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ABSTRACT

Modified Uniformn Crossover and Desegregation in Genetic Algorithms

Marc Andrew Pawlowsky

Anew aossover operator called modified uniform crossoveris desenibed. A the-
oretical examination of modified unitorm aossover. uniform crossover. and n-point
shuflie crose ner revedls that there s 1.0 best crossover operator in al’ situations.
Linpimcal teais <how that neither amform nor modified uniform crossover 1« supe-
tor o all situations. A new mutation operator called desegregation is desciibed.

and s empiically shown to improve the seardh process.



SOMMAIRE

Un nouveau croisement opérateut qui se nomme croisciment uniforme ameéhore
est décrit. L'examen théorique d'un croisement uniforme amchoré. d un croisement
uniforme. et du n-point d'un croisement meélé ne permet pas d'afliviner quiil v ant
une meilleure méthode de croisement opératiounel pour toutes les situations. Les
épreuves empiriques indiquent que ni le crolsement umtorme. ui le croisement ung
forme amélioié ne sont supéricutes pout toutes les situations Un nouvel opératem
de mutation appelé deségrégation est décnt et est demontie de facon empitique ahin

d'améliorer le processus de la 1echerche,



Chapter 1

Introduction

This work will exannne shullie Gossover operators for genetic algorithmes. Specifi-
callv. we will be analy zing, the theoretical aspects of the operators. and making an
empitical compatison between two of the more extreme operators.

We will be discussing a new crossover operator called modificd uniforn: cross-
over. the operator has o much smaller variance and is therefore more uniform than
tradition uniform crossover !

The mam contribution of this work 1s that there is no one best shuffling cross-
ovet operator inall situations. This startling conclusion greatly changes the scarch
for the best crossover operator. The clivice of which crossover operator to use is
now much more a heunistic choiee than ever before. unfortunately we are not able
to provide any guide on which crossover operator should be used.

Chapter 2 will intioduce the basic concepts of Genetic Algorithms (GA's).
Fxenof vou are familiar with GA's. vou should read 1t as the chapter presents the
algorithms for the ossover operators that are used and analyzed in later chapters.
A new mutation operator called desegregation is also described in the chapter.

Chapter 3 will present formulas for calculating the probabilities of the number

NModitied umiform crossover was previously pubhished under the name improved uniform crose-
over by Pawlowsky and kryzyah {13



of genes copied and passed. as well as the chance of a schema surviving and bemyg,
combined. Realizing that most readers skip formal proofs, they have been grouped
together in chapter 4. The conclusion mentioned above is at the end of this che pter

Chapter 3 desciines the experiments that were performed, 1 the empitical
part of this wortk Chapter ¢ examines the benetits of desegregation. Chapter 7

compares modified uniform crossover with normal umform crossover.




Chapter 2

What is a Genetic Algorithm

This chapter will introduce the reader to the basic ideas and techniques in Genetic
Algorithms The ideas winch are presented here will not be examined i any detail:
instead. just enough matenal to understand future chapters and answer a few of the
simpler questions will be brought up in this chapter. We recommend Goldberglt’
for a tull mtroduction o GA's.

Genetic Algonithms ate heunstic techmques modelled on nature which are used
to find the global maxinmm values of functions with verv little a prior: information.
The basic principle mvolves treating a possible solution vector as a chromosome. with
each entry in the vector being an allele ', and applying operators that are similar
to the ones nature uses to a set of these chromosomes. called the population. Unlike
other popular optimization techniques (e.g. Hill Climbing. Simulated Annealing).
which work with one solution at a time. GA's examine more than one possible
solution (chromosome) at any one time. This allows GA's to be implemented on
massively parallel machimes  [3)[13][10][26]

There are three common operators i GA's: reproduction, crossover. and mu-

tatiomn.

For our purposes anallede s o chiaracter whose value and property 1s set



Paremdl A ( 1 1 1 1 1)
Parent B { 0 0 0 0 0 )
Child ¢ 1 1.0 0 0 )

Figuie 2.1: A possible crossover.

The reproduction operator is 1esponsible for selecting the members of the pop
ulation that will 1epioduce. and which members of the population will be killed The
reproduction operator itself does not perform any searching  Instead ats contuibu
tion to the search process is the selection ol sucessful chromosomes that will donate
genetic material via the crossover operator As m nature, we select the fittest ehio
nosomes from the population for 1eproduction and remove (Ml the weakest The
fitness of a chiomosome is a nondecreasing function hased on its strength. which
is the evaluation of the chiromosome tnough the function to be optinaeed  The
chromosomes whicl are cho~cen by the reproduction operator are called parents

Crossover 1s the main secarch method of GA's To produce a new <hiomosome
we choose two parents {romn the population based on thein fitness A child s then
produced by taking some alleles fiom cachi parent in a tandom manner. Anexample
is given i Fgure 2.1

The hnal connnon operator s neatation. The vole of mutation is to ensure that
1o possible value 1~ left out trons the search by premature convergence Convergence
of a population mean-~ that the cluomosomes (solution vectors) m the population
have similar values. Mutation changes the values of the genes i the population
at random. to ensuie that all possible combinations of alleles can be generated b
crossover. The puipose of mutation is not to seareh the solution space. therefore
it is not applied toc often. Typically mutation is applied once per thousand gene
transfers between parents and children duning crossover Fignre 2.2 gives an example
population that would never explore the solution space where a 1 the thud place

if only the reproduction aud croscover operators were nsed

{




(01001 )
(10010 )
(0001 1)
{00000 )

Figure 2 2- A population where crossover will not explore all values.

The examples given in Figures 2.1 and 2.2 use binary vectors: Holland [11] has
shown that GA's work best when the search space is binary. Achley [4] mentions
in his itioduction that GA's operate by tryving to find the best coordinates and
combining them. We can maximize the number of coordinates that are searched at
any one time. and mmimize the possible range of each coordinate by using binary
vectors. Inorder to evaluate the stiengtli of a chiomosome a function (G) is required
to translate the chromosome to the domain of the evaluation function (F). This
miahes the strength of the i-th ciiomosome (¢,) equal to F{G(c,)]. *

Figme 2 3 gives a basic aleorithin for GA's. The algorithm as listed intioduces
as Miany new questions as 10 answers Fist, what domains and with what precision
should the solution space be explored  1lis is the only a preere information that a
GA needs. GA's cannot guarantee to find the maximuni value. but they will find
the area of a maximum value.”

As mentioned above. the fitness rating is a measurement of how manv offspring
a chromosome will produce. The second question aiising from Figure 2.3 is how to

determune the fitness rating of a cliomosome. The fitness can be set in man

wavs [10]. as long as

fitness(¢,) > 0

“In the rest of thus work, chromosomes will be written without the brachets indicating that they
are vectors, and without spaces to separate the elements

JA spihe could always extst in an areas that was not searched. for any “black box™ non-exhaustive
search techmque  See Fygwe 24 A tradeoff miust be made between the precision of the answer
revenved (realizing that 1t s only an estinater and execution time (see below) This 1ssue has just
recently been covercd woa techuncal tepoit by Schraudolply and Belew [24) who dynanucally change
the mappig luncton o get higher preasien wath shorter chinonmivsome lengths



1. Decide on the domains. and piecision of the solution space that is to be ex
plored.

o

Find a mapping scheme that maps the solution space to a binary vector. (Ths
will give the length of the chromosome.)

3. Decide on a population size.
4. Create an initial population with random values.

5. REPEAT

(a) Find the fitne<s of the population members

(b) Choo~e n members of the population to become parents

(¢} Create the daldien from the parents using crossover

(d) Give eacli gene m the claldren a chance to be mmtated

(el Place the chnldien mto the population. replacing old members based an

fltllc:b.{L(‘a.\l fit are most H]\‘('l}‘ to he 1(*|)lll(wl )

6. UNTIL stopping conditions met.

Figure 2 3 Basic Genetic Algotithm

fl )
1 Yy

A

Figuie 2 1 A hard tunction to solve
Due to the spihe. this function is hard for GA's to solve




chiomosome  strength  rank fitness

1o 22 1 2

cy 18 2 1

Ca 18 2 1

Ci 10 3 0.5
Cs 6 4 025

Figure 2.5: Possible assignment of fitness by ranking.
Ve,. ¢, € population.strength(c,) > strength(c,) — fitness(c,) > fitness(c, ).

A cornmon method is to use the normalization function

strengthie,) .
1 . > B
>, ~tengtliien if strength(c,) > 3
0

otherwise

fitness(e,) =

The value of 4 can be chesen in many ways. Two common methods are to set 3 to
0. o1 to the mean of the population.

A second way of setting the fitness of a chiomosome is to rank the population
by stiength. and then assign each member whose ranking is lower than the previous
member a fraction of i fituess of the previous member. In Figure 2.5 the strongest
members of the population have a fitness of two. and each lower ranking member of
the population has half the fitness of the next highest member.

Ranking has many advantages. among them that partially ordered sets may
be optimized[23] [19]*. aud that it 15 harder for extremely strong members of the
population to dominate causing premature convergence.

The fitness 1ating of a chiomosomne is the expected value of the number of
children that it will be paient of. Since the fitness rating is a positive real number.
a method must be found to transform it into a natural number.

An early technique for choosing the parents which would reproduce is called the

“Spinning Wheel"[9] . The model is of a roulette wheel, such that each chromosome

See (51 [10]. [27] for the advantages of rankimg



1. parents « number of parents to choose from populatiou.
2. sum «— Sum of fitness for all members of the population.
3. total «— 0 /> Partial total of sum fitnes: ™/
4. chosen «— 0 /7 Number of parents chosen */
5. Make position of chromosomes in population random.
6. FOR each member 7 of the population DO

(a) REPEAT

1. total — total 4+ (fitness of chromosoiie, / sum) » parents
1. IF chosen < total TIHEN
A. chromosome, will receive another (possibly first) offspring

B. chusen — chiosen + 1

(b) UNTIL total > chosen

Figuie 2.6: SUS algorithm

in the population occupies an atea in proportion to its fitness levell Fach time a
parent is needed the wheel s spin. and the parent is chosen by where the hall Laneds

A newer method 1~ Stochastic Linform Selection (SUS) by Baker (6] In SUS
what we do 1> 10 iterate through the population while keeping « cumulative total of
the number of parents chosen and the sum of the fitness ratings. When the numbes
of parents chosen is less than the sum of the fitness ratings. then that parent is
selected to reproduce. Figure 2.6 [G] gives the algorithm in more detail. Advantages
of SUS include that the number of times a parent is chosen is never more than the
ceiling of the fitness. and that it is of order population size [6)].

The nexi question to be asked of Figure 2.3 1s the heart of this thesis, how <
crossover performed. Thete are thiee basic techniques, plus a new method that we
will be introducing called modfied uniform crossorer (ut). There are many other
published variatious that will not Le mentioned (see [S]. {11 [12]. [17]. {21]). "The

algorithms that we are giviug here are adaptations such that crossover will produce

10




1. Ensute ] < <l =2
2. X is a set of n mtegers in the range [2.1 — 1] chosen randomly

3. choose « random choice between 1 and 2
/* parent to have first gene copied from */

4. FORi=1 TO
(a) IF € X THE
i. /7 Switch parent to copy from 7/
i IF choose = 1 THEN
A. choose — 2
. ELSE
Al dvose — ]

(b) Copv the i-th allele fromy parcid .. to the childs i-th gene.

Frewe 2,70 Algonithm for n-pomt crossover (n-pt).

one child. The basic algorithms usually produce two children. with the genes being
those of the opposite parent.®

The first technique i< known as n-point crossover (n-pt) . Given a chromesome
of length I. we choose n distinct points. called crossover points (r,). in the range 2 to
[ -1 Starting with a parent chosen at random. copy the alleles into the child until
a crossover point is reach. at which point the parent is changed. This is continued
until the end of the clnomosome 1s reached (see Figure 2.7).

An example s given in Figure 2.8 with a chromosome length of 5. two crossover
points at index 1 and 2 In the example. the first (locus 1) and the third fragments
(locus 4 and 5) are copied fiom the first parent. The second fragment (locus 3 and
4) is copied from the second parent.

The second technique is n-point shuflle crossover (sh-n) . In this technique the

SFor a crossover that produces two cluldien. if the i-th gene m the first child was copied from
the first parent. then the -t gene m the second cild comes from the second parent  Simmularly
if the g-th gene m the first cluld comes from the second patent. then the j-th gene in the second
child comes from the first parem

11



Parent A1 10 1|0 1
Patent B1O0j1 11 0
Cluld (111 110 1

Figure 2.3: An example of 2-pt crossover.

Before shuffhng
Paremt A a;=1 @ =0 as=1 a;,=0 «, =1
Parent B 1'1 =0 bg =] 1);1‘ =1 [1| =1 b = 0

After shuflhng
Parent A ;=0 «;=0 =1 uy=1 aq=1
Paiewt B b,=1 =1 =0 b

=

(Crossover
Parent A a,=0{a,=0 =1 ay=1 aq=1
Parent B l)g =1 1)4 =] b] =0 [)3 = ] b;, =1
Child a) = 0 1)4 =1 ()1 =0 ay = 1 ah =1

Unshuffling
Chl]d l)]:M(I'Z:O (1321 l().;’:] (lr,:l

Figure 2.9: Example of n-point shuffle crossover



Parent A« a; a, uay as ag
Paient B ,'l J)Q 11\5 bq bs, b(,

(,‘hl]d (I] aq b3 ay b5 dg

Figure 2.10: Example uniform crossover.

Copving of duplicate genes.
Parent A ay =1 ay; =0 a3 =1 ag3=0 as=1

Paremt B b, =0 by=1 b3=1 by=1 bs=0
Child 1
Copying of non-duplicate genes,
Patent A ay =1 «r = ay=1 a;=0 as5=1
Paret B b, =0 by =1 by=1 by=1 by=0
Child b, =0 a.=0 1 ay =0 b;=0

Figue 2.1 Example modified uniform crossover.

parents are hrst shaffled such that they have the same genes in the same positions.,
but that the position of the genes incide the chiomosome is random. n-pt crossover
is then performed normally. Finally. the genes in the parents and the child are
unshuflled.[5] (See Frgure 2°9)

Uniform crossover has cach parent copy (/2 unique genes chosen independent]y
(see Figure 2.10).[25] Modified uniform crossover first copies the genes that have the
same alleles in botlr pareuts to the child. Of the genes that have different alleles
in the parents, half aie copied fiom each parent. being chosen independently once
more (see Figure 2.11)  Only modified uniform crossover guarantees that if there
are two alleles which are different then the crossover will be effective.®

The final question to be answered of Figure 2.3 is how do we know when to
stop. The answer is the sanie as any blach box method. “we do not know!" There is

no guarantee that we will find the optinial solution. so we can not know when to stop.

"Aneflective crossover s one mowhidh the dnld s different from both its parents

13



=100 10100 01
| R 1 1) I U
10> 10"0 =01 **10
=1 1710 *0*0 ™0

Figure 2.12: Schema for the chiomosome 1010

What is done instead is to set up an artificial stopping condition. The most common
method mentioned in literature is to stop after a preset numbes of generations T'wo
other alternatives would be to stop after the population has converged to a certam
level. or to stop after the populations strength hias not increased after o preset
number of generations

The final subjectim this chapteris “Why do G V'S work?”™ The proof i< comples
and is given by Hollaud [11]. Goldberg{9y. and s re-exammed by Grefenstette! 10
The essence of the proof is that we are not explormg mdividual chiomosomes bt
the schema to which they belong.

A schema is a projection of the hvperspace that a chromosome helone< to We
will let ™ represent a position that is not set. The chiomuosome 1010 belongs to the
16 schemata™ listed in Figure 2 12, T general a chiomosome of length [ helones 1o
2! different schenata

What we are doing when we alloc, te chitomosomes for 1eproduction s to al
locate more search effort on the schemata that have been successful i the past (e
is evidenced by the fact that they are stll i the population)  Since reproduction
removes memhers which have o low fitness ratings the munber of samples on “had”
schemata will be decicased m the next generation. while “good™ sehemata will have
more samples allocated to them. thus pressuning the population and the seardh pro
cess to continually improve. The parpose of crossover is to ny “good™ <chicmata <o
that they can generate better chromosoines for the next generstion

This concludes our very biiefmtioduction to GA's. Thereader now has enongl,

“The plural of sclirima 15 schemiata




matenial to implernent the basic GA in Fagure 2.3, and understand the remainder

of this thess.



Chapter 3

Theoretical Foundations

In this chapter we will discover formulas that will predict the number of genes
copied by a patent to the child for shufile (sh-n). uniforni (u) and modified uniform
crossover (u*). We will introduce a new term passed indicating the nnmber of penes
that have the same allele in the clnld as in the parent. and we will derive fornlas for
predicling the numiber ol alleles ]m\\wl for the crossovers mentioned above, Finally
we will give formulas that will predict the schiema survival and combination rates

for the thiee crossover metlods,

3.1 Number of Genes Copied

A simple analvsis of n-point shuffle crossover will show that as n. } <o 7 1= 1.
increases the variance of the number of genes that a parent can contribute decrease
We define crossover point 0 to be just before the first locus. and the Jast crossove
point n + 1 to be after the last locus 1 1s the mimber of crossover points withu the
chromosome.

A chromosome fragment i< the set of genes in a chromosome copied to the
child. between two consecutinve cros=over pomnts Let a, be the nunber of genes

the 210 ~ 1-th fraginent and b, the nnber of genes o the 2o th fragment Ty
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a; =2 [-,1=3 a; =3 i)z:? asg =1 Z)3=4
Parent A | a; ay; a3y ay as | ag a7 ag | ag 4ajp a1 Q12 413 Wy aps
Parent B| b, b, [ b3 by b5 | bg b7 bg | by byo by b1z bz by bys
Child {ay az [ by by bs |ag ar ag | bg byo | an bi2 bz by bis

Figure 3.1: Example of calculating @,, and b, for 5-point crossover.

means that @, and b,, are the number of genes from the m' fragment that belongs

to the first and second parent respectively.

&], l_)l N (-12,212. 63.2)3. .... See ﬁgul'e 31)

(i.e.

The fragments are numbered:

ay, 1s the number of genes that come aiter the (2m — 2)-th crossover point and

before the 21 = 1-th crossover point. Similarly by, is the number of genes between

the 2100 — 1-th and 2i-th crossover points.

After shuftling the genes we have the two following models of the child after

crossover. where n is the number of crossover points. and k is a function of n:

For n =2k — 1

ill

[l] a,

i))_

giving 2k fragments.

1.

1 <a,,

1 < by,

Tl.

Lz

Forn

[

Ay, =«

<= (20) + 1. for ]

[=12h)+ 1 fu ] <

k-1 =2k=2

<m <k

m < k

a,

by

(-12

()2

ag-y

bi -

| @

|

giving 2k — [ fragments,

I <a, KI-@2h=D+1=1=-2k+2for 1 <m<k
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2.1 €y SI—2k=1D+1=1-2%42fan 1 <m< k-1
3. Z:m](-lm:C
4. fn_:lli)mzl—c‘

5. k<c<l—(k-1)=Il-k+1

Lines I and 2 of the models state that each box must have at least one gene.
Therefore the maximum number of genes any box can have is the Jength of the
chromosome (). less the number of segments, plus one for the box itself e.g place
one gene in each fragment. then place the remainder in a single box.

Lines 3 and / indicate that the number of genes copied fiom the first patent
is an arbitrary number c. with the secoud parent getting the remainder (I = ¢)

The final line. 5. indicates that the minimum number of genes that can bhe
copied from the first parent is equal to the number of fragments (&) that will be
copied to the child. The meaximum number of genes thai could be copedd from the
parent is the number of genes less the number of fragments that will be coped fiom
the second parent.

Note that for botli cases the number of fiagnients is one more than the number
of crossover points. This means that there are n— k41 fragments that will be copied
from the second parent. The two models will now be merged so that one model i«
used for both even and odd n.

Using a'y, = @y — 1. and (';',,A = by, — 1 which 1epresent the number of geres in
each fragment above one, and ¢’ = ¢ — &k which repiesents the number of genes the
first parent has copied in addition to k. The sumimation index on line { needs alo

to be changed to become a function of &

1. 0<d, <l—{n+1y=l~u-11ul

i\

IA

m
220, <l—-tu=1ly=l~n-=1dn 7w <u—-1 4+

I~




v k T
3. Zm:] (I'm =

4. Zv:—k+l&/m=([_(7l+1))_c’=1—77—c’_1

m=]

50 <l-(n+l)=1l-n—-1

There are

c+ k-1

CI

ways that the a',,’s can be selected and sum to ¢ [18]. and

({l—n-c =14+ (n-Fk+1)=1 l— k= =-1
l—n—=c -1 l—n—-cd—-1
wayvs the g, 's can be chosen so theit sumis {—n—¢ - 1.
FFor example. 1 3-pont crossover 1s being performed. then there are four chro-
mosome fragments. two of which will be copied by the first parent. The number of
wayvs. the number of genes in each chiromosome fragment copied by the first parent.

can be chosen such that their sum is equal to five is calculated as follows.

These are

dy s
14
2 3
3 2
bl
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The probability of choosing ¢ = ¢’ + k genes from the first parent to be copied
to the child for n-point shuffle crossover is the number of ways of choosing the o'y, s
so their sum is ¢/ multiplied by the number of ways of choosing the ¥,,'s so their
sum equals | — n — ¢ + 1, divided by the total number of ways of choosing the a',, s

and ¥,,’s.

c+k-1 l—k-c"—1

sh-—() c l—n—-¢ =1
pe, "le) = -
A | =k = =1
B
‘ ¢ [ —n—¢ -

h (e k) [—n—(c~k) =1
Pil—n((‘):- — ;
o [@rbt ) [1m ke
cl=0 ¢ [__ n—c¢ -1
¢ —1 | — ¢ =1
c—k l—n — ¢+ k=1
NEEEYIEE
¢'=0

/

C [—nu~dc =1

The probability of copving ¢ genes from the second parent is the dual of copying

[ — ¢ genes from the fust parent !

P (e) = il = ¢

(l—c)-1 [-{l—-¢c)—1
(l—c)—Fk l—n—=(l—c)+ k-]

R ey 1—/.--a—1)

¢'=0 -
c == =1

TRemember the total numbet of genes copied from both patonts s
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l—c—-1 c—1

l—c—k c—n+bk=1

ey [ O l—k-c -1
c'=0 - -

¢ l—1nu—-c ~1

Assuming that the chromosomne can be assigned to either parent with equal

probability. the probability of a parent having ¢ genes copied by shuffie crossover is

-n l sh—-n -1
p?(d=505(d+ﬁ RD

c—1 {—c—-1 | —-c—-1 c—1
_+.
c—k l—nu—=c+ =1 l—c—-F c—n+ k-1
, TGy [ — k- —1
2yt ]
= o [—n—=c =1

Using theadentities

and

we get the probability of having a parent copy ¢ genes by n-point shuffle crossover

c—1 [— ¢ —1 (—c—1 c—1
+
’ c—k n—k k-1 n—=k
pli T (e) = (3.2)
(-1

to

l—n-1
We will now analyse the finst parent. chosen arbitratily. for variance. Choosing

the o'y, 's for a given ¢ s the same as 1olling & dice. The probabilities for choosing ¢

are bell-shaped  As A inareases the curve becomes nariower and narrower. reducing
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protablay of oupyig ¢ gED

Figure 3.2: Probability of copving ¢ genes for n-point shuffle crossover.
Piobability of copying ¢ genes for n-point shuflle crossover. Where the probabihty
is calculated using equation 3.2. Chromosome length 1s 30. (a) The upper left to
lower right axis is the number of genes copied. and goes fiom 0 1o 30 The lower left
to uppet right axis 1s the number of crossover pomts and goes from 1 ta 29 The
vertical axis is the probability of copyving ¢ genes with w-pomnt shutfie crossover and
has a 1ange of O to 1. (b} Each curve in the plot represents a nuinber of crossover
points. The curves have higher peaks as the number of crossover points mcreases

the variance of the sum.® This can be seen in figure 3.2 which graphs equation (3 2).
for ! =30 and 1 <k <[—1. Eshelman. Caruana. and Schaffer [8] have noticed that
up to a ce tain point, the greater the number of crossover points for shuflle croscover
the better the empirical 1esults. Aloug with the results shown above, one would he
led to believe that it would be best to keep the variance down to a minnmum

As mentioned on page 2. unitorin crossover produces a child by taking half of
its genes from each parent. The choice of which genes are from which parent are
independent. as long as no locus 1s chosen twice, and cach patent contributes half
This is analogous to sh — (1 — 1) croscover The probability of ¢ genes being copied

from a parent with uniform crossover is

26."83'\ Garry Advanced Dungeon & Dracons Dungeon Masters Gude TSR Garnee 10970




pilc) = life=1/2
= 1/2if [{/2] << [1)2]
= 0 otherwise (3.3)

Modified uniform (ut) crossover produces children by first passing on all the
genes that are the same in both paents to the child. Each parent then fills in half of
the remaining genes. 1f the number of duplicate genes d (0 < d < 1) have the same
allele. then the first parent contributes d + |52] genes. and the second ¢ + =4

genes The probability of @ parent copying ¢ genes s

. [+d ,
ey = 1life= U+d) and [+ d is even
[+ d
= 1/2 if[( —‘t()chSf(l-}-J)/Q]
= 0 otherwise (3.4

Note that the duplicate genes are copied twice. once for each parent.

3.2 Alleles Passed

Svewerda [25] uses mashs to analyze the survival of schemas. We will be using the
same formula. to analyze the number of genes that are passed. which will lead into
the analyvsis of schema survival. and combination.

A mash is a method of showing where the gene for a child came from. In
Svswerda's work crossover produces two children. A mask is a binary string of
length [. A one in position 7 indicates that the i-th gene was copied from the first
parent into the first child. and the second parent copied its i-th gene into the second

child. If the mask was a zero. then the second parent would have copied its gene



Parent A1 1 1 1 0 ¢ 0 0
Parent B|1 1 0 0 1 1 0 0
Chid1|(1 1 1 0 0 1 0 0
Child2(1 1 0 1 1 0 0 0

Mask 1 0 1 0 1 0 1 O

Figure 3.3: Example of crossover with masks.

into the first child: and the first parent would have copied its gene into the second
child.

Figure 3.3 shows a case where the first, third, and fifth genes from the first
parent where copied to the first child. The second. fourth, and sixth genes of the
second parent were copied to the first child. The opposite occurs for the second
child.

Further analysis will make use of the following principle:

Schema A {(a schienia in the fiust parent) can have from zero to all of its
bits masked. How many wavs. given that m bits of { are masked. can
schema A have 1 of its bits masked! The answer is the number of ways
to arrange the : bits within m times the number of wavs to arrange by~

within { — . o

m [ —m
: by —1
[25].

Recall that b4 is the number of bits in a schema that are fixed, 1.e. either a 0
or 1. A bit in the schema is said to Le masked if the bit in the schemais fixed. and
if the corresponding bLit 1n the mash 15 a

The general case is that given sors A0 £ sucdi that 8 A4 the probability of

receiving b items in B when packine o trom A4S

24




a |A] — «a

b Bl — b /
B a |[A|—a
b'=0
b |B| -V
a |A] ~ a
h |Bl—-b
(3.6)
|4l
| 3]

We have defined d to be the number of genes with the same alleles in the two
patents. The number of genes coped to the child from each parent is represented
by the term ¢. A new tenn “passed” indicates how many alleles from a parent are
in a child. regardless of which parent the allele came from.3

A gene is passed from the patent if it is copied from the parent. or if the gene
that was copied from the other parent has the same allele.

In mathematical terme let Py represent the genes passed by the first parent.

C4 the genes that are copied by the fust parent. and D be the set of genes that have

the same alleles. Then
Pa=Ca UD (3.7)

Note that the genes which are copied. and the duplicate genes are not neces-
sarilv disjoint sets.

The number of alleles passed 1~ indicated by the term p. (From the definition
of passed genes p > ¢ )

Recall that the first parent copies ¢ genes. while the second parent copies { — ¢

genes.  For a crossover operator which does not check the alleles of the parents

YA gene that 1s passed. 1s one that can he claimed by a parent. For example if a new born baby
has black bair. and both its mother and father have black hair, then the mother could claim that
the baby has her hair color This 1s true even if unhnown to her. the gene actually came from the
father



Parent A1 0 1]0 1 1

Parent B[O 1 111 0 1

Child [T 0 1]1 0 1
Ci X X X

Ps X X X X

Cys X X X

Py X X X X

Figure 3.4: Example of genes passed.

(shuffle and uniform crossover). the probability of passing p genes from the first

parent, is the probability of the second parent copying p — ¢ duplicate genes,

l—¢ [—(l=2¢)
p—c d—(p-c)

!
pp(p) =D pole)

=0 [

[-—¢ ¢

p—c p—d

{
= Z p.(c)
c=0

. . e . . . +
From the definition of nodificd uniform crossover given in chapter 2, pr" = p

since no duplicate genomes can be passed from the second parent. that were not

copied from the first parent.

3.3 Schema Passed

A schema is passed from a parent 1f all its fixed positions occur in the child, (See
figures 3.4. and 3 5) When all the fived posntions have been passed the schemna i

also said to have “survived™.
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Parest A1 0 10 1 1
Paremt B |0 1 11
Child{1 0 1|1 0 1
Schema passed from first parent
1017*1 101> 10***1 1*1**1
01==1  10====  1*1**x *Q]*=~

I*xrrl xox:u*l **l**l 1*****

O**x* *xl*** *K***l L 2 32 33

Schema passed from second parent
**1101  **1100 **11*0 ™**1*0l
**101  frl1troxrreO* *T*10™

xlxxl xxxlxl *xxxol xxxxxl

XIXO) 1))’1)) x*l)‘x b g 3 - N
Figmie 3.5 Example of schema passed.
To calculate the probability of passing a schema of length b4 from the first

parent to the child. we use equation (3.6) to find the probability of a b4 specific genes

being passed when p out of [ genes are passed. (Let [A| =l.a=p. |Bl = by.b=by.)

L l—p
()
[l,g /l W !)1

{
l’b(h']' = Z
p=0 / \

1)4 }

Simplifying the formula we get

| by
pslba) = Y ——" (3.9)

3.4 Schemata Combining

The last formula m this chapter covers the probability of schemas combining. Two

schemata are sard to have combimed. i the fust schema is passed to the child from one

a =



parent. while the second <chema is passed from the other parent. For the example
given in figure 3.5 there are 256 (16 x 16) different schema combinations, one of
which is 101**1 and **1101.

Using equation (3.9) we know the piobability of a schema being passed  Given
two schemas of length by and bg. and the number of genes passed p and [ 4+ d — p.
from the first and second parents 1espectively. the probabihty of the two schemas

appearing in the child is calculated as

p l+d=p
! 11'.; [’H
Ps:(b.»%-bB):ZP;(P) (310
=0 { !
[)‘ [Ih

3.5 Summary

We have now provided formulas so <haflle. uniform, and modihed uniforin crossove
can now be theoretically compared. These formulas are important, i that they
consider any level of convergence hetween the two parents o chapter 4 we will uee
these formula~ to examine the relative theoretical stienaths and weakhnesses of the

operatois.




Chapter 4

Theoretical Analysis

Tlne chapter will examine vatious theoietical advantages and disadvantages of shuf-
fle. uniform and modihed unilorm crossover. We will preve that neither uniform.
modified uniform. nor shuflle croscover is superior to each other for all situations.
This means that the performance of a crossover operator is problem dependent.

The mathematical svimbols used are the came as in the previous chapters. all
new svmbols will he defined when they are first used. A summary of the syibols
used s provided mappendin AL It)s recommended that the reader use the appendix
as o reference tor the many symbols used in this chapter.

Before we can reach our conclusions. we must first create a set of lemmas which

will be used i dernving our final theorens.

lema 1 The total number of goues passed from both parents 1s I+ d, where 1 1s the

length of the chromosome. and d s number of alleles that occur in both parents.

Proof- Let ¢ be the siumber of genes copied from the first parent. Let d; and
d — dy be the number of duplicate genes that were copied from the first and second
parents respectively, The number of genes passed by the first parent is the number
of genes copred. plus the number of duplicate alieles copied by the second parent

d = dpoenvng o total ol ¢+ (d = dygenes passed by the fiist parent.
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patent 1|1 1 1 |
parent 210 0 1 1 |
| child (01 1 1 1 ]
d=3. m = 4. Py =, [
l+d=pm+ p
S5+3=4+14

-

Figure 4.1: Example of lema |

The second parent passes the number of genes it copies { — ¢, and the number
of duplicate genes copied by the first parent. giving a total of (I = ) 4 d, genes
passed by the second parent.!

The total number of genes bemg being passed by both parents is theretore
(c+(d=dyi)r il ~cp+dyj=1{~+d (See tigue 1 1) 3D

Lema 4 uses lemmas 2 and 3 to give the possible tange of the munber of genes

a parcnt can pass in shuffle crossoven

lema 2 If p; s the number of gones passed by the first parent o 020 — 2y-pound
” ! I} i ] /

shuffle crossorer then mas(h.d) < py <min(l = b+ 1+ d.)

Proof- Fron: the model on page 1o, the tange of the number of genes coped
from the first patent is b < ¢ <=k + 1. Remembering that a gene s passed from
a parent if it was copied fltom the parent. o1 i 1t has the same allele in both parente
(i.e. the gene is a duplicate). the munimum nunber of genes passed oconrs when all
the duplicate genes are being copied fiom the parent. If the number of duplicate
genes (d) is less than or equal to k. then all the duphcates could belong to the genes
being copied from the first parent (figure 1.2 Therefore the mummmum number of
genes that could be passed 1s k

Hh<d<i-1 1 then the number of duphicate genes s stilb i the range

of genes that could be copied trony the bt parent “Then the nammon namber of

INote that the dupheate genes are counted as benng passe d twace onee from en b paront

-~
puind




PARENT A a, 0 a3 dy 1
PARENTB | b, 0bs by |1
[ CHILD . ] a, OTbg b4 J 1 ]

Figure 4.2: All duplicates in one parent.
A case where all duplicates are copied from the first parent, when a, # b;. The
number of genes copied from the first parent, equals the number of genes passed.

genes that have to be copied to ensure that all of the duplicate genes are copied
occurs when ¢p = d In tns case. d genes are pasced from the first parent.
HWd>1~k+1then thetcared —({—=k+1)=d~-1{+ k-1 more duplicates
than genes that can be copied from the first parent. If all the duplicate genes are in
the genes that are copicd from the first parent. then the minimum number of genes«
that could be passed is the number of genes that can be copied plus the number of

duplicate genes that can not be copied
d=Il+k-1+(-k+1)=4d

Therefore the minimum number of genes that can be passed is max(k.d).

Similarly for the maximum number of genes passed. The second parent has
[—c| genes copied. which means ¢ isin the range [k—1.1—k]. If d < k=1 then ali the
duplicate genes could be copied from the second parent and the maximum number
of genes allowed copiced from the fust parent. With [ — & + 1 genes copied from the
first parent. and all the duphcate genes being copied from the second parent. we
would have I — k + 1 + d genes passed

Ifd > L+ 1.itis possible fur the irst parent to have [—k+1 genes copied. The
remaining & + 1 genes which are copied from the second parent can consist entirely
of the duplicates, which gives the maximum number of genes which could be passed
ts [

Therefore the maximum number of genes that can be passed is min(! — k +

d + 1.0). O
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lema 3 Ifp, is the number of the genes passed by the second parent in (2k —2)-point
shuffle crossover, then max(k — 1.d) < p, <min{l — k+ d. ).

Proof: Using the same train of thought as in lema 2. we note that the number
of genes that can be copied from the second parent is k=1 < ¢ <I—k Hd < k-1,
all the duplicates can be copied from the second parent, giving & — 1 genes passed
as a minimum.

If ¥~1<d <1 — k. all the duplicates can be copied from the second parent.
So as a minimum we have d genes passed.

For the maximum genes that could be passed. we remember that the first
parent copies ¢; = — ¢, genes. If d < k. then the first parent could copy all the
duplicate genes. When the ~ecoud parent copies I = £ genes, the maximum number
of genes that would be passed is 1 =k + d.

When d > £. then the maximum number of genes that could be passed s 10

lema 4 Ifp s the nundber of the gones passed by a pare oo i (20 = 2)-parut shuffl

crossover, then maxth — I.d) < p < min(l =L+ d. 1)

Proof Usiig lennnas 2 and 3. we can state the minnmum and maximurm hounds

in terms of the bounds of the st and second parents

min(max(k.d).max(k - 1.d)) <p <max(min{l{ =k + 1+ d Ol = k4 d. 1))

Assuming that d > k — 1. then max(h = 1.d) = d, aud max(k.d)=d. fd < k-1,
then max(k—1.d) = k = 1. and max(k.d) = k. Since k — 1 < -, the lower bound -
max(k — 1,d).

Sirnilarly. using d + 1 < k as the dividing hine. we have upper bound of minf{ -
k+d. l).O

Lemma 5 shows that increasing the number of aossover points i shuffie croe.

over. decreases the nuinber of genes that can be passed.

-
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lema 5 For cven numnber of crossover pomts (n) in 1-pomnt shuffle crossover, the

range of the numbcr of genes passed (p) 1s NON-IMCTEASING S N INCTLASES.

Proof: Let 1, = 2k — 2, uy, = 2k. Define the sets P, and P; as the possible
values of p for n; and n, point shuffle crossover respectively. From lema 4 the

elements of Py are defined by
min(k - 1,d) < p, <min(l =k +d.1)
Sinnlarly P,°s elements aie defined by
min(hk.d) < p; < min(l - (F+1)+d.1)
Therefore

7l_)>7ll = /).fg [)]s—J

Lenimas 6 and 7 state that we need not consider both the even and odd number
of crossover points m shuffle crossover since they have the same characteristics.

Lema 6 shows that odd and even point shuffle crossover are identical. This
fact is useful. since it simplifies the calculations that have to be performed when

comparing shuftle crossover.
lema6 Ifn i« odd and n+ 1 <1 then p‘;"‘”((') = pf_h'(”“)(c).

Proof: The proof was confiimed by calculating all [ < 1530 forall 1 < n < L.

It was then programmed using Maple [7]. The output is given in figure 4.3.
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I/
AN {/l.. Licensed to Concordia University
\ MAPLE / Version 4.3 ~--- Mar 1989
L S > For on-line help, type help();

((binomial(c-1,k~1)*b’nomial(l-c-1,n-k)) +
> (binomial(l-c-1,k-1) «binomial(c~1,n-k)) ) /
> ( 2 * bainomial(l-1, r));
p-c.shn := 1/2 (binomial(c - 1, k - 1) binomial(l - ¢ - 1, n - k)

v
‘o
[
O
|
(7]
=
[}

4+ binomial(l - ¢ -1, k - 1) binomal(c - !, n ~ k))/binomial(l - 1, n)
#
> p_c_shn_even := subs({k=k_even, n=n_even}, _c.shn);
p-c.shn_even := 1/2 (
binomial(c - 1, k.even - 1) binomial(l - ¢ - 1, n_even - k_even)
+ binomial(l - ¢ - 1, k_even - 1) binomial(c - 1, n_even - k_even))/
binomial(l - 1, n_even)
> p.c.shn_odd := subs({k=k_odd, n=n_odd}, p_c_shn);
p-c.shn_odd := 1/2 (
binomial{c - 1, k_odd - 1) binomial(l - ¢ - 1, n_odd - k_odd)
+ binomial(l - ¢ - 1, k.odd - 1) binomial(c - 1, n_.odd - k_odd))/

binomial(l - 1, n_odd)

Figure 4.3: part 1. Maple program solving lenia 6.
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# PROOVE THAT p.c.shneven = p_c.shn_odd when
#
# n.even = n_odd + 1
>
> n.even := n_odd + 1;
n_even := n_odd + 1
> k.even := k_odd + 1;
k_even := k_odd + 1
# n_even := 2 * Kk_even - 2;

> n.odd := 2 * k_odd - 1;

n.odd := 2 k_odd -~ 1

> p.c_.shn_even;

1/2 (binomial(c - 1, k_cdd) binomial(l - ¢ - 1, k_odd ~ 1)
+ binomial(l - ¢ - 1, k_odd) binomial(c = 1, k_odd - 1))/
binemial(l- 1, 2 k_odd)

p-c.shn_odd;
binomial(c - 1, k_odd - 1) binomial(l - ¢ - 1, k_odd - 1)

binomial(l ~ 1, 2 k.odd - 1)

Figure 4.3: part 2. Maple program solving lema 6.
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add known ranges of variables
n.even >= 2;
2 <= 2 k_odd
n.odd >= 1;
1 <= 2 k.odd - 1
n_even < J;
2 k_odd <2
n.odd < 1;
2 k_odd - 1 <1

> k_even >= 2;

v Vv

v VvV VvV Vv

>
>

2 <= k_odd + 1

k_odd >= 1;
1 <= k_odd
c > 0;
0 <= ¢
C<=l; c <=1
dif := p.c_shn_even - p_c_shn_odd,
dif := 1/2 (binomial(c - 1, k_odd) binomial(l - c - 1, k_odd - 1)
+ binomial(l - ¢ - 1, k.odd) binomial(c - 1, k_odd - 1))/
binomial(l - 1, 2 k_odd)
binoemial(c - 1, k_odd - 1) binomial(l - ¢ - 1, k_odd - 1)
binomial{(l - 1, 2 k_odd - 1)
sol := solve(dif=0, {c});

bytes used=406720, alloc=139264, time=3.570

>

scl := {c = c}

sol := solve(dif=0, {1, k_odd, c}),

bytes used=807112, alloc=311296, time=€.820

>
?

sol := {c = _%X, k_odd = k_odd, 1 = 1}

quit

bytes used=924268, alloc=35225€, time=7 920

Figure 4 3: part 3 NMaple program solving lema 6
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lema 7 If n is odd and v+ 1 < 1 then ph=n(p) = ph=(N(p), pth=n(by) =

p:h—(n-H)(bA) and I):'c]—n(bA'bB) = I)':f—("+])(b,1. bB)

Proof: From lema 6 the p*=("+1) can be replaced with p:*~" in equations (3.8).

(3.9), and (3.10). Since none of the other terms contain n or k, the formulas are the
same. O

The following lema shows that as we increase the number of crossover points.
we reduce the number of possible combinations of schemas from the parents that

can combime in the child

lema 8 Let (by.by) be a pawr of schama lengths such that their probability of com-
binung by n-pomt shuffle crossovar 1s guen by the formula ph=n(by. bg). Let P
be the set of pawrs of schenma lengths whosc probability of being combined 1s non-zero.

Then

I).sh—'.’k-.’ D) In/‘—.’k
LTS —_ S

Proof: For a schema of length b4 to be combined with another schema. it must
survive in the child. For it to sutvive, at least by genes must be passed. We know
from lema 5 that of 1y + 2 <y then the range of genes passed by ny-point shuffle
crossover Is greater o1 equal to w,-point shuffle crossover depending on the value of
d.

First. assume d is simall enough that the ranges of the number genes that could
be passed (p) are different for ;- and 1y-point shuffle crossover. Since every possible
value of p that can be passed by n2,-point crossover. can also be passed by n;-point
crossover, Prh=ih=2 o psh-2,

Second, assume that the number of duplicate genes (d) is large enough such
that the ranges of genes that could he passed are the same for n; and n, point
shutlle crossover are the same. Whien this happens the same sets of schemas can be

combined. albeit with ditferent probabilities for the two crossover operators. O
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lema 9 The range of genes passed (p) for uniform crossover s
[(max([1/2].d).min(l. [1/2] + )]

Proof: The proot 15 similar to lemmas 2 and 3. The minimum number of
genes that can be passed is the number of genes copied. which is [1/2] for uniform
crossover; or the number of duplicate genes. when there are more duplicates then
there are genes to to be copied. The maximuim number of genes that can be passed
is the length of the chromosome or the number of genes copied from one parent with

the addition of all duplicates (which are copied from the other parent).

lema 10 P2 P
where PP oand P arc the sets of sclicma lengths wloos probabidity of comben-

s

ing are non-zero for uniform and modficd uniform crossover respectivddy.

Proof: Same argument as for lema 8. The range of genes that can be passed

by modified uniform crossover is |24 < {247 From lenia 9 we pet the the tanee

) )
.

of genes passed for unitornn crossover  Since the range of modihed uniform crossov e
is contained 1 the range of wnfoim crossover. the schema combinations are also
contained.O

Inlema 11. we show that there s asituation where the probability of combining
two schemas is greater under modificd uniforn crossover than unifor crossover. for

when the length of the chromosome is even. Odd cases are covered in lema 12
lema 1l Vi=21A12> 4.3d. by by pitibyby) > ph(hy. by)

Proof: Assume d = by = by = 2. s0 that both (I + d)/2 and [[2 are even

On the RHS we start with equation (3.10)

_.I)

i
pi(ba.bg) = piip)

p=U

3




From lema Y we can constrain the summation to eliminate the zero terms.

After replacing d, by, and bg we get

P [-p+2
min(L1/242) 9 9
PL(22)= ). p(p)
p=1/2 l
2 /\ 2

Replace pi(p) with its definition as stated in equation (3.8), and changing the

upper bound of the summation to reflect the known minimum

( l-c c P l—p+2
142 l p=c P — d 2 2
P2 = Z Z/;:‘((')
p=i)L (= [ l 1
\ d 2 2

Now by defintion of uniforn crossover. since lis even p“(c) is non-zero onl

when e = /2.

({12 2 XY (p\ [ 1=p+2

2

-~
~
O
¥
~
=
f
——
e
1o
—
=
!
>
v

p=i/2 [ [ !
\

e
[ A
|

a a
Expanding the summation, and using the identity =
b a—b
2 2 -3
]2 [j2+2 [/241 l
pe(2.2) = / 2 / + /
‘ 2 2 2 2

For modified umtorm crossover we again start with the definition of equa-

tion (3.10)
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! b, by

pit(ba.bg) =2 pit(p)
= 1 !
b4 by

P l—p+2

! 2 2

pir(2.2) = Z;;I“,*U)
r=u [ [
2 )\ 2

From the definition of uniform crossover. we observe that since [+ o is even,

p* (p) is non-zero only when p = (/[ + dy/2.

(I +2)/2 (1+2)/2

2 2

i+ g .

).lsc (22) =
! [
2 2

- . . . J.

Using the identity = a(e — 1)/2 when o > 2
2

Pri2.2) = 1/16354 010 = 25 (L + 250160+ 61 + U+ 20%)(1 - 1)

(1 +2)°
(L= 1)

PEr(2.2) = 1/16
Solving for p} > pY in terms of [ (using Maple?) gives the solution { 2 =2
lema 12 Vi=21—=1A125,3d. by bg. pF(by.by) > pi(ba.by)

Proof:

Solving p¥7 = p¢ o tentns of L ginves solutsons of =2 and comples numbers Frone thege e

simple to determune te [ > =215 the solution for the meqguality
i )
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Pt (basbg) > pi(bs. bp)

( wt (o, P l+d-p s (p l+d—p
Zp:(} pp ([) ( [)A ) ( bB ) p:()rp(p) \ bA bB
>
1 1 1 ( 1
b4 by ‘5/1 X bp

Let by = by = d = 1. Then from the definition of modified uniform crossover

we know that if p**(p) # 0 then p = 7, since [ + d is even.

y
! (20 =1)+1 =2
] ]
prtbsby) =
2 -1 2 -1
, (1
] \I

-1 )
)|

= /120 = 1)°

From equation (3.3). the probabihity of copying ¢ genes for uniform crossover
15 1/2 when 1 — 1 < ¢ <1, and zero otherwise.

From equation (3.3)
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I ‘ /—]\ ;-
= ST +
220—- 1y po—+ 1 p=1 P~ J-

We now use equation (3.10) again

( P ) ( [+ d - Iz )
‘ (}‘ ['H
Peclbaby) = Z/ﬁ;‘,(]))

r (Ze=1+1—p
2i—-1 1 1 l
S

From lema 9 we cau know that for pr(p) to be non-zero then

/2] <p< [1/2]+1
W2 =-1)/2) <p< [(20=1))2 +1

=1 <p< o+l




HOW

Restricting the range of the smmmation. and vsing the identity (

get

t+1

pilbaby) = Z py alpl2e - p)

()I_] }l]

_ ]
B LTI I
{ (’_l 1"“1
+
(0 — - =] e —11-=1 (v —1)—1
e - 102 =1,

]
(¢ —=1)=1
]
(14+1)—1



i 0 = r~ 1 !
+ -~ i
| 1 ;-] U =
/1 : — 1 -1
+ + [+ 10 =1]
L 2 ! 1 i
!

(e = D) = 1[0 + 1]
[(2) + ()] [ [e]

+

+ =D+ Uie= 1)
!

2A2 - 1)

(=D =10 +1)

e At BTN TP

e - DT = =200

N =1

Solving p**(1.1) > pv.(1.1) for ¢ gives theresult of ¢ > T o o < 1/2 Since In

definition 1 > 2. the proof is concluded. ©

lema 13 Vi3 < < 1= 11 <n' <= 2.3y bygod D2 L2 300,28 7 (L by

P by by ).

The theory was confnmed by tunnng a C progiam * The upper bound of 300
was chosen. for implementation 1casons not theoretical. O

The three theorems that result from the lemmas developed. show that there
is no best crossover operator for all situations among n-point. wfor. and mod,
fied uniform crossorer  Eadi of the operators have two sehema lengths which the

combine with a higher probabilinn thees thie other operator-

ST he progran i~ hste i appenrdn 18

11




Theorem 1 Nether pit nor p. dommate each other, for all crossovers situations.

Proof: From lemmas 11 and 12 there isa (bs. bg) and d such that pi¥(ba.bp) >

Pt (ba,bg). Fromlema 10 thereisa (bs.bp) and d such that p} (bs. bg) > pi¥(bs.bp).0

Theorem 2 Vie.n'.3 < n < 1.5 <1<300.1 <n' <n-2 nather p*=" nor pih-n’

dommates for all crossover situations.
Proof: Ditect consequence of lemmas 7.8 and 13. O

Thneorem 3 Nedher prowor p2 = domoate cach other, for all crossovers situa-

e

Proof. Note that shuffle crossover with =1 crossover points will always copy

either [{/2{. o1 /2] genes fiom the first parent. Since this is exactly the same

sh={1-1)

S¢

thing as uniform cirossover. we can replace p¥. with p . From theorem 2 we no

that there is no ideal number of crossover points.0
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Chapter 5

Experiments

In chapters 6 and 7. we will desciibe the results of thiee different experiments  All
the experiments use the same results from ten different problems, with six ditterem
parameter sets.

This chapter will descnbe the paanieters used. the problems that are ana
Iyzed later on. and the methods used to evaluate cach problem  parameter set

combination.

5.1 Parameter Sets

A parameter set cousisted ol population size descqgrogation rale.  mutalion yalt,
crossover rate. decreusing fituess. CHFLsamples por CFoand mar gencrations.
The number of childien created at each generation was population size «
crossover rate. When this was not an imteger, a random number was chosen bhe
tween zero and one, and if the number was larger than the fraction part the ceiling
was used, else the floor was used.
Evaluation of the fitness of members of the population was done by using

ranking with the following tworules

ICF stands for Goldhoipgs "0 closene s fat
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fitness(¢,) = 1.0 < —3). strength(c,) > strength(c,) (5.1)

fitiess'(¢,) = dewreasing fitness  fitness’(c, )

o

strength(c,) < strength(c,) (5.

A =3k, (strength(c,) < strength’(ck) < strength’(c,))

The above rules give rise to the rule
fitness’(¢,) = fitness’(¢,) < strength(c,) = strength(c,)

where fitness'(¢,) is an estimate of how many children the 2-th chromosome in
the population will produce. and strength(c,) is the evaluation of the chromosome
by the function that is to be optimized. The actual fitness of the chromosomes
were decided by prorating the estimates by the number of children that were to be
created.

The parents where chosen using the SUS algorithm([6]. with no checks to see if
the same parent was being matched * Crossover produced only one child. compared
to the normal two. 1t was hoped that this would increase population diversity.
without changing the fundamental characteristics of a genetic algorithm.

Each child was then mutated. by having each gene subjected to change with
probability mutation rate.

A member of the population was then selected for removal. The method of
removal was to select samples per CF members from the population at random
keeping the lowest scoring member. This was performed CF'times. Of the members
that were kept, the one that was the closest (using Hamming Distance) to the child
was the one that was 1eplaced. 9] All the problems where solved with a population
size of 50, crossover rate of 0 6. CFequal to 5. and 5 samples per CF.

After all the cliuldren were entered into the population, desegregation was
performed (see chapter 6). When an allele was found to be missing in the population.

it was entered with probability desegregation rate.

‘Allowing for the possibility of a non-eflective crossover
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The three parameter sets differed on the mutation and desgregation rate. Pa-
rameter set M+D had a mutation rate of 0.00] and a desegregation rate of (.00
Parameter set D had no mutation (rate of 0.0) and a desegregation rate of 1.0. The
parameter set M had a mutation rate of 0.001 with no desegregation (rate of 0.0).

All problems were searched for a maximum of 1000 generations.,

5.2 The problems

The problems that wete used include the standard F'1to F5 problems designed by
De Jong [14]. the travelling salesman problem (TSP). one max, continous one max,
’

sparse one max as defined by Syswerda [23]. and a variation of F'5 fabelled F5H

designed by the author.

5.2.1 F1

The problem was to optimize the function

2 2, 2

Hlx)y=uai+ 25425
where the search space is restiicted in =512 < v < 5102 for = 1.2,
and 3 with a resolution factor Ar = 0.1. (i.e. cach chiomosome 16

represented by a 10-bit binary stnng).

max(f) = 73.0 (in the restiicted search arca)
min(f) = 0
ave(f) = 2¢.

[14]

o

5.2.2 F2

il

fola) = 10002 = wy)* = = u )

N




Figuie 5.10 Projection of F1. with 23 set to 0.

1= 1.2

o

where the search space is restricted in =2.048 < 2, < 2.04
with a 1esolution factor of Au = 0.001 (thus a 12-bit chromosome rep-
resentaltion

mas( /)= 390593 (at uy = =20 and @y, = =2.018)

min(f) =0 (at onigin)

ave(f) =491.05

[14]

5.2.3 F3

Loy = Loy ]+ Lea) + Los) + L] + (2]
The search space is defined by =312 < 2, < 5.12 for all i's with a
resolution factor A =001 (i e. a 10-bit binary string chromosome for

cach o))

B

1
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Figure D20 12

max(f) =23 (at &, =512 {or all 0'%)

min(f) =0 (at r, = =512 for all ')
ave(f) = —2.5
[14]
5.24 F4
1="U
= Z 12 'f + Gauss{0.1)
1=1

[a summation of 30 tenms with a gaussian noise of mean 0. standard
deviation 1, added.)

<oy

The searchi space 15 1estiicted by —12» 1.2% for all i's with o
resolution tactor A, = 0.01 (s0 cach iy is 1epresented by a »-tit binary

string )

5H()



F3

on

Figure 5.3: Projection of F3. with 4. 14, and 5 set 1o 0
g 3

max(f) = 12152 (at the houndary
min(f) = 0 (at origin)

ave(f) = 2190

[14]

5.2.5 F5
Vi o =1/ + —Z 1y (1)
r=]

where ¢ (o) = ¢ + S5 qa, - o, )

The a,, used are the following:



F4

l‘lgm(' 5.1 Pl()jwllull of TE with o (A '_’) set to ()

(=32, =32} (=16 =32) (0. =32) (16, =321 (32 -1

(=32, 160 (=160 16 (0. Tup (160 16 (32 16
(—32. 32) (—10. 32 (0. 32) (16, 32) {32 32)

lindexed by 23 j's.1.e. (a0, tor cach vecta]

with ¢, = 7 and N’ = 500

The search space i~ 1estricted by —05.530 < 2, < 65.636 for + = 1.2 wil

a resolution factor Ao = 0.001 on cach axis (i e. 17-bit binary «tning)

max( f) & 500

min(f) =1

avel f1 2 173

14
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Figwe 5.5: F5.

5.2.6 One Max

The function is simply the number of ones 1 a binary chromosome of length 30.

5.2.7 Sparse One Max

The problem was to find the chromosome where every 10th bit was set to one. The
chromosome was of length 300. and the strength of the chromosome was one for

every tenth bit that was set to oue The other 290 bits have no effect. [25]

5.2.8 Travelling Salesman Problem (TSP)

The function 15 to minimize the length of a trip of 16 cities evenly spaced along a
circle The tour is represented by a 96 bit chromosome. Each 8 bits indicates how
close the aity should be to the start of the tour. The cities are then sorted by rank
and the distance for the tour is computed  To make this problem a maximization

problem. the negatve of the distance is used as the stiength.[25)
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Figuie 5.6: Proyection of TSP Problem
Cities 1 and Y are varving. while the other ater are ordered. with then priontes <ot
in intervals of 1G.

5.2.9 I¥%

The function i« =1/F7%. The function started life as a programnung etror. but the

results are interesting since 1t takes « Jong time for the G o find its peals

5.3 Performance Measures

We will be using five measurements to evaluate the effectiveness of the different
crossover and parameter set combinations. All the measurements are for a genera
tion 1.

The first two measurements are the average. and maxinmm strength of the
members of the population at generation o These will be represented by avg, and
max,.

The third measutement we will be using i« MSEH, which is the maannnm




strengih found by generation ¢ . This measurement is useful for situations where
there s 1o cost for making an evaluation off-line. and we are interested in finding
the “best™ answer
The fourth measurement is the on-line strength [14]
1 t
on-line, = — Za\"g,
t 1=0
The measurement is useful for determining the value of the search process where

every evaluation has a cost.

The inal measurement is the off-line stiength {14]

. 1 <
ofl-line, = n Znuw,

1=0
It is appropriate 1n situations in which a search might be done “off-
Ime™ while the current hest structure is used (and paid for) until a better
one is found. Tlns measure does< not penalize search methods for explor-

thg pool tegions of the searcli space on the way to better solutions. as

[y )

on-hine does. (22

[
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Chapter 6
Desegregation

As mentioned 1 chapter 5. mutation s necded when the population converges to
ensure enough diversiny for the search to turn up new alternatives The dithaalny
with the standard mutation algonthg is that 1t must have o fanlhy hagh 1ate o
activity to be useful. since it is completely local to the chromosomes beng geperatod
by crossover. Unfortunately a high mutation rate distupts productive chromosomes
and interferes in the process of exanmmg useful sehienma. by mahing the search
process closer to a random walk

In this chapter we will mtioduce o new mtation operator called  Desegrega-
tion. The goal of desegiegation is to nuntain population diversity while mnnmiziny
the number of changes in the alleles of generated chiomosomes

Desegregation works by heeping tiack of all the new chiomosomes i a gen
eration. After all the chiomosomes have been entered, the entire population
examined to see if there s an allele nussing i the population ' 1 an allele does no
occur then a new chiomosoine is chiosen at rtandoin (with equal probabaity ) and
the gene whouse position contains the nnsang alicte s changed 1o the msang value

The algorithm is given in figure 6.1

'n reality the population can heep track of the nube r of alte bes i cach position by maonitorg
the replacement of chromocoines

¥



After the childien have been entered into the population. and old members of the

population have been Lalied

| Examme all members of the population and determine if any alleles are mis«-

g

2 For each allele that s nssing

-

(a) Select a ehild at random

(b} Change the childs genes <o it contains the missing allele.
Fignre 6.1 Desegregation algorithm.

Thice stages of scatclnng were observed in the experiments described in chap-
ter o wde scanch. narow search, and pomt searele Wide search ocems at tle
beginmng of the process when the comvergence is sull increasing while the off-line
andd onlme <trengihis are morcasing Nattow scarch 1= the second phase of search.
when the comvereenoe tate bas stabihiced i eitha the off-line or on-line strengths
foncreasine Pont searc occurs when the popualation has converged. while hoth
the on e and off-hine <treneths are <table. The experiments have been previously

de<cnibed m Pawlowsba and Kiovevale (17 and are quoted below,

Dt the st phiose the area being searched is extremely broad. and
a low muatation tate does not effect the search process 1 a noticeable

mannet since there s o good nus of values for each gene.

The second phase 15 often absent for GA easy problems (such as F1).
sinee o manimum value is often found before the population has con-
verged  For problems which are difficult. premature convergence can
lead to a non-optinal value being found Desegregation is at its strongest
dunmg thos phivse The genes that are changed by desegregation are ex-

tremei Hupor ULt siee e 1m;n:l.Nn 1 fras (on\mgmi on a value for

)i



one gene. it will only search schemas with that gene’s value, until a chuo-
mosome is mutated in that postion I ondv mntation s beag used. then
a high mutation r1ate s needed to change the gene Usifortunately o high
mutation rate will also changes genes that have not all converged on the

same allele.

Desegregation on the other hand. changes only those genes that have
converged. The minima! disruption of the chromosomes created by de-
segregation allows the search process to continue in a more efficient man

ner than just increasing the nmtation rate

Duning the thitd phase. the problem has heen solved and any mutation
will just diive the population awav from cotnvergence We therefore e
pect that desegregation willlower the average population streneth durine
the thind phase smce as the population converees to the alveady fonnd
maximuny, desegiegation forces the new chiromosomes away from the

point '_]—)"
The aleonthn was anady zed vt the expernments descnbed m chapter 5

A< expected when desegregation s enabled. the GV s able o find the
maximum value of a I action eather m the scarch process “Thie MSE and
Maximum curves when desegregation s used are consistently preater
than or equal to the expeniments where onlv mutation is used  Also
as expected fton the 1easonmg fabove) oo the parameter set withont
mutation outperforins the parameter sets with mutation an finding the

maximum value

Since desegregation will mutate any more genes than mntation when
the population converge- it was enpected and confirmed that the aver
{

age population stienerl o lower for the parameter oottt desegrega

ton dunine the thind plias




What was not expected was that during the second phase. the parameter
sets that used desegregation had lower average strengths, Examining the
functions that had long second phases (TSP, F5, F5'). it was noticed
that the number of genes changed with desegregation was higher than

the number of genes changed with mutation during the second phase.

From the results we recerved. it also appears that desegregation does
not harm the average stiength of a population for functions that have a
broad maximum «urface. or nultiple peaks. Since these functions have
manyv different maxnnun areas. and we are only trying to find any one
of them. the population can diverge into the different areas. Since there
vas no effort made to have like members of the population selected for
crossove  the parents can come ftom different areas in the search space.
keepine the comvergence rate down. The lower convergence rate lessens
the ne %o the desegregation operator to be be active, thereby lowering

the distuption cansed by mutation. [15]

The behaviour is clanhed by the folowing examples. Assume thereis a funcuon
with two global mavimums at 0000 and 1111 Let the population size be four.
with two members at each maxnnum. Now since there are no missing alleles in
the population (sce figure 62), desegiegation will not be activated. and therfere
not have amy hatmful effects Now il there were a single globabl maximum (1111)
and the population has comerged on it (hgute 6 3). such that a'l the alleles in
the population are the same. then desegregation would be active. Unfortunately
desegregation would force new members of the population to contain strings with a
0 in it. which 1= sub-optimal. The new sub-optimal chromosomes would lower the

average population stiength, when entered.
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1111
1111
0000
0000

Figure 6.2: Population converged on multiple masimums
Note that even though the population has converged, there are no missing alleles
the population.

1111
HH
111
I

Figure 63 Population comverged on miasimum value
Since the poplation has converged <o there are missing allels, desegregation would
be active. even though all the nussiug alleles fead to sub-optimal solitons

6.1 Tables and Charts

Included at the end of thas dhaprer wie vables which compare the effectiveness of
the three parameter set~ descnbed i scction 51 The tables st the mean values
of the measwement and the tanlaug of the parameter set for the measurement
The rankings were done I petforming a Schalfe Test with a probabibity of (0020
A ranking of 1 indicates that the paraimeter set belongs to the lowest sub gronp
Rankings of 2 and 3 indicate that paameter set belongs to higher ranking sub
groups. A rauhing of I 5 indicates that there 1< no significant difference for the
parameter set, and the parameter sets ranhed fust and second

The X-anis for all charte s the gencration munber The hines are sohid for the
mutation only parameter set. dashied for mutation a . desegregation. and dotted
for desegregation onlv  Since the alnolute differenices between the thiee pnethod-
is not great. the plots Tabeled 1T Tieve had the values of the M oparameter set

subtiacted




The chaits labelled ON-LINE. OFF-LINE. MSF. AVG. and MAX. represent
the on-hue. off-line. maxinam so far. average at generation. and maximum at gen-
eration scores described in section 5.3. The charts labelled CONV measure the
population convergence using

pop size

]
convergence = 5 Z max(0,.1,)

t==1
where 0, and 1, are the number of 0's and 1's 1n the i-th gene position respec
tively.
The charts “Mut & Deseg™ have the cumulative total of the number of gernes

that were changed by either mutation or desegregation as their Y-axis.
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Table 6 1 Results of desegregation on F2 with modified uniform crossover.
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i N ] 1 ] 1 1 1 9
4400 N 500 QU 500 00 500 00 500 00 0 4» 48 25
T b L 1 1 ] ] 1 ] ]
L4986 500 00 K00 00 408 94 500 00U 0 4x 440
] 1 ] ] 1 1 2
WO MDA ygg a6 | s0000 | 0000 | 49950 | 50000 047 | 9335
N ] 1 1 D) ] 1 9 |
' 194 64 500 00 500 00 500 00 500 00 0.47 Y4 10
T N 1 1 ] 1 1 1 1
4040 33 500 00 500 Q0 506 00 500 00 0 15 420 |
T ! ] 1 ] 1 1 ] )
0 A o g sono0 | soon | awest | 500 00 049 | 10380 |
N 1 I 1 1 1 T
ey Se000 | duoon 150000 | 500 00 047 19287
T ol ] 1 | 1 1 1 L 1|
B S T LTI H00 00 a0 oo 500 0u 500 00 04> aun
. i ] ] 1 1 1 Y i
st M+ D 140 06 St a1 500 00 H06 00 500 00 047 490 40 '
) \ | T ! Pl 1 1 1 Y '
[ fauus 1 hugun 300 U0 200 00 200 00 047 4xn 60
T 1; ! ] 1 1 1 1 ] I
Lol 500 00 500 00 500 00 500 00 048 10 &5
i ] 1 ] 1 1 ] ] 2
oM+ oo | so0 00 | souon | 500 00 047 | 979 83
A 7 i 1 ] 1 1 2
494 96 H00 0u 500 Oy 500 00 500 uo 048 971.35
b ] | ! 1 ] 1 1 1
I 499 66 | 50000 500 00 500 00 500 00 0 49 1775

Table 6 10: Results of using desegregation on modified uniform crossover for function

I,
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L Continous Ones - I

UNITORM CROSSOVER
gen || onhne | ofthme | MSF | avy | max | comerge I“‘J’_‘_“f_‘__:
1 1 ] 1 i ] 3
50 M+D il 45 2760 | 3000 | w42 | 3000 0 94 5 70
M 2 1 1 2 1 D) IR
: 25 092 27 6951 30 00 20 37 30 00 0 08 1370
b 1 1 1 { I 1 1
24 51 27 G4 3000 28 40 30 00 0 94 8 85
1 ] ] I i ] 3
100 M=+D 4y 25 83 3000 In 1Y 30 00 001 9N 6
T2 1 1 ) 1 2 2
M L 272l ead 3600 Y $uou 0 4n 570U
ol 1 T ! 1 I R
Loug 14 98 ¥ 3000 In 13 3000 044 N5
. C 1 ] 1 1 i I 3
20 M+D |27 42 20 41 3000 98 1 3000 (5 TR 1
\ t 2 1 1 2 | N i
! 28 33 20 42 30 00 20 4 30 (1 0 as 175 20
P 1 ] ] [T A
: by PR P URY! ! A0 00 f R i 093 N a0 {
T 1 i i R R T T YT
’ st M+b f" sy ' 207 % AU I I R AL f 091 62 =5 j
| T i e ) R S
; M [oozunt 20T H00u L N T () Hn J2u o0 ]
D ] 1 ! 1 I ) R ‘“'I
I 00 77 3000 | o834 3000 Do1 1 1Ay |
] 1 1 1 1 ! )
tovo MDD g5y 208k | o0 | oonar | o000 0w | wim |
M 2 1 1 P ] Ty g "’
2923 20 8% 3000 2440 30 00 ) 9% K70 4%
D 1 N I 1 i I ]
2n 2088 3000 28 3 30 00 0 94 2050 |

Table 6.11: Results of using desegregation on uniforim crossover for function Couny
nous Ones.



Continuns Ones

MODIFIED UNTFORM CROSSOVER
| gen [ ouhne T offine [ MSI | avg | max | converge | changes
0 MaD I ] 1 1 1 1 3
Al M 9576 | onst | wans | 2746 | 92905 0 94 54.30
N 3 2 2 3 2 2 2
: 24 92 9T HL | 2070 29 U8 20 70 0 9& 45.95
Y ] 2 2 Pl 1 1
D [oey ey 2745 20 70 25 10 20 70 094 7.90
1 ] 1 1 ] 1 3
W00 M+ g 1 wras L o200n | omdd | oweos 094 9% 55
3 [ Y Y 3 2 Y 2
M 2707 b oo na DT HIRIT 20 70 0 a0 91 35
J | J 2 Y 0 1 1
L T T TR T [ ooal) 20 TH) 0 Y4 a 95
T i ] ] ! 1 ] ] 1 3
S T N PR B ITR VRS B ST TR 094 T g
’” NEEE 2 2 Ty 2 3 2
Moo, b | owute | o2ems | w7 000 | 18010
- o Y 2 2 2 2 2 1
D e i s 2070 1 2N 13 29 70 094 10 00
. 1 1 1 1 I 1 2
pun M= D ! a0 | ouwwa |owoon | ouras | w0 094 | 46105
j 3 2 2 i 3 2 9 2
M NG S SUBE G A DHTO T 2030 2070 09y 452 15
bl 2 % ) 2 1 1
[ooT 71 vy 24 T 25 12 29 TH) 004 14 50
- T T I A ] ] 2
tone M D b gl b ey 9T as w05 0ad | 909 65
E 7 2 3 7 3 2
TR 2003 L] 29 70 2925 29 70 0 g8 905 15
7 7 2 7 7 2 1
DAl asas | vas | oouro | owe1T | 2970 095 21 50

Table 6 12 Results of using desegregation on modified uniform crossover for function
Continous Ones
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F5 |

UNIFORM CROSSOVER

gein | _onbne] offine [ MSF| “avg| max [ converge | changes
] 1 ] ] 1 1 3
0 M+D 0 49 066 | 082 | 065 | 0.82 0 86 61.35
" 1 i ] ] ] 1 )
M (400 063 | 074 | 066 | 074 0 &9 48.45
] ] i I i 1 1
b 053 G0 | 0x 066 | 083 0.88 10 30
i 1 1 i I 1 7
T A+D 0 5N 075 | ooar | ooy | oA 081 | 11025
N i ] ] ] I 2 5
0 63 070 | Os | 0Te | 0& 0 89 96 &0
5 ] 1 T i ] 1 ]
0 60 07 | oet | 06 | 086 0 84 13 13
: i 1 ] ] i ) R
200 M= D 0 04 0a1 Lo L ooT | 0w 080 | 20800 |
N ] ] 1 i i 1 7
071 076 Lol | ooms | o8l 081 | 193 a0
b ] ] ] ] 1 1 1 {
s o2 | oot | oot | oo 0 82 1530 |
- 1 1 1 ] 1 1 3 j
OO A D 0 Gy 085 | Uss | 071 | 08 0.79 | 50170
N ] i T T i 7
: 076 079 | 0wl | 070 | 081 | 07080 | 48075
n ] 1 ] i 1 1 ]
: 0 6 08y | 0& | 070 | o087 0 &4 18 30
T ] 1 ] 1 1 3
1000 M--D 0 6 0n7 | 08 | 071 | o088 0.79 | 984.30
N 1 i ] 1 1 1 ]
: o7 | orom | o0& | o079 | oal 084 | 96325
5 T ; 1 ] T 1 i
06s | uso | osr | o7 | osr 0.60 | 2665

Table 6 13: Results of using desegregation on uniform crossover for function F5'.




Fy

MODIFIED UNITORM CROSSOVER

gen H online [ offline [ MSE [ g | Max | converge J_ch.mp,m.
2 2 2 2 9 1 3
50 M+D 057 | 077 08T | 071 087 0 8 A8 B0
Ny 1 1 1 1 1 ) D]
0 44 051 060 0537 0 G0 0 a2 A8 25
D 15 15 2 15 2 R
) 04y 0067 07974 064 07474 () RO Y5
100 M+D ! 2 y ! . ! !
0061 0 x4 4] 073 (Tt)) 0~ 105 10
\ ; ] ] ] I ] v v
| (U 50 0 G4 067 (0t Ry 46 20
1 J 2 1 2 | |
b 057 071 O~ (65 RN () =6 [N
. 1 J 2 1 2 1 3 |
200 M-+D 06s | 0 par |07 041 (170 oo |
" i i 1 I i TR
: 062 067 076 075 076 (0 24 190 80|
D 1 15 15 1 5 15 T
061 (0 7s 083 0 66 083 081 1570
. 1 2 2 I ) ] Y
300 MDDl g5y | oy 091 | 071 0ol 078 | antdu
N 1 ] I 1 1 1 o
, : 066 U 64 071 07 071 0 K2 496 20
i D 1 2 2 i 2 1 I
U Go (x2 0 r5 TR 08 O n2 19 50
1 ] 2 15 3 i 2
1000 M+D 072 | 075 001 | 073 0 077 | 9Tnan
M 1 1 ] 2 ] 2 v
007292 079 0 al 079 0 X 0 KD 963 30
D 1 15 1 1 15 15 T
066 0.83 085 0 6K 0 &5 0 K2 27 R

Table 6.14: Results of using desegregation on modified uniform crossover for funection

F5'.
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| ONE MAX
UNITORM CROSSOVER

gen [ onhmnc |  offme | MSF | avg | max | converge |  changes
I 1 ] 1 ] 1 3
50 M+D o lhs | vk | 3000 2005 | 3000 0.94 265.35
N 2 i ] 3 ] 7 1
: VR S B ING Y A B TTRUY 20 63 30 00 0 0% 46 55
Ol ] : I I ’ 1 1 1 2
o [ 26 ~0 [ In TS RIVIIH 29 10 30 00 094 239 05
100 M+D ! : : : : : 3
27 8L 2083 30 00 29 Ur 30.00 094 646 A0
N 3 ] i 3 ] 3 1
. 28 11 29 37 Ju U0 2973 30.00 RS Q2 ®0
2 1 I 7 T 7 2
Do usas | zaas 1 5000 va 14 | 3000 094 600 17
‘ i 1 ] 1 1 1 3
2000 M4D S waes | som 2010 | 3000 004 | 1401 45
N 3 ] ] 7 i 2 2
20 U7 20 10 30 00 2471 30 00 0 98 187 05
5 A r 1 1 T
-.).\l g ENL .;u;m wlm soluu R 194 131; 70
SO M D G R 2011 | 3000 004 | 370425
N : ] | ] 2 1 2 1
: 2017 2087 | 3000 29 73 30 00 0.9% 458 55
D 2 1 l 1 1 ] 1 2
28 80 2088 L3000 2002 | 3000 0 94 3440 15
I T I ] 1 3
Toow M+D s L sous b o 2912 | 3000 0.94 7507 05
A 3 1 [ i 2 1 2 1
) 20 060 941 1 S0 2050 3000 0 98 908 50
D 2 ] ; 1 1 1 1 2
29 1] 2001 1 3000 20 15 30 00 094 6979 55

Table 6.15: Results of using desegregation on uniform crossover for function One
Max.

Yy



ONL MAN

MODIFIED UNIFORM CROSSOVER
gen || onlme| ofthne ] MSE]  avg [ max | converge | changes
, 1 1 ] 1 1 1 3 ’
50 M+D o6 | 2577 30 00 20 11 30 00 094 276 65
M 2 1 1 2 1 1 1
) 27 04 28 72 30 00 2074 30 00 098 46 10
D 1 1 ] 1 ] 2 V
2 77 28 7R 30 00 249 09 3000 094 245 30
1 1 ] ] ] 1 BT
100 M+D e g, 20 35 30 00 2010 3000 0 04 653 20
N 2 ] | ] ) 9 1
b B IR 2035 1 3000 YO T b 300 FRUS TR0
iy ] ] I 1 : I ] o
Dz woas 1 sy o 2013 | 3000 nu HaS D0
T 1 ] ] ] 1 ] v
200 M+D [ 28 31 29 G4 ' 30 00 20 07 40 00 091 1126 K5
2 1 ] v 1 2 T
M 20 05 29 On W S0 00 AL 30 00 0 9~ [R5 60
1 1 , 1 1 1 2
D 28 53 249 G4 ! 30 00 20 ] 30 06 10w 1209 497
] ] : ] ] I ] R
50 |
R S R S IR L A T 091 | 372800
N i 3 b ' ] Y 1 Y I
I I TYRS T 20 8T 30 00 29 74 3000 0 On 450 475
D | 2z i i [ 1 ] 2
| 2889 20 08 3000 | 2914 30 00 oy $925 05
1 ] ] 1 ] ] 3 ]
1000 M+D o g 1 90 04 30 00 29 0% 30 00 091 1675
M 2 1 1 3 1 2 1
29.60 20 93 30 00 20 73 30 00 0 9% 91K KO
D 2 1 | i 2 i 2 2
29 01 29 Y4 30 00 20 14 3 00 0 94 6OK1 55

Table 6.16: Results of usig desegregation on modified uniform erossover for function

One Max.




ONEMAXA OFF LN

)

l

u

%

u

n
' o N
o ONEMAXI MSF v OREMALT AVG
a % -]
) . f

4 <
u “
n 15 ~
b ™ 7 I ) 105
s EMAXT MUY | ONENAL T
1 “
% .
u i
r
m —_—

ONEMAX 1) ONANEGE - JEMAR ) GFFLNE &6

u 1]

. |
ul, o 4
S B
4 45 J

1 ) %
o PEMOUMEE MU A

x «05'} o
u !
2 Bt
'} S 100 [] b1ij 100
u ONEMAX AL MAX dF 0 ONEM Y MIT&
(N
|
-05{

ONEMAX (A CONY 4%

Figure 6.18: Results of One Max for uniform crossover.

ke
o




% ONEMAX (1) ONLIE % ONE MAX A4 DRFLINE u ONEMAY (L4 ONIDE&T u OREMAX (1) OFF L4
— f
| pi ] 4 [] f U i
ﬁ ] . | |
' Q
L u ] .
) s |
| - et Y |
18 J % J U | [ __‘.\‘:*_-__J
[] 50 106 ] 0 1000 S0 1 (] 0 100
o ONEMAX T4 M W ONEMAXAL) AVG o ONEMAX (W) MSF df Iy ONEMAX (1) ANG 4
i g — y :
1 - . u
. 4 - - - --
¥ i i : ‘
] { L
wr 5 43 .
2 ) ! bl I e
1 g j " o
1] 5 1000 50 100 ] U] 100 [] 86 1000
% ONE MAX A MAX 13 ONE MAX 16 MUT " ORE MAX Lle) MAX &S o ONE MAX Al MT &
" . i | ‘ | |
' u ; 0{\: |
¥ !
! ] i
i
U ' L5
. : )
2 . i '
l l e
» oy . e T
[ 50 1m0 [} 0 1000 ] 1] 1@ [ (1 o
i ONEMAX %‘v‘ CONY % ONEMAX (L+: CONY 4
| J
u i "______*
“ J |
| 4y 1
u 4’ : !
. ! ELTS—
y______‘____l u______._____.'
[} L] 1000 ] b1} e

Figure 6.19: Results of One Max for modified uniforin crossover.

93



| SPARSE ONE MAX |

UNIFOTM CROSSOVER
gen [ online] offine|  MSF | avg | max | converge | changes
] 1 ) 1 1 1 3
50 M+D | ogs | 2869 | 3000 | 2033 | 30.00 0.60 479.25
" 7 i ] 3 1 ] 7
9730 | 2871 | 3000 | 2995 | 30.00 0.64 457.10
- 1 1 ] ) i ] 1
965 | 2867 | 3000 | 2936 | 30.00 0.61 33.30
] i T ] ] i 3
W00 M+D o059 | 2034 | 3000 | 2034 | 30.00 0.62 938.30
N ] ] i 7 ] 7 2
o562 | 2035 | 3000 | 2996 | 3000 066 905 15
S i i ] I ] 2 i
9800 | 2933 | 3000 | 2033 | 3000 063 41 30
, 1 i i ] i ] 3
2000 M+D A e L 2067 | 3000 | 2032 | 3000 062 | 1836 65
M 2 1 1 2 1 3 2
25928 | 2067 | 3000 | 2995 | 30.00 071 | 1809.20
S i i i 1 7 1
271 | 2066 | 3000 | 2034 | 30.00 0.64 55.70
i ] 1 i ] ] 3
SO0 MDA wo'ox | 2087 | 3000 | 2032 | 3000 0.63 | 4368.75
N ) i I 3 ] 5 2
‘960 | 29087 | 3000 | 2095 | 30.00 0.73 | 4518.95
D 1 i I 7 I T 1
2000 | 29.86 | 3000 | 2935 | 30.00 0.64 95.10
i i 1 I 1 i 2
1000 M+D Jl og'ag | 2993 | 3000 | 2934 | 3000 0.63 | 9096.95
" ) 1 I 3 i 3 3
2082 | 29.93 | 3000 | 2995 | 30.00 0.73 | 9061.20
2 I ] I 1 5 I
2022 | 20.93 | 3000 | 2035 | 30.00 0.65 163.10

‘Table 6.17: Results of using desegregation on uniform crossover for function Sparse

One Max.
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L SPARSE ONE MANX |

MODIFIED UNIFORM CROSSOVER
gen Il onlne| offine]  MSF ] avg | max | converge | changes
1 1 1 1 1 1 2
50 M+D I 9574 | 2855 | 3000 | 2033 | 30.00 0 60 477 10
N 2 1 1 7 i 1 )]
27.27 | 2869 | 3000 | 2996 | 3000 061 453 65
b ] ] ] ] 1 1 I
2683 | 2866 | 3000 | 2035 | 3000 061 54 00
100 M+D ! . ! : ! : 2
2802 | 2627 | 3000 | 2034 | 3000 062 931 90
N 2 I i 7 I 2 7
: 2860 | 293 3000 | 2995 | 3000 067 906 85
b ] 1 I 1 1 I i
B 28.08 | 2932 | 3000 | 2031 | 3000 0 63 8G 40
200 M4+D || ... ! ! : ! 1 !
2% 7 2963 | 3000 | 2032 | 3000 063 1852 85
M 2 1 1 2 ] 3 v B
2997 | 2967 | 3000 | 2995 | 3000 071 1RO 70
5 1 ] 1 1 1 2 i
2870 | 2066 | 3000 | 2932 | 3000 064 140 30
X 1 1 ] ] i I 7
500 M+D 9906 | 2985 | 3000 | 2034 | 3000 063 4536 )
" 3 I ] 7 ] 3 2
2968 | 29.87 | 3000 1 2996 | 3000 072 | 4536 55
5 2 1 1 I ] 2 I
2000 | 29.86 | 3000 | 2934 | 30.00 064 31K 85
. 1 I i I 1 I 7
V00 MDY o919 | 2993 | 3000 | 205 | 3000 063 | 9054 95
y 3 ] 1 ) 1 7 7
2082 | 2993 | 3000 | 2995 | 30.00 0.72 | 9062 50
5 ) ] 1 ] 1 i 1
29 91 29.93 | 3000 | 2035 | 3000 0.64 606G 30

Table 6.18: Results of using desegregation on modified uniform crossover for function
Sparse One Max.
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Figure 6.20: Results of Sparse One Max for uniform crossover.
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Figure 6.21: Results of Sparse One Max for modified nniform crossover
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TRAVLLLING SALESMAN PROBLEM

TNIFORM CROSGOVER
gen i onhne | offime | MSF | avg | max | converge |  changes
T 1 2 i 7 1 T
50 M+D a2 | 1137 -9 18 -11.33 -9.89 0 89 163 93
. ] ] 1 I ] ) )
: 3390 | -11 &9 -10 68 -11 60 419 6% 092 144 80
) Ol 1 1 1o 1 15 1 1
L 441 | -11a -9y -1 99 -0.80 0.84 25 00
1 7 7 5 7 1 3
00 MDA o6 | 1009 -8 35 -10 6 - 35 0 &7 316 40
o ] ] T ] 7 1 ) 7
' 4237 | 1107 | -9 9970 1030 | - 9970 0 90 285 15
o ] 5 5 ] 15 1 I
J206 | -10 58 -9.03 1127 -9 03 0 &8 35 aU
) 1 7 7 1 2 5 3
200 M+ | 1141 -8 04 753 -9 09 -7 53 0 86 606 &0
N i T I ] 1 1 7
: q124 | -10 46 -9 64 -9 94 -9 64 085 583 10
n ] 7 1 7 7 T
o171 8o -9 57 -8 02 -10 2463 -8 02 0 87 42 10
- i 7 7 ] ) 2 3
FU0 4D ‘ 110 3 793 707 -4 49 707 084 | 147755
N I ? T 7 T ] 7
10 02 956 | -84075 669 | -&4975 0.82 | 145203
5 1 7 7 5 ] 7 ]
10 58 R 22 679 -9 18 -6 79 0.84 60 45
1 7 ) i 3 2 7
1000 M+D - rgk0 | .7 36 657 -8.99 657 083 | 293190
" ) i 1 ) 1 1 7
R 76 & 44 7.7 -7.02 7,72 075 | 277375
5 i 7 7 i 7 2 i
L 975 739 -6 46 -6 82 -6 46 0 83 78 35

Table 6.19: Recults of using desegregation on uniform crossover for function TSP.
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TRAVELLING SALESMAN PROBLEM

MODIFIED UNIFORM CROSSOVER

gen i online | offime [  MSF | avg | max | comverge | changes
1 1 1 ) 1 i 3
50 M+D -14 36 172 | <1008 | -1200 | -1008 0 &Y | 171 75
N I T 1 2 1 2 3
-13 &9 178 ] <1020 | -108R | <1020 0 o3 144 5%
5 I 1 1 1 I I i
14 10 1157 083 | <1107 -0 83 0 8n 9075
1 1 1o i 5 1 3
100 M+D 4312 | -1072 | 036 | -1164 936 086 2710
\ 2 1 1 D] 1 2 O
: 1219 -10 97 907 1 1043 -9 07 0 Kn IR
b ) 1 2 5 Y 1 T
-12 8962 .10 47 A8T | -117 Y 0 &7 3070
) 1 15 1 I 2 i q
200 M+D 1211 -9 73 819 | -1067 K 14 Y 01T 2%
N 2 1 1 P ] [
: 1107 -10 32 911 -0 64 . q) 0 R 3R
D 15 2 1 15 2 i T
1175 -9 36 TRt -1023 781 (085 A6 30
. 1 2 )] I 2 7 3
500 M+D 1075 -5 34 -7 09 049 700 0 84 L4091 015
M [ 1 1 1 ] ] 1 T
: -9 98 -9 54 -8 86 -9 13 -8 86 () Ky 450 17)
5 1 2 2 I 7 2 |
.10 3& 707 -6 68 -9.09 -6 68 (%4 O 25
1 2 2 ] 7 2 0]
1000 M+D -10.04 -7 69 670 -9 14 -6 70 () K4 20537 20
\ 1 1 ] ] ] ] )
972 -0 0956 -8 49 -8 69 -K 40 0 K1 209049 40
1 2 p] ] 2 2 T
D -9 68 725 -6 46 -893 -6 46 () K4 T 25

Table 6.20: Results of using desegregation on modified uniform crossover for fundction

TSP.
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Chapter 7

Uniform versus Modified Uniform

Crossover

This chapter will discuss the results of the empirical experiments described in chap-
ter 5. The expected results as explained in theorem 1 are that for some problem
sets uniform crossover will perform better. and for others modified uniform crossover
will have better results.

The analysis is performed by doing a t-test on each function parameter set
combination. The results of the t-test will also be analyzed using the same three
scarch stages described in chapter 6.

Tables 7.1 to 7.10 list the operator that is higher. and the probability that the
value for the two operators are identical. A dash for the operator indicates that the
two operators were equal. A dash for the probability indicates that at least one of
the operators had identical values for all trials.

The graphs presented in this graph are similar to the graphs presented in
chapter 6. The solid curves represent the uniform crossover operator, while the
dotted curves represent the modified uniform crossover operator. The “diff” graphs

use uniform crossover as the base.

As in section 6.1. the charts labelled ON-LINE. OFF-LINE. MSF. AVG. and
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MAX. represent the on-line. off-line maximum so far, average at generation, and
maximum at generation scores described in section 5.3. The charts labelled CONY

measure the population convergence using

1 Pop size
convergence = - max(0,, 1,)
1=1

where 0, and 1, are the number of 0's and 1's in the 7-th gene position respec-
tively.

The charts “Mut & Deseg” have the cumulative total of the number of genes
that were changed by either mutation or desegregation as their Y-axis.

From examining the tables it is clear that neither uniform crossover nor mod
ified uniform crossover is a much better operator.

Among the results that are glaringly different is that modified uniform cross
over performs much better for on-line values for One Max with patameter set Mo D).
while uniform crossover performs better for Sparse One Max. Since the two prob
lems are very similar. cther then the extra bits which have no value m Sparse One
Max, the results were unexpected.

The reader should note that the results of the crossover operator could vary
depending on which parameter set was used. This is clear in problem FI at genera
tion 50, for the M.S.F. rating. where uniform crossover is superior for the mutation
and desegregation parameter set, yet modified uniform crossover 1s better for the
desegregation parameter set. Other interesting points are generation 50 for prob
lem F4 where the on-line and off-line values are stronger for uniform crossover for
parameter set M+D, and weaker for parameter set D.

Note that for function F3, uniform crossover is better than modified uniforn
crossover for the desegregation parameter set.

Whether the online, offline,or MSF score is to be used for rating a crossover
operator is also important. This is shown in generation 50 of problemn 3. for the
desegregation parameter set. where modified uniform crossover has bhetter on-line

and off-line scores. but uniform crossover has better MSF scores,
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From the examination of the results of the experiments it seems clear that
there is no clear winner between uniform crossover, and modified uniform crossover.
As mentioned above the rating of which operator performs superiorly is dependant
on bhoth the function to be optimized, the parameter set. and which scores are to be

used in the evaluation.
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Fl

l

M+D M I

gen || on-line | off-hne [ M.SF [ on-line [ off-hme [ M ST [ on-hime Joff-hne [MST
50 u u u u u u u+ u+ u+
888 .654 1R9 71 229 729 361 412 071

100 u u u+ u u+ u u+ u- -t
.832 i 390 467 498 258 214 250 251

200 u-+ u u+ u u+ u+ u+ Ut -+
.831 .80& 390 761 423 143 107 108 Jn

300 u+ u u+ u-+ u+ u+ u+ u+ u-
250 858 3o 704 233 143 020 145 SUN

1000 u+ u-+ u- u+ u-+ u+ U+ U+ u-+
075 614 390 260 150 1134 006 170 oK

Table 7.1: Superior Crossover Operator (1)
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F2

M+D M D

gen | on-hne { off-lne | M S F || on-line [ of-ine | M.S.F || on-line | off-line | M.S.F
50 u+ u+ u u+ u u u u u+
H&4 .G38 198 217 983 407 831 967 309

100 u u+ u u+ u u u u+ u+
927 919 219 895 662 .136 711 981 793

200 u u u u u u u u+ u+
304 661 216 932 419 214 107 724 147

500 u u u u u u -+ u+ u+
135 38T 253 455 268 413 .802 320 .200

1000 u u u u u u u+ u+ u+
162 310 253 ATT 327 465 405 .240 200

Table 7.2: Superior Crossover Operator (F2)
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F3

M+D M D
gen || on-lne [ ofl-lime [ M SF || on-line | off-line | M S'F || on-line [ of-hne [M S T
50 u+ u+ u+ u+ u+ u u+t | u+ u
0333 0.612 0 937 0.234 0.411 | 0973 0163 01211 0330
100 u+ u+ u+ u+ u+ u - ug | -
0.233 0.222 | 0883 0.214 01531 0921 - 0 163
200 u u+ u+ u u+ u u u+
0.998 0.149 | 0.751 0.997 0.120 1 0921 097! 0330
500 u u+ u+ u u+ u u
0.982 01341 0672 0 981 0126 092] 0971 -
1000 u u+ u+ u u+ u 1 U+
0977 0320 1 0569 0.976 0321 0921 0971 0 330

Table 7.3: Superior Crossover Operator (I3)
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F4
M+D M D

gen || on-line [ off-ine [ M'S.F [| on-line [off-ine | MS.F || on-line | off-line [ MS.F
4 u u u u u u u+ u-- u+
71l .7HD 234 410 398 217 611 649 805

100 u u u u u u u+ u- u+
.640 689 .746 .138 278 216 542 560 615

200 u u u u u u u+ u+ u
417 453 501 .080 278 765 .949 997 88

H00 u u u u u u u u u
343 381 370 049 200 544 312 294 011

1000 U u u u u u u u u+
203 282 063 039 142 021 272 246 698

Table 7.4: Superior Crossover Operator (F4)




L 5

M+D M D

gen || on-line [ off-ine [ M SF |l on-line [ off-hne | M SF |l on-line | off-line | MSF
25 u-r u u
547 428 160
50 u—+- u u
370 428 199
75 u+ u-+ u+
993 429 106
100 u-+ u+ u+
625 428 372
125 u-+ u u
919 427 393
150 u u u
662 428 486
200 u- u u
984 427 818
500 u u u+
966 572 147
1000 u u u+
| 708 560 227

All trials started at generation 0 and kept the maximum value of 500.

Table 7.5: Superior Crossover Operator (F5)
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CONTINOUS ONES

M+D M D
" wen || on-lne [ ofi-line TM SF ] on-line Joff-line [ MSF ]| on-hine | off-line | MSF
o) u u u u u u u u u
0 000 0356 0997 0 000 0 281 00950 0.000 0010 0.010
1ou 1 u u u u u u u u
0 000) 03001 0021 0 000 0061 0.023 0 000 0010 0.010
TR0 u u u u u u u i u
0 000 0 161 0011 0 000 0022 0013 0 000 0010 0.010
i) 1] u u u u 1 u u u
0000 01021 0010 0000 0013 0011 (3.000 0.010 0.010
1000 u u u u u u u u u
0 000 CO93 T 0010 0000 0011l | 0010 0.000 0010 0010

Table 7.6: Superior (rossover Operator (CONTINOUS ONES)
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S

M4+D M B B

gen on-line—rolf-hne | MSF ] on-line l off-hne ] M ‘*»I_:Iu\_n“ IT_n'a-' Fnll' line i MS T
20 u-t u u s u TR Y o 1
0.180 0441 | 0 456 0 136 0315 1 0633 (RTH O 1| 0508

100 u- u u aut | 1 1 wr | wl 0w
0217 0210 | 0497 0151 O 1701 051 0 460 010 06

200 u+ u u u+ u v T u
0.260 0.232 0 404 0210 0207 (105 0 506 0173 0203

Z00 u-+ u u u4 1 u ut n 1"
0373 0172 0.390 0335 0177 1 0306 506 Oas2 b 050

1000 u+ u u T 0 n wt N
0439 0450 0.451 .106 () ““-_L_:\_l',’"_“_ (_)_')1)_!) » '()_‘HE _(l ool

Table 7.7: Superior (rossover Operator (1757)
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One Max

M+D M D
een [ Ton-Tine [off-hime TMSF | on-hne Jof-hne [MSF | on-hine [ off-hne | MSF
TS u u+ N u u 4+ i

216 206 460 379 607 an)

o0 n+ -4 u u u u+

107 2006 37T YR 650 4990

) u+ u-+ u u u -+

161 206 il 579 740 ann

100 4 n-+ u u u U+

151 206 336 079 8T 900

125 "n+ u-+ u u u U+

116 200 319 )79 266 a9

150 u+ u+ u u u u+

130 2006 R 579 299 990

200 U+ U+ u u u u-+

127 2006 355 SR 71l A8

S0 i+ n-+ U u u u-+

21 200 266 579 IR 938

i 1000 u+ U+ u u u u-+

L 207 3T a9 atl 9490
[able 7.8: Superiot Crossover Operator (One Max)



Sparse One Max

M+D \ )
gen || on-hne [ oft-ime T MSF [ on-lne | oif-lime | M S F L on e l_‘"'[ line l MSFE
25 u u u u a0 Tu|
170 195 37 8O3 812 G
a0 u u 1 u T w0
168 195 733 803 82 w0
s u u u u T w 1
175 195 700 803 Rl6 bt
100 u u i i T Y
A75 195 708 83 N29 U2
125 u u u u T T
175 195 HOR hITR h H20
150 u u w H Twl T w
ATT 196 701 RO 27 921
200 u u u u Y B
163 195 664 %94 T S
200 u u u u al o Ta|
205 195 600 K03 70 )
1000 u u 1 u n ] T i
223 193 609 K04 H9% 020

Table 7.9: Superior Crossover Opetator (Sparse)
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1SP W

[ M+D M D
gen || on-hne [ off-line T MSF ] on-line Toll-Ime TMSF ]| on-line [ oft-lme [ MSF
[0, "+ u+ 1+ 1 I u u+ u4 u+
701 503 1149 177 6Ol 071 274 302 852
o) ] u U+ u-+ u+ 1+ u+ u+ 1+
296 118 216 839 611 S18 423 420 81
I 1l u u+ u u u u u u+
077 043 232 383 .35 962 6R5 O] 470
00 U 1 u+ u-+ u+ u-+ u+ u+ u+
(128 019 251 128 627 971 835 725 940
125 I u u-+ u+ u+ u-+ u+ u+ u+
0l 01 263 168 635 932 313 678 362
BED i i u u-+ HES u+ u u u
015 012 619 476 613 935 704 267 799
200 1 u u u+ u- u-+ u+ u-+ u+
012 010 721 177 768 933 621 190 924
500 u u u u-+ u+ u u-+ u+ u-+
182 Lo 989 940 089 841 394 283 944
1000 u u u u u u u+ u-+ u+
279 250 928 178 173 853 636 308 9938

Fable 7.10: Superior

(‘rossover Operator {TSP)
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Figure 7.1: Results of 1 for mutation and desegregation.
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Figure 7.1: Results of F2 for mutation and desegregation.
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Figure 7.6: Results of F2 for desegregation.
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Figure 7.8: Results of F3 for mutation.
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Figure 7.9: Results of F3 for desegregation.
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I T D) OBLINE TSP M OFF LDE

i
B = -
] [7) 10
(TP OHNF o TRHD) G
et i
- ' ]
oow o <
m '
oo -
18 .
0 ‘
3 L
9 50 w0 % 1B

b

<

[

£ & £

TSP WD) ONLDE £

15 TP D1 FF LI 4

15 TP MDIAVG

!
4 1
W . 0?__ M
P ) Y
N T .
. f ) , i
} J n .
1% . :
!
18 15 :
] 50 1060 ¢ 50 100
| TSP MeDi MAX &6 0 TSP MDMUT 4
5 B ./“ﬂ'
Hr v
Ot b N :
r ‘.." IS SR Y 4
B « o .
[ ' '
J ;
l>,',l ‘ 0; ‘; k
L ! [
18 TS ) '
[} 50 1000 0 50 1000
o TS D) CONV &
1
|
O0f 1
; 4,
Y A
91 ,Lgﬁ)_{l' 115 =
| 11.1 Py
40
[] 50 100




TSP ¥) AVG

TRH) MUT

T CONY
o
"
u
u
W @ mw

o TSP M) ONLINE dff

T M) MSF 4ty

— e

w

Rur]

40
0

o ISP M) CONV 48

|
".,;hv"w’*lv""\f’*

|
1
4

02— BE M OFINES
BN

upt .
e
a
0. 4
‘ i
.0_!l . i
0 0 1000
e TEM MG
A !
) 1
05"{ I
oAb
Y
. N,
ok:l - w(\__w e
» !
v
15 M
I
0 bi) ]

o TR NI _
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Chapter 8

Future Research

In this thesis, two different arcas of research were covered. I%irst position independent
crossovers were examined in an theoretical manner. While we were able to show that
cuere is no one best crossover operator between nniform, modified uniform, and n-
point shutlle crossover for combinmg schemas of all lengths, we did not give any
heuristic for choosing which crossover operator should be used.

An idea that could be explored would be to map the crossover method mto the
chromosome. If thereis a good crossover method for the problem. then its encoding

3

should survive along with the "good” chromosomes it generates. This ideais sinular
to punctuated crossover.[21]

If would make the theory as presented more complete, if the Maple program
which demonstrates lema 6, and the C program which demonstrates lerna 13 conld
be proven. In particular it would be nice to remove the upper bound on the length
of the chromosome for the shulfle crossover examination, that was necessitated by
the exhaustive proof in lema 13.

The theory should also be re-examined to see whether the results hold, if

crossover produces two children instead of one, as examined in this work.

The theorems presented in this work ouly deal with thice specific crossover




oprrators, it wonld he highly desirable to determine whether or not there is a func-
tion p! or p? that combines all schema lengths better than any other function, were
plie) is the probability of copying ¢ genes without examining the duplicate genes,
pi(e) 1s the probability of copying ¢ genes while examing the duplicates.

Second desegregation. which deals with mutation was examined empirically.
[ believe that it would be very difficult to make a theoretical comparison of the
effects desegregation on population strength in much more detail then was given in
chapter 6. So this leaves the worthiness of desegregation to be empirically verified
in various diflerent settings.  Of particular interest would be to see the effects of
desegregation where erossover produces two children. instead of one.

For those interested in massively parallel machines. the algorithm needs to be
modified, so there does not have to be a central count of the alleles that are present
in the population center.

Desegregation also has to be modified for populations that have varying chro-
mosome lengths.! The algorithm also has to be modified for chromosomes that are
not encoded based on the transformation to a vector for evaluation.

One possible improvement to desegregation would be to develop a method of
tealizing that the population is searching a very small space, and have the desegrega-
tion rate decrease. This would reduce the problem of having the average population
strength being lower when desegregation i1s being used on problems with only one
maximum. One possible implementation would be to make the desegregation rate
of function of the measured population convergence.

The biggest problem not dealt with in this thesis is knowing when to stop the
scarch process. While the problem was examined in the research leading to this
thesis, no conclusive method could be found. Among the promising alternatives, is
to examine the average and maximum population strengths with respect to time. If

Jduring a preset number of generations, the correlation between the strengths and the

'See Don't Worry, Be Messy . by David E Goldberg, Kalyanmoy Deb, Bradley Korb, in the
Proceedings of the Forth Internation Caonference on Genetic Algorithms
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generation number s appronimately zero, then ina fot of cases the search process
will not benefit from further scarch.

One of the problems that was encountered while performing expetanents, was
to find difficult functions to be optimized. Goldberg is currently working on this
problem, by engineering difficult functions. It would be desivable if the (R commu
nity settkes on a more diverse set of functions to be examined then the De Jong [11]
functions F'1-F5. I believe that the Syswerda [23] encoding of the TSP problem,
while not an efhcient represention of the Travelling Salesman Problem. s a very
difficult function. It also appears that function /5" is also a very ditlicalt fundction

to be solved by GA's.




Appendix A

Mathematical Symbols

The table below Tists the mathematical symbols used through out the work.

Q) The order of the computational process is x

(a.b] The open, and closed interval.

d, The chromosome at locus i from the first parent.

b, The chromosome at locus i from the second parent.

a, The i-th chromosomal segment that is copied from the first parent.
b, The i-th chromosomal segment that is copied from the second parent.
by The length of a schema in the first parent.

by The length of a schema in the second parent.

¢ The number of genes copied during crossover.

e, A\ chromosome in the population occupying position ¢

strength(e,) The strength of chromosome ¢,



n

P

pelc)
P& )
pe(c)*
pele)®
pe(p)
P (p)
Pyt (p)

Py (p)
ps(ba)
Psc(ba.bg)

The number of genes with the same alleles between the two parents.

A measurement. indicating the number of chromosome segments

that will be copied from the first parent during n point shuttle

Crossover.

['he length of a chromosome.

The number of crossoser points in shuflle crossover.

The number of genes passed during crossover.,

probability of copying ¢ genes
probab ity of copying ¢ genes
probability of copying ¢ genes
probability of copyving ¢ genes
probability of passing p genes
probability of passing p genes
probability of passing p genes

probability of passing p genes

during crossover.

during n-point shutlle crossover,
during modified uniforn crossover.,
during uniform crossover.

duning crossover,

during n-pomt shuflle crossover,
during modified nuiform crossover

duting wniform crossover,

‘The probability of passing a schema of length by during crossover.

The probability of passing a schema of length by

from the first parent and a schema of length by from the second

parent during crossover.
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Appendix B
C program

The (" program below. was used for demonstrating lema 13 in chapter 4. The
program set the values of by = 1. bg =1, and d = 0 to ease the implementation
details. The maximum bound on the length of the chromosonie (1) was set to 300
sinee numetie overtlows would oceur at higaer values.

A chromosome length of 300, is extermely large for published problems. so the

upper bound is more a theoretical limit than a pratical one.

#include <math.h>

#include <stdio.h>

#define integer double
#define zero ((double) 0)
#define one ((double) 1)
#define two ((double) 2)
#define faive ((double) 5)

#define three_hundred ({(double) 300)
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/* ERROR EXIT CONDITION CODES */
#define set_size_negative 1
#define choose_negative 2

#define factorial_undefined 3

integer factorial(integer x)
/*  xt x/

{integer ans, 1i;

if (x < 0) {_exit(factorial_undefined);};

ans = one;
ror (1=two; 1 <= x; 1 =1 + one) {

ans = ans * 1;}

return(ans);}

\begin{verbatim}
double binomial(integer set_size,
integer choose)
/* / set_size \
| |
\ choose /
*/
{integer nominator, denominator;

double ans;
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1f (choose > set_size) {return(zero);}

1f (set_size < zero)

{printf ("E-SET_SIZE_NEGATIVE- set_size=)f\n", set_size);
-ex1t(set_size_negative);}

1f (choose < =zero)

{printf("E-CHOOSE_NEGATIVE- choose=/f\n", choose);

_ex1t(choose_negative);}

set_size) {return(one);}

1f (choose =

zero) {return(one);}

1f (choose =

((double) factorial(set_size)):

ans =
ans = ans / ((double) factorial(choose));
ans = ans / ((double) factorial(set_size - choose));

return{ans); }
double psc(integer 1,
1nteger n)
{1nteger k, denominator, nominator, p;
double ans;

k = (integer) floor((double)((n + one) / two));

denominator = 2 * binomial{(l-one, 1-n-1) * 1 * 1;



nominator = 0;
for (p=one; p <= 1; p = p + one) {

nominator = nominator +

p * (1-p) * (binomial(p-one,k-one)*binomial(l-p-one,n-k) +

binomial (l-p-one,k-one)*binomial (p-one,n-k)),}

ans = ((double) nominator) / ((double)denominator);

return(ans) ;}

int mainf{int argc, char *argv(]) {

double last, prob;

integer 1,n;

for (1=five; 1 <= three_hundred; 1 = 1 + one) {
last = ((double) 0.0);
for (n=one; n < 1l; n=n + two) {
prob = psc(l, n);
printf("%4d %44 ", ((int) 1), ((int) n));
if (prob > last) {
printf("Y8.6£f> Y8.6f\n", prob,last);}
else 1f (prob < last) {
printf("%8.6f <48.6f\n", prob,last);}
else {
printf("%8.6f = %8.6f\n", prob,last);;
last = prob;}
printf("\n" :}
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return(0),’}
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