in the off diagonals. .

In Chapter 3, ‘codirectional and contradirectional couplers
have been investigated, utilizing the met:hocis of Chapter 2. Jones
and Mueller calculi are used to describe the s&te of polarization

in a codirectionalcoupler, citing the eight basic properties found Lo

k!

in an anisotropic layer. Nonuniformities of specific types have
been included and a simple analysis of these, valid for loss%es’s ]
as well as lossy, codirectional and contradirectional couplers is
given. Numerical examples of 2nonuniformly coupled lines are cited °

at the end of Chapter 3. The results of Chapter 3 are considered

.
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APPENDIX I
‘ | :
’ Properties of V
. \ ‘
Pl | The matrix V, used in the transformation in (3.1.2) is chosen
S B to be unitary ( V'* = v’ ). An additionml property of V is cbtained
by taking the camplex conjugate of (3.1.2) ,‘ which yields .
¥ ) =v' 5@ =-vitim” , @A.1.1)
ard using the relation
f(z)* - P E(z) , : (A.1.2)
where P is a permutation matrix ( ?—P-l ). Since 8(z) is real,
Lo . from (A.1.1) ‘and (a.1.2) one obtains
' ' vVl =P . ., (A.1.3)
/ Summdrizing these results, the properties of V can be written as
vvt=g,_ (vi=vh) | (A.1.4)
.V VT,-‘P -1, ‘ _ (A.1.5)
: Vv=vlpvprvit . (A.1.6)
! Using (A.1.4) - (A.l.6)t P, V, f(z'), and 8(z) will be gonsu'\lcted
for a system of size 2 and 4 as specific examples. '
’ (W =2, & = ( a,(2) ,8,(2) )T
10 o o], 1 1 0 0]
. oe 0 0 10 ,‘V-V%— 0 0 1‘ -3 ' L }@
- | 010 0 o o 1 3} :{’
. s 0 0.0 1] 'Lx -1 ° °1 o .
; S .
‘ : N ' ¥ ¥
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; [ a1 lay (% + lay1? & ag|? + |a,1?
H - *
a2, la 1% = Jay|? + lag)? - a,l?
*
a,a, la 1% + layl? = lagl® - [a,1?
*
aja, ‘ ~lay 12+ fayl? ¢ Jagl? - fayl?
* *
a2y 2 (aja3 ) o *2 Cap, )y
la, |2 ) -2 Cagay e * 2 a, ) im
* * *
a3, 2 ajaq )im + 2 ( aja, )re
* * *‘
a3, \ |20 Yt 2 Caz, Joe
f(z) = , 8(z) = '
. aga,” KN EX 818, g * 2 (g2 )im7
* * . * < ;
a2, =2 (ayay )2 Cagay )
|a~3|2 2 (aa, ), +2 (a3, )
o . 122 im (2334 ). X
) * ) * * i
. 233y 2 (aja; )y -2 (aay )y, .
‘ x . * *
2,3) 2 (ajay ) o *2 (aay )y
x * * 3
23, "2 (ajay ) v 2 (agay )y !
* * * ;
a8, 2 (ayay )y v 2 (aay ),
2 . " *
Lh|a4| ] . _Z(alaq Yim = 2 (2584 )reJ

Tt should be noted that V chosen according to (A.1l. 4) - (A.1.6)
is not unique. The ;:Mioe of V nu?t be such that the resulting géneralized
Stokes vector contains useful parameters of the sysgem, swh as the
suns and the differences of modal powers, phase differences between
the a:‘r‘plitude, reflection coefficients, etc.. For 2n = 2 case the
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interpretation of the Stokes vector can be found in references (22)

and (24).
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- and then generates the lZBth power of T by following the sequence

APPENDIX IX

Matrix Exponentials and the Power of Certain Transfer Matrices

-
1Y

. Let K be an involutory square matrix, i.e. I(2 =E-. qu:a.ndmg

the matrix exponential exp ( aK ), where a isa scalar, and making use

of the involutory property of K results in .
o, L2 4 : 3 5
_exp(uK)'(l*—;T *—%r +...)f‘:+(u+—§-r*—g-]-+...
=cosh ( a )E + sinh ( a )K . (a.2.1)

For a = j6 one obtains exp ('J8K ) =™ cos ( 8E ) + 3'sin ( 6K ).
Transfer matrices are often expressible in this form. When a

»

network or a device consists of N cascaded unit cells, the transfer
matrix of the entire system is givenby‘I‘N, where T is the transfer
matrix of the unit cell. Then, if T is of the form of (A.2.1),

T = exp (NoK ) =cosh (Na ) E + sinh ( Na ) K . (A.2.2)

»

Table A.1 list‘.'!‘ﬂﬂveral noteworthy examples. ' ;

j
:
3
H
i
o+
}
}
1
!
i

If T is not of the form of (A.2.1), other methods can be used. o
One simple method consists of converting N to its binary equivalent
andtakirgtl'\epowerof'rtoZn,wherenisthelargestpmveron 4 §
that is stili less than N. This method is best illustrated by an example.
To find '1‘200 one first expresses 200 as the sum of the powe.r.s of two:

200 =27 + 25+ 2% =128 + 64 + 8 / :

rr=-7, -1, ..
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K T
. [, o
(z221)7% -3 cosyt E z j si
| te iy ’
(1000 . f[expla) O 0
0010 0 cosha §
0100 0 sinha ¢
0001 L0 0 0
(0100] [ cosha sinha 0
1000 sinha cosha O
0001 0 0 co
. 0010} . 0 0 s
(0010 ] [ cosha 0 s
0001 : 0 cosha 0
1000 sinha O co
0100 30 sinha 0
1000 [ exp(a) O
0100 0 expla)
00410 0 0 ex
000 -1 0 0
- - "
r B * r -
1 0 cosy+isiny
) 0 -1 ] L 0 cos
. C0 17 [ cosy -3siny
: .1 0] _-Jsiny cosy
¢ r
027 . COSB2 -jsi
_}'1 0] ‘ ‘ _-JZ'lsinaz co
(01 0 (cosha sinha
1 00 sinha cosha
L0 01 ‘ _ 0 . 0

nyt K

0
inha O
osha 0

exp(a)

0 h
0
sha sinha
nha cosha |

nha, 0
sinha.

sha 0
cosha )

0 0
0 0
pta) 0

0 expta)]

‘ 0
y-Jsiny

ngz
sBZ
0
0

exp(a) J

Bl

tive

‘Table A.1. Examples of matrices expressible -in exponential form

of (A.2.1). h
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seven consequtive times. During this process the program is ordered

to store the result of the 6-fold and the 3-fold results, and to finally

multiply the 7-fold, 6-fold, and 3-fold results. The number of matrix - ‘

multiplications required to obtain T°00 is thusonly 7 + 1+ 1 =9. /q
Subroutine MPOWER evaluates ™ using the latter method. 2
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‘The program is written in FORTRANS,’

84

APPENDIX ITI

Program CONVRT4

Program CONVRT4 converts a 4x4 complex matrix of a given type
into any other desired type within Table 2.1. It also has built-in
tests for various conservation laws concerning four—port networks.\

The program is mostly self explanatory and can easily be used
following a brief study. When it is run from a computer terminal inter-
actively, the prografm describes to the user the required input data
and_the sequence in which itwill accept it. Free formatted inpit makes
the interactive use of the program simple and -gasy.

+

e
The input parameters for OCONVRT4 are listed below.

- NTIMES » -~ An integer specifying the number of matrices to be
converted.
FORMOUT - A character variable of size 1. When FORMOUT = 'Y°*,

the matrix to be converted will be put into a format

ao(s:eptable as input to the program.

ITYPE = An integer specifying the type of the given input
matrix.

TOONVRT —~ Mn integer specifying the type of the desired output

matrix. Parameter convention for matrix type is as

.

follows. . . \

.
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ﬂMatrix type ’ITYPé or ICONVRT - - ,
Impedance (2) T
Admittance (Y) - 2 ¢
RBCD (Q) 3 : ’
z Scattering (S) 4 . .
o Transfer (T) o 5 o
Transfer (A) 6 - ) -
’ Transfer (M) 7
; ZfQS‘I‘AM - A 4x4 caplex input matrix. Complex elements must

be entered rowwise, real part preceding the imaginary

; ) part for each element. ZYQSTAM has therefore 32 real A

. -
~ entries.

71 ,22 ~ The characteristic impedances for lines 1 and 2.
' L . As before, first the real then the imaginary part
: - | must be entered. '
\ ISIDIG - An integer specifying the number of significant digits

used in subroutine CNSRV. If the tested matrix satisfies

o et

4 ( - the’ test condition to ISIGIG digits the test is

g passed, otherwise rejected.

s W

Note: 'EOR' (end-of-record) must be entered at the end of each

ok

example#

Subroutine CONSRV tests the validity of five conditions. These
are: reciprocity, bilateral syrmétry, losslessness, semireciprocity,
and antireciprocity. Both the input and output matrix is tested.

| - o
A e -, .
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CONVRT4 uses the subroutine IEQ2C from the IMSL library package

tp evaluate the‘ (high accurdey) inverse of a 4x4 matrix. However;, two .

other 4x4 matrix inversion routines are include,d (INVERS4 ,, INVERD4)

! ?
.

which can be used whenever the IMSL library package is not available.

Both of these routines evaluate the inverse using the partitioned form -

.

given as y 3
s -1 -1 -1 - ~1.,.-1
A B (A-BD ¢ (Cc - DB 'A)
\ = -1, -1 -L.-1f .o
C D B - AC™'D) , (-ca 1p) .
The only difference between these two routines is that INVERD4 uses
double precision in the evaluation of the-inverse of a 2x2 matrix.
Both routines have given satisfactory results. .
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