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Introduction o ‘ 8 ‘ -
. s ~ i L R : , . .@"\ . R

Th:l.s thesia is intended to’ :Lnitiate an enquiry into

‘the meaning ot negation in extens:l.bns of the positive frag—

ment or Gentzen 8 intuitionist claculus LJ, and is. motivated

" by the investigatione of H.B. Curry in Curry. (52), (52b),

(52c), (57) and (63), By negation we understand a unary

operation on the set of formulae, the nega‘!;ion of a formala

A being denoted by =4A, with the :Lntended interpretation that

-\A is a theorem if -and only if A is false. It would seem .

that the weakest conditions which can be mposed on such

an operation' while retaining some {?nnexion with our 1n-

. tuitive notions of truth and falsity are the following

(a) The conjunctioxr o:t any ioxm;la_am_its__nagatinn

.~

shall be false, in- aymbols\ '
, -—-—y"(AJ\"A) | | , -
(b) Any formula from which a false formula can bo n
'+ derived shf;ll itself be false, :Ln ay;nbola:

v +

T " A—>B . —»-B

" Throughout odr work negation will be deﬁ.ned by intraduc:l.ng

into- the langwage a fixed atonmic tornmla W to atand for

. "the false", and by taking A as an abbreviation for AD]).

clearly, the negation o;/)erator 8o defined satisf:l.es both ot

. the requiremente above. The study o.f. negation no.y thus be

construed as the study of "the false®. Ta'lﬁ.ng L. as a tixod

atomic Lormula with no ,additional requ:lromnta y:l.e].du

) B 'HA ° ‘l
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" the ,system of "minimal fogiyc" Q{"(see Prawitz (6;5). and

i

) . s | ' . L) '
object of our enquiries \53 the study of extensions of the - '

Prawitg and Malmnlls (68)). Thus we may reformulate the

deductiva syaten IM. The kems LD, LJ, LE and LK are such
extenaions. The roquirement that* ) be-an atomic formula C :1
‘was made in order to avoid the trivial case in which 1l 1is A
:I.taelf a theoren. f[n thia case the negation of a.nij&bmmla ._ \\ Cy
would be a theorem, and 8o negation becomes uninteresting. ' . R

LD, IJ, LB and IK (the systems LJ and IX coincide, with

!

In Section 1 we define the fige ,aysteus for negation LM, ,\'ﬁ
. . v ’ |

1’

|

minor imoditicgtio‘na, with their Gentzen namesakes), and in y
Section 2 we go on to davelop a model theory for t‘h’esﬂe
systems adapted from Rasiowa and Sikorski (63). The pprti—

' . "classical minimal logie". 'l!hose systemsl do not, of course,
‘.exhaust che interesting possibilities, For example, recent
- results of siabo (a) anggeat‘tho’ interest 'f examining the

cular mtereat ot the. systems I.H, LD, .LJ a.nd IX derives

fron the faot that each is, in a certain sense, characterized B

by a vell-known principle of negation. Tt){m IM is charac- o,
terized by the "prihciple of non-contradiction" LD is .
charncterizad by the “law of the exclqdod middle", LJ is
characterized by intuitionist nogat:lon. and LK igcharac— )
teriged by c].aasical negation. I.E is a ayatem. 1ntermed1ate
between LD and 1K, which uight be called a syatem or

¢

aystems oharaoterisod by tho varioua dq Horgan laws toi‘ | v -
nogn.ti.on
' . Lambek (se), (69). (72) and (a), snd Ssabo (74), (c).i

Y
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. . . .
.
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. (d) apd (e) have developed methods for representing the
. propositional and first order Gentgzen systéms LJ .and LK ap

Cartesian closed oategories’ whioh may be regarded as o
generalizations of the associated I.indenbaum algebras. The ', ‘)
question arises as to whether this can also be done in an e
interesting: wa.y for the sygtems IN, LD and LB. Q/p’rovide )
such an interpretation for -the propositional rragmsnts of
‘these systems in Section 4. The ease with whioh the repre-
sentation is constructed suggests the.t category theory L“.
provides a natural framework for developing the model theory.
of albitrary systems for negation’ (i.e. arbitrary extensions
of IM “lying below" IK). . _ '

Because of the richer structure of the representing j.
eategories more detail of the struoture of the systems
"lifts" to the categories than is the case for the Linden~

" baum algebras. In particular, while the transition to the
‘Igindenbaum alget_ras results in' the loss of alJ/. information
congerning the derivation of a given derivable sequent, in
_the categories equivalenoe olass'es. of derivations are |
Yetaired as morphisms. That this is so raises the question
of how much of the proof theory of the aystems "1ifts" to

. the representing oategories. In this thesis ve answer this
ques}ion for Craig's Interpolation Theorem (Graig (57)),

_ ‘one of the, standard results in proot theory. Por Gentzen

eystems this theorem states !that if a eoquent A—>B 18
derivable thien there is ap "interpolation romula" J con-
strueted rron the variablee and relation symbols oeourring S




:I.h A and B, so0 ‘that the aequents A——> J and J ---».B are

derivable. The theorem "lifts" in a trivial aense to the
‘ Lindenbaum algebras. However, 1nterpreted categorieally,
the theorem requires the commutativity of certain diagram;;

and 1s, therefore, more interesting, the proofs are given

- -2

I tn Section 4. ' .

Section 3 is devoted to a proof of Craig 8 theorem
for ewh of tho Bystema LM, J v LB and IX. For LD, un-

fortunately, we have only been able to eetablish the theorem
for the propoeitiondl fragment, although th:l.s is not aerioua
' s:l.r;}ce 'in any oase we on.'Lv provide a categorical representa-
tion for the propositional frggments of the systems..

- Intuitively, we have c;m? to think of the categoriés
as eimpliﬁcat'ions\ of the deductive ayétems, and of“ the -,
'L:Lndenbapm algebras as simplifications of the categoriea. ) "
‘and wo visualize a chain '

. Systems —» Categor:l.eé ——3 Lindenbaum algebras

g

in which all suitably interpréeted theorehs of proof theory
: : . J

"1, o . ) I . .
As far as notation is goncerned we have ron:owed '

1 . 1
AT \
P i, R

'etando.rd practice vhere thie 18 eatablished. otherwiae
have been,eclectic, a:l.ming for conéiatencyﬁ and clirity. o
In the latter. regard it is, perhaps, fair to varn the - : ol
reader that we emp].by the symbol 0 to denote both the
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N A AN
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number zero and tha enpty aet. and that if 8 15 a subget
of the domin of a function £, the notation £lS vill denote
*"the rob?riction > b 4 tols". In addition we make rr.ee‘ use
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Section 1. The -Systens LM, LD, LJ,’ LE and Il(‘ ) L
v, ] 4, . .. . . ,

. . Coe e ',“,‘ . N .;p. ,\’

1 1 Introduction . - . t e
" In this section.we présent’the definitione of the I
(ﬂrst-ord‘er Gentzen) language L, and . the ﬁve deduqtive .

systems IM, LD, LJ, I.E and LK. For o‘ur purposea we think ot- A

.a nmmmw@ as an ordered quadruple s
I- <A, T P, S> . ' ) )" ’
‘'of sets A, \T F and S, the elements of which are call ’ .

-4

symbole, texrms, formulae and sequents, respectively. " The

deﬁnition of our particular languggo L

S LR L7 T S .
follows immediately :-/ : - .'m i | B .
1.2 Definition - - 3 .
Lot ¥ be a nén-empty, transitive, set which s closed I
under~ unions and pair fgmat;l.on, i.e. V satisfies N g
V4o, o DU
(41) 1f xey and y& V then x4V, .
-~ (114) 1t xiV then chv. ) L o, .- 3
ol\d (iv) ir x, 'yeV then <x,y> = {lxl (x,y}}(?> R

Such sets exist in any desired cardinality, indeed it . B ‘
puffices to take.for V the set of all finite subsets of , " ]:}
where .3 18 some infinite cardinal. V is called the under- ’i‘%

.+ By the axiom of rogularity..'there is some x&V 8o that!" A
x‘\'ﬂv‘ = 6. and this implies, since' V is jtransitive, that x a0, .




T Becauae -of the equality T T e .

o Uz} = UL, {xu<x x>}}w R
- . it is clear that if x eV. then lthe successor of x is hlso an - a |
. : elemsnt of V. We have now shown that & <V." | ’ .'f R 1
ot . - [ > Lt L
~ T3 Definitions E oL e AR
R . Ve speciﬁy the. .following subsets or Vi : / ) -
i : (1~ FV = {<0v> vev} T y ‘ v
: B (11) BV = {<1,v> veV}) ' S o co .\-‘;
(144) ¢ ={<2,v>: v“EV}'~ ad - - _
) P (1v) for-each’ new, = {<4 nv>: veVl - 4 R :
3 ,md (V) B {<5o>}.[ S . '
_ The elements of these sets will be refered to as "free var- P
' jables”, "bound viriables", "constants”, "n-ary relation
symbols" and "the false", respectivelyd In'romil.v’, free L
- variables will be denoteél'b:( ,.the-"iotters X, ¥y eeed bou'n'd

N b
variables by &, B,y oo constants Yy a, B, eees n-ary:re- - .

lation symbole by An Bn <ees; and, t}xe false by .L

| ; ~ We now define the set of symbols of L, Ap, by I e . :
Q A= rquvaU(Unewn“)Ur, .o ‘ L
., .the set of terms of L, Ty, by ’ ) Pyl ":
S ’ and the set og atomic formilae of & Aty, by. | / ¢
: . " “ Aty =‘ Un‘w(n x(rn)“)Ur. - .;; o
1.4 Definition .. 1 ¢ e C )\4

4 The set P of m_g;_a is dermea wucnveu has»-» g




[ - e ' : 8 .

i . | N . . . ;

. ‘ - : . . i ‘ S o ol
v ~ - (1) Ath- P . ‘ ;’.. . | R
. ;-~ - (ii) 1t Ay BGJ?L then <s, A,B) < 9, A,B), o 3 o
' . <10AB>¢P,- _ , . L ;'(
AR (111) if°AeF., tsTL and Ecnv, then <n E,At(€)> DR
ST KiEaE>ey, 0 T
| o , where a,( E) denotes the result of repl‘hcing 1: " ‘ - f*
( ‘ b > wﬁerever it occurs, if at, all, in A by é. st i?

| | From this point on capital Roman letters &, B, ... will R

o denoteé arbitrary fornmlae. The . notation A(F ) rabove, s L. :
o extended in an obvioua vay to A, (s') where 8 and ' are ;

" _. ]

arbitrary terms or -bound- variablee. Informally <8,A,B>

<9.A,B$ <10,4,B>, <11, %, At(5)> and <12, % JA(E)>
.. will be denoted by AAB, AvE ADB,VE MOREL At(&) ‘. -
rdspectively, parentheaéa being added where neceasary “to . )
preaerve nnique raadability. 'We aleo abbreviate < 10,A,L> -

-
s

. i _by-aA.

: 42{,; . 5 Definitions : Tt S L S -
i o Tha set SI. ot w 18 def:l.ned by S B
;‘ ’i' ', » ¢ . " » sL = Un >1FL . N . ; o Q

. It <A1 """n 1’An> 1s, a sequent then A, 4 is referrpd ‘0
* as the M_g_gg_xg, -and <A|,...,Ln 4> as the tegeden .

= ,. . Nota tlnt a aequent alms has a succedent but. may i’gil to
A have an sntecedent, in'the latter event weshallyay that '
*\ | l;'@ © "tho antoéedent i,a empty” Sequenta will usk “he written{ "
é‘{f:'. o, N F-—v—-—b A, whore M 1s tho mtooqdent and A 19 the \e\uccedent.. ‘

In mturo capital Grook 1ettera. unless otherwise. speciﬁed co
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€
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emp“tyL sequenoéa of formulae, and we use "the notation

‘or made clear by the context. will denote finite, poa%ib]y

T e

.Aef"' to indicate that the formula’ A appears+in [, 0=

casionally we ahall even writa xer' $o’ :lndicate that the

symbol xeAn appears in a ormulh appear/lég in U, and -
AsT w0 indicate%that every formula appearing in IS

appears algo in. r.

L]

)
.

no element of FV appears.

‘e

‘a

* -

A

4.6 Definition

we understand a“tr ordered quadruple
. Ax(X), Rule(X), Der(x)>

*where L is a language off the form deacribed in ﬂ-agraphq
1.1 to 1.5 above. In ﬂferything that follows we ahall asaumo
that’ some such language has been chosen and f:l.xed. Ax(x) .
€5 is called the set of axioms fqr LX. Rnle(x) is a

" set of relationa with domain Sy called rules of inference
for Lx; for simplicity 8 sake we shall restrict. our attcn- '
. Der(X) is'a aot ot ordmd

PL
‘_/

#

By a Gentzen type inrst orcfer

“

!

\ AN

ducti'ée system

’a

A

-~

1

. - <L, Ax

14

74

tion to binaqry and ternary rule

paira, to be daﬁ.ned in detail elow, call?d Qg;:;x__ﬂm

of X,

Elements of reRule(X) are called w of r.

°

‘&

We also.define a gentence ,to‘be a formula in which
. . ) . . v

2

Lx

-

-

£ <8,8'>€ re.Rule(x), we also say that »<8,8> is. o

application of the rule r. %o tﬁe premieo s \d.th qonc],uu.on

D

-




application of the rule r' to the premiises S and S" with
conclusion g, Vhen we have occasion to write down speciﬁ.c
“appJ.icationa of :ju;.ea, we shall normally do 80 :l.nformally
by writing the premises (of the application) above a hori-’
zontal line,;with the name of the rule written to the right
.of*it and the concluaion below, viz. . )
| s - L
—S-'-’ T, or

“

1.7 nenniuon' S .
:. ‘In order to define Der(X) we ixﬁxtroduce tﬁe notion of
*a (dyadic ordered) :treé. N -
A ftree T is an ordered q\gahmple
<8, 8, 6 ‘e> ,
aatiafying: | | |
x (1) S is = finite non-;mpty aet of elements called

'paintg, with a dist shed element e called

‘the endpoint. . | t’ .
. (11) s:8-{e}—> 3 i3 a function so that for each
p;nt X, g (x) qontair;s at most two poixits.

Por each point x, 8(x) is called the guccessof

of x. A point with no pre'deoeshgra is aﬁ‘initig :
- point, with one predecessor & simple point, and
,,,_' with two predecessors a junction point.

(m) 98J--->S XS, where J is the et\of junction




Junction point X an ord'ered pair.< y,z}, here
N y and 2z are the predecenssore' of x. If O(x)

<¥,22, ¥ is called the- left Eredeeessor of x,

’ 'land 2 the ri ht rede eeeo X

with junction points J', for yhich~8' < S,e' =96, 8' = er'
and O' =0, ' ' '

1.8 Definit:l.on \ . R
A derivation feDer(X) is defined to be an ordered

pair <T, p>, where P is a teee <8,8,6,0>7 and p is a

function p:S'——fSL satisfying: . : - ,

'

(1) If x 1s an inttial point of T then p(x)e Ax(X).
p(x) is called an initial eeg;xent of f. .

(11).If x is a simple point and x = 8(y) then ° ‘
<p(y),p(x)>€r, for some binary rule r. . S

(iii\) If x_js a junction po:l.nt and O(x) = <y,s> N \ ‘
then < p(y).p(z),p(x)} €, fo‘r some -ternary i
. ' r cRule(x). o - _ S .

(e) is called the gnd-sequent of f. Derdvations will usually
be denoted by the ;ettere £, 8 h witfx subsoripts m;l pﬁiﬁoe
where necessary (tbe reesoh for this choice of notation w:l.ll
- become apparent in Section 4) Hhenever we h‘ave oeueion to
. write out a derivation of LX, we ahall usullly 'do 80 in- -t
‘ .-fomuy by writing down each ap $ion of & rule. oocmmng T
. in ‘the derivation Momalh (n?:&mm 1 .6) in euch -
S a way that for eaoh po:lnt X, p(x) 3;: ﬁu‘i.ttan preoiuelw om




(for an example of 'how fhia is done see th"eorem 1.19 below).'g
A aequent S ia said to be dgri vable :ln the sydtem I-x
}rovided there is a derivation 4 eDer(x) for which S is the
-end-sequent, .1n this case we also say that "? is a deriva-
tion of ‘S'/'. By abuse of language we shall also write
"3 éDer(X)" as en ‘abbreviation for "S is a derivable sequexit ‘
in IX", : P ‘ |
1.9 Remark e ] Co |
We notice that by definition 1.8 Der(x) :ls completely

¢

determined b&\the sets Ax(2) and Rule(x) for amr system; Lx.
Since we are holding tixe langusge L ﬁxed, it tollowa -that
any system LX may be completely epeciﬁ.ed byﬂﬁacribing the

sets Ax(X) and Rule(X).

_1.10 Definitions o | L
> A binary relation T on SI. is said to be a derived
1_'_tg,__ of an arbitrary system I.x, it \rﬁenever <S 3'> €r,
and there is a derivation f ¢ Der(X) of the eequent S, then.
there is also some g &Der(X) which is a derivat:lon of S'.
Derived ternary rules are dyﬁ.ned similarly.

A eyatem 1Y is eaid to ba an gxtension of a syaten
LX provided every eequ.eut dor:l.yable 4n IX is also derivable
1n Y. Ir L! is an extena:lon ot LX and LX is én extension
o:t LY then ve say that the eyetm are (proof theoretieally)
g_mmm Al:l.tho nutmuthwhichweemuhnvgto deal

w:l.ll bo extone:l.one ot the aweta m vh:.eh vo deﬁne next.

1




- - L
» 3
w3
£y ‘ . . . ’ oo * ‘x.ﬁ,
1.11 Definition ‘ ST -7 3

Gt

1 . P

' The system LM is defined by
(1) ax(H).= (<A, foah >e8: & = A, )
s (2) Rule(u) = {«oA, A, 2v,v >, ~>3, -:-»,—»V g
g . s V- »’ —»3 3-0 a e ff} '
_ ' The elements of Rule(N) are defined by the following, uhere

g -t
-
't

.
L

o
voky i

1N

| , . P,A and ® are arbitrary Y:Lnite, posa:lbur empty, sequences %

A . - ‘of formulae, and A, B and C are arbitrary formulae. - ‘ }

() <<PA>, <P,B5, <P ARB>> € Sl “

} SN \(u) <<r,A,c>,< r' AAB ,C>>, <<r' #B, c> <r‘,u~3 S>>,

t . T €A, Lo |

B | (111) <M,A>, <, A’vB>> << B>, < ,AVB> D€V,

} | (1v) <<P,a,c>,<M, B,C>, <M ,AvB, <.>> e Ve, ~

}L. - ~ (v) <<r,a, B>, < f",Aa\}> € =D, s

| , ‘. (ﬂ-) <<F,A> <" Bﬂi’> <I".A:B c>> e D, ,
ﬂ (va1) <<PA>, <PVELE)>>e =V, provided ¢,

, (viii) <<OA,0>, < WA () ,>Devs L 7 Y :

- (1x) <<P,A>, <7, ant(a)» — 3.
o (x) <<T,450>, <r,aza (¥, c>>e -, provided x#l",a L
C (x1) << .c>,<P,A.c>>ea. : o
L (dg) <<PLAM.Cc3, <|".A,O>>f6 k. -
LT L (af1) <<MAAB 0,0, <r',n, .A.@.c>> eq. 4
o . The formulae denoted above by A, B,-AAB, A VB, 43, V’Exx(i ) Sy
~ .. and 35&1(2 ) occurine 1n the oone].uh:l.ona of appl:lcationa -
of thé rules are cdlled the“mmm .Only tho ,'i
_Tule 4 haa noro than one, prinoip].o :touuh in uny appnca-

| :'uon. The forsulas. A m‘,n ocmnmg m tho m«u«”m




23 Pt

¢
- (h‘
= a

Q
)
i SE O

%

| in (vii) and (x) 48 called the ei ggmrariable (of the ap-;
; ! ol ‘
7 plication); the term denoted by t in (vtii) and (ix) is o

.oalled the eigenterm. Rules &, & and T called structural, -
! eigentorm . . ca gtructural .

- o callld the side formilae. The free variable denoted by x ;
. \

|

|

|

the .others are callad operational. Of the rules to be 1ntro-
duced below (see:1.12, 1.13, 1,14 and 1.17) Nx, FJ 'and. Px o

e f .3 ooar .,«':," .s
S A LN AP 8 T I R ey A R N

,.
Pt

SRS

’,
-

are operational, © is' structural.

X

. 1,12 Definytion’ C AN .
‘ - The system LD is defined by: - L
‘ e : (1) Ax(D) = Ax(H). - S
o © 7 (41) Rule(D) = Rule(M)U{Nz},. |

R4

<, " where Nx is the rule determined by - N

e

S, &ram>, <P 48>, <OB> e,
| ‘. [, Aand B arbitrary -

,,
- “ e ar 7 >

- T T A S

L P R SN, . SR Y o W

.t
2 -
s

s

" 1.13 Definition - o
-The. gyeten LJ 1s defined by: S
T (1) Ax(J) = Ax(M)s < .

L o - (11) Rule(J) = Rule(M) €{Fj},
) where P 18 the rule determined by
el | <<f‘ L>,<T,A>> oFy,
. M and A erbitrary. o~

'/ . r-\ K . - j
A 14Dermtion R e

w :l.a ddﬁn\’d by: .
TA) n(s) - Ax(h) |



’  (41) Rule(B) = mue(m)u{rx},

B X(PADBA) <FA>>er, ' / -

ST s i

>

¥
T
N1 iy v

where Px is the rl\.zle determined by .

,
- " T ;,‘»‘ .
B

L
e D

™, A and B arbitrary. . .
\ . I s
1.15 Definition o '
The system IK is defined by: - -
' | (1) Ax(K) = Ax(ﬂ).
. (u) Rule(K) ‘='Rule(m) U{Fs,2x}. .-

i . °

1. 16 Definitions ” . . B

From this point on, unless otherwise specified, the
,letters IX will stand for an arbitrary one of the ayatens
LM LD, 1J, LE or IK.

A formula A is said to be provable-in LX, provided
the sgduent,-——dbA.ié derivable, in this case we write
x A. Let " be any set of formulae and let A be & formuls, ., . .
then A is said to be provable’from the sssumptions I in , .I;Z
LX, written ['I— e A, provided there is some ﬁnite aubaot ' ,
Po of [Mao that My—r 4 1o derivable (1t being under—
stood that [ 1s written down in some definite order @ R T

a aequance)

&

1.7 Theorem (cur%y(63)) ) ' I “tﬂf: T2f5f'

The cut rule © determ,ned by . o '\ R
ELE T derivod Tule of. mh ot tho ;ystm I-I. n

LS
‘



1.18 Theorem . | \

The Deduction Theoren o ’
For any of the bystems X, l"U{_G}i— A ife’ Dy GDA,
B .@ and A arbitrary formulase and 1™ an arbitrary set of N
.. " formulae. e e : | \

Lo . Proof. Obvious.’ ) D . ' '- o

. 1519 Theorem

-a derived rule «f.LE.
¥

~ Proof. Suppose we have a derivation f = < T, p;> wvith end- . ° o

sequent p, (e‘) = £ l".A.B 7 and ‘& derivation g=< TorPy7 » -
_ —with end-sequent pa(az) =< ~A,B >, we need to find & - )
derﬁrati.on of <[",B>. Por simplicity's sake we assume , '; \
| the sets of points 8y and 8, of T, and T, %o be disjoint; 5
and we put - S IR

8 = S'U 320(7'.---.%,:9} .
- where tho Iy and e are not olementa of S USZ. We now define

> a function szs-(o}-—-»s by : . - ’ “
i - - a,(x) if xes, -{e} = g
S5 : , s(x) = { ! ' :
< . 8,(x) if xé€8, - (ez} _ | 4
7 I 3(’1) .,’1+" 1£1 ‘ 4, '3(0 ) = Yo 3(%2) = Jeor 5/16) 7?79 . '
a0 o(y.’) .= ¥g and a(ys) = @, where. a, and s, are the successor '

e v .

S«::::‘,' - .' mmﬁ. Of 11 M !20 ) e \‘) .

¥

I-ot J‘, and J, bo the sets of jnnction points of ‘l'




- . J = J UJZU{yzoys}o
‘define 6: J-—-» SxS by .
® (x) if er,l
>0(x) =
: 2(x) if x er
and 6(y,) = <e, Wy > Blyg) = ¥y > .
Clearly, T = <83,s,0,0> ia a tree.
Let p.S-—->SL be g’iven by

' : - [P (x) it xesS
p(x). = 1 1

L

py(x) if x682 : L
- plyy) = <F,A..L L2, plyp) = <M,4,-8,127, p(y3) = <P "B.A.-!.>.
\‘w_f'\, p(y,) = <r ,B,"A Y, plyg) = <I,-B,B7, p(ye) = <" ni B, B> '
p(y7) <0 -‘B »A,B> -and p(e) =< ,BY. a , ;
It is now easily verified that h = <'T,pY :I;B, a d\eri-

v

’
- .

| wation. :LnJ.E with epd-sequent [M—>B. "
| In future proofs will be written informally, making
use of wha/}ever obvious abbreviations are- available. For
example, the above derivation would appear as '
Ma~Le p Pkl _
» r“,ﬂB,A —p ]
DooB——eap

-

2.

el l',_
M- Br—»B

. b |
M—>3 \ .

o

2

where a double horizontal line takea the _place. ot tin:ltoly Pt
many applications of 0 ® or ‘ll' .




Al

. .
0 ‘ . ARV
1 20, Definition .
! For the purposes of this defini\roue suppose that
the underlying set V of the language L is well-ordered. (Ir

this is not the case we'use the axiom of choice to impose

a well-order on V.) ;

°

. Let all of the free variables appearing in a formula

A be given by the list Xy = <0,a1) ,...,%‘z <O,an>
. deternmined by the 'uwell-ordering of V. Then the closure of A .

Y

is defined to bé the formula

* ve ..o:vg1Ax (51 l.. ($
where §, = <1 832, 1 10124 containa ‘no free

Ll

variables then the closure of A is A.

ol
1.21 Definition

" Let £ be any set of mentences. We define the theory

'l' in the system ILX generated by Z to be the ordered pair.
<LX, 2 >

Elements of X are .called the axioms of I . A %tormula A is

said.:to be a tﬁeoren of ¥ 1iff z.r- A.

A}
1.22 Defmition . ‘
. A set of formulae I is sald to be consistent provided

CPRL, _

The empty set or formulae 8 -easily seen to be con-=
aistont by consulting the definitiona of the systeina IX. ‘
_This doﬂnition. .which :l.a more convenient than the usual
ono .5 u notivatcd by the follow:lng derivat:l.ona whi.ch obtam




- ‘ ’ - > .

#  is valid provided we interpret Der(X)— Der(Y) as meandng - - i

- din all sjrstema CL e | B
(1) If r yis inoonsistant it conta:lna a finite subset ' :
r‘o so that l"o——> L is derivable. Let Gc—\"o.

~

-
“)‘-\~'\\‘|~'\~('\N'i“‘t‘q~'\~'\~w~-;~—v~—\~'\~'\~'\~ N P ?
.‘. Co . .. v - o '_)‘Ls 2
" M . ke ’ . S~

*

.". SO ‘ PO'G‘-—)‘-L ) > "

) r'o > ﬁ B PO_.-’.-"G‘»““ ’ ~t ‘ N :

L f'o—'* SAne | . S

(11) Suppose MG ame. o - L. L
/ rhf .. FO,G""—’G r‘o,.L——* ,’I_ : ~ B t i“':,

i ! ' m— P
_ / | L oaG,0 L, c

( ‘ S , r'"iﬁe",emg——ei_ , ‘ L

/ .
r‘o"—'—" GA-‘G FOOGA.'G 'L 0' ‘ 3 n

x‘/l .’ \ r‘o , L‘Q' N e ' . . N ) j ,»§
~ - Ve also say that a th“ry ’2 is w provid‘d ) 4 ) ; ;
, that L 'is not a thmrem of Z.° : | L

1.23 Remark ¢ . ST . LT
" By theorem 1. 19 1% 1s clear that the following tigure o

,Der(Y) Q Der(X). The omples givon in the acoompanying B i
table shov that all inclusions aro proper; & tick in a |
- compartment indicates that the comsponding soquont is

.derivable in the indicated syata.‘ a ‘oross that it is not L
- - T e ‘,. - )

derivalo : oL . <, S

> . - \
. . - \ . . e B
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B Section 2. Model Theory ~ . o . . ”;é
. 2.1 Introduetion “ ' L - ~ . ' | :
. The first part of this section is devoted to the 4 o ;;g‘
' definition-of the I.indenbauﬁ algebras Oy aegochted with y ' ;;
. the systems LX. Using- the 1nf ti‘on developed ve go off f
to define a model theory for ach of the systéné For the . 3
most part our terminology conce ning lattices is drmm T
. ' from Rasiova and Sikorski (70) and - Curry (63). Por con- Lo
. venience, weorecall here that a distrﬂ:ut:lve lattice [/ A
e is called. - - S
o Y (i) relatively Qgeudo-complemente 1f for’ any a, be A, '
v, 4 contains the relative paeudo—complement of a

¢‘ T with respect to b . ' . ; '

. | 2 - ' . amb= Afx: aax ‘.b}, B ‘ _\
’ ; | ' (1i)~ pseudo-Boolean if it is ’re].atively pse\ulo-con-a - ;:;
- '\r ' : p].emented and has a zero alenent 0; L .
‘« ’ T "f (111) clas sig if for any a, b € 0’. K I s
o - .. (ab)sa = a. L o v """"T :
i g, Becauae of the peculiarit:lea of our snbjcct mttor we shlll. : i
; U turthemore. adopt tho temlnologfot ‘the folloving doﬂ'.ni- ' | -
S tion. S ‘ , : ;" o
e \ L | e c e
0 e2Ddefitfion . .. ¢ LT LA

L SR A relatively pacudo-oonplaontad httico 0( is nld - . e

_to be




: ¥
\

of m, it O 1e _ofl type 1’":and Tor each a e Q;

' aviat) = 1; . ‘ ’

of type 3, if O is of type 1 and a is pseudo- \
oo . Boolean with £ = 0; - B L

of type 4, if 0( is of type 1 and claesi,ca]:
‘of ;pr__ﬁ if 0L 18 of type 1 and a Boolean algebra
b ~ with £ = O,
P
2. 3 Defimition . . - B

e

"For each syatem I.x e define a re‘lation ~x on PL

'

| * A~y B iff'A—wB, B—+AgDer(X).

~x is an equivalence relagog, for

N . ' L
(1) symmetry is part of the definition, b
(11) r‘éflexiv:l."ty is’ guaranteed by the definition of
Ax(x). U

and’ (ii:l.) tranaitivitgv‘ ’follows txom theorem 1.17.,
Ve alao ‘define

‘A‘ UGPI'S A“xn}o

S

'ﬁjj%{"@

P N

L3 ER )
.t 3

Al & lnl are a-—--» B cner(x).
It is eqsuy seen tha.t 18 a partial order. i
“The’ partiam orderod set ax \,IAI A6 FL} is ca.lled

WW ‘of LX. Note ‘that ir two: syatems X .
aud Ia'! m eq,uivalont (daﬁ.nitian l 10) then their Iinden-

4

&)

File
fi




".2.4 Theorem
le is a re'latively pseudo-complemented lattice with
- meet A’, join v, relative pseqdo-comp],ement =» and' unit 1
W-‘linwhich T / ' \
| (1) 141A1B| = 1AABI,
<(42) 1a1LV[B) = 1avB],"
/7 . (111) 1al=|Bl =}ADBI,

o -

and ’- (1¥) 1 = 14241,

vhere A and B are arbitrary formulae. Purthemore for, each

formula A we h?ve . . )
. n R

AL ten) = Tvea @)1

s .
. N

Proof.. The proof is easy and we - limit ourselves to- demon-
strating (V). We have for each teT, )
A W) —> 4 (1) o
v’ea («E)-—-—* Ax(t) ' y -
86 that \VEa_ (€)l £ l\{le(t)\ tGTL} Oh the -other hand,

suppose that Bl £ /\{le(t)l teTL}:and let y be a free -

varlable not" appearing in B. Then.
Lo '_‘" B—— &_(y) €Der(X),
" and so, by >V, o B
o ST {BlsIvEadil.

2. 5 Det:lnition

For@eao'h aéalx ve put a%t =8 *u-l -and Jl
{a: a* = 1} ’ : -

3

© By theorem 2.3 we haye the followins ublo«com-ﬁ-__ :

hd ’




»

i)onding to table 1 in which a tick f.n a compartment indicates
'that tho corraaponding atatement is a theorem of the indi-
cated lattioe. , ‘ o

Table 2 |

avat =1 J, =M} (asbv)Pa=a

N

v

"V v

Prom the above it is clear that each lattice Oty 1s
of typo 1 with £ = | L|; Furthermore, 0( is of type 2, u I
is of type 3, 01 is of type 4 and UIK is of type 5.

As an analague to figu.‘re .1 we have’ the following

diagram. m which ax-—-ﬁal is to be interpreted, as the
' lattice morphism which asaigne to each IA\ ele the ele-
ment . lLl 60[ . ' .

~

m ;olloving theorems show that none of the I.indonbaum
ugcbm are :laonorph:l.o. and that the empty sp,aoos in table 2

i

F

5

Ao

gl S Dty Kes AL




\ )
P

t

.
<
o

: .

.
.
¢
s
o
.
Q@ e -
- .
N (4
<
’

o

1y >
.
Y
.
\ “»
\\
N
N O

. ,,
a

can bé filled with crosses. . S
2.6 Theorem _ | . - .
Oy b 0Ly
. U - . . ‘ s ’ ' , .,
Proof. sMppose that @ au-——v ﬁD is a 'lattiéé'isomc;rphism.'
"Let |Bly = @~ (1L)). , _ U
Since M, # 1, it is clear that IBl, # 1. . S
Let A be a formula for which JAly & |Bly and 1Al ¥ 1,
and put @(lal) = |A'\. Then \Av(ADB)l, £1, but

@(lAv(A3BH) = AT viAt* = 1 : .
. . - :
Corollary. o
o o, GEX, aEog, O FC G FELG.
2.7 Theorem ' N f‘ : : :
A PO . ’ . . ‘ . . . -
P a,Fo,. S
" Proof. Suppose’ that ‘ce:ﬂaq—»aJ is'a lattice isomorphism. L
Let 1aly =@ ~/(LLD) = 7'(0), end 1et B be Any O-ary o
relation symbol not appearing in A..By induotion on A | .
laaBl & [Al, and s0 ] /o0 B

0= 0AQ(IBl). = @(lAaBl) < @(l1Al) = 0.
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o
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2.8 Theorem ' : | . :

Vox .
1 * =
.t Y . . ' . N ,“_f,.::
. { le¢a3- ) . R
. . ¢'. " ,'
. N . . o \d

o Proof. Suppose. that @: O, — Ol 1s a lattice isomorphism.  * !
t Let A and B be two distinct atomic formulae. Then

.

STl wemeasy
- but - " v_\ , , , U

RIS
.

.

.
L
PA

.

.

e .

sy

SRRk

P(IasB)341) = @(lA). - -

ke

SRS i U
r . .

< 249 Definition : - . :
= © A pealigation R gt g;x_x g ﬂ is an ordered \ T

&riple o . ) . : "

| .. . ] ) . co. <R,‘ J' m> » d . ' . . .J‘%’%
satiafying: . O '. ! ] S .8

o (i) J 18 a non-empty set, called the domain the ’
Be oo (u) Ol 1s a complete httice of type 1 with distinguished
SO L element f. In addition. S 3 ‘
R ' it 1X :I.a IaDﬂtl‘xen QA is ot type 2, ' ‘ . R

e 1: IX 18 LJ then O is of type 3, - S

'f‘:., ) ‘ . ..‘ ° . . 3 - i ‘ ! | ‘.

B, 0L L (4f IX is LB then OUis of type 4 amd '
4 oY :: o if IX ia LX thun q is of typo 50 . e ‘:’;’3
o - : ) IR

(w) R is a function on cu(unwn“)t)r 80 uut‘ LAy
S (a) ntc:c-—p 3 | '




. .
8 . -

| | ¢ ‘- (v) tor eich'nép,vnt’nn:ﬁn — a.(,ﬁl L 3i.e. '
5 R _ : the value of' R at B" 18 .a'mnétion ; g
o .7 (e) .L - t. T
, . | | < . . . | . , |
2.10 Definition . | S
T - Let R be a realization of I-x.in J and QU. Ihen.tgl; ‘
each A €F; we shall define, inductively, a function * :
ap:d = O, I
Elements of J*' are called yaluations. The deﬁnit:lon touowa. K
Let véJFv ) ‘
. S W= B (t,,..00t)) Aty then .
\ . ~ Ag(v) =B (3 0eeendy)s .. e

where j; = v(ti) if ¢, ¢FV, gnd Ji = (t:'_)R :it
. ' : t€C, 1 =1 &n
, (u.) It A = BAC, BVC or B2C, then An(v)'- Bn(w) A'OR(V),. N
| Bk(v)v Cplv) or BR("{WR(V)‘ respectively. - -
- - (aw) e A=VEBE) or IEB, (§) then a
Dy - A.n(v) sA{BR(wJ): je3f or V{BB('J) jCJ}
— ' respective]s, wh J(y) = Jifty=x, and
J(y) = v(y) otherwvise. - |

3

.1%'

: 2.11 Theorem 'o : | ' : .' .

I.etnboaroauntionotumlanda.udhtk
* be any formula. If v and v' are val\atim agr«mg atieach

free variable appoarug in A then Qa(v) ‘R"”‘ In*plrtif

au:l.nr, it A :ls a mtcnco thun Ania conatant. )




. Proof. By definition 2.10 thise is ob’vioub'“fora atomic, and -
" .
the theorem clearly also holds for AAB, AVB ax}d ADB it

. 4% holds for A and for B. 'i.et v, P.nd v' be valuations °

agreedng on all the free variablas appearing in A except
for x, and ‘auppoi\ 'chat the theorem is true for A. Then
L A(8)(v) = Alag(vy): 3ea} '
C :’ .= A{‘a("j) jedt
o . . = VE&(g)a(v ).

Sigilarly for '3%' A (T).
2 12 Remark

The requirement in definition 2. 9(11) that GL be
_ complete waa mado solaly in order) to ensure that the ..
infinite suprena. and infima of definition 2. 10(111) exist..
In future ve shall m thaf R is s reslization of IX in J
and &, even when (U 13 incomplete, provided definition
. 2. 10(111) makes sense. This modification allows the follow-

v

. ing dei’inition. . v .

2,13 Definition
_ ‘The w.a_&“ the realization
Rx:lni‘hmd Ol detérmined by - \
= (1) for each o eG, Opy™ o3 o
(41) for. each new, and each) B” ¢ K™ |
A n“u(t,.....t ) ol ACTI ST
‘*ﬂ-‘-nx =Ll K Lo

l"or oaoh AGEL md oach valugion ViFV—> Ty, Ve

¥ )
s ok L L T et S g

e T e
PR TSP R s, WY Y

»
R I : P
S Mhg ey e by B b 2o e S

+..




dengte. by A; the formula obtained from A by replacing every

. free variable x appearing in A by the term v(x).

l

2.14 Theorem ' _ &
PV , ‘
TL . A

Apy(v) = 1Ax\.

For each A€F; and each vé

/
Proof. The proof is an induction the lehgth of A.. -

(1) Suppose A = Bn(t1,..~.,tn) eAtLL By definitions 2.10 and
2.13 ' ‘ '

w Apy(v) = B“R(tl',...,tn')'. |
* = v(t;) otherwise.

Y}

]
where ti' = t if tie C, and ti

Hence, appealing aghin to 2.13,

L Agy(¥) = B LI LS T I VX R

~ (2) If the theorem holds for formulae A ‘and B, it clearly
also holds for AAB, AVB and A>B.

Suppose that the theorem holda for A = ,A (t) R whero N .

8, tOTL. We then haVe\, {

vZa (f)n(v) = /\(Aa(vt)s "‘ﬂ;} /‘\ .
R = /\(uv; tun} ‘ .
- A“(Av)v(a)(t)l: tfrh} O
;&n . = WE(AV),,(,)(E)I ‘ '
= [(VEA (E)):l,
whers v, is defined in accordanoo with doﬁ.n:l.tion 2.10.

» and, vhoro tho ‘last equality but one holds lv thooron 2.4.
“ The case for 1-E A (z) is handled. ainihrly.

. >
F A1

ot AN
Aufy Yoy ha v T 2E Afay

-
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S
TN

P
Y2.15 Definitions ‘ ‘ | ’i
let AeF, let [, A S P, let R be & realization of i
IX in J and O, and let ved¥', " . cE
(1) 1¢ Ay(v) = 1 we say that y ;aﬁsnesk in R. | w
If v satisfies each A€ ' in R, we say that ‘ 1
v eatisfies [ 4n R. } : o ]
(i1) If v satiafies A in R for each veJFv, we say. , <
that R ie a model for A, snd ve write T 4
Sinilarly\ve define R is a model for [, written ‘:
R¥, |"‘ | ,
, (141) If each realization R of IX is a modél for‘A‘, we ‘ 4
‘say that A s valid ("X-valid", if the distinction
- nl;nacaéaary),. and we write | P ' f
S S b
IZ every element of [? is valid we also write o : ;
\ = : :,;

(1v) It, for uch rea.lization R, RF; A whenever R "'xf' ’ |
us m P ggg__ag g;;z ntails A, and we write ) L

ey A. ‘ R )
If I semantically entails every element of A, . g
thon ve also 8say that ]' aemantic_g._]g[ g_.l_aA . " - :

and we write ' :

. Tw, a0 - .

(V) It @ is a ﬁ.uto sequence of formulae <T',...,'n > PR
then wé shall write "/\G" a8 an abbremtion tor. B

- ‘

‘.’ “ (ooo(, A!z)A ooo)A% ’ | 3 < .’“i ‘Y;““z
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y 2.16 Definitions ‘ )
-ﬁ For e-a:ch consistent set of sentences Z we define a. e
f, ritter V3 an vy - . oo
: 4 K Qul: 2w, T .
‘k For é\v A, B €Fp we define ~\ ~ . o
‘ | (1) A~ B 1ff |Al=> \Bl, lB\»\A\ eVz, e -
; (11) 1ML = {BGFL. A & B); | | . . "
‘ (111) Ab & un\! ire lAl»mIeVz, ’ “' .
' (v) U(Z) = {\\All. AeR}; B ‘{ R \
. " (v) hy: Qx-——? A4(Z) 1s the mapping given by .
. L lal—rtan, ' :
- 2.17 Theorem - . g - \ .
(1) % is an equivalence relation on PI.; - ..

' © (41) I£ |A| € \B| then WAR € BBN. . -
o (i) WAl A BB = BaABY, TALv WBIL = Uav BK,(‘HAIIOQI;“' A )
e =B AL ven) = AVEAMN, g T -
e Vo teml = 435 GN. SR

S © (av) 1Al = 1 17 1Al €Uy, - SRS

Ce (v) ax(Z) is a lattice of type 13 :I.fX-Dthon SR o

; S ax(Z) i8 of type 2, HI:Jthenax(Z)u e
: . - of type 3; i X = B then Oy (Z) 1s of type 4 LT
“”, .- gnd £ X = Kthenmxisoftypeb'. ,'/‘ -

(vi)hzisahttico morphiem. i - T

3 Lt -

» N - . [ . P .
N *

Proof. The proors for (1) and (u) are. trivul It u mm

_y)“
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easily, and we prove only the second to last dquality as

L]

an example.
- The derivation ‘ ]
, A () —=A () T
|V EAE)— A (%) , -

ahows ﬂV;ax(g)l </\{|Ax(t)“, teTL} On the other hand, if .o
isl ‘HAx(t)l for some Be Pp and each teTL, then ve_have A

o - BgB——xAl(t) S

o e, Do
5 JRTRNRL WAL LI-LIT 404 g

NN LS

VIS TPy el

[

—

derivable, for 20 some finite subzet of & and t a free

variable not occuring in B. But then -
ZOrB —"""5 Vg&(¥)

is derivable by an application of =»V, and we are done.

A

-

VAENTO S e
¢

&
-

L4 ’

>

S A e

\ The proof of (iv) is again easy;,” and (v) and (vi)
" follow immediately from (iit).

N

<
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2.18 Definitions - .

(]lx( 2’) 18 called the Lindenbsun algebra of the theory ° .

. e <X T3 7 | / B
Let £ be a consistent set of sentences, Then the = o

mggg; reslization RX(F) of ¥ = <IX, 2> is the. _ .Q_‘.

:..l:% o real:lpat:lon in 7y and a ¢(2) defined by |
. (1) for each 0 €0, cpy(y) = O} .
'(11) for each new and each B e R, Bn RX(E) = hz- RX'

(130) Ly = ME -

) l °




4 2.19 Theorem

3

tion R of IM °*

K the premise it holds also for the oonclusiou becauao of the

P B(x) A then has tho ro:‘:*rtn‘(ﬁ). Tet x bo uy

N f
s 3 . -

For any consiatent set of gentenoes 2 any AcFL i
‘and any v*FV-—-—) Ty o L T o

T Agy(x)() = gl

Proof. Since h g is a lattice homomorph:l.sn. the theorem is
a corollary to theorem 2.14.

2. 20 Theorom N, ‘ ",

It F——»A is dorivabifo in LM, then for any roaz.in- |
. R . \
' " Rey (AF)2a, S
/ . . ;
Proof. By induction on the derivation of [—» A, S ¥
The theorem olea}rly holds if C—s ‘A i85 an axionm.:

If the tqéorem holds for the pren.tses it oloarh a.l.eo
holds for the conclusion of an.y ot tho rles 9 ﬁ x, | *_
A= —»A, V=», =V, D=, =3 or V-r, :

Snppoae, then, that r‘--u is dorivod by -b‘.') from
the préemise ,B——C. But then if the theorem holda for -

4 »

identity . . ‘

| (a Ab)-vo = as(bc), e
which holds in any relatively pseudo-complemented httioe o
(Rasiowa and Sikorski (70), page 60). - L |

A

_Suppose r'-—-a- A is derived by —w:m ﬂu m

)




_zation R of LX

realization in J and Ol, and let v:FV —» J be an arbitrary

valﬁat:l.on. Since x does not apbear in we have .
(AP)p(v) = (AMIpluy) € Blx)p0H)

for each jedJ, by the induction hwpothegis, where wj is

‘defined as in definition 2.10. From this it is imzmediate

that R, (AF)2A.
The tase in which ™ —» A is derived by 3-> is

handled analo.gou‘elyv. ] ‘ '

2.21 Theorew | |
If "'—pA 18 derivable in ILX, then for any reali-.

”

‘ , re, AM)oa. -
\ 3 . . ] ) \

.4

-

- Proof. It suffices to contime the induction of theorem 2.20
' by’ considerl.ng the tonowing three cases.

(1) T’-——-n is derived in LD by Hx from the preniaea |
-0 B—»A and r,8—»a.’ But. then if the theorem
holds ror the premises, it holds also ror the concl\mion
since
((g AD)wa)a ((s A(b-vr))-va) = (g A(b v (b-vf)))-n

L = gwa,
' 1n.anyslattios of. type 2. '

(a) P-_-.o, is dgrived in LJ by Fj from the prerise

l"--.-»‘.L. But then if the theore- holds for the

)f‘ xn‘muc. :l.t holdn also for the conclue:lon. since in

s34
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‘ gsf%rf g€ a, for cach a €. ¥
(3) r‘-—-bA ie' derived in LR by Px froa the Premise . :
r, ADB——; A. But then if the theorem holds for the :
premise, it hol_da a},so for ‘he conclusion since in |

any lattice of type 4 _ . >
) (& (a#b) )»a g¥{a»d)wa)
) S . By R
‘. : : ' s~ . ' '
2.22 Theoram o R . -
' The ‘Gorrectness Theorem ' ) | = .
: - np SP, and My A.\‘bhc\&,fr'hxi. N N

© -~ Proof. If [M=, A, "then by definition there 1s a finite
subset: r‘o ot [' for vhich Fy——»A is derivable. Let R' LN
v ,b}any realization which 18 & model for I" >p and let v
be an arbitrary valustion. Then (AP o)n(') =1, but by |
the preceding theoren (Ar'o)n(v) £ Aa(v). .

~

a .-

2. 23 Theoren S
N I.ot Z be a. conaiatent gat of sentences. ‘rhon
L nx(Z) l-=x A whenever Zl- A, :torm formula A. L

Proot. Suppose ‘Zt— e By theorem 2,22 Z.h ‘A. Hence by - '
definition 2.15 it :la on:l.y nécesoary %0 show that |
BX(Z)r . | SRR

Let 8 €Z, and let ver. Then certatnly S e-?;
(cr. deﬁnit:l.oﬂ 2.16, th:u would not nacnurﬂy bo tmo




K] . , » ] ..

A © 4 S were a tomlr) and so by theorems 2.17 and 2.19 :

4

. S snx(z,(v)-ns&nﬂsu-i. S ‘

vhere the middle equility holds since S is a sentence. - L

2.24 Theoram N S - .

~ @

Lat X bs a consistent set of senténces. If RI(Z)P—' A

<a

L . - then Zl- A, tor any formula A. ’ ‘
. . L

R * Proof. Suppose RX(Z)F X A, and let ve TLFV. By fheoremp

\ 2.17 and 2.19, and definition 2.16 o .

e 1= ARX(z)(v) =“ %u, 7, )

" 3

"and 80 “v‘ €Vg. In particular;- when v ig_the idmtity
valuation {defined by v(x) = x) ve have
S | . lal =131 € Vg,

- ‘ and =0 by dofln:l.t:lon 2.16 2.&- A. - \ :

R . - ‘ ‘ 4
. L / :

Poa i S ST TR L St S
AR APV Ut
2 -

w ~

< £

2.25 !Eheongn‘
Complet eor - N

Let 3% be a oona:l.atent set of ‘sentences. Then .
S Zl‘ A vhenever ka A, for any formula A.

.

[ e , !

Proof, Suppose b X A, Frop the préo:t‘ of theorem 2.23 yé ’
‘. kuow that RX(Z)® 2, and so by definition 2.15 (iv)
RX(Z)¥, A Theorem-2.24 now gives the desired result.



2.26 Theorem ; i " 'h ' ! o

A set of formulae b 1s comistent iff every finite

*

: subset of 2. is consistent. ' ¢ .

PrOOf. ObVIOUB. ‘ ) ¢ ! . " ."

2.27 Theorem , - S . A

!@he Compactness Theorem o | S S

A set of aentehc‘eg, 2. has:a model ufaévery‘ finite
subset of 2, has a model. e . o

- A}

‘ » Th -
AN

Proof. By 2.26, it sufficea +S show that Z hss a model ‘iff

Z is consiatent If Zis consistent then RX(2) - :l.s a .
model for 3, by. thedren 2; 23. :
. «O0n the other hapd:, thpose i is Mcomiatnnt and v
N let R be a?“n@del for 2. Then there is some finite subsot s
2o 0 2 sa ﬂ}nt (AZO)R(V) GJ.R, for each_ val(ntion v, .-

( ‘\ (theorem 2 21)& But (AZO)R(v) =1, so thgt _L =1 5 T R
contradicting definition 2. 9(111) R A . ‘ ‘

. ..
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“t e 341 Introduction

e

by 3 L o 3

“ ' ~ We intend to adapt Sohntto's/ proof of the theorem for
;| ; the intuitionist predfoato calculus (Schﬂtte (62)). In order

o Sl iy

; '
to .do B0 we set up a correepondence between formulae in the . .

‘conclusion of an application of a gule and the formulae in

4
.

the premise oxr premises: ‘ ‘ : .
(1) The formulae in the conclusion denoted by I, A,
) v ) ) s
e ‘ ® or C in definitions 1.11, 1.12, 1.13, 1.14 °

§,
"

and i.l'l correspond to the same formulae in the

3 prem:leoa. ° | i " ' o
(11) The pr.tnoiplo to;-nmla corresponds to the side

‘ _formulae. In the case of the structural rules,

this will be understood to mean that A and B

c § in the oonolx:lon of an applica.tion of W '
'corroapond to A and B in ‘the premise, respectively; ,
- ! \“ ‘ o A in the eonolusion of 6 oorrosponds to nothing;

Lo ‘ and, A~in the © .cluaion of ik corresponds to
ﬁ both A' 8 1n the ,
. 2
Ir A is a gegquence of tormla occurring :m a conclusion,
&
ve ?hm denote the corroeponding aoquenoe of formulas in
the prouao (or premises) by Ao. A, eto. The method of
- proof is proof-thoorotio. Q modol-thoorotio proof will be

found in. Glbbnw (71).
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3.2 Definitden . . . ¢ .
: For any fomula A, l‘.A] will denote the set of relation
! symbols and free variablas appearing in A. JFor ‘any sequenoe r

. ‘ of formulae’ <Gt""’° > we also det:lne '

- | LMl = [6,1V...UleY, '
o and " T .4 = [Plural,

12 and D are finitéf sequences of formulae, ‘-‘A
will denote the subsequerice of T obtained by deleting from

* T each formula occurring in A, |

P - . . ..
b Na ‘

N 3.% Theorem _ | ‘ . ;

/. . Craig's Interpolation Theorenm : . ’ ,’ Y
" Let M—»DeDer(M) and let & & ™, Then either .

r‘ ——»D cDer(M), or there is some formula J satisfying
A7 (=) LI s‘-[A‘mU‘A,n] - \/ C

and (b) A—>J am Jy'a—> D are derivable.
- - A formula'J satisfying (a) and (b) 1s-called ax

interpolation formula for C'——>D and A . i

. - P::oot - It A is emply the theores holds triv h;uqo
ve ahal]. alma assume ‘O is non-enpty. .

-

The proof w:LIl be an mduction on the derivation of

) &

P—t—-»n.' S :
(1) -—dnniaanaxiom. ItDeAthon(a)and(b)m ,
| satiaﬁ.od for 7= D, otbervise ner‘A end ao\"’A---) D '
- »u dorivnblo' : - e ‘ |

0(2) l"-——yn u mmonolusion ot an"nppliutm oz-ouc utj:
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20

AL

» ‘ . J u\_‘g}

the rules A~>», =V, =D, &, @ or Kk, wvith premise «ﬁ‘

R ” Py—>1,. | .
‘ ' Let A| be the aubaequence of. r', wh:h? cox'z‘!asponﬂ8 to :!

5

#‘ A. .}:*

SN e I r‘1 A-—-—v 1)1 is derivable, then either T‘A-—-*-D m!é

> et
Y

4 PR S
3, AR

%,

is r' 1 A{'"’"’ D, or is derivable from it by a single
applicat:lon of - the rule in question. Otherwise there

By

s

it

= 18, by the induction hypothesis, an :mterpolat:lon .
i . formula J for l"',-—-—»D and A,. From the structure
of the rules it is clear that (b) also holds for S
.° " M——»D and A using the same J, and aince ] . i e
HINe 5 0l s [A]n(r'A.D].v

B R4 - (a) 19 aatisried as well.

- (3) P-—-—w is the conc].ueion of an application of one of

S " the rules —»A,V—>» or D>, with premises

r‘,-.-—-. D, and r‘z——~D2.

Let &, and Az be -the subsequences of I, and [, e

e corresponding to Q.

f{?j . ‘ > ‘There are three subcases %0 consider: (i) -the .

i B principle r‘.‘onml& of the conclusion does not oconr in |
~ L B (11) the principle formula occurs in &, and the

. rulo is v-v- (nz) the principle formula occurs in b,
' abd the rule 18 D-», .
. (0) W note that Ax Ay = B, 1t P s, ama
‘r' A——’ﬁ  derivable, then 8o is f'A-—"D '
by a a.'mgl application of the rule in quoation.

e

<




interpolation formula J for [,—s D, and &,
; tﬁen J 1s also an interpolation fprmula ‘f.oru
.+ F—>Damd A, sintlanly, 1f I, Dy 1o
b " ‘derivable and thgre is an interpolation formula
J for ['y—+D, and &, then J is also an inter-
polation formula for [*—» D and A.
If, finally, thére is an interpolation
. formula J, for I*,—» D, and A, and an inter—
polation formula J, for l"z-—» Dz and L\, then
'Jy AJ, 13°an interpolation forh\xia for P— >
and A&. e .
(11) " —> D has the form &,Ava;-vn.witn premises
@&,A—>D and ,B—> D,
' and & has the form J,AVvB. . |
T It is clgar that 3§f either of Pia— D

i s

" anda IV —» D, is derivable, then so 18 :
2A2 2

‘ - Cp——sD. Otherwise there are mterpolation
" formulae J, and J, so"%hat x
(W) Ay——viy (V.3 “) By—iy
oand also ..
' J,.i’w—-—»n and .rz.{r.g-—»n, .
are  derivable. Froa this :I.t is olm that J,vJ
eatisfies (b). ‘But . ‘ '
t.r, viyl & {Lwa1N 8y, m}u{t\r.nm t%nl}
= (\W,AvB) ﬂl‘lv.nl L
- taml'_r‘b.nl.

-h

[

T

™l

P

2

-

@t
f b e e A o

&
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ihterpolation formula for M—> D and A.

*——» D has the form W,A>B—> D with premises
. &—~hand §B—=D, . .

and A has the form W,A>B where W is a sub-.

sequence of $. A\
Applying the induction-hypothesfs to
$®,B—» D and W,B we know that eithéf/ 2

ﬂD

is derivable or there is an Mterpolation'
J“2 for €,B—> D and \P,B. If the former
bility obtains then it is immediate that (I3
1.31 derivé.ble. hence we -suppose that the latter
situation holds. _

We next apply the induction hypothesis to
% —>A and Dy. If ¥ — A is derivable we
are done because of the derivation

A  Y,B—> J 2 ¢

WV,A2B—>J,

Otherwise there is an interpolation formula J

for $—v A and ./ Thus Co
3‘,,-:».1 and J,.\I’ —> A
are both deriv&\la. and it 1s clear that J 'DJz
satisfies (b) of -$he theorem. But
) GE?V‘,M te,a1 € [T,) AtAT,

and ' | . . ;

t,] & (¥,5) 0] < [(A1ND).
Vhence -t .

l’.r, '1 & TAIN (LTAVIDY),
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¢

.(4) M——D is the conclusion of an application of one of

__and (a) is satisfied as well. o

~

the rules Y-», ¥, A% or =»3, with premise l"-—»n'.

Now I"A-—»D is l"1 A -——rD‘ or is derivable from
it by a single application of the rule in. question. {
Hence if r'1 A;——) D, .':l.s derivable we are done; other-
wise there is an interpolation formula J satisfying S
(a) and (b) far P‘--—>(D1 énd-‘A'. o S

a

(1) The principle formula does not ocour in D, and

A=A, _

.

(%) The rule is V-» or 3. There 1s no restriction

05 S
N

on variables, and we may derive
A——»yr and J, I"A-——-»D.
Either we are done or the e:lgentom t of the,
application is a free variable occurring in J
. but not in U‘A,D]. In this case we nm;-derivo
AT SPa—~D
A —=335,(&) Be.rt(z) Ja—>D
_and 3€Jt(§)/l’§/ an mtegpolation formula for
MN—>»Dpand &. . c _
(P The rule is -gV' or 3-». Since thg&re’etriétipn |
" on vaﬂéﬁlee is satisfied ‘f&r the original deri-
vation, the eigenvariable x of the application
doea not ocour in A, and hence also does not
ocour in J. It follows that J.is an mtorpahtlon
forsula for P-—-—-)Dand A. -
(11) !he principlc touulq occura m a,




“vm

and the rule in question 18 either V- or 3. ’
(«) The rule is V-». There is no restriction on
variables and we may derive

A—>J and J,0,—> D
by the same rule. Bither we are done or the eigen-
term t of the application ‘48 a free variable
occurring in J ‘but not'in A. In this case we may

-

derive i T

A—>J - 3, 05—>D

L—>VEI(5) Y§3.(3),la—D
and VE J¢(¥) 1s an interpolation fommula for
(—D and O )
(8) The rule 1s 3~». Since the restriction on

_ variables is .satisfied for the original deri-
vation, the eigenvariable x of the applicasion \
does not occur in ['p or D, and hence does not .

ooour in J. It follows that J is an interpolation
foruula for [ —>D and A.

3.4 Remark T -' . . :

. ‘'In order to prove Craig a theorem for the propositioml
traalont of 1D, we mtroduco & new gyatem I.I)1 ’ obtdined tron
mbyuplmiucthomlehbylmleht, for which the
’thoox‘-'m‘huaﬂ.yutabushnd It is mily shown that
lfx, is & dor:l.vod rule of LD, 80 that any. aequent derivable
mm‘udmdodub}tmhb.mthotmayatmvm

uivnon]tifwemshowtutnx
DR




[3

is a derived rule of 'Iabl « The la.tter result is again easy’
provided that% the cut rule o is a /derived rule of I.D‘
(Curry (63) clajms that this is so but dogs not provide

. & proof, see the footnote on page 266) The theorem we

have used to establish this point is theorem.3.7, a re-
discovery of an early result due to Curry (Gu.rry‘ (520)).
Unfortunately, theorem 3.7 is valid only for the—proposi-
tional fragment ot.LD": bringing about the .state of affairs
mentioned in the introduction to the theais.

\
4

3.5 Definitio

, The system LD| is defined by:.

(1) Ax(Dy) = Ax(M). .

. (11) Rule(D,) = nule(muulx,},
where Nx is the rule detem:l.ned by "
<<P.~A.A> <F.A>>€Kx‘,

.

and A arbitrary >

gatem I.D'* is defined by'
(1) Ax(D'*) = Lx(H) )

(11) Rule(D,*) = mua(n )U{o}

3.6 Theorem . |
'Craig's theorem holds for LD,
.. p .

.

l;rc;o} It au:tﬁ.cas to. cont:l.nuo the i.nduction of, thaoru 5.5
. to. the oaae 4n which f'—s D is dor:lvod by nx,)., By tm\ﬂ,_,;;‘

S :Lndnotion nypotheau, oithor




-

D S O S A
TetT el s s -

B B toe - .
e Ad S . -

\ rA,qD—-’ D ) .

is derivaﬁlé., in which case by Nx, so also is ‘\"A-——vD, .
- | or there is an interpolation formula J for tixe premise -

. ~and A. Since o - o
S - UR~D,D] = LTy,D, |

"

¢ a it is evident that J is also an interpolation formula for = . .

z _ the conclusion and A. ' A .

0 3.7 Theorem. . S

‘ Any dgrivation in the propositional rragmept of LD"*
can be transformed into a deri tion having the same end-
sequent with at most aginile gpplication' of lix’_, and 80
that this application of Nx, is the last inference made in .

the derivation. ' ‘ R
Proof. It is surlﬁcient to consider derivations w:Lth the
propertiea:
(1) At leaat one of the premiaea of the last inferenco
1a the concluaion of an appucation of the rule
o Hx1 . - s ‘ o
. ) (n) The deriva?on involves no other applicationa of . -
9 Nx‘ except, poaaib]y. in the :tinal inference.
Once ‘the theorem ‘has been established for derivations satis-
Ttying tho\‘o.bg‘vo conditiona. n triv;al -induction exteuds (tho
thoom to arbitrary derivationa. . B
Ho -ugino in turx; ‘the eldven ditferont cases which

m ariao dalknd:lns on vhat rule legitinizes the last



>

inference., - ,

.. (£) A~». The end of the derivation then has the form ‘ ;-
, | . . -, T M,B,cA—>A o -
; — Nz, | 3
- . N P’B ety A L& . .

. - A# v

P,BAC—>p)
This is transformed to . ) -

. — . r’!;B-A c,’-‘A'-'-’ ‘ a
Bx, .
‘ : - r'oBﬁc —>A . .

' (2).~» A. The end of the derivatibn then has the form

£,

»
}fﬁ-é g EIN

- ST eA—aA . \ ) 7
~ - a4, .. B
b , |" ——p A - L . r“"—" B - @ ' ﬁg
. . -> A . iR
M—>» AAB

if the left premise is derived by Hx,. This is transformed

to ) i o . - ,;/"

p—»>»3B ‘ .

\ o .o ) L ﬁ‘ ' .
. MNa A IA—>B o ' ‘ '
n M . p . LR
, F)A"—" AAB P P'L)-L-—"L . ) N C e
v — . > '
U * PA,"‘AABE—_:-:L ) ST '
SO ' 1: N . o
v - ]:.-(Am)-—-» = A—-—*A r 0= B o ~
_ _} - . fo(AsB)e—sppB - L
p e
.x: the right premise is derived by Mz, the trmtomtion e

13 si.n:uar Ifbothpruinsmdor:l.vodhvlk, tﬁcMo“
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. ELTUT T

S FUTE e

.
- N 2
* . . 48 -
- £ . B

| AT pu——y N,B—=B :
‘ : Nz, Hxy C
N—>A  —— '

>A
P p—* "AB . I . - 3

This is transformed to . . /

. a .

, @ (e - o
: 0B, (AAB)~——> AaB L. —» .\ > . '
. - - \ e .
L OB GaBl—r . W, @
’ . '~ (AAB) —> B 0,(AAB) ;9B —»AAB

. = : e

PODRYR

.
.

R
T
R

P

¥
v~
i
2%

-

B,

P

o le- ' . s
‘ P —> AaB- -
S - . '

whera (&) stands for - po
o " A=A BB L | -

T S [,B,A~——+A4B l—=y . .

B = NB,A,~(AAB)—» & . , ‘ ‘
© > '
o . ) T',B,~(4aB) —> 14 " ’

(A stands, for = , o '
R Poo—wp B—ap |/ |

‘i

‘*3, r':e,g,ﬁ.“'
G S
-5

DR
.
o

N [ I8, (AaB) ,TA—= AAB S |
- '.‘(f)étanda' for ' L.

- . . o A A ""‘B‘-‘—-’_!-‘Ar \ t ,

- . e B oBA——wANB Ly

2=p . .

‘ e . ".'\2.&;‘“&!"‘4 £ .

ot . . - ] i ’ R ot

“ 3 T ) ( ‘ F,"(A'A'B),HB—‘—# =4 ' t

ST R . ) . 7 ! . ' :
0 - and (§) stands for ;, T . L.

] 'J{»‘Jf? TS M"—LA FM_.A Vo P . s

\ R . . h . ~
. iy NV E s o
LTl T D e e (ANB) g Byt A f—tp ARB -
N - - . . . -~
S .n\ﬁhr TR o " ) P ". il R ] ] . . s .
- e i . v R { . T . N



el T W T e IS S A TR R TR
N S T - .
: . (3) v =%, The end of the derivation then has the form
¢ f . . : . v .
i ) ", B, A —» A ' ‘
i: . .ot " .P!B'—"'" A 1 r’c‘-—" A’
| ' e e A
:': . P’Bw '——.A ) : .
% ’ This is transformed to ' 4 :
e —~—  DiBoa—sa Te—wa |
N - s "‘

) ' . P!B VO."A—'—*A

| o . T,Bve—>a Rx‘ _
- © - The esse in which both ‘premises are derived by Bx, is
clearly no n;ore com’p;ic'atee. ‘ : ‘ L

' . (4) ~>vVv .‘_mhe end’ of the derivation then has the form .

' ' R : AT
LT o — | P —sa ‘ . ’

.- ._ ' e
- " .. Peavs.

S * This is transformed to T

. . . - -V . - ' “ '
. R : A—-—-’JA_VB | el . o

.

. - . : . — OP .

.'m“'_ . ) P - VB . I W - . t‘ ‘
: , - A‘—‘—‘"’——‘\—A > i

¢

A \-ogAV )——-D;X ,

ey ” " Py

R
ra
~

N

e

Y

il

«

f'-—-)AvB .

. ¢ . -

(5) :-» zr the left premise is der:l.vod by ll'x' tho end o:
the derivatioh haa the ,forl

>

05
ey
k)

»
.
.
2
.

R
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R APRTGRRE 2 TRee Sds S e 3
SR PR T R
s e N - . e N
.. ‘ - 50 )
N W LN i - a .
w . -
This is transformed to ~ : . ) : ~
- o ' ~ . .
. o
S . A—=2A (,B—>C ‘ . . .
o , e > .
SR Y [

S MADBA—*0 1 —>2 - S

o 0 LABBAce—wL [ | .

: MADBANC=—Pal rg.-._;_‘-_»._&'_ : ) -

oy PA2BaC—®4 . DB—ec,

: - . MHAD B C~——> C o

T . PADB—w Q- ! PR
© © " If the right premise is derived by Hx, the end of ‘the N
* derivation has the forms - . - . ,

. ST ; r,B,2C—=»C o
* Nx, - A

. S 29 . o
MA>B— C : AT

. - Thig is transformed to. - :. ' : . . T

« : ] [ -

b L. T A DB,"C—»C by - : T

. Ps—wa  T,B—>C

5

. . . , 5 n,A:B—-:".c ) i \
""" * . If both premises are derived by Nx, ‘the énd of the deriva-

- ’

S e - o
s

50 -

=00 "7, tion has the form _ . | | »

Kl .

~ .

N A B Ge 0 e, .-

A f

, Nx,

.

L MaADB—e -

. .

{17+ onis is transformed-to .. . - ‘

« I
Nt AT
Bty Y A B g A
R NN [N . ot ~ . .
., wte, R ] <o ko .
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—— D>
’ FLAaBIA!"c——..c‘ '\"-—’—L D wp

DaADBANC —> L
-

L.45BC——h MoaA—vd o .

L

o P,A’B,‘TC —> A FB,vBP—»,.IIC

r ,A:B,-vc——- [
3;1
T A>B—>¢C -

(6) - 2. The end of the derivation then has thd® form

[N
[ .

r Q.-m,—-» A

-

¢ MB—>a

p—y

<,

This is transformed to .
[ »

A, B-—-—>A ’
*> -

"A———>B-.>£ 1 .
2 s
g :Al—-——»-a
. "l"p"(BD_A).?-#-'A-
v [, (BDA)—eBDA o
PvB2r 1

i (7) Nx, . 'rhe ‘end of the &erivation then has the, forn

-

. 01early y ﬁret applicat{/é'! Nx.. may be’ roplaoeﬁ by
" an application oi' K. : . L

P

((8) 9 (\9) k'., (10) ‘n' ®or thoap oasoa thc tnnefomtianl

W




(11) o-. If£. the left premise is derived by ”,"1 the
P ;tl}e derivation has the form | |
s T Mya—ya | .,
_ . l"".A‘a—-:-—me, ' -
R ' T =3B ~

mhisietranazcnﬁto' . S

e——n A

' - DA—»> B .L——->.I. L, ’
EI__I._____ —».L. : g A ——> 2 A —— ‘
X “ | A, ~B A - .4 A_Na——»B o
‘ [ ~B = ) . «A—>» B
Co CoBoyd el
: oL s ' r‘ "‘"B_ ’ v B *
. . . - Hx‘ . ‘ ‘l
Lo ' M—3B . o A!
. ' o ) G . . -

If the right y&a{ is derxrived by Nx'1 the transformation ~
) 1s’ . . . ) . . N

Co ! —> ..P'A—‘B-—-—-’Br . o ‘ x
S el - e
“- . , '. r“ﬁ,p .‘ i . . ﬂ} . 3:

¥ both premimes are derived by Nx,, the transformation'is 2 o
| N ".'A.ﬂﬁ—O B l—unl . - ‘ 2
J - Sy - S o . ,‘::
. DAspeed 5 EsA——d DA0B el
T - NRB—sead . f,B,~A~—> B . 5
. . < - ¥ R S

;o ‘ P,’% -~ B - )
i ' , ol he s . N Nx .o . .

3% \‘(:\‘ :; . '. ‘ '.1 N t R . R N N N i :
oW S T T
o hare, : © . . ] v
i \ ) 3.8 mQran N L7 " ) . %
< I ’w l‘ho propoaitional rrn@nbnta of the eystm I.D‘ *:;3
A LD‘* are cqgnvalont. I.c. ' §




3 N N .,

} Note: In the proof of this theorem, ds well as in ﬁeorm
. . 3.9 and 3.10, the letters LD, LD' and LD * will denote
only the proposj.t:lonal fregments of the aystems

. defined in 1.12, an ﬁ 3.5, ‘ .

- . Proof., Let ["——> A be derivable in LD,*, and'let F—LL
| be the derivation givén by theoren 3. 7. It e involvee no

N ‘applications of Nx, ’ then, since o0~ is a derived rule of .
o - LN, feDer(M) GDer(D )s If T does :I.nvolve an application -
of Nx, then it has a aub-derivation r "A—E-bA e Der(n)
_uDer(D1); but then obvioualy fCDer(D‘) as well. In any
case I"—» A is derivable in LD,, and 0" 1is a derived
o rule of LD,. - . ' S

' 3.9 Theorea : : ‘ L
- . The systems LD and LD, are equivalent. - L e

-

! N . : ‘ . ®

' Yy - . N
: VL Proof. Nx, is a derived rule of LD by - . \
. . P'A“_“" A Pc"“"" A Kx ) .
& .  Nxisa derived rule of Dby S RS
R B Lol o o T

A (Aved)—> L o L ‘ o
-3 - S v
Mr(Aved)=—Pad' . . o
s ‘ ¢ — . ——pV . 3?
Cyv(&vad)—> Awa I‘.A--v 3 r'.-&-—»n

1




But then by theorem 3.8 Nx is also.a derived rufe of Li)1 .

» - . °

L 3.10 Theorem .
5 \ Craig's theorem holds for-LD.
R .
Proof. Theorems 3.6 and 3.9.
. 3. 11 Theorem . . :
Craig's. theorem holds for LJ. )

3 / Proos. It suffices to continue the induction of thtorem 3.3 ° . é
. 'to the case in which r -—-?D is derived by Fj. By the Cor §
i : : 8
o :I.nduction hypothesis, either 2 o ‘ : | , ',%
% < e u - -
" 48 derivable. in which case by Pj ao alaod._s/a_——-) D, : : ‘;q

, or thero is an interpolation fornmla for the preaise and . » : ;%
%‘;:_\ . A . e, . L ¥ hid . ‘ - ’;:;w
o T T T tainlfa.dl s alnin.n R
;"" . . it is evidént that the same formula is an interpolat . s
A o , o ‘
e . . formula for the conclusion and A. P SN -

&40 * .
'3 N . A
he ’ . RS LY




_and variables ocourring in B. In order to get around this
difficulty we introduce a.new system LE which is equivalent
to LB (in the sense of theorem 3.14 below), and to which,
since it does not poéseeja- ‘the rule Px, the proof for M

¥

can be extended.

A
3.13 Definition : ) L
The language L = <AI.. Ln,r ,SL.>:I.sdoﬁ.nod

bys o
. : ‘I.n - .
(11) ""I&. = T
(111) PL- L

(:lv) Sl'n; ={<r,e>:0, e ﬁnite.posﬁiblr enpty.

uqucw ronmho

An element < r,o> ot s]h vill be written s.nromauy as
r—a6. /o B o
The system LE, = <1, Ax(E,), Rule(R,), Der(E,) >
is defined by: ' T o - | _
(1) AR(B,) = Ax(M).. ' ° . . -
(11) mna(xn) is gbtained from Rule(!l) by ropnoug c
iy Oina—r, v, 5, 6, kKand m, by
" inserting ® following the side and ;iripdplo
‘formilae in -»A, . T and é-b'h‘a-u'ld‘by add:l.iig
in the obvious vay, throenevruloa-"ﬂ -
>, - o |
\ (m) ner(n_) 1s defined analogounly to ,n-r(u).
Ve quoto %he tollov:l.ng theorea trou Onm (63). b




3.14 Theorem ' .
' Lot ™ and © be finite sequences of tomulae, and
let C be the formula obtained from ® by replacing all
commas by disjunction a'ymbola. Then ["— @ is derivable

in LE, iff ['—> G is derivable in ILE.

’
==

3 15 Theorenm . ' ’
Let P—-»@cner(nn) and’ let A S . Then either

FA"_’ @cDey(Bn) or there is some formulg J satisfying

. (a) L) s [AJQU‘A,@J ‘

and . (%) A—wJ and J 0'a—> © are derivadle.

Proof. The proof is an induction on the derivation of
—>®, adapted trivially from the ’proof of theorem 3.3

or IM.

_3‘.15 Theo;on
'

Craig's theorem holds for LE.

Proof. Theorems 3.14 and 3.15.

.

o

3.17 Theoren
Oraig's theorem holds for LK.

~,\ f v P

A

Proot !l‘hcoreme 3.11 and 3.16. (Al'tornatﬁem see Kleene




Section 4. Categorical Represemtationj

4.1 Introduction
In this section we present a categor:l,cal interpreta~

" tion of propos:q.tional fragments of each of the systems IM, .
LD, LJ and LE (‘the rea r the exclusion of IK uill be !
&iven below), and we sZ::—\:at when suitably interpreted,
Craig's theorem holds in the interpretations. The definition
of the categories _éx_ corresponding to €he fragments of
the systems LX is based oe one form of the eategorieal )
interpretation develope& by Szabo and I.einbek y:\lth ree;;eet
to the system LJ. The mterpreta%na, inter alia, enforce .
.equivaleéce relationa on darivatione ‘which allow a eyetenatie
comparison of der:lvatione of the same sequent. The interest
of fimi:l.ng a categorical Mterpretetion is also suggested
by the following points.

. (@) The Lindenbaum algebras- ozx provide an extremely
conveniont means of characteriging the etructvsz:re of the
different syatems. This oheracteriution is so convenient

N \ that we have been able to rely on 1t @lmost exclus:lvely in
in developing the model theory of the eyeteme X, It \
suffers, hAever. from a twofold diandmtage In the f:l.ret o
plaee\?: is no distinction nade between identity and /)
 interderivability of formulas; and in the second plady, all .
.informatign \qineerning\ the derivétion of a given derivable
eeqnent 13 dtecarded. The auceesa o:t. the Id.ndonbmu algebrag -
auggeets the —pu\.t potentm u'tmty ot~£:l.nd1ng an- -mbme
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| R 51
characterization of the systems which does not suffer from ° ;A rﬁ

these latter drawbacks. ‘ ; é

h (b) Any category may be construed as a sequent calculus { §
in vhich the formlase the objecé';? of_ the category, the 3

. derivations are the horphisms, and the only rule of inference %
. is the operation of composition of morphiams. This fact . %
o " makes it natural to try to reverse the procedure and inter- '\%:
: pret sequent calculi as categories. ‘ - ?‘;
For further notivation and details concerning (b) see, | . *

for example, Lambek (a). We next establish some conventions ' : :

- - concerning terminology by means of the folloying definition. A :
- - : . Y ;
& 4.2 Definition ‘ S N :
\ o For simplicity's sake we reatri.ct our attention to the .

K ' v*/ categorical fragments of the systems ¥LX. Iﬁ*add:ltion, in , | ,
ordor to tactlitats tae interpretation, and in order to ‘

f B simplify the categorical proofs of Craig's theorem we i
— e3tablish the following convéntiona"whiop will remain in ) fé
force for the reminder pf the thesis. | ) | ‘ . ‘.

) | (1) We add a new synbol T to the language I-, ve :é

B speciry T°“I- - g o | g

(11) For each aystea LX, (u(}) is redefined as ’ . f%

Ax(X) = {A—> Az AeP JU{—>T}/ *

(111) The yule o is taken in the form “ Z L

Pr—A DA, 0 —=»C T . 1

A, —»0

g‘u‘:ﬁa‘l«ﬂf‘i' IPIVITITY G e et

(:l.v) The rule’ € is taken in thg forn /




. 38,4, 8—>C
(¥) From nov gn the letters LM will dﬁmotq the grdpd-

sitional fragment of the system defined in 1.11
subject;to the modifications hbove. ~ |
From now on the letters LD will denote the propo-
s:ltiongl‘ fragment of the systenm I.D‘ defined in
3.5 subject to.the modifications above.

(vi1) From now on the letters LJ will denote the pro’po-—_
sitional fragment of the syatem defined in 1 13
subject to the modifications abovo.

((ri:l.i) l'rom now on the letters LB will denote the propo-

aitional fragment ot the. aystain LB def:l.ned :Ln

3 1 subject to the modiﬁ.cationa above.
R

4.3 Remark , o

- The éeﬁ.ni&ns of the .categories lx are 31van in
' paragraphs 4.4 to 4.7 below. ‘rhesa deﬁr%itions are adaptod
directly from the papars of H.B. Szabo. and no attempt 1is.

made here to juatuy the selection of “the particular
categoriea g:lven. Howvever, the noarch” for a suitable

s
V¥

categarical interpretation was gu:ldea by cex_-/tpu objootiv'u
vhich we state here :Lnformal,ly partl: a8 a aubstitu‘bo for
such Juat:l.ﬁcation, and partly as a convoniout mneans of -
:tntroducing m terminology and notat:l.on
.(a) The objoota ot &x, tho catczory comaponding

&




o o as possible, f¥he morphisng of 2, = shall be the S
o derivations of IX. , p

s -
I’<

e (b) For any formula A, the identity morphiem on A,'1,
;e o shall be the derivation ... .., | o
R Y CC Y S ’

| : (¢) Suppose we have derivations A-—-t—'B and B—£5¢,

3 - . with corresponding morphisms A-—E-»B and B —£5C.
T : Then the compoaition of f and € shall be the

. morph:lam corresponding to the derivati‘on .;
W | - a3  B-£5¢

s ' . A—>C Wy o -

o E (d) Suppose we have derivations " —Z-+a and ("—-ﬁ-vja,
; and derivations f' and {;j given by
Nfa.a . M—&ya
y— r and A___)%r . |
x;espoct:l.voly, where r is some binary ‘rule. Ir - |
£ = g then ve wi.!h to have also ' = 2. Similarly
for ternary rulea. ; ’ | ",
(e) For each ayeton LX, th%comsponding category x
- shall be a category of. the same sért as the
corresponding Lindenbaum algebra OZy. .
., J‘qualﬁioauon “ag far as possible” in (a) 18 VY ‘
necoss tatod by the faot that, as derivations, the rollovmg |
. ave dlatinot . . %
s3I 3 B-£4o o B—£~c c—B»p

. p o
. A—-—-_-»g _ 0'——-10“ _A::-"B . B-,——'fl)w ,

-

-’

~

ey 5@ o
; .
-

B

e

%’;;.«»’ A 5; ‘
ko PR
»

i

KLy

-

e
ST e
LA -

PRl k¥
)

el
Yum




/ .. However, if they are to be construed as morphisms;ithey ‘
' / 4 ' must be identified in order to obtain assoc¢iativity of -

composition (objective (c)). Thip-makes it clear that d

morphisms of _3_2_1 at. best correspond to equivalence claeaqa
of derivations, for some suitable eqniv-alence relation am. ’ ’
In order to assign a categorical meaning to a deri- \
vation of [P—'A when l" contaings more than one formula ‘
we. specify that the object of g_t;x corresponding to r
shall be the‘formn..a Al (se'e‘; definition 2.15(v)). We
also agree that the objeg¢t corresponding to an iy
antecedent of a .aé;ue;xt shall be the formula 1. This :
_accounts for the introduction of the symbol into the ¢ ' \f}»'«ﬁ

A

language L. (Ue note that from a proof-theoret:lcal po:l.m: .
“'of view this conven‘cion is harmless, eince — A 18 T
derivable if and ‘only if T —>A is derivable.) o | f
The fact that the morphisms of & will prove to. B
- be equivalence classea of derivations.gxplains wb.y vwe have
. \,J chosen to work with the systems LD‘ and I-Bn rathor than
with LD and 1B. To prove Craig's theorem we shall have %o
show that certain disgrems commte, and in order to do
" this we raquire explieit information concerning the. dori—

vations of A— J and J, Pa—>D. But theorems 3.10 SRS

T and 3.16_provide no expliocit information and we aro Toroed | |

*: '_ . to fall back on tgxe proot—theoroticauy equivalont anxiuary

: syatems LD,. and LE,. ‘ 8
" " e aleo note her§ that in the. oqtegoﬂ £, goncratod -

c . fxom the system m‘mgau? mennsr as. the oatcggr:l..f R




E_x below, for ¢ two objects A and B [A,B] (the 5.£ of
morphisma with domain A and co-domain B) is e:l.ther a.
a:l.ngleton or elpty (see Szabo-(a)). ‘Under these circnn;-
stances Cr 8 theorem "lifts" trivially “to _gx. This
'explains our o_m:l.saioe of I from consideration.

‘

4.4 Definition ' ] K

—_let é_t_; be W:Pe discrete’ category generate.d by Atn
Ve deﬁne _éu tehge the free cartesian closed- category vith

ﬁ.n:lte, non-empty auna generated by AtL, with undarky%ng
)

I4
-1

is a terminal object :Ln\_& ﬁ.'
1 3y xx.u-——»)( 1s a product bi-functor.
(411) v:&n T :é is a sum bi-tunctor.
- (4v) ::&H pxxn—-—;)éu ie an internal hom functor.
* Por any b;leots A, B, C there are thus natural isomorphisns
- M (4,B,C)° [A.BM}]-——» Ta,B)x(a,cC],
=Z(a,8,0)" [AVB c‘h—‘-"—»u.c]xtn cl,
Qa8 0):[AI\B.01‘——7 ln.a:cl
'Q'A3[Ao T] {'}
In partioular for any . objeota A, B, € ve have eoherent,
natural 136morpmm L
“(A.B 0)31 A@AO)-——b (A AB) ac,
:_T(‘ B 0)“‘ v(BvC)——p (AvB)v c,

, _);“ B c):AA(Bvc)--, (LAB)V(AAG).

1




SN
V(a,B) A BB AL,

/«i(A’B)aAvBl—?-PBvA, o

l A AT, ‘ . \
In future we- ahall omit subacripts on morphisms and trana-
- formations whenever the context makes it clear what. these -
should be. e e

. In addition we define for any objects A and B, mor- -

* phisms 5A' ﬂi(ﬁl\B)’ "z(un)'- C1(AvB)’ ‘z(a#n)',.

~

Tar E(a,p) 204 My 3" by J
Y ' 3 an_ (1A'1L)’

n('AAB) = <“1' “2>9
B =E7101,,1,),
201, 8 = <00,
T el’g.T] :
€a,p) =" “A:B?' -

(a,B) (Vi n’ﬂ
" ¥We are now in a position to 8 t "d:lct

1)

the intended interprefation, of nor 2 as e




C—>aAvB . ) ' ' SR

R P,A—g-rc r,3—&ac A a h ’
e . ;@ V> po(f vgle -
ce C,AvB—0 - . :
: - n r—2.4 r,3-8v0 . o
G . : ’ -~ >=> - go(1al)e(1AL A1) (SAT)
oL C,a58 —»0c . .
,z;’ . s F,A~‘_'£’B .‘ b . - - [ .
: - —pD - L (fov) N,
r . Fe—>ad8 ° < : -

- f'~—£->c g . v - . A . )

. e . ferw,.r -
ST Pame
:‘J . - ‘6 . “’A”A—'_r-éc .. a - . ¢
. - L £oC1A8) !
o P.A——’c ; ' v ‘

N .
fe(t Aval)

~

"é\o(%/\fal)‘ . N

—f\ A’r‘e—'—)c -4“‘

o (Becauao of coherence, applicationa ol o& have been ignored.)

.
.

4.5 Dofinit:lonn e )
~

<

The catcgory &D is defined oxaetly b 4 except that
[, ire postnlatd add:lt.tonal isomorphisms |
. : 9“ B):[A,-n:n]———r u,m
utnm in A and B, andl vo define p‘:'-A':A-*——rA by
o P Q('m‘pa)i ~
. The "di.otionary" of 4.3 is now oxpanded to mcludo .




. — N L e eppeli(f e 5)

4.6 Dgf tign ‘ -k\;\ .
-5 { _—
N Th? category ﬁ-‘! is deﬁ.ned exactly as. _x;n' except that

£l

we poetulate in pddition that L be an. initial. object. Ve
thua have a. bijectibn . T o

-

e ®,: [J. A'l-—-—ae(*}. .

v

forveach objeot A ot _éJ We' define ¢ .L-—,V L2

NP A‘&S"L"] o

L

D
* . and expand the "dic&ionary"/ of 4.3 %o JAnclude

- - _/ -&J

g,

'

© . 4.7 Definitich S

v “The category -&E is derinod axaotly as. -é-l! except ‘that

¢

we Postulate in addit:lon isomorphim o
A(A 8,0)* ta,a(iaao) ,3]-=+1a,8],
for any obJects A, Band 0 1n IE‘ e
‘ R AT

\ In order to qas:[gn a categor:l.cal noan:l.ng to a 'am-
vat:l,on of PT—>@® vhen e contains more than one formule-

.

-

© we spoci.ty thst the, objeot of & corxoaponding to @ -
<:c,,...,'rm> shall be ‘the romula \(\@ ‘defined by

.
°

- With th’; exception of .~




DV «":;:g,-f:ﬁ."f T R S YN L K
C- 4

E;:"‘" ) ¢ . ; ' ) N . 4& '
) to be made, to the "dictionary" of 4.3. rorwe_ampli‘, the - .
{ Mterpretation of ‘ - ' "‘ :
S X . | .
? \%, CeoTs g ____'QA ""“’B_E,_,G _ N €
} . N ~ — - S
- . . . . . f',~A3B —_0 -
>, is the morph:l.am | ‘ ‘
L < - ;
SN ﬁ°(-fr2vg)‘C'[1a((1T v£)°C°(fAJ))]°(8M). ;
S ‘ Tho mterprotation of# S e T " ~ .
oo .'f ; ra—$20, B B N
,, e F— ©,408 : '
" . 18 the monstrosity . . | .‘ : -
. . — N 1 .
ALoy(vorva=m) (T z(tu(hf‘))»n)"""‘el LAl
~ o Cleevas ey °a((ve)vu=m)°ﬂ“{§(m)2 '
; , Fo vy, ) A 3008 ia A Lve)cas 31 28 - ~
. ‘This is best “understood by consulting the tolloving deri- >
_ vation. (vhich fs valid in the’ ayatem LE of-definition 1.14}, S
where l"' A-———J) ( )$B is the derivation given by ‘ -
- i \' . R . .~ 4
- . th@"rém 30'4. T ) ~ . ¢ \ il
' | f v “. . B—»B
’ ) s o L -3
. . . B ) , “ B,A""B ' b A i
’ % P | o vO V8. - o B—->A>B - . e ‘:
'VO-»(V)v(AsB) ° B—» (VE)v(4>B) - ‘ ;
E _ m—-—» Veivd  NVOMB—»(VEIv(acB) - - BB,
oo r "__’(ws)v(‘,B) , P,A.B"?Bc - :
iR ~ - - o }Z
"~ »-. L YO (AB))oB—>B :
N S i",((VG)'(AaB)')aB—vA:B L E:
<o T ((VO)v(aoR))2B > (VG)v(asp) ox E

C—» (VO) v(l:B)_ ‘

,,
Al <& *
T v WA A



’ . T e
. L The modified "dictionary" is mow expanded to include
=< . . LE . o -&B | .
L : \ . - ’ )
T . L ‘ 4 _"0 o '~.5«o‘-1°f ~ ' . o ’*g
, . L -
' T e h. . averef
| . ? o . .
R =
: 4.8 Theorem | \(\ : S S
S ' c’raig'? theorem (3 3, 3.6, 3. 11 and 3.15) holda for
X . _each of the,,nodiﬁod systems LX 11; the (ollowl}sg form: ’ '
. Let I"-e-——) D be derﬁrable and let A &, then there T
y - ex:l.sts & formula J and derivations g and h satisfying | )
. () J] =alN(ra.n, o X vy
and (b) &—ELsyg and J, M—B¥D. : e
Proof, If M, D is not derivable, ‘the proof is a '(cr}nl ' Y
‘modificatiop of the proefs given above for the full aystems, - .
A If' [\——>D ia derivable then so'are both of -~ ' IR
AT A——-—)TandTl"-——-vn S
L a.nd T 19 an mterpolation tonmh Zr =D md(A. S )
o SRR ‘:
; LA

W

. - Craig's theorem 1s mm for &l in the unn\that
1217 48 an murmht;pn‘to‘ da tor f'o---vn uul A,
£ and J, FA-g-‘!—rn : . the dorivationn doterm.md




. by theorem 4.8, then in _éu tha following. diadnn éomute‘s
' ;’. A p . T i >D'
. . . N ‘ ’ . % :‘ ' . . gé; [N . N
, . : : ) . Y
} " )

, v ' A , |
(AQ)A (A, )—Eal »IA(ATL)
vhere the broken arrow denotes tho :I.aourxorphiam determined

B 'by the cohewence of- o and V. In particular, vhen ¢
- T A ve havo N~ : g

3 'y . '
N S @

. . e, ) A C “'
. v b ‘ . o ‘.
. £ ' N * ’
. . ) s \. s ¢
te - .o : . N ) M
e L ‘ ° . V i I
. RN
e J . .

P2

5 -
v - -

: Proof. The proof is an induction on the construction of the
. . . . ! [ - ' .
s e deriv"atiqni g and h. . > ‘

S . 2 . :

(1) I£ A 1s void the interpolation formula is 1, and the
theoren reduces to the claim that the disgram . . .

o

- ar—E 55, '
T o Regex s
. TA(AF)-—-—-——--P TA(M‘) T S
" coumutes. Since this is alvays trivially true, we sha).l T
alma suppou that A ¢ O. , *-‘\ ' OV
' (2) 18 P—-—)Disanaxion 1% 18 of the form. A—>1, and "
RN non-void ve have A s an interpolation formula e

Wm.



(3) It is:'easily seen from the proof ‘of theorem 3.3 that

the proof of the induction step reduces to showing that the
_rollowing paivs of derivations are equivalent (1.0. are
mterpreted as the same morphism in _&H). ’

A=Es g

A, P ,A—>C

A-—&pJ

J,& By .
DA —>»J J,‘-——-s- c

DA, E—> 0
A.é,l.——" C

J, @ ¢
Ji*n"""’c
o

,J,Q-,—-’-‘-»G

L
A,P—aC

A Ky
A, 5,&—-—’0

’UA, é,A'—:—)c
L ‘ .

A'—QPJ ' J,‘§,A'A_A"°

J, %,a,A
’A,)§'A’A—-_’.\c

‘-85
A, 2, A—>C

'J,i,‘.-*c

A'é.ﬁ—‘-—-c

A,4,0—E> I,

A, ,A-"‘"J .
a .A-—-—PJ\ J.G—h-vc

Ay P AA—>C
J_.A,§.‘A—-fl\—>,0

J.‘i-—l.‘-’ ¢

A.§ ,‘.“"" 0

J,,A.B’ i "'""". 0
J,B,A, P —~—n o

oty
A.Bp":ﬁ—"‘o

A,_A,B,& —C
AlB,A,&—> 0

- "-..«/ T
o g T

2

I3 " >
iy % tet) dya, vhe,



. Y 4 - :
| é'A-—E’ J' J,B.i-& c - ) J,B, i._l_l.’c ’

(ui) ‘ ) . “ . . “',t‘n
AaB—8&3 5,8 Do a4y

a—Er 3 3,8 ,4-0 SR i,‘Ag—’—‘,» ¢ - .- L

o .
T BaE—~g | Ad—, e

(vi) e

" OAB,G¢—>C pe . , 'A’A'-E» Jd /B,J, $d—>C ‘ B
‘
A,B,4, & —>0 BAA E—>C B E

A ,B,A, é‘—?c : - Sl

-~ = ~t A
D,AB, @—>C . AB,A—>7 J, & C.
) -

A,B,A, §—>0 ¥ A ,B,A, $—>»C
(vidt) . - @ o A
o-&3 5,35 s

Ay H—>r A , A, 8—>B
, D, B—>»anB " T

' Rt _ . -3
ah i IpE3 -

'.4 v .
ROy L A

st

T AR E T S --’QB“A_‘, Bt
a—Er 3 A3, JA,E—A - IAT,E—rB

A—-—-»Jll‘\ii _ 'J‘A'Jg.?-——’Ai\%r. i
D, 2—> AAB | . <3

o

= A

. L 2 . "
CAFA—Cc - aA-Esi . 5, 3,0aB—C
L\ d y

&N, AB—>C; A,2,ArB—>C ' g , e

&

(x) - ‘- S

an—Ey 5,320 aaBey -

v

l"Av§'l‘—)'-‘;50. | —r' . N !A‘!‘ ) §q~
¢ . . ,.\;.?' . Lt .

f . .
N 3
- N Il
« . i ¢



A P o,

Aut

D, 2 ,AvB—>C » ) ) ;&4
_J_,‘,§,A——h->g f‘Je,Q.B h C \u \534
_ .. ' AT &
a-£y 3, A—E-»Jg?“ I A y B, A—C I 1A, ,‘B-—)Gv_’
a—— JAJ, 1/\.12,&.»,3—» c ‘ ¥
= g o )
A,‘.AVB‘_—’Q i ' N tooe \ u.f
(x11) " "
AAF—C &—» c
A, &, A—>C | A.é,n-——v,c »
- Ve=ip ~_ g
_ ® A’§,AVB_’0 ’ . ;‘
A, 0—EJ A,B—ESg ‘ :
. ? 1w , LQV _A' ~
, : 5 —_—
PN AVB-—)JQI& ) {'v o ‘oc_
A,Avg,ﬁ—-.—»g ’ - - <
aFavi—o . .
(xiii) ‘ 3
A-frs 580 ' 3,812, S '
A,F—wa -, AEyy J,B3— > AvB :
wip k o g:

A, &—vav \ | a,8—vavE




:: ! o (n') . v } -

e a5+ 3,8 A5, "Jg,§ B Bl

‘D, §~—-‘PL/ a4, Q,B —C
) / / ‘D, E, Aan-—» c “ T -
;‘: 7 \ g,.&"—.A g' s
o A«:-E-oJL L—Eg Jiua,i-—-#; ‘ 1AJL§ 3——-»0_”,
‘ J1A}Jg.§,ADB———'O :

R . a L . K
Gt Lt e e e RS A s F
s g S A gt A i St et 1t T

el

" - . _ A, 2,02B—C

“ . :'E-A
R Ny T
RIS LY 3t K- Ve AT

(xv) . o
| A—Esy 3, E-Ber  AB-E, I,,8-BNc
N - A —vr . 8y o8, 8 —c. ﬁ
A, Q-—-, A - A, 2 B—>C : "

A%, ADB———N} '

. '. o ,B—s-sz_ |

ot A s o

; 3 DADD — E—Eay 3,8 B0 o

e - £,A,43B—>¢ - o

e e el &,8,05B—>0 Lo .
(m')‘ c ! .

A-Eel J,8,4-B>3 R Y e 3 §

il - . ->2 B
: ,\‘ A'QOA":‘—’B . o —B-PJ J,§ -—T)ASB“ , . :'i'i
= " Ay, B —wAOB ' 5,8 —»A3B Cs

i ' * . -
. '

iho above pairs of derivations are in fact equivalent,
e thoughitutououetodmnsmtetue Instead we

| ‘:r.tu- the reader to Ssabo (14) for the fact that if two

«
r-

IS
)

PR




.
MR > £ ¢
o . P o
Lo e 3
':a‘ ‘l{‘iﬁﬁs i e

LY
A 5T
PO W TEa amiigitd

derivations differ only by permutatione of "mutual].y
. passive"” :Lnferen\zea then the two derivations are equivalent,
‘and we demonstrate the equivalence of pair (xvi) as an

el

e . -
ot St et T
LA . | 8 B gt

example. .
Ve need to show that ' -
B (B(Zatar)e ) = Ahov)e(gan. -

[ By the natm;ality of V the 'diegram
AA(A D) A(AE) Yo w(Aa)a(AE)aa

o

e

45 o s et S,

C
Bt

iagal gntl Al “; — R

S AAIANE) ——¥ L JA(AE )AL S
- conmutes, a.nd B0 | - .o
Vu (he(gatat)esv) =\Q.(f1°\v¢(1l\§l\l))‘ S :

But .a short ealeulation shows that by the naturality of o N

\ﬁ-(ﬁ-v-(u\gm))=t0a(iw)°(gm) .- B

[

Craig 8 theorem is valid for &D :I.n the eenee of .

theom 4090 i . ) T - ,"‘» i

4.10 Theorem - . ‘ N S

. v
. - o
' ’ - . . ¢

_Proof. The proof ig identical to that given for theorem 4.9 _—

exeept' that for the induction etme must show, in-sddition, ~
) ' the equivalence of the tollowing two derivayione. ' , h R
R _' A—-‘-}J J,§ “A—-—-)lr o J,&,w‘.—l.‘-p‘ _“ L A‘.”"‘h
‘. ‘ . S n . T
v . A E,A—w R A-E-v.r v J,&-—-—»A R
%@f‘ . » . k' . - | s r . , i
£ A,ﬁf—-?" : :




) , That io, we need to show a | . o
-, ' ' fd / ' ' Lo

- OB (he(ga1a1)ev)) = O(d(Bev))e(gaT). s
But this follows immédistely from the naturality of ©® _ |
and the demonatt;tion of part (xvi) of the induction stop N ﬁ
of theorem 4 @ ‘ ¢

- T mheo;a;“i‘j”‘f‘“‘f - i -

// Craig's theorem is valid for _&J in the sense of’ . ' 1
theorem 4.9. . ,,/‘ - :
l e , 4 | ' ’ 0

., Proof. The .proof 13 identical to that given for thqorem 4.9-
except that for the induction step we mm show, :I.n ﬁdition, T

. the equivalence of the following two derivations. .
L a—%s»; 5,@-Bel 3,8 LBsl L
AT —. AE4s 13— |
g ” AO—= D F ) A,&\”—-—o}\ - |
' - But this is :rivial since by Qsaocj.at:l.‘vity of composition °
" - e

j ~ we have PR ‘ S R

© o TgpBe(gan)) = (yeh)elgat). :
I ' o :
4 12 Theorem .~ ; ‘ L
_ Craig's theorom is valid for AB in the aenae of . »
©7 7' . thhgrem 4.9, . , - o i
‘, ? Proof, The ‘proot 1s mplefelir‘ snaiogous to that given for %
g . theoxrem 4.9. S ¢

FARy I
P e
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ey, Bl o
e
-
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-
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)
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