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ABSTRACT . PR
$ ’ ‘
Inequalities Concerning, PoTynomials

in °

Complex Domain

" Man Ching Vong
o, ;" '  /
~ Let P(z) be a polynomial 6f degree n in complex domain and P;ég)//
be its derivative. The study of thg inequal{fies coﬁcerqing .
|P'(z)] on |z] < 1 had been introduced by S. éernstein in 1912. Since

then, @‘Qumber éf related results and their generalizations in different

directions have been obtained in this area. There are also several

interesting inequalities for the polynomials having one zero

prescribed, namely P(1) = 0. For this class of'p6\ynomia1s, the - " .

precise estimate of |P'(z)] on |z s 1 is 'still unknown.
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i . INTRODUCTION -
. 4 ' . n '
. Let P(z) I a z be a polynomial of degree n 1n complex domaln,
u-O

the coefficients 2, u~1 ,n‘are compiex. By P' (z) we /denote the

t\,

der}vgtive of P(z). Concerning the estimate of |P' (z)l/on the unit

disk: 2] < 1, the following result is known as:

Bernstein's Theorem: Let P(z) = Z auz be a polynopial of degree n
v=0

and ‘max - |[P(z)] =1,. then
Z|=1 : ,

[P*(z)]| sn

for |z| < 1. The result is best possible and the equality holds. if

and only if P(z) = a2", Ja|=1. e :
In Chapter I, we d&f] with a discussion on Bernstein's Thecrem.

There we present a proof of the Theorem dué to M. Reisz deduced from

a'Yesult on the derivétive of a trigonométric polynomial
n .
t(e) = 2 (a cosue+-b 51nue) z cUe1
: uw=0 v==-n

a simple proof of Bernstein's Theorem.

4.
i
!
|

of order n. We also givé

Next, we study a generalization

U
i

of Bernstein's Theorem aﬁd somevreI ted results.

_With regard to Chapter II, w¢ study: o “

Turan's Theorem: If P(z) is a pglynomial of degree n with ' C ’

' TaT\/|P(z)| 1 and P(z) has a?( its zeros in lz] <1, then

P! >
2 l (Z)l 23 ’

The resu]t is best pos$ible and eguality holds for P(z) = azl4 B

- ‘ '. . . : /
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The interest Tn this Theorem 1ies in the fact that it describes

-{P'(;)l under the influence of zeros of P(z)." We discuss generalizations

of this Theorem in two different directions.

*The influence of zeros on the estimate of different norm of a

Y

‘ polynomial fs a stqd& of considerable interest. During the past thirty.

years, a number of 1hteresting and significant results have been

' “obtained_when 6n1y one of the zeros of the polynomial is prescribed.

In Chapter 11T, we stud§>some of the resu1ts'insbired by the following:

* Callahan's Theorem: If P(z) is a pol;mom%a] of degree n with P(1) =0,

then

. i '211' 2 3
= J .IP(e’e)lzde < n—ﬁr'}w’l( ]IP(z)IZ
s v 2\l=

The result is best possib1e

Chapter IV is primar11y concerned with the estimate of [P (z)|

when P(]) 0. The main result we study here is: . J

¢

Giroux and Rahman Theorem' Let P "be the class of all polynomials

{P(z)} of degree at most n with TBT |P(z)] =1 and P(1)=0. Then there
\ z

J

exdsts an absolute constant ¢ > 0 such that

‘,P(T?ip ‘T;T_ Pr(2)]) 20 - §

~ The proof of the above Theorem does not reflect how small the’

constant '¢' could be egpected. Without much success, we have made

some computer calculation to observe the TaT 1|P'(z)| when P(1) =0
~ ' z =

for polynomials of'degréé ne2,3,4. This will be discussed in

Chapter V.

&
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The presentations in this thesis base primarily on the known
results concerning the ineqﬁa~i1ties of polynomials. Nher‘l.ever a

. result 1s of our own, it 15 marked by an ast

isk *, ‘e.g. Theorem 1.7(*).

C e




i
i

T

LS )(ﬂ; . '
) s
« ¢ |
rl ' . a
_ TABLE OF .CONTENTS
I
ABSTRACT o
ACKNOWLEDGEMENT
INTRODUCTION .
GHAPTER I: . BERNSTEIN'S THEOREM
CHAPTER II: TURAN'S THEOREM
CHAPTER II1: CALLAHAN'QTHEOREM
“CHAPTER IV: GIROUX AND\RAHMAN THEOREM
CHAPTER V:  COMPUTER CALCULATION -
BIBLIOGRAPHY -
\

g :
e \
| \
l;‘
& LY
}
|
s b

=4

- 3

43

.75

107

. A -

k)
2
T
o wf
3
3
.
;
L]
.
i1l
:
\'/
&
)
I
:
4
N
'
|
.
|
1
i
.
i
1
{
L]




P il

© e e et S A, R

.".ﬁ 4 . [{ -
J ! /
PR '
. !i:pter 1 - : '
" Bernstein's Theorem - ¢
B |
Each of the following two theorems are known as Bernstein's -

Theorem: . \

¢

‘ n
Theorem 1.1: Let P(z) = I a,
. u=0 i
and Tax‘ [P{z)]=1, thep -
’ z|=1 )

z Y be a pb] ynomial of degree n

\

fd_l*_ |z] <. The result is best poss‘ible and the equality in (1.1)

B / L
holds 1f and oply if P(z) = az", |a|.= 1. ’

. n e n " {u

Theorem 1,2: Let t(6) = u)=:0 (aycosv 6+ bysinve)=.I ¢y ei")9
L =-n

be a trigonometric_polynomial of order n and pgx {t(e)] =1, then

It*(e)] < o g

»

for all 8. The result is best posﬁible, énd‘the equality in (1.2)\

» holds if t(#) =xsinn (8-¢), 1A £, @ is real. Further, if t(8)

is a real trigonometric polynomial and there is equality in (1.2),

for_some 8 , "then t(6) =Asinn(6-p), X and ¢ érerreal, [A] =1,

" The sentence "the result is best possible" means that the
inequality c'annot'be; further refined and there is a polynomial satis;
fying tr;e hypothesis of the Theorem for which there is equality, such

a polynomial is ;é11ed an extremal polynomial. So, P(z) =az", |a]=1,

" 15 an extremal polynomial for the inequality (1.1) and

t(6) =Asinn(6-9), |A| =1, ando are real is.an extremal

polynomiaf for the ninéhuath (1'.2).

R . 1 R #

IP'(z)|s n : ‘ o)y

s

T D v a5 T
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e In 1912, Bernstein [4] consfdeged the. problem of eétgmating o -7
,//{ifze)j.wheh the trigonometric polynomial t(8) in its absolute value S f

is bounded by one and proved that ft'(8)|< 2n; for details see [9].

\
He deduced th1s result from the follow1ng two Theorems \

Theorem 1.3: Let P(x) # z a x ‘be a po1yn0m1a1 of degree noand

v=0 'e , ’ (‘
max [P(x)| =1, then -, LT
-lﬁ)(s?[P'(x)[s n - . - (1.3) | o .
F‘ V1-x2 . S v ) o ;
for.-1<x<t. THe result is. best;poss1b]e and there is equality 1n s '
2k+1

- (1.3) for Chebysev po]ynom1a1 T(x) = cos narccos x at X=C0S "f'_ LR

¢

: k = 0;.’..,2"-1.

Theorem‘1.4: Let P(x)we z aux be a polynomial of degree n and
v=0

max IP(x) Vi-x2 ] =1, then ' ' : o :
"] Sx < ' : ) S 7 , :

' I[P(x)ﬁ— ]'5/——2 (1.4) C,
. " , :

- for -1 <x'<1 The result is best possib]eland there is equality in

riintl)arccosx 54 4 = cos-tqp , k=0,1,:..,2041,

V132 o m o

.(1.4) for P(x) = si

The observation due to Bernste1n attracted the attention of other

‘ mathemat1c1ans in particular on proving the best possible result on

o Lo g o

Py

the der1vat1ve of trigonometric po]ynom1a} In 1914, M. Riesz [20] . S
was the first one in estab{1sh1ng Theorem 1, 2 and from where he also ' a
deduced Theorem 1.1 (see page12). In the literature, these two.

Theorems are a]so’yeferred as Riesz Theorem or Bernstein-Riesz Theoren.|

Around the same time, F. Riesz and de La Vallée Poussin also gave a .

proof of Theorem 1.2. Recently, Boas revisited a proof of Theorem 1.2

. . . . C .
. ‘ . . » - v -
. R '
| . 3 ‘ . . . ) ﬁ
. . . i d ‘ - . .
. , .
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o relyf’ng hé'avﬂy' on vgeometrica‘l cbnsiderations in his expositary .

" The result is bes:t possible and there 'is equality in'/(’l.s) if

>
i

article [7] The idea seems to be mtroduced by’ Erdos [11] It is
mterestmg to note that the method presented by Boas can be easﬂy

e

used 1n proving the foﬂowmg,mequahty due to'Vander Corput and

*,

,Schaake [22] which is better than (1.2) in the case’when the trigono-

] S \‘

metric polynomial is real: .

~ "!

. ¥

S 2

- T : K

no- ‘ ’ | ?\ )
Theorem 1.5: Let t(8) = I (a,cos vo+ b,sinve) be a real ) f\,

. trigonometric polynomial of order n g_n_d_'mgx [t(8)] = 1, then
T . .

v

¥
(o)’ #n (te)) sn 1.8 e
N

t(B)t' Asinn (6-w), [A]=1. . Furthermore if there is equality in (1.5')' i

where t'(8) # 0, for some 6, ther t(8) = sinn (6-¢), |} =1.

1.

' Remark 1.1: If one writes a real trigonometric polynomial

' N e — - - . 2ol
t(e) = z c‘)e-« 1] thEr‘ C_U = C‘) ’ v = ]’llu ,n * , 1 - '}\
u=-n T ) . o )

" In. 1930,-Bernstein [5] proved the foﬁowing interesting

generalization of Theorem 1.1:

-~ 4
[

Theorem 1.6: LetsQ(z) be a polynomial of degreg;} having all its

zeros in |z| < 1 and " P(z) -be another palynomial of degree not

‘exceeding n, If for |z] =1
) s @l o
P2 s Q2] | L8,

on fz] = 1. =~
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. R T ‘dueto M. Ri'esz, and a]sgyigive 'sthe proof of Theprem 'I.Z.duelto

.
v L.
Y vx-r'gsw«y’m e
.
LY

?s . - " Boas, [7] in a - modified form from where Theorem 1.5 is derived.
o R

-

" We presépt’a new_proof of Théqrem 1.1, Fol'lowing the techniqué used

here, we prove a new result (Theorem 1.7) which is an impréveme

:v'v‘:"'n :‘-!&?l&"" .
»

s ugon Theorem 1.1; from where Theorem 1.2 is also deduced. This is

~ T " ’ \ : .
AN S inte}éting in view of the fact that it is not yet known whether

-
s
-

Theorem 1:2 can be deduced 'froméTheorem 1.1. Moreover, we also pr‘ove

. __‘an inequality (1.27) which is more refined than (1.6) and discuss some

Co. 2 further consequences. ‘ . .
’ ! ] 4 ,

y "'{\3" ™ Y 4 ‘

> 102 . _ Fﬂ\ .
) : ) \ L Now, we return t‘g present the proof of Tl&krem 1.2 due to
£ ' < R .
" M. Riesz.” LA . : C
.~ In order to pt"bve Theorem 1, é M. Riesz first established ar{

< - mter;ﬁ]’twn formula as jn the fo]]omng
n

LA

A : Lemma 1.1: Let t(8) = ¢ (a Qosue-#b s1nue) be_a trigonometric« * ,

¢ é . :' - ! U'O
I . .

o " ,  bolynomial of ordern, then
: . . ‘ ! * , .
- ) . t 2n - -0
S - t(6) = ajcosng + 300 T t(8,)(-1)"cot o (1.7)
) ' ' =L =] \
U 3n _(2r-Dn - (an-1)m

where 8, ﬁ'ez —“-2—&.._, 0. n seees 850 ) »
P “

N \ . ' ™ .

We would 1ike to add he that t is work of M, Riesz is in
: « German., To our request,“Mr. L. Marcoux has translated this
- work into English for the purpose of this thesis and our
v > presentations rely on his translatijon,

~
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(1 e, eier is the Znth root of =1).
e N N
'  Proof of ‘lenma 1.1: First, we ‘establish the following: -~
v e,
r BA o 8-0r
N ( 1)7cosn @ cot . —— smn(e-er)cot 5
b ! Woe , n . . ) -
_ R ; sin [( n+2-)(8 8,7 _ cos n (8-6,.) (1.8)
. . sin 90r ' " :
In fact, | ; . |

sinn (8-6 )=smn9cosn6 -cosnesmne

. sinn# cos LZ_'_”Q_UJL cosnesm.(_Z_%.Ul :

’ * [ Y‘ e
. - ( 1) cosn . .
B
. . ; .
. This proves . - _
R 8-8p _ " 8-br : ' ‘
(-1)" cos ndcot —— = sinn (8-8,) cot VR '
. Now, considér- T . '. ‘ o oy ', ’ ro T
e a g-6r . : '
..'sinn (6-9.)cot —5— , b
” (60, )cot %5 L
. / ° ) . n [ . .
' : 8-0p o ' «
- , COS > o R , ;
- & gfinn (e-er)—————aa- . - . e
v w . 5\‘/ . S e er ) 's‘ '\ ‘- - B )
- T— . ,,’ 'l' . B & ) . ,_-»
T . »” AR , . '
| B—Br 2y ' -' oy
. o plsinln(e-6p)+ ]+sin[n(6—9 ) —2—'1]} o : .
' o s-;n g-6r . ” L ,
2 N - " ) §
sm[(n ¥ e~9r)]+ﬁnn (e~ er)cos 6-6r _ cos n (6-Br)sin 8-0r 4 -
“E 7 : ¥
. ©osin 88 o .
5 - -
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S1n[(n+-—).(e.er)] . | . ] ‘
-12— o-or + %— s.,ih n (8-8y)cot 9%9i_%, cos n (6-6y)
s~ . o o

o , 9.8 | i
Transposing -]2- sinn (8-6)cot ?—r': to the left, one gets (1'.8).L 7

‘By using the fact

sin{(nh)(6-0r)] | o a
- = 2{5 +cos(8-8y)+.. . +cosn(B-6y)}
-F; - -

| [

‘1n (1.8), we get -

-

( 1) cosnecot %QL 2{ +c05(9 Bp)+.. .+ cosn(9 9,-)} cos n(6- 6,.)

L P

Now, we return to show (1 g3 Cons1der

|
[ .

P
cos n ‘z tlop) (- 1)‘”cot T— :
En » r=]
p 2 r | - e-\a ) \' C '
= o E] t(8,.)(-1) cosnBiot Tr' ) -
':- ~ ’ e M 4 .
1 2n ( or ) L
= T t(6,.){2 [ +cos(6 9 )+...+co (6 6 ] cos n(9 o
ﬁ ]e c\ 7 B ) > [
Indeed, " for Ohsksn . K : C
\" .o ’ -
2n - @ .
I 2t(8,)cos K (6=8y) . o
r=l | : A
2n n Co " o
= I I 2(a cosue +b s1nver)cosk(0 8 ) ’ e
Y’-] VU= 0 ',
AT B
= z] b [ZaUcosve cosk(e ar) + vasinuar cos k(e-er)] )
Poor=l v=0 t
2n n |
= ):] & ta; cos [(u-k)ep+ke ] * aucos[(u+k)e,. - ko ] .
r=1 u=0 ot
R + b\,sin [(u -k) gtke ]+b\,s1n[ u+k)er -ke] )
\ . “‘ %
(A\ e . _ g

3.

(1:‘9)"'
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| %
. . - 7 -
' . . oo
n 2n C 2n . R
= I {a Re I e T{v-k)br ¢ike +ayRe I e‘(\’ k)er -ike g
v=0 r=1 r=]
- y 2
+ by Im Zzn e](U'-k)er e b4 by, Im zn e! (U+k)e "’ke} > .
el S r=1 o = “
2n' i '
°z {a Re e1k6 1(u kley . a e e 1(u+k)er )
v=0 . r= 1 r—l y
T iko 2n' ‘i(u-k) -ik@ 2n i(u+k)8
+b,Ime" I e o 4+ b,lne” "% 1 e -
. r=] . r=1 B
. , n
In the above ¢ , we split the sum into three parts,- the first
‘ . w0 4 g

T

part consists of v=0, the second one consists*df 1 £ v s n-1 and* the =

-

third one consists of v=n . ¢
e 2 )

i) For u=0, consider - ' .
& b

u

I aocos k (8- s,,.) = ;aORe e z] e

r=1 {X ) . .
“I1f k# 0 by the fact that 6, i ZnH—‘- root.of -1 andr ruris from -

2n ‘ L
1 to 2n, we have' ¥ e 1ke"'0. On the other hand, if k-= O, we have
r=] - . N
2n, . ' . .
z e r<on, fence - : S,
r=1 o - :
2n - . -
I ag cosk{@-8.) =0 forkfo .,
.. 1. - : :
.’ = 2nay fork=0 . - -

(2

'n) For 1<v<n- -1 ifu# k, then (v- k) and (u+k) are integm's whiCh

are not equa] to zero, S0 we hava 2/ ei(u kler- o and 0 :
- . r=1 ; R ?
2n 2n
J ’(U'”‘)e'” -0, Also, we note that 1fU Kk, I e”"’ klors o, and
rs - T—]

2n
I(Wk)er = 3 eiZker 0. Hence, 1 S k <n-1

r=1 r=1 .
. , ; . N .

N
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n-1 2n

I I (aucosue + b sinud )cosk(e ] )
u=1 r=l

= Zn(akcos ke‘+v bksin ke?

iii) Forv= n, consider

-

2n . ’

):] (ay, cos ner + by sin ner)cos k (6-6y)

rs=

" 2n
- 17 a, Re e1k6 3 el (n-k)8yp an Re € 1ke 1(n+k)6
) r-'l r—l
con 200
+ by Im e1ke ‘l(n k)Br. Soplne ~ikB 1(n+k)9r.}
r= 1% . r"—]
2N i(n-k)s 2N 1 (n+k)e

Ifkfn then ¢ e r=gand g e(Mkier_g.

. r=1 v=]

hence (1.10) equals to -zero. If k=n, we rewrite (1.10) as
2n ‘ ‘

I [apcos ner+bnsmner]cosn(e ) )
r-]

-2n

- «

2n ’

b -}2- {a,[cos.n 8+ cos(2r-1)mcos nd +sin(2r-1)nsinno]
r=1 4 ’

"

v + bplsinne-+sin(2r-1)m cos nd - cos(2r-1)nsinngl}:
n

= rE] :]9_- {ap[cos ne+ (-1)cos n8]+bp[sin n,e-(lll)sinne]}

= 2nb sinne

From i), i), 11i) and (1.19), we have
an -
ancos ne+ cosng I t(e
2n r=]
n-1 '
a, cos nb + 21_ {2nay+2n Z] (aucosue+bus1nue)+2n bn sm ne}
T ) n U=

r)( ]Q cot T—

-

z] 2 {a,[cosne+ cos(2ne -ne)]’rbn[sm ne +sin(2n8, - ne)]}

(1.10) »

@,

. F
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n ) .
a, + ufl (aucosue +bU§1nue)/

~
-

oM

t(e)

. R
‘This proves lemma 1,1,

Proof.of Theorem 1,2: By lémma 1.1, we have

Zn r3l /

Differentiating this formuly, one gets
’ 2n

{

t'{e)=-n angi,n ne +
. r=1
2n . 8=0
cosnf\d [z t(e )( 1) cot
2n /dg [r=l

9

2n

§

= -n anEin ne+
' r=1

For =0 in the above, one has

v -l 3 L 1)"” t(8 )
S'ln 2

Setting t(6)=sinng, we have

. - 2r=1)m _ r-1
t(er) sinng,. = sin -(—Q—L (-1)

-~

an
e AW
cosng [ E]t(er)( -D7(- 1)(csc T} \1}]

6~6

2n
) = a, cos ng + cosng I t(e )( 1" cot-—z-—

£ tle,)(- )" cot 7—]

£ t(e,)(-1)" cot —2-](_

0-0,,

n
Zn
=-na,sinne - sinne I t(8, )( 1) cot -2—
r+] r=l
cosn 2" (=1)""toy)
- 2n 5 N
’ 2sin -

(cos n’e

T"—]-""

n

2n

nsinnd\4
s

)+

C (1)

P S i
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Put it back 1nto (1 l’l). then
2n r+l r-1 . -
t(U) '271 L) 2(61) | ) Ly
r*] . 2sin 2K T
- n . ) T
=5 L ——
on r=} 2sin® Or S
¥ .’ 2—- \ . pll . ’
As t'(e) = ncosne, | t' (0) = n, Hehce, we gét
1- 2n . 1 ‘ ¢ (i ]2)
z =n . L Jd2)
2n r=1‘2sin2 ‘ : !
Now, if we let : 4 A ‘
1) =:\ cos no ¥ S0 T T(6,)(41)" ct‘irl .
@ n 'Y “Zn Q

r=1
then t(8+9) = T(w) is also a tmgonbmetmc polynomial and

t'(e+¢) = T'(9); for ¢ = 0, t!(8) = T (0) Hence g

2n +] ‘.
t(B)-Zl g 0Tt (04t

N pe 251n2—92['—,e

1,

Since max|t(8)] = l for, fixed va]ue of @'and for all values

of Br » we have |t(e+er)ls 1, then for this fixed vaIue of 8

N
(1.13)

' 2n (_y\rtl ‘ L
o |t'(e)] =12]_ 3 ( 1)‘ t(6+6y) ¢ ,
T asin? B ‘
o] =z !
o LA t(ever)| 7 / .
n 6 .
r=1 2 '
sin —E— A
L ‘//
154 z . '
R IR . S
- : ' Y&/
= n v !
This proves (1.2), ' y - ‘ / ’
/' ‘
‘l///
/
1 //
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- (e) be such a trigonometric polynom1a1 S

Tlor (i) ( 1)””t(w+e ) = -1

/

T6 show that the. resu]t is best poss1b1e, we observe that the

‘equality holds for t(8) = Asinn(e-¢), |A| =1, ® 15 real because

t'(e) = Ancosn(e-v), maxlt(e =1 and maxlt (e) [=n.

So far there is no restmct‘ion that t(e) must be a real

trigonometmc polynomial. -In the case when t(8) is a real tr1gonometr1'c

polynomial, we note that the'equality holds only for t(0) = Asin “.(e"’)’
for some |A] =1, A and @ are real, i.e. if thevr;e is equality in (1.2),

then t(8) = A sinn(8-¢), for some [A]=1, 2nd @ are real, Now, let
tisfying mgxlt( )=1 and

maxlt (e |=n. If [t*(8) attains its maximum at 6=, i.e.

It (o) I —n. then from (1 13),-we get .

2n r+
RRHPE JELNTY
“ ) r=l 251n2—f-

o -

But in view of (1, 12), it is poss1b'le only 1f
/ (i) H]t(k&ﬂe ) = for r=1 2,...,2n . : . .

for r=1 2....,'2n".'

In case (i)pif follows that the trigonometric polynomtal has" the ,

r+l

property t(e) = (-1) = (- .‘)r-l at 9=cp+er. r=l,...,2n. The function

. sinn (6-¢) has the same property at e-mer. r=i, ..,2n. " Hence, fhe

tr\igonometnc polynomial S(e) t(0) - sinn (e-w) equa]s to zero at aH

points B=¢t0,., r<l,...,2n.. Further, we note’ that §' (e) also has zeros

‘at these points. 'In fact, t(9) has altefnating relative maximum +1 or. s

A

minimum -1 at a]] pomts e-w+e,.. r= 1,...,2n So:,,- 1

S'(e) = t'(e) - ncosn(e-tp) SR ‘ . T
R = t' (‘”"er)-' ncosnmqr . R

=0

O e

a .
PEEAE RSN




s o A AR T, SR s

- 12 -

‘Hence S(6) has 4n zeros. Since a trigonometric polynamial of opder -

n can ot have more than 2n zeros. We conclude that S(8)s0 or ‘ e

t(8) =

vinn (6-p). In case (ii), we get t(8) =-sinn (e-w)..- Hence, °
t(s) =asin(6-0), [A] = 1, rand @ are real, '
Further M ‘Riesz contmued to deduce Theorem 1.1 as following:
Proof of Theorem] 1: Let P(z) = z €, z° be a polynomial of degree

v=0 .
fi wwth comp]er coeff1c1ents and max |P(z)| =1, For Z= e16

WA N

.Y on .
Pe'®) = £ c e =t(s) .

is a tr1gonorvetr1c polynomial of order n and so we have |t'(8)] <n.

Aso, .note that for |z] =

P'(2)] =] & ucuz“‘-"]
T v=0

- * I

az", |a|=1, there i5 equality in (1a1) because

Fi:rther, we shal] show that if thére is equaldty in (1. 1), then
P(z) =a2", Ja|=1. Suppose at z= el , ]P (e19 )| =n." LetY=arg P! (e19 )y
“then we have e)"WP (e®) = n.

R ]

POCRE S P

€ b .
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 for Iil =1. Since Im{e

“where Theorem 1.2 is deduced.,

Next, consider the real trigono;netqic polynomial

| -s * - . !
t(e) = Ime " (v+6 )P(e’e). It is of order n and {t(8)|< 1. Since

£r(0%) = Im {ie T(Y18¥)18%p, (i0%),
= e-iYPl(eie*) N I N
=n \

«

by Theorem 1.2, w¥ know fhat the equah’t_y holqﬁ only for

" t(8) =Asinn(e-p), A and @ are real, |A] = 1. Hence, let Y'=Y+6*, ane

°

gets Lo
N Imie 'i‘Y'P(em) — el n(e-0)y Ly,
from where
e "V p() - ae" 07 }=0
“pia) - }\e'iwin } is a harn%;ohif: function
vanishing on |z| = 1, from the mean-value property,‘

mie 'V P(z) - x,he““‘”z“}-o for |z]< 1. Thus, e 1V pz) e MM

1

(constant) for |z] < 1 and by uniqueness: Theorem for all z. So,

1] N - sapt ' ¥ R
P(z) =az" + ce iy » Where o = Ae TMIY As max [P(z)]=1, .
. z|=1

¢ must be zero. Consequently, P(z) =az", |a|=l.

1‘03 3
Now, we present a new and simple proof of Theorem 1.1. We also~
establish an iriequah‘ty by using that method er_np10yed'here and from
. .
We need the followiﬁgzg
. feh .

Lemma 1,2: If R(z) is a polynomial of degree n having all its zeros in

]z} s 1, then -

v, 3. v .
VA ke AR B e AT ek s B8t B e Vo B -

PO UICIR
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[z R*(2)] 2 % [R(2)] : (1.14). -
for |z] = 1. : |

'
|

|

Proof of Temma 1.2: Let the zeros of R(z) be z, = %eiev , .

0<pysT,v=l,...in. For [z[=1, we get
"t . 1,10

lz‘R zz l - |e® R !feo)
R(e™™)

n e
2 |Re B
vl ele_puelep

i6

- re § ot bpe™) :
_— v=1 (.'gle-%ewu)(e'm-pue- eu)

A

Taf/
|

n. i(e-s.) ° . -
Re 1. 1fue_ v | -
v=1 1-2p cos(e-8,)+n, l

Mgy 1

D 1-pycos(e-ty) |

2 , .

v=1 2[1 -pucos(elﬁd)]l ,

n L ‘e

1
= ¥
v=1l 7 "xl1
e’ D.
. 2

_This proves *(1.14).

Proof of Theorem1.1(*): Let P(z) be a polynomial of degree n and

[z]=1
have

[P(2)] < laz" | 4
on |z]=1. Let R(z) = P(z) .- az". By Rouche's Theorem, R(z) has as . =
.many zeros infzls 1 as az", Further,‘thgre is no zero of P(z)~ az"

on [z|=1. Hence, R(z) has all its zeros inzlz‘l <1 when [&l>1. L

‘max |P(z)]=1. So 'P—(-ﬁ—)—lﬂ on |z|=1. Moreover, for any |a|>1, we .
z :

ST

wr |

R

% Ane

W mante

R S P A ST e TV S PRTCTVE P

“Kw«%ﬁ\b’xw:m. ,
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i From lemma 1.2, we have
n ~ |zP' (z) - naznl 22 |P(z) - az- | B 4 B 1))

on |z|-=1. ' < : ' .

Suppose, on tontrary, that there exists z*‘,' [z*] = 1 such that

; IP'(Z*)I > n., From (l :15), we have
|z*P (z*)”"'L anz* 25 lP(z*) 2 azt"| Y - (1. 15)'

" | " Note that fti?’"suitable choice of a, ]al>1 e have the Teft .
hand side of (1. 15) p (z*) n*"1= 0 and sQ  the r1ght hand
sid_e of (1.15Y', P(z*) - az+"=0. It contradicts that all the zeros

l ' of R(z) = P(z) - az" are in |z| <1-and that no zeros'are on |z| = 1.

--Hence [P'(z)| s n on|z| =1. This proves (. 1),

i =

Now, we prove:t

Theorem 1.7(*): If P(z) is ayo]ynoma] of d.ggr_e__ n and

ma>l( |P(z)|=1 then o ° ’
2P (z) - P(z 1 . , - "I("I.IG)
"“n‘u" '(E)‘i <7 S ‘ a

P

for |z| ='1. The result is best poésible and the equali"ty‘l in (1.16)

holds for P(z) = az"+8, |a|*[B] =
Proof of Theorem 1 7- Let P(z) sat1sfy the hypothesns of the

theorem, then as in the precedmg proof, one gets, for |a|>1 and

e

. o z)= .

bl 5t

o\ © " We note that from (1.15)“ , for any |B] <1, .
j ) ‘ :
L efzP(2) - na2"] + G BIP(2) - a1 0

and so.

[ b et

|2P' (2) - naz"| z'%IP_(z) - 02" - o oo (st

e a e
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[2P (z) + 58P (2)] £ an(1+ 5y - (1.17)
For an appropnate choice of the argument of a, for each z in (1.17),

one ge‘ts .
! n o 8
zP (Z)+'2-BP(Z)|f n|al|'v+2-

Hence, we have either

zP-(z)+%BP(z)‘<n |a||i3' (1.18) |

or

ﬁwﬂ4%swn)>nmm«§y o (1.19)

_for a11 |a| > 1. But a sufficiently large value of |a| violates

(1.19). Hence, (1.18) holds, . Making a > 1 in (1.18), one gets
‘ 1 n; ‘ R
;eu)+§ssnu[snh+7[- (1.20)
Taking 8 » -1 in (1.20), we get
|zP(z)——P z)lsf

This proves ('I 16).
If P(z) = az"* B8 with |a]| + |8]=1, then.’ o,

~

»

1 . ’
M‘_MI:‘ oz

*.
n_’az"+§ \
n 2 2

- EZ_n_‘._El - 3
2 . '
P 1

S S . o
. T

for argz- larg( ). lz| =1, ,._/ . ‘\; ‘

As a consequence of Theorem 1.7, we meatwn\

Remark],zg*) From Theorem 1.7 , we, deduce a proof\of Theorem 1.2.

- / *
/ 12
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let t(8) = I ‘cye'“® and max [t(e)] = 1. We note that ' -
v=-n - .
2n ’
t(8) = z ey @
_ _-ing i)~
e RZn(e

where Rop(z) is a polynomial of degree 2n; for |z] =1, one also has

N -
e R, (e9)ie® - ineT™R, (e'0)]

t'(e)] =
= 1'%, (e%) - R, (%) ()
Applying Theorem 1.7 to Ron(z), one gets on, |z} = l: \\Z/\\
| |z Rz;‘ (z) ~n Rop(z)| < ' | (1.22’)“
From (1.21) and (1.22), we conclude \ ) o
It'(e)l <n ) {

Theorem 1.2 'IS proved. v
_Remark 1. 3(*)- Here we d1scuss the case of equahty in (1.16). 1In

\/

fact, we cTaim: = : . J ’
: »

-Let P(z) be a po]ynoma] of even degree and ImT)c{.lP(z)I =1, If
. 2= ‘
foL' some |z*| =1, there is equality in (1.16),x then P(z) = qz"+B

B

where - gl =1.
aiad o

Let i=2k and P(z)-= I -a,2° with (malx [P(z)] =1.and there is
U—

equality in (1.16) for z = e'™,.1.e.

Fmpwéb _P@“4=
2k 2

a k" . ) ) . ,
Define S(e) e85 S(e) ,e'ikeP(ew).‘ Let y = arg S'(n).

ku+k | f\ | -
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Consider the real trigonometric polynomial t(8)=Re e'iYS(e). From , 45
. the preceding c‘a1cu]at1or.|, we ha@ ‘\ " Y g
s |t )] =] Re &S (n)] j
» ! ’ = " -l n)l v ‘ - N . g
. ., . ; b
= l e'lnp ( '"T) - kp(e1n)| R .

Thus t(e) = Asink (e-cp) @is real but fixed (see page10) which further

© implies thab

a
I x
i ¢
>
° s
RN ._k - .
3 o
3
\ .
'
i
4
A
-

hd Re e W ]keP( 165 = Asm k{6~p) ' -
Puttmg ¥ = 6 -9 .and making a change of vamab]e, we get ‘-
Rf e ”“VQ ‘p)- Asinky E ) ) (1{2:3.) o

'wherq Q(ewf) = e 1/Ye'ik“’P(e1('1"’5“’)) is a trigonometric polynomial of

. 3 3 *
order 2k which we write as D(ew) = I af, e W, ‘ye claima, =0

, v=0 o ) ' . ;
w for v = 1,...,2k-1. . , ’ . ‘ §
v 'Let » = by + icy , so b} =Rea) and ¢} = Ih‘aﬁ . Hence from -
1. 23‘)14 we get ] b ' ,- v [ \p

Asmkw = Re e 1k"'Q(e"”) - )
\ . _
« q /\ " R
hd « = Re e"kw z (bh+ §ch) W S / -
’ * y=0 .
o f } A ) Zk . ! 1(U'k) ) oot . - s ’
¢ o=Re I (by+icy)el kY . T
a ' ve0. o e
. o« . 2k 0 P L .
‘ ’ L [by cos{u-k)y- Y sm(u-k)w] - (1.24)
. ) U"O (,
**"“Sincwe [sin 2y, cos !up] -0 - forms . wh/gonﬂ famﬂy, ‘
gmul'mphnng (1. 24) by sm w, 9, 0,...,k 1, cos &8¢, &7 0,...,k, : 1
. - . q ,
i ntegrating over [=-m, n], we observe that by = O,
( for all v and c; =0 for v= -1.2...?.2&-1. Multiplying ™~ . ‘ ) o .-
S : ' " a .. ] . . . R -
- &. - » " ‘1I




,Ei* into itself is called a B-operator.

¢ T e e

. N
| -19 -

u ~ L

(1.24) by sinky and integrating on [-m,7], one gets c{)- cgk =2

implying that cB and#t;k are-not simd]paneously zero, Thus, O(eiw) =

CB - c;k e'2%0 Since P(e'e) = e1(Y+kw)Q(e‘(e'w)),we conclude that
i2ke

P(e]e) must be of the form o + ge “"°. Since mgle(e1e)|= 1, one

also has |a| + |B] = 1. The claim is verified.

Pl

Remark 1.4(*): If P(Y) = 0, for |y} = 1, then from Theorem 1.7, one” :

has a result due to Rahmaﬁ and Mohammad [17] mentioned in Theorem 3.8.

[ . s

Fed

1.4
In 1930, Bernstein [5] proved Theorem 1.6 from where the

inequality (1.1) is easily deduced. In fact, he prbved.Theorém 1.1

_ by using the Gauss-Lucas Theorem:

¢

Theorem 1.8 (Gauss-Lucas): The closed.convex hull that contains all

zeros of a polynomial P(z) also contains all zeros of its derivative -

rd

P'(z).

By choosing Q(z) = 2" in Theorem 1.6, we get Theorem 1.1 v

L4

‘\inmediate]y. Now, we are going to study &n extensiom of Theorem ].8

(18] where the differential 6perator P'(z) is replaced by more general

operator é‘defined as: ’ ) .

", Definition1.1: Let P be the space of all polynomials.of degree <

©

n and P * be subset of P consisting of all those polynomials having all

its zeros in |z|] < 1. Then a linear operator defined on P which maps
hY

“Now, we prove:

T w

" Theorem 1.9: Let Q(z) € P'*_a_ﬂc_i_ P(z) be any polynomial of degree

]

not exceeding that of Qfz). If

Lo

L

L] o ( * -

-




v

|

a

.- |BRL2) s [BQ(z)]

on |z} =

ot - 20 - e ‘ . .
. Ip(2)] s [ai2)] S T

on |z] = 1, then for any B- operator

L)

Proof of Theorem 1.9: Let P(z) and Q(z) satisfy the hypothesis of '\‘i

Theorem 1.9, then %{—3— is analyhc in Izl 21 and. max J—-—é—}l

[me Ig ; ‘ =1. Hence, for any |a| >1, P(z) -aQ z) has all its zeros'
z|=1 » " )

jn jz] < 1.‘ Thus, P(z) —&Q(z) e P*. For any‘ B‘-bl.perato;*, w\e ha;/e .
B[P(z) - a®¥z)] € IP"‘, i.e. BP(z) - aBQ(i) has ali‘_it.s zeros. in jz| =1 .
So, for any |z| 21, for any ]alz'l,‘ o
- BP (z) # oBQ(2)

From where%,we have

8P (2)] < [5Q(2)]
We prove (1.25).

. Q
!

( i ' [N . '
Nows we consider the foﬁwwing examples of B-operator:

Example 1.1{*):LetP(z) = 2: aUz be a polynomia¥of degree n, then

v=0
BP (z) = anz"+ag . is a B-operator. Note that if P(z) has all its

‘ -t.n .
zeros in |z| < T, then P(z) = ap I[ (z-zv) where |zy| <1, v=1,...50.

Hence gﬂ 1)?"21...\. -Zp wmch‘rmphes 201 s1. It follows that .

n P .

n

anz"+a0 has all its zeros in |z|<1. Thus, for any |P(z2}] <1, we havg<—

IP(2)] s |2"] 3
on |z] = 1/ By Theorem 1.9, we get “

IBP(z | < |B z |

. i {
\ ' ~ . ‘
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convex set,
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on |z| = 1, i.e.

anzM+an| <1 .
lap ol-'

(1.26)

on |Z] = 1. Cboosing an appropriate argument df z in (1.26), one gets

a |+ la.] <1 o N '
gl # leg o

on [z] =1 which is an inequality due‘to Visser [18].

Examg]e 1.2 The differential operator is a B- -operator. In fact

1t follows from Gauss -Lucas Theorem., Note ‘that the unit disk is

Example].B(*):’Bb‘(z‘), = 7P (z) +B% P(z) is a B-operator, 1l <

verify this, let P(z) have all its zeros in [z| = 1; then vgerr;;ve

liﬁp—(-gll > 2—for |z| =1 (see lemma 1.2). Since P'(z) also has a

sz

its zeros in |z| < 1, so #0 in |z| 2.1. By Maximum

' [
Modulus Theorem, the Imm] lz—%-é-)-)-, is attamed on |z| + Thus
z|2 .

P'(z n .

min li——((—’)-l 2% . Hence, for |AB| <1,
P(z 2 ’

|z]21 .

2P'(z)+ 8 5 P(2) $.0

a
| To

1

in [z] 21, Consequéntly.‘z?' (z) +8 2— P(z) has all its zeros in

‘lz| £1. Hence, BP (z) = 2P'(z) + B%P(z) is B-operator

This 1rrmed1ate]y gives:

Theoreml 10(*) Let Q(z) be a po]ynomla'l of degree n bavmg all

its zerog in |z| <1 and P(z) be ano“the _poLynomial of degree not

exceeding n. If . | c .
(TR IE T : -

on |z| =1, then for any lB|<1

i a2« o8

" (.27)
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We also deduce the fo]]owmg ),

Coro'ﬂarx 1.1: Under the’ hypothff;s of Theorem 1.10

4%@1%%2 @l

for ]zl S ¢

Proof of Corollary L.1: In (1.27), choose B such that -

bt s i Rl s B

° It is obyious that

.‘zP (z)] _ lP(z)‘ lzP%z) + B%LZ)"

* Hence - (1 28).

Coro]]aryl 2: Underthe hypothes1s of , Theorem 1. 10

R ] gl

for fzl =1, L. :
/ < R : .
i

For the proof of Corollary 1.2, choose B + -1 in (1.27), %7

. . / ' : ,
R We now give an interesting application of Corollary 1.2 in proving -

an equality for tr%gonometric polynomials. Results of this, type seem

- tp Have’ been diécu‘ssed in [18]. We present:

theorem 1.11: Let t(8) and S(B) be tmgonometnc polynomials and ,

the order of t(e) not exceeding that ot S(e) which has all. its zeros

in Im 620, If _ .‘

| lt(e)lslS(e)l R 3

for all e, then ' a |
Cwelsiser

for all all e / : | | * e

/ - . " »

dnn s s biionr e v S
5 .
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o8 Theorem 1.%. By Corollary 1.2, we get

B e acan

- 23 -

" . “* ) m R n _‘.
Proof of Theorem 1.11: Let t(8) = c\p1ue and S(8) = I due1ue,
: . UE-m =-n

~

m <n, satisfy the hypothesis of Theorem 1.17.  We can write
] 3 2m . N
. t(e) =e M g - g0
) v=0
' . ' 2n . , .
: - o~1n8 ive _ _-in6 10
and S(6) =e UEO Cyen © e Qp,(e")

-im iB
e”™p, (e'?)

\

N

]

« where P2m(e1e) and an(e1e) are polynomials of degree 2m and 2n
respectively. Since S(6) has all its zeros in Im @ 2 0, an(ele) has

all its zeros in [z| s 1. Hence, Py, and Qpn satisfy the hypothesis

.

|z Pém(z) - m Porn(z)] s,lz,Qén(z) - n Qyn(z)|
for ]z!=].» But .|t'(6)] = |z P}(z) - m Py (2)] and
ea = | - . . )
Isl(e)l . |z Q(z) - n Q,,(2)]; see (1.21). Hence - ,
- -
[t'(8)] < |S'(8)]
for all 6. The proof is complete. '
1.5
~_-NOW, we return to discuss the modified proof of Theorem 1.5 due

to Boas..

Proof of Theoreﬁ 1.5 Let‘t(e) be a real trigonometric polynomial
© with mgxlt(e)l = 1, Choose any o*¢ [0,2n), if t'(p*) = 0, the
inequality (1.5) obviously holds. So, let t'(6*) # 0. Now, we choose
" a number @ such that t(e*) = sjnh‘(e*-w) and
s§n t'{o*) = sgn cosn (6*-¢). We claim that _
|t'(6*)| s njcosn (8*-9)| , (1.29)
Without any loss of'genera11ty, we-may assume that t'(e;)>»0'and

. that the slope of sinn (8-9). at 6=0* is also positive,

R
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Let us suppose, on contrary, that ) ' i
t'(e*) > n cos n(e* - o) ) (1.30) :
A]so, let 6, = -(Z%%-)l + @, r=1,..,,2n be 2n points in [0,27), then

s1nn(e-¢p) (l)r]at ee U 1y...52n. Consider

S(8) = t(e) - sinn (6-p), since |t(e)| <1, for all 6, we have:

5(8;) < 0, 5(8,) 2 Oyues 5(0n-1) 5 0, S(620) 2 0

-In the case where 5(6,) = 0, for some r, we note that both of t(8) and

sinn (6-p) attains their extrema at 6 = 8.

So, er must be-a double

zero of S{6). (see Figure 1.1)

“ - . / _,r°
\// | e U \’ |
- | sinn (e-w) |
Figure 1.1 ‘ -
If $(6y.;) > O and S(6,) < 0, then S(8) has at Teast one zero in S

'fhg interval (er-1’9r)' (See Figure 1.2)

f’\ t{e) . ,A |
/ . -
4 \.

sinn (8~¢) o ' 3

K

Figure 1.2

¢
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T‘ T Hence, corresponding to each interval [eiﬂ_],' Br]' S(e) has at ¥ .
least one zero. In the case where 6, is a double zero, one .of those - .

two z/e}os 'i's associated to [er-1’ er] and the other to [er,.erﬂ]. ‘

Since\ there are 2n such-.intervals [91,621,[62.63],...;[92“_] 'BZn]’
- [GZn'BZnH Je]], fo]]gwfn)g the preceding observation, we know tha’t'

there are at least 2n zeros of S(8).

Further, one of these intervals, say [ék—]’ ekJ, contains %,
Since t'(6*) > n cos n(efl«p), the graph of t(6) meets the graph of

"sinn (6-9) from below to above. Hence, we conclude (geometrically)

that S{6) must have at least three zeros in [ek_], ek]; see Figure 1.3.

AN 4

si‘n’h (6-0)

—
.

R _ Fi‘gurel.é

5
£
»

Consequently, S(8) has at least 2nt2 zeros. Since a

i

‘trigonometric polynomial of order n cannot have more than 2n zeros,

we conclude S(8) = 0, i.e. t(6) = sinn(6-p). This contradicts (1.30) -
. s \ T - ,
and so (1.29) is established. -

—

Recall that t(6*) = sinn (e*-cp)‘:"ﬂso_

@ = 6% - -:-‘- arc sin t(e*)’

~and’in cons‘equence‘, (1.29)¢ gives

43 WA TS e

T My

.
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. From where, we prove

o « 26 -

|t (6*)]% < n?|cos®n(e* - ) |

-

n® - nztz(e*)

»

u(mﬂ+n{twn5n

For t(8) = sinn (e-zp) there is equahty in (1 5), for aH 0.

t'(e*) # 0, then

{t'(e*)}2

n? - nz{t(e*)}z
‘ n° - nzsinzn(e* -)

n2c052n(e* - )

"

. where ¢ = 8* - %arc sin t(e*).

In this case, we note that the graph of t(8) is tangential to the -

graph of sinn (6-p) at 6*; and 6* is not the extrema of sinn (6-p);

see Figure 1.4

®

~

nzl{cos n []F arc sin t(e*)]}2

{

n{1 - [sin arc sin t(e*)]zl

_1.;)0n' the other hand, if there is equahty at 6 = 6* in (1.5), where

ﬂt(e)

Figure 1. 4

and so $(68) = t(8) - sinn (6-p) has at least two zeros in. ek 1<8* <8

implying S(6) has 2n+1 zeros in [0 21r)

A 4

Hence t(e) = sinn (6-).
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‘discussed in [16].

to the following inequality:

- 27 -
Thelproof of Theorem 1.6 is cohplete,
As an observation in the proof of Theorem 1.5, we note the

following:

Remark1.,5: If t(8) is a real trigonbmetric polynomial of order n

yj;ﬁ_mgxlt(e)l =1 and t(8) - sinn (6-¢) has a double zero at a point
8 = 6% where t'(6*) # 0, then t(6) = sin n(6-).

| Further, we note that we can prove "only if" part gf Theorem 1.1
by means of the above remark. Let us suppose that for sﬁme |z*] = 1,
we have |P'(z*){ = n. Then there exists an |a] =1 such that
P'(;;) - anz* n']==0. From'(1.15), P(z) - az" must also have a zero

. : .
at z*, so it has a double zero at z*, Llet z* = e1e , t(8)= ReP(ele),

6

S(8) = Im P(e1e). then for o = e '™, z=¢'%, we have

-

Re oz" = cos n(6-v)

" < sin n{6-p)

énd . Im oz
Note that [t(6) - cos n(8-9)] + i[S(8) - sin n(6-y)] has a double zero
at 6 = %, Hence t(8) - cos n(8-p) as well as S(8) - sin n(6-¢) both

have a double zero at & = 8%, Mareover, both t'(6*) and S'(8*) cannot

* be simultaneeusly zero. If t'{6*) # Q, from reﬁark 1.5,

we get t(8) = cos n(8-y) and s0 s(e) = sin n(6-9). Thus P(z) = az",
la] = 1.

Remark?.ﬁ:'Thegcase of equality in (1.7) has récently‘been'

AR

1.6 : | | | ) i

Recently, Abi-Khuzam [1] has proved an interesting result related
: :

»

~

<
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[P'ioe’®)]| s o) - ' (1.31)

where M(p) = max |P(z)|, p> 0. In fact, this inequality (1.31) can

|z|=p ‘ | ‘
be directly obtained from (1.1) by considering d(z) = P(pz). So, it
is known that for any pq]ynomia'l the inequality (1.31) holds. Abi-

Khuzam established a converse of such a result in showing that an

entire function (a functien which is analytic in the whole plane)

- satisfying such an inequality for every p > 0 is in fact a polynomial.

He proved:

Theorem 1.12: Let P(z) be an entire function. Assume that there

exists a constant n(20) such that -

Ty sttel - (1.3

for every p > 0; where M(p) =|ma|x|P'(z)|. Thén P(z) is a polynomial
Tor every LA 2=

- of degree <n, -

N

Proof of Theorem“'].lZ:\be\t P(z) be an entire function, so we can
i \

8

’write . - -
Pz) = T a2 ) (.3

4l ™M

v=0

Given any complex number z = Re]a, R > 0, we have

P(Re'®) = P(0) + jOR P(pe'®)el®ep (L)

For a fixed real number a0 < a < R, we rewrite (1.33) as -

P(Re'®) = p(0) + f; P (pe ®)e'®ap+ R pr(pe 1®)e'dp

1}

P(0) + P(a) - P(0) + J': P'(pe 18)e184,
P . f

P(a) + 15 P'(pe ®)e'®dp

Hence .

| 2R
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+

IP(Re'®) | s [P(a)] +'] S5 P'(pe "®)e'ap|

S P@I R P ee e

From (1. 31) ,.We get ) , v

9 R) < |P( a)]+n]R Jﬂldp S -7

Dividing both sides by [P(a)| + n jR ——(-%)dp » We have
a .

w

s M(R) <1 \ > , !
1P(a) [ +n " HED g S

o
Multiplying both sides by % , we get /

—'R‘-M(R)

s 7 . B (1.35)
M) R ¢
}P(a)]+nj:Mp dp

[

Let F(R) = log {|Pla)] + n“;Ri"-(gl do}. Since [P(a)| 5 0, F(R) is
‘ v a * . .

absolutely céntinuous on-[a,x], a > 0, Hénce
C F(x) - F(a) = j F (R)dR -
J JR‘LP(a)I*" !R—("“p}

VoL, “‘I‘
‘aﬂ

lP(‘a')l +n f: _(%)' dp ' - \

Since M(p) is known to be.continuous, s n J M'dp-is an

‘-

absolutely continuous function of R whose derivativemith respect to

R equals to "—M-‘(lﬂ)— Thereforg..combining (1.35) and (1.36), we have
K S A M(R) | -
X dR -
~ F(x) -JF(a) < - . |
- a' ~ R ' .
o Pla)+n uMelep

-

P
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. - ]
L ' _" X ‘ v h | .
S ;. <n I %& '
N IR '
P =n log (%) . ‘ (1.37)
Fr%m (1.34) and (1.37), we get R > ' . o
- log M(R) < IOQ{IP(a)|+nJ Me) dp} .
' i a [0}
\
= F(R) . °
\‘, < F(a) + n log (-g—)
Hence M(R) < ¢ )n where ¢ = eF(é). Note that in (1.32), iflv > n,
by Cauchy's inkquality, we have B
g ? MR) . (Rin Dy . c '
: la | <MRL o B0 1y - 1 ‘
. U RU a RU ‘ an RU-n \ ‘: . ;
 Letting R+ » , we get |ay| < 0 which implies ay = 0. "It follows' tﬁa_t o ":"
] y . .
P(z) is aﬂpo]ynomial of degree sn. The proof is complete. 5
. . , P
4 ) . ’ .
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ChapteﬁJII
. " Turan's Theorem g .
‘ '2.1 " ' ’ A3 -
In 1939, Turan 23] first d1scu$sed the lower est1mate of -
max |P*(z)| on lzl-] when all-the &eros of the polynomial P(z) 11e S
zl=1 »

|

in |z| £1. He proved the fo'l]owing' ~

- Theorem 2.1: If P(z) is a po]ynomal of degree n with lmzl:x IP(z l=1
. =] o

\

_a_erP(z) has all_its zeros in |z|<1, then ~ ¢ f .
Imalx IP'(Z)IZ% l: (2.])
2z o ' 2

The result is best poss1b1e and equ 11ty in (2. 1) olgs fo P(z)
. {
az+8. where-|al-=-]8] = ¥ . |

o . !

. The proof of Thegrem 2.1 is easy. In fact, if P(2) sétigf\‘es ’

the hypothesis of Theorem, then ) ., o ’»
er@izdp@l | 2.2)
on |z]'1 (see lemma 1.2), so the inequality (2. 1) is immediate if
one takes the maximum of both s1des in (2.2). j~
In‘this chapteMe consider two types of generalizations. of o
Thecfrem 2,1, First, we discuss’a recent résult where max |P(z)] is _

20 Seiag\ Y T i
replaced by ( I 10 1%0) "™ in the right hand side of (2.1). The
other® genpsifzation is when the zeros are in {z| sk, k 2 1. In this

®  direction, we shall present the work of Aziz [3] and Mahk [15]).
w2 S | o

We -preserit /tbefoi'fdmﬁ‘g result from [15]:
} ) T

<

/\' ° g ,

-
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I P Theorem. 2.2: If P(z) is a polynomial of degree n having all its
;f’ " zeros in !z’] < 1, then for each g > 0, we havé |
Lo e e L P VR '
— (ha) max_ |P'(z)] zn(j P(eT) o) (2.3)
L ' : |z l-1 . :
S r(kq+2)
v where Ag = J 1+ e1e|qde SPAM ~"‘-—%i-———-. The result is :
: : ) ’ 0. r(i-q+]) ‘ N
- ‘ best poss1b]e and equa11ty in (2.3) holds for P(z) = aZ + B where / - \g
K" - "’ - .
<|8l. \
< " ‘\/
¥ We note that the idea of proving such a result is due to Saff
‘ T and hqgl-Smaf1 [21]. In 1973, they proved the following conjecture
/ . : . q_pfgpos,ed by Erdai : N
' é;f Let t(6) be a trigonometric polynomial of degree n having 2n
zeros in [0, 25) and let M = max|t(6)| <1, then
;‘_‘ ’ P . o ' . A
j t(oNdo-s an L. | .
To prove the above conjecture, Saff and Shiel-Small estab11shed ' . f
- the followingt _ . B | '
. Theorem 2.§?NIE_P(2) is a‘po1ynomiq1'of degree n with
o ’ TBT 17(z)| =1 and P(z) has all its zeros°on |z| =1, then for each ‘
! z|=1 [N . g '
, \ ?i'> 0, we have I :
L . —_—— :
’ 2T . ' ;
[ "1p(e™®)1%o0 < (%o ° . (2.4) |
. ~ 0 - : : %
2 L . a1 o T3 a#2) | ,
- , where Aq = I |'l+e1 |9de = 2q Vr'-—1———-—- _The result is best :
o, T 0 I'(z q+1) :
possible and equality in (2.4) holds for P(z) = oz + B where, |a| = |8|.
; In order to prove Theorem 2,3, Saff and Shiel-Small, §1rst established:
A j 1P(e1) (%0 < ( - 1P (2)])%(Aq) o (2.5)
i S ‘ z

and then deduced (2.4) from’(2.5) by thg use of the following Erdos-

o°

~y -
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Lax Theorem [14]® ',

¥
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'P"

Theorem 2.4: If P(z) is a polynom'(al of degree n with melxx]|P(z)[ =1

|z

L P(z) has all its zeros in [z| 21, then forb |z|°=]
~ _ N
|P'(2)] s—g— ‘ R (2.6)

The resu]t is best possible and equahty in (2.6) ho]ds for

[N

P(z) az + 8 where la] = |B] = %
B ' - . .
JFor the detaﬂs, see [9]. L . . .

. .For the proof of Theorem 2.2, we also need the following known:

Lemma 2.1: If Q(z) is a polynomial -of degree n and Q(z) #0in
lz] <.1, then for |z|-= ]
0'(2)| s [P'C2)]|

where P(z) = 2" o(V/7). .t

o4
1

{

~ For the pr(gof, see Theorem 1.6,

Now, we return to presente o <

Proof of Theorem2.2: Let d(z) be a polynomial of (_legi*ee n. Define

a(2) = 2" (V7). For |z| = 1, we have

® o)) = o™ W)l i |p<e‘°)| St e )
Moreover, note that P(z) = 2" 0(1/-2-) s 'SO | ‘
P (2) = 0™ o(72) - M2 U (173) I
- " 7 - (i @
It follows ) ‘
2" \\(‘/z - [ R )

Singe l'z Pr(1/z)| = [P'(2)] on'|z] =1, from (2, B), we get
IP'(z)I [na(z) - 20*(z)] 3 L (2.9)

F urtheY‘ ) : . ‘
- - . ) . ‘
' " : \\ .
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nIQ(Z)l = an(Z) - ZQ (Z) + zQ' Z)I

- Ina(a) - 2 (2) |+ ;ﬂ-{-}—éﬁﬂ] . ‘20,

Let. W(z) = ) zz-zQz ST We rewrite (2.10) as

n|Q(z)] = [nQ(2) - 2Q'(2)]]1 + W(z)] o (é"{)f

Combining (2.7), (2.9) and (2.11), one gets
n|P(z)| = [P'(2)|]1 + W(z)| : (2.12)
Now, we claim that ih}?(z) is a polynomial of degree n having all its

zeros in |z |<I then

_ ﬁ w(z is ana'lytlc in lz}< 1

4

(2) 1 +u(2) is subordinate to 1 + z for |z|<1

First, we show that W(z) is analytic in |z|<1. Since P(z) has

-all its zeros in |z|<1, by Gauss-Lucas Theorem; (see Theorem ].8),

P'(z) also has all its zeros in |z|<]. Hence: from (2.8)

“.P'(‘/;\) = n(z) - 29'(2)

has no. zeros in |z|<1. So W(z) is analytic in |z]<1. Moreover,
- ﬁ A

. -

r

if la] =1 is a zero of order k(<n) of nd(z) .; 2Q'(z), then from
(2.9), o is also a zero of order k of P'(z). Notewe unit’
disk 1is str1ct1y convex. So, we can conclude that the zeros of

P'(z) on |z) = 1 must be the zeros of P(z) on |z| = 1. In fact,

suppose on contrary, there exists a B with |8 =1 such that P'(R)=0"

and P(B) # 0, by Gauss-Lucas Theorem, B do®s=not belong t6 the convex
set which is formed by joining all the zeros of P(z) on |z] = 1.

Hence, we have contradictiori Further, 1f P'(z) has a zero o of

order k, then o is a zero of order k+1 of P(z). In fact, suppose

B
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LR .

that o 1is a zero of order m(Sn‘:f P(z), sov

o P(z) = (z - a)" ©(2) ' . |

where 1(z) is a po]yr’nomia‘l of dggree n-m; 'r(a‘) £0., It follows:

| P'(2) & (z- o)™ ' [m t(2) + (z - w)x'(2)]. T
Since o is a zero of order k of p'(z), we conclude that m=k+1.

From (2;7), we. know that o is a zero of o;'der k+1 of Q(z).' Hence, o
is a zero of order k of Q'(z). Note that - |

w(z) - ZQ'(Z) . » A o

nQ(z) - 2Q'(z)

and both Q'(z) and nQ(z) - zQ'§("z) have the same order of zeros on

|z] = 1, we conclude that W(z) is analytic in HHERE
Now, we show that 1 + W(z) i¢ subordinate tp 1+z for |z| < 1.
By lemma 2.1, we have , ) : )

Q' (2)] s |P())

on |z] = 1. From @ we have
- 20' (z _1Q'(z .
Wiz)] '.anlza-ZQJ(z) ‘ ) IP'iZ;I <1

on |z| = 1. Furthermore, W(0) = 0. So-W(z) satisfies the condition

. of Schwarz lemma. Hence |W(z)| s |z]. It follows that 1+W(z) is  °

subordinate to 1+z for lz] < 1.

Thus, applying a well-known property of the principle of

" subordination as in [2'1] to (2.12), we'deBuce that for each cd,\
a4l . ‘ 27 . 1 .
([ 1Pte®N %) /0 max fp2) (] 1rs(et®) o)
=] .

o - H 0

) 21 0 Q.
< max |P'(z)|(I |1+e1°| de)]/q
jz)=1 0

= (Aq)1/q max |P'(z)]
|2]=1
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This  completes the proof of Theorem 2 2.

Remark 2.1: We note that Theorem 231 can be easily deduced from

* Theorem 2.2 by making q +"o in (2.3). In fact,

q-»co

Tim (J |P( e16)| do) /q = max -|P{z)] :
=1
and

n in Q 1
11m (Aq)]/q = ]1m (JO |1+e1e| do) /q =2 .

g .

Hence, Theorem 2. 2 is a simultaneous generalization cf Theorem 2. 1 and

‘of a result due to Saff and Shiel-Small; see.(2.5).

* Remark 2.2: An inequality of the tjpe (2.4) is not expected for a

\

polynomial having all its zeros in [z|> 1. This is easily seen in

.considering the polynomial P(z) = 1+ (kz)" where k'< 1, It is obvious
[ 4 ~ '

that as n + ®, me IP*(z)| tends to zero whereag, the left hand s1de
z|=1 . .
in (2. 4) tends to 2m.

2.3

Now, 'we consider ;ye other generalization due to Aziz [3] which

is in fact,a refinenenf of the'result of Govil [12]. 1In 1973, Govil.

'gave an extension result of Theorem 2.1 where he consideréd all the
. Y
zeros in |z] £ k, k 2 1 and proved:

Theorem 2,5: -If P(z) is_a polynomial of deQree n. with

max [P(z)|=1 and P(z) has all its zeros in |z| < k k 2 1, then

|2 l o
x x |P(2)] .>.—— (2.13)

U PRI S N
< WA R A RRS R T e o

n

BTG S

The result.is best ppss1b1e and equa]ity 1n‘{2“13) ho]ds For

n
P(z) = 2" o
T+ S N
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In 1981, Aziz [3] refined the above result as in:

p n Y - :. -
Theorem 2,6: If P(z)= I (z-z ) is a polynomial o?’degree n with

- |z] =1, we have

| where T(z) = 2" R(V/7) = Q(Z)

v=l
Imax |P(z) | =1 and P(z) has all its zeros in |z] <k, k 21, then
z|=] ‘
2 n k
max |P'(z)] 2 I (2.1
z|=1 ek o KR
The result 1s best poss1b]e and equa]1ty in (2. ]4) ho]ds for
n .
pz) = 220
'l+k

It is clear that (2 13) can be eas11y obtalned from (2. 14)ﬂ

fact, IZUI <k, Yy, so o ) ‘
. n n. -’
CI oo}

vl k+lﬁ0| v v *
Before g1b1ng the proof, we need the following lemmas, the first
one is we11 known and the others are due to Aziz [31. -,

="
Lemma 2.2: If P(z) is a po]ynom1a1 of degree n, then on Jzl = 1,

|P'(z)| IqQ* z)[ <n lme |P(z)]
z

where Q(z ) = 2" P(1/3).
_Proof of ]gmmg 2,2 Let P(z) satisfy the hypothes1s of Temma and let
M= max |P(z)|. Define R(z) = P(z) < AL »0<acg 2n, then R(z) is
N L
a polynomial of degree’w and R(z) # 0 in Lzl<1. By lemma 2, 1 for »

r

IR (2)] 5|T'(z)|‘ | ﬂ oo '(2.15')"

‘ff,0<a52m Further, note

Fa e

A At T Al e i N, A ST N, A i e

B S et e a T

e

S

that [R'(z)] = |P'(2)]| and |T'(2)| = |Q (z) - nMe

one gets . - o
P (2)] 5 {Q'(z) - nMe™ TN o

~r— :

-i0,01) From (2.15),




" Now, for a suitable choice oflthe'argument of a, it follows
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For a suitable choice of a, we have

P'(2)] < M - [d‘(zrl

on |z] = 1. This proves Temma 2.2.

Lemma 2,3: If P(z) is a polynomial of degree ﬁ, then for |z| =1
and for all R 21 , ,

iP(Rz) - P(2)]'+ [Q(Rz) ; Qz)] < (R"-l)lmellP(z)|
. Z =

where Q(z) = z" P(1/%)

- Proof of lemma 2.3: Let o be any coﬁp]ex number such that |a]|=1, then

IPH(2)"+ aQ' (2)| < [P*(2)] + JoQ'(2)] = [P*(2)[** [0'(2)] . (2.16)

Applying lemma 2.2 to (2.16), we have

[P'(z) + aQ'(2)| s n max |P(2)] - (2,17)
|z|=1 ‘ o
on [z| = 1. Since P'(z) +Q'(z) is a polynomial of degree n-1, then
¢ ~,
for t > 1, we get’ ' |
max lP‘(z) + aQ'(z}] < £ max [P'(z) + aQ'(2)]
z|=t>1 \ z|=1 ‘

Thus, from (2.17) and 0 < 8 < 2w, one gets

3 o AP :
[P'(te‘e)«+ aQ'(te’e)ISI\t";”m?x |P(2)]
' zi=1

|P'(teie)|+|Q'(teie)|=‘P'(teieﬁ+qQ'(teie)[sf\t"'}mT;4P(z)| (2,18)
. . Z =

Also note that foreach 9, 0 <6 <2rand R> 1, Qe have

AT i

Wt

nE S Bews

o S o e b

:
£ﬁ \
f i igy . [R i 8 |
b © p(Re'®) - p(e®®) : J]‘gjg'P'(te ar © L (229)
: and | ‘ '
b . : R . - =
; re’®) - Q(e®®) = [ ¢ @r(ee'®yat '(2.20) :

Combining (2.18), (2.19) and (2.20), we get ~

1\2 .
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P(Re™®) - pie®®)] + lo(re™®) - (e'®])
s]?{]Pf('te"e)l + 0" (te'®) ot
éIR nt™! max, [P(z)]dt . . E ‘ )
1 |z|=1 '

= (R" - 1) max |P(z)]
lz|=1-

whfi_‘tﬁ is eqqiva]enq to the desired result.

Lemma 2.4:, If P(z) is a polynomial of degree n with max |P(z)] =1

. |z]=1
and has all its zeros in the disk |z] <k, k 21, then - y
iy n Lo o
max |P(z)| > —~2- - (2.21)
|z|=k ,1+kN :

The result is best possible and equality in (2. 21) ho]ds for

P(z _z+k
(); v

Proof of lemma 2. 4 Since P(z) has all its zeros in izlsk, kzl we

can write P(z) = ¢ II (z - vy eieu) wr]ere Yy S k,.v=1,...,n. Then, for
1

U—
1?. 0 < 6 s 27, other than the zeros of P(z), we have"

11,2218 2,10 _ 1eu
[P (ke °) ke I
] ] unl' [ 16u

Ple”) - Yyé

points e

{Lk £0s6- Yucosgu) +Lkzs1ne Yusmeu)2 }]/2
v=1Y(cose-v,c058,,) +(sine YUsineU)
2

. {k4+Yu - 2 YuCOS(e'eu)}V2 |
1 1+Y 29y Leos (-8, )

-

0 { 2+ —Z'YUcos(e el,l}‘/z
vl U1 +v,%- 2v,cos(6-8,)

(2.22)' '

" Since k-2 Yy, v = 1,...,n and k 2 1, so k2(k2-1) 2 Yuz(kz,- 1')'. Hence,.

K+ w2 2 K(v? + 1) which impries k2 + ()2 2 14,2

T
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Thus, we can rewrite (2.22) as

lp(kze"ezl . 0 {1 +YU§-2Y1,cos(e-BU)}]{2

Ple'") vl 114 Yy" - 2Yycos(6-0y)

1)

n
I k
v=1

]

='kn

Furthermore, if the point e'® is a zero of P(z), then

|P(k2e,1e)| P k?IP(eie)I = 0 is always true. Hence, we have

€

P(k%2)| 2 K" [P(2)| (2.23) °
on |z| = | /
- Now, let é(z) = P(kz) ahd H(z) = 2" G(V?)'= zn‘P(k/i'). Applying
lemma 2.3 to polynomial G(z), for |z| =1 and for all k 2 1, we get
|6(kz) - G(z)| + |H(kz) - H(z)] < (k"-])"max]IG(z)l |
- z =
Since |Gkz)| --|6(z)| < |G(kz) - G(z)] v
o : 3 |
[H(kz)] - [H(z)] <'[H(kz) - H(z) |, ;
* and Ime l6(2)] = Ime |2" G(1/7)| o lmax [H(z) ], we have :
z|=1 =] ’ '
|6(kz) | + |H(kz)]| s (k"-1) Ime IG(z)I IG(z)I + IH(z)I
z
< (k7-1) max |G(z)] + 2 max .JG(z)] 4
" . lz|=1 lz]=1 5
‘ = (k™) max |G(z)] . (2.26)
: : _ |Z|=]' ] !
; Further, note that G(kz) = P(kzz) and !
i
| H(kz) = (kz)" P(k/r’) = K" P(]/z). then 'from (2 23) and for lz] =1,
: one gets A .
, - 16(k2)| = |P(k%2 R P (2) |

d . [H(kz)| = [K"2" P(1/2)] = k"|P(z2)]

?n—




Hence, we rewrite (2.24) as

KUP(2)] + K"IP(2)] < (K"+1) Imalx;(]IG(z

= (k"+1) ‘max [P(z)]

. . - 'IZ|=k ,
on |z| =1, It follows . L
. \ n ) . ' .
max |[P(z)| = 22 max IP(ZH n ' \ | i
z|=k 1 ]z}=1 kT

The proof is comp]eted.
Now, we begin to prove Theorem 2.6,

" Proof of Theorem 2.6: Define G(z)=P(kz). Since P(z)= H {z-2y). is a
v=]
poiynomial of degree n having all 1ts zeros in |z| <k, k 2 1. Hence,

§ 6(z) = P(kz) = H](kz z,) = n (z- .ku)
v= U" : .
has all its zeros in lzl < 1. For 0 <8< 2m we have

i9 9 ig iB
|—‘~—lﬁ'?e‘|=| TR L
G(e ") G(e ') G(e ™)
noo i '
=Re I 5 7
U=] e e"zu/k . .
n i8 Co .
ke ‘
= I Re g :
v=] ke e-zu !
i
n i
= I Re -—---———--—k =I5 )
v=1 k-ze f
n
2 .L Re k
L v=1 k+ |z,
N : . n
o = ¥ k . .
u=l k+ [z ' -
which implies | :
| max 62)] 2 T —X— max |6z} . . {(2.25)

z|=1 \\rl k+|z I z]=1

LR v
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Since G'(z) = kP'(kz), we rewr%ten(Z.ZS) as

k max |P'(kz)| 2 z max |P(kz)| . (2.26)
|z| =1 o U=k z ] |z]=

. Cons1der the left hand side of (2.26). We know that P'(kz) is a

polynomial of degree n-1. Hence

max |P'(kz)]| < K" max |P'(z)| - (2.27)
z|=1 N z]=)

Further, applying lemma 2.4 to the right haid side of (2.26), we get

max |[P(kz)| = max |P(z)]| 2 an (2.28)
[z]=1 |z|=k T+k «
From (2.26), (2.27) and (2.28) we conclude Ca
Pk :
K" max [P'(z)] 2 = — .
=1 k+ + ‘
|z]=1 .u 1 k+|z,| 1+k ' .
So, (2.14) is proved. . : T =
[ ]
To see the result is best possib]e, we note that the zeros: of the
n
polynomial--- kn"‘must be on |z| = k. Hence, Theorem 2.6 is proved. .
; 1+k POVE]

‘e

i e .

-
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.concerning J ]P(e‘e)lzde and max
|z

.one of the zeros of a polynomial of degree n, Callahan [8] obtained a

" Mohammad and Rahman.
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»

Chapter III

Callahan's Theorem

3.1 ) |

This chapter is mainly devoted to the study of inequality

| I;%%%I when one of the zeros of
1

P(z) is prescribed, namely, P(1) = 0. The polynomial with one
prescriﬁéd zero seems to be of considerable interest and a number of
inierésting iﬁequalities have ‘been obtained in the past thirty years.
The inspiration of such a study orig%nates in.the Qork of Caliahan

. on . ‘ .,
where he obtained the estimate of J lP(e]e)Izdeirlterms of max [P(e’e)l
0 ' )

when P(l) 0. It is obvious that for any polynomial P(z) there holds .

2n
j IP(e'®)|2do < s IP(z)] (3.1)
z|=1 0

of course, there is equa11ty in (3.1) for.P(z) = constant. Prescribing

best possib]e inequality, see Theorem 3.1. In this chapter, we dlscuss

the work of Callahan and subsequent works of Aziz, Boas, Donaldson,

3.2 ‘ |
In 1959, Callahan proved: . o - .
'Theorem 3.1: If P(z) is a polxnom1a1 of degree n with P(l) =.0, then

J |P(e'°)| de <. ——T-Ime |P(z)]‘ _,‘ (3 2)

The resultkis best posstble. /

w .
- v ‘ . '
. ~ . .
¥ ‘ .
a -~
, .
. N . H .
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, . ' R . \ = \
e . '
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f . . ,
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. d i ‘-on'“ 2

For the construction of extremal. pp]ynomial, see remark 3':1. . - i
“In order to prove Theorem 3,1, wg need the following 1emma due to

Fejer and Riesz [19]:
LY

n . ,
Lemma 3.1: Let h(z) = £ h z%(h =h ). Then there exists a
—_—— = © gmep VU U

polynomial P(z) of degree n such that h(z) = |P(z |2 for |z =1 if ;

and only if h(z) 2 0 for |z| = 1. L .
Proof of lemma 3.1: We may 'suppose that h(zs}o on Jz| = 1 since the

general case can be réduced to this case by adding to. h(z) tr?‘constant

[N

‘térm e > 0, which then is made to tend to 0. Now, let

n .
o o(z) ="z n2") | ] ; oo
- 1 U="'n - ‘ B
. n . \
=3 huzU"! ;
3} u=~-n R . coee ) - ’ © !
. a S A
. =3 hU"'n z i " ] o ! .
A v=0 ' o : v . ©
. — . . : 8 .
- We claim that g(z). = 220 g(‘/‘i). In fact, " - ©
. Z2n=1 2n : §
: 2 g(1/2) = 2Pty (D 4t (1) e (V) L
‘ 2" '_. -— " — 2"" - ] 2“ »
v . =27 [hep +h g ( /2,)+-,'-+hn‘.)1(]/1) +hy(/2) ]
_ S 22" ) 22"V 4y 2+ Ty _ P
, “hy 22" + h,‘,q;zz"'] toot h gz o
‘ eglz) . — . (33)

= h=y. Further, from (3.3), we observe that if a is an

'
* K 2 K
' - . 1
- - ] .
.
1

2w e s




W

o
v g : 1 1 C T '
g(Z) = C(Z-G])-....(Z'Gn)(Z': )‘-....(Z-n— ) (304)
\ ’ a] - an -
. Secondly, we note that on. jz| = 1 and in view of (3.4), we have
h(e1e) = "'lne ( 19)’ . : ’ :
- "'ec (q ) (e -a ) (e'®- 51)......(e19 - 5,)
: = c(e’g) (e'%0)..c ("m0 .....(1—~jt)
O L i6_ 10 -1e -
S (e ay)eee(e'a ) (e -a]).....(% -a.n)
'(——2———" (816 .ol‘-(eie‘an)lz
a].....dn M ) N
- T ] n ot B “ ~
Setting B = -_(-'——LC—_ , we have 8 > 0 because h(z) > 0. It
a nc...u
1 n -

L 2

v=]
Qrequirements of the lemma.

<

N
Now, we begin to present

ProofofTheoremB] LetP(z)= z cuz” and M = max [P(z)], then

u=0° lz|=1

. s S
2 v ’
P(z)|® < M°, Hehce, 2 P(z) For |z}l =1 .
IP(2)] IP(z) |2 LR

Mo~ p(e'®) ]2 = M2 - P(e‘e)P(e"e) ‘

= -(Zcuz)(z £,2") o | : .
v=0 v=0 . g
] ° n‘] .
. 1ne 1(1\\1’)/6 -i9
n -1 l .
- -1)6
+):cc+():c c)e +...+(£c c)e‘(" +cce°]

We note that M - |P(e1'e)lz satisfies the conditions of lemma 3.1y

so there exists a polynomial g(z) of. degree n such that

- |P(2)|? = |9(z>|2 S : (3.5)

x} ‘ ‘ :
» T ‘: ’ -

it AR o B S B A St

foltows that P P(z) = /B II (z-au) is the po]ynomia] wh1ch satisfles the

PR T .‘..-},.ﬂ-...wwx .era

ko riame ot
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1), lg(z)| <M for |zjs1 ) | ‘ B

«
4 WGR P KL Rk

~
...

-

L))
]

-

Further, we Qbsenv£ that the polynomial g(z)-has the following

. properties:’ .o .. -

o

o

2) Since P(1) =0, so |g(1)12==M2. ‘Without loss of generality, we

take g(])-
;)

§ ¢

3) For z= e' »_We 1ntegrate both sides of (3.5) and'haeb

on .
Ef " - 1p(e%)1%)do. .QTJ "la(e®) 20 -

I it R = T - T AP R )

AN

So M- 3 J IP(e16)|2d6 o J Ig(e16 lzde - (3.6) .
o .
2 gy (2
In order to select the greatest values of ? J |P(e )| e

hd L

Pl i g e g e

from the class of polynomials- sat1sfy1ng (3 6), we mast m1n1m1ze the

-u=0

L]

1nteg(§1 7_ I |g(e1e)|2d6. Let g(z) = E gz’ and consider .
S~ 2
1 i9 _ 1 i0 10y 40

n[ lgte ™) de = g—f g(e™) g{e™)do

| - ] (£ g™
g I . 0 v=0
' . - n -2 N .
.= Ilg,l - \ (3:7)
. .U___o 5 ’ \ ot
On the other hand, recall_that g(1) = M, we have ~

on _ : ‘ _ 1.
I g =M : . (3.8) |
w0 . ‘ : % It . -

-~  «~iyp
g,2  )de

e

aﬂ_i

X : n
As it turns out, we want to minimize the quantity. zolgvl?, - .
: K . v= . : .
subject to the.c0nstraiﬁt (3.8). Applying Schwarz.ineqquity to .

(3.8), wé have




\

247 o ,

M=£gl
'U-O

/2 n 172 -
( 1;12) . J
v=(Q . "

1/2 1/2

(2 s, 1) (n#1)

s‘( 2 lg %)

1

(3.9)

Setting g, = —-T , for all v we get%smallest value in the

r1ght hand'side of (3.9) because \

zZ= 'l and‘vanishes when z is any of other (n+1)

Also; note' that for z =

3

e

LD k 1]’/2(n+1)

n . 1/2 1 - )
(Elgl (n+1) -

R |
) (nt1) , ' I

L e 1)]V2 (ne1) V2

[
=M
Therefore, we obtam that tbe corresponding polyppmial is
n L
M v
g{z) = & z
v=0 2 . -

AR )

“u

- —*"j B

(3. 10)

It is well known that the po'lynom'la} (3 10) is equa'l to M for

ei?. we have : "
oty < [ €m0y S
e 22 B | A IR

é . M AR )
' . L
i .
[ L0 L
e . -N
»

roots of unity. because

»

»o .
- L

P
{!

. ) .
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1(n+1)B ( 1(n+1)9 -1in+1)e
§ 7 )
S n+T' 19 i _ L
. ef'(eT_eT) ‘ .
sin(#)-e | \
M .
=* -2 - X -
[ ] \3
sin 5 .
Recal] that |sinn@ |<n|sing| ¥n, so we have ‘ !
sin—(——)-—"ﬂ 8 - -—\
lo(e’®) = M - |
g onHl ) '
sin %
’ 2
0 r
’ < M nt1)] S1N7 .
* e sin® '
|*inz| |
o= M, : Y (3.11)

From (3.11), it is clear that -'mii\x lg(z)} =M, for |z| 1. As a
z|=1 ¢

consequence, M2 - lg(z)l2 > 0. By the previous argument, we know that .

M- llg(z)l2 satisfies the conditions of lemma 3.1, Hence the associated
. 4 ; .

polynomial P(z) of degree n is

2 - Ja@))? = p(2))? o (3.12)
~and has the following properties: ;
(1) [P(z)] < M for |z] < 1. Further, since g(z) vanishes when z is . j

any of (n+1 )§-t- roots of unity except z=1, so let z*#1 be any of - -
(n#1 )?—t- ro.otS'of unity, byﬂ( .12), we have , L ’ :
Pz#) 2 = W2 - Jg(z0)? W -0=W <
i.e. the maximum is \a\@d/]It follows that A |
L mx [PG)b =W < ) 4 ]

HE ‘ )
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2) Since g(1) = M, one has P(1) = 0. '
3) Integrate both sides of (3.12) and apply (3.7), one gets K

T 27 . 2m ) s
R e e < 3 [0 - jacet®) e
2n ;
—wme 1 8,,2
/ =M - _Z-HIO lgte™®)|“de

2 N 2
=M -1 |g |
u=0‘J

4

. n .
Since when g = ﬁ%}‘ , for al1 v, the value of E@IQUIZ is the

v
smallest, so we get the greatest value of: '

1 Iznw(g"e)lzde M - ;(a%_)z p

P K
N 2 (M2
' ' = M - ('n—ﬂ-) (n+1)

1

t

‘ , O LYY
' n+T

max [P(z)]2
|z[=1

/ " Note that this associated polynomial P(z) satisfies the conditions

_n
Tl

s

of Theorem 3.1. We complete the proof.
Remark 3,1(¥): The above method is in fact constructive, For each n,
we can construct an extremal polynomial P(z) for which P(1) = 0 and

there is equality in (3.2). Callahan obtained:

forn=1, P(z) = M(-ZE—])

for n =2, - P(z) =~;'18- (1+VT)22-2§+(1-E)] o

-

Foﬂowzn’ng a lengthy calculation, we obtain . ‘ :

pees

NS t 4 Tt ST W

e mele W



for n = 3,

We can explain the above calculation in short.
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- Bz) = ﬂl-i)f4/-??-ilm . {z3.+[1- CRCTHAT ] 22 .

\

4[24 20T - V2T | (1-4) /R T | 20z a- 1)-/““‘-21 Tl }
Since (3 5) ho]ds for ™

|z] =1, we observe that

IP(2)] % = - 1g(2)i?
2..3 2
=Ml [i_|1rz+2"+2
W {i- [ |
= M {1-,—6(1+z+z +z3)(1+ 3—2 13)}
w2 1T e .3 ] , 1 '
,. - M {-ﬁ[(53+z)+2(2+z )+3(z+;)-1a}
Lety;z+]z- SO zz+z]-§=y2-2 and 23+:—3=y3-3y
Hence :
IP(2)|2 - M2{ L+ 242 16)}
o, = W R yaly- (202010 (-2-20)])
. Mz{- -——-(z 2741 [22#(2-24) 241 1[2%+ (2421 ) z4) J}
1623
. Mz{-TL— (z-1)2[z+(1- 1)-./’23—1- T [2+{1-1 }+/=2TT]
[z+(1+i) -‘/éi-‘i |(z+(1+jj4/§1-1] % .
" Since 1 = (1-i) +/°21-T and L
(1-1)-721T . o .
] 3 A
= (141) +/27-T - , .
(1H)-/23=T | , < R |

Hence, we r.auﬁte, (3.13) as

I

,.

+
o
A
<

<.
~Y
3
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- e = W {-% 1 D) | LT, )
\ o *

" [+]+1 +/2—1T][ 1+ ;/2-1‘71"#]]}
| M2 { 1Q-i +/:2-'_—J (z-1)(z [z+(.l-1')'/:?—i"'1—]

[z+(l-i‘)-/:._2i—-1'][z+(l+i )+/z'1’ITHz+(1+i )+m‘71‘]}h

Note that l(‘"i)ﬂ/-?i-Uz
i T "6

is positive real number.

so P(z) = L ‘)""2"' M ;- 1)[z+(1 1)-/“‘-21-T][z+(1+1)+/? T]
= L(]“i)+"2i'] L {z3+[1 - /<21 4 J?_i':'l']zz
. 4 .
+ |20 - T 1050 el
. b
3.3 c

Later, Boas [6] gave a sharpened form of Callahan's inequality by |

takmg the maximum of |P(z)] on the right hand side of (3 2) over -the

—(n+'| )~—~ roots of unity rather than on {z|=1. 1In doing so, he gave an-

alternate proof of Theorem 3.1. He established:

. Theorem 3.2: If P(z) is a=folynomial of degree n with P(1)=0, then
1 ' 2n ie 2 n 2'"'01 . '
7 Jo |P(e™")|"de < R IP(¢ + 1)1 .(3.14)

In fact, he deduced Theorem 3.2 from the ‘following result

w e s .nmwwvm&w«{w& B L
o

. concerning trigonometr;t polynomial:  * fr-—

PR -
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n ‘ 3 1
Theorem 3.,3:. Let t(p) = I c\,eme be a trigonometric polynomial

V==n “
of order n with t(0)=0, then
: I . 4
L 3
2Ty
legl s = max |t )| - (3.15)
0 A n+1 P ,

n
For the proof of Theorem 3.2, let P(z) = T a 2°
. , v=0 Y
be the polynomial of degree n with P(1) = 0. Since
n . N .
|2 L age' Yz §Ue'1ue.
u=0 v=0
n . ‘.
= 2 Cueﬂ Ue . B . \
v=-n ‘

ub

[pe’®)

‘t(8).

n - ‘ ' ,
where ¢ = Z\Jaulz is a trigonometric polynomial with t(0)= |P(1)|2==0,
u=0 = : .

in view of (3.15) and the fact

2m . on
1 I | 10,12, 2 _
5= P(e”)|"ds = = |a | =c¢c,,
2m Jg w0 v | 0

\J

(3.14) is proved immediately. _
Now, we return to present the proof of Theorem 3.3 dge‘to Boas.

Proof of Theorem 3.3: Fi}st, we proved the special case of discrete

i

orm of Poisson's summation formula stated as following: if .
n . '
te) = L cuelueand s is a positive integer, then
. uEen ‘
S

-2nipm
s-1 vk

& te °  t(k+ ZEB)= s I Cye | © (3.16)

p=0 : . v=m({mod s)

) N N n .
where k is an integer. In fact, since t(8) = I ,cuelpe.
. . u==n
(3]
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: 2m
t(k + g_‘gﬂ) = e1U(k+ _SE) '
o VN g 2mipm '
Multiplying both sides by I . swhere m is an integer, we get
) p=0
S'] ‘ZNiEm
I e 5 Rk + 2R
p=0 .8 o L
© =2mipm - o ‘
= Z] e ° ; iu(ke 2B,
. p=0 v==n
-2mipm
s-1 ¢ n w1gn ~——~E—
= o [ p cpelfvk )]
p=0 tv=-n e
2nipv - -2nipm
s-1 , n , . _ »
= I ( z cUe1Uk e’ S ) e S . ’ ‘
p=0 M=-n -
> 2ripy ~2wipm S . .
n s-1 , , .
= I e “’k( I e’ e ° D \
U==n p=0 ‘ : . -
2rip(v-m
n s=1 :
= I cue1°k[ I e ° ,l - (3.17)
=N -+ p=0 . . . N
~.Since U runs from -n to n, let us consider the following cases
" 4n (3.17): ) vem; i) v-m is divided by s and iii), u-m is not
' 2mip(v-m .
divided by s. In the first case, we get e ”"gi"fl =1, so°
s-] ZHiEgU-ml ' v . . ‘ '
I e S = s. Concerning thé second Case, we can express VU as
p=0 . mip(u-m) 2wip1m+ksggo
m+ ks for k=...,-1,0,1,.... Hence e S =e- S z"ipk =1,
P s--‘ 211'12‘1)-“12- N ~ !
so I e S = s too. With regard to the last case, we know that
p:O s .
2rip(k-m) . 6.1 2mip(u-m :
e s is szh,roots of unity, so § e S = 0. This proves (3.16).
- p=0

In order to prove (3. 15), we only need to take s=n+l, m=0, k=0 in

(3.16). Us1ng such specified values. we get

owadn,

Yl A, T e
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L t(2 - () 3 cpe’ K
. p=0 U-O(mod n+1) .

Since u runs through ' -n to n, the only possibility of v is zero.

Therefore, the equality
n ‘ .
r t(E®) = () ¢, . - (3.18)
p=0- - '

holds. Next, tak1ng absolute value on both sides of (3 18) and use

the fact t(0) = O, we have

= p=0 = -
o Il n+ |
2
" e

IR TS Y

= ——T lgifSnit(__g)

We complete the proof of Theorem 3,3.

3.4 o o,
Further, we~éonsider'some other results in this direction.

leen g-an arbitrary non-negative real number and P(z) be a polynomxa]

on 2 '
" of degree n with P(B) = 0. We ask how’ large can I E%%——l do be if -
0

e -8
2r . . _ , -

J‘ |P(e]e)|2de=_l. In 1972, Donaldson and Rahman [10] answered this
0 " . : .

question.as following: .

Theorem 3 4: 1f P(z) is a po1yndmia1'of degree n with

- em
' J lP(e19)| de=1 and P(B) = 0, where g 15 an arb1trary non—negative

AN 3 Lt ws % e WF

A
i

R

-~




- 55 -

real number, then

JZ“| I des [1+B ZBcos(—T)J] . ' - \(3.191)

Proof of Theorem 3.4: First, if we let _

g P N - ' e
. P(z) . a . 2" ]+°‘n-2 2" ~2+,,,+a],z+a0, where o ,#0, then

z-8 n-]\ .
P(z) = (2-8)'§4§%' . - S
. = (z-B) (o, z"']+ozn_2 z"'2+...‘+a] z+ap)

n-2

. . n-1° ,“n-2

I8

R IR T (L ELCRT M ERE

Now, ’lét us consider

’ X JZT\'
i - ‘ ' 0

i6 2 S
Ple) lde/f|ﬂ8%ﬁm
0,

" n-1 ) ,
)X Ia | ‘
= =0 ]
2 M- 2..2 2 !

lan_y 1%+ §'l |y B, 1 4B~ g ™ -

. Ce n-1 i |
‘ z o, 2 |
s = 2 Nl 2 220,242
o+ E (g 2810, 14871, 21 ol
‘ n-1 [ . ‘
\ z |Ol l ’
; , - v=0 i . -— )
: A n-1 n-1
: N | (HB ) z Ia | -28 II Ia ]||a |
I T
!
: ‘ - ] — . . (3.20)
g Sl 3
; U*B ) 28 'ﬂl I?- . :
. 2 a e
v Y

P R

n n-1 2 n-1 “ '
1% T p? heestoqZtogzoBa, 420 -Bap o2~ ... -Boyz-0y8

N T
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In ¥1ew of (3.20), we note that we can prove 1nequa11ty (3 19)

n-1
L Ia HO‘U ]l
f(laol |°‘]|n-n|°~n ]| ,T'|'

2
L o,
=0

is less than 1 and the maximum value is cos (ﬁgT).

e

Rf we apply the Schwarz inequality to the numerator of (3.21), we

have,
f(laol,la]],v-',lqn_l") ' . ,
. (n=] . 1/2 n-1 1/2
(z o, | ) Iau_,,lz)
<= v=]
N n'] 2 '
: X Ia I
' 0-0- N
« n=1 1/2 -1 1/2
( E |a IZ) (2 laulz)
< V=0 v=0
n-1
L o, |2
I
= ].‘

‘Moreover, we note that the maximum js attained when all of the

numbers qul are non-zero. [If we suppose for some v,
smallest positive integer such that Oyj “u+j

we can find put a number

EWE [otg-g! * Loyl

)]

such that
Faglylan Luesesla, g1 0slagyy Lreesslog )
Sf(lao\]‘,\la-'],...,la _]l ]a l lau+-||..a-.lan_~||)

i

fllaglsloglaeesfa 1 1a0ula laeeslag_q1)

a,=0 and jis the

are not both zero, then

(3.22)

-
oA

(3.23)

Ve gt mman
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‘ : In fact, let |, . b
il
* B = Jagl?+ [ay %% .. Ao 12+ Jayy 12ty |
' « 0 1 -J Gyt n-1
.\ From (3.22), v;e ha\l/e o . ' o,
a .
Iauls U- vt C
v A > . o . ,
B g C
It follows :that o =
f.(laal'l(x]l"'.’lg'p“ll’o,IGU"‘]I'-..‘.lan-]I): L] 3
A | o
. B
v o S‘ |O'U-,]| + Ia\)-l-j_l‘ | |
~ | . B
R = Jag (a1 * lag,;])-
i . 2
', loyl
3 Hence ’
: S 2 .
. L Mayl? $Blayl(] u_J|+| orgh)
) » 2
o = 18 + Aoy |? 5 8B + By Ly 51 + lo51)
A A+ l“'l(l jl la jl)
=gs ' B +\.11~__~__\\ .
= f(laol Id.]l,....l -]' Iul law]l'.o..lan_ll) ' ‘
. This‘proved (3.23). ‘
1 ' \_0n the other hand; we also note that if one or more of the |
. '~ numbers la | are allowed to be arbitrarﬂy Yarge, then the functioﬁ‘ o

" (3.21) is bounded above by *DT]' . In fact, suppose

4 N
-

e AT LRG> . s -
.

il e n BT B b

PN

N e S e R by

——
'l




foem pe n "

O (e (el M3 et ()
. - ' z (X.a o )-(’Z o lja )—T—I-(X o )
. .=( ' 9 Go\ v=1 v Uy v=1 v v-11/3 ao v=0 U‘

2 f v=0 :
- : \
2ol ( X.IGUIZ)Z ' +
. v=0 T P
- n-1 ’ |
“' : D) Iu'uHaU ]‘
= 1 u= 2
RT O, ['“11 2 0 1“0']
Lo |® E fay,l
v=0. Y v=0 Y
: ;
s | ol o [lullef l%l] (
T e . Z o ‘ S 4
- v=0 Y a
|a|)—r—r(z|ana_|)(z|ana_| znan)
af _ (U‘ uu v-1 1 aa
Aoyl (EI i
) v=0 . ~ .

XN

S SRR PR S S SRV S T P L)

% . : p
L 58 - , b
i
|“0Lf "'=|“n-]| + o, then ‘
. " kq
f(laol’!all"...’ldn"]l) '
"% oyl
Za |l )
= u=] vl -l - N .
n-1 s
z laulz
. U=0 ’ g
Z . 7 {
.- (n-'l)]aul
2 i
n[aul §
N i | J
9. n ,
: ] ~ 3
Next, we want to find out the maximum value of the function (3.21). {
.*Let us consider the partial derivatives of (3.21) with respect to the
AR : ¢

variables |o,|, [ull,..'.,lanr]l,‘then we get
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el LS .
L ( + -( ) :
(Mla\,l)lap_,l gt {2 oyt 1)-21e;

>
-

. O
o= .
. : | w P
' . o7 ‘ Z |“ e, 4]
= . ]
L 2[lau‘1l+l°‘u+1l n‘l 2 laﬂﬁ’
o ' Lo :

Lo .)\-‘U'O - v=0

I ar CRICOT R Y |
‘ '2|a|

v=0 . ’ ,
) —~|£ for‘p="l,..r, n-2_

ad

v=0

B4

- A n -1
LT : ( ) |au‘2)2
‘ v=0

2 fay| :
w0 N o
In order to find a 15ca‘1 maximum, we must solve the
following equations: , \

oy - 2 oyl = 0 |

Ia al*laggl -2fla| ='o' y = ﬁ\ n-2

a ,|-2fla o =0 °? .
ln-zl ‘n-‘lll - R o

-<nz]|a| S lauaw)(g:;w?{ JryE I(Wl) -

4

M Wt RV o S s BRI At A R L ST oy T

et m

Lk
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Now, let us suppose that the required local maximum i§ A, S1"‘nce)’
the -maximum value of (3.21) is less than 1, we know that A <1 and

LA .
write A=cosy (y#0). Solving the\ equations of the system (3.24), we

first claim. ,

i3 » ! -
{ . ) . ,

Uy () = 20000 - u (0 - - (3.25)

a

L where Uu(k) = §ﬂ‘_(l‘.*;l)l is the Chebyshev polynomial of the second
sin y ) -~

N

kind of degree u in.A. In fact, ’ ' L
ZXUH(X) - Uu_]()\) A

I

_ 2cos ysin(utl)y - sinuy
. sin ¥y '

2.-]2- [sin(+2)y + sinpy] = sinny

o . ‘ sin y

A ©_ sin(p2)y

sin vy

“

‘ S Uun () .
This proves (3.25) L 7 )
P o - “Now, we return to solve the equations (3.24). From the first
v Equat’ion of (3.24), we hgﬁe .
lay] =2 Alag|
| - 2 A logl

F S 2 césvsinyluol .

0

. " v | E _gjn“y

. Sin2y
sin y

AT " Uy (Wl

. o “:#, ST
» . . 3 ‘I,%%u
' £ S
R . - LR
T 3 !
[ . . . . !
.

I("ol ,v

oot

N

ittt ol s d g 3 PR
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With regard to %midd'le equations and (3.25£«e use the fact .
' ,Ho(?\) = 1 and then ha#ve . ‘
ol = 22 Joy [ - lag IR L
= ZAU](A)IaOI -UO(A).IaOI A
= (23U (A) - Uy ]jagf , q
F .
Suppose lau] = U (M)]ag| foru=3,...,n-2. By induction, we have
v > ?
lagq | = 22loy ol - lay_3] | BN
= [289 5 () = Up:3(0)]{eg] x.
# Uy (Wl “ . .
Hence, we obtain _
: Q‘/
= = . . * i
Iaul = l‘.’u(A)|ao|. u ‘ ,].’Z’QQQ)n ] ] (3-26) . \

Further, consider the last equation of the system (3.24) tdgether
with (3.25) and (3.26), we get Un_z(l)luol - ZlUn_]()\)Iaol =0, which
impies Ug(A) oyl = 0. Since the maximum is not attained when one or : -
more of the numbers Iaul are zero. ,Hence, we have Un(l) = 0, i.e.

sin(n+l)y = 0 -/ (3.271) -

@

"The only solution of (3.27) which is consistent with all the

numbers |a ul being non negative is y = E%T . Therefore,
N ’

» Q¢

* A = COS (n—I-T)

E

Since cos ‘(n_IT) 2 '—"ﬁl , the required maximum of the function

fllaghslogseees a1 ) is cos (Fr)- This inmediately leads to the -
A 2n : . -
inequality (3.19) if “[0 1P(e?®) %0 = 1.

<
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Recently, Aziz [2] gave a related result in.terms of max |P( zk)l
1<ksn

where Zysese, Z are the zeros of 2™, 1In fact, pe proved:

n
Theorem 3.5: If P(z) is a polynomial of degree n with P(B) =0, where

B 1is an arbitrary hon- negative real number, then

2n 2(n 1)
J l—i——-)- de < HB +“’+B max lP(zk)Iz (3.28)
(1+" ) 1<k<n e

where 2} ZpseeesZ, are the zeros of 2™+1. The result is bést possible

and equality ho]ds for P(z)=z"-Bn.

.For the proof of Theorem 3.5, ‘we need the following:

Lerma3 2: If 2350052y aﬁe the zeros of 2" ], then for an arbitrary
non-negative real number B, we have L
n 2(n-2) 2(n-1)
%z R * 8 (3.29)
ellz-8f 1+ 8")° .
Proogof Lemma 3.2: First, we colsider the case g=0. Since
Zyseees zn‘ are zeros of z'+1, so ¢ |
10 1 ° w °
L — = - I 1=1 .
" k=1 |z " k=1, .

It follows (3.29).

’

Secondly, consider the case B # 0. If P(z) is 2 polynomial of
degree n such that P(B) =0, then —-(—)- is a po]ynomial of degree n- ]\

. Using Lagrange!' s‘mterpolatmn f'ormula with Zyseres2, @S the basic
o«

’pomts of interpolation, we can write

. (2) - _
z'z k= I[ZKZKB] [(zzzﬂ)n z ] " (3.30)

5
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Since zz = -1, so zz 1s —ii for k=1,...,n. Hence, we rewrite (3.30) és
P(z) . I [ (Zk)}[ 4 i
-8 k=1l%B dla(- 1) (22,
. lk

n
=lg P(zk)zk(.a-ﬂ) .

Me=1 (zk-B)(zk-z)

Taking in particular P(z) = z"-B“, we obtain
nn n
n_gn n (z,=8 )z, (z +1) \
B =%_',; k'~ "k . (3.31)
z-B k=1 (zk-B)(zk—z) .

With regard to the left hand side of (3. 3]). we get zn -1 +p2" 2y
B"'22+Bn I Applying the fact zk= -1 in the-right hand side of (3.31),
we have n n ]

zn-]?an;2+... g -2 Bn R %‘ n (1+8 )Zk(z +1) ,

k= 1(zk"B)(z zk)

L (") 0 %)
k=l(zk-8)(z-zk)

(3.32)

n-2 n-1 o
T e , .

o1 BZ 4.4 B2(n-2) + BZ(n-])

Bn-] | | o ,
and the right hand s1de is

et 1 BlEM .

s (2,8) (g )

e e e v m b e o ide
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. (1+3 ) r k%
8" k=1 2, (z,-8)(1-82,) |
2 “ N
_ (48" g IZk[ \
n~-1 - .
R e P .
! . - L}
(g ! -
' R .
ng k=1 (z,-8)(z. -B) /// .
. 2 ‘...‘A : “
_geh ] 1
ﬁ‘ k=1 |z,-8]°

Since B # 0, we cance] B"—] in both sides and trénspose (1+Bn)2

from the right hand side to the left hand side. Hence (3.29) follows.

]

Now, we apply lemma 3.2 to prove Theorem.3,5,

-PPoof of Theorem 3.5: Since P(B)=0, then-—‘-—) is a polynomial of

2 n- 1 .
degree n-1. Hence t(e) I—s——ll )c ewew's a trigonometric
, (n -1 :

polynomial of order n-1. Thus, we also have (3.16). Taking s=n, m=0-

-

© and k-- in (3.16), we have | S
) GEeZR 2
: e N o|He 5 W on g c e (3.33)
p,.=Q ej(#' . )_"3 o .u;0(mod n)

Simplifyi‘ng the left hand side of (3.33), we have

l 2 P(zk)
1('l+2p)" k 1 zk"B

Concerning the right hand s1de of (3. 33), we hdve m:o s*lnce v

2 10
runs from -(n-1) to (n-—l) But, we know that c0 2'1?] I )l de,




\
. "
- 65 -
: | SO wev estmb]isme; )

]

Transpose n from left hand side to right hand side and take the

maximum over P(z]),...,P(zn) to get

2n i6y,2 n 2
, 1 p 1 ] . 2
| on 'J'O —}—)-e 5 ’ dg s{ b } } max lP(zk)I (3.34,)

N =128l ) 1 gken

i

- Applying lemma 3,2 to the left hand side of (3.34), (3.28) is
immediately proved. '

For P(z) = 2" - Bn, the left hand side of (3.28) becomes

2(n-2) + 82‘(n-’l<).

1+ 82+ ceatB On the other hand, max |P(zk)| = 1+B")2

1<k<n

in the right hand side, so the equality holds.

. ©, 3.6 - - , 1 ‘
) Now, we discuss the results concermng the estimate of ma)|< -—(_5%-]
> - ‘ IZ ]
— : where P(z) is a polynomial of degree n with Ta)[( |P(z)|=1 and P(1)=0.
' z]=1

: The first result is due to Rahman and Mohammad [17]. They proved

' ' ‘ Theorem 3.6: If P(z) is a polynomial of degree-n with rlna)lc [P(z)]=1
2

= and P(1)=0, then for |z] <1
- : .
g P(z n . «

‘ . lz o ! S 'f{ . (3-35)

g n
The equah'ty holds if P(z) = 2—2'—]—
Proof of Theorem 3.6: Define P(z) 4—%
and ‘let the maximum of IP(eie)l for -TI'SGS‘IT oceur when 8=20,. Now,

P

1R . . . . . - e
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we may suppose that |e216°-1| < g, otherwise, there is nothing to

n
prove. Note %hat P(1)= 0 S0 P(z) is a polynomial of degree n-1. Now,
~ n-
let P(z) = I aUz and cons1der
v=0 ‘ .

t(e) = e“‘i‘(n"])e‘P’( 129)

1(n l)e( z a e1209)

y v=0 Y , \
A HE] a oi[2v-(n-1)8
v=0 Y
(n-1) ive ‘

= I ak e '
U=-(n-]) v /-
i i i 1 and -

then we have that t(@) is a trigonometric polynomial of order n

lt(e )l = Ie](ﬂ ])eop 1290)I = lp(elzen”
‘ \
_is the maximum on [-m,m]

Moreover, we choose y such that e Yt(ao) is rea] and consider .the

real trigonometric polynomial T(8) = Re{elYt(e)}., Since i

[T(6)] = |e'Yt(e)] = IP(eize)I,and ;(eize) has . its mqﬁimum at 8o, SO

does T(8). Hence, we éonc]ude'that‘ ,

T'(60) = 0 o (3.36)

Next, let us consider the real-trigonometric polynomial zéknef(e).

We note that such a trigonometric polynomial“is of order n and for

-0 e[-n, 1], o -1
‘ i9_ ~i
2sing T(p)] = |2{&—2—) (e
j2sine T(6)] = |2{ 21f)()l
y = (e &7 10)1(0)]|
3 “ o, - !e"i_e(eiza._‘]).'r(e)l‘ .

A
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= [p(e'?®))
R
Apply Theorem 1.5 to ZsineT(é) and get :
. 2. 2.2.2 n
[sine8T'(6) + cosBT(8)]° + n®sin“eT<(8) < T
Setting 6=8, and using (3.36), we get
2 \
cos20,T2(8y) + n’sin®0,T2(8,) < + (3.37)
Simplifying the left hand side of (3.37),we obtain
[coszeo + sinzeo - sinzeo~+ nzsinzeoj T2(eo)
= [1+ (nz-l)sinzeo] Tz(eo) ”
2 Tz('eo) |
~ 2 . ™ 280k, :
Hence Tz(eo) 52- and |T(6,)| s-'z'- It follows lP(e'ze")ls N . Since

the maximum of P(eie) occurs at 29.. 1) |P(e'|e)|,$2 which implies (3.35).

n
Further, for P(z) = —2—l » We have

zﬂ-2 + zn'-" | =

ICE)

1
max |l+z+,,.+
? lzlz]l

Thus, wé complete the proof of Theorem_3.6.

In (3.35), making z+1, they also obtained:

Theorem 3,7: If P(z) is a po'l_momia'l of degre Ta)l( |P(z)]=1
‘ . z}=1 :

on |z} <1 and P(]) = 0, then

P <3
The result is best possible and there is equality 1n (3.38) for for

(3.38)

P(z) = _Z____]_ .
Now, we present a genera'lization of Theorem 3.7 by using the

. téchmque we discuss in Chapter 1 (see Theorem,l.7'). In;fact., we prove,

- o

L

© asuta .
R T
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Thepi‘em 3.8 (*): If P(z) is a po]):nomial of degree n with _
max. [P(z)|=k" on |2|sk, k<1 and P(1)=0, [y] =1, then °
Ty - & :  (3.39)
. Rroof of Theorem 3.8: Since P{z) is a p'olynomial of deg;‘ee n with
\ .Ta)'( k|P(z)|=k", then for |a] > 1, P(z) - az" has all its zeros in |z]| sk, "
z|= - . o

© k<1, Let R(z] = P(z) - a2" and the zeros of R(z) be z = pe'°’,

igu

‘s

o
p, S ks W, then on |z|=1, we have

s Rl I
. B I [ '

z Raes ar~umnas— -
vl e‘e—p‘ueleu

i

Hence, one gets
1P'<-z) - an2" 2| zT—-k- |P(z) ~a?| S
on |z|=1. For any lBI <1,
L2 P'(2) “an 2" ] + 1 [p(a) - 2" # 0
an‘él s0 i ' , .
P F-;P(z)] pall +fp (3:40)

For an appropriate choice of the argument of u in (3 40), one gets

|z P'(z) +1§—- P(z)[ # n lalh-ék-l
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for all |a] > 1, We get ' o

|z P'(z) + ]+k P(z)l < n|a|'1 + lgk, '
" Making |a| + 1, we havgg - \
|z P'(z) + TB?nR' (z)] < nl] + T%' o o ' (3.41)

Taking 8 + =1 in (3.41), we get
2 P(2) - 73 Pl2)] s nfie]
Since P(y) = 0 and |y|= 1, we l%ave-(3.39). Hénce, the proof is

\

complete.

3.7 ’ -
‘ Later, Donaldson a;/B[ahman [10] gave a genéralization by, -

.~

considering the case when for-‘a non-negaiive real number 8, P(B) =

They first constructed a polynomial of degree n with Tax |P(z)|=1 and

z
. P(B) = 0 to show that in this case max T 1f B is arbitrary.
|z}=
Now, we present:
Example 3.1: For n > 1, consider the pol‘ynomia] o
P(z) = (1 +2z2+ 22 +... )(z -1+ —2-) {3.42)

2/n"-1
We c1a1m that max IP(z~)|=1 and if we take =1 - ;22- s wé have

‘9, we consider two cases -

1) cosos 1- —2— and 2) cosezl-*fz- .

Consider the former. case, we want to show

"]|z',-1+fz|‘s|z-1| - o (3.43)

for z = eie. In fact,
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- |cos 6 1 sing-1 + —2~2-| s‘lcose+i.siné-1 |
v 21 ' n. < ‘
2

2
- —lz—i [(cosa-1+ ;22-)2+ sinze] < (cose-])2+ sin“ o
n = ' ‘ -

/

2 i
[c0529+2 (—2? -'I)cose+(-2—-1) + sinze]
n°-1 n . nz

< cosze -2coso+ 1+ sinze

2 aa 2 2 ‘
[1+2 - 1)cos 6+ -1 2 - 2c0s B
] (% | Jea (;‘g 1 ],‘S 5

~

2..2,2 2.2 2 a2 2
- n°+2n -1)cos6+n -1 <2(n"-1)-2(n" = 1)cos6
] (;"2' ) ,(nj' ) ( )-2( )TC

o~ 2c0s8[n’(%; 1) +(n? - 1)]'s 2(n-1) -2 - nP(%; - 1)2
| . -

-

- 2205652-—92-
n

R i

v Hence, we have (3 43), Now, we apply (3:43) in (3. 42) and get

1
O 1 LB P LY PO Y
2’n2q1 _2
C sHE-n0sze ™) |
s%—|z"-1| " |
T < ‘ onlzls'l‘ v

4

Concei*m'ng the latter caée we first note that

|P(2)] -———-—|(1+z‘+... +2") (2 1+7)|

2/n2-1
n-1 2\,
. s |(1+IZ|+-~+lZI Wz-1+55)]
2 n2-1 L "
.“ 2 N
| e S-——"—-lz -1+ "fl 2o o

“ 2 nz-l

(3.48)
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for z = ew. Next, ‘sincé cos® 21 -—22- , we have

n
le'®= 1+ -gzl = /(_cose-l +B§z)2 + sing
- n

=/1- 201 -n%-)cos 8 +(1 -;2-2-)2

<V/1-20-5% - 5)f
n .

n
o
=v1-(1-5)
2

= 2v né-1
2
n

Hence from (3.44), one has

2 Jne .
~ ,P(Z)IS n 2vn 1 =]..

2v/n? -1 n?

Therefore, we conclude that ‘max llP(;),|=1. Further .if wé take

o |z]=
B='1‘-—7 s we get
P(z)
2
z=-1+
n?

max
|z}=1

n?"

>

_n s )
-T ’r,,/ ’ *
;

.. \ .
interesting: ’ ‘

-~

on fz| <1

v

W o

,.In"view of the above,ﬂ the'fal"lrowin’g,'result they pféved is --

[R——

RPN
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<

Theorem 3.9: Let P(z) be a polynomial of degree n with

Ten!( ]IP(z)l-ﬂ such that P(B) =0, where B is a non-negative real number,
z|= _

4

- then for for HER ) . o4

_-rp-—T | "” ) D _ (3.45) .

Proof of Theorem 3.9: Let P(z)= (z-8)q(z) and define P(z) (z- 1)q(z)
F1rst of all, we claim , ’
e .
Ta;{ : |P(z)| < T;B—maT |P(z)] 4 (3.46) -
2= l . ' ®

X . )
In order to establish (3.46), we consider the following: Let 0

L3 .
be t\e origin of the complex plane, draw'a circle-which has the center

.at 0 with radius one and intersect the positive, negative axis at point .

C, A respectively. " Now, suppose 8 at pr;int Band z= e16 at point E.

" Then we Jom the hne BE; draw one straight 1ine from A passing through

E; the other passing C paraHel to BE and 1ntersect AE at D F1naé,1,y

~join the line 3 (see figure 3:1). *’ N

LT TFigure 3,1 o : Y,
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Thus, we obtain
1) <DEC=<rt, so EC 5 DC :
2) 'EB [|CD, so "a ADC ~ A AEB. Hence . o
X_A .
BB - AB e /

Now, from 1) and 2), we have °

R [: NI TIPSR -
I%(LZ‘:%%[ ) |(z”’-;)q’(:‘e)" .

n’

EC_DC _AC _.2

“EBSEB T AB T TR
,Hence, (’3.46) holds.

1

Q o '
Further if-max |P(z)]|=M, then’nlmx ]|-P-(§-)-} = 1. Since
: 7|=

|z]=1

Jl;(z) = (z-1)q(z), we apply Theorem 3.6 to P(z) and have

o - e - ] = 8

for |z|sl It fol]ows

max |q(z)| s n max [.I;(z)l.\ ‘
2= NS

lz{=1 2 |z|=

In view of ih'equa:th (3.46) and (3.47), one gets

.20 2 o

£ max |a(z)] < max |P(z)] >
Mg R e

and- so " . ' o )

“max|a(z)]| S T P@
z =

l2}=1
Now, ifﬂa%—_’;%—,then ‘ »

i

' n=1, 1 n+'| b
B2 1+ oy TSy

(3.48)

(3.49)
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f N f \ ~9 . .a;
N Applying (3.49) to (3.48), we get (3.45) immediately. “ ;
f . - . 3
) Nekt if 8 < n-1 then we have -, . . . :
n""] -~ ] o
L ' N 1 E
¢
. = —L— < —*_T = D:.]- ) 3
} ]‘B ] < N 2
: P v
f& ‘ v o
b
¥ > ‘Hence ’ .
L . i0 C : :
. Ple®) _ |Pe’)] bt (p i ' \
f“_‘ + s S{ lp(e )lo %
P EW-B | 1-8 I 2 - ‘ i
at A ) !
..!‘l h - - !|w
o . . : R . i
v y This leads to (3.45) and ?‘heorem 3.9 is proved, . - S
? v 1 v, . /)
. I~ * r - ° ¢
. - Ny ’ , H
b . ‘ ’ t( [- R ” ~/
B . . ! .
) a - . K ;
. ~ - ﬁ i
- » . 2 S <
L] ° [ , . , _,..l ;"‘
N i "'*\ > ! '}5
. 1 \ ~Vii ; . .:‘
~ - D . - 2
' ~ N v [4 '”V H . Q 3
£ ‘ . ‘ .
‘~ ' N W
~ 1 . . N4 .
i /*' . 1 [ { , -’ ’" . Y
. R4 h
. \ - '
>, “ .
v [ Ay
. . ) g A
w . . } . . _ : : Q‘/ "
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/ . B / ' ] \ f
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e s b} ) 2 ' | .
™ , - T - ;u “ "’s . l‘. ) - |
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Chapter 1V

Giroux and Rahman ﬁheorem
4.1 ‘

In Chapter 1, we have discussed how large lP‘(z)| cou1d be on
[z] <1 if [P(2)[<1 on |z]s]1. Fr@m Theorem 1.1, we have |P'(z)|<n
and there is equality if and only.if P(z) = uz",|a|= 1. One observes
that the extfemal polynomial P(z) ='az". in this case, hés all its

‘zeros concentrated at the origin.- Hence, if we restrict ourselves

to the class of polynomials which excludes az", the estimate of |P*'(z)] .

mdét be smaller than n. This observation led Erdos to propose to Study -

| -

the estimate of |P'(z)| where there is& restriction on the zeros of
-P(z). Hé was particu]ar]yiinterested in the case-when all the zeros pf
P(z) are outside the disk |z|<1. The conjecture, he propased, was

. N A

proved by Lax [14] and the result is now known as Erdds-Lax Theorem
b \

{see Theorem 2.4). Later, Boas suggested to investigate the case when

a number of zeros (let k) of P(z) are in |z|<1 and the remaining are
in |z[21. It is interesting to n'ote that if half of the zeros are
inside |z]<1-and other half are outside, then the estimate of |P*(z)]

.can be sufficiently large, in fact, even greater than n-1. This is

' shown in the fo]'lowing (not yet publjished): ,
Exainple 4.@ (Rahman\-Ruschewayeh) Considev'f |
IEORE XS 22422z 12 o .
This po]ynomial is of degree n and on. |zl
@l sz Pz R

v

r

. e
s - T Lt N . * B
» Rt B S S 1 s
-
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=3tz i)24 |z- 112
= % {the diameter of the unit disk}2
= . .
Since
T P(1)] = %:|(1- )24 (1 - i)?| = liﬂil =1 ’i

so we have maT |P(z)]=1. Moreover, we note that
|z|=1

" P(];) = P(z) | (4.1)
I;écause| )
n N
2"P(3) = & (0 -H2 (HEL- 0B
2" [(z-1)2 (1- 12)2
- T{ 7 * }

Z Zn

-4 {z"‘?(z-i)“(l% |

Joo o
_ Hence (4.1), From here we know that if z, is a zero of P(z), then

%; is also a zero of P(z); so there are’as many zeros inside as there -
Vv . . ' . ’

are outside. Now, consider
* P'(z) = 3 (2(1-i2)(-1) + (n-2)2" ¥z - 1)2+ 22" %(z2- 1))

| ./ and aé\x:xxi \

RN = 120+ B -0) + (02) ()03t - )2 2(-4)M e - 1))

~

i

Han2) (1) T wag-0™
=n-1 .

Consequently, TaT [P'(2)] 2 n-1
. z|l=t .

v The problem proposed by Boas seems to be very difficult.f Up to

now, there seems io be no significant result obtained 1n-th1§

. '
- I »

Wb A e
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Wi i
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direction. However, a n&mber of interesting and signi#icaht resu?ts
concerning ehe inequalities of polynomials are known if oniy one of
the ;erés ef a polynomial P(z) is prescribed, name]y; P(1)=0, Some
results we have discussed in Chapter III, In this chapter, we seall

‘llbsent another remarkable result dué to Giroux and ﬁahman [13].
First of all, let us introduce the notation Ph;-which rebresents
the class of all polynomials {P(i)} of degree ef mest n with -

Ta? ]|P(z)] =1 ‘and P(1)=0, 1In 1974, Giroux and Rahman established
z|= ‘ :

the following result concerning the derivative of P(z) for P(z)e P,
They proved:

Theorem 4,1: There exists an absolute constant ¢ > Q such that~

max ( max |P'(z)])2 n-% ' C(4.2)
P(z)eP |z|-

In [73]. they also proved an inequality (4.9) for |p! (z)] when

P(1) =a. For the case Whe;\\ijiglx}hey obtained a better inequality
(4.3) from the 1nterpolat1on formula due to M. Riesz (see (1.13))

together with a result due to Boas. We first study the ,aten two

1negua11t1es and finally gTve a proof of Theorem 4.1

4.2

~
N,

We present

Theorem 4.2: If P(z)eP » then for |z|sl« “'.'
" max [P*(z)] £n- 2- 4:1?

(4.3)
2]

In order to prove Theorem 4.2, we need the following:

i

Lemma 4.1: If P(z) is a polynomial of degree,n such that ,

DAY

-




-meets .the graph of sinng at least three times (see Figure 4.1);
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max |P[e 1| <1 and P(1)=0, then for || < I
0 <kn-1 - n

1P(e'®)] < |sin %a-l 4)

Proof of lemma 4.1: Let us consider the real trigonometri

polynomial t(8) of order n with t(0) =0 and lt[Lz—g-]—)l' 1= 1+ We claim

-~
/

[t{6)] < |sinne] “ {4.5)

n
for 6] < 5.

Suppose, on contrary, that for some 8,(0 <8< 'ZEri

t(eo) > sinnd,

This implies that in the interval (‘-% <0 sg—:'-), the graph of t(6) ~
, \

'

whereas each of the other arcs of sinne rising from -1 to 1 meets
e .

t(e)

3

R

. b

~ ' Figure 8.1

\ the graph of t(e) at leasé once; see_the proof of Theorem 1.5 on

page 25. Hence the trigonometric polynomial t(e)-sinné of order n’

! "

R S U

- e

u
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has at least 2n+2 zeros implying t(8) = sinng . 'éont}adiction. Hence’
(4.5) is established, | ‘ |

Moreqver, the inequality (4.5) can be easily seen to hold for
complex trigonometric polynomial as for any 6, we may consider
Re;e'th(eo) where y =arg t(6,).

Now, let P(z) satisfy the hypgthesis of the leﬁna and qonsider

lP(eize)I < |sinng| L .

for o] < é%-. Putting P = 20,,we get (4.4) and the lemma is praved. 4

, 9
Remark 4.1: The origin of such result (see [7]) lies in the work

. of Schur where he proved:

If P(x) 1% a po]ynoﬁial of degree n sﬁéh that |P(x)| = 1 on
-1 $x <1 and P(0)=0, then
IP(Q)I < mix| ,
where m=n or n-1 accarding as n is odd or even with equality:
possible only at X=0 for odd n. C

Now, we return to prove Theorem 4.2:

Proof of Theorem 4,2: Since P(e'a) is a trigonometric pofyhomjal of

"order n, recall (1.13), we have

‘2v-1

i(6+~81 1)
2n vt n .
K § n _‘ .
’ Ui] Zsin2 2“;? ut
‘ : ' . 2pl s
LA - e S, 3
2n U=1 . —(ZU-T)H " " . Y ¥
’ ’ 2 ] - Cos . A .
- ‘ o i ‘ . *

L T S O R S ST R S 1 P

TN S e o R <08
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! |
L i(os 20
Ple ] (4.6)
2;' \J‘ 11- cos(—i—)'n b A
: lFurhte?‘more,‘nwe have
B an . )
2-;‘ = ; 2\”] =n (4.7
U"] ]" COS (’?}']—)" 2‘,‘"] \
~ o+ ™ .
(see (1.12)). Now, consider the points at e y 1 Sug 2n.
First, if e'is‘an odd mu]tiple.of ern_ sy Say, 6 = nglv » then we have
' i} 2mtl 0 . S S m3 -
v=2 an "t A nor
f . . ' b . »
For m < n there exists an integer k such that m+k=n. Hence, with
regard tq mte .m;3 Toeses ngﬂ m, we must have m+ k+n=2n. In
other words, for such k, m+k+n = 2n. So we know thatﬁ one of those
| i+ ﬂii-’-n] o
points v=j, e | | is 1." Since cqs'-é'—'ﬁ 2 -cos Z-‘l-;—:‘-w and
" P(1) =0, from (4.6) and {4.7), we note for such value of 6, we have

-~
P(e'®)) s n-pk L ~ '
1-cos 2%%1_,;’
] |
1+cosfi‘ ‘
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1
“n‘q_n . \

Mt N,

Now, if © is not an odd multiple of -, there "are precisely two
. 2u+] 5 %S B K

of points 6 + =5— , say 6 + » 8+
P o Y e I

, lie 1n;the arc
(-L.,%). From (4.6), we haVe

n’n
P s L f o 1ty gppd (00—
v 20 L y=1"" Y-cos 2 4 2371 23+
VRd1 232 2n 1-cos T 1-cos T
> * Applying Temma 4.1, -we get ' -
: ' n(e +: n )
: 2n ] |$in 3 |
|P'(e'e)|s é%'{;fl " l-cos E%Ilﬂ.+ 1 23,41
Wi i n -C0S —— 7
T 2§,
|sin n(6+ _éﬁ‘")!
) , 2
. . F 2, } ,
1-cos T {,,
_1 gy 1 _ - ’
, T\ T 2u. 25 T T 23
. _— ‘ =1 1-cos 2n " 1-cos éL m  l-cos —ig——ﬂ
(or S w) (o 1)
. 4 n{6+ R © o n(et m)
g Isin "_'——TTJL_-_' I |sin ——_—_7T1L-—_' | : ¢
k * 2541 * IR ) }
¢ 1-cos e 1-cos 2 | S
i . 2n ‘ 2n .
; Using (4.7), we obtain C : “
o . n(o+ n{e+ i
' R 1-|sin -——-3?—11————F“ 1-|sin 22" | .
/ N c Ipl(ele)‘ < n"'éln' { : ‘ 23].':1_ “ + ﬁ2+T } (4-8)
1-cos T‘n 1-cos Tﬂ ' \
S | Stace §, = Jy + 1, so
: , | 2 i !
- I
! g .
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25,7 ' zjl+241
n{6+ —-ZT—n) ‘n(0+ '_2?"“")
sin — 5 £ sin 7
| (o )
. : . n(e+ m © o
2j¢411.
n(e+ ]2n )
= €05
. 2
¢ Hence, we rewrite (4.8) as
-7 ( ,2j]+1 ) ( 2j]+1 )
. n{e+: m nie+ T
s . 1-|sin &n | 1-]cos L
- {e™®)<n --—1—{ : s -
Zn Zj-lﬂ 2j2+'|

1-cos T

(o¢ g (o+ )
n{o+ m) - n(e+ Ll
1 1-]sin i L | 1-}cos vi n
=n “on - +
' R |
\ 1+cos »- . T+cos 5
i (o 12 )
n 9+————-‘IT n e+ m,‘ﬂ' ’3
s -@lﬁ { 2 - |sin 22" - |cos ———-—-2—-!'-———[}
2gM S
n(o+ 2:] m) “ -
Let a = 5 . Since |sin2a] €1, so 2|sinallcosal<l.

Hence sinZa + cos’a +&21§1n'a|]cosal < 2 which jmplies |sinal+ |cosal <VZ.

Therefore, we have

P (e®)| s n- {2-vZ Y

It is interesting that the inequality.like (4.3) can be established

when P(1)=a. In fact, we have [13]:
:’,-

L

. " 1 2-vZ
Note that n - n <0 =S We prove (4.3).
. ,: ., -,u ) . . . .
"4.3

PPy

L

v el ety e e

N 3
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Theorem 4.3: Let P(z) be a polynomial of degree n. If

TaT [P(z)]|=1 and |P(1)]=a, then for |z|<]
z{=1 ‘

Adwn

P2 s n -2 {(1-2) - sin(1 -a)} T (a.9)

We first prove :

~

Lemma 4.2: Let P(z) be a polynomial of degree n. _l__f_

max |P(z)]|=1 and |P(1)]|= =3, where 0< a s 1, then for |e| <l-2

IP(e’®)] < 132 , (4.10)

Proof of lemma 4.2: Let zy,..., z, be the zeros of P(z in |z]| <.

,F1rst, we construct a po'lynom1a1

k . : -
P(z) = P(z) T L-v- , .
v=1 Zy ‘ .
We claim that the polyndmial P(z) is of degree n and does not

vanish in |z|<1. In fact

-~ . -'i;'Z }‘"ikz
o P(2) = (z-z4)...e (z-zk).....(z z“) O
gt T ~2-2y 0 tz-2
: S » v k
= (~1)kEA z (z-2y,4)00ee(z-2 )(z--—-— (z-—L)
] IIIII k k+1 n \i] LR ik
ﬁin'ce z,= Py eieU. v=l yeoesk are in |z} <1, so’
-]: = ~—]—_—;— -4 eieu are outside |z| s1.
TN

. Moreover, we note that li(e‘e)l = |P(eie)| for 0 < 6 <2r because

kK 4z K o=z
(H]-]i—-}%|=n|z||:—:-§3‘=lonlzl=l. '
U= =

Under the above observation, we know that without loss of *
generality one may suppose that P(z) £ 0 in |z} <1. In order to

-4

prove (4.10), we note that

-

¥

\:ﬂ
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18
P(e'®) = P(1) +,Ie PY(z)dz
; : ,
so we have

I “’Hslm)mj P(z)dzl

s |P(1)] + le16 -llnllax P (z)| -,
21=1

Applying Erdos-Lax Theorem '(see Theorem 2.’4). we get

IPe™®)] < [P(1)] + Le -1 |
i ; 2
O el |

N 2
. -8 . (-
=a+n [sin 3| - -~

L 2 <
sa+n N C A1)
Now, if 46| < l;‘:-a- in (4.11), we have

iy, _.n l-a
. |P(e )isa+2 n &

-

_l+a
2

Hence‘we prove the result of lemm 4.2.
Now, we present the proof of Theorem 4.3.

Proof of Theorem 4.3: Let P(z) = z a, 2’ bea po1ynom1a1 of
0

) Y=
- degree n with max |P(z)|=1 and |P(1)|=a, then
. , |z|=1 ‘

o 3 rP(ei")e"ikq’dcp © (0sksn)
.. . \\ 0
' ' ] .J" [ i(u-k)¢
= 5 L age ]d¢
. . 2n -1 u=0

-7
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Hence
& 16P (eie) = z Ua e Ue R i
v=1
S 1 : ‘s
= Z u[—Z]—-I P(e_"p)e w¢d¢] 1u8 \
v=1 -T ,
n T s Y
v=1 -t B .
L . . ! -
let t = ¢ - 6, we have ' . '
‘ ca e s N T . L
e19 P|(e1a) = z EU—J P[e1(9+t)]e'1\)t
v=l €T Jog '

m . n ‘
=l J P[e1(e+t)] )3 ue'iUtdt.
-7 v=1 :

P[e1(e+t)]e'1t I ue'i(u'])tdt (4.12)
' v=1 ) .,

. L
o al\’l_,
D

| .
Since p[éi(e+t)]e-1t= Ia, 1u(e+t) -it_ z a elUB i(v-1)t

v=0 ¥ v=0 | v

add to sum z ve i(u ])t terms in e -iut with v 2 n without changing
v=1 .
the value of the integral providedl\>1 Moreover, note that

ui\z | 2 M1y (nen)" 4. 20071

{ 22 = 1422432 +...+n2z

U= ] ' . . . N

n ' .
=L 'ozu'J@+(n-])z“ + ...A-zz(n-]) Cr
v=l . ’

So we can write (4.12) (also if n-1) as .
eiepl(eie) = __I P[e1(e+t)3e it[ x ue 'i(U 1)t+(n ])e 1"1‘, S e'iZ(n"' )t]dt

vzl
L r pLel(®*t))e ¥y 1 o 1“"”tJZdt T
gﬂ vel s
e-inty2 S -
. f(o+t)q -1t (l- ) dt ‘ A
{hJ:& k ::W_' T
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i
TSI oty gt e,

1

R I

C ™ i(ert)psitfe 2 (e f-e 2 )20
2 | Pre e oo o
2

¥ e (e2 -e 2) oy
' o ;
2 2
o LM ppei(orthpite SN2 N
o )y lt sin & /
' e 2 2
Consequently nt 7
v . T . sin =&~ 2
Pe’®)) s g | ipret Oty (—& Ve
- sin §
. nt 2
. sin <
L +{ ) pre’ (@) (=) ¢ -
]—;"IES|9+¢|STT e+t|sl—r“9- L o

it
(Ifﬂ‘JlenlsJ—;‘—i) Len[ }' [ei(eﬂ)]'(smi )Zdt (8:13)

N

Since |P(z)]"s 1 for |z]<1, the first two integral in (4.13) can

be replaced t;_y: M\

sm_é—

1 ((T ' sin 923 '

S % (I 'I 1—a) ( )9t N
-n cJertfs— ‘sin 5

1 sin ﬂét- ';;, .' s1n —- x
HGHe e

T J-m\sin 3 [9+t|s sm SO )

n )sin ——\ it ' ‘

. Since J dt = 2nn, in fact for z=e

, -1 ‘sin ) .

K
: ¥

8 ' *
. . i . . 1

, nt
'2]_11 (r_rﬂi '[|9+t|5,l$) [PLe 1(e+t)]l(51n 2 )2 dt | - |
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-7 sin

- sin 3 e .
T (“" Jeof e
iV

. i J zn _ 2+z-n _d_z
' C lz]=1 z - 24271 12 . .

oo 1‘ ~ - "——'

o =—_.!_J (Z -1) d »

k| ‘2| .

2=l z (z 12 . -
- /n-1 ) : .
(nz z")2
1 I u=0 - ’ . =
. =7 — dz :
v i |zja1 2"

3 n-l ' ’
7 (V1) Y+ (n-1 )z"+ +zz(" ”

* . =

.-0.[..-

Im—\ u=0

! Y
! R R @

- \_
—t

o i

' ‘ : .
B o | -

Hence, we rewrite (4. 13) as . ’
cin At 5
10 e+t) 2 s
|P*(e )|s n --2— all- IP[e ]l —— ) dt,
e+ tls . 'sin 3 i

Applying lemma 4. 2. e gé‘t

le+t ls

-1 1 ) ._‘sin“?t‘_
e 3) =t I (in)(si t )dt gL

=n-‘(1-u'a [ ( tz)dt_- T
______ ' |B+t|s sin 5 oL
- L » . '. ¥ | ) .‘
i ' R ) L 5
“ . o . . “x g t oty "
Jl.. . o O N ) v .. {. "-",’
2 - , L . L
}/\ ‘ - h P \

K]

u_-. ,‘ ) =]:i-l . \)-0 dz B
‘ Fe |z|1 " _ i L

(W ’ ) [

\

-1 o
[ I (Uﬂ)zu “+(n-1)+ +zﬁ(“‘2)] dz .
’ '

= = 27 a_1’~ _wWhere a_fis the coefficient of 21~
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B
e o e e
.

-

/
/

' ‘ ;5 a /
- 88 - - ) .
} \ - \
\ R el N *
_(-a 2 nt -
- <n 4“1 sin” 5 d '
¥ ‘_9...]_-.9. }
. ) ne -9+'lla. ‘
- -{-2) (j:__ siant n ,
. I \Z" " ), la : "
A
n
: fo v (1-a) f1-a -1 . . ¢
L - -(}T“il{ 7]9- - élﬁ [s1n(-ne+1—a)+s1n(ne+l-a)]} ' ;
‘ : R . . ' ' oy
=n - G22d -2 sin(1-a)cos (001 )
. .
<n - {:=2) /g in(1 -
‘ sn - St [0 -a) -sin(1 - a)]
Hence, (4.9) is established. oo m )
. M “ ~ ~
Remark 4.2: For a = 0 in (4.9), wé have X -
1 1-5in] o ‘ .
[P'(z)]'sn - Zm - (4.14) EE
on |z|=1. Hence, the inequa]it_'y‘(4.3) is better than (4.14) because v
1osinl - 0.012615 is smaller tham 2572 = 0.146446.
’1
43\4: ‘ | . _‘
We now return to brqve Theorem 4.1 mentioned in the beginning
of this chapter. For the proof, one needs the following: ) -
Lemma 4.3: The integral < .
= . . .
. 9 .
1= F -n log {1 1 sin g““m};dq (4.15)
g {n#))}"  sine :

DLte remk o Ao

remains bounded as n tends to infinii;y-over the positive integers.

Proof ofs lemma 4.3: Fi\rs_tf'we break the integral (4.15) into
two parts, namely, [0, -2% ] and [721'5, -’%]. Let the integral-over [0,7'%]

‘

be denoted b;\l] ,and that over [-2"? -g—] by I,.

— ' . v
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a
< o

« -89- °
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Next, we consider the integral I,.- Note that if 0 < t-< g—, we

have
sin t z“g\t
™
T T
So for n < t < 7

0 < sin(n+l )t

]
n+)sint = e )%int =

(4.16) .

1"-1r

< 'l
(n91 ).-?- t ("H )t

Y

because if t -?— , 'then 2(n+7t

oy o1 .
2(n+1)t = n+l <1 'Hence

n+ <1 and if t-§ . then

i l )
-— 3 2 ! ! ‘ ‘
) 5 1 csin(n+1)t ’
I, =-n J ﬂ,log {1 [};T;T sint ]a}dt
2n - . '
3 ¥ |
<. T { [ T ] } dt . .
I__-n_ g zirlﬂjt -
B an . ;] A

" Using the Taylor expansion for log {1 - [m{—]—)-f]z} » e have

m
‘ g Z - 7
oo [ 2 {0 e

2k D
]t'2k} it -

3 : o
? ~ ‘ 2% (2 ’
] N . \
- 1] = -2k .
0 Lkl [ e ,,
e A 2
L i ] (I -G
- "oy K20 -2k JI\2 2n) _
'~ Mo k\2) \neT) -3 \2) \n
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U P

| eg eint, -int +_e’("°2)t+ e-j(n-Z)t‘ et e¥2t, -2t
sint 2 /. 2
.Y n/2 R .
o =142 I cos2kt - (4.18)
k=1 ..
: ’ 2 4 6
: Co z 4 z
Since cos;—]--2-T+H-ET+... . (4.19) .
) 2

: 2
So forOsxsl,cosx=1'-T”2 (4 %‘)
<h

Hence, forOstSZn (i.6.0sksjs

_Thus, for n is even and <;',:- .

Cosin(nl)t _ int

R

- 90 -

(1 S NS
;W) KT

O TGN R S
o I (——) (n"" -n)
-2 k=1 ntl k(2k -T)

N <o

ng 1

f

k

=%

o0

2k
T -
k 1 ZZk 15 (nﬂ) N

A
~n

R
S1nce A< 1

1)

s 44 ) v ® ] '
o for all positive n, we have |1 \| <§1(}=:] KKy -

Concerning the integral I;, we note that
3 ,,

( e1(nf2)t -
sint L

if n is even, then (4.17) becomes

‘Hence |12J is ti)unded because 2 —T?k—T)' converges.

?

4

e—i(n—z)‘t + e-in

Is

1.4 k2 42
3

cos2kt <1- =7 -

. , S
§lﬂ1ﬂill£.s 1+2 ¢ g]

sint e

L
—
T+
rn
-
e
[

"
-
3
res
—
A
1
wl

" 2.2
1kt n_..
- 6’ R ) +‘2(2 J)-

°

N

t .

from (4.18) and (4.20), we have

-(4.17)

. j is an integer), we.get

(4.20)

N
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sin(nt1)t
’ 0< (n1)sin t -

R - 91 - S

= (n+1) - ”t §5+1)(23 41)

(4 21)

_ If we choose j = [“] >1 -1, then frop (4. 21) we conclude that

s s (n+1)-l‘{8—t2 (;'}-1)(3-1{1)[2 ({:— :1)+1]}
v bid !

n
£
+ ——
—|
—— —A—
——
b= |
+
——t
g
1
vl
——t
m|,,
N
N
- b § .
RN
=
~——
N =3
S|
—
N
>
2]
n
—
Nt

’ .
1- ]]; ("’“l”( ) <1 ‘tifnz 4
. (n+l)n

bh

Hence, for even n 2 4, we obtain

LA ‘1
0 <1, s-n JZn]og {] [ 1" t jn nlg( )i }
! 0 : n+1)n

.

Let s = tn, we get

b [T o[- 28 w—-—]}

‘ 0 ) n+'l )TI’
x .
- Jf,oé{,_['11szg-unn 7[] }
0-. ' n{n+l )'ﬂ3
. n-‘ﬂl . ‘ ‘ )
Let a = %} n-m){ 2 we have
n(n+l)w
Fi ,
. T ‘
I < - I’z log [1 - (1 '-dsz)z] ds
0 . -
q | |
=< Ijz log (2a52 - azsa)ds L
0 %

quiying integration by pér} in (4.22) we 'get
b E :

1

(4.22)
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30 U e ey oy
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v r e

c-02 -
T

- , ) 2
I < - -{s log (ZaSZ-aZS4)} + j
” , .

{

o M=

S Tog(2as? - a%sh)

~ 2 4 P
= - & Tog [2u ( -uz ("—') ] + 1im S lYog (20.52 a2 4)
o2, 2 2 §+0

=%

. .
+ 2 aS -4a S
2 2.4
20S° - o S

Note that ' p

1) 1in S log (2a8% - a’s?)
$+0 : =
.= Tim’s log [s%(2a - o®52)]
$+0 )

2 2.2 | »

= 1im S [log S +log(2a ~ a5%)] . C,
S0
e g ° 2.2 _
= 1im [25 log S + S log (22 - a"$7)] = 0- ,
540 / P
2) " Since Zusz > uSZ,, S0 ?.aS?'--" a254 > a52 - a2$4
Hence i
o
2.4 24 e 2
4(aS” -a"S") I S J -
—L———TdSs —-(———-ﬂ—ds 4dS= 2n
Io 205% - 0 as’ 0

From 1) and 2). we get

. : 2 4 '
0< I] s’- % 109 [Zu (-121) -uz (-%) ] +21r< 10.198684 -as

‘ n— 1-
0.039418 = Y- 2 a = - D(n-n)( 21 n(' 1 )g B) . = 0.002568
., o 9 n(n+1)1r \//81:
‘and so , . ' : Y
) - 2 2 (m 4 °
' 0.003216 < 2u (7) - o (7) < 0.194482
'ﬁ'
Further, if n is odd, then (4.17) becomes .
512 :*g ¢ 2[emt;e-int . e1(n-_2)t;(_!-1(n-2)t s eit; . -it ] B

E

[

e oy b b e e

kb i e Rewmi &
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o ity
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" n-1

=2 L cos(2k+1)t

(4.23)
k=0 N

Recall (4.19), forOsts—-he Osk,.,53<22“,jisan

integer), we get . .
- . ‘ 2
cos(2k+]')at <1- 11(2k E;) t - (4.24)

»

. Thus, for odd n and J< 2n-n 2 » -from (4.23) and (4.24), we have

s »

. 2,2
_ sinfnt)t ., ( (gk+1) \ 2 (g_’l j\)
sint , k0 Ji
o
s 2 [jH R, (2k+1)2] +2 (121 j)
) k=0
- 2 j \ ‘.
* 1t 2
= (n+l),--—-]--—- I (2k+1) .
- k=0 .
) (n+1) {1 + z (4k +4k+1)
o ez
j
= (n+1) - —]—t—[ % 4zk+ 21]
- k=1 k=1 k=1
2 .
SGRUEE SIS S CANGRITHCRIE]
4
’ 2 '9-
= (n+1) - -—§—(3+1)(za+nu+3a) (4.25)
“ - Cfaemlgn-m g on-2n y
If we‘ choose j = { - J> = 1 T then fro?n (4.25), . "»
we conclude that : - o ”

sin(n+1)t < S o
0< T+ sint o : ’

=

< i o M B2+ ][ (57) ] [52)
| .

—{(m]) - ”t3 (2n - 7)(2n - 3n)(n - n)}
36w’

"

2 . ,
v 1 - 1;2 (2n < n)(2n 315)(n 1r) 4fn x5
" o (n#)) :

. > -
wif® o .
[ -
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,’ . . Hence, for odd n 2 5, we obtain . '\\ /
’ 2n | 2 . "f .
0SS Ju,g {1_[, - ¢ @n-m)en -33ﬂ)(n/1r)] }dt
. 0 . \ (n+1)w :

Let S = tn, we get
. _—

I s:-:lvjzlog Y(Zn 'nl(Zn :Jnl(n n)] } 1 4s
1 .0 (n+1)
. I . o
= Izlog {] _[] o 2 (2n- n%ﬂn 317)(n—171]2 } ds | ‘
0 : . (n+ )'n
. let o = ;16 (2n - n%iZn 3n)(n - n) . we haves .
) (n+1 )1r : '
J
I s - [0109 D-0-as")fds .
. . W Using the(same method as before, we get 11 is boun&ed. Hence,
1 we prove lemma 4.3. )
" Lemma 4.4: The integral ,
. Ll 7 . .
. ' 2 : : 2 - .
“ o oo teg i - L sinlple ]t 26)
.- : . T (n+1)F. sin“t. T+cos 2t .

I » v

remains bounaed as n tends to infinity over the odd positive integers.

Proof of lemma 4.4;/Ne break thé integral (4.26) into two parts,
( .

and [f “ 2-] Let the integral over. ,

[{— - "2n 7] be denoted by I, and that over [f -— ' 2] by 12

_ First, we ¢ nsider I,. Note that for odd n and t= 7 - 5,.0ne has”
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sinz(nﬂ)t s sir{z(n+ﬁs« ’ ' °
sin’t = coss ' ' (4.27)
1 + cos2t =1-cos2s = 2“sinzs°.' '
T > \
H;ence by change of variable and (4.27), one gets
i
Z : . 2 . ;
_ R 1 sin“(n+1)t dt
OSIZ_LT T n]og.{]- YY) }
35 - (n+1) s:n t 1+cos 2t
J . - -
2n 2 :
- I - n16g [1 - i prl)s ] ds . (4.28)
0 ’ (n+1)%cos®s 4 2sin"s :

Using [sin(n+l)s]| < (n+1)(sinsls (n+1)s and (4.16) we rewrite (4.28) as
m

n 2.2y
1 <Io-n]og[]-. L (H*US] ds

(1) . cosds

2 sinzs

V3

T

—

) ‘ on 2 2,
SI -nlog[]- 52]-;—( "Z)ds
70 4s .

Cos's

- TR L K& (‘2’5
- 2k-2

=—83(§'a);;47%7k£1i1?%ﬁ(%’5) P

Cos. n

L

T




TE TN S0 i 0 i+ st e e

A e ey

T

7 ' ‘
: ' ,
: 2 e e 2k-2 .
. - - :
* s 1"6 - 2 '1‘"' z - : ( . = )
\ . cos ('éﬁ) k=1 k(2k-1)" ‘cos e .

2n

wa, we conside‘r the first integral I]. As the argument we use

1l
o

before, wé know that i

T T
2 2n R :
I =J -nlog [1 L sin (g”lt} dt >0 (4.29)
1r (nt1) sin“t - 1+cos gt
[ ' J
. Since |sin(n+1)t] < 1 and from (4.16), we rewrite (4.29) as
v L] '
N 2 i
. 1 dt
- I, s J -nlog [1 - ] '
¢ . % (n+"l)251n2t 2cost .
. )
2 2n 2 . dt .
< I -n log [1 - ; ]
T (n+1 )?4? 2cos°t
)} .
T S
.2 on 2
= I -n log [1 -1 ] dt
- (n+‘|)24t2 25in2(t- ’2'—) )
© 4 . ' A
T | .
2 Zn ﬂ2 . ﬂZ 1
< ] -n log {1 - ] = dt
n (1)t 1 8 (- )2
. 4 )
T lets = te7, we have ’
L 2
2 ¢ 2n - -
nm’ W ds .
I, < —-——I - log |1 - ]
1 8 o (l (n+1)24(s+12'-)§ ?
4 ;
-il. -1
|
EREL < KTV (R oo R
8 : (‘n+1)24(s+12'-)2 ¢

o
7

: i

|

"Note ‘that (—L) < cos (—Z"T) for n 2 3, we kriow that I, is bounded. -

LN
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-9
S
gﬂﬁJZn;l[ 2 ]kds
© Bl ok (nﬂ)@ﬂ(s'r%)z‘ )
4 .
L '
8 [ S I PO TY 1
‘ x Ko 2(n+1)d. s%(s+ 3)
"7
I
=mr.2.;;1[ n ]ZKJZ" ds
B K] | g Fse HE
3
Since”-% s‘ss--z% for nz&,_ﬁg get s +12T—(2'—§-. Hence,
1r -
LS
178 o kel g 5@
T
. -% <
=m£;°1(2)2"] " ds :
8 o K IV "\:2
| SRR .
| _nn? S T[22 2"(21-1 '
=8 L kA T oo
k=1
>
b 2k o
=_n_2_v.r;1_(_z_) (1- 2)
4 k=1k n+l n -
g 2 2k
nm oo 1/2 {
<7 I 'k‘(ml) \
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J’ [
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R . N '1(._2_2“"” -
: . (n+]) k=1 k n"", :
2w v ke *
n_m 1 ( 2 ) ;
= 5 L —5]} is bounded, - :
(n#1)2 k= K*T A/ R | )
This proves lemma 4.4. '
Now, we begin to prove Theorem 4. 1//
Proof of Theorem 4.1: First, we consider .the following trigonometric
polynomial of order n . /
no n
gp—— ( z exke) ( o e-me) :
(n41)" k=0 2=0
: RIS 'n?e"i sin//ﬂ;le 7%9-1' sin ﬂé’le
=l-— (e ——T——-—) (e —-—-é—-—)
) (n+1) sin 3 sin 3
oy st o
=1- Z g 20 .
(n+1)‘ sin 7 , : ‘
By lemma 3.1'. there exists a polynomial P (z) of degree n such
that =~ 2 M
P (ef9)72 =1 - ! s’ 2 :
-0 A (n'rl).2 sin -g- .
: - s .2 n+l . .
. K sin 0
e 1. p () s '2;7_ . (4.30).
< _ (n41) sin 7 ’
* “From (4.30), we know that
1) Pyte’®)] <1 )
o sin ﬂ;—l-e R
2) Since lim - = 1, we have P, (1) =0.
Co 8-+0 (n+'l)2 sin’ g— ‘ " .
Hence Pn‘(z) e‘Pn.‘ .
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'for p27and |pe -1] < 1, we have

»>

Now, -consider P+(z) be the one satisfying (4.30) which does not _
¥
vamsh in |z] <1 and assumes a positive value at thé’ origin.” In fact,
for any z, in |z| < 1, the factor (z ~zy) in P L(z) = c(z-z])..;...

(z-2))..... (z 2 ) can be replaced by z,(z - /z]_; “to, get

Qp( z)=cz(z-zl) ..... (z-‘/zU)..u...(z-zn). -
apd we easily see that |P, (e*°)| = 10, (e®)|. Also note that . -,
e 17p (0) IP (0)} >0 where y =arg P (0) Now, if we 1et« ‘
P (z) = e WQ (z)d then the polynomial P*(z) is the required one.

Next. for |z| < 1, we c'Ia1m that . T

21r t
+ = __ + . -
. log Pn(z) 5r JO 1t 1og|P (e ) ldt ' (4.31) ’

In facty given zg(lzgl <1)s by Pmsson-Schwarz formula for |z5| <p<1,

we have
n

4

log QP;(

5 1t
Pe ) 1og|p+(pe"‘) |dt (4%32)

(see Complex analysis by Alhfor

Since lpe'it-ll"2

S iét_ 1 -it v it 1 it 4
=p(Vp e -\7—5&2)(9 2-7562) B
= p{p + - - eit-e-it) ’
:p(p+%-2cost) ~ .s.
. 1 2 ¢, &t |
-p(p+-p—-2+451n 7) .
r
Note that (Vp ---) 20, one has Ipeit ]22p4sin2§ So

. 2
1 o .




‘ - 4
* ‘%100 - A
' L 2
, »
' 12 pelt 2 2v5] sintf 22 , 1 It
) 2 R
(recall 4.16). Hence
A it L x '
- {Toglpe " -1 ‘ < log — + tlog|t l
|g{ [| = 109 Z+ t1ogjtl

‘ < -
For other values of p and t, it is obvious that lloglpeit-]ll {s"

P*(pe

Hence :

4

) (pe 1)9(pe

L ]

b.

<

fe

(2

1F

*
.

2,4 .33)

o T T,

" bounded. Recall that P*(z) has fhe property P+(1) 0, so we have

~

!
-
£
X
k4
4
"‘
2 3
~ -~ i
H
)
:é'
i
p
§
N

logloe't-1] + 109I9(pe’tfl' ' N

. : it
., N o K_ ]0 n pe ) |
. , u | )

App1y1ng Lebesque convergence Theorem and lett¥ng p +~ 1-1n (4.32),

ity -

IA

constant + ’log|t||+ + loglg(pe

B A I 2 BT

.

;b .

we get (4.31). Besides, the function iP;(e )| 4s integrable over

[0, 2], we can differentiate (4.31) uﬁaer the integral sign (w.r.t z)

and get
+'
Pt (2)
*pH(-
P(2)

L

for |z]<1. We are interested in PH (- 1) and

z = -1 as well.

-

i "

7

a4

(i}

n21|'-0 (e

0 (e

Now, for odd n, we note that the funct1o£

+(e1t)32 = 109 {1 -
L og [P(e' )1 = 1og {1

[ 4

-z)?

(n+1)2 .

sin >

\

1 (2 (e it z)j]l (eit+2)( 1) ]oglP+(eit)ldt -

L

o
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* On the other hand, _En_(_f?_l = 0 which implies ('Iog[P (e

3 gy e - .. PR - -

‘ ’
q .
. .

t z v since (n+1) is even, S0 (4 35) bacomes 1og{P"”(e

i
' PR (e) , |
/ayt\':“‘{f- Hencg, if we let 6 = Jz-fnin {og» 1}, then for |t'-m|<8§, we
have ' . . &
+ 2 _ 2 -
1og]P (e l = (t - 1r) a(t)

. T R
where /;(t) is continuous on |t - 7| < 8. §o if

~ t . . . .it ' ntl), ° '

{

then for 0<p< 1, lt-nls 5, we get ‘*}\
lfp(t)l = "‘“"‘11 5 .(t - m)? g(t)
le "4p]° .

A
. F—-——-ﬁ—l?(t-'ﬂ) u(‘t)

tpe

4

4 , *

2
;'/= ’rpe'i(t'“t] lz (t - 'ﬂ) u(t)

. 1‘
Sipce |pe1t-'l| 2 2vp sin -2— , we rewrite (4.37) as '

ol t-1)elt: )

4 sin “

T If (t)l-

>

. Let B(t) M 'Eh n B(t) is mtegrab]e over It-w|< 8.

4 sin» \

l 1 s1n2 , 4.36
Tolt) - (e1t+ )eﬂk" { (n+1)}  sin’ % } (4.36)
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. Moreover, for 0 <p< 1, § <|t-n"| s, wehave
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3
4

| ”] .zl = 3 ], . Since §'< |t - |, s0o cost 2 cos(m-8). ‘
(e “+p) | 14 +2pcos t , -
Hence Tt'] 5 < ! . ‘Wiso note that S
“le’ p| ]+2pcos(n-$)+p - : TN
s 8 ! -
’ 'I s1'n2 _(__)_n 1 t ‘ ‘
‘log {1 - 5 5 t } < 0, we get (4.36) “as -
: (n+1) sih e . , >
oy s 'n%lt
- | (t)] < > 1og{1- 5 7% }
RE 2pcos(1r-6)+p ’ (n+1) in ~2-
Applying Lebesque's c_onverge_snce theorem‘ again we have
1 (2m ) ;q (2m ( )? L
11m——j~ft~dt=~—[ftdt.. - | ~
) “. . p+1 2" 0 p‘ " 2‘" 0 ] . 'r . ‘ | -
. :ySiggce,"log {P':l(eit)}2 =0at t=7, so P;(‘-l)=l. Consequeltly,
i:'from (4-34),an& (4.35), we have. . . A , ‘ C.
1om \ . v
Voo . . 2 n+l
2n it . .sin® ——t 4
\\"’P"'(” 2nJ iz 109 {'4' ) —t— }dt
- 0 . (e "+1) L (n#1)" sin 5 i
L g t ’ R .‘ s ' @
~ ~ Note that P;'(-1)<0, so
RN = R (-T) L
. - -]r’Izn oit ) sin? ‘%’lt
. = - —-'——2- log { : } dt .
o =2 Jg je1t+]) U ()2 ‘ sinz' 52;- -
oo , .
— 5 ) . . \ 1
; - t -~ 4 . , v ‘
Letu;-f,we get N | . n o ‘
1 (" ' 1. - sin (n+l)w‘ - L 5
P (m--—j tog.{1 - — | |
IPn T Jp -(—W;)T ‘ (r‘iﬂ)2 smztp ' ) 1
‘ . i - . | <
12w . 2 .
- LT J’Z {1_ ] sin“(ntl)e } do
TlJg (em 2 : (n+'l)2 sinz(p ‘ ' o
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® i‘ .- ,’;‘ - 12(0 ' ‘ . v o .
: « 4 [ Ly tog {1-—1 singrlle b o | qae))
D « 2 (e )° . )’ sin ( |
i L | -
Consjder the second integral 1n! (4.38) and 1et Y= m -9, we have .
S ) J‘O g2 (m-v)i ‘* {] 1  sin (n+]li1r-ﬂ)l} dy -
‘ ’ 0 “ T [E'L (- lJ’)+1_']2 {n#]-? sin? (m-y) -
‘ . 2 - | ' /
\ . " S - 2“1_2‘1)1 ]Dg ]' 2 2' dq’ « .
X A [e ] , (nt1)°  sin®y T
. . 7 ) ‘ R
» - 2 -2 . 2 v )
. Co e ] sin (n+1)&} N .
L . = 2t 10g {1 - dy :
L Jo (¥ U ()2 sinfy '
- ) ‘ Hence'i,é we rewrite (4.38) as . - ‘
o e :
;. . [ e { . sin ("Hn}dtr '
(,A 2 . T Ly (eiz +1) \ \.(nﬂ) sinztl‘ ' -
L t ' ) : '121'_ 2 . . «2 .
\ » ! r ' ]t R " : ( 'H)t 4’
v : log { . n }dt ’ .
, A Jo (& ?1't+1) ”’(m-lv)z sinft . ' ’
T 7ot o o2, | '
’ . 2it L =2it - ’ \ o
-3 I (St 2z | Yoo {] Ly (Tnﬂ)t} A i
- " T (e*'t41) ( +) (n+1) sin“t T
\ ., ¢ % t . . . . Do
s 17 7 1 sin (n+1)t*\} . : b
Y ) . '.'..‘ -, — -T——W ]09 { ‘d . ! N ’
: ' ' _ J() (e te ) . (n+1)2 s1n t R : ’ .
SRR N W A A T
i» ' gt 0 T e 2 st C(nt1)? sin‘t gj .
. ‘4 , \r,. . ,‘ ‘ ﬂ- ’ . l AL/ 5 . \' @ i
R | —,E log {1.: 1 sin(nn) } '~ SR :
- e | si 2@:- 1+cos 2t} ° e -
1{‘ . . . - \ A '.\_/ ) S . A ?
o » LA
v 5 ‘ ) .
’ ././\\ T T T T : L .
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' Secbndly, ifm

.- Jos -

sin

il .
F : a2 .
<. %-[%-f."log {]_ 1 5 siq (g+1)t} it
0 (n+1) in“t
k - ‘
2

%

. R ! , 2
+ I log.{l- ] ” sinAjg+1)t } dt '}
Lo0n {n+1)" sin't T+cos2t 4 .
) ~z.. . : " ) .4
.111-. . . N )
. . hd , ! . 2 @ ,
< %-[%vl -n log {1- 1 5 s1n (gf])t} dt’
: 0 ! (n+1) sint
. T ) oo
7 -
S I “n Tog {]_ ] 5 s1n,(n+1)t }- dt
,% © (ntl1) sin2¥ T+¢os 2t

.
] »
-

-

App1y1ng 1 emma 4 3. and 1emma 4, 4 we*know that there “exists a-

positive constant .such jthat W,
g +
¢ <
[Pt (- 1)J <5

L
Next, consider the case that n is_even,

consider gp(z) =

1) g0 = P 0
2 m g2l g0 = [RnT
1 z|= :
qa) g (-1)] = 2Ph!(-1)| g2 £ = Z_E_,
., .2
where c' =

*

4C. X b L4

](z) ](z) is of degree n such tgat

S 1) b (4) = P+1(1) pt ,(’1) 0

g

i

1%

First,

.

ifm

Yg

.2) max Ib (“]”'b ”])=P+_1( 1) P+]( 1) 1
o 2=

2

is odd

[Pm( )]2 is_a polynomjal of degree n such that

at

bl

= %- is also _even, consider the polynomial b,(z) =

N
oy
!

’

]

b

0 o
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3) bilz) = PE(2) P (2) £ P (2) P () n
Hence l '

Bp(-1) = By (1) Phiy (1) + PR(1) PR (1) = P (1) + PR ()

. <
Hence . . Lo

[bA(=1)] = = bi(-1)

c c : 4 -

wT ¥ ReT
= (m-])+c§m+])

~m2-1

A

4cn < ¢t
n2-4

where 8¢ < c'.and n'> 2° -
{

Thus, there exists a pdsitive constant Cq and, for each n, a
po]ynom1a1 P n(z) € P, with P al=1)=1, P'( 1) <0 and IP'( 1] < 4.
n
Now, let G (z) = (-1)n nP (EJ is a po1ynom1a1 of degree n such that
1 8,1 = (-1, (3)=0
2) 6 (-1)= (-1)"(-1)“pn (-1)=1 .
‘ C

3) Since 6'(z)=(-1)" {-2"“2p'(l)+n M p (l)}

n n‘z n'z’[.

(" =0 Zpp-1en (-1 (1)}

~S0 G;(-T)
. = _(_])ZH-ZP;I(;‘ )+n(_”2n-1 i ' '

"= -P;,(-x)-n,r'
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= | -106- :

i N .

" ‘ = B \
Hence 'Gn_( 1)] Gn( 1)
. = ’| -
. n+Pn( 1)
.‘. = n- [Pp(-)] | :
] >ne- _cﬁ]_ ‘ ) N
Hence, there exists a polynomial Gn(z)’ e P, for which
' (]
IGn(-l)I‘an- A
" Consequently, max [max IP'(z)’] 2n= % where. ¢ is absolute
N P(z)aPn lz}=1 - - .
- constant. Thus, we complete the proof of Theorem 4.1.
. \ ‘
A ¢ "
g - wo ,

/
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Chapter V

Computer ‘Calculation ‘

5.1

‘In this chapter, we presc}ant some computer calculation concerning )

z|=1 Z|=
Theorem 1.1, TaT IIP'(z)l < n whereas if one of the zeros is
z|= ,
prescribed on |z]| =1, namely P(1) =0, from Theorem 4.1, Tax (P"(z)l
z|=1
is never equal but 'very near' to n.  The proof of Theorem 4.1 does

‘not reflect on what the constant ¢ in (4.2) should be expected. So,

N

it would be interesting to. consider a polynomial with one zerp at z=13 /
j.e. P(1)=0 and compute the concerning quantities, in particular ‘ /
related to c in (4.2). " We nl_ake“ calculation for the polynomial of S

. ¥
degree n=2, 3 and 4. In selecting a polynomial, note that after one /
zero is prescribed at z=1, all the other zeros can be taken inside

. ¥
lz| <1 to get a larger value of ri\ax“ |[P*(z)|. This is suggested frgn('
1 ' /

Fi 4

Theorem 1.6. In fact, 1et-P(z) be a polynomial of degree n with /

/,

the

P(1)=0, k(<n-1) of its zero, Zys.eesZpyy are in |z| > 1 and

rest z,,os...,2, are in [z| 1. i.e.

n /

"k n
P(z) =(z-1) 1 (z-zu)n (z-2z)
v=2 " u=k+2 M
k+]

: — - . 1. " /
Consider Q(z) =z,...Z ,a(z-1) 1 (z-f—) n (z-2z), then
I 2k v=2 H

VI Vil 3 A ‘ . |
- |P(2)| = [a(2)] |

on |z]=1. Since Q(z) has all its zeros in [zl <1, from Theorem 1.6,

/ ) s
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- we have Co

. degree n=3 and 4.

// ) ",-jUB-

1PH2)] 5 19'(2)]

on |z|=1. Thus, for Bur purpose, we can take all the feros inside

!ZIS]. " ‘ '. ?

For each n, we calcu]ate

- max [P (2)] max Pz)] O (5)
- MClA ML ,
and ‘ i
| ¢ n.- Bn - (5.2)

Our study is neither comprehensive nof 1eading'to"any definite
conc1dsion..“Hdwever, ig\is intéresting to observe 'a surprising
caincidénce. For n= 2, the polynomial which gives max B is
"approximately" the same as dsed by Callahan in (3.§) and Giroux-

Rahman in (4.30) having all its zeros in |z| < 1;|we'shai1 refer such

. polynomials as Callahan polynomial. Thig observation is repeated for

»

5.2

. We preseni the above observation here:

162. ’

For n=2, let z; =1 and the other zero be z,=r.e We vary
1 t zero be z,= 1y

ro from 0 to 1 with increasement 0,001 and 8, frof 0° to 180° with

step 1° to generate the polyndwfials of. degree 2 with one zero at z=].

For each such polynom1a1 we calculate B and C; and opéenve

max B = 1.760173 - . . . - > (5.3)
min C = 0.479653 * . . L (si8)
Thé polynomial having the“Sbove B. and C\{sj S i"
. R § . b e
. : J
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=109 -
P(z) = (z-1)(z-0.255 ¢'80°) " (5.55)
(see Figuré 5.1) o y . “'&*’l”
’, ,N

Fy

Figure' 5.1

We note here that B and C in* Callahan polynomial of degree 2.

(see remark 3.1)

pz) = L2+ YB) (, _1)(z50.268 o180 . (5.6)
are ‘ | '

B = 1.756307 e - (5.7)

C=0.481386 - , o (5.8) -,

For n= 3, let A =71 and the other zeros be z,=r, ew‘-" » U=2,3,

‘First. We vary r,, rq bgtween 0.and 1 with.increas'er:ent 0.1;

02’= 90°, 100°, 110°, 120°, 130°, '135°, 140°,’ 1‘50"’,‘ 160°,-1709.180°;
8 between 180° and 270° with increasement 30°. W¢ find that the”

»

S
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polyrnomial hav*i.ng max B and min C is
P(z)s= (z-1)(z-0.4 e“35 )(z-0.3 e1240° 3

¥

Later, we refine this resu'lt by varying rz, rs with. 1ncreasement 0.01;
02, 83 with increasement 1°. Finally, we observe
max 8 = 2.79784 - (5.9)
min C = 0.606475 : T (sao)

" The polynomial-having the above B and C 1is

P(z) = (z-1)(z-0.28 e“3‘°)(z-o.‘z\a o1228.8% (5.11)
(see Figu 2) ' A
| 461 128-18° - '
0,280 | f\\/ \ =
. 'e‘ X I Z=] 4 .
0..28e 0’346.!31231.82 B
o/ ‘ _
Figure 5.2
The corresponding Callahan polynomia'l
! | , (5. 12)
(see‘ remark 3.1) has the fo'ilovn‘ng':
.B = 2,781619 ' oo - (5.13)
.‘ c -

0.655143 SRS - (5.14)

s 4
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(see Figure 5.2).

& v

For the case n=4, let zy be one and the other zeros be

‘zU=r e’eU, v=2,3,4. First, we vary rz,~ r'l3;'r4 between. 0 and 0.5

v
with increasement 0.1 ;'°92 = 90°, 64 = 180°, 6, between 0° and 360°

" with increasement 30°, we observe that the polynomial having max B and

min C is
P(z)=(2-1)(z-0.32 e 0 )(z-0.33 ' 180"} (z - 0.32 &' 777").
Then we fix 63' = 180°; vary 9'2 from 90° to 180° with increasement 10°;

vary 64 from 180° to 270° with mcreasement 10°. We get the polynomial /

P(z) (z-1)(z-0.5 e”°° )z~ 0.4 ¢'180°) 0z - 0.5 £1260°)

-

Finally, vt refine this. resu]t by varying r e 2,3,4 with
increasement 0.01; 0,5 6, with 1ncreasement 1°, then we get
max B = 3.854964 e (5.8)
min C = 0.580143 o B (5.16)
and the corresponding polynomial is ' ;
P(z)=(2-1)(z-0.38 ¢ 19" )(z - 0.33 e”3° )(z 0.38 e’257 ) (5.17)

]21"

%

'Figure 5.3. c - '
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Further, following the technique used in remark 3.1, we get the /)
Callahan polynomial of degree 4 With max |Pf%9|= 1:

_ |z|=1
.vL 2¢T§ _»ffg
P(z) = H 1+VT5 5 i)-V-30- l(z )(Z+§__2__5_)
ZO\F ~ i '
, (z- -1+v15 i+Y-30- 2\’1"1)( _,-1~~/T§i+\/-30+2v‘l'5'i)
ko T 1’@} 4. < 4
M p N % 19
i.e. - %D—’/" ‘ ‘

A 13
.

Voan o AE T
P(z) = V3wE I(—]‘*Tg j)~ V-30-2 V15 11(2-’1){1 0.419 eﬂOO 25 )
20‘/2

@

(z-0.382 e”8° )(z 0.419 e‘259 3% (5.18) .

(see’ Figure 5.3). - We also calculate the B anc C,for this polynomial

" and get: - { ‘ ' S T .
{ ‘ . .
B = 3:842233 R PR R 1)
C=0.631069. * A 1)

We cannot conclyde with so.Tittle evidence that the Callahan

polynomial is'the g&tfémaT polynomial for‘Theqrem‘4;1. but there may-

be such a.possibility. 4 *
L
' {
”
A . - : o
. . r Jl‘
/ ) ‘ ¢ by
o f ’ @
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