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ABSTRACT

Parameter Estimation in a Two-dimensional Commodity Model

Wenxi Liu

We consider the problem of estimating the parameters of an unobservable model for the

spot price of a commodity. Using the observable time-series of the term-structure of futures

prices and a filter-based implementation of the expectation maximization (EM) algorithm,

we calculate the maximum likelihood parameter estimates (MLEs). New finite-dimensional

filters are derived that allow the EM algorithm to be implemented without calculating Kalman

smoother estimates. The method is applied to a two-factor commodity price model.

Keywords: Filter-based EM algorithm; Parameter estimation; Futures prices; Kalman filter
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Chapter 1

Introduction

Elliott and Hyndman (2007) demonstrated the main steps of a filtering approach to parame-

ter estimation for a model of commodity spot prices using observed futures price data. The

general method was illustrated with a one-dimensional model. In this thesis, we apply the

approach to a higher-dimensional model, the Schwartz (1997) two-factor model.

To find the maximum likelihood parameter estimates, rather than direct maximization of the

likelihood function, an iterative procedure, the expectation-maximization (EM) algorithm can

be used. Each iteration consist of two steps: expectation (E-step) and maximization (M-step).

We follow the work of Elliott and Krishnamurthy (1999) and Elliott and Hyndman (2007) to

derive finite-dimensional filters required to obtain the maximum likelihood parameter esti-

mates for the model via the EM algorithm. In order to use the filter-based EM algorithm in

higher dimensional commodity models, we found it necessary to extend the results of Elliott

and Hyndman (2007). Fontana and Runggaldier (2010) extended the method of Elliott and

Hyndman (2007) to apply the filter-based EM algorithm to a credit risk model. We adapted

some of the notation in Fontana and Runggaldier (2010) and further extend the method of

Elliott and Hyndman (2007) in order to apply the filter-based EM algorithm to the two-factor
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commodity market model of Schwartz (1997).

The thesis is organized as follows. Chapter 2 reviews the Kalman filter, maximum likeli-

hood parameter estimation (MLE) and the EM algorithm for state space model. Chapter 3

gives details on the application of the Kalman filter and the EM algorithm to the Schwartz

(1997) two-factor model. In chapter 4, we present empirical results with simulated data and

compare the filter-based approach to the EM algorithm developed in the thesis with the di-

rect maximization of the likelihood function, to estimate model parameters. Conclusions and

possible future work is presented in Chapter 5. Proofs of the EM algorithm updates of the

model parameters and finite-dimensional filters are given in Appendix A and Appendix B,

respectively.
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Chapter 2

Kalman Filter and EM Algorithm

In this chapter, we review state space models, the Kalman filter, maximum likelihood estima-

tion (MLE) and the expectation maximization (EM) algorithm. Our main reference for these

topics are Anderson and Moore (1979), Harvey (1989), Elliott and Krishnamurthy (1999) and

Elliott and Hyndman (2007).

2.1 Kalman Filter

Let θ be the parameter vector in some compact space Θ. A stochastic process {Xl}Nl=0 ∈ Rm

is defined by the transition equation

Xl = cl (θ)+Ql (θ)Xl−1+Gl (θ)ηl, l = 1, . . . ,N. (2.1)

We call Xl the state vector, as it is an m×1 vector and assume X0 or its distribution is known.

However, the sequence {Xl}Nl=0 is not directly observable. In equation (2.1) cl (θ) is an m×1

vector while Ql (θ) and Gl (θ) are both m×m matrices. Randomness is incorporated by

assuming ηl is an m× 1 vector of serially uncorrelated normal random vectors with mean

zero and covariance matrix Im (anm×m identity matrix) with respect to a probability measure

3



Pθ.

The measurement equation

Yl = dl (θ)+Ml (θ)Xl+Hl (θ)εl, l = 0, . . . ,N, (2.2)

connects every element of Xl to the M× 1 vector of observed variables at time l, Yl . In

equation (2.1),Ml (θ) is an M×m matrix, dl (θ) is anM×1 vector, and εl is anM×1 vector

of serially uncorrelated normal random vectors with mean zero and covariance matrix IM (an

M×M identity matrix) with respect to the probability measure Pθ. The discrete-time Kalman

filter is used to estimate the unobserved variables Xl based on observationsYl . The best mean-

square estimate of the state vector, µl, among all Yl = σ(Y0,Y1, . . . ,Yl)-measurable functions,

according to the definition of conditional expectation, is

µl = E [Xl|Yl]

with covariance matrix

Pl = E
[

(Xl−µl)(Xl−µl)
′ |Yl

]

One-step ahead predictions of those quantities are defined by

µl|l−1 = E [Xl|Yl−1]

Pl|l−1 = E
[

(

Xl−µl|l−1
)(

Xl−µl|l−1
)′ |Yl−1

]

.

There are two steps in the implementation of Kalman filter, the prediction step and the updat-

ing step. The prediction step is given by the equations

µl|l−1 = cl (θ)+Ql (θ)µl−1, (2.3)

Pl|l−1 = Gl (θ)Gl (θ)
′+Ql (θ)Pl−1Ql (θ)

′ (2.4)
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for l = 1,2, . . . ,N.

The updating steps are given by the equations

µl = µl|l−1+Kl

(

Yl−Ml (θ)µl|l−1−dl (θ)
)

, (2.5)

Pl = Pl|l−1−KlMl (θ)Pl|l−1 (2.6)

Kl = Pl|l−1Ml (θ)
′ (Ml (θ)Pl|l−1Ml (θ)

′+Hl (θ)Hl (θ)
′)−1 (2.7)

for l = 1,2, . . . ,N. The quantities µ0 and P0 are needed to initialize the Kalman filter and are

assumed known.

One way to estimate the parameter vector θ is to consider the observed likelihood. Suppose

we have (N+1) observations denoted as {Y0,Y1, . . . ,YN}. Let {Pθ,θ ∈ Θ} be a family of

probability measures on (Ω,F) all absolutely continuous with respect to a fixed probability

measure P0. The likelihood function for computing an estimate of the parameter θ based on

the observations {Y0,Y1, . . . ,YN} is

L(Y0, . . . ,YN;θ) = E0

[

dPθ

dP0
|YN

]

(2.8)

where YN = σ{Y0,Y1, . . . ,YN} is the filtration generated by the observations. Thus the maxi-

mum likelihood parameter estimate (MLE) of θ is

θ̂ = argmaxθ∈ΘL(Y0, . . . ,YN;θ) .

From the measurement equation (2.2), we can conclude that the conditional distribution of Yi

given Y0, . . . ,Yi−1 is normal with mean vector

Ŷi = di (θ)+Mi (θ)µi|i−1

and covariance matrix

Mi (θ)Pi|i−1Mi (θ)
′+Hi (θ)Hi (θ)

′ .
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The log-likelihood function, l (Y0, . . . ,YN ;θ)= logL(Y0, . . . ,YN ;θ) can be written in prediction

error decomposition form

l (Y0, . . . ,YN;θ)

=−MN

2
log(2π)− 1

2

N

∑
l=0

logdet
(

Mi (θ)Pi|i−1Mi (θ)
′+Hi (θ)Hi (θ)

′)

− 1

2

N

∑
l=0

(

Yi− Ŷi
)′ [

Mi (θ)Pi|i−1Mi (θ)
′+Hi (θ)Hi (θ)

′]−1 (
Yi− Ŷi

)

. (2.9)

Then numerical maximization techniques can be applied to equation (2.9) to find the MLE θ̂.

2.2 EM algorithm

An alternative to direct maximization of equation (2.9) is the ExpectationMaximization (EM)

algorithm. Let θ̂0 be an initial parameter estimate. The EM algorithm produces a series of pa-

rameter estimates {θ̂ j}∞
j=1 which should converge to the MLE θ̂ provided certain conditions

are satisfied as Wu (1983). Two steps are involved in the EM algorithm for each iteration.

The first step, called the Expectation step (E-step) is to compute Q
(

θ̂ j, ·
)

, where

Q
(

θ̂ j,θ
)

= Eθ̂ j

[

log
dPθ

dPθ̂ j

|YN
]

. (2.10)

It can be shown that

Q
(

θ̂ j,θ
)

=−
N

∑
l=1

ln |Gl (θ) |−
N

∑
l=0

ln |Hl (θ) |+Eθ̂ j

[

R
(

θ̂ j

)

|YN
]

− 1

2
Eθ̂ j

[

N

∑
l=1

(Xl−Ql (θ)Xl−1− cl (θ))
′
G−2l (θ)(Xl−Ql (θ)Xl−1− cl (θ)) |YN

]

− 1

2
Eθ̂ j

[

N

∑
l=0

(Yl−Ml (θ)Xl−dl (θ))
′
H−2(θ)(Yl−Ml (θ)Xl−dl (θ)) |YN

]

(2.11)

where G−2l (θ) is
(

G−1l (θ)
)′(

G−1l (θ)
)

,H−2l (θ) is
(

H−1l (θ)
)′(

H−1l (θ)
)

and R
(

θ̂ j

)

is for

terms not depending on θ. In the next section, we give detail on how to derive equation
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(2.11) using the reference probability measure technique which has been used extensively in

filtering theory. The second step, called the Maximization step (M-step) is to find θ̂ j+1 = arg

maxθ∈ΘQ
(

θ̂k,θ
)

. In practice, we set the derivatives of Qk as in equation (2.11) to zero and

solve for θ.

2.3 Reference Probability Measure Technique

In order to compute the expectation in equation (2.10) and derive equation (2.11), we use a

reference probability measure P̄, which is easier to work with. Define the densities

ϕ(x) = (2π)−m/2 e−x
′
x/2 f orx ∈ Rm (2.12)

φ(y) = (2π)−M/2
e−y

′
y/2 f ory ∈ RM. (2.13)

Define the σ-fields Gk=σ{X0, . . . ,Xk,Y0,Y1, . . . ,Yk} and G∞ = ∨∞
k=1Gk. We assume the exis-

tence of a probability measure P̄ on (Ω,G∞) such that under P̄, the Xk are i.i.d with density

in equation (2.12) and Yk are i.i.d with density in equation (2.13). That is to say, Xk ∈ Rm are

i.i.d Gaussian random variables and Yk ∈ RM are i.i.d Gaussian random variables. From the

reference probability measure P̄, we construct the real-world probability measure Pθ under

which Xk and Yk satisfy equation (2.1) and (2.2). Define

λ0 =
φ(H0 (θ)(Y0−M0 (θ)X0−d0 (θ)))

|H0 (θ) |φ(Y0)
.

For l ≥ 1, define

λl =
φ(Hl (θ)(Yl−Ml (θ)Xl−dl (θ)))

|Hl (θ) |φ(Yl)
ϕ
(

G−1l (θ)(Xl−Ql (θ)Xl−1− cl (θ))
)

|Gl (θ) |ϕ(Xl)

For k ≥ 0, define

Λk =
k

∏
l=0

λl (2.14)
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Now we can define a new probability measure Pθ on (Ω,G∞) by setting the Gk-restriction of

the Radon-Nikodym derivative of Pθ with respect to P̄ to be

dPθ

dP̄

∣

∣

∣

∣

Gk

= Λk.

Kolmogorov’s extension theorem (Karatzas and Shreve (1991), p.50) shows the existence of

Pθ on G∞. Lemma 2.1 of Elliott and Hyndman (2007) showed that under the new measure Pθ,

εl = H−1l (θ)(Yl−Ml (θ)−dl (θ)) l = 0,1, . . . ,N, (2.15)

ηl = G−1l (θ)(Xl−Ql (θ)Xl−1− cl (θ)) l = 1,2, . . . ,N (2.16)

are sequences of i.i.d N (0, Im) and i.i.d N (0, IM) Gaussian random variables. So from the

measure P̄ under which the signal and observation are i.i.d Gaussian random variables, Lemma

2.1 of Elliott and Hyndman (2007) enables us to construct a measure Pθ under which the sig-

nal and observation satisfy the dynamics given by equation (2.1) and (2.2) with vectors and

coefficient matrices (c(θ) ,dl (θ) ,Q(θ) ,Ml (θ) ,G(θ) ,H (θ)). We should point out that the

process of constructing Pθ based on the existence of P̄ is invertible. So, starting with the real

world probability measure Pθ, we can construct P̄ directly without necessarily assuming the

existence of it. We define P̄ by

dP̄

dPθ

∣

∣

∣

∣

Gk

= Λ−1k .

It can be shown that the signal and observation are mutually independent normal random

variable under P̄ using Bayes’s theorem. That is, for any measurable test functions f , g

Ē [ f (Xk)g(Yk) |Gk−1] =
∫
Rm

f (x)ϕ(x)dx
∫
RM

g(y)φ(y)dy.

Further details on deriving equation (2.11) can be found in Section 2.4 of Elliott and Hyndman

(2007).
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Chapter 3

Application to a Commodity Model

Elliott and Hyndman (2007) implemented the EM algorithm to estimate the parameters of a

commodity price model based on geometric Brownian motion using simulated data and com-

pared this to direct maximization of the likelihood.

However, the geometric Brownian motion model doesn’t capture the observed empirical fea-

tures of a commodity price model since it assumes the instantaneous convenience yield and

volatility are both constant. The two-factor model of Schwartz (1997) assumes, the spot price

of the commodity, S, and the instantaneous convenience yield, δ to follow the joint stochastic

process:

dSt = (µ−δt)Stdt+σ1StdB
1
t (3.1)

dδt = κ(α−δt)dt+σ2dB
2
t (3.2)

where B1t and B
2
t are two correlated standard Brownian motion with

d < B1. ,B
2
. >t= ρdt

In equation (3.2) the instantaneous convenience yield follows a Ornstein-Uhlenbeck stochas-

tic process. The parameter κ is the speed of mean-reversion and α is the long-term mean of

9



instantaneous convenience yield.

Define Zt = lnSt , thus by Ito’s lemma, the log-price of the commodity follows the process:

dZt =

(

µ−δt −
1

2
σ2
1

)

dt+σ1dB
1
t (3.3)

Under an equivalent martingale measure Q, the joint process for the spot commodity price

and the stochastic instantaneous convenience yield is as follows:

dSt = (r−δt)Stdt+σ1StdB
∗1
t

dδt = [κ(α−δt)−λ]dt+σ2dB
∗2
t

d < B∗1. ,B∗2. >t= ρdt

where λ is the market price of the convenience yield risk and is assumed constant. The

observations used to estimate the model parameters are futures prices. A futures contract is

an agreement between two parties to exchange a specified asset of standardized quantity and

quality for a price agreed today at a certain point in the future. In the market, people use

the mechanism of marking to market so that the value of the contract is zero at any time.

Motivated by the features of a futures contract, we now define the futures price.

Definition 3.1. The futures price at time t for maturity T of the FT -measurable underlying

asset ST is F (S, t,T) = EQ [ST |Ft], where EQ [ · ] is the expectation with respect to the risk-

neutral measure Q.

Jamishidian and Fein (1990) and Bjerksund (1995) have shown that the futures price at time

t with time to maturity τ = T − t is:

F (S,δ,τ) = Ste
−δ 1−e−κτ

κ +A(τ) (3.4)

10



where

A(τ) =

(

r−α+
λ

κ
+
1

2

σ2
2

κ2
− σ1σ2ρ

κ

)

τ+
1

4
σ2
2

1− e−2κτ

κ3

+

(

ακ−λ+σ1σ2ρ− σ2
2

κ

)

1− e−κτ

κ2
. (3.5)

Thus, the log-futures price is

lnF (S,δ,τ) = lnS−δ
1− e−κτ

κ
+A(τ) . (3.6)

Equation (3.4)-(3.5) can be derived by considering the expectation directly or using the

method of stochastic flows as in Hyndman (2007).

3.1 Empirical Model

To implement the model, we discretize equation (3.2) and equation (3.3) using an Euler

scheme as is done in Schwartz (1997). An empirical model based on the Kalman filter

can then be used to estimate the parameters of (3.2)-(3.3) using observed futures prices.

Define Xl = [Zl,δl]
′. From equations (3.2)-(3.3), the transition equation can be written as

Xl = c+QXl−1+Gηl, l = 1, . . . ,N (3.7)

where

c=









(

µ− 1
2σ2

1

)

∆t

κα∆t









,

Q=









1 −∆t

0 1−κ∆t









,

G=









σ1

√
∆t 0

σ2ρ
√

∆t σ2

√

∆t (1−ρ2)









,
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and ηl, l = 1, . . . ,N are serially uncorrelated random vectors with

E (ηl) = 0 and Var (ηl) = Im×m.

From equation (3.5) and equation (3.6), the measurement equation can be obtained as,

Yl (θ) = dl (θ)+Ml (θ)Xl+H (θ)εl, l = 0, . . . ,N (3.8)

where for i= 1, . . . ,M, τ
(i)
l is the maturity of the i-th futures contract at step l= 0, . . . ,N. Then

we assume that the observed futures prices given by the market, F̂(τ
(i)
l ) are the theoretical

futures prices given equation (3.4) plus an additional noise term. That is

Yl =

















lnF̂
(

τ
(1)
l

)

:

lnF̂
(

τ
(M)
l

)

















,

is given by equation (3.6),

dl (θ) =

















A
(

τ
(1)
l

)

:

A
(

τ
(M)
l

)

















,

is given by equation (3.5) and

Ml (θ) =

















1, −1−e−κτ
(1)
l

κ

: , :

1, −1−e−κτ
(M)
l

κ

















,

is an M× 2 matrix with first column equal to the vector IM×1 with each of its elements 1.

Also, εl, l = 1, . . . ,N are M×1 vector of serially uncorrelated normal random vectors with

E (εl) = 0 and Var (εl) = IM×M

andHl is a constantM×M diagonal matrix. Substituting the particular state spate formulation

for the model in equation (2.11), taking derivatives and solving for θ gives

12



Theorem 3.1. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 satisfies

µ=
e
′
1G
−2

(

L̂
(2)
N −QlL̂

(1)
N + 1

2σ2
1N∆te1−κα∆tNe2

)

N∆te
′
1G
−2e1

(3.9)

where

L̂
(1)
N = Eθ̂ j

[

N

∑
l=1

Xl−1|YN
]

(3.10)

L̂
(2)
N = Eθ̂ j

[

N

∑
l=1

Xl|YN
]

. (3.11)

Theorem 3.2. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 satisfies

λ =

[

N

∑
l=0

(

Aλ
l

)′
H−2Aλ

l

]−1

×
[

N

∑
l=0

(

Aλ
l

)′
H−2

(

Yl−Bλ
l

)

− K̂N

(

Aλ
l

)

]

(3.12)

where

Aλ
l =

τl
κ
− 1− e−κτl

κ2

Bλ
l =

(

r−α+
1

2

σ2
2

κ2
− σ1σ2ρ

κ

)

τl+
1

4

σ2
2

(

1− e−2κτl
)

κ3
+

(

ακ+σ1σ2ρ− σ2
2

κ

)

1− e−κτl

κ2

K̂N

(

Aλ
l

)

= Eθ̂ j

[

N

∑
l=0

(

Aλ
l

)′
H−2MlXl|YN

]

. (3.13)

Theorem 3.3. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 satisfies

α =
κ∆te

′
2G
−2

(

L̂
(2)
N −QlL̂

(1)
N −

(

µ− 1
2σ2

1

)

∆te1N
)

+∑N
l=0

(

Aα
l

)′
H−2

(

Yl−Bα
l

)

− K̂N

(

Aα
l

)

κ2∆t2Ne
′
2G
−2e2+∑N

l=0

(

Aα
l

)′
H−2Aα

l

(3.14)

13



where

Aα
l =−τl+

1− e−κτl

κ

Bα
l =

(

r+
λ

κ
+
1

2

σ2
2

κ2
− σ1σ2ρ

κ

)

τl +
1

4

σ2
2

(

1− e−2κτl
)

κ3
+

(

−λ+σ1σ2ρ− σ2
2

κ

)

1− e−κτl

κ−2

K̂N (A
α
l ) = Eθ̂ j

[

N

∑
l=0

(Aα
l )
′
H−2MlXl|YN

]

.

Theorem 3.4. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 satisfies the polynomial equation

a
σ1
4 σ4

1+a
σ1
3 σ3

1+a
σ1
2 σ2

1+a
σ1
1 σ1+a

σ1
0 = 0 (3.15)

with

a
σ1
4 =−

N

∑
l=0

(

A
σ1
l

)′
H−2Aσ1

l +
N∆t

4(1−ρ2)

a
σ1
3 =− ρ

2σ2 (1−ρ2)
×
(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N −κα∆tN

)

+
N

∑
l=0

(

A
σ1
l

)′
H−2

(

Yl−B
σ1
l

)

− K̂N

(

A
σ1
l

)

a
σ1
2 =−N+

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −Nµ∆t

(1−ρ2)

a
σ1
1 =− ρ

σ2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1

−e′2Ĥ
(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−µ∆t
(

e
′
2L̂

(2)
N − (1−κ∆t) L̂

(1)
N

)

−κα∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −µ∆tN

))

a
σ1
0 =

1

(1−ρ2)∆t

(

e
′
1Ĥ

(3)
N e1−2e

′
1Ĥ

(1)
N (e1−∆te2)

+
(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)+µ2∆t2N−2µ∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N

))

14



where

A
σ1
l =−σ2ρτl

κ
+

σ2ρ(1− e−κτl)

κ2

B
σ1
l =

(

r−α+
λ

κ
+
1

2

σ2
2

κ2

)

τl+
1

4

σ2
2

(

1− e−2κτl
)

κ3
+

(

ακ−λ− σ2
2

κ

)

1− e−κτl

κ2

K̂N

(

A
σ1
l

)

= Eθ̂ j

[

N

∑
l=0

(

A
σ1
l

)′
H−2MlXl|YN

]

Ĥ
(1)
N = Eθ̂ j

[

N

∑
l=1

XlX
′
l−1|YN

]

(3.16)

Ĥ
(2)
N = Eθ̂ j

[

N

∑
l=1

Xl−1X
′
l−1|YN

]

(3.17)

Ĥ
(3)
N = Eθ̂ j

[

N

∑
l=1

XlX
′
l |YN

]

(3.18)

and L̂
(1)
N and L̂

(2)
N are defined as equation (3.10) and (3.11) respectively.

Theorem 3.5. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 satisfies the polynomial equation

a
σ2
6 σ6

2+a
σ2
5 σ5

2+a
σ2
4 σ4

2+a
σ2
3 σ3

2+a
σ2
2 σ2

2+a
σ2
1 σ2+a

σ2
0 = 0 (3.19)

with

a
σ2
6 =− 1

2

N

∑
l=0

(

A
σ2
l

)′
H−2Aσ2

l

a
σ2
5 =−

N

∑
l=0

(

A
σ2
l

)′
Ĥ−2Bσ2

l −
1

2

N

∑
l=0

(

B
σ2
l

)′
Ĥ−2Aσ2

l

a
σ2
4 =

N

∑
l=0

(

A
σ2
l

)′
H−2

(

Yl−D
σ2
l

)

− K̂N

(

A
σ2
l

)

−
N

∑
l=0

(

B
σ2
l

)′
Ĥ−2Bσ2

l

a
σ2
3 =

N

∑
l=0

(

B
σ2
l

)′
H−2

(

Yl−D
σ2
l

)

− K̂N

(

B
σ2
l

)

a
σ2
2 =−N

15



a
σ2
1 =− ρ

σ1 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1− e

′
2Ĥ

(1)
N (e1−∆te2)

−(1−κ∆t)e
′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
1Ĥ

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

∆t
(

e
′
1L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

a
σ2
0 =

1

∆t (1−ρ2)

(

e
′
2Ĥ

(3)
N e2−2e

′
2Ĥ

(1) (e1−∆te2)

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

+Nκ2α2∆t2
)

where

A
σ2
l =

τl
κ2

+0.5
1− e−2κτl

κ3
−2

1− e−κτl

κ3

B
σ2
l = σ1ρ

(

τ

κ
− 1− e−κτl

κ2

)

D
σ2
l =

(

r−α+
λ

κ

)

τl+(ακ−λ)
1− eκτl

κ2

K̂N

(

A
σ2
l

)

= Eθ̂ j

[

N

∑
l=0

(

A
σ2
l

)′
H−2MlXl|YN

]

(3.20)

K̂N

(

B
σ2
l

)

= Eθ̂ j

[

N

∑
l=0

(

B
σ2
l

)′
H−2MlXl|YN

]

(3.21)

and L̂
(1)
N , L̂

(2)
N , Ĥ

(1)
N , Ĥ

(2)
N , Ĥ

(3)
N are calculated using equation (3.10)-(3.18).

Theorem 3.6. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 satisfies the polynomial equation

a
ρ
5ρ5+a

ρ
4ρ4+a

ρ
3ρ3+a

ρ
2ρ2+a

ρ
1ρ+a

ρ
0 = 0 (3.22)
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with

a
ρ
5 =−

N

∑
l=0

(

A
ρ
l

)′
H−2Aρ

l

a
ρ
4 =

N

∑
l=0

(

A
ρ
l

)′
H−2

(

Yl−B
ρ
l

)

− K̂N

(

A
ρ
l

)

a
ρ
3 =2

N

∑
l=0

(

A
ρ
l

)′
H−2Aρ

l −N

a
ρ
2 =−2

(

N

∑
l=0

(

A
ρ
l

)′
H−2

(

Yl−B
ρ
l

)

− K̂
(6)
N

)

+
1

σ1σ2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e1

−e′2Ĥ
(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

(

e
′
2L̂

(2)− (1−κ∆t)e
′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

a
ρ
1 =N−

N

∑
l=0

(

A
ρ
l

)′
Ĥ−2Aρ

l −
ρ

σ2
1∆t (1−ρ2)2

(

e
′
1Ĥ

(3)
N e1−2e

′
1Ĥ

(1)
N (e1−∆te2)

+
(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)−2

(

µ− 1

2
σ2
1

)

∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N

)

+

(

µ− 1

2
σ2
1

)2

∆t2N

)

− ρ

σ2
2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e2−2e

′
2Ĥ

(1) (e1−∆te2)

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

+Nκ2α2∆t2
)

a
ρ
0 =

1

σ1σ2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e1− e

′
2Ĥ

(1)
N (e1−∆te2)

−(1−κ∆t)e
′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2Ĥ

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

+
N

∑
l=0

(

A
ρ
l

)′
H−2

(

Yl−B
ρ
l

)

− K̂N

(

A
ρ
l

)

17



where

A
ρ
l =−

σ1σ2τl
κ

+
σ1σ2 (1− e−κτl)

κ2

B
ρ
l =

(

r−α+
λ

κ
+
1

2

σ2
2

κ2

)

τl+
1

4
σ2
2

1− e−2κτl

κ3
+

(

ακ−λ− σ2
2

κ

)

1− e−κτl

κ2

K̂N

(

A
ρ
l

)

= Eθ̂ j

[

N

∑
l=0

(

A
ρ
l

)′
H−2MlXl|YN

]

(3.23)

and L̂
(1)
N , L̂

(2)
N , Ĥ

(1)
N , Ĥ

(2)
N , Ĥ

(3)
N are calculated using equation (3.10)-(3.18).

Theorem 3.7. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 satisfies the polynomial equation

H2 =
1

N+1
Eθ̂ j

[

N

∑
l=0

(Yl−MlXl−dl)(Yl−MlXl−dl)
′ |YN

]

=
1

N+1

[

N

∑
l=0

YlY
′
l −

N

∑
l=0

Yld
′
l − ĴN−

(

ĴN
)′
+ÛN−

N

∑
l=0

dlY
′
l +

N

∑
l=0

dld
′
l

]

(3.24)

where

ĴN = Eθ̂ j

[

N

∑
l=0

MlXlH
−2 (Yl−dl)

′ |YN
]

(3.25)

ÛN = Eθ̂ j

[

N

∑
l=0

MlXlX
′
lM

′
l|YN

]

. (3.26)

For the parameter κ, due to the terms of e−κτ and e−2κτ, if we take the derivative of equation

(2.11) with respect to κ and set it to zero directly, we can not obtain an equation that must

be satisfied and easily implemented. Therefore we use an approximation after taking the

derivative of equation (2.11) with respect to κ. That is, we obtain an approximate solution of

∂Q
∂κ = 0, which gives an approximate update of κ for the EM algorithm.

Theorem 3.8. The revised EM parameter estimate θ̂ j+1 =
(

µ,κ,α,σ1,σ2,ρ,λ,H
2
)

at itera-

tion j+1 is approximated by the polynomial equation

aκ
9κ9+aκ

8κ8+aκ
7κ7+aκ

6κ6+aκ
5κ5+aκ

4κ4+aκ
3κ3+aκ

2κ2+aκ
1κ+aκ

0 = 0 (3.27)
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with

aκ
9 =−Ĥ

(0)
N

(

h
1(i)
l ,m

1(i)
l

)

− K̂N

(

s
1(i)
l ,h

1(i)
l

)

− K̂N

(

p
1(i)
l ,m

1(i)
l

)

−
N

∑
l=0

p1lH
−2d1l

aκ
8 =

N

∑
l=0

(

p1l
)′
H−2Yl +

(

−∆t2e
′
2G
−2e2e

′
2Ĥ

(2)
N e2+α∆t2e

′
2G
−2e2

(

L̂
(1)
N

)′

e2

)

+ K̂N

(

h
1(i)
l

)

− Ĥ
(0)
N

(

h
1(i)
l

)

− Ĥ
(0)
N

(

s
0(i)
l ,m

1(i)
l

)

− Ĥ
(0)
N

(

s
1(i)
l ,m

0(i)
l

)

− K̂N

(

s
0(i)
l ,s

1(i)
l

)

− K̂N

(

s
1(i)
l ,s

0(i)
l

)

− K̂N

(

p
1(i)
l

)

− K̂N

(

p
0(i)
l ,m

1(i)
l

)

− K̂N

(

p
1(i)
l ,m

0(i)
l

)

−
N

∑
l=0

p0lH
−2d1l −

N

∑
l=0

p1lH
−2s0l −Nα2∆t2e

′
2G
−2e2

−
1

∑
n=−2

(

N

∑
l=0

(

p−n−1l

)′
H−2snl

)

aκ
7 =

N

∑
l=0

(

p0l
)′
H−2Yl−∆te

′
2G
−2

(

Ĥ
(1)
N e2−

(

e1e
′
1−∆te1e

′
2+ e2e

′
2

)

Ĥ
(2)
N e2

−
(

µ− 1

2
σ2
1

)

∆te1
(

L̂
(1)
N

)′

e2

)

+ K̂N

(

h
0(i)
l

)

− Ĥ
(0)
N

(

h
0(i)
l

)

− Ĥ
(0)
N

(

h
−1(i)
l ,m

1(i)
l

)

− Ĥ
(0)
N

(

h
0(i)
l ,m

0(i)
l

)

− Ĥ
(0)
N

(

h
1(i)
l ,m

−1(i)
l

)

− K̂N

(

s−1(i),h1(i)l

)

− K̂N

(

s
0(i)
l ,h

0(i)
l

)

− K̂N

(

s
1(i)
l ,h

−1(i)
l

)

− K̂N

(

p
0(i)
l

)

− K̂N

(

p
−1(i)
l ,m

1(i)
l

)

− K̂N

(

p
0(i)
l ,m

0(i)
l

)

− K̂N

(

p
1(i)
l ,m

−1(i)
l

)

−
N

∑
l=0

p−1l H−2d1l −
N

∑
l=0

p0lH
−2d0l −

N

∑
l=0

p1lH
−2d−1l

+α∆te
′
2G
−2

(

L̂
(2)
N −QL̂

(1)
N −N

(

µ− 1

2
σ2
1

)

∆te1

)

aκ
6 =

N

∑
l=0

(

p−1l

)′
H−2Yl + K̂N

(

h
−1(i)
l

)

− Ĥ
(0)
N

(

h
−1(i)
l

)

− Ĥ
(0)
N

(

h
−2(i)
l ,m

1(i)
l

)

− Ĥ
(0)
N

(

h
−1(i)
l ,m

0(i)
l

)

− Ĥ
(0)
N

(

h
0(i)
l ,m−1(i)

)

− K̂N

(

s
−2(i)
l ,h

1(i)
l

)

− K̂N

(

s
−1(i)
l ,h

0(i)
l

)

− K̂N

(

s
0(i)
l ,h

−1(i)
l

)

− K̂N

(

s
1(i)
l ,h

−2(i)
l

)

− K̂N

(

p
−1(i)
l

)

− K̂N

(

p
−2(i)
l ,m

1(i)
l

)

− K̂N

(

p
−1(i)
l ,m

0(i)
l

)

− K̂N

(

p
0(i)
l ,m

−1(i)
l

)
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aκ
5 =

N

∑
l=0

(

p−2l

)′
H−2Yl + K̂N

(

h
−2(i)
l

)

− Ĥ
(0)
N

(

h
−2(i)
l

)

− Ĥ
(0)
N

(

h
−2(i)
l ,m

0(i)
l

)

− Ĥ
(0)
N

(

h
−1(i)
l ,m

−1(i)
l

)

− K̂N

(

s
−3(i)
l ,h1

)

− K̂N

(

s
−2(i)
l ,h

0(i)
l

)

− K̂N

(

s
−1(i)
l ,h

−1(i)
l

)

− K̂N

(

s
0(i)
l ,h

−2(i)
l

)

− K̂N

(

p
−2(i)
l

)

− K̂N

(

p
−3(i)
l ,m

1(i)
l

)

− K̂N

(

p
−2(i)
l ,m

0(i)
l

)

− K̂N

(

p
−1(i)
l ,m

−1(i)
l

)

−
1

∑
n=−3

(

N

∑
l=0

p−2−nl H−2dnl

)

aκ
4 =

N

∑
l=0

(

p−3l

)′
H−2Yl− Ĥ

(0)
N (dM−2,m−1)− K̂N (d−3,dM0)− K̂N (d−2,dM−1)

− K̂N (d−1,dM−2)− K̂N (p−3)− K̂N (p−4,m1)− K̂N (p−3,m0)− K̂N (p−2,m−1)

−
1

∑
n=−3

(

N

∑
l=0

p−3−nH−2dn

)

aκ
3 =

N

∑
l=0

(

p
−4(i)
l

)′
H−2Yl− K̂N

(

s
−3(i)
l ,h

−1(i)
l

)

− K̂N

(

s
−2(i)
l ,h

−2(i)
l

)

− K̂N

(

p
−4(i)
l

)

− K̂N

(

p
−4(i)
l ,m

0(i)
l

)

− K̂N

(

p
−3(i)
l ,m

−1(i)
l

)

−
3

∑
n=0

(

N

∑
l=0

pn−4l H−2d−nl

)

aκ
2 =−K̂N

(

s
−3(i)
l ,h

−2(i)
l

)

− K̂N

(

p
−4(i)
l ,m

−1(i)
l

)

−
N

∑
l=0

p
−4(i)
l H−2s−1(i)l −

N

∑
l=0

p
−3(i)
l H−2s−2(i)l

−
N

∑
l=0

p
−2(i)
l H−2s−3(i)l

aκ
1 =−

N

∑
l=0

p−4l H−2d−2l −
N

∑
l=0

p−3l H−2d−3l

aκ
0 =−

N

∑
l=0

p−4l H−2d−3l
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where

K̂N (h
m
l ) = Eθ̂ j

[

N

∑
l=0

Y
′
lH

−2 [0M×1, hml ]Xl|YN
]

(3.28)

m=−2,−1,0,1

K̂N

(

skl ,h
m
l

)

= Eθ̂ j

[

N

∑
l=0

(

skl

)′
H−2 [0M×1,hml ]Xl|YN

]

(3.29)

k =−3,−2,−1,0,1,m=−2,−1,0,1

K̂N (p
m
l ) = Eθ̂ j

[

N

∑
l=0

(pml )
′
H−2 [IM×1,0M×1]Xl|YN

]

(3.30)

m=−4,−3,−2,−1,0,1

K̂N (p
m
l ,m

n
l ) = Eθ̂ j

[

N

∑
l=0

(pml )
′
H−2 [0M×1,mn

l ]Xl|YN
]

(3.31)

m=−4,−3,−2,−1,0,1, n=−1,0,1

Ĥ
(0)
N (hml ) =Eθ̂ j

[

N

∑
l=0

(hml )
′
H−2IM×1X

(2)
l X

(1)
l |YN

]

(3.32)

m=−2,−1,0,1

Ĥ
(0)
N (hml ,m

n
l ) = Eθ̂ j

[

N

∑
l=0

(hml )
′
H−2mn

l X
(2)
l X

(2)
l |YN

]

(3.33)

m=−2,−1,0,1, nl =−1,0,1

and 0M×1 is an M×1 vector with 0 in each position, IM×1 is an M×1 vector with 1 in each

position and X
(i)
l , i= 1,2 is the i-th element of process Xl.

Proof. See Appendix A.

In Elliott and Hyndman (2007), it was shown that a polynomial for the single volatility pa-

rameter has exactly one positive root. In this work, in order to update σ1, σ2, ρ, κ, we simply

perform one iteration of Newton-Rhapson method for them in each iteration of the EM algo-

rithm.

21



In the next section, we derive finite-dimensional filters necessary to calculate the conditional

expectations of equation (3.10)-(3.11), (3.13), (3.16), (3.17), (3.18), (3.20), (3.21), (3.23),

(3.25), (3.26), and (3.28)-(3.33).

3.2 Finite-dimensional filters

The E-step of the EM algorithm involves the computation of various conditional expectations.

These conditional expectations can be obtained using the Kalman smoother which needs a

forward and backward pass through the data. Alternatively, we derive finite-dimensional

filters which only need a forward pass when implementing the E-step of the EM algorithm.

Define

L
(1)
k =

k

∑
l=1

Xl−1

L
(2)
k =

k

∑
l=1

Xl

H
(1)
k =

k

∑
l=1

XlX
′
l−1

H
(2)
k =

k

∑
l=1

Xl−1X
′
l−1

H
(3)
k =

k

∑
l=1

XlXl

H
(0)
k = H

i j
k

(

f̄l, ḡl
)

=
k

∑
l=0

f̄
′
lH
−2ḡlX

(i)
l X

( j)
l , i= 1, . . . ,m, j = 1, . . . ,m

Kk ( fl,gl) =
k

∑
l=0

f
′
lH
−2glXl

Jk =
k

∑
l=0

MlXl (Yl−dl)
′

Uk =
k

∑
l=0

MlXlX
′
lM

′
l
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where fl ∈ RM, f̄l ∈ RM , Yl ∈ RM ,dl ∈ RM, Xl ∈ Rm and gl and ḡl are both M×m matrices.

For i, j ∈ 1, . . . ,m, we have the scalar processes

L
i(1)
k =

k

∑
l=1

X
(i)
l−1

L
i(2)
k =

k

∑
l=1

X
(i)
l

H
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∑
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(i)
l X

( j)
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H
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k

∑
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X
(i)
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( j)
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H
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k

∑
l=1

X
(i)
l X

( j)
l

J
i j
k =

k

∑
l=0

M
(i)
l Xl

(

Y
( j)
l −d

( j)
l

)

=
k

∑
l=0

M(i,1)X
(1)
l

(

Y
( j)
l −d

( j)
l

)

+
k

∑
l=0

M(i,2)X
(2)
l

(

Y
( j)
l −d

( j)
l

)

U
i j
k =

k

∑
l=0

M
(i)
l XlX

′
lM

( j)′

l

=
k

∑
l=0

M
(i,1)
l X

(1)
l X

(1)
l M

( j,1)
l +

k

∑
l=0

M
(i,1)
l X

(1)
l X

(2)
l M

( j,2)
l

+
k

∑
l=0

M
(i,2)
l X

(2)
l X

(1)
l M

( j,1)
l +

k

∑
l=0

M
(i,2)
l X

(2)
l X

(2)
l M

( j,2)
l

where M
(m,n)
l represents the element in the m-th row and n-th column of Ml, Y

(n)
l is the n-th

element of Yl and d
(n)
l is the n-th element of dl . Let en be the unit column vector with 1 in the
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n-th position. We can rewrite L
i(n)
k ,n= 1,2, H

i j(n)
k ,n= 1,2,3, J

i j
k andU

i j
k as

L
i(1)
k =

k

∑
l=1

< Xl−1,ei >

L
i(2)
k =

k

∑
l=1

< Xl,ei >

H
i j(1)
k =

k

∑
l=1

< Xl,ei >< Xl−1,e j >

H
i j(2)
k =

k

∑
l=1

< Xl−1,ei >< Xl−1,e j >

H
i j(3)
k =

k

∑
l=1

< Xl,ei >< Xl,e j >

J
i j
k =

k

∑
l=0

< Xl,e1M
(i,1)
l

(

Y
( j)
l −d

( j)
l

)

>+
k

∑
l=0

< Xl,e2M
(i,2)
l

(

Y
( j)
l −d

( j)
l

)

>

U
i j
k =

k

∑
l=0

< Xl,e1M
(i,1)
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( j,1)
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k

∑
l=0
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l >< Xl,e2M

( j,2)
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+
k

∑
l=0

< Xl,e2M
(i,2)
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( j,1)
l >+

k

∑
l=0

< Xl,e2M
(i,2)
l >< Xl,e2M

( j,2)
l >

Denote

J
i j(1)
k =

k

∑
l=0

< Xl,e1M
(i,1)
l

(

Y
( j)
l −d

( j)
l

)

>

J
i j(2)
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k

∑
l=0

< Xl,e2M
(i,2)
l

(

Y
( j)
l −d

( j)
l

)

>

U
i j(1)
k =

k

∑
l=0

< Xl,e1M
(i,1)
l >< Xl,e1M

( j,1)
l >

U
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k =

k

∑
l=0

< Xl,e1M
(i,1)
l >< Xl,e2M

( j,2)
l >

U
i j(3)
k =

k

∑
l=0

< Xl,e2M
(i,2)
l >< Xl,e1M

( j,1)
l >

U
i j(4)
k =

k

∑
l=0

< Xl,e2M
(i,2)
l >< Xl,e2M

( j,2)
l > .

Theorem 3.9. Finite-dimensional filters for L̂
i(n)
k ,n= 1, . . . ,m, Kk, Ĥ

i j(n)
k ,n= 0,1,2,3, J

i j(m)
k ,m=
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1,2 and U
i j(n)
k ,n= 1,2,3,4 are given by

L̂
i(n)
k = Eθ̂ j

[

L
i(n)
k |Yk

]

= u
i(n)
k +

(

v
i(n)
k

)′

µk, (3.34)

Ĥ
i j(n)
k = Eθ̂ j

[

H
i j(n)
k |Yk

]

= ū
i j(n)
k +

(

v̄
i(n)
k

)

′µk+Tr
[

d̄
i j(n)
k Pk

]

+µ
′
kd̄

i j(n)
k µk, (3.35)

K̂k = Eθ̂ j
[Kk|Yk] = r̄k+ s̄

′
kµk (3.36)

Ĵ
i j(m)
k = Eθ̂ j

[

J
i j(m)
k |Yk

]

= ā
i j(m)
k + b̄

i j(m)′

k µk (3.37)

Û
i j(n)
k = Eθ̂ j

[

U
i j(n)
k |Yk

]

= a
i j(n)
k +b

i j(n)′

k µk+Tr
[

d
i j(n)
k P−1k

]

+µ
′
kd

i j(n)
k µk (3.38)

where µk and Pk are the conditional mean and covariance of the Kalman filter,respectively.

The recursions for sufficient statistics a,b,d, ā, b̄, r̄, s̄,u,v, ū, v̄, d̄ of finite-dimensional filters

are shown and proved in Appendix B.

Proof. See Appendix B.
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Chapter 4

Application to Simulated Data

This chapter provides the results from a numerical implementation of the filter-based EM

algorithm using simulated data.

From equation (3.7) and (3.8), we generated log-spot prices , convenience yields, and log-

futures prices with disturbances. We assumed that futures prices were observed approxi-

mately weekly, ∆t = 1
48 , at maturities of 1, 3, 6, 9 and 12 months for 10 years, giving 480

observations. We assumed that matrix H was diagonal.

We then applied the filter-based EM algorithm to estimate the parameters of the empirical

model. We simulated the data using true parameter values, obtain the maximum likelihood

parameter estimates by direct maximization of the likelihood function and the estimates by

the filter-based EM algorithm which are presented in Table 4.1.

The procedure used to find the MLE directly was MATLAB’s fminsearch routine (Nelder-

Mead simplex direct search). In both of the direct MLE approach and the filter-based EM

approach, the stoping criteria used to stop the algorithm if the maximum of the absolute

differences between the parameters from one step to the next was less than 10−10. In the
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Table 4.1: True parameter values, MLEs calculated by direct maximization, and MLEs cal-

culated via filter-based EM algorithm for simulated data

parameter True value direct MLE filter-based EM

µ 0.14 0.126058079726224 0.104211787509002

κ 1.8 1.614571441144134 1.422333684869484

α 0.12 0.149930278665568 0.149771455353883

σ1 0.4 0.431573239773677 0.391350599321044

σ2 0.53 0.660039947685030 0.535489394505664

ρ 0.77 0.900933854538372 0.864687895637105

λ 0.2 0.241878708046353 0.197791958943542

H2
11 0.25 0.245843333800211 0.239020495456221

H2
22 0.25 0.240751824894155 0.235102064525230

H2
33 0.25 0.235414924742002 0.230963742472480

H2
44 0.25 0.258241063058967 0.253469948351176

H2
55 0.25 0.236981492986396 0.229651394525523

log-likelihood -1759.690802091415 -1760.198517611300

iterations 2262 1097
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filter-based EM approach, the algorithm was stopped if

max (|µ̂k− µ̂k−1, |κ̂k− κ̂k−1|, |α̂k− α̂k−1|, |σ̂1k− σ̂1k−1|, |σ̂2k− σ̂2k−1|, |ρ̂k− ρ̂k−1|,

|λ̂k− λ̂k−1|, |
(

Ĥ2
k

)(11)−
(

Ĥ2
k−1

)(11) |, . . . , |
(

Ĥ2
k

)(55)−
(

Ĥ2
k−1

)(55) |
)

< 10−10

We took the true parameter values by referring to the result of the oil market for the two-

factor model in Schwartz (1997). Particularly, we referred to the result from 10-year market

data. This was done in order to make the true parameter value sensible rather than taking

random number. It is worth observing that the elements of H2 can not be too small since the

implementation involves the inverse, H−2. We examine the likelihood function value for the

EM algorithm to see if the the value of likelihood function is increasing after each iteration

of the EM algorithm. To do so, we update only one parameter at a time (holding the others

fixed). This is called a Generalized EM algorithm.

We found that for some starting values, using the EM algorithm, the log-likelihood function

value tended to decrease after some iterations. For example, when updating µ only using

starting value 0.22, the value of log-likelihood function decreased after the second iteration

(See Figure 4.1).

Similar problems occurred when updating other parameters. It happened because the pre-

cision of the software we use is not high enough to distinguish between two numbers with

decimals more than the software can store. In order to avoid this, we set the criteria which

stopped the iteration of the EM algorithm if the new likelihood function is smaller then the

previous and moved on to the next update algorithm.

The spreads between MLE estimates and EM estimates for σ1, σ2, ρ and κ are expected since

for those parameters, we use one iteration of Newton-Rhapson method to solve for the poly-

nomials in each iteration of the EM algorithm. The nature of Newton-Rhapson method causes
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Figure 4.1: log-likelihood function value when updating µ at a starting point 0.22 while

holding other parameter values fixed.

inaccuracy in each iteration of the EM update for the those parameters by only obtaining an

approximate solution for the polynomials in Theorem 3.4-3.8. Another reason for the spreads

is the precision of the software we used. Since MATLAB can only store numbers with limited

decimals rounding errors are expected in the implementation. Particularly for the parameter

κ, the polynomial in Theorem 3.8 is an approximation of the equation that κ should satisfy.

That is to say, including the Newton-Rhapson method to solve for the polynomial, we have

two levels of approximation when updating the parameter κ. We also should point out that

even though, the two estimates (direct and EM) for each parameter are not exactly equal, the

log-likelihood function value are relatively close. This may be due to the flatness of the log-
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likelihood function around the MLE estimate values for each parameter, numerical round-off

error, and the well-known slow convergence property of the EM algorithm. We use σ1 as

a example to explain. From Figure 4.2, we can see that the likelihood is quite flat between

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
−1785

−1780

−1775

−1770

−1765

−1760

Figure 4.2: Log-likelihood function value about σ1 when holding other parameter values

fixed.

0.3 and 0.4. Wu (1983) proved that under suitable conditions, the sequence of parameter

estimates generated by the EM algorithm converges to the MLE estimate. We can see in the

Figure 4 that parameter estimates of EM algorithm converged very fast at the beginning and

then it went slow but closer to the MLE estimates for each parameter.

The Kalman filter estimates of the log-spot price using the EM parameter values fit the simu-

lated data fairly well as shown in left plot in Figure 4.4. However, the Kalman filter estimates

of the convenience yield using the EM parameter estimates do not track the simulated con-

venience yield as well. One possible reason is the difficulty of estimating the mean reversion

parameter κ. We also examed how the EM estimate performs in pricing futures contracts

compared to the futures prices simulated with true parameter value. In Figure 4.5, the differ-
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Figure 4.3: Logarithm of absolute errors of the j-th iteration of EM algorithm and MLE

estimates for µ,κ,α,σ1,σ2,ρ,λ,H
2
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33,H

2
44,H

2
55, from left to right and from top to

bottom.

ence in futures prices between the two sets of the parameter value is small in a short term and

gets bigger as time passes by. That is to say, the EM estimate prices futures contracts better

in a short term than in a long term.
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Figure 4.4: spot price and convenience yield with true parameter value and EM estimate
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Chapter 5

Conclusion and future work

5.1 Conclusion

We find the filtering approach appealing method by which we can estimate unobservable sig-

nals using the observations. We extended the work of Elliott and Krishnamurthy (1999) and

Elliott and Hyndman (2007) to derive a filter-based EM algorithm to estimate the parameters

in the Schwartz (1997) two-factor model. In general, other commodity price models and gen-

eral Gaussian state-space models can be considered using a similar procedure to estimate the

model parameters.

Elliott and Krishnamurthy (1999) outlined the advantages of the filter-based EM algorithm

over the standard smoother-based EM algorithm which should be applicable here. First, the

memory costs are significantly reduced compared to a smoother-based algorithm. Secondly,

the filter-based algorithm is well suited to parallel implementation on a multi-processor sys-

tem because the filters are decoupled. Moreover, a filter-based algorithm will be at least twice

as fast as existing smoother-based EM-algorithms since only a forward pass is required for

the filter-based algorithm. In addition, steady state properties of the Kalman filter could speed
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up a filter-based EM algorithm which can’t done with a smoother-based algorithm.

5.2 Future work

Considering the problems we came with during this work, implementing the algorithm with

higher numerical precision is a way to reduce the round-off errors introduced many during the

numerical calculation required for the implementation. Since we used approximation for the

updates of EM algorithm at each iteration, we can think about a better numerical procedure

to approximately solve the polynomials in Theorem 3.1-3.8. Also, in the first approximation

for updating κ, we could approximate e−κlτl and e−2κlτl using more precise Taylor series

expansions by adding the third or higher terms in the Taylor series of e−κlτl and e−2κlτl . It

would be interesting to apply the procedure to different commodities in different markets

and also to different models. Particularly, it is interesting to investigate how the filter-based

algorithm approach works with higher-dimensional models.
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Appendix A

Proof of Theorem 3.1-3.8

In this appendix, we give the detailed proofs of the expressions for the M-step parameter

updates given in Theorems 3.1- 3.8.

In the E-step of EM algorithm, we have function Q
(

θ̂ j,θ
)

Q
(

θ̂ j,θ
)

=−
N

∑
l=1

ln |Gl|−
N

∑
l=0

ln |H|+Eθ̂ j

[

R
(

θ̂ j

)

|YN
]

− 1

2
Eθ̂ j

[

N

∑
l=1

(Xl−QlXl−1− cl)
′
G−2 (Xl−QlXl−1− cl) |YN

]

− 1

2
Eθ̂ j

[

N

∑
l=0

(Yl−MlXl−dl)
′
H−2 (Yl−MlXl−dl) |YN

]

The main idea is to take first derivative with respect to each parameter then set them to zero.

We consider each parameter separately.
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A.1 Proof of Theorem 3.1

Taking the derivative of Q equation (2.11) with respect to µ obtain

∂Q
(

θ̂ j,θ
)

∂µ
=−Eθ̂ j

[

N

∑
l=1

(

−∂cl
∂µ

)′
G−2 (Xl−QlXl−1− cl) |YN

]

= Eθ̂ j

[

N

∑
l=1

∆te
′
1G
−2 (Xl−QlXl−1− cl) |YN

]

= ∆te1
′G−2Eθ̂ j

[

N

∑
l=1

(

Xl−QlXl−1−µ∆te1+
1

2
σ2
1∆te1−κα∆te2

)

|YN
]

(A.1)

Set equation (A.1) to zero to find

∆te
′
1G
−2

(

Eθ̂ j

[

N

∑
l=1

(Xl−QlXl−1) |YN
]

−Nµ∆te1+
1

2
σ2
1N∆te1−κα∆tNe2

)

= 0 (A.2)

Simplify Equation (A.2) and obtain Equation (3.9)

µ=
e
′
1G
−2

(

L̂
(2)
N −QlL̂

(1)
N + 1

2σ2
1N∆te1−κα∆tNe2

)

N∆te
′
1G
−2e1

where L̂
(1)
N and L̂

(2)
N are defined as in equation (3.10) and (3.11).

A.2 Proof of Theorem 3.2

By taking the derivative of Q
(

θ̂ j,θ
)

with respect to λ, we obtain
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= Eθ̂ j

[

N

∑
l=0

(

Aλ
l

)′
H−2

(

Yl−MlXl−λAλ
l −Bλ

l

)

|YN
]

= Eθ̂ j

[

N

∑
l=0

(

Aλ
l

)′
H−2

(

Yl−Bλ
l

)

−
(

Aλ
l

)′
H−2MlXl−

(

Aλ
l

)′
H−2Aλ

l |YN
]

=
N

∑
l=0

(

Aλ
l

)′
H−2

(

Yl−Bλ
l

)

− K̂N

(

Aλ
l

)

−λ
N

∑
l=0

(

Aλ
l

)′
H−2Aλ

l (A.3)
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Set equation (A.3) to zero and simplify it. Then we can obtain Equation (3.12)

λ =

[

N

∑
l=0

(

Aλ
l

)′
H−2Aλ

l

]−1

×
[

N

∑
l=0

(

Aλ
l

)′
H−2

(

Yl−Bλ
l

)

− K̂N

(

Aλ
l

)

]

where K̂N

(

Aλ
l

)

are defined as in equation (??).

A.3 Proof of Theorem 3.3

Similarly with the previous two proofs, we take the derivative of Q
(

θ̂ j,θ
)

with respect to α

∂Q
(

θ̂ j,θ
)

∂α
=Eθ̂ j

[

N

∑
l=1

(

∂cl
∂α

)′
G−2 (Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=0

(

∂dl
∂α

)′
H−2 (Yl−MlXl−dl) |YN

]

=Eθ̂ j

[

N

∑
l=1

κ∆te
′
2G
−2 (Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=0

(Aα
l )
′
H−2 (Yl−MlXl−αAα

l −Bα
l ) |YN

]

=κ∆te
′
2G
−2
(

L̂
(2)
N −QlL̂

(1)
N −

(

µ− 1

2
σ2
1

)

∆te1N−κα∆tNe2

)

+
N

∑
l=0

(Aα
l )
′
H−2 (Yl−Bα

l )− K̂N (A
α
l )−α

N

∑
l=0

(Aα
l )
′
H−2Aα

l (A.4)

Setting Equation (A.4) to zero and simplifying it gets us Equation (3.14)

α =
κ∆te

′
2G
−2
(

L̂
(2)
N −QlL̂

(1)
N −

(

µ− 1
2σ2

1

)

∆te1N
)

+∑N
l=0

(

Aα
l

)′
H−2

(

Yl−Bα
l

)

− K̂N

(

Aα
l

)

κ∆te
′
2G
−2κ∆tNe2+∑N

l=0

(

Aα
l

)′
H−2Aα

l
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A.4 Proof of Theorem 3.4

First, take the derivative of Q
(

θ̂ j,θ
)

with respect to σ1

∂Q
(

θ̂ j,θ
)

∂σ1
=− N

σ1
− 1

2
Eθ̂ j

[

N

∑
l=1

(Xl−QlXl−1− cl)
′ ∂G−2

∂σ1
(Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=1

(

∂cl
∂σ1

)′
G−2 (Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=0

(

∂dl
∂σ1

)′
H−2 (Yl−MlXl−dl) |YN

]

=− N

σ1
− 1

2
Eθ̂ j









N

∑
l=1

(Xl−QlXl−1− cl)
′









− 2
σ31∆t(1−ρ2)

ρ

σ21σ2∆t(1−ρ2)

ρ

σ21σ2∆t(1−ρ2)
0









×(Xl−QlXl−1− cl) |YN ]

+Eθ̂ j

[

N

∑
l=1

e
′
1 (−σ1∆t)G−2

(

Xl−QlXl−1−∆tµe1−∆tκαe2+
1

2
σ2
1∆e1

)

|YN
]

+Eθ̂ j

[

N

∑
l=0

(

A
σ1
l

)′
H−2

(

Yl−MlXl−B
σ1
l −σ1A

σ1
1

)

|YN
]

(A.5)

Now we define two new processes Vl and Zl

Vl = e
′
1Xl−

(

e
′
1−∆te

′
2

)

Xl−1−µ∆t+
1

2
σ2
1∆t

Zl = e
′
2Xl− (1−κ∆t)e

′
2Xl−1−κα∆t
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So (Xl−MlXl−1− cl) can be written as [Vl, Zl]
′. The second term of the Equation (A.5) can

be written as

− 1

2
Eθ̂ j









N

∑
l=1

(Xl−QlXl−1− cl)
′









− 2
σ31∆t(1−ρ2)

ρ

σ21σ2∆t(1−ρ2)

ρ

σ21σ2∆t(1−ρ2)
0









× (Xl−QlXl−1− cl) |YN









=− 1

2(1−ρ2)∆t
Eθ̂ j









N

∑
l=0









V

Z









′







− 2
σ31

ρ
σ21σ2

ρ

σ21σ2
0

















V

Z









|YN









=− 1

2(1−ρ2)∆t
Eθ̂ j









N

∑
l=1









− 2
σ31
V + ρ

σ21σ2
Z

ρ

σ21σ2
V









′







V

Z









|YN









=
1

σ3
1 (1−ρ2)∆t

Eθ̂ j

[

N

∑
l=1

(

e
′
1Xl−

(

e
′
1−∆te

′
2

)

Xl−1−µ∆t+
1

2
σ2
1∆t

)2

|YN
]

− ρ

σ2
1σ2 (1−ρ2)∆t

Eθ̂ j

[

N

∑
l=1

(

e
′
1Xl−

(

e
′
1−∆te

′
2

)

Xl−1−µ∆t+
1

2
σ2
1∆t

)

×
(

e
′
2Xl− (1−κ∆t)e

′
2Xl−1−κα∆t

)

|YN
]

=
1

σ3
1 (1−ρ2)∆t

(

e
′
1Ĥ

(3)
N e1−2Ĥ

(1)
N (e1−∆te2)+

(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)

−2µ∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N

)

+µ2∆t2N+
1

4
σ4
1∆t

2N

+σ2
1∆t
(

e11L̂
(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −Nµ∆t

))

− ρ

σ2
1σ2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1− e

′
2Ĥ

(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2

+(1−κ∆t)H
(2)
N (e1−∆te2)−µ∆t

(

e
′
2L̂

(2)
N − e

′
2 (1−κ∆t) L̂

(1)
N

)

−κ∆tα
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −Nµ∆

)

+
1

2
σ2
1∆t
(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N −κα∆tN

)

)
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∂Q
(

θ̂ j,θ
)

∂σ1
=

− N

σ1
+

1

σ3
1 (1−ρ2)∆t

(

e
′
1Ĥ

(3)
N e1−2e

′
1Ĥ

(1)
N (e1−∆te2)

+
(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)+µ2∆t2N−2µ∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)′
L̂
(1)
N

))

+
σ1∆tN

4(1−ρ2)

+
e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −Nµ∆t

σ1 (1−ρ2)
− ρ

σ2
1σ2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1

−e′2Ĥ
(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−µ∆t
(

e
′
2L̂

(2)
N − (1−κ∆t) L̂

(1)
N

)

−κα∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −µ∆tN

))

− ρ

2σ2 (1−ρ2)
×
(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N −κα∆tN

)

−σ1∆te
′
1G
−2

(

L̂
(2)
N −QlL̂

(1)
N −N∆tµe1−N∆tκαe2

)

− 1

2
σ3
1∆t2e

′
1G
−2e1N

+σ1

N

∑
l=0

(

A
σ1
l

)′
H−2Aσ1

l +
N

∑
l=0

(

A
σ1
l

)′
H−2

(

Yl−B
σ1
l

)

− K̂N

(

A
σ1
l

)

Setting equation (3.4) to zero and multiplying by σ3
1 gives

a
σ1
4 σ4

1+a
σ1
3 σ3

1+a
σ1
2 σ2

1+a
σ1
1 σ1+a

σ1
0 = 0
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with

a
σ1
4 =−

N

∑
l=0

(

A
σ1
l

)′
H−2Aσ1

l +
N∆t

4(1−ρ2)

a
σ1
3 =− ρ

2σ2 (1−ρ2)
×
(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N −κα∆tN

)

+
N

∑
l=0

(

A
σ1
l

)′
H−2

(

Yl−B
σ1
l

)

− K̂N

(

A
σ1
l

)

a
σ1
2 =−N+

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −Nµ∆t

(1−ρ2)

a
σ1
1 =− ρ

σ2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1

−e′2Ĥ
(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−µ∆t
(

e
′
2L̂

(2)
N − (1−κ∆t) L̂

(1)
N

)

−κα∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −µ∆tN

))

a
σ1
0 =

1

(1−ρ2)∆t

(

e
′
1Ĥ

(3)
N e1−2e

′
1Ĥ

(1)
N (e1−∆te2)

+
(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)+µ2∆t2N−2µ∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N

))

A.5 Proof of Theorem 3.5

Taking the derivative of Q
(

θ̂ j,θ
)

with respect to σ2, we get

∂Q
(

θ̂ j,θ
)

∂σ2
=− N

σ2
− 1

2
Eθ̂ j

[

N

∑
l=1

(Xl−QlXl−1− cl)
′ ∂G−2

∂σ2
(Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=0

(

∂dl
∂σ2

)′
H−2 (Yl−MlXl−dl) |YN

]

=− N

σ2
− 1

2
Eθ̂ j









N

∑
l=1

(Xl−QlXl−1− cl)
′









0
ρ

σ22σ1(1−ρ2)∆t

ρ

σ22σ1(1−ρ2)∆t
−2

σ32∆t(1−ρ2)









×(Xl−QlXl−1− cl) |YN]+Eθ̂ j

[

N

∑
l=0

(

σ2A
σ2
l +B

σ2
l

)′
H−2

×
(

Yl−MlXl−
1

2
σ2
2A

σ2
l −σ2B

σ2
l −D

σ2
l

)

|YN
]

.
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Expanding the matrix multiplication in the second term of last equation as follows

− 1

2(1−ρ2)∆t
Eθ̂ j









N

∑
l=1









V

Z









′







0
ρ

σ1σ22

ρ
σ1σ22

− 2
σ32

















V

Z









|YN









=− 1

2(1−ρ2)∆t
Eθ̂ j









N

∑
l=1









− ρ
σ1σ22

Z

ρ
σ1σ22

V − 2Z
σ32









′







V

Z









|YN









=− 1

2(1−ρ2)∆t
Eθ̂ j

[

N

∑
l=1

(

2VZ
ρ

σ1σ2
2

− 2Z2

σ3
2

)

|YN
]

=− ρ

σ1σ2
2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1− e

′
2Ĥ

(1)
N (e1−∆te2)

−(1−κ∆t)e
′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

∆t
(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

+
1

σ3
2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e2−2(1−κ∆t)e

′
2Ĥ

(1)e2

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

+Nκ2α2∆t2
)
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∂Q
(

θ̂ j,θ
)

∂σ2

=− N

σ2
− ρ

σ1σ2
2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1− e

′
2Ĥ

(1)
N (e1−∆te2)

−(1−κ∆t)e
′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

∆t
(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

+
1

σ3
2 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e2−2(1−κ∆t)e

′
2Ĥ

(1)e2

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

+Nκ2α2∆t2
)

− 1

2
σ3
2

N

∑
l=0

(

A
σ2
l

)′
H−2Aσ2

l −σ2
2

(

N

∑
l=0

(

A
σ2
l

)′
H−2Bσ2

l +
1

2

N

∑
l=0

(

B
σ2
l

)′
H−2Aσ2

l

)

+σ2

(

N

∑
l=0

(

A
σ2
l

)′
H−2

(

Yl−D
σ2
l

)

− K̂N

(

A
σ2
l

)

−
N

∑
l=0

(

B
σ2
l

)′
H−2Bσ2

l

)

+
N

∑
l=0

(

B
σ2
l

)′
H−2

(

Yl−D
σ2
l

)

− K̂N

(

B
σ2
l

)

Setting equation
∂Q(θ̂ j,θ)

∂σ2
to zero and multiplying by σ3

2 gives

a
σ2
6 σ6

2+a
σ2
5 σ5

2+a
σ2
4 σ4

2+a
σ2
3 σ3

2+a
σ2
2 σ2

2+a
σ2
1 σ2+a

σ2
0 = 0
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with

a
σ2
6 =− 1

2

N

∑
l=0

(

A
σ2
l

)′
H−2Aσ2

l

a
σ2
5 =−

N

∑
l=0

(

A
σ2
l

)′
H−2Bσ2

l −
1

2

N

∑
l=0

(

B
σ2
l

)′
H−2Aσ2

l

a
σ2
4 =

N

∑
l=0

(

A
σ2
l

)′
H−2

(

Yl−D
σ2
l

)

− K̂N

(

A
σ2
l

)

−
N

∑
l=0

(

B
σ2
l

)′
H−2Bσ2

l

a
σ2
3 =

N

∑
l=0

(

B
σ2
l

)′
H−2

(

Yl−D
σ2
l

)

− K̂N

(

B
σ2
l

)

a
σ2
2 =−N

a
σ2
1 =− ρ

σ1 (1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e1− e

′
2Ĥ

(1)
N (e1−∆te2)

−(1−κ∆t)e
′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

∆t
(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

a
σ2
0 =

1

(1−ρ2)∆t

(

e
′
2Ĥ

(3)
N e2−2(1−κ∆t)e

′
2Ĥ

(1)e2

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − e

′
2 (1−κ∆t) L̂

(1)
N

)

+Nκ2α2∆t2
)
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A.6 Proof of Theorem 3.6

Take the derivative of Q
(

θ̂ j,θ
)

with respect to ρ to find

∂Q
(

θ̂ j,θ
)

∂ρ
=

Nρ

1−ρ2
− 1

2
Eθ̂ j

[

N

∑
l=1

(Xl−QlXl−1− cl)
′ ∂G−2

∂ρ
(Xl−QlXl−1− cl) |YN

]

−Eθ̂ j

[

N

∑
l=0

(

−∂dl
∂ρ

)′
H−2 (Yl−MlXl−dl) |YN

]

=
Nρ

1−ρ2
− 1

2∆t (1−ρ2)2
Eθ̂ j









N

∑
l=1

(Xl−QlXl−1− cl)
′









2ρ

σ21
−1+ρ2

σ1σ2

−1+ρ2

σ1σ2

2ρ

σ22









×(Xl−QlXl−1− cl) |YN ]+Eθ̂ j

[

N

∑
l=0

(

A
ρ
l

)′
H2

(

Yl−MlXl−ρA
ρ
l −B

ρ
l

)

|YN
]

.
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Expanding the matrix multiplication in the second term of last equation gives

− ρ

σ2
1∆t (1−ρ2)2

Eθ̂ j

[

N

∑
l=1

V 2|YN
]

+
1+ρ2

σ1σ2∆t (1−ρ2)2
Eθ̂ j

[

N

∑
l=1

VZ|YN
]

− ρ

σ2
2∆t (1−ρ2)2

Eθ̂ j

[

N

∑
l=1

Z2|YN
]

=− ρ

σ2
1∆t (1−ρ2)2

(

e
′
1Ĥ

(3)
N e1−2e

′
1Ĥ

(1)
N (e1−∆te2)

+
(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)−2

(

µ− 1

2
σ2
1

)

∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N

)

+

(

µ− 1

2
σ2
1

)2

∆t2N

)

+
1+ρ2

σ1σ2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e1

−e′2Ĥ
(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2Ĥ

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

(

e
′
2L̂

(2)− (1−κ∆t)e
′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

− ρ

σ2
2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e2−2(1−κ∆t)e

′
2Ĥ

(1)e2

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

+Nκ2α2∆t2
)
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∂Q
(

θ̂ j,θ
)

∂ρ

=
Nρ

1−ρ2
− ρ

σ2
1∆t (1−ρ2)2

(

e
′
1Ĥ

(3)
N e1−2e

′
1Ĥ

(1)
N (e1−∆te2)

+
(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)−2

(

µ− 1

2
σ2
1

)

∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N

)

+

(

µ− 1

2
σ2
1

)2

∆t2N

)

+
1+ρ2

σ1σ2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e1

−e′2Ĥ
(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

(

e
′
2L̂

(2)− (1−κ∆t)e
′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

− ρ

σ2
2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e2−2(1−κ∆t)e

′
2Ĥ

(1)e2

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

+Nκ2α2∆t2
)

+
N

∑
l=0

(

A
ρ
l

)′
H2

(

Yl−B
ρ
l

)

− K̂N

(

A
ρ
l

)

−ρ
N

∑
l=0

(

A
ρ
l

)′
H−2Aρ

l . (A.6)

Setting equation (A.6) and multiplying by ρ3 gives

a
ρ
5ρ5+a

ρ
4ρ4+a

ρ
3ρ3+a

ρ
2ρ2+a

ρ
1ρ+a

ρ
0 = 0
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where

a
ρ
5 =−

N

∑
l=0

(

A
ρ
l

)′
H−2Aρ

l

a
ρ
4 =

N

∑
l=0

(

A
ρ
l

)′
H−2

(

Yl−B
ρ
l

)

− K̂N

(

A
ρ
l

)

a
ρ
3 =2

N

∑
l=0

(

A
ρ
l

)′
H−2Aρ

l −N

a
ρ
2 =−2

(

N

∑
l=0

(

A
ρ
l

)′
H−2

(

Yl−B
ρ
l

)

− K̂
(6)
N

)

+
1

σ1σ2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e1

−e′2Ĥ
(1)
N (e1−∆te2)− (1−κ∆t)e

′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2Ĥ

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

(

e
′
2L̂

(2)− e
′
2 (1−κ∆t) L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

a
ρ
1 =N−

N

∑
l=0

(

A
ρ
l

)′
H−2Aρ

l −
ρ

σ2
1∆t (1−ρ2)2

(

e
′
1Ĥ

(3)
N e1−2e

′
1Ĥ

(1)
N (e1−∆te2)

+
(

e
′
1−∆te

′
2

)

Ĥ
(2)
N (e1−∆te2)−2

(

µ− 1

2
σ2
1

)

∆t
(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N

)

+

(

µ− 1

2
σ2
1

)2

∆t2N

)

− ρ

σ2
2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e2−2(1−κ∆t)e

′
2Ĥ

(1)e2

+(1−κ∆t)2 e
′
2Ĥ

(2)
N e2−2κα∆t

(

e
′
2L̂

(2)
N − (1−κ∆t)e

′
2L̂

(1)
N

)

+Nκ2α2∆t2
)

a
ρ
0 =

1

σ1σ2∆t (1−ρ2)2

(

e
′
2Ĥ

(3)
N e1− e

′
2Ĥ

(1)
N (e1−∆te2)

−(1−κ∆t)e
′
1Ĥ

(1)
N e2+(1−κ∆t)e

′
2H

(2)
N (e1−∆te2)

−
(

µ− 1

2
σ2
1

)

(

e
′
2L̂

(2)− (1−κ∆t)e
′
2L̂

(1)
N

)

−κα∆t

(

e
′
1L̂

(2)
N −

(

e
′
1−∆te

′
2

)

L̂
(1)
N −N

(

µ− 1

2
σ2
1

)

∆t

))

+
N

∑
l=0

(

A
ρ
l

)′
H−2

(

Yl−B
ρ
l

)

− K̂N

(

A
ρ
l

)
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A.7 Proof of Theorem 3.7

Take derivative of Q
(

θ̂ j,θ
)

with respect to H2 by matrix calculus and get

∂Q
(

θ̂ j,θ
)

∂H2
=−(N+1)

2
H−2+

1

2
H−2Eθ̂ j

[

N

∑
l=0

(Yl−MlXl−dl)(Yl−MlXl−dl)
′ |YN

]

H−2

(A.7)

Set Equation (A.7) to zero and simplify. So we can get Equation (3.24)

H2 =
1

N+1
Eθ̂ j

[

N

∑
l=0

(Yl−MlXl−dl)(Yl−MlXl−dl)
′ |YN

]

=
1

N+1

(

N

∑
l=0

YlY
′
l −

N

∑
l=0

Yld
′
l− ĴN−

(

ĴN
)′
+ÛN−

N

∑
l=0

dlY
′
l +

N

∑
l=0

dld
′
l

)

where ĴN and ÛN are defined as in equation (3.25) and (3.26) respectively.

A.8 Proof of Theorem 3.8

Taking derivative of Q
(

θ̂ j,θ
)

with respect to κ gives

∂Q
(

θ̂ j,θ
)

∂κ
=Eθ̂ j

[

N

∑
l=1

(

∂cl
∂κ

+
∂Ql

∂κ
Xl−1

)′
G−2 (Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=1

(

∂Ml

∂κ
Xl+

∂dl
∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

= Eθ̂ j

[

N

∑
l=1

(

∂cl
∂κ

)′
G−2 (Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=1

X
′
l−1

(

∂Ql

∂κ

)′
G−2 (Xl−QlXl−1− cl) |YN

]

+Eθ̂ j

[

N

∑
l=0

X
′
l

(

∂Ml

∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

+Eθ̂ j

[

N

∑
l=0

(

∂dl
∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

(A.8)
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Let us first calculate ∂Ml

∂κ ,
∂Ql

∂κ and ∂dl
∂κ

∂Ml

∂κ
=

[

0M×1,
−τle

−κτl

κ
+
1− e−κτl

κ2

]

∈ RM×2

∂Ql

∂κ
=−∆te2e

′
2 ∈ R2×2

∂dl
∂κ

=

(−λ

κ2
− σ2

2

κ3
+

σ1σ2ρ

κ2

)

τl+
1

2

σ2
2τle

−2κτ

κ3
− 3

4

σ2
2

(

1− e−2κτl
)

κ4

+

(

α+
σ22
κ2

)

(1− e−κτl)

κ2
+

(

ακ−λ+σ1σ2ρ− σ22
κ

)

τle
−κτl

κ2

−
2
(

ακ−λ+σ1σ2ρ− σ22
κ

)

(1− e−κτl)

κ3
∈ RM×1

If we set equation (A.8) to zero, we find that it is impossible to solve for κ or even obtain

an elementary equation that must be statisfied. Therefore, we use an approximation of e−κτl

and e−2κτl . Using Taylor’s theorem, approximate them around κ̂ j (the j-th estimate of κ), to

obtain

e−κτ
(i)
l ≈ e−κ̂ jτ

(i)
l − τ

(i)
l e−κ̂ jτ

(i)
l
(

κ− κ̂ j

)

+
1

2

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l
(

κ− κ̂ j

)2
(A.9)

e−2κτ
(i)
l ≈ e−2κ̂ jτ

(i)
l −2τ

(i)
l e−2κ̂ jτ

(i)
l
(

κ− κ̂ j

)

+2
(

τ
(i)
l

)2
e−2κ̂ jτ

(i)
l
(

κ− κ̂ j

)2
(A.10)

where l = 1, . . . ,N and j = 1, . . . ,M by which τ
( j)
l is the term structure of the time for the l-th

observation of j-th futures price.

Substitute e−κτ
(i)
l and e−2κτ

(i)
l by Equation (A.9) and (A.10) respectively. Therefore, each

element ofMl , dl,
∂Ml

∂κ and ∂dl
∂κ can be approximated by Equation (A.11) to (A.14)

M
(i)
l ≈



1,−1

κ
+

e−κ̂ jτ
(i)
l

κ
− τ

(i)
l e−κ̂ jτ

(i)
l +

κ̂ jτ
(i)
l e−κ̂ jτ

(i)
l

κ
+
1

2

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l κ

−κ̂ j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l +

1

2

κ̂2j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l

κ







=

[

1,
1

∑
n=−1

κnm
n(i)
l

]

(A.11)
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where

m
−1(i)
l =−1+ e−κ̂ jτ

(i)
l + κ̂ jτ

(i)
l e−κ̂ jτ

(i)
l +

1

2
κ̂2j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l ∈ R

m
0(i)
l =− τ

(i)
l eκ̂ jτ

(i)
l − κ̂ j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l ∈ R

m
1(i)
l =

1

2

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l ∈ R

and m
n(i)
l , n=−1,0,1 represent the coefficients of κn respectively.

Then substituting

∂M
(i)
l

∂κ
≈
[

0,
1

2

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l − 1

2

(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l κ+ κ̂ j

(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l

−1
2

κ̂2j

(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l

κ
+

1

κ2
− e−κ̂ jτ

(i)
l

κ2
− κ̂ jτ

(i)
l e−κ̂ jτ

(i)
l

κ2
− 1

2

κ̂2j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l

κ2







=

[

0,
1

∑
n=−2

κnh
n(i)
l

]

∈ R1×2 (A.12)

where

h
−2(i)
l =1− e−κ̂ jτ

(i)
l − κ̂ jτ

(i)
l e−κ̂ jτ

(i)
l − 1

2
κ̂2j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l

h
−1(i)
l =− 1

2
κ̂2j

(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l

h
0(i)
l =

1

2

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l + κ̂ j

(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l

h
1(i)
l =− 1

2

(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l

and h
n(i)
l , n=−2,−1,0,1 represent the coefficients of κn respectively.

dl ≈
1

∑
n=−3

κns
n(i)
l (A.13)
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where

s
−3(i)
l =σ2

2e
−κ̂ jτ

(i)
l − 1

2
σ2
2τ

(i)
l κ̂ je

−2κ̂ jτ
(i)
l − 1

2
σ2
2κ̂2j

(

τ
(i)
l

)2
e−2κ̂ jτ

( j)
l +σ2

2κ̂ jτ
(i)
l e−κ̂ jτ

(i)
l

+
1

2
σ2
2

(

τ
( j)
l

)2
κ̂2je

−κ̂ jτ
(i)
l − 3

4
σ2
2−

1

4
σ2
2e
−2κ̂ jτ

(i)
l

s
−2(i)
l =− 1

2
σ1σ2ρκ̂2j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l −σ1σ2ρκ̂ jτ

(i)
l e−κ̂ jτ

(i)
l +

1

2
σ2
2τ

(i)
l −λ+σ2

2κ̂ j

(

τ
(i)
l

)2
e−2κ̂ jτ

(i)
l

−σ2
2

(

τ
(i)
l

)2
κ̂ je

−κ̂ jτ
( j)
l +λτ

( j)
l κ̂ je

−κ̂ jτ
( j)
l +

1

2
λτ

( j)
l 2κ̂2je

−κ̂ jτ
(i)
l −σ1σ2ρe

−κ̂ jτ
( j)
l +λe−κ̂ jτ

(i)
l

+
1

2
σ2
2τ

(i)
l e−2κ̂ jτ

(i)
l +σ1σ2ρ−σ2

2τ
(i)
l e−κ̂ jτ

(i)
l

s
−1(i)
l =σ1σ2ρκ̂ j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l +λτ

(i)
l −αe−κ̂ jτ

(i)
l +α− τ

(i)
l σ1σ2ρ−ατ

(i)
l κ̂ je

−κ̂ jτ
(i)
l

− 1

2
ακ̂2j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l −λκ̂ j

(

τ
( j)
l

)2
e−κ̂ jτ

(i)
l +σ1σ2ρτ

(i)
l e−κ̂ jτ

(i)
l − 1

2
σ2
2

(

τ
(i)
l

)2
e−2κ̂ jτ

(i)
l

−λτ
(i)
l e−κ̂ jτ

(i)
l +

1

2
σ2
2

(

τ
(i)
l

)2
e−κ̂τ

(i)
l

s
0(i)
l =− 1

2
σ1σ2ρ

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l + τ

(i)
l r− τ

(i)
l α+ακ̂ j

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l +ατ

(i)
l e−κ̂ jτ

(i)
l

+
1

2
λ
(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l

s
1(i)
l =− 1

2
α
(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l

and s
n(i)
l , n=−3,−2,−1,0,1 represent the coefficients of κn respectively.

∂d
(i)
l

∂κ
≈

1

∑
n=−4

κnp
n(i)
l (A.14)
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where

p
−4(i)
l =

3

4
σ2
2e
−2κ̂ jτ

(i)
l −3σ2

2e
−κ̂ jτ

(i)
l +

9

4
σ2
2+

3

2
σ2
2τ

(i)
l κ̂ je

−2κ̂ jτ
(i)
l

+
3

2
σ2
2

(

τ
(i)
l

)2
κ̂2je

−2κ̂ jτ
(i)
l −3σ2

2τ
(i)
l κ̂ je

−κ̂ jτ
(i)
l − 3

2
σ2
2

(

τ
(i)
l

)2
κ̂2je

−κ̂ jτ
(i)
l

p
−3(i)
l =2σ1σ2ρτ

(i)
l κ̂ je

−κ̂ jτ
(i)
l +σ1σ2ρ

(

τ
(i)
l

)2
κ̂2je

−κ̂ jτ
(i)
l −σ2

2τ−σ2
2τ

(i)
l e−2κ̂ jτ

(i)
l

+2σ2
2τ

(i)
l e−κ̂ jτ

(i)
l −2σ1σ2ρ−2λe−κ̂ jτ

(i)
l +2λ−2σ2

2

(

τ
(i)
l

)2
κ̂ je

−2κ̂ jτ
(i)
l

+σ2
2

(

τ
(i)
l

)3
κ̂2je

−2κ̂ jτ
(i)
l +2σ2

2

(

τ
(i)
l

)2
κ̂ je

−κ̂ jτ
(i)
l − 1

2

(

τ
(i)
l

)3
σ2
2κ̂2je

−κ̂ jτ
(i)
l

−2λτ
(i)
l κ̂ je

−κ̂ jτ
(i)
l −λ

(

τ
(i)
l

)2
κ̂2je

−κ̂ jτ
(i)
l +2σ1σ2ρe

−κ̂ jτ
(i)
l

p
−2(i)
l =− τ

(i)
l σ1σ2ρe−κ̂ jτ

(i)
l +

1

2
σ2
2

(

τ
(i)
l

)2
e−2κ̂ jτ

(i)
l − 1

2
σ2
2

(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l +λτ

(i)
l e−κ̂ jτ

(i)
l

+σ1σ2ρτ
(i)
l +αe−κ̂ jτ

(i)
l −α−2σ2

2

(

τ
(i)
l

)3
κ̂ je

−2κ̂ jτ
(i)
l +ατ

(i)
l κ̂ je

−κ̂ jτ
(i)
l

+
1

2
α
(

τ
(i)
l

)2
κ̂2je

−κ̂ jτ
(i)
l +

(

τ
(i)
l

)2
λκ̂ je

−κ̂ jτ
(i)
l − 1

2

(

τ
(i)
l

)3
λκ̂2je

−κ̂ jτ
(i)
l

+
(

τ
(i)
l

)3
σ2
2κ̂ je

−κ̂ jτ
(i)
l −λτ

(i)
l −

(

τ
(i)
l

)2
σ1σ2ρκ̂ je

−κ̂ jτ
(i)
l +

1

2

(

τ
(i)
l

)3
σ1σ2ρκ̂2je

−κ̂ jτ
(i)
l

p
−1(i)
l =σ2

2

(

τ
(i)
l

)3
e−2κ̂ jτ

(i)
l − 1

2
σ2
2

(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l +

1

2

(

τ
(i)
l

)3
ακ̂2je

−κ̂ jτ
(i)
l

+
(

τ
(i)
l

)3
λκ̂ je

−κ̂ jτ
(i)
l −

(

τ
(i)
l

)3
σ1σ2ρκ̂ je

−κ̂ jτ
(i)
l

p
0(i)
l =

1

2

(

τ
(i)
l

)3
σ1σ2ρe

−κ̂ jτ
(i)
l − 1

2
α
(

τ
(i)
l

)2
e−κ̂ jτ

(i)
l − 1

2
λ
(

τ
(i)
l

)3
e−κ̂ jτ

(i)
l −

(

τ
(i)
l

)3
ακ̂ je

−κ̂ jτ
(i)
l

p
1(i)
l =

1

2

(

τ
(i)
l

)3
αe−κ̂ jτ

(i)
l

p−4, n=−1,0,1 represent the coefficients of κn respectively.

Now focus on Equation (A.8). We will calculate each term of it respectively. First calculate
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Eθ̂ j

[

∑N
l=1

(

∂cl
∂κ

)′
G−2 (Xl−QlXl−1− cl) |YN

]

.

Eθ̂ j

[

N

∑
l=1

(

∂cl
∂κ

)′
G−2 (Xl−QlXl−1− cl) |YN

]

=Eθ̂ j

[

N

∑
l=1

α∆te
′
2G
−2
(

Xl−QlXl−1−
(

µ− 1

2
σ2
1

)

∆te1−κα∆te2

)

|YN
]

=α∆te
′
2G
−2
(

L̂
(2)
N −QlL̂

(1)
N −N

(

µ− 1

2
σ2
1

)

∆te1

)

−κNα2∆t2e
′
2G
−2e2

Next we consider Eθ̂ j

[

∑N
l=1X

′
l−1

(

∂Ql

∂κ

)′
G−2 (Xl−QlXl−1− cl) |YN

]

.

Eθ̂ j

[

N

∑
l=1

X
′
l−1

(

∂Ql

∂κ

)′
G−2 (Xl−QlXl−1− cl) |YN

]

=Eθ̂ j

[

N

∑
l=1

X
′
l−1 (−∆t)e2e

′
2G
−2 (Xl−QlXl−1− cl) |YN

]

=−∆te
′
2G
−2Eθ̂ j

[

N

∑
l=1

X
′
l−1e2 (Xl−QlXl−1− cl) |YN

]

=−∆te
′
2G
−2Eθ̂ j

[

N

∑
l=1

(

XlX
′
l−1e2−QlXl−1X

′
l−1e2− clX

′
l−1e2

)

|YN
]

=−∆te
′
2G
−2
(

Ĥ
(1)
N e2−

(

e1e
′
1−∆te1e

′
2+ e2e

′
2−κ∆te2e

′
2

)

Ĥ
(2)
N e2−

((

µ− 1

2
σ2
1

)

∆te1

+κα∆te2)
(

L̂
(1)
N

)′

e2

)

=−∆te
′
2G
−2
(

Ĥ
(1)
N e2−

(

e1e
′
1−∆te1e

′
2+ e2e

′
2

)

Ĥ
(2)
N e2−

(

µ− 1

2
σ2
1

)

∆te1
(

L̂
(1)
N

)′

e2

)

+κ

(

−∆t2e
′
2G
−2e2e

′
2Ĥ

(2)
N e2+α∆t2e

′
2G
−2e2

(

L̂
(1)
N

)′

e2

)

Before calculating Eθ̂ j

[

∑N
l=0X

′
l

(

∂Ml

∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

and

Eθ̂ j

[

∑N
l=0

(

∂dl
∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

, first we define some finite-dimensional
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filters

K̂N (hm) = Eθ̂ j

[

N

∑
l=0

H−2 [0M×1, hm]Xl|YN
]

m=−2,−1,0,1

K̂N (dk,hm) = Eθ̂ j

[

N

∑
l=0

d
′
kH

−2 [0M×1,hm]Xl|YN
]

k =−3,−2,−1,0,1,m=−2,−1,0,1

K̂N (pm) = Eθ̂ j

[

N

∑
l=0

p
′
mH

−2 [IM×1,0M×1]Xl|YN
]

m=−4,−3,−2,−1,0,1

K̂N (pm,mn) = Eθ̂ j

[

N

∑
l=0

p
′
mH

−2 [0M×1,mn]Xl|YN
]

m=−4,−3,−2,−1,0,1, n=−1,0,1

ĤN (dMm) =Eθ̂ j

[

N

∑
l=0

dM
′
mH

−2IM×1X
(2)
l X

(1)
l |YN

]

m=−2,−1,0,1

ĤN (dMm,mn) = Eθ̂ j

[

N

∑
l=0

dM
′
mH

−2mnX
(2)
l X

(2)
l |YN

]

m=−2,−1,0,1, nl =−1,0,1
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where 0M×1 is an M× 1 vector with 0 in each position, IM×1 is an M× 1 vector with 1 in

each position and X
(i)
l , i= 1,2 is the i-th element of process Xl. Then

Eθ̂ j

[

N

∑
l=0

X
′
l

(

∂Ml

∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

=Eθ̂ j

[

N

∑
l=0

X
′
l

(

∂Ml

∂κ

)′
H−2Yl |YN

]

−Eθ̂ j

[

N

∑
l=0

X
′
l

(

∂Ml

∂κ

)′
H−2MlXl|YN

]

−Eθ̂ j

[

N

∑
l=0

X
′
l

(

∂Ml

∂κ

)′
H−2dl|YN

]

=Eθ̂ j

[

N

∑
l=0

Y
′
lH

−2
[

0M×1,
1

∑
n=−2

κndMn

]

Xl|YN
]

−Eθ̂ j

[

N

∑
l=0

X
′
l

[

0M×1,
1

∑
n=−2

κndMn

]

H−2 [IM×1,0M×1]Xl|YN
]

−Eθ̂ j

[

N

∑
l=0

X
′
l

[

0M×1,
1

∑
n=−2

κndMn

]

H−2
[

0M×1,
1

∑
n=−1

κnmn

]

|YN
]

−Eθ̂ j

[

N

∑
l=0

(

1

∑
n=−3

κndn

)

H−2
[

0M×1,
1

∑
n=−2

κndMn

]

Xl|YN
]

(A.15)

Thus equation (A.15) can be written as

1

∑
n=−2

κnK̂N (dMn)−
1

∑
n=−2

κnĤN (dMn)−
1

∑
m=−1

1

∑
n=−2

κm+nĤN (dMn,mm)

−
1

∑
m=−3

1

∑
n=−2

κm+nK̂N (dm,dMn)
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Now continue to calculate Eθ̂ j

[

∑N
l=0

(

∂dl
∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

Eθ̂ j

[

N

∑
l=0

(

∂dl
∂κ

)′
H−2 (Yl−MlXl−dl) |YN

]

=
N

∑
l=0

(

∂dl
∂κ

)′
H−2Yl−Eθ̂ j

[

N

∑
l=0

(

∂dl
∂κ

)′
H−2MlXl|YN

]

−
N

∑
l=0

(

∂dl
∂κ

)′
H−2dl

=
N

∑
l=0

(

1

∑
n=−4

κnpn

)′

H−2Yl

−Eθ̂ j

[

N

∑
l=0

(

1

∑
n=−4

κnpn

)′

H−2
[

0M×1,
1

∑
n=−1

κnmn

]

Xl|YN
]

−Eθ̂ j

[

N

∑
l=0

(

1

∑
n=−4

κnpn

)′

H−2 [IM×1,0M×1]Xl|YN
]

−
N

∑
l=0

(

1

∑
n=−4

κnpn

)′

H−2
(

1

∑
n=3

κndn

)

(A.16)

Therefore, Equation (A.16) can be written as

1

∑
n=−4

(

κn
N

∑
l=0

p′nH
−2Yl

)

−
1

∑
n=−4

(

κnK̂N (pn)
)

−
1

∑
m=−4

1

∑
n=−1

κm+nK̂N (pm,mn)

−
1

∑
m=−4

1

∑
n=−3

κm+np
′
mH

−2dn

From the calculation above,the ( j+1)-th estimate of κ should satisfy the equation

aκ
9κ9+aκ

8κ8+aκ
7κ7+aκ

6κ6+aκ
5κ5+aκ

4κ4+aκ
3κ3+aκ

2κ2+aκ
1κ+aκ

0 = 0
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with

aκ
9 =−Ĥ (dM1,m1)− K̂N (d1,dM1)− K̂N (p1,m1)−

N

∑
l=0

p1H
−2d1

aκ
8 =

N

∑
l=0

p′1H
−2Yl +

(

−∆t2e
′
2G
−2e2e

′
2Ĥ

(2)
N e2+α∆t2e

′
2G
−2e2

(

L̂
(1)
N

)′

e2

)

+ K̂N (dM1)− Ĥ (dM1)− Ĥ (dM0,m1)− Ĥ (dM1,m0)− K̂N (d0,dM1)

− K̂N (d1,dM0)− K̂N (p1)− K̂N (p0,m1)− K̂N (p1,m0)−
N

∑
l=0

p0H
−2d1−

N

∑
l=0

p1H
−2d0

−Nα2∆t2e
′
2G
−2e2

aκ
7 =

N

∑
l=0

p′0H
−2Yl−∆te

′
2G
−2
(

Ĥ
(1)
N e2−

(

e1e
′
1−∆te1e

′
2+ e2e

′
2

)

Ĥ
(2)
N e2

−
(

µ− 1

2
σ2
1

)

∆te1
(

L̂
(1)
N

)′

e2

)

+ K̂N (dM0)− Ĥ (dM0)− Ĥ (dM−1,m1)− Ĥ (dM0,m0)

− Ĥ (dM1,m−1)− K̂N (d−1,dM1)− K̂N (d0,dM0)

− K̂N (d1,dM−1)− K̂N (p0)− K̂N (p−1,m1)− K̂N (p0,m0)

− K̂N (p1,m−1)−
N

∑
l=0

p−1H−2d1−
N

∑
l=0

p0H
−2d0−

N

∑
l=0

p1H
−2d−1

+α∆te
′
2G
−2
(

L̂
(2)
N −QlL̂

(1)
N −N

(

µ− 1

2
σ2
1

)

∆te1

)

aκ
6 =

N

∑
l=0

p′−1H
−2Yl + K̂κ

N (dM−1)− Ĥ (dM−1)− Ĥ (dM−2,m1)

− Ĥ (dM−1,m0)− Ĥ (dM0,m−1)− K̂N (d−2,dM1)− K̂κ
N (d−1,dM0)

− K̂κ
N (d0,dM−1)− K̂κ

N (d1,dM−2)− K̂N (p−1)− K̂N (p−2,m1)

− K̂N (p−1,m0)− K̂N (p0,m−1)−
1

∑
n=−2

(

N

∑
l=0

p−n−1H−2dn

)
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aκ
5 =

N

∑
l=0

p′−2H
−2Yl + K̂κ

N (dM−2)− Ĥ (dM−2)− Ĥ (dM−2,m0)

− Ĥ (dM−1,m−1)− K̂N (d−3,dM1)− K̂N (d−2,dM0)− K̂N (d−1,dM−1)

− K̂N (d0,dM−2)− K̂N (p−2)− K̂N (p−3,m1)− K̂N (p−2,m0)− K̂N (p−1,m−1)

−
1

∑
n=−3

(

N

∑
l=0

p−2−nH
−2dn

)

aκ
4 =

N

∑
l=0

p′−3H
−2Yl− Ĥ (dM−2,m−1)− K̂N (d−3,dM0)− K̂N (d−2,dM−1)

− K̂N (d−1,dM−2)− K̂N (p−3)− K̂N (p−4,m1)− K̂N (p−3,m0)− K̂N (p−2,m−1)

−
1

∑
n=−3

(

N

∑
l=0

p−3−nH−2dn

)

aκ
3 =

N

∑
l=0

p′−4H
−2Yl− K̂N (d−3,dM−1)− K̂N (d−2,dM−2)− K̂N (p−4)− K̂N (p−4,m0)

− K̂N (p−3,m−1)−
3

∑
n=0

(

N

∑
l=0

pn−4H−2d−n

)

aκ
2 =−K̂N (d−3,dM−2)− K̂N (p−4,m−1)−

N

∑
l=0

p−4H−2d−1−
N

∑
l=0

p−3H−2d−2−
N

∑
l=0

p−2H−2d−3

aκ
1 =−

N

∑
l=0

p−4H−2d−2−
N

∑
l=0

p−3H−2d−3

aκ
0 =−

N

∑
l=0

p−4H−2d−3

From all above, we proved the EM update for each parameter.
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Appendix B

Proof of Finite-dimensional Filters

In this section, we give a outline for deriving the filters given in Theorem 3.1-3.8. The proof

is based on the work of Elliott and Krishnamurthy (1999) and Elliott and Hyndman (2007).

We calculate the filters with the reference probability measure introduced in section (2.3)

and apply Bayes’ theorem. In the E-step of the EM algorithm, the (k+ 1)-th update of the

parameter set θ̂k+1 is based on the k-th update θ̂k. Therefore, the Radon-Nikodym derivative

Λk in the E-step is associated with θ̂k and used to construct the measure Pθ̂k
from the reference

probability P̄. Let αk, γ
i j(m)
k , qk, and β

i j(n)
k be the unnormalized (measured valued) densities

αk (x) = Ē
[

ΛkI{xk∈dx}|Yk
]

γ
i j(n)
k = Ē

[

ΛkJ
i j(n)
k I{xk∈dx}|Yk

]

,m= 1,2

qk (x) = Ē
[

ΛkKkI{xk∈dx}|Yk
]

β
i j(n)
k (x) = Ē

[

ΛkU
i j(n)
k I{x∈dx}|Yk

]

,n= 1, . . . ,4

ζ
i(n)
k (x) = Ē

[

ΛkL
i(n)
k I{x∈dx}|Yk

]

,n= 1, . . . ,2, i= 1, . . . ,m

p
i j(n)
k (x) = Ē

[

ΛkH
i j(n)
k I{x∈dx}|Yk

]

,n= 0, . . . ,3.
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Then for any measurable test function g :Rm→R

Ē [Λkg(Xk)|Yk] =
∫
Rm

αk (x)g(x)dx (B.1)

Ē
[

ΛkJ
i j(m)
k g(Xk)|Yk

]

=

∫
Rm

γ
i j(m)
k (x)g(x)dx,m= 1,2 (B.2)

Ē [ΛkKkg(Xk)|Yk] =
∫
Rm

qk (x)g(x)dx (B.3)

Ē
[

ΛkU
i j(n)
k g(Xk)|Yk

]

=

∫
Rm

β
i j(n)
k (x)g(x)dx,n= 1, . . . ,4 (B.4)

Ē
[

ΛkL
i(n)
k g(Xk)|Yk

]

=
∫
Rm

ζ
i(n)
k (x)g(x)dx,n= 1, . . . ,2, (B.5)

Ē
[

ΛkH
i j(n)
k g(Xk)|Yk

]

=
∫
Rm

p
i j(n)
k (x)g(x)dx,n= 0, . . . ,3. (B.6)

Similar to Theorem 4.1 of Elliott and Krishnamurthy (1999), the following recursions can be

derived:

β
i j(1)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

β
i j(1)
k−1 (z)dz

+< X ,e1M
(i,1)
k >< X ,e1M

( j,1)
k > αk (x) (B.7)

β
i j(2)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

β
i j(2)
k−1 (z)dz

+< X ,e1M
(i,1)
k >< X ,e2M

( j,2)
k > αk (x) (B.8)

β
i j(3)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

β
i j(3)
k−1 (z)dz

+< X ,e2M
(i,2)
k >< X ,e1M

( j,1)
k > αk (x) (B.9)

β
i j(4)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

β
i j(4)
k−1 (z)dz

+< X ,e2M
(i,2)
k >< X ,e2M

( j,2)
k > αk (x) (B.10)

γ
i j(1)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

γ
i j(1)
k−1 (z)dz

+< x,e1M
(i,1)
k

(

Y
( j)
k −d

( j)
k

)

> αk (x) (B.11)
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γ
i j(2)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

γ
i j(2)
k−1 (z)dz

+< X ,e2M
(i,2)
k

(

Y
( j)
k −d

( j)
k

)

> αk (x) (B.12)

αk (x) =
φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

αk−1 (z)dz (B.13)

qk (x) =
φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

qk−1 (z)dz+ f
′
kH

−2Mkxαk (x)

(B.14)

ζ
i(1)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

[∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

β
i(1)
k−1 (z)dz

∫
Rm

ϕ
(

G−1 (x−Qz− c)
)

< z,ei > αk−1 (z)dz
]

(B.15)

ζ
i(2)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

ζ
i(2)
k−1 (z)dz

+< x,ei > αk (x) (B.16)

p
i j(0)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

p
i j(0)
k−1 (z)dz

+ f̄
′
lH
−2ḡl < x,ei >< x,e j > αk (x) (B.17)

p
i j(1)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

[∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

p
i j(1)
k−1 (z)dz

+< x,ei >
∫
Rm

ϕ
(

G−1 (x−Qz− c)
)

< z,e j > αk−1 (z)dz
]

(B.18)

p
i j(2)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

[∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

p
i j(2)
k−1 (z)dz

+

∫
Rm

ϕ
(

G−1 (x−Qz− c)
)

< z,ei >< z,e j > αk−1 (z)dz

]

(B.19)

p
i j(3)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|G||H|φ(Yk)

∫
Rm

ϕ
(

G−1 (x−Qkz− ck)
)

p
i j(3)
k−1 (z)dz

+< x,ei >< x,e j > αk (x) (B.20)
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For brevity, we only prove (B.7) as others have similar procedure. we can write

U
i j(1)
k =U

i j(1)
k−1 +< Xk,e1M

(i,1)
k >< Xk,e1M

( j,1)
k >

Then using the definition of Λk in equation (2.14), we can write equation (B.4) as

Ē
[

ΛkU
i j(1)
k g(Xk) |Yk

]

=Ē

[

Λk−1
φ
(

H−1 (Yk−MkXk−dk)
)

|H|φ(Yk)
ϕ
(

G−1 (Xk−QkXk−1− ck)
)

|G|ϕ(Xk)
×U

i j(1)
k−1 g(Xk) |Yk

]

+ Ē

[

Λk−1
φ
(

H−1 (Yk−MkXk−dk)
)

|H|φ(Yk)
ϕ
(

G−1 (Xk−QkXk−1− ck)
)

|G|ϕ(Xk)

×< Xk,e1M
(i,1)
k >< Xk,e1M

( j,1)
k > g(Xk) |Yk

]

=
1

|H||G|φ(Yk)

[

Ē

[

Λk−1U
i j(1)
k−1

∫
Rm

φ
(

H−1 (Yk−Mkx−dk)
)

ϕ
(

G−1 (Xk−QkXk−1− ck)
)

g(x)dx|Yk]+ Ē

[

Λk−1

∫
Rm

φ
(

H−1 (Yk−Mkx−dk)
)

ϕ
(

G−1 (Xk−QkXk−1− ck)
)

< x,e1M
(i,1)
k >< x,e1M

( j,1)
k > g(x)dx|Yk

]]

=
1

|H||G|φ(Yk)

[∫
Rm

∫
Rm

β
i j(1)
k−1 (z)φ

(

H−1 (Yk−Mkx−dk)
)

ϕ
(

G−1 (x−Qkz− ck)
)

g(x)dxdz

+
∫
Rm

∫
Rm

αk−1 (z)φ
(

H−1 (Yk−Mkx−dk)
)

ϕ
(

G−1 (x−Qkz− ck)
)

< x,e1M
(i,1)
k >< x,e1M

( j,1)
k > g(x)dxdz

]

From the definition of β
i j(1)
k (x) in equation (B.4), it is easy to conclude that

β
i j(1)
k (x) =

φ
(

H−1 (Yk−Mkx−dk)
)

|H||G|φ(Yk)

∫
Rm

β
i j(1)
k−1 (z)ϕ

(

G−1 (x−Qkz− ck)
)

dz

+
φ
(

H−1 (Yk−Mkx−dk)
)

|H||G|φ(Yk)

∫
Rm

αk−1 (z)ϕ
(

G−1 (x−Qkz− ck)
)

×< Xk,e1M
(i,1)
k >< Xk,e1M

( j,1)
k > dz

=
φ
(

H−1 (Yk−Mkx−dk)
)

|H||G|φ(Yk)

∫
Rm
Rm

β
i j(1)
k−1 (z)ϕ

(

G−1 (x−Qkz− ck)
)

dz

+< Xk,e1M
(i,1)
k >< Xk,e1M

( j,1)
k > αk (x)
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Similarly, we can prove the other recursions.

Note that when k=0, we have the initial conditions as follows:

α0 (x) =
φ
(

H−1 (Y0−M0x−d0)
)

|H|φ(Y0)
ϕ(x)

β
i j(1)
0 (x) =< x,e1M

(i,1)
0 >< x,e1M

( j,1)
0 > α0 (x) (B.21)

β
i j(2)
0 (x) =< x,e1M

(i,1)
0 >< x,e2M

( j,2)
0 > α0 (x)

β
i j(3)
0 (x) =< x,e2M

(i,2)
0 >< x,e1M

( j,1)
0 > α0 (x)

β
i j(4)
0 (x) =< x,e2M

(i,2)
0 >< x,e2M

( j,2)
0 > α0 (x)

γ
i j(1)
0 (x) =< x,e1M

(i,1)
0

(

Y
( j)
0 −d

( j)
0

)

> α0 (x)

γ
i j(2)
0 (x) =< x,e2M

(i,2)
0

(

Y
( j)
0 −d

( j)
0

)

> α0 (x)

q0 (x) = f ′0H
−2M0xα0 (x)

ζ
i(1)
0 = 0

ζ
i(2)
0 = 0

p
i j(0)
0 = f̄

′
lH
−2ḡl < x,ei >< x,e j > α0 (x)

p
i j(1)
0 = 0

p
i j(2)
0 = 0

p
i j(3)
0 = 0

(B.22)
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Using these recursions, we are able to give finite-dimensional sufficient statistics for the den-

sities (B.7) to (B.14). Define

σk = P−1k−1+Q
′
lG
−2Ql

Σk = G−2Qlσ
−1
k

Sk = σ−1k+1

(

P−1k µk−Q
′
lG
−2cl

)

Similar to Theorem 5.2 of Elliott and Krishnamurthy (1999), we can prove

β
i j(n)
k (x) =

[

a
i j(n)
k +

(

b
i j(n)
k

)′
x+ x′di j(n)k x

]

αk (x) ,n= 1, . . . ,4 (B.23)
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where a
i j(n)
k+1 ∈ R, b

i j(n)
k+1 ∈ Rm and d

i j(n)
k+1 ∈ Rm×m, a symmetric matrix satisfy the following

recursions

a
i j(1)
k+1 = a

i j(1)
k +

(

b
i j(1)
k

)′
Sk+Tr

[

d
i j(1)
k σ−1k+1

]

+S′kd
i j(1)
k Sk,a

i j(1)
0 = 0

b
i j(1)
k+1 = Σk+1

(

b
i j(1)
k +2d

i j(1)
k Sk

)

,b
i j(1)
0 = 0

d
i j(1)
k+1 = Σk+1d

i j(1)
k Σ

′
k+1+

1

2

(

M
(i,1)
k+1 e1e

′
1M

( j,1)
k+1 +M

( j,1)
k+1 e1e

′
1M

(i,1)
k+1

)

d
i j(1)
0 =

1

2

(

M
(i,1)
0 e1e

′
1M

( j,1)
0 +M

( j,1)
0 e1e

′
1M

(i,1)
0

)

a
i j(2)
k+1 = a

i j(2)
k +

(

b
i j(2)
k

)′
Sk+Tr

[

d
i j(2)
k σ−1k+1

]

+S′kd
i j(2)
k Sk,a

i j(2)
0 = 0

b
i j(2)
k+1 = Σk+1

(

b
i j(2)
k +2d

i j(2)
k Sk

)

,b
i j(2)
0 = 0

d
i j(2)
k+1 = Σk+1d

i j(2)
k Σ

′
k+1+

1

2

(

M
(i,1)
k+1 e1e

′
2M

( j,2)
k+1 +M

( j,2)
k+1 e2e

′
1M

(i,1)
k+1

)

d
i j(2)
0 =

1

2

(

M
(i,1)
0 e1e

′
2M

( j,2)
0 +M

( j,2)
0 e2e

′
1M

(i,1)
0

)

a
i j(3)
k+1 = a

i j(3)
k +

(

b
i j(3)
k

)′
Sk+Tr

[

d
i j(3)
k σ−1k+1

]

+S′kd
i j(3)
k Sk,a

i j(3)
0 = 0

b
i j(3)
k+1 = Σk+1

(

b
i j(3)
k +2d

i j(3)
k Sk

)

,b
i j(3)
0 = 0

d
i j(3)
k+1 = Σk+1d

i j(3)
k Σ

′
k+1+

1

2

(

M
(i,2)
k+1 e2e

′
1M

( j,1)
k+1 +M

( j,1)
k+1 e1e

′
2M

(i,2)
k+1

)

d
i j(3)
0 =

1

2

(

M
(i,2)
0 e2e

′
1M

( j,1)
0 +M

( j,1)
0 e1e

′
2M

(i,2)
0

)

a
i j(4)
k+1 = a

i j(4)
k +

(

b
i j(4)
k

)′
Sk+Tr

[

d
i j(4)
k σ−1k+1

]

+S′kd
i j(4)
k Sk,a

i j(4)
0 = 0

b
i j(4)
k+1 = Σk+1

(

b
i j(4)
k +2d

i j(1)
k Sk

)

,b
i j(4)
0 = 0

d
i j(4)
k+1 = Σk+1d

i j(4)
k Σ

′
k+1+

1

2

(

M
(i,2)
k+1 e2e

′
2M

( j,2)
k+1 +M

( j,2)
k+1 e2e

′
2M

(i,2)
k+1

)

d
i j(4)
0 =

1

2

(

M
(i,2)
0 e2e

′
2M

( j,2)
0 +M

( j,2)
0 e2e

′
2M

(i,2)
0

)

Also, we can prove

γ
i j(n)
k+1 (x) =

[

ā
i j(n)
k +

(

b̄
i j(n)
k

)′
x

]

αk (x) ,n= 1,2
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where ā
i j(n)
k+1 and b̄

i j(n)
k+1 satisfy the following recursions

ā
i j(1)
k+1 = ā

i j(1)
k +

(

b̄
i j(1)
k

)′
Sk, ā

i j(1)
0 = 0

b̄
i j(1)
k+1 = Σk+1b̄

i j(1)
k + e1M

(i,1)
k+1

(

Y
( j)
k+1−d

i j( j)
k+1

)

, b̄
i j(1)
0 = e1M

(i,1)
0

(

Y
( j)
0 −d

( j)
0

)

∈ Rm

ā
i j(2)
k+1 = ā

i j(2)
k +

(

b̄
i j(2)
k

)′
Sk, ā

i j(2)
0 = 0

b̄
i j(2)
k+1 = Σk+1b̄

i j(2)
k + e2M

(i,2)
k+1

(

Y
( j)
k+1−d

i j( j)
k+1

)

, b̄
i j(1)
0 = e2M

(i,2)
0

(

Y
( j)
0 −d

( j)
0

)

∈ Rm

Next we have that

qk (x) =
[

r̄k+(s̄k)
′
x
]

αk (x)

where r̄k+1 and s̄k+1 satisfy the recursions

r̄k+1 = r̄k+(s̄k)
′
Sk, s̄0 = 0

s̄k+1 = Σk+1s̄k+M
′
k+1H

−2 fk+1, s̄0 =M′
0H

−2 f0 ∈ Rm

Similarly we can show that

ζ
i(n)
k =

[

u
i(n)
k +

(

v
i(n)
k

)′
x

]

αk (x) (B.24)

(B.25)

where u
i(n)
k+1 and v

i(n)
k+1 satisfy the recursions

u
i(1)
k+1 = u

i(1)
k +

(

v
i(1)
k + ei

)′

Sk, u
i(1)
0 = 0, (B.26)

v
i(1)
k+1 = Σk

(

v
i(1)
k + ei

)

, v
i(1)
0 = 0 ∈ Rm, (B.27)

u
i(2)
k+1 = u

i(2)
k +

(

v
i(2)
k

)′

Sk, u
i(2)
0 = 0, (B.28)

v
i(2)
k+1 = Σkv

i(2)
k + ei, v

i(2)
0 = 0 ∈ Rm, (B.29)

(B.30)
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Finally, we can show that

p
i j(n)
k (x) =

[

ū
i j(n)
k +

(

v̄
i j(n)
k

)′
x+ x′d̄i j(n)k x

]

αk (x) ,n= 1, . . . ,4 (B.31)

where ū
i j(n)
k , v̄

i j(n)
k and d̄

i j(n)
k satisfy the recursions

ū
i j(0)
k+1 = ū

i j(0)
k +

(

v̄
i j(0)
k

)′

Sk+Tr
[

d̄
i j(0)
k σ−1k+1

]

+S
′
kd̄

i j(n)
k Sk, ū

i j(0)
0 = 0, (B.32)

v̄
i j(0)
k+1 = Σk+1

(

v̄
i j(0)
k +2d̄

i j(0)
k Sk

)

, v̄
i j(0)
0 = 0 ∈ Rm (B.33)

d̄
i j(0)
k+1 = Σk+1d̄

i j(0)
k (Σk+1)

′+
1

2
f̄
′
lH
−2ḡl

(

eie
′
j+ e je

′
i

)

, (B.34)

ū
i j(1)
k+1 = ū

i j(1)
k +

(

v̄
i j(1)
k

)′

Sk+Tr
[

d̄
i j(1)
k σ−1k+1

]

+S
′
kd̄

i j(n)
k Sk, ū

i j(1)
0 = 0, (B.35)

v̄
i j(1)
k+1 = Σk+1

(

v̄
i j(1)
k +2d̄

i j(1)
k Sk

)

+ eie
′
jSk, v̄

i j(1)
0 = 0 ∈ Rm, (B.36)

d̄
i j(1)
k+1 = Σk+1d̄

i j(1)
k Σ

′
k+

1

2

(

eie jΣ
′
k+Σke je

′
i

)

, d̄
i j(1)
0 = 0 ∈ Rm×m (B.37)

ū
i j(2)
k+1 = ū

i j(2)
k +

(

v̄
i j(2)
k

)′

Sk+Tr
[

d̄
i j(2)
k σ−1k+1

]

+S
′
k

(

d̄
i j(2)
k + eie

′
j

)

Sk+Tr
[

eie
′
jσ
−1
k+1

]

,

(B.38)

ū
i j(2)
0 = 0, (B.39)

v̄
i j(2)
k+1 = Σk+1

(

v̄
i j(2)
k +

(

2d̄
i j(2)
k + eie

′
j+ e je

′
i

)

Sk

)

, v̄
i j(2)
0 = 0 ∈ Rm, (B.40)

d̄
i j(2)
k+1 = Σk+1

(

d̄
i j(2)
k +

1

2

[

eie
′
j+ e je

′
i

]

)

(Σk+1)
′
, d̄

i j(2)
0 = 0 ∈ Rm×m (B.41)

ū
i j(3)
k+1 = ū

i j(3)
k +

(

v̄
i j(3)
k

)′

Sk+Tr
[

d̄
i j(3)
k σ−1k+1

]

+S
′
kd̄

i j(n)
k Sk, ū

i j(3)
0 = 0, (B.42)

v̄
i j(3)
k+1 = Σk+1

(

v̄
i j(3)
k +2d̄

i j(3)
k Sk

)

,b
i j(3)
0 = 0 ∈ Rm (B.43)

d̄
i j(3)
k+1 = Σk+1d̄

i j(3)
k (Σk+1)

′
+
1

2

(

eie
′
j+ e

′
jei

)

, d̄
i j(3)
0 = 0 ∈ Rm×m (B.44)

Proof. We only prove equation (B.23) for n= 1. For convenience , we drop the superscript i

and j. From equation (B.21), we have

β
(1)
0 (x) =< x,e1M

(i,1)
0 >< x,e1M

( j,1)
0 > α0 (x)
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Therefore, we have the initial condition for a0, b0 and d0 given by equation (B.45)-(B.47).

a0 = 0 ∈ R (B.45)

b0 = 0 ∈ Rm (B.46)

d0 =
1

2

(

e1M
(i,1)
0 M

( j,1)
0 e

′
1+ e1M

( j,1)
0 M

(i,1)
0 e

′
1

)

∈ Rm×m (B.47)

Now assume equation (B.23) holds for n = 1 at time k. Then at time k+ 1, using equation

(B.23) for n= 1 and recursion (B.7), we get,

β
(1)
k+1 (x) =

φ
(

H−1 (Yk+1−Mk+1x−dk+1)
)

|G||H|φ(Yk+1)
×

∫
R2

ϕ
(

G−1 (x−Qk+1z− ck+1)
)

(

ak+b
′
kz+ z

′
dkz

)

αk (z)dz

+< x,e1M
(i, j)
k+1 >< x,e1M

( j,1)
k+1 > αk+1 (x) (B.48)

Let us first concentrate on the first term of equation (B.48).

Denote

I1 =
φ
(

H−1 (Yk+1−Mk+1x−dk+1)
)

|G||H|φ(Yk+1)

∫
R2

ϕ
(

G−1 (x−Qk+1z− ck+1)
)

(

ak+b
′
kz+ z

′
dkz

)

×αk (z)dz (B.49)

From the definition of ϕ and αk (x), we can rewrite equation (B.49) as

I1 =T (x)
∫
Rm

exp

[

−1
2
(x−Qz− c)′G−2 (x−Qz− c)− 1

2
(z−µk)

′
P−1k (z−µk)

]

(B.50)

×
(

ak+b
′
kz+ z

′
dkz

)

dz (B.51)

where

T (x) =
φ
(

H−1 (Yk+1−Mk+1x−dk+1)
)

|G||H|φ(Yk+1)
(2π)−m |G|−1|Pk|−

1
2 ᾱk. (B.52)
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Therefore, I1 is expanded as

I1 =T (x)

∫
Rm

exp

[

−1
2

(

x
′
G−2x− x

′
G−2Qz− x

′
G−2c− z

′
Q
′
G−2x+ z

′
Q
′
G−2Qz

+z
′
Q
′
G−2c− c

′
G−2x+ c

′
G−2Qz+ c

′
G−2c+ z

′
P−1k z− z

′
P−1k µk−µ

′
P−1k z+µ

′
kP
−1
k µk

)]

(B.53)

×
(

ak+b
′
kz+ z

′
dkz
)

dz

=T (x)

∫
Rm

exp

[

−1
2

[(

x′G−2x+µ
′
kP
−1
k µk+ c′G−2c−2x′G−2c

)

+ z′
(

Q′G−2Q+P−1k

)

z

−2
(

x′G−2Q− c′G−2Q+µkP
−1
k

)

z
]]

×
(

ak+b
′
kz+ z

′
dkz
)

dz (B.54)

Denote

δk+1 =2
(

x′G−2Q− c′G−2Q+µ
′
kP
−1
k

)′

(B.55)

T1 (x) =T (x)exp

[

−1
2

(

x′G−2x+µ
′
kP
−1
k µk+ c′G−2c−2x′G−2c

)

]

(B.56)

Then, I1 can be rewritten as

I1 = T1 (x)
∫
Rm

exp

[

−1
2

(

z′σk+1z−δk+1z
)

]

×
(

ak+b
′
kz+ z′dkz

)

dz (B.57)

Completing the square in equation (B.57) yields

I1 =T1 (x)exp

[

−1
8

δ
′
k+1σ

′
k+1δk+1

]∫
Rm

exp

[

−1
2

(

z−
σ−1k+1δk+1

2

)′

σk+1

(

z−
σ−1k+1δk+1

2

)]

(B.58)

×
(

ak+b
′
kz+ z′dkz

)

dz. (B.59)

Now let us focus on the integral in equation (B.59).

Note that (2π)−
m
2 |σk+1|

1
2 exp

[(

z− σ−1k+1δk+1
2

)′
σk+1

(

z− σ−1k+1δk+1
2

)]

is the unnormalized
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Gaussian density in z with E (z) =
σ−1k+1δk+1

2 Therefore

∫
Rm

(

ak+b
′
kz+ z′dkz

)

exp

[

−1
2

(

z−
σ−1k+1δk+1

2

)′

σk+1

(

z−
σ−1k+1δk+1

2

)]

dz (B.60)

=(2π)
m
2 |σk+1|−

1
2

(

ak+b
′
kE (z)+E

(

z′dkz
)

)

(B.61)

So

E
(

z′dkz
)

= E
[

(z−E (z))′dk (z−E (z))
]

+E
(

z′
)

dkE (z)

=Tr
[

dkσ
−1
k+1

]

+
1

4

(

σ−1k+1δk+1

)′
dk

(

σ−1k+1δk+1

)

(B.62)

From equation (B.49) to equation (B.62), we obtain

β
(1)
k+1 (x) =T1 (x)exp

[

1

8
δ
′
k+1σk+1δk+1

]

(2π)
m
2 |σk+1|−

1
2 (B.63)

(

ak+b
′
k

σ−1k+1δk+1

2
+Tr

[

dkσ
−1
k+1

]

+
1

4

(

σ−1k+1δk+1

)′
dk

(

σ−1k+1δk+1

)

)

(B.64)

+< x,e1M
(i,1)
k+1 >< x,e1M

( j,1)
k+1 > αk+1 (x) . (B.65)

It can be shown that using the similar procedure above, that

αk+1 (x) = T1 (x)exp

[

1

8
δ
′
k+1σk+1δk+1

]

(2π)
m
2 |σk+1|−

1
2 (B.66)

Thus

β
(1)
k+1 (x) =αk+1 (x)

(

a
(1)
k +b

(1)′

k

σ−1k+1δk+1

2
+Tr

[

d
(1)
k σ−1k+1

]

+
1

4
δ
′
k+1σ−1k+1dkσ

−1
k+1δk+1

+x′M(i,1)
k+1 e1e

′
1M

( j,1)
k+1 x

)

Substituting for δk+1, we can obtain

β
(1)
k+1 (x) = αk+1 (x)

[

a
(1)
k+1+b

(1)′

k+1x+ x′d(1)k+1x
]
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where

a
(1)
k+1 = a

(1)
k +

(

b
(1)
k

)′
Sk+Tr

[

d
(1)
k σ−1k+1

]

+S′kd
(1)
k Sk,

b
(1)
k+1 = Σk+1

(

b
(1)
k +2d

(1)
k Sk

)

d
(1)
k+1 = Σk+1d

(1)
k Σ

′
k+1+

1

2

(

M
(i,1)
k+1 e1e

′
1M

( j,1)
k+1 +M

( j,1)
k+1 e1e

′
1M

(i,1)
k+1

)

Similarly, we can prove for β
i j(n)
k+1 (x) n=2,3,4 , qk (x) and γ

i j(m)
k+1 (x), m=1,2. The proofs of

recursion (B.23) for n = 2,3,4, (B.2), (B.1) and (B.3) are very similar with the above one.

Hence we omitted them. Once we get the finite sufficient statistics for densities β
i j(n)
k (x) ,n=

1,2,3,4, γk (x), qk (x), we can finally obtain finite-dimensional filters for J
i j(n)
k , Kk andU

i j(n)
k ,n=

1,2,3,4. Applying the general version of Bayes’ theorem, we complete the the proof of The-

orem 3.9. For example, using Bayes’ theorem, we can write

Eθ̂ j

[

U
i j(n)
k |Yk

]

=
Ē
[

ΛkU
i j(n)
k |Yk

]

Ē [Λk|Yk]
=

∫
Rm β

i j(n)
k (x)dx

ᾱk

(B.67)

where ᾱk =
∫
Rm αk (x)dx. Since

∫
Rm

β
i j(n)
k (x)dx (B.68)

=ᾱkE

[

a
i j(n)
k +

(

b
i j(n)
k

)′
x+ x′di j(n)k x

]

(B.69)

=ᾱkE

[

a
i j(n)
k +

(

b
i j(n)
k

)′
x+ x′di j(n)k x

]

(B.70)

=ᾱk

[

a
i j(n)
k +

(

b
i j(n)
k

)′
µk+Tr

[

d
i j(n)
k Pk

]

+µ
′
kd

i j(n)
k µ

]

. (B.71)

We can get equation (3.38) by simply substituting in equation (B.67). The proofs of equation

(3.37) and (3.36) are similar.

Therefore, we proved the finite-dimensional filters in M-step of the EM algorithm, which

enables us to implement the filter-based EM algorithm.
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