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ABSTRACT . Ty
o _ ON THE DERIVATIVES OF POLYNOMIALS ; , '
‘o Tze-Ngon Chan . v

Let P(z) = £ 7a z”  be-a.polynomial of degree n in complex
- v=0 l J

domain and - P'(z) denote its derivative. The problem is to estimate
|P'(2)| on the unit disk !z] <1 under diffe;en-t conditions on P(z).
Tm' study originated with the work of S. Bernstein from where it is

established that 'maxT[P'(z)l < n }m;‘ax Ip(z)] . Later P. Erdds
z =T lz| =1

suggested to investi‘gate the influence of zeros on the estimate of

IpY(z)] . Several interesting results are known in this direction, in

particular when' P(z) has no zeros in .lz[ <1 or |z|]<K , K21,
U .
These results have wide app]‘?cations and have been used to obtain a *

vaniety of restlts concerning polynomia]s: There are several cases

~which are still unsolved, in particular when P(z)' has no zeros in _ »

|2L< k <1 . Though lots of results concerning the in¥luence of zeros
of P(Zﬁ) on the behaviour of P'(z) are known, a definite relation that

would sett1e3 open probj ems is yet to be discovered.
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g : INTRODUCTION . . .

In 1912, S. Bernstein stﬂdied the estimate ~conc'em1"ng' the h
derivative of polynomials which Ted to the following celebrated

- result known as:.

-

-, -Bernstein's Theorem: Let P(z)"-be a polynomial of degree. n

“with  méx |P(2)] =1 : - Then . \ - .

- 2l = . N ‘ i N ‘ ) o
" max |P'(z)] <'n ;
. Co e K :

4 . ' ° "y
.

In Chapter I, we present the original work of Bernstein along with the
o ‘. [ f

wo’rks of other mathematicians related to this résu]t.

© Later as a new direction, P, Erdds suggested to investigate the
influence of zeros of a polynomial on the-estimate of its derivative
and proposed a&cc;njecture ‘that was proved ’by/&,/D. Lax. This result

™
«

is known as:

; @ ' !
Erdos-Lax Theorem: If "P(z) 1is a polynomial.of degree n with .

'lp(z)[‘sl on |[z| <1 and P(Z) "has nozeros on [z] <1 . Then

|P‘fz)| <

B
7

for [z|<1 .
Chapter II is mainly concerned with various proofs of ErdSs-Lax

o , ' .
Theorem and with its extensions such as in Lp-nom. This theorem

. 'has wide applications. These are discussed in Chapter 1II where we

t

also. gi\\}e a new result (Theorem 3.1).



‘In Chapter IV, we present a generalization of Erdos-Lax Theorem
given by M.A. Malik when the zeros of P(z) do not lie in |z <K,

K21 . He proved:

If p(z) is a polynomial of degree n with [P(z)|<1 on

|zl <1 and P(z) has no zeros on |z| <K, K=1 . Then

P (2)] < 13 I

for |zl <1. L , -

I3

Several results in this direction are also présented in Chapter IV;

. s ¢ PP :
in particular’see Theorem 4.5 where some of the coefficients vanish

» -

. in addition to the restriction on the zeros o a polynomial.
) ~The case corr'espondi‘ng.; to k<1 1is not yet set.ﬂed.' "To this
problem, v;e'pr'esent some observations )1'nvolvin?_; computer ca]su]ation »
and also prove a result (Theorem 4.12) for polynomials of degree 3.
“An is‘oia"ced and partial result related to 'a'c‘onjecture due to
"E.B: Saff is duscussed in Chapter V when P(z): has no zeros in
Rez <1 . ~
The thesis is mostly anhistorical survey of the above-mentioned
" results and ;Ne have attempted even to include proofs of pa’rtia]l'
results which led to the f1;na1 form of the theorem; in particular see
details of Chépter I. Whenevef“a result is our own; it is marked by
an as'ﬁnﬁsk *, e.g. Theorem 3.1*,'The0rem 4.5*% | Theorem 4,12*,

v o .

. X
.Figure 4.2, etc,

-
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b L " CHAPTER I
N , " BERNSTEIN'S THEGREM  ~ .
i —_ . ™ ) \) ’ - . . i

" In 1912, S. Bernstein studied the estimate concerning the deriva-
. N 4 ‘, v

" tives of polynomials and established the following celebrated result

" “now referred to as the Bernstein's Theoref-n. .

Theorem 1.1: Let P(z) -be a polynomial of degree n with

max |P(z)| = 1. Then ’ ‘ :
|z]=1 ~ S \

" max IP'.(z)[ < n, . « n.1),
lz]=1 - ; ’

2] =

>
‘

At first, Bérnstein's Theorem did not appéar: in the form as
stated 1nﬂheorem 1.1. 'In fact Bérns‘tei.n estdblished a 1és§ precise
egtimete; :see Theolr.em_'l'.'S, cor;ce'rning the derivative of trigonometiic poly-
“nomials tha:t follows from.Theorem 1.2, 1.3 and 1.4. Llater math;emati citans
refined this resy]t and established the best possible result on the
estima;ce of the derivative of trigonometric polynomials; se;a Theor‘em
. 1.6, There are several prgéfs of Theorem 1.6. -rIn our discussion, we
. present the proof due to F. Ries'z given' in 1914 and¥another proof due R
to R.P. Boas given in 1969. fheorem 1.1 foﬁgws immediateﬁy from
Theorem 1.6. However, a direct proof of Theorem 'I.I_.given_by‘
N.G. DeBruij‘n is inte}‘esting' and we 1’nc1udg,1‘t in the fgl1owing

discussion.

§1.1. THE WORK OF S. BERNSTEIN ~ ~ °©

- In this section we present the original work of Bernstein[3] to see

the actual process of development in this “direction. Since Bernstein's




work is not readi ly available in st,a‘n'dara books, this section might

stand for special interest to thosé who are interested infthe historical

background of the subject.

a

In the work of Bernstem the polynomials under consideration are

i

We now present the work of Bernstein:

¢

¥

)

of real coefficients.,

»Theorem 1.2: “In the interval [-1,11," Tet P(x)

’ . e

nM:
. X
o
™

a pbwnomia] of degree n

an(X)I < M/n for all -1<x<! is notalways t&‘ue

such that max x)\/;

*1<x<1

Then

.e,, there exists

some X, with -1 <x <1 such that '
' ~ ‘
' C ‘ ) y | )
\ o (P {x )iz M/n (1.2)
Proof of Theorem 1.2: Let P(x) be polynomlai among aﬂ

2

polyimials P (x) satisfying 'max [P/ (x)V1-x“!=M and has least
n AQex<1 " » . ‘

devlia’tion Fron zero ! Suppose max |P(x)] = L and let

“lex<1
XT’XZ""“’XK be points in [-1,1] such ’that - ’
) px) ] =L i=1,2,....k
Alsolet & be -1 < E!ﬂ such that

! The existence of such a pol ynomial fol lows from well known resu] ts'
1n Approx imation Theory []6] - _ )




. We claim that there exists no po]ynom‘ia] F'n(x) - of degree ., n which

t ; .
this contradicts the choice of P(x).

I

-
satisﬁes o ’ g - .

Plxy) = Falxq)3POxp)F (1, )3 a5 Plx) = F. (x,) and F (€)= 0. (1.3)

)

_ 2 Let us suppose contrary that such an F (x) exists. For eachx,, : v
s n . ?zx-,

-

Tet ‘A1. _be an interval so that P(x) and Fn(x)”d,o not change sign

-

on each’of 7\1. . If we delete . Ay ‘from [-1,1], the maximum of [P(x)]

'
MR

on ithe remaining set is, smaller than L, so we have
VA L, -
N . [P(x)} s L' <L for xe€l-1,1]\ UA, . -

L LT by
\ Ce e * ]':]1

(x)| <& .

Let & = L-L' and choose X small enough to have I!AF;’

, k A
gConsider the, polynomial P-AFn . Slncem U A the sign of P. and

. L i= k
F, are the samg, this gives iP-AFn\.<\ ] ; on [-1,1]\ U A, then
. , i=] ,

-[P-)«Fnj <L*+8 =L. Thus we always have

¢

IP(x)-AFn(x)] <L u . for xe[-1,1] .

On the other hand, [P'(£) - AF! (£)] If

" max I[P (x) XF' x)]\/i-x | = M then M, 2M. Thus the polynomial

-1sxs1 1 )

P(x) = M—M_|~ (P )\F ) belongs to the class of polynomial satisfying

max }Pl(x)v‘{-le =M But with its modulés strictly less than L, which
-1sx<] '

means that the deviation of P(x) from zero is less -than that of P(x),

Next we want to show that k>n'-1. + Again, suppose on the

contrary that ks<n-1. Using the Laarange 1'nterpo1at19n formula we

construct)x polynomial A



. .
L]
. 5 . ‘\
+ cr
\ R . v .
« : . . ' ‘e

<

+ * " ‘ . )
S ’
6 ~
e g ) (ke ) e ) xexg) e (xS )t
Qlx) = K plxf. .+ —L 2 kel pix) .
: . c(x1-x2)(x1-x ) o (X ‘xk) .(xk-‘xq)(\xk-xz)...v(xk-xk_]) )

q

[

which satisfies the first .k equations in (1 .3).«3/Put.t1ng

’ 1 r

R{x) = '(x’-‘x,j)(bxz)---(x“xk) o '. ’

we see that the polynomial . )
8 ' ‘ o

Far (1) = Q00 + (AxBIR(x) \

>

~

of degv‘eeL k+ also satisfies the first k "equations in (1.3), now we

. i
choose A and B in order to have . P ’ -

-

C R = ) W) + (eI -

This is possible because R(x) has no double zeros and so one cannot,
have R'(E) =R(£) = 0 at the same time. In conseqUencé if one haé
k<n-1, the po1ynom1a1 Fk+1(x) of degree not exgeem ng n satisfies

all the equations m (1 .3); whose incompatimth s’ already estabHshed.

" Thus k>n-1.~ ‘ «

. +

Let us see the ca’se when k=n, If it‘1‘s 50, we cdn construct

® )

a polynomiéf . . ' i ) o E . ‘-‘?

e ! ,
Fn(x) = Q(x) +-BR(x) - . '1 /

T h

- of degree “n =k, satisfying the first k &quatiops of (1.3) and the -

last equ'at'ion‘as_ well if B satisties '

‘.- Y e Q(E) + BRU(E) = 0.

‘ .

For the last equation.of (1.3) not to be satisfied, it is therefore

necessary to have




Y

!

. . N R(E)=0 o C(1.8)

)

.-

" At this stage, recall that k =-n and note that all of
xj,‘j =1,2,...,n cannot be in (-1,1), the'interipr of [-1,1] because

if it s sg.. P(x) would attain its®maximumat n points resulting in

: R N o
P'(x) =0 at n points, but P'(x) being a polynomial of degree- n-1

cannot have more than 10-1 zeros. This further implies that o
e N/
mx |Px)] =L is also attained at either or both end points where

-1<xs1 v o

v 4

) : : ,
P'(X) # 0. In the case when the maximum is attained-at both the end” ‘'
AXT on A 13X <

»

.points + and -1, the n-2 rgma ining Xy are in fact zeros of

P'(x).. Thus we haVe ‘ p a7
. R | ) | | ‘ | :
+ R(x) = c.Lx “lZ_Psfx! ” ; (1.5)

¥

-

+ where ¢ and B are constants. Note that 8 ~is a zero of P'(x)

wﬁef?d [P(x)] #L. In the othier case, wher x = + (or =1). is a point

[

when max [P(x)| = L ‘is attained we may.fake B = -1-(or +1). \
~1sx<1 ' . . ‘ e

Consequently, (1.5} remains valid for all cises.

From (1.4) weé get,- v ' -
. . ' ‘
[} {X -1 1 ' !

Set P(x \/4 P (x) in (1.6) /tL get
| ’d~:_x___ P*( ) . '_'/P(;,"X) d _xz \
\xg ) x-8 [

X=£

AT

]
o
———
p—
o
~

X=E

.

—~
—
.
-~

~—

+7

—



A\

* N ‘“ )
8 .
from (1.7) we have 0 ‘
I S 1P P - WD W e
-B _ . ., .
NP e e S ‘
‘f . . v . :
LI EB-1 ' .
, (z-8)? V-2 | )

. [
from where we have £ = 1/p and [g[>].

-

From the p}eceding discussion, we claim that
. R 12 2 2
£ 20620 < R0 Max_+byte) | L (1.8)
(x-B) ' ‘

A

I3 . i SO,
where a,bjc being constants. To justify (1.8), note that L™ -P" s

>

a polynomial .of degree 2n which admits double zeros at . ],xz, ..,3<

which are different from *1 (because they are where P' vanishes)

_and simple zeros at +1. " Therefore the polynomial LZ- Pz(x) of degree

- - 2 2
2n is divisible by the pe1ynom1‘a1 _P__Q_M]_Ex_)_ of degree 2n-2. The

(x-B ).
quetient re€ults in axZ +bx+c  as in (1.8). °

“We shall now ‘show that the equat.*ion ' ax2+bx +c =0 -has two real

—

zeros, both of the same sign as of B and in absolute value greater
than B. Suppose B positive, therefor: B>1. When x passes 1
and approaches B (where p! vanishes), P'2 will increase to a .
number L% which 1s greater than- L S1nce P (x) has no more zeros
1n x>B p! x) does not change its sign. This&ogether with the fact
that B 1s a simple zero of P (x) further implies that P(x)
decreases Ion x>8 if- ﬂ(B)VzO or P(x) increases on x>8 if

. result,.on [B,=), Pz(x) First dec?!e%e\s; and afte:r

vanishing, it inCreases up to infinity; see Fig..

P(B) <0. As.a

.
o
~




R — ——— L =

- % X2 - #-I| 8

Fig. 1.1 T

In consequence, P2 attains the value L2 twice at >£=Y and
t

-x=o, and y>B',.a>B. Y,x must necessarily be the zeros of the

equation ax2 +bx+c = 0. Note that the coefficient of the highest

.degree term of P' 1is n time the cbefﬁ'cient of the highest(degree

term of P. (1.8) can be written as

2 02 (1-x%) (xey)(x-0) 2 o
L™ -p" = P .
2 2
n(x-p)~ .
~ . ’
Since y>g>1, a>p>1, for every x -within -1<x<1 we have

ot

P3

7




ot

. ’ 0
\ ) , 10 .
N 2 |2 ) . ‘ 2 s
LZ 5 (1-x gP l
s . . n / .
\J?or ~ ‘ ¢ |
i S ) L>Mn. @

. Th\is proves the first part of the theorem. °
\ Now consider the case when k =n+l ' (we know that k cannot be

greater tha‘h n+1 because if k =’gn+2, then in the,intervai [-1,1],

\ | : Ig,(x)l m’u;t attain’ L ,as a local maxima or minima at h;ast n tir;uas

implying P'{x) of degree n-1 vanishes n times). In this case;

n-1 of x; are the zeros of P'(x) \‘qnd ‘the other two x.'s must be
* . ; v ‘ ' . N
,‘ +1 and -1. Therefore, instead of (1.8), P satisfies the differential

equation

n

- which implies \ ‘

n__ . _P .

- “ R 2 272

S0 . .

- ' n arc co§ x = arc cos P(x)'/L .
'&msequent]y ) y : ‘
-P(x) =L cos n arc cos x - S

“§& the Tchebischeff polynomial. Since

-\ P'(x) =n L sinn arc cos x . ] .

~w

we,conclude

- o gy e e



) . ' ? . I b ,

11

)

It is therefore the Tchébischeff polynomial which among all polynomials

considered deviates least from zero.’” o

k)

Theorem 1.3: If‘a polynomial Pn(x) of degree n is such that

the function L[Pn(x)\/i-xz]' \A—le attains the valumn the segment

1,11, then [, (x)VA-Z '

< M/(n+1)  for -1<xx] &s not always true,
i.e., there exists some X, With -1sx <1 such that

Pn()-(o)' i-xi

-

/ 2 M/(n]) .

A

Proof of Theorem 1.3: The prqbf follows the same direction as'of

Theorem 1.2, therefore we only give'an outline: . - ¢

We see as before that the polynomial P(x) giving the minimum

deviation from zero and satisfying l[Pn(x)\/;—xzj' \/i-le =M should

exist and that the number k of poi'nts Xy 3Xos « .,X, where the maximum
172 k

L of (P(x)\/;-xz( is attained is at least equal to n. Because using

a similar argument as in the proof of Theorem 1.2 on the function

P(x)\/;-x2 instead of P(x), we know that it is impossible to find a

po'lynomial Fn' of degree n satisfying the equations

Plxq) = Fn(x1 )5 Plxy) = F.“(xz);' .3 Plx) = Fj'n(xk) and [F, (x)

.
f / M
N

Let k=n, equations in (1.9) should be inconsistent and/we can

coné‘truct the polynomial

N Fp(x) = Q(x) +BR(x)

»

~aa




e
et

o o vt n— e

\ : N . . +
. : . t . . ' 12 o Lo . . L
: Y ) * -, -
\ :
of degree n=k where. . :

T o) xexg) - 3k B )L Dxey )
. aQ(X - (X1'X271117X3):.le1‘X;?P€§1?f"'+‘(Xk’x1)ka’x2)"’(xk'xk-ﬁ)P(xk)
. o F oand " | |

R(x) = (x=x ) {x=-%5).. . {x-x, ) . | , |

'Fn(x) satisfies the k first equation of (1.9) %nd the last equation N
- as well if .

¢
N

[ta0a) + 8R(x) WA 0

which mplies ' )

c,u:.,,,-,.[(Q(X)m)' + B,(R(x)ﬁ-xz)-] S0, )

=&,
But this should be impossible whenever

. / ROV

’

=0 . ‘ 1.10)
x=£ .

The zeros of R(x) are the points where the derivative of P(x)\/;-x2

vanishes because at that point lP(x)V;-le attains 1ts maximum. Since .

(P(x)V;-xz)' V;-xz = (1-x2)P'(x)-xP(x) = }(x)

is again a polygpmia] of degree n+1,

we can write
\/; 2 ' v 2
R(X) =C (P(X) ;X_g \/;-X

- :Tgxl . : ¥
= C s
4+ *B

where” B is some real

number. On the other hand, & satisfies
T'(x) =

0. (1.10) is therefore reduced to

y




@
' B
) 13 -
. ><)\/;-x2 =0
X‘B - '
. x=g
“or . ) -
-1 -8B =
implying
I8l>1.

- b s

Now, S(x) = P(x)V;-xz, attains its maximum modulus L,/ n times. The

Polynomial Szh L2 of degree 2n+2 1is divisible by / '
L~
(S'(i -X )2 . 5'2(x) (1-x2
x-B (x-8)
V - .
“\and consequently S satisfies the differential equation

&

‘ ' 2 _ st (e ) -a)

\ o ST K )

\ (n+1)° (x-8) °
beehuse the Teading coefficient of (S'V; 2) (n+1) times the leading

coefficient of .
M
MNow, we note that vy and a are a pair of complex numbers and

\/ .
conjugéfe to each other, also iyvl>!Bl and lal>|g! . To verify this

we recaTﬂ that Sz- L2 is a polynomial of degree 2n+2. Then

1
Y

\
\&‘(sf- L2)" = 255" = 2P(x)L(1-x7)P" (x)-xP(x)]

.\ . . '
is a po]ynoﬁ1a1 of degree 2n+1., Suppose B>1, the first 2n zeros

2

of (S°- L2) appears as in Fig. 1.2.

\

Y 5 . Yn .
B | ;\ Xz ' xh—| Xn +} P ) .

\ Fig. 1.2
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where Yo i=1,...,n=1 , are points that S -L attain; its Jocal
maxima or minima, and . Xy being'tht_a _dou’bw zeros of 52- L2 'is again

(single) zeros of S'. Now let us look at, the curve of S?' - L2 . At

x=+1, SZ-LZ%,-- -L2 .which is a’negative quantity, from x=+1 to 9 .

Xx=8, Sz =,L2 keeps on decreasing up to a certain quantity -L% .
2-’-Lz)'. © But as
2

Then it .increases again because B is a zero of (S
2 .2 ' ‘

S -L" = Pz(x)(1-x2)-L2 .'is always negative, the curve of S° - L2

will not cut the x-axis. Since when x-o, S~2- L2—> - , there must

.. e : )

be one turning point "w of Sz- Lz,\ which make up the 2n+1 “zeros -

of (s%-1%)r . : ,
As mentioned above,'.the curve of 212 goes not- cut the x-axis '

anymore at” x>B. The zeros Yy ,a of Sz- L2
. s ,

conjugate complex numbers. The fact that Iy|=lal>IBl follows from the

must be a pair of .’

Buass-Lucas Theorem; see Theorem 1.7.

. Fig. 1.3

Now, ywe can conclude that for -1<xs<1

s Is' x4 LM

n+l n+l °
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In the~casé k = n+13 we obtain

R 22
, S2 -L2 o S (x7=1)

(n+1)

.and consequen%}yzif”" ) L L

S = L?ﬁh{n;g) arc cos x
and ' ) A ‘ -

L-....._.

+] o

With a simpIe logic negation argument, we give a d;fferent version

of Theorem 1 2 and 1.3 which we| shall use later.

L

. L)
Theorem 1.2': In the interval [-1,1], let P (x) = £ a x"
E— n \):0 vl

be a polynomial of degree n such that an(x)ls L for -1<xs<1.

'Then

; max [P,;(x)v{;E L <nlL-. ,

» <1sxxl

e

Theorem 1.3': In the interval [-1,1], if a polynomial Pn(x)

of degreé¢ n 1is such that lP (x) \/i-le <L for -Tsxs<l1. Then

\[_x

Now we shall apply Theorem 1.2' .and Theorem 1.3' to trigonoﬁ%tric

max (n+1)

-lsxs1

-

polynomials. First note that any polynomial Py cos"e+...+pn of degree
n is-identical to a cosine 'series' ~a°-+a] cos © +.;A+ a, cos n of
n+1 terms. ~A]so the product sin e[po cos™® +...+ pn] is jdentical
to a sine 'series' b] sin 8 +...+ bn+1 sin{r+1)6 of n+1 terms. In
Theorem 1.2' and 1.3' , if we Tet x = cos ey' we can easily deduce the

following: . Yo
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" Jpeorem 1.4: If the trigonometric series +  _»
/ ' R . -
) a, +ay cos ;) +...f a, cos no ) (1.11)
-O_r: 3
b1 sin 8 + b2 sin 20 +...+ bn sin né . (1.12).

1

is in absolute value less than L, then its derivative is in absolute

»

value less than nL. . , ‘ o,

Proof of Theorem 1.4.: First we write the trigonometric po]ynomié]

(1.11) in an algebraic polynomial P(x) of degree' n “where . x = cos 9.

As |P(cos 8)|<'L, from Theorem 1.2',

P'(cos 8) -cos?0| = |P'{cos 8)sin 8
| A-cos®o| = [P

be written as a trigonometric polynomial which is the derivative of

<nL. But P'(cos 8)sin & can

(1.11), the assertion for (1.11) is verified. Now we write (1.12) in

the form P(cos 6)sin 8, i.e. P(x)\/i-x2 for x°= cos 6. Apply

. v

Theorem 1.3°', l[P(i) -xz]lv{:F?1 =I[P(cos 8)sin 6}" s nL.  This

verified the assertion for (1.12). o

Barnstein then considered arBitfary trigonometric polynomials

- n ,
T(8) = aj + § (av cos V8 + by sin Vo)
: v=] .
of order n and established: )

Theorem 1.5: If T(8) is a trigonometric_po]ynomjal of order n

: o , Y
with max |T(6)| < L. Then. _
-T<B<T ‘ /
max |T'(8)] s 2nL . (1.13)
-msbsT :

Proof of Theorem 1.5: Let T](e) a a03+a cos B +...+a cos no,

]
T, (8) = b, sin @ + b, sin 28 +...+ b_ sin ne, aﬁd max [T1(8)] =1L
2 1 , 2 n © _msbsn 1 W

’
‘
B \
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' max ’|T2(e)l

»8
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»

Lz. " It is clear that the maximum modulus of T(8) is
~-rsB< - o ‘

K

at least equal to the larger of the two numbers L] and LZ' 'Becpuse for

example if.we take L, and suppose L, is attained by IT](e)\,at

B = te1 ;'Tz(e) being then equal to +k br, -k at ® = ie], the

corresponding values of T(8), L,+k and L -k ~so is no_Jess than

1 1 X
; Y .
L1. But from Theorem 1.4 we have ‘ K < .
R IT](B)‘ sk, . S .
ITé(e)l < an “ . .
s0

AT = [TiE) = Ty(e)] < (L +Ly)

<nl. fal

§1.2. THE WORK OF F. -RIESZ

L3

Inequality (1.13) in fheorem 1.5 is not best poésible."But-;ince it
was enough for the goaiﬁwhich;Bernstéin was going to pursue 'later, he did
not pursue any further to refine the resultl Rea1ising‘this,fact%
Riesz [20] gave a refinement of Fheorem ].E.in 1974 and replaced the

constant 2n by n; moreover he allowed the cgefficienté to be complex.’

. . 4

Theorem 1.6: If T(9) 7 a_ + I (a cos ko + b, Sin ke) is a

He proved:’

} k&1
trigonometric polynomial of order n with max IT(¢)l<L . Then
‘ -n3p<H K
max " IT* ()l <al . S (1.14)
© -ndPsT ‘ k
s | -
» v P k-




o -functions sin k8, and cos ke, it is easiiy seen that

¢

18

- \

0 _ " Proof of Theorem 1.6: -Using the orthog}ona]ity of trigonometric

. R r 1 .-
. 3 % a, =+ !'n/ T(8) cos k?de , \
Y

o
i

L™ 1(s) sin kede

~T

_and therefore . 1

( 0 ‘

, } T (-ak k sin kcp+bk k cos ko)
R - k=-I . ..

—
—
=)
et

"

4 . . ’

-
1A

‘n
%f" T(8) = k{-'cos k6 sin ko +sin k8 cas k(p}de
-T T k:] S - .

1 m n :
= [7T(8) £ k sin k(6-¢)de
™

-7 k=1

’ . ' n 2 . .
/ ’ = -:;j“ T(cp+6){ I ksin ke}de "
' - -n

k=1

[}

. .
-Since T dis a trigonometric polynomial of degree n, by the

orthogonality of trigonometric functions we may add to the kernel terms

cos k6 and sin ke where k>n , without ¢hanging the value of the

~ -~ “

integral, Thus

4 | n-1
T' (o) = T]‘— I T’(w+6){n sin no -F.kZ]
-“ N =

v

k[sin k61+sin(2n-k)e]}de

1

. ) o n-] J o
= ?]F " T(w+e){n sinng+ £ k2[sin ne cos(n-k)e]}de
. -N k=1 '

]

- .
= ;]'- I™ T(e+8) sin n8[n+2 £ (n-k) cos kelde . T (1.15)

- k=1

(:3 'J -~

I
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i - . Tl-cos ng | -~
Note that n + 2 X (n-k)cos k8 = 05 6 is always positive.
k=1 : B ) .

. {
n-1 .
In (1.15) T(cp+e)[n +2 I (n-k)cos ke} is a trigonometric poly-
S k=t ) ‘

nomjal of order 2n-1 and therefore ggairﬁy the orthogonality of

tF“igonometHc functions

I3

~
n-1 . . ‘
T(cp+e)rn+2 T (n-k)cos kb |sin mnéde = 0  for m=2,3,.
L e ,

\

Thus sin n8 can be rep'laced by sin né- rz sin 3n8dé +.,. in the

integrand of (1.15) without changing the value of T'(p), so we have

T'((p) =]FI T(p+0)(sin no - r sin 30 +r” sin 500 - ,..)

n-1 - ; /""\
[n +2 = (n—k)cos ke]de . = (1.16)
Tok=] ' :

‘ 2\ . .
. Now sin n6-r2 sin 3n6+r4 sin 5n@ - ... = (1-2r_)s1n no . It is an

1+2r co,s 2n8+r

1 n-1
n+2 I (n-k)cos k8
k=1 . ‘
.= n+2[(n-1)cos 8]+...+2[2cbs(n=2)8] + 2[cos(n-1)8] .
= cos{n-1)6 - i sin(n-1)6 +.2[cos(n-2)6 - i sin(n-2)81+...5n
+...+2[cos(n-2)6 +1i sin(n-2)8] +cos(n-1)8 +1i sin( n-'f?e

- o-1(n-1)8 5 -i(n-2)0 st 4+ 28] i(n-2)8 , i(n-1)8 _
n-1 . n-2 . 1
_ ke T RIS | S »
k==(n-1) k=-(n-2) . k=-1
n-1 & Lo
= ¥ Z e]'ce'
k=0 £=-k
n-1 . ’ 2
-y sin(2£+1)6/2 _ isin n6/2)  _ 1-cos né
sin 8/2 sin 8/2 1-cos 8 -
k=0 / :

. [
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~odd function of_pe;iod 2n “which is a'1way§ positive for O<nb6 < n

and negative for .n <n 8< 2w, After taking the absolute value we have
o ‘4. N
i s . 4 ‘.’.*' v 2 - '
4  |sin n8-r" sin 3n6+r Sin Sn6-...| = » ol 4| sin ng|
: 142r" cos 2nB+r

which becomes an even function with Fourier series representation

b4

w ' M v 1 ’ y“
Ayt Z A cg\kel . o ‘x‘« (1.17)
where 2 ’
- ] n 2 \ 4 , .
A =5=f |sinn®-r" sin 3n6+r sin 5n6-...|do \
\ 0o 2n - , .
. . i " L ‘ ‘
1" "2 - g ~
=-ﬁj'(sin ne-r sin 3n6+r sin 5n6- ...)do
0 . . . .
) =g- ] _ri+r4- . !
™ ST B
‘ =—r2—“-arc tan r _ )
and i L . - /

. 2 .
A = l[ i 7 |sin n8jcos kods \ ~{1.18)
T o 142r° cos 2né+r o , -

:f* -
1 (/N ) 2n/n :
= ﬁ'{ f/ D(8)sin nd cos kede - | D(e) sin né tos kode
» ’ 0 ] LW : ‘

N RIL

D(8)sin nb cos kéde}'.
» ) (n_])“/n . .

Here D(8) = 7; =T ‘94“ . Since ‘D(e) is fn‘variant under the
K 1+2r~ cos 2n6+r - \\

\
transformation 0 = o ’r\Lnl where V=1,...,n-1 we have

A=

A .

c Ty, n1_
" {f D(a) sin nc[cos katcos k{a +=)+...+cos k(cx+T n)‘]} da

n
o .. ok .
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. cos ka + cos k(a+n/n) + ... + cos k(a + — 1)
- v g n
i . . . -_l
' T : ik(a+ 2t 1)
d =Re[e1ka:+ eiklakn/n) o n }
) i s s '- 2 . n-1
e X =Re'e1k°f[1+e1k n/n+(e1k rr/n) +...+<"e1k n/n) ]
4 ) .
' ’ o ikm L : . ,
/ = Re e]%a ] - e.‘ n/n ) ~
- v ’ ' ] - e { v ' ,

whi ch‘)is zero whendyxen exc.ept possiéb\y for those k being m(ntipl es
‘of n. For k oddy from (1.18) we have ‘

N | e PR N “ S N '
A= ]; {f ('I—rz)Jsm ne | cos kodb+f (-r)|sin ng] cos kede} .
: 0 14+2r~cos 2n6+r /2 142r cos'2ne+r'

But with the transformation 6 =n-a we ‘have

., 2\ (s - n/2 2y 15 '
- .(1-r2)ls1n né | cos k6dd = -f Q-rzﬂsm o | tos kada
/2 142r cos 2n6+r "o 142r7cos 2na+r - ,
3 . Yo " .
which implies 'A, = 0 for every k odd. ' Therefore we know that
. expression (1.17) starts with the constant Yerm Ao' and then continues
with terms of order >n-1.. Thus from (1 .16)‘, using the orthogonality .
- of trigonometric f’ijnctions' and letting r-1 we havhe
! ) , \ ' i L ) 2‘ : . \
L . ‘T (tp)} s;{"‘ (——arc "canr+...)(n+.‘..)d8 ‘ ~
P ‘ S ML e
. - : —-r-_?-ahrctanr . -
; ‘ - o 3L are tan 1 / . . ‘
L n s t L,
) = nL. o
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§1.3. A GEOMETRIC ARGUMENT BY R.P. BOAS

. . _‘ *
In 1969, Boas [ 4] gave a short and elegant proof: of Theorem
1.6. The proof is interesting in itself because it only-demands very -
1ittle machinery and illustrates how results can sometimes be obtained

from simple considérat'igns. We need the following:

wu

Lemma 1.1: Suppose ¢ and f are real-valued.continuous

functions on 0s<6s<2m, that ¢ ‘takes the value +1 at k+1 points

.

‘,ei with alternating signs and that -[f(ej')|<1 for all BJ.. Then there

N
are at least. k points where f(8) = ¢(8) .

. v

N /

o
Py
: B _ :
- Fig. 1.4
1 Proof of Lemma 1.1:  If we have, saj, ¢(ej)’ = +1\and
. ¢(ej+1) = -1, "then . ¢(8) - f(B) 1is positive at :Bj\and' negative"a’t‘
E)J._,_1 which implies that there is a zero of ¢(8) -- f(8) somewhere
14 . ’
between ej _and e:m . .Thus if the graph of ¢ has k arcs’
connecting fche‘l;ines y=1 and y = -1, fjhe graph of f and ¢ g\*
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must have K 1ntersection§. In other words 6(8) = f(8) must have K

zergs.,

Lemma 1..2: Suppose that ¢ and f are real-valued continuous

/functi'ons en 0 <8 <2my that ¢ takes the value #] af k +1

points eJ. with alternating signs and that I’f(ej) |<1 - for all ej.

If, fur'gher, the graph of f crosses the graph of ¢ from below

> 3 . .
" . to above on.an arc that rises from -1 ‘to +1, then the graphs of f

and” ¢ cross at at'least k+2 points.

. +
’ i

v L, ) ) ' \ (b,‘) N

/
oo

(o,=1), -

i~

Proof of Lemma 1.2: - A-s in Fig. 1'.5, Tet the arc conﬁécti*ng (a,[:-l y
and (b,+1) be the arc .speci fied in the lemma,..\and Tet, the' crossing of
'f énd ¢ be at c. Since the graph of‘ f is‘ abpv’e that of ¢ at
x=a and below that of ¢ at x=b , so between x=a and x=b
-, there are at Teast three crossingson this arc. We also know that there

are at least k-1 remaining crossings of the two graphs, thus there
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N

'must be at least k+2 intersections of the gr:aphs of ¢ and f.. In

-

_other words, ¢(8) - f(0) has at least k+2 Zeros.

Proof of Theorem 1.6: We begfn with ifea] trigonometric
polynomial. Given a real trogonometric palynomial T(‘e) with [T(8)]|<1,

we‘ shall suppose

+
.

T'(8,) > n | S (1.9)

L A

+ for some 60 and obtain a contradiction. Since we can rebiace T(8)

by AT(8) with A slightly less than 1 and still have AT'(e°)>n,
Wwe may assume [T(8)] <1. ) ‘
Take the graph of sin n6 and shift it horizontally until one of

jts arcs with positive slope meet the graph of T(8) at 60.. Note

that, the shifted graph of sin n6 has the form sin n(6-6*) and

takes the value #1 at' 2n, points with alternating sign; similar to

that of sin n8, At 8,» from (1.19) we know that T(8) has a larger

sTope than sin n(8-8*) (whose slope is at most n). Now we have a
similar situation as shown in Fig. 1.5. By Lemma 1.2, sin n(g - 8*)

and T(6) meet at at least 2n+2 points between 0. and 2n. This

implies that the trigonometric polynomial ‘T(8) - sin n(6-> 6*) has

2n +2 zeros which is identically zero because any trogonometric

\

, !
n -
s(g) = a, + E (av cos VO + b\) sin vo)
v=]
. ; ¢ oike
RS
' . 2n .
- e-ms v Ck e1k9

LY
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. ‘ : . 2n ok !
can have at most 2n zergs as of I Ck . l Consequently, T(9)
. s : 5 . k=0 ©° '
is itself a shifted sine curve. A contradiction since |T(8)| <1.

Now we consider trigonometric polynomials with complex coefficients.

n
Let T(8) = ag+ I (av cos Ve + bv sin v8) be a trigonometric .
v=]

‘polynomial of degree n with |[T(8)| <1. T(8) has only 2n+1 “°

number of coefficients whose possible values are in a bounded set since
/ ) . N

|T(8)| <1. For each 6, ;

\

. n s . -
, [T'(eo)[ = z‘: (-;vav sin vo + ybv cos, ve) .
~en . v=]

is a real-valued continuous ‘function defined over a compact set (the

(2n +1)-dimeasjon5‘| set of possible coefficients) and hence attains its

maximum. For eo , let such a trigonometric polynomial be 'de'noted by

0

T (8), i.e., ITO(G)I <1 and [T(')(eo)l has the largest possible value.
Since T(e-eor) is a trigonometric polynomial if T(B) is, there is no

loss of generality in assum’fng that eo = 0. _ Then, take an To(e) such
that ITC')(O)I has the largest possible value; we have -to show that

( lTé(O)\sn. .

$

Since we can choose a real X such that em T(‘)(O) >0, and
o . N
|Re(e™ T (0))] < o' T (0)]s1 .

3

the derivative of Ree”‘_ T,(8) also has absolute value. not exceeding
n. From what we already know; in particular, this is true at 6 =0,

’ N

so that 0<e1)‘ T(')(O)sn. Hence. .

]Tc')(O)l sn,

: t
as asserted. o ﬁ , | ‘
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f As can be easily seen with the {rigonometric polynomial

A .

f(p) = sin n@ , Theorem 1.6 is best possible. Now we consider a complex
M :

//a]gebraic polynomial P(z). Unless otherwise specified,. P(z) is of -

/ .
‘degree n,  Suppose we have

aveiye]s] ..

1P(z)] = [P(e®)] = |
~ )

HM3

v
ive

) . n
let T(8)= £ a,e s T(8) s a trigonometric polynomial of degree.

\Y
V=0

In and bleheorem 1.6 we have |T'(8)] < n. Since -

[T (o)}

"
™M
=
o
(1]

Vv

on |z =1, we have [P'(z)]sni— -~ - -

Therefore we havé a complete proof of Theorem 1.1.

) Remark: The inequajity (1.1) is best possible. The extremal polynomial

for the Bernstein Theorem is P(z) =az"., |a|=1 for which there is

1

equality in (1.1).

A Y

{

N
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§1.4. A _DIRECT PROOF OF THE BERNSTEIN'S THEOREM

1

In 1947, using the well known Gauss-Lucas Theorem on the location

of zeros of the derivative of a polynomial, N.G. DeBruijn [ 5] gave a

~

direct, short and simple proof of Theorem T.1. In fact DeBruign 4

proved a more general result from where Theorem 1.1 follows. _First we

present :

Theoren 1.7: (Gauss-Lucas) The closed convex hull that contains

all zeros of a polynomial P(z) also contains all zeros of its derivative

). :

~.

Prdof of Theorem 1.7: Let the degree of P(z) be n and

z],zzv, ce ,zn Ke the n zeros of P{z). Suppose that the closed convex
hqﬂ containing the zeros of ‘P(z) is a closed ha1f-£1an;3 H. Since
given any closed half-plane H, there exists c‘€a'_' » ¢c*0 and aefR
such that _ o |

Z€H if and only if Re czza.

¢

[l

then we have
<

& Re €z, >aq ' v='|,2,...,.n .

Let z¢ H, we wish to show that P'(z)+0. Because Recz<a, we have

Re c(z-'z\)) < 0 v=1,2,...,N
Shence .
’ ' E _ R
' Re 5.7 < 0 v=1,2,...,n .
, My
and . \ ) . : .
- o Ny
' Rec I 75 < 0.
v=] v -
b Lo
“ & ’ T\ )
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It follows that

. Plz) . 2 #0‘
163) -1 &

v

and therefore wF have P'(z) + 0. From the preceding discussion, we

conclude ;chat the zeros of P'(z) are contained in the intersection,

—

of all closed”ha/H-p] anes contéﬁ'ning the zeros of P(z) and the inter-

section of these closed half-planes is the closed convex hull of the
'\ .

zeros of P(z). o

i

Theorem 1.8: Let C be a convex region in the z-plane and

oC ‘be its boundary. Let P(z) and Q(z) be polynomials. Suppose

C
Q{z) #0 on (CUdC, and the degree of P(z) does not exceed that of

Qz). MNow if, [P(z)|<|0{z)| on 5C, then

| ’ P2 < Q' (2)] ~ onac.

pl'z
Q(z

f is amalytic on D (including at infinity) because Q(z) +0 on D

Proof of Theorem 1.8: .Let D = (Cuac)® and f(z) = Then

»

and degree of P(z) does not exceed that of Q(z). Since

|P(z)] s{a(z)] on 3C one has '[f(z)| <1 on 3C and so by maximum
modulus Theorem we have [f(z)]| <1 on 3CuD. This implies that the
zeros of P(z) - AQ(z), ‘for [A]>T be'longs‘ to C because if a s
f_ég_}
(!

Gauss-Lucas Theorem a1l the zeros of P'(z) - AQ'(z) also belong to C-

a zero of P(z) - AQ(z), then = [A[>1 implying of3CUD. By

a convex hull which cbntains the zeros of P(z) —"AQ(z), for any A
with  |A]>1. K 1 ' : _ ‘

Suppose contrary,. if for any zg C , |P'(z)|>M§(z)]. Me can
choose a A with |[A[>1 for which P'(z) - AQ'(z) =0. This

contradicts the foregoing conclusion that all the zeros of
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<

P'(z) - AQ'(z) forany |A|>1 1ie in C. Consequently
p{z)] sf{@ (i)l for Z€D and by maximum modulus Theorem along with

the fact that Q'(z}+ 0 in D we have

1P'(2)] = [Q'(2)] for 2630, @

Theoren 1.1 can'now be easily derived from Theorem 1.8. Let

Q(z) = z"-and C ={z : |z]<1} , the condition in Theorem 1.8 can be ‘
weitten as |P(2)|'<|z"| on |z] = 1. Moreover the degree of P(z)°

. which is n does not exceed that of Q(z).=2z" and all the zeros of

Q{z) are in. |z|<l. Since- '

| (2] = "1204]5" f’or‘. liz] =1,
we get . - o ' -
: . , |P*(z)].sn for |z| s 1.

/;\5 BERNSTEIN'S THEOREM™ IN L -NORM

“
Samnn

In 1932, A.‘Zymund [30]4 proyed a generalization of the Bernstein's

Theorem in which he considgred‘ Lp-norm of P(z) rather than sup-narm.

Theorem 1.9 : Let P(z) be a polynomial of degqree- n. Then for
v 4

p21 . o

| gz‘n'lp"('e"e)]pdesnpgznfi;(em)]p‘de " (1.20)

The result is best possible and equality in (1.20) holds for -

P(z) =-az", lal =1.

J
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Y

\ T
In fact, Zymund prov‘e&qorrespond}ing result for trigonometric
" pelynomials in: o

Theorem 1.10: - Let f(8) be an arbitrary trigonometric polynomial

- of order n and let ¢(u).(u=0) be a convex functi’on, increasing with

2n ’
~ T 81401 ])de = o
Q .

t

g%{liﬁ!ﬁ—){) a6 sM o (1.2

£y !

_I;f_ ¢ is strictly increasing, the result is bestjossible’and equality

in (1.21) holds for (8) = A sin n(8-a) for any constant A and 4.’

. n T, \ -
Proof of Theorem 1,10: Let f(e) = £ a eV , we note that
o ' \)=O . .
|
. . . ] 2“’ . i :
. ’FI f(e+u)[sinu+2 sin2u+...+ nsin nuldu
0
. 2n [ du  -iu ju - - Jinu_-inu T
. _1 : g -e e - e e -e
_“({ f(6+u)L——~—21 + 2—?"_-'_._+”'+n-__7r_'—ﬂu
2 iu  -iu 2n 1’2L; :i2u
=L o) Emf—qu sl [ flov) 2 St qy
0 . b m 0 . 1 i ,

and

17




AT RN

S

1 2n eiu_ e-iu, ?
T _(’; f(8+u) 5 du . -
L1 D, Gbleru) u- e
"o vin VY 77— du
=]—f2“(a l e'i"(6+u)'+ +a +a ;i(9+u)_‘:_ + ein(e“‘)
v -n THtagtae RN R
iu - -fu N
- e___z_g_. du !
_2m iu_ -fu o _du -iu
.1 -in(o+u) e " - e 1 e -e
‘ “‘{.’ 2_ e - du + o ] 3, ——— du
. 0
2n ju  -iu . 2n iu
+]FI' E11e1(6+u) e 2-ie due +]F [ a oin(e+u) e = e
0 o
A oesin g\,
= 5| (e ' ) du
0 > '
' » .
‘ = ia]e16 ‘
Similarly, we .-have - |
21 j2u. -i2u .
1 e _-e = 0i. 4120
“£ f(e+u) 2 53 du = 2fa,e’ -
2 U dd -in | |
1T eM._g7 M . ine
Fg f(a+u)n 5T du = nia e
’ ’ * -
1 : C w
. ’ -ing
a 2n . . . R ' a @& .
-n -in6-~i(n-1)u., -in6-i(n+l)u _%=n".
2w (J;‘ (e D - ¢ du = 2m
} 2n _iln 2n 23 7}
S '{j =T g 1(.n+])du] = 0.
o o )




Y

Hence we have the following identity,

~— 32 R

»

£'(0) =i

tM3
<
[=1]
5

: -l—j f(6+u)[sin u+2 sin 2u+...+n sin nuldu .
)

Add the polynomial (n-1) sin(n+l)u+ (n-2) sin(n42)u+ ...+ sin(2n-1)u,

[ - ' )
to the expression in the above square bracket and take together k sin ku

L4

and k sin(2n-k}u; this gives

-

[sin u+sin(2n-1)i] + 2[sin 2u +sin 2(n-1)u]

J

-+

oot (=-1)[sin(nt1)u +sin(n-1)ul+n sin nu

' 2{§in nu cos(n-1)u + 2[sin nu. cos(n-2)u]
R

ot (n-T)(sin nu cos u) + % sin nu}

2 sin nu{cos_(n-l)u‘,+ 2 co§(n-2)u +...+(n-1’)cos_ u +g—}

2 sin nu{,cos,u+[c05 utcos 2u] +...+ [cos u+ cos 2u

. +...+ cos (n-1)u] +-r21}
n n-1. . '
= 2 sin nu{g +k§](cos u+cos 2u+...+ Cos kq)’ } . (1&)

Note that - ‘ !
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cos u + cos 2u +...+ ¢cos nu
; . e1'u+e--1'u e12u+e-1'2u ginu . -inu
= + +.,0k =
a 2 . 2 . :

l{ 1“(1 e1nul . e-iU(-l_e':\'inU) }
2 1- eiu ' 1.e MW

- l{eTU(1_e1nU) ' -TU(]_ Tr‘u)' }
2 e1u/2(e-1u/2_e1u/2) -1u72( Auf2 -1u/2)

»
u

# ©N

: %{ 1u/2(] 1nu) ’

. efiu/Z(]_.'e-inu')
-1u/2 1u/2 eiu/z_e-w]?

{_eiu/z(]_emu)'_b e

. .U
21‘ s1n—2-

NTE

- sin 44 sin(’—z-u]—)u
@ .2 - 2

21
2 . .u
S1n -2-
1 , sm(Qﬂ-)u
=3 (" ¥ _—_IT—) ’
- sin 7 ’

. - -therefore (1.23) becomes

] n-1 s1’n(2'2(+1
sin nu{é- (;n + I —

o .

k=0 sin 7
o n-1 s1n(2k;1) :
2 sinnu X —_—
k=0 ‘sin ‘é’

2n sin nu Kn_](u)

’whiere "_Kr"_1(u) is the Fejer's Kernel.

“2n 2n , ‘
f'(e) = T‘—I f(8+u) sin nu K.

o]

)3}

/2y _g=inu, }.

Hence ‘from (1.22) we have

-
e

J()du,



4

fe

Let Au) = f(9+u)Kn_ (u),

"

£1(6)

d]no ’

)

f A (u) cos *nudu .
0

an integration by parts]

gives

(1.24)

In tﬁis int‘,egraﬂ At(u) “is a trigon(;metric polynomial of degree 2n-1°

3

ar‘iq $O cos nu may be r_ep]acgdf by any function whose Fourier Series is

.of the form
cos nu + a"Zn cos 2nu. +
] .- : N )
tet [ - . .
o 1 . K <
. wlu)=g 0 u =
. K
‘ n
‘T ) ? <

& Y

which fs an even function with period-

ex’p'aris:ion2 of- ¢

is given by “*)

= MR =

as
rol =

sm

2n.

)

1

W\

D

s

aZ.n+1 cos(2n+1)u. +

: ‘b(’u)=%{co§q-]§cos 3,'u+.....]u o

The 'Fourier Series’

4

n ( ' . / OQ z'%] \
'l ?“ i ¢ ] 2“ i
S 1 a(ulsin nudu = - = f A(u)d cos nu |
o‘ 0 oy, n 0 ' o
: 2r 2w ‘
~ R F[A(u)cos nml - [ ‘cos nux'(u)dul -
2 o o Sae
o ] L : A
= =] A'(u)cos nudu.
n .
, 0
: ‘2" Consider =~ . 5 -
a, = ﬂ“q,(x)sin nxdx = j y(x)sin nxdx j-(_g"w(x)si_n nxdx = 0
-." -
- IZ“ k )" : 1 IEVZ I ; ?n/Z
b = p{x)cos nxdx = —-[ cos nxdx <« [ cos nxdx-=
n 211 c21r o w2 -
- T AT “3n 3y
i f cos nxdx] 2nn [sm —2—+s1n —Z--S'in n S--sinn T]

3n/2

(a4

therefore n-] b1=-,n 2, B O,n 3, b

3°

—2
3'n

cos nxdx -



o
38 ¢
and : a

- < [ 1 1 - 1

P(nu) == [cos nu - 3 cos 3nu +g cos Snu - s
° In (1.28), the fachhr 2 -C—O-?T-‘,—"l-‘; can be replaced by y(nu), i.e., - | Yo,

. . R . M -
y . 2“’
£(8) =/ A"(u)y(nu)du . - . -
. 0 . '

An integration by part"s] and putting back A(u) = ﬁ(‘e+ﬁ)‘Kn_] () gives

2n ' :
o) = -f Flo+u)K ¢ (u)dy(nu) . (1.25)
Y .
Putting 6=0, f(u) = sinnu we have | . *
2n Kn_{(u) . , o
1 =-f - sin nu dp{nu) . . 8
o] d

On the interval %O,er], for any partition {“1’} within the norm % .

we note that \p"(nui) -xp(nui_]) <Q if [ui_],ui] ~conta1‘ns.a point

L 2k4l . okl | - .
n = S=mu for which sinn _Zn—“'] and w(nqi)-\p(nui_])>0 if
v[u | u, ] contaiﬁsﬁ a point n =‘2k+1 m  for which sin n,ﬂ(-ﬂn ;Y-IK\
i=12Y P n : Zn '
If no such point Ties in the interval [u, ,,u7], then :
zp(nui)-q)(nu\i_']) =0 . Moreover, the Fejer's Kernel Kn_](u) > 0. . ,,A//

Thus from (1.25) we have
- \

~ ) o

\/ | ' | B

1. 2nm 2n 2n 2n-

Jo A (u)p(nu)du=f p(nu)dA(u) =p(nu)r(u){ ~ -/ A(u)db(nu), .
0 0 0 ’

-0

)

-~

;
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(u)- S
1 =7 -—1‘:—]———sin nu d {(nu)
o .

=] ,Kn-l(u) : l(‘nu)}

' - 2k+1 '
where a; = Kn-l( S X J >0 .

-

From (1.25) it fpnows" that

!
.

: o
Ifn(e) Sar lf(e:‘.u)l k‘n_](u) ,_‘!l'(]_'lﬂ
2
= Zn a, ]f'(e+u].)|. , o (1.26)
i=] ‘ o

_ here Upseoeslly ‘denotes the consecutive points of discontinuity of °
w('nu) in (0,2n). Since a, + a, +...+1c:2n =1 and ¢ 1is convex,

by applying Jensen's inequality to (1.26), we have

-

| (12 (2 () |
) c ) s e \i}=:.1 o, f(-eﬂ‘i)l/ ; S
2n ' o -
. SSI a, ¢([f(e+u1)]) . (1.27)
- A 1: N [ .
) d\’I:;:&mating (1.27), we get C
' \ . 2n n . 2n°:
£1(0)]\ 4 e,
| - o |5 ') o s T [ ellrtenplie .
. \” l f?n ’ . \ L.
\ o =7 eUfe)]) do . s
s . 0. o~ . . ’

Now we return to complete the

A
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Proof .of \Theorem 1.9: Knbwir'\g tha§ iu}p ; p21 is a convex function

) n Co .
10 . '
Y= = a, e™® can be considered as a

increasing with u - and P(e
' v=0 . Y

trigonometric polynomial of order n, Theorem 1.9 follows immediately

from Theorem 1.10. oo

§1.6. AN ESTIMATE OF |P'(z)! ON AN ELLIPSE. «

. 'o \\
In { 5], De Bruijn had pointed out that analogous results may be

A

obtained for general ic'on.vex domains usi\ng Theorem 1.8. But so far, for
domains with' non-empty interior other than |z|<!, we do not have <
précise'estimates of [P'(z)] . For ¢he sake of interest, in this
section, we present an isolated result in this direction which is due

to W.E. Sewell [26]. - o

« -

Theorem 1.11:  Let E be an ellipse in the z-plane with semi-

axes a and b, a>b, centered at the origin. Let P(z) bea\
axes and — _ DE d

polynomial of degree n with lPtz)l <M for z€E. Then for z€E

1P (z)| < Mn/b . X
Proof of Theorem 1.11: If z€E then R
: 2 = x+iy =acos'd+ibsino , (1.28)
- '

. so P(z) for Z€E can be written as a truigono?etric polynomial of

\

ks

Y

4o




. n .
P(z) = ¢ a, 7
) V=0 ' .
. n \
) = vEO(A cos V& + B sin ve) “ y
" < q(e)
Thus )
L v od o, d o de o de . '
P'(z) = 4 P(z) = 35 Qfe) 3z - Q (8) Fr (1.29)
If |P(z)] <M on E then !Q(8)] <M . BY ﬁ%eorem\1.6 we know that
1Q'(8)] = Mn . J (1.30)

Also from (1.28) we have ) ,

dz _ . .
rr —a\s1n.6 + ib cos B

whence )
212 2 .2 2 2
‘agl =3 sin® + b cos 6

) ' ) = a2 - (az- bz) c0529
2b2,.ﬁ

and implies

dz E
. 'aé“zb
or . Lo s
!

%% < %— . . (1.31)

Take the absolute value of‘(J.29),‘together with (1.30) and (1.31) we get

[P (2)] < fn : for z on E! o




L L T

.39 ' )

CHAPTER II , .
! ' ERDOS-LAX THEOREM

‘ )
The extremal polynomial for Bernstein's Theorem is P(z) = Az"

which has all its zeros at thg origin. So if we restrict 6ur§e1ves to
the class of po]ynomia]é having no zeres at the origin and excluding
even the cases where the 1imitihg polynomial hés the form P(z) = Azn,
the constant 'n' in the inequality (1.1)(15 expected to be.replaced
by a constant smaller than n. With this observation P: Erdds
suggested to study therinf1uence of zeros on_the estimates of \IP'(z)[
and proposed a conjecture which was 1ateﬁ.proVed by P.D. Llax [13] in
the following: |

Theorem 2.1: (Erdés-Lax Theorem) If P(z) is_a polynomial of

n
for P(z) = 5t

degrée n with |P(z)| <7 -on [z|s1 and P(z) has no zeros on

|z| <1 . Then

[P ()| < n/2 (2.1)

\

for |z|s1.. The result is best possible and equality in (2.1) holds

3

- §2.1.  THE WORKS OF POLYA AND SZEG0 \ :

a

Erdds' conjecture was first studies by G. Polyd and G. Szegd. The

" . both assumed: the zeros of P(z) are on |z| =1 rather than /jn/’

|z|'21. In fact they proved: -

~

e

e
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Theorem 2.2: ljj E(z) is a polynomial of deqree n with

ax |P(z)] =1 and all its zeros on |z| = 1, then

N [ Y ES | IR T (2.2

|z} <1.

Proof of Theorem 2.2: (due to G. Szegd) Let 2y,25,...,2, be the
zeros of P(z) and |zv| =1 for every v=1,2,...,n. Suppose

[P'(z) = [P'(z)|. By maximum modulus Theorem, [z | = 1.

Case I: Suppose P(zo)=#0. Since P'(zoe1s) 5“(Ese-‘e) is

Kl

. maximum for 6=0 and because

d cnyr. 18y =, ,— -8
3 [P'ze ") Pz e )] .o
4

/

== =0y pur. 16 0, oip. .i8yma = 10y = -i6,
P'(ze ") P (zoe ) ze i-P (zoe )P‘(zoe ) z e Vi

i

0 (o

for 670, one has P (z)P"(z )z = P'(z )P"(z))z  and therefore we

o]
P"(Zo) , .
know that “Zo -P—'—(—Z? is real. = Now

- (2.3)

thus

N
<

. e e

<

&

e P .
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Let: 0 1 .
==+ it , then
2572y _2 .
n n’ v
1 2 .
v Pz ) n E (E " tv) tix £
- . ol _n v=] v=l
4 1 = = ¢+ 1 Z’ t -
3 +1 £t
v=l Y

Pll(z )
o
because’ z, P—.(?o—)- is real, this gives

=3
=

n ‘
n % Lt -(Zt\)(z(%-ts))
3t V=] v=1 v=] (2.4)
"~ 2 n 2 )
B ()
. v=1
and : T
) n n 2
) , n o ,1 .2 \
prz) 7 Elg-t))+ ( LY
z o . ﬂ'_ V-], v=1 (2 5)
o PlZ] " 2 2 \2 Aeed
- v=1 "V
A"
, n :
Case la. Suppose = t,=0 , from (2.3)
o v=1
pr(z ) "
o -1 i = D— -
Py T2 N T :
0 v=] -
. .y ‘
and }, ‘ .
vl ; n n
ez ) = 5 P ) s 5



‘ | 4
\ ) \ =n\"]
B RN b .

;o

42 )
n ) . ‘ .
Case'Ib: Suppose I t %0, from (2.4) . o
v=0 *
. / -
2 n 2 n )
(%) + (z tv> =5 - z(%-t\z’),.
v=] v=]

P"(z_) v
Z: O -n_ ol
o P(z_) 2 2 n 2
° (ﬂ + { It
: ‘ : 2) "\,; Y

2 n_ 2
(B (5 =) -6
=N v=]
2 (n>2 ( n v 2
=] + r t
2 ' v=1 )
=h,.n.
=3 + 5 1

which implies

L ]

[pr(z )| = (n=1) T:T=]|P'(Z)‘ -

. H]
According to Bernstein's Theorem; see Remark 4.3, we know that (2,5)

is possible only when

¥

P'(z) = constant zn'] o

or

P(z) = constant (zn +c),

le] =1 because all the zeros of P(z) are assumed to be on |z] =1.

Since Taf |P(z)| = 1, constant =-% , this gives (2.2). .
z{=1

=
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4 Case I1. Suppose P(zo'),=\0. Since P'(;o)#o, z isa

simple Zero of . P(z), 'let i°=z . Now . ‘ )

u
P"(Z)
0 . P*(z) .
Z =y =lim z
oP (zo) 757 P.' 2
, u .
no 2 n 2
2 7=27)- 5 (75)
=1 275/ vl VTR
\ =]im Y "
>z 2 z
H s 722
v=1 Y +
N z
\ o 2w
Vo T
y =(n1) +.21 It

3 .o * ’ VU
.

A

which .is real, hence equal to (n=1) ; see Case Ib, o

Al

Proof of Theorem 2.2: (due to G. Polyd) Let c= lcle', |c|sT,

1ev
zv =@ , ‘then . '
e -
N . AV :
* ‘ n-iy N ( - 7 128, _~in®
; o h(e) = i'e mie . Ple™") e ,
v=] ~
I noo-i v 0 ..
) ine-iy e T e T(e129- v) o-ind
V=] ~ b
B, - %,
- N, 120-1 o2 i »
a inlc] m (e 7 e T‘) e 1Ne
[ . \)=] i .
8 5]
n i(e-—z"-) -1(9--2‘1
=lc|m Cie o - ie )
v=] ‘ '

TR e
™ SN

K



if P(z) =

- ' ' 44
. ¢

is a trigonometric polynomial of degree n with real coefficients,
Fron a result of Vander Corput and Schaake [25}, which is quite
invol;ing and uses the theory of homogeneous polynomials of two

variables; Polyd estab]ished]:

&n

’ ht2(e) + n°h’(e) < n” , (2.6)
and so . . | -
R o328y [ 120V L [onsir, 8, /2, ] S o' "Ong(o)
207 (20" = [ (e’ = (et et 19072 ] 5
- .= 'h'(8) + inh(6)' < n
\
Consequently, ‘ .
/ bpr(z)! =< %
for 'zl <1 . o , £

§2.2. THE ERDOS-LAX THEOREM

Finally in 1944, P.D. Lax [13] proved the Erdos' conjecture in

the full form and the conjecture is now referred to as the Erd&s-Lax

1y

Theorem.  In the proof, Lax first introduced the polynomial Q(z) 7

2" P(é) , called the conjugate polynomial of "P(z)'. It is easy to
.z LN , .
| “ . .
see that Q(z) “is also a polynomial of degree n and if re'® is a
] io

zero of  P(z), then .%-e is a zero of Q(z). Further, we note that

< wr

M >

\) 1
a, z ,.Qhen

V=0
|

! d.I. Rahmaﬁ,[19J gave an easier proof of (2.6) using adresult like

(1.2) for real trigonometric polynomials.
4
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In the following, we state two interésting,re1ations between P(z) and
Q(z) as two lemmas. By the use of these two lemmas and Theorem 2.2, -
Lax pm\)ed,the Erdds' conjecture. i ' ‘

“

Lemma 2.1: If P(z) is a polynomial of degree n having no zeros -

inside |z|<1, . the polynomial -P(z) + AQ(z), |A] =1, where

) , will have all its zeros on |z| =1.

Nf =

}

Proof of Lemma 2.1: Since P(z) has no zero inside |[z|<1, for

lz|<1, g{% is analytic and will attain its maximum on |z|=1.

Moreover we have . , - ) . “
pay | = on 2] =1
‘ Because 1Q (816” = {e_me P(-:—QM = lp(eie)l = ’P(e]e)l . Therefore
: : e

by maximum modulus Theorem . o

<1 . Con Jz|<l . (2.7)

&
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. , |
‘ _ Hence for any A, with |X| =1, we have P(z) +AQ(2)#0 on |z|<1.

-

Otherwize, if there exists -z , {z0[<1 such that P( 0)+>\Q(zo) =0,

1Q(z )

i = i i 0 = =\. i
I : T:hen ]P(zo)l |Alla(z,)]  which implies 'm;-)— [A] = 1. This ¢

contradicts with (2.7).  On the other hand, as Q(z) has no zeros in ‘-
[z|>1, g i is analytic for |z|>1 and will alsg attain its maximum
on |z|=1. Again
- L]
g i =1 on |z[=1 \
and o . \
) 8‘: < - on |z|>1 .

So, using. the same argumenf as above, for any |A| =1, P(z) +Q(z) #0

on |z]|>1. Hence b(z)+AQ(z) ‘must have all its zérvs on |z|=T1.

i .
. Lemma 2.2: If’ P(z) dis a polynomial of deqree' n having no zeros

. 1

inside [z|<1. We have |P'(z)| < [Q'(z)] on |[z]=T;
: \ ‘

Proof of Lemma 2.2: Let z, v-=1,2,...,n be ithe zeros of P(z).

-1

’ |
Le1‘: z#z, A =z 'z, VY. We firfd for {z‘l=1 \
: n n’
p! z‘ 1 -
= z = ¥
le v=l 2%, v=T T-A
e
1 n n
v QTK.’_).Z l = b 1_ .|l = z
z v=1 z-zv' v=1

N | R
. Since on |z| =1, [Avl 21, A #1, we can suppose.
e

R - N = +. 0 ’
. . “AV rcosev 1rs1nev
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47 .
. then l
\ = 1 - C‘ &
J,-Av 1 -r cos‘ev- ir sin ev . ‘\
_ (1-r cos ev)-+ir sin 8 -~ .
{1-r cos 6 )2~+(r.sin 81)2 )
. v , V] . 7
Ré( 1 ) i 1-r cos ev ) 1 -.r cos ev . 1
=\ iA 1-2r cos ev-+r2 2(1 - r cos Gv) 2
L4 * L
n 1 n o ~ 4
¢ Hence Re X T-A 57 also
s v=1 Vv o
R r" 1. ’ ~ n "
e X < | Re £ z=——-n
o v ]'A\)' . va1 1Ay ' ;
= | Re 2 J( iIA -1)
o \)"‘I Y [} '
(2.8)
n A
=|Re = ———| ..
v=1 v J
On the other hand
I n ] n 1 s w
m I = (Im T = -n
vel 1A, val =Ry
n
= {Im ¥ (11A - 1) - .
v=] ) (2..9)‘
\‘;j . n ‘ A;, c. r’ .
=Im £ 1. - N ~.
) ) V=l 1V‘A\) . . .
" From (2.8) and (2.9) we have |Re : ZZ’ < Re-%(%§l’ and

B 5851 - [ 459

. P 1

Ce .
v D
. tperefore we can conclude the lemma. o

¢



o e imemm e

o s D chasb

N

o

" proof of Theorem 2.1:

a

3"

Let P(z) be a polynomial as stated in
° e

the 'l:hégrem and Q(z) = Z" 'R( -]_-l) , we def;ine .o
s 5 L -
A | o
T q(z) = P(,z, > iz A =1
. Ihén ' S ‘ .
a2} = LPz) +20(z) | °
lalz)] = 2 :
<Pz + atla()]
2
1 jz] <1

=By Lemma 2.1, q(zj must have all its zeros on |z| =1, By Theorem

2.2 we have '

[ : (".} “l\ )
o ' '
,-‘"5 max - qu(z ]s . o (2.10)
| ezl ~

Now suppose max |P'(z)]
g lz]5

ﬂ.-‘]p'

(xzq)],']'zo}y =1. . We can éhoo@.

i Q'(z )

particular >\ with x| =1 such that arg A = -arg ——(—2)—

* Hence by Lemm;/z 2,

o‘ 3 /4

Suh et P L

o
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max ]Iq'({)lz la'(z,)]

LPE(ZO)\+ AQ'(zo)I

. ‘ . 02
o - 4 l|§i(z )| +]0'(z, )| re'2T9 Q‘<zo)'/P'(Zo)'
' : * - ! 0 0
4 ‘ N 2
| S L R TR TR Y
STzt
| . R oz IP'(ZO)I‘ _
o / - »
=max |P'(z)] .
|z]=1
Together with (2.10), the proof of Theorem 2.1 is @stablished.
1+2h ;
To show that P(z) = 5 is extremal, we note that it has no
'> J/—

t

" zeros in  |z|«1 ‘and Tax [P(2)| =]P(1)] =1 and also

z|=
n=1

LHGTIERUEA RS

Concerning the estimate of |P!(z)], P. Tuedn [27] established

. a résu]t in the opposite direction as the following:

.Theorem 2.3:

L4

(Turdn) If 'P(z) is a polynomial of degree n

with TaT [P(z)| =1 and P(z) has no zeros in |z]|>1, then
z|=1

TZTPIlP(Z)] z:%

(2.11)

T
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The results is best passible and equality in (2.11) holds for

~

P(z) = (a+gz")/2 where lal=Igl=1. .

’ n " - A !
_ Proof of Theorem 2.3: Let P(z) =a M (z-z ) where [z'[<],
N ' v=] h Y o
v=1,2,...,n and suppose |P(z)| attains its maximum at 1, i<&., .

N \

[P(1)| = max |P(z)] = 'I’.
|z[=1 "

Then, we have - ‘

1%

max |P'(z)]
|z]=1

RLA O

n .I-Rgzv"
T
\);’1 “-Z‘Vl

(2.12)

*
- ts

Since 1-Rez, 2 0, the absolute value sign in (2.12) can be taken off.

.- Further for each v . ‘ ' ‘»7\

\ 2 . 2 R
H-z\)l = |1-Rezv =1 Imz\,‘l ‘(@ \
e

]

(1- Rezv)z, + (Ilmz\)

| 2 2
1-2Rez, + (Rez )" + (Imz,)

1]

A

2- 2Rez\')

0

2(1 - Rezy) .

P e A R s §




‘tion is reported by Saff and Sheil-Small in [23]. They proved:

Therefore, for each v

'

and the proof follows from (2.12). o
' Réturning to the Erdds-Lax Theorem, we note that the extremal
polynomial is not only P(z) = (z"-+])/2 but any polynomial having

all its zeros on |z|=1 and of maximum modulus one on |z|s<1- is an

extremal polynomial for. Erdds-Lax Theorem.- This is viewed by cémbining

Erdos-Lax Theorem with Turdn's Theorem. In fact if P(z) has all its

/

zeros on |z| =1, we have

¢

[NNTf=] .

TR —gs T;T:]‘Pl(ZH s

-~

i

. where the Teft inequality follows from Theorem 2.3 and the right R

ingqua1}ty follows from Theorem 2.1. - o ; .
/ ~ ’ ' ’

i

foN

52.3. SELF-INVERSE POLYNOMIAL AND SELF-RECIPROCAL POLYNOMIAL

Equality in (2.1) may also be attained for polynomia]s(not
N - . .
necessarily haJing all its zeros on |[z] =1. .In fact, if P(z) is.a

self-inverse polynomial, i.e., P(z) = uQ(z); |u] =1,

4

oz) = 2" P(}) , -then we always have equa]it§ in (2.1)f This observa-
z . : '

-

Theorem 2.4:¢+1f P(z) is a self-inverse polynomial of degree n

Y ¥

and |P(z){ s on |z| <1 , then N e o
“max |P'(z)| =3 .- o : L '
sy b ':‘ . R 'zl-_—] -2 Ta
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Proof of Theorem 2.4: Let R(z) = P(z) - ew, 0ga<?2r and

T(z) = 2" R(.;—::) =z" P(lz-) - 2" 1% 2 pz) -z since the maximm
of [P(z)[ 1is one, R(z) has no zeros lie in [z|<1,- we can apply

/
Lemma 2.2 to get |[R'(z)| s |T'(2z)| for |z|=1. This means

[P (z)] = |P'(z\)-nz";1eia| (2.13)

for |z| =1. For a suitable choice of a, we get-

L.

19(2) - g™ et - ne P (z)] T (2.14)
. (2:13), (2.14) together yie]d’ |

élP'(z)l <
Now we need only to show that max |[P'(z)| = -2— . Let Zys [Azo] =],

|z]=1
.be such. that IP(io)[ =1, and let Z1s2ps e enZp be the zeros of P(z).

Since the zeros of P(z) are symmetric with ,respect to |z| =1,

we have for |zv| + 1 SN
. . \ . zZz
e ('zfz f— )=Re,( — - )'ﬂ
v 2-1/7 \1-7 2 1-7 2 '
' \Y] 0 Vv Vv
and for |z | =11 Re =2 = Hence
v > z—zv 2
(z ) n .
Zo n
| IP (Z )! 2 'Re [Zo T—)—— f e.-————zb_z = 7

so that iP;(zo)l, > % . This complete$ the proof. o -
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i '
In this direction, 0.1, Rahman defined sel f-;(té’ciproca] polynomial
1 ‘ R /’r

P(z) = z"P(.IE) and proposed to study the estimate o’f [P'(2)| for this

class of polynomials, He proposed the following conjecture:

If P(z) is a self-reciprocal polynomial of degree n such that

[P(z)]| <1 for |z|s1 , then ot

()] s

n
V2

for .|z{<1 .

o=

If this conjecture were true then the polyn;omia1 P(z) = 2" +2i2° + 1\,'/'

"'n even, would be an extréhal polynomial. This can be seen in the

following:
n

n n
L -1, X
Since P(z) = zn+21’z2 + 1, P'(z2) = nz? ' [22+i] , then

max [P(z)| = max |cos n® +1 sin nd +2i(cos %ﬂeﬂ' éing—e),L']' \
. |z|=1 0<8<2w -
‘ = ma;é‘ (cos no -2 Sin%6+1>+i(sin ne +2 coslz‘_e)l
\,  0s6s2m
2 , .
= max {(cos né -2 sin —g-e+-]> +(s1'n ne +2 cos —g— e/
. 0<8<2n . ' ]
< ’ ‘g )
P ©= max “I[GM(sin nd cos g-'e-cos nd sin % 6)
. . 0<6<2m Lt © ' ‘ ,
) +2 cos n9-4sin%e]1/2 /

B A R T

N R
max [6+4 s1'n-2-6+2 cos né - 4 sin é-_e]
0s6<2n ‘

£l

P R R L T S A P P <RI R

\21]/2

-
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and

P'(z)]=n max

n .. .
cos §»9+1 sin n 94»1|

=] 0<6<2n 2 N ]
24172

’ max {cosz-g + (swn 70 +1> ]

0<0<2n -

n 1/2

, n o max sin 506 + 11

0<6<2n 2 E

=2n . o

-

Rahman's conjecture is still an open problem in the study of

po]yﬁom als. Some partial results are known in this direction [8].

+ §2.4. | THE ERDOS-LAX THEOREM IN‘LZ-NORM '

In [13] , Lax also proved the fo1low}ng analogy of Theorem 2.1,

L21norm rather than sup-norm.

o
"ot

‘Theorem 2.5: 'If P(z) s a polynomial of degree n with

on Jz|<1 and P(z)#*0 on’ |z|<1', then

o 2 :
j“lP'(e‘e)l2 do < o jﬁlP(e”})[2 do .
-1 . -7

of .Theorem 2.5: By Lemma 2.2 the following iﬁequa1ity holds

’] n 1 i . 2 ] "( j
5= [ P (e'%)] 4o < 5o f Q') % 4o
-7

-7
N .
\
A - .

n ) ‘
= ¥ o . zv . Therefore
n-v o
v=0 !
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' -and

T . n . ’ S
] 2 e 2 [ e 2
o e % s I“IQ‘(e1 ) |20+ o fIp ('®)? do

: TN X n .
=-1-I sva Y zva e'V?) de
2n sl MV Ve n-v
‘ N q

1
L1 In (n}-:l(n_\)) e1(n-v) 8 >.
. 2m -1 v=Q n=v ,
'/
n-1
(Z (n-v) ei("'\))e ) de
V=0 =V,

Since the greatest of the numbers N (n-v)z, v=1,2,...,n, 1is nz,

we have ™
' . n
'-]-f [P'(e’e)lz @ < n® £ [ |2
) . o n v
. -7 . v=0

which implies

’ . . 2w .
° F1ere® 2 dos B g (e’ P 2 s
; . =K & -t
; i ‘ . .

‘%

n B ‘n '
; . 1 ( o 1\)6)( -1\)6) 2 2 n n
: A JfEve e do= £ vija |° 1 oe 22
. 'E '2? RIARVED I val MV v=1 V' T J do= v IG\,|
£ ’ k{ . -1 v=l
i ! i
‘ 1 b ause aH other terms involving, e’ Vo or e ™8 411 vanish aftgr
‘ | egrat1 ng. _ ‘
’ \ o
2 Ui N cong N s N
' 2] ] )| de =-2—]—J' ( % a\)eweX L a e We)de
% ' -mav=0 \)=0 '
- 21 [ 0 2
' : ‘ = ‘0. | f =1 la |”.
{i v=0 v E =T \)=1 v
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Note that equality in Theorem 2.5 holds for P(z) = ,
since , o .
m %, n 2 2
[P e®))?de = n*do=n 2n
-n ©oo-m ) .

and - '
2 w, . 2 n,a - s 2
O S Ipe®) P00 = O 1 (1’ (147 ™)a0 = 1 2
-7 T )
‘ b4

§2.5 THE ERDOS-LAX THEOREM IN Lp-“lORM . ' )

7/ .

In 1947, instead of the sup-norm useg i Theorem 2.1 and the

S

L2—nor‘m used in Theorem 2.5, DeBruijn [ 5] made a further generaliza-

]

tion by considering the Lp-norm. 'The iresulpt is also a refinement of

. Zymund's result in Theoren 1.9, by considering polynomials having no

. i
zeros'in |z} <1.

Theorem 2.6: If the polynomial P(z) of degree n has no zeros

in  jz|«<7, then we have, for p21,

\

2n' L i 2n ‘.
e Pao <aPc S |p(e®)|Pdo - (2.15)
0 " Po ‘
\ 1 -
, - an \/TT—T(§ p+)
where Cp = 2n/ ({ [1+e IR dn = m . The resultlis bgst
2 2

possible and equality in (2.15) holds for . P(z) = a+pz" , lal =181 -

Remérk 2.1: ErdSs-lax Theorem is a spegtsl case of Thedrem -

1 . /
2.6, namely when p-eo, = It is also interest b note that the

extremal polynomials of the Erdos-Lax Theorem carf their zeros

arbitrarily on |z} =1-. But for this case, the zeros of the extremal _

Y
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polynomials are further restricted on jz|=1."

" In order to prove Theorem 2.6, we need the following two theorems.

TheOrem"%J: (Ychaake-Van der Corput) If
f(z1 TITIRE .zn) = ao'f'a'.IZZT +§zzzlzz+. . .+auzzlzz...zu+: LI A

-

whe‘r:e '}:z] 22""211 is the el ementarLsyn}metmc function of z]afza_...,zu,

f ] "] N
) - -Tn-’(n') heh we have
and if we put )\n{‘z.l,zz,...,zn) = F E y gz z ;%.zu, then we ave
the identity

- f(z,,z z)=IL2A fl-z—g f-—f
. ] | 1_’2"”’[1 . n ’pa---’

N

where p runs through the n-th roots of z

Z,.ou 2
172 n

p4 Z ¥4
1 "2 n)
x T "Thieey T =1
z "(P P . - P

=1, we have

e r4 Z Z .\ ' :
1 22 n\ . e
X £ ey - . M ' ‘]7
: (P P )>0 (2.17)

‘ ‘Proof o%‘ Theorem 2.7 : Let O<p<n , O<pu<n=1, then

: - n. ifp=u ‘
: p-u " ‘
Zp = i€ pn= =
) ‘nz].zn cifp=n, 1 O‘I
0 otherwise



A et .

‘ and ).
#(psDyn.oap) . < 1 N (n) o
)2 =¥ — I a p
" oM b P p=0. o \p
= 2 a (n\ z p°H
/n> ,
‘ au \‘.‘ n
| agn +,ann::1...‘z,n
Hence .
" /Z-I . . Zn> . .
[ LT e e a9 T f T )
o e +5) FPoeesp)

if nw+0

if w=20.,

-1 . :
=.l. T :‘ (): z;.. zu)”): Hpoee.np) u )
u=0 (u) : P P
n-1 1 { (n) .
=_:_]_ ZO (—n-;\z Z] Zu) au u n
. p= M

= f(z],zz,..\.,zn)

and,i\dentity follows since

[
-
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' z z n-1 z Z
1 n 1 1 1
, T A (—, ,-—>=z— ) T—..-£
p AP P/ 7 =0 (ﬁ'j P P
y u

-1 :

1=ty ) l

-Hufo nh): (Z] .zu}:;a-)

. \u \

Now,'the difficulty 1ies in proving that }‘n 20 ifall zZ,

modulus 1. Putting z; = pgi we have to establish- that

kn(g'l"--ogn') 2 0 if Ig]l Seae® ]Enl = ], Ei-ngn '—“]. Let

bu=z 51 "'Eu tben

(= 7]
]

n

n
o

3

M n-u

have

also (") =( n ), consequently An 55 real., To show that An

cannot be negative we take ‘

P(z) =z+ 2" +..+2  +6z

and

Q(Z)’ =" by Z"'1 t...= (.z-£1)...(z-5n)




Then define

e m
1 + ZE] . ZF;EZ
g @

n n(E],- - "En) +6-1 .,

ne

u

According to-Kakeya's Theorem | , if 6>1, P(z) has no zeros for lz|>1.
Now the zeros of ‘P(z) are in lz| <1 whereas the zeros of Q(z) are in
iz] 21, so by Grace Apo]amty Theoremz, {P,Q} #0. Thus if )‘n is

negative we can'suitably choose 6>1 such that m,+&-~1=0 which

3

is a contradiction. o

Z+...4a.2,...2Z
U

Theorem 2.8: If, f(z 21+ Zn

...z )=a _+ ...+
1% zn) a 3,1z au):z1

and if ¢(w) s a real and convex function of the complex variable uw,

j.e.y

¢ (owy +Buy) < aplwg) + Bo(w, )

3 : N
for 020, B20,a+B =1, then we have, @1'121[51,...,]2"]51

o !

! Kakeya's. Theorem: If P(z) is a polynomial,of' degree n such that
- a, > ?n—1 '2.‘...2 a1 b4 ao > 0 ’
then P(z) does not vanish in |z>1. %

2(:‘mace Apo]amty Theorem: If n21, and

0 = g+ (1) e+ (3) 0+ () a7
0(z) = b, +()bz+(2>bzz+...+<:)bz" N

and if P(z) has no_ zeros in a circular domain C which contains all
the zeros of Q(z ), then we have

(P, Q) - 3°n -(1>a] n-1 <r2‘>‘?2bn-2 foot () (n)anbo * 0.

. -
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2n . s 2w \ . -
. f ¢{f(z1eie,..;,zne’e)}d6 < f ¢{f(e1e,,..,e‘ej}de . (2.18)
: 0 : o - ‘ '

R .
‘Proof of Theorem 2.8: Since f(z1em,...,zne1e~) is a.linear

function of z,, the.left hand side of (2.18) is a convex function
of z,. Conséquenﬂy its maximum for ]z]].<.1 is attained at the
boundary lz] [=1.  The same applies to ZyseansZ s and hence it is.

sufficient to prove (2.18) for'the case 4"

By Theorem 2.7 we have . : j

. , z z .
18 18y _ 1 -n 16 i
. f(z]e seeesZ @ ‘)-zxn(p,..., p)f(pe oo P )
] L
where . p runs ‘through the - n-th roots of Zy-eZp. xn ,satisfies
- (2.16) and (2.17).  Since .¢ convex, we have "

i8 .18
¢{f(z]e ,..‘.,znen’)\}

¢’{};’)‘n (fﬁl’ " ’%ﬂ) f(peien--,'Peie)}

2 Zn ig ig,]
S LA ...,—6—)¢{f(e ‘,...,e )

AN ’, [
N — z " z ’
- © 1 n i8 18y}
SZA Ty ey T f geney .
. : S0 (p p) ¢{(e RN

-

On integrating with respect to 8 from 0 to 2m, using (2.16) we
obtain (2.18). g

1

proof of Theorem 2.6: Let P(z). be a polynomial of degree n

ha\/f.ing no zefs)_; in {z|<1, f(zT,...,zn)", be such @:hat. f(z,...,2) fP(z,).

We know that ) o . e

p(z) 7
e

\

\

\ . [1
R .

- ‘\‘

\

[ ) = ) - &2

N

e a9 e P Lk B N M R VL A ST N
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. With Theorem 2.8, take ‘z] =Z,=..=2 0, =1, z = e yhere n
: /
real, and  ¢(w) = Ju|P (p21) we have -
¢ & 2‘"‘ . ’
{ f( .,zn_]ele,z e1e)} do
0
. i o itn+)]
= ¢f(e'”,...,e'", 'YL dg
o /
- _2n ° 18y inepeai®
=1 lrte! )+e] (n+e) ——é‘——l -e'® ———Hr(]e do
0 !
’ ~2n . . »
< J ¢{f(e1e',...,,e1e)} de
0 ‘ -
“ iﬂ p R
= P(e’e)l do . o
. o .

«*

Putting A(e) = P(eiB) -

e18 2

€, i6
el® E'_r(‘_é_l'; and

1ntegrat1ng with respect to n we have . |

‘ - 2" 2“

jff

Since by Lemma 4.7,

|Bte)| < |A(6)

1.
A(8)+EB(8)¢0

1mp'l1es

choice of "the argument of

. or

)

. 1Ate) ] <

|Ae) | >

But'a sufficiently small value of .[E| contradicts (2.20)

/

A(6) sell (E))lp c{née $2n g |VP(eie)Ip

A(e) ;EB(G) £ 0

2n .

l
for |E|<1, sof

-
.
.I ,
! . '

» S

we have either

IaHMe)I .
© L (2.200
lg[]B(e)l-.' >
. +Take |E;1->'I.>
J

ae .. (2.

19)

A e)*-e;a(e) which means w1 h a smtab]e
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Also for |a| = [b|, we have
 on . 1P 2n ip .
Il a+bem| dn = lblpf 1+em’ dm .
0 0 :
. Therefore, from (2.19),
2n o 5
{ |B(e)|Pds . [ ]1+e”‘[ dn
0 o
: 2n 2n s p . o
o< [ |ae)+e™" 3(/9)\ dn do -
' oo !, |
\/ I
, 2mn - p
s2n f ‘P(ew)l o .
‘ 0
which jimbh’es ' ®
2Maipi(.10y(p Jar o pT 2m b
' P_(_:__LI dBS(ZTr AR dn). i ‘P(e‘e)l do .
‘ 0 0" 0 .
To show the«, equality holds for P(z) = a+Bz",' laf =[B! we note
2n sa (P 2n T
[ |pee® l o = [ a'+Bem6‘ - do
- 0 .0 : I
2N . R
+8) 4.
= 1 1181 +{ppe’ (8+8)Pg ,
0
p 2T i(ne+g-a) | P
_ 1817 l1+e 'l de
o] 't
: .. c2n . p‘ .
= 18P 1 e an -
and . X
2 GeiP o pon
f lP'(ew)l-dB = 2mP|g|P . - o
1 0 - '~ “ . . . "g
/ C -~
\ <
\ - {
i ‘ ™
b,. a
I«) o ”“"‘"""""'""“’"""”"’""‘""" ' 7"“""“""”‘““*""4%»»“%14“4“..1;. C ke A e o
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\
CHAPTER 111
APPLICATIONS OF THE ERDOS-LAX THEOREM
e - .
. Erdds-Lax Theorem has been used to obtain results in different
) - . .

disciplines of the theory of polynomials. We shall/present some of
" these results in this chapter. Using the Erdds-Lax’ Theorem we give
some results of our own in section 3.1. in section 3.2, we present a

result on integral mean estimates for algebraic and trigonometric

polynomials with restricted zeros due to Saff and Sheil-Small. In’

section 3.3 we present the work of Lachance, Saff and Varga, concerning

the relationship of two problems of polynomials having a prescribed
zero at z =1. 1In section 3.4, we present Fwo results .due to Ankeny
and Rivlin concering the estimates of [P(z)] on |zj=R with

different restriction on the zeros of P(z). " Also we give some new

observations in this direction using geometric arguments.
& TN

) v
§3.1 CONCERNING THE MA%IMUM MODULUS-OF A POLYNOMIAL
First we give an observation of our own:
I./ . M
. v n A v ‘< ‘ \.
Theorem 3.1*: If P(z) = X cz with c =1 has no zeros in
) v=0 ‘
¢
|z] <1 and max [P(z)] =2, then P(z)= 2" +a where lal=1.
7] =1 '
Before giving the proof, we need'a known regult due to
\‘x . )
C. Visser [28]. ‘ , . o
AN ' .
noo [ '
Lemma 3.1. If P(z) = £ cz ' then Jc J+lc { max [p(z)|.
e — L oumg Y — "o n

4§§ 2 S

\s




&

65

. . - fa | _ iB
Proof of Lemma 3.1: Let c, ]cOJe ) € ]cn]e , and

Substituting each w,

w'l swzs---;wn be the n~th root of e-i(eba) .

into :P(z)' we have

n

. 2 n
P(m1) Co * Cqiy +Cot0 " ot C iy

- ) ‘2’ . n 1
Pw) - T e N TN
respectively, and therefore o L.
: 2. 2 Con .
[nco+ﬁ(%+“swn)+cﬂw1+“.wm )+”.chw]+ wm)l
.‘ |
= [Plwg)+.. o+ Pl )] : ‘
Ce (3.1)
<'n max |P(z)] .
|z|=1 .
From a property of the n-th root of unity we know,that
w i-km T4..44' =0 for each i, 1<is<n-1 and (3.1) can be
1 2 n o A _ . ¢
reduced to o
|co+cne"(3‘°‘)] s mx [P(z)| . . |
|z|=1 .
which implies . - = ./
C
I]c le'® + |ch[e16'1(8'a)l s max [P(z)] '
o lz|=1
and
* [

el + eyl s ga§1|P(i)l . o
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A

" Proof of Theorem 3.1: Since ]me |P(z)| =2, from Erdds-Lax
’ ‘ M z 'l -

fheorem max ]P'(z)]gs n. Uéing Lemma 3.1 for the polynomial
1zi=| ' .- .

n .
P'(z) = £ vecz® ! one gets n+ ]c1] sn, but this implies < =0,

concludes that ¢, =0, Consequently, all the coefficients c, =0

except ¢ and c_. Since ¢ =1 and max |P(z)| = 2, one must
n 0" nooos |z]=1 : o

" haue ¢, = where |a] =1. o

s

a

For the next result we mainly consider polynomial P(z) which
has all its zeros on [z|=1. We find that P(z) and P'(z) attain
their maximum at the same point on [z| =1, and i%» P(z) attains its
maximum n timeé on |z|=1, then P(z) has the form azn-+a,
la] = |B] . Some related observations are also discussed. Now we’

preseht:

e ]

Theorem 3.2:  Let P(z) be a polynomial of degree n. If P(z)

. ] - (“
has all its zeros on |z| =1 and |[P(z)| attains its maximum on

|z| =1 at n points on |z| =1, then

8 _ B p(z) = az" +

where ]al |8].

*

After we established Theorem 3.2, it was brought to our attention
by Professor Q.I. Rahman that Z. Rubinste1;'has also conceived this
result recently though yet unpublished; this is why we do not put *
with this theoran. However, we present our own proof here and further

opserve that Theoreﬁ>3.2 is best possiﬁ]e in the sense that~the candition

!
~

-

A%
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that all the:zeros are on |z| =T cannot be relaxed. '

For proof we need the following lemmas, the first one is due to

our-own observation and the second one is-well known.

Lemma 3.2* : If P(z)\ is a polynomial of degree n having all

its zeros on {z] =1 and me [P(z)| = |P(2o)| , then
|z|=1

[P (z,)] =5 1p(z,)] .

!

Proof of Lemma 3.2: Since P(z) has all its zeros on |z = 1.,

N
13

by Erdds-Lax Theorem and the pointwise inequality (4:30) taking k =1

' we have

'lmallx;ip(zn IR L O (3.2)

!

~oon |z|'<s 1. If we put z¥zo in (3.2) immediately we have

: |P(z,)] g.= Lp-(zo)l =-% |P(z,

). o

Lemma 3.3: If P(z) is a polynomial of degree n’ and ' |P(z)|

' .

attains its maximum at n+1 points on |z| =1, then

P(z)= oz, . ‘

v

-
o

V. suppose |[P(z)]| .
v Pes=,

. . s ., }’ , \)=0 * . ¢ . ’ .0
-attains ts maxjmum- M- on |[z] =1 at (n+1) points. Then:

- . '

\ ' ~ n
Proof of Lemma 3.3: Let P(z) = £ az

"o

2 ’ , .

N M- 1P(Z)l ' ' 1/' " . \ !
., . ) 2 N / R B
. =M - P(z) P(T) | o (3.3
[ n n . ) |
M- £ az’-r 317,
Vv " v=0 AY] [ |

V=0 v
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is a tl;igbnometric polynomial of order o with the form

n . 2n - ' '
T ,avejve - e-1ne R eive‘ | (3.4)
Vsan ' v=0 v .

' which is real ar;d\ bositjve for every 6. We also note that (3.3)
vanishes at n+1 points on |z|=1, ’hencé every zero of (3.4) is
a\‘zerg of 'even brder and thaj: (3.4) Has at-least 2n+2  zeros. For a
. trigonometric polynomial of order n but with 2n+2 zeros, by the

Fundamental Theorem of algebra, the polynomial is identically equal to

zero. Thus

1t
o

L R [ TP T

< on |z] =1, Again we consider

P(z) 3?37'5 M

on |z} =1, using the same technique as above we have

. 2n \
e-1n6 5 BdeTVE = Mz
v=0 ' -

for every 6. This implies

n . 2
Bve1v8 = M e1ne
0 -

Mo

\Y

. on |z] =1. As we compare the coefﬁ'\cient,’ we have.

N : ~BZn=ao an‘--O,

he

'since an-4=0 we know that a°=0 and

v ! 2

AR b Sy B, b M w et o itni e Ll s S0k Y v h SPesatr At AR lA NG M e P - e P . w ==




69
% Ptz) =az"+a_ o 2" w42,z +az
n -1 e T2 4
" n-1 n-2
= z(a 2 Ctaggz e 2,2 +a,)

| = ZQ(Z) r

¢ hd v
where. Q(z) 1s a polynomial of degree n-1. Repeat the whole process
using olz), we'get a, =‘0 . Thus a,_y=a, , =...= a1‘=0
and \

P(z) = an;" . o

4.

'Pfoof of Theorem 3.2*; - From Lemma 3.2 we know that if P(z) has

v ,all its zeros on |[z]| =1 and z, s a. point where |P(20)|'=1 then

AY

PH(z,) = 5 [P(z))]

-~ i.e., [P'(z)| attains its maximum at the same pointasof [P(z)| . This
implies that P'(z), a polynomial of degree n-1, attains its

maximum on }z|=1 at n points on |z|=1. ‘Then by Lemma 3.3 we have

P'(z) ; Az
which implies
| P(z) = az" + 8 !
Since P(z) has ali its zeros on |;|= 1, we‘must have ‘lal‘= IBj . o

l [
Now we return to show that the result is best possibla:

_ Example 3.1* : Let P(z) = (22+1)(22-92) where p is suitably

! .

chosen being greater than or equal to one. If p=1, it is obvious that

[P(z)| attains its maximum 2 at four points, namely ik /4 ,

k=1,3,5,7. For p>1, Tlet the mpximum,Se attained in the first
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A

quadrant at e . where Q< ) < % . By symmetry as shown in Fig. 3.1,

the max imum is also attained in other three quadrants. In fact

ple™ = |tee) (e 1) (e ™) (6™ p)

AN

_ (ei (T\'-}\)_i )(ei (ﬁ'k‘)q-i‘)(ei(v'}‘)-p)(ei (7r,-)\)+p) ‘

=|p(el (M)

¢

L UwXd
e

Fig. 3.1

We also note that for polynomial P(z) of degree 2" with zeros
symmetrically distributed on ‘|z| =1, we can always choose n suitable

-zeros be moved out from |[z|=1 and P(z) still attains its maximum

TS

at 2" points on- |z|=1.

However in view of Theoren 3.1 and 3.3 the following conjecture .

seems plausible:

v

& 4 i WA At '

s vgre T a4 Ygse Wi
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- n
Let P(z) be a polynomial of degree n with ’max,]P(z); =7
. , y 7)1 -

and |P(z)| 'attains its maximum on |z] =1 at n points. If one -

zero of P{z) Tlies on |z|=1, then P(z) = aZn4-B,l|a| = |g| = 1.

§3.2. A RESULT ON INTEGRAL MEAN _ESTIMATES FOR ALGEBRAIC AND

' , TRIGONOMETRIC POLYNOMIALS WITH RESTRICTED ZEROS.

7 1

I 1940, PUEFdSS [ 6] proposed the following conjecture:

Let T(8) be a trigonometric polynomial of degree n having.all
W
zeros being real, i.e., T(6) has .2n zeros in [0,2n) and let

M= ‘max - [T(8)] . ! n
0<6<2m ; ] o
Then
2n . ’
§ |T(8)] do.< 4M . o
O f

This conjecture remained 6pen'for~ovér 30 years.‘ In 1973, using the
Erdos-Lax Thebrem and a result oﬁ,principle of 5ubo;dﬁnatioﬁ due to
" Rogosinski, E.B. Saff and T. éhei1-5mai1 [23] qave é complete proof
of the ebove conjecture. Before presentiﬁg their work;, for the sake

~of completeness, we first recall some concept about the principle of

subordination.

Definition 3.1: Let D be a domain. A function f s called

univalent in D if it is analytic and one-one in D.

‘




o

. Definition 3.2: Let f and F be amalytic on D = (z: |z[<] }

with range f(D) and F(D) respectively. f is said to be subordinate

to F in D 4if f and F satisfy the following conditions:

1. (D) < E(D)
L , 2. F s u‘ni\va1ent in ‘D
| 3. f(0) = F(0). ~
f" is called the subordinate functioﬁ of F.

s .
The following Theorem 3.3°1s‘due to W.W. Rogosinski. For.a

~

———————"———proof 'see’ [11].,

Theorem 3,3: If f is a subordinate function of F, p>0,

then

n . n .
fIfre®)Pede s [ |Fre™®)Pde, - rs1.
-n -T |
«
In solving t\h“e conjecture, Saff and Sheil-Small ‘estngs‘ﬁed the ﬂ

following two theorems.

1

"Theor‘em 3.4: If P(z) isa po]ynomialg,/degree n having all

[ )
its zeros on |z| =1 and ma‘x [P(z)| =M, theén for each p>0 we
z|=] N ,
have \
! 2“ . 3 3 ' p" /
£ 1pte’®) P a5 ap (B (3.5)
¥ ' o : ’ . ' , h
P 1]
¢ r . ; Nsp+s
, where Ap = [ 11+eie|p da2Pt! v o2
) ) : N=p+1
g - S I VA
L 2N ’
.o Furthermore,-the result is best possible and equality in (3.5) holds if °

~and only if P(z) = MA2"+u)/2 , [A] = |u| =1..
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N ) " n . .
Proof of Theorem 3.4: Suppose P(z) = ¥ a z“ » since all the
\)-0“
—

" . zeros of P(z) are on ]z] =1, there exists a constant u , i -1

such that

a =ua, ., for k=0,1,2,...,n

’
3

From the above relation we know that

"(z) oy 2
. p(z) = 2P1(2) ; uq(z)
where Q(z) = 2" ‘ Elj
w(z) W%%%l
theh ' |
. o) = U oy,

and.since |Q(z)| = |P'(2)| for |z]=1, it follows from Theorem 2.1

that ' '
1. , 15\) o i(a]+ +a_)
. If the zeros'of P(z) are e °, yﬁ'l,z,...;n, then u=e
gy L L2, on]
, U PH(2) = agt2ayz.. H(n-)a g2 na_ "
. ' _L. n_]‘ — n=2 v - —
/ : a(z) =a,z +2§22 Hoot(n-lha, jznT
then. zP'(z)+Q(z) = (alz+2a222+ ........ +(n-1)a n']+nanz") :
n-1,, _ M 2 -
+ (ua] +2ud, .. +(n- l)uan ]z+nuah)’
- 2 " 1
n(ao+a]z+?zz +...+an_] +a 2 m.

roor

. .
[ Y Serriioms A = Fut™ 4t A P I W e e N
WA MRS o 2 o e e e 3 P WPV R
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"By Gauss-Lucas Theorem, all the zeros of P'(z) Tlie in

74

lP(e J—QL—)-L !Hm(e]e l

AL .
L r(]e‘ )| l“m(ew){ » |
: : (3.6)

<5

14-(»(e1'?)‘I

|

[z <1., which

-

implies all zeros of Q(z) 1lie in [z|>1 . Hence w(z‘) is analytic

-

on [z]s1. Furthermore, w(0)=0, lw(z)] =] for |z|=1. " Thus
1+w(z) 1s subordinate to 1+2z in |z| <1 which is univalent.: By

(3.6) and Theorem 3.3 we have

~ ? ip(e]e)lp do < /M> I +w(e‘e)|D 48
0 \
‘ ) 2“[1‘+e19l'l:> "
.where A?.-.}Z“ [1+e1e[p ?p+] - I‘(%— p+1)’
| ° , \ I(z pts)

3

Now suppose equality holds in (3.5). Then from (3. 6) we must -

have ]P(e’e)l Mr? "fqr all 8. Since P(z) Isapo'l_ynoma'l of

degree n-1, .by Lemma 3.3 we know that

pe
p'(z) = A M2

. . B
»

where [\ =1. But P(z). must have all its zeros on |z|=1, so

TR e Wdow a4 RS

FAT DL L e x

RN

Ve ik B s el YU I e o SRR e Wl

<3
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. b § N N
where |A]| =|u|=1. Finally, 'for every polynomial of the farm, we '

. have , . \
, (%)?'E* JLLILEP \\\ \\
= (%)p Ap o ’ \\ \

As an immediate consequence of Théorem 3.4, we have

Theorem 3.5: Let T(8) be-a trigonometric pogyﬁomial of degree

n, all of whose zeros are real. Let M= max |[T(8)|. Then for

0<6<2n
each p>0 we have ~
| 2 ‘ ‘ >
[ I1(8)|P de < Ap (M/2)P (3.7)
0. . .
/// ‘ .
The result ig best possible and equality in (3.7) holds iff,
4 . ,
T(6)==Me1¢\§os(ne-+r) .where ¢ and T are real constants. !
\ Lo :
( ' n- “
Proof of Theorem 3.5: ~“Suppose T(8)= & que1ve, then
, ) v=-n
' ’ . . an .
-ing " ivl
. T(B) = e n o e )
- v=g MY .
¥ , 8 .
= "1N8 ple'”) , . . .

N 1 ‘
. where -P(z) is an algebraic polynomial of degree 2n having-all its

~zeros on  [z|=1. " Thus (3.7) follows from (3.5) and equality holds if

1.2n
and only if P(z2) = M LAE—E—iJil . But \\

¥

£ RN A e SoAAP S A TS e S S H“‘*.":’*-W R 0 G S o Gt ot  obd 32 A xads wertd
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A N . " i2ne ¢ - L
. R e'inep(eig) =:e-‘1n6 M. Ae > +Eh -8 . -
N . .
. & . ) }\eme +pe'1"e ' , ’ .
) .. —2 . . ’f
& . .
. v N e
- . i(ne +arg A, -i(n6 -argu) -
- '/W“ M. e. 2+le 9 ) . ;
. o “. | M ' R ‘ . . % B ~
. o i(nB+arg A-¢) | _-i(n6 -ang usp) )
- J1¢ e ) +e .
[ - e M J I . N
" A Eed A 2 " ' v \\

e ] . :
. i(ne+1) . _-i(nb+v)- =
iy @

+ e
. 2

{ . ' J ’ - ,

. P e .
‘where ¢, T - are real constants such that arg A-¢=1 and*

farg pé=1 . o ' \ | -
“y . . . Q s .r\ ) ' ’
The conjecture is'a special case of Theorem 3.5. If we take '
p=T 'thed oo e ) g
K Y R M 4 ]
. 4
A] - Zzﬁ Fg.l! \ N J ' N n:
N )
v , 3~ 1
A =2 Vﬁ‘_..r_ - N
’ , r(z) .
y . { .
! - \= 23. ' - M ~ /* 'c
: . N4 :
= 8 > A \ )
and the conjecture follows. ) . J
f M g’ 1)
3 N ) + ’

e .
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§3.3. POLYNOMIALSRWITH PRESCRIBED ZEROé
. . = ‘ K

" In 1978, in solving an estimation problem of finding §

min max |p(z)] , where C is the class of polynomials of degree
peC |z|=1 - .

n having a prescribed zero at 1, M. Lachance, E.B. Saff and
R.S. Varga [12] established an interesti‘ng relation between the

ff)]'lowing two prablems. The relation is stated in Theorén 3.6.
1 . } N
Problem [: For any non-negaigwe integer s,m, find )
h ekm = min {1meﬁ]P(z)l'= p(z) = (z-1)°%g(2), q(z)=2" +...
\? ' z|= ‘ o

is a polynomial of degree m} .

Problem II: . For afhy non-negative integer s,m, «find

L K m’*",{,,f;f;:LiP(z)l: P<z>°=§z-1iso<z). Q(z] =2

‘ \1is a.polynomial of degree m having a]]"@cs zeros
"In fact, the proof of ‘the result depends heavily on the Erdds-

Lax Theorlem We present their work in ‘the foHowing Q We also need a

[

El

‘Lemma 3.4: Let P(z) bea pb]yn9m1a1 of degrée n “having all

4

. .its zeros in lz] s1, Q(z) = z"';{—l | Then the—_gqurémialh

T

) ' \2 P(Z)‘*«eie Q(z) , CL
<y . ;) R A‘ "“ <,
ST AR R S

—

v
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sfor any non-negative integer k, and "6 real, has all its zeros on

IZI=1'. , 4 - re

Theorem 3.6: For each pair Ls, m of non-negative integers,

i

. let pg n(2) = (2-1)°(2"+...) be the unigue solution ta Problem I , -

and let PSﬂ m(z) = (z-l)s+](zm+\) be any polynomial of degree -

s+#m+] hawing all its zeros on [z]| =1 for which

max l

lZ|=]IPSﬂ',m(z) = Egyn - Ihen : o o .
' ) !
3 , - . .
\ Ps,m(Z)7= P pf2)/ (s (3.8
es’m = ES‘*’],lﬂﬁ" ' (3.9)

Cons'eguen'dz',\Ps‘q ’!n(z) is um‘gu; .
)%

{

: - \ ‘&
Proof of Theorem 3.6: The uniqueness of the so1u1;1‘on of Problem I

is established by Walsh [29]. Since p‘S m(z) is um'que,’ Vts
coefficients must be real, and so its nonreal zeros occur in conjugate

pairs. p_ _(2) has a zerd of precise mulﬁip]icity s atz=1, wg

S,M
now want to show that its remaining m zeros lie in, lz] <V .

‘

’ m ' ,' b
For 21, write p, m(z) = (2-1)>’ m (20 ), and assume for -
e ' . 4 . = o
. o | ., | v=1 5 i 4
some. v ‘we have |o |=21.. If, for >0, we set . : <y

) ,

kN . .

’ z~(1-8)a .\
r(236) = b (2)(—m5—) |

L J : ,

k3

then for 6 sufficiently small ..
v ' # c, e ‘

Z-a,

>

.
3
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for 1< vsm,
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competftm' of
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a 4
. haxir(z;6)] < max.|p_ (2] ‘ 4 "

Czl= 2]t ="

e = &som

s ¢ . ;
@

which is a contradiction to the definition of @Is m Hence l‘avl <1

Next we defipﬂg‘the polynomial Q(z) by

Q(z) = Zps,m(l) + '(—1)s”q (z) ) ' , (3.10) -.

S,m

where q m4(z) = 5 Ps m 1 . Actually
S Mz
m s+1 s M ~
Qz) =.2(z=))” M (z-a )17 (122 nm (1-T 2)
v= ‘ v=1 v
m , vom
. =2(z-1)° T (z-q )-(z-1)° mi-3z).
) v=l | V= P ‘ o
1 5‘
. m ]
= (2-1)8 [z. M (za))- 0 (1-52)]
v= v=]

Je
\ v
N .

Since tbhe nonreal zeros of Pg ’m(z) occur in conjugate pairs ‘wg knkw
that Q(z) has a zero d.ﬁ»muniplicity s+1 at z=1. Also Q(z) is a
monic polynomial of degree exactly s+m+ 1. Because aﬂ zeros of
ps.’m(z) Tie in |z] <1 ‘, it follows_’from Lemma 3.4 that al] zéro‘of ¢
Q(z) lieon |z]=1. '

Now, as,

Q' (z)/(s#m+1) = (z-1)3("+...) is monic, it is a

P m(z).. By Erdds-Lax Theorem, we obtain




— ) .
N ] Q@] Yy
- | ®s.m l':?’:]l‘fs_m z)| s ll:?’i] sFm+1| m"“\-

‘ ) . , )
- = max [Q(z)] (3.11)
- l’z‘iz] £
< max |p__(z)] ‘
, . IZI=1 s,m

.where the last inequality follows by applying trianguTar inequality

o (3.10). Since. p"S m(z)' is unique, we have

Nexf:, we want to s.how\ Q(z) = Pe ’m(z). Since ‘Es«ﬂ ’m(z) is
“extremal for Problem II, we have
3 { . -~
. ; E = max |P (z)| < max |Q(z)| . (3.]3)
; s+1,m: s+l.m _
lAl lz|=1 .

s+1,m
Problem I, we have from (3.12) that

On the other hand, . P' (z)/(s+m+1) is an admis'sib‘]e polynomial for,

' b ()] = P
e F max |p z =  max ‘ <  max 1 .
S,m \E|=1 S,m IZ[=1 S'/*'m'ﬁ] . [ZI=1 S+m+1 B

But all the zerosrof Q(z) and P ., m(z) lie on l‘z|'=1, therefore,
it follows from {3.14) and Erdds-Lax Théorem that

|z]=1
Consequently, from (3.13), (3.14), (3 15) w\have

o

(z)]

max |Q(z)\ = max |P
lz|=1 |z|=1

: l“‘?’:ﬁp a2 = I";T’,:{isfm - ln%—k

s+l,m.

.and

(R TR TARSIY. VT NP PRI N SVIPRER Y PR iiadaades S o - T e s Mg B s et ¢ s b

max IQ(ZQ\I\S |me1|PS+] m(z?l . ‘ ‘ *(3.15) ~

¥
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THus from the unjquenéss of sp]utions to Probiem I"we'hav‘e

) 2 F g g(2) \
) ) = _
aﬂ’d / 5
+2 ’
Q(z) = (s+m+1) { ps,m(t)dt- = Py m(Z) (3.16)

X

. ] .
which proves that P (z) is unique and (3.8). Finally (3.9)

s+1.m
follows from (3.16) and (3.11). o ' '

§3.4, ESTIMATES OF 'm?x [P(2)] .
' =R

/

|
So far, we have been dfscussmg estimates of IP I for lz] <1 .

‘But estimates of |P(z)] for !zl-r, reR, with d1ffer-ent restmctmns

on the zeros of: P(z) are also of great interest to mathematicians.

* Results were obtained in thf diregtion. In this section, we dengte
\

max |P(z)| by M(R). Firsf we: present a""resu'lt due to Bernstein:

z|=R"
l2] . S

! »
. Theorem 3.7: If P(z) is a polynomial of degree n with

P(2) s for |z|s1, thenfor R>1 ' % v

3

MR s A" L ~ 8

Theiresult is best possible and equality holds for P(z) = z", |A|=1
« > ,

Proof of Theorem 3.7: Let f(z) = P(z)/2".f(z) 1is an analytic .

function on any region including inﬁ'hity but not containing the origin.

By maximum modu]pé%rincip]e we have ‘

]

. . A
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max.|f(z)| < max |f(z)] . (3_14‘)
lzf=R .~ |z]|=1

Since |melax [P(Z)| =1, and so Ime |f(z)| =1, from i3.14) we have
z|=l : z|=1 .
\

max |P(z)] s R". a

In the following, we present a result which i due to

N.C. Ankeny and T.J. Rivlin [1]. We also present s\ome of our own
obsirvations.

- Theorem 3.8: ‘Lﬁ P(z) . 1s a polynomial of deqree ~n with

|P(z)}] <1 for |z|s1, having no zeros in [z| s1, then for R>1

n .
MR) s SRR~ , (3.15)
This result is best possible and equality in (3.15) holds for

P(z) = (\A+uzn)/2} , where |A]=]u]=1.

Proof of Theorem 3.8: Since P(z)

has no zero in |z| s1, by
Erdb’s-Lax Theorem we have’

P (e'®)] s n2 056 <2r
, iy
which implies
\‘,' ’ 'lP'(reie)l < n/2 r"'], - O0sBe<2r, r>1.

But for each 0<0<2r , we have: 3 _ ;

10 gy, _ X ie i0y ..

P(Re'") - Ple’™) = [ e P re ")dr . o
. 1
. ¢
' \ N

' \
"
X . f - .
PN e e A b g LA oA Pl e 10 : 5,7 e S el i o

»
B T R A
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- Hence
. R
IP(R‘e‘B)-P(eie)I s lP'(reie)Idr
: ' , |
\ ) R n-1 ig
s/ r T dr. max [P'(eV)]
1 O<8<2m -
R
<5 1T g
- 2 “
; _ R
¢ . ’
and

. n ) . ‘
|P(Re16)l < B—-z-'—l+ |P(eie)l . !

< B—n—ﬂ-+ 1 “
=72

1

-5 o

g 14R"

If P(z) = (Awz")/2, |A|=|uf=1, then P(z) = w5~ for {z|<R, R1 .

a

" The above result was obtained in 1954 by Ankeny and Rivlin [1], see

also [18]. In 1960 Rivlin [21] also proved the following inequality which

is in the opposite direction.

Theorem 3.9:  If P(z) is a polynomial of deqgree n with

[z]s 1, then for rsi

)
M(nf z_;'(-]-%ﬁ)n . | A | (3.16)

L N
. . ¢

[P(z)] <1 for [z| <1, having no zeros in

e Wy (LN A bk e . e e (1
s r

B deveher el e o g e
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The result is hest possible and equality in (3.16) holds for

n
+
P(z) = ]7-2-) .
- Proof of Theorem 3.9: Let P(ew), = T (e'e-k\)eldv), k\)’z],
' vz] !
v=1,2,...,n, then
lp re‘ie l n re.m- k\)ewLV .
-'—(—r—l = 7 - = T "
p(el?) vel lei®. kvewv . ;-

For each v and rs1, we consider .

re!® -k el r-k el (®v8)

‘ Vv - v )
ew._ K alOv 1-k eﬂav-e) .‘ L
v ) .
. / R
- ‘ 2 2 1 .-
. - - | =( +k\)-2rk\) COS(B-Q\))\Z . Nl (317)
1+k2-2k cos(e-a) /
v V v

. ?"eie - kvem\’ lor

Suppose for each v, |—=5——— ] 2 —— , we shall see whether this
0 . o160 - | oiCy 2 \ S .
i v

|
i -

_inequality'is valid in the following. From (3.17) we have.’

r2+k2 -
v

2 * .
1+k\) - Zk\{ cos{6-a,)

2rkv cos(6-ay) 142+ r2

. 4

2-
2.

2

2 . X
4r°+4k - 8rk cos(6-a ) - = T+k -2k cos (8-a ) +2r

2 ' L
+ 2rkv- 4rkv cos (e-ev) 3

: 2, 272 ,2 :
P | | Gorertko-ark C‘?S(G‘-@v)

'iw“ T
‘ .

-
.
- ‘ ¢ s

. » ’
. ‘
T I P U T T L I . T T T e T A
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32 +3Kk2-1-2r = 2k - P2k 3 (4rk -2k - 2rlk )cos(6-a )
v, v v v v v v

(3r? - 2r-])+k\2)(3-2r- r

\'4

2
) 2 (2rt1-r )2kv cos(8-a,)

v

(3r - 2r-1)+k3(3-2r- ) 3 2k (2r-1- rd)

(3.18)

of

' k§(3- 2r - ) --2kv(1—2r+r2) +(3r2-2r-1) 20 .

If we take the equality sign~in (3.18), we obtain a quadratic equation

in &k . " Therefore

(ezrerd) s L1-zred)? - (3rf-2r-1) (3-2r-rf)
v (3-2r-r°)

k

After some technical simplicification of the expression under the
squareroot sign in (3.19) we have

W

K = (1-2r+r2) + 2(1-,r2)
v 3-2r-r
A B T
3-2r-r

-

Thus we know that (3.18) is true which also implies.(3.17) is true. Since

-~ t

(3.17) 1s true for every'v, taking the product over v=1,2,...,n, wé have

' i9 n o
~J_F’ir_see_llz n (T;_r)
_— |P(e=_'1 ) v=1
- (L)
= (3 -
n ' ~
Hence M(r) z(-]—ZL ’

% . n
It is easily seen that déquality is attained for P(z) = (—1-%3'-) . a

It is interesting to note that Theorem 3.9 can be easily

established using geometric argument.
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‘ , "Alternate Proof of Theorem 3,9*: Consider
Q . v A}
| rel? .k el® ,
\V

) 16 - jav
, ’ . 5 e kve s

T4p Y,
=T

i

/ /. which'is equivalent to

k] B e
s

i8 jav | 16 iogv |°
!re -kve ‘ Ie -kve

\\\ . ' NREL z 2 . ?
\~ and this inequality cap be expressed in the folTowing geometric
1
diagram as |
(\ L
l\c_ > .B..Q. g
AC"W ° | pake™

Figure 3.2

\ i,

Since <ADB is an acute ariq]e]

diagonal- CD 1is greater than any of its sides CE or CF. Comparing-

'triangles AACE and AABD we get ‘ -
N . \ .

-

" Whenever D lies outside the circle, <ADB is acute.

4
L3

Atk i ¢ F A AR AR Bn T G b, P T it —

, in the parallelogram CFDE; the




ou
R e et s

CD 8D
< AC ~ AB
which imp1ies
| [
BD " AB ~
Consequently
I P!r}ew}] | Q'n |
r '
15 2( )
P(e™)

.. and +

) “ o ,
M(r)z(];r) . - 0

N

Using the same underlyihg method in the alternate proof: of
Theoren ~3.9, We can obtain an analogous result of Theorje'm 3.9, which

is a further restriction to the zeros being in |z| < I(,VK>1 .

‘Theonem 3.10%*:

If P(z) is_a polynomial of degree n with

|P(2){sT for |z]|<1 having no zeros in lz|sK, K>1 then for .
rs<l 1
mery = (F2KY “ (3.19)

The resul t-is ﬁest possible and equé]‘lty in (3.19) holds for

P(z) - (ZIK)H

o mahn o sl vy v e SR

i

-



2
e p

38 : : -

Proof of Theorem 3.10: Since

ip iav
re -k e" {

19 n
p(ré) 'ln

) Ple'®) v=l

e’ k,e'®
it is sufficient to prove the following inequality

eiav]

v ] r+k ' ’
iav"z T (3.20)

CD . AC

5 ¢.§ : e -
. Fig. 3.3 i - | |

i
s {

'we know ‘that <ADB 1is an acute é;ng]e,"then in tﬁe pa;‘aﬂelogram

CFDE, the.diagonal CD /wis ‘grea ter “than’ .any of ts sides CE or CF.

. . .
s * . . 4




_Comparing triang}es AACE and AABD we
T K B |
, , AT B f
L .
But CD > EC hencg we have
' 0 _ B
N R
o which implies’
'\ ' \ "CcD AC \
I . B0 ~ B
: ' - <

N " r4k\"
| i = (F) o
‘ The resu'h;; corresponding to Theorem 3.9 when P(z) *has no zeros
. in |z| <k, k=1 is not yet known. Recently, Aziz and Mohammed [2]-i
z . announced that: | | / |
If P(z) s a polynomial of degree n with [P(z)|<1 on
, \ , »
|z <1 and has novzieros fn |z| sK, K21 then
( nn |
[,P(Rgie)[ < -R—ig— for R>k
: - 14K ‘
. .and . .
} o n ' . .
‘ IP(Reie)l,S'(%@ o for s Rs K

Cdpsequently we have (3.20) and taking the product over v we get

v

- .~ ;
__The proof of this assertion they gave has an error.

.
\




we present them in section 4.1 along with some new observations if BN
® 1 e o
o . section 4 2, 4:3, 4.4, 4.5 and, in particular see Thegrem 4. 5. WHen
. B K<1, the correspondmg resu]t to Erdgs-Lax Theorem is not yet known
t .
_For this case we present a d1scuss1on 1nvb]v1ng computer ca]cu]ahon
- » C - i and, a result for po]ynomals of rjegree 3 in Theorem 4.12.
p l -~ ? .
L ] / : !L .. * (
> . v . ¢
) §4.1 POLIMOMIALS HAVING'NO ZEROS IN |z] <K, K21 . o
- ~ M : N . '. \I‘ . k2 , Pl
In generalizing the Erdb’é—pax Theorem, for K=>1, M.A. Malik
/ , © [14] established the following Theorem in‘\\1 969. o .
oo - ~ . ) \
‘\ . Theorem 4.1: If P(z) is a polynomial of degree n with
;.‘\a', S qP(2)] <1 on z| <1 and has no zeros jn |z|%K, Kz')",, then .
H o b .
| S p'(2)] < 1k \ (4.1)
E ~for |zl.s] The resu]t is bESJOSS1b1e and equality in (4 1) holds
“"\.. [N
% / K\ - ' L, LR e
1 _ (2% ) ‘
| . for P(Z) \T#K) _ -
| \ RS
Y v -
; &

N . ¢ § Ty T
¢ / g . 90 Ny ,
’ -
4 .
\\ . . \\. | \ . N
\ CHAPTER IV . .
. : .. GENERALIZATION OF THE ERDOS LAX_ THEOREM . B

N N D =y
. “In Chapter II the restmctmn on the locatm& of zeros is that

the polynomials’ have no zeros inside the un1t disk.®Sg 1f we pu’t a

further restriction on ‘the zeros of [’( z) 1n cohsidering the class of -

-po]ynomials having no zeros in |z| <K, where K#1, the constant
N ) .
n/2 ;n (2 1) shou]d be replaced by another. constant. For the case S

K>1, severdl results on the derivative of - po'\ynomals are known and -

~

s



The proof of Theorem 4.1 is based pn a result due to. Laguerre

{51, which ts a'lso used .to prové qther theorems in this ’Chapter Fdr

. the sake of jmmed1ate reference we 1'n.c1udg }anguerreSTheorem with its R

proof in ‘the following: X v

-~

Lemma 4.1: If P(z) is a polynomial of degree n ha,y'!hg’no \ -

. . A:l\\ . .
zeros in a circular domain €, then for any E'EC and z€C °

|- \ ) . ) .‘ ’ - ‘1':‘. Y o
e (E-2) P'(z) +n P(z) 0 ‘ \(4,2% -

Proof of Lemma 4.1: Let 2,y v=1,2,00.00 be the 2er0s B P(z). .-

o

The ‘1eft hand side of (4.2) is

[ , b BN

v . (g-2) PY{z) + n p(2) L - |
T ' LI N '
., i l- . /,/// ) :J . I ' I N n
. = P(z) (g-z)—(%—)+n] Ny - .
- p(z){(g ) I ——+n
’ v=l B v - ‘J
: =p<z[z (a-w)] e
. . T v='l , T L
\ ' : | ! n |
o -o= P(z) Z ]
. ., Since for every v=1,2,...,n, z, is not contained in C which - a
. ’ : . 0 .
contains £,z, the linear transformation %—:—i- maps the outside of C . \

. ' & CoL N
“into a circular domain .C' wlp'ch contains neither zero nor infinity, so
‘ ) *. ., ) L o C 1 N 5"7-

maps z into a convex domain.. Hence the centre of gravity T b ET
- Do- . ‘ ‘ v=]

cannot be at zero for fixed £,2€C, which implies ’. Lo
LY SN '

e




o ‘e
) T (g-2) P'(2) +.n P(z) +.0
. .

for- é,zEC .

Remark 4.1% A circular domain is the image of the unit disk"

(open or. closed) under a linear transformation.

.

Now we “return to the proof of Theorem 4.1 as given by Malik.

| ’ Lo " Lemma 4.2 _I_f_ ?('z) is ayo'lynonﬁﬂ of degrée, n  having no zeros
‘ - : ‘ ‘ ) 8 b
. in |z| <Ky K21 then for |zl=1
NN . - o
S S | L KIP (2)] < [Q" )| .
_where Q(z) P(]\ A
L] s .
‘ Proof of Lemma 4.2: Let 'zv,v=1,2,...,n be the zeros of °
Y ’ X * 8 - ’ ; K
P(z):” The‘n‘ . | i ' ‘
P'(z noog ’
»?", 4 = z _ \
R s P z v=l zrz, )
,\ . and - _
: L noo-zz
z «Q'(zi/Qizi = X —
L vl 1=-212 L '
\)/
‘ L] o
" Since P(z) +#0 in |z|sK, it follows from Lemma 4.1 that
E ; | : o (g-2) P'(Iz)y'+‘ nP(z) + 0 for all |z|lsk, all [g]sKk. Equfva]entlyf
: . we have '
o L - ‘ [ od i
. / EP'(z).# zP'(2) .- nP(z)
4 N .
_ [ or SO
. ! ’ » - . . , ,
.. : P'(z) . pP'(z ‘
et - : (4:3)
! \ \.y



" ,‘*'

v . : #f'.,
) 93"
if :|Z.|'sK g sk. since For |z] =1, {
) SRR 1
‘P (z A ~
z -n= Z ( - -1)
P(z vel z-z
- . a
. 3
\ nooz
= ¥ v
v=1 z'z.\_)
It n Z\)/Z ¢
=¥ "1-1z:/2
\):] V.. ' .
. \~\~ ' 3
l n E Z ' 1 l‘! " .
=% R Y ) (4.4)
W =1 1«22 wuz) .
Y] N -
it follows from (4.3), (4.4) that - N

| - T ,
&%}%—?#EW/W.

- . Hence for an appropriate choice of arg £ we get

LY Pj Z , s . ' . ' ' .
SR S '
K N . ) v . 1l
© for Izl =1 and [g] sK. Thus either . . . \ - -
P'(z '(z | L a e g
g Pz < Qz - . . (4-5) , ‘ o
' l ¢
or - ‘ ) \ ®
p'(2 gt z) | ‘ ,‘f “ v
IE Pz > 1z o . - (4.8) .

for |z|=1 &nd |&|s K. But a suffici-entl& small value of . (€]

"l;on’tradicts (4.6). Taking [€] + K, the proof of the lemma follows ~°
from (4.5) as [P(z)| =.]Q(z)| of |z[=1. = o . ’
' . ' ' ’ . . ’ ! ) : '
1 This-give [Q(z)] = 'IzP"(z‘)-nP(z)l on |z|=1, which will be used " Co \
frequently and referred to being (4.4). ' '
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T

As an immediate consequence of Lemma 4.2 (by continuity) »;le have -

i ———————iab—

~ JLemma 4.3: If P(z) is a polynomial of degree n having no

4

4 ‘zeros in |z| <K, K21 ‘then for [z|=1
. = E— \ \

- K[P'(z)] < [Q'(2)]

where Q(z) = 27 1:_) :
. l(z X

Proof of Theorem 4.1: Let Q(z) = " ;{1_-}, R(z) = P(z2) - e® ,
f ‘ ' . z

0<as 2% and T(z) = 2" 'Ri:I/i = Q(z) - 2"e™® | Since R(z) has no
, 2 ‘

zeros in [z[ <1, from Lemma 4.3 with K=1 we have

[lR'(z_)J..s [T'(z)] for |z{=1. This implies

ez s o) - n™ el L

for |z| =1; for a suitable choice of o we get
Lo , 5

r o
o 0(z) - - e L ()
Inequality (4,7) and (4.8) yields
. tPr(z)] + \IQ'(‘z){‘s n . . o (4.9)
‘1, v, . . '
N gr(z) - nzn-le-w] | ‘ . %
: gy - o o : ;
: l|Q'(z)!e 1 ne zeif’[' ' ~ where .y =arg Q'(z); 0, = (n-1)arg z
i || 0 T i{o,egma)| ‘
=']é ]‘HIQ"(Z).- ne 2@] i
L 19 (z)] -‘n]v v . if w‘e c‘hoose g=tp2-tp1 -

L]

n - [Q'(2)] .

"



«’

. for [z| <1 .o A

Hence by Lemma 4.3, we obtain .

r -

TR s )] F et s '.

, conséquent‘ly R
) n_ . - A
OI‘P‘(z)I ST -
FA i ‘ » !

°

.
- = ¢ A

Now. we consider the po'lynom1a1 P(z) ( K) it satisﬁ es

the hypothebs1s of -the theorem and

) ‘ S -1 oY
i . _n Z-l-K\n . .
: Pz = T+K <]TK} : %,
;H.ence, it is -eas ly seen that . Do )
max [P'(z)] =<0 . . K
lz|=] ]+K Q'D . v

Usmg Theorem 4.1 Mahk also proved the foﬂowmg resu]t wh1ch

&,

¥

o
“

g

, &

is 2 generah‘zatmn of Turéns result in Theorem 2 3.

"

3

——-——The"é’" 42: " If Plz) isa polynonial of degree nwith T

—

max: |P(z) | =1 on |z]s1 and P(2z) has all its zeros.in lz] sk, k <1,
z|=1 . -
, .

N

then y ‘ . , - Lo

. max. IE (z) | 2 . _ (4.105
z|=1" O*k ' |

e . (4

The result is best ngsiblé-énd etj@li;y in (4.‘10,), hotds for . =,

N ~ - . ‘
s

f \ N
- - . 3

3
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. Proof 6/1"' Theorem 4. 2~' Let Ql(z) ‘2 P(]E),Ht satisfies

&

Theorem 41 with K = %— . Since

"~

~

"‘ . p « . iq_i (‘Z) - nzﬂ-] P(]?) - zn-ZP, (Jé') 3 | ‘ K I
e 'fha've», - r ,
‘ ‘ M) = ) o) L
/ 2 z 1 0
» . ) Ia ) } .r ' L M . /\//
and- so ) , o ¢ - . 4 ‘ : “'&/
2" = "l - gl
' o -1 (4.11)
‘ z Int P(-)I- IQ](Z [ S N
0 From (4.11) we can conclude tﬁat, | ; *
”:\\m ' ’ - ‘ l . )
X max |P'(z)l > n- max ]Q](Z)I o
ISR M -
; . , i sp - N . , ,
" . .| +_EI‘ &L\ o _ .
, - ‘ o (7 . 1 ’ -
—— e — e m ) 'D - & 1
Is] e . .
¥ ) .
¢ ) \ . . ' K ' l ' ;
5 §4.2, DISCUSSIONS ON THE EXTERNAL POLYNOMIALS ‘ ' o
*. " In the' case of Erdos-Lax Theorem (. e, K=11n Theorem 4.1), we
i o
know that all the pelynomials having their zeros on [z] —'I are
v

extremals. But such is not the case when K>1: N.K. Govﬂ\ -

a

Q.I.Rahman and G. Schmeisser [9] observed that in the case when K>1,

the only po1ynom1a1 for .which,equath in (4.1) is attamed is.
! ( o - -

-

7
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e ' n . ‘ |
e, Ple) =(§% o ST (402)
‘ ) " K Jn . , ‘ N | . _
I‘f we 1e1:r" c, * (T+—K) , (4.12) c‘an be written as
. n , , N .
. z : ‘ .
P(z) = c, -(1 +'IZ) | | | E
‘, ’ ’ s (4.13)
4] s . - . 'n 5 n £\) _z-n ‘
CoL R =<, {1 +() g e (D) v+ () }

"In fact,. they proved:
- ‘, ' . ) . n- N

' Thearen 4.3: If P(z) = & cvzv is_a_polynomial of degree n
. ' [ , ' : ,\}:0 . ' :
with |P(z)|s1- on |z]<1 and having all its zeros in |z| 2K, K21, &

s

2

nle ]+ Kep |

(14 Infe, 142K ¢,

pz)] s n. (4.14)

v

Proof of Theqrem 4.3:  Since P(z) 0 - in |z| <K, by Lema

*.(4.1) we have ' M
. . _ )
‘nP(z) + B-z)P'(z) # O
. ’ ’ ’
for |g| <X, |z|<K, i.e. ,
nP(z) - 2p7(2) # -Ep'(z) (4.15)

' ’ T o » - -
for |£] <K, |z] <K . Consequently with a suitable choice of the
arqunent of £, we have either

- InP(2) = 2P'(z) | < |EP*(2)] (4.16) -

or




98 a

nP(z) - zp(2)] > [Pt (z)] . - (4a7)

. R . 3 .
. But sufficiently small vatue of |£| contradicts (4.16). Hence (4.17)

is true and taking |&] + K in (4:17)-we have

C T kp(2)] < [nP(z) - 2P (2)]
and o . -
[ R ) M S (aa8)
S | onp(z) -zP' (2) |-
for' |z| sK . Ndte that nP(z)-zP'(z)#0 in [z]<K. If we define-
SR - " -‘ flz) = KP'(Kz) . _.\'
- nP(Kz) - KzP'(Kz)

then from (4.18) we ‘know that [f(z)]| <1 for l’zl s1. Also we have

£(0) =l:- -Ql . From (4.15), for £ =0 we have nP(z)-2zP'(z) +0 in

0 .

[z] <K, thus f(z) 1s analytic in |z
. { .

é]-,/*jSo by the generaiizedr §

Schwarz Lemma éw ., p. 1671 we have
. 9 B R

1£(2)] = 1z [£(0)]

RO

.t

1

K &1 S o=
(\‘ IZ|+'ﬁ'I E-—' ) ’
v N M A} N 1 o
o c Sk 4y
. - )l i . \\ nlcol .lzl.-".l \‘
St o ) . "
for: |z] <7. Thus, in particilar for |z[=1 ° "
| 2 ¢
i R \
[l s @) )] L
Y SR e ‘ K™ l’._]. +']' ' ’ ’
/ ) ' nic,

[ - . . : s

. o P .
. . < N .
. - A} . v
‘ ' ! . - .
N » .




| AP 'Kz*(H;’J”)
3 . ‘.t/ R |

.where vy and o are arbitrary real tumbers. This can be seen as

w ¥ |
99 - N
L .. o ' , . R
let Q(2) = 2" ;(1:) , .then on [z| =1, [nP(2)-2P'(2)]={Q'(z)| and
‘ 5 . ‘ )
.therefore for |z =1 ’ N
) . . 2
! . ' ) ‘ ]+K_-l.ll N
x 1 ntc
Pra)l s Ly ——2Ja'(a)] .
k1 _1_{41 .
nlc '

0
Combining this with the inequality (4.9)
~ \

+

H
e (z)] + Q' (2)] < n
" ﬁ . . . Y -
which is valid for all polynomial

P(z) " of degree at most n and
o Jp(z)] =1 on |z|<1, we get (

0.
s sn .
NS :
onig ‘ ‘
. LY . \ N
2N - . . = ! . 4
Hence after simplifying we have ‘ . ¢
. N ' ) 2 . . . ’
. “afe |+ Koeq]
|[P*(z)| sn . —2 7 1 >
' - onfe | (14K7) + 2K ey |
0 )
"for'.lz|s‘1.

=]

L]

;Ingqulaﬁty (4;14) is best possib]e for even n, and equality
holds ;for - ‘ E J
]

i N2, e AN/ _
P(z) = <, —i'(zg” + Kem) ) (zewfrke'm) (4.18)
oo ‘ _

lt,

follows : Since .,

[




P
e

100 LT

- . , ' N o nlz..
P(z) = <, lﬁ [2'2 el?Y 4 zelY 2K cos a+ KZ]
s~ K ) - .

-

= co{ﬁ% (cos a) zew‘\‘*.;. } . —

therefore, ¢, = ¢ % (cosw)e' and also

T8

P (2) = Cq JF{% (ze'Vike )2 (701V 4 e Ttyn/2 "
. X .
+ % (ze'Y + Keia)nlz'(zew+'Ke"rd)n/2'1] oY \"
. .= %c L (ze ke T2V 261V i gem T2 1Y v
: S ayn ‘ ) S

(zelY + l(e""n{zeiY +Ke'1.°‘)_
- %-cof]r]—(zeiY'+Ke‘a)"/2'1(zew+Ke"a)"/z'] oY
K

- 4 . -

(22eiY + 2K cos a).. (4'](9)‘

-

" From {4.18). and (4.19) we know that l'me |P(z)| and Irnax%P'(z)l )
C i . . zZ :]. , Zi= N

3

ire both attained at the point z=e”'Y or -e ''. Thus -

- %y . " .
max1 [P (z){ l% cs JB' €1+ke!®) /2T 14k T2V (240K cos \a)l -
2=l - k \ : '
max |P(z)| - | 1 D
2l e & (ke ety

- K’ o . -,

N ’ . n'H‘+K cos al .
: . (1™
e - n {1+K cos ¢f

1+K2+2K cos o .
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N
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“Since we have ¢ L . ‘ o

" which is equal to the left hand side of (4.14) when ,“c.l ='cb % (cos a)e'Y.

-

4 .

y ) o .
“nlegl +ey | :

o - S s .
: (1) le | +2K [eyf 1
.qnd equality holds when ' -
|C"|[ . s
= ,n . . -

T T K | , ‘ (4,20)
we know that equality holds in (4.1) if gthe.coéfﬁcients ¢, and ¢y
of P(z)= = cvzy , which has all its zeros lie in |z|2K , K21,

\ v=0 , : X

satisfy (4.20). On the vther hand, as we shall shaw in the following

"' that if the coefficients co,’ 4 of P(z) satisfies (4.20), P(z) must

bie of the form (4.13). N ' \'
Suppose P(z) is not of the form (4.13), we let '
‘ n iav . ‘
P(z) = T (r-’K\)e ) ~ '
. v=1 ’ :

L] "
9

Where Kv, o, is.any rgal number and Kv>K. Thus we have

3 ’ n 'i(a1+.“+un) n . ‘ !
) QD) c,=e ‘ r_1 K\) .
P ) v=l
‘- ila,+...+a_ ;) n=1
(")n ' C-|‘ - r e 1 n-1 MK
n v=1
n-1) 4 .

‘f*
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and " S g
- C] = g 1 ' v
- c’ - g 10. 5t ~
0. v=] Ke.V
v 7
’ =
nO
1
4 < Z PO,
““ v K
» - n o -
< I —14— . N
v=] K
. <
=N
1] K . .
This contradiction shows that P(z) must be of the form (4.13). From

the above discussion, we can formulate the following remark.

Iy

.
¥ -

. n
Remark 4.2: If P(z)= £ ¢ ¥ isa polynomial of degree n

v=0
with |P(z)]< 1 on {El <1 having all its zeros on ‘|z| 2K, K>1,
Y - B ) . lc ]
then there is equality in (43” if and only if Ic1] =-’% .
L \ o| .

54.3. TPOLYNOMIALS HAVING ALL ITS ZEROS fN ist K, KzF-—

In 1973} N.K. Govi'l [71 considered the prob1em of finding the

estimate of <.|P'(z)] on [z| =1 when all the zeros are in °

|z] s K, K21.. He proved:

- Theorem 4.4: If P(z) is polynomial of degree n. with

——

maXx Ip(z )i=1 and Qaving all its zeros in ”Izls’K, K=1, then .

lz[=1,
~d.

n pt - (a2
. lng Pzl = 1+K" - )

/
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The result is best possible and e@a:h‘tx in (4.21) holds for

. 2 na ' ' ’ -
P(z) = Z_J%' . Lo

o 1 tKA ~ . .

.
e W Y

. For the proof onﬁ‘ %he theorem, we needk the following Temmas.

r

. 5 &
‘Lemma 4.4: . _‘I_f_ P(z) is-a polynomial of d‘e@—r{n having all

" its zerosﬁn |z] <K, K21, then for Osos2r, °
A ' N , ‘

] o :

"

[

-

) where .Q(;;) = z" P\; :Ii . .
' 7 -~ 2 . \.
\ . ) R L 1 ’ . A
Proof of Lemma 4.4: Let P{z) =c¢ 1 (z-z\)) . Then
) . - v=1 &
Py(z) = P(Kz) 2c T (Kz-2z) )
- \Y
v=1 ' M
. ‘ - : . . X
has all.its zéros Tie in. [z[<1, and the polynomial ' .
. n b
o coq(z)=2" p(2) -
v ‘ Q'I( ) ] - \ £ '

Z
. « ~ . ' -
n K .o
=2 Pi :5 ,
. v A : b4 ' B

v : ‘= Kn‘Q(%)

\

has all its zeros Tiein l'zlvz]. Since |P1(z)|¥[01(z)| on |z|=1,

P

A

it follows that I\Pl(z)l 2 iQ](z)I" , for |z| 21. Hence, if |A|>1,
we have Q(z) - apy(2) has all i'ts zeros in |z[ <] . By Gauss-

Lucas Tr;eoren we know that the zeros of .Qv.i(z) - AP.}(z) also 1ie in

a,

. g T . .
|z| <1, which implies “ ., Y

or

‘ L gl
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— for |z]21s In particular: S y "
o : oo .
' , n-1 '
. ™1 qi(e’ ] )| s K[p'(k%e'®)] . a
Lemma 4.5: If P(z) "is d polynomial of degree n having all
" . -its Yeros ‘in~~|z| <K, K21, then |

max Q' (z)] ¢ K" max |P'(z)] . P

T . |z]=1 N |z] =1
o A . # o ’ . ¢
- - where Q(z) s 2" P{%) . -
3 ‘ " e ' Z ' Y
. - . ‘, . - , - " \]
- L‘ } Proof of t.em‘na.4.5: - By’ Lemma 4.4, we have G7
’
17 :
; | max Q' (2)] 5. max'[P(2)] . 4
SRR RN P
. ) » .
« Let g(z) =ﬂ%2: , and M= max |g(z)| =" max |P(z)| . then g(z)
- z.” . |z}=1 _ [z]=1 L ‘
is ana'lytic on |z|>0 .. Since K>1, let M(K) = lmax lg(2)] = —lﬁ .
. z]=K K -
~-,-{ max IR » then we have - oo
MKy <M, T ] .
which fimpH'es ,
v . -’/'}‘.. . ‘ i .‘\
' ' T ' max |[P(z)| s K" max {P(2)] . S
2] = fzfr 0 y
) ’ /Iébove 1nequa~11ty is vahd for any po1ynom171 of degree n w1tbout
J .' N L ,’ K (
i |
7 * Since Qi(z) -APi(z).¢0 for |z| 21, witha suitable choice of th
,/‘/ .- argument of A , we have lQ'(z ]#lAHP' z)|. If I‘Qi(z | > |P' z)|,
. - we always choose |A| so that iQ1 z)| = [AHP (z)l which is a
oy contradiction. ; - :
R 3
C . _ ’l

4

. . «
‘ y N ’ . -
‘ - V . .
//‘.\.« ey ..u#. T OO R e S S A
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s .. ‘
any restriction on its zeros. Now for P'(z) dis a polynomial of.
degree - n-1, we have , \ —

max' P {z)]| s k2n-2 lmalx IP'(iU C

Thus ' : ) L A ,
v, [ |- 2n-2 ' ’ .
: max |Q'(2)| s = . K max_|P*(z)}
’ ‘ @ lz[=1 K lz=1"
! o ‘ 1=Knlmax|P'(z)]'. o
v T | z]=1 ‘
) Lemma 4.6: If P(z) is a polynomial of degree n with -
[P(z)js1.on |z]s1, P(z)EQ(z‘),‘ where Q(zv),= 2" P|]:’ , then. - -
. - , P ‘
max_|P'(2)] = % .
2=
‘ ‘ { - K
Proof of Lemma 4.6:- Since P(z) = Q(z), and [P'(z)] +[Q'(2)]<n,
. we have l '
' ) ,
‘max_[P'(z)] = max_[Q'(z)]
- N £ 1L jz[=1"
AY . S ﬂ;\
| 2 - -
. ’ : . ,
n the otRer hand, on |z{=1, from (4.4) we have
Co e = ne(z) - 2P (2)] (4.22)
P \
4 which implies B
l &‘\-1‘;‘. (\.\ f B ) ‘
. . ~ ‘



et e e RPN N
L ;.

e N
o 20 (2)] = [nPlz) - zp"(2)] N |
T S I IO
. Chobsi‘ng‘ z on |z]=1 for whic/h [P(z)] becomes maximum, we get
o ‘ ' ' \' = . .
L Loon ‘

. : IZT’:]IP‘(ZH *z - .
B ‘arid the %emma follows. See also Theorem 2.'4‘. -

Proof of. Theorem 4.4: - Let P*(z) = %—,‘{P(;) +Q(z)}°,,‘ where ' . '
Qz) = 2" ;{ :'i . Then p*(z) satisfies ~ . N S
' g z ! . - ’ = ‘ \
pr(z) = 2" P* — e,
R . Z - ) ¢

and~ : o

3 - N L G I I '
\ \ j"or' vzl s . Hence by Lemma 4.6 we have - N i
) T « A ‘ . ’ Lo ' ' . ! . T
Lo max [P'(z) +Q'(2)]=n
o R £1 o .
which implies < - s .
S max [p(z)] + max Q(&) = ..
) ~ ‘ N L “14]=1 ‘
"~ Apply Lemma 4.5 we get,
‘max_|P'(z)] +K" max |P'(z)|=n
e T e |
.. or S - o /' e L .
max [P'(z)] & —Dr R R
Cen lz|=1 - Y G .
-« v ‘ ’ “

-~ M
g ~

e s R BNy SRNIER i 4 Dbt LR EAE S N R Sy S R ORI o BN Wy 8 s
- '
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L Y
’ ! . . a o, zn+Kn . )
To see that * . ‘equality holds for P(z) = =, We know that
N . ‘ “T+K . '
, - - nzn:-] . .
first’ max [P(z)| =1 and P'(z) = = =1 Therefore we have '
|z]=1" 14K .
N [+ ) i
S mex [p(a)] <m0 g

1z]=1 R R4

' A combination of Theorem 4.1 and Theorem 4.4 gives:
' \ B °

If P(z) is a polynomial of degree n with max |P(z)] 21

R . i |zl=]
having all its zeros on |zP=K, K21, then" '
— < .max |P'(2)} & —r . . (4.23)
1+ |z]=t S bR

This observation led us to ask the question: how does the distribution

of’ the zeros of P(z) on |z] =K influence me [P'¢z)| to vary from
. vtz =l .

n

—]—2-'—(— to —L— in '(‘4.23)? In.fact, the.zeros of - P(z) should be

C1+K

distributed so that some of the coefficients of P(z) vanish. Ve prove:'

‘e

' o n TN N ' - .
Theorem 4.5%.: If P(z) = & a\)zv is a polynomial of degree n
== 2. C =0 _— =

with |P(z)| 1 6 |z|s1 having no zeros in . |z] <K, K21,

and a,= 0 for Tsv s u-‘r<'n‘_, then

a
i

IP"(Z)I'SNA] :u B G (a.28)
.+ " ’ ’

\ ! !

for |z|<1 . The result is best possible for each u and equality
s , - .

, ‘ ’ U, M
holds for P(z) = (" +K
I o ‘l+i(‘u

n/u . e
) “where n ‘is a multipleof pu ..

:
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o - o . 1 nP(z)-2zP'(z) .

'[&" 1

108" o

\

\

we have

N -

.
» .

-0r . .

for [z| <K, [E]<K . Choo

similar argument as used in the proof of Lemma 4.2 we ‘have

*

taking |€| = K in (4.25) we have -

KR! (z)
nP(z) - zP'(z)

<1

A}

for..|z] <K . Note that nP{z)-zP'(z) + 0

P'(z) explicitly we get

K Zzi)a_z
V=) v

,sl

[

for . |z| <:K' or..

- n . .
. v-1
Pz va, (pz)”

Proof of Theorem 4.5:" Since P(z}#0.1in [Z| <K, by Lemma 4.1

(é-i)P%z)+nNz)¢a f‘( s

g a suitable argument of £ and wiwth a

@) s @ - (s

\

in |z| <K Writing out

v : <1 ..
nP(pz) -pz P'(pz) :
for '|z| <1 and ‘p<K , which implies .
- : t) -
» \




" Now multiply the left hand side of (4.27) by A*°! of absolute -

Cofor |z[=1 .

also helds for |z|<1 .

ICIP nP(x) - AP'())

109

~ v

. | o
. 4 u-1 V=i
L en pp I ova, (pz) "%

' ' - L Is]

2P ‘ nPlpz) -pz P'(pz)

A

!

(4.26)

»

\

n
KM r ova AVH

vap o YN

<4 .

value 1 to get

n

R B S SV el
ki <1,
nP(A) - AP'(X)
=1 or
! :
K" P'(z) <1

nP(z) ~ 2P'(z) ‘
for Jz|=1. Consequently we have

[P (z)] < FnP(z) - P (2)|
) 4

we have

Letting p~+K , we can rép}ace z

E ci ' /-
where |A] =1 because |z]= l%ld ." This gives ,

>

<1 .

(4.25)‘

1 N . . . .
for . |z] =1 and applying maximum mo\qqus theorem we know that (4.26)

As (4.4 ) 'wexkr“low that {/Q'(z)l - {nP(z) - zP'(2)| -

., where’ Q(z)ﬁ =" 1: and since |P'(z)| +]Q'(z)|=<n is a'Iways\trué,

,“



F .
- - Y
Mmoo -
L L |[P'(z)| + |nP(2) -2P'(2)| sn , \
. . { , N - ‘ - . ) '{ .
from where we conclude that ; ‘ ‘ . | . ;
AL / : '
, S _ P'(z) < ' ' L .
X | | 1+Ku o k/"\r{
for Izljl. L S
. ' - & . R ' , . ZU+KUn/U
. To |show that there -is’ equalfty in (4.24) for P(z) = (-——-—-—u-)
S : ' ’ 14K
we note | 1 - : : E : ,d
‘s max ]P z)| IP(1)] =
y lZ' . o N (
\ S
and\ ‘ c, 3 . . ‘ . ’ * - - .. . [

. A 1

max |P!(z)]
| / MERS

A

i n v
M=l ol iy =T
T T T

[z[=1 1M\ e/
. - " - S T . NN
AP T — a ‘ e
14" )
’ ! . - . .. t \ ‘
" §4,439 APPLICATIONS OF LAGUERRESTHEOREM ~ ~ , , |
_\ In the study of the ihﬂu’ence of zeros on the est*imates’o‘f the .=+ |
derivaf‘lve polynomial, the apb]icatioh of.iaguerre Th'eorem (Lemma 4.1) -
was first given by N.G. De- Bruian [5]. Let P( ) be a po]ynom1a’1 of
degree n, the image of the un1t disk under P(z) mUSt be contained
"m a cert,ain point set ,S Choosing M!S and app1y1ng Laguerre -
~ - |
Theorem to the po1ynom'ia1 P(2) ->\, .he established:
Ve : PR ‘ - ,
® 3 . ' T e T ;
- - ./ \ . .. ‘

N L AL TR L . R T T
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Lemma 4.7: Let C be a c1rcular domain in the z-plane and
[4

+ . S anarbitrary. point,set in m-plane. If the po1ynom1aT P(z) of

. degree n safisfies P(z) = w€S for anz zEC,. then we have, for

any z€C _a_n_c_!_E;E'C o :
-5—9 (z)+P(z —U—’-}-e s . “ (4.28)
) T C Proof of Lemma 4..7: ‘, Choose any AES, we have P(z)*k for '
T o ‘ z€C, wh‘lich,'impHes the polynomial P(z)-2A has no zeros “¥n c.
'App1y1n§ Lemma 4,1 to P{z)-A we have S )

‘(E- z) P'(2) +"n[P(‘z) - g]'fo

£
A .
. for &, z€C. ._Thus‘
' . ’ ) - . ,I ‘
(£=2) P'(2) + nP(2) +- m\
. or 4 , L '. .
., s ! )
; ’ T 2PN(2) +P(2) -%ﬁ-’wx
hww —:-for ‘£, z€C. This proves the Temma. o T
: Lemma 4.7 is very useful. In fact, short dnd simple proof of most
"of the results in our previous discussion can be obtained by applying
. - Laguerres Theorem and Lemma 4.7. In the following we givé:
Alternate Proof of Bernstein's Tﬁeorém . In Lemma 4.7, we let
. C be the unit disk |z]<1 and S be the disk |w|<1. Since .
C e e p(2)pst for 2] <1, as £ varfes in the unit disk(4 28) mplies
“ . . ) ’ ' ‘ 14
P -7 - a disk of radius }E—-ﬁ—z—)— and centre z——-l P(z) -is ent1re1y .
o ‘ S ; )
. . ! - S
C . . cantained in 'S. Obviously the largest disk that can be contamed in
‘ S is S itself which is of radius.one, °
$



=

for |z|<1 . o
Remark 4.3*: Ircidentally, we observe that Lemma 4.7 can be -
used to establish the fact that equality in (1.1) holds only for

P(z) =az" s [a|‘=1; an already known result. To show this let- ’ ,

F'u(zo) =ne'® ‘for some |zol =1. From (4.28), for any & 1in the
unit disk, _ .- . v 3
‘ L P'(z) |
i T %
Ee =~ + P(zo) -z ——— €S

N

where S = {P(z)| |z]<1 }. But this implies that aA disk with centre

P'(z))

‘P(zo) -2 and radius one (i.e. leml =1) is'enttirely contained
in S. This is possible only when S is.the unit disk. itself whrich

~ further implies that [P(z)| attains dts maximum one infinitely, many

[

times on |z|=. Hence P(Z)‘=azn s e =1

4
.~

De Bruijn also gave a short and easy proof of the Erdb's-l{ax

Theorem., -

Alternate Proof of Erdds-Lax Theorem. Since - P(z) - has.no zeros. .

in |lz|<’| and |P(z)]| <1 for |z|<1, we note that the set

¢ .

S= {P(z)| |z| <1} is entirely contained in the unit disk but does

not contain the'origin. As for any || <] and |z]<]

£ -2 Pl ez s



P

. we obséfve that for any 2~ the disk of radius 'E_r(lel and centre .

This implies (4.10).

113

o

z B'—r(‘-—l’ P(z) -is ent1re1y contamed in" S. But the rad1us of the

largest disk that can be contamed in S but does not have the origin
*

cannot exceed Jz— we: have [P (z)] <-2— . ‘Making fz| +1 we get
: s s v -
[P (z)] ’s;"z- for |z|s1 . o

Alternates proof of Theorefﬁ 4.2%; Since P(z)* has all its zeros '

in the disk |z sk<1 it féﬂows‘from Lemma 4.1 that for any [E]>k
and |z|=1 we have ‘ S '
(E-2) P'(2) * ~nP(2) . - (4.29)

We note th‘at for any fixed z, Iz[ =1, a' number § 1ying on the
circle ¢ D JE-z|=1+p>1+k does not- be]ong to the disk |[£] <k.
Moreover. we qan ‘find £ on ‘c'p' such that arg(g - z) P'(Z) =arg(-nP(,z))‘,
0. from (4.29) we have

(1#p)|P'(2)| = |g-z [|P'(z}]> n]|P(z)] , - for p>k .
‘Taking p+k, fcons\equently
[P (2)] = T3¢ IP(2)] . (4.30)

7

If P'(z) has all its zeros in’ l' | s k<1, ) fo]]omng Gauss- Lucas
‘Theorem, the zeros of the successwe derwa»tives (V)( ) alsb lie in

lz| sk . MWith this observation the following result is -immediate:

\

: Theorém 4.6: If P(z) ‘has_allits zeros in |z} sk<1 and

- max |P( )=1 s then

|z| =]

-




n(n-1)...{n-v+1)
(1+k)Y

(V)(z)l "Z

-

max |P (4.31)
|z|=1 .

) -

The result is best possible and equality in {4.31) holds for

_ [(Ztk n . | | PR
. P(Z) - (—]TE) s ’ . o sy
_We have already /use (4.30) for k=1 in éstab]ishing Lemma, 3.2..
We further note that when P(z) has all its zeros on ;|z] =1, "there is

- an interesting relation between arg P'(Z.o) and arg P(zo) where

'|P(zo)| = lma\x]IP(z)[ . We pr‘esen{:: .‘ . -
, Z|= . )

’
i
/ LE T~
B S e
2

‘Theorem 4,7%; ‘ If P(z) is a po]ynomia_l of degree. n having aﬁ

its zeros on- [z|=1 and IP(zo)I = max |P(z)| =1, then
: . . Lz =] - AN

arg fop ‘(z.o) = arg P(;o) .

Proof of Theorem 4.7: By Laguerre Theorem {Lemma 4.1,), for all’

-z and - £ with |z <1 ‘and |E]<1 (or |z|>1, [g]>1). we have

gzl o Rz gy

With a suitabie cholce of argument of £, we get _
|&] |P—'§‘-Z—l%|z %ﬂv P’(z)l .

This implies either

el [BL2) > |2 22 oz (4.32)
€l [f—,(‘ll < |2 22l piz)] (4.33)



L I
’

[P

e have (4.32) 1s:true and

,ahd‘si//‘

'Putting ‘z==zo in (4.36) we ‘have |

115

[ A

But a sufficfent]y small value of 13 coﬁtradiqts (4.32), so (4.33)

_is true and letting |E[~1 and |z|41 we have _

4
°o

n n

On the other hand, for sufficiently large value of ] and [z| %1

J

|P'hz > |2 2L p(z)]'. L)
Thus from (4.34), (4.35)on [z =1 we have
, . ' S ! ’ T [

SRS

i

lz P'(z)
n .,

]z&aﬁzl P.‘(z)l 3 | (456

Pl(z ) ’.
z, — 0 -‘P(zo)

S (4.37)

From Lemma 3.2 with LP(zé)l =1 we know that (4.37) can be trqe‘only‘

when o : . ' ' S

= arg P(zo)
which implies

arg z, P'(zo) = arg P(zo) - Lo

R
yormihrk O
R Cr4 'wvorj

P'(z)ll < }zP‘(z)._‘ p(z)] (4,347




¢

If P(z) is a polynomial of degree n having no -

...+ L

then for any E1,-'--,€m€C, m<n and

(£,-2). .o (g 2P (2)
(m) n(n-1)...(n-v#l)*

\Y

7 -~
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54,5, GENERALIZATION OF LAGUARRESTHEOREM AND ITS APPLICATIONS
e Let Pg(z) = (£-2) P'(z) + nP(z) where £ 1is any complex
number. /Pg(z) is called the polar derivative of P(z) with respect’
to £. We note that by taking the successive polar derivative |
\ ‘ Pg ' ‘Em(Z) of P(z) and apply Lemma 4.1 and Lemma 4.7 to it we
‘ 1,--., . \ ,
. can easily obtain the following two 1emmas.
- Lemma 4.8:
zeros in a circular domain *C,
' ’ . : g
ZEC, we have, )
(£,-2)...(6 -2)P ™M (z)
I P (Z) = ] :
i , E],..‘ ,Ejm n(n-lf..,.(n-mﬂf
" (g-2)P'(2) .
i +. —_—+ P(Z) #0

(4.38)




A ?
f* N ! . 17 . e,
1) . ' - *-‘ ‘ l~
where I (51.'2)7"{“5\:'2) r:epresenis the' suir of the products of
m , . ] -
v e . . \
' . A o \
(E;J.-z), j=1,2,...,m taken v at a time. .
] . , . ‘
Lemma 4.9: Let C be a circular domain in_the z-plane and .
B + S be an arbitrary point set in the w-plane. If the boL’ynomial
> *P(z) of degree n satisfies P(z) = w€S for any z€C, then for'
» N . \,—" ———
any E],...,Emec,msn and, ze( E%‘% '
’ : (m-1)
E4-2).. (Em-z " (2) (g-2).. (g 4-2)P (2)
s+ T\
» n(n 1)...(n-m+1) m n(n-1)...(n-m+2)
f (m A » o
' (x;]-z) A2z T (gea)pa)
AR T (7 ) PO (v e N
m o m
— v : 1
+ P(zf €S . |
. We now give a theorem involving the second derivative and with the’,
noo , '
'b'ound T 1D the foﬂomnm
’ Theorem 4.8% : If P(z) has no zeros in |z| <K ,(Kz'f, + then
;o for lzx1 |
1Y } it
(2) (2) . T .
e iZU 2" (2) pr(z)| <N max [P(2)] o0 (4.39)
on . ] n-1 1+K lzl_ .
é . - .8
P ' S .
; ’ , " The result is bestposs1b1e and, eguahj in (4. 39) holds for

T P(z) = (z+K)" .

pR o SO
L
L
4
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Proof of ‘Theorem 4.8: Since P(z) 0 in [z[<K; £rom

t

Lelflha 4.8 we have

(2) ’ 1 L | 1 -
(&= ;)r(lpngp ) (enlola) | Lota) 4 iy g

' o )
. for [l s [ul |z|<K. From where -

‘v pl2) p(2) , - :
: ( , n(n(%; (n-%) fpn(z\)) + Mu,z) #0 \ (‘4.40) |
Whére-’ AMu,z) = (unzr):( ) z) (u-Z)nP'(Zl . Pr'l(z) +p(2) .

\Consequent'ly for fixed |u| =1, |z|=1 and |g|+K from (4!#0) we

have

|
.

n n- n n- ] SH(UaZ)l . : (4.‘41)

On the other hand from Lemma 4.9,

L] N bl

(2) p(2)
lu fmj:‘lz_g- -'»Z Pn(n-(%
T

for |u| =1, |Z[=1. (4.41) and (4.42) ;ﬁ‘ther imply that

+ A n,2)| < lmaxllP(zH ‘. (aa2y )
z = .

p(2)(2) zP(z)(z) P! (z) .

1
R o e e R LT

Now choosing the arg u suitab]%', one get (4.39). o

From Lemma 4.8, we can also deduce the following:

. . ’ ' -
Theorem 4.9*: Let P(z) be a polynomial of degree n having

no zeros in a circular domain C which contains all the zeros of the -

. polynomial Q(z) of degree m, then

Pl - A ) [
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}

V=0

e S
m=1 h-v‘(\}) (m-v) ' . L )
- \()!%n-#...gﬁll(;m-vqg?)f P(z) + 0‘ L (4.43) .

 for z€C if m<n and for all z-if m=ﬂ.

" the estimate of IP(\))(z)l\‘ when the zeros Bf P(z) are prescribed.

¢

Proof of Theorem 4.9: Let 5],‘...,£mec be the zeros of

A .
k=4

m o ' .
Qz) = ¢ bvz\) s i.e., Q(z) = (-1)" bm(al-z)...(im-z). Obviously.we
V=0 : C ) ot ' ' \
see that S . )
(m-v)t by = (g2, (g,-2) = (™0™ (2) [ (a.aa)

X
m
\)u

S’ubstitute (4.44) .into (4.38), we gef (4.43) for Lz€C, sm<ﬁ . o

|‘ Remark 4.4,: Now if P(z) and Q(z) are&(}ynomiﬂs of degree
n satisfying the hypothesis of Theorem 4.9, then (4.44) becomes
n
(D™ MV gy s0 (4.85)

V=0 ¢

tq
Settigé 2=0 in (4.45), we get the Grace Apolarity Theorem [ 5] .
In 1969, N.K. Govil and Q.I. Rahman could prove a result concerning,
L}
Using Lemma 4.8 and Lemma 4.9 we present an alternate proof of their
result stated in the fol 1§bwin‘g:

Theorem 3.10: If P(z) is a polynomial of degree n having no

zeros®in ' |z| <K, Kz1 and [P(z)|s1-on |z| <1, then

= T ¢
. 1} - |
\p‘"‘)(;)l : "("'”;-;{g"'"‘*” _ (4.46)
. . « + .

for |z|s<1:



. from where follows

120

{ . \

Proof of Theorem 4.10: Let the circular domain C. in.Lemma’

4.8 be [z] <K, K=l and E,...,&  be the m-th root of A"

/%

‘where [X|<K and |z|=T . Thus from (4.38) in Lénma 4.8, we have

3™ p(m )

n(n=-1)...(n-m+1

) + Q(z)‘% 0

“where - Q(z) s independent of X. ‘For a suitable choice of argument

of A we get '

Mmooy
' n(n-lj)t..-!(n-m-(l-'lzgl * |a(2)]

- Y ‘u'm p(m) "
a / - “(ﬂl1)!..(nl£r;2-'{() < la(z)]

because the other possibih“t/is violated for suffici ently small value

of |X| . Taking Px]+K we have

1t (2]

S A
An-10T, (n-mety < 1902 \

‘

On the other hand, from .Lenyna 4.9 for |A[<1 and |z[ =1, we have ‘
' 2 ’ ’ B
- j ' NN R
A P(m)(_z) ‘ .-

ATy temy ¢ U2 s T

s‘ ~ .
This means that a,;}disk with cent‘rel Q(z) (which also belongs to the

unit disk |w| <71, A =0) and radius K'"IP(m)(z)I/ n(n-1)...(n-m+1) 7~

is entirely contained 'in |w|<1. But the-centre 0Q(z) itself is.

at a distance greater- than K'"[P(m)(z)l/n(n-l')..'.(n—m+i) “from the’

origin. Consequently



C _E_TU_(_LL{_HK'“ W o e
. . ! . . n(n=-1) ... (n=m+] ) o ' -

*  This -completes the proof. o

Inequaliﬁy k4.46) is bes.t possible when m’=1 When m=ll
(4‘.46){‘_‘becomes exactly’ the same as (4.1). For other va1ues of m,°

do not expect (4 46) to, be a1so best poss1b1e because the location Df the

" zeros of the ﬁrst demvatwe P'(z )' heavﬂy 1nf1ueanes theinequath

: In fact for any Kz=1, although P(z) has all 1ts zeros lie in

‘zl ;K, P'(z) might still has.zeros lying very close to the origin.
Th,is~ invo1y.es the iﬁvestigétion of the problem consiﬁering’ "polynr‘)mia]s

3

of degiee n haying no zeros in |z| <k, k<1

& - - ‘ ‘ ‘ ' ‘ ' ’ A . v J s
§4.6. THE CASE WHEN' k<1 ) . B C ) . : ‘k'
¢ N . . . ’ e
' For the problem of estima'r{ng, [P*(z)] for a po]ynoma] P(z) .
of degree n with |P(Z)]< ]z{ <1 .and hav1ng all its zeros 1ie - ‘
L ~in |z >k, k<1, it has been quite a while that the 1nequahty ’
v . I \ : ' '
4 ‘n N l - ‘
’ [P'(z)] < for 2| <1 was expected to be true. But to ‘
. + | ‘
. ' everyone s surprise}, recently E B. Saff [22] constructed a po]ynoma] )
of dégree 2 for wh1ch P ° L
‘ ; . ‘ {P (z)] > “max |P(2)] . - S |
o : |z|=1 14" | z|=1 ST - {
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.~ Saff's example:

- 122

- . | ' ' A
P(z)"= (z-F)z+3), for

polynomial, it has no zeros fin lz| <-;— , -and- we have

.rp(e1e)[2 =

, and hence

We set (4.48) equals. to zero to obtain'

' which gives

4
d

(cos 8 +1 sin 8)?

(cos zé-%cos 9“]5‘)2 + (sin ze,-%
2.1 .2 1

) % cos. 29+T8— cos 8+s1n2 29-—1— sin 8 sin 26
L1 2 .
I""j'é's‘" e\ K
% "1 (cos & cos 26 + sin 6 sin 28)
+-Lcose—-1—cos ze‘

- 18 "3

19 - 1 1 1 :
ﬁ-gcosgtﬁcose-iqosyze

19 5 2

§ - 7§ Cos 0 - «;— (2 cos” 8-1)

—

; ' 'l'

L)

4

. gsin'e'+4sine cbs 6 = 0

[ ’l 4

sin 6)2

v

~‘2 i
i6,[5_ 5 .. 4 ~
5 1P(‘e 4/ =3g sin 6 # 3 sin 6 cos 9 .

1 o 1
—g(cps +1 sin 8) 3

" .. 1 : R B 1
cos 20 +1 sin Ze-gcos 6-1gsino-g
{cos 26 - L cos e-l) + i(sin 2 - -
jieos -5 g/ *lisin<b-g

‘sin B)I |

200 L 11
cos~ 20+ 3g C0S 8+ 36 = 3 €08 26 cos B

(4.48) .

this particular.

d

\



R Fx]

hsine=0,or'cosel-_--—54-'. )
o . ' - 0

1

_This 1mpHes that 820 or 6= cos (- -—) is the poinf where
,P(e‘e)‘ attains 1ts max'imum S1nce ,P 19)’ and I‘P(eie)l"

' attam the1r maximum at the same pomt and 6 0 gives a smaﬂer

quant1ty in (4.47), we have .

' 9. 19 5, -5, 1 5.2 .1 ~
" max |P(e'”)] =\/— —( ) - [2.(- ) -1] :
ogger - o 18 71824 24t 1
- =1.91
"~ " On’the other hand, - P'(z) = '2'2-%- and hence S v
max |P'( 16){ = ‘-2 - —. 2.167 . ’ -
0<8<27 ) X
Therefore
: - 7 ( max 1P (') / max |P(e ‘6)|>=0.910
, : 0ge<2n ‘ 0<e<27 '

o ; . ( ) > 0.9

. So the polynomial p(z) = 2" +k" s not an extrem
for the Erdés-Lax Theorelﬁ when k<1 - Insp1te of the effort of: those

; workmg in th1s area, there is not yet any suggestion what would be the \
form of the,extrema] Po]ynoma] in this case. Several mathegnatjmans
including R.P. ﬁoas and A:.lZyml;nd admit the difficulty of this pr;ob}e,ma;'
To add ‘to the difficulty, we note that even fo;' a po1yndm1'$’1 of degree

two with real zeros the behaviour of %(Imzl:x P*‘(z)/]max [P(z)l)
z|=1 . z|=

"strange". We present this observation in the following:

B
B N L N IR - i e R T P UV N\ . “~
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e <tae o i 3bo At SNPGRS
d

i
'
1
f

'
A

?pr . P(z)

1 -
'

=

{z2:a)(z-8) where o,B ‘are'reah, ve Tet

\

' for-some fixed o -

174). e obtain the graph of fa(‘B), on = 1sB<1 as in Fig.~4.2"< \
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’

| \fa(B);Jz-(

With the help of a digital computer (gbc Cyber

>

max

z]=1

'

, |P{(Z)»l‘/lm‘f!x>i];| ,P(i). ‘)

Z

. N

2.9

o
*
. ]
1t 18

1 1 3

I
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.
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'Theorem 4.11* * Let P(z).= (z- a)(z-B) where o020, B0

[ () (1+aB)] < 4]aB| , then

‘ 1/ vt et (2+apl WiGET
5\12?21” (‘z)_!/|ma|§1 l~\P(Z)|)'\1la—g5(1-a,éa5| :

— . -

Rroo%of’”f%f em4.11: Since:

- - ,: - . R 2\
|P(e]8)]2 = ('co§ 6 +1 sin 8),2 - (orfrB’f(gos 0+ 1 sin 0) +oB|

= |cos 20+i sin 20 - (a+B) cos 8*1'(01+8)'s1"n 8+o¢8[2
. - ! 2 - ’
]

~ 7 2
Co= {cos 26 - (a+B)cos 9+“BJ ]

+ lrsin 26 - (\a+8)sin 8l

v

=_co,s2 20 + ((x+8)2, c‘os2 6+ (,016)2 - 2(a+B) cos 28 cos ©

- TS 2(akB)oB cos 8 +2aB cos, 28 3r'sj.n2 26

4 (9+B)2 sjn2 5 - 2(a+8)sin 25 sin @

= 1+ (}x+8)2 -‘2(1+B) cos 6 - 2(a+8)uB cos 8
" 4 208 cos 284((&8)2

S 2 o
3 « = 1+ (a+B) + (aB) - 2(0+8) (1 +aB) cos 8

+ 20R(2 CQS? 6-1)

Tf

i)
'

) @‘IPA(G]?)IZ ?‘2‘(@.+B)(1‘+a8)'sjn 0~ 4B sin 20 =0,

. 'v A ‘ *
‘then wechave -

\

(@48)(1+aB) sin O = 2a87sin 20, .

{a+B)(145R)
4af

1 -
- 4 . ‘ 1 ‘j

which implies eithdr sin0=0 or cos §.= . Me know

-

e gy o -
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that

@

o

Since

" Now

. point,

8 ="cos,"-l { a"g&é" +0B) }

its maximum. ~ Thus

126

is the point where = [P(e'®}|?

40

| , 2 .. .2
. max |P(e ‘9)12 = 14 ()2 ()2 - 2axB)” (1+aB)
0<6<27 o :

208 [2 (a+8)? (1+a8)? _

=14 ('cx+£3)'2+(ons)2 2(atp)” (Hfm)

(aﬂs) (1+<xB)2

16(op)

2

4ap

=,=]+0t2

= [40(B+

- 2

4(18 - ZQB
. . . , Lo )2 . .'2
+ 208 + 82 + (QB)Z - 208 - (G+B)4aé]+ﬁﬁ)

40(3(3 + 40(;3':-3 + 4((7.8_)3 - 0(2 - 20(6 B

%p 2 4(a8)? = 208 - a*p” 2y - o ]/,4aaf

A

la)? 0-)?

*

,|P(e.ie‘)lz and Il;(éie){

thérefore.we have

40((5
attain ‘their maximum at the"same

Y
4 1 3

' (a-8)® (1-0m)%

p ]
l["z’T’fyl ‘2)1 f 3Tap] " aiant
P'(z) = ?z'a‘(&J;B‘)\ .

N . i \
\ 4 ‘ . . «: .
‘max |{P'(z l 2 max [P(z)l (2+0p) Viog| .o g

IZI‘ |2]=1

2. (a 801 o)l
max IF"'(Z),I =2 +\a+B\‘.\ Thu\s'
z|=] . : 5
. [s]
| (a-B)(1-aB) | .

attains



‘g:r

' ? "
b t
- \
’ B { i
_ 27 ) f
T~ ' - .
Remark 4.4: If o,B 20 , then [P(-1)| = Tx [P(z)] and if a,p<0
then kP(1)| = Im'TX lb(z)l . in both the case Ia—tﬂ———wﬁ—)l >1. o
. 1z|=1 - ’ ’
Moreover, if a>0 and B <0, then for (;y:i%_(_[l}_tql}_)_
IP(V)| = max |P(z)| and for LG—HZ—)(M< 1, IP(-T)] = max |P(z)].
[ , . af =1
' iz]=1 T : |z
y » - . [
' However, we do expect-that the)po]ynomia] p(z) = 2" s kgl
wo(ﬂd be an extremal for the case when P(z) has all its zeros on ‘
|zl =k. When n=2 e establish the following:
Theorem 4.12* If P(z) is a polynomial of deqgree 2 having both
of its zeros on |z|=ks<1 , then for ,z]<x )
- 5
[P(z)] = fg—z/ max |P(z)}} ' ‘ (4.49)
. 1+ ‘Zi—l '
The resull is bést possible and equah‘ty in (4.49) holds for . ‘ ‘ :
P(‘Z)f ZZ'+k2 . - \l . — ’ ) . ‘ ,. . - :
Proof of Theorem 4.12- Let kem, and ke”3 'kbe the zervos of P(z). - -~ !
Consider "the polynomial R(Z) = p(e’ ('9‘+B)/2 z).. 1t'is obvio—us that -
max |R )| = max [P(z)] .. Since : ‘
|zf=1 “zf= ! R ' o . o e .
. }‘ ' ~ , A s ‘. , ' ’ ' . ' - B . - i, r
s : Y ] ) °, " qu vt ].
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: .\\ : ) ‘4 .
|R(2)! = (@i(owe)/z 2 ke %) (e ((x+(3)/2 , ke
= (z-k'ei(a'ﬁ)/z)(z ke-1(al—B)’/2)l
' g o ‘ . - z -2kz cos( ) ‘ \
- {
one gets . .
max |P(z)] =1 Zk%cos(azﬂ + k2
fz]=1".
. ‘
We also have
a+B, > ot
= -1 (=) -i (=),
vl e 2 P (z) = ¢ i (22 - k(' + em)\'
-1 (% i(%8) -2
s 2e ‘ 7 - k(e +e
- ‘ o+B .
- , ~i(=5>)
. = Z(e : z - kcbs(a—ég)>
. \ ‘ . ’ | . 0
_ .which gives =~ =~ - P . -
| o ( a-
; max [p(2)] = 2{1+ k|oos(%5 )
- lz|=1 N -V
' Consequently “from (4.50) and (4.51) cfie gefs -
QE ‘ ’ !

s " w
\
t T
. ’

N

: (4.50).

'(4;51)

-




(-3

.,,....

-

e

& ) »

A1
3

k‘s'l . This, broves (4.49) .

}
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2(1;k|cos(

o

-8
9‘—2-m
-B

t+2k | cos (5B) g

°
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CHAPTER V

A COMJECTURE OF SAFF

§5.1, THE SAFF CONJECTURE

In the previoﬁs chapters we considered the prob]ems'concerning the
estimate of the derivatives of polynomials having no zeros inside a
‘ & ’ .
gircular disk. It is natural to study also the problems when the

polynomials have no zeros in a half-plane. In this directiﬁh, E.B. Saff .
~N
proposed the following conjecture: - . . ,
n ‘ o ' }
let P(z) =nm (z—zv) be a polynomial of.degrée n having all its
v=1 : ) '
S .

zeros in Rez=1, -then
L4

: .
' max |P(z)] . (5.1)
1 1+Rez\) Clz)= ‘

max [P'(z)] <
|z| =1 v

[TH g =]

Equality in (5.1) holds when all zvfs are real.

The interesting fact about Saff conjecture is that in (5.1) each
“zero is supposed to make a contribution which is independent of other
zeros as Qel] as of the degreeé of the‘po1ynomia1. In most of the
ijproblems we previously discussed, the estimate of |P'(z)| is always
given Py the degree of the ?olyﬁomial and the constant concernigg the res-
_triction on zeros, but is .free from the exacf oosition of zeros. The Saff
conjectﬁr@ is still unresolved. In 1979, A. Giroux, Q.I. Rahman and i
G. Schmeisser [10] proved the Saff conjecture for prynomia]s of

- ) i

degree 2 in the following:
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«,

,

Theorem 5.1: Let P(z) = (z-z])(z-—zz) be a polynomial with

Rezf21 and’ Re z, 2 1, then .

r

kS

. 1 1 ‘ L
U;T;]‘P (z)] < ( THReT; + 1+R§22> max |[P(z)|. -(5.2)

. ( ‘ oo

\ (4

Proof of Theorem 5.‘1: . Let .z, = x.ﬁfyw z5 = Xty Xy 21,

xzzl,‘yryzefk. Then P"(z)=22-('z1+zz) vaftishes at ¢ +1in ,.
where , it ' ‘
) 2 BN N .
Xq+X, Yy ty
172 N
e

We ma& assume that nz=0 and x,sx,. Since

. ~..—-‘31 2
p ’ ’ ) 1 1) i
' . ‘ + , (5.3),
max |P!(z)] < |P(-1)] Taxy o T, ) :
Z[=] :; - ’ - -
implies’ . » - ¥
2 S ’ | 1 1\
: max [P'(z)] s  max IP(Z)I( + ) .
| |z|=1 |z]=1 I]+x] HXMZ

lzl.—.]’ . [

\

[ f@‘]
in order to prove (§.2), L\ is enough. to sholw_(5.3). For fixed RT,X‘ZT’“ .

‘anqx n cofsider the family
L} “
oW

» Px.’ g = {f)\(z) = (z-x]-i('n-)\;)(%-x%ti(n+l)):A€fR'} .

?ﬁth A .= (yz-y])(z, ?ve know that p{z) € Px],xz,n' Also, since -

.f}'\(z) Zz—[(‘x]ﬁ(.ncl)) +\(x2-+i(n+)\))}
22 <% - x, - 20 L

[

'

-

is independent of A, we know that |malﬂx If}'\(z)l, is the same.for each
- [zj=1 : -

member f.(z) din P ' L Therefore, it-is sufficient to prove '
A x'l :xz >N ) .

'(‘5..3) for the ‘polynomial f)\(z) in P

,'X],xzfn for \th1ch [fk(-1)|v. is .

)

*




&
g
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, . Ny

smallest. Setting™ - .
Co . . ‘ .

O o ( C A = ’v41+x1)2 + (h-x)zl , | {\

. »
© B(X) = |v(1+£2)2 + (g+x}2l'
then Ifx(-}}‘ = A(A) B(A) . Taking the derivative of.'lfx(-1)| ‘with

\

respect to A we have

o, . :
s ¢

- L EIRENT =AM B0 B0 A

A (n#A)  BO(n-A)
B3 A())

0
[ -

Thus we see that IfA(-l)| is smallest when

BO)(n-2) . A (n#A) e f
xﬂ o A(x) B(2)
~i.e. (see Fig. 5.1). . \ . o
) | . . B(‘)‘) sin ‘D] = A()\) sin (02 = u (say)' ) (5.4)

If we denote by |C,D| - the distance bdtween two points C,D, then in
" fact A()) = IA,z]I and B(A) = |A,z,] .~ .ng\ o

s
IR A
L)
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of the complex plane correspond to x

133 .1 S

In other words, the 1ine passing through the points

e
91 = (A(A) cos wz-l) + iA(X) sin @y = A())e 2-1,
and ' ‘ . L
» T . 1.031
Qy = (?(A) cos @-1) + iB(A) sin 9y = B(Ale -1
should be parallel to the real axis. Let Z1,22,M,A,0,X],N and X2

(x]+}2)/6-+in, -1, 0, X7 (x]+x2)/@ and  x, respectively. - Then we have

to prove tha't

A , . 1

: (5.5)
|AZ, ] . |A,Z,] ALK - ALK
1 2
or equivalently ‘
cos ¢ cos @, (|A,0] + [O,MI)/QIA,OI +JON]) 1 (5.6)

A}

where cos ¢, = |A,X,|/]|A,Z,| and cos @, = |A,X,|/[A,2,] . Since
1 AL 2 = k1A,

]
2

|A,X]| > 2, we méy write' |A,0] = olA,X1[ for some ox+ -and (5.6)

becomes

cos o, c"os»qaz(clA,,x]l + \/]M,N]2+.(]A,N] - olA,x]l)Z)ﬁA,ngT. (5.7)

: o

: Siqce fi(z) = 2(z-((x1fx2)/é-+f(y1+y2)/2) , thus

| lmalxx] fi(z)/lfx(-l)l < 1/04e) + 1/(1+x2)'
, Z|= '

x-l XZ |
= 2(] 'i’-—z-'l"—z") (]+X])(]+X2)
N £ équiva]ent to (5.5). 4

Alsaznote |AO|=|PO]..




ey
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\ . - But c]ear.'l:y', A e ", . . . L/
. , ) v, . ; . s \ N N ’/'
S . . . " /
o ‘ ' [AQ,] = u/sin @ , 12, %, | = u sin VO LI L /.
1 . ~ ) . R _ o v /
o Aey ] = u/sin g, Z,% | = u sing /siny, , N
1 2 127551 1 2 i
, - . Z . R “+ )
‘ lA,X2| u cos @,/sin o, , iA,X1| u cos cu“/s1n ®, » /
CIMN] = (u/2)sin o,/sin @) + sin @ /sin @,) , . k /
] v p/S10 @ 1 2 ,
oo |A,N] = (u/2)(cos 0,/sin @) + cos @, /sin (pz) . / ‘
. _ - ‘ . I /
Hence (5.7) 'is'equivalent to ' ‘ /

' cos o éos cp2{20 sin Zw] +\A(s1'n\g(p.|ﬂfsingtéz)%(sin&p]+‘s1‘n2(p2-20 §1n2%)2')

/

| (gin’ 2(p1+s1'n Zcpz) <1, (5.8)
~ ’ ‘ : , T p
“Let F((p1, ®, 5 o) denotes the left hand side of (5.8), then _

A - O, 2c05c4:~1 'c:osw2 sin2<p] [1 ) 2(51"2(p]+s1n2(p2-20' S1n2(o1) .l
‘90

stgﬁstcpz \,/;(sinz(pﬁsjnzwz)zw(sjn&p]+s1'n2cp2-2crs1‘n2(o1)2

- ' ) . Co : . A . - "
. R - . F . ) . . o . . '
- ) We see that 3 1S positive if we replace o by 5 which implies the

Teft hand side of (5.8) increases if we replac}e o by ]7 . Hence it

= will be e,nough"to prove the inequality.

] * o . \,}
' ) ‘“-‘\

(U : ' o H b .
coswlﬁcoswz(sin%j +2 \gin?wz+251n2w]‘ sin2<p2+s1‘n4<p])/’ _

[

e ) - o (sin2gg ¢ sin2w2») <]
) : \ which is equivalent to C |
. . ’V‘ S . . N . 3\ »
. "/

)
LI T Lol T IE PSR SRS 3 Wy et e P
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1., 2 o 2.2 <
5 (s1n,_2q>1 sin2cp2) + (s1n2(p.| sing, coswz) < sin ?cp1 ' ' |
(l'c‘?s“?'l coswz) +2 s1n?cp1 s1n2¢2(1-cos<o] COs<p2)+(s1n2q>2 §1mp1) e

(5.9) :
’/. s . R

¢

(5.9) will be proved if we show that

|

(sin 2(01 sin vy cos cpz)?' < (sin 2cp2 sin cp])z. ~ (5.10)

" and

t
'

% (sin2g, s1'r'1‘2<pz)2 < 2 sin2g; sin2g,(1-cosy cosp,). (5.11)

In fact, the sum of the Teft-hand sides of (Q./m), (§.11) is equal to
the left-hand side of (5.9) whereas the sum of the rfght-hand sides of
(5.10), (5.11) is smaller than the r1'§ht-hand side of (5.9). "Now, as

far as inequality (5.10) is concerned it is.obvious. As for inequality

(5.11) we have
1 ,
'y sin 2(01 5in Z(pz < 1-c¢os 0y COS ®,

or sin @) cos @) sin @, cos @, < 1-cos ©; COS ¥,

. or cos @, cos 9, (‘1_\+ sin 0 sin (pz),s 1.

It is equivalent to

{cos(m1-¢2 ) +1}2 ) {cos(ﬁﬁ +tD2) —1}2\._{4

which is certainly true. With this thg proof‘ of the theorem is . .- CLa
- - ’A \ ) N - -

completed.” o o

In [10], although they could not_ prove the conjecture in the full . o

form, ‘they did show considerably more by imposing further restrictions . , |

. . - (] ..
on the polynomial P(z). They proved:
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‘ " n '
Theorem 5.2: hat P(z) = T (Z'Zv) be a polynomial which is
T V=1 A *
real for real z, then ' > Lo
b . , -
max [P!(z)] = max |P(z)] - (5.12)
[z]=1 v=] 1’+[z\)1 [z]=1 . o

provided all the zeros are in D= {z€€ : Re 220, [z]=1} .

Proof of Theoreni 5.2: Since P(z) is real for real 2z, its

complex zeros occur in conjugate pairs. The po]ywnomi'a’ls P'(z) 1is also
real for real z, its complex zeros also occur in conjugate spairs. .

Besides, the zeros of P'(z) all lie on the right half-plane. Hence

max [P (2)] = [P*(-1)].
|z|=1 ,

Also we can rearrange the térms of P(z) and write

). .

.m -on
P(z) =. 11 (z.-zv)(z-?v) o (z-z

. ‘ v=T . v=2m+1.

~ where z, v=2m+l,...,n are real and =21. Thus - _

max. IP"(z)I [P(-1)] -
211 .

) SR A S D I
= PN gt == L O
P v=1 \V »-'l-z\) v22m+] 4
om0 ' n o
wl e 1 R
"< max lP(z)l(' L ot ——|4 I
“ Czf= val, 12, T4z ' v=2m+l 4z,
' YRR T AL . .
Note that '|ro—+ ———| < ‘ if z €D and hence the desired .
‘ v - 14z ! T+|z. | - - P L
\ v RN : :
result follows. o° \ S . N
- . o C T
'l 'L ,'l I 2(]+Rez\)) . 2 . N /,/‘ ,
B & rrad e l = 5 S - is equivalent to
ST ‘1+zv‘ . ,1+2Rezu+[zv| Tz | :
Rez; <-|z | which is obvious. ¢ )

)
[
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§5.2. DISCUSSION ON THE SAFF CONJECTURE

We note that inequality (5.12) in Theorem 5.2 is best possible and '

equality holds for polynomial P(z) having afl its zeros on ‘the positive

real axts. By rotation, it-is easily-seen that the inequality (5,12)
still holds if all the zeros of P(z) are on a ray re ®, for rz0
and any fixed o, - n/2 < a<n/2 , or 'conjugaté' with respect to reja.

[

' Fig.-5.2

) ¢
Hawever, if the zeros of P(z)’ are not'on re'® but very near to the

'

ray (as in Fig. 5.2), the right hand side of (5.12) should not ‘vary t00

»

—~" much. Noy P(z) does not belong to the class of polynomials

;//’// . considered in Theorem 5.2, and the, bound suggested by Saff conjecture

" when compared to the right hand side of (5.12) appears to be'too large.

Anyway, we note the following observations. Let

2 = Ove1e? be the ‘zeros of P{z). It is easily seen that if IP(e18)|V

attains its maximum at @ =qa ,

<
l



i
(g ]
'
n
-
R
’E-:
-
—de
Q
C —r
O
—~
-]
far
Q
~

'

\

Therefore we have for 'z = e o e

"
—
3
(]

-
]
-l
——
n
—
=]
-~
~
O
————
(1]
.
=]
f

o m I e'® pr(ei®) pe'®)

A
'
]
[
3
[4:

N
) =m| X (5.13)

"
nM3s
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‘Since P'(z)/P(2) =

- at the po1nt z= e

139

n ‘ ’ o .
(z -'z—\))/{z - zviz',_ » we observed that if considered
\)=1 i ' o . ; ¢ // ‘ ,
whére [P(z)l attaihs it maximum we have' o )
’pl z - 0 ‘\
Pz v= 1 lz z | - "
= " n. 1 -2 z a -
. = Z —-——-n—-i‘
lzI 11-7 z l
: N l-z z L c‘/j"
=|E ____"__'TT'
v=l |12z I C
n 1Py, cos(8 -a)-1p sin(ev-az ]
= |z ‘i(ev-a)
v=1 ‘] - p\)e : v
\ b , .
[ : 2 : _ 2| 1
_ g 1-p, co;(ev-?) n Py 51n( ?-a) ) Z
= i(6_-o - 1 8. -a
v=1 11_ be V 2 v= 1 l] v 2 ,
' - . . \ ‘ \
applying (5.13) we obtain '
Y ia)l n |1- e, cos (| -a)l
E ?a = I = 1(6 -a) '
[p(e ™) v=l 11 P, ‘2 S
n 1-p cos(® -a)
¢ 3. v >
~ov=E] i
[1 -pvvgos(ev-a)l
4 n ' »] X . | ‘ I @ , \ ' |
. : (5.14) = - ———i
v=l j -0, cos(ev-a) \ N < )
r‘ ’ ‘ \ -*.




o E

N : . ;Iherefdre we have the following: : ERE

P . -

" Theorem 5,3*: 'Let' P(z) = n (z-z o)
' R v=l

o 1p(z)] and |P'(t)] both attain their maximum at e1 .then o \

be“a polynomial. If

'

max E) | < z —  nax
;y T+Rez '
|Z| VE] , lz[=1'

an

Proof of Theorem 5 3 In (5 14) 1f a=m then

| oy cbs( v-q):='-eb cos- 8 =.iRezv . a:
; . The'hypo;hesﬁs {niTHeorem\5.3'is very strong, because (5.]4)-
only holds at the point 6=a" where | P( z)] attains “its maximum. But
E we' may propose ‘the fol]ow1ng conJecture '
- ja, .M qg 18 \ : :
Let P(e ") = 'm (e -p,8 ) ‘be a polynomial having all: its - -
f o v=] . v " : \
. zeros in Rezz21. If |R(e1e)| attains its maximum at 8 = a+m,
L when o satisfies _ ‘ ‘
n o sin(6 -a) e
. P > =0 , (5.18) - - -
- , o val i(g )2+ 7 oo P
. ' ’ ) T4 ¢ 7V
. - ) Vv
. X l thEh ) - o ) - N
T ! K ) )
' ' max |P'(z)] s 2 : } —- max |P(z)
- - A |z]=1" v=1 1+pv cos(6 -a) ]z| =1 .
Tt ’ " ) - . . ' ! \ .
}: ' , ' (5.]6) '
RO S
i . N [ ¢
E - when n= 2, we observe ‘that the aboye: conJecture can be verified
_'~§ ’ o ) exactly a1ong the same d1rect1on gﬁ in Theorem 5.1; see. Fig. 5. 3
¥ ‘ o ‘
. , , . - _ s 4' . ./4 ;\:
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g .. “Fig. 5,3. . oL
! ) ., , v )
Here“z1, z, are the two zeros of the pqunonn'al P(z); AP
" are the points where ]P(z){ and |P'(z)| attain their maximum
respectively In the foHowing, we again use li: D| to denote the
length of the 11ne segment between two points ¢ and D )
‘ \ Now from (5 15) we haye S o
A - o p{ s1n(e]-a) pz,sin(ez-&') '
) - 1-m)}g i(0-a)f2 o .
‘ . { T+pye . | - -"|‘+E)2e ' )
which implies ... = . - ‘ .
]zJ, g ] “= Lz %l i
61-01)]2 (8y-a)|2 - ‘
- 1+ple. 1+pze | e e
B N / -
qr .' N : L i [N g ) ‘,
[ '
- ] ¢ -
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" can be interpreted as

142 B
‘—\ .
: o ~sing - s1n wz (5 7
B i E) -a)' 1(92-a) St o
, ’|+p.l l 1+p2

3

Note that (5.17) .is_equivalent to (5.4). On the other hand, the

relation

: max |P'(z) &//max lP(z | < — 1 PO (5.18),
el l o

jz]|=1 o 1fp1‘cos(9]-u) 1+p, cos(8,-a)

elpMl v o1
AI,A"Z]”Aszzl \ lA’OﬂI""IOsX.]! IVA:OI"'IO’XZF

1

4 2[|A,0]+}03x][/2 + ]0,x2{/2]

. :, :' , “' & IA,xi[ |A,x2[ )
or " ‘ “ ’
14,0]4]o, Ml CR0I 10,172 + [0.x,] /2, (5.19)
A,z IIA Z| A ] R,

Since (5.1]) is equivalenf to (5.4), and (5.18).can be interpreted as

(5.19) which is'exact1y the same as (5.2) being interpreted as (5.5),

“using the~tedhnique‘%n section 5.1, we can prove (5.18). .

',In fact, we -do not know whether the propdsed conjectdre can be

\f regarded as better than the Saff conjecture.

\

~

<
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e —

&
x

Fig. 5.4

-

For “such an undec1ded SItuat1on see Fig. 5.4. He e”we can easily

construct a po1ynom1al "P(z) of degree 2 with the pos1tqon of zeros

\ .satisfy1ng |z],x3[ < ]z],x][ which implies |0, x3l > |6,x1]

Suppose A is the point where IP(z)I atta1ns its max1mhm because

!
the ray joining A .and the origin 0 must lie.between ;1 and z

2° .
we a1ways have [0,x4| < [0,x,] . We are unable to decwde which of
the following quantities ‘
- \\-—/‘
NS PO ERSI NN S
1+]0,x,| 14]0,x, | ~ T#Rez;  T4Rez,
. s e )
—L 1 = 1 + 1 (520)/‘~
1+|O,x]| 1+|0 X | 1+p, COS(ezﬂg) T+p, cos(8,-a)
. is smd}fer. ) ' .

However, we can give an example to show that the estimate

T

™ Jd —
[ S« L e et dwm aw e s as .



.and the bound for (5.20) is

" where d = tan”

Fig. 5.5

.;

Lettingfz] = 1+, z, = 2+ib, we have a polynoniial P(z)w of degree '2 '

2

w'[th,.o'rvie fixed zera at z) = 1+i; see Fig. 5.5. Thg bound suggested by
§a%f conjecture is L . v
L. 1, 1 .5 . (5:21)

1+Rez,  1+Rez, T+1 - 442

‘ , o -
1 PR B ¥ - (5.22)
14[0,x, | '|+|9:X2| 1.*'\/7‘:05(“/4"9‘) 1+\/4+b2 cos(d-a) ° ‘

1

b/2. Obvibusﬁ' (5.21) vis independent .of " b. Now if we

increase b, |0',x1| will deecrease apd iO,le will increase in contrast. -

-

. y »
But - l0_,x1| . is bounded below'by 1 and |0,x,] s not Bound above.

E)

) .
L ' . >
4 R

o
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A

°

( 4 ° \l; [} M a o
¢ x' PN o n R v
< » o - . A4 o ! u “’/
“;: v ' 3 d' ¢ 4
- a - .
i
p ~ , * ) e ’ - ; t..# 145 . , -
v T B T - .
T Thus 1f we increase b to a very large value and keeping lox,] =1,
N N . ”v Y . 7 . ° f ~
in (5.22) we get - o .
. . hh. , P ) I~ “
L 1.0 1 R
s + . v 2 - ' -
R 77 : :
N » (8
1+/4+b" cos(d-a): - oo
. which is very much less than 5 . , .
o ’ In conclusion, the constant suggested by Saff conjecture seem to
ST .- " be too large, but unfortunately it'does not make the problem simple. - '
‘ ) e N H ' ¢
. ‘ :
é' - ' ! ! '
%' - ’ ! \ _/)' f *
; S 1 , '
T, 2 L ) N v
!,: - ~ vy ,
g B e ) * ‘ g * (
r < B
f ¢ ¢ , ! 4 f .
E v’ - L @‘ ) i
L 3 ' . & Q‘ S
A . . ',ﬁ o
' X - ! 1 o ‘
B ‘ ‘0 .
- ' ) . . . _ X , \
LT ' '
§ ’ . ’ ] ki
3 . '
N . ! '
. . K ]
ar ' - h‘ , . s \(
! 4 !
‘ . B v / )
. , kK . -
j N : B ) o
1 .- ’ [T WU . B __l_v_.; -
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