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LARGE DEFLECTION ANALYSIS OF SQUARE ISOTROPIC PLATES

¢

; . . STIFFENED AROUND THE BOUNDARIES . ~ y e
- ) . . N ' tr . ‘ *

,- The objective of the p;esen%zwork is to investigate - .

the bekaéior Of ‘thin plates stiffened around the boundaries ' .
‘and subjected to unifdrmly distributed formal. Ioad._ The - .

. stiffeners are assumed to be thin with negligible toréibnaif

°
o

N »

D . -

stiffness ané the plane of the-plate.
~ ) ' , ,' . . . l\ . \ : .
The nonglinearity effects caused by ‘the large deflec-

°

- - |
.tion of the plate are studied and results are obtained for 5

vthe aeflectiod§, the %ETplgne displac?nents and ;heﬂétrés; *"
distribution acrﬁss the-§1a€é¢' Representative nen-dimension-
al solutions are given té-éﬂbw the’effegt’éf meébrane ac?ion
and thdt of the edge shear restraints. . .

.¢. - ) o ’ . . / '\. S . N
The static nonlinear system has been idealized by a o

4 .

system of ndnlipear cubic algebraic equations by means of the
/ . ‘_variational techniques.. It is believed that thig is the first

attempt’ to empigy the variational technigﬁes in solving plate
' problems with moving boundaries. * ‘ . .
- - . .- . ”‘ ¢

@
L4

) A comparison between the results of "this worfk and a ~—“~
. W v ) - . - \ . .
few existing large deflection sqQlutions for non-stiffened

." plates are madg and very goqd‘agreémentnis found for the dis-

pl\cémenté and the deflections. - . . ' .
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Cnoss-sectional‘area of stiffener E v
. : ‘ Y
Length of plate " ° LT -
“ ) ' \
Flexural rigidity of the plate -

' Thickness of plate h ’ : , g

Young's modulus of.elasticity

» Extensional rigidity of the plate due to
development of membrane stresses deflned

by Equation (5.27) , . ' .

“ A
Bending momeqts in the x and y directions

Twigting moment about the x and y axis

Membrane forces per unit width
/ : '
i ~

Lateral load applied to the plate

Aoy

Non~d1men31onallzed load

Plate area = at '

L3

Displacemehts of the points in the'middlg plane’
of plate in the x,y and z-directions, respgct-
lvely . ) .

-

Strain energy‘of the sysébm

Strain energy due to membrane action -

-~

‘Strain energy due to bending .
B s > - ! ) “
Strain energy due to compression in stiffeners
. i N

Potential energy of the load

Cartesian coordingtes with origin at centre
of plate ,

Shear strain ' , -

- -
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Uxb 7 gy’b
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Direct strain - , i

. Membrane - shear stress -

Deflection at the centre of the plate

Non-dimensionalized deflection at the centre

pf the plate
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Non-dxmen51onallzed coordinate in the x and

,y-dxrect;ons ) N .

Tetal potential energy of thé system

‘Stress function (Airy's stress function)
= - .
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Pcisson's ratio . S 0;
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y-d17ectlons respectively ) . [
Medlan-flber membrane stresses in the x and
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. Extreme-fiber shear stress
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23( )/ax® + 3%( ) /3y* ’
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A virtual displacement in the indicated -
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?ensile lcads,.stresseé and strains are positive,
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" modelled in Fig. 1.1.

m— ' . CHAPTER 1

——

. . -INTRODUCTION ' \
Q N
Unstiffened plates subjected to latera loading
undergo, in general, cons1derab§e deflection be Qre the onset
of plasticity and as a result, develop membrane stresses while

5till well within tke elastic range. 1In practice, plates are

seldom used in isolation as they are usuelly‘conneéted at

- s

the boundaries to adjoining structures. The effect of this

constraint can be approximately represented by boundary stiff-.

.eners giving elastic restraint to in-plane shear only, as
' ’

The anaiysis with edge shear restgéints permits not
. . ' ' i
only a better assessment of the boundary effects than has so

far been possible, but also the determination of the magnitudes

.of the restraint which -for- practical purposes may be considered

.to be effective.

y o

Edge restraints are provide@/én practice by,the-equiva—

lent of stiffeners around the bolundaries,-as shown in Fig.l.2.-

¢

The cross-sectional area of the edge stiffeners is

varied and. may take any value between zero and infinity

)

corresponding respectlvely to the conditlon of complet7 free~

dom from restraint and to the condition of complete flxlty”at

Y

the edgyes against movement parallel to the-edge (stiffeners

with very large area.) ‘ "
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2
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%

3 .

(restraint

SHEAR ELASTIC RESTRAINTS

-

3

.

cgainsd'r movement parallel to edge)

FIG (L1}




,.’RE'CTAN—GULAR "PLATE WITH BOUNDARY SleFENERS‘
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) O_ . " The square plate, Whlch is of hiékness t, occuples
the region - % <x < I and 7<< Yy < 7 and . ]zf < % .

S

, The lsplacemeQ;s of the mldplane % = 0 in the X,y and z
\ = N
| dlrectlons are denoted by u(x,y), v(x/y) and w(x,y) The

mldplane stresses are O (x,y), : (ﬁyy) and -’ (x,y)‘and

the bending moments are M. (x, y), M (x,y) and 'M (x,y).
The present work gives a solution of the‘non-linear,

. o
@ .

.large deflection problem’ of the deformation of uniformly loaded
. I
thin squidre plates -stiffened along their edges by elastieally

compressible stiffeners which are flexible in the plane of

the plate+—

*

’

‘ - The 1nfluence of the variation of the cross- -sectional
S T '
area of the boundary stlffeners on the stress'distribution is

\

>

also examined.

¢ .

1.1 ASSUMPTIONS } *

The assumptions made, in the present analysis are as

follows: -

1) The boundaries are simply supported to hj&@, and the

"stiffeners possess negligible torsional stiffness and gli- _ ‘ '

ciable shear and compressidn stiffness.

-

i,

o




. . N

- 2) EWhéh.loaéed, the edges of the}platg.willfhévé/;gth
\ , R

in-plane and angular displacements relative to each, other,
' o L .

while the stiffeners will follow the plate edges as the -

Lo

’

normal membrane stress at the edges is zero, ? »

-

3)- The plate is simply- supported and has n&linitial

N ”

curvature. ‘ R / ) -

»

-

4) : The plate and the stiffeners are made of an iso-

" tropic linearly elastic material. \

. . , : L .
5) The plate is thin relétiéé;to other dimenq}dﬁs.

6) The sources of stgrain energy considered are bend-

ing and torsion {f the plate, membrane getion in the plate

»
te

and axial stresses in the‘stiffeners. f -

’ » , -

. ' o

7) Deflections remain small relative to the dimensions

-/

e

(a,b) of the plate. - # .
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| . S CHAPTER T o U
\\ ' A REVIEW OF THE LITERATURE L R

ilt ) . l!.

/ The classical small deflection theory of.plates,
widely used because of its ~31mplicit‘y takés no account of
the stretching of the mlddl\eilane‘aﬁ the plate, whlch Wlth
the exception of developable surfacés, occurs as a‘necessary
'‘consequence of the lateral displacement. The .fundam,en'tal
equations describing this large deflection behaviour were
derived by Von Karman /[3] in'1910% ‘Consideration of the
membrane stresses introduces. n{on—linear terms into the differ- -
ential equations, which increase the complexlty of the problem
sxgnlflcantly. ,/ZIn consequence, comparatively few investi- »

]

gators have produced satisfactory solutiornis to the large de-~

»

‘flection prohlém. : ' .o <. e .

To the khowle_dge of the author, the first solution of

the classical large deflection equations, which permi:ts‘. the o

plate edges to distort is that by Kaiser [5]. in 1936.. .

Ka‘iser converted Von Karman's differentiali equations into . ' ' .
difference equations, and calculated deflections and stresses

for' a square plate under constant;:‘pressure, assuinini; simply -
supported edges with zero membrane stresses, us:Lng the step-

by-step method. In the step-by-step method, as used by

Kaiser, the problem of uhcertainty about convergence ‘espec-

1a11y at h:.gher loads was e;ncountered. An explanati'on of the '

. »

fallure to converge in, the step-by-step method. may be thought

of as a solution to the 11;1ear hending problem of the plate

S
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'subjected to a non;uniferm load. This load consists qf’the
uniforﬁ normal pressure q modified by ‘the non—uﬁiform normal
forqe produced_by the-interactlon'of the membrane stresses

v )

T with the deflection arising from the previous step. The'
stresses and deflectlons‘obtalned as a reehlt become -signi-
flcantly 1arger than prev1ous lteratlons, and these, }n turn,
produce even larger dlsturbances. ?hls process is self-
propagatlng, swamping the original solution and resulting in
divergence. A

&
AN

‘Levy [10], in 1941, presented an analytlcal solu— .

tlon for Von Karman's. fundamental equations for large deflec-
tions of plates, applled for the case of simply supported

2

' . square plate under. lateral loadlng Lo ‘
O . ' °

! { ) Levy expressed the deflectidn apd—the stress function
in terms of two infinite Fourier series, the coefficients of
which were subsequently ebtainEd by sgbstitﬁting the series in-
to thé governing equations and solving a set of simultaneous.
cubic algebraie equations. The assumed | /
serles for the stress functlon,makes the method lnappllcable 5
. to plates hav1n Zero normal strqgses or non-zero shear . |
,Stresses at. the edges. Therefore the case of Levy's solution
with the rather usual boundary conditions, (occasioned by his

/ .
o cholce of Fourie series), made it somewhat restricted in

its appllcatlons, and is limited to the case of zero shear
. stress and constant normal displacement along the boundaries,

w1th no net forcegapplied in the plane of the. plate.
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Bauer, éauer” Becker and Rgiss Elzj, ?n21965, appgigs
an iterative procedure to obtain ! nuﬁeficak solgtion.for the
Von Karman equations ‘for féctanguiar plétes, subjected to ~
uniform normél pressure. Onhthq simply‘supéorted:boundari s,

~ 1t was asgumed that the.normal membranelstresses and <the tSﬁ-

~

gential membrane displacement vanish. ;"‘ P
- \

—t

e . _ _ .

j«ma . In their paper they reduced an'Karman equations to
' ,:;;' "'\r_/

a ;oupled system of four second-order partial difﬂ‘renﬁial
‘equations. The four dependent variables are iw(x;y), the ~
stress function ;nd their‘Lgplagians. Their numerical solu-
tions were obtained by. an iteration méthod which employs’ an
aécélgratiénfparhmeter 6. If 8 = 1 the iterations are simple
itera@ions, and they converée opiy if .q 4is quite small.

For larger values of q, it is essential to employ 8 <‘l to

achieve convergence. -

o
.
-

Haftman, Kao and Guzman-Barron [11], discussed the
effect of uniform edge force on the large deflection of

transversely loaded piates.

¢

-

- : /
Von Karman equations were solved iteratively using

/ . - .
finite difference methods. _The finite difference equations are
solved in such a manner that V'w and V"¢ can be analyzed

as linear algebraic equations in each step of iteration. 1In

their analysis, the edge forces N1 and N; * are assumed to

be uniform and the transverse load 'q is increased in

™

steps until the maximum deflection in -the center reaches about

2.5 times the plate thickness. The maximuim deflection obtained

v
» .~
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flexural and extensional edge restraints. Basu and Chapman .

at the final step, was for a non-dimensionalized load

Q = %(%)“ - of 120, the deflection of 2.5t is low relative

to-other investigators.’,

Djubek [1] in 1966, presented an analytical solu-

tion fbr the Von-Karman's equations. The equations were

N t

solved by the method of P.E. Papkovich, implying an exact

satisfaction of the conditioh of compatibility and sol id&

B

the first\equatiqn approkiﬁately by the Galerkin method. He

expanded the gé

¥
L

series, and the stress function,is condidered as the sum of

fiectidn function in terms of the Fourier -

the biharmonic function and the particular integral of the

second equation of Von Karman's system. Numerical results

showing the effect of fléxural and normalrrigidity of

stiffeners are given for a square plate loaded by shear and

-~ .

compression. -

" Basu and Chapman [17], in 1966, gave a treatment for
the large deflection behaviour of rectapgular orthotropic

plates under uniformiy‘gistributeg load, and having elastic -
x__,? . . N ..

‘&
formulated the problem in terms of the deflection w and.the

Airy stress function. The problem can be defined as two

biharmonic ‘equations, the first in terms df the deflections

_ with the riéht-—hand side involving the lo\ad plus differentials

of ﬁhe stress functiog and the deflection, while the second

equation ig\th; biharmonic of the stress function with the
: : . ;

. ,) .

right-hand sidé involving differentials of the dkflections.
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The finite difference forms of these qu;tions‘ére solved

using the modified step-by-step method in which the wvalues of

the function obtained from the solution of one equation are

substituted ifto the right-hand side of the other equation.

The step-by-step procedure is repeated until the change in
' . ! Y . /
- the function between the successive solutions is less than

by 1%. To obtain convergence in the jterative process, Basu

j,s+l
mean

- N

and Chapman used the value of (W)

s+l' where °(W)%é:;1, (the non~dimensional total deflec~

instead of

(wy 7
> - . T
. tion'at p nodes ob?ained for a load (Q)? after s cycles),

s+l

is equal to the average of (W)3'° and. tW)J"

14

o

The step-~-by-step technique suffers from two main

diéadvantages, the first is that each step re&gg;es'g solution

’
[

. of the two sets of finixe‘difference"Equatibns‘involving the

} inversion of matrices. The second is the more serious dis-

!  advantage; as there is no certainty that the correct solu-

tion has been obtained. The criterion used to determine the

number of steps is that there must be a change of less thafl 1%

between the successive steps, but this _does not guarantee that

) - — the values within 1% of the correct finite difference solu-

tion have been obtained. _This is because the convergence is

from:%é;ow and the equations are il;-cbndfiioned. It is:

v

'« quite possible that the ‘changes between the successive steps

» . . /— M
may bk-small ‘but that the values are still several pergentages

from the true solution to the finité difference eguations.
| ‘ e '

{
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plate was cémputed by Basu and Chapman and found to be negli-

[

’

The effect of varying the Poisson's ratio from .316

. 4 o’ .3 on the beh'airioui'-of a unifermly 4:63\ded square isotropic .

\__,

‘m
gible. ’
N . . y

A geheral method of studying the deflection of .
variable thickness e.;astic plates using the dynamic relaxa- - -
tion metr;od was described by K. R.Rustdh (6,13] in 1968.>D

The non-llnear terms arising in the equations due to the large
deflectlon of plates can be ancluded directly by~ the 1tera-
“tive f.uu.te difference techm.que on wh:.ch the dynamic relaxa-

tlon method is based °

g
4+ . <

The /}Von Karman eguatn.ons for the large deflect:.on

~of plates are 'solv,ed by the dynamc relaxat;Lon method. Detailed

°

results are presented for sguare plates hav:.ng s;.mply suﬁportecl

‘edges ;with zero "in-piane boundary stresses. /‘

z
,oes ¢ K.R.Ruston dbtained the »dyﬁamic relaxation, equations

by add:l.ng to tthe Von Karman equatlons the acdceleration term

and the viscous damping tem. ' The concept of introducmg

d

time with acceleration and viscous damplng is a tonvenient way

of giving the technique a physicallmeaning.. In f:‘he dynamic

relaxation solution the values oscillate about the static

- value and their convergence to the static value can be traced.

This way, the convergence of the dynamic relaxation method is

' more certain than the step-~by-step method .of Basu and

Chepﬁan, hﬂoweyér it takes a longer computa'tion time.
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“Brown and Harvey ' [2] made a theoretical analysis for

b , ,
S ) |
|

the probhlem of flat rectangular plates‘ undergoing large de-

’ flections due to the action of a ﬁniform lateral pressure.
_The governing partial differential equations were replacéd by
their finite differénce eqtiiv&lents and the resulting differ-

ence equatidéns were solved by the over-relaxation method.

= The tolerance used in the iterative process was .0l of the

pPlate thickness. - -

o . . - ! *
. . 3

- . To fprce the solutions to converge, Brown and Harvey -

3

used an’interpolateé iteration to bias the assumed value for

P @ . - . °
o each iteration towards the previous iterate, thus reducing .

. - the non-uniform normal force at each step and preventing the

i

solution from &ivergiﬂg . - "

f , In.1969, scholes and Bef:nsf'tein [7] discussed another
way of formulation of ‘finite difference equat.ions using an

approxirﬁation to the potential enerqgy rather than to the

s » .
differential equations. This method, which does not- seem to

) :

have been previously applied, is akin to the finite element -

technique and offers several advantages Qver more  convention- ,
. v o )

'

al finite difference approach.

! .
< . N\ ‘ . . \
"y

5
The Schole and Bernstein method consists of replacing
. ¢ ° L
.the potential energy by an ‘approximation. A grid work is’ : a

" defined over the plate, dividing it into squares. ' The inte-

'om Eb~ . ¢
. ’ gral of the energy for each 'square is -replaced by its formu- : |
“a o o w ) ‘ v . |
I lat'ion__ as a finite difference quantity averaged over- a square ‘

2t 4




H
!
i
!
!

-the displacements at each node. The ljinear matrices result-

‘part g; is balanced by the bendigg and shegfing stresses . .

normal edge stresses is an unstable strue@ure.

udré for an assumed displacement distribution whith is de- .

T—— N "5

ned by the disgieééméhtsxat the corners of the square. fhe
{htegration over all the squares i; now replaced by a summa-,. -
tion of.each integral multiplied by the &rea of the:sgquare
over which it is averaged. Then the resulting expressionnis
mlnlmlzed by equatlng to zero its partlal derlvatlves with

respect to each of the finite difference variables which- are

ing ggom this procedure are always positive,definite and -
symmetric agnd are thus open to solution by a widé range of ,

—

numerical methods.

Fopple [4] represented a solution for a simply “a ;

supported rectangular plate with the boundary conditions that

the in-plane displacements u and v vanish at the plate
5 . » ' i
boundaries. _ ' . .

N
. His elegant method consists of a combinat;;;)of the
known solutions glven by the theory of small deflections and
the membrane theory. He assumed that fhe load q can be

resolved into two parts q1 ,and g2 in such a manner that

calculated by the theory of small deflections, part  q:

—being balanced by the pure membrane Stresses. Unfortunately,

this method cannot be used, as a pure membrane with zero - . j
i : .
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. _ ' * CHAPTER IIT i
LARGE DEFLECTION ANALYSIS »

3.1 MEMBRANE.STRAINS (IN-PLANE STRAINS)

z

‘ - .
When a plate deflects into a non-developable surface

the middle plane of the plate will no lofiger be‘a neutral
pl&ne and membrane strains will be develéped because 6f the
difference in léngth between the étraight bound;;y ahd the
curved parts of the surface. gbnsidering a linear element
AB of the middle plane in the x-directioﬁ,'}t ﬁay be seen

' from Fig. 3.1 that the elongation of the element due to the
displacemeﬁt u is equal fé (%%de. - The 'elongation qf

the element due to the displacement w ‘is

ds-ax = [A+ $22 -1lax = 3d%2 ax

-t

- v = .
Thus the total unit elongation in the x-direction of

aﬂ‘element taken in the middle plane of the plate is

\

S NL _ du Ju, 2
G s,-% e = o) £3.1)

‘47 s -
Similarly, the strain in the y-direction is

A v

L NL 3V W, 2 .
= — 2 e 4 rafbiay .
ey EY ¥ eY % i(ay) (3w2?

o

|
|
|
i
|
{
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[Z, W -
€L= du
oxX

NL : '
€ ] dS’dXx | QW 2 - b~ I/ y._,z
X Tdx (gx ) I_ 2 gxt

7 .

i\

STRAIN, €, DUE TO DEFLECTIONS

FIG (3.1)

-

Y
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Considering now the shear strain in the middle

<

) plane due to bending, we conclude as before that the shear

strain due to the displacements u_and v is %$'+ %%.

- -

To determine the shearing strain due to the displacement w

we take two infinitely small linear elements\ OA and OB in
¢ .

the x and y directions, as shown in Fig. 3y2. Because’

of the displacements in the z-direction, these elements take
L] v

1 v
the positions O0;A; and 01B;. The difference between the

s

angle % and the angle A;0;B; is the shear strain corres-

‘ ponding to the displacement w.

v ' N A
. .
To determine this difference we consjider the right-
V - : ’ )
angle B20:A;, in which B;0; is parallel to BO. Rotating
the plane B,0;A; about the axis O;A; by the angle %% .

we bring the plane B20:1A; into coincidence with the plane

N . 5 . . .
B101A: and the point B2 to position C. The displacement BC

is equal to %%-dy and is inglined to the vertical B2B)

b§ the angle %%. Hence B;C is equal to %% g% dy, and

the angle CO0,;B;, which represents the shear strain corres- .

Jw Jw

- ponding to the displacement w is 7% Iy° Adding this shear.

strain to the strain produced by the displacements ‘u and

v we obtain

.

L‘ NL;?—E.{-E! ——
xy oY ax 9x . 9y

Yay = Yyt Y
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STRAIN, Ux-y. DUE TO DEFLECTION

FIG(3.2)

¢
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3.2 BENDI®G AND MEMBRANE STRESSES

Consider the equilibrium of a small element cut from

_the plate by two pairs of planes paraliel to the xz and yz

cbordlnate planes, Fig. 3.4.” In addition.to the forces

shown in Flg 3. 3, we_ now have forces acting in the middle plane

/’

of the plate. We denote the magnltude of these forces per

e

unit length by N , N, and N = N as shown in the

y TRy yx'

Figqure:

'
L]

Projecting these forces on the x and y axes, and

assumingfthat‘thére are no body forces or tangential forces

’ . |
.

acting in those directions at the faces of the plate, we

obtain the following equations of equilibrium.

Y

aN
___+_¥.
Ix Yy

(3.5)

" These equations are Lndependent of - the three equatxons

- of equlllbrzum considered for the case of small deflection-

bending theory given below:




-

FIG (3.3)

4

-

- BENDING  STRESSES
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MEMBRANE STRESSES

_FIG (3.4)
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" becomes ) ’
oN .
% X 9w :
N axz dxdy + T '5— dxdy . (3.9)

- in the y-dlrectlon .on the two opp081te éides of the element

%

oM .
B X X ‘ , )
Byt 'y © 0 (;'8)

"y
- ' .“:. ‘ LY
In censidering the projection of the forces shown in

.

/7
Fig.3.4, on the z—-axis, we must take into account the bending

”

of the plate and the resultlng small angles between the

1

forces N and Ny that act ‘on the opposite 81des of the element.
As a result of this bending, the pro:ectlon of the.ngrmal

forceS'Nx on-the z-axis gives:

- - 7

dx)dy

-NxdyT—+(N +-‘-§—dX)(

After simplification, if the small quantities of

higher than the second-order are neglected, this projection

‘

P
b

\

In the same way the projection of{?he noxmal forces Ny on |
!

the z-axis gives

i

\ 3N . ‘ ]

LI
+ d 3.10
dxdy v §§ dx y 6\ (3.10) / |

Regarding the projection of the shear forces N

32

N
Yay

xy on
the z-axis, we observe that the slope of the deflected surface

is %% and W‘l‘ (—W)dx.

. '

-
o
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Hence, the projec:t,ion of the shear forces on the

z-axis’is equal to . ) )
'y -

3 W o .
Ny =y dxdy + —5’-‘1 dxdy (3.11)

An arialogous expreséion car; be obtained for the pro-
jection of tl"le shear force Nyx‘ =N xy on the z-axiq . The
final expression for the projectiox; of all the. shiear forces on
the z-axis, then can be written as o

4 &

° 2 aN N
J W Xy dw W
Zny—si—a—y- dxdy + : % —3Y dJ‘(dY + —gyﬂ 3% dxd
%)
(3.12)

@

Eliminating the shear forces Q, and Q, from Equations
. = y

(3.6), (3.7) and (3.8), and observing that M =M

. ¢ v v o, : <, . .
(by virtue of Txy = Tyx) ’ tgp ec;uatmn of equilibrium, of the
simall deflection theory of plates, is in the form:

2

"0 32M %M. . 33N o .
. D A X =-gqg (3.13)

2 2 EPENG

X oy

'b

& Adding expressions (3.9), (3.10) and (3.12) to ‘the
load q dxdy, act::.ng on the element and us:Lng equations (3 4)
and (3.5), we obtain, sinstead of equat:.on (3 13), the follow-

ing equation of equilibrium:

"M




<

The relations between the deflected surface afid the

bendgx‘g moment are given by:

£ ) . ' 2 a2 ’
< : ' M = - D 4 2 (3.15)
) " 9% dy?
d
2 2 e
M = - p[&L 4y 38 (3.16)" -
.- O x? ‘
M = - M__ = D(l-v) (225 . (3.17)
Xy X 9X3y T
i . .8 ~
j  where/ D = Et?/12(1-v?)
} v ’ _ )
S st_ituting expressions (3,15}, (3.16) and (3.17) into Eq.(3.14)
Fives : . . / .
/3%, . 3% aw 1, L0 3% dhe L o
‘,'/ + 2 + = E [q +. Nx — + N —
ax* axﬁay . ax? ¥ ay?
o 5_.3__] o E . (3.18) .

.3.3 GENERAL EQUATIONS FOR LARGE DEFLECTION ’ B
' 'OF PLATES Z - o

e

. N K . ot}
In discussing the behaviour of plates, we use Eq.(3.18)

- which was derived by consudenng ‘the equilibrium of an element

of the plate in the direction: perpend.\.cular to the plate.

- -

) . The forces N ' NY and'N xy governed by equations (3.4)

and (3.5), depend not only on. the external forces applied in

" the xy-plane, but also on the strain of the 'middle plane of
. y ! - .

the plate due to°bending.




Ne

e
P

* The third equation necessary to détermgpe the three

I »
- AN vantities N_, N_, and is obtained from a consideration
e . \ q x' Ty’ }qu o/ ‘
" was ' of the straiQ*in the middle surface of the plate during
. bending. The conrespondlng gtrain components are given by
Equations (3. 1),(3 2) and (3.3). '
‘.
% o e By taking the second derivatives of ‘these expressions
t and combiqing the resulting expression, it can be shown that
; .. 3% 92e 32y .
: xS @ S0 A% qa)
; < dy ax? ‘ : ay?
~ . - , . 2
- Replacing the strain compognents by:
(L7 ._.’ . "
¢ : LA " -
. _— €y 5 Ny vNyq (3.20)
! s , o : \
z ) « - . ) K
| ;1 o .
‘:% . l ?y - —"—'" tE [NY- va] B (3 .21)
| N Y.l = 2= N . (3.22)
! x§ tG "xy :
123 \ . ’
‘A Further ‘equation ln ternw of N ,Ny an xy
« A . . .
1 obtalned. The solution of equat1ons (3.4), (3.5) and thls
B - L . : . ’ . {4 "
; A ~add1tlon?1 equation gives the guantities Nx'Ny and ny. The
. solution of ‘these three equations.is greatly simplified by
f R the introduction of a stress function. The stress. function
i S . B +
P . ¢ =-¢(x,y), defined by equations (3.23),(3.24) and (3.25) .
{ 2 ( . oot . \
. - © ! below-Batisfies equation (3.4) and (3.5):
. * ' !
1 A '° . -t
N N Y [

L]




N =¢-39 o (3.23)

‘(3.2A)

QO
2z
n
(23
K
»
&

N . »

(3.25) .

’

nyj - Yy

| \ N ) ' e o

If the above equations are substituted in equations

®

’. (3.30),(3.21) -and (3.22), the strain components become -

H
"

» ‘. P 2 a2 2, -
304200 30 prduny: L 2wy 3y (32
v ax*  \ax%3y®  oy" ¥ ax* ay* ‘
\ .

<

4

An additional equation, necessary to determine ¢ and w,

. . \ . .
is obtained l?{ &iﬁbstituting expressions (3.23),(3.24) an
(3.25) in the ec';\\ﬁlibrium equation (3.18), which gives

)
{

Substi‘tuting these expressions in equation (3.19) we ,g\};tain:

o * B . A ) ‘
3 : 2 2 . s ’

1 Ex = % [M - .VMJ ! (3.26)

: ay*  -ax? . .

2 a2y ' { '
e = % ¢ _ -3¢, . (3.27) . .,
Yy . ax? - ay? . N
. , . ‘o (1+v)  3%¢ . : - -

a ‘ , b Yy = 7 Z—E.— ’rx;% . (3.28)




4 "
‘ d°w , 5, 9w Y _\t[%_+ o) % K Y
(; ax" ax2ay?  ay* ay? ax?

226 d%w _ . 3% 3% o RN
" mEoagr Wy Wy @30 Ty

Equations (3.29) and (3.30) are Von K;rman egﬁations. Tﬁﬁsé
two equations, together with the boundary conditions deéermine
the two functions ¢ and w. Hév1ng the stress functlon ?, we
‘ cg% determlne the stresses in the mlddle surface of the plate
by applylng equa;lons (3.23),(3.24) and (3.25). From the
function w, which defines the deflected surface of the plate,
thebbeﬂaing and the shear stresses can be“obtained by using
the same formulas as iﬁ the case df platés w;th small defiection
(see equations (3.15),(3.16),k3.17). Thus the investigatibh“ -

of large deflectiohs of plates reduces to the solution of the

two nonlinear-differéntiai equations (3.29) and (3.30).
Physically, this non-linearityﬂarises from the in-
< N -
' creasing role pléyed by the membrane stresses in resisting the

* a

normal force acting on the plate. coo !

~
<>

The solutlon of Equatlons (3.29) and (3.30) in the
general case 1s unknown Approxlmate or numerlcal solutions of

the problem must then be used.
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3.4 THE ENERGY METHOD

-~

The strain energy from the membrane action, due to
stretching the middle surface is‘»"given by the expression (see

[(41)

Timo shehko

+ N + .
x ¥ Nyfg * Ny

*

U, = 3 /SN e Yyyldxdy = ./

Et 2 2
) = Bt ff[e +e* 4+ 2ve £+ }(l-v)y?  ldxdy
- 2(1-v?) ¥ XYy xy
. \ ‘ .(3.‘31)' R

~

E Substituting expressions (3.1),(3.2) and (3.3) for the strain

¥

’

components e, €y and Ty ¥e obtain: |
' Ju du, av.? . av,du,
U = —Et ff[( (==) + (=) +
m 2(1-v?) '5_5* 3y 3y 3y
— » , 4
au Vv 3V aw
+}{( )2+( )2}"+2v{ax ay“iay ax +
- "3 du, dw 1-v 3u v . 3v,?
_ + 4 '—f(w) ]/’ —2—{( + 2—§§—§+ (Bx) + B
. *
Ju 9w Jw oV oW 3w - .
+ ZW 3% 0y ¢ 2% W}]dxdy (3.32)

, ‘ -8
Since the effect of 'shearing stresses on the deflec-.
~ tions was neglected in the deri\;ation of Equation (3.13), the

corresponding expression for the strain energy due to bending

\ contains only such terms that depend upon the actions of‘

‘bending and twisting moments. . -

4

<

AT




P e

Using Equations (3.15),(3.16) and (3.17), together
with the following .functions for expressing the changes of .

curvature and twisting:

_ %, _ % - _ 3%
. ax? . ay? 9xay

. .
v - '
| (

w;The strain energy fof the plate in ben&fng can be

w:itten‘as

. bl
2 2 . 2 2
Uy, = % Fr{e p 370y | ooy e 3w |
‘ ax%  ay? ax? ay?

\
(=) 27} axd 3.33
- sy Y (3.33)

If all the edges of the plate are supported, the

second term on the right—hand’gide of Equation (3.33) becomes
] ' .
zero, and the expression of strain energy in bending becomes:

n

' D 32w , %w - ' )
U, = Fr(&< + 22)2% dxdy ) ‘ (3.34)
.\\\\

The strain energy in the stiffeners,

A
due to axial stress is given by: -
— t — '
.' ; = ‘ :
Ug. =% §e .0, A ds ‘ (3.35)
“ *\
: Cp , !
: X

N o l ) .




W
(=]

where the integration is evaluated along the plate boundaries, -

é - . and A_ is the stiffenmer's area. If'A_ is constant,

wr

W U =3%A  §e .0 .ds - (3.36)

The total stra%p energy U of the pl7te is obtained

by addlng the strain energy of bending, U b the strain energy due

to strain of the middle surface, U

me and the strain energy of

the stiffeners, US.

&

‘The total energy (w) of the system is composed of

. - m—nsr?%“wymeM% [,
.
.
~
\

. strein energy of the plate plus the potential ehergy of the
load. This total energy is minimum when the loaded plate is
‘ in stable equilibrium. The potentlal energy (V) of the load

referred to the undisturbed plate level as a datum, is

V = /[ (- wq)dxdy and thus the total potential energy

! ‘ (1) is given by: ' . \

. .o |

3 o S m=U + U+ U+ (3.37)
An exact solution to the plate problem: ' .

(i) satisfies the éoverning Equations (}.29) and (3.30);
/ Yoo '
' rd
¥

(ii) satisfies the boundary conditionsy

(iii) minimizes the total potential energy,m, of

- Equation (3.37);




)

These threé'qonditions are not.independent of one another, C/

as condition (i) can be derived as a consequence of condi-- /s

tion (iii). ’ |

To aéply the energz method, suitablg expiessiogs

" must be éssumed closely approximating the displacements u, v
and w. These expressions must,K satisfy the béﬁndary conditions
and gill coniain several arbitrary parameters, the magnitudes
of which are determined by miﬂimiiing the total potentiai

energy.
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CHAPTER IV

DISPLACEMENT FUNCTIONS

] ' *
4.1 REQUIREMENTS OF THE DISPLACEMENT
FUNCTIONS

I v
t

. - A suitable displacement function should satisfy the
9 ‘
boundary conditions and closely approximate’ the shape of thé
actual deflected surface, as the accuracy of the method
. éfpends upon how well the assumed function fits the true
N surface. - ,J , . -
Y

. .In the present case, the vertical deflection, and the

bending moment must vanish at the boundaries, i.e.,

| o ;1

\ ey '
‘ w=0=239" 4 x=:§-_
ax? = _ ‘ o
a2 .
m=0=.a_£ at y=i%’.
L] ayz N -~

For a square plate with sides of,lepgth a, with the
_ origin of the coordinate axes at the centre of the plate as
shown in Fig. 4.1 and Fig.4.2, a displacemenéﬁéunction which

s;tisfies these boundary.condiﬁiqns is:
w(x,y) = I I a cosmgf-cosagz‘ (4.1)

where
‘:‘ ) m=1'3y.5; o e andn‘ 1’3,5,.-;

E
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SQUARE PLATE - WITH SIDE’S‘ OF LENGTH 'a'
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The displacement u should, from symmetzry, Be an .

¥ odd function of x dnd an even function'of y. Also, the

N
displace&egt v should be, again from symmetry, an odd

function of y and an even function of x. Moreover, both

u and v must be continuous functions of x and y, i.e.,

and - . . ’

v= 0 at y=0

4
«

From the physical point of view, -for the casé of

’ élates with moving poﬁndaries, both the displacements u and

v should be in some way related to'the ve;tical displacement, |,

w and a suitable coupling term should be fepresented.

\ | 7
. Iq‘additioh to,the geometric boundary conditions,
: : - no edge restraint means that the membrane stress normal'to
the boundaries is zero, i.e.,

. s * N -

2 . -
uzgxzhatxaig

. oy? m ¢ 2
} ' and ’ :
: sy - - .az ’ -
‘ . _t = ‘ ! +a ' N
o oz Cym 0 Y =EFo N
S . | Further, the equilibrium between -the stiffeners and -
| ’ tpe plate (see Fig.4.3) requires that: '

' )




Putting

A 30 82

s s _
Tt Tix Ixdy

yva/z

. ~ i

When A, = 0 gives the case of a plate without an edge
‘ . \

y=a/2"

stiffener, in which.case .

- - Tg_a;y

v 1l

x=a/2 x=a/2

4.2 GENERATION OF THE DISPLACEMENT FUNCTIONS

3

Across the plate, at y = 0, the membrane stress oxm
varies from a maximum tension value at the dentre of the plate,

to zero, at the .boundaries. The tensioﬁ stress, % e at

x = 0, varies with y (see F1g 4. 4), the value decreasing to

V zero at a neutral line beyond which it becomes compression.
LY v - ' '
' As there is no in-plane ‘external force normal to the

plate edges, then at any cross-section where X = constant,

“
.







J .dy,
- a/2 °x

.

v

@

and at any cross-~section where y = constant:

» M -

'a/2 i ‘
/ o.c.dx + 20 A - (4.3)
- a/2 Y. :

’

The distribution of the membrane stresses can be

expressedbpf the- function:

. -

[N
’ .

3m 5tx

" Oym = [blcos——— + bicog—= x + b cos=—= +

[31 + azCOS-—:X- + 5.30083—1;1 + ..-]

.

.
4 \

In this analysis, only the first term in°tﬁé»first
bracket and the first and the second termg in the sécond

@ bracket are taken-‘ *

- X my
oym ‘%}'+ afcoerTOJbl c?s r %

The inplane strain is: -

[
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Equation (4.1):

then
Al
- LT ‘3u
B
&
o

From 's}r‘mnetry and continuity of the function u(x,y)

u = —(b151n

‘ ’
.

If wix,y) is represented by the first term of
b4

e ¢ N ¢ N
T
- w= 8;j cos% cos—ax

. -
s

-g—:’-(- = - 6“(-—) sin——— :x cos—:x .
2' 2 1]
;(-g-‘,i"-)z = %‘- (%) sin? 2% cos? I (4.8)

a

From Equations (4.7) and (4.8)

-

1 % ' ki )
= E(blcosT) (a; + azcos—a-x) - i:'(a’. +\;zcos-%) (b1cos—£-¥-)
=352 .6, sin?2-TX cos2 X
‘ta a
Integrating the above equation, -

3

¢ ' - '

)(51 + azCOS——X) - —-[a;x + a, (-—)Sln TI'X

// 2rx '
Tia o2 X SinT m
5(;92'511[2" ——z———][dDéz—Ex] + £1(y)

- #

. Eb],Cés—%x] -

at x=0, ~u=0" .. E1(ly) = O
. . , o -
P ! ‘ ‘ ‘ . -
' o fe \\ﬂ.l
o e gk S all Y & W r ok T mmm
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T e , Q . a . w
. - -
e - B
‘,/“//: i (I - ‘ .
§ » R
.o - . . o . S )
. 1 s Tmx 1 inTX oe X _ v ) Ty
cee = F b;alsln—? + F §13231n Y 3 £ aibix cog 3
] L . , N
. ' ,
» £ - 2 .
v a . X TY¥ _ 3(My28,, x cos?—&
- g az(3)bysin—= cos— 3(3) %0 2
’ ’ F
2 z )
. 17 . 21X 2_TY
! — —— cos
) . . + -g 2 11 s1ln a a ,
AN i - Pt
) . )
! . N —
N ¢ i X WX TY L M\—-\“
o = — + i s + ) cos + —
( u=¢C; sin a Czsin 5 Cos— ( a ) C» 2 =

+ (T%c, cos?-X + cscos?-X gin 2TX (4.9)
a a . a a )
where . -,
‘| ) -
\ - ° S Ca == VG, -
* ch =- 3(D)s2 (4.10)
N a’ 1
.Cs 'a- (—) 2 .
“ .
\ o ’ '
‘ Interchanging x with- y; we can express v as:
) h ‘ “ ¢
N te
R Ca sin—g-xﬁ Cy s:l.n——x cos-———- + Cz (-—y—) cos 1rx
c‘ -
T+ Cy (_2}_)0082 —-:—’-‘-,4- Cs, cosz—%’sin—z-m’- (4.11)
) . ‘ | |
[ N o |
- ’ ¢ B '
; ) |
\.‘y‘;‘\ A, - P :
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and
.

W= §;, cos—?‘- c.os—:z (4.12)

r ¥

s

If W is expressed by' four terms of Equation (44.1):

‘ . w = 4813 cos—X cos—dL + S13 cos—X cos3—ﬂz- + 631cosﬂr-E cos—XL +
a a s a a a T a
+ 833 cosis—“—’E cosm e ) \ '
: : &./
. For a square plate §:3 = §3:
/ w =4, cos? cos-%x + §2 cos—;—x- cos%x + 82 ces-:J'% cos & +
\7 “
‘ + 683 cosi‘"—x- cosm : : . (4.13)
a a N "
) : ) ' -
\ . where: - ) -
} o ‘ ‘
R L 3 [
b . ) 81 =611, §2 = 8§13 = 63,4, 83 = 833
- ¢ ' : "
.V A
l " e = -J-'-[c - vo, ] - (4.7')
X . E-"xm ym )
. 1 3 ™% T Ty
Y = —— s /
€x E[a1b1 cog e azbl\ cos—= cos— /
) : o o
= va,b; oos—;y- - vazb, cos—:-’E cos—-éx]
= i > ' N . -
- - ’r_ﬁ T ; TX Ty
. LS AN cos—= cos
v Sx = B; COs E + B, cos 2 B, lS‘a a2

N

(4.14)

-
)
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-

Blcos-{-’-‘- + By cos—gx + Bj cosx—:-’E cos—:Y-
\ .

4

2 . . A
T _[6? sin? —%—’5 cos? —g-y- + 62 sin? —:—}5 cos? %Y-

zaz 1,

'g) /

0 , / C
‘96: sin? 2_2_8_ cos? —%X- + 962sin? :—3-:-—"- cos? 3%1 +

. .2 TX Y 31y +
2616, sin - cos — cps >

—

66,8, sin —?5 sin 3% cog? -%X +

TX

.
681835 .sin QT sin —= cos T;Y cos 3Ty +

562 sin ™ _._ 3rxX

sin cos b 4 cés3gy +

a a a
/ .
68283 sin _1;_x_ sin 2!.;35 cos? égx +

{

.

‘186,85 sin? 1;"—"- cos ~L¥ cos igl]

‘

~1

~

-

—




dr= -[81 sin —a"' + Bz('——') cos _X + By sin —:-— cos —y-]

- —%[aj(‘% - % sin 2"")cos Zr

2, TX _ . _Z_TTE 231 - _X . 2 X _
+ 62 (z—a-l % sin 2 ) cos —ax-] _E [952 (:—a-
~ ~fy sin TX)ycos? IX + 962(FX - iy sin X)cos?L +

+ 26162'(2— - % sin ZE-’5)cc>s -—-Y- cos: —X- - . -

*
N

2:rx 1, 4Tx P
- —2-—[66162(} sin —= - g sin —a—:)cos -—ay- +

\

A 2T _ 41X, Ty 3ny
+ 66:63(% sin = g‘ sin 5 ) cos L cos =& +
\

+ 66:(} sin 2—}5 -7 s:&.n—el}s)cos _X. cos —y-]

-&:——[66263(1 sin -2%’—‘- - '3' sin i—)cos 3—?- +

+

+ 1882685 (5> -_.-%-2- sin 6:") cos —X cos i'gl]

'

A
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r

U= g sin -- + Cz(—-—-)cos ——Y- + c3s1n-a—- cos—-x +

.

+ C, (-~;—J-‘-)co:>szzl -—g-x + Cs sin 2rx

—3~ cos? X ,
. + Cg (~1X)gog2 37y + Cy; sip 27X cos? 3Ty + ‘
a .Ta 2
/ -

T

+ ca(—-—)cos -._X cos —gX + Cs sin

i + Czo(-—--)cosz -—1 + C1,8in 87X 6""

- \
§ \ .

) » +-Ci28in 3%’-5 cos

cosz —X +

/

2 -—-X: + C138in "L;rx COS/2 —-—zg +

————

+ Ci148in 2%’-‘- cos -%X cos %'Y- +

, + Cissin ﬁ;L cos —1 cos ...X + C;s(-—-—-—)coszm

. /,.,} 4 "r 67’

+ Cy78in -—-a-— cosg? —..X + Ci;esin 2;”“

.
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i

' ' . f

Similarly, by inte.rdhanging‘ x Qith y\

v D

v = c; sin _.Y.+ cz(-—l)cos --—+ C, sin -—Y.cos —g£+
1 &H_
-
“F Cy (-ﬂ)coszﬂ + Cs5 sin 1’!1 cog? TIx . -
a a aj a
L. .
+ Cg¢ (-_X) cos? 3"" + C; sin .....X cos? 31rx +
. \ a )
T \
+ Ce (-—”xffcos --l‘?s cos 31?.‘. + Cq4 s}_\n -2ﬂ cos -"TI'}-‘-,COS §lr__3_‘_ +
a a a oo a a
| N
+ cu)(-—z-“ﬁ)cc:s2 —-;'-’5 + C;; sin -6-21 cos,z\ —;”5

o ¢

+ Ci12 sin 2ry cos? -—Zl‘-f Ci1s sin ig-x cos? -g-’5+

+ Cy sinzzar-xcos-;rﬁcosﬂ’f+
+ Cys s.m _Z cos —-g—- cos 3;"‘ + Cu-(--—y-)cos2 37”‘

+ Ci17 8in —y- cos? 3’""+ Cis sin -—1 cos-—;—'-’i cos % +’

* Cis sin -_X cos “35 cos 3;rx + C24 sin —-X cos? 3;”‘ + .

+ Cz3 sin -_Z cos" 311'x — 4 sz(—'zl cos ";'r"}"' cos :3.;3‘_ *

+ Cy3 sin Eg-‘f-c:os: __g_x cos 3—;’-’-‘-

K , . (4.16) /-




m=51 cog_lr.}i U L
3 cos —ax-b 62 cos ax cos 3:Y +

¢

+:5 3mx L | 3m |
2 3 COs —é-y-+ §3 cos §§3‘-cos 2.;.1 (4.13)

- ) |

¢
!

L) 2
3 9,
T *2
3 6,
T
>3 §162 %9 =
-a,m
(62 . = ()62
@, ,C1a a(a)62
T
3(;)16152 Cia= %(2)6362.‘

Ty e2
ez Cisz F(D6*

\
\
v

2752 | ;
SO Cize $(D)62

’

n N .
1616, Cis= (316,86,

) »
T T
326206, Ca1= $(3)6.8,
‘ \
g T ¢
1(5)5253 : Cz3= 3(2)%%'

5




\ From Equatiom (3.6)

— !

g =3_2_1___
ax?

T ) LM
ym faz + az .cos — } (b1 cos Fy )

!

<

29 . 2)54n TX Iy
5—% -,[,alx + az(F)sin — 1 (by cos —4) +

+ £2(y) (4.18)
1

"

- . /[from symmetry and con’tinuii:y of the function ¢ = ¢(x,y) .

f2(y) =0

i

%% ‘=‘ [a—;x + az (1-?-) sin —:—’-‘-] [b; cos ._:.X]

J
ayx?.

¢(x,y) = [—'2—'

- az(%)z cos ~—g—x][b1 cos -{-x] +

J

+ £3(y) (4.19)

.

5§, cos X

t—

Ty Ty . 3y
+ -
A Cos — 2 cos cos

3rx

§,cos8

et e o

mtam—o—

c:c:s;—%y-+63c:ort.t-:-3%_;-§cc>.'=.-:2-;%x

\

(4.13)
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4.3 REMARKS
. ’ -. kY
: (1) Equations (3.19) and (3.13) for the stress function’
. - r J

3
‘ do not satisfy the governing differential equations of

——

- . > the problem (3.29) and (3.30), thus the solution.is an

& . approximate one. ‘

» - (2) Although high accuracy for the deflection of platés‘
can be attained by the minimization of the total poten-

E tial energy, the accuracy of/the internal forces is

} : C L 5 . ) .

i usually somewhat reduced bec first, second or third-

order derivativeg of u,v, and w are involved in their

1 r

' | determination.

| : \ . ‘

}~ , . (3) ' For non-stiffened plates, the natural boundary

f . condition of zero shear stress at e edges should be
; N 5%

satisfied.; i.e.,
_ . a - . 52 -
at . x = .i V] Txym,— a—x-s-;— 0

( -
Therefore:

at} ) a o
_?my =9' at‘x=i'-z- . (4.20)

L 4 Y Substituting the condition of Equation (4.20) into the

o - e

equilibrium Equation (3.4), we obtain

. ' CL . -
‘ = ‘ Tox

? - - H
. . .

at x =3 (4.21)°

»




L]

. This condition impliés that the O sem distribution

should have zero slope at x.= = %.

B

4
Unfortunately, the condi@ionAQf Equ;€i5h/f4.21) is

not satisfied by the assumption of O e (Equation 4.5), and
this puts another restrictidgﬁof the use of this displace-

ment function for the case of plates with edge stiffeners.

.

In practice, the accuracy of the assumption (4.5)
increases 75 the stiffener area increases, and thig assump:-
tion yields accurate results when the stiffener area tends

.

to infinity. -
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2 ' " CHAPTER V

SOLUTION

) 5.1 INTRODUCTION .

. To obtaih an approximate solution of -the problem,

of simply supported plates with stiffeners- around the

boundaries, the energy method is uséd., . ~
\\:5 - ) . .,
™ - The total strain energy U of -the plate is obta:.ned

'by addn.ng the ]stra:.n energy due to bendlng Ub' expressn.on AN

39.34) , the strain energy due to stra:l.n of the middle sur-

- ¢
; face U expression- ‘(3.32)d,'and the strain energy due to

= ' _coméressidn in the stiffeners, Us:'expressioh (3.36).

r i"a . . . . The principle of minimization of the total potential

,;‘;;.‘A . , . . N N
r *e‘f? energy 7 then gives vl . ) ‘ .
t ' ”61r=‘6U+6V=30. ’ (5.1) 5

"
- .

4 . L

h ) - - .
L ‘ which Holds for any variation of the displacements u,¥, and & —

¢ - - - o -
LW .
. .

7"-

) ‘ _ - .
— - 3 - -
' - “ By deriving the var:.at:.on of U, we can o"bta:.n from-

Equation (5.1), the system of equatﬁ.ons (3.29). and (3.30),

N ° ' only if we have the correct dlsplacements u,v, and w, -

A . v o -
° @

To obtain an approximate solution to t‘:he problem, the

assumed u,v and. w are ga.ven by the expressions(4.15), (4 16)
~ M

‘and (4.13), ~der1yed in Chapter IV,*"give;; below:
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u —_ 4+ ‘+ in—= cos"
X = C1 sin — Caf( = )S:os = Cas >
* ) ! - . i 9 ° R
T X f& 2 TY .. 2WX 2 _my . N
+c..(a) s = + Cs sin == cos -
) 4 L bo ' N * 1
) - N \
$ s . '\‘
Ky . _W‘J_( 2 3"“_ + . z,n.x 2 m ] N . -
‘ + Cf( 3 ) cos _ay” C7.8in == ces® = 4 ). | )
, : . 2mx 34
+ Ca )cos -—P_’- cos‘-:i-gx + Coq sin :x cos —1 cos ——ay-
1 o - b , . ¢ o
S ‘li'x 2 ﬁ’ + e i .
, —_ ¥ 4 ¢yy8in cos? —-y- ) -
+ C1°o( 3 ) cos A Ci181i —-5—- .
.+ Ci2sin ZH¥ cos? —f". + Chhein X o5z ¥ 0 0 v
, a a - S a a |, _
o , T ..
. ] C3ny . '
+ Ci1y81in 21-}5' cos ¥ cos’ é—y— . . .
) . a a . a <, L.
: "-: o 2 i 5 ’ V!‘ ’
' VoL 4mx m 3w ™X, 2 3W .
in ——= L 4 + —_= 2y )
“ +.Cis8in —= cos —L.«cos — 15(( 3 ) cos = ‘
+ C;s8in -6—;-5 cos? B—ZX + Cjpsin a"Si“cos"—:‘X cos §%y-
/. “ . .
A T >
" C1981n-4—a—-COS—XCOS -—1+C 0sin -gl‘-cos }%X
[~ N U Id

.4+ Cz18in 5—-23‘-‘ cos? ?—:y- + cu(—'-g‘—x-)c'os —%—Y- cos —ay-
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v =C sin ﬂ +\C2(ﬂ) cos ._1.'..,.‘. + C3 sin ..l"l COS8 ——m—
a a a a
. & 's.
+ Cy (.ﬂ)coszﬂ.. + Cs sin m COSZ 2_11&
‘ a a - a . a §
L L. 2W Tx )
+ Cg (._EX) cosz.3_“_§ + C7 sin _X COSZ é.l‘.
a a a a
: .wx | TX 6 3Tx 2y X ' 3mx
+ —_ _ + i . —_— — .
Caf 3 )cos‘ 3 co% 3 Ce 8in 3 gos 3 Cos =
s . - 0] . f “ ! !
+ C”(_Y_"T )¢ Sz‘—“x + C33; sin 6_1rx cos? —X . ’
- a a - . a *\ - a

r ® ‘
L2 ‘ ™ °° C . 4m T
+ C;»8in —gx-cosz,—sﬁ + Cp3 sin —ax-cos2 -35
) , .

»

’ . t2my X 3mx - -
+
quSln a - 08 — = cos —/=. )
. C
' .. 4w x ___ 37x . 2 3Tx
+ Yy + LS 4 —=
C;ssin =  COs8 —= cos — . Cie( 3 ) cos T -
.o~ ‘ ‘,’VA’

‘ . 6Ty 2 3mx . ZwQ' S WX 3wx
+ 2TY cos? 2IX ==
C;78in .y co 3 Cis 8in a\‘_cos 3 cos =

- ) \
# Cresin 3T cos —TX o 3TX 4 ¢,{ sin 20Y cog2 3TX

a - a a a a
+ C213j_n 4-”1 coszﬂi + sz(_l) cos ﬂ. coSs ﬂl‘.

a a a a
< ‘ 6T " omx 37 i
‘¢ Cj38in 2L cos ‘cos =TX
) 3 a a7 a ,

‘ ) (4.16)
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5.2 Hm’ STRAIN ENERGY DUE TO MEMBRANE ACTION
The strain energy due to the strain of the middle
surface can be evaluated using Equation (3.31) I
1 ' . T
U = ST [e2 + e2+2ve e, + (1320 Y2 ' dxdy
m 2 X Yy Xy Xy
2(1-V7)
; - - :
Substituting |

- T Y ; :
W= §; cos -%5 cos —Ex + 82 cos :x cos ——X'\ 3 ’
- V4

+ 82 cos 225 cos —gz-+ §3 cos ggf-cos 3%1 (4.13)

¥
4 ’ ¢

These expressions contain 26 parameters C;,C,, ...,0,,
which will be determined from Equation (5.1), which must be

satisfied for any variation of each of :these éaraﬁeters.

Ay
. -

N .
~ . - -

. = Et 2 z' l=-v W, 2
e Oy ——-——2(1_\’2) rs [(ex+sy) + 2vexey + (-—2—)( ) (ry)

—2—){<§P-)2+(§-‘l)21+< ) {23 ( 2y,

V., AW, 3w ) : )
+ 2‘('5;) ('5"2) (5'1—,') }]dXdY -, (5..2)
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Since the loading and deformations are agstmed to be

symmetrical only one-quarter of the plate need to be considered.

f
The domain of the problem is therefore 0 < x < ;—' ¢ 0 <y _<_-§- . -

We have from Equation (4.14)

©

€ =—C1 cos——+1C cos_l+l'.c3 os-%{c055%1

(4.14)

[ . o

2 2 2
e g2 = (%)2[&1 cos? ‘gx + C, cos? -%Y- +C; cosz——g-’-‘-' cos? ——g.x )

- »

*

. - + 2C;C3 cosz—;-l‘- cps —gy- + 2C,C2 cos ax cos—g-y-

- S

j . ' + 2C3C3; cos —:3‘— cos? —;X-]' L f |

y -

Using thé integration table in Applendix A

a/2 a/2 g2

/ fezch:dyﬂ---g-c2 R-c2+-—§—

C2
o o] 2

. | . \ +~§' €1C3 + 2C,C2 +-1£- C2C3s - -

- . N . L

. ! - s .
For a square plate, one can prove that

: a/2 a/2 . o a/2 a/2 )
of of €y dxdy = of of ey dxdy _'
. - \
1]
. 3 * !

+ . »

.
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) 5/2 a/2 . . n2 2 72 2 n? 2
.o of o (ax+ey)dxdy = g Ci*+ C, + _§T Cs

v

- : + 4C,Cp + MC1C3 + mC2Cs  (5.3)

Interchaiging x and Yy ip Equation (4.14)

-

. T Ty T X T TX Ty
.o £ = —C; cos + =~ Cp co8 — + =-C cos —— COS
y a ! \%/ a ¢ Ta a a a
fi
i 2 2 .
o i 'n m T kil
- £ € 2 — [Cl coSs _’E. coSs _.__X + C1C3COS ___).‘.. COSZ _Y. -
. XY 2 a a : a a
a .
} \ .
. Q ‘ . / H :, -
k . M 1 ' -
' . . T w
: ; + C;C2 cos? _%y_ + C,C3 cos? —35 cos —51
{i a '~ ‘ 2 ' .
~ B T T w Ll
\ . -+ ca- cos2 __._,E. cosz .._.Y- + C2C3 coSs ..._2.‘- COSZ .__l
;i ' . "’a a o a a
% 2 TX

"+ ¢,C, /cos - + C,C3 cos? —Ea-’-{- cos —%y-

¥
- -

2 5
+ Cp coS —? cos —gx-]

Using the integration table in Appendix A

YL a/2 a/2 . 2 g2 2 2 T
‘ﬂ . Of Of ExEy dxdy = C; + K-’Ca + C2 + 3 C:Cs
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where :

'+ §2c08

L T
30

o A T R e -
2 & FIEN b  OORSE O RN g,

v = .316
a/2 a/2 ’

e 2 2 T
Zv‘of of d:;dy = ,632(C, + Cz +

€_E
XY
‘

+ % CiCa + % C2C3)

L) ‘<,

‘Using Equation (4.13) gives:

-~

| 3ny

T . X T .
- - —_— < 4+ §,8in
3 [61511} 5 cos —-—Xa 2
. . 3TX - 37
+ 3§828in 275-’5 cos —%Y- + 363sin == cos —ay-l
. - 4

- -g— [§1cos —-? sin _;LY_ + 362c08 —& sin -:%Y-

—~

3

3rx . Ty 3tx _.. 3ny
=~ sin +363cosa sin a]~

Using the trigonometric¢ identity

.

sin(a-8) ]

[sin(a+B)

. +
sino cosg = 3

[sin(a+8)

coso sinf =

a

- sin(a-8)1]
2

~ "' /
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0w Jw: g2

2 2Tx 2T évrx ... 4T
iz [61 sin = 8in —5114-‘6;62311-1 = (sin _a'x

- 8in "L:y-) + 3618, (sin -4l- + s:.n L)sm -Z—ZY-

138185 (sin ATX 4 oy 2nx

=) (sin —-X ~ sin --Y-)

36168,8in g:‘—x(,sin ﬁ-:-x + sin 3-21)

2 2
+ 3628in 2{—"- sin -G%X + 962(sin5-g§

Al

+ sin 2"" ~~-) (sin LZ + sin -—-1) + 96263(31’.11%#

.+ osip -ZL) (sin —-l) + 6;62(51n drx

v LAt
e

in 27X, . 27 O L osin2tX, . am
sin =X) (gin =4+ Slsin 22X sin=2=) (sinll¥

+ 36284sin E.Z.E(sini:f"- sin ag.z, + ‘36163(sin%’£
I

]

2"") (s:.n——y- + s:.n——x) + 26263(sin4"x

- 8in=_=

- sin-:—’-‘) (sins—:x) + 9;zéasin§¥(sin%y-‘ -

+ singg-".) + 952 s




where

D?

D, =

O o
£ ™
'} L]

)
©»
L]

D¢ =

a/2 a/2

VAt

o] (¢

ow dw _ m°
R

%—‘i‘})’ dxdy =

P L SR T e Pk

2wx

2
A
[D; 51n—5— 51n—ax

.'4a':2

A

+ D dmx sxn——x + D

sin——-
2 a

singﬂﬁ
a

si 1'1—-16 :, + Dy

s drx
sin—=—
a

sinégx + Dg

6rx
a

sin

sinﬁng

2, 2
§;1 + 10682 + 46,6, - 66;6§

2
45,62 + 862

2
106? + 68,63
2
3§, + 68268,
W
128,68,

2
9§3 »

LR
256a"

- 2 2 2 2
+ Dy + Ds + Ds + D¢

‘r

256a

v =..316

+ bz

s:.n

o

vy A4 TR T2 SRR L

lnl’.‘. sin?_‘.g.x.

6
a

S 1n6

[D; + 2Dz + Ds

S ln-—x

2

2 I ©
[D;y + D2 + Dz + D3 + Dy +

(5.5)

(5.6)

_za

sinzﬂx SLn4ﬂz A
a -a
x 51n——x

\




a/2 a/2 . M

. 1-v Bm W, 2 - LARTIN 1,2
S =0 o (3% 37 ~ dxdy .342 [a?_][m t = 51.52
- ' ) Ld
’ 17 (2 13 173 4 81 6 L°
?‘ 71 §182 +‘—l%- § 62 + 1—2-§- 6, + -2_5?‘ 53 W] 816,
y 9 2 2 2 45 2 2 5 3 o
+ 33 0185 - —3 616285 + 53 0285 + —35 §285] '

(5.7)
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e,

- -—[Cz(———)sa.n—y- +Cas:|.n 2 s:.n-—-y- + Cy (—= )sm—-z

S5
L

-

.

.. 2nx _. 27y TS, . ey
+ Cs sm-—a—-— sin 3 + 3Cs (——a—-)51n Y

.

+ 3C- sux a s:.n-—y- + Cs ( )s:LnE—y- + ZCa( )sf.;v.n-----x ~

.+ Cy sin ax s:.n—-y- + XCQ sin-?%x— sin'i—TaLX

+ Cig (-——) sm—x- + C) s:Ln-G-—- sxn—-y- + O 251n21rxsm_2_1y_

o

+ Ci asini'ar—x- sinz—g‘y- +.Cy s-:inzgx sin""—z_;z

+ '2Cia8in 21rx ln-‘%x + C, 5sin4—-z§ sin—z—:x

i
Q . .
.

~ "+ 2C1551n4a s:.n—x- + 3Cy6 1n“)sxn—--l’-

+ 3C, 7§in§1’5 sin§1'l + Cl\aisina"-r-}-‘- sirim
a a a ,a |
<}
J + 2Cy ¢.s:Ln21ar s:.n-—y- + C; slnﬂg—- :-un—y-

\

| . . ‘.‘
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.Avvifv-"

+ 2C, gsinég—x

C - + 3C21${i1£}-

+ 2C32 (- )SJ.

+ 2C:2 aS:Ln

Simplifying:

sin‘-l-;—x-‘i- 3C, osinZZ—x sin8TY
) . _2ny
s:.ns—;iy- + 022(——:—’5) s:.n—gx-
x

n—-y- + Cz s:.n-s-é—- 31n—-¥- '

s:.n——x-

e e —— . ———————. B T oopy ot otm® E T, AT Tt 4 e L EAR S WG A

3

- ou _ T[C, (X g
N a a

+ K, (—';’S) sin

+ !(;ce(_g_x) sin

+ Kg ({i‘.j sin

v

1n{-¥- + C; s:.n—TaE‘- sm—a-y- hd

4

—l + K, sin 21rx ~—= sin _Z
6y + Ky 8in 21X sin Smy
a 7 I a

igx + K; sin «2—-? élnﬂx

, a
\ - -
+ Kji8in -6% sin 2y + K sinﬂl’f— sin—gﬂ
_ “ 4+ K;ssin i}’i sin 5%1 + 3C, 151'.1'16—TTE sins—zy-
. ¥
) {
. + 3Cz18in 4:" sin Ggy + 2Cz3 81n-6—"£ sini:—z

L]
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K3
. Ks
Ks
. K7
Ke

K1

Kis

i

A |

v

Ly + Cg + Cio *+ C22

2Cy
Cis
3Cs
3Cy
e

Cia

+ 2C;y + 2Cy1 8
+ Ci;s5 + Ci1y’
+ 3C;s

+ 3Czo'

+

2Cz22° . -

+ Caz3
’ ~

2Cys + 2C; 9

L a/2 a/2
, Or Of
For
1=v a/2 a
Y
2

i

»

_For a square plate, it can be proved that

[

»

a/2 a/2
(%E) 2 dxdy =0
v = ,316

‘ (1-\)’)' = 0.9.

P

Cs + Co + C12 +C14 + Crs .

G52 axdy

(5.9)
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m? n2 2 LA 2T LM
togm Ke g Kas 1 mGCa g GRy + 5 CaKa 4 gy CaKe

Ve

3 ~ L4
+ &L CoKy - 20 CaRs - 18 CaKs + 2 CoRyy- T Cory +73F CaKis
/

8 16 i24 16 16 2 .
+ 3 C3iKy + =5~ CiKz ' 3z C3Ks + 3y CsK7 - T CaKe - %—5 C3Ks

. 2 2 2
+ %g C3Kyg= %% CsKy + z§§ CsKyg + —%— KiK, + }f,xlxll— —%— K1Ks

[N

2 -2 2 2
T ™ _.m 9 2.2 9 2.2 T 2
- Kg¢K7 + =z Ki3Ks T Ka{(15 + T T Cl"/ + 3 i ('.:2‘1 + 5 C

+

6 9 8 432 6
+ -3—1-[ CeCi7 = —35 TC2C21 = —5 TMC2C23 + gm3E— C3Ci7 - 1—-97-5- CsCan

'

-

2 2

- 9% CsCas + —f— C23Ks + —~ KeCi7 = 7 72C;1Ke]
' : © (5.10)
Similarly
%';’E = - — [CgSln (—-y-) + C3 sin —é—- s:l.n-—z + Kisin ?_H(_EY_)

~

-+

.
Kzsin 2%}'5 sif 2—1;:Y' + Kgsin an(__z) + Kysin ng sin 21;y .

- . N

+ Kgsin —4""(—1’-” ) + Kssin ATX gin 20X 4 K;18in 21X oin 8TY
a ' a a a a a

+ K..sin 3115 sin __Y_ + K;ss8in ,4?. 3111——-x + 3Cz;sz.nsax s:.n—z- .

» ‘>

+ 2Cz;38in < sin E-Ex + 3C1:7S”in E% sin §%X]

R ‘ _ S (5.11)
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K:,K2, ..., Kis are defined by (5.9).

a/2 a/2 2 2
'c)u v = T .~
OJ' of T % dxdy .342 CZCZ +'T'C3 o K

z‘“rz 2 z”" r?2 2 ,
K2 + I3 Ks + G~ Kis + Ty Re +_1CaCs + nCaK, +

CaKay + % C,Kg + g—n'czxy - "-2’- CzKe - %CzKa."’\—-g-g TC2K11 ~

-

o

TE coky + 3 Cokis + 3 K1Cy + Bom Cakp + 3E CoKe + 3F CyKy -

|

16 32 16 32 - 64 . 12
15 C3:Kos - 15 CsKs + 37 CaKyy- %g- C3Ky + 53w C3Kis + —— KiKa +

.n.z ‘ ) ,n.z .ﬂ.z ."2 .n.Z
17 Ki1K7; - -5 Ki1Kg - 5 K;Ky -~ T KgKg ¥ T KgKi;: +
® B

2 2
+ %—— Ku1’<a - %-'ﬂzKoKn + + /KsKu - %-15[- C2C21 -

2 2
T 12 64 i e
+ ' C21Ke e Tr.Cz 3C»2 75 C23C3 T C23K¢ +

s

2. A
+ 1-42%;— CsCi7 + + C1'7K‘f + g‘ﬂzczlczs + %- NZC;]

(5.12)

From Equations (5.5) and (5.8),.we can get

~




‘ ’ R ~ ' For a square plate: ) : ' ‘ a o
B a/2 a/2 - L aj2az .
. du W - dw _ OV 0w 3w
) Of OI [W * 3% ° g—y-:l dxdy = Qf Of : % 3% F‘Y'J dxdy .
‘\Q} . v ‘ n. a . o, .
. Therefore ) T
| ‘ - [ ' 5
o (1-\:)?{2?{2 PE TR VO T ) T VIS )
2 '0° o 9y © 9x dy ~. “9x 3x dy
o ) 3 2
= -%2, (- —Tgr— C2Dy - 5 7C3Dy - %_r-g K;D;y - %g’ K2D% + 9-12[-0- C2D2 ‘
. . [ -
14 H4 n e 4
. 3 3 3 2 o ]
. + %-g ",E’Dz + 35 KiD2 = g KeD2 - -T[rg K3D2 ~ 37 C2Ds = %—% CaD; ’
3 - ‘ 8 Toog BT T S .
+ 33 KgD3 - 315 M C2Dy = 35 C3Dy = iz KDy S T4 KyiDy - o ,
! ' v . .o
z ’ 3 - '."3 3 2 ’ -
| & 17 KisDy - 1T KyDy - 17 Ke¢Dy - 15 K7Dy 'l'Q 7ES mLC2Ds :
. ' ; < / we ’ b 3
: + 16T oiny - T2 KDy 4 "SNK Ds'.. T2 C.De - 351 eubi / AR
~ . 175 f 5 7 qg Te¥s T 3T e 70 N 1'2'2'5—’ ““/, LI R
. A . . 3 - 3 . a L4 ou f .
-‘%-ngDs - —TQT—CgaDs - é{-ngxDs 1—]33%730171363 Q

Substituting tﬁe values of D's from Equation (5.6) gives: » NI O

o . o

‘s o
.-~ 1 o ? . _D‘g
~ ’ . “ o i
? 0
. . '\ o - " a
4 .
.
5 ! ' »> .
) . .
° il

&




' 3 N 2 PR -2
* -—%g{ﬂsKsﬁa -]2:-;1|’3C1763 - "IB-_CJzGer - —%-g—'n’C35152
. i . * &+ :
U . o .

- T2 K618 T2 %2618 1% K616 T K816 ‘

‘ G’T 10102 g "20102 . o {1 2 T.—g— Ra0102 @

. - P R . ' ) ’ -
'f,: . . B %K&G;(’Sz +§%1I'2C26153 + g—g—wc;s;as +‘§11I’:6_ K18183

S ‘ '__‘7‘4 ‘.. +,'6., '3 - ‘ 6 3 . 3 $16 .n.Z I‘G 5
R \ —J_—G:T/KZGxéa + =5 T'Ke6163 - —yg T'Kis9183 - 1 C28283
5 48 " . w? ‘ 3 3 . §a 3 3RB08 \

o = Tyg MC3828s - —g— K1628s = 5 7K11828s = 5 TKs6285
oo " . . o ",",‘ . , R =~ . [ 23
S ] : i < et et sy
e g 3 s "9 {

S =r=g— Re828s = 3 MC238285 = 7 W C216284] .

B : €. - ", (5.13)
N ‘ Q, . ° , fj
. h "
. ' o . . ,\




The strain energy due to bending is obtained for a
simply suppérted plate, using Equation (3.34)
D a/2 a/2

: 32 azm 2 ]
. 2o Q x ayz

w= 8 cos-%’-‘- cos—:y- + 82 cos—l-:-’i coségx

#

-
-

+ 8, dbsgg—’-‘- cos—?’- + 83 cosé—:—)s- cosé-;Lx

:~,f’

[6 cos-—-— cos -—Y- + 62 —-g-’-‘- cosé%z }

+ 96 cos3"x cOs—l + 98, cosgﬂ‘- <':c>sﬁ7-x]2

For -a squ'are plate:

a/2 a/2 2, a/2’ a/L 2 :
of \(a )z dxdy =0 o R 2892 gxdy
'c)y2

Also making use of j:hé bfthogonatlity property of

‘Fourier series, and using the integration tabl/e in Appendix A.:

.- . e ’




P

2 - .
, T 52 +T 53] 4 . X (5.14)

Similarly, : ) e ' _
a/2 a/2 2 2, Y 2
9w 3 w D T GE
f (—"'" 0 _—) ~dxay = — [ +
7 O o ) 3}(2 ayz . 2- az [
2 2 : o
+ % §; +—2L 5,7 : (5.15)
‘ ‘ ) - / s ‘ 3
Ading Equatipns (5.14) and (5.15) - L
e 6 100 %, a S AN
= T iy - '
Ub az D[T "*" "'-IF 6 '['T 53] ‘a’,‘ (5016) [ i

- . i

5.4 gs STRAIN ENERGY ' DUE TD COMPRESSION IN —_— ’
, THE STIFFENERS . . * -

For the consldered~doma1n of the problem, i. e., for

0 <x < % and 0 < y < 7 the stlfféner s straln energy

due to axial stress, by virtue of Equation.(3.36), is:

1 <

: a/2’ \ v a/2. :
U =% [ e o “a A dy + % ofJ €, 01|, A_dx




LJ.ng to five different|values of the ratig 2 g and for-v =§ .316

a/2 . '
=a E [ (292 dx {5 :20)

(=}
I

, swthe o Ug s~ ol - '¥x .a v
.5 A 7 ~ . ¥ ‘2‘ )
Dividin&c;;,_ Ug by {a) (Et) and using Equation (5.23)
i 2(1-v?) . LR
gives: - : Yo
: P \ iy v
. 2(1-v®) b 2 1 ‘
! = >~ - —_t \
Us f‘o“Us Et 2 (2)(1-v ) T :
After minimﬂfzation, i oe LY i‘ r”'f C ‘H . o Vo ‘
au! - .2 )
e = 2 (4) (1-v?) - Sr 2 Boy2)e2 gy :
) ﬁ‘ -y
where: Hy ST ETE g Nk
. ¢, I N ;

C; = =2

¥

. e
+ - ¢

ThJ.s value will be added to the element A(l 1) in the st1ffness~

matrix [A]28><28 of the system. 'vaiously, this valugwls a

N

function of the stiffener'.‘s area, or the ratio gfg “ S

~ kY
s L

Table (5:1) wh:Lch follows gives, the value of the element

A(l,1) of the stiffness matrix [A]. of the system, cp;:respond-

ALY ow y
o - ) \ - ' ?
L} " o t, l




) Non~Stiffened
- a/b- Plate 10 5 2.5 .0947
. o .
A(l,l) 6.20 1 7.09 }]7.98 9.75 100.0{
A 2 W2 2, mx 2 2 Ty o a2 2 X _a Ty
- €2 = 1 [c; cos?—X + c; cos?—d + C; cos?—Z cos?—X
X o2 a a a T a
+ 201C3 ‘cos? —g’—‘- cos —gz +2:2C,C» cc:s--f;_:-’E cos ,—-gl
3 ‘ \ i
= 4 s . o
- + 2C2Cs; cos —%— cos? —l] \ -
; . . 7
i o roedl L _n2 2 2 _TX - l
R ) X|ged = 77 'C1 cos® —= , (5.21)
. Y=y g2 { .
s ', , "a/Z' 2 a
: : . ~ T T 2 _TX
c-\ US = As E of 2 CJ, COS a de
. , a ‘ :
i S TN ' Y
o - . g :'{'7;? - ‘ Lt 2 .
. . . . U C &
Wy_ o= A B (L) O (5.22)
s a
1 > f i ’ ’ ! ( e ’
, ’ = " :i \
“‘ The area of the stiffenér is:
4. ¢ ~
‘ 5. k t""m' - , - . - y
‘ SR ¢ A, =b t , (5.23)
(/ ‘ Wheng‘ &: \ ,,- . '
\ s ‘ © g is assumed to be 'equal to the plate thlckness, and

b-i.s the st:.ffer;er ) w}d@h.




1

5.5 V, THE POTENTIAL ENERGY OF THE LOAD

e

~ The potential energy (V) of the load, referred to
.. v |
Ve the undisturbed plate level as a datum, is clearly

.l c - a/2 a/2, . a/2 a/2 :
’ of of' - wg dxdy = - q of of w _?xdy (5.24)
: .
A g
’ : w= §; cos gx cos gx + 8, cos ';x cos 321
. o + §y coség-JE cos ~%1 + 83 cossg-g-?E cos E%X (4.13)

: .
» ’ A

)

Using integration table in Appendix A

l,
, 2w a2 a2 2 :
S S S Raberik itk ER et TN B
5 ? 372 In? gr?
‘]\\ : ¢l |
\. - R -} _ 2 &3 e
—> ‘ v [le 3 62 + -1;f] a , (5.25)

v 5.6 , THE TOTAL POTENTIAL ENERGY OF THE SYSTEM

R . TR UL HU (3.30)
~ ‘ Using gxpressions (5.2), (5.16), (5.22) and'ﬂ5.255,

[ ' 4

this becomes: o . .




where’

0 . v
/ .

Et

T B8 —————— Um(cl 1C2,Cs K1 ,K2 ;K3 ,Ky ;Ks +K7,Ke ,K11,
2(1=v?) ‘
Et? Sa)
Ki15,C17,C21,C23,61,82,§83) + > Ub(51,5z, s)
* - 12(1=v*)a
+ g BUj(C) + ga’ V(62,60 (5.28)
- .
oo : o,
T=k Um(Cx,Cz.Cs,Kl,Kz,Ka,K«,Ke,K7.Ka,K11,K1§:C17;
‘ — . o D' ) : 3
C21,C23,61,62,63) + — Uy, (61,62,83)
: a . . .
/ | : ' '
: \ Ll N
! " E ' 2 i P .27a
:' + AS ‘a .Us(cl) + ga V(61162153) ’ ) (5 27)
/ ! . ' . &
. B 5 | )
k = t * and p= —EE (5.27b)
~ 204 12 (1~v?)

¥

|

T = k{Ug(ercz;-;-. Kisesss C23,81,82,83)

‘ D I!. As E ﬂ . 1
+ ;;-}Ub(ﬁl,ﬁzlﬁa) + *a Ug (C1)

L+ @Ea.v(81,82,85))
‘ i o '




a a
L2 - g@20-n

5.7 CASE OF NON-STIFFENED PLATES : /

‘In the case of non-stiffened plates, P:s = 0, the -

term of Us‘f vanishes and expression becomes o
: ’

\ T = k{Um_(C1 102{---',K11--ar. Cz23,60, .‘52153)//

\ | ’
-, (81,02,88) + (BB)avisy,ealen ) (5.29)
a’k ‘ ]

%

)  Substituting expressions (5.2), (5.16) and (5.25),

. 'in equation (5.29) and for (g = 200; v = .316.

.

2 2 2 .2
os T = k[3.0994C; + 4.47744C, + 2.}67359<:i 1.11597 K;

ot

E 2. 2 2 2
+ .84385K, + .4219K, + .4219K, + .74092K¢ + .4219K;

/ 2 -2 2 2 ‘ 2
' —+ “79954K, + .%219K11+ .8438K; s+ 7.5946C; 74 3.7973C2,

~

N 2 ) . )
+ 1.6877C23 + 5.55MCCo4 4.1343C,C3+ 6.2831C C2Cy

L
’ [
-
.- v e,
/
Y

+ 2.2526C,K;+ 1.4326C,K, - .6446 C,K; - .6446C2K,
ol ’ .

+ .66108C,K¢ + .42296C2K; - 1.0085C2K, + .423C;K13




+ .2865C;K;s + .3684C2C;7-- .5628C,Cp; ==.3752C2Cz3

'~

+ 1.824C3K; + 1.216CsK; - .4864C3K; - .4864C 3K,
™=
+ .469CjiKg + .31268C;3K; - .7?96C3K9 + .31258Q3K;1
¢ ‘ [

+ .19456C3K;s +.24122C3C17 = .3752C4Czy = .2502C3Czs

-
+

‘1-6877K1K2‘- J4219K3K;3 ~ .4219K; 1K, +.2813K;1Ks

+ .2813K;K7 - .4219K;Ks +.84385K3K, +.84385K3Kg +.84385K4Ks

+ .84385K¢K7 -~ .1406K¢Ks + '.84385KgK;; + 1.6877KeC17 .

. .84385K¢Cy; - 1.2658K¢Coy + .84385K7Ki; = .B8438KeKys

/ .

+ .56257KsCz3 + .84385KsCz; +\5.0631C21C£§‘

| e

&«

2. 2 . 2 ' .
(“.5626C35; - 3.6969C,6; ".434C263 - .225C24:6;

£

"

B 7 . 2 2
+ 2.7003C26,63 - .225C282683 - .4775€38,; -~ 3.2199C352

~ ’
INLE ¢ N .

o, 2 . :
A,8842C,84 - .382C56,82+ 2.4067C58185 - .2947C3028s

~

. . 2 2 ] '
- ,6628K;8; - 4.6393K;5; - 1.3255K1§152+ 3.9766K15!63

. B q
2 2
- 1.3255K18283 - .6628K26; - 6.6276K282 - 2.651K28:82

—




- AR TR -t .

5.8

are independent. Expression (4.17) mplies: -

-~

Ll

2 ' 2
+ 3.9766K28;63 - 5.3021K362 =~ 2.651K36:82 = 5.3021K46;

/
- 2 2 2
2.651Ky 8162 - 1.9883K¢62 - 1.9883K55{f- 1.9883K7462

-

2 .
3.9766K7828 - 1.9883KsS2 - 2.651Ks8,:62 + 1.9883K36163,

N 2’ o 2
?.GSlK36263 - 1.9883K;;682 - 3.9766K1,68283 - 6.6276K; 502 .

' 2
3.9766K155163 - 17.8945C;76;3 ~ 15.9062C,23;8263

e

~

- ~ 4 ‘3
23.8593C;16263) + .l? (.130136, + 1.0410668,52
a

—~—

+

-2 2 3 3 . 2 2
8.8498,6, + 27,06766,6, - 1.56166;83+ 9.369556163

- 2 % 2 2 vl ,
6.246366:628; + 45.02586; + 46 .84778,8y + 2.35956253- Y

L)

y - 2 -
10.540785) + 5.0734 x 10°%6; - 9.1204 x 10~ 5; (a)

+

-+

-3 2 . _ ) T
2.5367 x 10 362 + 6.0802 x 10 s62(3) + 4.1094 x 10 63 /

Y

1.0134 x 10" %54 (a)] ' B (5.30) )

LAGRANGIAN MULTIPLIER TECHNIQUE

1 \<\;
It is to be not‘gd that not. all the varlables of. U ,




75

G = - e, (5.31)

Also, expression (5.9) and from expression (4.17)

v - 2 ‘ 2
Ky = Cy + Cg + Cyg + Cpp = %(-.78546;-1.57085;6217.068662

«
- 14.13756,6,)

2
K= Cs+ Co+Ciz+ Ol + Crp s §4.392761+.7ss45152

2
-,2.35626162—2.3'6323-2.35625;63)

. 2 3
LN - Ks 3‘209 + 2C14 + 2Cys = (1.57086r62-4-712462‘4.71246153)%:

2 o
Ky = Ci13 + Cps + Cy§ |= (l.17816162+l.178162+1.17816;6;)%

2 2 1
(-2.35626,-21.20586,)

K¢ = 3C¢ + 3Ch¢

o

2
(1/17816,-7.06866,53)

i i

[ Ke = 3C; + 3Ca2q

Ky = 2Cg + 2C3»

(-3.14166162-28.27436263)% |

K11 = Cy; + Ca3

N 2 -
(1 178152+2.35625263)§

2 .
Kis = 2015 + 2019 = ((2.35626,+2.35626:65) 1 .
' AU 5.31)

while expression (4.17) .

5 2 i
Ciz = 1.1781 . S




e e om - v At N

- :
Relations (5.31) can be more conveniently expressed in the .
;;.

form: 4
g1(C1,C2) = (.316C;+C2) =0 ‘ .J

‘ .
Ky +. 78543104 5 1.5708-3182, 6‘52 8162, osss-%l

g2(K1,61,82,83)

<+

14.1372§£§i-4 =0

93(K2,81,82,65) = (Kz-.3927-3b 5 1. 5708-—i—£+2 356252 52

+ 2.3562-8180 515‘ =0 . )

2

ga (Ks,831,62,83) = (Rs-1. 570&-—i§£+4 7124-52 5 -

+

4.7124-§§ii)‘= 0

i C 2 .
\,ﬂs\‘ml.cz.m = (Ky-1.1781-2402 117812
. 1 -

. \;\i 1781—?—§-) = (

2 ’ 2
gs (K¢ ,82,63) = (Ke¥2.3562——~+21 2053 2) = 0

g7(K7,82,65) = (Ky-1.1781-S24 52 7. oeas-§§§i>'= 0

& .
9o (Ke,81,82,85) = (Ko+3.1416-0002028 27438203y = o
/ |

gs (K11,62,63) = (Kf{-l.17814§3a2.3562—§§i%) = 0

: 2 o
gro(Kis,81,82,83) = (Ky5-2.3562-32-2,3562-8183) . ¢

s

g11(Ca7,85) = (C17-1.1781-32) = 0 -

g12(Cz21,82,83)

(c21-1.1781-¥282) - ¢ .

. ~ o 918(C23;52,53) = 5213;2-3562 G;GQ) ’Q



/

Therefore, the problem of mlnlmiza.tion of the function

T subjected to certain specified constramt conditj.ons is
T~

/

encount}e red.

i T
- - (

We wish to minimize the function

[

T(Ca ,Cz.?Cs +K1,K2 ,Ky,Ke ,Kg,K7,Kg,K12 +K15,C17,C21,C23,81,.

§2,683), ‘ ‘ : b

' . Ve ,

wl'fere 7 is a function of 18 variables, subjected:to the
constraints g, '= 0, where 1= 1,2,..., 13.

, , i B . " .
The problem is handled by the Lagrangian multiplier

'

method. Instead of minimizing the functi*m airectly, we

construct a new function T where: -

' . ln P
) , , 7 .
1T(C1,...,-63,}\ ) = 'ﬂ'(Cx,...,Gs) + izl )\_i gi (5.33)

. ¢

i.e., thé case of 'n (n = 18) indepen'dent varjables (C;,C2,Cs,
K11K21K3154'/K61K71K51K11rK'ISlCI7;c211C23‘1611152'68) and

m (m = 13) constraint conditions (where m < n), given by’

@,

expressions (5.32) g; = 0. } ' .

The local minimum of 7 can be found by solving” the |

n + m) equations - . )
: X -

.

" 1s1,2, ..., n

31,2, wi, o




"

B

. If a local minimum of' 7. 'occurs at

A

(C:,C\:{ n--,&j,k:‘, -a.'l;:\)"

/
N

then m(C’;,C:,”...,G’;) is a local minimum of w °subject te
gy = 0. N 3

5.9 MINIMIZATION PROCEDURE AND SOLUTION

¢

-

e

Pre-multiplying each equation f expression (5.32) by
A (where i--l ¢2, +o0, 13) and then adding the whole expression

to 7, we consttuct the function T.as given by equation (5.33).

Ll

Partla.l differentiation of the new f ction ¥ with respeét”:

" to the Varia.bles Cx,Cz, ...., Kl’ -.o' K:s,Cés,'A;,}xbz, ceay }‘1_}1
"and equating. each equation to zero, Lfe hav)e a system of 28
o | .

"equatiox}s to be solved, g‘iw)e’n below-

4

!
M Lo : }
3Cr v

,
-

L] ~ ! ! - 3
6.1988C; + 5.‘5?9402 + 4.1343Cy + .316A; =0

3C, ’ f

5.5594Cy -+ 8.9549C; + 6.2831Cy + 2.2526K; + 1.4326K;

- .6446K; - .6446f(4 + .66108K; +\.42296K7 - 1.‘008'5!{. .

& |
+ 423%-’- «28656K; s + .3684C17 - 5628Cz1 —..375.2(:13

R R

. .
. M = -—( 5626614-3 69696;+ J4348 3+ 2256162-2 700361634- 225626:)




4.1343C; + 6.2831C, + 4.9347Cy~+ 1.824K; + 1.216K;,

o, ‘ B "\ « ) A o . R ’
T e - .4864Ky - .4864K, + .469Ks + .31268K; - .7296K, .
{ S f .- = .31268K;; + .19456K;s - .24122C;; - .3752C;; < .2502Cz; - . |
| . . ~ l ‘* ’ \»_ . \“‘ . . :l
: ‘ 1 . “2 ’ < 2 ) 2 ) -, B A i
o} : = z(.477551+3.21995;+%284253+.3825;6;:2.4067615§f,2247§263) -
N \ ‘ o ' ; ‘ : (
. ) a? _ . N : ) oo o
f [ . A - . : ]
L . . ’ :
’ . . i
i 7. '2.2526C; + 1.824C; + 2.23194Ki + 1.6877K, - .4219Ky - _
N . ! ’ﬂ . )
o - .4219Ki + .2813Ks + .2813K;.~ .4219Ke + .2813K,; . A

Y

+ Az = —4 662861+4 639362+l 32556162-3 97666163+l 32556263)

.il :
f

’ ‘ ai _; ' ‘ 2 ‘ > . ’ \
Ky 1] “ ,ii . ‘ : . ,
¢ 3 ’ .

.

o ' 1.4326C, +-1.216C3. + 1,6877K, + 1.6877K; + A3 =
,\\l N ' TR A S .
[ ) o . . .y 1 ] 1Y .2 i g 2 ) . . ,
- vt 2(.66288,46162766,+2.6516,82-3.976668155)
} . ‘ ; r- ’ ’ . : - ' i ’
’ * 8‘7? = ' ~‘ T \ «
N R T i 0,/ oD
- - .6446C, - .4864C; - ".4219K, +\.84385K3 + .84385K, ~
\ ) A 4‘ — - R . % 1 )
+ -8&385Ke + X5 =(5\302162+2.551 uSzl;
~ . ~ T 31—[-:“0 o \ ! LN 3 X
- . 9K, , . C
N S - : — . , .
.7 > - %6446C, - .4864C; - .4219K; + .84385K, + .B84385K,
. ‘ o “ V4
Lo—- N . - : Tt "‘ - ,‘ :" ;'. : i —,d . “ ". N :' .-u‘ »' ‘ ' "";.\'f"“ .‘_'j: S ) e8] ‘;‘: ) 4;{;9'*“{1 N
o B i O e - -



\

: o 2 2y . : - ‘
- .84385C2s + A = (1.98836,+1.988365)% . .o
. : : . ‘ \ *
gﬂi =0 > . ' - :
) K7 . ~:‘
42296C, + .31268Cy + .i\lsxl + .84385K¢ + .84385K;
. \ o L ’.. . " M A
. _ 1 ] :
,+ -84385K11+ Ay =" (L. 98836z+3 9766636 SE ~_
F o . Y ] , v
3Kg = 0 ’
A} y" '
- 1.0085C; - .7296C; - .4219K; + .8438 ,
. . oy ' . ‘al
- .1406K, + 1.5991K = .B438K _ + .84385C,, + 56257C
& . , \\\ v - ‘
+ Ao = (1.9883§2+2.6516162-1.98838165+2.6515,65) 1
am_ _- ) :
K11 0 : 3R
.423¢, + .31268C; + .2813K; * .84385K, + .84385K; - ‘
. 2, ' v, . '
+ .B435K1y + As = (1.98836,+3.97666,85) % 1
7 o ’
s - O | *

©1.28656C; + .19456C; — .843BKs * 1.6876K1s + A1 =

. 2 . : p

+ .84385Ky + Ag = (5;302L§z+i,6515352)§ R .
—_— ) ! - v \\

aT _ - . ( -

e - 0 - —

Cs + .2813K, + 1.48184Ks + .84385Ky

t
A N
. - 0 N

.66108C; F

- -1406Kg + .84385K;; + 1.6877Cyy~- 1.2658C,; :

< <
~ 0
~
. ’




= (5.62765% + 3:97666163)%

L3

v

¥\§§§;; =0

~.
~
~—~
~—
v

.3684C; + .24122Cs + 1.6877K¢ + 15.1892C17 + Ayr

, - 2"y ] )
= !17.894553)3- T

IM_ _ .

3C2 1., . h ) .

AN
-~

- .5628C; ~ .3752C3 - 1.2658Ks + .84385Kgy + 7.594rGC/1

-~

+-5.0631C25 +. A2 = (23.85936;63)%
;> .

' .
\ L ‘

- .3752?2 - .2502C;3 - .84385K¢ + .56257Ks + 5.0631C2

Q

<

-

+ 3.3754Cz5 + Ay = 05.9062626;)%

aT

e
.316C; + Cp =

AT . _ ¢ 4 _ ~
oA 2 . 'z )
2" " ' . ‘2 ) - ~ . 1
(-.78546; - 7.06865; -;1.57086162 - 14.13725263)2
BT - _ tL ”
E R
2 ~ 2 ' ' o 1‘
Kz = (.392761 - 2.355262 - 1.57085162 - 2.35625153)5
. . N J -




-

(2 el | n

3

s ’ 2 ) T » , . oo
K = (-4.71248; + 1.57086,8, = 4.71246169)% . . .-

N
4 ..
t .

3%%;% 0 ~ ’ ’ K “" \‘. ' :.: ’

- # - ) '

T L 2 . . N - "
. Ku,= 1.17816; + 1.17818;82 + 1.17818,8; . : -

v

\ : . N . s .
.

.

R 2 2
Kg: = - 2.35626, --%3.205853
T .o L S S - :
33:7 . ' ’ . * ) ) . ,l
" 2 ' ' . .
K7 .= 1.17818,; -~ 7.06864526, '
S b .. . T - .
317 = 0 Y, a " . l \)t

L) . i
R t

Kg = = 3.14166,8, -228,27438285 «* . o

‘i

&
3T _ Sy T
s =0 | )
3 ) t , Ry
K11 '= 1.178168, + 2.35625263’ . v - v
- ‘“; . ) ’ . s N
om = Q ’
5X1. c.
‘ oL o 2 ' - . »
Kis = 2»356262‘+‘2.35625163 . ~ .
I ‘
a0 °
. 2 ' v
: Ci7 = 1.17814; ) .
\ ' ’ )
y
\ <
$

» »
. [ - L. (o et s s bt st &8 s v IRl LM , .,
L AT ' T s e T T T T I T T e RIS T T AR R ST BRI TIT ,  -

PP, SRR S




°‘, ‘ » . kg + e ¢ .
. y ‘ N 83 ¥ .
{ v ¥
‘N’"x ‘g ‘ 4 N . // .
J .
/ ‘ K .
. I " . am A& ., . __ oy . - 'J - .
’ ’ 12 R - . 0 ' ‘ .
- - T IR . - ’ ‘ - ' ;
C21=1.1781628 T i L Lo
. - ‘\ N . . N . o © oy . - @ ‘
# o~ . -
M S a— ks R o * T e .
‘ W, ' d . v 7 . . .
. . “ - T .l
- P ” - . N [ i " L
S . Cas = 2.35628365 - - (5.35) -, .
. \ . s R - ., . ‘ . , , ) . . . ‘ ) . . e
o o : ", o, . L o "
) These equations are not linear, as in the .case of : -
N . X ' . LT ' . - 4 ' .’\_,
[\\\ ., small deflections. Equations (5.35) are linear in the para- S
P N - .. N L] . w7
~ - meters C,,C5,C3,K1,K2,K39Ky K¢ IK7‘IRBIK1IIK,15ICL7!CZIICZ3I ’ s

A1,A2, wee, A13, and quédratic.in.ghe parameters 61,62;§3;

A solution is obtained by solving Equations(5.35) C;?Cz,‘,.., N

A} ' * -
. e s ey Ana in .te;:ms Of! t}lec 61,62,53‘. ! '
I . * - L4 N ‘ N
! . T e e ‘ . . .
‘ The system 6f equatiofis (5.35).c§n°bg,put into the
v form: -4 ‘ | .
Tt . e " o w ool
P . . | . o - :
[AJ28XZ8 [Cgigglfélﬁ}szﬁxs'Kh.K\(K]aKe'K11.sz'C17,sz{951L -
. 2 ~ v - . . . . ‘ ‘ N PR ) } ;
) . - SN2 YRRIY a1t : A ‘
. ) ! ' e .
« K C 2 2 2 ' » ‘ T- P
[B]ZBXG (81 82 83 6182 8185 62849 (5.36) -
where - _ ’ s
o ‘.- 4 ‘z‘ "w \ .
[(A] is a square symme;f&q.hatriy of 'size 28x28.
. [B] - is'a rectangular matrix of size 28x6.

b ’
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Premultiplying both sides of system (5.36) by [A] .
LChiCay eer AraTheyy w LATDE . I8y [6es ere s8ads T, -
t. L "2_1:0-- iA18 28x1 L4 28{‘2’3 28x%6 1s oo 40203 6x1

'\- - . ~ ” -

‘, .

. LI o
: ’

S ) S o 2 2 2 T
eo. [C14C2% ovuy X13] = [Clinre [81 62 83 61682 6185 626831
o L , 28x1 daxe L8t 6x1

\ ]

S T A+ 2,7003C6 5 +~2.4067q363 + 3.9766K;6; + 3.9766K,8;

v e . ' ;
] 6 ‘ ¢ ' ' - :
“ ' Lo ' o (5.37) N\
. ' P ‘
where . . . ) ' ) ‘
' - . . ;" -41 . : T . : f
[Clagxe = [A13gx28 - [Blagxe .
f . R ‘ \ . - '
Te Partial differentiatiaf'of the functien 7 with re- N
e ! < \ T :
- spect to variables 61,82 -and &3, and equating each equation - '
4 to’zero, we have a systém of three equations to be solved,
given below: - .
' o - ‘\ v
. LT o . i
= 1:1252:C2 61— <955 C381 = 4+ 3256 KydT = 1:3256Kz6T ;
’ ' \ . c ——— o 3
+ 1.5708 X251_ e 7854 . 1,6, ‘ . 3

-.225 C267 - .382C362 ~ 1.3255 K362 - 2.651K282 "= 2.651K:62
/. ' 3 . .

~ 2.651K482 = 2.65lKe6, + 1.57081,62 + 1.5708)A46,

e N, v e - l B
' - 10708462 - 1.1781X582 + 3.1416X46

-
‘
L | -

. ‘ v




.+ 1-.98831(;6; - 3.9766K;ys8; + :2'.3'562)\36~3»+ 4.7%24%;63

. & = 400, 2 = 200

and AK <1 iy the load factor . ' K

AKh'= 1 represents the maximum 1o

A

. ’ : . . .3 . 2 .
1.1781Xx583 - 2.3562)4¢63 '+ .520524, + 3.1231864162

AR

AN .
. . 2 3 2 Lt 2 ’
+ 17.6986182 +°27.06766, - 4.68488,:8; +18.7396,483 ;
, R . _ ot . ) ’ -. a - - - R . »
- ‘- 12,49272618385 + 1.01468x107 &y +-9.1204x10" xAK = 0. " .
4 P ° R o . - . * . , N
] : : . (5.38) "
1 ‘ ‘Equation “(5.38) can be put into the form. ,
< . . .
v B e . -
. . . v .
. [ -4 61[D11]lx‘28 {Csz ese A13]:281x1 .
! ) - \\ . -
:{ . \ - ’ [ ) ot T la
- o + 62[D1z]lx28 {Cng eee X3}t ‘
~h- . ) r ) |
; 4 8alDial g 10102 L Ms)T AL
- | : \
. ) i 2 ' P 3 2
. + .5.29?)251 + 3:123185162'+l7.69§6;62 +27.067668, = 4.684'186163
s : ‘2, T -y - '
! N + 1*8.7396163 - 12.4%72516263 + 1.01468x%10 4.61 - 9:1204 10°°
{ ,/_-//' ) . ¢ “1’ ’. & -
{ - W T
‘ N x .AK = 0 (5-3‘9)‘
. where: ’
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g 1 10.6042K387 '~ 10.6042Ks62 - 3.9766Kebz - 3.9766K782

. - 2.35620782 ~ 2.3562A982 - 4.7124X1082 - .225C26,

87? : ‘ l‘ . - by
a2 , . | o ?
. 1 ¢ - ~ ‘@
- 7.3938C282 - 6.4398¢382 ~ 9.2786K182 ~ 13.2552K;6

o . / R , . B .

=0 -

2

4

- ]

- 3.9766KsS2 - 3.9766K1162 - 13.;552K1sa;'?/i4.1372x552
. ! ' ' R A ' X

+ 4.7124036; + 9.4248X462 - 2.35621358; + 4.7124A¢82 -

- i
- . 14
- ‘ A}

- -

- .382C;8; - 1.3255K18; - 2.651Kz8; - 2.651Ks6; - 2.651Ky6,

- I
.

- 3.651K¢8;, + 1.5708A26; + 1.5708X38; - 135708l§i:
- ‘- ~» -

- 1.178lhs81 + 3.1416%,468; - .225C283" - .2947Csd; - 1.3255Kr6;

I

- 3.9766K7635 - 2.651Kab; - 3.9786K1185 - 23.8593C2135 "

’ ’

- 15.9062C2 365 + 14.1372h285 + 7.0686A763 + 28.2743Xs65, .

‘ . . ' . . ,
- 2.3562X983 - 1.1781A;28;3 ~.2.3562A138; + 1.041066,

v

., 2 : 2 - 2 ~§
' + 17.6988;682 + 81.20286162‘ - 6.24'6366163’:}“18,0.10326‘2 :

s

L

! 2 . 2 .'_ . . -

) S 93.5954026; + 28.10858,83 + 5.0734x1Q 361 + G.QBOZXIO 5
. o - - L

=0 S '

. X AK
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. ' K4 ! » 4 s
x Lt * .
' o ° . " . .- X‘
) e 81(D21] {C1Cz ... A15}F o
\ j' ‘ N ¢ -YJ
i ~ . ]
’” ! h - . ‘A ' ‘ . T K .
“ ! 82{D22] {C1C2 ... A13}”.
.‘L o . S, ‘v"‘ " 63[D23] {:C1Cz . ha}T .
é . . : I . . —‘ : - . '
‘ . ) ( 3’ . 2 . 2 s 2 «
. 7 i + 1.041066, + 17.6986;6, + 81..20285'1‘62 = 6.246366;16 3 oy

Eol
.

& S . T : ‘ :
g + 6.0802x107°%xak = 0 . ¢ | ‘ (5.41) :
g . - :
) . . ’
v b ‘ T "
Y A w,herg: . ; .
L ' ¢ lq a a '
H Y . - 2 4 = . ,
SR @ e S
’ \ s , -
;5'3_ ) ;' 4 ) G- | ) - * 7
‘ \ AK < 1 ' 1is the load factor
L - ', AK =1 'représen.t;s the maximum load’
» e R [y “
., * v ¢ : o i :
) i.e., ‘\ai i(%ﬂ = 400 ° S
ll éﬁ' _ ' L) )‘
T T 0 . >
[ - . B .t . ‘ « ' ~
- .868C;6; - .5684C;63"- 3.9766K¢8s ~ 35.789C1785 .
. . . s . . :
| v . R ' - :
+ 4274116M83 — 2.356207185 + 2.7003C,8, + 3.4067C36, - .
03¢ :
+ 3.9766K18, + 3.9766K,8; + 1.9883Ka8;.~ 3.9786K;sd; - e T
oo : S ° ‘ N
o ) , ’ » . ‘
. € 2.3562138 + 47124046, - 1.1781As6, :/3)}562A101
o = .225C;82 - .2947C38; - 1.3255K18; — 3.9766K76 ‘
| . .
ﬂwj} " . - 2.651Ks§2 - 3.9766K;,5, - 15.9062C; 36, —‘23.84&362L52 EEI N
. R / - . . , . ‘v; R
: / T IR . N
TN T e T T g S e
L'— ' - ) / ‘u‘{;"’., 1t ! ! n&twv:" N ., ‘1‘3‘*7%:,."') "': Von _1‘1 N %‘},?}'f x( (Rl -

: ‘ 3. ! ) 2 . Yy
* +/180.10328, + 93.69548,85 4+28.10858285 + 5.0734x10" 6
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<1 is the'load factor

a

r

- ayy _
%‘ (-t-) = 400 .

3 . -
85 = 1.0134x10 ®%x AK = 0

\

1 rsprésénts the maximum Loag

. i , Q ~
o Equation (5.42) can be put into the form

3 | 2 : t 2
-~ 1.561681 % 18+7398,85 - 6.246368,82 + 93

i

<

Lo, ‘ . 3 .2
~ - 1.1781X,262 -‘2.3562X;352 ~"1.5616831 + 18.7398:6;

St * 2 . 2 : 3 3
- 6.?45365;§z + 93.,69548263 + 9.369582 + 42.16288,.

™ b

51[D3‘11 {CiCz2 ... X],a}T + §2[D32] {CiC2 ... )\13}T-‘

°

(5.4

K3

+ 14.1372X28, + 7.0686%x7862 + 28.2743)1368, - 2.3562X48:

‘3 2
6954628 3

, 3 o ' T - -
+ 9,.36956, + 42.162&§3 + 8.2188x10 °§3 - 1.0134%10
» \7

r
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" . It is fo be noted that S ., ]
. ‘ R '

"~ [D12] = [D21] SO

<+« [P13] ="[Dsa] S
and - ' : - ‘ ' .o

-

S (D357 = [Ds2]" .

»
v f - ¢ -

After solving the system ofyéqdatibné (5.37) for

{c;,c2 ... A;é}'lt in terms of §;,82,8s, the, K value O‘f” .
-

. ~ ]
* {§1,C ... \13}T is substituted in equationsy (5.39),-(5.41),-

‘ " and in (5.43). Iﬁ'this'wéy, we obtain éhree equations ;E-the

third degfée involving the parameters 63,8z, and 83, alone.

These equations can thén be solved numerically, iq each par-~

ticular case of loading by ‘successive approximations.
o~ . - . . . ’ . " . g 4\

N ‘ “N?merical values of all the parameters héve‘been
T ‘ PR — 5 ¥ v

computed for ten inténgities of the lqad?q, and for'five cases
5 , ‘

of different stiffener areas. . -

~
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_indicates tha)t a.plate with a large stiffener aréa can be re-
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6.1 N-PLANE DISPLACEMENTS S
IR | ' o '

[

The in-plane displacements u and v are given by

PN

e e s, . v . . e * o

L}

u = ulx,y)

2

(4.15) *

] v *f(x,y) _ (4.16)
- . L , A - P -

; The wvalue .of the coefficients *'C;,Cs, ..., Ca23 are

calculated for ten different intensities of the Yead, and for

five values of the stiffener area. 4
. : oy

The values of the displacements u;, and w2, shown

in Fig. (6.2)were calculated in each case. The ratio. ui/uz

B

under the maximum load -level (Q = 400) , vas compared for .
‘ v, !
the five cases of different stiffener areas. As the stiffener

area increases, this ‘ratio decrease® and ultimately approaches

zero value as the stiffener area tends to infinity. This

. - : 4
presented as a plate with its corners restrained against in- ,

-

plane motion.-
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6.2 VERTICAL DISPLACEMENT i o

. The vertical displacement w is given by equation’
- N\(4.13) \

[ B o \

W= & cos-%5 cos-gz + §2 cos—%ﬁ cbs3: + 62 cosélf cos——x + -

T

+ 63 cosggi cos-'?-%z :

The values of 81, 62 and §3; were computed for ten

_intensities of the load, and for five values of the

stiffener area,. as before. -

.
¢ . . * '

“\\m . The central deflection .is shown in Fig. (6.3), plotted

| against the intensit& of loading for an ungtiffehed plate.
'Publisheq theoretical solutions and experimenta;/results for ‘
square isotropic plates are also shown iA_Fig; 6.3. The

.present solution waé compared with Kaiser [5], Stipper [18],

» .A. Schales and E.L. Bernstein [ 7], Brown and Harvey [ 2] and

K.R. Rushton,[6].

The results obtained by Levy[10] for the case where
the edges are kept straight and thé shear stress and the resultant

membrane tension are zero at the edges, are also plotte‘. )

As shown the present results obtained for the deflec-

tlons in a square non-stiffened plate arge in excellent agree-

ment with the ‘existing theprétical solutions and the eﬁperlment-

LY

al results of previous investigators. The maximurii deviation

(obtained at the maximum load considered) between thq,piesent L

}
|
i
!
!
i
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solution and the dynamic gelaxation method is about 5@. " This
difference may be due, to different values qﬁ\v used. The

departure from the linear theory is clearly shown in Fig. (6.3)

»
— . ~ ¢

The central deflection, shown in Fig.(é;4),is plotted
against the intensity of loading fgr-five cases of etiffener
area. As can be expected the effect’nf membrane stresses is
least for case a[b = », and increases a/b decreases. There

is no solution available for comparison for the values of
T .
co>%>0, . o . m;

The load-deflectloﬁ graphs show hoy the central

deflectlons predicted by the c13551ca1 llnear bending theory

differ from those of the non-;inear theory ard how the difference
increases rapidly with Q and slightly with.b/a. It may be

pointed out that the ratio of the deflectlon to plate thlckness

is an important 1ndex in the membrane actlon in a plate

0 ‘

\ !
In Fig.(6.5),the case of g + ®» is compared with:
\
-~ . ' |
(a) The results obtained by Levy for the case where
the edges are kept straight and the shear stress and

the resultant membrane tension are zero at the

edges .,

s pubs 4
(b) The results published by Bauer, Bauer, Becker and
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LEVY SOLUTION kn ‘PRESE.NT * THEORY
o . ' "
g | LEAV:; S,EN for "ON forq/bzojl 0
0- 0. .306 1110 40
2.1 0ass || 2016 1614 80
\ . 3 - |
('}'9.4 "1 o.9s2 2.522 962 | 120
56.9 1424 2.928 2,237 160
99.4 " .87 3.272 " 2469 200
167 2,307 '3.523' 2.67| 240
247 2.742 3.843 2.852 | .280
358 3.174 .4.088 3.0l6 320
497 ' 3.600 —l 4313 3.166 360-
4523 3306 | 400
TABLE (6.2.1) ‘,TABLE(G.Z.Z)._
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' As seen frc@ﬁ Fig. (6.5)the agfeenlents/are excellent,

even at the maximum ,oad considered.

The effect ‘of farying the stiffener area on the

central deflection is sMpwn'in Fig. (6.6). This figure shows

»

~the ratio of the central de Lectign {(toethat corresponding to '

stiffeners with infinite arda The .ratio to some extent

M \\ - - -
depe@ggon the intensity of the ldading, and. when the
N 1 ‘ el
stiffener“area is zeroc, all the curves )shown in the figure-

have § maximum gradiei‘zt. When b/a = .4, the platé is virtually
fully restralnt the deflectlon at the plate’ center for this

case belng within lO% of the fully restraint value.

’ C | ~
. . ’ v ‘ ) " \
Presentative graphs~of tha varlation with/x at y.= 0
’ <
and along the dlagonal of the vertlcal displacements at flve

‘load levels, are presented in F:Lgures (6 7)and (6 .8\ The

vertlcal displacement, attalns its maximum at the cepter of "the -

/
plate for all loads consxdered. The plate flattens slightly at

the center for lafrger loads, and the flattening effect increases

as g increases.

-

6.3 MEMBRANE STRESSES -

.

The membrane stresses in thé x and y directions are

*given by: ‘ «

»

= —~§-— [(l-v‘)c; + (l+v)C3; cos ;ryj cos—X%

(1=v?) C a

A &

xm

*

(6.1)

s‘;‘»ﬁelr""’ L

M-‘ﬁ‘
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EFFECT OF VARYING THE STIFFENER
ON THE CENTRAL DEFLECTION

/

Q- 200

@

b/a

W

b,

W/ Weo

3.2722

4]

1.3250

0.1

29603

. 1.1987

0.2

2.8233

11432

0.4

2.695! -

10914

10.56

12.4695

W/ Woo
A

Q=400

b/a

w

W/ Weo

- 4.523]

1.368

O

4.0385

j.2213

0.2

3.8306

11585

0.4

13.6389

Wwoqg,

, 10.56

3.3066
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‘plotted against the load Q in Fig.(6.10)for f:.ve different

* _E 2 ' TX, Ty
g B — 1-v4)C; + (1+V)C cos——]"cos
m Ty (TG T I eoegees
el . .(6.2)
= K =+ &
(a) Cm = 0 o at x - >
T, // . . a
v « - . .
Across the section at y=0
. Ew 2 ™
— O, % ——— [(1-v*)C; + (14V)C3] cos—=
. XM (1-v?) . a
oxm i ' z TX
T = [ (L-ve)Cy + (L+v)C3] cog—-a— (6.3) -

1-v?

C; always has a negative value, and

‘Cy always has a positive va ue, but

C: is always greater than C,’in absolute value.

.

across- the section y = 0 is always in tension, having the *

cosine shape with zero value at the edges and a maximum valu

4

at the plate center. (see Fig. 6.9).

-

The membrane tensipn at the center of the plate is

’

~~~~~

This indicates that the distribution of the membrane stresses

ef,
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values of stiffener area. x

” e ! " - (‘61

~au?

For unstz.ffened pleﬁs, a’ comparison has been’made

between the present solution and with Brown .and Harvey, and

’

K.R. Rushton solutions. At Kaiser load (Q ® 120),.

L4
the present theory shows a value of 13% higher than those

given by the earlier investigations.
' , R "

The effect of varying the stiffener area on the

membrane tension at the plate center, is also shown in Fig.

(6.10). Up to load -level (Q = 160) , the variations in the

stiffener iaja have practically no effect on the' membrane .
tension stresses. As .the load increases above Q = 160 the
membrane stresses decrease, slightly, as the stiffbﬂér area
increases. This behav:.our can be explalned as follows. The
resultant total membrane forces normal to any long:.tudlnal or
transverse section of the plate: must be zero, the tensile
stresses in the. centre of the gection-being counter-baﬁnced

by the conpr'ess;ve stresses near the edges. As indicated in

Section (6.4) ,the neutx&ai_l line moves towards. the plate edges

with an increase of the stiffener area,.thus increasing the

central area carrying tension. To maintain equilibrium, the
. M ‘

maximum value of the membrane tension stress at the plate

center decreases (see Fig. 6.11.1.)

- The membr‘ane stresses in the x-direction across thé

section x = 0 is given by:
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s<balanced by the compressive stress near the edgess At the

A I .

[(l-v2)C; + (i+v)cg cos:gxi o -3'}a__

&
~

C . (6.4)

~

'This'relationlis’plotted aspshown in.Fig. 6.11.

©

. . The membrane compressive stress at thé mld-pOlntS of

o

the edges of the plate, in a direction parallel to the edges,

‘c}s plotted agalnst the pressure Q; in Flg.(6.12)for five

I

( ‘e . N
2 ‘ -3 N . B ' Ls o
-

It may be noted that the in-plane compressive stiess

different, values of‘stifféner areas.

[

caused by membrane actioh at the mid;points of the edges, in_

a directien parallel to the edges for a plate'with no stiffeners’
- u . - AR

is_greater-than ﬂheutepsile membrane stréss at the center of

- +

the plate. . : : =
) Co -

i

‘> The_ effect’ of varylng the.stiffener area on the value

n

-~

of the compre351v7 stress at the m1d-points of ther plate edges ls

also shown in Fig, (6.12). As seef ‘from this figure, the compress- -:

<~ .
1ve stress-decreases rapidly w1th the increase in the stiffener

Pl
- Ay

area. - - . N . T

L - T~ —

“ 4 T

' - 4 ) e

P »

., . As the ﬁlate is free from'any in-plane external forces,

the resultant membrané forces, normal to ahx longitudinal or
X

transverse section of the plate, must be zero, the tensgile
, \ £
stress 1n the central area of the section belng counter— '



& . N ) *
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section x = 0 the total force is given by; °

3 * R \

@

. .a/2 R ‘ a/2 .
;I tao dy = E™t_ [(1-v%)C;.b + S (L-v?)Cidy + )
X 142 0 ‘

0 X=0

LY

.

'a/2 :
o+ S (14V)Cs cos—%x-dy].= cT
0 ) .

.

12
o+ 3 )¢y + (3Yey)

Q

- Enta [(1—v2)

- a/b (6.5)

l"\) ‘“‘?"
This resultant total membrane force across the ceﬁﬁée

cross-section is givén with the computer output. It ngvef f

exceeded 0.6%, and was in most cases around 0.2%, of the

tensile membrane force across the central zone of the plate,

which provides a check on the numericalléccurécy of the

solution. s

6.4 NEUTRAL LINE

-
1 i u

¢
1 4

The distribution of the membrane stresses normal to

any longitudinal or transverse section of the plate has the
shape given in Fig.(6.1l). ®o find the locus of all the points

of the plate having zero membrane stresses (neutral cyrve) we

”,

»

‘equate Equations(6.1l)and(6.2)to zero. . »
. A .

s
A Y
< -

Er

1=-v
\ \ »

== 0 =
, U)ﬁn' )

cqg-%ﬁ [(1-v?)Cy + (14v)C3s cos—ng

cosfgf = 0 ’ x/a = =

(1-v3)C, + (i+w)C3 cos—gz =r0. * § =




_{1-vA) gy
]I+\-)$ Cs

(6.7)

Ee——

L

Equations (6.6) and (6.7) indicate that the'neutral curve is

a straight line, see Fig. 6.13). ‘ , -

2 S ELA ¢ g5 e

¢

The location of the neutral line is computed for

each step of loa&ing and each case of stiffener areas. The

P

o . ‘ computer output indicates:
‘1 ’ - - K’ -
] o

1) The location of the neutral line is almost the

" same for all steps of loading, i.e., the location of

the neutral line does not change with the change of

a

the load level. o

2) The neutral lines move towards the plate edges, as

s

the stiffener area incréases."phis is clearly shown
I

in Fig.(6.14). In fact, as the gtiffeners area

-~

approaches infinity, the neutral line coincides with
the plate edges, thus dividing the system into a whole
" plate loaded with membrane tension and a stiffener

s

loaded with axial compression. See Figure(6.15).

.
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6.5 MEMBRANE SHEAR STRESSES

w
The distribution of the membrane shear stresses in
the plate is given by:
_
] 2 .
T ET. (sinI%) [ (1-v®)c, (D) + <1*">ca sxn—-‘lJ
XYm  q.y2
I ) , ' . f6.8) ‘ 2
at x = % % _ |
. ) ! N
. -y? ¥ ~ ’ ‘.
Txym |x=ta/2 (l v2) L=y )Cl(ki + o ‘ ;
f o
i N (l+")c sin—L¥} 4 (6.9)
| ‘ *i
. ¥ i

The variation of the membrane’ shear  stress at the
pfhte edge for five steps of loading and‘for four cases of
different stiffener's area, is plotted in Fig.(6;16 ). As
shown in Fig.(6.16) the shearing stress pattern starts from
;efo at the:mid-edges, increasing rapidly until it reaches
a maximum at the neutral line;ighe; decreasing slowly. As
the stiffeneg ars; incfeases, and for the same load, the |
‘shearingvstress at the edges becoﬁes higher. As the stiff-
ener area increases, the location of the mdximum shear stress
moves towards the plagg corner, until it coincides with the

corner as the stiffener area approaches infinity.

~
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6.6 BENDING STRESSES = |, . .-

‘

The extreme-fiber bending stresses are: -

2, 2 R
. %oy == Et 2w, 3w . (6.10)
i gl 2(1_\)2) J exz a-yl .
. .
‘ cn2, L a2 ’
dyp = - ~Et ,/[3 Wy 200y (6.11)
5(1 v2)| ay? ox?

The values of endlng stresses have been cgmputed for

teh lnten51t1es of the load, and for flve values of the Stlff-

ener area, the results are plotted in Flgs.(617)~to (619) ..,

For 5> © omparison with the results obtained

'‘by Kaiser ﬁiown\and arvey have been made. At load Q = 200

+ (corresponding to central deflection of 3.25 times the piate

thickness) the present theory gives 16% higher stress et the

 plate cenﬁbr. The 1screpancy decreases hs the’ load -

l

-

-
»

creases being, 8% at Q = 123 € \\l

4

The graphs %f Fig. (6 17)show how t;; bendlng stress

at the center of the élate given by the l;near bendlng theory

differ from those of the non-llnear theory, the dlfferenée

igcreasing with the increase in the load- and the stiffener

v -

area. ’ 4 »

‘A eompar'son of Fig.(G.I7)aﬁd(6.10)sh6ws how the -

@

ratio of the membrane stress to bendmng stress indreases with

the 1ncreasxng load.’ Lo S
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The bending stress, Txb along the center line of the
'y

plate is plotted against the load in Fig. (6.18).

“

Curves of the bending stresses have been drawn
corresponding to five values of the transverse:load Q. From

linear théory, the maximum bending stresses are’at the center.

Figure (6.18) shows that thﬁfe is a local minimum at the

center, and the maximum which occurs between the center and the

i

edge, moves towards the edges as Q increases.

In Fig. (6.19), the variation of the bending stress
' in the x-direction along the plate diagonal is plotted. The

. change in stress pattern with increasiﬁg Q is c}eérly seen. .

The maximum stress would occur at the center for low Q, but

peaks develop on the diagonal away from the center for large
values of Q. The maximum bending stress in the x-direction is
on the diagonal.

6.7 SUMMARY AND CONCLUSIONS ‘ - ) ~
3 . N -

The variational technique, which is prégrammed on the
digital computer, is employed to solve the problem of large
. . \ AR
deflection of square isotropic plates stiffened along the

boundaries. The governing non-linear differential equations

were reduced to a system of non-linear algebraic equations. ‘/

~

In'the‘analysig shown in the present work, load

\

! levels have been taken of sufficient magnitudé to cause deflec-

tions of about 4.5 times the plate thickness, these load

/

levels are higher than those-examined by previpus investigators

RSSO ——
Y kR
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for the solutTon of unstiffened plate problems. Among all

the methods used, the variational technique takes the- least

time on the computer.. y R .Y

Fa

: . Numerical results showing the effect ofirthe va;ia—

) tion of the cross-sectiocnal area of the boundary stiffeners
T on the plate deformability arg¢ given. To verify the present,
. . ' 3

3

method, the deflection and stresses for a non-stiffened

plate were compared with the results of other authors, with

close agreement. ,

’ . ?\\Thisxiiudy has been confined to a square plate with

a width-to-thickness area of 200, for Yhich the following

o

a
~

observations are made:
* ’vl

1) The Joad to create a deflection of a little more than

. ‘ three times the plate thickness in a plate with large

stiffeners isiﬂouble that for the unstiffened plate,
while with sYiffeners with cross-sectiona}'area equal to,
.2 of the;c oss-sectional area of the plate would féquire.
aoldéd'of‘}.4 times that for unstiffened plate for the

ﬁsamé deflection.

/

2) In an unstiffened blaﬁe, for a;similar deflection, i.e.,
: a'li;th’over 3t, the maximum compressive membrane
stress at the bounéﬁry is almost dohh;e the tension
'stress—aﬁ thé;center, whereas with a stiffener with
b = .2a, the ratio is approximately 1.2 with a reduc-

tion of 7% in the absolute value of the stress at the

.
\ ’ !
.
\
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t

center. With 1'§¥g¢ stiffener area, the boundary

normal membrane zres's approaches zero. Tre o

The lines of zero normal membrane stresses (neutral

L]

-

line) given by this analysi_é are straight and parallel
to the edge, and the location of these lines is

essentially independent of the 1oadihg. As the stiff-

H

ener area increases, the lines move towards ’the
boundaries -until with large stiffener area, they lie

adjacent to the stiffeners. a n -

' o

»

TN
The maximum :qubrane: shear stress lies’'on the inter- - -
section of the neutral line‘sg Its magnitude is

approximately .7- of theé membrane stress at the center
for the above case~with b = .2t‘°rising to 1.2 for large:

stiffener area. . ' A : . i

LY
a

For a plate with large stiffener area (b > é,) , the -

4

rnes are not displaced although the edges of the

’ .

ate still translate towards the center. S !

~ -

t
-
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INTEGRATION TABLE

fcos“—gldx=fsin"—1’-‘-dx -I%—a
a/2

: s _TX =2 _8

.gcos a %TS’
n/2 l

amx .
2 dx = 0




{ ' . e ] S

A ‘ -
4 .
. a/2 3
‘ fcos’:xdxa_g_a_ X -
g
x’! a/2 . _ Al
[ sin ELE S
a kI
- ’ /
. a/2 3
f 4 ITX
, 8111 a dx = j'rB /a ~
a/2
AN { ("—')S:Ln X ax = 2
. T

t "‘" 21
! — I (2 )5.1 ax dx = 3_ . ‘
¢ =
; a/2 E
! j' (“‘—")811’1 Tl'x ax = a
. . ) O !
a/2 '
! - J (__) 4rx
. 1] SIn‘a dx S - g_ @\
. n a/2 6
[ (2X)sinfrx !
)sin2 X 3 dx = I_:a ] ) _ )
’ , f
} ‘ - §
a/2 :
f COS—B cOsznx dx = 1 E ~
¢ . 3. T ! B
G )
a/2 T
a/2 ' ’ o ‘
, o 2 LY . ¥
] ) { cosZlX ;rx cos3TX g - gi
. Tr -




) a.fzcos%’-‘- cos-‘ll’i‘ dx = 3.1% ) , |
. a.fzsz.n-——-’-‘- sinélrﬁ dx = 7-?—(36-5.) |
; — a; 2szn2—— sin3TX dx = g% -
‘ ’a -/a{/ 2sz.n--- Bir;?li‘.-dx = g_?r. “
4 ﬁfﬂ;__}ﬁ sin8TX d:_: = 0 ", | _
B ¢ a; gsuz-—- 51;1-3—:—5 dx@ ) ‘ |
13 ’ ¢ ‘ ;
. afzsln%{- s;n‘i—-az ) ;.1% \ ] .
. . a{/Zsin__g_x' 51n41;x dx = - Ié—-: ) i

where mn,mel,2,,.,, n=1,2,3 '
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COMPUTER ANALYSIS

Variable

A

ANIV °

WKAREA

. D11

D12

D13

' p22
D23
D33
—_

E2

E3

-\

B.l COMPUTER NOTATION; <

;{ Ty .

Description

Square matrix of size 28x28 defined

by Equation (5.36)

Output matrix of Dimension 28x28
containing the inverse of A

WBrk area of dimension 868

Rectangular matrix

of size 28x6

defined by Equation (5.36)

Result matfix bf size 28x6 defined

by Equation (5.37)

Row matrix of size
Equation *(5.38)

Row matrix of size

Equation (5.39)

Row matrix of size
Equation (5.39)

Row matrix of size
Equation (5.41)

Row matrix of size
Equatign (5.41)

Row matrix of size
Equation (5.43)

1x28" defined b§ |
1x28 defined ?y‘
1x28 defined by
1x28 defined by
1x28 def;ned b;

1x28 defined by

_ Result matrix of s{¥® (6x1)defined

by Equation (5.39)

‘Result matrix of size (GXI)defined

" _ by Equation (5.39)

Result matrix of size (6x1)defined

by Equation (5.39)




E4

E5

~_¥6

GS

AT

SEGT

SEGC

ESEG

SEGTN
. M

SEGCN

Subroutine for matrix inversion,
.full storage mode, high accuracy
- solution

‘The ratio a/b ﬁ\ o

The ratio a/t /

A\

Result matrix of size (6x1l)defined _
by Equation (5.41) ’

Result matrix of size (6x1l)defined
by Equation (5.41)

Result matrix of size (GXf)defined
by Equation (5.43)

The load factor takes the value of
olb,‘¢2'03, «asy l v

The name of the function called.by
2SYSTM to furnish the values of the
functions which define the system of
equations being solved.

L]

v (Poisson's ratio has the value of
.316) )

Subroutine for matrix multiplication

A vector of length 3. As input, lS
the initial guess to the root. A3
output, it is the computed solution

(51,52153) . A

A vector of length 28 containing the
computed solutlon (C1,C2,C3,K , ...,
Ais) _ S

~
J

Membrane tension stresses at the
plate centre

Membrane compressive stresses at

.Plate mid~edges : -

Amount of error defined by Equatlon .
(G)

Membrane tension stresses at the
plate centre multiplied by (a/t)?

Membrane compressxve tressas at ..,
plate mid-edges multxplled b (a/t)2
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. -~ XLOC
© SEGB
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DEFDN
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SEGBS2
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TAOMD .

5
SEGBD

- TAOBD

ZSYSTM_

B e e T G I L e

»
i,

Locus of the neutral line:

]

. 7 . ,
Bending stresses at the pla;e centre -’

Verticdl deflection adross the

section y=o

»
°

Vertical deflect‘lon across the
dlagonal section .
Bendlng stresses in the x-dlrectlon
across sectlon y=0 . .
Bendlng stresses in the y-dlrectlon
across sectlon y=0 .

[
b

Membrane shear stress acxbss the plate

edge

’7 Py .

Membrane shear stress across the plate
dlagonal

Bendlng stresses across the dxagonai

- 3 /, '.. ' - .
Extreme fiber shearing stréss aoross;'
the diagonal * °~ oo ' "

Subroutine for determination of the®
roots of a system of N 51multaneous
nonllnear equatmons“,' -
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R B PRINT 1020 ({A{LsJ) 9J®21028)118]+28).

"BROGRAM ANEES “‘T,‘Yairrk"G#TEU‘Thacs“"“"“““"“” T "'“"‘fru“tzviarcf“lsg
- . b

/
PROGRAM ANEES (INPUT»OUTPUT) !
DIMENSION A.(28428) +AINV(2 zs».unanzu«aoa),auza.6>.Ctza-s)-
| -, ' 1D14(1928)9EQ(6)+012(1528) sE2(6) sD13 (10280 9E3(6) s " )
' ?UZZTI?ZET”EI(Gfooaatf?ZCJo!!(6)~033(1?284o6646) TTrttTTTTTTT A
39X(3)90A(16) oFS(6el1)9165(28y1) ’ - w

COMMON Ax.eu.ez.éa.e~.zs.es )

EXTERNAL g .

REAL MU ,

AB=, 0947116 ' :
s 71 | PRt o Tt T T wm s m e
' MU®,316 ‘ 4 '

PI=3,1415947
.. N®28 \ :
©  1A=28 : .
’ 106Ts7 . ’“””’4? ; -
DO 20 Isl28 : “ T e
ngAxo :-1.23 : R
-READ®sA(IyJ)
10 CONTINVE . .7
20 CONTINUE
L, Allel)mA(lo1) e (1,oMUPn2) #(PI492)/AB .
T T T T PRINT TOT (AT JT eI T IOV IRl e 28T T T T T T T
PRINT 101e((A(20J)9Jn11920)91Im]428)

101 FORMAT (1H1/10(3X9F10,6)//)
- & . 102 FORMAT (1H1/8.(3XsF10s6)7/)
. CALL LINV2Fi (AgN+JAsAINVoIDBToWKAREAoJERO
. PRINT 10T, (CAINVII»J) od=1s10) 01wl v28) o T8
" RRINT 101+ ((AINV(IeJ)eJm11+20)+1%1,28) »
PRINT 1020 ((AINV(IoJ)yum21028)9151,28)
PRINT#+ 1067y IER
Le28 . -
M=28 . !
; - NIs N Tt T o —" Tt TR e e
) ’ IA=28 ‘ \ - ) '
. 18%28 - : ‘ ; ‘
I1Cs28 *
DO 30 I=]l,28 ,
DO 40 J=1,6: . . ’ 1
LT T READG (LT T T T T T T 1
- © 40 CONTINUE : A s -
30° CONTINVE . - = - R -
" PRINT 1004((8 1.41 JB196) ¢ In1428) | ~
., 100 FORMAT(1H1/76(8X1E1546)//) ' o
1 - > CALL V"UL"'f‘INVOO!LJ"INOIAI!B!C‘ICOIE‘D . e :
X _“"'"“"—””“”“PRINT’166“TTC119J)oJ‘f‘ST‘I‘T‘Z!T’ ) LT Coe T
- PRINT®, IER. ' g
Lel -3
M=28 '
Ns6

T ‘ AP N S 1
B A

|

|

j

T T Tyeees "' T T Ty o e o /"
ICaq / . -
.- - ' DOS0 Jmls28 ' c. L
I ~ READ®*¢D11(1loJ) _— ' v
50 CONTINUE ' C
' PRINY lOOo(Dll(ltJ)an[&?‘) SR AT

)

3
— a—— — -

.
P ek I s e v e v odue o

) v - . - -
., e »

.. DRIV S T S S,

o
o




| TTTTTTTI10 CONTINUE B . T e

A Co I s K 4.7 "w '
: 3 . . S e q ‘*4
,{ g ‘ T s T et

B it ad il st T2 ) S o

PROGRAW ANEES™ 7371727 0PT=0 TRACE

EE

¥

§ CALL VNULFPI(DlloCoLoMsNoIAQIE.EIOICOXEQD ' o
b = PRINT 1001 (E1(J)sJ=lr6) ‘ \
[ PRINT®¢ IERI L e
| T 00 60 Julv2es ‘ K
READ®s012(1o ) ' .
60 CONTINUE
- PRINT 100+(D12(10J) sJnls28)
CALL VHUL'FI(DIZOC'L'MoNoIAQIBoﬁzo C'IEQO
PRINT 100+ (E2.(J)9Jm116)
T T PRINTH,IERI )
- 00 70 J=l.2B ’ ~ - ,’
READ#9D13(1oJ) ‘ " g
-T0  CONTINUE, A . ; §
—= . PRINT lOOv!Dl3(loJ)anl-Zﬂ)
CALL VMULPFI (D130CoL9MoNoTAeIBIEIICHIERD >
PRINT 100¢ (E3{J)sum]eé) :
~ PRINT® IER . .
DO 80 J=l,28 \ < '
READ"DZZ(IOJ)
. 80 CONTINUE o
PRINT lOOo(DZZ(loJ)oJBIoZQ) L - S 1
T CACL VMULFFI(022000L|M0NoIAcIBcE‘O!CtI!QD _r
PRINT 1009 (E4(J)sJmle6) . - -
‘ PRINT®, IER! . ~ ¢ 7
‘ | DO 90 Jsle28 - : .
READ®023(19J)- ' , . —
70 CONT NUE C

K T e . R AR e LR e I
FEWCECS S i

S,

i

]
|
!
i
|
1
!
1
‘
t
'
|
4

-

g

NT 1001023 (19J) sJnls28) _ - ;o
CALL V"ULF"(DZS!CIL'H.N’IAOIBOESOICOIEQD oW
" PRINT 1000 (ES(J)eumlr6) ,
PRINT®, IERI
DO 110 Js=l428.
READ#»D33(10J)

: . PRINE 100+ (033¢19y) s JsT)28) or A
. CALL vuuurvv(oasoc-Lvu.n.IA-rs.tsozc-xzao» ceo -
PRINT 100+ (E6(J)rumls6) ‘ - Lo
© PRINT®)IER - , ' /.
‘ DO 120 J=1,10 - ST
T T T T T AR /10,0 " SR ‘
L X(l)med2 : . . ¢ :
X(2)m=,001 . R R
X(3)=,001 - P oo ) :
EP5=2,00000001 1 L X ’
' ‘ NS1Gw5 - L S L S
Tt T Nl3 ) S . ' .t
' 1 TMAXSS0 .
CALL ZSYSTWI(FoEPS'NSIG'NonITﬂlXoHAoPleXEQﬁ \ '
00 '138-Ks=133
D=F (X9K90,)
__PRINT®D . ) .. e e e e
PRINT 1001 , R ; <
. 1001 FORMAT (141) ~ , g ; '
- ‘ 130 CONTINUE : L -
. PRINT®y (X(I)9Im193) : "
PRINT® ¢ IERWITMAX : o,
PRINT®y AK . .

e Fati ke Vol s h S Ce \-v-b.q—-.—.,-o,—....

N “ . .
- Tt Jbsﬁ..v-. ,c{...u_-.lt-..

b
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T T TR T T PRINT®YSERT SEBC ESED

737172 T GRTe0 YRACES T T -

PROGRAM ANEES

| DNmX(1)+28K(2)eX(3) | .
PRINT®4ON :
ONN=AT*DN

PRINT®» ONNi ; . T
FS(1e1)m(X(])) Be2 :
FS(2,1)m(X(2)) #e2 _ , 1
FS(341)=(X(3)) we2 :

. FS(4e1)m(X(1))®(X(2)) )

5

" FS(5,1)=(X(1))®(X(I))

e S S CYS S P4 SCIR K T} CE 1R I ey

. PRINT 1004 (FS(Ks1)sKB1,6)

~ L=28 - ~ ‘<,
=6 | | ot
N® ] ' \ ' T
IAm28 /

B

1ci28

CALL VMULFFI (CoFSsLoMsNsTA»IBsGSs1Cs IERD
‘ PRINT 103+(GS(Iel)eI=1,28)
/ 103 FORMAT (141/(5X+E15.61//) . :
‘ PRINT#9IERI - ST

T "w”““_—"_SEBTiPI'GSTT'TmifPI‘Bs’i'TT”/(i"HU) T T IT TR

+ SEGCaPI®GS(191) ..
ESEG-((l-“U"210(65(101))/(AB)t((l-uuiﬂzﬁ'(66¢loll)IZ.Oi v
) 14((1,316)985(341)/P1))/((1,oMU)®GS{341)/PT)
SEGTNSSEGTOATHAT //)

SEGCN®SEGCAATAT N \

PRINT® ¢ SEGTN¢SEGCN ‘ '

xLoc-Acosc-tl.-nu-0z>-es(l.l»/t354é.1)~(1.ouu»:)/PI

stﬂa-Px-px~tro¢xc1).1o.~xcz:o9.-Xl1>)/¢?.~(1.-nw»»

DO 140 K=l,6 .

ARGm(Kel,)/10, - A

XYSPTSARG

- "DEFS=COS(XY)®(X(1)eX(2))eCOS(3.8XY)S(X(2)6X(3)) -

- o ocrou-Aro(coscxvyocoscxv;~x<x:oe.-cos(xv1~cos¢3.~xv7ox¢aa

14COS (3. #XY).$COS (3, #XY) #X (D)) o
DEFSNmATS®D RIS B,
szaast-pxovt~trotcosxxva-t(1.onu:oxs1)1xta>.9 -uu-x(z))

““"‘“"*‘““”T’tos(!“*XVT?Tﬁ:iIr“‘uUTiiTsT‘v"WXTE)~uu~xT21r)/Tz.itx.—Muoozar
SEGRSR2EPIRPIAATS (COSIXY) S ( (], oMU) X (1) ¢9,®X(2)eMU*X(2)) o
"10C0S(340XYIAYX (2) 69s #MUSX (2) 696® (L0 0MUI #X(3))) /(2484 o oMUS#2) )
TAOMSAT®AT®(ARGAPI*PI#GS(1¢1)+ (PISSIN(XY) 86535117/ (1,=4U)))
T:OHD'AT‘AT‘SIN(XY)’(ARB'PI'P!*OS(I-I)*IPI'SIN(XY)'GS¢3'1)/
1(leeMU)))

e e e e b

l‘I-OHU)’lOoO'l(ziécos(S-'XY)'COS(S.'*Y)'90’(1 OM )RX(3)) /(2.
2({la=MyUne2))
TAOBD'OP!"!'!T'(SIN(XY)'SIN(XY)’X(llOGc'iﬂaJOSIN1XY)'SIN(3.'XY)
10900X(3)‘51N!3.'XYI'5!N(3.'XY’)1(2.0(1ntMUl) "

PRINT® ARGy SEGBS]SEGRS24SEGBD. o . -
T ST 7T - PRINT® ARG TADM TAOND YT, -
¥ . PRINT®+ARGYDEFSN+DEFDN : : S -
— PRINT® s ARG+ TADBD : " C
"7 140 CONTINVE - ) (
PRINT® ¢ XLOC \ R o, -
PRINT®,SERS \ ) ‘ oo
TT T TTT20TTONTINUET - T | . - T -
STOP ‘Q i — ;., ' ,

END

e e e e

T T T SEOBONPTSPTRAT S TCOS TXVTRCOS (XY T ® (T3 o MUT SX(IT4COS (XYT#COS(3,9KY) &




| B T T 62 e
| FUNCTION F. 737172 0PTs( TRACE FIN 497470 Tt
I : R

FUNCTION PU{XoKPAR) ' /
DIMENSION X (3)

DIMENSION €1(6)oE2(6)EI(6) 'EG(6)IES(6) +E6(6H)
COMMON AK»E11E20E3'EA+ESLEG

ASX{1)

S BsX(2) .
@ c=X(3) '
IF(K.EQ,1) r-(EI<1)~.szosz)-noca¢tez«z)021.os7o>-s*¢3.¢53t3))-Cooa
1¢(E1(4)¢£2(1)e3412318)0D0An024 (EL(2)¢E2(4)%17,698) *Asgea? ‘
TR ET(SYCEI (1) ea 6840 SCPARS2L (E) (I)oEI (314184 739) *ASCHs2

34 (E2(6)¢EI(2))oCOBON24 (F2(3) +EI(6)) 4BCH2
6+ (E1(6) eE2:(5)+E3(4)w12,69272)*A®B#Co (,000101668)2A«30000091200#AK
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The subroutine ZSYSTM uses Brown's method [1] which,

is at least gquadratically con@ergent and requiresgonly N2/2 +

3N/2 function evaluations per iterative step, as compared with

1

N2 + N evaluations for Newton's method (N is the number of

~

simultaneous egquations).

I;jshoglﬁ-be pointed out that 2SYSTM will terminate
processing if a root is not found within ITMAX (the maximum

allowable number of iterations) iterations and/or if the

AJacbbian matrix of the system of equations becomes computa-

tionally sinéular. In this case, a different initial approxi-
mation should be tried and/or the equations should be studied
to see if some of the equations or variables can be eliminated

P I "A>
or solved for, in terms of éthers.

B4 COMPUTER PROGRAM ~- METHOD 2 b ' .

T~The computations have been checked using the MAP 6000
\fof matrix inversion and matrix multiplication. The roots of
the three polynomials of equations (5.39), (5.41) and (5.43)

have been calculated using the subroutine ZPOLR. ‘

,It is worth mentioning that equations (5.39), (5.41)

and (5.43) are cubies and therefore their solutions give

i

three values for each of the -deflection

=

coefficients, 61,02

and 6;. Some of these values correspond to stable equilibrium,
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while the remaining values are either imaginary or correspond
to unstable equilibrium. Thebe values appear when using the

subroutine ZPOLR, and have been omitted.

B5 COMPUTATION

All the solutions presented were obtained with a
specified degree of éccuracy ih the iterative solution of the
" three cubic equations. The specified accuracy was
EPS = .000 000701, where EPS < .000 000 1 indicates that the
root X(1), X(2) and X(3) is accepted (only if the maximum’

absolute value of £,(X) = 0 is less than or.equal to EPS).:

For the matrix inversion routine, the accuracy IDGT

was chosen equal to 7. This guarantees that the outbut re- '

~

sulting from the matrix inversion is accurate within ~ at °

least - 7 digits which were unchanged after improvement.

The maximum intensities of pressure for which computa-
tions were carried out in the present investigétions are, in
most cases, much higher than those in the previous solutions
of largé deflections of unstiffened plates. Thelmaximum

value of the non-dimensional pressure intensity (éa?/Et?)

in the present solutions is 400. This value being chosen

such that the ratio of the central deflection to the plate -

thickness (W/t) is at least 3.3 at the maximum pressure. '

' a
For a single solution, the number of iterations required was”

. between 3 and 7. a

L)
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The CDC computer, employed to obtaJ.n the solutions,

requ:.red about 4.6 seconds comp;.lat:.on tlme and for a tapr.-

s

‘ ’ cal case presented here, the time required for computation
p
K o and output of the results, for all the ten pressure levels,
was about 4.6 seconds.. . . ,
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