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¢4  ENTROPY IN ERGODIC THEORY
' AND TOPOLOGICAL DYNAMICS * !

T.C. TREMAINE ‘ ’

-

5 -
; ,The concept of measure—t;hedretic entropy was originated by " . o
y v [ v
N - ' /
Kolmogoroff in 1958. Topological entropy began with thé work of:Adler, ;
v //
been developed in the interim, including the Kolmogoroff-5inai theoéeﬂf‘; .
? . ! .

Konhein and McAntarew in 1965.. A number of conputational theorems have

:and its topological analogue. Some of these. are presented,' :i:ﬂogether

with proofs. A theorem by Goodman ' (h(T) = sup{hu(T)]uE M(X,T)}) 18

presented and discussed. The work of M. Misiurewicz and W. Szlenk re- Z

lating the growth number of piecewise mongtone continuous mapg to their
. : ‘ : ° 5 &
topological entropy (h(T) = r]i-%g %log Var(Tn)) and the number of .
. ‘ . . O -’ \‘*\_/
periodic points to the topologi‘::al entropy .

. - 1 n = . -
(h'(T) “<_ %_‘.&g = log Card {xIT (x) = xP 1is presented with proofs. An ex

-, [
position g'f a paperzby Blocky Guckenhei;ner\‘, Misiur\elgcz and Young is
Y .

) Lo ) N
given. The main result (fpr a point of periods q-2_m, q(odd), i

n w v
et log }\q < h(T) , where \Aq = Bax {|z|:z€ Uq}“ and 0, is the set of
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roots of x ' - 2x - 1= 0) 1s presented with a proof. .
=W

# : | R

S -
w -

-#
.
o~

e

ek Wik goane < B o o A%




N ) — g ~
a ‘ ‘ TABLE Of CON’I:ENTS
. " i ) page
“ Imoqvc'fxou | 1
’ CHAPTER I PRELIMINARIES B . \ .
1 ) | i.ﬂ Introduction’ . . S e R A R PR
2. Topological épaces N A e . vo 3
. ' 3. Measuré Spaces . . . . o« .+ 4 s A
! : . ' “ad
‘ 4. - Measure Preserving Transformations . . . .. . ... .. 6
5/ Sequence Spaces and Shift Maps . . . e e e e e .« 8.
,6. Isomorphism .. s e e e . e v e .11
v 7. Vetor SPAceS .+ « « ¢ v + ¢, o s 0 s a0 s . . 15
) « éHAPTﬁl} Il MEASVRE THEORETIC ENTROPY P \“ ¥
. 1. Imtroductdon . o . « v & o ¢ ¢ o v o o o4 \: SRR w. 16
' ' h . 2. The Entropy of a Ear;ition' N T l e et e te s .~16
. N 3.’ The Eztt'ropy of a Measure Preserving- Tr‘a-rxsfbmation . . 2‘2
" 4. - Conditional Entropy. . . o« e he e e s .. 23
~ s, Prc:pertie's of h('T,E)’ and h(T) . . . v .. « <.+ . ... 31
: 6. ~The Comput‘a'tion Of Entropy . « ¢ v v ¢« e v o o 4o ..+ 36
— GHAPTER-IT TG’:‘GL;;"GICAL ENTROPY : DR
e 1. Introduction .. . .. . e e e . 5.';
" 2. Topological Entropy of Ma’ps on Compact Spaces . . . 52
f;. Topological Entropy on Compact Metric Spaces « o s .. Gf’f
4. The Varlational Principle for Topological Entropi . S0 71 )
’ 5, The Claasificatioﬁ ofMaps . . . . .. . ... o .. 75
WL ) \\
*e s
: *
©
.o ,LWW;M.W:L,,M,M..,.;\.W, N . i i w1 y ) S

vl i i et S 3 o i e b Bt 4

N «
x.c(;«k'w’;;a‘r T Shas 12 o MR, el nrnd AW H R i Wb g P
¢ - .




IAPTER IV ENTROPY' OF PIECEWISE MONOTONE
! ] t A
| ( 1. Introduction . « « + + o « ¢ o o
: ;/ 2., T-Mono Covers . «.. « « o« « + =
/ 3{ Linea;r Markov Maps . ‘. v "
;’I 4, Topological Entropy and Periodic
/il 5. P.M.C. Maps and Maximal Measures
" . ‘CHAPTER A PERIODI’C POINTS AND ENTROPY OF
/ 1. Introduction . . . .. . . .. .
- \ , .
,,,"[ ' 2. Maps and Graphs . . . C e
) ,«' a 3, Periodic Points B
/. Entropﬁ' anq Periodic Po.ints ..
« . BIBLIOGRAPHY |
S 1
/ .
AT
o { . ‘ -
- ' \
- - ”
v .
. . . . R
# .
: - o
, /
~ \ |

/ . ,7‘.7 —
»
1
[ ey — -
i .. .
" .

3

CONTINUOUS MAPS

¢ . L3 . v . « 2 s
.
4 v
. . . . e . s »
. . - . » e v »

Points ., . . ..

« & e e & ¢ e s s

s v e 4 ¢ s e s s
[ S R B B
)
~
.
4t
¥ ’
:
-
v
- -
\
~
- o

. Y

page

101
.107

110

.

e e L g

3

ot

W




INTRODUCTION , t

In 1958‘A.N. Kolmogorof £ intréduced a new lnvariant (entropy) into
ergodic” theory which 'he used to solve an outstanding problem concerning
isomorfzhism among Bernoulll shifts. "In Chapter II we present measure- |
theoretic entropy in the form in which it is currc;_ntly used. Various

- computational devices are presented culminating in the Kolmogoroff-Sinai
theorem which is proved and applled. ’

In 1965 R.A. Adler, A.‘ Konheim, and M. McAndrew introduced an

. ax7alogue”of' Kolmogoroff's invariant into topological dynamics. Most of

the computational theorems for measure-theoretflc entropy have their o
/ - ~

i / r 'u -

=i /emalogues for topological entropy. These are p'resenEéd in Chapter III
‘ ’
together with some examples of their. application. . /

.The variational principle for topological entropy is presented
‘ ' s

. | (withaut "prob ) and discussed in Cahpter iII. This principle states
! the relations i;; between the two types of entropy and shows why the
/ theory of the former tyﬁe 1s so faithfully mirrored in its topological
\ analogue. \
In Chaptepn IV we d.iscuss the work of M. lurewicz on the

topological entropy of piecewise monotone cofitinuous maps with -sp;ecigl

H v

emphasis placeéi‘ on the relatively .simple linea rkov maps.

M.Chapters IV and V contain a discussion of the relationship between
| .
| i -
. periodic points and topologice\t entropy culminating in an expositjion
I

~ o ow

J ‘ .
of the elegant results obtained by L. Block, J. Guckenheimer, M.
o4
Misiurewicz and L.S. Young. Their method involves modelling the dynamical
behaviour on the interval by means of the dynamical behaviour of an

oriented graph: Then results relating to the entropy of the origlnal

map gan be derived by means of the graph and its structure.

57 4
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CHAPTER I

PRELIMINARIES ' : »

. ,Séc‘tion 1. Introduction'
The purpose ¢f this chapter is to introduce some of the fﬁndamental
concepts’ and "definitions which will be used throughout.

Section 2, Topological Spaces -

L

A colléction of sets TCP(X) 1s called ;1 topology on X Oif

1) ¢€T1T and *XET '

2) If A,BET them AMBE T ' !

3) If YCET then U{AIAE Y}eET.. ) Y |
The membets of T ‘are referred to as open sets. s

If X'C X then the collection of sets T' = {ANX'|A€ 1} is
called the subspace 'topolggy of X' relative to X. ’

A collection of sets BCP(X) is calléd a basis for T if every
;nembqr of T 1s a union of membefs of R,

A collection of sets oCT are referred to as an open cover of

‘

X'CX 1if X'Cu{AlA€al}. !

A collection of sets yYCT is referred to as a finite open cover

+ o St

of X'CX if y is an open cover of finite cordihality.

4

A set X'CX d1s called compact if every open cover a of X'

has a subset o' which is a finite open cover of X'.

Suppose f:X*X 1is a function., The sequence <x,f(x),f2(x),...>

shali be referred to as the orbit of x under f . fn(x)~means

(fofo...0f) (x). : .

\srmn————————
n times
I Many of the functions which will be considered will be defined on

|

cloged intervals of R. The topology used will be the subspace




Ead

-4 -
topolaogy ;:'elative'to R . The topology on R will be the usual
N

topology which 1s formed by taking as a basis all sets of the form
. D

’

(a,b);a,bE R,

Section 3. Measure Spaces

let X be a get. A collection AQP(}‘O is termed an algebr.'; 1f
1) E,FEA dimplies EM FE A
2) FEA implies F°€A .

A collection B of subso:ats of X 1s called a g-algebra . if B\ is an

€ 8 s € B.
algebra and if Bn B for n > 1 implies n=an B —_—

.

It is clear that the ir}terse?’tion of any collection of algebras 1is
also an algebra and the intersection of any collection of O—algebras is
also a 0O-algebra. '

Suppose we have anJ arbitrary collection C of subsets o_f‘ X. Let .

us refer to the intersection of all algebras containing C as the

algebra generated by C and denoted it by A(C) . Let us refer to the

intersection of all g-algebras containing C as the o-algebra g_e_n_e_r—‘
ated by C and denote it by B(C) . A(C) and B(C) always exist since “
for any collection 'C of subsets of X there ‘is always an algebra and
o-algebra contalning C, namely the power set of X . i? B is a
0-algebra- of sixi)sets of X we shall refer to the pair (X,B) as a

measurable sgpace, ; . \

A fin{ite measure on the pair (X,B) 1s a set function wiBq o, =)

s.t. ! {
v

1y u()=0
.2)~ u(‘1:1L‘—J1Bn) = ngzl“l (Bn)

for any collection {Bﬁ}co of pairwise disjoint ‘members of B.

=l
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f;:'A'finite measur; space 1s a triple (X,B,u) vwhere (X%,B) s a

-
[T

measu¥able space and | 1s a finite measure.

' The triple (X,B,u) 4s a normalized measure space (also referred

to as -a probability space) 1if u(X) =1.

' In.order, to establish various results pertaining to algebras and

o—algebras it 1s often useful to concentrate on a more restricted class

)l

of s&ts in a manner analogous to t‘he use of sub—basic sets In topology.
* A cdollection Z of subsets of X is called a semi-algebra if
) ¢€T - £

2) ABE( implies ANBEL

.“

:3) 1f AE€L then —
‘n , ; R 0
o ,

o) E, where the finite collection {Ei}i=1 consists of pairwise

disjoint members of ¢.

AC

+

The following theorem shows how to comstruct the generated algebra’

A(D) /'.,from a semi-algebra Z .
1.1 Theorem ([ 211, p.Jd®)
:;Suppose z 1s a semli-algebra of subsets of X . Then A(Z) con—

sist‘él of those subsets of X which are finite unions of pairwise dis-

1

Y
JAnother useful concept for obtaining mmeasure theoretic results is

join_t menmbers of -

that of a monotone class. \

h

. A non empty class M of subsets of X 18 called monotone if
o [

“

~t

i) for every sequence EIEEZEEB-C- «+.of sets in M,
o«
UE-SM,
rrl n
'y 1
2) for every sequence E1_3_E2_3_E32 .. of sets in M,
BE en, ’
En . -
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It is clear that the intersection of any collection of monotone

classes 1s also a monotone class. Furthermore, the power set of X 1is

a monotone class. Thus the following definition is meaningful.

“

If C 1s any collection of subsets of X , let us refer to the

intersection of all monotone classes contdining C as the monotone

class generated by C., denoted M(C).

>

The following theorem states the
class genera&ed by an algebra: A and

1.2 Theorem- ([13}, p.27)

Let A be an algebra of subsets

A substantial amount of emphasisg

a

partitions. Such objects are defined

a normalilzed measure/;pacél A partition E of (X,B,10) "1is an at most

countable subset of B with the following properties: .

1) If A,BS then ANR=¢ unless, A= B.

) ZE wm=1. v

2

conditional measure analogous to cqnditioﬁal probability.

Let (X,B,u) be a mea{ure space.

-0 ) ) :
%
. 7 T '
relationship between the manotone *
the o-algebra generated by A . p
/
of X. Then M(A) = B(A) .
will be placed on thé use of
as follows. Suppose (X,B,u). is ’
We may introduce the notion of
: .

Let A,BEB. ‘Then the conditional measure of A given B, denoted

u(A|B), 1s given by: u(a|B) =

u(ANB)
uEB) -

" then u(AIB) is f@gt the conditional

If (X;B,u) 1s normalized

probability qf A given B.

Section 4, Measure-Preserving Transformations

! In much of what follows we will be dealing with transformations

which have the propeity of presérving

-

images. They are in a sense analogous to continuous maps.

continuous maps preserve the topological character of sets under inverse
T8

~
v

¥

the measure of sets-undéirinverse

Where

f) ~

e et ot wetir
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images a measure.preserving map preserves thelr measure theorktic
character. 5

Let (gl,Bl,ul) and (xz,Bz,uz) \be two measure spaces. A trans-

172
is measurable and u1($—13) = uz(B) ‘for every BEEBZ then T will

formation T:X.,+X., will be termed measurable if T—leslBl . If T

be called measure preserving (abbreviated m?b.). If T 1s bijective

and both T and T—l are measure preserving them T will¢be referred

to as an invertible measure preserving transformation.

The following theorem provides a means of checking whether a given

map T 1s m.p. by examining its behavior on a semi-algebra geherating

-
£

82.

1.3 Theorem ([24], p.20)

’

Suppose (Xl,Blyul) and (Xz,Bz,uz) are normalized measure spaces

and T:Xl-*X2 is a transformation, Let 7 be a semi-algebra generating

B,. Then T 1is m.p. if ' oo
1 T-lCEBl and

’

2) ul(T-lA) = 1,(4) for all A€L.
Example 1
Let T:[0,1]+ 0,1] be defined by:
2x x€[0,%]
T(x) =
2-2x x€['%,1]

Let B be the 0-algebra generated by the collection of all open sub-

intervals of [0,1] . Let m/ be Lebesgue measure. It can be readily

2 H

shown that the colLFction 'C of all intervals (opén, closéd, half-open)

|
together with .¢ 1is.a semi algebra which generates, B . So, we need

ﬁbnly show that ’




e

JARS

1) T ZCB . and

N
N
.
A1
v
7
’
~
.
T s o b 2R S e

. . o
2) m(T"'B) = m(B) for all BECL .
N

O‘ - + — >
Let BEL. TIf B=¢ then T 4 =6€B and m(T 'B) = m(B) = 0. :

If B¥4 then B 1s an interval. T_lB‘ 1s a union of at most two . '
intervals. Thus T_lBEEB. Let B=[a,b}]. Then ’ }
. 3
-1 a b b a Lo E
== =1U - — - \ .
TB=13,31VI01-3,1-3] N : i
-1 b a a b 2

= (===) + -——-1t) = -
m(T “B) (2 2) (1 5 1 2) b-a. g

m(B)= b-a.

Thus m(T_lB)= m(B) . The same obviousiy holds for open and half-
open intefvals. Thus by Theorem 1.3 T is m:p.
Suppose (X,T) 1s a-topological space. We may use the open sets
of X as,6 a generating set for-a Ofalgebra on X. Let the o élgebra
generated by the members of T be referred to as the Borel class and
be denoted ?y B(X) . ) . ;
Let M(X) be’the collection of all normalized measures on the -
measurable space (X,B(X)).
Let M(X,T) be the set of all measures in M(X) for which
T:X+*X 1s measure prqserving. M(X,T) will be referred to as the set

a

offinvériant measures with respect to T.

The following theorem gives'sufficient'condifions for the existence

of a measure in M(X,T). -
1.4 Theorem ([24], p.151) . : "o
?::::;==ﬁ a8 '
L X be a compact metric space and T:X*X be continuous. Then

M(X,T) 1is non-empty. .- )

-

Section 5. Sequence'Spaces and Shift Maps

P

Let X= {0,1,2,...,k-1} .

3

w
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The members of X shall be referred to as states or éymbols‘and

X shall be referred to as the state space,

XZ and XN

will denote the infinite product spaces ijim Xy

arid ifo Xi' respectively where each.is endowed with the product topol-

ogy and Xi = X for all 1. The open sets of X are simply all

-

subsets of X.

\ i

So, an ‘element x € XZ is an object of the form (.. X)X xoxlxz...')

and an eleme t. iEEXN is an object of the form (xoxlle.l) where

xieix for every 1i. The spaces XZ and XN will be referred to as

sequence spaces. For 1€ Z (or N) the term co-ordinate will be used.

Xy will be referred to as the value of the i~-th co-ordinate of x.
b
i= Xy will be used to indicate that the value of the

The notation (x

N

i-th co-~ordinate ¢f x 1s being assessed.

Z

]
The map O:XZ defined by (U(x))i= X4 will be called the |

shift on X~ . Similarly the map 7: XX defined by (G(x))i='xi+1

~

will be referred to as the shift on XN. -

A finite sequence- (al,az,...,aN) of elements aj€5X shall be

referred to as a block., N 1is called the length of the block. The

block* A = (al,...,a ) 1s saild to occur at the place m if xm= a

N

l 3
X 41" a2:...,xm+ ~1" 8-
For'any m in 2 (or N) and any block A = (al,...,aN) let
Z N
R = e .
m[al,az,.. ,aN] m[A] denote the set of all x€ X (or.X') such

that (al,az,...,aN), occurs in x at the place m. The set m[A]

A5 called a cylinder of length N based on the_block A at the place m. .,

g8
Suppose there 1s a set function 1 defined on the class of cylin- \\\_
ders of XZ (or XN) satisfying the properties: ‘
~

RS- W)

5 e o Pt

P

ol Bt s, e



e

l)a%xu(0[a01)=l . ‘ -

fo) A

And, for any block (a ,al,...,as) an& any n€ Z (or N)

2) uf ao’al’ﬂ"¥as])> o. . . .
3) U(n[a alr---ya ])— ex U(n[a ,al,""as+l])
+1
‘ 4) u(n[a al, YL D= EX p(nl a 13 ,...,aS])
' l

The follqw;ng theorem states that these four properties are suffi-
cient to ensure that H 1nduces a unique measure ﬁ' by extension and
that T 1is in M(X%,0) (or M(XY,0)).

1.5 ' Theorem ([31], p.33-35)

“’Let u be'a function on the cylinder sets'ofk Xz(or XN) satisfy-
ing conditions (1) - (4). Then there exists a unique measure .
nenx’,0) (or M(x",0)) s.t. F([AD=u([A]) for all cylinder-sets
n[A] in XZ (or XN). |

Henceforth we shall refer to 1 as U.

Two methods shall be utilized for producing measurés on the
sequence spaces XZ and XN

k=1

A k-tuple 7= (po’pl""’pk-lyk with p13>0 and igo p;= 1

shall be referred to as a probabillity vector. A probability vector

S
defines a set function B, on the cylinders of XZ (or XN) by
uﬂ(nj ao,al,...,aS] )= paopal...pa; Conditions (1) - (4)_Feferred to

previously are evidently satisfied. Thus, by Théorem 1.5 the set

function un has a unique extension, also denoted }_ , which is in-

variant‘under the shift on both Xz and XN .. u1T is called a

Bernoulli measure. The system (Xz,un,o) is called the two-sided

\
Bernoulli m-shift, The system (XN,un,c) is called the one-sided

PRUPVEED RN vy ey

R N IR

o

P R P T
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Bernoullil m-shift.

4 - 11 -

A second important method of introducing a measure on a sequence

i

space is

as follows.

Suppose we have a probability vector w= (po""’pk-l) and a

. transition matrix (also called a étochasticimﬁtrix) which is defined as

. Properties (1) - (4) referred to earlier are satisfied.

a k x k matrix P= (p ,)k—l with the properties
ij i .
1,j=o
>
D opyy20 _
kzl _ »
2) =o-pij 1.
. kil

3 ko PyPyy T Py .

The pair (m,P) defines a set function “np on the cylinder sets
of Xz (or XN) by, u_,( t a ,a a, 1)=P P P P ¢

CSPat Tl Tk a aa, a,a, '’

Thus, by Theorem 1.5 the set function uﬂP has a unique extension,

3 o %81 %1% 8-1%k
o

-

\

yA

also denoted uﬂP , which 1s invariant under the shift on both X~ and
" N

X Hop

is called a Markov measure.

The system (XZ,UWP,O) is called the two sided Markov 7,P-shift.

* The system (XN’UWP’G) 1s called the one sided Markov m,P-shift,

“Section 6. Isomorphism

s

measure theoretically non~essential.

It is very useful to have a means of determining when two measure

spaces are 'equivalent".

ent 1f there 1s a homeomorphism mapping one to the other. An analqgous

rd
map between measure spaces would have to presgrve the

theoretic

'Suppose there are two probability spaces (Xl,

s

sgential measure.

chqracter.of the space but would be able to/"ignore" what is

s
A}

In topology two spaces are regarded as equival-
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82,u2 They are said to be isomorphic if there are sets MIE{Bl
e = = n;}
and M2 B2 wi;p ul(Ml) uz(Mz) “1 ‘and a map. ¢ M1+M

2 which 1s

invertible measure preserwing with respect to the measure spaces

(M 381, 1) and (M, B3, 1,) . Bi(i=1,2) 1is defined by o

B'= {Mif\B|BE?B }. ¢ 1is referred to as a measure theoretic isomorphism

¢
between aX 1, ul) an? (XZ’BZ’ uz). The notation (X l,ul) 4
(X 2’“2) will be used to indicate that 1s a m.t. isomorphism

between the two given spaces. If ¢ M *Mz ‘/is not invertible but only

-

onte and measure preserving then ¢ 1s referred to as a measure

theoretic homomorphism from (xl’Bl’ ul) to (XZ’BZ’ uz). The

. hotatden (X 1’”1 ﬁ (Xz, 32, uz) will be used in such a

case.

We may extegp the notion of equivalence to maps. This gives us a
means_of examining the behaviour of one map by studying another simpler
or begfér understood map.

Suppose (Xl,Bl,ul) and (XZ’BZ’ uz) are probabllity spaces and

1.X1+X1 and T2 X2 X2 are measure preserving .transformations. We
shall say that -Tl is isomorphic to T2 if there is.sdme map ¢ such
éhat:

1) .(Xl,Bl,ul) % (xz,Bz,uz) and

2) @oT)(x) = (T,08) ()

R

. for all x in the domain of ¢ . We shall say that_ T1 is homomorphic

to T2 or that T2 is a factor of T, 1if there is a map Y such that

1
D (X8, ¥ (X, By, 0) and ‘ y
2) oT)0) = (T,0¥) )

for all x in the domain of

\ ' A

e o vt e b

. me et AP S A
B s R T T ¢ T

¥

3
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Example 2

Let the system (T,I,B(I),m) be defined as follows. I=[0,1]

with the usual subspace topology. B(I) 1is the Borel class of sets with

. Lebesgue measure m. T:I+I 1is given by T(x)= 2x (med 1).

Let the system (G, X, B(x),uﬂ)‘ be defined as follows. X= {0,1}N

where {0,1} has the discrete topology and {O,I}N the product topology.

B(X) 1is the Borel class of sets and uTr the Bernoulli measure with
= (i,iz . 0:X*X 1s the one sided shift. .
It can bé shown that T 1s isomorphic to 0.
It was previously stated (Sec. 5) that u%ér«(x,o). We also observe
that T preserves-Lebesgue measure m since 1t splits each interval
into two parts, the length of each being half the original. SinceBthe

collection of intervals forms a semi-algebra which generates B(I) the
1

conclusion follows by 1.3,

We shall proceed to find a map ¢ such that (I,B(I),m)% (X,B(X),u,n_).

Let DiEI be the set of all dyadic rationals (those reals whose binary

decimal expansion is eventually repeating ones or repeating zeros). Let

DZ-C-X be the set of all symbol sequences whose entries are eventually

repeating ones or repeating .zeros. N

Both Dl and D2 have measure zero sidce they are both countable.
- L

Let Ml=.I\D1 and M2= X\D2 . Express each member of Ml in

binary decimal expansion and define the bijection ¢:M1+M2~ by

¢(.x <x.X x2...> . §

%1%z ") T < ¥gXp
Let = {O[ao,al,...,an] [n_>_O}U{¢:t. That is, T consists of all
cylinder sets based at zero and‘Ehe empty sét. T 1s a seml algebra.

It consists of open sets so B(g)CB(X). If we take finite unions of

Ve

R <R T -
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.

members of [ we obtain all cylinder sets in X. Thus A(Z) contains

.

a sub-basis and thus a basi¥ for X. Since this basis is counta‘ple
((81,p.174) it follows that every open set can be formed by countable
unions of membérs of A(z). Thus B(X)CB(g). So, B(5)=B(X). Let
g'= {sguzlse g} and 'B'(X)= {BﬂPllee BIX)}. It is clear that
B(z')=B'(X) . '

Let n={(a,b)|a,b are dyadic rationals}U {?S} .’ Let n'= {HﬂMIIHEn}

be the restri&hﬂx&f to Ml . Let B'(I)= {BﬁMlIBCB (D}. n' is

a semi-algebra which generates B'(I).

/ -

To show that ¢ 1s invertible measure preserving it is sufficient.

(by 1.3) to dgugonétrate .‘that ¢ and qb-l preserve the measures of

+

members of ' and n' resp. under inverse images.

/ _l )
[ Let O[ao,al,...,an] be a cylinder set im M2 .9 (0‘[ ao,al,...an])
1 .

= (.aOal...aHOOO... , .aoal...anlll...) . uw(o[ao,al,...,an1)=m .
[e2]
. = y .1 - 1
B1d, m(.aoal...anOOO...,.aOal...anlll...) =n+2 —zj ———2n+1 . Thus ¢

is measure preserving.

= . '
Let J ‘(.aoal...anOOO...,.bobl...bnlll...) be a member of n'.

# (J) equals {O[xO’xl""’xn] |.aoal...an_<_‘,x0xl...x < .b.b "'bn}‘

< n n— 01
m(J) = —ni';]? + jfgo(bj - aj),Z_(j+1)
2
n -~
Un(d’(J)) = _r%"'—f (j=EO ‘(‘bj —aj)n_j +1) RN
2
_ 1 n - (4+1)
- 2n+1 + jgd(bj —aj)Z .

Thus ¢—l is measure preserving. Consequently, (I,B(I),m) % (X,B(X),uﬂ).

It is clear that (poT)(x)= (co¢)(x) for evers? x€ Ml . Thus

T 41is'isomorphic to’ O .

»

e i B
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Secpion 7. Vector Spaces

“’
Some results from the theory of finite dimensional vector spaces
will be required. TFor general definitions and theorems see t9] or [14].
Let M be the space of all k X k matrices with entries in C
together with th Ial= I k=l )
ogether w e norm £,5=0 |aij’ ij)i,j=0 Now,

_for each A€M let Sp(A) = {A€ C|pet(A - AI)=0}. Clearly,

where A = (a

™~
Card (Sp(A)) < k. Let p(A)= max{ikl :XE Sp(A)}. Sp(A) will be referred

to as the spectrum of A and p(A) the spectral radius of A,

1.6 Theorem (Spectral Radius Formula) ([22], p.235)‘
If A€M then 1imla™i11/™ = pea).
N0

+» Let A be a k X k matrix with non-negative real entries‘. 'I'hén
A' 1s called irreducible i{f for every pair 1i,j there ds some n s.t.
aig) >(Q where aﬁ;) is the ({,j)-th entry in A,
17 Theorem (Perron-Frobenius)([9], p.53)
' If A 1is an irreducible k X k matrix them A has a positive
elgenvalue r that is a simple root of‘ Det(A - xI)=0. The moduli

of all other eigenvalues do not exceed r. Corresponding to r is

an eigenvector with strictly positive coordinates. ] ’

R R I

P s
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MEASURE THEORETIC ENTROPY

Section 1. 'Introduction
In 1958 Kolmogoroff introduced entropy into ergodic theory [15].
He was thereby able to solve an isomorphism prbblem relating to Bernoulli
shifts. |
Loosely spea%ing entropy 1is a n?merical indicator of the degree of
complexity in tﬁe‘;rbit'structure of a transformation. It is a dynamical
‘invariant and thus can be used to partially clarify systems (tbo;e with
unequal entropy are not equivalent).

The material of this chapter is derived primarily from Brown [6],
v !

/
N

Denker et al [7] and Walters [ 241].

Section 2. The Entropy of a Partition

Let (X,B, y) be a normalized measure space. Recall that a .

partition & of (X,B, u) 1is an at most countable subset of B with

the two properties:

1) A,BEEL (A + B) implies ANB=¢

) pEprmr =1

Definition

Let £&,n be two partitioms of (X,B,u). n refines £, denoted
£<n , if each member of ~E is a union of members of n. n refin;es
£ (mod 0), denoted Egn , 1f for each A€ there is a subset .
n'={BEn|uANB)= u(B)} of n s.t. u(A)=Bén.u(B) . (ESn is
equivalent to U(ANB)=u(B) or 0 for every A€E( and BENR). If
Egn and ngi we will write Egn . It is clear that £<n implies

(o]
E<n.

A b S b it = e b0

e e e oo e et d e
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Definition

Let _E,n be two partitions of (X,B,u). Their join, denoted
Evn,. 1s given by:

.
8

gvn = {ANB|A€E, BEn} .
(Evn 1s also a partition of (X,B, w)).: -

Definition

*

Suppose T:¥*X 1s measure preserving and' § is a partition of

(X,B,u) . Then T_1£=‘v {T'IA{AE £} .

The following proposif:ion states some propertles of lnverse images

~

of partitioms.

2.1 Proposition

Let &,n be two partitions of . (X, B, u) and T:X*X be measure
A~

preserving. Then, for n>0:
1) THEVM = T TEVT 0 .

i) E<n=T"E<T "n .

114) E<n= 1" g%r'“n_. .
Proof: _
1) T™Evm=T {aNB|A€E, BEN}
\ = (1™ ANB)AEE, BEN) | \

= {1 "anT "BlA€E, BE an}k\= ThEvT M.

ii) let T haA€E '1“n £ . Since £<n there is a collection YCn
such that A=U{B|BE€Y}. Then,

T A= T "(U{B|BEY}) LT

=u{r"B|pey}=U{r "B|T "BET Y}

S ThE<T M

o .- ’ e > -
R TR By ik St a~

i 4 et

-
b . b ess e WEd B Rt ek
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.

$14) Let TA€T e, T™®BET®n . Since ggn , H(ANB)=0 or u(B).
Since’ T is m.p. ; -
W(TPANT " B)= u(T "(ANB))=u(ANB)
=0 or u(B) .
But u(B)= u(T "B)

¢
So W(T "ANT "B)= 0 or ulT 'B).

-n
n .

=3

- 0
SooThE 2

Definition

Let £ be a partition of (X,B, u). The engropy of ¢, deno\tbd
) » i ’

H(E) 1is given by: .
H(EY = -, & ¢ u(d) logu(a) . /

(Log to the base 2 will be used and define 01log0=0).
The more salient properties of the entropy map H are clear from
the’ following proposition.

2,2 Proposition

_Let p= (pl,.. .,pk) be a probability vector and define
R
H*(p) = - 151 py logp, . Then:

1) Hk(p) >0 ; ;
i1) H*(p) < logk with equality holding only when pi=-1]{= for every 1.

1
't = . 4 - - + st
And 1f p (Pl,Pz,.--,pg €,.70,P e,...,pk) where 0<€<p£<k<p

Q
then: -

L11)H*(p') < H*(p) e

\

sy &
x log x x€ (0,)

1) Let ¢(x) = :

0 x=0

—

6(x) <0 for every x€[0,1].

o~

Since, for every 1, 0 <Py < 1 it follows that H*(p) >0 .

a

+

&
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i1)" 'First we show that ¢ is convex. That 1is,

°

¢ (ax+ By) < ad(x)+ B (y) for x,yE[0,®), o, B >0, a*B=1.
b Let &,B>0 be fixed with sum 1. e ‘

¢'(x) =1+ logx
1

¢"(x) = i 0 on (0,®)
Suppose y > x. Then x<ax+fy<y. By the Mean Value Theorem there
- + .
is some z€(ox+By,y) such'that' ¢(y2’—¢20(‘0:{1:_ Bs};‘) = ¢'(z) . Now, ;
0=1-8. So, y-{ox+fy)= y-fy-ax=a(y-x). Thus ' ‘ 3
- + <ot
2(y) a‘i}soixﬂ By)’ = ¢'(z). Again by the Mean Value Theorem there is some :
: P o(axtBy) - 6(x) _ = i
€ + = ¢ =1~ 4
wE (x,ax+By) such that (axFBy) —x ¢$'(w). Now, R=1l-0 . §
+ Ru)— !
So, ax+By-x=B(y-x). Thus, ¢(9x B(Byyz x¢)s (%) = ¢'(w) . Consequently, :

d(axtBy)-o(x)=¢'(w) B(y~-x). ¢">0 on (0,°), w<z , thus

: \ d(ax+By) —0(x) _ 9(y) —6(ax+By)
' (Ww)<¢'(z). Therefore, B0y = %) < FICEEY) . Since'

y-x >0 we have a[é(ax+8y) -0 (x)] <B[¢(y)-¢ (ax+gy)] which

T
i ko, s ke Aot 475

gi‘irés ad(oxtBy)+Bo (0ox+8y)<ap (x)+8¢ (y). We have a +B =1,

et A e

So, for x,y >0, ¢ (axtBy) <a¢ (x)+B¢ (y). This also holds for

x,§’_>_0 , x%y, since loga <0’ and ¢(ax)=oax log ((‘th)=

oxlogataxlogx < ad (x).

Set ¢ (ox+By)=a¢ (x) +Bo(y) . To derive strict inequality we E
= NN

assumed that x ¥+ y and o s, B>0. So, one of these must be’false.

»
\

Therefore wi;./ have equality only when x=y o6r o= 0 or B=20 ) 4

LB,

k
Now, wé may extend this result by induction to give ¢(,12."___1aixi)

k . k ‘
-X (S oo z = « e

:<’ 2% % (x;) where x €[0,®), a >0, ,Za, =1, and equfality i
holds only when all xi's »with non-zero coefficients are equal. g}
: k-1 k=1 ;

T b >/ > ' 4

1 Suppose ¢ (i=1 Bi xi) 2= Bi¢ (xi)' where x; > 0, Bi >0 : i
151 By =1 and iequaljrty holds onty when 8,8 : 0 implies x, = Xy ?

u
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Now,, consider the case where o >0, _Z a l , and x > 0 for
, k1t B t= -~
- " = Z ‘s + = g "
11{31 1&2,... ,k. Let o= =1 Q. ’\Then o+ ooy 1 ;and
I i _ e y by
=173 1. Ve may akssume that o % 0 and o ¥ 0 otherwise the
) situation is ‘trivial. - ' 3
1 kfl k \
=- = = +
Let vy o 171 ixi . Then, ¢(i’l { i) ¢ (oy akxk) Now,

since o + a =1 we have by the previoﬁs result ¢ (ay + akxk)
@ k—l o

i
fady)t oy (x,) = ag (i=1 _OT x) + Ofk('b (x,) . By the inducgion
hypothesis ' 3
kgl Q - kEl oci
¢(i= ;x)<i= —OTtb(xi).
k k . O
Z
So, we have ¢(1_1 1 i) L9y ¢(xi) . Now, set
k li . )
¢(i“1 4 i) 4=1 % ¢ (). " Then
k ;o ‘ A

$(y) = 12:1 50 (x) (%)

"and ¢(ay~:akxk\) = a¢(y)+ OLk¢ (Xk)'. Since o % 0 and a, ¥+ 0 1t follows

that y = X - Because of (*) and the induction hypothesis ,G

J
jtmplies' Xy = xj for each pair 1,j€{1,2,...,k-1}. Let x= xj for
any i s,t. aj ¥ 0 . Then

N ¢ . f‘
kgl a _ k-1 o > -~
oM YR e M *i;1 g *
v 4 .
So, the desired_result follows. s
! 1 }1 i
Now, 1if we let. o =3 for all i and X, =Py for the probabil- _
r, . .
ity vector (pl',‘f:ozl,...d,pk) we get:
k ' 1§ 1 .
< T .
) ¢(k =1 P) S ysw 2y .
‘ s ’ b
i
. . "
{
. , A ~ \0

EEEE R ) 4w s e

XK o’ s A e

5 ah e e ot $43 Wiamt 4 2
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T~
Kk k
= * z
L LS = ¢ (=ypp) log G ;2 py)
= 1 ~ - logk
lc(lc;g 1-logk) T
1 ¥ 5
RHS = {4=1% () = ¢ 4= pylogp,
1
£ J— *
. k 'I-I (pl’pzl""pk) *
. _logk 1 . ' ’
Thus K <o L EK(p,,..p)

H*‘(pl,...,pk) < logk

and H*(pl,...,pk) = 1ogi< only when Py~ pj for all pairs 1i,j

since oy = -E;— > 0 for every every 1. Thus H*(pl,.. . ,p/k)’;/log k
. . 7 1 v :
only when T % for all 1. ~

5 \

'111) Suppose p, _<_-llz and p_ Z_% .  Such pairs always e‘xis@_yxce/\/r
k .

= 1. Choose £>0 s.t. g£,>€>0 . Then

N i,
v [

>
i=1P4
k

- B*(py,...5P) = 151 ¢ (p;) and™

- H*(.ply"° ,Pz'Est"' Eyene ,Pk)

.9151- mzl lf

[

—e) + +
tolpg-e)+ o(p teE) .
It is sufficient to show that ¢(py) +¢(pm) <¢(py- \€)+¢(Pm‘t€) . By

the Mean Value Theorem there is some z€ (pz— e,pz) such that

¢(P2) - ¢‘(P2,'€)
Tt

and there.is some v€ (pm,p. + ) such that

=¢'(z)

- i
. ¢(pm+€)-¢(pm)=¢'(w).

€

’ v
e < "1 BT IR K BheAC Fa s R DA I e TR L bee s B adlV RO XS B b e 0 4 T anben W e AL v e iR v Rl
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Now, ¢"(x)=%>0 for x€ (0,®). Since pﬂ<pm we have 2z < w .,

"So, #'(z) <4'(w). Thus 6(p,)~#(p,-€)< ¢(p_+e)-4(p ) and
2 2. m m

.

8(py)+6(p) <P (py-E)+o(p+e) . -

——

. H*(pl"“’pﬂ,_s"'"pm+€"”’pk) <H*(Pl""’pk) . .

A e B 47

It-is clear from 2.2(iii) that for partitions of a given finite
" cardinality, the entropy map will give relativeély lesser values to those
partitions with relatively greater variation in the measure of their il

N
members.

-~
A s e W s W

Section 3. The Entropy of a Measure Preserving Transformation

Wesare now in a positior; to give a definition of the entropy of a

map T with réspect to a partition & and use this definition to define |

the entropy of T . ) . . . :

. - _' _ ' _1 -
Denote the join product &V T lE; V.. .WVT (n 1)5; by igo T 1 g 4
) 3
i ‘ ' )
Definition - o
H

s
’

\ . »
Let & be a partition of (X, B, U) such that H(E) <= and T:X*X

“ a measure preserving transformation. Then the entropy of T with respect

to & , denoted h(T,f), is given by:
S '1 . n-=1 -1 . ‘ ,i
h(T,&) = %&g Py “(f‘-/o T &) 4

It will be shown subsequently that the limit superior is actually a

f

limit and that h(T,f) 1is always finﬂitﬁe.

Definition ) '
Let T:X*X be measure preserving. The entropy of T, denoted

h(T) , ;.s given by: h(T) = sup {h(T,§) |H(E) <= }.
It will bé shown %n what %ollc:ws that (1) entropy is invariant for ’

isomorphism , (2) the supremum over all partitions of finite entropy

equals the supremum over all finite partitions and ‘(3) for some maps

>
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there 1s a finite partition &  s.t. h(T) = W(T,£).
Firstly, however, it is necessary to develop fu‘rther the theor;i of
entropy on partitionms.

Section 4. Conditional Entropy

Let a,B be two partitions (not necessarily finite) of a probabil-

N
.1ty space (X, B, ). For any A,BEB with u(® > 0 let WANB)

H(B)
be denoted by u(AlB).

Y

Definition

The entropy of o giten B demoted H(a|R) 1is given by:

H(a|B) = - Bé g H(®) AL, HAlB) logualB) .
(members 3f B with zero measure are excluded from the summation).
2.3 Proposition | v
'Let o;Y, A be partitions of (X,B, u). Then:
1 B 20

1) a8~ Ha/y)=BOA/MY)

0
i11) v =4 = H(a/y) H@/A) .
P%oof:
i) 1is obvious. . -

11) Let a = {Ai}ie I (1 is at most countablfa)
b=1{bher |
0
Since & = A we may assume without loss of generality that
u(‘AiADi) =0 for each i. Thus, for any QEB and any i1€I
U(AinQ) = U(DinQ) © .

Let Y = {Cj }jEJ (J'is at most countable).

p .

)
, [PV O . Wi
TR WY R T S T T B B Rl
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uan c,) u(a, N cy)

3
ueey) log — Ty

-z T
H(a/Y) 5 u(Cj) I p

H(A NCL)

= -1 p(AinC U(Cj)

j) log

Nnp. N
u(Ai Di C.)

u(CJ)

) log ]

= - nNp. N
L ;_x(Ai Di Cj

s

u(,Nc)
— i =
= 'i?j U(Diﬂci) log —mj—)J— =H(A/Y) .

111) Let y={cj~}jeJ

A= {Dj}jEJ

We may assume that u(CjADj) = Q0 for each J&J.

let o= {Ai {ET"

‘ u(Ai”C ) )
u(Cj)

u(AikOc_jﬁDj)
u(Cj“D )

H(a/Y) = - -fj WA N C,) log

= . 2 n
u(fii ' C

13 1D4) log

3 3

, T Ty VDR lee gy

= H(a/A) . a

\ X
2.4 Proposition

Let a,Y,A be partitions of (X, B,u) and T:X*X a measure

\,

preserving transformation. Then:

i) H(a vy/d) = H(e/A) +H(y/&vA) .

7
ii) H(avy) = H(a)+tH(y/a)
- ii4) a < y=H(a/b) < HE/)

iv) o < y=H(a) <H(Y) -

|AO JAC

v) Y < A= H(aly) > H(a/b)

' i |
™ '
|

PRSI R prvengn e S B s ST, R A I R e T kIR (O IO )

3 2 LA

ot it Fmhab

™ PRSI L P RAE  S




- s

vi) H(a) > H(a/d)
vii) H(avy/d) < H(cz/A) + H(Y/A)
viil) H(avy) < B + H(Y) ' ’

, ix) ‘H(T a{'r Y = H@| \

. .
1 <

x) H(T lw) = H(Q)
Proof: ] \

Let = {Ai}iGI Y = {qj}j_EJ’ A= {Dk}kEK (1,J,and K are

)

at most countable) .

N
Dk.) log

u(Aiﬁ Cj ﬁDk)

u(Dk)

1) H@UY/&)=- §ku(Aincj

0 N

and

H(A N cj m)k) ) u(Aiﬂ cj
u(Dk) u(AiﬂDk) u(D

L WO

»

res adalidas

- . ua,Nc,No,) WA, N ¢,ND, )
So, log 1 k L J k

WA, OD),
Ty %8 ThaL D Tl
k 1

u(D, )
ua, N ¢, Dy W(A,ND) 4

*log —s)
WA D) TG i

+ log Thus,

i)

it

H(avy/A) = -, §,k/u(Ain c, N D, )(log

-
{

u (A:L n Dk)

-u (Dk) 3

1]

H(y/avd) - A Nng ﬁDk) log

L j © H¢ f
Summing over j gives: o

u(a;ND
u(D

i) S

i

H(avY/A) = H(y/avA) - E L H(A, ND) log

i

H(y/avA) + H(a/A)

11) 1let n'= {X} and use (1). By (1) H(avy/m)= H(a)n)+H(\(/av n)

[

7 u(AinC nNx)
~ LHS: H(auy/n)=-i,j 3 ®

=-i§j u(A N CY) Log B Ney) = Havy),

(A 0 €, NX) log

AR e (1 il ARLE b CAMVLobat AT RS W S LWl ok AT 2
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u(AiﬂX)
u(X) :

RHS: H(a/n) +H(y/avn) = - I u(a NX) log

u(e; NA NX)

) NA.N
H(Cj Ai X) log U(Ainx)

1,3

‘ . H(o) + H(y/a)

H(avy) = H(w) + H(y/a) .
ii1) ugy = Yg avy . So, H(Y/A) = H(avy/A) by Prop. 2.3(ii).

H(a/A) + H(y/oavA) . Thus

By (1) H(avy/d)

H(y/A) = H(a/d) + H(y/av D) . -
*But H(y/avd) >0

So H(a/8) < H(y/4) .

PO

0
iv) Let n = {X}#* By (i11) a <y = H(a/n) < H(Y/n). But

-

H(a/n) = H(a) and H(Y/n) =H(Y). .'. H(@) <H(Y) . )

v) Fix 1,j and let =
u(DNCy) (4N D)
RRTTC L TICS R .

A a2

~ Terms where u(Cj) = 0 Yhor u(Dk) = 0 are considered to be zero since

they are excluded in the sumnation for conditional entropy. Clearly

- _u(C)_ . _ ;
lk"‘k—u(cj)_l and T a

Z_x,k = I u(A:l'Dk) = 1 since (X, B,u) is a probability space.
k .k .

xlog x x€ (0,)
Let P (x) =
0 x=0 . .
b T (% | K 1
+ . '
? (1 MK T Gty % Gt B0 < .
n [ oo '

n . - L
=1 %% 0 T Gty ) ¢ Gy ) for all o 21
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(See proof of 2.2(i1)). .
A \ P o § : |
Stjce 'k=1°‘k'k=1"k "1l Qegn®) 70 as nr e and

m

<k— a+1 k) - 0 as n > %, Therefore,

L + °£ -]
=1 %% %k k-n+1°‘k) (k—n+l R
Since ¢ 1s continuous, ,4!

e e ( ( =1 “k"k * (k—n+1°‘k)(k- EE D I d’(k;[:lukxk) y

Z f © o0
And, clearly lc=1ak¢.s(’_{k)' (k- +la )¢(k_ L xk) k__z_lakqb(xk) since

h ' ¥ '
(k=n+lak)'+ 0 and ¢(k=n+lxk) + 0 as n > ©

Therei;ore ¢(k§1 ak xk) < k=zl ak @ (xk) . Thus,

WD, NCH WA, MDY u(d NCH (A ND) «
Tk k k9 R
¢ =7 Y TRy Sk TREy P TRy R
: a u(b, N C,) wu(A, "D ) u(A,NC.)
YgA”Z k4 1k _ 1 37 g,
- k u(Cj) u(Dk) u(c,)
©ow(, Nc) wA,ND ) ua,Ncy) WA, 0 CY) uA, N C)
k. 4 i Yk _ : R i 7 h|
¢ (L = ¢( ) = log . Then
K u(CJ) u(o,) u(cy) u(Cj) u(Cj).
ua, N gG,) u@,Nc,) w(d, N G,) u(A,ND ) u(A, 0D )
u‘(iC )j log utc )J iE ulzc )j utD )k log u](LD )k - Then
. j j j " k . Y k
A,ncy) u(A,ND, ) u(A,NDb )
17y < i i “k
h N Cyles iy R YY) Ty Ty
Ha N Dk)

0
= N ———————— <
IE(I )J(Ai Dk) log U(Dk) » since Yy <A

Summing over 1,j gives '

T H@a Nc,) ulA; N Dy)
£y My N Cplos gy L4y AL B 108 T

Now, LHS = -H (a/Y) and RHS = -H (a/A). Thus -H (a/y) < —H(a/d)

.t H(e/A) < H(/Y) .

At

;
,
4
s
i
‘
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vi) Let n= {X} . Then n <A andusing (v) gives:

H(a/b) < il(a/n) = H(x) .'. H{a/d) < H(a) .

vil) H(@vy/A) = H(a/A) + H(y/av A) by (1) . A<avd so, by (v):
H(y/o v A) < H(y/8) .-, H(ocvy'/A) < H(a/A) +H(y /D)

viii) Let n = {X} . H(azvy/n) < H(a/M) + H(Y/n) by (vii).

a

LHS = H(uv<Y) RHS = H(o.t)r+ H{Y) . S H@VY) < H(a)ﬂ}(Y)
) H(A '):/ﬂainc vt nopt ua ayncp)
ix) ___u(a, N C og = u(T (A C og —
1 k| U(Cj) i ] u(T lcj)
-1 -1
. “W(T “A,NT “C,) .
= u('r'lAiﬁ T j) log i i

HEM) = 5T Yoty .

) MO logu(a) = u(TTlA) logu(rTrA)  .tL (@) = H(T )

. — 1 0ol o
We are now able to show that rllig = H(1=VO T £) 1is actually a

e = 1...0pl -1
limit and thus h(T,£) Iliig - H(i__go T “E).
2.5 Proposition
If (a }m_ is a sequence in R such that 0 < a < g +a
n o=l — “ntp— "n

‘ ¢ a a
for all pairs n,pEN then %13 —E exists and equals inf{—nﬂ n>1h

Proof :

Fix p > 0. Each n >0 can be written as n= kp+ 1 with

~

k>0 and O <1 < p. Then

a 8, a a

o itk L o Tﬂk ) <k

n i+ kp-kp p . Tkp-= % ™

a a ka a a .

.ty 2o L1,P . Let n+®, Thenr k -« since

n — kp kp kp P a a  a
n=*kp +1 and p 1is fixed. Thus E}% <+ 0 . Therefore, 1 -Etlf_ —pp- '

This is true for every p > 0, so

v N -
D S FReeee ayr o L N ~

T S—

P ]




Proof:

> - 29 =
. a *_‘P_‘ -
\ lig — _<_inf‘{p p>1} . (L)
And the following must hold: .
a a
inf{TanI}ilim——. (2)
e ! ~
From (1) and (2) the proposition follows, ' o %

Corollary

-

Let .T:X*X be peasure preserving and & a partition of (X, B,})
N ’ n-1
. _ 1 1

with H(E) <= . Then h(T,E) = lg = H(d, T £) .
Proof: b
' an 1 n-1 -1

— - +
Set — = = H( i=VO T &) and show that A, S tag by m’eans

of 2.4(viii) and (x). Then apply 2.5. &}

2.6 Propositiod
If £ 1s a partition of (X,8, u) with H(f) <® and T:X>X

e
’

i8 measure preserving then: ¢

L0 g oq o wloy h
h(T,8) < =7 H( YT "6 < - H(Y, T 7€)

< H(E) for all m>1 .

Thus h(T,£) 1s finite.

First we shall show by induction that for every n > O

n-1 n-1

H(V T Y ) = HE) + I ma/ard-
i=0 j=1 =1

- E) . v
For n= 1 it 1s clear. Assume

p-1

-1 p-l
bOHGY TR =HE)

p bt
%1 H(E/igi'l‘ £)

for p21.

/ o

e A

e g e

SHIPIUPRED NN
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Py P .
B Yy T 7B =H( Y, TTEVE) &
-~ P 4 P g A
=H(Y, T e HE/LY, T TE) by 2.4(11).
P 1Pl _
By, THE) =Rty T
-1 - ‘ -‘ 4
=BV, T78) . . by 2.4(x). k
p_l -1 P'l j -1
H( Uy T8 = BEY+ I W/ 4 1 0)

by induction hypothesis. Thus, ‘ i

T p-l -
By 10 = m© + IR g1 e

o ;
+ e/ Y e . ‘
’ 'p - j

H(E) + jglﬁ(a/iglr'ia) . Therefore

n~1 -1 n-1 .3 -1 i
B Y, T ) = u() +j§ln(g/iglr £) for alf n> 1.

By 2.4(1ii) '

AW

By 3 .
REE/0 THD < ner Y T e for §<n

~

st T Kk kiR o

n
and | H(E/ Y, i) < H(E)

no n-1 -4
Thus nl-.I(E/i__Vl T "8 < H(i__VOT E) . And we have,

LA ooy
H(Yy T 16 = HEV U T E)

]

4 &n&ﬁ o

o} n
HGY 10 FRELY, T by 2.4(41).

el g By
- ety e fnesy, T

n-1 1 n
= BT O HE/Y T by 2.4(x).

SRR L 2ot X v [ R T R YOI PUY Rt 2 o e Yo ke B At R L R R & SR
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n n-1 -i- no_y
Thus n H(fgo T g) = n(H(igo T 5)*-H(£/ig1 T &)

n-1 -1 n-1 -1
‘ <nm( U TRV, TR E)
‘ : -l
\ =@ DHY, TS . Therefore,
1 no_, 1 n-1 -1
—F7HGY, T 8 S BGY, T ) forall n21.
»
b1, < ——n( Y TiE)
7 — n+1 150
cIall Ty <@ <e . O
- n 1=0 - .

Section 5. Properties of h(T,E) and h(T)

In this section some basic properties of entropy will be estab-
lished. This will include showing that entropy is invariant with

respect to isomorphism.

2.7 Proposition
Suppose o and B are partitioms of (X,B, p) with H(a) <=

and H(B) < ® ., And suppose T:X*X 1is measure preserving. Then: .
»
1) h(T,ovB) < h(T,a) + h(T, B)

11) @ 2 8™ h(T, ) < (T, B)
1i1) h(T; @) < h(T, B) *+ H(a/B)

1v) h(T,T Y 0) = h(T, ).
' k=1 _,
v) If. k >1 then h(T,a) = h(T, go T, o)
'vi) If T 4is invertible and k > 1 then
k
i

k

h(T, a) = (h(T, L T a) . ‘ - J

yvev
W ATy T PRS2

[PPSR

Le bty B s

:i
%
:
1
3
3
%
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Proof:
n-1

1) HGY, 1 (avB))

>

Consequently, / -
1 n-1
2B

<7« h(T,avB)

(o]
1) If o< B then

n-1
J! T Lo
n-1 -4
Hng T o) <
-1
1,7 -1
Then ;H(i_j_lo T o)
. h(T,a) <
n-1
111) - H(_V T OL)
n-1 -1 n-1
H( J! T av y T B)
n-1 -1 n-1 -1
H( VT a/ YT B
n-l
H(T a/ y TJB)
n-l
1— H(T Ot/T B)
Consequently ,

n—1
1 -1
nH(i__l.lo T "a)

o h(fhe)

.(avB))'

-

< h(T, B) + H(a/8)

n-1"
= 1( ¥ (T havr gy
n-1 _j: n-l
= H( Y T N )
n-1 -1 n~1 -1
SHCA, T ) PR TS
/ L]
R U S e
i3 (_V T “a) + ;H(igo T "B)

< h(T,a) + h(T,B)
T™a $T™Q . Thus
n-1
O _V T i So, N
n-1 -1
< H(i_go T R)
1, g
SHHGY, T OB
< h(T, B)
n-1 n-1
_<__H((i__Vo T a)v( L/ T B))
n-1 -1 n~-1 n-1
-H(_VT B)+H(J[ T a/ gor B)
n-1 -1
-1 -
<o BO el gy T 3 gy
n~-1
< Lo o/ T By |
‘= nH(a/B)
1 n-1
EH( y T )+H(a/B)

e T LU

by 2.4(viii) .

by 2.4(iv).

by 2.4(iv).

by 2.4(11).

by 2.4(vii).

by 2.4(v).

by "2.4(ix) .

o e e o e, @ e

AL -



7
. 4' \ — 33 - ’ .
iv) het L ay= 14m 2HCL Y. T o)
. s - 538 P )
- - . ’ o 6
n n-1 -
-1 -1 - .
H(i__{/l'r a)¥F H(T igo. T @) {
n-1
= (V. T o) by 2.4(x). -
? . o i_O < ‘~i~.\ - ’V‘. -
-1
1 qj. - R ;L_ n i -
So, dmy H(‘i-‘ylrr o= Lim o H(ig T '
h(T,T T @)= h(T,®) . -
‘ k n-1 k
kP 1 | -1
v) h(T, -‘L/O T ) gi_:_l.’g - H(jgo T i‘VO T " aq)
ktn-l '
: ] “la (HC ST
" kn-1 S
= ktn-1 1 -1
. koo, ‘ \ e
vi) h(T’ i=({'k T u)= ‘,'
e 2k g Sk g :
h(T,T =~ VY, T “a)= h(T, V; T "0) | L by 2,400
2k, ) .
h(T, i_yo 1 a)= h(T, a) ) . by (0.

2.8 Proposition

Let T:X+X be measure preservig'g,.\}heg}:
P

1) For k= 1,2,.;°.,h(Tk)=‘kh(T). '

11) If T 1is 1invertible measure preserving then h(Tk)=|k|h (T '

for every k€.

Proof: ‘ ’ . °

0

1) Let £ be apartition of (X,B8,u) with H(f) < =,

. . s
‘ S Ak S 20 PR X N i -*m-ﬂ—~e~w*hr~uyuw:. SOWE saa, T, . .

o

T T S S { sy

©
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1 nk-l " . .
, ) Kh(T, £) = kliw A )
i Lo 1 kj 1 - J )
? . = lin ;{H(j Iy T ( £)) >
N o . ' N k-l .
' A CoSR(IY, Y TR . (1)

(1) dimplies kh (T) _<_h(T ) . By 2.7(11)

: Kk K k-1 ,
- h(T ] E;) < h(T ’ -l-’ T g) (2) ~ +
. C B > -
(1) and (2) 1imply h(Tk, £) < kh (T, &) . ' Therefore h(Tk) < kh (T)
and part (i) follows J :
, 1) Let T =TT, T:¥X is {.m.p. so T:X¥*X dis m.p. For k>0
o ' L - _ - e !
= a C R = kb (). ) = kb (Y. For k<0 n(tS)=ncrhl)=
|k| h (T) by (i) . So, to prove, h(T-k) = kh(T) for k >0 we must 1
. .
show that' h(T) = h(T l) . Let £ be a finite partition of /(X‘,\B, H). {
\ ' + .
. > n-1 -(n-1) ' 4 )
: B Yy T €)= H(T iy  £) by 2.4(x). . ‘
. “ ’
: n- l n—l
-(n-1 -i )
: HC RIS S ST TOUAR w3 x -
“ ! n_l - L b ]
. n- l i 1
A u( T &)= -H( Y, 1. . .
: ‘ N & i i"O .
s . —1 - v ° +
; E , e “h(T 7) = h(T) . ] .
The following proposition and its corollary give the invariance pro-
;o . ) .
' % . perties of entropy. o ~ ,
v 2.9 'Progosition )
Let (X B ,u) and (X 32, uz) "be two probability spates. Let
\ )
. Tl X1+X1 and’ T2 }(Zﬂ(2 be measure preserving transformations. If 'l‘1 :
ba .
‘f-"’ is homormq)rpbic to’ T2 then h(Tl) 3\_ h((TZ) . ‘ \‘\\, )

Fa

e AT Com A -
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Proof:
—_— ©

Let £ be a partition of (XZ’BZ’ uz) with H(§) < « .

Since Tl is homomorphic to T2 there is a map ¢ such that
? N ’

(Xl, Bl’ ul) R (Xz, 82, uz) and ¢ o0 T1= T20¢ on thg domain of ¢ .

1 - ) 2
(See Chapter 1). Since ¢ is m.p., ¢ i £ 1s a partition of (Xl, Bl’ ul)

and H@ T E) <

-1 =l -1

£)= lgtH( U T7'@

U TR R R
= ugluc v, atos ™he

Thus, h(Tl,¢ £

Since : 60T, =T, ¢ ¢ we have,

1 2
n-1 n-1

_j_ -
H( Yo (7 0 pTHE) = H( Y, @

-

-1, Tgi)E) "
n~1 J n-1 -
H(igo¢'1 0T, 1 ey= me = A T;i £)

n-1 -

B Y, T, D) : by 2.4(x).

-1 _
h(T), 8™ £)=h(T,, &)

*. sup {h('l‘l,a )|H(a) < =} > sup {h('l‘z, ) |H(B)< = }_

Corollary !
If T, is isomorphic to T, .then h(T;) = h(T,).
Proof:

¢

There is a map ¢ ‘such that (Xl, Bl’ ul) +> (xz, BZ’ uz) and

¢ oNT, = T, 0¢ . Therefore T is homomotphic to T and T is
‘\1 2 r 1 2 2 .
o homomoz:phic to T1 . . h(Tl) > h(Tz) and h(TZ) > h(Tl) . ”

N\
e R(T) =-h(T) o

Thus entropy can sometimes be used to show that two maps are not

isomorphic. For 1if h(Tl) ¥ h(TZ) then '1‘1 }’t 'I‘2 .
' LY ’ , g

("] e A e -—

4

B
) =
s e L
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Section 6. The Computation of Entropy

!

In this section, a proof of the Kolmogoroff-Sinai theorem will be

given. Thils theorem facilitates the ‘comput'ation of entropy for many

maps and also shows that for some maps there is a finite partition & ' {7

such that h(T) = h(T, £ ).

., !

Definition
Two partitions a, B of (X,B,u) will be considered equivalent é
(@~ B) 1ff o= B .
Definition . 4 ‘ o ;
For two paréitions o, B of' (X, B, ) we define the map d(a,B) 4 \ :
by d(,8) = H@/B) + B(B/@) . f e !

-
/ .
To prove that d 1s a metric requires the following proposition.

£

i

Proposition o ) §
: » i

| %

2.10
Let a,8 be two partitions of (X, B, u). Then:
o ,
H(a/B)=0 1ff o < B . X . \ :
\\ "
Proof: * " :
\ N . i
Suppose H(a/B)=0 . !
H(AN ) N )
H(G/B) =-1 H ) = U(B)B u‘(\B)B A
ﬁs / AEOL i F
if H(a/B)=0 th
u(A‘F\\B) log uans) 0 for eve} A€a,BER, Then ) .
u(B) u(B) : ‘ i
H(ANB)=0 or u(ANB)=u(B) i
. O ' 1 ) L;
e a<B 1
: o . 3
Suppose o < B. Then for every A€o , BEB, u(ANB) = 0 or ?
. N .
W(ANB) = u(B) . Then wW(ANB) 1oguﬁ'—(§%l =0. .. H@/)=0. O

sl et itk BERS iRl a T4 ¢

R L
AR v s Tea 8 9 I - N »
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2.11 Proposition

Je— T i

The map d on the space of équivﬁience classes of partitions of

(X, B, u) . is a metric.

Proof:

1) (d(a,B8) > 0) since H(a/R) 3.6 and H(B/a) >0, d(a,B) >0 .

2) (d(o,B) = 0 1iff o v B). If d(uo,B)
0 0 . 0 . °
Then ¢« <8 and B<a .".a=f .".avp. If d~ B then a=
then. . H(a/B) = H(B/a) = 0 .°. d(‘a,B)ﬂ= 0.
3 »BG,B) = d(B,a)) Since
d(a,B) = H(a/@% + H(B/a) = H(B/o) + H(a/B) = d(B,a) .

4) (d(a,y) < d(o,B) + d(B,Y)). Let Y be a partition of (X, B, u).

H(a/y) = H(avy) - H(Y) ' by 2.4(11).
H(avy) <H(@V BV Y) " by 2.4(iv).
Thus, H(a/Y) <H(@v BUY) - H(BUY)

+ H(BvY) - H(Y)

=H(a/BVY) +'H(B/Y) by 2.4(11).

<H(a/B) + H(B/Y) by 2.4(v).
. Similarly, -  H(y/o) <H(Y/B) + H(B/0)
Thus, ‘ d(a,y) = H(a/Y) + H(Y/0)

<H(a/B) + H(B/Y) + H(Y/B) + H(B/a)
= H(a/B) + H(B/) + H(B/Y) + H(Y/B)
=d(a,B) + d(B,Y) . |

d(a,y) <d(a,B) + d(B,Y) . ]

If T:X+*X 1s measure preserving, we may regard h(T,0) as a map

‘which acts on finite partitions by the rule o + h(T,a). The foliowing \

proposition states that this map is continuous, a’ fact which shall

- -~ -
! '
. Ve b -
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0 then H(a/B) = H(B/a) = 0.
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prove useful.

2.12 Proposition
The map h(T, ) on the space of finite parititoms of (X, B, 1)

S

»
is continuous. &
Proof: R .

Let &,B  be finite partitions of (X,B, U). Then,

<

* h(T,®) ~h(T,B) <H(a/B) and h(T,B)-h(T,a) <H(B/a) by 2.7(1i1).
Thus, |h(T,8) - h(T,B)| < max {H(a/B), H(B/®)} < d(a,B).

. |n(T,a) - h(T,B)| < d(a,B) . Continuity of h(T,+) follows. O

Definition ' . .

The set of“equivalence classes of partitions of (X, B, u) with

7

finfte entropy together with the metric d will be denoted by F.
The following proposition shows that we can approximate (in the

d—metric_sensg) any member of F by using finiteypartitions.

2.13 Propositions

The finite partitions are demse in F .
Proof:

Let o = {AI’AZ""}E F. Write aq = {Al’AZ"'°’An-1’Bﬁ} wheie

= - U
B X (Al A

N zLﬁ"JJAn—l)' Clearly gn_g V] aqd so, by 2.?0

H(an/a) = 0. Thus,

d(a,an) = H(a/an) = H(at!an) - H(an) " by 2.4(11)
» ) | f gfi) - H(an) since an‘i a.. ‘
- o). = I, ua)) log u(a) + u(B ) log u(8,)
n-1 -]
+ H(a) = 151 H(A ) log u(A)) - i‘En u"(Ai) log u(A))

4

O e T A MR © N = - ~ Fha® oy Wl te ol i aw
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. . : | 4
= 3.) - L
So, d(a,0 )= u(B ) log M(B,) - .2 WH(A;) logu(a,)
CD
Since o€F, H(a) <>, Therefore i‘ u(A ) log u(A )+ 0 as n -+,
-1 o
And, since uB )=1 - Z (A ) '
u&Bn) +0 as no+x
Thus U(B ) logu(B )+0 as n +# .,
) n - n 3
d(u.n,u) +0 as n =+ o , ) 0
2.14 Proposition ([7]) %
Let, kKEN € >0 . Then there is a & = 6(k,e) such that for , 3
any two partitions o= {Al’AZ""’Ak} o ] :
. ’ i
. ‘ = *
J : B {Bl,Bz,...,Bk} o
with 1“1 U(Ai A \Bi) < § we have the following: o : ‘ :
- . R 3
1) d(o,B) < € | ' |
11) [H(@) - H(B)| < €/2 L
111) |h(T,a) - h(T,B)| < €/2 .
for any T:X*X m.p. N ,
Proof: \\ 5
1) Define the partition ¥y .by: “\ ‘%
e k =
= N % u{ U N T
Y {Ai lei i} {1—1 A,NB,} o
Then . QVB =yYyvg -~ - . R ‘,‘_::
k i-l 1;: . i
F\ = N + (] , 8
izl .li
n: + N
and =1 LJ(Ai Bj) =141 U(Ai Bj)

_<_11(A:L - Bi) < u(AiABi) for eac%l i.

: k
ko
Thus ifj WA NBY) <) u(A AB) <6

-Lwa SRR S —— ST

-
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So, Y ﬁas k(k-1) sets of total measure less than § and one set of
measure greater than 1-&8 . Thus

H(y) < - (1-6) log (1-6)

)
- Glog————k(k_l)

Thus if we choose § small enough ﬂ(y) < gf2, Now? since
H(B) + H(a/B)=H(av B) = H(BVY)
<H(B) + H(Y) < H(B) + ¢ we have
H(B) + H(a/B) <H(B) + €
Thus H(a/B) <e/2. . ’
And, H(a) + H(B/a)=H(av B)=H(avY)

<H(a) + H(Y) < H(@) + /2.

Thus H(B/a) < e/2. . ' . -
Therefore d(a,B) <€
i1) H(a/B) = H(av B) - H(R).

‘ H(B/a) = H(av B) - H(a) by 2.4(44).

Thus [H(a/B) - H(8/a)| = [H(a) - H(B)]

But |H(a/B} - H(B/a) | <e/2

|H(a) - H(B)| <e/2.

> iii) From the proof of Zﬁtr

[n(T,a) - h(T,B)| < max {H(a/B), H(Bla)}< e/2. O

-

Definition

Let £ be a partition of (X, B, u). The algebra formed by taking

arbitrary unions of members of £ , denoted A(E), will be referred to

as the algebra generated by £ .

Definition

Let A,C be sub-algebras of B . Their join, denoted Av(C, 1is

it ool [RRRY S . or PR L - . S A WM R L .

#
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the smallest sub—alg-ebra of B containing both A and C. . If {Ai}iEI
is an indexed set; of algebras, then igIAi is the smallest algebra con-
taining every Ai .

The following proposition is an existence theorem which states that
finite partitions which are subsets of an algebra which generates B
can i)e used to approximate (in the d-metric sense) any finite partition
of (X, B, u).
2.15 Proposition ([241])

Let B0 C B be an algebra such that B(Bo) =B . If
Ak} ig a finite partition of (X,B,u) and € > 0, then
there is a finite partition A of - (X,B,u), A= {Dl’DZ"""’Dk} c Bo .
such that d(a,A) <€ .

The following theorem serves as a computational device in its own
right and 1s also useful in proving the main theorem of this section.

A

The theqrem states that if a refining sequence of partitic;ns in F
generates B then the entropy of a map can be found by means of a limit-

ing process. Part(2)of the proof shows that h(T) = sup{h(T, a) | o finite} .

2.16 Theorem

(WX

0
<
Let o 29,

[+ ]
That is, B = B(ngl A(an)). If T:X+X 1s measure preserving then

3 S e

o, < be a sequence in F which generates B .

2

h(T) = 1im h(T,c ) .
N0 n

Proof: ([71)

Let £€F , €>0 . Then by 2.13 there is a finite partition "B
such that d(§,B) < € . From proaf of 2.12, |h(T,E) - h(T,R)| < € .
Thus, h(T,£) < h(T,B) + € . Thus, h(T,£) < sup { h(T,B)| B finite} since

€ 1is arbitrary. Thus sup { h(T,E)|5€F} <sup {h(T,B)|RB finite } (1)
£



B <0

since EEF is arbitrary. ’ !

i

Thus h(T) = sup {h(T,E)| EEF} 4 - N\

A

sup {h(T,B)| B finite} .

But, since BEF for every B finite we have
sup {h(T,B)| B finite} < sup {h(T,E)| EEF}
Thus h(T) = sup {h(T,B)| B finitel}. (2)

Since ane F for all n>1

h(T,an) < sup {h(T,E)|EEF}= h('r)‘ | ‘ :

Thus, h('I‘,OLn) < h(T) for every n > 1 ‘ (3)

Let € >0 be given and let <«

{Al’AZ’ .o .,Ak} be .a finite
partition of (X,B, u) . Let B0 = __(_/l A(an) . By 2.15 there is a

finite partition A = {ﬁl,Dz,...,Dk} - Bo such that d(a,A) < e .

Since A 4is finite there is some n such that A < a - Thus, by

»
o Yn e Tk RN AR B, S % -

2.7(11) h(T,4) < h(T,@ ). From proof of 2.12 |[h(T,a) - h(T,A)| <€ .

\ Consequently, h('r,an) > h(T,A) > h(T,a) - €. , (4) }i
0 0 0 :
\ Since oy < a, f_a3 < ..., we have by 2.7(ii) ”g
.h(T,al) _gh(T,az) f_h('r,a3) < aee . "

Thus' sup {h(T,a )|n > 1} = 1im h(T,a ) < = - (5)
n - o n’ =

Since € 1is arbitrary we have by (4) h(T,a) < sup{h(T,an)in > 1}

But <o 1s also arbitrary so,

sup {h(T,a)| o finite} < sup {hu('r,an)ln >1} .

By (2) h(T) < sup {h(T,a )[n > 1}
By (3)  sup {h(T,a )|n > 1} < h(T) . '
By (5) lim h(T,a ) = h(T) o

nr° n

The next theorem 313&{3 that for .some maps there is a partition a

such that h(T) = h(T,a) .

. - T
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2.17 Theorem (Kolmogoroff-Sinai)\

r

Let T:X+X be measure preserving. If there is a finite partition
e .

@ such that B= B(V, T ') theh h(T) = K(T,a) . !

Proof:
n-1
= ’ > <
Let o 1¥o T o for' n>1. Then o <o .

k-1 .
By 2.16 h(T) = 1lim h(T,o_). By 2.7(v) h(T,0) = h(T, V., T i'Ol) for
no° n =0 .

for every n .

a

k > 1 . Consequently, h(T,a) = h(T,an) for n>1. Therefore
h(T,a) = 1lim h(T,a_ ) = h(T) a
n-+ n

We can use this theorem to compute thé entropy for Bernoulli shifts,’
Markov éhifts and maps on the unit intermnal of the real line.
' Example 1 ‘ | \
Let T:[0,1) 0,1) be given by T(x) = 2x (mod 1).
*The collection of intervals of the form [a,b) with dyadic rational
end'points generates the class of Borel sets B({ 0,1)) since the dyadic'

. b

rationals are dense on the unit interval.

Let a = {{0,®), [3,1)} and let
n"l -i A s
a = igo T "o - Each o is of thg form o
~ n a
Cffoly (1 2, 2P ' ;
) . . dn ({[ 0,2nb),[ ) , 2n)-,...,[ , DY . ;3

Let [a,b) be an arbitrary dyadic rational interval where

.‘\
:
R S 3
21 22 2 1 ‘E
\ .

1 2 2 \ﬂ\

.

~ . .
. f
. ' B
| *
\ .
R~ v e s 1 N | e e beaer e e ey oS . oo IR T

2
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Proof:

RIS A b s SR

n,-n n,~-n .
_ 2t a2, 4 ~

Since a = ,

My

2

\ S T
+ +...+

and b = 2 » ka L

2
[a,b) 1s a union of members of @ for n= max{mk,nl} .  Thus every

open set in {1’6‘,1) is an at most countable union of members of
ngl' A(an) . Thus B([O0,1)) C B( n‘-vl A(_an)) . Since every member Pf o
c ]
is a Borel set B(n__(jl A(o:n)) - B([ooo,l)) . Therefore
B([O0,1)) = B(n.gl A(Otn))-

Using 2.17 glves h(T) = h(T,q). With Lebesgue measure we have,

n-1

n(iy T—i Q) = —Zn(—l— log i-) = nlog 2
=0 n n
[y 2 2 .
Then h(T,a) = 1lim 1 (nlog2) =1
. - n—)'m n

We could have also used the fact that {an}:=1 is refining and
generates B([0,1)) and utilize 2.16.
The next two examples use the Kolmo‘gor‘:off—Sinai Theorem to derive‘,

the entropy for Bernoulli and Markov shifts and are stated as propositions.

2.18 Proposition

Let T = (po,pl,. .o ,pk_i). The two-sided Bernmoulli T-shift has"
k-1
- &
entropy =0 Py log Py -

| /
Let XjL- {0,1,...,k-1} be the state space. : ./

Let o = {O[ 0], o[ 11 ,... ,0[ k-11} be a partition of the sequence

I

space. (
n " ’

et a = .,V oa n=:0,1,2,... and 0 1is the shift on
) n {=-n

{\Q,l,..;,k—l}z . It is clear that «

<.l
\ 2 %0 2 2 We need to

ul

<o, <

1

W
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show that this refining sequence generates B.

an contains all cylinder sets of the form -n[ a

cs a8y,
-n’" %0 )]

n
where aiE X- for each 1. A(an) contains all the unions of such sets.
Basic sets in the product topology are of the form

e XX XX XU XU X,..XU X,,.XU XXXXX,..
-m -m+ o .m

1
where Uj C X (not necessarily prope_r) for each j . If A {is .a basic
set In the product topology then for some n, A€ A(ozn) . Thus all

basic sets are contained in ngo A(an) . Thus all open sets are also

contained in 0 A(a;_l) . Thus. B = B(ng0 A(an)) . Therefore,

h(o) = h(og,a) by the Kolmogoroff-Sinai W

1 n-1 -1 ' e }
h(o,a) = %ig = H(ig0 g a) . s 1
. . n-1l -1 ' 4
Let O[ io,il,... i I be a prical member of 130 oo . ‘
u('o[‘io’il”""'in—ll)z Py Py +e0Py . Thus_
o1 n-1
n-1 k=1
-1z z (py -..p ) log (p, ...P ) :
Bedo O O~ 1 et =0 Yo" e o T \
E:
k-1 K
=~ z —nlpPy oeop Mlogp, +...*logp ] :
. Agelpreenty =04 P 1 L %
k-1 'f
=~ z =n Py ++.P logp
io,il, ...,in_l 0 io in-l io.
k-1
- z 2q Py +«.D logp
io,:!.l, ...,in_l 0 io in-l il
k-1 \
Y- z =n P, +e.P logp
io,il, s ’in—l 0 io in—l in—-l
L
kEl kEl
== 2o Py logp, -, 24P, logp .
5 ‘ io 0 io 10' il 0 il 11
- 4
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4

1
0

t

Thus ‘ ;H(i__v

~

Therefore

By replacin

the following:

Coroﬁlarz
/
‘Let w= (p
k-1
entropy;‘- fEO P

2.19 'Proposition

Let ™= (p

The Ewo—sid
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k-z-l . R -

) ey =0 pi 1ogpi
n- n-1

n-1 1

k=1 ‘ ,
=-n ko pylogpy
k=1
a)='3£o p; logp,
k=1 . 3
h(o,a)=- X p, logp, = h(o) \ a

oo
and v g "a by

i=-n /,

27 o . \

: \
4?Pys+++Pg_;)+ The one-sided Bernoulli shift has

-i
ag

-

n
g 2 by N fgo d " o we obtain

»

ilogp1 .

k-1 X
o?pl""’pk—l) and P = (pij)i,j=ﬁ 1
\

: , _
: ed Markov Tm,P shift has entropy} ~1,3=0 pipij logpij
Proof: ‘ '
N \ - o
We let o and a be as in proof of 2.18. Then B B(ngo A(an)).
Consequently, by the Kolmogoroff-Sinais Theorem h(c) = h{(c,a) . We have
" 1 n-1 -1
h(o,a) = l_j;g ;H(ivg g ~a) ‘ \
n-1 -1 !
A typical element of rgo g "o 1is the form omio’il’ in-ll
ith s H(n‘T/l ol =
w measure p, P P cesP . o, Y
io 1011 ili2 inrzin—l 1\0
- k-1 . .
- z =g Py P <+ P log (p, P edep )
L EER L L T S ) to Loty 1 iaotnng
k-l /rJ '
= - z =n P; Py P« (logp, + logp +..tlogp
Losdpsmsty =0 Pagfaot, = Pe A3 19 o1 . Ta-21a-1
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k-1

- L P, P eeasD logp
Lootps oty POPLPaL, P 1 151;

= v e . . A
k-1
- L =g Py Py { w+rP logp .
tordyrmady 70 Ty il Tl T ot
k-1 L

‘Z = ' N Y
Using =0 pij 1 gives ‘

k-1 :
- b —n Py Py 4 +e.P logp
1godgsesi =0 F4F101, 70 1 o i,

k~1 k-1 k=1 -

=_- L ’ z = I 5 =
=0 pilogpi. Using 50 pij 1 and =0 pipij pj

k-1
- T =n P, P eesP logp
Tordpreesd 70 Tt T 1oty
k-1 .
==y Lyog Py Py logpyy

- igedy o loh1 01

k-1.

_— z =g Py Py 4 **P logp, .

T g tpeedy 070 Tio gty T pl n-2"n-1

Lokl ) ~ °
= = =q P P log p

in--2"in—l 0 in—2 n—Zin—l n-2"n-1
. ‘n~1 '—i-'-i n-1 k-z-l

Thus H(i__QO o) = -igo pilogpi—(n—l)i,Fo pipij lngij

3

n-1 k-1 k=1

1 1

Thus =
n

n
) o k-1,

=N -
Therefore, h(g,a) 1,§=0 P1Py4 108 Py,

[ S

=" h(o) . . /

iy =31 -@h I
lgdp 00 = 7 40 P4 108 Py = ()4 §og PyPyy 108 Py -

S T A T B W e ot T
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Corollary
k-1
o - Z \
The one sided TT,I” ‘Mgrkov shoft has entropy 1,30 pipij log pij .

We shall use the entropy formula for the Bernoulli shift to compute

“the entropy of the following map on [O0,1] .

Example 2 ' ’

Let (I, B, m) be the measure space where I = [0,1]1, B .is the
Borel class, and m 1s Lebesgue measure. Let (X, B(X), “ﬂ) be the
measure space where X = {O,l]'N , B(X) 1is the Borel class, and M is

the Bernoulli measure with 7 = (q,1-q)° for 0 < < % .

-

Let T:I+I be given by . -

' % x€( O,Q] . -
JT(R) =
1-x .
174 x€[q,1] ’?&
and 0:X*X 1is the shift on~ X .
It can be shown that T i1is isomorphic to ¢ and thus by 2.18

b(T) = -qlogq - (1l-q) log (1-q). , .

.Llet I = [0,q9] and I, = [q,1]. Define y:X*I by

]
= ] —n . (3
lp(<\xn >) o T le.l . It ’is clear that for each pair 1,1€ {0,1}

T(Ii) 21 Let <xn>EX be arbitrary and k > 1 . Then

3

rarlr onnr*rte stnee TNI )2...2TC .

Y21 .
x x K o) kk—l_'xk

o 1
-n o
A
Consequently, the sequence {n=0 T Ixn }kgl is a nested sequence of

compact sets since I, and I are closed and T 1is continuous.

0 1
[>~] .
Therefore, nQO T Ix ¥ ¢ . To show that P(< X >) consists of exactly
one point let A = min {:11- , i%& }. X 1is the least value the slope of
. k, -n
T has on [0,1] . Suppose x,yEnQO T Ixn . Then
l'l‘n(x) - Tn(y)] > lnlx - yl . Since Tn(x) and T“(y) are in the

;’
5
I
i
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same interval for 0 < n <k we have ITn(x) - Tn(y)] < max {q,1-q} =% .

~
a3
L e s 'ze-‘“"‘ s - ii i

1 ) 1

- —_— <n < . - <
Thus |x ! < oy for Q <n <k Consequently, |x - y| < )\k+l ;
e} !
-n 1 :
If x,y€ nQO T . Ixn then [x -y| < —;‘—k*'—l for every k > 1 . - ‘
|
Therefore x=y. It follows that ¢ 1is well defined. ‘ , i

o xn - yn \
¥ 1is continuous. To show this let d(<x >,<y > =% nt+l
‘ n n =0 2

be a metric on X (d 1is compatible with the topology). For

. " 58 7 ki

1 . 1 :
d(<x >, <y >) < Nl v (< x ) - w(<yn>)l<?<— . Therefore |
is continuous.

Let D= U, 3 {q}. m(D) = 0 since D 1is countable. w_l(D) /

consists of those symbol sequences terminating with 1000.... Since w-l(D)
is countable, i (§7(D)) = 0.

Let Ml = x\ w_l(D) and M, = I\ D. Suppose < xn>,<yn>‘E Ml and

> ¥ < >, = < > = < .
<X Yy Let x = Y( X ) and 'y = Y¥( Y >) Since .

< xn> . <yn>EM ‘, (%) * qQ and Tn(y) ¥+ q for every n . Thus ’ !

Tn(x)‘?E I; and Tn(y)E Io, for all n where IZ= [0,q) and
n gn ©

o -n .o -n _o
= = N = N
I1 (q,1] . Thus x = 0 T Ix and y n-‘-OT Iynr. Since
<x_>#<y > there is some j§ s.t. x, % y, . Then 'I‘j(x)EIo ,
n n j j xj
Tj (y)€ 1° and 1° N 1° = ¢ since x, ¥y Therefore x ¥ y and
Y5 xy Yy ] i
lle is 1 ~1 . Let x€M2 . Then there is some <xn>€X s.t..
1 © @ -
T'(x)EI. for every n . Thus x€ N0 T2 1° ¢ o 1% 1
X n=0 X~ n=0 X
Consequently, x = Y(<x_ >). Therefore, IJJI M, M is onto and thus
n Ml 172

a bijection. ) ) | l

- T L]
To show (I,UIM ) ! is continuous let € M2 . For some <zn>€X ’

1
z P(< z_ >), Since z€ M2 s Tn(z)e I: for every n . Therefore "

X L0 .0 n k -n _o
z= 0D T I° . The restriction of N T I to M, 1is open N
n=0 z =0 z 2 . '

in the supspace topalogy for every finite k . So, for each k there

-

4
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. K

=N o]
and l 14 z l 6] hen 4

.t. (S5
is a 6k>0 s.t ifyM2 0 Iz

T -1 -1 1 -1 n
us d((w[M ) (z),(lp{M ) Ty < 5 - Therefore (lblM ) is
1 1 2 1

continuous. Consequently, is a homeomorphism.

w|M1:M1+M2
Since wlM is a homeomorphism it maps Borel sets to Borel\sets.
1

\

All cylinder sets o[ ao,al,...,an] (restricted to Ml) together with ¢ -

~

form a semi-algebra which generates B'(X) = (BN MlIBE B(X)}. The
images of suchvcylinder sets under WIM form a semi-algebra which

1
generates B'(I) = {BﬂleBEB(I)}. Thus to show w!M is invertible
1

measure preserving it is sufficient to show that u“(O[a ,a | =

0,ay, RERL

m(\MMl(o[ao,al,...,anl)) for each cylinder set., Let o[ao,al...,an] be

arbitrary. u_([la.,a,,+..,a 1) = p P ...p < Yl -
mo “0'71 n ay “a; a Ml(olao,al,...,an])
° N le 12 n,..nt™ 1% vhich has Lebesgue measure
a a o a
0 1 ; n
m(If:l ) m(IZ )...m(IZ ) due to the linear character of T. This equals
0 1 n
Py Py P, - Thus w!M is 1. m. p. Comsequently,
01 n 1 .

5B, 1) + (LB W .

It is clear that (Yo o)(« X, >) = (To)(< X >) for every , <xn >e€ Ml'

Therefore T 1is isomorghic to o . Consequently, . N
s
—3 — - E = - -— - -—
h(T) = h(o) =g Pylospy qlogq - (1 -q)log(l~q) .
The invariant property of entropy was used by Kolmogoroff ([15]) to
show that the (%,—;_—) Bernoulll shift is not isomorphic to the (%,%,%)

Bernoulli shift since the former has entropy 1 and the latter entroby
1032 3 . He conjectured that entropy 1is a complete invariant for
Bernoulll shifts, That is, two maps in ‘this class would be isomorphic

if they had the samg entropy: This conjecture was proved by Donald

Orstien'[19] in 1969. His result will be stated here.
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Definition N

A probability. space (X,B, u) 1is a Lebesgue space if it 1is isomorphic

to a probability space which is the disjoint union of an at most countable

} each of positive measure and the

co.llection of points {xl,xz,x3,. ..

g " space ({(o,sl, L[0O,s],m) where L[O,s] 1is the o-algebra of Lebesgue
measurable\ subset.s:. of [0,8] and m 1is Lebesgue measure. s = 1 - t:gl P,
vhere pn is the measure of X, - '

. ¢ .

2.20 .Theorem ([19], p.18-32)

Let Tl’TZ be Bernoulli shifts whose state spaces are Lebesgue
spaces. If ’h(Tl) = h(Tz) then T1 is isemorphic to T2 .

One of the many remarkable things about this theorem is that ,a
Bernoulli shift with a countable stite space can be isomorphic to a

Bernoulli shift with finite state space.




CHAPTER ITI

TOPOLOGICAL ENTROPY

Section 1. Introduction

Thg material in this chapter consists of an introduction to the
notion of topological entropy of continuous maps on compact spaces.
This {s taken from Adler, Konheim and McAndrew [1] .

This 1is followed by a discussion of the variatio;‘ai principle for
t%pological etitropy and the existence of maximal measures. This 1is
taken from Brown [ 6], Parry [ 20’] .and Walters [24] .

Following this, is a brief discussion concerning the classification
’

of maps by means of topological entropy..

Section 2. Topological Entropy of Maps on Compact Spaces

Let X be:a compact topological space. We can define the entropy
of a continuous map T in a manner analog;nus to that used in the measure
theoretié context.

Definition

-For any open cdver o of X let N(a) denote the number of sets
r"':;.kn a subcover of minimum cardinality. A subcover with cardinality equal
to N{(a) 1is called minimal.

Since X 1is compact N{a) 1s always finite and non-zero. ~
Definition

For any .two open covers ' a,8 of X, their join denoted a v f is

given by: ov B ={AN B|A€Ea , BER}.
3

Definition . $
A cover B 1is a refinement of a cover o, denoted o< 8 , if

v

every member of B 1is & subset of some member of a .

D i

o
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43.1 Proposition
If a < a' and B_<_B“ then &UB<0L'\JB'. &

Definition \
Let the set' of all open covers of X be denoted by l.i(\x)/;
3.2 Proposition ,
If a,BEU(X) then a <oavB.
o= av {X} and {X} < B8 . Using Prop. 3.1:\ o= av {X} _<_a;)B .0
We define the topological entrop); of a map T analogously to th;-:
measure theoretic ent.ropy. In the topological settiﬁg open covers take
the place of partitions. Their entropy is defined as follows.
Definition
Let the entropy of an open cover 0o of X, denoted H‘\t‘), be v

3%

given by: H(a) = log N(a) .

3.3 Proposition
Let a,B€ U(X). Then, o < B = N(a) <-N(B) = H(ax) < H(B) .

Proof:
- < ,~
Let {Bl’BZ""’BN(B)} be a minimal subcover of B . Since a < B
there 18 a subcover of «, l’ 2,. "’AN(B) <« N(@) < N(B) . The .
inequality H(a) < H(B) follows. a

3.4 Proposition

let -0,8S U(X). Then o <B=N(aUB) = NB . P
~ H(avB) = BB |
B= {X}vB <avB . And avB < B since for each BE B “there is :

some A€a s.t. BC A, Thus BC ANB and consequently avf < B .

A W i s b e W AT aes e

I & e AR A s (2 i
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By 3.3, N(avB) > N(B) and N(av B) < N(B). Thus N(avB)= N(B)

and therefore H(axv B) = H(B) . O

3.5 Proposition

Let ao,BE UX) . Tﬁen N(azv B) < N(a) * N(B) and H(av B) < H(a) +H(B).
Proof:

)

Let {Al,Az,.. . ,AN(O‘)} and {Bl,Bz, . .‘.,BN(B)} be minimal sub-

covers of o and B respectively. Then {Ain Bj |L<1<N(a), 1<3 <N(B)}

is a subcover of av 8B witt‘{' cordinality less than or equal to N(a) - N(B).
Thus N(av B) < N(a)N(B) . Therefore H(ov 8)'5_ H(OL‘) + HB) . 0O

In the dis;:ussion of measure theoretic entropy the possibility of
de‘fining H(;_Z/(l) T~ a) wis.dependent on T being meaéure preserviﬁg.
This guaranteed that .1:=V0 T_i 8¢ was a partition if o was a partition.

Since we are defining topological entropy 1in a way analogous to measure
theoretic entropy we shall use the wedge product aV 'I'-la V.. .UT_(n- 1)a
and apply the entropy map H to this open cover. We can only be sure

n-1 ‘
that i=V0 T.-"a 1s an open cover if T:X*X 1s continuous. Consequently,

for the remainder of this chapter let T:X*X be continuous. If

1

0EUCX) themn T ~a = {T-l A|A€ QL} is also in U(X)_.

3.6 Proposition
Let a,BE€E UX) . Then o < B implies ’I‘—:L o < T-l R .

Proof:

1 1

BET “B. Since a < B there is some A€o0 s.t. B CA.

BCT lA, Bue THaeTla. .. T la< T

Let T

1

Then T 8. a

3.7 Proposition
Let '0,B€U(X) . Then: 1) T (avp)=T “ow T 18
2) NI la) < N(a) . \

Equality holds when T 1is onto.

o ean e e
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Proof : |
-1 -1 {
1) T “(@vR) ={T "(ANB)|A€a,BE B} .
= {T"lAﬂT‘lnlAe o,BER}

|
=

}
=

2) Let {A sA,s "’A'N( )} be a minimal subcover of o. Then

-1 -1 -
{1 Al’T A2""’T 1AN(0¢)} is also a cover and thus a subcover of

T o . Therefore N("r-la) <N(a) . If T is onto

{1 lAl,T 1A2,...,T'1AN(®} is minimal so equality holds in %b a

~

case. . a

3.8 Proposition
Let o€ U(X). ) . i

-1 ~(n-1) =l oy
Let oV T av.,.vT o bedenoted by __L/ T E\ Then

n-1 =0 N

-1
lim A H( .V T = ®) exists and is. finite. ™~ §
fitw - . .
Proof :
\n_l —i
. Let a = H(i__(_/o T o). Since a >0 for every n 1t is sufficient
+ ‘ I
to show that S ‘ (by 2.5) ’
mwn-1 -1 ' ‘
qrm - By T ® : : f
-1 wwl .
=H(UTauinga) ,3
=1l wn-1
<BGY, T ) RV T Q) (by 3.5)

ol oy ‘
s, v HOT" VT )

- n-1 -1
8, + logWN(T i=VO T ~a)

n-1" -1
S8+t logN(V, T o) (by 3.7)

n=-1
= g +H(i¥0 )—a +an
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W a a
" < + s - -
“Thus 84n St a . nlj{ 2.5 lim— inf{n n> 1}~
-1 .
Therefc?re %ﬂEH(igo T "a) exists and equals ‘
l n_l _i 5 } D E
inf {ZHGY T a)fn>1 . |

We are now in a position to define the topological entropy of a

map with respect to an open cover O .

Befinition N

\

The entropy of T:X*X with respect to o€ U(X) 1s denoted by -

-1
S
H(U) T

.,

h(T,0) and is given by: h(T,a) = lim = a) . .
- S V=3 |

AN

The next proposition shows that the entropy of a map T with

«
respect to 4n open cover a 1is bounded above by the'entropy of the cover.
' t

3.9 Proposition
Let a€U(X). Then h(T,x) < H(a).

5 o ook

Proof:
n-1 -4 . ’
- » - < .
Let a = H(V, T a) asin proof of 3.8. Then a <na . Thus,

a

a
—nE_<_ a, forevery n>1. Since h(T,a)= inf{Tn In > 1} as in proof |
of 3.8 it follows that h(T,a) < a,. But a, ‘-‘, H(a) a .

3.10 Proposition

Let ,BEUX) . If a <f then h(T,0) < h(T,B).

j

Proof: 5
-n -n ) '
By 3.6 T o< T B for every n > 1 .- ‘
n-1 - n-1 -1 . :
By 3.1 - ‘ i__\{o T ¢ < i'—VO T “B for every n > 1.
‘ , n-1 -1 n-1 -1 . )
By 3.3 ' H(igo T a)< n(igo T "B for every n > 1.
) 1ty
Thus h(T,0)= ln = H(J, T ")
1 M
< Un=H(V T “B)= h(T,B) O

B
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Just as measure theoretic entropy was defined by means of a supremum
over -all partitions with finite entropy so too topological entfopy is
¢
defined by means of a supremum over all open covers. ;

Definition

The topological entropy of T, denoted h(T), is given by:
h(T) = sup{h(T,a)|0€ U(X)}
If, in any given context, referefice is made 'to both the topological

and measure theoretic entropy of T then the former will l,e denoted h(T)

and the latter hm(T) where m denotes the meésure being used.
In order to discuss the invariance properties of topologicaﬂ, entropy

.1t is necessary to introduce the notions of conjugacy and semi-conjugacy.

Definition ?
i
Let Xl and X2 be topological spaces and T:L:Xi-'-}{’i continuous !
: i
for 1= 1,2 . 1f ¢:X1+X2 is a continuous map with ¢(Xl)=X2 and §
$0T;"T,0¢ then ¢ 1is referred to as a semi-conjugacy from T, to

'1‘2 and T2 is said to be a factor of Tl . If ¢ 1s a homeomorphism

s

then it is referred to as a conjugacy and T and T are said to be

1 2
conjugate. - o
AN .
The 1invariance property of entropy 1s stated in the following \ =
- proposition.

\ Y] v

3.11 Progosicidn

Let Xl and X2 be compact spaces and Ti:Xi—*Xi continuous o

for 1= 1,2. If T2 is a factor of Tl then h(Tl) Z.h(Tz)' If

. Tl and T2

Proof:

are conjugate then h(Tl) = h(Tz). ' ;

[

If '1‘2 is a factor of Tl then there is a map ¢:x1+x2 which is




continuous and onto s.t.

_ Since ¢

being a member of U(Xl

- 58 =
¢0T1= T20¢. Let Qo€ U(Xz) .  Then
. h(T,,a) = lim l H(n—l )
] 2? <o i—O 2
n-1'
R R | -1
.= Um S HE 1110 ) by 3.7
n- 1
o 1 -1
1 Rl ¢ o
n-1
- 1 -1\ -1
lim < H(,V, '1‘1 e a) = h(I;,6 %)
is onto and continuous the last term is well defined (¢-lor.
}). Thus h(Tz) < h(Tl) . If Tl and 'r2 are
conjugate then h(Tl) _<_h(T2) L h(T ) = h(TZ) ]

Let X be a compact topological space and T:X*X

map.

a continuous

The following proposition states a useful relationship between the

k

entropy of amap T arid that of T for k>1.
, «3.12 Proposition
Let k= 1,2,3,.. Then h(Tk) = kh(T).
-
Proof: & “ 4
Let Q€U(X).
nk-1 \ ' ~
kh(T,a) = klim kH( y T a)
nk-1
- 14 L -1
o THO Y, T
n-1 k-1
. _ 1 -1k -
fm o, T Y T
n-l I - K
=h( jO o kh(T) £ h(T)
¢ n—-1 nk-1
-1k -1
n-l ik nk—l "'i . ' . o
So, H(igo a) § H( igo T "a) - by 3.3
(
-
T iidaiead R XU T SDN O P FOWE S T Y L e i A R ERNIVAN e = n e Paslens¥ 1.3 ™ Sk dey, P




3.14 Theorem ([1])

-1
1.,k . _1 1 " -k
R BT = m o BGYT )
n-1
= 1 ik
1im == H(igo T a)
1 nk-1 -1
< lim = H( igo T ") = h(T,a). '
So, - on™,e) < kh(T,o) . L. R(TS) <kh(T) )
n(T®) = kh(m) a
The next _theorem states an important result for maps which can
be decomposed into two or more pileces {Xi} s.t. T[x (Xi) c X, . The
; e ‘ i
proof requires the following lemma.
3,13 Lemma ([1])
- [e-]
Suppose {a } _. and {b_} .. are two sequences of real numbers
nn=1 n n=1 log a
with a >1 and b_>1 for every n s.t. lim L =a and
log 3. n log (a_+b ) e n
lim L = b . Then lim = max{a,b} .
N0 n nN-»o n

Let X and X, be two closed subsets of X s.t. X=X, UX

1 2

and T(Xl) c Xl and T(Xz) c X2 .
T| and T, = TI
Xl 2 X2

Bl

Proof:

Let 1= 1or 2

1 2

‘Then h(T) = max { h(Tl) ’h(‘TZ)} where

For any o€U(X) the collection of sets (@), = {an XiIAE a} 1s an

open cover of - X:L (in the subspace topology). “ N, will indicate the

i

space whose cover is being counted. Thus Ni((a)‘i) < N(a). And fog\ppen

/
covers o and B of X we also have (avB)i={AﬂBﬁXilA€a,B€Bi=

{anx)) N (BNX)|A€0,BEB} = (a), Vv (B), .

C
T(X,) € X,

Ko e e g\ A, R Sy 3R

Furthermore, since
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Tll(ooi {T'il(m X,)[a€al}

(17tanx ) nx, |acal ¢

-1 a)i o

= (T
Now, let o be an arbitrary open cover :of Xi (with respect to the

subspace topology). There is an open cover ¢ of X s.t. (ct)i = o:i

where o = {A U (X—-Xi) |A€ ai}' . Now, since ‘(a)i = oy we have

T, o, = (T-1 a) Thus,

;-
n-1 -4 n-1 -4
N Gy Ty o) =N Y (T ) .

And since, for any two covers B,YEU(X), (YvR) (Y)iv (B)i it follows

i

n-1 - n-1 -3
tzitl: Ni(jgo(T a0),) = Ni((jgo T~ a))). Distitn:; tflembers of
(J__Vo T—:L Ct)i correspond to distinct members of j__VO T_—j o. Thus
-1 n-1 -3 '
N CGY T @) <8GY) T @) 7 So, we have
n-1 -5 ,n—-1 -4
Ni(jgo T, ai) 5N(jg0 T  a)
. B(T;,0,) < h(T,q)
h(Ti) < h(T) i=12.

Now, let a€ U(X).

~ . . . ,

n-1 " n-1l _ n-1 -
NG Yy T 3o SHGY T Ty + NGy T3 @)
' n~1 - / n~-1 -3
= NG, 7 ) + N, (1,7 )
n-1 _ n=1 - .
= Nl(jgo 1j (_a)l) + Nz(j_.!_lo T,° (@),) .  Thus,
n-1 n-1. - _ n-1 -4
Log Nl T3 o) < log (N, (¥ 17 (@) + N8y T3 (@)

R L S

>

al




o N T s o+ e An——

- 61 - >
. n-1 -3
Now, let a =N (j__UO Ty (01)1)
- ) n-1 -~
( . bn - Nz (jgo T2 (0)2) L .
. 1 . _ .
Then %11‘3 nlog a_ h('I'l,(OL)l)
and HmLiogb = W(T,,(®),) ' ¢
Do N n 2? 2 » //
Applying the lemma gives ' )
: ‘ 1 n-1 —4 !
_ h(T,a) = HmTlegN(yy T o)
< 1imllog (a_+ b )
— nrcon n - n- ’
~ ‘: Iy ! : = max {h(Tl’ (a)l)’h(sz(a)z)} o N !
- . . .
» ) - 3
s h(T,a) <max {h(Ty, (0)),h(Ty @ D
to 'W(T) <max {n(T),h(T,)}
B(T) = max {n(T,),h(T} u

. We can formulate a theorem analogous to one for measure theoretic

-

ent;r;:\py\ -(i.e: 2A.16T) based on the concept of a refining seﬁpénce of covers.
Definition

A sequence f{a_|n> 1} C U(X) 1is refining if

l) 03 n_>_1 * a

<
n — oLn+1

2) For every BEU(X) there is some n s.t. B <o -

3.15 Theorem ' ' -

If {,an | n>1} CUWX) is refining thei h(T) = 1im h(T,a) .

Pzioo‘f:' g i ) -
) . ) i
) ".,' J' -7 h(T) = 8UP {h(T9 B) |BE u(x)} . *
2 Let BE U(X) be arbitrary. Since (.| n>1} dis refining there is

some n s.t. - Bian + Thus, us.ing 3.10,h(T,B) __<__ h(T.an) .

€N AN A R L g 1 A Y Tl PPETPPTR A s R TV e TRl L LR TR UL XN T N C Iy J L2 I
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Thus, sup {ﬁ(T,B) |BE€ U(X)} < sup {h(T,an) |n _>_ 1} = h(T). ~ (1)

Since o <a_,. we have,using 3.10, h(T,an) < h'(T,Otn_,_l) . Therefore,
lm B(Ta) = supta(Ta)la>1). | (2)

(1) and (2) imply 1im h(T,an) = h(T) ’ .0

Sectiom 3. Topological Entropy on Compact Metric Spaces
3, & £

Let (X,d) be a compact metric space. Within the context of such
|

a space we may prove a theorem analogous ,t\o the Kolmogoroff-Sinai theorem.

Definition

'Y
5

a) Let ACX. Then the diameter of A , denoted d(A) , 1s given by:

d(A) = sup {d(x,y)|x,y€A}." : A ‘

b) Lc;t a€ U(X) . Then the diameter of « ,denoted d(a), is given by:
! -

d(a) = sup {d(A)|A€al} .

We shall make use of the following lemma in a revised form.

v
[

3.16 Lemma (Lebesgue Covering Lemma) -

'

For every a€ U(X) there is some € > 0 's.t. UE X and” &(U) < ¢

implies UC A for some Aec;. . to >
(241, p.18) , o '
Definition o

Let Q€ U(X). The Lebesgue number for a , denoted A(a), is given
by X(a) =_sup' {EN> o| UCX and d(U) <e=ADU for some A€al .

The Lebesgue number, toughly‘spea'king, gives the size of the largest

Ay

.

The Lebesgue Covering.Lemma can be réf9rmulate§l -to sult our present
purpose more adequately.

. A

9 - .
#?3 N ’ s ) -
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3.17 Lemma ([1], p.314)

Let a,BE€ U(X). “If d(B)< A(a) then a < B .

3

Corollary

- 1f {an}nGN 1s a sequence in U(X) s.t. o <a ,, and d(a )~0

as n-+> then {an} is refining.

n€N
- -
The following example uses the corollary to 3.17 as well as 3.15.

Example 1
Let T:[0,1] +[0,1] be defined by:

2x x €[0,%) oot
T(x) =

/2—2x x €[4%,1]

»

Let o € ucCo,11) be given by:

- +
. o = {(_15_1.’3__];)|2<k<32n_1}
n o on -5 = .
P <
1 1
v — -
o, =), -—=,11} ,n2>2.
- ; 2 2 .
To show {a_} is refining we first show that o_ < a . Let
4 n - n — ntl
- ntl p-l1  pHl o k-1 Kkt
2'<p_<_2 1. If. ¢ L 2rf+1)-c—:(2n > 2n) for some
2 <k < 2"1 then there must be ak s.t.
k=1 _ p-1 ptl _ kH
< < B2 <
R +1 =
o P 1 L 1 o0

that 1s, 2k <ptl < pt3 < 2kt4 . If p is even then let 2k = p .
Clearly, p < ptlp+3 < pt4 . If p 1s odd then let 2k = p+l .

: - 1 -.3
Clearly, p+l < ptl< p-li'3 < pt5 . Let p = 2 then (;E_;_—l-, ;__nri-) <

1 1 : 1
[O, n_l)Gan . For the sets [0,211)6501.n+l and (1 - -2—5,1] Ecxn+1

we have [O,—l—) - [0,——£—)Ea and (1 - —l-‘, 1] € . . Consequently,
2n - 2n—-l . n . 2n n L .
@« fa, forevery n2>2. \Furthemore d(an) = o1 Thus
* d(c. ) -0 as n -+ o, L {o_} 1is refining.
- n n \
«
\ )
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S :
Let Sk = N(1=Vo T an) for n fixed. Then Sk+l = ZSk - 1 and since

S_1 = N(an) we have Sk+l

=2k‘N(0Ln)—2k+l for k >1 . Thus

\,
AN

= 1 = 1
h(T,OLn) 1l(_:f;gi " log Sk i_i’g ) log S

K+l
) 1 k k S t
= —_ - + = H
1]gim ey log (27N (o) 2 1) 1
By use of 3.15, h(T) = 1 .

We shall use the notion of a generator ¢ for a homeomorphism T .
Such generators, when they exist, facilitate the computation of h(T).

Let (X,d) be a compact metric space. ToaA

) Definition

Let T:X*X be a homeomorphism., A finite o€ U(X) 1is a generator

for T 1if for every sequence {An};_w of members of a the set
o«

-n -
N A contains at most one point of X .
e T n P

3. 18 Proposition

If T:X*X 1is a homeomorphism and o€ U(X) 1s a generator for T

N
then for every € > 0 there is some N > 0 s.t. d(n=t{-bf T° a) <e .

Proof: ([24], p.138) -
. - o N

By contradiction. Suppose there is some € > 0 s.t. d(n=ZN T-na) >e

.

for all N= 1,2,3,... . Then for every 3 = 1,2,3,... there is some

’yj with d(xj,yj) > € and a sequence {Aij}?F-j of’members of o

*3
j s : “\.—/
with XysYy Gig_jT Aij . There is a subsequence {jk} of natural

numbers s.t. xj +x and yj +y since X 1s compact. There is an
k k

€ distance between all pairs xj,yj thus " x#¥y . Consider the sets

Aoj . #Since o is finite at least one member of o repeats infinitely
k

often. Denote one such member bi Ao . Thus x, ,y EAO for infinitely

many k and thus x,yEZo . Similarly,/for each n€Z there is a

e
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member of & , denoted A ,s.t. x,y€ T ™A . Thus x y€& R T A

iA y n ’ . » n Y =— n .
But x # y . Therefore a 1is not a generator. Contradiction . 0

3.19 Theorem

If T:¥+X 1is a homeomorphism and o is a gen;erator for T then
h(T,®) = h(T). ‘ g -
[Proo : |

Let BRE U‘(X)Nﬂ with Lebesgue number A(8) . By 3.13 we may choose

N>0 s.t. d(_Y T " a) <y(B) . Then, by 3.17

N
-n
<
B n=V-NT o. So,
N i ¢}
h(T,B) <h(T, V, T  a) '
ny kel N
T | -1 -n
' Lm - Y T Y T @)
N NHk-1 '

]

-n
&RH(J_N T a)

L oy Wl
Lim £ RCT Yo T

N+k-1
_ WNH-1, , 1 -n
Hm gD By T @

]

h(T,a).
h(T,8) < h(T,a).
And since B€ U(X) 1is arbitrary it follows that h(T) = h(T,a) . O =

If we assume certain suitable conditions on a homeomorphism T we

v

can show that generators must exist.
Definition | . -

A ﬂoméomorphism T:X*X 18 expansive if there is some § > 0 s.t.
for every pair x,y€X (x ¥ y) there is some n€Z s.t.

d(Tnx,Tny) > 8. The number § i1s referred to as an expansive constant

-
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for T .
3.20 Proposition ([ 2:_{;] , P.137-139)
If T:X*X 1s a'ﬁ’gmeoomorphism then T 1is expansive 1ff T has a
generator. o

Proof: N -

.

Suppose T 18 expanding and § > O is an expansive constant for T .

Let o€ U(X) be a finite cover by open balls of radius §&/2. Suppose
o]
—n -

n n .

x,yeng_w T An where Anea . Then d4(T x,T y) < ¢ for all nea.)
Since T 1is expanding x=y. .'. <« 1is a generator.

Conversely, suppose o€ U(X) 1s a generator for T. Let 0 < § < A{a)

(see Defn. p. 62), 1If ::I(Tn x,'l‘n y) < 8§ for every n€2Z then every

open interval with the pair ™ x,Tn y as endpoints must be contained

in some. member of o . Thus, for every n€Z there is some Anea s.t.
n n 2 .- ®  .-n -

T° x,T y€ An .  Thus x,yen;_ﬂ_w T An . Since nzﬂ_m T An contains
at most one point x =y . Thus T 1is expanding. 0

3.19 will be used presently to compute the entropy of shift

maps.

3.21 Proposition

Let Y= {0,1,...,k-1} have the discrete topology and YZ the
product gopolog&. Define O:YZ+YZ as in Chapter I Sep. 4, 'i‘hen
h(g) = logk. ‘

},et Aj = o[d;]'] with § = 0,1,...,k—l.' (see Ch.1l. Sec.4). Then
o= {Ao,Al,...,Ak_l} is a generator for o . By 3.19 h(o) = h(o,n).

n-1 1

h(o,a) = lip % BCd, o Ta) = %;g% log k™ = log k Q

We shall define the topological Markov shift in a manner analogous

!
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to the usual Markov shift and then compute its entropy.

Definition

A k X k matrix A with non-negative entries will be called

irreducible if for each pair 1,§ = 1,2,...,k there is some n s.t.

(n) . (n)
aij >0. aij
Definition

is the (1,3)-th entry of A",

Let A= (aij)i-}=o be a k X k matrix with entries in {0,1}.

Let Y= {0,1,2,...,k-1} have the discrete topology and Y2 the. product

topology. Let X, C YZ be given by X, = {(y )E'Yz|a = 1}.
A — A n
n’ntl
Let GA be the shift on XA' The system (GA,XA) 1s referred to as a

two-sided Topological Markov shift. If we replace Yz by YN the

system (OA,XA) is referred to as a one-sided Topological Markov shift.

Recall that a k X k matrix which is irreducible has by 1.7 a
largest positive eigenvalue.

Let A be a k X k matrix with non-negative entries.

3.22 Proposition

If (OA,XA) is a two-sided topological Markov shift and A 1is
irreducible then h(GA) = logA where X 1is the largest positive eigen-

value of A.

Proof: “

Let Bn(XA)‘ be the number of cylinders 0[io,il,...,in_ll which
are non-empty subsets of XA' Then GnCXA) is the number of n-tuples
(1.,1.,...,1 ) s.t. a a - | = 1. Thus,

071 n-1 11, "1, S
kzl
8 (X,) = =n & a ee.a
P TS S 75 M It P N
- k=
= kgl A1) zl a(n-l)
iO’in—i_o iOin-l 1,§=0 "1ij

b owas s s 4o tmaleedeats el s L - ~ LR Feawes
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Define a norm on k X k matrices by: |
k-1
H(bij)i’j=0|l= i’§=0|b1j| . Then,
0,k = [ A7)
for every n since the entries of A are non-negative. !
The set o = {0[0],0[1],...,°[k—l]} is an open cover of X, 1in

A
the subspéce topology and 1s also a generator for GA. So, by 3.19

H

h(cA,a) = h(cA) .

n-1

- 1 -1
h(cA,a) %ig = H(i;6 A o) and
n-1 -1
N(iéb 9, a) = Gn(XA) .,s?,

- 1 = 1 n-1
. h(UA,a) = %33 — log Gn(XA) %ig n log [[A°77]

Now, using the Spectral Radius formula (Chap.l Sec.7) we have

) et e e

Ltm | <o) = 2 ;
g 3 log [a%70] = 1n @y Lo a0y
= lim log ||A" 1”1/n o log A . O

We can establish results corresponding to 3.21 and 3.22 for the

corresponding one-sided shifte. Suppose Y = {0,1,...,k-1} and (T,X)

L34

is either (U,YN) or (GA,XA) where A 13 an irreducible matrix. We

observe that the cover a ={o[0],0[1],...,0[k—l]} has the property that
[ -] - —
N T A has
=0 n

at most one member in X ., Utilizing the methods in the proofs of 3.13

oo
for any sequence {An}n=0 of members of & the set

and 3.19 we may conclude that h(T) = h(T,a). Thus we have: L~

A0 AR e TIBAS 5 eI A ” I R e I X v
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3.23 Progésition
Let Y= {0,1,...,k-1} have the power set topology and ¥ the
product topology. Then:
1) If U:YN+YN is the one-sided shift on YN then h(g) = logk
2) 1If A 1is an irreducible k x k matrix and OA:XA+XA is the one-
sided topological Markov shift then h(OA)= log A where X 1is the

largest positive eigenvalue of A.

We can use the entropy of the shift maps to approximate the entropy

of certain maps on the unit interval. This will bé demonstrated in

¢

Example 2.
Suppose I 1s the. closed unit interval, B(I) is the class of
Borel sets and U~ is any normalized measure defined on (I, B(I)). If

k
C = 4 =
{x} .o €1 is a set of points s.t. 0= x4<x;<...<x = 1 then this

set induces the partition {[O,xl),[xl,xz),..., [xk_z,xk_l),[xkll,l)}

on (I, B(I), u). Where no ambiguity can arise the set {xnfng“‘will

also be referred to as a partition (of I). \

,*

—

Definition

T e et 2 e

&k kbt R e btk d et b h

RO S

e

Suppogse T:I*+I 1s continugus and oﬁto. If there is a partition

k

of 'I which contains all the extremal points of T and
T({xnl) E_{xn} then T shall be referred to as a Markov map. If T
is also linear on the intervals [O,xll, [xl,x2] ) v ’[xk—I‘l] then

/
T will be referred to as a linear Markov map.

v

Remark .

Suppose {xn}§=0 is a partition of I and G 1is the set of ordered

pairs {(xo,yo), (xl,yl), vee s (xk,yk)} where yie {Xn} for each 1 .

Then G unlquely determines a linear Markov map T:I*1 where G 1s a
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subset of the graph of T .

v

. Example 2 '

Let T:0,1]+[0,1] ©be a linear Markov map defined on the parti-

tion {O,k,i:g’i} s.t. {(e,o)’(k:1)9(é,0)’(2;i)s(1’1)} is on the

graph of T . Then T has a graph of the form

AL
: [\
[ 1 \/~

Let I, = 1{0,2] I, = [4,3]
I, = [4,3) I, =1%,1]
Let X = YN with Y= {0;1,2,3} and XA = YN is all sequences allowed
by «
1 1 1 1
A= 1 1 1 1 ’ .
1 1 0 O *
0 0 1 1
= > z .,
where aij 1 if T(Iizo—lj and a4 = 0 other:vise Define the map
. = N -n .
‘P-XA"I by (< X, >) n=0T Ix . By the same -argument as in Eg.3 Ch.II

n
VU 1is well defined and continuous.

Y 18 clearly onto. If x€ Ii then there is some j s&.t. 'T(x)€ Ij

and aij = 1 . So there is a sequence <xn>€X

n
A s.'t. T (x)EIx .

n
Then ¢ (<xn>) =x .

= €
Since (T o ¥) (<xn >) o UA)(<xn >) for every <xn> XA

it follows that T 1s a factor of Oy - Thus h(T) < h-(oA)'

Sl
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N
Using the Spectral Radius formula gives the‘value 3 for the
. ]
largest positive eigenvalue of A . Thus h(T) < log 3 .
Using techniques which will be described in the next chapter we

will show that h(T) actually equals 1log 3 .

Section 4. The Variational Principle for Topological Entropy

s 7

In 1965 Adler, Kanheim and McAndrew [ 1] conjectured that
h(T) = sup {hU(T)] LEM(X,T)}. This formula 1s referred to as the

Variational Principle for topological entropy. X . Q

In 1969, Goodwyn [ 11] proved the inequality hu(T) < h(T) for

[P

every UEM(X,T). In 1971 Goodman [10] proved the Variational Prin-

ciple for continuous maps on compact metric spaces. This can be extended

VUGV U S

to uniformly continuocus maps on general metric spaces,
The Variational® principle can in fact be used as the definition of

topological entropy.\'This has been done by Brown [ 6] for continuous maps

on compact Hausdorff spaces.

3.24 Theorem ([23], [10])

o g e § S Mo L WA AT S e P,

If (X,d) is a compact metric space and T:X*X 1is dqiiinuous then :

h(T) = sup {hu(T)|u€ M(X,T)} .
Let (X,d) be a compact metric space.

" Definition

Suppogse T:X+X 1s contlnuous. A point x 1is referred to as

wandering (w.r.t. T) if there is some open set U s.t, x€U and

PRS- S5 AR

UF‘T-nIJ=¢ for every n > 1 . The non-wandering set for T , denoted

Q(T) , consists of all points of X which are not wandering. The

et fmTa R o

following is immediate:

.
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" 3.25 Proposition .
Let T:X»X be continuous. Then:
1) Q(T) 4is closed. !
2) Q(T) contains all periodic points for f .

3.26 Proposition

Let T:X»X be continuous and uEM(X,T). Then u(Q(T))

1
I—I

Proof: ([24], p.157)
(X,d) 1is a compact metric space and thus has a countable basis
for 1ts topology. Let {Un}:=1 be such a basis. Q(T) 1is closed so

X - Q(T) 1is open. %uppose Un Q@ X - Q(T). Since uE M(X,T),
k

-1 -k -
= = = = M =.
KW,U(Un) u(T Un) (T u) .. . But Un T Un ¢ for

n

every k . Therefore *U(Uﬁ) = 0 for every Un CX - QT). Since

. t . .
there are at most a countable number of such sets it follows that

X - QUT)) = @. e H@UTY) =1 0
. We can use the Variational Principle to show that all of the )

.
entropy is carried on the non-wandering set.

3.27 Proposition

Let . T:X*X be continuous. Then, h(T) =’h(TWQ(T))'

_ Proof:

Since Q(T) C X 1is a closed set with measure one M(X,T) =

a3

MQU(T), TIQ(T)) . Thus for each UE M(X,T) , hu(T) = hu(Tl.n.(T)) .

Consequently, h(T) sup {hu(T) Iue M(X,T)}

3

sup {hu(TIQ(T)) |us M) ’TIQ(T))}

o , = BTl - ' 0

8]

Using the notion of the non-wandering set we can formulate a

o e oy

e e
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weaker type of conjugacy than the usual which still preserves entropy.

Definition
\ \

Let (Xl,dl) and (X2,d2) be compact metric spaces. Let Tizxi*x

~ —~be continuous for "1 = 1,2, T, and T, are {i-conjugate 1if

and T2| are conjugate.

T, |
1 Q(Tl)
3.28 Proposition

Q(TZ)

1 2

Proof: -

If T, and T, are §l-conjugate then h(Tl) = h(Tz)

Follows from 3.27. (.

It is a question of interest whether and under what circumstances
a measure'ifists whichk actually maximizes the entropy, i.e. where
hu(T) = h(T). .
Definition

Let X be a topological space and (X, B(X)) ghe corresponding
measurable space. Let T:X*X be continuous. If- QEQM(X,T) satisfies
hu(T) = h(T) then u will be referred to as maximal. The set of all

maximal measures will bé denoted Mmax(X’T)'

Walters [ 24] and Grillenberger [12] have shown that there are
homeomorphisnms with h(T) < e« but Mmax(X,T) = ¢ .

If '(X,d) is a compact metric space then M(X,T) ‘'is non-empty
(by 1.4). It can be shown that 1f M(X) is given the right topology
and T 1is continuous then M(X,T) is.compact ([24), p.152) . So, if
we define the map uy - hU(T)- on M(X,T) and show that it is continuous
(or even upper semi-continuous) then u -+ hu(T) achieves a maximum%

Thus Mmax(x’T) ¥ ¢, This method is used by Misiurewicz [16] to show

that maximal measures exist for continuous maps of a certain type

i

]
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Y

(piecewise montone). This will be discussed furtRer in Chapter 4.

For the usual shift on k symbols the maximal measure is the

i

Gy ..., ) Bernoulll measure. (Compare 3.21 with 2.18 and 2.2(il)). z

Parry has shown that maximal measures exist for topological Markov : i
shifts [20]. Llet Y= {0,1,2,...,k-1} and let X, be the Subset of ’

YZ (or YN) determined by the irreducible k X k matrix A with

entries in - {0,1}. Let \A. be the largest positive eigenvalue of A,

u = (uo,ul...uk_l) a strictly positive left eigenvector for A, and :

v
o
vl ,
v = » :
' i
k-1
| k-1
a strictly positive right elgenvector for A s.t =0 Y1y =1.
A, u and Vv exist by the Perron-Frobenius Theorem ([ 9]).
= v - v
Let . . ' T (u0 b ulvi uk—ivk—l) and
1
- k-1 * ‘
P o= (Pyydy =0 where v o
a,, v ’
N VI . .
ij Avl

Then the pair (m,P) determines a Markov measure. i

”

R

3.29 Proposition ([20], p.55 or [ 24] p.i94)
Let Y= {0,1,2,...,k=1}. Let A be an irreducible k X k

matrix with entries in {0,1} and A its largest positive eigenvalue.

Suppose u apd V are strictly positive left and right eigenvectors

of A=A s.t, u-vV=

ai v, k-1

P= ( T vi)i,j=0 . Then the measure unP is the unique maximal

1. Let = (uovb,ulvi,...,uk_IVk_l) and

measure for o, N

D T H st Ot Y AL L 8 VSO Tz 7




Definition

' ' )
The measure unPﬁiM(XA,cA)in 3.29 above will be referred to as

the Parry measure. a

Section 5. The Classification of Maps,

Topological entropy, like its measure theoretic cbunterpart, is
an invariant under isomorphiém (1.e. conjugacy). The queqtion of what
additional”assumptions must be inFroduced'or what wg;ker forms of -
conjugacy miéht exist for which topologicél entropy 1is a complete
invariant has only been answered in part. -

It is clear that topological entropy ié not a comp;ete invariant
for either conjggacy or f{l-conjugacy of maps'pn the unit interval ;s
the foiiowing example shows. a‘ -

&
Example 3 . -

g

Consider the two maps T1:1“¢ and T2:1+I‘ given by:

/ [ 2x 0<x<4
ot Tl(x)= 'Q“qa v
' ©o ] 2-2x $<x<1
3-2x 0<x <4
Tz(i)= {2x~-% 3 <x f_ﬂ : .
o3 Rexc<n ) -

. -
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0 '
From Eg.l Ch.ITII B{T) = 1 and by means of 3.1 h(T,) =1 . T, |has

°

. two fixed points but ‘I’2 has three. Any conjugating homeomorphisu

must map fixed points to fixed points in a-one-one manner. Thus 'I‘l

and T, are neither conjugate nor (-conjugate. !

For topological Markov, shifts Adler and Marcus [2] have shown
4 f 2

o
[} ¢

that the entropy together with a quantity called the ergodic period

'is a complete set of invariants for a weakened form of conjugacy called

almost topological conjugacy. . |

f
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CHAPTER IV

-

ENTROPY OF PIECE-WISE
MONOTONIC CONTINUOUS MAPS

Section 1. Introduction

Many\ real value'd functions with domain in the reals have the
prope;rty of being monotone on a2 finite number of intervais whose union
is the domain. When such maps are also continuous it is possible to
readily compute good lower bounds for their entropy and iti. some cases
(E.g. “Linear Markov maps) to compute the'-entropy exactly.

The source material for this chapter is dertved from two papers:

Misiurewicz [ 16]) and Misiurewicz and Szlenk [1Z].

Section 2. T-mono Covers

-

" [

We begin this section with some definitions from [16] and [17].
Let X be a compact Hausdorff space, T:X-X a continuous map

. &
and (TX) the set of all finite open covers of X . Let a,B be ' /"
. L

finite covers of X - (not necessarily open). Let '

n-1 ~ ]
n . -1 -1 £(n-1) .
=, U == M e
o = YsT « . agnT ™A, AT An_llAiea}

' 1
Definition : -

A

| . . ’ - .

N(Y,a) = min{Card c_Tc Ca, Y' c CgQC} s

§

N ‘N(OLI 8) = max N(B,x) ! . . -
. . : BE B\ R ’ . . .

h(z,a|8) = 1im = log N("|8™). | .

H(T|B) = sup (W(T,a|B)|a€ ux)} - -

3

h(T,a) * h(T,a|f) for B ={X} .

. - e e e - -
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Note
If a€U(X) and B ={X} then N(a|B) = N(® and h(T,a) has
the same meaning as that asgsigned te it in the previous chapter. -

Let T:X*X be continuous.
6.1 Propositim'l ([ 16]
Let a,B be finite covers of X .
Then: 1) h(T,a|B)' <logN (¢|R)
11)  h(T,0) < h(T,B8) + h(T,a|R)
111)  h(T) < h(T,®) + h(T|a) . f
Denote by I. the set of all subintervals (open, closed, hilf—open,
degenerate) of I = [0,}]. Let T:I+I be continuous.
Defini'tion
\

A cover o of X 1is called T-mono iuf o is finite, o CI ,

and for any A€0 the map T|A ' is monotone.

4.2 Proposition .

r

If{l Tl:I-*I and T2:1->I are continuous, « 1is a Tl-mono cover
j

andVB is a Tz—mono cover then QV T-:L B is a (’1'2 o] Tl);mono cover.
. -

1
Proof :
~“'auTIl B={an 'rIlB]AEa,Bee} is finite. Let A€a and BE e."/
(szci Tl_)lAf'\ TIl 1s monotone since AN T-l':L BC A, where T, is
Hionot.one, . Tl(An;l'Il B) € B vwhere TZ’ is monotone, and the composition

of monotone maps 1s monotome. AN '1‘11 BEI since AN '1."1'1 B = (II]A)—]'(B),
TllA, is monotone and BET . ‘ 0
Coroilaa ‘ .

n-1
If ¢ Ys a T-mono cover then 15—{0’ T i ®@ 18 a T -mofio cover.

«
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4.3 Proposition o

Let T:I*I be continuous and o CI a finite cover of X . Then
there 1s some BEU(X) s.t. h(T,a|B) < log3. °

From 4.1(1i) it is sufficient to find B s.t. N(alB) < 3. Con-
struct the cover B by initially taking the interiors of ’the members
of «a. |

let §= {d(A)IA a non—degenerate member of a}. Complete the
cover by takiang small bpen intervals with diameter l'ess than &/2 .,
At most 3 members of o« are required to cover axiy one member of B,
Thus N(a/B) < 3‘. ' ]
Definition

A map T:I>I 1s called piecewise monotone if there exists a T-mono

cover of X .
4.4 Proposition (171, pb.47-48)

Let T:I>I be a piecewise monotone continuous map (p.mc.); o
a T-mono c;Jsver, and BC I a finite cover. Then h(T,B8/a)= O .
Corollgg

If o is a T-mono cover then h(T{a) =0 .
4.5 Theoz;em (BYA))

If T:I T 1s a p.m.c. map them h(T) = %_i‘.g ;]1'- I‘LogCn ‘where.
C = min {card als a T'-mond cover}. ' ’

Let o be a T -mono cover of minimum cordinalit!y (n>1). Let

: . .

-

m and k be fixed positive integers. By 4.2 the cover oV ’1‘:'

iga T k-zm::uo cover. Thus:
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| ="
C4 S Cardlay vT , a )< CanCi
" log Cn
and log Cm+k < log Cm + log Ck . By 2.5 %_j;g — exists.
— 1 .
M h(T) = = h(T") by 3.12
- &
: R(T) < h(the ) * (T o) by 4.1(111)
h(Tnlan) =0 , , by 4.4 Cor.
= Loy <lnerfay -
Thus, h(T) = h(T) < a h(T ,an)
i n - 1 ’ k
Since h(T ,or.n) lim K log N(or.n ) and “
k ' k ~ .
N(a ™) < (N(a)) it follows that
n o~
< = 1
h(T ,an) < log N(an) log Card a .
Therefore, h(T) < 1 h(Tn,a ) < 1 log Card a = L l'ogkc . -
- 1 n —n n n n S
. 1 . P
.. h(T)-< lin - log C, - ‘ ’
By 4.3 there is some B €U(X) s.t. h(Tn,or.nISn) < log 3 for evéry n .
el 4 k-1 ~in
<
Co < N(jgo T «) since jgo T @
is a Tnk—tncmcfs cover.
o .
i
n n n’
h(Ti,a ) < h(T,B ) +h(T ,anisn) | by° 4,1(i11).

1, - 1
Thus, v,iléim K log C, ‘ &im Ty log an
k-1
1 LY
S gin nk 1log N(j¥0 T an) n h(Tn'an)

¢

1 n 1 n 1
<o WTLB ) o h(T,a |8 )¢

n 1.
Dl h('l‘)+-t-‘-log 3

o - R
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h(T) + %: log 3

: 1 ‘ ' (
}. . ili_i;g " log Ck < h(T) ,

. 1 s
. h(D) < Ha < log ¢, < h(D) u!
Corollary . -

]_Zf o 1is a T-momo cover then h(T,a) = h(T) .

Pfoof:
: 1 ! k-1 ;-nj n >
| h(D) = a3 Tos Cyy < Jim o log N(Yy T 0
- . 1 n _n 1
= h(T,0) = a h(T ,a") < h(T) + Py log 3 (]
Definition

Let € >0 and “REN. Aser E € I 1is said to be (m,£)
separated (vw.r.t.T) if for each pair x,yE€E(x# ¥) d(Tk(x),Tk(y)Pt

for some k s.t. 0 <k <nmn. V.

4.6 [Theorem ([17], p.49) ‘ \ ‘
“Let T:I>I be p.m.c. and onto. Then d

h(T) = l_i_n:.-rl; log Var(Tn) o
n-m
Proof:

—

Since T 4is p.m.c. and onto there is a mono‘torne g:IvI s.t.
j C +
It o g = 1id. Then Var(T") = Var(T® 103) for n>0 . But

+ + . +
Vm:(’rn 1o g) < Var('l‘n l) since Range(g) € I. Thus ,Var('l‘n) < Var&'l‘n l)'

for every n > 1.

v

Let A€ U(X) and 0 < 4 < A{(a) . . Choosg a maximal (p,e)-separéted

o . e
set (xl.xz,. ,xs} wl"zere x, I\for each 1 and x, < % for.l'
i1 < j. Since this set is (n,c)-separated, for each i€ (1,2,...,s-1}

v B [}
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k k
i
there is some kiE {0,1,...40-1} s.t. |T (x,) - T (Xi+l)|. > €.
Consequently, ’
' n-1 " a ..
(s-1)e < k—EO Var(T") < nVar(T) . ‘ N

Consgider the set

B, (k,€) = {x€ I:lTk(x) - Tk(xi)l < 2¢}
n-1
By T4

' The collection {Bi!i =1,2,...,8} forms a cover of I, otherwise

Bi(k,e)

< 2¢}

{xl‘XZ’ cee ,xs} is not maximal.

L3

Y} has diameter strictly less than 4&. So, there is some Akea s.t.

{y:ly - Tk(xi)|'< 2¢} C A (By defin. of A(a)). And, ‘ ]

. et

- ﬁi(k,€5 - {x:l’l‘k(x) - Tk(xi)] < 2¢}

T-k{y: ly - 'I‘k(xi)l < 2¢e}
Tk A

Thus, lc-O B, (k,€) A0 1 AN ...nT'(“"l)An_l .

Therefore N(an) <s. Consequently,

LY -

. %(N(an) - 1) < Var(T") ‘ And,

'imilogﬁ— (N@™) - 1) = h(T,a). Thus

in

n-l

N

h(T,a) < lim I log Var(T")

nr-o n X ~

Since o€ U(X) .is arbitrary, h(T) < 1 log Var(T") . Now to
. = .

< lm
n

establish the reverse inequality we note that Var(T) x Cn' with

equality only when " 1s surjective on each member of a T"-mono . L

cover of minimum cordinality. Using 4.5

. lim 1logVar(T ) < %1.2 1 log C = h(T) : O
n"‘” n .
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4.7 Proposition

Suppose T:I*I 4is p.m.c.”’and o= {[ xo,xll, [xl,le RN | xs_l,xs]
is a T-mono cover with 0 = xoi'x <,..< x = 1.: Then
s-1 1=-""—"8 -
y = Z ' - i
Var(T) = L |T(xn+1) T(x ) |
Proof:
Let {zn}lr::ro be an arbitrary partition o‘f 1 with
L k s

= = = W)

0=2,<2z/ <0<z <z = 1. Let {yn}n=0 {zn}n—"O {xn}n=0
: _ - k %

where 0 =y <y <y,<...<y, <y, = L {z'n}n=0 c {Yn}n=0 so,

kEl Q,El s

- 8 - c

oltz ) = T < B 1108 - T )] - since {x}°_ C iy }
and T is monotone on each interval [xn,xnﬂ] we have ’

SEl 1'51

I'FO'T(xn+l) - T(xn)l T 0 }T(yn‘*l) - T(yn)l ’ Therefore

- - O

ol TZ 4) T‘(zn)l < o 1TG4y) - T o

4.6 and 4.7 enable us to compute the topological entropy of the

\
following exasmples.
Example 1
let T:I*I be given by i -
2x . x€[0,%]
T(x) = '
2-2x © x€[4,1]
n-1 1 a

o= {[0,4]1,(%,11} 1is a T-mono cover thus i-L-/O T “a=o - is
a T -mono cover. a"  consists of closed non-degenerate intervals.
Each member of o is mapped Homeomorphically onto I by ™ . Thus

Var(Tn) = N(an) = ", Consequently, h(T) = &2 1 ;og 2= .,
n

Q

[N . -

2L

y

L

e

0

[

>

PSR

% s st T




Example 2

Let:‘ T:I+I be givén by T(x) = 4x(1 - x). let o be asg in the
previous example. In this case also each member of ozIi 1s mapped”’

homeomorphically onto I .. Thus, “Var(Tn) = N(an) = 2", Thus h(T)=1.

4.8 Proposition

Suppose T:I+1 is'p.m.c. and onto and T'(x) exists at all but
a finite number of points, If |T'(x)|=k> 1 then h(T) = log k.
Proof : |

Let x <x2 <., <x; be the points where T'(x) does not exist.
Then, o= {[ 0,x1] . [xl,x2] see s [xs,l]} i1s a T-mono cover since T

is increasing or decreasing on each member, ‘Let: o be given by

{[yo,yll,[yl,yzg_.lm,[ym_l,ym]} vhere 0= y <y, <y,<...¢y = 1.

Then Var(Tn) = jgo lTn(yj+1) - Tn(yj)l . If  x€ (yj’yj+l) then

(Tn)'(x)' exists, since x remai.ns in the interiors of members of @

under each iteration of T . Now, by the chain rule ](Tn) "] = K.
n n _ N to .

m-1 . ’ .
Var(Tn) = j£0 kn(yj+l- yj) =", Consequently,

h(T)=%_:£g}_logkn=logk. o 0
n

Example 3
Let T:I+I be given by:

% X x€[ 0,p] 0<p<1
T(x)= Co
- o 2==x x€[ p,1]
i

o {=

1 1 N
Then |T'(x)[=; . W(T) = log 3=-logp.

o,

3




(

. Thus (io,i 1 )Ea" essential = a, ;a8 4 «.08 ) =1.

N . Ut -k L
‘ ‘
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Section 3. Linear Markowv Maps

This section will be devoted to applying the Corollaryl to

4.5 in order to compute the entropy of linear~Markov maps.

4.9 Proposition

let T:I"I be a linear Markov map defined s.t. T 1is linear on

= = <x. < <x =
each of the intervals In [xn,xn+1] where 0 X Cxy S <Xy 1.

k-1

let A= (aij)i,j=0

be the k X k matrix defined by
4

‘y D
1 if T(Ii) - Ij
aij— u

0 otherwise .

If A 1s irreducible then h(T) = logX where A 1is the largest '
positive eigenvalue of A.
Plroof:, . “

o= {IO’Il""’Ik-l} is a T-mono cover so h(T) = h(T,a) bry

means of 4.5 Cor. Denote the sum of the entries of A? by TA". By

i

the Spectral Radius formula (see Chap. 1. Sec. 6)

lim L log TA® = log X since ZA" 1s a norm for A" . '
fivco N ’

o e T b o AL S b oo e b A G I ¢

So, it is sufficient to show N(an) = A" .

-1 -.(n_l) \ %
Denote I, NT "I, N,..NT I by (1.,1.,...,i .) and ¢
io il in 1 0’71 n-1 :
1 ortd Al @D by (10,490,040 .
i i 0
0 1 n-1

1’7" n-1
Suppose (io,il,...,:Ln_l)Gcztn is essential for o to cover L.

-

e A . N e, wm il L e M Wi 5

rs

Then there is some x€ (10,11,...,1n_1) which 1s not in any other

gp for 0<p<n-l. An intertor

point of Ii is mapped to an interior point of I

member of a”. Thus TP (x)E1I

énly if a,, = 1.

3 1]

1,0.1, n—]_

Now, suppose

oty Lty -2t .
a a eesd =], Since T 1is finite-
tly 4ty potar

i .

. . TR O AR S W I RSP v e ey ol n e s
joy N .

™
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to-one there must be at least one interior- point of Ii which never
0
hits an end polnt for any lteration of T wupto mn -1. Thus

0,0 0
.. *
(10,11,. i 1) %9 wﬁf_‘i}l implies (10,11, A4

. n
So, we have (ib,il,. . ’in—l) €q 1s essential 1ff

S

ay 4 ai;i. veedy =1. Therefore,

oty ity inoatna -

N(a™ = Card {(1,31,,...,1 _)la a,, ...a =1}.

0*'1 -1’08 24, 14

a k-1
Now, LA = =9 8 a Y N
10’11’ e ’in-lj 1011 1112 in—Zin-l

= Card {(1,,1,,...,1__.)]|a aN, ... a =1}..

0"l S R N S i SN N
Therefore N(an) =1aA® . ' - ) 0

We now return to the map first introduced in Example 2 Ch. III.
Example 3
Let T:I+I be the linear Markov map defined in Example 2 Ch. III.

[

T has graph: .

p

I B R |
& . . ‘ 14
The matrix A associated with is

T

l a

1l -
0

1l

O M
O M M M

1
1
0
1

-
[y

which is ix'-reduci‘ble. The Spectral Radius formula gives logA= log3.

)EOLtl is essential.

PR

[ LR N P T
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Tht‘:\h('r) = log 3 by4.9,
Example 4
Let T:I+I be the linear Markov map défined on {0,%,%,%,1} s.t.

the set {(0,%),(%,2),(3,%),(2,1),(1,0)} lies on the graph of T.

-~

Thus-. T has graph: -

V.NVA\
/

The matrix A associated with T 1is

\

-

0 1 1 0 '
“ A= 0 1 1 o
0o 1 1 1
1 11 »
.

 which is irreducible. x = 2,769 1is the largest positive eigenvalue

of A . Thus h(T) = log 2.769. b

Section 4. Topological Entropl and Periodic Points

It was shown in the previous chapter that for (X,d) a compact
metric space and T:X*X continuous h(TIQ(T)) = h(T) . We know that
U(T) contains all periodic pc;ints so we might 'suspect a relation
between périodic points and entropy. " For p.,m.c. maps the number of

periodic points induces an upper bound for the entropy.

-

4,10 Theorem ([171], p.45) - )
If T:I+I 1is p.m.c. then h(T)-< t]i_'ig;];- log Card{xEI|'1‘n(x)= x}

s, . 4,11 Progositio‘n ‘ Y, ' a3

If T:I+I ip a polynomial of degree k then h(T) < leog k .
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Proof:
If T has degree k then T" has degree ikn . Thus
Tn(x) -~ x=0 has at most k" real roots. Thus
) 1 n_ .
h(T) i%&g > log k log k . 0

Section 5. P.M.C. Maps and Maximal Measures

Definition ‘ ) ,
LLet X be a compact Hausdorff space and T:X*X continuous. T

will be referred to as h-expansive if there 1s some o€ U(X) s.t.

h(T|a)=0.

4.12 Theorem (161D :
If X is a compact Hausdorff spa;e and T 1is h—exp;nsive then \

there 1s a measure UE M(X,T) s.t. hu('r) = h(fI').

A

Corollary
4

If T:I*I {s p.m.c. then T has a maximal measure.

By 4.4 Cor. h(T|a) = O _ a

We can use the Parfy measure on topological Markov shifts to
induce a measure on the unit }ntewal which 1is maximal for linear

Markov maps. The following definition and propasitions will assist

in establishing such'a result, N

Definition

- 0y

Let (X,B, u) be a measure space and T:X*X measure preserving.

- I

T {is referred to as exgodic (w.r.t.p) if for every BE B ,T—lB =B

implies u(B) = 0or 1. N
4.13 Proposition ([ 24))

If o is the one—sided or two—sided (Ti"P) Marko% ghift—then

. | | \. ~

. .
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g 1s ergodic (w.r.t.unp) 1ff P 1s irreducible.
PR Y

4.14 Proposition ([ 24])

If 0 4s the one-sided or two-sided (r,P) Markov shift and is

ergodic then almost every sequence (w.r.t.l 3) has a dense orbit under o .
TP

4.15 Proposition

Suppose T:I*I is a linear Markov map with |T(X)|>1 defined

with respect to the partition set 0= KSR Ky Cen <R <X T 1

and A 1s the k x k matrix associated with T as in 4.9. Suppose .~

N

A 1is irreducible and let Y= {0,1,2,...,k-1} and X, CY be the

A
subset of allowable gequeénces determined by A (as in 4.9). Let
u“PE M(XA,UA) be the Parry measure.. Then there is a measure VvEM(I,T)
s.t. 1) The systems (OA’XA’UHP) and (T,I,v) are isomorphic.
€ .
1) veM (I,T)

Proof :

= ' = I T x 1. Defi
Let IO —-[xo,xll, Il—[xl,x2], ’“’k-l_[x'k—l’xk - efine

= ©

. = A m
the map ‘JJ-XATI by ¢(<xh >) =0 T IXn . Asin Eg.3Ch.II Y
can be shown to be well defined and continuous.
. . \ ,
= y T ¢ = 1
‘Let D =0 T ({0,x1, ,xk_l,l}) and let MZ D and

M, = xA\w'lD . Then it can be shown as in Eg.3 Ch.II that: w[M i M,
1 1 i

1
|
is 2 homeomorphism. |

No member of D has a dense orbit in I since each membér is

=T o_ip for
1

eventually fixed or periodic. It is clear that Yo SN

each <xn>€ M Since Y .1is continuous, no member .of v

1" (D) has

}/dens.e orbit in XA. A 1s irreducible so P. is also and thus

A

! \ . ' o
by 4.)3 UA is ergodic w.r.t. Hip \* So’. using 4,14, uﬂP(Ml) 1.
Since w’[M is a@omor‘phisnm it maps Borel sets to Borel sets,
1 , L . O N )

i -
N

. { 5 * ,
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lDefine the méasute - v "on (I,B(I)) by vB) = ﬁ,(ur-]’B-)—wfdv»/each

- - -

< BEB(I). With the induced mepsure Vv defined on (I,B(I})’ the  ~

L . L e . S
map wIM is a measure theoretic isomorphism between (UA,XA,}J“P) .,
\ 'Y . 4 ! -
and (T,I,V). Thus (i) is proved. , ‘
. R ‘ \ N /’
By (1) h, (0,) = h (T) Since ¢ is contimuous and onto
- .- U,".P A v . — ' R <
B(g,) >h(T) by 3.11. Since ¥ is a maximal measure for o, , |
* ‘ oy
= h g). ° 4 > - € X i
h(cA) uT\'P( A) Thus hv(T) > h(Tw xS0 Vv ‘Mmaxcx’r)" ]
’ e} N \\ (-2
S . s )
. . R ‘ . -
b . . ° '\ -
L\ ' ,‘ t 0
> - 14
- ) »
14 * \.
.o ) \ -
n . . J‘ * . -
(0 N
/
o ., ‘ ' ;o
.
e - : \
s R \\\\ N ' \ ) L b
) N, -
3 = , ‘ &
I .
) \ .
~ .
‘ ., e \ (
. a !
M
.2

3
¢
.
RS MRS S S 50 SNMREAII 50520011 T SO a0 KA i Mt T Vi 330020 4 3 04




)

p ] / .-
. , . CHAPTERV '

. PERIODIC POINTS AND ENTROPY S B
. OF* CONTINUOUS MAPS i '

Section 1, Introduction
© We havg seen £ﬁ the previous chap;ér that the number Pf periodic
:points enables us to establiaﬁ/an upper bou;; for the entropy of p.m.c. .
maps. In this chapéer it will be shown that periodic poiﬁts aljow us
to find lower bounds for the entropy of gemeral continuous mips.
The material in this chapter is derive@ prié;ril;ifrom the paper,

by *Block, Guckenhﬁiméi, Misiurewicz and Young { 4] as well as those b&

Misiurewicz and Sylenk [17] and Nite®i [18]. | N

Section 2. Maps and Graphs

NN

Let I be a clésed interval in R . Throughout this chapter a -

~—

partition of T will refer to a closed cover by subintervals of I

3

whose interiors are palrwise disjoint. -

o ' §
Let o = {11,12,...,18} be a fixed partitiig of I and'T:iI+I

a fixed continuous map.
»

Definition - : . )

-

-

Suppose H,J are subintervals of I . H T-covers J 1if there

N\

is some subinterval KCH s.t. £(K)=J . H T-covers J .n-times

if there are n subintervalé K, ,K.,..., K C H with pairw{se disjoint
1’72 n — .

interiors s.t. T(K) = J for 1=1,2,...,n.

5.1 Proposition 1 . )

-

Suppoaé\ H and J are subintervals of I and H T-covers J . kﬁk

Then T(H) 2 J. *°

5.2 Progosition

Suppose H and J are subintervdls of I with J closed., If

\

* i
) 4

, . . . P
R L e rr R sl N (s *

LY

¥ e re e fSemn b b

F o

;
<




ko

" T(H) D J then H, T-covers J. ) )

¢

”\-‘92 N . )

Suppose J 1is non-degenerate (otherwise the situation is trivial).

Since T(H) 2 J there are points xo,xleH (xo* xl) sst. T(xo) <min J

and T(xl) > max J . Suppose X,

Proof:
— \ .
. B =
o =
By continuity
xE[a,B]'_ s.t.
implies T(x)EJT .
i ' The same
Let B =
Q=
k Definition

from

< x. . Define -
1y :

inf{x | X< x < x, T(x) > max J}

sup{x|x0<x< B, T(x) <min J} . . ' ‘

of T: 0".*8’ T(a) = min J and T(B) = max J

CIf yE€J then by the Intermediate Value Theorem t};er;e is some

The o-graph of T 1is an oriented graph with vertices

Ii to

T Definition

Let the matrﬂiﬁxl M’I’ = (

m

Definition

13

.-
T(x) = y . And, by definition.of o and B, x€[a,B]

tnflx | x, < x < x., T(x) < min J}
l l - N,

v

Therefore, T{a,B]) = J. =« . ’ .

s ’ .
result is obtained if x, <X by defining «,B- as follows.

1 70

su*i:{xilx.l<x< B, T(x) > max J} a

Ij'

* L3

\

Il’IZ” . .IS

s.t, 1if Ii T-covers I, wexactly n times then:there are n arrows

3

s o
mij)i,j=l be defined by:

= pumber of arrows from Ii ‘

to I, in the o-graph of T.

3

3

Let G denote the o-graph of T .. The entropy of ' G,  denoted

h(G), is give°n i)y:

M,r.

h(G) = log)X where A 1s the spectral radius of

(1f MT is irreducible then A is the largest positive eilgenvalue

PV ST

<

| 4

S g

3
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0

’

A veaker form of this lemma will be proved subsequgntly.

The following fixed point theorem and its corc\klary wiil be used
! -

In (4] the authors present a lemma which states that h(G) < W(T).

« «
. repeatedly. ) 2 . '
5%3 Theoren \
Let JC I Yea closed interval and T:JI be continuous. _ If

there are points u,ve;l S.F. S T(uw) <u and T(v) _>_;: then there is

a fixed point for T i1in J.
‘ ‘ \

Proof:

*
[

' []
If T = u,or T(v) = vy then the existence is obvious so

fh

LS

assume T(u) < u angd Tfv) > v. Sdince T 1is continuous on J T({)-x

a

® 1is glso. T(x) -x <0 at x=u and T(x)-x>0 at x= v. By the
Inteﬁnediate Value theorem there is an xo betwveen u and ‘v s.t.

Tlxg) =%, = 0 | O

Corollary

If T:I*I 4is contipuous then T has a fixed point in I.

Proof: ~ o

R,eicall that 1= [a,b] 1s a closed interval in “R. T(a) > a
L ) .
and T(b) >b .~ . a

The following lemma will be useful for proving the existence of

{

periodic points of various orders by reference to the o~graph of T .

-~

5.4 Lemma

If I+I’+Ia + .+ 1
% %1

o—graph of T then there is8 some x€ Ia s.t.
0

+1 = Ia is a loop in the
2 TS B 0 : v

Tn(x) ="x and

Ti(x)EI for 1=0,1,...,m . =~
24

N
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o : Proof: C0 ‘
%, ) — .
) 1 +>1I so I ‘T-covers .I_ . By definition there 1is a
a a a a :
e n-1 n N n-1 n . :
closed interval K, 6 C I s.t. T(X,) =1 A + I so
l—"a 1 ,a a a
) ‘ n-1 n n-2 n-1
I T-covers I . This implies T(I )2 I 2K, (by 5.1).
a a_ . a — "a -1 .
n-2- n-1 n-2 n-1 . . :
~ By 5.2 there is a closed interval K, C I s.t. T({,) =K, .
N - - 2 — a _» ° 2 1
. I +1 so I T-covers I . This implies
a a a a
N n-3 n-2 n-3 n-2
T(Ia- ) 2 Ia 2 K2 . So, Ia T-covers K2 . By 5.2 there is a
-3 n-2 n-3 . -
closed interval K3 E_Ia s.t. T(KS) = K2 . Continuing this way
n-3
C C R C ’ C
gives Kn < Ia s Kn—l < Ia s , K2 c Ia , Kl < Ia where
o : 0 . 1 n-2 n-1
N ! = A<~ b4 = N
T(&hrj) Kn—j-l for 4 nvl and T(Kl) Iao Consequently,
s \\ ®
) n _ ~n-1 - _ o2 :
. T Clin) T (R )< T(K,)
¥
= = a7
T(Kl) Ia . .
. n
" But K C1I =1
" mn — Ta a
0. n
n,. ! o n
Therefore T (Kn) E.Kn~ . Thete is a palr u,v s.t. T (u) >u
and Tn(v) < v otherwise Tn(Kn) 2 Kn . 'By 5.3 thgre is & xoe K):1 s.t.
n ; L
& € C o € C
. T (xo) xq . Since X, Kn c Iao we have T(xo) Kn-l __Ial ’
) 2 n-1 \
€ C . € C .
T (xo) Kn—2‘— Ia s o0esT (xo) K1 —-Ia Therefore,
» { 2 . n-1 o ) o
T°(x,)EI i=0,1,2,...,n . T
v 0 ai . .
Definition : .
.An Let p‘¥ <p >¥_ be a finige sequence of elements of the set,
J =0 k ¢
{1,2,...,8}. Let w(p)= I M be referred to as the;@igth
FLoPyaby ¢ .
of p. Call p if path if w(p) # 0 and let &(p) = k be the lengt g’
of p . , A
- W .
Definition ‘ ' %

Let G be the oa-graph of T. G' 1s a Bubgraph of G denoted
n ,

/ ' ' \ ~ -

L

e IR A
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*

¢' <a,

+*

if-
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G' 1s an oriented graph whose vertices .are members of «

and where the number of arrows from I to

i

the corresponding number in G.

I

e in G' “does not exceed

-

i J o«

*  Let “m;j denote the number of arrows from I, to I, ih-¢'.
Let H(G')

5.5 Lemma

Let G be the' a-graph of T. Let G' < G, be such that

'fhen h(G") ih(’i‘).

Proof:

h(G'

) =

o 1 mij*O
13-

0 “mij=0

24

1og A where A 1is the gpectral radiu&of MT (m

~

o

(Some rows and columns of MT might be zerg).

then h(G') = l_)g— log Z?

thé humber of distinct ),gq{:hs of 1en§th n in G'.

S,

Let  <3psdpseeesdy? be & path of length n for G'. “Then.
. )

: K
=log A where A issthe’ spectral .radius of M’I‘ where

v t |8
M= mij)i,j=1 "

1jijl

Let , * §-1 ij

(see Chap. 1. Sec. 6). E(M~.) equa_13

L

o

f

o

iy Mo s MBI A, o R
° .

A SRR vy, T

LEC g ST

34

n~l h | 1

1

LT TR 7 - I forms a sequence of T-covers. 'I, . i
0 ~1 n—l “n « “n-1 ¥
T-covers I .8 there is a closed interval K, €1 8.t, s =
jn N L= jn-—l; . . B
T(Kl) = Ij . Proc%eding as in the proof of° 5.4 we obtain closed ‘
n . 3
C T X. C - .t. f g
¢ intfervals Kn < Ijo, Kn—l __\Ijl‘ , KL— _Ij s Igl < IJ 8.t .
/aw n-2 n"l .‘§
£ = ~ . {<n- = e
’ qT(Kn—i) - Kooye1 i w 1 and T(.,Kl) Ijn . 'I:'he K sets can be 3
chosen so that end points map to end points. ’ i§
. ' ' ) v i
{ Now, K. CI, nTt1 NN T I, . Furthermare,
. _ rll— 3o Y 1, 3n _
B = o~ = = 2 .
T (Kn) T (Kn—‘l) T (K ) = T(Kl) jn wht“are endl points map :
to end points. K?\-l c 10 for each i<n-1 since K CrI




A

o f T =96 -

Since .end points map to end points it follows-that

™% = "Ik )= o= 1% = 1° . so, K° has disjoint
n n-1 1 jn n n
intersection with every member of 130 T-:L a except

I n‘T_1 I.n...nT 21 . K is non-empty since Tn(K Y= 1
i, 1 5, " o T T

' _ v _.°n
Gthus K is non-degenerate). So the set' I, NT 1 I,N...n7 %1

N !

ts essential for ij_lo T 0  tocover I . '

n )
Therefore E(M,;,)n < N(:F(!O T-la) (The cardinality of closed covers

is (/lefinegi in Chapter 4 Sec. 1). Comnsequently, h(G') < h(T,a) upon’

taking limits.

i

Now, h(Tn,an) n'h (P,a) Since

k-1 inn nk-1

1 T - 1 -i
w%_i)gklog N(i_‘_./OT o) kilé‘ok logN(ii_/O T o)

1 nk-1
=n lim ;Elog N(iilo «T ~ )

By 4;3 t‘here is an. open cover f s.t. h(T,dIB) < log3d and open
covers Bn s.t. h(Tn,an['Bn) < log3 for each n. TFrom 4.l(ii)’
h(T‘;,an) f_h(Tn’Bn) + h(T“’an!qn-)_ Thus )
nh (T,a) = h(i:“,a“) < h(Tn,_Bn) +log3 and h (T,0) < h(T") + log3

since Bn is open for all n. Thus h(T,a) < ;—L{ h(Tn) +;11-log 3.

Since n 1s abritrary and H(TD) = nh(T) (by 3.12) we have

h(6') < h(T, ) < h(T) . ~ P s

Definition . -

v

Let aset RC {1,2,...,s} be termed a rome if there is no path-

k. ' k
= < = . N = .
PSPy g With Py T Py 5.t oyl = ¢
Note: A rome contzins members of every closed loop.

Definition . -

- p

k \.\ . ,
Let a path p*= <pj >j=0 be termed simple w.r.t.a-xome R if

[

S Trmi a2 ‘»’-W‘-ﬁajyim e S A om E
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N C N ' «eo e n = .
{po,pk},_ R and {p),PyseerPy (}NR =9
Note: Simple paths have only their.initial and terminal points in the
rome.
Definition . »

> "

Let the matrix AT(R) be a function of ,a roze R= {rl,rz,. . .,rk}

. i " .
= ¥ : =

(1% ry rj) defined as follows AT(R) (aij 1,1 ‘where

aij (A) ‘—'“g wip) A ,-Q'(p) (the summation is over every simple path

originating at T and terminating at_ rj). )

5.6 Lemma
Let R=‘{r1,r2,...,rk} < {1,2,...,8} be a rome. Then

Dei:(M,r - Al = (—1)S-k‘)\3, Det(AT(R) - 1.

Proof: ,
. Suppose R = {1,2,...,8} . Then the only simple paths are of the
v . — 11
. form <ri,rj> with length 1 and width mi_‘l . So, aij A mij .
- - = -l - - —1 hv_ ’ .
’I‘hen"‘aj:j - Gjij )\- mij ,Gij A (mij A(Sij‘ wt~1ere .
0 1% 3
~ N . N //
- » , éij
. i 1 1= 3
' ) 'l - ""]. "'1. ~ ¢
o . A (mll MDA mlz.,.......k LI .
= -1 . -1 -1 .
- [ageR) - 1‘ Nl Ny p=A) e Ay
R -1 -1 -1
- )\ m_, | )\' mSZ........A (mss-k)

IRUTEPCANTY AR T SIPgr o rr . L SRR L . . ' BRI TRV RTIE AN . [ .
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: - 98 - g T -
-1 -1
: mll-)\ A Mygeres i Y LI ,
-1 1 1
= 3
) A My A @A) Ty
* ' S| e
m_; A LIPTERRRE X (mss-—)\)
-1 . -1
mll-k L A LIPTRRR el A LI N
- _ =2 1 1
A m,y m,, AA (m33 D JR my
. . . 3
. . . 21 .1
‘ m_q m_, A r.m53 ceecias A (mss—-)\)
/ - m,.,-A m f m
11 " 12 HR T
- .
=2"% |'m my ~Aeee... m ]
' 21 22 28
) & .
L | ®s1 Tg2 e mss:)\ ¢ i I
° ' S =A% My - T '
Consequently [AT(R) -1| = A—B|MT - 1| . 1
PlAR) - 1| = |M - A1] . ‘ B !
= z ‘ ]
Now, if S = {s;,8,,...,8, } 1is a rome and so$s then ‘
J= {So’slfSZ""’sk} is also a romet , let - ‘ . .
. ® A _ k" o meadi”
T = Ty 30 : - e
k
S) = (o
‘ o, =L wp)aTk®)
i)
: P .
where p sums over all simple paths (w.r.t. S) beginning at T and
Since so¢ S, simple paths w.r.t. S may contain 3,

ending at rj .
as a non-terminal point. So, p sums over all Eimple paths (w.r.t. §)
Tyy = )1; w(p))\_l(p) where

not passing through 8 plus those that do.

IR N
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i
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. ( 4
p sums over all simple paths (w.r.t. J) beginning at ry and ending

+

Since 'SB’G J the summation for Tij excludes those paths

Thus 61:! = Tij + TiOTOJ.' Let Cij = Tij - Gij ‘
k K
137 %491, 4=1 843 ¥ 070901, 1.

\ ' $ $ = = - .
Since 170, 3%0, T40%C10 Tog™ Co3r 50 (Qqy 7 844y 4=

‘ k - k ‘
(Cij + CiOCOj)i,j=1 . Consequently, AT(S) -1I-= (Cij + C\iOCoj)i,j=l'J

S is a rome and sOG:ES 80 Tyy = 0 because there can be no path

at r .
h ]
passing through 8g -

Then AT(J)’I=(C1_-])1;,_1=O So, (o =(‘l‘ij—

! <so,éo> Therefore COO = -1,
. ; Coo . Copoere-- o
IAT(J) - I]-= ,Clo Caqrrerm el
& . .
%o Capereee Co
Coo . 01" %01 oz :-Cok
= +
10 117 %0%1  C120 o Cik
o Ska*CoCor  Crarr i
- c...- C §c C c. . +tC. . C.....e....C.
00" “o1” %001 02" 0%z """ Cox
- ‘ + =
Cto . ©11%%0%31 C12*%10%: C1x
° - -
‘ . . R - . N -;- o v
‘ A %0  Gat%0%i1  Cx2* oS- Crexe

1
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! ¥ . 3 s
-



R el

- 100 -

R
) Cs  Co1" Coofo1 e S +C(10"01‘
: = €y B i
o T %0 % Crofut e Cart CaoCox
» . + .
Coo S’ Ciofor” "“"'Ckk kO 0k
-1 0 e, 0
Pl k=Y
' L e +c’
. - €10 11 *C10%01 C1x " C10%0k
| + . .C.. +C .C
Co ST Cko%r1r G Ce0Cox
+ e n..o;-o
€417 %10%:° Cl C10%%
» , * } \
= -1 ¢
HC G, i :
G Cxo%r1 7 Cee T S0k

-1 Ay -1
-1 a6 -1

o] AL -1
So, by adding elements from {1,2,...,8} one at a time to the rome §
t

we eventually get the rome R= {1,2,...,5}. TFor each element added

the 8ign of the determinant changes once. So, 1f card(S) = k then

s - k elements must be added to make {1,2,...,s} and the sign of

the determinant changes 8 - k times. Therefore
1)s_k| AL(S) - 1| = lAT(R) - I|. Since

Asl AT(R) - 1I|= |MT - X1 | .J' It follows that \ r
s o
k}\'SlA.r(S)—I|=|MT->\I,| , ‘ - 0

«
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Section 3. Periodic Points

Let I be a closed inter\;al in R and T:I*R a fixed continuous
Inap. Regall that Orb x = <x,‘I‘(x),T2(x),.‘.. >, O0rb x car; be either
findite or infinite. In this section we will consider partit?ons whi‘ch
are induced by finite orbits (i.e. periddic cycles). O

Suppose O0rb x = <x,T(x),. .., (x) >. Then
{x,T(x),TZ (x)s.-- ,’I‘n(x) ,min I,max I} dinduces a partition on .I. This
partition results from ordering the above set by f:h‘e usual ordering R
and t:he‘:n forming closed intervals.
Definition

Apoint ZE€ I separates Orbx if for eacﬂ yEOb x T(y).<Z=y< Z.
5.7 Proposition |

Suppose . 0rb x 15 of finite cardinality and o 1is the par;:itionl
induced l?y Oorb x as described above. Let [a;bl Ea be. defined by:

2= max {y€ Orb x|T(y)>y} and b = min {y€0rb xla< x} .

Then either there is some K€0o wunequal to [a,b] s.t. K “T-covers
[a,b] or every point of [a,b] separates " orb x.

7

Proof:

N

Denote the points of Orb x Ain increasing order on the real line
4 . .

by PyPys-ceoPp g »

I1f there 1s no KE a s.t. K T~covers [a,b% then for every

[ A

pair PysPyyg 225 T(pj),T(pj+1)_>_b and for every pair p,,p;4, 2D

T(pi)’T(Pi+1) a . Thus each point of [a,b] separates Orb x.

i

1If [a,b] does not separate Orb x then there is at least one
p\oint p; s.t. edlther 1) p; <8 and T(pi)' < a
I -

or * 2) pi>b and T(pi)">b .
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(The inequalities are sgricét because of the definition of a and b).
[

L4

If 1) then there must also be a pé?nt' pj < arsg.t. ‘ T(pj) >b
If12) then there m}mt also be a point pj ><.b s.t. T(pj) <a
This is because at least one point on ei.the‘r gide of [a,b] must ch'ange
iss‘ides( under the action of T . So thereis a KEa (K¥[a,b]) s.t.

T(K) 2[a,b]. Thus K T-covers [a,,b]‘ by 5.2. ‘D-

5.8 Theorem

Suppose T:I+R has a point x of odd period n>1 and no

points of odd ﬁeriod less than n (apart irom 1). Let o be the

&

partition of I dinduced by the set- {x,T(x),...,Tn_l(x),min I,max I}
and let B be the partition of J=[min Orb x,max Orb x] by the set

{x, Tx),.. .,Tn_l(x)} . Then the o-graph of T contains a subgraph

of the “form:’
I (There are ar#ows
! I]\\-I from I_, to all
. n-1 =
/ 4 odd vertices) .
QI -

N

The vertices of the subgraph are all members of §. .

Proof: .o
Let [a,b] be defined as in 5.6. Denote [a,b] by I1

and 'T(a) >b so, by the I.V. Theorem T(I,) DI Thus by 5.2 1

) 17 -7

1
‘ .
T-covers I1 . By 5.3 Cor. there is8 a z€ Il s.t. T(z)= z.

Denote the pofnts of 0Orb x 1In their order on the real line by

-

. T < a

. . % - o3 - '
PgsPysec-sP ;- For some k, T.(a) Poo1 and for some J, T (a) Py -

Consequently, ‘Tk([a,z}) g[z,pn_ll and Tj (T a,z] 2 [po,z] .  The union

[po,z] | Z’En-l] equals J which includes every member of 8

B S B e el L o b -
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o
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Consequently, there 18 a sequence wf T-covers from Il to each other

Now, n 1s odd so Orb x. has an odd number of elements. So,

T

there is no point in I, which separates Orb x.. Using 5.6 there
L W

1s a KE€RB s.t. K T-covers :Il .

Consequently there is a loop from I, to I differe'nt from I..

1 1 1

1 '

\ o

1

Let 'Il—r" 12 +I3+ ... K+ 1 be the shortest loop from I, to 1

other than Il . .‘

A

t

Claim: -This loop has length equal to n.

Subpose the contrary. /Theh tt?ere is a loop Il-> 12-3 13+"';I.Q,+ Il

with g< n-1. (Any loop of leﬁgth > n cannot be shortest). -

L}

If J?/ is even then Il+12+...+1£+1l*11 gives (using 5.4). a

point of odd period 2 + 1 < n. This cofttradicts the assumption that

n 1is the least;oc,id period. * If £ 1s odd then Il+ L ...> I‘Q-* Il .

gives ( using 5.4) a point of odd period % < n. A contradiction.

[y

o ~Il+ 12+ :‘“+In—l+j‘l\ ifs thg' shortest loap fr?m I to I

L

1 1

other than Il .

Claim: I2 1s adjacent to I1 . -
<A ther " T a,z) 2 I, " . or- \ ,
T([ a’b]) D I . : .
S =2 .
If 12 is not adjacent to Il then Il T-covers some other ..
member of # other than Il and I'2 . If that is the case then,
Il’-* Ié-* - +In_l+ I1 is not the shortest loop. A contradiction of -

;vhgt was previously proven. -.". 12 is adjacent to I1 . -

L
\'I'he sets 12,13,...,1 T-cover only one other member of §

4

otherwise a shorter loop than ‘Il-" 12-> e In—l*Il would be possible.

i

n-2°

¢
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Consequently, I2 T-covers 13 and no other interval. Suppose 12

is to the left of I1 (relative to ordering on real line). Then 13

. ' .
is to the immediate right of Il\ since x = a 1is the right end-point

of 12, T(a) > b, and 12 T-covers I3 only. Now x = b is the

left end point of I and__ T(b) 1is the left end point of I

3 2 Since

13 T-covers I4 only I& must be to the immediate left of IZ'
4

Continuing this way gives the following order on the real line:

I I, L I, I....1
n—

n-l"'IA s I I3 Ig (If we suppose I, 1is to the right of

2 2
Il we get the reverse ordering In—2'°'I3 Il 12"'Iﬁ_£,'

Now, sirte In—3 T-covers In_2 the right end point of In—l is
mapped to the right end point of In_2 . Furthermore, In—l T-covers
I, so the left end point of I _, must be mapped to x = a. There-
fore, In—l T-covers Il, I3, IS""’ In—2' Consequently, the

o-graph of T contains a subgraph of the form
0 :

/1\ with arrows from
I ’ 1

I to all odd
n-1 —_—

3 vertices.

5.9 Lemma

If T has a point of period n which is even then it has a

'point of period 2.

Proéf:

LN

In Ehe proof of thJ previous theorem the fgct\that n was odd was

» .
used 1n only one place. It was shown that for n odd there must be

some KER s.t.° K T-covers I If there Is no such KE R then

1°
by 5.6 each point of Il' separates Orb x. Consequently,

R N A ki N . T e . ta . . cm 0
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,L.._....«_-'
>
.

[po,a] T-covers Lﬁb,pn_ll and [b,pn__l] T-covers [bo,a] . Thus
. ' 2
[pOha];[b,pn_l]-*[po,a] gives a fixed point for 'I.‘ by 5.4. So

there is a point of period 2 for T.

\
\

If there is a KE€B s.t. K T=covers Il then If‘ 7 keI
bl

is the shortest loop with K = In-

1
1 ' This induces the ordering

\

- RN

\
In—l"'IB Il 12"'111-2 or In—2'°.'12 11\13"'11'1—1' Then In-l

s ede

T-covers Il,IZ, vee ’In—2 . Consequently we have the subgraph

'
e T e b

with arréws from I
n-1

to all even vertices.

b e e i el radt sy

22
Then the. loop In-1+ In—2+'1n-l~ gives a fixed point for T

‘(by 5.4).
Since T(In_z) = In—l and the end points of In._2 have period n,
the fixed point for T2 is a point of least period 2 for T . a
5.10 Theorem (Sarkovskil, ([_23])

Let T:I+R be continuous. Order N as follows:

2 2

3%—5&-7nk-9 oo o 23 225 k., =273 22'5 Feee 27 2K1 ., If

v e oo a1 et
«

n -k and T has a point of least period n them T has a point

Py '

LY

A e

of .least period k.

Proof: o \ o o 4
Theré are four cases: _ ' ~ ;3
1) n=22,k=2%g2<n | - ?
'2) a= p-2m p(odd), k = q-Zm‘ q(even)

3) ‘n= p:2® p(odd), k= q+2® qlodd) > p >

] . C g

4) n=p-2m plodd), k= 2", m < % ‘
. | & *

'
s ol Dl A o 5) avF 't § NS PSR WA o s =N EREE - A
3 . - 0

— -~ - . -
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Case 1)

Suppose & = 0. There is a point x with least period n so

arrange the members of orb x = {x,T(x),...,T"(x)} 1in their usual order

i in R, Choose'pj,pj+l€0rbx 8.t. pj <pj+l and T(pj+l)ipj<T(p ).

3

v
b . ST e

(This 1is possible since we may let pj be the gr‘eatest member of Orb x

~

‘which moves to the right under the action of T) ., Then [pj ’pj+1]

T-covers [pj,pj+1] which ensures the existehce of a fixed point for

.
PRSP S S L

T ( using. 5.4), .
/2 -1 22,-1 2m+1-5L_

k 2 Vi
If 2>0 let y=T . Then Y =T and (T )

=T .
mtl-%

. o

Since T has a point of period 2m, Y has a point of period 2

Thus ( using 5.8) Yy has a point of 1east‘.\period 2., But w2= T2

PSRRI .

so T has a point of least period 22 .

Case: 2) : :
2m ;
T has a point x of period p. Let B be the partition of !

, )

J = [min.Orb x,max Orb x] by the members of . \

m m - - m
Orb x = {x,T2 , 72-2 (x), ... ,T(p'l)2 x)}.

=

e

Suppose q < p.~ Since P 1s odd and q 1is even there is by

/
Zm '

Theorem 5.7 a loop (:(:n the B graph of T ) of the form:

I .~>I ~+1 >...+1 .. This implies ( using 5.4) the
p-1 = p-q  p-q+l p-1 it ((using 5.4)

existence of a point of period q. for T2 .

-

Suppose q > p. Since p 1is odd there is( using 5.7)a loop

.
e e sa

ey

of the form: 11 -+ I2 > L.+ Ip—l -+ Il -+ Il . Since Il T-covers Il

this loop may be extended to Il+12“* "'+$p~—l ] 1

By 5.4 a point of period q exists for T2 . q-p times .
* ) 8
Because ¢f the way the members of f are arranged on the interval ,

el T U N R B |

J (using 5.7) q must be a léast period in both of the above

[

.

L IEEEIPE TS v R L R S e
S
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instances. So for even q there is a point of léast period q for
sz. qTo show that q'Zm is also a least period for T we éroceed
by supposing the contrary and deriving the contradiction: that q 1is
not a least period for sz.

q-2m _ r-2" _
1 T x)=x. If T (x) = x where r < q then x 1is

m
not a point of least period q for T2 .
m. L
q:2 _ r-2 _ \
(i) T (x)=x. If T (x) = x where 't <q and & <m

r-2% -2 r-2"

then (T ) (x) = x alsoﬁ‘ So T (x) = x and consequently x
1 m

is not a point of least period q for T2

.o q.zz
(111) T4 (x) =x. If T (x) = x where 2 < m then

. +
T(q/2)-22 1(x) = x (since 'q 1s even). This reduces to (1) or (ii).

Cage 3)

As for q(even) > p we show, that for q(odd) > p there 1s a
o .
point of period q for T2 by means of a loop

I,+I,+ ... +1 - I -1 +1I -

-1

1 2 p-1 1 1 1 il h N
q-p times " o
To show that such a point is also a point of least period q-2
| R
for T we proceed as in (1) and (ii) of case 2). If T4 2 (x) = x
AN _ . meR R
where £ <m let n= q-27. Then k = (q-2 Y27 which fits case 2).
Case 4)
\

Let q-2m = 2,2" Then q(even) < p. By case 2).there is a
point of least period 2m+l for T. & <m so by case 1) there is
a point of least period k = 21 for T. O

Section 4. Entropy and Periodic Points

il

In this section a lower.bound for the entropy of a map T will

be established using the existence of periodic points for T.

L)
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A 5.11 Proposition ' “
. L4
‘ ¢
R Let G denote the a-graph “ :

L) ‘ . rI) . s

| 7N
17 I, . .

! 1\1 | , g

) ' n-~2 I3 i :

".Il;/ : LA Coe

N

v, T
. s -
(where n 1s odd and there are arrows from each Ij to Ij+l as

well as from In—-l to every odd vertex). Let Sn denote all roots

(real and complex) of <" - an-z - 1.

.

Let 0= max {lz] ] z€ Sn}.

Then h(G)‘ = log q -

Proof: S

. ° -~

The set {l,n -1} 4ig a rome. h(G) = log p(M) where o denotes
. 8

max {|A|:|M - AL] = 0} -

p(M)

: /
the spectral radius and M 1is the matrix assoclated with G (as in
y “ ) .ﬂ »
the definition of h(G)).
By 5.5, [M - AI! = (_—1)8‘-k }\E | A(R) - Il where s = n - i,
k = and
. A—l' A_ (n-Z) ..
A(R) = . I . v
A1 A2 aThe e ]
_ A -(n-3) -1 ~(n-1) ‘ 2 ‘
So, |AGR) - 1| = 55 O 1) - AT - + 1y, . :
Consequently, . .
. n n-2 . . 1
n-1 = A = 2X - 1 \ §
AT AR) - 1 I 7 . Therefor »~ !
° _ E

= g0 . . D'
n . )

5.12 Theorem

5
3
1
i
w
d
"

Let T:I*R be continuous, Suppose T has/a point of least

? »

TN AN ¥, s o8 e+ o AR I I B A ARSIy =0 2o e s > f 0 oo
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period p-zm with p(odd) > 1. Then —1‘5— log 0p_<_ h(T): wl‘lere .
g, = max {IzilzzE Sn} and Sn ‘:f:s all ro?;ats (real and complex) of
xP - 2xp—24wv*l\j

Proof:

m —
Let x be a polnt s.t. 2 (x) = x. Let

v 2.2™ T(p-l)z“‘

Oorb x = <x,T° (x),T (x), «.. (x)>. Let o be the partition

. : m
of 1 by the members of Orb x. Let £ /denote the o-graph of ’I‘2 .
] * .

By 5.8, G has a subgraph G' of the form: . ' .

)

/ B ) !
\I : (there 1s an arrow from

. ipt-l\ 2 ‘ »
Ip__2 I3 \ Ip-l to each odd vertex).
s, .
T
4

¢ TFor any pair of vertices Ii'Ij in G' there is at most one arrow
m

from I, to I,. So, by 5.5 h(G") < ht? ). By 3.12 (') < 2°h(T).
By 5.1}, h(G") = logo . Therefore, L log o < h(T) O
R n o n—

i e e

ERU
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i e
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