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intimate ‘metallurgical combination between the liquid and

c T

,hlumlnum fu51on weldlng as

4

C o e

\bN THE APPLICATION OF INTEGRAL METHOD TO THE SOLUTION OF ,
MELTING AND - SOLIDIFICATION PROBLEMS IN K FUSION WELDING PROCESS St

‘Yingrnang Lin

ABSTRACT

fMeItiig and selidificaﬁ%oniprocesseé during
weldiﬁé'aré investigated anai&tically.' The procedur of ]
ob;aInlng the solutlon of . heat transfer 1s lelded 1nto two \\\\\
stages: (i) - the meltlng stage,, nd (lk) the solldlflcatlon
gﬁégé. .Thé gi}tlng stage is an 1mportant stage to obtain an
solid ‘metal. Theréforg,thé‘invéstigatién 6 the melting é;aée

is emphasized in thé-pfesent work.

’

Integral methods arérhaiﬂly‘used for solving the.meltj'“

iné and solidification problems. A relation for phase front

‘movement, which is suitable for fusion welding consisting of

3

melting -and solidification process@g, is found. A criterion on

the occurrence of a melting process in fusion’welding is’

_established. . - C o
- The appllcatlon of : Isults 'is 1llustrated by taklng an #,
a

example.

- ———— ks b N - - o e ¥
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~tlon between the liguid and solid metalt

" molten metal is transferred by radlatlon, convectlon and

_ rather small [1].

“between them.

co - CHAPTER- 1

* " INTRODUCTION 3 c e

Fu51on weldlng is a process by which Vo sheéets of Ty

heavy materlal are welded together by 1nf h' molten metal

"

Dependlnd on the weldlng set-up a d phy510a1 :
) \

a—t

plates.
0

Theoretlcally, a*bétter result 1s obta ned Lo

~

. .
2 e - 8
\ .

During the prOCess the intensive heat requlred in the
mainly conductlon to the surroundlng metal. Compared W1th
conductlon heat transfer,~radiatlon and: convectlon are
Therefore, only conductlon heat transfep/;'

_in the fusion weldlng problem will be con51dered : \

fhe characteristic features of solidification and melt~'
ing.probiems are the coupling of the temperature distribq;'
tlons w1th the rate of movement ‘of the phase boundary

between the solid and llquid phases. As' both the tempera;

ture and the coordinate of the phase boundary"are unknown

fhnctions, they make the problem non-linear. 'Only a few

|

- exact analytlcal solutlons have been found for specxal caé&s -

- \ .
n

o "

7
e ;
T e Yudn O
o PR

S
s
=557
X
ie
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+

,_nnmerical.integration method by Beanboeuf and Chapman

~ A ' . ’

(see Carslaw and\Jaeger [2]) " With regard to the non-linear

problem (solutlons will be generally obtalned by analytical

-yapproxlmatlons and numerical methods. For example, the heat

.balance integral method was used by Goodman [3], Goodman

and Shea (41, Poots [5] and leby and Chen [6]:  the varia-

tional method by Blot [73, Biot and Daughaday [8] and

Lapadula and Mnellerl[Q]; the method of- mov1ng heat. sonrces
by ﬁoéenthai [10] and Jackson [11]; the polynomlal approx1-a
mation by Megerlln [12]  and Stephan [13], the perturbatlon o e
method by Lock [14] and Pedroso and nomoto’ [15 o 161; Lthe \vy\;T
17];
the method of similarity'by Lin [ldj to [23]; also differ-~~

ent analytlcal procedures were treated by. Slegel and Savino | *

‘[24 25 26]. A general" rev1ew of the field of heat conduct-

ion with free21ng or meltlng was glven by Muehlbauer and

Sunderland [27].

Due to the éomplication of the combination of melting

.

f and solldlflcatlon processes 1nvolved 1n the fu51on weldlng

problem, Eckert and Drake simplified the problem by heglect-

ing the’ process of phase change’ at the phase front [28]. In
the present work, the fusion welding problem in&olVing both
the meltlng and sblldlflcatlon processes will - malnly be solv—,

o

ed -by the heat balance integral method" e ‘ . o
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) ' B CHAP'I'ER II

THEORET I CAL ANALYS Is

2,1 . THE CONCEPT OF HEAT BALANCE INTEGRAL
‘f METHOD

N

-

The formulatlon of the integrated heat—conductlon

'equatlon can ea511y be shown for the transient case. 1n.one

' space dlmen51on, the semldlnflnlte body. ‘When a semi-infin-
1te body 1ﬁ1t1ally ex1st1ng at some temperature T, recelves
heat from the free surface, a temperature fleld es bullt up

as is shown schematlcally in‘Fig.2.1. This temperature fleld

© comprises a region within the body wherein the {ocal tempera-

ture differeifroﬁ T_. The depth to which the'thermai effects

are felt is called the penetratiop-depth and following the
oo _ 7

' ‘ . > . .
boundgry-layer practice is designated by 6. The penetra-

tion depth is a furiction of time.’

LN

-

! ‘The differential equation for the case of the semi-

_infinite solid with c&nspant‘preper&ies is

Equation (2.1 ) Canibe integrated from x-= 0 to

X = G(t) R . . ’ . . . ' ' ) -
. ._of— 5t dax = of a‘;-—z- ax . .('2.2).
. 3x ‘ . -
U \
/

W SPORYeT  S—

(2.1

~

\



\2;_2 MATHEMATICAL, FORMULATION R

" mateérial operties ‘are taken as constant in ‘the solid and

" which n'xa}ylbe evaluated to yieId ' . . SN .

- a ’ 6 - o ,\\. ' i ) . . )
Vgl renfidx] - TG —alyy 2(6.8). - —3'{7(0,}:)1 (2.3)

,D
ot At
- E

We consxder two extem31ve sheets ot heamy material ‘hay-
1ng the same d1mensmons, the same materlal and the same 1n1-
tial temperature V& They are separated at ‘a dustance, 2L
as shown in Fig. 2.2. These sheets.wil} be welded together
by 1nfu51ng molten metal havihé a uniform initial tempera— ‘
ture To between them It is assumed~that‘the\exposed'
surfaces of the sheets lose heat at a much sSlower rate than

Ve K ' '.
the heat flows by conduction into the meta;, amdrthat the

liquid se, - The temperatures and materlal propertle
solld and lquld phases are denoted by subscrlpts 1 and .

2 respectlvely

N

3 N

The sggtez of eguatibns formulating the problem can be

described as £ 1lows.

)

The differential and integrated equatiens.of one-dimen-

sional heat ’conduction in the solid and liquid“phases are.

, % .
' respectively written ds ' -
S
T, _. ale. '
= a) (2.4)
ot ax?"
'ffoqrsolld“part (System 1), and ”\. - ,




I

© S “ ' . . 2 . : . . .
| U geatm G
. . o o N a
. for the liquid par\: (System 2). i \\ \
'.Ei:"[xf' T (x,t)dx - T:8,(t)] 7\ ~aym (X, t) 1 (2.6)
‘w' . N . . K ., . { . . ‘ .
{ 4
[ « v ‘k
. +and B} o ]
DT .. o , |
- a 62 - ; '. : l
—a-:E[xf T2 (x,t)dx ~ !Itoﬁz(t):! "=

.

-

The initial gonditions are obvious for.

Nt
< . . f

Tz(*‘ro) = Ty \

The boundary conditions at the .phase boﬁndary between solid

and liquid phases  x

. L 3

R Tl‘(.x"t) = Ty

T (X t) = T, '

The boundary ¢conditions at the penefration

. L ' . . ' . : ' :
in the solid phase and x = §,.in the liquid phase can be

‘épr‘ESSe‘d as

-

i

| . My (81t)
\ ' . . .

To

]

-. .'TZ (621 t).

.

Jag

|

%—?(X;t)' ~
Cot

.
.
.

1

)
|

(2.7)

a

t=0"

%,

S : T1(x,0) =T |

3‘ ! ~(.2‘8)

-

e

‘ - (2.9)

-

x(t) for t > 0 are ) %

"depths, x = §;

N




) At the so}i‘d—fli.ql_zid.interfa'ce there eicists. \ahéthe;: telat

7

32i(61,t) = O

.4

[ . :
|
|

IR - S I
BIE Y « ‘ “ ]

.’ “. (201'4) "

(2.15)

’

-

ion

-
Il

of eneg:g balance for-the mélting',or "sbli‘difiCation ,procégég,‘ I

¢

- kl‘a'l;l (xt)

- X
c 7

-

@ - S ‘.pxc'x'g—%

P P .
& . . .

N e

-~k 2T B (5 96)

d ' . Do R '
2.3 INTRODUCTION OF DIMENSIONLESS VARIABLES

t
o

v )

. .
, 7

£

-

! hE . ‘ . ‘ - \ . . s ) TN
/" In order to re’duc? the number of paramej;efk,,’in the system ~
LY ! . e » . . ) . é\\ - . "‘ .
of Egs. (2.4) to (2.16), all the w&a\riables are madé dimension~
. ,‘ Lot ) . ’ . R i
less. - o " .. N \
.f} ) ., - ) : ¢« / // .0 .o ‘\-w} ..\ .
Y These: non-dimensional variables adre -_defined as fol’lgwéi/:,_—Q"\

4 , . . 3
© . cl' ' . 4
. .0y = =(T; - T) : 1
L , o QT 8 .
. kzh Ciim: _é’)'/ \ ’
.. DS ) ez' e..E’T QL(TZ N . "‘ -
r = at i (2.17)"
‘ Lz v < '.
. - ) E:_ - ix: ' - / ' *
N X
A, = &2 ) :
L T .




® * N 7
g \
. 62" \
\ Az = -I-:- ' / \‘
X - - . ‘ -
n- = L 'L\ .
2.4 MATHEMATICAL ANALYSIS "
. !f;'é'», o ‘ AR
®* The analysls is drvtded into’ two maln stages- meltlng
Y J—/

stage and SOlldlflcatlon stage. Durlng the meltlng stage )
‘the penetratlon depths are propagatlng freely in both the -
solld and - llquld phaSes. The 1ntegr?l method is appllcable
ifor the determlnatlon of temﬂ!n@ture dlstrlbutlons in thls
stage. Durlnb the SOlldlflcatlon stage, the: 1ntegral method

is appllcable in the SOlld phase only In the llquld phase

’

tﬂe problem is 51mp11f1ed in thls stage by asSumlng that’

. ‘there is an; apparent latent heat con81st1ng ¢f the heat,

‘whlch keeps | the molten metal 1n llqu1d state, and the latent

-

"heat of fusron. Thus, the temperature in the lquLG phaSe

is- averaged at meltlngﬁ$01nt. .
L :

e S - . ’

2.4.1  Melting Stage

s . \
’ N .

L Dﬁring this period the depths of penetratioﬂ, 61\ahd.
62, are freely propagatlng to the left and rlght dlrectlons

of the phase front. The 1ntegral method 1s appllcable in,

*

both the SJ{ld and - 11qu1d phases

By xntroduc1ng dlmen51onless parameters, .the system of o

equatlons (2. 4) to (2.16) are transformed as follows,
. \ ) '
> ]
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T M . g - '. b "'.nv' e’- ‘.\. - " . - ’. l - .
B0 Wmeme =B L E | S |
: - ar g y o S . :

'
: L. . . 3
? . . g 3

= 728y : :
s 91(5:'!)55 = 941] .5 (0 'r) (2 20) L

[}
!

[
J‘
n.r) (z 21)“

-

(z.22)

| (:2‘9.23)‘.'

(2.24)
* >' . ‘e

n
-

(2.25),

o . \, .. L _ . -Qz(ﬂ_tT).

1] N » . ’_ . ) . . “

ST e =y, (2,260

L : ) — - RPN B 'ﬂz(ﬂ"z'T) =90' - ( . ‘ (2.27) LA

N a ' ’ ’."

4
w -

e, (T,.T)

o (2,28

%

(-2

—%ﬁ (Az:T)

Q)
1
o




fcan be represented by a polynom1a1 of the Second degree

‘determlned by Eqs. (2 24), (2 26) and (2 28)

" S g ‘. T ' ﬁ
1 ) : - o . .
. ‘» , Lo .- 'b.}
. From Eq. (2.24) . '
e ¥ : Y
By + Bin'+;ﬁzﬁ? =0 . ‘ (2.32)
_ e X v B , v o e
. . From Eq. (2.26) '
| Bs -+ BiA; + B2A2 = 0 (2.33) .
S e S B S ) o
- From Eq. (.28 = : o -
18192828, = 0 (2.34)
Solving Egs. (2.32),(2.33) and (2.34),.we obtain . - .
Bo ?L————(n -2A ) ; bt (,2.3§i.“
o ‘ . (A1-n)? ., I )
Nl B e
o \s /Bf = -—n——\%———;b .. i . (2.36) ,
S S - (D R T C T
D . {, , o- N .0 ‘. M * . AN . . :’ ’ ",4("\:)'
(Y ‘;‘j
) v - N ‘9 _‘A b B

“an . 20;(n,t).  902(n,T)
Kl sl 1 o

(2.30\
AT

Assume the temperature dlstrlbutlon B;(E f) in System l, )

Y oo
U03(E,T) = Bo + BiE + BaE? (2.31)

-where the, coefficien Bi are functlons of T to be L




) . '8'2’-‘-—‘-—-—'; l . - (2.37)
- | S iem® e :

- ot

'.l‘hUs the temperature dlstrlbutn.on in System 1 becomes '
N : C o ' l?\ o o

L wyr

. c i _" B . . . .A .', 3
o 01 (E,T) ['ﬂ(ﬂ 2A1) + 2M,E-E2 ] (2.38)..
. . ‘.“t\- . N e . (A!_n) . ’ 3 \." .

N

-Similarly, the tempgratur’e‘ di_strib-ution- in system 2, is

,_v . . ‘ o .* . e . ‘ . . ) . .l~ . 0 X
¥ 92(Ey7) = " [n(n-282)° 3 28,£-£%] © (2.39) .

ST - (4 ' . N
! v ' . ) ‘ / e h',

Y \'vhsxje n(r),A;(T) and A (1) s'til‘lf remain unlghowp..

. <

t . ~

Substltute Eq. (2. 38) into Eq @ 20),9’1 - ;

3 =2 . v
dT(A1 ; 20)" Ay-n L

T T Lo .
ol E Y RInS . (e

1] .‘4‘_@
L

»

. \S:"L‘mi‘larly; ,S'.ubsti‘t};lte Eq. (;,;S) inftc;‘E_q.' (2.21), we
U obtain T . ¢ IR
S oar f 23‘{ “Beem - e L (2,4;)

Substltutlng Eqs. (2.38) and (2 ‘39) 1nto Eq..x..(2 30) ’

a - \ f . . v, S
' wa obtain & <

T . . -
.\ » toe N . P

L . ’ . . ) . ." V . ‘. - /’ ’. - B} -
Co e e e 28, $2.42)
Do : & = En " Eem. oo .o (2042

Lk




X

‘A2 as follows:

- thus, Eq. (2.43) becomes {_’

S T R
. :\ . . . .- X o v“
/2 S BRI ¢

Thesé. three equatlons are ‘used to determlne Ay Az -and

: ~o
Ne. (
* .
'

. * . \ . N - N
Eliminating terms (A;-n) -and . lAz—n) from Eqs. (2.40),

(2 41) and (2. 42), we obtaln the;relatlon between n A1 and

N

' ) e ’ . ‘.'\ ¥
.S o . _ . N
TN

‘ . ’ " .. a e N "
’ - i -2 - = q- ‘. .43 ' N
aqul. QoAz - (208,,-28,~3a)n ) 91 | (2.83) =

&Y . ) Co : Lo . PR .o ;?

‘where C; is a constant which can.be determined by fitting .
- * . vy T . N 4

- Al

initial conditions.. I )

‘.5. .. . — . .
For. ) . T =20, A1:= Az =n =1
Therefore o . e
'Ci&* u?w'? by "+ (Zaed.— 200 - .3a)r

>

.
-

" aB_(A,-1) - 80 (8z2=1) + (206_-284-3a) (n-1) = 0 (2.44)

-
m

‘Tt is obviously that the differential equations .(2.40), (2. 41}‘

.and (2 42) are non-llnear. In order to be able to solve ‘the

problem analytlcally, the follow1ng assumptlons are made.

, "

o~

- First, mssume. the solid-liquid interface movenént n(t)

. widll be in the form

R . Lo

n -1+ p¢??~= oo (2.45)‘ »

1Shou1d the coefflclents‘ P and -y be detérnuned, n -~ 1

woul? phy51ca11y fulflll both in the meltlng and solxd1f1—

L ol

L

ey




cation processes. oo o -

.“-

When' n - 1 reaches maxlmum whlch 1s in other words, ’

. at the 1nstantaneousness of the ending of melt1n§‘process
. : ’«‘ 2. - 1 /’ AT R
‘ +
’ _and the commenCLng of the solldlficatlon process, we obtaln

»

from Eq. (2. 45) by . |
\.‘f‘ . : ‘l . [ .. . . ."I B 'd(n-l)m ‘ K '- ) . - Lo \ ~‘ A . w " ‘ . "' .
- .; dT N - .

. m jYz

" ., ~ ‘\ - . . E 1.: = E.. . v s - V" (2.47)

. where Th.{is the:tigg\at }n;;)A.:Z S o &
A . ... ‘Substituting Eq.(2.47) into (2.45) we obtain \\E;
i - ) . "‘ A. .' '_ "l .ll\ .:' o ‘ 2 ) * | : "' . . ‘,, ‘ .

e G0 e g s (2B e

From Eg. (2.42), we also obta;ha . S ‘ o - .f:’;, oo
\ . ek ) ) \ ) “" . I3 . ~ ‘ - . .

N ’ Zem ‘o '\“' A 20. . ”
(Eﬁp y = - , RS —— 0 = g
(n By - =) - (=1 (42-1) - (n-1)
¢ — - - . ‘2 . . S '2 . S B -
cor e LAy - Bl e l(ag-y) - B 0

2

. ,. ‘.. i PO . em , .' 2 . .‘ . ’ . ¢ -"
S T AL s 2 2 (2.49)




&

-

.
a )

e . substituting gq.,(z.49) into.E&} (2.44) ipremults in

v

A . L 3u(9 2—e e W0 ) 2 a
) -' -. . .(.l‘xz‘_l)m '=‘—[2»J€é' ue‘z -9 2 ] L .'(2.50)
' N S "

ﬁhyeicallfjbﬁhe propagatidn of A; is ﬁuch‘faster:than.
: ;'{n movement,;therefore, we can secondly, assume théﬁuwhen
(n-l) reaches maxlmum A2 1s approach;ng 0.or_ Az_‘ié
negllglble as- compared to the value of 1.
: /e ' .'; . ”' . ?. - : "7':-
. Thus, from Eq. (2.50), we obtain ' . I

4-'- . ' “ N ) - ) .

[N

cor ' ' X Coe » 2 a2 i
. o - (aa“ ~e°“i ‘
i . .. substituting'Eq. (2.51) into Eq,.(2;45y we finaily'obﬁain
: ‘ S - S ‘ ' R U
S . ' o S : ' - { -
LT o SR | 3a(e 2-9 e +e ) .
1 P \ n-1-= P/TT- [2 - —2-1 p?1
o o o o i . ,aqbz-e,z .
X .
' S L (2452)

Ry

" Up to this stage every initial and boundary condi tion has
been coneidered, but constant P in ‘Eq. (2.524¢ is still -
~ \ .
an analytlcal method for a short time solutlon Wlll be
IS | considered next _ B ‘ .
At the beglnnlng of the Weldlng process, t is so smali“

that T is negllglble as compared to V"

‘ © | vhere (Alfl)m and (Azfl)m are penetration depth at time T
SRR C 308208 40 ) .
ooy E [2-= — -1 p* /fﬂczﬂsl) :

.

- .. unknown. Therefore, in ‘order to determlne “the constant p,“'




‘Thus ,‘ Eq. (2...'52)' can he approximately w:c:l.ttax as

m -i%‘p'v"l.? s (‘.%.5'3).5 :

'I'he heat c.undnct:.an d:.ffemni:.&l equai::.ansz (Z L&) amd
(2 19) for Systemlanﬁ; sYstem Z, aa:e.ant:_sﬁ.edhy the ‘
followmg functions, raspect:r.vely. o o

By(E,T) = Ay + By exe(E=ly (254

*':&-z(g,,f) /= By + By érf(l — E’-) | o ‘(2.~i5:5)_'

T .
/Zmnsa!:a:ntstah&medby

where A‘i " and, B arey’

f].ttlng initial and houmdary cmrdi.t:mnse e oD

In ‘s'ystgn I, Lettimy E’q;,- (2.54) sa:tn.s—fy the fritial
‘and bounda#y conditions, Eg. (2.Z2) ' and Z;.Zfl.) . WE clxtaa.n .
- e Y . "‘ . - - N MR

e ' K+ Hi~=' ew : ‘ o v‘(Z..Eﬁl

oo L By 4By exs(IZdy =g
C T

where . g e=l=plir S b
thus . o . ‘ E; '!\E;; e:cf(g) = C (Z.57) « 3

Sql\(inq'Eqs. (Z 56) and (2.57) g:l.vess

. _ 6‘ _erf(p)
c o m=- .
) S S - L - exf(p) . ‘
. *"- .e .
L / By = bt \

- eewdrt Ao
- SO -y P Dt B s YA e o ars. e O PP S A




- Thus, Eq. (2,54Y bégomgs.: . ) R '
. ; . TR e - ':

’ - o ' 0.  owps{.
: S OI(E 1‘) r—‘m[eff ('/E o
’ B \‘\' Cooh "‘ T

-
b h -
v . -

In System 2 by a: simllar procedure'as that for L
, System l, Eq.f(2.55) becgmgsn “ f,' .3\5 y B "i "T
! . o 2 N . .
B L Be ? - '
AR 92(5,,’()a=,—‘-—:--9—.9——-—-[erf(——§)+ erf(E;] (z 59)
7 - Jt?.grfgé - Y§aT. " ‘ :
/' R o oS

N . s v
T
L H

A 2 R A
. o

' pifferentiation “of ﬁq.:(é,say”with respect to T gives

<o l\g.;‘From Egs. (2,53)and (2.59) we obféin . ‘-ﬁ T
. O ) 42\ ,‘jh . r. . . .. e ‘
- Ve T T
o T s IR - ' :
S T ‘ 90, - Vo 2 TV = N . .
. . . ) . “. :‘-'1‘ = ‘e /Z_T-(-‘-"') N
‘ o o 3;}.-‘. [l-erf p) —. /a7 " e

¥

3 14 erf(-E-)/“

~ N, . .' L - .
) u

N o For E n. Qhe above two equatlons become Coar e
I e \ ‘ L, ’ A
| . -:. s N R . .
o C ' oL 20, e-p2 . co
: Tt (2.61)

(‘“’e‘) =
R S . A

..
.
N .

=200

vt (802 0 - ;

Cl e (ag )EFY\- .

S €Ny b ers R F MTaT L .

,‘ '. a ‘ ' ' o . )

o
)
o]
N
~
)
[
a
B

AT FR DL, T
{
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Substituting Eqs. (2,60),(2.61) and \2.62) into Eq.(2.30)

it fiﬁally results in'

- - B2
2 ({‘zew 2% . e Tu )
VT r-ette g /T? 1+ erf ng /_ Ya /AT .
or '~ . . . : A ) Ya ]
/E(i+e£f ;ELd[/?p(l—érf p) -~ 0 e P ]
T 0e = LYo - - (2.63)
' (l—erf p)e E- L

' From Eq. (5;63)‘the constant p can be detefmined graphi-"
cally for every kind of material wh;ch possessés a certain
value of a. lThe°solutioh‘Bf p from Eg.(2.63) for aluminum
‘is shown as an examble, in Fig.'2.3j

4.

Q.Q:ZLTSQlAdification Stage\

,Tpis stage’begiﬁs/at the instant of melt;nglprocess
finaligation, i.e., when ﬁ reaches'the maximom_ﬁoint,anﬂ'
..ends at the instant when n feachee zero. During this
.stage, we consxder that the 1nte3ral method is applicable in
. the SOlld phase only. In the llquld phase the problem is
_.81mpllf1ed by aSSumlng ‘that there %s an apparent latent
heat consisting of the heat whlch keeps the molten metal

'1n llquld\state and the latent heat of fusion. Thus; the

temperature of the liquid phase is averaged.at melting point.

[30,31].

Based on this assumption, conduction heat transfer in .

.7

the solid phase is formulated as follows.

- - - ’

\

“ f




.The d}fferential equa@ion'is

, . . -~ . . N
_ ) y ~ o L . o L) ‘2 ] ' . N . N
~ - - 36 . 2701y (2.4

SR S 1 U
. . ﬁ

. The 1n1tial temperature dlstributlon in SOlld phase

from Eq (12 38). _ .
6
[n (n;~2 ) + 2A1 E - g2 1(2 65)

91(E,T ) -————————

(Ai -n;)
m \:

" Boundary conditions are
e J ‘

\ . s o o
* 6 .- .- (2.66)
LY

orni -

. o | 81 1'13, %

ot . Ty . U 8 e g " '. S g ;e

S . a0y (Ay;T") =g - (e
e | . \ . . . ‘ BN “ ‘ N I RN ) . -

N The integrated equation of EQ. (2.64) is S Lo
. ’n' N N l ' ‘

: ' A < . ¥ . .

' . _._i___ 1 MES\E - N = - 2901 1. N
o v [n‘f \‘el('f:.r. Mg - 807 = - (zF) (ny7) (2.69) .

%
K

‘.By a simllar procedure as in the melting gtage‘wefobtain the
erature dlstrlbutlon in the solid phase as . o '

eds. ') = ——y [q (n L%y + 28VE-E2] (2.70).
(Ay-n )% . 1 . -l N Lo

temp

iEq:k2.70) is,autoqgtically satisfyiﬁg t?

l ' R ' (20.67) "'

o fnitinlc _ . .

o, e




s ) - ' : . ' . C' IR . A
.“\, co - ll - " N ’ N ' .’ , ' _' 18 x
' ) Sul?qtituting ‘Eq. (2.70) into Eq. (Z@N)}' ,resu.'lj‘tg in »
. . . . ot ' " o . . o N
S X WA p3- LM (2.71).
. ) ‘ T d ",d"t_._ A1-T’l" B o
L Y . N . . "’ . N . v ) . '\

) In the 1iqu:_n‘.d\phlase .an asspmiétion fﬁa‘é made in Se;'tio‘n 2 ‘.‘4.1:
| \thét‘a}t"‘:" ) o t S | N B

_ | Tt = T, - ,A;;o s

i e '

| ‘Therefore, the'initial tempgrature ais't‘rix?j:.ibn in the'

liquid phase, from Eq. (2.39), is

>'. C . . . . ) ,,.Q . . . '\ . )
: v Cp2 S .
\ ‘ 'ﬂzGErTm) = 61 "g"'] ;o © T (2.72) .-
. S L S nz : _ <
- . N . ~ ) . .'x m . » ~
-The averatje temperature in the liquid phase at this moment |
cai; be.calcul’atevd ‘from Eq. - (2.72) . : o ;

.

v B 80l - 2dak = 2ee 0 (2.73)
. ' m Ny n2 , ’ S

Ty - T = -2:(T; - T.) -in dimensional form.

m

Tllué the heat which keeps the molten metal in liciuid"

L

‘state is = -

Bo .

. ) - t _ X ____‘i' .
. | I %Czpz):(’('l‘o T.or gg=m' . R

™
12

in 'dimensiox‘xles‘s '_form. As indicated previousl'y\,‘ this heat (
is assumed to be a part of the apparent \lai:ent heat of the ,

L . 1liquid phase. -




Hence, a heat balance at the phase boundary between the/ o
sol:.d and lz.quz.d phases. can be formulated‘ as -
Co2 gy 3Ty,
[Qppy + Feepa (T - ThIge-= kalD
T : , - . x=X
: Or in dimensionless form as . ' MY .
3 % +_§_ ‘go\dn o (ggx) {2.74)
N . X dT' N ) E.._.\.nl , “ 3
. suxzstitﬁtipg‘nq..(z.-;YO)- into Eq.' (2.74) gives . -
‘ - . | , L . »> : )
(1 + 2)«“ —r . . {2.75). )
X )g' ar* A] - T] . . \
P Ehmlnatn.pg the- texm (A; - n') in Eqs (2. 71) and (2 +75).
-y it ylelds ' Co
\ < I
L ae',,[(Ai-.i)' - (A1-1) ] + (2087269230} [(n"-1) T
# ‘ T : -(njl)\‘mj =
. /
or - ’ , .
< . . ., NN T * , .. ,Q‘;
‘ A - 1= (Al_‘l)m - (2-D)[(n'-1) -/ '
- (=1} 1 T ('2.‘516)‘
.\\ N A m . 4
SN | ’ B
S ~ . s
! where ' - ; ‘ \
e 200 + 3a 2 7y
. . D —ar CEPNE (2.77)
\ a . ¢ ~ “ N ) ' . . i
Substitute Eq.(2.76) dnto Eq. (2.75), thus 1 D
: . . | ' B . - .
I \ o ‘ e




G2bdmey S .
S en Ar ‘(3%DY(n'—1)+[(Ai-1)m+;n-1)m(2-n)]

yd

Ly

d k .‘ ' ' ', ”\ . . o o . B
0 {(3-D) (n'-1) - [(A3-1) +(2-D) (n-1) T}d(n’'-1) =
- ‘ :
= - g R 52,78);:*
\ - Integrating .Eq. (2.78) .from 'Tlll. to «! | it 'giye's - -
(3-D) (n'~1) 2=2[(2-D) (n-1) ;+ (§3=17 ] (n.*71>+[%351 ) 4

A DR 1= 0t 2

[

B \ % L . . ) ' ".‘ . \ :
Solvxng quadratlc Eq.4 (2. 79) i:.nally\results J.n ' Lo

2‘12

[(2-n) (n=1) +(A1-1) - M, -1) -(n~1) 12-22(3-p) (r'-r )

ntl =
A 3-p

A i

v . R : G20y

Substitirting, Eq. (2 80) xnto Eq. (2. 76) we also obtain . .

[(2-D) (n-1) SH(B1=1) | T4 (2- D)f(Ax-l) -4(n-1)m32--—(3 D) (1" -1 )\uﬁ?--'

B B, .‘ 3-D | 4 ;:> N : ]
.‘/' . . o . '

- o (2.81)

A'-l-—

where - i D =..%9.‘La%_§9. b | | (2.77)
S - * 0 . o . '
© (n-1)m, (4,-I)mand 7 can be obtained from Eqs. (2.48), (2,50), and (2.47) -

as follows®® .




. 5

S

8

a8? - 8% .,
[ 0 X

ey e : X S
o 2(ae, -0 ~2a(8, P8 80 +00) .
) SR I .

-

-— ‘.2 2" 2.
-2 (qﬁw-ep‘)"‘:ﬂag-eo em.—a‘em)‘ ’

L 2_a82y _2yip 2. . oo
T 2(a6 ?-07) -3afe -0 0 40). T N . \\-:

Te ! o T :-.-i ‘ e
Tn ‘,(g(aq;;a;Ljsa;ewszweo+e,)Jp_ ‘ .

. R, ‘f

-

. ab 2-a%
o0 .0

. (2.84)

e

* Setting: n' =0, 'in_ Eq. (2.80), we can.determine the -
N * . ' ' , . » NN T . ' ’ ’ "
"time. required for the completion of the vwhole fusion welding

process. oo o T e
. . N - . \ .
<

e = Ty - RBLAD (1-D 242010 [ (D R(2D) (1D ¥
) . . - . . '_‘ ) \ M

B -

S 2D +E-D T T T (2.85)

-
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g . C o+ .Y EXAMPLE A IR B
3 S o . _.ALUMINUM FUSION WELDING L "1

v . . e . ) 3 . ’ ’
Sy - LT T . N \ L ) L
; . - C o ’ ' .
‘ . ) S N |
, ~We, consider two alnminum plates'having 0.1 m thick- oo 1
p . oo ness to be welded together by fusign weldlng The'éusion éone"‘ N N
i 1s set at 0 03 m in W1dth. The plates are wide -enough to be ‘
v con51dered as 1nf1n1te. The plates are preheated to 300°%C. |
"The 1n1t1a1 temperature of the molten’ alumlnum lS 1, 677 c. We ' 7
B .\ - . . would llke to predlct all heat: act1V1t1es 1n both parent plates - ,i
f?i ST .and the‘fu51on zone. - The procedure ‘6f calculation is descrlb- o *
. . L P < : o ) . R |
L . ed as foﬁ;ows.‘j . . - . , . < i A-1
. | e . P L o LT 1.
- I 3.1 PROPERTIES, PARAMETERS 'AND COEFFICIENTS ' SN
'b"hu. N ' . Y ' o . v ‘
N o Many phy51cal prppertles depend’ on the purlty and
physical: state (annealed hard" drawn, cast, etc Y of the. metal i
- The data used.in this era@ple refers‘to aluminim' in the high . ~.¢%
A N . state of purity, and is sufficiently accurate for this purpose . |
.:J‘ ) ‘ ‘ . ) ; . .‘ -
... . of exercise, . IR PR 3 Lo
Vo PR Lo s : o ' S S
. ‘ e Pl . * - =~ . N > . - .' *
"3,1.1 Physical Prdperties of Aluminum S "o v

pa

o
i :

R . . : . A
S S il perbacs of Alunin
2 R

~, . . . A

;{ - : Phy51ca1 properties of alumlnum in sqlid and llqu1d : fﬁ'
e ' ' - . S
o .. phase are shown as follows . [29] ' R
N v - : %g
- - Density . p1.= 2,700 Kg/m? p2 = 2, 310 Kg/m \ . @E
5 Thermal. Con-- .

. K

238.6 w/m °c ke = 83.7 w/m %

.
1}
n
.
. -" g™ '.'F’
T %
o
g -

~ ductivity

°SpecifiCAHeat’ Ci 1.076 KJVKg9¢ C2 1.084§§f4xg c .

. i
- i g « _— O SR g 3 7Y
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N -~y

.,

.Thermal ~ _ =5, L e .

Diffusinity - a - 8.214 x 10 m /se? a,= 3{;43 x:10 “m /sgq
"L ’ . 6 : ! R .

‘Latent "Heat * g

of Fusion’ 387f? KJ/Kg .

Melting o L

Point . 660%

— ’ st .

\351.2 Dimensiéﬁiésé Paiameteis'dnd,Variabies

’

o . ‘. . oo . o T,
. By Equation (2.17) all parameter: and variables are

, tranfformea to dimengjonless fofh;
R .

= —..az = . ’
a=32 9.497' ‘

(TI-T ) = 0 002775(T| 660)

“«

,foldoqgv4(mzqud)f

0.999

0.99Y
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4':’:, PR
N

 For 6, = - 0.999 and 8, = 0.991, frowFig. 2.3; we

. 3.1.3 ‘Coefficients p and

Ld

obtain ' - Lot > ‘ .

CL ‘ p=0.1 N ‘ B -

/\ . . . "‘ ‘ f L : .“ , ) N ) : ‘ \~ ) ." ' ‘- \ : '.' N '.'.‘
S : ' From Eq. (2.51) we obtain. Co

o : S .3a(ew’-6”69+,6¢) ’
\ o T oy = [2 - :

af w‘z -0 ")'z
= 0.083 '

- N ’ 3

3.2 CHARACTERISTICS OF CONDUCTION HEAT \'I‘RANS.FER
' DURING THE WELDING PROCESS ‘ .o

¢ . . ) .\l P

W

- Using the results established in Chapter-II; char,‘a}:ter-

]

istics of conductibn heat transfer at various stages\‘during the

" " aluminum , fusion w’elding process can be illustrated as fbllbws..
. " 3.2..i 'Movemeht‘ of Phafe 'Bduﬁdary ‘During ﬁelting kS
S . Stage ‘ S
' . Substituting p'= 0.1 and .y_"-': :0.'0.85 into Fa. (2.45)
. oL S R Vet ‘ T TN
results .in , T \
o o N n--1=0.2/1-0.083c- - - . .
pee L . S |
L - X'=0.015 + 0.0018/E - 0.000454t B _
*in dimensional = form.- (‘curve a, in'Fig. 3.1)<« Sy

» ~




. during the very 's

1 3.2.2 Temperature Distributions in Solid and Liguld
Phases at the Beginning of the Process

*\. v

Temperat re dlstrlbutldns in SOlld ‘and llquid phases

rt perlod from the beglnnxng of the quLOn

’weidlng4g;ocess as| shown in Eqgs.- (2 8) and (2 59) can be
q

25

found.as follows- o . ‘ -
. ‘\ e (] ')-
R - ,
o - & _ E-1.~ .
.. . B;(E r) = 0. 127 - 1. 126 exf === -
o , 2
. . - El <
o ] ' .03(5,1) = 0.148 - 0. 842 erf o
oot o 1. 276¢”
or . N ' ‘( B ~‘ﬂ o
_ Y me,t) = 705. 8.-»405.8 erf Eé—lﬁll '
‘ ©o1.21 /“ﬁ
Tz(x t) = 812 - 864 5 erf‘éé—zzll
. ©0.771/F
. e o ' 4" ,“' ' .
in dimen§ional,form.'(Fig.;D\Z) o S

‘3.2,3 :Time;‘MeltingNDegfh and ﬁéat Penetration Depth
;. at the Moment of Finality of Melting Stage

' The time, from Eq.. (2.47), is
| : = : :
. = = __o._.];_ 2 )
. Y : . .
o /
or ’ , )
= 3.98 sec. . ;

‘/.‘: . ' S - o
!" e melting depth, from Eq. (2.48) 'is

. i X . ; \ ‘ o
‘- .= B—. = ' R /
(n l)m '0.12 . .

- A

o

R ST




o.r . ‘ . ‘ . N ) ) -" "\N. . ‘ "K
C e X o= 0,016 m

or the melting:depthtfrod the- initial bhase.béundéfy is
- BT o N o . | e
: Xn T 0.015 = 0.0018 m o

The‘héat penétfation,deéthyffrém Eé. (2.83), is:
‘ , | y , :
.0 - ' - e N ) . L ]

§im = 0.03375.m

T

',3 2.4 Temperature Dlstrlbutlons at the Moment of
Flnallty of Meltlng Stage ;

a

At this’ stage, the temperature dlstrlbutlon 1n the
soiﬁd phase, from Eq.-(2.65), is’

R . . AN
0 . L B A}

‘ - i ”ﬁf(EiTm) = 2,96 =.3.,52f + 0.782E%
« N ‘ .o . ‘ . : . . ) ‘ ‘ \ X )
and that in the -liquid phase, frém Eq. (2.72); is -

° . ' 4t

!

82(E,T.) = 0.991 - 0.7892

or
\ T; (X_rtm) = (1-73 - 84.56x + 1250)(2)103 .
and - - ‘ o .f : S o Jf‘
' Ta(x,t ) = (1.677 = 3,600x*)10%

. in dimensional form. (Fig. 3.3) '

'Y

26
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3.2, 5 Movement of Phase Boundaf& Durlng 8011dif1catlon ,

& Y
'.(‘. -—--—9-----s't,ae l,"\‘.. : K

éhbstituting.the fbilowing parameters:

.,D'=,;~7-ﬁ8, Ly = 0.12, ‘ggl—l)é % 1.25

and T_'= 1.45 into Eq. (2{80) we obtain. .

n'-1 = 0.224 - 0.374Y77=T 373
or RN

oL ‘ . .
‘ - © 'X's 0.0184 - 0.00339/E-3.76 .
. . “ . . 4, L . , i

PR

. ’ in dimensional. form. ( curve Ab.‘inupig. 3.1) . : \ (

"in dimensional form.

_or

\

3.2.6 Penetratlon Depth in. the Solld Phase Durlng '
Sdlldlflcatlon Stage ] .

" From Eq. (2'1,31), we obtain . Y

' S . ‘ : '
A(a}:':' l1.= 0.224 + 3'.&7#1'—1‘.37-3 '

e . L T -
61 = 0-0184 -'0.00335Vt -5-73 .

3 2.7 Tlme Required for the Completlon of the Whole e
’ Fuslon Weldlng Pr0cess ' . . .

From Eq- (2.85), We»obtain - . -

y ! , . . . o /“

It

+ -
n

' 3§.D§ sec. . B . Car |

F R e e —p—— |




'~ " . 3,2.8. Temperature Distribution in the Solid Phase
R ~ During.the Solidification Stage
: R — N T

Substltutlng 9 = = 0. 999, Tn! n' and M; which we .'«" T 1

L

. qbtalned in Sectlons 3 2 5 and 3.2.6, respectiVely, Eq (2 70)

Fy

results ‘in - ‘

- - R . ‘_ <f . , ',//

'0‘05.373 5. 5% 9 oe/?(:TT§7§ * 2.917"
- -l " . v B

L _y :
~2(1.224 7+ 7:4/?T:TT§7§T5 ¥ £2]

6;(5.1) =

T (x,t') = 660 *“EégilTE‘ [5.5 {,5.47/?711773 - 1,06;i.

- s, 224 # 4. 47/E+:Z”7€)x + 4440x7]
in dxmen51ona1 form (Fig.3.4)

Ly

, 3.2.9 Temperature\Dlstrlbutlon at the Moment of thg .
~ . - Finality of 5011d1f1cat10n e

,..‘ . . . ' . 3 ) , -
) ] _— Substituting Tf,ﬁ 12,07 intq 91(551') we obtain

1

. ‘e;(z}ré) =.0.00561E% - 0,285¢
x' . . .. o ,~\ .

=7
# P

-

\ S -

S Tl(x £,) = 660 - 6847x + 8985x% ' . |

f) [ 8985x"

in' dimensional form. (Pig. 3.5) N T
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CHAPTER IV

. DISCUSSIONS AND CONCLUSIONS

DR . N . * . .
: . Ct . o

(1) For the case of fusion”welding consisting of melting

; and"spii_dification processes, ~ the phés‘e. front of solid and - -

i

liquid,phases shouid move first of all, toward the right;
hand side (Fig. 2.2) from its'initial position during the
melting stage and fhen, move toward the reverse difectiqn

dufing the.solidification'Stage.

\

The relation generally used }n siﬁplé.meltihg or

rsolidificagioﬁ process ,: .

'S

‘x -~ YT ' }

o

'bcannot‘be'applied to the present case: because the‘phaéezfront

moves 6nly. toward)one direction of either the right-hand or
left-hand side. Therefore, the relation of Eq. (2.45) .

was propos'ed‘ in.ofder to fulfill the melting and solidifi~-

".cation processes. The reéults shown in Fig. 3.1 indicate

© lem.

that the.fuhcﬁion of Eq. (2.45)'is suitable for such a prob-
- x

(3) The fusion—welding_proqess_ihvolvés three dimensionless

) 'parametérs,_a,‘em:and 8¢. The range of a, the ratio 'of

thermal diffusivitieés in the liquid and solid phase'for‘_n
“various metals is ;fémfo.és to 0.50 [29). Therefore; the |

influences of ‘a in the whole process of the fusion welding f
: , . .

.

are rather small. 8, and 0p are the two main decision

»




30

‘factors of the process.

(3)r In Fig. 2. 3, 1t 1s seen that a drastlc 1ncrease of the

3 . ‘ value of 9, is requlred in order 'to increase a small amount
. C of the value of P, when p is beyond 0.3. A hlgh.yalue of -
éd means that theillquid ﬁE‘él has\a high temperature In a
.real example, it is neither practlcal or economlcal to have ‘
A¢: ‘ . an unreasonably hlgh temperature in llquld metal Therefore,

the value of the constant p should be below 0.3 in. most

{ - fusion weldlng cases. B o ‘3

'(4) ~ Depending on. the balues of the factors a, 6_ and 8oy .,
a meltlng process in solid metal durlng fusion welding may
4

or may not occur. Should melting of the solid metal occur,

the follow1ng condition

g S L . (n-1), >0 - S (4.1
must be satisfied. v
. \ ’ e .
S - We define the limit of this condition as
: o mn s o N (P
) o . . \ : g " B Lo

which, is the critical condition for the occurrence of the
R ) , . N \ . \ ) .
melting procéss. : S :

The physical relationshipfrequired for the conditions

~

A

indicated in Eqs. (4.1) and (4.2) .can be obtained by thé

" following two ways.




e,
=

'

‘ . ..‘ X T GQZ - BZ ‘ ‘ k .
.’\'('-...‘ .o v . ' b 2 z.m\ ‘2 ' X ﬁ; 0 -
| Reeliel) - 3a(l-a,0,40,) ¢ o

) . N 2 - 2 . . N . .
., , 1 . eo qe@) - LT

27

, 482 - 8 (3a8 - 26 - 3aq)
S - 0o -
A\

v
.

\

“The.deﬁéminator'of‘thismquationuiélpositng'in valye.
A B ﬁhetefdre, it requires ‘that

. . “
\ \ —
. s s « N .
s, * A ~
v . B
"\"‘ o .
Lo ¢
vy
7

. . ‘a2 -" 2 T ) ": . ‘. _.' o

3 . S S AP L4 Q, .

7 I _

e % S S o
. ' l. ' ; * - .’eo‘zl {alewl - .

LY . ‘: P . * .

Y
4
.

\;
. _(ii) If.the melting process occurg, the valué'oﬁl'p in
i ~

Eq. (2.45) muét be ‘positive, that‘igj. R ‘N.
N . > E . . - .

. LN
1

. .
x

L. | -

rp>0
_ The qon@itioh p = 0 represents the cripicai condition for. the-

R

-
\

_occurrence of the melting process.

i) N . Then, from Eq. (2.63) we obtain for'p = 0
, ! * \ o - ' N e L

q . .

?
§

\

‘ IR M R SO




S T T

' ‘ N : . . ' L. I 9
o - ) o e e : »
C e A___/Therefore, we can conclude that - . Vo
. . ‘ 2 r|e I A ' SR
' " is the condition for the occurrence of ‘the melting process. - - ’
»‘ ' ! ' . ' i ' ’ .‘. e ) - N ' t |
) . . . . L \ . ) . - h |

: (5) In the procedure of the determlnatlon of np. o it _

was assumed that A2 approaches zero as ﬂ re ches amaxi'-'

-
&

v mum. The _error on: this’ assumptlon can be estlmated as o B

» . N
R | ‘ . ey, s ¢

e

. .'foJ..lqws. o o S R

s On the safe side of the error estimation, we assume .. -

e /i b o .and_(n- 1) o

' N - . - .
. ‘ N . .
o% 0 N . ' -
\ . . , . - . . / e .

-are negl'igibie for a veﬁy small melting depth.

From Eq. -(2.44) we obtaind . . . . |

S (Az-l)m." —{E(A1;1)~m
U_’s‘ix;g'dlata in the example. . U

“w
2

R ate SR P JRGY VTN S S
-

RN S e= 007 (-l = 125 o

ot

we obtain




2
3
.
.
. -
oo\
»
-

Substitute | .. -

~—r— '
.

.

values into Eq.. (2.44) ‘we obtain "’

. N \“

‘ B

. o Or D
Compare to
.The error is -

i
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