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The problem of iateral-torsicnal buckling of angles
subjeéted to axial load with moments about both principal
axes is studied as a special case of the general solution
given by Timoshenko,

In this solution, two geometric terms Bx and B_
require evaluation. A computer program %O perform thls,
together with simplified approximate expression, is
developed and the values for standard sections are listed,

A computer program is also developed to solve the
general cubic equation fcr the critical eccentric compressi
load, representing the desired combinatien of axial lcad an

moments.,
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FOREWORD

This technical report was prepared to satisfy the
dissertation requirement of the Naster of Engineering
Degree at Sir George Williams University.

Laterally unsupported single angle steel members
subject to bending, or axial compression plus bending,
occur frequently in towers and in bracing systems, A%
present, major specifications do not provide adequate
design information for these situations,

In September, 1970 the Engineering and Research
Committee of the Canadian Steel Industries Construction
Council invited proposals for research in this area, It
was hoped that this research would suggest a practical
design formula and/or rules to assist engineers,

Professor Cedric Varsh of the Department of
Engineering, Sir George Williams University, submitted
a proposal to the Committee, This proposal was accepted
and the requested funds were allocated.

This paper presents the theoretical determination
of buckling loads and moments., This includes thetcomputer
programs developéd for this solution,

The author wishes to acknowledge the assistance
of Professor Cedric NMarsh in all aspects of the

preparation of this paper.



INTRODUCTICN

Structural stecl angles, often referred to as "angle
irons", have long been a standard structural element, This
shape has existed for more than 150 years: first in wrought
iron, then in steel, It is commonly used in tension and
compression members, both singly and combined,

Yet the design of a laterally unsupported beam-column
comprised of a single angle is not specified in any standard.
Design manuals (8, 9, 10) refer to the problem, but only
offer incomplete solutions,

The theoretical aspects of the problem have been
understood for the last twenty-five years (1, 2, &4, 5, 7).
The phenomena involved concerns primarily the elastic
stability of a member which may buckle in flexure or in a
combined flexural-torsional mode.

The research described in this report proceeded‘to
determine the predictability of actual buckling loads by the
existing theory. From this, an attempt can be made to arrange
this information in a form conveniently useful to practising

designers,
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I, SOURCES

The theoretical background for this study is presented
fairly thoroughly in the book "Theory of Elastic Stability"
(1) by S. P. Timoshenko and J. V. Gere, This book also
documents other references for this material,

The symbols and development presented in this report
will follow the above text closely. Some improvements were
adopted from the bcok "Thin-Walled Elastic Beams" (2) by

V. 2. Vlasov,
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II. GENERAL CASE

In the general case of a column of thin-walled 6pen
Cross section, buckling failure usually occurs by a combination
of tofsion and buckling, Consider the unsymmetrical Cross
Section shown in Figure 1(a), The x- and y-axes are the
principal centroidal axes of the cross section and Xo1 Y, are
the coordinates‘of the shear centre, 0, (Figure 1 (b) and (c)
show the zame orientation for the angle shapes dealt with
Specifically later in this report,) During buckling the cross
section will undergo transiation and rotation,

The most gereral lozding case is of 3 bar subjected to
-the action of bending couples Mx’ My at the ends in addition
to a central thrust P, as shown in Figure 2, It is assumed in
.the analysis that the effect of P on the bending stresses can
be neglected, The initial deflection of the bar due to the

couples 7, will be considered as very small,
v

x’

From the three equations of equilibrium for the buckled
form of the bar, the critical values of the external forcés
can be calculated for &ny end conditicn,

The most useful Assumption of end conditions is that
p

the bar has simple supports, so that the ends are free to
warp and o rotate about the x- and J-axes, but cannot rotzte
about th: z-uxis op deflect ir the - and y-directions. Thece

conditions are Savtiufied if sclutions to the resulting
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FIGURE 1: CROSS SECTIONS OF OPEN THIN-WALLED SHAPES
Principal axes indicated,

C = Centroid; O = Shear Centre
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FIGURE 2: CENTRAL THRUST AND END MOMENTS
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differential equations of bending and twisting are taken in

the form:

. . . 1%
Deflectlon (OI‘ t“’ls.’;) = Ai sSin -f‘—' R EEEE RN (1)
where Ai = constants,
i =1 for x-direction,

i

2 for y-direction,

3 for z-direction (twist)

Substituting these solutions into the differential

equations leads to the following determinant:

where:

(Py

- p)

0

0 -(Py, - M

O

N €.

W2EI_
5 , Euler critical load for buckling
L
about the x-axis, (kips),
WPEI
—-E—M , EBuler critical load for buckling
L
about the y-axis, (kips),
[ W2 EH .-
GJ + 5 |s the critical load .for pure
o{ L
torsional buckling, (kips),
% f YBdA + I xzydA~ - 2y , (inches),
x |”A A ] °
—11- S'x3d/x+ jxyZdA - 2x_ . (inches),

A A

«

b0

I




¥ = Nodulus of elasticity (29,000 ksi, for steel),

G = Shear modulus of elasticity (11,200 ksi. for sieel),

L = Length or member, (inches),

Ix = Moment'of inertia of the cross section’area about. the
x-axis (major principal axis), (inchesg),

Iy = Moment of inertia of the cross Section area about the
y=-axis (minor principal axis), (inchesu),

I, = I, + Iy -vr'A(xo2 + _yoz),

Polar moment of inertia with reference to an axis

through thé shear centre, (inchesh),
A = Cross section area of the member, (inchesz).
H = Total warping constant of the cross section, (incnes6),

J = Torsional constant of the cross section, (inchesq).

While most of these properties are familiar quantities,
"their exact determination requires some zttention. The
calculation of the total warping constant, H, and the
torsional constant, J, are described in detail later in +the
paper, (See Equations (22) and (25);)

The parameters ax and sy correspond to those which
Timoshenko (1) ‘describes by the notation 3, and By
respectively, (i,e, Bl = 3y and By = BX.) The use of the

notation in this paper is taken from Vlasov (2),



III. ECCENTRIC THRUST

a) Development of Cubic Egquation

Under the particular loading of eccentric thrust, the
end moments are applied by means of an eccentric lozad P.
Denoting the coordinates of the point of application of this

load by eccentricities e  and ey, we have:

X

M, = Pey e eeeecencerisesarenennenere (3)

My=Pex R R R AR B EE B I RN I T I I (4)

Substituting thése expressions into the determinant of

Equation (2) gives:

(Py - P) 0 . -p(y, - ey)
0 (P, - P) P(x, - e E 0
.P(yo - ey) P(x° - ex) %O[Pt - %E(eysy + exBx) - P]
(o]

PPN 52

The determinant can be expanded into the form of a

- cubic equation,.

(Py - P) {(Px - P) %0 Et - %B(eysy + exBx) - P] - Pz(xo - ex)%z
: o
0

- Py, - ey) [O + (P, = P)P(y, - eyﬂ =0 veees (6)

For convenience we define a new term, K, as

K=A (eyBy te B )t l Lo (7)

To



Substituting Equation. (7) and rearranging Equation (6)
in terms of P gives:

Voo 3 2 . =
f(P) = KyFP7 + kP + kP + Kk = [ €0

[N

‘ . 5 ,
+ (yo - ey) - %OK

..e)2

where: kl = (xo X

_ 2 : 2
kp = LoPy + %OK(PX +P) - Pulxg - e )" - Poly,-ey)
Ky = - -}I{opt“jx + P) - L KPPy
ki = IoPePyPy

This is the cubic equation for the buckling load, P, which

forms the basis for most of the remainder of the thesis,

b) Shape of the Cubic Function

Studying Equation (8) leads to some conclusions about
the solutions to the buckling lozd.

For small values of the critical load, P, f(P) assumes
fhe valué of the last term, which is positive. This determines
the point at which the curve cuts the vertical axis in
Figure 3,

For the particular buckling load, P = P_,

_ - p 2 2 - : y
f(P)'— f(Px) - PX (xo - eX) (Px Py) seeecsco (9[
and for ihe case ol P = Py.
F(P) = £(P.) = P.2(y. - e )P, = P.) +eever. (10)
' Y y o y Yy X ,

For the angle sections dezlt with In this researoh,

it is clear that P is greater ihan Py, (i.e. that the
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Euler buckling load is greater about the x-axis then about the
y-axis).

Therefore f(Px) is of opposite sign to f(Py). and one
root of the equation lies between Px and Py. Each root of the
equation of course represents a critical buckling load, A root
with a negative sign represents a tension force applied to the
member to cause buckling., This last failure is more easily
imagined as a negative moment applied at each end to cause

buckling,

¢) Thrust Applied at the Shear Centre

One special case of interest occurs if the thrust, P,

is applied along the shear-centre axis. This is described by:

e X

X o]

ey=y0

Substituting this into the determinant of Equation (5) gives:

.(Py - P) 0 0
0 (p, = P) 0 =0 ..... (11)
0 0 %0 (P - PK)

In this case lateral buckling in the two principal planes
and torsional buckling may occur independently, This may be
observed mathematically from Equation 11, or in the form of

the expanded equation:

(Py - P)(P, - P) %o (P, - PK) = 0 viveeeess (12)



The three roots of Equation (12) are:

P=P
y
P = Px
P=P
Kt

and the critical buckling load is the smallest of these three

roots,

d) Thrust Applied at the Centroid

Another special case occurs if the thrust, P, is applied

along the centroidal axis of the member, This is described by:
e =e =O @ @ & 0 000 ¢ ¢ 60 0000 0 (13)

From Equation (7) K =1,

and the determinant in Equation (5) becomes:

(P, - P) 0 ) -Py,
0 (Px - P) PXO = O e e 000 (1’4)
-Pyo Pxo %0 (Pt - P)

This may be expanded as:
) :
(P, - P) [(Px - P I, (P - B) - (Px)) ]

- Py )2(B, = P) = 0 tiviiiiiiiiiia.. (1)
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This can be further simplified if we let

and rearrange Equation (15) as :

3 2 2,y _ 2
I, P+ ,[ A (x0 Py + Y, Px) (Px + Py + Pt) P
I A I
o o
+ (PxP

"'PXP +Pyp‘t)P_PXPP =0:0|oo

t yt

y

The curve for this function is graphed in Figure 4, It
particular case of the curve in Figure 3 (and with the

graphed negatively to the earlier one).

(16)

is a

function
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IV. END VONENTS

The case of pure bending of the angles is also of interest.

This is mathematically equivalent to making the axial force,
P, very small (approaching zero) and the eccentricities very

large, In this situation, the determinant of Equation (2)

becomes:
Py 0 Mx
0 P My =0
e My I [Pt - %A(sty * Mysxﬂ

"Il..'....l....Cll‘)i(l?)

Expanding the determinant gives:

: 2 2
Py PX%O[P,C - 4 (M By + MyBx)] - P Lo P = 0
0

§

N & )

And expressihg this in terms of Ny and My, the critical

buckling moments, gives:

2 . .2 . ' -
P S (P Py BN, + PN+ (PXPyBy)N.X Pxpypt%o

cecresssesraesssees  (19)

This equation describes an ellipse, as shown in Figure 5. The

intercepts are determined in the usual manner, By.-compieting

the squares.for the Mx|and My terms and rearranging Equation (19)



Y.

Y Lo

2 1 2

i 1

A= /PxPy(zsx) + (2PB)" + P PRI,
A

2

B= [(2 2 : 1
/( 3,8,)° + PRI 4PP (38)
A

FIGURE 5 1+ FUNCTION FOR CRITICAL END KOMENTS
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it assumes the standard form for an ellipse whose centre is
not at the origin of the axes:

L 2 1 2
(M, + EPyBy) + (Mv tEPB)T o veeeeses  (20)

P_D P, D
y X

where:

D =P (38.)%

2
1
X *Py(zay) +P_tl €9 00 00 00t 0o (21)

X 70
Since P, is greater than Py for Euler buckling of angles,

the critical ellipse will always have its major axis (My-axis)

vertical, This corresponds to the intuitive expectations that

the angle is stronger about its principal y-axis than about

its principal x-axis.



V. PROGRAMMING FOR SOLUTION

Computer programs were developed to calculate the
geometrical parameters (e.g. principal moments of inertia,
total warping constants, torsional constants,BX,By ) and to
solve the cubic equations for critical thrusts, Critical
moments for pure bending were determined for a few points
of the standard ellipse shown in Figure 5,

The length and difficulty of making these calculations
necessitated a computer solution, Each particular case of
loading eccentricity and member length would otherwise have
to be performed individually, With the aid of the program,
several combinations of interest could be compared easily,

In addition, one objective was to develop some
general formulas which could be used instead of long and
difficult calculations., This was also aided by use of computer
facilities, In particular, regression analysis of the Bx and
ay-parameters‘led to some simplified formulas, (Appendix C.)

The background for the By and By parameters is described
in Appendix A, A computer program for their calculation is
listed, in addition to the values calculated for each angle
shape, The results of regression analysis of these properties
is also presented, A comparison is made between the approximate
and the exact calculations, This computer progam was used in
the larger calculations for critical buckling,

The values input to the main buckling program can be

divided into mathematical and material constants (m, E, G),
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angle properties (Lbxaxt, Area, Ixx' §,~va, z, Toa

root radius‘rl). and program variables (L, e, ey).

From these inputs, the shear centre coordinates gxe,yo).

principal axes properties (Ix’ I, Io), and geometrical

. y
properties (J, G,sx, 5y) can be calculated. The calculation
of somevof these will be mentioned here and the remainder
described in detail in Appendix A,

The principal axes properties are obtained from the

:input values (copied from Steel Handbooks 8,9, 10) directly:

_ 2
: Iy = Area (rzz)
Ix = Ic - Iy
= o+ -
(Ixx Iyy) Iy

From F. Bleich (6), the total warping constant is calculated

ass
36

One simplification which reduced the requirement of

H= 3 [(a-%,;t)3 + (b=28)2 | tiiiiiiieee. (22)

b a . TETM
valil

r
W,

inputting the root radius for each angle is based on the graphs

of Figures 6 and 7. The resulting formula for root radius is:
r1=0.12+0003 (b"' a) DRI I IR Y B Y I (23)

From the Aluminum Design Handbook (11), the formulas

for the torsional constant are:

0

n

0.85+002421 o @ & 00 0 0 Q0 0 0 0 09 0 0 (214)
t .

-

J = Fa.- ry = t)+ (b-r; - t)] 20 ()L (23)
3



<

M

MMH::.A

51

g«v.m
1 _

T Lo Z:

- <&
-1
~t

: i
t 1
§ 1
] |
i
l

K

!
i
.
'

O
<N
".“ T ““_""—"'.'T—;"’:;-" ""‘.""'&' Lﬂ :

PREREPUS S S

lsaavy 30l <3
~[sniavy so0s -

57

bl

1

YNV T

NG

:

DA

40 WAS

)

:g4g TTONY

(7
e
P

. O

P
prt
S —
h
0,
-1
el




(NOTHISTITSIT LSuEB00 s Yy X T
¢ 8 b9 s Ty % @

Qy

Salayy I0L < Y

“TI9W3T 5371 of Navyd JI9NV 90075

-
i
1

S SN AU S

I

L}

S QU




D
[\Y)

After the verious parameters and coefficients have been
calculated for a particular angle under a specified loading,
the critical buckling loads and moments must be calculated,
The numerical technique used to solve the cubic equation (Eq. 8)
for three critical roots is called the Newton-Raphson Formula,
It uses a second order approximation to converge on the roots,
(See Figure 8 for a graphical illustration of this method.)

For the cubic equation:

pJ 4 k.p2

1 2 + K

f(P) = k P4ky=0 cieevonn (8)

3
the first derivativé (with respect to P) is:

£1(P) = F PP 4 2kpP + Ky aereriierseeeans (26)
and the second derivative (again with respect to P) is:

f'..(P)=6k1P".2k2 8 0 0.9 0600 0 ¢ ¢ 00 ¢ 00 0O O (2?)

The Newton-Raphson Formula is based on the improvement

in an approximation to the root of Equation (8)., Thus, if

is an approximation to a root of a polynomial, tren,

_ _ £(P.) £(P.
P=Piyg =P - ' ;_ i) I 1),
(£°(py) )2 - £(py) £'(P;)

cecesseseasaesss (28)

is a better approximation to the root.



23

f(PA

Wee o8

(a) First Iteration

£4(p;)

' f(p
\

h.
P

(b) Cycle of Iterations

" FIGURE 8: NEWTON-RAPHSON TECHNIQUE |

(First-order variation shown,)
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To obtain the initial approximation to use as starting
values for the iterations, note that maximum and minimum
values for the function f(P) occur when Equation (26) assumes
the value of zero. (The slope of the curve is zero,) Since
this.is a quadratic equation, the two roots are obtained

directly as:

2
Pa= —_i{_g + i}{Z .‘3k1k3 LI I R B SR B ) (29)
3, 3%,
2
Pb= -_}_{—g 4 \/k2 —3klk3 IR EEREEEE (30)
3k, 3Ky |

The iteration islthen started below the lower value of
P and Py to determine the first root, Py of Equation (8),.
The program performs this calculation by selecting the
minimum of the two values and then subtracting from it one-
half of its absolute magnitude,.This generalizes the starting
value for positive and negative values of Pa or Pb'

A second starting valge is calculated as the average
of Pa and Pb’ This is intended to search for the second root,
, P2' which should be larger than Pl‘

The third starting value is chosen above the maximum
value of P, and Py It is selected by a similar procedure to
that used for the first root. ‘

This approach was applied with satisfactory results
in the cdmputer program, A tabulation of symbols used in the

program is included with a sample listing of the program and

its typical output in Appendix B.
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_APPENDIX A

CALCULATION OF PARAMETERS BX—AND By

The general equations for critical buckling loads in

this report include the parameters B, and By'

‘ By = _]; j y3 dA + J xzy d.A‘1 - 2y0 veeoev e (A-l)
T Ix A A S
N -
2, 1,3 2 ] | |
3x = l j X dA + 5 xy d.A - 2x0 ees 000 e (A-2)
' Iy A / ,

in~these equations, x and y refer to the principal axes,

xoand yb are the coordinates of the shear centre, and Ix and
iy are the moments of inertia about the x and y princibal
axes respectively; |

The determination of these ?arameters is most difficult

. for an unequal angle, This is becauée of its lack of symmetry.
(A crosé section which ié symmetric.abput both principal axes,
such as a wide flange beam, has Bxl= By = 0,)

An exact determination will first be considered. The
properties available in the Canadian Institute of Steel
Construction Design Hahdbook will be used., These are identical
to the properties in fhe American Institute of Steel
Construction's manual and somewhat less complete than those

_in the British "Steel Designer's Manual", The properties used
are based on the sketch reproduced in Figure A-1,
.vThe info:mation read frbm'%he handbooks mentioned

includes the properties: A, I__, ¥y I,y X, T tana in

vy zz’
approximately that order, (The nomenclature used here is for

our purposes and differs slightly from the handbook's. A glance



at Figures A-1 and A-2 will help explain the distinction.)

For the principal axes,

2

Iy = IZZ = A (rzz) PN IR O BN SR AR S Y ] (A’B)

I (I + I ) - I I I IR TR IE IR S R A (A-u)

X P TXX vy Z2

1}

The angle is sketched again in Figure A-2 in a position
rotated from that in Figure A-1 in order to make the principal
axes vertical and horizontal,

In order to perform the requifed integrations, the
intersection points of the leg centre-lines with the principal
axes must be determined. These points (0, 1, 2, 3, 4, 5 in

Figure A-2) are located as follows:

a = arctan( tan a)

y3 y - 3t
cos
g cos o

Yy = - _fﬁ__

tan a

From these coordinates, the equations for the centre-

lines of the angle legs can be written as:

Line 1 (Short Leg): yg Y3 - (tana) x

Line 2 (Long Leg): ¥y, = Yy ¢+ X
tan o

By setting these equations equal for the point of intersection

the coordinates of the shear centre are determined:



/Z bxaxt

Y
£,
B S I
Z
> t he -
o' \\
X ¢ X
1>
' —

FIGURE A-1:; UNEQUAL ANGLE

Handbook notation indicated.
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Line 1

—

i
2
(x2'¥2)
—p]
oL

FIGURE A-2: UNEQUAL ANGLE

Intersection points noted.
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e
it

(y3 - y,) sind cosw
2 . 2
y°=y3 cos oL + Y sin o

Using the equations for the leg centre-lines, the leg
leng’c'hs a(short leg) and b(long leg), and the above coordinates

gives the following points of intersection:
Xy = X, - (a - 3t) cose

Y1 (a - £t) sin«

]

<
(o}

+

X, = X, - (b - 3t) sine
Yo = VYo = (b - 3t) cose

Having determined these intersection points and the
equations of the leg centre-lines, the integrations required
can be performed, Each integral is calculated separately
along the long and short legs, since their equations are
different, Development of the integrals is indicated in
Figures A-3 and A-4, Figure A-3 illustrates vertical elements
and their distance from the y-axis, Figure A-4 shows
horizontal elements and their distance from the x-axis,

The integrals of Equations A-1 and A-2 are dealt with

1

individually, Thus:

ijdA=J x3dA1+j x3dA2
A



A=6

(a)

X
=

FIGURE A-3: VERTICAL ELEMENTS FOR INTEGRATION
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The other integral which is more conveniently performed

along the x-axis (i.e. with respect to x), is for the integral:

I ‘xzy dA = j' x2ys dAl + J xzyL dA2
A Ay A,

wheres Yg = Y3 - ( tane¢ ) x = short leg equation

Y = ¥yt X _ = long leg equation
tana

. Theréfore, substituting these equations into the integration

gives:

cCoS &
A x1
X, .
2
+f X (yb’ + _x ) t dx
tane. sin&
X2
= 1t 1 sin&[hy (x3-x3) '-Btanac(xh-xb')]
12 sinx cose 5 _3 ° 1 ° 1

+ cosal Uryu(xo3 - x23) + t3 - (xou - xzui }
- an

ceieassevsse v (A-é)



A=8"

For the remaining two integrals, the integration is
conveniently performed along the y-axis with the elements

indicated in Figure A-4,

fyB dA =j y3 dAl + j y3 dA2

3 U V] ) ‘ |
: Y . yo . '
=f y2 _t _dy -+ f yv2 _t__ dy
vy sina | Y, cosa :
: ' L L . - L
=1 1 cosx (y -y. )+ sinsec (y. - ¥, )
L sinacos« [ 1 . °. ° 2

oc-oo-;oonqcco;-occ (A-?)

The last integral requires that the centre-line
equations be used to substitute for x in terms of y. From

the short leg equation,

Xg = ¥3 = ¥

tan
and from the long leg equation:
g, = (v, - yy) tana

So that the last integral becomes:

2 | ,
J Xy dA = I x-y2 dA1 +[ xyz dA2
A

A Ay 2
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HORIZONTAL ELEMENTS FOR INTEGRATION

FIGURE A-4;
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} 2 ‘ yl o 2 '
xy© @A = 1_ (yq - y)yo __t__ dy
A y tans sinef

(o]
Yo : = _
+ (tane )(y - y),)9" _t _ dy
cosel’
y2 '
=_t 1 cos e [4y3(y13 - yo'j) - 3(yi4 --yo.u) ] -
12 _.. 2 2
siln o CcOS &

 sin’t [3(3’04 -7 - g - )] }

~

te00e0vscs et o0 e (A-B)

These last four equatiohs.(A—S. -6, =7, -85 represent
the exact evaluation of the integrals forming the parameters
By and sy.Their results were USed'directly in the computer
program written to evaluate the parameters, Slide rule
qalcﬁlations and extra output checks were used in developing .
the program,

The next step in determining these parameters was to
examine the simplifications possible for equal leg angles.
Although the same calculations would be adequate for this.

special case, some saving in input time and effort can be

effected by developing distinct equations for the equal angles,

’

By symmetry, P
' a = 450
tan a = 1 )

cos a = sin a =J 5



A-11

Refering to Figure A-5 for the position of points of
intersection and the angle's orientation with respect to the

principal axes, we continue with:

Y3 ==Yy

Xy = Xy

Y. T - Y2

%=

X, = X - 3t =¥ 2 (x - 3t)
cos &

The equations for the two legs will still use the
designations short and long, refering to the upper and lower
respectively.

Line 1 (Short): Yy = - x (tanx)

Y3
=2 (§y-32t) -x

Line 2 (Long): Yy, = Yy *

X
tans

V2 (y-3t) +x

From the intersection of the two lines, it is proven that:

Yo =0

i}

X Xg = (b - 3t) cos«

=¥ 2 (% -3t) - _1_ (b - 3t)
| iz



Line 1

b (O:Y4)

FIGURE A-5: EQUAL ANGLE

Intersection points noted.
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Yy = ¥ * (b - 3t) sin«

= 1 (b - 3t)

v 2

The number of integrations for equal angle parameters

is considerably reduced by the symmetry of the angle.,

f x3dA=Jy3dA= (xzyd!\:O
A

A A

The only integral with nonzero value is handled as before:

[ xy2 dA =f xyzd}\1 +J xy2 dA2
A Aq Ay

Proceeding as for the unequal angles,

dAl-'-'\l? t dys d.A2=J§ t dy
, 2 et 2
xy© dA = (yqy = y) y° @027 t dy)
A 0
, 0 ,
+ (y - vy) v* 02 t dy)
Y2

: L
=l§%§;§ ( by, y12 - 3y1l+ - 3y, + UyuyZB)
With Yo = = ¥q» and Yy = -y3, the above reduc'es to1

f xysz= 2t(4y3 y13‘3y1“’) v-o-coo-cvooo-; (A"'9)
A v '



From this last integral and the values of X and Iy,
the value of/@x for the equal leg angle can be calculated.
This was the approach used in the computer program.

It is also evident from these calculations that the
two integrals and Yo which maketq:ﬁy_are all zero, Therefore
this parameter has a zero value for equal angles,

The following pages preseni the symbols used in this
appendix, their program equivalents, a listing of the computer
program for unequal angles, and the results for all shapes .
listed in the CISC Manual and the British "Steel Designer's
Manual", Only one program is listed, although the equal
angles were run with a slightly different program as just
described. '

Appendix B contains the computer program for solﬁing
the cubic buckling equation, This program incorporates the
calculations of the ﬁx and lBy p»arameters.v It was de‘\reléped
after these properties were determined,.

Appendix C presents léter work directed towards
determining a simple formula for calculating these parameters
without recourse to the long calculations of this appendix. The
results were not used in the programming for critical buckling
loads, but were intended to simplify any further work with

these coefficients,



Report' g ) Computer Program
'Sxmbol' Equivalent
"Input of Angle b B
Properties: a A
t T
A AREA
Ixx IXX
¥ YBAR
Ly
b'e XBAR
. RZZ
tana TA
Calculated I, IX
Properties: Iy_ Iy
cos & CA
sin« SA
Y3 Y3
Xy X5
Yy Y4
xo . X0 -
Yo Yo
X4 X1
yl Y1
Xy X2
Yo . Y2
. - j. x> dA SX3
A
{ ®y SX2Y
A
{ v a SY3
A
{ x® a SXY2
A
' B, BETAX
8 BETAY
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APPENDIX B

COMPUTER PRCGRANM FOR CALCULATION

OF CRITICAL BUCKLING LOADS

The general background of the program has been discussed
in the body of the thesis, Therefore this appendix will do
little nore than suggest a few corrections or possible
extensions and present the meaning of symbols used in the
progran,

One obvious improvement which would reduce input work
was mentioned in the main part of the dissertation. The
present program requires an input of the root radius for each
angle, Since this data was already prepared in card deck form,
it would not be worthwhile to change it., However, if a change

were desired in the future , Equation (23) could be input as:
R1=O|12+0003*(B+A) s e0 000 s (B-l)

(Computer programming symbolé have been used in the above
version of Equation (23)., )

A small correction to the calculation of the torsional
constant, J, could be made by using the exact form of

Equation (25):

J=((A-Rl -T)+ (B-RL-T)) * %3 /3 + XXXX

seescr et st st (B-Z)
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One possible extension tu the program onld be an
option to run the routine for a series of eccentricities
along the legs.. This would be fairly easy to implement,

Along the short leg, where da is some incremen% along

X - (da) cos a ---o;ucoo-oocoot;; (B-3)

the leg, e
X o]

e

y y3 - ex tan . ;c..c..t.ottlc..t..; (3-4)

Or, in programming symbols, with da = DELTA,

EX = X0 - DELTA * CA

EY = Y3 - EX ¥ TA

Similarly, along the long leg, with increment db,

ex = xo - (db) sin a .oo.no.cc.accococuc(B°5)
e = y4 + ex ®00 00 s 00 0eersecc0ss s (3‘6)'
y tan a ‘

Again, in programming nomenclature, with db = DELTB,

EX X0 - DELTB % SA

EY = Y4 + EX / TA

The whole of these calculations would probably be
located within a DO LOOP to have them performed the number
of timeé required,’

The calculation of critical bending moments in the
absence of axial load is currently quite limited. The points
where the critical ellipse cuts the M and My axes are found.

This analysis could be extended as required,
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The remainder of this Appendix is made up of a listing
of the symbols used in the programming and a copy of the pregram
and sample output. Some of the symbols listed have already
been explained in Appendix A, They are repeated here for the

sake of completeness.

Report Computer Program
Symbol Equivalent
Constants: E E
G G
m PI
Variables: L L
ex EX
e EY
y
Input of Angle
Properties: b B
a A
1 T
A AREA
Exx IXX
y YBAR
I
Lyy IYY
X ~XBAR
r,, RZZ
tan o .TA
Calculated
Properties: X, X0
Yo YO
Ix IX
I IY
y
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Report Cemputer Program

Symbol Fauivalent
Calculated
Properties: Io 10
Jd J
H H
By BETLX
By BETAY
Calculated Constants
and Functions: Px PX
p PY
Pf pT
o o1
k, c2
k3 Cc3
ky chk
K K
f(P) FP
£'(P) DFP
£ {pP) D2FP
cos a CA
sin « SA
Pi , PP1
Pi+1 PP2
Program Dummy
Variables: XXXX
' TWIST
"WARP
OUT1

ouT?2
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AFPPENDIX C
SIVMPLIFIED BETA FORMULAS

As an cxtension of the work presented in Appendix 4,
the B* and By values calculated exactly were studied in the
hope of finding a more convenient method of calculation. The
approach to this problem, the results, and an analysis of
their accuracy are the subject of this Appendix,

It was expected that the values of the parameters
would be in some proportion to the leg lengths and thicknesses,
especially since they all share the common dimension of length,
Therefore the work began by preparing input data files with
the two parameters and the leg properties,

Standard packags programs for regression analysis are
available on most computer systems, The one used for this
work was the AQD (Analysis of Quantitative Data) package at
Harvard Business School, The program performed the usual
least squares linear regression for the two data files (Equal
and Unequal Angles)., Different independent variable combinations
were checked to balance accuracy and ease of calculation,

For Equal Angles, the regression analysis was used

for Bx calculations only, since:
B =0 2 0 6 ¢ 09 0 ¢ 08 ¢ C O 0 U B OO S QO OGP 9t ¢ e OO (C-l)

Two formulas were developed from the analysis:
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0'09134"1-341‘}}3 R EEEEEE R R (C"‘?f)

™
i

0.002858 = 1,433 b+ 1,017 t +eeves. (C-3)

w
i}

The "adjusted R-squared" term, a measurc¢ of the
accuracy of the regréssion in predicting the input values,
was 0,997 for Equation (C-2) and a perfect 1,000 for the
second formula, |

In order to confirm the accuracy of these formulas,

a small program was prepared to compare predicted with
calculated values, A listing of the program and some partial
output is displayed in Figure C-1, Either formula {Equation
(c-2) or (C-3)) gave very small errors in the calculations,
Therefore the simpler of the two, Equation (C-2) is selected
as a means of determining Bx values for an Equal Angle,

This conclusion is supported by Figures C-2 and C-3,
The correspondence of a linear relationship with leg length
is indicated by the first graph, and the accuracy of the
prediction verified by the second one,

| The calculations for Unequal Angles proceeded in fhe
same manner as for Equal Angles, but the results were less
accurate., The equations from the linear regression analysis
are:

Bx = -0.6529 - 0.7411 b - 0,5509 a + 2,474 ¢

Ceevscerrsvccenees (C-U)
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10 DIM BAREI»T(HRIsE(AEIsPARIsDIAO)IULABIF 66D
15 N = 66 Sudl e
26 FILES KuUAL R S —
36 FOR X = 1 TO N

46 READ #1, BXD)>T(X)»ECX)

L e

60 P(X)= 2.856K-03 =1+433*B(X) + 1617 * TCA)

70 DKY = ( BE(X)Y = pPCX) ) 7/ E(A)

75 D(/() = 16Pe * a(n)

80 QX)) = 9.134E-02 = 1.344 x BCAD

90 F(X) = ( E(X) = QX)) ) /7 E(X)

98 F(X) = 1p0. * F(X)D

1 NEXT X .
110 PRINT "COMPARLISON OF PREDICTED WiTh CALCULATED BETA=-A"
115 PhINT“**$****¥4+*x¥**¥*x****************m******m****“
1 16 PRINT" "

125 PRINT"B T "BETA-X Pi Dl re

1 3¢ FOR Y =1 TO N

145 PRINT USINCG ABIHECY)sTCY)sECYILPCY)>DAY)QUYILFOL)
150 NEXT Y
1606 END

COMPARISON OF PREDICTED WITH CALCULATED BETA-X
e R it

*
~
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By = - 0.9321 = 0.8187 D ..uvciviininaan, (C-6)
The "adjusted R-squared" terms for these equations were 0.829,
0.798, and 0,781 in that order. These numbers are not as
favorable as those for the Equal Angles were, Some indicétion
of this is found in Figure C-4, where a proéram listing and
output is displayed to compare the predicted with the calculated
values, |

This lack of accuracy is also apparent in the graphs
of Figures C-5, C-6, and C-7, From analyzing this data, I
would suggest that Equation (C-5) is the least accurate
approximation which can be used, and Equation (C-4) should
be employed if very close calculations are required. Figures
C-6 and C-7 show the differenceiin moving from Equation (C-6)
to (C-5). |

The By results of the regression analysis were:

B. = 0,4048 - 1,131 b + 0,8902 a - 0,6773 t

Yy
KRN N N (C-?)
By = 0.3530 - 1,170 b + 0,8709 2 ....... (C-8)
= 1.202 - 0.?732 b R N N (C-g)
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100
110
1204
135
140
150
1¢0
170
180
199
2006
216
220
239
240
250
260
270
O KA

C~7

MNEm e ¢ oo -y = ¥ P €~ € o €= g g T
[0 b g e b gy G m P N

DIE RC97), ACU7)Ye TCOYYs, F(97)s FC2T)

RIF BCO7)s ©CS7Ys BT 5C9)

No= 97

FILES 0D

FURZ X = 1 TO0 N

HEAD #1o BCOR)s A2, TCX)s E(X)s FCHD

PO2)= =e €529 =e 741 1HRIX) =e HEO0HACA) + 2eATH%TLCHN)

GCX) = (B = PCRY )/ E(R)
GCXY = 108.0 % €
E(X) = =49321 = «H187 # B(A)
SCA) = C ECX) = RCX) ) / ECH)
SCX) = 1608 # SCXD
NEXT X%
FEINT "COMPARISON OF PEEDICIED WITH CALCULATED DETA-X"
FPRINT  "tsfskofol ok ook ook sk ook slesfok ook sofeskoskolof st slof skl o sk ok ot sfeoh i o I-i#“
PRINT * "
FRINT" i
PHINT" % ' %2 "

FRINT" R A T BETA-X FLED. LIFFe"s
PEINT' FPREDe  DIFF. " :

PRINT™

FOE Y = 1 T0 u

FRINT USING BS: BC(Y)s ACY)s» TC(Y)s ECY)IFCY)S
PRINT USING C$: @CY)» R(Y)s SCY)

NEXT Y

FND

COMPARISON OF PREDICTED WITH CALCULATED RETA-X

st s s ofeofeofe e sfe e ofesfe s s s ke b st e ofe sk e st s o o S ok o g

g s ok ok ok

A(BATD

B A T RBETA-X PRED. DIFF.
900  4.00 18008  ~7.45 =705 5.3
900 4400 . D8BTS0  =7e€1 =7+36 3.3
9«CO  4eBC . 07580  =7.74 =767 Ge9
908 T 4eBO  0e6255 =790 =798  -1.0
Q.00 400  0e5625  ~8.12 ~8413  -Ge2
900 4.B0 050068  -8.19 ~8+29 = -1e3
BeDD  6e00 140000  =8.63 “7.41  14.1
BeRO 6400 BeBY50  =8477 7«72  11.9
B0 €400 07500  -8e91] ~8.03 9¢8 .
Be2G  6e0C 06250  ~9.04 =834 78
a0 €00 Pe5625 -9.04 ~8e56G . 6.0

L EBe0D 6400 05000 ~9.19 =8+ 65 5.8

FIGURE C-4: COMPARISON PROGRANM AND SAMPLE OUTPUT

By FOR UNEQUAL ANGLES
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The “adjusted R-squared" terms for these three equations

are 0,916, 0,914, and 0,839, It is interesting to notice that

1)

the addition of a coefficient for the leg thickness, t, does
not improve the accuracy very much, Therefore, Equation (C-8)
would certainly be used instead of Equation (C-7), if these
calculations are done by hand,

The regression equations were again compared with
the exact calculations by a computer program (Figure C-8)
and by graphs (Figures C-9, C-10, C-11). It would seem =.
advisable to propose a two-variable approach with the more
conservative Equation (C- 8) unless the errors from Equation
(C=9) can be tolerated,

In summary, the results ¢f this analysis are that the
parameters Bx and sy can be determined by much shorter
calculations that those outlined in Appendix A, The actual
approximating equation used will depend on the accuracy
requirements of the calculations balanced against the means

available for making the calculations.



C-12

10 TE=""r e -y i -y bt G b g e P
DG Co=" et g <= €=t . o~ G fm e VD

3O DIF RCOT7Ys ACOTIs TLCO7)s ECST7), EEGSHD

A DIM PCI97)s ©C97)s ROSTYs S(27)

56 N = 97 ‘

¢H FILES FFOR

70 ¥Or X = 1 10 N

8@ <EAD #ls BCAYs NCH)s TCHIs ECAYs (X))

90 PCO= 4048 = 1e131HR(N) +eHO0DEACKY =o €7 72341 (3)
160 XY = (FCX) = P(X)) / FOO
C1IE B(X) = 1@00.0 %k QCED

120 RIX) 16202 = o 72732%RCAD

130 SCX) = (F(X)Y = RIXY)Y /7 FCX)

140 S(X) = 1000 % SCX)

1506 NEXT X

166 PRINT "COMPARISON OF PREDICIED WITH CALCULGTED BFETA-YM
170 PRINT "okt ok sk okokofeofs s shootode sk s s s ofe s i e s o sk ook o 3o oot 2803 ok sl sie sk s 01
1806 FRINT *© "

199 PHRINTY “s

2006 PRINT" p/4 AL

210 PRINTY B 23 T BETA~Y FPRED. DIFFe*s
2203 PRINT'" PRED. DIFFL« v

230 FRINT™ . 7
249 FOK Y = 1 10 ™

25¢ PRINT USING EBS: B(Y)s ACY)s TC(Y)s FC(Y)s P(Y);

2€0 PHINT USING CS: €(Y)s KCY)s SC(Y)

270 WNEXT Y

286 EXND

COMPARISON OF FREDICTED VWITH CALCULATED LRETA-Y

Sk e sk st she o sk sl afesfe ok s s ol o sk sk Sk ok o e sk o o sfe sk sfe ok sk s sk s sttt sqe stk kst kot o ek

peAT

B- . A T BETA-Y FPREDe DiFFe

[

9eBG  HeGD 10660 -6+50 ~6e89 =P
Qe0B 4.0 58750 -6e52 | =Ge8l -4e3
el LeBB  GeT75C0 -6 52 ~€e72 =28
9eBO 4D  De €250 -6e56 ~Ge€lt © =1o1
9eO  4eQ0  Be5625 -6458 =€e59 -0e3
9eB2  44DO 05208 - €58 ~Ge55 De5
BeBO €400 1.0060 -3e31 398 -20.2
BeBB  6eB0 8750 -3.31 ~3+89 =17.8
800 €00 - 07500 -3.31 ~3e81 =15.1
EeBB 600  (.6256 -3.31 ~3+73 =12¢5
8e00 680 (.5625 -3.31 ~3e68 -1143
EelB €400 05068 .-3+31 364 =100
BeOD 6400  Pe4375 =331 . =3.68  ~8.7

FIGURE C-8: COMPARISON PROGRAM AND SANPLE OUTPUT
By FOR UNEQUAL ANGLES
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