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. Ve pre§ent the Arbib and Manes theory of machines and
’ ‘behayiors in a category. For discrete, linear ma.ch:l.nes and auto-
N )

. mata in a x.nono!dal category, ' Goguen proved that minimal realiza-.
‘ tion is right ad;joint to behavior, ‘as functore between certain ca-
, tegories of machinés ‘and behav:.ors. Ve- show that' this result — .
2 holds in the ;nore/ general context of Arbid and Ma.nes. As examples
we give a cbmpléte study of discrete, linear, group and tree machi— o

nes. We 4{80 show that decomposable systems are Arbi'b machines

’ l

~ thus estgpliahing a link "bet\v:een ma.chine and syatem theory.
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INTRODUCTION

CHAPTER 1I. ) Arb:.b machines and behavmrs.
Categories - M) of A-machines and (ix) of
.A;hehé.viors « Functors external behavior
E and Nerode realization N; E o N : M= B
and for any A-machine mmima.l reallzatlon
functor F, E 4 F.

Exa.mplesd A—machmer
- discrete (general automa.ta),
~ linear;
- tree-automata.

CHAPTER. IIT. Decomposablge sy‘stems in a ca-

- tegory. Conditions for such a system to
be an A-machine. Examples of decomposable
‘systems: 1linear and group machinbs.

, ‘ .

CHAPTER IV. Observability and minimality.
A machine is minimal ¢&=) it is reachable
and observable. <

CHAPTER V. " Adjoint machines and duality, '

M »
.

ANNEX.  Definitions and results of category theory.
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. o ’ - INTRODUCTION ) .

’ ’ ’ T ' 1,\ [;.

- /
@
. , . ' . . ,/
" The more we progressed in the study of pure mathematigé
. ’ o R B l“ .
during our praduate studies, the stronger became our feeling '/:5

Lo , . @ i /
that we were dealing with abstract concepts too far away. frogy

practical applications.. , ;

- N ) K

¢ Ve talked out our doubts wi#h some of our imstructors in.
the Mathematicé Department, Concordia University, Sir ,éeorge Williams
' ) ~ e - s
Campus in Montreal. One of them, Dr. COHEN, suggestéd to us -to

~

read the book "Discrete Mathematics" from BOBROW and ARBIB (our
reference [3]).

Vhile doing s0, we discovered how so many concepts of

. . 'modern algebra could be’ applied to that most earthly and practjca
» b . ) ’ '
. branch of applied Mathematics, automata theory. Under the guidance

of Professor Cohen, we undertook the fourteen months effort whose
result is tﬁis thesis. Its purpose is to present how the most abs-

tract branch of algebra, category theory, can be used to help solve

problems. in machine and control systems theory. ,

Y- o —————— —

‘ ' One of the most basic of these problems is,. g:l\-ren a—ifunc-

* tion (a behavior), to find a "machine" vwhich will compute (real- -

< €

rize) this function.jh the most "economical" way.‘ This p;oblem is

=

P
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by ARBIB and/ MANES. Technically these notions take -form of func-

tion allows one to shift freely between two seemingly .dif;.

2

This con
ferent .fontests according to the nature of the particular problem
. 4 o s a .

under /consideration.

It turns out that minimal realization is right adjoint to

behaviour as functors between certain categories of machines and

behaviors. GOGUEN proved this for discrete and linear machines in-

1, for automata in closed symmetric monidal c'ategories, with :
countable co-products and canonical Eoﬁactprizations, in[ 2].

[y . i

i _‘_,45:@[;;_‘&&; e
f

In chapteas I we show thidt ghis very important 'resu}t holds
in ‘the much more generalu context ‘of machines in cate'gc;fies as de—-.

T - 3 ‘ .
. fined by ARBIB and MANES (see [3] or [7]). Thus category theory

applied to automata theory gives us the following very strong re- '

sulcs:

1. For a Tairly large class of functions we call A-behaviors (A

for Arbib who describes them in [ 3]), there exists’ a minimal ™
. ¢ S . ) . '

‘realizatlon; -

-~ . ., R .

2., The way to "build" them is fundamentally unique and we have *-

.

. : brec‘lse "clues" how tdf do 1it; .

¢ &g

3. These minimal realizations are uniquely characterize¢d up to

. [
o
+ ) .

) isomorphism.

3

"
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discrete, linear and tree—automata.

|

' o
K I

%[In chapter III ‘category theory allows

- . \\ s l
bridge" be \ueen control theory and automata theo
. . B : —o.

ms with theﬁé‘

also a.llows \to define obsérvability in categOKZ:

ter IV we discuss o'bserva.bllity 1n the context of set

7

B
the ca.tegorica.l one of mnimality We then expose the ARBIB and {

MANES theo.'gy of sta.te—-beha.vior machmas, as /described in [, |
\

|
where a categorical definition of observab lijty (which’ generalizes

is claimed “but .

'




J.s proved.

f

theory of Arbid ané Manes as expgsed |in [97 » i givmg - "

e s arar AP AP AR AP W A

only the few simple proofs not conta.:.ned t paper. - 5

1.

”

‘ A11 the defixiitiofll and. resulty of category theory used L

in this thes:Ls are 1 st& in the a.nnex.

/ r‘ 3
M 1

@
' Ql\e WO a.'bout cu:r: otatlon'

‘"IN, 3 = 3rd\{ gmltion in the text.

thoremmthete a )

"y

N a 2.5 = 5 of the 2nd definition in the

§' = f is a map which sends . ,

. ! K r ' ’ ._ . w‘
£(s) 8 € S| into f(s) ¢ s', VY 8°€ 8. -,

a . . -
-
’ \ *

conmutes means that ¢ = CS ‘V)

‘(internal dia.g;r.‘ams) and the .o

externa.l diagram shows the , .

.actions of the ‘various maps on . 2 4 ,
. o ‘ ~p’
the elements of the sets involved.

A
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back). Fbr‘ye_a.rs it has been the only University, as far as we

y, know, which offered all.its regular courses in the evening'as

well as during the day. Without its/pionéering work in adult

-

. 4 N :
‘and continuous education thousands ‘of persons like olirselves

coul‘cj not have réealized ‘their expectations.

-

Finally we must thank our director of thesis, Dr.
GERARD ELIE COHEN, for his trust, \his e\:ouragementa, ’his help,

his~-patiénce w1thout'wh1ch we w111 not have ‘begun this work, to
\sa.y nothing of completing it.

4
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L] AN ’ .
IN A CATEGORY , — L e , '

3 ], MACHINE

[

]
3 'y R >

el
. . .

’ " Let E % a category. - . "o | L "
~ M l ’

+

- L M %
1‘ﬂA . o“ .

- . P
. DN 1, Process. . .- \

A»fmcegs X is a functor X :f——-&f.‘ )

& DN 2, X dynamics. , , n o
. V&,'. €/ZJ/ v'QJ‘e Zo()'(.s,s),{,is ¢alled an X dynamics. ‘

T DNH X dynamorphisms . - S S

5 l . »~ <
] ,"J\

J: Xg——>S$, .:cf" : X§' ——> ¢! are X-dynamics .
. . An X = dynamorphism. f: d——> . isa m?himp ‘ , /
fe-f( $98) 3 {1 X= £. 8 . / '

H t
. I
1 . /

. ‘ ." ,i.e. 3 the diagram X g =<5 - ' ; '
5 o L. ' . : - commtes
' \ _ Xt £ j R

Xo' —r> 3", s

< . . » .

W4, DmX LS I

, .
. o

, Iyn X is the category whose: s .. . /’ Sl
ot - . : ‘s ' ™
! ‘a . y N | s ' o

s = ‘objects are X-dynamics, - v ,

\'»' 4 8 i . Y . 7 ’ N kY ' B

. : - morphismg are .X-dynamorpliisms. . R
. . ’ o . .
T




. . LI - 4 ‘ ' oy
~ odms ow XS, 80 S Gis. s . - |

we can define con;poaltion and identitlee in DYN X - '

as in 8 We show:® DYN X .is indeed & caiegory. .
o - . *

“

,Lets xs__,)_s la\ Jv. ’m '—){'JS"S.XS".\"—).S*A

?
be x-dynamics and f: 5.-;5 and g § —r g ; |
"be X—dynamorphisms . By DN 3 /bgth parts of the
. b4 ) i ' k3
diapam commutes, < XS _‘_, $: , S -
) ' T ’ s
. o the whole di X} - £ . .
ole diagram ‘ J' ) 1 ) - , }/ .
comnuteg and ’ ' ) - .
~ ) - L, A
x.% functor = . : xi ) 1 Y . L |
v . . ] - L. i
- X (goef)y = Xge Xf XJ"ﬁ‘J & . '

» -

fs"o x('gof) = (g\.f)os-' and g.f‘ is(a . . - a
X-dynamorphism J-—-—;’\'X". ', ' -

.
. - . , >

.

[ Identy: let Id, - 'Id, .- .- "
- 8 . v y
Ve have again \“comuting diagram X§ qﬁ - s -
13 " ' ) ‘
R as X a ﬁmctor = W - x4, ° 1 Id, Bl
<, o . ¢ ) N - M
Ia, = S ' - - : g
\ I Idx Xs —s-—> s ) .
_ and de Idx = 5 Td, o 8 =& - 1 G . )
. o oo Id § = Id‘ is an X-dynamorphism which inherits the, . - -
L R . ¢ . . N - . i -
. .. usual identity propertives fbmil . - : i~ |

T s .’ N ) . N
o ° v | @ - » - N o
N \ . o
ot . ‘ . . ' :
.



K SR .
. NOTE 1. §5:X s —+s anx-dy'namics, .e.Jeﬂ(xs,s), '
) 'ie}l&eo & X~-dynsmorphisn X 5 —4 ;

g | indeed the disgran  X(Xs) X, xs : .
T : . - &
. "i e
¢

. ' . -—8——> S obviously commtes

. : . ’ X .
fo .8 has two, diffexent; J:oles’- § e Cixs,s) is an objest -
g ) ofmw X. vhile the same Jem X(XJ $) is amo m . a
T :
: ' of mX#‘ e = Ia - ) ) : *
B . N 5. Input process - ‘ * , .
] / ‘ X -6 iean input process if the forgetful - '
¥ " ﬁmctor U ]JYN X — f \
c“ . " on objects (6- Xs—>S) > ¢ )
< el L on morphisms (f K—-»d —_— (f t1s—>s’)
) Yo has a eft—g;join . ) ‘ .
In this tiaseo‘%'ef, ¢ éfef/ YN x/;é‘?‘:s —-Ug) .
- miversal » fon 5 toU; IR
: 5 V(8 xst st ris—UST s') 3 aunique x—dynamorphiam '
LB .. 3 . the two diagrans
f { - : "P . ~$,—ﬂ£_, US ' X(U{j)
., 4 ug
L . SR fomt?‘. R r J’?’ 3,.,3 til | l\y
o o “ | o s bs’ "‘7“5-

L

. . IS ! M
- . '

. 'S . > e s

. " <
¢ . a
* * -
kY
- N r v,
- . ! ¢ ’
.




[N

. . : »* ) ) - ’&1 N
o Y is called the unique dynamorphic extension of £

_65 is called the free.dynamics over s w.r.t. to (1

and e wiil write st: X'g vhere X% = u.Vzlf—-» La,
(V4W. |

NOTE 2.(1)Let V : 6—-} YN X be‘”the ’left ‘adjoint of U, . b
- i.e. V -fu , then ¥ is defined by L -
! - objects: S —_—> V_s ~,'='6.$ > ‘
. morphisms f f' —_— f‘y{' where ' (
Vv s X*; — X% in s’ £ is the unique dynamorphie &
- extension of 'Y) . kY i.e. 3
| ‘M » s v § x
§ —>Xs A XXs—= X
P fve = X [ commte T
x v P &

and C(.r,u{,; )T mx (s =4, &) . R
. S-J‘ ( / U-S‘l:. s - :
! . L' v’{‘ "
], . Fex ’ | Ly ‘
P u‘:‘{s; : LLJS': XS




) - L ,

» . . . ’ .
\ i (2) X=W.v: 6—! ﬁ is a -functor as it is

) ¥ .
s e a composition of, two functors, - . -

T e

, e
\ .
m 6. Machine in a ca.tegggi'.l : -
1. " A machine in a cé.tegory ¢ is a septuple ) .
M= (X,s,y,i,é‘,(r,l) vhere
X is an input process, .
' s = state object c /b . \
| . .y = output object & /G/ ‘ o .
i = initial state object ¢ /{/ . f
“ § ¢ Xsg—s , ean X:dynamics, is aﬁmorph;lm;n
o i —-) \}, ~initial-state morphism, is a glmorphmm ’ |
' )\z—;\——; ¥, output morphism, is a‘gmorphism,.‘ \’ o ’ 1‘
: B | | : P
. 2. et (ixax* 0 > Fuoa a1 xMy e
‘ - “« ~ be ﬁnivegaai from 1 to U. b . ,
' ~ the object of imputs . = .X.i '

- the reachability morphism J t, x’* — $ g -

is the unique dyngmorphic extension of the initial . '

state morphigm,d‘: i —s, -

, . 3
3. M is reachsble if §  4is a coequaliszer.




and the two followmg diagrams commute
”'1 X x .____.____.> x

e —} \\lsla.m] XSL 15 %
' \ X.s—-———-——->$ .

S
| o, $
12, Ve can define’ 5 t: X 8 —» 8 as the unique

dynamorphxc extensmp of ‘ Id

b




A3
)

diagram /
LN 3
i; | |
.
1i
B C -
" ' P‘.
. ’ ¥
{ . e
- (\ .
N 7. Ma.chine — Morphism . o ’

- Let M= (X, 8, ¥, i, 6 0";\1»811&

M" = (X', B" Y'l i'i""d"! A') be two macinines

* .
in a category X and x'* their object of

I+,
~ i.nputs, é‘ and 5 their reachability morphism .

respectively. A machine morphism M — M is’ .

o

,"w'_a’triple (a, b, ¢) 'vhere a : X —»‘x,, bs B —> 8',

‘cz Y —> 7' are " morphisms such that thetwo

w

follow:mg diagrams commute:

- R ‘+' .
alf lb

. % ¢ ’

T X




We call a, b, c respectively the input, state and
output components of (a, b, ¢) or, simply the lst,

‘ ’ 2nd and 3rd components.

t

' N
’m 80 Let (8., b, c) M """'b M . (a' b' ')':%T—’M,
be a machine morphisms, ve defiye thelr composltion .b‘ &

by (a, b, c)( . {a', b', ¢') .= (a.a', b.b", c.c').

-
1

8 is a category = 3 componehts of

(a.a', b.b', c.c'), they are associative and J identitips
I, e T4, Tdy s o ‘

7

.+ ocomposition of machine-morphisms is defined, associative.and§

3

. . iden Ia -= (Id x, Id with the usual
\3 enty Id ‘( e 10 y )
properties. - . .o

B F\\\‘&f"\

' Besides . IN 7 the various parts of the following diagrams

_ —commtes - _ .’ 6* , | ) .
x*—2 ' | s .___1_,3 ' -
2l R bl e
& x”'——‘» s g _L_’y/ p
\ 2 b S N K
- i __‘ﬂ*_,.su- ' %u ‘)\" in

S~ B




e

pd . —
=3 J a'as 8) 'b'b{ *u a' = (b'ed), 6*

and k.<bv~b>" S TR P R W2

i.e. the whole diagrams commte and (a, b, t;) « (a'y,d', c') is

a machine morphism.

. + -
Finally 'x*_..ﬁ‘:_., 5 . 5 ,}'
A e ]
, x*—-—-—-; s s-—-—-a.y
s | >

©

obviously commute =3 Id, is a machine-morphism.

[}

-

Ve are now able to define the category of machines in a categorf

IV 9. ‘mc Z? = "category whose objects are machines 4in the

e
category ‘é , morphisms are *maqhine—morphisma.
X x X
- ’ L 4 ° - -
N ' N
-, ~ ¢

' W, S L . . :
3. ’ CATEX;ORY oF BEHAVIOURS* . e

AsseeninDN?,givenie /f/, X f—»?

.an input process, d an object of input *: Xi

« X ) .
s Let y € /6/ A behavior is a morph:lsmp : Xy




- - ~

IN 10.  Category of behavior in category b = Beh &, -’
) . ¢ . % »
Objects: behaviorsP t X —» ¥

,
S
A
.
1
4.
IN 11,
L

. A ® VA
yhere a‘:x-—)x,c:y—-» ¥

, .JM: X" e

X
Morphism: behavior—morp}éisms (ay ¢) : p l
' Y

\,

. ‘ * * ) ’ ty
are fmorphism > X — ¥ ‘ )

~

4 » ""
; a l . , l "¢ commtes

> ‘x‘* ! , y'( ! ’ %

. ) p .
i.e. C.p = p & T .
Compositions
) - h h

wvith (a', b') : (3 —

Tdenti isms a = (Id » Id.
en tymorphljsm L P ( I* y )

Like MaC (°, Benis . indeed a categopy(similar
proof). B @ .
L, ’ . ' v .
: ‘ “
<% 2 .
R x % x i.
. , :

CATEGORIES OF A I\BEH.AVIORS AND A MACHINES. '

Let J Xec —} c. - be an X-dynamics.

—> ¢ is defined inductively as

i:ollc':ws: . :
J {’) Jd - "‘. ‘

$H_ ymy _X_"_’wX"c S

. ,"Z‘
-
Y

(a, B) . (&', b') = ()a.a', b.b') P——a-p

. .

1%

4

"




\

|

DN 12, An ‘4’ behavior Q,'::)C —> ¥y is a behavior
) ' |
satisfying the following four postulates “
|-

1. 4 E € /(é‘;/ and a pair ofzo-morphisms Eﬁ? R
0B 67 (%) 2B G y) v e

b) given T’f/f/ and "T* ..,x apa.u:of

6—morphlsms 3(3 5("‘)/)( P) (3 (S‘(‘API) Vn € ’N

o YVespazoy > @p=ep’

The follow:.ng diagrams can be helpful:

(\) (0( »* ’Q
4__>DC—-)yand Eplg—:xmo
P]TXp V'nem Pl P
x ]
2. 3 ,sp 6 /Z‘/ and af—morphlsm J 9( P ' |
> ’{ = " coeq (A, Y) “

. ) "
3, K ™ #Fan X=~dynamics Jp XSP o SP% e J+
' is an X-dynamorphism i.e. X "x* c——y 2

N

‘\XSP —_— N
. y

4 X ,S(; -+ is epi.

(t) In [3] Arbib gives a slightly different postulate (1b):

* "\g.—»‘




_ - .o .
L ; -
T v " ooy y y- o -

P/ 'V ) .ot . ‘
3} k’J : 1 —> EP g p = ofs ‘{J and o .
]P Y'Y (see page 685). - : S

Arbid (1b) => ours as

Campy -

Q

v | _ . ) 3 .
MARARE L w
N

. But I do not know if the converse is “true. If such K2

is the case our 1fb is somewhat less restrictive.
L. -, . .

Only our condition is needed fqu the proof of TH 1
. s }

- v ",/ H !
givenin [3] page 693 ' | / [ 4 t

!
i
h
s

s / Py

v

, o |
- NOTE 4. E{3 - ¥ iscaltea
Y )
‘. for ﬁ' . The word "the" is

, A *
i : ———p
‘; that if E , x and

© of are isomorphic. We

|

v\

om, after TH 1: see Nole 7.

A machine Mrea.llzes a behavior - ) ) N
9C—-—-> y 1f1 J p 2 Jiscalled . Lo

v ' the external ‘behavior (or reegénse morphism) of M. \




. An_ A machine M is a machine'in a category ﬁ =Y
A}

- . +
" its external behavior ). 5 is an  A-behavior.

-

\\ * . u ' s
From now on we will consider qnly the two following ‘

sub-categories of MAC  and Beh f.‘

P £ el _
f,@f"‘ .
f i _,,‘(; iy [ !
- )_"_/ N -
E
. IN 15, C/L(g = .catégory of reachable A machines and w
. machine-morphisms between them. B . -
1Y \ B
. 0?) = category of A behaviors and  behavior-morphisms ,,, -
. y . I — : ' -
‘ ~
betwéen them.
X x X |
. ( l ” ° « / - .
5. " FUNCTQR . ‘ ' R

\ 16. Functor E : JQH 03 . >
T"——'\ .

VoL VMe/o/é/fand(a,b,‘é)= M M € (/K’ , /

‘ A J the external behavior of M y ‘ ..

v
E(a,b,c) = (a, c) ¢+ BM —» EM',

1 1 .




{ ' .
rd '
| . 4
: — ’ ) . . . ‘ J}QQ ',
: (} o . B K - " g .Y
S . *We shov E is indeed a i‘un‘ctor. c e
b ]
y . X, S : .x — y isan A behavmr as Me /Jé/
* ' \’,"\..
o E (a, b, c) i a behav1or—m3r*rphism as by DN 7 the smo o \
g » * .
. pa.rts of the following diagram commutes. - . '
o ‘& Y ~ . I L ) -
e e x — S .——-———-’.) Yy ) PR
. L b kc‘ * . S ki
‘s / \ . i o ‘\ .':‘

® .
'( x _?5 ._______, ~y'.

A
Y 4 -
o0

-~ . . \

Nl | T
B g . ’ ct + ‘
=== ()/.6\}) « 8 = ). . ‘bn 6 =C, ( A 4 J ) as required ,
|“""; ‘ . "Let (a, b, ¢) : M —» M, (a', b, ¢') + M' —3 M ‘ .
B ((a,'b, c) « (a', b, c')) = E (a.a', b.b', c. c') '
] ; ‘ _ A '.' DN of - in vu)
- = (8..8-', Q(;-c') N
. . + ”, R .‘ . v
o ‘ , . * INof E
o . (\ T =(ay o) wlat, o) - :
N . . El
Y e dmawl
N rd » « - oo N !
=E (a, b, c)s E(Eﬂ’ b', ¢')
' -
\’ ‘.. DN Of El
. . )
. o _ ~ o .
. y > *EM
) . Indeed this is a behavior-morphism . X -——-->y
- . as the disgram commtes, - - a l,* L‘ c
| - Xy
' ‘ because its two parts commte .: . a' i Em ‘ c'
- . : * ‘ . "* ) \‘\ ~
s i by: (f) ‘ ) * x —E——M_'; y ) - '
) " \ )
\ . h ' :
- ! ! ‘/' - G
v N




d\FLnally E (Id o Id ,Idy )

¢

i.e. E (Iad
i.e (ﬂ )

A}

FUNCTOR N : (Bx

vﬁe% Nﬁ (X Sp/.V// {3/ ;\p)edé
is the Nerode reallzatlon of p ; wher@ \?? J‘ {}/ é‘ F

are defined by IN 13-«fran A behav:.or ’ (—7 (_5[‘3 m, 2
(wherp ([ ' 0, V) is the umversal arrow from i b U )

AP = the,, unlque f -mor;:h:.sm 9
% § :
E ::} o -—-ﬁ-bs commutes,
T {3\\ t/lp ’
19(3 1 gp L

hd

-

% I 12.1{a) withn =0

. coeq (A :Y) °; DN12:2,‘/'
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L
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L
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R

3 - c([, — .
//é" " a . . ~ g
. §, - .1 . R " . e ) ' 1% . »
% . . A ) ' S
E . ‘- - the ex‘hemal behavior of N g is - , ' )
¥ % IN of 1 » where is
. Kb - Y o o3 \
i _an A behavior, ;o ) .
;@.\ - . i : J* . . oe ' ’ 4
; \ L ) - % is %coequa.llzer o+ DN 12.2 . . . -
6. N ) ‘ . - L W -
$ . CL L™ "o i.e. Nﬁ is always reachable. - -
Y T ) o *
£ o ’ IV 18. We say thatM is a reachable realization of é if . .
, « » : C
. S . its reachability morphism s s coequalizer and \
e Js‘ ' - \\ . ‘ .
"N . . ° )' Fl s ' . .
F T - (ﬂ X ' s . S
E" " ° o o o N - E%i“‘ .
; , ‘ -
«“39 ‘z ‘I , < R Lo -
E IN.19; (1) M is'a mining) realization of a behabior(? : X _.,y
.o ,
L T if M is a rehchable rea.l:.zation ofﬁ and VM M — 4
. . " & reacha¥le realization of ﬁ ) a unique machine .
i .. moimbjen (13, ,b,Idi):M — M, T ,
' L& S ' . H i ) '
N T w
_ .“ Y )
R AR . .
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) AT A 2 e S, e \ :
. N \ * ; | .
N ' - ) ‘ ) . .
« .
; v ) ,
. (11) This is equivalent to say that M is a minimal reali-

gation of {3 if it is a terminal object in the

subcategory Ou:‘, of reachable rea.l:.zatlons of (9

= M is unique up to isomorphism .

.
3
>
S SXHE. 1. ST A w4 Gtk o il Y “

'

Y ) (111) b : §/——»¢" 1is called a simlation M’—-—)M

. if it is the 2nd component of a machine morphism of the

.. fom (1 ,.,5,Id ) iel 3 { b{'* \g
b= )( m'i ' ' é

and GJ‘ =\’b.0" IN 6 as , §
) -4 -b. " m = bic’, §
":f' "L é

HOIEGS., . h:g’ —S iaanx-aynamorfhiaxiifxf'*isepi;- / Co

Indeed consider the diagram; ’ | “ -

. Uk IR §i - h TN
. (6 x{"l (l) 1{” Part (1) and the whole

XJ Xs’..__._. s’ . diagram eo:n:mte (see note 3) .

b, (o) b/ =B Ll XBXS”

Wt S B XS L XBLXS

J | -_-g,b.{": ad . Xb

4 L. i
it xd is epi, vhich is
the cdse 1f [’ is an A-behavior.

. R - ]

—

’ o : &
A} .. 9 .
- A
Vo :
et .. )
[ A 3
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"EEl.  NEROE REALIZATION TH.

ﬁ e@ — NP is the minimal r;al;izat;l;m of (3 .

:z ' : - &
Proof: see [3) page 692 , ] -
. / ' .
- t -7
* e -

NOTE 7. Given a behavior p :C —» y, assume it satisfies \

the four posfulates for ‘ ‘

E—*I ——-*s-J coeq (ot » T),g Xs —s

o) I,
and alao for =, =
E = LI J coeq ( or” y ) -

7
' : St X’ —-»s 9
: “ (b, Jfo«=6r=><f JY and
) ' cfl.*o(l= JT=<§ =cf/.+y s
b . .
' : \ ' ¢ '(\N' "/
. . .e ‘&;='c09q (O(,T) =}.3 a unique b.sL&lsy—*B €+

* and 5 - coeq'(c(//}/,) =3 3 aunique b': s' -—+536. I ”

i * - - - 4
- o 6' - b'-bné- and 5”.—_}26?6 * L J =
=p b'\ b = Ids and . bd = Id;l -
| S = s>’ x '
\ .

BeeméaVl‘a Fﬂ-frytmique\‘v'ip-kf/ |
(J.;ooeq (e,7)) '\==>f=\y-b.é'"/




7/ * 1 -]

4

-
1
et

a

Y

. Ci | ), .

v and b unique =) \y b is u{ii:qﬁe

S ) Lo 8 . /4 ~
( ¥ . ; N . S = coeq (d Y) ‘
N ‘ + .
Similarly § = coeq (ox’ Y ) , ' '
- / ; &
TR
Now %y TH 1, IN 19, and above the smulatic?n 3

MNBoh 555 8.0 )

| —Np= Xy s v 1 X))
has .an‘i.nver(se (I'd’x, , 'b", Idy ), .. it is "an isomorphism
and ‘N{S ;.‘N/p. - : .

L
»

(Ia «, b, 1a:
lx ’

y

"ee  the Nerode realization ofB is unique up to.isomor- ,
B L

<>
i

. C %
Given i, y € / 8/, X an input-process, and hence X,
we are basically interested in studying minimal reali-
gations for behaviors (3 : x*——- Y L ("

Therefore we can now restrié;; ourselves to special

A.machines and A behaviors.

:.‘C/“Jx and 03 are the subcategoriea of l'/“? and 03
uﬁoae ob.jects are machines and behaviors respectively

sith same initial ob;jec:t' i and same input ﬁﬁcess X.ﬂ
Henq\e they‘ hgve the same ¢C *and ,their‘morphisms are of

]
the form (Idx,,'b, ¢) and (Ia W © ) respectively.
‘ p 4




l ¢ commtes AIN 8

x*— y’

'\

Let the Nerode realizatlon of (3- and (3 be respectively- 1
N{; = (X, 5 oo y yi, 0 GI}A, {y) vith. J&:Lts réachability
. ) - morphism
, NP =(Xi % 4 ; L’Jﬁ , of{,"l{}) with (%?its‘reachab‘ility .
. . ,K | ) o mérphism
M (X’F"y’l’(?af;c' P)isalsoa
coequallzer ree.chable realization of {3 as (§; is a

coequalizer ' IN 12.2  and

(cl.l(,) o

+

e, () )_epﬁ

o byﬂlandmgi9,3 aumque similation M—-> (3

B:sp‘..;sptacg.:b.é,"ak,=b /,/ e. Ay )

=> Qc—ébs sp—)-L).Y
1d 1 lba.nd v

v

x*—s 5 sﬁ——zy

- % P . K




1 [ Y . .
: | : /2
(: . . . . i R
i . - %,
R ' ’ -y , X . Ky
' . - (Idx*, b y C )¢ NP — Nﬁ is a machine-morphism é"
~ v
. in CMJX. We can now define the functor ‘fxg‘i
N : 03)( — UM)X , éalled the Nerode- realization functor. ‘ 5%;
>¢ ‘ &
{
IN 21, W :@x-'-——; My ‘
) ) X ' ) -
» objectpi-——’ N(} (3 B NP
: . morphism (Id 4, ¢ ) 1 — (Id - b/' c) l'
. cx TN, SR ,
N
LA ' / : . . . '
. vhere p is defined as above. o '
(—/\n' - R - ) R
‘.'” ¢ . "~ ’ . ‘( : . . ‘ -y -
c . mmawm -1 BB
: e i . S SRR
“ ’ V . . ,:' -
S o Proof: By IN 16 and 17 ye have . :
- S R L e o
R /¥ 1B/, =3 = E(np.)‘;;')»’p {;43
1 1 - . ' . . .
. /
. By IN16 mdzl;-y(rdx,,c)zp—yﬁ‘ in’ @x
- I ' - - d n‘ - * [
L T . nmf('ldx,, ¢) = p*(mi,,_,b s c) =, (mx;’, e). |
" o A - N '
T

Y
. L 4
-
<
.
- . » LI :«"5';“3,:'-‘?
K _ Lt
. .
: . -
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DN 22,1.

1M 2, f))={rle:M"-—» NEN

NATURAT, TRANSFORMATION ) :_Iayu.!:‘:) w A J'{)x .

. J2 .

%‘%‘-' A

- .u \E‘I”f‘»
2 . | %
V M:(X,S,y,l,J,O",l) ’ Mfl°/g . DN 15 3%1.
. i x‘?l,;.
. &
NEM = (X, Sm,y, 1 ’.éM' 0;", lﬂﬂ) ) » : fﬁ}
as defined in IN 17, is called its reduced machine . | L
L 7Y Y . i &7
Since both/M and N E M are reachable realizations of
EM s by TH1 and DN 19 J a unigue simulation - )

Bz (3 -—>5M

?

is a natural transformation Id

bd"and) ) -b

o'c I'YI = (Idxv’bfﬂ' Idf ) - M _’NEIE ‘j‘-B a " \‘

3

et beieBetmeia s b T S
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S5ty

5 ————) . ]
).m | :
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Proof: Let (It}i,, b,c) : M —M be a
machine morphism in (/M) .
~ ‘ot + X ~
- 5 = bo Eg ' ... :DN7 '1.‘ ’
NE(Idx,,Ig, c) = N. (Idz,.,"c) '.?ﬂmns
’ e
= (Idx“’B sy C ) . DN 2'1,

-~

> M- (18_«s b,01a5; ) N)M (Id,». ,Idy-)

) | => 8 —l‘)m 5 J ,-ﬁn \'J/* "IN, 22

tn !
/

+
and JEM'= b )

5 v ma

R R S L S S oy

.:u' Ew' o %em’ M

=P LEM’ . b = b . bzm as ,é‘;', a coequalizef, isl |
'epi; .1.e. the diagrar.gl '

\ -
-

- '5

: . S _"""’ SIM o
] ‘ /
. B . : b l l b commites
) i
- B i . 5 5!1“‘ _
em’

- . - g N - -
T de 2 a2 -, - T Tt o A e Rt Lt A B ket XN LD
S A Y - “ o R 82k A Wb Yy AN Lo g v

i L L O L A e A AENAT S R Ry
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ARSI s b E ik
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R ® ' . " o .

SR SRS FW?@% gyt

. " . . B
N ' .
. ) )
o V)
‘ - \ ) ;
’ . . /24
' : i .
, .

/ ' ’ '“
] . M on_.(dx Lm,]c'l) ) '
(1d,,5e) | lNE(Id b e) {Id,,,,
M = > NEN
« !Y) = (Id ‘59 E "cg ) - o N
commtes as required; ‘J.ndeed ‘ ‘ - | :
(Idx,,b,ldy)(m ,,b,c)-(m ,,b b,c) |
‘ . = (Id,x,‘,b ¥ yr ©) !
. . L
= (1a ,b’ ,c) (1a .,b,,,,my)
/ . ‘ oo 1.‘" s \ 't i
® ? x x : . J/L. i
8. TH, 2.8 E A | N , — 63’( ' -
r. - | \ '
é"\ . - ' S
BMA 3. Em = : EM-—»EM@@,VMG%.‘%
M ¢ ” . -

Proof: M, = (I&L.‘b gy M-—\_-}I?E.M"‘.'m22

E”Lf (Id,,ld : EM —y ENEM = EM IO

by IN 16 and lemmal,

. i. §. B ’V]M = ' IdE M 4 -~
lemma 3 means that reduction preserves behavior V )
‘\ reachable A gchines. E . -




N S w1 - ?
v
!

R - e o e e st

() 1" L ({

- ‘ - ‘ o ‘ .
ki . LEMMA 4. N]NP = IdN>?, ~ in Ua)x . . k
‘ v g , I _
Prooi?: VP ' 'I.* e in ‘ /@/ | ,
Np = Spr I s %, % )P)‘ € /0/4/ v wy |
. = , J1d ) . ) e
”]N{s “dz* bs:v/s Icaf)‘\, NP — NENf N2
) ENIQ?.-: p ( lemma. 1 - .
E M vy by‘ BN 2§ the two diag;:ams 1 and Z
o e L
T “.:x*g_T_ﬂ___, s(]‘ fi Y .
| | — Y ,
{Idpc' ~l¢ . @ , LL‘”P: 1}2 @ . ld,yJ, commute
‘ —_— S ;.y )
+ ¢ p -
/‘%wp ’.JP ;\Wf‘lf
~ -
¢ . r
| o X 6{? 5 'S l/’ ‘ .Y

L ) - Iaz.k j/ ' JI lasp. J'My L also commute?
' | M + > S5 : "y N
§ S |

*

.. By mique.ifess property (" TH 1 ‘and’IN 19) LE WR= 14, .

\ T . . B %
\

: . . ' ‘ A
o, \ ‘ = =—(1a 4,14, ,Id, ) = Id '
- o ’y]“f TR T 0 Y e




" Proof of TH 2

et £: EN = Id

(3
- n . .
ty i-e. . x AN

Q:}-[/fpl:.jdplf fNﬁ:P-—»P’ VP
| o

ot
a3

We(spow that the natural traxllsformations

/Y]: IdU“J =% NE and £: EN:} Idﬁ

are respectivellr the unit and the co-unit of'the‘aﬁjunc-

>

tiom E - N '@x — Uq)x
Vneoa;‘, ENEM = EN Lemma 1

: E‘VIM/
T
(E E)M é M a7.5

EM

Id’-’M‘ IN of &£,

. (B, W a?.5

-

lemma 3

A

ENEM = EM |
(E")M/ (‘E )M commtes VMI
EM EM

1d,,, .




» lemma 1

‘P INaTl.5

- “ (,y) NV Y‘%)P pbmnmtes

______,Np

. lemma 4
““ IN a 7.5
“* DN of €

' ‘N a functor »

’\')N / \ comm tes

la NN _—:—__—=>N NJ&

(a) and (by = E 4 X andrqandearetheunit
and ﬂ‘le co-unit of the adjunction
"TH g 5.4 .

b
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‘ E AN .- ‘- .
‘ g Ti‘l 3. \\V' ‘functor F : 03 - Oagc y F is & minimal
: .'/«‘5 T real: zation functor (1 e. Fﬁ is & minimal reallzatlon <

L 4

% P o of(j Vﬁ 4‘,63 ) / “ ' ..
x o = E'fF'.t./(Jxr———-*@x'. S
% S ke o ” . ) ‘
% - &

.. Proofis By.IN19, V{?e “,NP "and e *

- are m1n1mal realization of(3 & ICN unique,
. (? 3 NP — F(S’ 3 CP ig a machine isomorphism

kY (1 e. J unique (f’ ) : J

’ E AN (:)ol(,(u JM) ”@(E,qp) U THa 5.1
é=)oUJ 4Ff) EBEnE) * a0

.V f M — F{B corresponds a utilque (p'l, £: M —-,.Nﬁ ie

b ‘er & unique E(LP f) EM -—-‘yﬁ“
and Vg EM '—"'P corresponds a uniqueh = Ng. "7 ‘M e Nﬁ
’ * '3*.' i.e. a unique <‘9 ,1 M —> F/? (h’) given by N 21)
&= £ T e smasa .
TH 3 means tha.tt g minimal ;ealizati:oﬁ f;mctor F_is
exactly a right adjoint to the bahavior functor E J— - ‘ -g'
- T ‘ i.e. it is naturally isomorphic to N. . e
< moms. @\V@e@k o N3 :—"i‘FP &> F ismaturanly | -
o~ e ‘:@somorphic o N Vo oINal7.2 ' o o

. RN oAt
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AN S 4 N . .
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- T ' " e proof of TH &, suitably modified, yelds the following
-4 a4 L3
S W ’ more éenera.l result of category theory:

h%position 1: G is a right (left) adjoint of F,

' ~

H is naturally isomorphic to G . ;

.= H isa right (left) adjoint of” F.'™ . .

- . c : .
TH 3 can then be ,considered as a corollary 61: proposi-
v} .

"« tion 1 as: b ] .
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1 DISCRETE MACHINES.

. M v . °
-
‘ 3 ) X . 3
N, 23. A discrete machine (or automaton) is a 'eextuple !
= (X) S)Yi&s@: l) ) A ’ . ) ‘ :
when X = set of .inputs, . /\
) S = set bf states, ;. _ R
. Y = set of outputs '
_ puts, “N R
~ § =% x ’S‘ —s S is the"transition function
. . - ’
* A=5 — Y is the cutput function, . = . .
. o€ is % initial state 2 o
. - T - ! ke . 7z
. L4
o “ -«
We want a decimal copputer for adding integers congia-
°' ting of at most n digits. -
e 6 use n counters modul¥®" 10 which are n identical
‘e * 1 2 N A9
Clo, clO’ esee 8uch that:
'\1'} =Y, 8= {0’ l}"’zzo ' '
D ‘ A‘ ' - . L
y . . ,
6 ( P, (Y z) ) = | 0,,.2 )
~ . ES € -r
‘ \ : (%1. 8228 if 2 = 9)
‘ J( 1, (y, = = \'(0,-8(2)) otherwise i
) \ | N et / s | - )
where \n( z) = :+ 1 (modulo 10) Y o
, T - . . w
)( yr» 2 ) ¢ : ‘
p
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6 . ~ . . ) N ) ' /\
E ‘ . For instance let's add 3 to 397; we bend_ in our computer : Pier

. SR
W= 111 £ {O,l} ; we have:

>

T AP CT I YOP S
‘&:‘éa 5 5o ',:..7

ct

3
10 c

10 10

[
| eemt————
Q
=N
(=]
Q
[
-"‘;,}t‘

- -‘ T
e AT e

: (0,0 (0,3) (0,9) (0,7)| ~ initial state

00} 42 [0.3) .2 J(0.9)] 2 | (0.8)
(0,0; (0,3) 2 |(0,9) .2 | (0,9)

(0,4) & [(2,0) L [{@:0)

state after lst input

23

state after 2nd input

HTO To

Tv—- TD fo
gl (P B8

(0,0 final state: .

Lt
SRt ot

1 . -
1 ) s v ' 4
The result af, each s@age is given by zffding in the pro-

M&ﬁ%ﬁffmﬁ &

,
A

s
L . T

.
s

‘ per order the 2nd components 2 of each state: 397, 398,

. 399 ands finally, 400. ' !

A

| 'Propositlon'2. A discrete machifie is an A-machine
! ! . ‘(xx-vs Y I, 5 g, %)mldthe cateeory of aets.

B 3

— '

’ B ’

M_ Let X = set of inputs _
‘g ’ Xy A ,d is a functor, .’. » a process.
e XS

' P 1 lId x £ defined by Td xf+ (x,.) .
r ‘ ‘ '
1 ‘ . , —> (%, f(s
. . ) * ¥ g ” -
'I i 1 . x . ] ’\ .,
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DYN X is the category of all dynamics i.e. all maps »
. . J: Xx 8§ —>» S and dynamorphisms

/ ’,
£: (i Xx§ —8) — (S':&.S_,S

/
where f : 8 —>» &S isamapao(o(mxet f)=l’-5

*
X ig the free monold whose words are strings of | ’}
) ;o elements of X, A = empty word, and the operation is
- v,.o . - . .
-, ' concatenation.
LY “ie
. &
' . X w . is an input-process as vsﬁ/rd/
~ ‘ (’f)s= S—>Xx56 X,(Xx.S')__> xS )
. -sH(A,s). L (xyw, §) S (xwy8) '
is universal from S t‘o u, the forgetful functor I &
N x — A . _ ' L ‘ C® ‘ i
‘ ) .:{:.

Indeed ¥V [: S — s',thema.p

LV: UJ—XxS—-s.LIé S miquelydefmedby o . ﬁfj:
\}J(w’ s) = 6 (w)f(s) ) where given §: X85 S ‘ - '%’4
) &* 1s inductively defined by: - e
L c (§CA,8) =5 > - :

Sr s )= 6 (s, §*win)) Va e X,weXses,

makes the two foliowing diagrams commte:

T

-

Bkl M Th 5 e




L4

> (7,5)  (x,-w, §) = (xw,s)
xis | ] xxxts _5.s...x';s. '
1‘# - and Ia-\yl J*V
S ’ JV . Jr 6 \ 5
o= &t ) (x, 8" (w, f'(s)))HJ () f

. . T w,{()

1%

‘  §
set of sfateq
get of outpuyts L

{.] is the initial state object -

I —» S is the initial state morphism

”»

V= TG)=0 , -

‘X x5 —> § is the trausition function,
| an X dynsmics |

S 7—) Y is the output morphism ,

is the ob;}'ect of inputs

the reachability morphism «i8 umquely defined

61' .
: X — S te. by j(l\)—cr !
W = &'tw,0) - é feyw)= & (%, §tw)).
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|
E [ ] f’“
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It is the unique dynamorphic extension of a‘"aa

¥ -

. A

(K" l&') 1 L
¥ >

Ny

J..M 1is a mach

X x {'??.'Xr

‘

»

X-X:f;-;-{i'—-:,}f”

]‘l’S’J,
Xx8—4 ,5 |

Ly § il (c § T Sx)
f 7 | | .‘

”

\I'léd and
S .

c

Y

ine in category /é

IN %
vith extérnal behavior EM = A.§' : x*—». ¥ -
— _ : X
Let \‘EEM— {(wuwzu/EM%}(wM)—EM(wwL) VweX }
This is the Nerode equivalence relation A ' -
; o R
Let o s Y ¢ E‘.M —» X be the usual projections
() " * N *.
61 :t X x X —— x* V'h € m
N ' , L
. (&‘n\x. 5 w ) 'T*xﬂ'," x.’w o ) o “'




N -" T -
/ o
. < v AT AT
. - Covmnt : e i R IR AT O R AR T
. g
b,
/36 g
N N 4
¢ - 5l
N
i
o
vy

V(x,,‘.‘,,,(w,wl))ex E. N o
« )5 Or (Xx—)o((x x,,(W,)\q))=A,,J. JJ(,MMXHW"-) e :

=l.6+ (x.,;?..X, w, )

. _ A._(S’(x“....fx, w) oo
-- . ) : \ ’ ‘ // " "
~ . ' ((.,,)eEEM) -
N | | + : I
-/“‘\\. | E =A.5.<§ (xpovnx, vy )
I X608 )y b,
. . =X 4.4 x"‘),Y("q“"::{("’n“U)-
. X ) r
) ~. ' postulate (1'a) is satisfied . |
' " Assume 3 R dp, g R — x“ 3 - A
3+ ) ) ‘ T ;
260 6, @ p) = A, §°. 4, X"p) |
V'ne/N Vwc.x BW - X, ,- VP eR
‘1»6( w-f»(r) ) = A 5 ( wp(r)) ~
== (;1.3'(1'). F’(r) Y) e B,
‘. \.. i { P
A LT o
\ v .




°

: R N N Y L
Y LRI R S S Y AT T A N, . el s St L LR
A . .

i

« - . . | .
\) . . /3T (

M
r "——.’{P(’”)’P’(”)

) p = and P'=Y“f’
SVy sy vy “ .

.'.BQF:"R. ~—— E

@ ¥ ! -
: WQ “g ‘.F = kP‘ Y. (F
/ . N
/ N \P' P = \P. P ’ ' . ' -
. ‘ 5
. . o
i.e. postulates b is satisfied. ’ e .«
1 ’ o i
“. . _ R . | p
Let S = X /E whose elements are equivalente
£M EM . <“\ )
“ .o classes [w] of E - ‘ - .
\ ' ' \ R ‘\ -
5*3 x¥ —— 8, isomto < 6L coeq (or Y) ’
. ; ~ EM ! ! ' M 3 ;} /
R o '
SV L H W o— [w] in y
. ‘ | .
.Y, S« postulate 27 is satisfied and so is 3 with | o
. J;M:ka’sl'm_.’ tn as . - '
. (xyiwd) — Lxw] n‘ s )
., ) ) .
. . » Y - »
. e o
s \ .




- w
~ ..
S,
Al ﬁg«

~
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.
- s ,‘. - i o
£ IR R e GRS S

(x)w) N , “' 4

\

: ¥ e : ’
' xxx* &, x
/ 1S . ’ ~ . - “A\’
" + i ¢ L -
d é * . ' P ' {‘.
! x* %M . ' 65"5 commtes , ° w0

, . . /
| Xx S S h
- EM ¢ . v

~ . \L ‘

1 J :
j (% [wd) —— - —» [xw]

.

¢ ' "' . : b I‘
o Postulate 4 is satisfied as 5 oty & it is ”‘f
. = ;L "
a split-epi in Aﬂ_and any functor preserves split-epi. e
| C . .
+ ; . s
SOEM = ) J is an A-behavior and M isan = 7. .. » e

A-machine whose Nerodé realization g

. - -
.
-
. .. ~

' ' . ' + e
NOTE For proaf of uniqueness of the maps Y/, g , etcd
see [3) , chap, 9 . ' : %

Given M ,- an informal description of an glgorithm for

state-merging (i.e. to find S,y )» pich terminates \

in at most ‘ B '

N- 2 steps if / J: M/ £N , is givenin . b
: 2y -

[ 37 page 152. \

S X X X : N ‘
N ~ . . . M
. . ~ Lo _g i ;
° . ’ ! i
.' .
N
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2. LINEAR MACHINES y 2 , N
— vy ‘ A
DN 24. An R-linear machine M is an automaton

(X, 8, ¥y & =°;.,J,A) vhere X, S, Y are R-modules, _
~ i A 4
¢ §: x ® 5 — s .7

b
and” A: S — Y are”\R-li_ne,a:r maps.’

Example: Let X = 8 = Y =M an R-module,
§ = o A g 14, ' ..then our machine is ,~
- simply the R-module M . . ° : |

o
_ . . t

Note 9. If R is a field then X, S, Y are vector-spaces and _—

i § and 1 are linear-transformations.
“ w
. ' ’ [
’ - Proposition 3, M is the A-machine (X®- , 8, ¥, I, §,0, A ) .
k ) . * . in the category.Mod R of R-moduleés and R-linear maps as o .
morphiggs. "Fcr doladls b
‘e ‘ . . p ‘ )
. Proof:’ Given an R-module X . y , "y -
o - v
™| @< s RMod — R-Mod is & functor
s —r X@®S 7+ a process
.8 - x®S8
: : -fl — l Id @ f vhere 1d@f: (x,s)'..,(x,f(s))
‘ ¢ xe8 S -
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DYN X is the category of all dynamics, i.e. of all ‘ ' %’*
. R-linear maps § : X@® S —> 'S and dynamorphisms
ki (§:x@5 — 5) —( §1x@s'—s s) N
where R: § —s §' is a linear map «
] © W
3 §e(a @k ) =k.$§ '
# ) ' ’ ‘ . "it
o NOTE10.1 WV (x,s) e X®S , 6  linear
: . ) » -l
l‘ . ) éj
' s a :
¥ - et £ ¢ § — § ~ and. g : X —> S - iz
.u s — & (,0‘,5) X —> J(")Ds). L
: 3
? . Again linear = f and g are; conversely given
: h ]
two linear maps f: S — S and g: X —> 8§ !
F ' . b X058 M S
‘ " (x4y8)— £(s5) + g(x) ' !
is certainly linear 4. a dynamics,
3 o :

S d:x®@s8s — s is a dynamics <&=> .

- K -
' ) (x,s) = f (s) + g (%) for some
U —

1inearm_a.ps f: 88— S"andgax—r S. 3’

- t .
. ) -
@
* v
\ . 14 h
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: ,
Let R be a dynamorphism Cf —_— d-

— k. 8(xss) =8-(a @k ) (x,5)

’ ’ {
! ’ e .
=6 (x, kgifs)) — .
ice. R(Fo+rgm) = sok (s) + g (%)
Putting X =’0x we have k.f = f".h
and 5= DS' we have k,g = ¢g'
.'.\:h: s — ~S'.,with(cS:'X@)S—---—» S)=f+¢g 5
® r
and (§': x@® s' -5 §') = £ 4 g', is a dynamorphish
13
& h.f =1k and  h.g= g
- 0 o !
xt =-U X,,= ‘countable copower of X = Xy VnelN
) Nz o . ,
+’/’ | ' '
1.6. X = {(x,..u%, 0.0 ) [n€lN Jz set of : infinite tuples
) ’
- +

> ¥ g,x/ ,.and x; =0 for all tut a finite num-

ber of X3 ‘5.,

It is an R-module witgz. addition and scalar multiplicatiag

, defined component wise by the addition and scalar multi-

plication in X . . ‘ ' .

-

7
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o
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In the string w.=X, ..c-X, O0isvv v . 7, Xy is the®
first non zero input:r, X, the last input activating
the machine. s ~
. ¥ ;‘"
I® - is an input process as ¥ S€/ModR/: °

( My P8 T x'@ ¢t
\ | s’——*_(oo-n;‘sow;..)
x® (x*®S5°) -—#"x‘&)‘s*

. 55

(X’ Xpvere Ky D.n, 5'“0.\ )‘-—’(XX,H\X 0..,055...5 Dnl)

@

is universal from § to 1] , the forgetful functor »

.

YN X ~—> Mod R ,

T

- * e

‘Indeed V LF § ~—» 8' linear .

Y (x50 Xy a...,s, e 50...)\ZF (f(s-)”+ Zf‘ g(x.

is the unique linear map \3 the following dlagrams
~ -
commutes: ’

-

5 ;? ~,(0»u. J SOIH)

LT 3‘—&4)(‘.@5“’ Coy

Lf)(s) f (P(‘) +0

= o £ Tt e WA ST TSI AR SN AP GRS LR TR O R

-
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(x)xo\n O‘n)%.us OL‘..) *___—) (Kx’unx 0.”) Oj‘Jut‘f u‘“')

I X®(X@3)~L,x @'s”

) ]dx?y |
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.
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A\

o

T

“J{ ~: B

”" v " I . Y
(xizf‘*,()o(\sj)-bi.f' £ (x,-))f——; b 3 S ¢ /50;)+ P if‘gfxi) +&(x) )

' 4
———

tn
H

R-module of states

«

Y

Il

R-module of outputs

= {o} -

) I

is the initi;al state R—module .

: .

&

Y

g ———-) S is the initial state linear morphism .

the R-module of inputs ) S o
‘l' . .
J: xt— 5, the reachability morph:.sm . o
s P " (X.mx a)l ! z F g (x ) . ~ . \
. 1is the unigue dynamorphique extension of ¢~ as . ., . -
: s Y
L ¥ * - P ¢
“ ” - U» \. o
+
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A
T w: /a4
; . N
v ’ . ' , 4 “
& . .
"v' 6( W—x \“&‘o."”)' L, ‘v LN (Xx,. &‘0|t|) \
L o \ “ —/'r -~
, ‘, . t 3
- X@X 03 " X
¥ .

N : L commute

: .ﬂlfﬂ\f | T C{\ o b"‘ o

(x ng(mm N 1. g("i)’fg(’"

't r 3

.

M is a machine.in Mod R  °.' N6 - '
. X P
vith externsl behavior E M= A , §tz ShF g (x;)

. -

5 S 7 - ' .
., ifewe put A = h : § — Y o ,
~ - “ r
. Let ﬁ : ¥F — Y ‘ . - |
? P “ (h x’“‘x Ou)lﬂ-’ (E‘M(w)) fM(OW)} .0.., EM(O :/),.u) v, L,
. with O"w= 0., 0%, .n(,,,o... ' S Y
T - n 2eros ) "
—_— i
 FE(w) = (Zh Flgxs), Zh P g(xi),‘..,zb Fr g (x ,...)
= L4 N ° "
: 'men the Nerode equivalencp relation for E. M is
v ' =
M= {("w‘ 2}4/,_) "w‘, w € X ana EM w) = EM(W;)?
« ‘ . . . N
‘a . fe .' L \ ; )
.o o ¢ . " N
. | / : , v
. . . . / - + : * . AN




3

.

ao \;{,(e x:' —+ Y linear
P s P lew) Ywe ¥

> @ (O'W'M{. )= 50.(0'":”:) y vhere/w/ = length of w
“ ¢ (O”w.r) = cp(D"w“‘) V» e N.
S = X/E ‘

. .
+ .
X

Q~
-+

= S

JEM' xxstm S"“\ i ,"“,,

ﬂ. - (x,Cw1) ——s [xw] ORI

-

¢

/

EM satisfies the four ‘posi;ula.tets of N 1% - .
. (see ~L3) p. 696 to'701) : o

L)
L
5

~. M is an A-machine and its Nerode realization is:

ow 0] .

.
,
.

W ey W] . /

/45

&> CF (WW,) = CP (w + Qh"'m/. ) = (P(w) + (PQ{O"’M):'¢6V)+ ?0(0“\.6/‘)

.
.
SPTEry o Calak g SRt R g T R T » »

L -

FEM = Xeo "‘f)_‘ggn) Y, {0} ! ‘S;M.J QM"{"I""?!I;; Asu"s
. \ ! : ./L:\:r‘J-OEM(\V)
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.‘ ' +
NOTE. = Again for proof of unigueness of"\P ’ J , etc.

- , see [3] , chap. 9
: "I‘he realization algorithm for linear machines is given
. L] . -
- . . ,\‘111 [ 3] page 582 to 58§ and g partial realization
7 -
algorithm is given in [ 3] page 587.
" \. ' N ”
. N X X X
- . >
w » ’
: 3. TREE AUTOMATA. . .

-

- B ' r

IN 2,5.1 A mltigraded set is'a set L) together with'a function

-

A — s pro o e S
T
\ =%

. N N ‘
Vv ﬂ — 2 which assigns to each ¢ eﬂ a finite set

[ES IR P N T T - - *
T o e T R e S R P ETSH SR oo RIS YL PN T I S Ty

’» of arities v () CIN ‘ \ ;
We put ﬂh= v'(n )eL) . Ve will use in particular &
o | .ﬂo={ue,ﬂ|0€\’(w)] '
2 stn L) -tree is a treeTC"lN * together with a func- i
. AL —tree Jr %
tiom L+ T —>()ouch that if we T has P .- )
" .- ’ successors, then N ¢ v(t(w)), :
. N ) F g 4
3 an {) -algebra - (5,8) is a-set S (the carrier) .
' n
L " together with a map cSzwo--»({);.Sl"-—. 5)
» ‘ -
.o Vo € L. andVnev(w)® ‘
’w . //ZA LI 4 > - } ]
4 ' 4‘
£ Ay e .
’ - * ‘. ? ' .
- ( Ve . . ¥




“ > 13 ‘
i -
e LA 1 A AT, s
. - e oy b WS 0% b rir e s e W bt P 1 e S v SO TP TR I R R & N
. .
.
N .
. . -

PERN

‘ S Y7y

‘ <

X , i
(v N _ ,
4 Anﬂ -algebra homomoiphism Jis a map t§— 8" 3:
- (S, 6) and (S', &') are QL -algebras, )
n . ! )
- h (6“) (s,,...,sh)>“ = <£;( h gs. )s..,,h.(s,,) ) ‘Vwc.{)..,Vnal(‘l

i.e. the diagram | s" —-—J—“’—-—> S -4
. | ‘ }\ml l h commutes
S‘n — v .
) ~ . )
vhere n™ : S ——> S ‘ .

(8:5s0135) ——— (n (,B‘. Yy iu, h (s',,) ) ‘

-

B IN 26.1 A tree sutomaton is a quintuple ' . ’
- M=4(s0,Y,§,A) 3

set of states ~ ) - L '

w3
]

B

multigraded set of inputs, with arity functionv - .

<
1

set of outputs
g (S, §) 1is anf) -algebra, § is the transition function,

A : 8 —LY is a map called the ocutput function.

-2 An inmt—structu::e for M is an_Q_ ~tree t 3 T—-.-n, .

® vwhere () = SU) with arity function defined by :
| %v(;os) =‘{o}‘ it "8 .
?(ws)_ =V(w‘,,)'if u;s _e.Q. ) -

— ¥ .
Bl

® -

.'I,h'e'R'UN of M _on' t is the tree. t . o -.-)S 3!
- if wia texminal node of T then - ) - .
\%‘t(w) t(w) 1ft(w)e.$' .

t (w) u@)es ift(w)E-Q o

°
“ ¢ \ N » 'K. : { ¢

. -
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- . -

¢
Bt meien - M ° ¥ N
= R e e e e e i L

e
»
L]
-\
S~
KN
[s.]

e

B\

y * ' = if W has successors WO ,.... ., W (n.1) -then, -

: = nory i
3 [ T = & (Lo, B )
3 . Y ’ '

]

3 ) 4 The evaluation of t+ by M is the output ) (t (A) )

of the state obtained at the A node. - .

( s , s .

C. : ' \ et

- Example: We want a tree automt§n and an input-structure to com- ¥ i;?f
. &

Mg

vt

Y e S

, pu‘#g(1+3)+.(4x2)+'3=15 :
‘ , L Let S = Y =N, QL ={+,x) -——>I).S=INU{+.::}
.with (o) = 0 VnelN andv(+)=V(x) = 2
“/ " ( + and x are the usual addition and miti:plication of

/ integers). . o

<
3

4
3

S
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W
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e
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’ g . —- y o~ tahd Gisad Riad ) M
| ‘ N\
: = .
¥ "
T
r ( i - P
We have then:
¢l * - s’

B - TREE TC N  INPUI-STRUCTURE - RUNofMon't
o A ‘ —tree ¢ t T__,_O.s !Pree..s t
} 0/ \1 /‘\ / \

‘ /\ +, .3 1%, ) 0.3.

. . Oo ' 01 ’ \ lh/ \'8 ”

A AN 2 N

é \ /\ ./\ [ [ ]

’ ' ooo 001 010 ou ( IR SR I ! 1N 3 4 2

4 '.l‘he evaluation™ of t by M is: Id / (18) = 15/,:7 o/

D'II’UT ‘PROCESS

e

‘ -\\ VS G/A/, Xs

C e )

neWw)

-~
. Vmwap h: s—>s -~
. b . .
- o~
Xh : X§ ——> XS'

(s,,m,in,w) _"'—"'_5 (h (Sl)pru ’ h( 5 ), (7% )

. . h. a. map = Xh is well defined, |
» . :
2 '
' h h'
’ Assume we have 5§ — g —> s :

; ¥ ‘Ix (h'.h) (Bl, ‘\, B, W)

_ ’ s

= (h'.h(sl),.\.,h'.h(sn),w)
= Xh'(h(al),\..,h(s )rw)

" = (Xn'e Xh) (sl, 18 ,w)

X is a functor,

er et o

1&',‘;{- %,

R
-

7
gren e

'4 — A + We define X as follows:
U xfw]

(Bl’ \.\!8 !w) / Bl) ...)S Eswéﬂ nGVW)}

. 'Q,ﬂ
“ IN of X
‘" INofs and X

“~m of X a.nda

Besides X(Id ) (sl, “ay s . c:)—y (slnmﬂ y W) = Idyg (81.....4' ,“’)

r

D R R . | hy
it R

"
E
;&

P T
? n«f;,~’§'—

i
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L4 ) /50 . ) )
i X ) %
'AnX—dyna.mics is a map J: U Sx{w} — S ) g
V_w e L1 and{L(VnGV(w ). To specify § is &
' just to specify Ve €l ana 'Vn ey(cw) amap . 3
N ~ &
& : & — s, 5
' A
But this is the definition of an[) -algebra (S, § ) P K
S, the X-dynamics are precisely thefl-algebras.
Anmap h:S—> S' is en X-dynamorphism i
h: (d:xs—5) -T-*(J':XS'-—’S')i.e.a
. a‘}f;
mph:(5,§) — (S',d") of (] -algebras if the g
) M , - i ,{zli
diagram | o - Y
’ . . "' ‘:‘E’;“
(s‘,n\, sh ) CJ ) ;‘ 8 > 6;)( S‘ F A RN J sn ’)\ '::E:,:‘l
lﬂ{ lh “geamtes
Xs' _—J_'_—, ‘ s .
Y fﬂ ‘ ) -M'
(ﬁ(sl)v‘---sh(sn)s“) — w(h(sl)“t.,h(sn)) = h({’(ﬂlv--98n)) M

But this is the definition of an[) -algebra homomorphism.
&+ the X-dynemorphisms are precisely’ thefl-algebra.
homo;nomisms. B ’

Now we show 1/:ha.t X is an input-process i.e. t\hat

V se/d/ 3 5 se/d/, an X-dymenics |
: JS : X(X*S) —_ X Sand a map 'Yls': S -—-I-)X*S

~

3 (S mg) is universal over S with respect to U,

the forgetful functor YN X — 4. Lo




B ° e gren vn g g = we <t vaee o n g o ot  naairn AT U W TR IO v Tt nyaione
' o : ) o . [}
{ Y
-} - /51
< ‘ '
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% S Letﬂs ={lus with a.r:.ty i‘lmctlonV ‘.ﬁ. —> 2 ‘ ;
\)ofined by Vg (W) = ) if wg €L ) :
E’ - ; 3 . {o } if Wy € kY
i . : Let X 8 = set of .Q “- trees ' [
== ‘x(x S) {(tl,Ot')b w)/t t--os arens- cees
‘ J _ . :
a.nd _nEY(w)} \ IN of X \

Le'%"'!f : X(X'S) ——p2X'S

(yoeerty0 ) r——»ﬁ'ﬁ =J) (B0mesb)
6 g is an X-dynamics as (X S, J ) is an() -algebra . -..:%

e

_ Let ’Y}S : S— X'S \
/ o (3 * 5 _(one node tree)
Ve show by induction thats
V (S % —» §')€/0NX/ and¥f: §— S

C o

r's : ] a unique map \I/ : X*S —3 S 3 the two %’
diagrams - 3 ‘ \ o
W u\ - ioa - .;{J;N
’Y?s ¥ »* és 5 7
; - 8§ ——» X 8 (xs) —=— el S :
: . \ L\y and Xq}l l\? connnu‘te
. 4 r S' Xs! T St

o ‘. . | (so tlfat Y is an X-dynamorphism (SS —;}\J')

1. Let t dbe a.one node tree,, Two Gases are possible:

"8) t(A) =8 € s Y\S | 1

. Wewa.gtthat' S

We must have w/(t) = f(s )y
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b) L(A)wae,ﬂ (i.e. 06 V(@) )... :
we want that ( y &) — —>ew = t(A)
| : x(x"s) b,
ok . ’ R
| % . ) | X\yi - .LW commtes .
| el
L ’g' . ( ,C«))‘.*)o .
| x We must have V(1) = Ow (A) g s
I,

2. Let t= Ss (tl""’ n ) / .
We want that (: ,--ut w)

A}

)\ * X(xs) ——— Xs
: XL
‘ . t - IW commutes

X s ____JT;___?*\ S!?
(Ly(t){)....,\y(t @) E0 (@ (600 (8
Ve mist have Y (4) = wa(tl),..uwm ). (3

m:
o
‘a\

=

(1), (2) and (3) define inductively a unique dyna-'
morppism \y vhich uses .f: § —3. S' +t0 relabel terminal
nodes to form, from an.ﬂs ~tree, a correspondj.ngﬂ /-tree

“and run the X—dynmcs 5' on this tree to read out the
regu;l,t ﬁom the /\ node. [
j N~

- > .
We show that & tree automston ié{ a machine in the cate-

A TR AR ey s e e
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Consider the ):me in« 4 ' v ' | . ‘
x, s,00, 1,10, 6‘ LX) vhere

.= the input-process just defined

= set of states

= multigraded set of inputs . .

Hb-mbcl:!
I

. = set of initial stafes ' Y

= set of outputs.
(..Q 5) is an[) -algebra ' R S
g I — 8 is the :m.tla.l map
)\/; S —» Y is the ou‘tput map .

By previous discussion the 2 diagrems

ik > . i (tl,...,t , ) — . ;_;’
I __’yl__.;x I = x(X I) —20 X I ) .
S X8 -——-b " %

7 (i) (J(tl)....,s(t) w) — 4, (5 t»)r-v‘f?%?}

-
-

commute with 6 defined mduct:.vely by:
a) t(A) =.i €1 ==><§/(t) o (1)

t(A) e, = { Jes
b) t -J(tla-'-: :IO)=>(S(t) =J(J(tl)!---!6(t) )

1. if t' 1s thelly tree obtained by relabell:.ng any
terminal node labelled i €I of a.n.o. -tree t wﬁh ’
the state @ (i) ¢ S, J(t) t (/\), the run of M on t’
furthermore the externmal behavior of M- . J ,

M(t) = l J‘*(t) =l(£,(l\)) is the eva.lua.tiog of

4 by M. C C
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&

If we put "' I = S,\( = Id.S our machine M is the tree
" automaton (S,{L, Y, §,1 ) of IN ¢F.

| =y d . ' )
| : / .
Propogition 5. A tree automaton is anA-machine ,
] Proof: By abov'é it is a machine in/d, We have to show
' that its-external behavior EM satisfies the four postu-
lates of DN 12. )
~ 3 .
4 , s hY
' 1r d: XS —> S. is an X-dynamics, by IN 9
i (’(‘2) : XS —> §°is defined ipductively by: - ¢
3 § = 1a ' .
i tme)) S (n)
Y S .
\ =
\\ ) In the case at hand we have V § € 'd
\ XS =! { (Sl,.:-,sn,m) /Sl)...,én'es,andné‘?(w)}
‘ » i.e. any element of XS may be represented in the form

N

] sl
by elements of X S,

AN, - gl (e ww= (4 ),

oy = ( g _))(_w (sl,.'..,sn) oryw = A )w i.e.
By induction on n, we show that any element of X°S is &
tree of height at most n, where any path of length n
terminates at a node labelled with an element of S, whilé
any path of length less than n terminates at a node label-
led w1'th an eleme'nt of.()b. . .

\
-

For ‘n = 1 this is true by our above convention.
Assume it is true for n. ’ .

’

add
SV

. "
o
A .




N - -
| . %: X(XnS) = S(tl,...',tk,ca)} where

. -
. . .ot R
. . ,

e vt ey pA— ST Y I REAORERTSE RO A IR R

S

4

[}

tseerty € XS, 'i.e. ave trees of length at most )
n with the required property concerning‘ﬁ‘e\ labellmg
of terminal node$,

-

wen _ w. ' e

¢

, (f‘l,...,tk,(.))

3 is obviously , *
- ) L] . / ~ 2 -
-~ a tree of length at most n + 1 with the required property.
-
DN 27. We may represent any such tree (\ahose terminal nodes are |

labelled by ByseeesB € S for a pathgof length n
for some n €N , and by W éﬂ for any path of lengthk(n)
by A(sl,...,sm) IF A is a tree obtained by replacing

k of the labels s; by s'l » 1Lk £ my,

we callAa k - ary derived operator; in particular )
A, isunary is k = 1, o1
1 a.ny element of xn(x I) is of the fomA(tl , t ) ! 2
s where the 1, are -nl-trees and5 B(XI) —» X'T

‘ simply maps a.n._o. .tree into the.Q-tree obtained by
"unfurling" the .C{f‘ £trees comprising the terminal nodes

. Lo of theﬂx;trees. : CoN
I

?

4
((t’n"" 1Nwa)7 Y(tmn-") mgs(")/"’)l—’
C orev(w)  seV(,) mev(w)

.
. . . ‘ : Lol
' . . n
.
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s o R v om ey St i - .

Y L. .i There is little risk of amblgulty in’ 'using the -same

notation for an -n-x I—tree a.nd the,ﬁ ~trees o'bta.lned
by applying 6 ), to it., o7

[

<

T A behavmr ﬁ is a map@ I —> Y . -
| LetEp {(tt)exrwx l@(A(ta)) (3(&(1:))
. V unary derived operators A 3 ’ , . . -

-

. . -
Eﬂ is an equivalent relation as & is

¢ .

. ‘ ¥ Y
Let -0/ and Y tL,—> X I, be the usual proaectn.ons, <

o Xx: ey — X (X'TD) S
N LA ) s Gy ) A b)) .
’ | Xn'Y ® B, — (1) - SR
B R Aty ) heees (b 8)) 2 A (8 4eeey £ )
. N E .
. 6 applied to the trees so obtained "unfurls" them and . e
" ' reads out the co*pondmg output, J. to show that
, o pcf(xu) B. 677, (x"y) , N
C . . We prove tha.tV = lyeeeom, (%0 t ) € Ep
.e.(ﬁ (A (tj) ) kﬂ (A(ti) ) V unary derived ope-
. : rators ’
N : =>p(A(t1,...,t )) ﬁ(A(tl,...,t ))
L Vo - derived operators A" () - ; ' '

“ 4
p(A(tl,...t“,t b by geeety )) =B(A(H, ,...,ti 1otgs By qeencty ))

_as_this element.ary translatlon is *i‘aat a unary deri-
ved operator Aiand{_? (4; (%)) (3 (A (ti)) "{, , "
. By using m suitable /s we have the des:.red result.

-
s , . .

1

o ‘3 satisfies postulate 1(a). _ T )
]




(A
- e \Wmﬂwwmww“ B T T e ey
- ! N |
' . \
- N .

e , . /9T
- In particular we have  that

(ti,ti)‘th ‘Vi=1lL,...,n

S (C SO (6) (+!, eit) € Eg Vcoe_o_

J\ N ‘ ,!here m (t re --)t ) = S E ‘

as (*) vb.lld Vm-a.ry derived operators

s "= it is valid for the operator ( 6 ‘ )
oo EG is a eongruence, | \"\
. “:' P ‘
- ‘AssumeaaeetﬁandmapsR_-_'.:;XI
33. 65 0% =B, 67,
Ve have just seen that this condition means thatvm—ary
. . derived operator  and V(r ,e ,rm)
AR @ Pleg))) P(A(p(rl).c--,p(r)))
= (A(p(r))) {J‘(A<p(r))) ifn=1 ' A
= (p(),p'e) € Bg VI € R, 3
et {: . R — - Eg | , 5%
\‘; N e (@) ¥
. s VeﬁaveP .= o(,(? and ‘P'=Y,(/> *‘\ .
SV oy ok = V.Y S
L, Yo p2yy @ ' | ¢
i.e. 8 =W, .
K e Y.p FY.p . b :
s ”B sat:.sfles mstulate 1 (b) ‘ ’ - R S
If Sy - X I / E'p = ;et of equivalence classes Lt’j

. with Tespect to the congruence P , the usual coeq ( ,Y)

v

(.‘;-in,éis:

/




»
S5

6(34 X1 —> 55 T :
P A B S A \‘/ . ’.
o B satisfies postulate 2. '

G gt u.*"é,,

,.
RSk R

As B i a congmené’e we can define by g %‘;
(85 8" — 5, nev@) . .
(. [%1,...,& T ) —> [(J])w (tl,k..,t)'] ”
T Mie makes (s (S ) anﬂ—a.lgebra, i.e. 5(; is an é(‘
X-dynamics, and 5‘3 an X—dynamorphism as_ ,i"}(’

. (tl,ooa't ,w)‘\ & \(J ) (tl,...,tﬁ) = ,;",:b

2L 6: ‘“‘\‘y

nev(w) » X(X 1) — = I - 3

» x@ l Lgp commutes.
. ~r — b

( Etl....,[t] w). [ (4] (t S R ,

00 T LA
Wl L

‘5
et g

]

ra ~’3;§’»§ ‘
g o

-, P

¢ *
,/ f RN
.

satiéﬁes postulate 3. ° S , >

i . comn o e

~I.n /O any coequalizer is a aplit—epimorphism and%y . N
functor X A ———'o,d preserves split—eplmorphlsm as e . ‘”
£ 0 = I8, - Ceot A S
=y (X1).(Xf) mn 3 - |

s |3 satisf;es postula.te?’l .. ‘ Lo T
°~,\.'. ‘2 1g an A-behavidr . ° :' . DR o ;
1 l° b N - P .
Yy - . N R ‘ et . .
~Pattingﬁ' EM = l Cg weyhavethatourtree S L.
sitomaton M is an A-machine. o : Cod

i
s en
ol

©
-
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MR &e,:{_‘




' ¢ ) . In this oha.pte::' we will define a Meysten” inrca.tqgorj:cal‘
£ _terms and show that it is a particular case of machines’in a cate-

£orY, 8 establibﬁing'a i_ink beéween automata and system theories.
e . We give examples of such ,systems: linear and group machines;.
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DN 28.

-t

AN

3

Ve

=3 Id

e is an input-pXocess.

.

X

Proof: c’___.za is a Tunctor i.e. a process

.,anlcle dynamics isanymorphismf&f(x,x) VXE.E

an 1d - dynamorphisn g:
is.. anB—morphlsm g

(f:x —>x) ———:(f‘:x' —x')
x=— x'd g.f=1'.¢g

*

I'f.es. 3 Iaex = ‘X —f——> x

. | - '
. Ileg = g ]’ g commutes
lage b e T

Vefha.&v'e,,‘to ghow that the forgetful functor -
U YN Ile has a left-adjoint .
(f: x=>x) —> x

(2 f—-» £') —s  k: x-‘ x' - ‘

3 ’ 9

—p B

) .

: _Bx“lmnaadl Vuc:'/f/,Vpair(f:x—rx.. é:u-»x) '

f e /nm Id. /, gellu, 3),3 ! uniquely defined by
6 in = fn g V'n wN ’
o .
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| ]
: . 1 . /61
L - W.\
. ) | | .
i _ .
| { O in, a )
| . w3 u —2 50 ' u 2yt t .
: + .
‘ % : k‘l J‘l 15 commute
i w X X I ‘
where 2 is uniquely defined by im.z=1in_ V= ¢ IN ;
" (see IN a 13.1), ’ " A '
\ "..6€Dyn1dc (z: ut —-uf, £ x-—-)x)‘.‘
o . "and(zzu---»u,ino:u-—-)ﬂz—u) ' .
" ! " ip.a universal arrov from u to U.
=> ‘U has a left-adjoint (by T & 5.2). .
- Proposition 6. A decomposable systen (f, g, h) ina category & J
| 33u V u ¢ /°/ , is a machine g
; o (Idg, x, 1, ¥, £, g h). N
’ " Proof: - Sisa machine in & ca.tegory “* IN 6 with:
' IJ&: input process '}’ TH 4 -
= : SR . u = initial state object .
i x = state object. .
) ¥y = output object R ‘
. j £ 1 x— x is an Iat-dynamics \ -
‘ . € { u-—» x is the initial state morphism
. _h ¢t x—y is the optput morphism N
! (8 = z.1ut — u' z, = 1n° : 0 — u Q,

<y

is the universal arrow from u to U, 2 deﬁ.ned by
1‘nh.Z= 'm.n“ Vn c\lN;the ob.gect. of \inpute is uf = Utgu 5
the reachability morphian is §% ut — x a&fined by

\.& in= e VnelN; ‘

e external behavior is_ E s = n.f§* _

e. the unique motphism | 11 P i § defined by

E)S . in, = h.fl.g V-nglN .

3




IN. In the following a guithble category C is a category '
vhich has countable powers, copowers and coeq. mono '
-/ factorization V mox‘phlsml

IN 29, * Observability map. . !
1, S- is a decomposable system in a suitable category@
The observability map of § is the morphism AR y

u.niquely deflned by P, .w=h, £ ie. 3
N ‘e
Tco commites ¥ n eIN., where (Y » Py )
is the _gountable power of y,

2, S is observable if &) is monic , /

' NOTE 11, By legma a 4.2, h=p,. &, an&w is an Id, dyna-
morphism : (f: x — x) — (2 P — ¥,

: a - N,
\ vhere 2z' is uniquely defined by z'.pn Pns1 V n é
m 30, The tota.l external behavior of a decomposable syétem S

in a auita.ble category C is the morphism
ES U — ¥ -
, .
\ \'

NOTE 12.1 Sandwarelavdynamorphism ==)ES isa,[d dyna~’
. morphism: (zzut — u') — (st ¥ ‘*Y) '

b A comﬁutes
+

\ S+ ‘
The diagram U —— X.

—
oy
g — ‘




as 5* a [d dynamorphism (z: v© —syt) —» (£: x —> x)
‘ ==) the left squa:re commutes g .

end €O aIddynamorphism (f: x — x) —> (2' 1 55 — ¥)
==» the right squa.re commutes,

omam

| ' + '
2.8 =n§-p.w b - p. B,

leen aWhehavior ﬁ : ut -y y ina suitam.'e:category
ﬁe um.quely define the corresponding total behavior
[3:-& — ¥ .-°by|°,,f3 (32
i.e. d y <--—-—- L.
\ Tﬁ commites V1 € IN.
ZQA
v

a
—

Again we \have r3 i

B . p | .for n= 0 . ‘3} )

f1: x) —» X, f: x,—rx, " and f3 B Xy = Xy s
a‘fe Id'C’ dyna.mic'a; 3 LP : ,xl-——i Xy \y 1 X, — ‘1'3«‘ ] ' w?;
d . is an Id, dynamorphism : f, = f, and is epi, A
(V.l{) is an Idﬁ dynamorphism: fl .-—-?f3 :\f/ls an Ide dynamorphigm:‘
Broofs Vehave. (p.fy = £, (p’ala dyna- 2 ‘3
morphiam’

\ll.tf). £q =f}.\-|/.J-F L Ype Iacdyng—
morphism, ' i : .

WP =W p - g P

'%I{'-B\'/ a.e({)is‘epi.

i.e. \l) is a Idt‘. dynamorphism.




'Let B o oot (o, Y)

\

%

+=

TH 5. , P u — .y is a behavior in a suitable category

e 3 its total behavlorp is anldy dynamorphism
(z:‘u+ —_ u) — (2 ¥ —y)

with a coequa.li‘._zer—mono factorization

=) P is an A-behavior ,
‘ L] . 1 . ¥
Proof: 1.a) By DN 11 and proof of proposition 6, .
cg,i-‘—- Z:u — u,
le)_ _ °
u :‘)1%* =z . . £
4!
e ‘(1%)“ w R, @) v S o
) m) (*n)
ot 2 o ~Quy = 5

)
oo 5 .= &2 Vn €_IN s by induction.
+ g o Y

-~

(3 6 ( (13 )0() p "’ above Tesult
'P,.P J’ : lil:}:ih i
R .o -P +o esis
: o _P: 6‘}3? Y.. cgp,__coeq(O(,,Y)B
‘ Y g =P P Y *." hypothesis
co=pd Y ',' I 31 '

-p. &8 (a)%)  Yme IN.

oo (3 éatisi_‘ies ﬁostula{;e la. —

U O S SRS



Lamnae i %

e -

MRLEd

if

B 5""(@(,) ")

b) Letre/8/ =and

(3.z P

o
]

..d .
it

p.6;
P
B

r‘l:"u"' )
5o ((lle)P) \

IN 31

—\Dls

by uwniquenesq in diagra;xz

/y—-——ﬁwy"

PN (R
AN R o

+
i.e CJP*_(%P =G%*p P) : hypothesis
> 'JP. P = .P .pr monic
.‘.v 3 .6‘ = ) . T | .
T o=p % unique ’s I\L;j' I—. \fJ{ JP." °’ coeq (o(\,"Y“): %’*
= YP oY eep | o
‘ _ J/P,

and postulate 1 b is satisfied.

- 2) By hypothesis 1Y

and a C“morphism

& /8
*;%:u-—)x PJ = coeq (O(,)/) \,"
o postulate 2 is satisfied. ’
3){3 is an Id, "dynamorphism (z: _11"'-—-) u+) — (2's Y=y )
5=?C0.f.z—ﬁ.z= [3 z'. W, *'
y PF . P
JP= cceq’(d,y) .=#c{3 ol =éP-Y
., . K ' . A .
oo 6.?3. JP'. 2 o« ; :":ﬁ: (3‘.:? ./ N
| - P{“i | ‘
'P. P. .r ) | |

\

.o A
& .
> .
:




(8

™ 6.1

2.

h M\l / . /66 %
+ + v 4
o> 6{3 . 2. G = & . z. Y as G)F is monic £
o 4 unique f(3 : XP — }’({3 , 8 Id& -dynamics 9) :::
+* P
« ‘ s
E ——>,'U.+ ¢ > 'X{g ¢ : : &
p Y \ l £ commtes %5 _
' . F-a ¥ 0 .
+ 00
ioe- J « & = f . 5 .
.« P p- B
+ N ¢
= C§ is a Id, dynamorphism (z: ut —» u ),-,(%3 X5 — xﬁ\)
Besides G)p cf and Or areId dynamorphisms, , ; -
J epi (as a coequalizer) —-) CJP 19 ally dynamorphlsm p
(£, + % —oJ{F) — (2t y —> ¥y ) " lema5,
[ : 3
‘ + + ° ’13
4) Postulate 4 is satisfied as Id, ‘5(1 = é‘p A
From proposition 6, TH 1, note-12(1), IN 22 and TH 5, v r
it follows Mpmediately: i“ | o
¢ ' - ‘ v N i ‘(
A decomposable system § = (f, g, k) in a suitable catsgory ' ‘?’%;
€, 3 its total external behavmr ES has a coequalizer .
.mono faétorization ES = ut j‘:-—-) z——-—y y‘ ’ I ’ ' :
“is an A-machine. . ES :
Fts Nerode 1:ea.lizé.tibn is NES = (xES’ U, ¥y fpor Epg hES)
vhere fpg @ is the unique morphism
_of e |3
3 B —t——— t . y
ES Yy ° ,
v ‘ commuteé,
. o
. . .
. /
/ ‘t'/ / °
. ' I t‘ cv'




Wﬂ;@tf;‘m‘:’wﬁ‘!ﬂ?ﬁ’t' ¥
;
)

. | “ /57
. \' A "
‘.t I . 5* J+ .
s “ 9w Mo = Ym 10
‘hﬁs. : X —> ¥ is the unique morphism
8 . i
+ .
[
> By’ ——‘5-5:7—-—> X
Y
£e }’sg commutes
N y ’ ' "
! .// .
: : . T
: i.e. i ES = b.Es ' JES I\ o
' ~ g'r 64- —_
Po-@ps* Ops = bgg - R as BS =+ BS
= hpe =[5, 'wES as JES is epi + |
3. NES'is the minimal realization ‘of ES.
~ ., . L] . ¢ ‘, ) '

NOTE 13. Similarly if we are given (3 : vt -y 3 ‘
P is a Idy dynamorphism z ——» z' and has a coequalizer- »
&P s

mono factorization .
C"F
itL Nerode reéalization is N{Q (z, , u, Y, P % hP e

. X ox X , w
’ Ve will now discuss two examples of dec—o;nposable systens: | .
linesr systems and group machines. S \
2. LINEAR SYSTEMS ‘ . . <
M §

‘\

i We have already .shown, in the general context of part II,
" that & linear machine M = (X, 5, ¥, O, &, X ) as defined by IN 24
is an A-madhine. Now we give the outline of the pro'of of this fact
in the ffamework ‘of decomposable systems. ) e

i L e

1
4
i
g
i
i




e

<

T na
[ bk adr &

£
, AN

9

Recall that (S t Xx8S -—-—S S is linear
& §(x,8) = f(s) +a(x) VxeX amascs, fandg

are linear—maps.

3
Putting u_X,x_S,y Y,f S e~ 8
éSX—#X,h=>\,Mbecomes 5|——-,<§'(O )
x v & (x, 0,)

a decomposable system Z= (f, g, h) in R-Mod.

R-Mod is a suitable category: VSE/R-Mod/ e
3 st = u S ,- the countable copower of § = Sn " Vn é ”\/,
Sx = H S Oy the countable power of S, i.e. the counta-

ble direct sum of the st , s, = 8 Vn elN; \7’ R-Module homo-

" 5
morphism t : § —> §' the usual coequalizer mono factonzatmn -

- (g

t = 8 —E'—,Imt o~ S'/_Aj:t-I» St where t! 15 onto
8 —— t(s) : t(s)

(thérefore a coequalizer SR a 3.5) and t" is 1-1 (i.e. ] &

monic ' TH a 2.2). / '
. ‘ -~
We define the required R-Module homomorphlsm Z, m.,,,
Ph 5 w, EZ, EE as follows.

z:X-—-——»f

9

. N .
- (quclo.x Oono) p———y (OXO....,XnOH,') - .
} 111;': X -—-—--—-—->X ~— .
. X r-———é\(f.l;.()xo....)wherrx is in the n +lst
position, - . I '

P, ! b —_— Y

 (Ygreee¥y yeus) frmemmmd Y

6+ - [ — S i
- (xo.....z N/ T Y Ef..g(xi)

R

4

.

.

P

T e L

By

. “-}



- is the required coequalizer mono factorization for EXto be an A-

ey

' -*:@Wé* reteat T
VA AN A R VAR A S

B st s TR = "

s § — Y
I (n8), h f(s),..., h%(8),...)
Ex = xX —2— x & r
(xo...x 0...) ri-——-y-;f .g(xi) o-——>(2h £t g(x ), Z n. e (xi),..)

EL - P.Ez_hé ¥ —— 1
(x...xo )n——-——)thig(x

-

‘;.et Sps = % /ker BEE 1.e.VwW = xo...'ino...ixf
- [w] = Wi EKer E i
fwiex /TE (w) = FE(w)
&EE (°w) = Ex(0®w) Vn'eIN ] '

(5 - Weg

Then Ex - x* —E=, Sps '

L 3 . Wy LWl ————— (EI(W)’ EZ(OW)’ EZ(DOW),“-)‘ A

Qh.fi.g(xi),Eh.f}fl.g(xi),ih.fhz.g(x Ysaea)

behavior - TH 5.

(as defined in chapter II). .
Lo . ‘Indeed we have: '
fgy ¢ Sgzr — " g
\tw] ———s [Ow]
¥4 ' .
835 T
\ LY

(xOh..) p-——P—J, [ x0%4..)
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GROUP MACHTNES.

i

are groups and § :"XJFS—> Swith Xx 8 = direct

product of X and S'and X: S —» Y are group-homomer-
J_” phisms, -
Y Q

d . . e

Example: Let X = § =Y = Ga group
‘ § = .o the operation of G, ) = Id,
then our machine M is sinply theertupG .

N N .
- ~
© N
- . KO ¢
. N

Proposition 7. . M is an A-machine. ',

‘)

-

-

a auitable ca.tegory, . . "
il 4‘% %’;“»‘decomposable system in Gr vith a coequalizer

/ mono( Iacfp‘.&uation. ’ .

o

,
- . SR ,,

3.
W32 M.~ (%6 ¥, §,X) isa group machine if X, S, ¥ - .

g

T gt o 2

R L g



.3 .

-

o . ‘ . ) v ‘
1. VY G e 6r, G*:lzlmc.l, G, = 6 VielN,
3 .
-~ . \i;called the free product and is defined,_ln the following
: . ' ~ _ ,,,'_ — )

Its elements are strmgs of the form
(8 'i)(g ’1) '"(g !1)78'1 €.GsiJ5|N
J

with the empty string denoted by A, and subject to the

restrictions: P

(1) no g, = 1, the identity; |
5.0 ¢ »

(ii)Vd K 0 $ J € n, ij #: ij+]_

—— v

3

) X N " e product in G* is concatenation, save that if the v+
string'so formed does not sa.tlsfy conditions (i) and (i:L)

.~ Wwe apply the following: ‘ .

_ (a) replace consecutive elements of the form,

g ' (Sv n) (8" n) by (88’ ’ n), . . \

) ¥R delete elements of the fom (IG, n) until“a string

> meeting conditions (i) and (ii) is o'bt ed. ‘
:, . The injéctions are Y J.€ IN o “\\ ’ \
= B e mj: & — e+ | ‘ )
‘ - ¥ - g¢l r—-—» (&, 3) Sy
-} ch——> A - q A
| L : e

[+

=_ng, G = V:l. E'N *is the

| group of counta,ble tuples (& yeeer gj,...),gé(} VJ EIN
° with the product defined component wise by the product -

. : inG The projections are ’ L v
. P(g gesey gj'--o) '—'. gj . “

\

S G’ A8 called ‘the direct product.

oo s

T

-

ol 278 5
g 2 1

o
3

B e 5
Fini

. 4..‘
o " e e e

T
T

eI FA DI
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P
)
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0
; ¥
N
4 “, r
AR S
c .
[
. /

B R T Bl RT R

\‘

~

-t
L d
s

‘-:%,6: Xx% — S

"’1asuchthaifV‘h€W Vxex ,
[N .\ . s -
’ ) / '1.-‘ : ‘ )”\ ‘ ' é a ' '\A
o B J \‘ “ F ‘ . , f
’ b ' i ' ¥
Ay, » {. “' &
- ’ ' - -

- % ?
14 h: :- G A—-) .Gy, a group ht)/momorphism
\ImMh &£ G iaa.sub p of\ G',
. Ker h : . grcqx
: % ‘*,' / \
se Ve haY.e the u fa,ctor zation:
6 —2 Imh —2. g
g +—— h(g h(g)
uhere both maps are group h morphisms, h'

1-1, thex;efo e monic (",

1

'L‘H322)

—

S(x, ) 48 (g o) (1) Lt

= 6 (1 ’ 3) & (xn S) "7 f(’) g(x)
£f: 8 — 8§ , %X —'5_,
. HJ(I,s) 'S .-;6(:, s)

‘f and g a:r:e group homomorphisma as § is. Comrersely
if ‘§ ~~$ 5 and £ x —> S are group
homomorphisms then - L ' o
is certa.inly one .

(x- 8) '-f-N(s) s(") '

\\_N

_ Let's consider our group ine as.the decampqsable sys-

tem (s x,/y £y &' h )s i.e. the machine .
(lgp 5+ % Yy 1, 8y ‘h) !m cr. T
. AR

z: x“-, — ,\K,,, y .

S (= °»,mi )'“(xi y 1 ) —> (xi ) 3, +1) et (x




. . o 2 LY ~ . . o
l , . w .
. » R e s, AT AT
g - o O o PR e e R e e "'5\—WW¢¢’W¢;«# ARy ey f ’/;“
- - —~
PR bl .
O
4 |
~ i Ll Y
cop . /13
; -

*

Lo, . , : . : '
.3-iny, (x) =2 (x,n) = (x;n4) =10, (x) ao
requi'red._‘ - s

&-7 ey ]

\ § ['me"reachab'ility morp&sm is | ‘

Lo o - J s It ——) S ,

S - A — 1 ' | :
L |
:[ ‘i 4 t (xiop io)---(xii" i ) "—__,' n Ii ,\‘1‘

7 ; '
T .~ yhere ﬂ is tf§ product in S. ) ;
. . . . \J 'ﬁ‘
. . . R . 7 52
'‘NOTE.. . That . is always used in this pAper to indicate o, R

—

'map néompositioh, never product/in the various groups .
‘ T j& th which we are dealing. If o is the op’erationi of |
/Gy then g b g' is simply written gg'~ D .
. ;s gequired  Vn EIN )
. & 1n (x) -4z n) = Falx) Vxex ,
. - o h e
- i €. J fn g 4 ) . . ) . ’;{:’
z " and both/ following diagram comites'

T 0 G el ) (e D)

X

[§] élj 15
8 . |
e(x)-Le(x’ & AR

. i . N
BT Iy L § oy 0 2 R i
SO R v,

EI .
5

w
J"'Q
Y
i i

Y
P




Ve have again as required: ° ‘
Pn-w(ﬂ) Pn (B(8)yeeesh£(8)y5..) "' <L , /

? ‘; - * : . = h.fn(B) Iv s. é ‘S, ) SN -
/' , _ i.e. p W= h.f%, S )
N S st N
D JO B i X — 5, 8§ ——— Y /
b . RESRECHEN —Metg(x, ) /o
‘ %\,/ . . oo l——-’(ﬂh.t’ijg(x ) nh.t'iflg(x Yseos)
| - - . and ES = P°- ﬁhfi.is “A J as v /‘ R
| , . ~ e .

| o . , A= hnapoup‘homomrphism. SRR -

. ! , BN . *, ,
. BOTE 14.1 Recall that, in classical automata theory, (S. is v

défined ind:tuctively by .( ( - _//
L 6(/\' =3 o . { 4
o £(x,w) =J(x,'6 W) Vs exWoex® 0

/7
7

' _ We ahow by induction the length of w . that this m ’ -
. & ylelds the same result as the one we have fdust obta{lned.
Vw = Xy +e+++X, can be written (xo,O)...(:n, n) -~

naking x & suheﬁt of x hrut not a subgroup a.a X"t
JAs not a gronp. Indeed X & (x )‘cx uhere

( } {(xib. 10)...(1 NEN]EE! <51<....<1 }cx"

Q‘
’

RS f(x*) .isl-laei/mm
o /\ ~

- (xo...xn) (xo,O)...(x ,n)




(xio,io)...(x n,i )o——-—:; xo...x}..x
where V J = ooy 4

X3

\, v -
( -‘ [ » xj /— x .,
~1
Example: §

[ \
RI' /W/ = 0, i-éo \.w

Inverse 9. : (xY) -——» X"

= X

1

A —— A

. o
L
ik- if 1k for some i ’
1 otherwise

((x0) (x5 2) (55 50 = %1, 5,0, 1L 5 ex

/\ thijsisf;u’ebym.
o \

« - Assume it is true for /fw/ = nivw 3w/ = 0+ 1
may be writlen as v = ' for some ¢ ;x

" and w' = Xgeeo Xy € X

| ‘ ’..: ,',' J"(w: = J(x, tS (w') ‘Y IN

-

d(x, . ffl £.g(z) )

N

F fig(xi, *if we put

! '
x.-".-(xol‘, X, = x‘, cevy X g0 = ‘?] S
- ] hd . -

’ * . i
¢+ We show that 8 is a’'group homdmorphism. ¥

Cage 1. Iet W,-

v = G dgh(ag s 3) ma

(g %0+ (g 2 ) D Juiky”

Nﬂ
|

)

o © .M »

N (’.‘1 ! io)"‘( 1, in)“(ﬁm* v in+i)"'(xi§e'

(1 et()) =) s (§Gx, 8) L 2(e) ol

. P'(fi"'l.g(xi)) g(x) as- £ is a group
homomorphidm .

RN (= Jo).,.a&,, 3 (Ik(’s!!o)--o(rb%o X).

A\
;
L
y
rd
§
o '
o
\ \
n+m)‘
¢ J
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1 I ' ’
f - »
/ - ’ ”"‘A /76
[y ° ‘
PR . N [4
0 * / %
C; . R )
. ) f  If we relabbelled XJ- = X3 for £ = Oyseeyn
A \ ! 4
‘ ‘ \ 4 .
\\\ x =X‘— fOI‘f: O’QIQ’m . -
\ 1‘n+ £+ 1 ) ‘ v '

A

+ ‘m«mu .
& G, v, ,1;}\ el ) X
. . N =\ ﬂ fdt.g(x ) n fkl g‘(xk
4
. é (w) S <w>

i
tk
N

. Case 2. Let * W, “= (x, n), W, = (xt, n), x' ok a2

i oo + = (fx" n),, -
o vy s Pz .
. L, _ 5\ . fn (x)g(x ) ' ag g is a homomorphism

fn (e(x)) F(e(x')) as f is a homomorphiﬁm

§ o) J(w2> \

ﬁ
' Case 3, Let W, = (x, n), W, = ("1, n) ‘ o :
‘ 6‘("1 W) = 5 (ls, n) - - ‘ o '
- 8 Ay - 1, as (15, n) mst be del@ted. S

—
o
]

b . 4
. .

5T(w1') S(W?) = Tfn'g(x) Nie: -1)) ‘. o iy
tn (g(x) (8(1)) 1) as f and g . .

are homomorphiam

S ' o

<+ \ . . .
& (v, W) = ¢ *(wl) g sz) \
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Along similar lines we can show that () is a group o

[y

homomorphism.
&

(4 behaw}ior (3 : xt
homomorphism, s

let Bp= {4y, W) Piys Ve xt pz(w) - -="00) VneIN]

—_— Y, i.e.r} is a group

"B, .is an equivalence relat\on as = is and ﬂ and z"
Jre well defined. (3 and 2, therefore zn, are group -

homomorphisms = P "is one o .
. ia-Ta congruence , . E —_— ’
2 \J — X' be the usual projections, . )
+/E » whose elementa are Eﬂ egliivalence classes C o .
[wJ ’ is a group with usual produc Lwlj[w } =[WV ’23 X Lt
\glich 1s well defmed as B, is a congruence,
-;-% 5 — Sp is a group homomorphism , o .

k.

~ Begides 8(3 coeq (¢, 7) as 6 X = 6{: y o ' \ -
ansta X — S;(Po{ "PY 3\’/ Sﬁ—-‘") SJ
o I ®
uniquely deflned ‘ 5‘" ] .
f - \V P L
o s 8 —————> Y ’ y -
b EW% — (0.3 .z(W)(B 20,0, 3
is a group homomorphism asp 2" is ome Vn e IN 4
and 11, i.e. monic by IN of sp,( cm ={W] &=
. - e ' - .
{3 () (3 (W)) o

. B



Nowﬂ';})o- CoJ . (S.* = F..p

is a cOequalizer mono factorlza.tion.

[+
ot The following diagram commute

w — %Z(W) /

, . X x* I where
' S‘;L l,&l? z' — Y .
Lw) S S Cz(")] (Yovylvy?_"“) r— (yl’yZ’ ")

|-, e

2l o

is such that Pﬂ.z "Pn+1
; YneN, ®

A

i

“% %

(B )P 2B oF)se) = (B st f )

+ ‘ .
oo (3 ~='CJP. SP ;‘v.sa.IdGr dynamorphiesm % —— 32'

p ig an -A-behavior **  THS.

S . M is an A-machine vith (§ "EM = X J
a group homomorphism as J and k are.

-

v we By'm 6, NEM = (x.EM x,Y o S hEM) )
. vhere fo, xm-—-»xm 3 6m.g=fm.81;{
T CWJw—-—-\v‘&Z(W)] o ,
ggmg —-)XEM > &= _c(* .in,
* x v [(x, 0)7

by Xgg Y 3'° hm&;[ =™

- Cowl !———-)EM(w) and  hpy = P° /)
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Ve now return to the general concept of machines.
In the context of set theorxy, observablht'y is defi.ned as

" follows: - ’ Lo ! )
o 33, M t% (X, S, ¥,.§,1) is an automaton '
"t Xx8 —> S is defined inductively by \
8* (A, 8) = s Vs € s. o
* . * - f .
| q & Gex, 8) = (x, § (v, 8) )® Vses, VweX - the
b free mono?d, of words from S. ) )
N 2 & -
» .. . .
. M is obseryable (or reduced) if ‘ C :
3 » . .
L oWt S — 18 1-1 -« &
’ . ; ' ’ 8 ‘—-—-’ R 5 (-, S) ) BI
» : s
. .- . A 6("9 8) /\ 6 (ws 8') Vw ‘x é"'} B =
[ ' 4 N ! ’i' ’ * . )"7 5
L B i . / As a.lready seen if we ghoose |0 €S as initial element,
is A-machine in’ /d with -
g: i 4+—» §’ '

(-]

v > o) =0 .

/' ~ .
- .
* ?
A '\
Q
[} -~ s
_\)}‘ :
v .
. Y A o
Wy L . A d PREE B¢ .\ 8L P
Gy e "
“..'\‘“’ B g :*“ »,
- il i s . 4
v coet :
.
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°
~

fecall IN 19, M is a minimal realization of a behaviorp-if' M
# is a terminal object in the subcategory Vu]p of reachable realiza~

» tions of [3 . , o

H

Proposition 8. M a reachable autoinaton

M is observable &=) M is minimal, oo

*
M reachable == c{ : X*-—p S is onto (& a coequa-
lizer inA) ==>Vs*e s3I vex 38 =d4(v)
= & (w, 8) = Jt(w v) . (%)

“

-

yIndeed, *by induction on\ the ?ength /vl of w,,we haves
fo=0 = w=A=pS$(h,8)= 5 v mor §°
: . ) = c{ *(v) ‘' above
' ‘ =(§(Av)'.‘I)Nof/\.:

-Assume this reshlt ‘is true for n = /w/

Jw/=n+1=s W =xw, forsome\xéx

& ay 8)
6 $ws) ),
& (xi §(wv) )
6:(rwv) .

4 (w'v) .

"

- &*(w'k") .

N ~

Sow =xw'*
“INof

** induction assumption

" Dl?‘of JV*
U w = xw .,

s\-—? Sy =.-x*/lEEM ‘(reca1l mt =X )

8=d(¥) ——s [vI . ..

.' A . ’ -~
' (%)) Let” bt

-

1

This map is well @eﬁ.neci and 1 - 1 aa:
M observable thenby mpj' _
Ao .
Ve A8, 8) <AL &G, 80)

+ é
C e Al =28l

;4@:

rd




- F ' /81

.where s=6+(v). 8' = 5‘(-"')

. [v] = Lv'] &> 8 Xs' !
' b is onto as Vv € 3 6 € s -
2 3 S . ) "
: S, b is an isomorphism,
i S (Idpw, b, Id.y) : M ——.NEM is a machine
. s ‘ ,
: isomorphish, i.e. M £ NEM - '
} . :
- '//' - => M is terminal in Uwﬁas NEM is, '
S \ = M:@minim,g.lw S IN19 . . ;
) - RN
;| : o (&) Mismmmal{-@}M is terminalin&(/() " DN 19 N
/ L =D 3 a machine isomorphism (Idx* b, IdY) M —> NEM
; . + 4
£ : f.e. 3 b, 8- JEM ,
b PN - A v
' = ‘and b' 18 —> SEM is an isomorphism, 5 is onto
a8 M ¢ /0‘0/ => M reachsble = A coequaliZer
‘ ' ) (&= onto in 4 ). . i
' , Again let’ b \i —> Sy . .
2 ' .‘ 5(v) —  Lv1 | A * .
1 - ) ' ag already seen b is well—defined as . ‘
g =8' = Vwex, Al 5(w,s)-1‘5(ms)
= ALt (w v) t'i 5(w o) NU(%)
- A .
‘\ . . # . . " LV j’ = ‘E V'J
Ps - , . . B = b ' » "
. . ~ o }() / () \ - S
) ..
: S Vvex ,\b'-(‘l(V)=6 () = [ b(df(v)) : ‘*
' ,// 2 o b, é‘ = 5 L Voo
1 e, , =>bu = b as ib onto, i.e. epl , .-~




Y

+
§ (v) fo some v as Cg onto

VS € 5, 5
' -1.([\73 as b is an isomorphism. s

SV v x’ >H€(w,s) (w-s) o
A S§Gw té(wvy SO N

\ =
‘ ‘ & . Lvd cv'J'
N b/.l(tv:) =C bt (Ev1 )
. #

M is observable S OIN33 ¢

4 *

:

» ° 2 .
Q

. X In the case of depomposable. Eystems ¢ DN 29.2  gives
'us & definition of observability in categorical terms.

\ - We first verify that for linear and group machines
DN 29 and IN 33 are indeed equivalent.
Let M= (X, S, ¥, §, X ) be a linear machine. Recall
from previous discussion that this is & linear system (X, S, Y, £, & h)
vitn §(x, 8) = #() + 6(x) sma A

- where Gyt 5§ — Y . o o
d . .8 — (h(s), h.f(s),...,h.ri(s),...).
. Ve prove by induotion on /w/ that w = xo...x oo
= 8 (v, 8) = ) + ﬁo fi‘-s(xi) ﬁ
\ if. v/ = 1 i.6. W -_io ‘we have .

a(xo.g(/\.a) ) ol 8%,

’ o _ 'é*(;o' B) .

K \ ) . . = J (109 3’) as 6 (A 1] B) = f (E)
) ) s " = .:t‘(ﬁ)“‘+ &(x,) = fl(s)'+_ £ .gj(xo) as’ requi’ra‘g.;" -
. L A P o , y ’ . «‘ .

¢ e E




°

K . N . ' - w,f; .
Assume our result true‘ for words of/length n. -7 1\

Let W= Xj ..oX ie. fu/f=m+1 =

Y
¢ 7

e,

4

S*("r e) = 5 (x .7 g*(xl';'xl'l’ B) ! ) / 57? .’ DN Of‘ 6*
* :
=5"g£‘(6(xl...xn, s) ) +gxo) " § =f+g

{.,ifn(s) v X Ta(x)) vels) V/meex/en

s) + E ' s(x D f ame ¢ Linear,

[}

t -
s @

x M be observable in the gsense of IN 33
e[, 5(w, 8) = A. 6(w, s)Vwex (=¢s—s]
&= [h. fn+1(s) +Eh.f .g(xi)— n. £t )+Zh .e(x,) Yo €N
* and 16 (A, 8) =2A(s) = h(s) ='h(s') &=>s = 8'] ’
e [n.2() = nY(a)) VeI eSs=s] .
=5 1 ©6) = (a(6), nt(6),ee) =0 (e0) -embps = o] -
&=Sis Wy L \ v | o
%(pis monipr in A) | d ' ‘ \' .
@ M is obs;r.w;aplenin the sense of DN 29. -
| . - -

-

For group machines, the proof is similar with 6 (w, s)

@ T fiJ 83,0

t

‘.'l‘he following corollary of TH 6 gives us the same’ result
e.s fo general automata.’




Corollary: * § = (f, g h) is the minimal realization of its
* behavior ES &> S is reachable and-observable. . s

< .
-

Proof: (&=) Assume S is reachable and Observable i.e. | | N\
— + + y
' B . 6 3 6 is a coequalizer and (o monic.
By TH 6 putting xpg =X, fpg =1, gy =& Byg =h B
. we have S = NES i.e. it is a minimal realization of
. ES, its behavior. ™ o . )

3 . (==_>) S istheminimalrealizationofES:P.'CS./é_ .
A ~ =3 ‘" IN1® S is the terminal object in the cate- I y
i * gory of reac able tealizations of ES
) = S is }a coequalizer ) '
a q(14 ,l b, Id ) HE —> NES 3 bai'x—» xES &'\ -
f ~ s an‘ﬂé::qphlsm end W = Cgg . =
/AR . Vf, g 3 C.)f“:c:).g- oL B
- - - ! C\) . f = w * b . Y .
~ - = 28 RN )
) - s ' : | = b.f =  b.g 6):3 is monic
= f = g ~© %' b is an isomorphism.
. . . o ;
AN 0 (O is monic and S is .r_‘eachabﬁ[atﬁi: observable. - R
: A cases at hand we Kave that: , B : '

ity




1 a

The following detailed study of the Arbib and Manes :
theory of observability for categorical machines as expﬁsed inf9) ¢ - "
will ghow that this result 1s more generally true. o

. .
v ' ° e,

-
~ 7 . . .

.DNM. - A functor : 8 —> ¥ is:
. (1) An INPUT PROCESS - if the forgetful functor
A ‘ "U: DWW X —. 8 has & LEFI-ADJOINT (recal)l of
' v 5). = . oo .
- (2) An QUTPUT PROCESS' if U has a RIGHT ADJOINT,
. " (3) A smm EEFAVIOR PROCESS _if it is both a.rl\input

. end an output process. - ’ S

1
a

[y ' o 7 M
OTE 15. X anolltput process:% 'by'm’IaSB '
Vcé.'GB(A X(Xc)-—rx ,A"Xc—-}c)
. umversal from U to e i.e. such that” -
(J X¢' .—> c¢'. and gt ¢ — ¢') J a unique .
' X dynamorphish (f: 5y—-—>A 3-/\.? € ‘
| i.e. 3 the two i‘ollomng“diaerama commutes:

R Q. ’ .
[ Ac . - A ]
. | T C ———— x* ct = Uq X(x*c)g___ﬁ.:.) x*q .

\ o ,  w ¥ 1
g. “o=U§ . of

XQ.' | gty

' o X = U (shere TV : Dyu Xz22¥®) -
is a funcfor ag it is. a composition of 2 ﬁmcto

3,

L ﬁé&%@

LRSS
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o L R B 0 Ty " h N 4 4 T e ey W, 7
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-

 -If ¢ = 8, -a state object, g = Id.B - then Lp\ is called
the state behavior morphism : 8 -——asXs \A& the
unique morph_ism“,a./\_ L& = Id .

P —>P\is an output process.

,(x,s,y,S.Xs—-—-»s, :a—-—o;}')jha.s
(1) responsé oiaject = X*y
(2) observability map G : 8 —>X;y is the unique
xldynamorphisma X= A,. @ i.e. 3 the two following

diagrams commte * A ’
(xy) Lo 1y

¥
T
L4
E}%
i
R
::

€ ——3 B ig a state behavior * process,
(x, s, 4, v.§,0 ,2A) 1is a machine in 8.
(1) The TOTAL EXTERNAL BEHAVIOR of M’ is .

W-w.8:%1 = -—-,x*yemx.

————
S Y

{2) Conversely M is a realization of a given
(3: P —> Xy ¢ DINX if B =3

(3) Given {3 p A (3 ‘x* ——> y is the corres-
ponding behavior and, conversely given a behavior
P: {‘ —_— Y 3 a‘unique total behaviorpw.a /\, P {3
and g '3 Dy'n X s ) - ¥
“(4) Mis a minimaL realization of p if M isa rea-
" chable rea.lization ofp and V¥, a reachable reali-

zation ofp 3. a unique simulation
"o (Td_nybs Id) : M —> M,

P P
*




.
- ‘ . N " PR SR .
g et 3 e P A L TRARS LpY 3 v
. PR e n W it A E 3y b g e b e b e s SR o i NI POy A "

. : SN T

R N
R »  We will, from nowpf}a.ssume that t is an (€ ,c,(b) . . . .
i categbry (see IN a 13 an§'1‘ﬂa9).* / k , .
$ . : /
3
!

LEMMA 6. M real‘;ze's (3 .¢=)' M realizes F ' :
.‘o . Proof: (=) Mrealizes{}%p EM = ). é ‘\L , : -
, -/\ w6 . '
1s the uniqie dynamorphism 3 {3 /\ ﬁ
- w. 8- .
M realizes p =¢p Q, 5 . X >

='/\y(3 Awé’iém,a "

\

But
Ld /fi

Wl

(&=

—mv

t
P . bl T\

L4 7. M is ‘a°'minimal’ realization ofp &> it is a minimal
** °  realization o!’p ' . ‘ .

m . . o v

f: . Follows immediately from DN 19.1, IN .36.4 and lemma 6.

“ L - ) »
-

Starting from (3 , instead of (3 » We now construct a
minimal realization ofp » t.e. of 3. As minimal reali-
gation is unique up to isomorphism, we will use fo 1t
the same symbols as for the Nerode realization of

see TH 1, My = (X, g 1, y,{,,af',,kp). Besides TH 3
tells us that these 2 ways of obtaining the ginimal rea-
lization of are basically the same (they are "naturally r
1;omorphic"). S " -

L] ¥

ey

t

DN 37, 9 is dn (€,ub) category, X a—atate-behavior process,
2 machine ¥ in © isrreachable it $T€ €, obsexvable .

1fw€dbg a" ' ~




’ ¥

v
B s #’f‘*“i;”é%‘? it

T A I 1y T SR TR N o v Do RTINS My

¥
Vi

. i : ' ‘
NOTE 16. Note that, in DN 37, the definition of rea.chability is

. slight l:y different of the one given in IN 6.3 where 5
was a coequa.l:!,zer. It amounts to the same thing i? e,
is a coequali;er mono category (i e. 3. a coequalizer mono
factorization V morphigms in ®) as®isan (E,db)
category where E is the class of all coequalizers and
then, ¢lb the class of all monics in . 4J, Gr, R-Mod,
among many 6ther usual categories, have that property § 5
and so hag) the "suitable" category used in our study of {
decomposable systenms. . .o ! )

LEMMA 8. X an input-process C —b € ' A
i.e. Ve E\B~ 3' (é‘c:x.x"c —-px*t_:,"f,czc-—-ﬁic)
universal m ¢ to U the forgetful functor Dm X —» ¥© )

' ’:""'I?"m/"“} and "a=§§,/c € ¢] ave’

natural transformatims.

) ! | &
Proof: (a) X an ipput-prodéss = v ha: a left-adfoint |

Ve mr 1 = WY = X L’-;-flS ‘
natural transformation ‘" THa 5.4,~ )
() -4 ¢+ XX* =>x* : e — ¥ is & natural ) ’
transformation  °’ JWall e Veec !
3 &4 IX € —— X c Y the diagram o

" IX ¢ ——éi-? X'e : . .
™t L ‘ l x*s commte v fzec—c' |

%! —a x®' © 7 note 2.1 and 2.2,

ke | . .
T




(

, . /89

LEMMA 9. Cisan(fdb)category, '
£ (d:Xs —» 8) . -——o(cf Xs8' — s)EIurnX

9f = 8 £ Jmf v o' is its-(E,d)

factorization and either X or X preserves £

< =}33unique{:11mf—/:]mf'3
)eandmanx-dynamorphisms 6—9 5‘ and
. 6 8 respectively., )

- m——

.

Proof: (a) X preserves (i.e. eek = Xe € © )
then our result is immediate X8 2y xm g

by the (E,cH) diagonalization property 15 / X
es f a dynamorphism : . /I) *u
= rné- §x ' L‘;’/ 15
1e. me. d =8 xm.e) b » &

”

- , R
. .=J.m.xe .’ X a/functor .

»

(b) X* preserves g .. . )
Veervlet B: X —» Xc  be defined by

P = Xc-’-CZE-b 'x(x“c)'—-s-c—&"Xc

"q'={*qc'/ce'8} , de{Jc./cef}n ‘
are natural traneformations ('.; lemma 8) ’
;—% 6 ='{9c/‘ ccf}

formation (1).

i8 a natural trans-

Recall {note 3.2) thatcf:\x e — 8. 1stheimi-
que dynamorphic extension of Id, i.e. J -r]
It is called the " morphi sm

», .o s .
. . a .
At R TGP APtk o I el
I S T N 2O SRRt el o 2
S 2o R R

5




e s aan T

e a4

1

| . dynamorphic extension
1 ‘ Mg = X*f.")s_ =Yy - £

1 G '
E ' The disgram (5 . ’
o =20 o ¥ (x*s) —25 5x%e | ~ .
&l 15* @ 16* commteé o )
Ji-}o’ s ——8 -
4o S
" a8 triangle 1 andsquarg_'?‘ commte\byylof 5.“ ‘
; Lo = 5;Idx;=8.6s.x'q‘=é'.93 (2)
e j : " Recall that, by note 2, X f = UVf is the unique
V ¢ of o

f'= f.1d4, = 14,.f o
* . e
t.= 2.6y - Sl’fm,.t = .x*f.‘qs'
. * ok x
S b= 46" x¢ S ,
by uniqueness in s ——fﬂi--yx*a »”
E . \t‘\{‘q;l, S xe
/
I 2009 PR
- e § =8 . e v tem.e
°= .
1 . -p.'jk*sxrnf-—,l'mx 9 the disgran
F ( L g*s .._x_e__.; ’x*j'.f ‘ f
&4 |5 ,
g8 X 8! commtes (3)
Coe l L// k lg’ " > (E, M) aiegonalization
Imf -—5-'—-—,-9 s mperWux*e € E .

In the following diagram
(1) w> the 2 parts (1) commute
. (2) wsd> the 2 parts (2) commute
< "(3) = part (3) commtes
: «» the whole diagram commutes .

RS NS
AT A

£ .
hgjw - R TR TR T

I Pogisrety

Rl Eonet NG AT M S SR AN it Bk T SR AL WK 103 i s oo Bles i ks L+ S AT . -2 AN s ol e &+



Imf ,
§’ s unique as 1f K| 5”) vith the pane pmopertieu
”h&vs ' ﬂoJ J’ 'm‘ '06"

J " a8 m is monic,

J’.xe e N - inaWimJ—-—»J"
dm = un ' wp o isadvnamorphimf—-gj'

m -

v

18w 10, 5 1s ‘an (£ ,b) category,
e (§s %8 = 8) --D(ch"-- s')emi(and
& 10— € fomy¥, ,
Cfr e~ €03 e is s dynamor-
phism. J J;eithorXDrx prumu £
) £ uatbmmrp!ﬁmg-—}s




t

Proof: (s) b ¢ preserves £ , consider
Xs -—-—-) Xs!

JRC LS"‘H".‘ )

- -

i

'Iheperimetexandsquare (1) comuite as . eandt.e(mnx
- 2.8 .3 = &%t 30 ° .

— g.ié’s 8" 3¢ as%e €& s ept

Lote mmx

14

(v) prenrvea E:n} x"% G/E (u otg)
\Ve:(J:Xs-—» 8) —>(d s X8 —s -')c m X

in the follouing diagram

(1) commutes as {u 8 natural tranafomtion s
(2) ena (3) commtes ¢ - of I Sol
-y g = g, I8, =- '.’- mbf Id
O (2) and ®» mto

: iy (1) commtes




’

. the disgram .

»* ,‘*A
-—9&6\ J - Xe byuniqueneuofthedym-
aorphicaxtenaionofg in [ ]

-

Je . The left-hand side and the petiuter comm in

£* : ‘x‘lf o ’,

51 , UM 16’ ucmdfoeémx‘,

l'-—?—’ s”

(1) commutes by (1) in proof of lema 9,
' (2) ana (3)-commate by (2) mpzootoflms,

(4) ccnllntu ‘by above Tesult
-Q; ﬂupozuetarcmtuand
tedyn x. S

Lo v

[

\

Xs

@

.




| . /o

¥ ) ’ - ) N v.- - /»
’ \
® = ~ o
1o 11, 3 i.an(E JL) catesm‘y Xa stato-bchavior proccu,
P:x — Xy € X ' -

H’ is a ruehu‘blo realization orﬂ M an obnrvable -
realization of ﬁ ’ @ Xor x % pnurvu £ '

© : ‘~93unithn imulation mx.,,b, Id’)sll'-v x. - s
o : Proof, ' ! : ' ’ '
\mfmm 5 8! iy 8 ]by (E J{,) diasomliution

- | , mm'tv in )e :

5’ S C ” $ > 8’ 5 Z(H’relchable) :

§ 1 lw Jb(ﬂ oburvabla)

) v {3 -w.[-w $"n ana
J ‘ ruliug ).

a4 Eandcfinmmnhim 51—95"
' '»-5 xx"—-»x.é:xm—-»v&:n-n
- - . ' €/,
' ‘ 'PB b 6 utdynanorphiu 6;—-96
' ' . = Xor Wu E "-3\,
g . weby. b 1s"a dymasorphis it f (' leame 10} :
' 1.0, (14,,5, ,) e 1-maun1qua (ubi-
unigue) simulation requized, . .. -

{ B .
. 4 ' ' | [
PN . .

. g_z,,mmwmnmnon m.mmmmmocmm
" C s an (E,dl) category, . ,
X hunt&b-bqhaviormco”axwx“ " Ny ~
,Pi'm'meo 1wdr£/f/;'FLv¢nubchavm : S
Pt X ...',y,ﬁsx--px.;w-m g
’ [
ommmunsmmw-& --rA ap,/\ [3

; ‘
L3R -'.

i ]
. -




. .
I\, -

. .
i ’ * N '
. v -
R . ‘ N
\ « N - ) A

object is xpﬁ, R

B . "(2)‘ K is a ninimal rea’{%ation ofP
A | . , &=y W ‘is rveachsble and observable. .
.} . ° n |
+ '-s B
Proofs "(I)Uuan(t.wb)cmm — .
, | has & unique ‘E Ab) factorfRation (up to uomorphim)
« p=x”-&->mf§—£> Xy o Let =y = Inp
{ ' ‘ S m 9 3 a 3 X8, =t * ‘
. L d 5‘; s co é é P P .

_ Rt G- 41 and ),p::ﬁj\_ - Wp
- R S n - (x, o L 7, ,a-, ) 1s arcaliution of-
B it 'is s raalizatio:fof (3 " lemma 7.
O k_? -
o ~ It s minimel °°  lemma 11 AR X |
o 6D (2) (ssb) ¥ 1s & mindzsl realization of p .
T —bxﬁ!!p v 19,2 P
sss> M 1is reachable and observable as Hﬁ is,
' ( gms) ¥ is reachable and observable . . C-
* - sty Jan (E.Jb factorization . v
' m-ﬁ- W, 5‘ un.iquouptoupmrphim

Hg” y 1,0, it 19 ninimal, ' ! .
L . ‘

|

\

= Exsnples; 1. Decompossble systems f. chapter 3 ﬁt'tha above- .
. description as "suitable catogaric&" have ooacmalim Bono
R fastorisation, i.e. an (B, db) categories, Put X = I8, : .
chtfxc - d thocmtablocopmrotc V3
Xc = d thcomtnblopownofé. T L —




. [
! . 4 ' ~
/ » :
i ]
] + 4 + ,.‘»-
1}Q= ln,"sc-—oc,_.gc.:;'.u-—-v’ w ; .

= P‘,. ] cx gy c,Ac = z'uz'cx——b -cx
as} Id is a qtate-behavib:; process, which preserves E ,
1 = u. C=g e=x, {=f, A\=h  and the

- system.(f, g, h) is a state-behavior machine. :

~ .
2. Discrete machines /can also b'e put in that context.
A 15 & (E,db) catogory |

x=xx.. s — ,
P °V8£M/, XS = Sx {f/fs x—-o“s is amp}

vhare 1 ig the freamono!dvhoeevardnm strings
of olemauts of X; . A

»
A 3 xxc‘ .-..,cx

(x, ) p——r, R:x — C
i W = 1 (wx)
- vith Ry ¢ x¥ — x* - v x¢X

. ¥ }-—» v x E
Ay n &L
£ b r(A) e
orven &5 xxcr —> 0 g1 0 =G
s- C' _— Ox nakestho
oﬁ . ‘P e! '.___" J’”(_’ cv) N , .
g(c)gg(sagm cy)«g J”(. ,e') (x,g & c.,c)._....., g §'lxc ). o
. 1 3 J{,J{x,c}) '




e

E

~

LY

®y
P

! (Y - - A
>

. . ' iy B .
Reosll that 118: X8 —> 8 semap them:

§% 1x s — 8 1g defined by

{5(A! 3) '":‘:'h - . i
§ (xu, 8) =4 (x, §(w, 8))

*

.o Xﬁ- is-a state behavior p.rocees .

- * .
Recall 0’? I —— f‘ " we have ;
“ ? —_— A g (- 8) .\'
N * ’

- Yﬁ- ‘+ l +
s Yt §(w) o-—-—v/\-‘ér'( - & (w)) 1—6’(«)
888 =8 (- 0T) vhere .0 €S isthelni’tia,lntate.

S B e ./\Y - m(A) =R J( A).».AJ

as required., J
Finally In W & X /B sﬂl . S
as EEH - {("’1’ w,) / Bt () = BM (‘"'2) Vw x'

s - - “A ﬁwl) aA 6(W2) ‘ ,“‘

= & “1’ = B, }
M 4is reachable if 6 is onto i.e. 5 € E
M 4is observable 1f (D is 1 ~1 . 1.0.‘ (7% ] €
‘ , —
As foreloan by T™H 3, this way of’ obtainingamj.nimal rea~
lization ie basically the saue as the Nexode rea.lization
discussed in/ chapter 2, . Lo




#~  ADJOINT MACHINES AND DUALITY

' ’

N\

- ) . .

~ For the sake of completeness we will expose in this chap-

ter the Arbib and Manes theory of adjoint machines and dual of a . 7
machine. For missmg\detailq and examples see [ 9. - o

R l . . . ' N - o j’l

1. * Adjoint machines. .. e ‘ ‘

. ‘ .

4 .

X s+ ® —s © is an ANJOTHT PROCESS
. right adjoint. L
‘ .

. o 'S ' ’ * ¢
- '

B L . L o : :
Proposition 9. '€ has countable coprodffcts which ave preserved
’ by X: @ —» ¥, a functor : ' SR ‘ E

;
i X hasa - =~ =
¢ 3

ta

-~ LI ‘ /l

" s=bb X is an input process and . e .
» . - , .
. + X -an $t '8 s @ , g T ‘
. - weIN . ] .
Proof: » See £97  page 319. & < EE N
. ’ ’ ’ - ’ ° & ) : . ‘ '
BOTE, Umx“ s 8 ———Pb. W isdefined - - ' .
neEW - . C ’ ) . :
on ', objeot - R s 3 U b ull - W _
.o . ’ - '. o L » . nkIN - 4 ¢
; . h v ' 4 N ’ K] ¢
» ‘ ’ . . '
oy i . W
. (q ' e i
. . v, . -




¢’ ©

. R )
| 34 . __— N .
. ) .
- ' e yrep Aot g
p it 2 AN, i 7
) - JPSPRURIERN R v s R S Y PN ki
) ke, m emaer e S et ot e g e s b ) .
™ . ° . i - W .
L . v .
- . )

end on morphism £ 1 W———» L 2% the uniqe

morphism - 3 the fcllowing square commutes. [

- -
P e .
eli% A -
B S B AT LI

Ay

]

g 'Xc”—_n_-,-,.UXc \
| Xff:l; “ .3u><{j Vn el
~ o Xe 5 UXe -

HE N
Y

* .
Rt

e
+

Corollary. © has countable co-products, X has a'right~

. < adjoint | ’ , \ ’ - /

»=(1) X is an'input process, _ ,

o (2 x¥ - Ux® -, o -

(5]

- e S A P 3
Proof; . ' TH a 8 and above proposition§ , . Q-

o

JIEMMA 12, X 4 X° :'w--y . 2
== B(Xe, o) = ele, X%') V' THab.dl W
(£2 Xo > c') <_'_..>’ (£°: ¢ =—>X'c')

Then we hate: i ' . ) ‘ g
_'lzanaposftion uhciple f: a' «>.a, g: Xa ~p b, R
© Bt b by k = hgXf L Xa' — b -
=b> k= Xhg'S 1 & ~——3 X'b . C
. . . -

‘ : . VAR

Proof:  See [ 97 page 320, -
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I I e e T T i S R A e OO PORENTIP D
&

-r

il
D
? \ .

\E(DN a4, Vcategory € 3 the dusl (opposite) category

Y
. = the correspondance 6: Xc =—==» cy J'OP : XC = ¢
is an isomorphism of categories i.e.

SRR 4%

b o igsiiad

ok i &
N B 9 g

C 3 /8/ = /P°°/ end £: & b corresponds to Eop
fib—> a V functor™F:e— ¥, F defines & functor s
F°F : 2% 3 €7 ]
object e t—> FPA=  Fo i h
a ‘ ' a
morphism f"T —y FT ot ? corresponding to
b Fb ¥b
e, FUTLt= (FE) e | .
- . Fa g
HE. X AX": B —> ¥ T , - .
C t o OOP op :,
U ¢« DYNX ~—20 and U : Dyn (X**) ~» C . 3
> ang forgetful functors .

2

ST VO R
q: - "jf«:‘,‘e-

)
AN WN°® X = myw (x°°P) rendering commtative the disgram -
, X / :

. . Y
(o x)? == o (x*%) : ‘ p
* ’ } ’ ' /\ i
. ) Ux op /U*’ ' ok ‘:

c
~

i =

X4 Xt 8 — ® L VYeekb® “

Bop (e, Xc) e(Xe, ¢) = e(c, x0) & P(xe, c)
(6°pzc)--Xc) 4—9 (§:Xc —» c) ~> (Jxo-d(c)-t——) (¢°P: X8 o)’

° o ‘ f

7 1.0, V4P e J(vm x)°P / 3 wnique §’ °Pe/nm(r°")

i

‘\

and vice—versa. .(l) e ol




e —’fﬁx* ey e S

A T S e SRR s Q - A
- g L ‘&
/101 A
x ' ' . =, . :
o " .
Congider £ :t ¢ —» c', {5: Xc e=b c, § : ge! —>c!
By lemma 12 3 3 1 - 1 correspondence ‘he/tween i
N . ) s ' i -5
Idc,c 6}0 Xf - and x‘I’dc'oév‘ f = Idx‘c'. 6 . f w . [ ";'
e and between f. d . XId = f£. 4 lag,  end
8 . ’ : . =
+ . . x fo 6 ) Idc »* - ' ’
‘ . / ‘ o ) - ’%*; {
S fEDYNX@J.Xff £.4 S IN 3 and IN 4
e>1,.§ 1 = .10
' . ' 57' . .
. ' <> Iay,, . .sf=“Xf.<f.Idc‘
, y3 Cav :
& J. = xnd
- X /. o€ .
o> P 4P o 0P, (xOP) P
' &> P € mw (x")°°P (2
Lo (1) end (2) = (09 X)P = piw (x%P)
. \ / N »
' Besides TP &P = o = U~ & PYS¢|om x)
&y and 1P P - P - PV feonx, .

x

€ .. ,the given diagram commtes as required. -

r

o

Corollary. U has a left (right) adjoinmt e=2
U' has a right (left) adjoint,
i.e. X is\an input (output) process &>
X* 16 an out (input) process; . >

o X is aZate‘-behaviqr process &= X* is »

N




1 .
X .
, - 4 B + T &

e T L T T A s v et e AR A TR TR A SR

-~ - | o
. /102
) ,i\
. . ' ) .
I".;'. ' ‘ .‘ » ‘ ?
¥ - TH 9. ° © has countable products and coproducts,
’ X € -~ © is an adjoint process
= X is a state-behavior process.
id N . 3 uf/
L ) r
Proof: C has countable coproduct and X adjoint
=3 X4x*: e = @© DN 38, - P
»*
X is an input process and. X ¢ = an‘c
. ngiN
" Corollary of proposition 9 .
&> X' is an output procéss with \ C
- ’ - r_, . n 0 ‘A ’ /‘i
, Xg e = neIN (x*)" ¢ %' Corollary of .TH 8 | ,
* and duality. ‘ , L
Besides € has product => ¢°P has coproduct which
are preeérvgd by X°P as x°°P A x°P (as x4 '.[{‘),
= x? igan input-process ‘
= x*?  ig gtate behavior
‘ 4y X° 1is state behavior . 4
S " 4=> X is state behavior . . corollary of TH 8 '
TH 10. X ¢ €& ~».¥ a state-behavior process
= fHx:ecEtc <o ,

Proof: X a state-behavior process .
' =b V40 : 8&DymX .
“cand  UA4V sDmX2C .'.,'bymalo,

We have U.V = X% X, = 0.V . ;




Ces 4 e, !

€ . e
e (Xp —> . ') S
correspondence
or © 8,

behavior machines.

Concept for M

Hen% we have the following adjointness table for state

: - oo g
e M W R, *Z*‘W' Ry R

/103
we have *
e (c -—-yx*c') ie, 2 1-1
F e S 24
4
Adjoint concept for M o F ;

Run morphism

8 1 X B8 e 8.
Full responae morphism

; l 8=, :XB-—>V
Bea.chabilitymorphism
J: = Xi-—ys

v Extemalbehavior
l 5 - BM ¢ x" —> ¥

Dusl of a machine.

Recall that; by TH 8;
(om X)P? 2
and that Xx*°P 4: xP

. *
..‘

--EM':_

if X4 x"s

Dyn (x°°F) -

-4

sta.te-,behav,ior morphiﬁm

CP : s%—-axﬁ_s (see note 15)
Obaervability morphism

(DOt 8— X Ly N i
Adjoint. reachability morphism
5+ i s X*s

Adjoint external behavior

1 Q
— X“y

—p

Coe— ¢

| .

We can define the dual of M, M® by the following:
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L
1

€. is a category with countable products and colproducts;
M = (X, 8 4, ¥,8+0 1) is an edjoint machine
(1.e. X4'%) o ‘

’ men Mop = (x'op, 8! yl 19_J.optkopo G'OP )

IN 39, -

b

¥°? g an adjoint machine in c? w;th initial object y
_and output object 1. Besides (MT)°P - m.

As X is an adjoint process then X*s = U x“e
e <h

vhile X s =n x)a.'lhusaswepaesfromﬂtoﬂc’p
* op n
x"s = (x‘ )uss while Mix )™

U x“ 8 becomes
(X‘OP) s. since we interchange

becomes U(X )ns
products end coprodnctq in opposite categories,
We have the following table.

<
‘\

M ‘concépt in €

L

M°P _concept in € °p

Output morph. & °pqs‘ ”s~g.-—-<'i

initial state morph. s
"iq 3 ‘

output morph. ;l $ 8 —Hy
Ad:)o'int process’ X :' € -#P

Initiel state moxph. )‘°"i y—1o
- Adjoint process x°°P; P 5 p°P

A

csd:h——bs
Xs =le“b '
6“:‘ xx's - x”s
’Y]"-s ‘a--sX*
xﬂ = n(I)n
A ' x Xx*a—-vxs;'

s ! x*c—-v 8

{a;

| Dyriamics FAACANS o pum

(X.OP)*‘B =T x%

‘ J P, x‘°" (x°°P),, 8 S (X'OP) 3

.op' (x'°") B )-\- B
(x""’) 5= (X"
op , x.op(x.op) A ?__ (x.op)

AL 1 s




. o
~ Bun morph. 5: x*a—»s

“Btate behaix}iqr

(? gt ® —-71._9
a:eachability m,, ;
J t X — 3 \

Observability .
L Wis— Xy

B

 External behavior B 1 |
EMix" —y
Adjoint ext. beh.
B ...»x‘y '
Full response
a ¢ 0 * -
MU /) .) S*:“XB-—vy
B . Adj3. reaehability Yh,
A J*l 1 —-—vx 8 '

State-behavior niorph.
J'°p; "B (x'°?)*s
Run map

%op‘(x.op) 8y B ) LN

Obaervabifity" m.

[ ' .
§*% oy (xP)_ i
Redchability m.
&% 4 (x"°P)%y »— s
@)% 1y o (X7P),1

External behavior

EMP) + () yrm—m 1z sPwr

‘ Adjoint reachsbility .

_‘rw‘pp s y»—-(x‘ol’)*s

RAill response .
&P o P, 4FP 3 (x‘°’) B e &

I3

'.lherefore we havp the following principle for adjo:lnt

‘machiness .

L

achability and observabi ity are dual; '
© Zun end state-bshavior a.rE dusl,

-

A category ® 1is self-adjoint for the process X if 3

. an isomo:;phism L‘J

t 8 me—d P yhich ie the identity

on objects and 1s reflexive; 1.e.V It & =y b

1t proﬂdea a bijection ¢

“u\a o 1 o (r.g)’ .

lt—-—»I?* 3‘

and

A N T R R L T R
L8 e e o el N

T *.?‘};




i . " 2. 1In such a situation X is respectful if X 4 \'J }L\}’

P A Ve write Y Wg X

L .~ 3%, X a respectful functor we consider as the dual of
: 8 machine M, the machine M = Y l(#P), back 1n C.

, We have then the psuall results

t

‘TH 11, ¥ is self-adjoint for a respectful process X, M = (x, .

i, ﬂp y,;,o"A)&n*chhinem e @ H -
M reachable ceb 5 epl x> (5* )1 monic Lzl Mt
observable ' P

t

M observable émed & monic Aee=b € opli &Lixd mt reaéhable.

4

\ x'mrae of the main concepts of system theory are: reache-
- . bility, observability and’ controllsbility., AB we have seen,Arbib
‘ . and Manes have defined the first two in categoricel terms., An in-

definition for controllsbility which, in set theoritical terms,
oconsists in: . ’ -
: - : s 3

. t ),
Do there exist controls steering a given system from any

@

\

! This completes the. systematio exposé of the Arbib and

. Manes theory of machines in a oates‘oryo . know it up to this
day. To stress the very wide range of this theory, let us ment:l.on
that besides the four examples discussed in this work, other systens
such s stachastio, topological and metrio sutomats can be put in

this ocontext taeo £77 and [93).

\ -
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teresting topic of further reseaych would be to find a oategorical ',

, of its states to one particular state (usually the origin)?

T
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" Mherefore we are strongly inclined to make ours the
conclusion of" these two authors in £ 7] ‘

"Given this vigorous growth L of category ?.h/ory appl:led
to machines J , we may expect the study of machines in f category
both to feed back into the study of, algebugictstructuré per se

and also to have repercusaionb in many yhaife’fi of th/g/éomputer,
ix}formation and system sciences from programming language pwos '

to control theory.” ) .

. N \ .
) N )
h’ '

-
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10,6 = 8 eV 1 amp o, £.I8 =

ANNEX

W 7

oA

4 gategory © 1is a class /8 of objects together with

Y.a, v ¢ /¢/, aclass €(a, b) of morphisns & ~ b,
and ¥ a, b, c€/0/, an operation, called composition of
morphisus, » 1 8(e, b) x e(b, c) ~—» ¥(a, o)
T (£, &) p——p €. £

' t

P

1. Yae/e/3 1tentity 16 €%(a, 8) 3V s b—> &
ts\;_

A
¥

2. Y e, b, 0, 4 6/¢/, P1a~n b, g1 b=p7T,

'h.s o = a, £.(g/h) --(‘CCf.g) h

\ ., &
)y .,

Botetions f5 &~ b, a = domf, b micodon £
We can fdentify o and Id ¢ o e B
ol s
hen fo/ < Uy,b ®s, b) =8,
»”

. N \ ‘\‘ .
16/¢ 4 isinitial i # ¥4, 0)=1 Vo o/
t€/8/, t is tarninel 1£4%(c, t) =1 Y o /¥/.

-
’ 1

D a~p b is ponic  in® 12VL, g1 4 —r &

Dt = Ngwmd £=g(i0. m 1is left-canceladle).

@, s=» b is epi 1V, g1 b o

£.0 = g.o. miy £=g (i.0. 0 in right-cancelable),




& 5 If f.g = 14 ﬁsn t is split-epi (a retraction of g)

g is split-monic (a. section: of f)
" h = gif is defined and indempotent. :
[ \ < . - I
. 4 i1 a ~% b is an isomorphiem if3 i'l D b ‘a.'a
A 14, a7t o } we say & is 4somorphio

tob and write a £b; 1~ 4is called the inverse of.i.

A
*,
TH1l.l, £ and g are epi (split—epi, monic, split-monic, i’so)
s> £.¢ is epi (sg}it-epi, onic, spﬁt-monic, 1do
R rupectively) T \ ,
1 // * - ’ -
2, Bj_)lit-opi sed opi; split-monic wwbd monic ‘ .
f 4is0 faxi> f momioc and split-epi. A
3. &f monde m=b £ mon&7f G SR

. : . C ' : .

- T2} In ;d y the category of sete wvith maps as morphisms,
£ onto gewh split-epi < epi : |
' £1 -1 quap split-monio 4ua monio
tl-lmdonto(-}f im0, N

2. In Gr (category of groups with group homomorphi&r}-,-_,
. B-Mod (category of R-Modules with linear transformation) !
- { onto qemsd epi 7
£1 -1 geap monic , v . /

- ' . .
i
. . .
’ .
v

L . .
% ”&’ﬁi{k."“fﬁ W?‘ 5 i A M S A S 0o AT "l A A v = oo . i AR+ T
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‘DN _4. The opposite (dual) category 8P of @ is defined bys

/%) = /8, ©a, b) 2 E(b, &), P67 = (5.£)°F
. vhere £°F ¢ ¢°P(a, 1) correaponds to fC‘B(b, a). ' =

.

Ve write t‘°p $ 8 ~h_ corresponding to fs b — 8

: . DUALITY PRINCIPLE,
' ' Let.. 8 be a atatemant valid in a category 9 then the
corresponding mement 8% in €% 1s called its -
dual statamen’i%ﬁpp ’ - .
. V8 4 a category @Upisacatogory,and o -
] S (PP . g _
‘ R V statemegt B true Vontogorios s—s> B(’p ﬁ
v also trueVcategories.
less - © 8 - g%
b, T L % — a . ,
) s 8 = cod £” ‘ \ -
1 O TR o :
’ v b - h%e £l
' t £”18 ept \ ’
C-/ £ is split-hmonic * 18 split-epi .
. £ 1s. iso | 18480 e r
. & isa terminal t is an initial object /
N object o’ ‘ ,

.
e S



O | ‘ fo
v 12 ' t ' X . f
- DN S, X are a-pair of L morphisms. :
€ . ‘ 4 4 .
1, e€'s a~——b- isane equalizer of f,g, . <
e = eogu (f,g),.lfs o0 '
a) f.e = g.e
b) Ve ta —b 3 f.e' = g.e' 3 a unique
morphism (f a'—-) a d e'= a0, - -
g v P -
2.k 3 q=—bd is a coequalizer of £,8
& k = coeq (£ g), if: o
\i) k.f = 'k.g ' s * é:
. D) VK c—>a 3 k'.f-k'.g 3 8 unique . §
7T T morphism i -d) =pd 3K =Yk 2
. e ¢ f ¢ ’ . :
o8, . c --—-'d commutes .
N 1 % ':-353 . N
: 3<P e by Hq/ S ~
a‘

§ ) A w : : o P
|V ( Eq \/E??q_/ | .
TH 3. l.e a&x\bquallzer mb. € onic. )
. 2.k a coequ&lizer”eé ﬂ epi. . - ,1
. 3.e’and o' eve eqk. of f,g == 2 F a', ’
. ' k and k' ,ave coeq. of £, ==> 4 = &7, ‘
\ . ie. anegl (a coeq) is unique up to isomrphim . :
‘\ 4.4 , Gr, R-Mod have equelizers (coequalizers) i.e.
V pair of morphiems with common. dom and codom.
has an equ. (a coeq.). _ R
5. In /4 Gr, R-Mod, f ontoé 4= { a coequalizex.
- . \




e s e o e o b O Wg " mwwmw”
Ny -.* bl -

) . \_ 3 /;'12 > ,
() = S > | | . | ‘
¢ : LeMMA 1, (L47° p. 723) Coequalizer-monofactorization (i.e.:° )

x ' f = mk, k a coeq., m monic) are ppique to° igomor- L !
‘ phism, C < ‘ - ’
! q l . ’ N ~ Yo
E -
™ ‘ . \ '
s 6. 1. ‘Afunctor P30 ——5 e, where( ande are
"\ , . S categories, is a functions
o - ' on objects b f——— Fb Vo ¢ /Y
1B - Tt on morphisms b - Fb - '
R ft‘_—' relb, Ve e(. :
s 1 . ‘. y! Fb' . s
: L& to - "
f ' ) : . D K(f.g) = FL B - amd V4 = I “\
\ - - ' ': , | '
2, Atmotor P i} — € isfaithrl ir 7
g o ' restricted to (3 (b, ') 181 -1 V¥ byb' € 163/,
o “ Afunctor Fs Br—ew ® 15 full ifV b, b\ ¢ A3/
@B (s b')) = T, M) Le. ’/a(b,b')'
— M is ‘onto. - - C '
] ° \ ~’ . ‘ : ) 3
, « 3 osition of functora:
l - . F s 5 — 9, Gauﬁ-—a@mﬁmotors
» —s» FG s b —s € is & functop (F. G(a) = F(G(a))
. | / r-e(r) = r(c(r» |
oo \ -~
| . dentity functor I‘c B ¥ is dofinet
Id, o= c,Vo €gel ‘
! tm V260, . * 1
, Q . . ‘
Y ) < i ,
L} ﬂ I3 .’
N - ® -
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.

Q
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.
: 2
. .

O R R T oW T o o A o T - N

i ) - .
N 5: -The metacategory CAT is the category whose objects
oL , are categories and morphisms are functors. -
. = y . 6. A functor P : (B ~— © isan so@hism if
) " either of\the following conditions holds: :
® (1) F:b—> Fb is a bijeotion on‘objects
.. Fife—s Ff 1& & bijection on morphism o
- . (2) 3 a”functor 7l B—v0'3 3 o
S : L ' the diagram Id " commrtes ;
f* ~ N F
:I = e
W? ite , ¥ e, ,J ) ,‘
: _ . i o - . : r . N | ‘,wg
; - : Lo g ‘ 3
3 ' L. . i . . ;
' ‘ | ' “1. DN 7. 0 A natur% tranefomation 'Y) t P -: Gs 03 e. ,-i
T 9: L ™ -, vhere F, Gif}—» @ are’functors, is a collection ;
S = {meehe/Blimy s m— Gv] 2
: ' .
S Vrsb—-» by @B, G = g | |
) 2. A natural equivalence (or natural isomorphism ' i
: ___is a natural tra.nsfomtion Y ) V'r) nb is an iao— ' o |
'd . S ;9:‘. .'\ . morphism. . -
, SRR 3. The composite transformation "7)~£ t PusdH 1 (B — 0,
y ~ ",:...' . « where ’Y':G-# 3;03-—5 9 and €3F~63®—DB IR
. o _‘ : - ) are na.t’ural transformations, is defined by: R
: . "l'f “f"]b &y oe/Bl iy, + B—r ]
L}
: . r ,s\ ' )
S N | , .
Ty b5 ‘ o ‘ 3 p
( » '
. N J ‘
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4., Functors: 6} -5 ¥ and corresponding natural trans-
formations i‘rom&q,-,category called the functor catego-

ry e® it identity

Tdp t+ F = F: 03‘--,‘\93(1%)b =Idp : Fb —s Fb,

0

5 t G =H :@-——p € a natural’transfomation
'3 szCa-rQ a functor ‘

Pyt P.C =T.E (3 —» 9 1is defined by
(Fb])b = Ty, 1 F.Gb —F.HD -

V) F: b =0} a functor
NF & G.F == H,F zdt-—-t' ® is defined by -

\\;('ql')a = Ny ¢ G.Fo —> G.Ha

Ve
F 10) —» B is LEFT-ADJOINT of G : € —> (3
(P and G two functors), or & is right-adjoint of F if
3 a natural isomorphism

(Ps. B(F,, .) =0 (,, G.) v B xe— 4

Fotatiay: FHd 6 : Q=20 '

*

Any two left-gdjoints(or right-adjoint) of a functor F '
are naturally isomorphic,




4 . -
~

F 46 : B e is equivalent.to each of the follo-
m’ . ’ ° ) .:’ ‘II ot ! '
1. Vve/B), ce/c/, B (b, Go) 22 &, o).

2. Vb c/@/, (c,’()b : b—-b Gec) universal fr;:m

bt G (or free over b w. r. to G)
i.e. such that ¥V (c' ¢ /C/, . £f: b 4+ Ge!)
Junique ({? e — c' D ,',
- | : \ lG«p commutes
o | * Ge!
In that case, given G, its left-adjoint F is
defined by the folléwing: '
Let (o, Yt D> Gec) be universal from b to G,
(o',fqb, : b' — Gc') be universsl from b' to,G

then F: objectd b > Fb = o" \ ¢
- . ¥ morphisms b c=Fb ‘ ”
ll——-) u.niquec(-l"f 3
c'=Fb’ ‘
.- N o
-n-b—’G.Fb G
- % lop  comtes

) 'b'—-—)GFb' ..Gol

le. - Gu.fa.-;i: Nt |
or written in terminology of (i);
& B smr=o)) =€, B)
Yor + § €———h Ff=(p




-

——

B - [N . “~ . v e youe . 4 % e
L m NN AR L P R oy g e« g 1 S R SO 8T L TR AT S R, RRGRE o

¢

/116

3, mually Ve € /¢/ .
3 (ve/B/, & : Fo —» c) universal from F to b
is, Buch thatV (b €/B/, £': For —sc) T tnique

(P 1BV = b 3 Fb ——p 0o commates .
% ' Fb' i =
. » , . T
bo- In this case, given ¥, its right-adjoint G is

defined by the following:

1 Let $(b,£c :" Fb —» c) be universal from F to ¢
-
‘(b',fc, ¢ Fb' = c') be universsl from F
to o' ' )
Then G : objeéts ¢ ¢+ Ge=1b
) . e! = Ge! - —
‘;f 20 Bmsfll————bl unique‘f-Gf’;
' 5 c b = Ge
B = FGe —f, o :
qu" _ - rxw Tf' commtes, i.e. £'.€ =€°.I"(p’~ |
Fb' = P.Ge' ~——omeep ¢!
£
N : ’
w ~ or, 'in the terminology of (1)
e(¥(Go' = b'), o) a3 (co', Gc) _ ‘
f'.‘Ec, K > Lp = Gf* ' -r

S
4, 3 natural transformations 'v' : 14 —% G.F (B-——'@
' and£:F.==¢Idez,§-—+'8.calledtheunitand

Ca ’ co-unit of the adjunction, such that: , .

w

ot 5

RN

e

& A i, R
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‘ v o/ “ é
. . . L ¥
F.C.F G.F.G. t ;
e \G Ge ‘ y .
‘F‘v] / and " / \ . commute , g
. PizF,1d_ == Id .F = F Td .G£C =30 = C.Id,.
LNV 0T § ;
P
In that case, Wbe /f3/, (¥, Yyt D —> G.Fb) is universal . B
from b to G, ' _ “ ~ |
Ve €/¢/y (Ge, Ec: F.Gc —» ¢c) is uniir‘e;sal
from F to c.
.1 . i L4 .
! - . . N - ! ' | :
. ' | | : | - |
‘N 9. 1. ® is a subcategory of ® 'if ./B/ = /¢/ “ : -
N e . and they have same composition of morphisms, | ’
. ; ‘ N . ) ' ‘ . o, . ‘%
' 2. Bee is full 1t V b, b € /B/, B(v, v') 2 (b, b'), :
; « i.e. 65 is completly described by its objects.
) t . K
IN 10. 1. Categories'( and © are equivalent if '3 a -«
K : functor F: (3 ——» © vhich is full end faithfull
) ~ (tee. @3 (b, b') = ¥, ') V b,b'¢MB) .and ;oo

) Yee/t/fy c>¥ ¥b forsome b € ['3/). ' ’
T : . e ’ %
: 2. B s an equivalent subcatego?, of © if the ' .~ N

inclusion functor satisfies tpis condition

.- (te.Ve o/, 3 B (o,'¢") 2 ¥(o/ o))
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. -
(3 and B are equivalent
&> 3 functors

A== 8 3 FC end G.F

are both naturally i,.aomorphic‘to Ide and Id‘B respec-
" tively or &= 3 adjunction F4G :0 — © whose
. unit Nl a.nd co-unit £ are bo’gh naj:ural isomoxrphisms,

v

(3 & © is reflective in € if the inclusion

functor hag & left-adjoint called the reflector R.

-
~

: Bek is reflective q=b v ¢ €/c/
3Rc£/@/ end 7] 't 6 —» Ro ine® 3V5:o——b b‘,-

3auniquefz Ro-——)b »2 &= fﬂ% o
e -
( €11, page373) & : )
ob an equivalent subcategory }of03
G s e

2> 03 1o a reflective

b & reflective subcategory of ©

4

suboategory of U, '

i

-

M_Li'-l\c dsme,

“

=

"3t F faotors “thr 8 °
> | /“.' ‘ cto Oush A ¢
G Ig. feators through (B,
yielding B s 03, -;-+ % ad G, 1€ — a,
Tespectively =y F, 4G 1 O —> 8 .
e , -
“‘, . ‘*Q !

03, and €, - -are full subcategories of@ and € reepeotivaly
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“tategory €.

fe loel}, is & family of objects in &
s

N

1. A product of | e, is an object o € /B/\
bogetherwithafamny S Pyt o= o] of
® morphisms 3. - fanilies
{fd: X = o“} of ®-morphisms,
xc/c/ 3 unique C-morphism fi X — o 3

d

I £ commtes ,
14 ‘ ,

x

we write = nc
dﬂ

L

-

2. A gco-product of [ cd} is o'¢/C/ with a
family iin“: o, = o'} » V families
{8“ 1 o, —x } K| a unique 8-morphism

€1 o = x 3"/

S i

« €l ¥ Y

[
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a‘x
5
. IN 13, 1. Vnew , 3 vy = ue/e
~ the countable copower of u is {' = Uuﬂ\ ~
=3 3 a unique ¥-morphism mEIN '
+ + .
] 2t W = u 3azin =in _,
i 1y
}‘ inh -~ -

le. 5 u —N_y

N
b .

z commtes Vn g IN ,

£, € =

l/ -
( .
: . 2. V¥neiN ,3 y, = yC/G/
E . the countable power of .y is y = ﬂ n
‘o neiN ™
: ) x x '
| | s=d 3 aunique morphism 2z’ & y ~F ¥y )Pn.z o
i B , i.e.) yb:;ﬁ— ¥ commtes ¥Yn €N, )
. . . ) 0 !
| ¢ fk ‘f'
E Y
- LEMMA 4. i._ 3 u' the countable copower of W € /c/
(t43p.703,120) =) V pairs(g: u —» x £f3 x = x) of C-morphisus
‘ . 'aauniqueB-mprphiamJ:u — X D ’
. u————-g—-’ ¢ ’ ‘.
2 o \ \_18 and 61 Ls —
o S x -—-;-—-) x N

§* 18 uniquely defined by & in = 1"g VnelN,

. mn :
f\ . commtes,
(

ie. dVn'¢IN

" Aoty B s LT Y
e R TR £ Y NT’?’:”"WW@WJ e e TR A

P e B

-

. 4 2
Q’E& 5 'a‘i‘-a}.:'-:'.’q )

e

. e
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2.

- - N1z

3y*  the countable power’of y € /c/

. A4 pairs (hs x =~ y, f1 x — x) of €-morphisms

2.

J e unique E~-morphism s x —b Yy ¥

L.

’

. 1 z
y Po 7 . v
'N w and ‘ & commute ,
x ' X f——— X
12 r o

() is uniquely defined by P
P".*ca = h.f® i.e.d ye—-’-‘— y ;
. . commtes
hF I‘“ VneciN,

X

A g

f is & olase of epis in catagory ’e b & class of
monios in ®, both closed under domposition and Vi
mmrpm.mma.ief and 1 € edly,

f:o,--) b mm(E Jb) factorisation if
fua Sy If 2 b shereoc B mecdh .
This !’actoriution is uid to be unique if we also
have t-a-i-)hmt) —-’b. then 3 an isomor-
phiem B 1 (Inf)’ —a Imf 3 -

o (Imt)’ o'

the diagram
. < \‘/ commites .
Im5t
] ’ ¥

e T Y BN £ BT T

(2]

-

. e P U P
0 it I T T S ™ AR Rl e L

b 16 Y S

ATV

NP I s ST G
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. . ) . *
3, € is oalled an (B, M) category if it is uniquely
(¥ + M) factorizable, i.e. ¥V £ ¢ €, 3 a unique
(8, ) factorization. | : .

4. 0 is said to have the (£ ,db) diagonalization pro-
perty provided thdt V commtative square in €

with e¢ ¢ ,.mc‘u“a, 8 e D
’ & - ¢

. N ) My b, ) -
- . y m. .

3 k > the diagram commutes (k is unique as e il
- epi, or m is monic).

-

. “*

. ,, ¢
o ‘
éi:. \ ¢ is an (B, db) category gmed 8 is (£,) facto-
‘ rizable and hau 'tho (¢, Jb) diagonalization proper‘ay.

a
-~ (A' R /“ . - -
e | I @
HOTE; A , B-Mod ana Gr axe (¥ A ) oategories with

. £ - {o‘oilont"} Mw{njn i81-1)

— vith e, 2 maps in hono—niorph.im in R~-Mod.ox Gr,

TH 10, Ld:)uno,tiona oan be composed; lpoo,ifioally X
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