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Abstract

Estimation in the Inverse Gaussian Regression Nodel

Ravinder Navr Singh

This thesis provides a shiort review ol tethods of estimation of pavameters for the
Linear Model and resamipling inference procedures using the inverse Gaussian distri
bution. In this particular case. we consider the jackknife procedure and hootstrap
method with the inverse Gaussian Regression Model.

Chapter I provides a hriel desciption of a lincar moddd, the varions methods of esti
mation of parameters in such a model and deseribes some of the important properties
of the inverse Gaussian distribution.

Chapter 2 hriefly sketches two standard nethods ol resampling inference, namely
the jackknife and the bootstrap methods, We also review briefly in this chapter the
use of jackknife and bootstrap in a standand lincar model.

Chapter 3 considers the inverse Ganssian regression model and reviews the pelated
literature. We consider the adaptation of the resampling methods for this model.

Chapter | presents a nmetical study of the tedhimignes developed in chapter 3,
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Chapter 1

SOME PRELIMINARIES OF THE LINEAR MODEL AND

THE INVERSE GAUSSIAN DISTRIBUTION

1.1 Introduction

Scientists employ mathenatical models to express the relationstup between
varions vatiables of interest. For exiples the cconomist 1elates the price of &
commodity to detand and sapply. the phiysicist expresses the interplay hetween
the foree of o moving hody aud its miss and the veloeity, and the chemist relates
the solubility of o solidd in @ liquid to enviromnental conditions as well as the cha
racteristies of the solid and the iquid. Or agriedaonnists conld he anterested i
the relationslip between the nunber of apples s i tree o archiard and the
amount of fertilizers the tee reccived. All snehelations care e formumlited in terme
of mathematical cquations relaving the vintables imvaolved, whicelh form aomode] of
reality in el thie siane way as o photostaphen atterpts to capture o nage andd,

Lienee, model a subjeet.,

The wmatheatical model oy Le Huear or non linear. Ty this thiesis we e



interested iu the linear model where we assiume a linear relationship between dif-
ferent vingables, as deseribed i the next section, Seetion 1.3 gives various methods
of estination of parnneters for suel oomodels We will also be conceerned here with
the inverse Ganssian 1egression model @ some of its properties are summarized in

seetion 1.1,

1.2 General Linear Models

The general hnear statisiead model relating the response variable 17 to a set of

(p by explimatory viiables X XG0 000 X o) b written as

p—1
)':L.\', 34 & (1.1)
=40
where N Land o4y o004, are nnknown parameters and £ is the hypothetical
crror suely that
EE) =0, Cor(&) =o'l (1.2)

Given o senes of nobservations on Y. denoted by 17350 0...Y75,0 1, 1s supposed

to hinve been obsened tor (.\-,l \, \, | ) as the values of (_Yl.. -'_g.. Cea _\’,,._1)

»e-

respectively, Wo wiite noeguations deiived from (1.1) as

Yo i *:-\‘uxp ),/nxl +¢cn.\(l (13)
where
Y, 1N, XL, X,
» 1 ‘\‘-’1 ‘\.-".- ‘\-'-'p-n
)u\l ..\,,.\/, B ,
) " l ‘\ "y -\‘n ‘\—n,,_ 1



T ¢
i &
,I,l\l . andd :Il\l
),,r 1 \C,, o
and further we have
o800 WS el
and
Cor(d, 8 . NS J ’ L2 o (thn

In some cases the covinianee watiin may not bhe of the forne asoan (1 1) and the
identity matiin Zinay he substued by ansyvmetiie positive definite natrix denoted
Ly ¥,

Further assiptions about the distnbational propetties of & or Y, o furthe
asstunptions about the stivnetire of Mocin be stated i many cises as pant of the

model, In the uext seetion we present bisie methods of estimating, the pariane ber

veetor W,

1.3 Estination of the Regeression Parameters
(e ]

Wewill disenss thuee methods vo cstimare the vnbonown pacaieter o namely
(1) The wmethod of Least Sequines,

(11) The method of Wetehited Least Squines,

(111) The Maxinnun Likeliliood Nerhod.,

These e deseribed helow



1.3.1 Method of Least Squares.

The et hiod of beast cpuaos nvolves minnmzine the sum of squares of devia-
| 5 i

fons of the obervations from then expeetations, nmmely,

’

n P~ -
G Y (- Y XL, (1.5)
-l 1= h

with tespect to ow vy fowhielr can be wiitten as
(Jo iy Y - N HNY - X))

Nosimnng, that N s of Bl vank the solntion of the minimization is casily

obtinned as

AR (1.6)

feas aowell hnown faer thar least squanes estimation does not pre-suppose any
distributional propertios of the &7 other than finite (i our case zero) mean and
caual Vinianees,

Scmetines 1t so happens that all the observations do not have equal variance.
In that casel the least squines method is not appropriate, We can resort to the
weighted leist squines method of estimation in that situation.  This method is

brietly deseribed below,

1.3.2 Method of Weighted Least Squares

For wetehted least squares. cacli element of & is uncorrelated with each other

-4



but the variance nced not bhe constant i.e.
3 - ’ ~
‘(t):ﬁ'g (ll)
where ¥1s the matrix

L 0 o "

0 0o ... X

w,

9. .
and a7 15 generally an unkuown pavamecter. but the w, > 0 are known weights or

relative precisions. Cases with lacge w, are velatively more variable than are eases

We can transform the above mode! into a n odel 1 which the varianees are

equal. 1.,

Y= N & (1.10)

where Y = 1178Y . X = 1EN and & = 11758 such that
EE)=0

Cor(&r)y=o0°1

The least squares estimates in the teansformed model can be obtained by min

imizing the weighted suim of squares,
Oul3) = (12Y — IFEN )/ (17FY — Wi )

= Y'Y =24 XY 4 (NN ) (1.11)



Differentiatine above wat, f and equating ro zero. we obtain
S (XTTUN)TEXIY (1.12)

where i, denotes the weishited Jeast squares estimate of /4, assuming again X to be
of full 1ank.

Sinee these estimates minimize the weighted sum of squares.

@ul )= Z w, (Y, — Z-\'l, "'»’/)2
/

S s called the weighred least squines estimate of 3. In this sun of squares, the
obsctvations are weighited in proportion to the reciprocal of their variances. Since
weighted least squines s aothing, hut least squares on the transformed observations,
analytical propertios of 4, e smilar to those of 4. When the weights in W are
unknown, the analytical distribution of 4, and ,’;,,‘ arce the same 'f the elements of

W i he estimated consistently resulting in 117,

1.3.3 Method of Maximum Likelihood

Auother general method of estimation s the method of Maximun Likelihood
EFstimation {sl e For this method we need to first define <he likelihood function.

De Fotion 1.1

Let Yy YooY, be observed random variables from a population with pa-

tameter 6. Then the likelihood funetion L s defined, in this case where the Y, come



from an uncountable sample space with probability density funetion f{Y:6), by

LYy Yoo V= [ A

1 =1

and for countable sample spaces by

LYy Yo ) = [ PYice)

=1
where P(Y,:6) is the probabilty mass function. We shall note that the Likelihood
function is a function of @ given Y7502 .Y,
The principle of maxinnun likeliood consists of finding o value of @ which max-
imizes the likelihood function. Assuming, that the likelihood funetion is a positive
differentiable function of 8 and the maximum does not oceur on the boundary of

the set of all admissible 6. we attempt to find & solntion to the Tikelihood equation

oL ,
T (1.13).

Since log L is a mouotonie function of L. L and log L attain theh extreme valnes

(maxima or minima) at the saane value of 6. For the properties of m.Le., one conld

see Rao [10).
1.4 THE INVERSE GAUSSIAN DISTRIBUTION AND I'TS PROPERTIES

A randowm variable Y is distiibuted as inverse Ganssian with pivaincters geandd

Actes Y~ TG A if Y has the pdf given by

——— | y - ). (1.16)



where peand A are positive real vadnes

The distiibntion wis first derived by Selnodinger{11} as the first passage disri-
bution of Brownian Motion with positive drift and absorbing barrier. It was later
on derived as o limiting forn of distribution of saple size in certain Sequential
Probability Riatio Testo(SPRT) Ly Wald[14]. But. it was Tweedie[13]) who first
invetigated its hasie clinactenistieos in detail,

The first two ciunulants, namely the mean and the varianee are given by

3
EQY )y =p Var(Y) = ”\ (1.17)

Ican be seen thaa e and A are only partially interpretable as location and scale
parameters. There is o remarkable relationship between positive and uegative mo-

ments given by

E()'r—{-l )

EY 'y = —/IT_;]—

(1.18)

Schrodineer {11 showed that for a random sample Y7,3%,-+-,Y,, where Y, ~
TG N)e the masinnnn lihelihood estimate of yoaud X are given by i = ¥ and

S I 1 . - - -
A\ IIL;'_I(T' 7)1 whee Y = %}_‘:'zl),.

Tweedie[13] proved that Y ~ IG(pr.n\) and that A Z(-)'—'—;l-) ~\2_, distribu-
tion. Independence of Y and A is fairly easily established by finding the conditional
moment generating, function of \ \:;':1(717 — )—') given Y = y. It is that of a \? with
(n-1) degrees of freedom for all y. Therefore independence follows.

et

The statisties Y amd N (TL - )L‘, jointly form a complete sufficient statistic

for (o0 )

(V4]



The distribution of the reciprocal of the 1G variable, e the distribution of

Z = )L was also considered by Tweedie [13]. The pudif. of Z - -\'— 18

AE A )
) el T g

0w < . (1.19)

The mean and the varianee of )l which are casily obtained from (1.18) are

given by

| |
El—=)=— 4 —. (1.20)
I A
| i 2
ar( =) —— 21
tul(),) Iy } 4\_, (1.21)

9



Chapter 2

RESAMPLING INFERENCE IN A STANDARD LINEAR MODEL

2.1 Introduction

Two methods Liave hecome very popular in recent years in investigating infer-
enee problems with inercased accuracy as compared to the asymptotic methods,
namely, the Jackkuife Method and the Bootstrap Method. The Jackknife Method
was originally proposed as o hias 1educing teelnique by Quenouille[9] but has found
itsell o prominent place in statistical literature after the suggestion of Tukey[12]. It

has been variously generalized and studied (sce Gray and Schucany [G)).

This method has created o renewed interest in itself after the introduction of the

Bootstrap Method proposed by Efton[d]. Because. they are viewed as competitors.

Our purpose in this thesis is to apply and compare these two methods in the
case of inverse-Gaussian regression, which resembles somewhat to the general linear
model given in section (1.2), Henee we first outline these methods in section (2.2)
for iferenee on a single parameter and then review their generalization for the

standord hoear model 113 section (2.3).



2.2 Jackknife and Bootstrap For a Single Parameter

2.2.1 The Jackknife Method

We sample independent andidentically  distributed random quantities
11,Y5, -0, according to some unknown probahility distribution F. Having ob

served Y1 =y Yo = gooo- - Y5 = g0 we comprite some statistic of interest, say
O=0lyi . un) (2.1)

Quenouille’s [9] wethod is based on sequentially deleting point y,, and recom-

puting 6. Removing point g, from the data set gives a0 different empirieal

-

probability distribution. F(7) which assigns mass === at cacli of the points

Ytsyoe it it Yy Where 30 s the munber of thmes Y, appears in the

bootstrap sample. The cortesponding recompnted vidue of the statistie is

By =0(F)) =0y ys oy lgre. ... Yu) (2.2)

Jackhknifc Estovatc of Biras

If
NN
b, =~ N 4, 2.3
() " % (r) ( )
Quenouille’™s estimate of hias is
BIAS = (1= 1)(6, -8). (2.4)

11



leading to the bins coneeted 7 jackknife estiniate™ of 4

0 6. BIAS =uf— (n=-1)d,. (

(V]
(1]
~—

The nsual tationale for BIAS and 6 goces as follows. If E, denotes the expectation
for sample size n. E, = Ep#().Y,.---.Y,). then for many common statistics,

imcluding most wazrmnm blelihood estimates |

a (F) . (lz(.F) 4.

H n?

E, =6+ . (2.6)

where the funetions o (£ ) a,(F). -+ do not depend upon u: see Hinkley {7]. Note

that
. - F as(F ~
[’,/.'H()"—‘I',,,._I::H—}-UI( )+ ( ),, + - (21)
n—-1 (n—1)
aud therefore
. A F 1 1
Eptd=ul, —(n-1E, | =~ _tF) + ay(F)N(— + )+ (2.8)

nin—1) n- (,1_1)"
We see that 8 has a bins of order ()(T,'-;) compared to ()(%) for the original estimator.
Tukey [12] further suggested that using the quantities P, = nfl — (n— l)é(,) as

Lido with expecetation 6. whicl gave populatity to the jackkinfe method.

2.2.2 'The Bootstrap Method

Efron[4] advoeates the nse of o sampling with replacement method in statistical
computations, and this gave birth to the coneept known as the "hootstrap™. It was
presented as o retinement of Quenonille - Tukey jackknife. In bootstraping, only

12



the observed data are requited and no other extrancous data are needed. Thus, one
is in fact pulling oneself up by the hootstiaps. This is how the “hootstiap™ gets its
nanic.

The bootstrap is conceptually the simplest of all the teclimiques, This method
provides a useful tool for estimating the sampling, propertios of o given statistie. This
is done without prior knowledge of the parent distribution of an observed simple.
To a certain extent. it is for this reason that hoth the jackknife and the bootstrap
methods are often referred to as “distribution - free”™ methods. A statistical method
15 distribution-free provided its application is valid, regardless of the underlying
distribution. However, the accuracy of Efron’s hootstrap does vary with the class
of statisties and with the underlying, probability distiibution.

Given o statistic 80,0502 01, defined symmetrieally in Y Y020, Lid

~ F. we wiite the standind deviation of € as
mld = a(Fou ) = alF). {(2.9)

Thus the last notation cmpliasizes the faet that. given the sample size noand the
form of the statistie (-}( o). the standard deviation s o lanetion of the unknown
probability distribution I

The bootstrap estimate of the stimdind deviation is simply a0y evahuted at

—

SD =a(F) (2.10)

Sinee F is the nou-pamatneterie mazxinnun likelihood estingate of Foanother way
to express(2.10) is that SD is the non- purineicetie niles of sd (if o is o one to one

13



function of 1),

Monte Carlo Frealution o] SD

Ustally the funetion a( F) caunot be wiitten down explicitly. In order to carry
ot the calenlation of SD in (2.10). it is then necessary to use a Monte Carlo
algotithin.

(1) Fit the nonparameterice m.l.e. of F.

. reamherofobscreations < y
Flyy = / — (2.11)

n

(1) Diaw a "hootstiap saniple” rom F.

VY Y dad. ~F (2.12)

n

lel(l ('ill('lll:ll(' o :-: U( ).I.' Y_,‘. et . Y' ).

"
(i) Repeat step (i) a limee munber of thmes BL obtaduing “bootstrap replica-

tions™ @1 6 o 8P and calenlate

i
B ,

_ | no o2
SD={—=——) (8" -4 2.1
{5 %( )} (2.13)
where 8 - }_:,“ . “_IT
As B o N SD couverges s to SD i (2.10). In practice B is chosen to be

large.

Sumilar algotithins produce estimators of the Bias and MSE of 6.

14



2.3 Jackkinfe and Bootstrap For Regression parameters

in a Linear Model

2.3.1 Jackknife Method

Consider a lincar regression model given hy

Y= X548 (2.1

where, Yois an (0 x 1) observable tandom veetor: Xois an (10 x p) matrix (sueh that

. ! . P . , . . I
Inn,,__x(—\T\—) Isfinite), Sisaip ~ 1) veetor of unknown regression coetlicients and

Eis an tn x 1) veetor of distinhanees which follow the usaal assmmptions, namely,

E(&) =0 aud E(&'E) = a1

The statistic of iterest 1s thie estimator 4.

$= NNy Y (2.15)

We asstme that the o< pomatrix Xis of full tank. so that the matiix (N°X) has an
inverse,

The basie components of the standind jackkuife procedure ave parameter es
timates obtained by sueeessively deleting single observation. Following, Quenouille
(9], Tukey[12]. the cortespouding estitnator of 4 obtained by deletmg, the i th ob-

servation from the sianple data s,

= (NN )TN (2.16)

15



where X s an it 1y pamatnix of X vaniabless and Y_, 15 the (n = 1) x 1 vector

(Y less the 1 th elementy Followine, Hinkley [7]. (2165 can he written as

(NN

{4
1 -,

(2.17)

L . . . . S S .
where & s the residual Y, X $and e, = XX X)7X, s the i-th element of the
, . . e ey x- 1\ e
projection mattix XV "V onto the eolum space of X, ie. the p x 1 vector
of the i th observation on pregiessors,

To deseribe the standand Jackkiife procedure. we define
Po=—nd=tn -, i=12n) (2.18)

for which the Jackkuife estimator is given by

i:—ZP,. (2.19)

Using (2.17) and (2.18) in (2.19). we obtain

[ A R A Z(l —w,) " XL (2.20)

t

Quite generally the jaekkuife estimator removes the bias of order (1~!). Here /4
is unbinsed, aud therefore this property is redudant. Clearly .3 is unbiased |, since
E(&) = 0. so the fact that 5 and 4 ave generally different, together with the

Gauss-Markov property implies that S

car( 1) > car( )
The exceptions to this accut in balaneed Lncar models, where w, is constant, A
somewhat weaher property of #is general consisteney. which holds if 2= !'(X'X)

converges to i positive detinite matrix, this implying max w, — 0: sce Miller[8].

16



Similanly we can obtinn 77 L cottesponding estimator of 0,
However it (20401 is anounbalaneed wmodel with the Tack of balanee reflecting,
thiough the “distances™ o, Hinklex{7] therefore proposed the weighted jackknife

procedure for which the psendo velues are defined as,
;= Tl e s Py e 20, (2.21)
The corresponding weighted jackhnife estimator is ghven by
l i
ST 2m
t
and the estiimator of vindanee covinianee matrin of §is given by

Ve = oo o} DY Q0 5@, 4
=t p) NN T T EINL XX (2.23)

where in cach case the explicit forin for the linear model is given, The denominator
(1-p) in Vo, reflects the munber of degrees of freedom in the tesidual veetor, and

mabkes Vo exactly aubiased i the halineed case when we, e b

2.3.2 The Bootstrap Method :

The assmmptions nuderlyving the model (2.1 1) as desaribed i section (2.3.1)
of Freedman [5) me:
A.2.1: Fou the o £ pmatiig N

ey v

NN
los—— - M frnite ). ae. (2.24)
1

17



the prpatiiz M bhang, positive definite (pod.) of finite elements, This assumption
exeludes viriables which wiow indefinirely, as 1 goes to infinity (see White [15])

A.2.2 0 The components of & e bicde with common unknown distribution

function. F. having mean zero and constant variance.

Substituting (2.10) iu (2.13). we get

foo (NN AE (

o
[C)
[$7]
N

The predictor of &5 &L uiven by

=Y - NXNg=)E (2.26)

A bootstrap algorithm for the linear regression model, whose purpose is to
pencrate 30 for j= 120800 deseribed i what follows:
Alporithin 21
Purpose : To obrain 5 for j=1.2....B where B is large, usually between
200 and 10.000.
Step 1 Obtain S and & according to the specification of (2.235)
and (2.20) 1espeetively,

Sl('])

o

» Generate norandom integers, drawn with replacement

Step 3 Reconstruet the incar respouses Y's as
3@ 9 9=
)(”——.\ 7'+t(” (2.2()
Step e Compute

ity = (XTI (2.28)

Pt
o



Step 9@ Repeat steps 2.3 and 4 for j=1.2...B.
Asymptotic theorem by Freedman [9] ¢

As a consequence of V200 and A220 s o consistent estimate of o and

NI (2.29)

. . . . 1] -— v .
15 asymptotically normal having mean zero and varianee n*.\l\"'\ {~ce White| 15,
P14). Also. an unbiased estimator of @2 15 given by

—~ | o1~

at = (- k)T EE (2.30)

-~

and #7'EE s a maximum likeliliood estinator of @, provided that the ertors are

normally distributed.

The Bootstrap Estimate O f Bias

Lot

Epl3E)] = 3F)+ Bios

1.0,

Biras = Ep{ ) F)} - J(F) (2.31)

and

VIHE) = MSE[I(F)] - (Bas)’. (2.82)

Suppose that we wish to estimate the hias of o finctional statistic given by (2.31).

We can take R(Y. F) = JF) = #F). and use the hootstrap algorithion to estimate

E R = Bras. In this case
R =RIY ' ".Fy= #F")y=3fFy =37 3 (2.33)
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where 40 J0F ) 1 being the caupiinieal probability distribution of the hootstrap
ssanples I puts miss —“—/,;- o Yoo where M) is the munber of times Y, appears in
the hoot: frap sample,

If the Lootstrap disttibution for the estimator 4 i binsed, then the bias can
casily be correeted by the following two methods @

(1) Nominal Bias Correetion I this method bias correction can be done

by the fornmla

fem = (1 =) =28 3" (2.34)

(1) Pereentage Bias Conteetion @ Let us define

L B, 1
T
suely that
3
=
i
L
1 + o= =
3

whicli implies that

}_'
== (2.35)

In the literatures difficultios associated with the ordinary least squares resid-
uals for hootstiaping the Lincar Model have been partly attributed to the fact that,
although & s assviprotically an appropriate estimate of £, it has a covariance
matrix which depends on the design matrix X

.)‘)

-—t



In the IG reciprocal model. the Least Squares Estimators are not the same
as the Maxinnun Likelihood Estimators and whereas the (finite sample) sapling
properties of the least squates estimtors are casier to obtain than those of the mule.,
the former are less efficient for the laige samples.

T this thesis we are using mde. to estimate the 1'('g1';-ssi<»1x coefli-
cients. Morcover. the nisximun likelihood estimates corresponds to Weight ed Least
Squares estimators with response variable 1/Y and associated weight Y (Whitmore
[16]) which makes the adaptation »f the hootstrap method possible for the 1G re-

gression model.



Chapter 3

RESAMPLING INFERENCE IN AN INVERSE GAUSSIAN

REGRESSION MODEL

3.1 Introduction

In this chapter we develop the resampling procedure for the inverse Gaussian
model. The pdf of the 1G distiibution is given by the equation (1.16) as discussed
in the Chapter 1.

The deviation of the 1G distiibution can be cast in the context of fatigue growth
or acceumulation of fatigne or dimage over a period of time according to a Weiner

l)l!)('(‘.\.\'.

In this thesis we consider areciprocal linear model for the niean of the inverse
Gassian distribution. as proposed by Bhattacharya and Fries (3], in the context
of accunlation of fatigue. They consider the following situation : assume that n
sunilar items are subjeet to stress at diferent levels @y .aa.- -0y, until they break.
Eacli item has o characteristic ieaking, thieshold, which we assume to be the same

tor all items. The ditferent stiess levels, however, imply that the accumulation of



fatigue proceeds for different items ar diferent fevels. We may then model the drift
as a function of the covariate <. if the accumlation follows a Brownian motion ;
and when this drift is lincar in x. the tine of breaking, for the ith item follows an

inverse-Gaussian distribution with mean jr, where

1
— i“ '*‘ ';l.l',
Hy

and, because the breaking threshold is the same for all items, we assume a constant
A

In this chapter. we develop Jackkuife and Bootstrap methods, as discused in
Chapter 2. for estimating the pavameter 3 and its hias, in section 3.2 and 3.3

respectively,

3.1.1 The Model

We assume that at cach design point X, ¢ RP. = 1,200k there are inde
pendent observations Y. = 1.20---n,. Suppose that Yo, ~ 1G(p,, N) o We
reparaimetrize for convenicnce (poN) to (o) where a - & The assumption of

a linear drift of an inversely proportional breaking time is equivalent, to assune a

linear model for the reciprocal of the mean ie,

/l,~|—-“.\',lf RVEEEES DR £ (3.1)
where 3" = (A 400 4, is a vector of regression patameters and LY,
(1. oayp) 15 a veetor of explanatorny vanables. Note that o, 1 for & non
zero intercept model.

0



Denoting the N« pmatiis of observations of the explanatory variables by X.

we pet the following lincar model for & = (/I,_l Sy

o =X3

where N o= Z:q

Assiine also that A 2 p 4 10 We now introduee the following notations :

Y, = %Z’Y,,.

— A ", -
N ¥ }"

), - L= Lup=|]
N
sy
I = .\,

SR yinE !

— -
lel ,II‘\'

_\ by _\'

¢ r/uu/(u,.n_». INTER

D:llul.l/()].)-_». v )[.)

N =N NS X

and

S=X'CDX.

Here D oand S are matrix statistices,

(3.11)

Some important properties of che inverse-Gaussian which will be used here are

(1) Y, and \* Y=Y ) ane imdependent,
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(11) Y, ~ [G(/I,.""I—X). and
() AL (1,7 =T s,
Morcover

]
EYTY =
- * n\
"(:I'Hl;l} T 12 -} 2(2

n n

The proof of these results can also be found in [3].
3.1.2 Maximum Likelihood Estimation

The likelihood function is given liere by

",

A
Liji.a)= H Hf()',,://,.n)

1=l ==t

and is propotioual to

where

I3 ",
QU =) 3 Y, TN, X 1)
[ |

A ", d H,
DD S EVETESEACET S B WS W
=1 y=I J

The above may further he simplyfied s

=1

3
QUI =D 1N 3" 20, X041 Y S
! ]

(3.12)

{(J.13)

(3.1.1)

(3,16



A

D YU FRVETREEAEI S N e Ve
o

-
= (DN - 1)CD"YDXF~-1)+V (3.17)
where Voand D are defined in (3.6) and (3.9) 1espectively.
Now referring to (3.14) amd (3.17). the partial derivatives of log L with respect

to S and o yvield a set of likelihood cquations. namely.
Na - Q(3)=0 (3.18)

and

S+ N'(CLl=0 (3.19)

The solution of (3.18) aud (31901 18 given by
Jo ST =X )T (3.20)

= R-3X (3.21)

Eventhough the estimators # and a are obtained as unique solutions of the likelihood
equations. they are not necessanily the maximum likelthood estimators because the
estitmated mean (X' 5)" at a0 given design point X may turn out to be negative.
Therefore we can call these estimators of 3 and ¢ as Psendo mle of 4 and o,
respectively, However, unless Nis very smalll this is not a serious problem, because
the theorem proved by Bhattachinya and Fries {3] given helow shows that 4 and &
serve the primany goal of nil.e’s whicli is to provide an efficient likelihood estimator.

Theoren : As N s~ 0, /N, -+ I, ~0and N7'C — H. we have

) VNI = 4) = NN,
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s

D) V(2 = 1) — N0,

¢} 3 and a are asymptotically independent.,

where A= XTHMX M = dugijey o o) and Ho o diagghy by oo hy).

Bias of the Estomator 0 In linite samples 3 may have a Tlarge”™ bias. o

evaluate this hias, we use o two rern matrix inverse expansion to pet

E(3) =E(X'YN) "\ v 'N'RARNE TN (3.22)

where A = r/m,/((',,f—'-l'\—J O = NE 'Y R Y Mand £ N MY (Hor detailed
derivation see the appendix).

The bias is thus of order OfL ) but depends npon $ and Ao Thus it is of interest
to estimate the finite saple distribution of fand/or to eliminate hias of /4.

The following illustiated technigques ane used to esimate bias of 4 when the

model observations are coming f1om inverse Guassian distribution.

3.2 Jackknife Method

From section 3.1 1t is elem that 5 has o bias of ovder O(1/ ). Now we se
Jackknife method to estitnate this hias as disenssed in chapter 2,
In our case for the model as deseribed in section (1.2)0 analogous 1o

(2.15){2.17)(2.18) and (2.20) :

$o= NV )TN (3.23)



(YN N - 1Y

3 - . =1.2..--. 2
3., T =1 P (3.24)
P34 (o= DONY N X = 11 = Y™ (3.29)
anel
(n 1) "~ . —1 e
o f - N —_ _\ 2 \
3 — ,}:TH Yor,) (1= Y)Y, (3.26)

where w, = X, (X'VX) 7L and Y, = X4

Taking expeectation, we gt

N l (”_‘l) “ly v oy -1 L - -1 -y -
E(4)= 44 O(=) - (XY E{(1-Y,w) (1 -Y,1})}X,
(/1) FO(=) 4 ——1X"1) 2:! {(1 =Y, X, (3

.)-‘-)

The summation needs tedions compnrations but we notice that it may depend upon

Fand Aand that it is diffienlt to assess the order of the bias in this particular case.

Analogons 1o weighted jackhnife estimares given by the equations (2.21) and (2.22).
we obtain here
Q- Fruis ol =Yoo =12 p (3.28)
and
ll n
Je =07 Y Q0= 44 Y (1= Yoe)(3 = 32y (3.29)
=1 =1
where w, = XNV X NRAVETTIR M X3
Henee, substituting (3.21) in (3.29). we got
’,u - f
and taking expections of terms of order % we liave
-, 1
1:( Yyl = l‘{" ()(',-")- (3.30)
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since from equation (3.22) 1t i~ clear that the bias of 7 is of order ()(7';) but depends
upon .J and A\,

In this particular case. we can say that the jackkinfe procedure fails to remove
the bias of 3. In the next seetion we use the ™ Bootst tap” procedure to estimate the

bias of the parameter 9.

3.3 Bootstrap Method

The bootstrap method is similan to the NMoute Carlo Method, exeept that in
the bootstrap experiments. & is drawn from Finstead of B The reason for using
F is that it is attainable, whereas Fois neither hnown nor observable,

Eventhongh the mbe. 4 s the welghted least squares estimate, adoptation of
the standavd hootstrap methiod is not diveetly applicable, We consider the following

two methods to adopt the hootstiaping procedure for the [Goregression model;

Mcthod 1: Let the transformed pesiduals be given by

E=(N, 0

(S

o (331

where the s are diawn rom FoThe bootstrap algorithin for the hinear maodel
nsing rescaled residuals (3.31) con be deseribed as follows :

Algorithm 3.1

Purpose © The purpose of this algoritlon is the same as that of algorithm
2.1, except that & is now replaced by € whercas step 3 is replaced
Dy

.

20



Step 30 Reconstinet the hueanr 1esponses s

Yo, =R, + & {3.32)
y By o - __._-I _ ) .
where R = R 1.2, .
Repeat steps 2.3 aned | for j-1.2....8B

Mcthod 2 Let us define the transformed residuals as

AERTAY 1€, (3.33)

!

The hootstrap algovithun to vencrate 40 Jin this case ds as follows :

Algoritleng 3.2

Purpose @ The panpose of this algorithm is the sime as that of algorithm
2 1 exeept that & is now replaced by & whereas step 3 is replaced

by

Step 30 Reconstinet the Tinem responses as

= N1+ &, (3.34)

)
t)

where RE = ~— ;- L.2.--.B: = 1.2.---n Note that the sample

[

mean of & (either obtained by method 1 or method 2) is zervo.
Based o results for the bootstiap standard linear model we expecet that :

Fou Lge .

Vil - B = it = 3) (3.35)

where 42 is hootstrap estimator obtained by method 1 or method 2. A rigorous

proof of (3.35) was given by Babu {1].
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Estimate of Bras @ As explained in chapter 20 the bootstrap estimate of

the bias is approximated by

1 . . i
BIiAS- =N "3 o33 3 (3.36)

Estimate of the MSE of /
Because of (3.35) the MSE of 4 for Luge samples miay he estimated by

"

— A

MSE(H) - — 8
(%) 7 Ll

(n

A, ) (3.87)

;|

a nmumerical study of these is given i the next chapter,



Chapter 4

A NUMERICAL STUDY OF VARIOUS ESTIMATORS

4.1 Design of the Simulation Study

In this chapter we will apply: omr methods to estimate the parameters in the
imverse Ganssian lincear resression model, oo linear model the true disturbances
are unobservable witl empirieal applications to 1eal world data, hut ordinary least
squares (OLS) residuals can casily be computed. Freedman and Peters [3] advocate

the use of either best hnear unbiased 1esiduals or inflated QLS residuals.

Hereo we will use maximum likelihiood estimates of the regression cocfficient.
Faenthough the mules of s o weighired least squares estimate bhut adaptation of
the standard bootstrap method in the case of general linear models is not directly
applicable. We consider two methods 1o adapt the bootstrap method for 1G regres-
sion modelsas mentioned in Chapter 3 (section 3.3 ). The bootstrap residuals ave
computed according to these two methods and models are reconstructed by using
aleovithms 3.1 and 3 2 vespectively,

Since nles 4 itself s hiased in most of the cases, the regular bootstrap esti-
mator is binsed also and heneed is cortected by nominal correction and percentage

correction, as diseussed in Chapter 3. A simulation study is done to compare theses

. .



estimates based upon the regression models as deeribed in Chapter 20 For the sim
ulation design we consider v, = LV e = 120+ k. When p=-2, the intereept and
slope of the regression line are assigned different sets of values, Both the distur
bances and values for the independent variables ave generated by INISL RNUNE()
subroutines which have been well tested and ave very reliable Note that the 1an
dom number genrator used in this algorithm should be chosen to have a very large

period. The disturbances are caleulated hy method 1 and method 2 (as in seetion

3.3).

Given 3 and € of (2.23) and (2.26). 1espeetively, the bootstrap residuals and
reconstructed responses are obtained. The observations of the independent vani
ables are assmined to come hom o Umform (1.2) distribution. For cach n, these

observations are drawn once and then tixed throughout the experiment.

Separate experiments are constrieted (for n1=10.20,30,40,50), to determine the
effects of the sample size on the different values of pand Ao For cach expernnent,
NS=1000 samples are considered. In cacli simnple. B 500 triads are construeted
and three different sets of values of intereept. slope (e Ay - 0.4 1.0; /4y
1.0.3, = 1.0 aned 4y = 1.0, 4; == 0). valnes of A (5.10.20), and of p(as it depends on
4 and X,) are taken. In cach trial, the variations (bias and MSE) of the regression
coefficients are computed. At cach tiial. the bias and MSE of the regular hootstrap
estimates are caleulated. Averaee of bhias estimates hased on 1000 simmlation trials
are caculated. Both the hias aad MSE ane nsed as yardsticks for comparison among

the four estimators (maxinnun likeliliood, regular bootstrap, nominal bins correeted



bootstrap and pereentage bias conected hootstrap).

Detatled tables of the hiases and MSE of the estimators based on the simulation
ame piven in the Tables 41 to 130 O conclusions about the bias and the MSE's
of different estunators are given in the uext section. This section further provides

an assesment of the estimator of the MSE of mlels.

4.2 Conclusions

4.2.1 The Bias of the Estimators

The results in Table LU indicare that for sinall values of 1 and A, the percentage
bhootstrap estimator (PBCH has o linge bias, Hhut as ninereases and A increases, the
hiases decrease and the nowdnal bootstrap correetion estimator (NBC) and PBC
tend to have smaller bias than that of md.eo Evenif withh these inereased values of
noand A the bias in the bootstrap estimator is falling more repidly than that of the
m.Le it stil comes out ta be the best esimator in the sense of having the smallest
hias

The roesudts i Table L2 indicate that for all values of n. as A increases, the
biases deerease, Specially for n=-20 and N = 10. the bias of the m.le. is negligible
but the hbootstiap estimators still lave non-negligible bias. For n = 50, the regular

hootstrap as well as the conreered bootstiap estimators have non-uegligible bias.
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Table 4.1 a

Biases of the Estimators Using Method 1

fo = 1. 4 20

nofoA MLE BOOTSTRADP NBC P B
1015 4 0475 1185 0235 2802
4 0641 1323 ~.0042 0152

10| 4 -.0306 L0651 0040 20064

3 0379 0775 0017 0080

20| 4 0216 0300 0125 ~0125

4 0235 0379 0091 0120

201 5| 3 0130 0505 0216 0288
4 0027 0060 0113 0003

0] 4, 0003 A1 0196 0162

3, 0033 0003 0100 0067

200 4 ~.0008 0096 0112 0109

9 0035 <0013 0058 0056

30| 5| 4 0124 0355 0110 0019
3 -.0003 0041 00341 0430

100 4, 0029 0149 L0091 0078

4, 0022 0003 0040 0142

20| 4, 0047 0113 0019 0016

4, ~.0008 0017 0000 0008

-
-~




Table 4.1 a (continued)

Biases of the Estimators Using method 1

fn=1 4 =10

n A MLE BOOTSTRAP NBC PBC
401 5 Hy 0070 0174 -.0034 -.0015
5 0021 0041 .0000 0041

101 4 0035 0093 -.0024 -.0019

1 L0018 0027 .0009 .0011

201 A 0026 0063 -.0012 -.0011

5 0001 0005 -.0004 -.0001

501 5 T 0210 0324 0096 1394
3y 0091 -.0092 -.0089 -.0093

101 4 0139 0201 0077 .0080

1| -0067 -.0067 -.00067 -.0067

20 o 0092 0132 0052 0053

9 -.00-44 -.0044 -.00-44 -.0049

Note : All the above results are hased on 1000 saanples and 500 bootstrap trials

in cach sinple.
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Table 4.1 b

Biases of the Estimators Using Method 1

7’() = 1. '}l =1

n A MLE BOOTSTRADP NDBC PBc
10] 5 o -.0301 3353 2751 0217
Iy 0554 2971 -. 1864 126

10] 4 -.0368 -.2132 A5 3468

o L0436 011 1039 -0790

200 4 -.0109 L8359 0611 0891

o7 0166 0820 0488 0428

20 5 o 0072 0718 0863 G86
4 0071 0798 -.0656 577

10] 4 L0000 -0331 0331 0371

3 0063 0396 -.0270) 0248

200 -.0001 0136 0134 0128

4 0027 D188 -.0133 0127

30 5 Jo 0037 0529 0602 0371
it L0055 0590 0481 0437

10 4 0096 00132 032 0238

4 -.0016 (227 0259 0248

200 4 L003s 0058 0133 0137

9 -.0002 0123 0127 0123

[\
-1




Table 4.1 b (continued)

Biases of the Estimators Using method 1

fn = 1. .j; =1

n A MLE BOOTSTRAP NBC PBC
40 ] 5 o 0069 -.0425 0563 .0264
%) 0031 0493 -.0431 -.0400

10 4 0051 -.0170 0272 0311

3 0001 0228 -.0229 -.0220

2010 H 0021 -.0074 0121 0129

H -.0004 0117 -.0126 -.0123

201 5 o 0332 -.0035 0700 0637
by 0167 0198 -.0531 -.0514

10| A 0192 0028 0356 0370

I -.0092 0092 0277 -.0270

200 S L0167 0100 .0235 .0238

3 -.0099 0000 -.0198 -.0196

Note : All the above results are hased on 1000 samples and 500 bootstrap trials

i cach sample.

[
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Table 4.1 ¢

Biases of the Estimators Using method 1

=0, 4 =1

n | A MLE BOOTSTRAP NBC PBC
10 5] % 0185 2350 L1980 0317
3, 0466 1913 ~0Y381 0279

0] 4 017N 2561 2200 0093

3 0297 2062 BRI 1032

20/ 4 0134 1932 1664 1020

: A 0183 sl 1219 0072

20 5| 4 0162 e 1695 L0881
3 0013 1199 L1178 0942

10| 4, 0081 0911 1073 0738

4 0011 0313 0792 0698

20| 3 -.0004 0190 0182 0384

5 0034 011 0375 0345

30| 5| 4 0173 NERT ATS6 0997
1 -0030 1269 1428 1128

10] 4, 0047 0712 0836 0571

3 006 662 - (6GH0O - O08T

20| 0067 0281 0414 0306

1, -.0021 0252 0323 0307
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Table 4.1 ¢ (continued)

Biases of the Iistimators Using method 1

'}” = (). j] - 1

n A MLE BOOTSTRAP NBC PBC
40D A 0099 1192 1390 0765
5 0014 1040 -.1012 -.0890

10] A4 0069 -0617 0746 1027
3 -.0004 0501 -.0568 -.0524

200 0037 0287 0361 0381

5 -.0010 0271 -.0201 -.0278

o0 | D Jy 0263 -.0816 1342 1956
Iy 0123 0793 -.1010 -.0910

10 4 017 -.0389 0738 1151

A 0088 0394 -.0571 -.0837

201 A 129 -0141 0400 0305

o 0070 0174 -.0314 -.0304

Note : All the above result are based on 1000 samples and 500 bootstrap trails

m cach sample,
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Table 4.1 d

Biases of the Estimators Using method 2

o= 1. 4 = 0
n | A MLE BOOTSTRAD NBC PBC
100 5 | 4 L0475 0921 -.0029 0169
4, 0641 1073 0208 0323
10| 4, -0306 NINEE! - 0200 0195
4, 0379 0557 0201 0231
20 4, 0216 0237 -0104 0192
4, 0235 0314 0156 0162
20| 5 | 4 0130 0276 0017 0059
4, 0027 0023 0076 0119
10| 4, 0008 0129 L0114 0013
4, 0053 0031 0075 Q082
20| A -.0008 0077 -0093 0104
) 0035 0020 0051 0050
30| 5 | 4, 0124 0191 0057 0174
3 -.0003 -0022 0015 0006
10| 4, 0029 0103 0045 0061
A, 0022 1018 0025 0031
20| 4 0047 0104 ~0010 0003
4, -0008 00 0002 -.0004




Table 4.1 d (continued)

Biases of the Estimators Using method 2

f“ = l. ,j] = ()

i A M. E BOOTSTRAP NBC PBC
A0 L5 1y 0070 080 0059 -.0129
i 0021 0049 -.0008 0030

10 A, 0035 0074 -.0004 0015

3 HOLR 0030 .0006 .0006

200 Ay 0026 0060 -.0008 -.0006

3 0001 0006 -.0004 -.0005

o0 4] S 440 4041 -.1661 -.0886
3 -.(M00 - 1328 -.0471 -0714

10 4 0139 0205 0073 0094

3 - 0067 -0078 -.0035 -.0056

200 0092 0133 0000 0053

1) - 00 14 -.0046 -.0041 -.0040

Note : All the above resulis are hased on 1000 samples and 500 bootstrap trials

in cach sample.




‘able 4.1 e

Biases of the Estimators Using method 2

"’n = 1.

.1’| =

1

n A MLE BOOTSTRAP NBC pBC
10 5| 4 -.0301 1272 0670 ~0340
3, 0554 1392 0285 0212

10] -.0368 0818 0082 0094

4 0436 0861 0011 0038

20| 4, -.0109 0307 0089 0083

3 0166 0379 0047 0038

201 5| 4 0072 1208 1353 0804
A 0071 0958 0815 0707

0] 4 L0000 ~.0606 0605 0676

3 0063 0517 0391 0363

20! -.0001 0278 0276 0516

3 0027 256 0202 0194

301 51 0037 1607 1681 2241
A 0055 1152 21042 0912

10] 3 0096 NG5S 0S50 0841

3 -0016 0521 0553 0521

201 4, 003N 0318 0391 0413

3 -0002 0271 0275 0266
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Table 4.1 e (continued)

Biases of the Estimators Using method 2

j(’ = 1. /jl = 1

u A MLE BOOTSTRAP NBC PBC
40 1 5 o 0069 - 17 1857 1550
1) 0031 A217 -.1154 -.0999

101 4 0051 -0795 0897 1102

e -.0001 0590 -.0591 -.0554

200 4 0021 -.0380 0428 0462

4, ~0004 0296 -.0305 -.0295

o0 | & Ay 0332 - 1499 2120 A171
1 0167 1029 -.1362 -.1071

10] 4, 0192 LG6o8 1042 1205

1 -.0092 0500 -.0690 -.0652

200 4, 0167 0236 0971 0597

3, ~.0099 0204 -.0402 -.0392

Note o All the above results ane hased on 1000 samples and 500 hootstrap trials

in cach sample,
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Biases of the Estimators Using method 2

Table 4.1 f

)'u = () Jl s l

11 A MLE BOOTSTRAP NBC PBc
10 ) Ay -0185 1211 810 617
) 460 BREE! 212 U180

10] 4y 071N 008 0653 U408

A 0297 0910 0320 0252

20 % -.0134 0062 0294 276

1 0183 0522 0156 0144

20 5 3 0162 0S8 732 0219
3 0013 0795 0768 0274

101 .4, 0081 242 14403 0767

3 L0011 JIN3N SOSET 0708

20 3o -.0004 673 665 0071

ol 0034 S0 0011 SOURT

30| 5 o 0173 2013 2359 U8TY
1 0030 TS A207 0661

10 1 L0047 083 J6TT 935

1 0006 1009 0097 0854

200 A 0067 0739 RT3 1020

1 -.0021 0508 -0519 -0518




Table 4.1 { (continue)

Biases of the Estimators Using method 2

j’“ - “. i] = l

n A MLE BOOTSTRAP NBC PBC
) 5] Iy 099 .2202 2400 1330
Sy 0011 1207 -.1180 -.0646

100 4 D065 -.1703 1832 0418

3 0001 1078 -.1085 -.0946

200 Ay 0037 -.0834 0908 .0809

3, - 0010 0534 -.0574 -.0540

K0 5 tu 0263 0791 A317 -.1738
; L0128 0404 -.0661 -.0899

100 A LO17 -.1G683 2031 0122

4, -.0083 1051 -1228 -.1076

200 4 0129 -.0786 1045 0014

4, 0070 0327 -.0G66S -.0630

Note @ All the above tesults are hased on 1000 samples and 500 bootstrap trials

i cach sample.
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In the case of no intercept models. whatever the value of nand \ we chose, the
m.le is the only choice. as rest of the estimators tend to have sipniticant biases.

It can also be seen from Table 4.2 that for inercasing values of noand \, the
biases are decreasing. and PBC is as good as NBC'.

For n:=20 and A = 10 the mele. has negligible bias, but the hootstrap estimator
does not secmn to provide satisfactory results, However, for large N\, NBC and PBC
are equally good and seem to iimprove over the regular hootstrap estimator,

The results in Table 4.2 iu the case of no intercept models, show that for
increasing values of 1 and A the hiases ane reducing, but again the mule. seems to

perform better over others,

4.2.2 The MSE of the Estimators

In order to compare a hiased estimators with differcut amounnts of bias, o wseful
criterion is the Mean Squine Error (MSE) of the estimators, measured from the

population value thar is being estimated. Formally,

‘)

MSE(H  E(3-.4)

= V08 4 (Bias)? (4.1
which can he estimated hy
MSEU S Vi)t (Bras) (4.2)

where AMSE( 3) is an estimate of MSEC 5y and Bios is an estiipate of Bias.

b



The resnlts an Table B3a idnstrane that for small values of A PBC 1s not a
good estimator. For laige values of Ao NBC and PBC are equally precise and have
analler MSE than the mle. for all values of 1. For large values of n and A, the
hootstrap estimator mmay be considered 1o he equivalent to m.Le,

Fromr Table 4.3b. we cansay that for siall values of n and A, PBC is not good.
but as n and A increase, PBC and NBC almost coineide in terms of MSE. For large
n and large AL the bootstrap estimator is as preeisc as the m.le,

The values in the case of no npereept models indicate that for large n and
A NBC is more appropriate than the m e, aud that the mse of the bootstrap
estimator s o little higher thon than of e,

MSE™s of different estimators obtained by Method 2 i the Table 4.3d show
that for small v, and or A: the PBC s nsually larger than others. NBC is better
than the e, independently of the choiee of \o For large noand A PBC and NBC
are cqually precise and bhetter than the mlie,

From Table -£.3c0 it as elein that for all values of nand small value of A, the
MSE of 7 Cis not usually Lirege However, for all values of nand A, NBC is better
than the e, and the hootstiap estimator,

In the ease of the linear model with no intereept. the MSE of the PBC estimator
i~ unacceptable, as shown in the Table 431 when A s small and 1 is large. In this

case there s no noticeable gain in using another estimate than the m.le,

.._
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Table 4.2 a

Mean Square Error of the Estimators Using NMethod

7’11 = 1 f] = ()

n A MLE BOOTSTRAP NBC PBC
10 o T 7204 9900 607 060.78H2
3 3315 AGL 2797 OS]
1070 3y 3486 BUER) 2432 011306

3 1590 232 1078 12206

201 Ay 1736 2070 AT AR830

1 0796 970 651 672

201 5 30 A086 009 2979 3001
9 10652 22060 JdL83 1962

107 % 2097 2038 Jd728 A7

3 0853 1036 0GOS JSRG

201 9, 1006 097 0027 0933

3 0410 D0 0376 0380

301 5 o 2659 23130 2024 2441
9 1085 110 0818 2.4561

101 4 1325 1199 7 172

1 0047 HG1S AMRES S0

20) %y 653 =9 062222 0621

¥ 0270 0255 0257 01264

1)




Table 4.2 a (continued)

Mean Square Errvor of the Estimators Using Method 1

"(;: ].. j] :()

no|oA N LE BOOTSTRAP NBC PBC
G0 5| o4 1690 2032 1397 1544
4 0696 0843 0570 0736

0] 4 0813 0013 0781 0779

5 0347 0377 0320 0324

M1 4 0421 0137 0407 0407

4, 0173 0180 0167 0168
0 | o | 1808 1523 1118 16.6205
4 0813 0669 0489 0501

0] 4 0613 0690 0601 0601

1 (282 (1302 0264 0266

M| 4, 0312 0323 0303 0303

i, 0136 010 0132 0134

Note: Al the above tesalts are bised on 1000 samples and 500 bootstrap trials

in cach sample.

ol)



Table 4.2 b

Mean Square Error of the Estitators Using Method 1

)'“ = 1. )'l N |

n A MLE BOOTSTRAP NDBC PBcC
10 ) ) 1.7391 20831 13115 19.9530

4 3193 1.2 062 L6725
101 A S0 1.2393 L0600 86,1792

1 134 L6194 SUSH 193

20 % ~A090 AST3 570 069

h 1931 2380 16064 1680

2010 5| 4 1.0070 1.2263 S3ST 1.5021

7 A208 0202 S 3021

10 4y AY16 ST Sl ~AGS

5 2056 2326 ARG 1863

200 4 2439 250N 2340 3211

ol 1024 1082 0980 RIBAY

3 RS 3262 2376 2404

10 fo 3099 3302 29381 047

1, 1327 1135 A247 1250

20 ) 1499 A0 H NI 471

5] 0640 6GS 0624 0624

)



Table 4.2 b (continued)

Mean Square Error of the Estimators Using Method 1

f“ = ].. )’] :1

1 A MLE BOOTSTRAP NBC PBC
10 0 u 1075 4589 3680 9031
A 735 2008 A047 1558

10] 4, 2018 2133 .1930 1912

3 LS6O 0922 0819 0820

200 Ay 0995 1025 0974 .0969

1 0425 441 410 0415

VI $o 083 3367 2866 3285
j 101 1560 1299 1310

101 4 1499 1563 1452 1444

1 0675 0711 00653 0653

200 % 0760 0770 0749 0749

I8 0310 0348 0336 03306

Note = Al the above resalts are based on 1000 samples and 500 hootstrap trials

m each sample,



Table 4.2 ¢

Mean Squares Error of the Estimators Using Method 1

iu = 0. f| =

1 A MLE BOOTSTRADP NBC rpc
10 b o 10467 1.1530 1.2633 4.9506
3 0009 D281 O34T 7302

101 9y 2191 T2 0211 9.3652

3 2003 3038 2727 20387

20 0 2520 05T L2229 38857

1) 1222 2002 1131 1093

20 0 3y YR, (139 238 T2
2 2402 32306 L2386 2081

101 4, J2NON AN 2101 2999

3 1234 1721 1028 J043

200 4 2N 1722 A257 A375

2] 0610 070N 0533 0039

30 5} Ju 3825 DTN 2067 919
7 1658 26GY 1308 1320

101 3, JASOS 2112 A00T 2109

1, 0812 1129 G674 0653

20 ' 089 1020 0823 909

3 0392 G2 0361 0362




Table 4.2 ¢ (continued)

Mean Squares Error of the Estimators Using Method 1

';“ = (). f] = 1

1 A MLE BOOTSTRAP NBC PBC
10 0 1 2130 3342 .2069 .6139
$ 1065 1938 0032 0935

107 3, 196 1520 1044 1.3821

4, 0521 0700 0456 0460

20) % L0081 0664 0551 0748

9, 0255 0299 0240 0241

ol) ) I BRIN 2384 1628 9.4268
1 VNI A157 0794 0797

101 4, RINNT 1086 0805 2.9640

oy U413 0529 0380 .0381

200 4y 083 0481 0417 0531

1, 0200 0230 0104 0195

Note s Al the above results are hased on 1000 samples and 500 bootstrap trials

i cach sample



Table 4.2 d

Mean Squares Error of the Estimators Using Method 2

fo= 1. 4 <= 0

n | A MLE BOOTSTRAD NBC PBC
101 5| 4 7204 TR0 T 1.8190
5 3315 3675 3232 1.9075

0] 3486 3903 3119 3216

) 1390 1793 1412 1439

20| 1736 ANt 1639 AGAT

4, 0796 NN 0718 O7H

2010 5| 4 40806 3N 3323 10204
1 1652 2190 BREN 1692

100 4 2097 2308 1673 2907

3, 0853 1059 0678 0707

0 1006 1122 0903 0963

5] 0410 0157 0366 0371

300 5 | 2655 383 1850 5407
’) 1085 1570 0750 0886

0] 4, 1325 1674 1028 1726

3, 0547 0697 0120 0437

2010 4 0653 0734 09581 0076

3, 0270 (130 1 (0230 0243

ot
-t



Table 4.2 d (continued)

Mean Squares Error of the Estimators Using Method 2

}” = 1. j] = 0

1 A ML K BOOTSTRAP NBC PBC
40 D i 1690 2023 1022 1.5888
5 0696 L1093 0409 0555

(TR 843 0% 0646 0649

7 347 L0440 0263 0274

200 Ay 0121 A6 0372 0371

1 0193 0197 0132 0156

a0 o % RN 3117 175 0813
1, RINES L0258 0340 0434

101 Ay 0643 0823 0492 0483

1 0282 0362 0215 0225

2010 4, 312 L0304 0274 0274

5 0136 0154 0119 0121

Note : All the above results ane based on 1000 samples and 500 bootstrap trials

in cach sample.

ot



Table 1.2 ¢

Mean Squares Errvor of the Estimators Using Method 2

fo== Lo 9
n A MLE BOOTSTRAP NBCC P
10 ] Ju 1.7301 10958 1.9367 7.3523
3 3193 MR L0333 Y
10 N S697T MENY SEES BOHY
1 1134 LT IS8T 890
2010 4, 4090 244 3962 A023
o .1931 2009 187H ASTH
20) 5 A 1.0070 1.2560 STl 1.3322
3 A208 D271 3031 J661
101 4y AD16 20651 4351 OO
3, 2056 21352 1837 ASIT
200 4 2435 2607 2297 0966
A 1021 1095 0971 0972
30 ) Fu 0434 NT19 o129 2 3HORY
1 RYRE 3626 RN 2512
10 T 3099 300 2781 L0089
4y RERN 1532 1202 A207
2) o L1499 1611 1425 442
3 00640 NGRS 612 N613

I




Table 4.2 e (continued)

Mean Squares Error of the Estimators Using Method 2

)’(y = l. jl = ].

1 A MLE BOOTSTRADP NBC PBC
401 5 To AOTH D180 3373 5.7766
5 1735 2418 1476 1558

10 4 2018 2400 18325 1841

3 0360 1020 0787 0789

20 Ay 0995 1084 0949 0932

1 0425 U463 0409 0409
ol | 5 fo S083 4321 2730 32.9421
i J404 19012 JA277 3135

10 4 1499 BTN 1409 1634

1 0675 0793 L0642 0642

201 4 0760 0820 0740 0736

5 0310 0366 0334 0334

Note Al the above tesulis are hased o 1000 saunples and 500 hootstrap trials

- cach siple.




Table 4.2 f

Mean Squares Ervror of the Estimators Using Method 2

f“ = (). ;l =z 1

1 A MLE BOOTSTRAD NBC PBcC
10 ) S 1LLO4GT LI 1.0997 2.6803
3 0009 RETY) RIYRT) LTS

10 0191 0040 AT 0260

3 2503 AV 2317 2369

201 4 2526 20T 23108 282

o 1222 038 LD J LR

20) ) ) DTTY G301 G825 71194
3 2462 2613 332 6092

101 4 2898 38633 20508 I.1H)]

g 1231 980 A176 243

200 3 A2 L7l 1277 3590

1 0610 0723 9506 559
30 ) fu 325 92606 222 0:3.8736
3 J655 2069 2408 3230

10} 4 A858 280 L1860 36880

3 312 1152 LOST19 874

200 4 NINDN 1127 08456 61055

1 0392 RIRDH 0369 0369

i




Table 4.2 { (continued)

Mean Squares Error of the Estimators Using Method 2

i‘; -— (). j] = ]_
n A MLE BOOTSTRAP NBC PBC
10 y) fn 2130 3606 3044 421.3743
4, 065 1373 1837 2564
101 3, 196 1969 1300 9.9268
/ 0521 0797 0381 0590
200 A TN 0781 0577 8312
5 0255 0332 0234 0254
511 I ) o S0 15.4312 18.6564 56.6723
1 NINES 4.4974 4.6159 .2004
10 4 AN 1528 1153 11.6594
A 0413 617 0034 .0524
200 4, IR RIS 0479 2.3239
j 0200 0263 0221 0219

Note : All the above resalts anre based o 1000 samples and 300 bootstrap trials

m cach sample.

)



4.2.3 Estimation of the MSE of Maximuin Likelihood Estimators

Method 1 seems to overestimate the MSE. specially for small values of . hut
Method 2 produces satisfactory results inall eases. This may give the basis for hy-
pothesis testing on the parameters, Thus the hootstrap procedure seetns to provide

valid estimates of the MSE of the mules if we use Method 2.
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Table 4.3 a

Comparison of M S E and Est. M S E of 4

;(' ps f] = ()
1 A MLE Method 1 AMethod 2
10 D fy 204 2.0833 1670
! 315 1.0991 3883
10 Ju JIN6G 0411 3071
1 L1090 3010 1381
20) f, 1736 1989 1430
iy 0796 0936 0047
() ! I RITAIN 1003 4781
i 652 2838 1902
10 fo 2097 2534 1063
I8 RINNR] 1021 0787
20) 1) 100G 1038 .0930
A 0o 418 0373
S0 ¥ T 26005 383. S047
iy BISAW 1001 1238
10 f 1325 A458 1251
1 U517 090 0513
) T 0653 0047 0598
1 270 02065 0246




Table 4.3 a (continued)

Comparison of M S ¥ and Est. M 5 F of )

PR B P |

1 A ML E Method 1 CMethiod 2
4) o %) 1690 RN 2132
5 069G A1919 LSTY
10 I RINER RVIINN RINTI
3| AT 0102 0373
20 % 21 O LS S0
5 0173 OIRN 0180
ol) ) fu IIANY! 601 13412
I D375 695 2602
10 fu D613 A00 666
3 282 L0301 (290
2() 1 0312 0331 0319
i 0136 011 0139

b

Note : All the above tesults ane biccd on 1000 sannles and 500 Lootstyap triads

i cach sample.



Table 4.3 b

Comparison of M S E and Est. M S E of 3

fo - 1. 4 =1
1 A MLE Method 1 NMethod 2
10) ! . 1.7391 5.1918 1.5052
i SO 3.0634 0967
10 f Niin 2.2026 1383
5\ 3 1.2652 3211
20 5 90 L7900 3592
1 1931 4422 1063
20 0 5, 1 0070 1.4523 1.1988
1, 120N To76 4705
10 I 1916 0071 D443
) 2000 23028 2120
) o RARY 2096 2013
1, 102y L1350 1020
30 D i HRY 3676 L1859
i 2T 4066 3140
10 o 3094 23780 3488
i Bk L1955 1387
20 fa 1190 1797 1679
i 0610 0024 0669




Table 4.3 b (continued)

Comparison of M S E and Est. M 5 E of 4

S Lo |
1 A MLE Method 1 Method 2
40 J I AT 6920 20
5, AT 3167 2375
10 3 200N 2083 2010
1, 0860 1569 1016
2) T (995 NERN 201
5 0125 0703 OIN6
af) 0 fn S0N3 708 1160
/) RROT 2630 1869
10 % RN 2213 10932
4, 0675 1227 0810
20 M 0760 071 0891
3 0310 00093 0376

Note : All the above resudts e hased on 1000 simnples and 500 bootstyap triads

i each sample.



Table 4.3 ¢

Comparison of M S E and Est. M S E of 3

fy 0.
u A MLE Method 1 Aethod 2
10) 0 I I 0167 T84T 1.2100
5 SO0 Dhew ﬂ\”ill)‘.) 00033 o039
10 fuy ol 3.1732 0324
I8 2503 2.0339 2308
20 1 2524 1.3789 L2445
A [222 32905 1039
2() J 1 Y 1.7095 2.08G3
/ 2162 1.0490 .6801
10 S INON L1944 4701
5 1231 4012 1873
20 h NERA 92 1981
5 0610 182 0762
30 O Yo GANDG 1.7280 1.9721
i LGOS 1.1129 03801
1 Yo INIS 0099 3737
5 OS2 2927 1479
2() o 0N 2099 1317
o IRTRN 1186 L0510

e




Table 1.3 ¢ (continued)

Comparison of M S E and Est, M S E of 3

h 0. 7 ]
1 A ML E Method 1 Method 2
40 5} $0 2130 D101 1.9 19N
A 6D 0372 6320
10 fo HOG 997 S090
5 0521 2303 A217
() fu A0NT 762 085
1, 0255 1001 NI
a0 ) by IO~ OSSN 91 IN20
5 O~13 301 220 1 S0
1(0) b, USNT 3061 20602
i, 0113 1866 1108
2() I RIENE! BBAR 0S4
£ 4200 N30 NI XRA

Note : All the above tesulr< e ha-cd on 1000 wnlnpll"» aned H00) ')HUIH'HII' Tl

in cach samples.
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Appendix : Derivation of (3.22)

For the IG regression madel as disetibed in section 3.1.10 the estimator of 7 is

given by

MY N N1 =S8N (4.1)
where S = V'YX which further ean he wiitten as
SON'VUN XYY - M)X

(I + (N\'RXOFYF

where =Y Moand F o NN T herefore.

SV LF Y+ X'RX)FY)
Fold AT
\‘ .-l/
A I (4.2)
; -u I
where A X'RXNF D and
- o e o A
S Yo E(F IZ‘T)
p=4u :
A+ A
e .- . -1
I A T ?—F —3T+....)

it



1 . ]
=F' - F B s —‘M.-l'% —FEAYY L
2 O

=(X'MNX T s =F "E(N'RNFOIXN'RN) R

IV

which implies that

E(3)=F "Xl %F "E(X'RYEF O'N'RY)EOTY (L3

Now consider

E(N'RXFT'N'RYy ELOY. RXXOHFO RN
-1

[

=E{) R;X,NF'NNJ VDY CRR,NNF VYN

(=3 P
= STVIRIN,NIF NN Y Cor(y VX X E Y X
' 1
N FA VA SRV (A
[

where E(R,) = O.V(R,) - & and Cor(d),) 0. Alo M N'UXN

Z:' 1, XN,X s of O(n) and henee, F Pis ol OCT/u) amd

l H‘
—1 x- -~ Pyt .___,‘I IRt -/"1- -I'\l»l
ES7'X'ly=F '"N'I+ __)I 2 a NN XN PN
[

l ”‘ Poye oyl - . )
= FTINL St 'Y X NEN N

¢}

NV

H"ll('('

XY RN OIRYITY (40
We can say that the bias of /s —1/ PN NN VX NTE PN N wlaeh s of
order O(1/n) under the condinon thar « 'YX Vis of order O /u,
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