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Let K= Q(cm) be the cyc1otom1c field obta{g@d by adjoin1ng a

th

primitive m™" root of unity S to the field of rat1ona] numbers Q. The

. unit group of K is denoted Em' The maximal real subfie1d\of Km is de- -

. & -
noted by K where/k c + c;l)_and its group of units by E;.‘ The
cyc]otom1c un1ts C form & subgroupof Em of fipitg index. The cyclo-

K;'ﬂ Cﬁ.. We denote by Z a subgroup of'C;

13

. a

-with generators €,...,e_, n =" ¢(m)/2. the € are. givén in the text.

n

’ @

. .Let G = G(K+/Q) denote the Galois group of K+ over Q. A mquing

sgn_:

L En [Fz is defined for each ceG and we E RN

.

!

The matrix M = (SQan(ei)), 0.€G, €€ A, ¥s4ca]1ed sthe matrix of

J
cyclotomic signatures. The rank‘of this matrix determines the sign

distribution of the conjugates of the units %ef the sdbgroup Z of tbe-

cyclotom1c units® The rank of M was computed for twe different un1t

groups 2 of the f1e1d K where K; is a field 1n~the tower of f1e1ds,

K: - K;-ZZ ¢ Kq-23 c... ¢ Kq_zn € ..., q an odd integer. The results

appeé} in gpe tables'

4
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CHAPTER 1 ‘
CYCLOTbMIC FIELDS .
Let ;m-='e2ﬁ/m be a brimi\‘tive mth root of unity, i.e. cﬂ = 1 while
to t 1.for 1 ¢a <m. Then Ky = 0(gy) is the cylcotomic field of mt

roots of 1, where m > 2 is any integer such that m¢ 2 (mod 4), Q the
field of rational numbers. The following theorem, which describes the

Galois group G(K /Q) of K over Q, is well known.

‘ The'qrem' 1

™

7\

/

Km/Q is an abelian extension of degree ¢(m); in fact, G(Km/Q) is

isomorphic to the multiplicative group of integers (mod m) which are

relatively prime to m [that is', to (Z/mZ)*, Z the ring of rational

integers]. The conjugates of ¢ = L, are precisely the plrimitive mth

roots of 1, and ‘f(?;,q) =«( II) (x - £3), is the minimal polynomial of
: a,m)=]

z over Q. _ T1<€a<m *

Proof: See Weiss [14], p. 255. -

The isomorphism referred to in the Theorem is given by a - CA where
" _ o -
(a,m) = 1:“1 < a<mand ca(;m) = Tos also Op = T, iff b 2 a (mod m).

Now G(Q(I;;n)Q) contains an element o_, of order 2, namely the element such

a

m where a denotes the complex conjugate of a ¢ C,

LAy _o-a_
that o (g ) =7 "= ¢

_ where C is the field of complex numbers. Thus o., is the automorphism

[§

oer(Q(gm)/Q) defined by compiex conjugation. Now, 6_3 has order 2, the

fixed field of o_, which we denote by Q(cm)+, is a real field, actually

1
the maximal real subfield of K = Q(z.), and [Q(z) : Q(z,)'] = 2, while
[Q(z,)" : Q1 = 6(m)/2. We will show that Q(z,)* = Q(z, + z7'). Now,

QlSm + l;r'nl) is a real field which is fixed under o_,, ther;afgre/

—

“o e e [ N PR
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« Qg R ') € Q(Cm)f;"51nce Cmﬁiﬁla root of the polynomial ,
x2 - (g + ') X + 1, we have [Q(zg) : Q(g, +‘c;1)] < 2. While - i "
Qzy) 2 Q(5,)" 2 Az, + &7') mplies that: |

[a(z,) = Qlzy + o )Isf0(g): Q)1 =2. o

Thus [Q(z,) : (g, + z')] = 2'and. 50 we have, Q(cm)+ = Qg + ;&’)_

corollary 1.1

- '
The maximal real subfield F = Q(g_ '+ me) of the m™" cyclotomic ’

field is a Galois extension of Q which has a Galois group G(F/Q) which
-is abelian of order ¢(m)/2. In fact G(Q(z, + C;l)/Q) = 6(Q(z,)/Q)/ <o

>,
1

Automorphisms of Q(t,‘m)+ over. Q are.obtained by restricting the auto-
Pl . ° .
morphisms of Q(;m) over Q to Q(cm)+. Under this reg}riction two elements
of any coset of the subgroup < o_, > in G(Q(cm)/Q) may be didentified.

In the4fo11owing we will assume that automorphisms of Q(r,m)+ over Q have

been obtained in this way.

-




- - - " ~. -
L . . L. .
‘A‘ . a2 e
. . h -
. > N . - * .
- PO * - N - N -
. - . .
. : . .
I s -7 X -
- - - - S
. Lo
- -~ - ‘ 3
. - . .
. . . . - . R
7 . - A Y N R .
» . - * . .- .
- - . *
LN H kS A -
EE e . ,
o 8 . . , . <
v N - 7
.
- - . -
’ i . . ~ . *
¢ . - - -~
‘ » L ~ . .
” - Y T
¥ N -
; . . .
ew t - cT . 4 e .
f ! - ! ) - - : .
L . [ - . > ’ - . .
- . R .o . ¥
“ L3S fo - - - . . - R .-
. . . . [ . - . - v o -7
. ] . . . o '
. [CEEEN .
. wl - .
. . - T .m R B .
« e S . . - M ~ - o~ .
R T s . . - , - b= . .
. T 2o , ol '
~ wl — ¢ .
N [ [T . .
. X : .. un_nn (=] o,
- . - - - (S vy i .
.- . o . .
| . . = .
. M o ‘
- - ?
> ) - . -
. . B
. . . . *
, .
I N .
. . *
X - ¥ : L
- . . . N . N .

tlll JRUR—— - R O R R IRk . - - N R

»a




-CHAPTER 2 N

RINGS ‘OF INTEGERS

A
»

 Let L be a field, K a subfield of L. Then a € L is said to be

élgebraic over K if o satisfies a non iero polynomial with coefficients"

in'K. i.e. there exists f(x) € K[x] such that f(a) = 0; dividing by the

‘leading coeffic{eni; we may assume f is monic. In'oiherwords, there exist

elements b, ..., b .e K, n >0, such that o” + b]cz"'1 toeret b =0 C

-

A complex number X is an\a]gebra1c numbef\gf %t is algebraic over
the field Q of rational numbers. An algebra1c number which is a root of

a monic polynomial w1th coefficients in the ring Z of rational integers

~ is called an algebraic integer. : *

Theorem 2

04

The numbers 1, Tpe “o oo cg(m) -1 form an iﬁtegra1 basis, a i basis,

for the ring of a]gebralc integers AK in Q(5). f.e, Ag = Iz 1.

‘ Proof Eee R1benbo1m [111, p. 269

Coroliary 2.1 .

The real numbers ¢+ ;;1, ...,-c$(m) + c;¢(m), form an integral

. basis for the ring of algebraic integers in F = Q(cm + t;l). i.e.

-~ ’ -l >
Ap=1lc +1c ') . |
Proof: See Washington [13], p. 16. " -

kl\ ' ”
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HAPTER 3

TS

-

o]

Deﬁm‘tion‘ If a € AK and there ex1sts b e AK such that aob

n.
—
-

then & is called a unit of the ring of a1gebra1c integers AK /
K

We have the foHoviing fact concerning the’ units of the ring of

algebraic integers.
Theorem 3 . o, B ) v
An algebraic integer is a unit if-and only if its norm N(Dx),= s,

where N(x) =

ll:l:

(X) , - . : -
i=]

Proof: If x is a unit, then there exists an algebraic integer x'. such,
that xex' =1 Taking norms we obtain N(x) -N(x'$~=1 since N(x) and

N(x') are intégers, therefore N(x) = #1.

Conversely, 1f N(x) , then Tetting x* be the produét of all

conJugates of x distinct from x, we have x-x' = #1; but x' = g,(x) - "o, (x)

1s a product of algebraic integers and is th/us an a]gebranc integer, so |

X d1,v1des 1 1n_the\r1ng A&of a1g}ebra1c/1,nt/egers. Therefore x is a unit.
', Denote the set of all units of'the algebraic number field K by U,

o w

then U € Ay. ‘ -7 e

If z;m’is a root of unity, then m satisfies the polynomial XM 1,

]

m31, and so Zm is an algebrait integer. Since z;g = 1 then c;]m =1 and.
thus c;‘l is a‘lsﬁ réot of-unity. Thus any root of unity in K is a unit

of A;K. o . P .
1 / ‘ ) ’ R
/,/Let U denote the group of units of AK and Tet W denote the subgroup

o

of .U consisting of roots of- unity. W is a hon-tri v1"a1 subgroup of U,
j 0 -

since 1, -1 ¢ W. - :
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*  We recall that, if the algebraic number ¥ﬁe1d K is of degneé n.

»

over the rational numbers Q, then thiré’are ﬁrec¥§g1y n distinct iso-.

Q

. morphisms of this field into the field C of all comb1ek numpers.

If the image of the field K under the isomorphiém,c:K + C is con-

tained ir*the real numbers, then the isomorphism o is called réal, and,

¢

if.this is not thg case, it is called compiex. -

~

If G.QS a p}imitive'elemént of the afbiirary algebraic numbqrvfield.

K, which is a root of the irreducible polynomial f(x) over Q, and if

-8, e, 6, are the roots of f(x) in the field C, then the isomorphism

k=ae) > Qo) s ¢, (0,

Wi]]-he-real if the Troot 6 is rea],‘and cbmp1éx otherwise.

]

’Let 0:K+ C be a complex isomorphism. The mapping o:K + C, defined

by .
o(x) =o(x] , xeK : v
is alSo a complex isomorphism of K into C. This isomorphi§m is ca]]éd

conjugaté to o. Since o *‘c and"G = o, the set of all complex iso-

a

morphisms of K into C is divided into.pairs of conjugate isomorphisms.

If among the isohorphisﬁs of K into C there are r, real ones and

2r, compfex ones, then r, t 2r, = n = [k:Q]. o |

The féllowing theorem, due to Dirichlet, gives the structure of the

-,nypits U>6f AK..

Theorgm 4

The group U of units of the ring A of\aigebraic integers of Ke

has the following structure
¥

&




U;NXCI.X---_XCY,,/, L . -
where W is the cyc’h'c group of order w of roots-of unity belonging to K,
each C, is an ‘infinite multiplicative cyclic group, and r =, + r, = 1.

Proof: See Ribenboim [11], p. 148.

T‘he units uy, =+, Uy of Ak are said to be multiplicatively indepen-‘\
dent whenever a relation:

ITI1 mz . mk — \\

Upeu, sy =1, with m, ‘Z R

is only possible wheh m = --- =m = 0. Thus Dirichlet's °um‘t theorem

. says that there exists a root of unity ¢ and r un1ts of 1nf1n1te order

N

™~

Ups ooy U such that every unit u may be written umquew in the form
EO e er '
U=guy ceus withO € e <wande, ---, e, & Z.
. MAny set of r independent units {“1’ see, ”r} of K, where r=r +r,=1,

for which the above statement holds "rshcaned a fundamental system of

units of K. .
| ' .

In the case of K = Q(cm), where LK:Q] = ¢(m), c(cm) = c;, (a m) =1,
T ¢a<mwe have r, =0, r, = ¢(m)/2 and therefore r = ¢(m)/2 - 1.

While for F = Q(z )" = Qg + '), where [F-Q] = ¢(m)/2, and

alg + cr;ll) ;:1 + z;m & a,m) =1,1< a <m/2 we have r, = ¢(m)/2, r, =0
and thus r =.¢(m)/2 -1. Thus the umt groups of Q(; ) and Q(;m) both

have the same rank, r = ¢(m)/2 - 1. . - .

}

f Serge Lang (71, p. 84 gives the following definition of cyclotomic .
units. .
Let m be the conductor of the cyclotomic field Q(z ), SO either; F3

th root of

!

'm > Y.is odd or m is divisible by 4. Letz be a primitive m

um‘ty.‘ For b prime to mwe: let 9, = (c -1)/ (z;-1).

ke iy o - -
,



-7,_ . ) ~ ’ ' 1

L4 . .
»
. ..
. , . .
!

Then 9 is a cyclqtomic unit. That 9 is a unit follows from the fac'r

) that g, = (cl?-l)/(c-l) = cb'] + cb'z + vee 4 T 4] 1s an algebraic integer

.\.and. gb'] = (i;-'l‘)/(?; 1) = (cbk 1)/ ( -1) for some k, since (Z/mZ)N

.

m\u]tip]ica'ti ve group.q Thus

éb'] = () /(P = gl TPy (k2D Ty b,
which is also an algebraic integer,, and 9 ';‘gb'] =1,

k4

Therefore 9 is a unit. W‘rthout loss of generality we may -assume

_that b is odd, since Cb

depends 0n1y on the residue class of b mod .
Then gb = Cm gy for v = (b 1)/2.i% a real unit since z_ v and- g are

. units and because o_ (gb) = Qb

The unit group generated by -1 and the /uﬁfrt&gb( is referred to by
Washmgton as C whﬂe the cyclotomic umts of Washmgbton are denoted by.

Cp- Wewill use Washmgton s notation. Washmgton ([13] in Prop. 2. 8)

demonstrates that 1 - &y is @ unit of Z[C ] if m has at Teast two d1st1nct i

prime factors.
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CHAPTER 4

TﬂE CYCLOTOMIC UNITS
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. CHAPTER 4 S
- ' * " THE_CYCLOTOMIC UNITS

{ To determ%ne'the unit group of an érbitra%y algebraic number field

is quite difficult. However, in the caée'of cyclotomic fields, a group

> »

of units is known, namely the cjclotomic units, which is of finite index

in the full unit group. - Mdfeover; this index is closely re]hted to the

class number,

~ o

Let V., be the multiplicative group-geneﬁateq by ':'
ftcm, 1 - c;'[ 1T<aem=1}, Let E be the group of units of%Q(cm)

and define C, =V, NnE. C, is called the group of cyclotomic units

- - . .
of Q(cm). The’cychtomjc units of Q(cm)+ can be defined as C; = E;.O Cm,

. A ,
where E; is the group of units of Qgcm)+. We do.not know of generdtors

“for the full grbup of cylcotomic units of_Q(cm)+. Sinnott [12] has cal-

" Theorem 5

culated the index of the full gfpup of cyclotomic Gnits to be:
LIPS L TP U + . - +
[Em : Cm] 2 hm’ where hm is the class number of Q(Cm)

andb =0

if g = 1 while b = ngz +1 -9 if g =2, g thenumber of distinct prime‘
factors of m. . L '
Now b

. L

n

1
.

N ,
Let m = ﬁx, p a prime anda’3 1.

ay The nycotomic unjts of Q(;m)+ are geﬁerated by -1 apd the units

e, =g, T2 @) st cacwz, (ap) = 1.

.

b) The cyclotomic units of Q(cm)'are°generated by. g, and the cyclo-

tomic units of Q(z;m)+

IO - - J T -

0 for g =1, 2 and 3, therefore [E : C7]=h" for g=1,2,3.

.

s

o -

BREES
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N
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* - "oower. If m is not a prime power, not every cyclotomic unit is a product

-9~

-

Proof: See washington'[YB], 5.1344.‘ !

This theorem does not extend to the case where m is not a.prime

of roots of unity and nuibers of the form (11cb)/(1-i), with (b;m) = 1.

Each such-product is a real unit times a root of unity, while the cylco-

) tom‘c pnit 1 -cm is not of this form. (See Washington's proof of

Corollary 4.13 (131, p. 40).

In the case where m is a prime, power, we have.

Theoreﬁ 6 \

Lét'p be a prime and a > 1. The cyclotomic units C;a of Q(Cp&)+
are of finite index in the full unit group E;a, and h;a = [E;a : C;a],
where hfu s the class number of Q( 0L)+. ’ *

p= p

Proof: See Washington [13], p. 145,

”

When m i5 not a prime power, the units of the form

c(]'a)/z- (1-2%Y/(1-z) are not always multipicatively independent.
- \ )

* k-

A Dirichlet' character is a multiplicative homomorphism X:(Z/nZ) € .

If n|m then X ?nduées a homomorphi%m (Z/mZ)* -+ C* by composition |
with thé natural map\(Z/mZ)* > (Z/nZ)*. Thus we could consider X as beiné
defined mod m or mod\ , Since both are essgntia]ly the same map. It is
convenient, however), tozchobse n"minimé1 and call it the conductor of X, .
denoted by fx. We wi]]xregard X as a map Z * C by letting X(a) = 0 if
(;,fx) + 1. -When X is dé%ined modulo its conductor, it is said to be a

primitive character. A chiracter X, is said to be even if X(-1) = 1,
: A

{

odd if X(-1) = -1. For ?* = n we have x(a)¢(") = 1 since a¢(n) =1 (mod n),
\ .
which means X(a) is a root of unity.

A

\
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Theorem 7

t

Let C be the group generated’ by -1 and the units of the form
g (1- a)/2 ;. -2 )/(1 z ), 1 <a<m2, (am)=1. Then

/[ c] mn n(l-x(p))

- Xx#1 p|m

\

where X runs through thS‘nontrivial eteq characters moq m, and the index
s infinite‘if the\right-hand side is 0.
Proof: See washlngton "[13], p. 150.

)
§

Later we w111 examine certain conditions for the units above to be

.+ independent.

t

A set of units discovered by Ramachandra [10] can be used to show

.8 '

that the cylcotomic units are of finite index.in the full group of units.

~
Ramachandra's units differ from the units (1-z?)/(1-z) in that they con-
tain contributions from the units of proper/suRr1e1ds
e L Theorem 8 ) . _ S
- ks . s ec v
, Let n#2 mod 4, and let n = I P; T be its prime factorization.
. « i=1 ' .
Let I run through all subsets of {1, «--, S}, except {1, ---, S}, and
ei” ‘ '
let n; = 'HI p; . For1<a<n/2, (a,n) =1, define
- ie . -
aa an; nI . LT
- - . = - 9 = .I" Z n .
: . 82 =% 1 (1-g, “)/Q-g.7) ,da $(1-a) z Ny
N N . ’ N '. ) +
Then {Ea} forms a set of muitiplicatively independent units for Q(Cn)«‘
- . - M . +
If Ca denotés the group generated by -1 and the Ea s .and En denotes the
' . L+ . '
group of units of Q(cn) , then .
1 + . e.
Ef:c3=n T ., & - X(p.)) O
n n n (dlp; ') +1 P U
. (# 1 pi+fx_ i ' LA
e ]

——— e e oy BRI - - — .
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' wheré h+ is the c]ass number of Q(t;n)+ and X runs through the nontrivial

even characters of (Z/nZ) . , '

P_roof: See Wash'mgton\ﬁﬁfr p. 147.

P

We have seen that'the cyc}ot.omic units of Q(gpm)+ \.re genefa‘ted vy

-1 and the inits ¢ = gé;'a)/z C (e /(5 )y T <a <p2, (ap) =
(Theorem 5) ( _
,. Na have also seen (Theorem Gl)ia‘t these cyclotomic units are of
- finite index in the full ur‘n't group E+m. The result on Ramachandra's

units Theorem 8, shows that'{sa} formi a set of rﬁu]tip]i'cativew indepen-

. +
dent units for Q(cgm) . v

We wish to show that far m=gq- 2", q odd, n > 3, the units €5 of

Theorem 7 where €y = Cr$11 -a)/2 (t; )/(z; -1)' are independent if and only

= p%, p an odd prime, a 3 1 and 2 is a pmmtwe root mode for all g

-

if

such that, 1< B <a It is well known that ifg is a pr1m1t1ve root of

p and gp'] £ 1 (mod p?), then g is a pr1m1t1ve root of p* for all a.
- . , ‘ ) v

‘We will al _;-,o.show for m = p%.22, when the units e_are dependent if .

a
pz1, 3 or.5 (mod 8) while forp = 7 (mod 8), they are som'etimes dependen

somaf/imes independent.

It was proved in Theorem 7 that CI‘T“, the group generated B_y -1 and

the units
S (-a)2 2 - n
€a = on LM ,1<a<%,(a',m)='| -
'/ z;m -1
was of/vﬁlex [E C" = ; )t liI (1 = X(P)), in 'the full unit group
X#] p m a

+

Em'- where X runs through the nontri vial even characters mod m, and the

index is infinite if the right hand side is 0. Hence [E; ] Cr'ﬁ] is-
infinite if, and only if X(p) = 1, for some X. Ther-eforle we need only

£

t,
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- consider those X for which (p,fx) =1, since if (p,fx) ¢ 1 then X(p) = 0.

For f‘/( =1 or 2, since ¢>(fx) = 1, the only character is -the trivial
characi:.ér X = 1. While for fX = 4, the only even character is the trivial
one.

Consider f,, = 2P b 3 3, we have from Apostol [1] p. 221, that-the

Dirichlet character

a (n-1)-a/2 21rib(n)c/2b'2
_ -1 . , dd
Xa,c(n) T - < "o

0., if nis even
where a= 1, 2and ¢ = 1, 2, ..., $(2%)/2, is prinitive mod 2° f, and
on'l'y if, ¢ is odd, where b(n) is the uniquely determined integer, such

that o'z (-1)"1/2 (M) (mod 2P), with 1 € bln) ¢ 6(2°)/2. A simle

11}

calculation shows that xa c is even if, and only if, a = 2.

L

Thus for f)( = 2b the nontrivial even characters are

oy b2
‘e2mb(n)c/2 ' n odd

% (n) =
2,¢ 0 , if n is even

For fX~\= pa, 1 <a < B Let gbeaprimitive. root mod p.which is also a

o

primitive' root mod pk for a1l k 3 1. Such a g exists by Theorem 10.6

(Apostol [1]). If (n,p) = 1 Tlet b(n) = indgn (mod p?), so that b(n)

is the unique integer: satisfying the cgnditions ns gb(")o(r(éﬂ pa),
0 < b{n) < ¢(p?), For h such Ehat 0 <h < o(p?) -1, define Xn by the

formula e2mihb(n)/6(%) (2 o 4
Xh(n) = . :
0 ifpln 1 )
~ o . ‘
then X, is a Dirithlet character mod p?, with X, being the trivial

-character. Apostol proves. [1], p. 221, that X;, is primitive if and only

if P + h. It can be shown that Xh is even if and only if h is even.

?

4
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For all a such that (a,m) = 1, a is called a quadratic residue
modulo m if the congruence x* = a (mod m) has a solution. If it has no

\
solution, then a is called a quadratic nonresidue modulo m.

If p denotes an oddpﬁme and (a,p) = 1, the Legendre symbol (%) is
] ’.\ , °
defined to be 1 if a is a quadratic residue, -1 if a is a quad(atic non-

residue modulo p.

Lema 9.1 () = (- 1y (p*-1)/8

Proof. Niven and Zuckerman [9] p. 65
It follows easily that (So = -1 when p = 3 or 5 (mod 8) while
(—g—) = 1 whenp =1 or 7 (mod 8).

Lemma 9.2 e

If 2 is a primitive root mod p then p+= 3 or 5 (mod 8).

Proof: 2P71 = 1 (mod p) ‘ ' & . ‘

(2(‘)'1)/2 + 1)(2(p'])/2 - 1) =0 (modp)

and since the factors differ by 2, therefore exactly one factor is
4
’divisib1e by p. Since 2 is a primitive root mod p, therefore

2(P-1)/2 4 1 (nod p) s0 that 2P-1)/2 = (mod p) but

(3' = a(p'”/2 (mod p) 1mphes (-—) = 2(p -1)/2 = -1 (mod p) which means

that p = 3 or § (mod 8).

Lemma 9.3

A number prime to p? is a quadratic residue of pa if an only if it

is a cﬁzadratm residue of p.

Proof ‘See LeVeque [g],)p 63. o . u-

‘ :
- , , , \
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~ Theorem 9 '

Sfm = p%. 28, a31, B> 3 then the unit group CI'I'] with generators

1-a)/2 ,

-land e, = cé (E;-1)/(cm-1), (a,h)= 1, 1 <a < m/2 is of finite

index in the full group of‘units E; if and only if 2 is a primitjve root

mod Pa for all a, such that 1 ¢a < a. -

Proof: We have seen that [E; :Cr = hY T m (1- X(p)) and that

m
. x*¥1 pm
the index is finite if and only if x(p) # 1. We consider the nontrivial

even characters with fX = Zb, 3-< b ¢ B.

. b-2 :
. _ J2mwib(n)c/2 :
Kz,c(") - € , ¢ odd and b(n) determined by

n= (101072 L gbn) (noq 2P). The index is infinite if and only if
X(P) = 1 for some X and p. But XZ,c(p) =1 if and only if Zb'zlbkn)
while 1 < b(n) < 2272 implies that X, o(p) =1 if and only if b(p) =
For p = 8k + 1 or 8k + 7 the formula n E-(-])(n'l)/zfo Sb(n) (mod Zb)
gives the result 1 = Sb(p) (mod 8). But ord K5 = ob-2 (see LeVeque [8]
p. 54), therefore b(g) = 20=2 which implies Ehat‘xz’c(p).= 1 and the

index [E} : €] js infinite. Ifp = Bk + 3 or 8k +5 it happens thaf

b(p) # pb-2 and therefore X2 c(p) ¥ 1. We have seen, Lemma 10.2, that if

s

2 is a primitive root mod p thenp = 3 or 5 mod 8. The converse is not

L3

true as 2 is neither a primitive root mod-43 nor mbd 109.

f

3 or5 (mod 8), 2 a primitive root mod p2.

Consider the case p

We have seen that X2 C(p) 1. If f& = pa, 1xacxg a,'then

' % (n) = eTihB(n)/e(p%)

£
since we. can put g = 2 therefore b(2)

M (mod p? -,

n

' .
-l -~
. '
'

ob-2.

N
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l | .\ a"
Therefore X, (2) = €™ "/#(P°) 2 ¢ h < (p%) - 2 with h even.
X (2).= 1 1f and only if o(p?) | h which is impossible. Thus x,(2) * 1.

6f course Xh(p) = 0 and X, C(2) = 0. Thus if 2 is a primitive root
mod p® for all a, such that'1 € a<o; then [EnJ'1 .:.Cm] is finite.

3or5 (ﬁodfé), 2 not a primitive root mod

Consider the case p
pd for some a, ﬂith'l €ac<o. Bytlemma 9.}, p=3or5 (mod 8) implies

(%) = -1, thus in 2 = gb(z) (mod pa). b(2) is odd (see Lemma 9.3).

Since 2 is not a primitive root mod p?, we have ok -z (mod pa),.k= ordpaZ
0 <k < ¢(p?) and k|o(p?). Thus kex = ¢(p?) and x = ¢(p?)/k > 1. Also
from 2k =1 (mod pa) and 2 = gb(2) (mod p?) we deduce that gk'b(z)szzk =1 -

(mod p2), and so, ¢(p?)|k-b(2) or o(p2) ey = keb(2) thus kexey = k+b(2)

and x*y = b(2). , _ N _
So x|b(2) and x|¢(p?), with x> 1 and since b(2) is odd, then so

also is x. For p =3 dr 5 (mod 8), 2 not a primitive root of p® we have
p? 3 43 and so ¢(pa) 3 42, since x 3 3 we have 2x/{(x-1) <'3, thus

¢(pa2 > 2x/(x~1) and thefefore‘¢(pa)/x < ¢(pa) -2. ] ‘

. a
For Xh(Z) = e2n1hb(2)/¢(p ), with h = ¢(p?)/x we have h even,
2¢<h< o(p?) -2 and xh(z) = 1. Therefore ifp = 3 or’é»(mod 8), and 2

is not a primitive root mod p?, then the index [E; : C;] is infinite.

What happens to the index [E" :~c;] ifm=q-2%, 85 3, q odd but
, LY

having more than one prime divisior ?

Theorem 10 ¢ -
' Forms= q-ZB, B33, q odd with at ]g:;t two_ distinct prime divisors,

.
/ —
-

the index [E; : C;] is. infinite. p
Proof: If for any prime divisor p of q, it happens that 2 is not a

°
i
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primitive root mod p, then as seen in the ‘proof of Theorem 9, there exists
X such that X(p)

Suppose that for all p dividing g, 2 is a. pr1m1t1ve root mod p.’
Then p = 3 or 5 (mod 8) and we consider f p. If Xh and. Kh are’ both

odd‘characters with (fy, ', f ) =1, then X = . X is an.even
Xn,> Thn, > -

character vnth,fX = thl . thz.

If %(n) = 2wihb(n)/(p-1) n .z 'b(")(mod p) it is easy to show
that Xh is odd 1f and on]y if h is odd. Since 2 is a primi;ive root for
each p|q, we have b(2) = 1. If p = 3 (mod 8), then in'Xh(Z) = @

take h = (p-1)/2. Thus we have h odd, 1-< h < p-2 and Xh(2) = -1, So if~

q has at least two distfnct dtvisors each of which is congruent to 3 mod‘8,'

Qe are done. Suppose this js not the qgse.n Perhaps q hds no, divisors

congruent to 3 (mod 8). Then q has at,]eagt two aistincL prime factors
congruent to 5 mod 8. " Therefore in X, (2) = ezmh /(p1']), Tet h, = (P -1)/2
SO that hy s even, 1< hr < py2 and'Xh (2) . .So again X -.th . ¥h2
is even and Xx(2) = 1. Nhat if q‘has prime factors p, and p,, with P,
congruent to 3 mod 8 and p, congruent to 5 mod 8. Whether p ='3 or 5 .
(mod 8) We have for f = 8, that b(p) = 1-and Xz C(p) : Now eihce 2.

is a primitive root of both p, and p, we have p, Q;kééﬁ \1)(mod P2 ).

5

In Xh(n) = e2n1hb(n)/(p 1), for fx\=cp2, where p, = 5 (mod 8).let
. * v %
h = (p2-1)/2 Then h is even and 1 ¢ h ¢p,- -2, while - v

K p,) = BB 1) 4 gmib(e,) Ly

-

. If Xh(pl) =1, ve are done. If not,'Qeffne X4= Xy, ® X23C~ and-so «
o Kpy) = X (py) 0 %y c(Py) = (-1)-(-1) = 1. R S

. TN UL '
We now examine the index [E; : €. form e.q-22,.q-odd.

- . o

2mih/ (p-1)

.
L e

~

s b TS
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- Proof: For p =1 (mod 8), f

—— - e Aumenin vy U e

Corollary 9.1 . .

. : . - T ) c
If m = p%2%, ] with p = 3'or 5 (mod 8) then [E; : C ] is finite

if and only if 2 is a primitive root of P, 1 ¢<acxo.

. \ '
Proof: ~See the proaf of Theorem 9. --

! . . - .
Theorem 11 ‘ < “u
" For m = p%«22, the index [E:: C;;] is infinite if p =1 (mad 8).
A]

x =P then xh(Z) = eém‘hb('z)/(p'].) and

h = (p-1)/2 is even. Since (%) = 1, therefore b{(2) .is even. Thus

X (2) = 1‘aﬁd(the jndex is infinite. i

For m.= p%-22, p = 7 (mod 8) the situation is not so clear. When

m=7.2%, [E] : C ] is finite, while for m = 31.2 the index [E' :'¢ ]

\

is infinite. - L g
Corollary 11.1
Ifm= q-2%2, q odd wifh p|q such that . -
a) p E£'3 or 5 (mod 8) and 2 is not a primitive root of p.
" or b)pz]('quS)'

then ihe index [E; : C;] is infinite.
Proof: a)' See the proof of Theorem 9. ° ‘ N .

b) See proof of Theorem 11.

-

Theorem 12 °

If m = q-2%2, q odd and p, and p, ‘are divisors of q such that.
1 2 Y

Py» P, .3 Gr 7 (mod  8), then the index [E; P C;‘J is 'inﬁ‘m"te.
« ' ' d |

3 (mod 8), let f, = p.

Then %, (2).= e2"M(2)/(P-1) ang i h = (p-1)/2 we have b odd,

Proof: For p

:

and since'(%—) = -1, H(Z) is odd. "Therefore Xh(Z) = -1, X odd.

- v

\
t
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For p = 7 (mod 8), th=‘p let h = (p-1)/2 so that h is odd and

Axh(z)=!e2"ihb%2){(p7]) and since (%) =1, b(é) is even, thus'Xh(Z) =

]

with X odd. .

.50 if p, and.p, are both congruent to 3 or both congruent to 7
mod 8, then X = Xhl‘- Xh, * hy = (pi-1)/2 and X is even with
. T R - . £
X(2) = xh1(2) 4 xh2(2) 1. .

Assume p, = 3 (mod 8), p, =7 (mod 8), then by the law of quadratic

reciprocity, (p,/p,)(p,/p,) = ~1. Withoutvloss‘of generality assume

(p,/p,) = -1, then in X, (p,) = e2mhb{(p,}/(P,=1) with h = (p,-1)/2 an

odd number and Xh(P1) = e"ib(pl) = -lysince b(p,) is odd. For f% =4, o

X'(bl) = -1. Both X, and X' are odd, thgrefore X = Xy X' is even and

©x(2) = 1. . -7

Theorem 13

If m = q-2%, q odd and p, and p, are distinct prime divisors of q.
Then the index [E' : C ] is infinite if either;
1) P Py = 5 (mod 8), 2 a primitive rogt of p, and p,.
‘11)*ﬁl =5 (mod 8) with 2 a primitive root of p,, p; = 3 or 7 (mod 8) and
A ) .
T (py/py) = 1.

 Proof: S ~\\;

1? For fx =py.i=12. , .

@

{
. =

x;(z) = - 'for‘ﬁi = (piﬁﬁ)/z, X;<even, defi?e X X; . X; , then’
1. :

X is even and X(2)

P, » Xp(p2) = (—1)b(p2) for h = (p-1)/2. So X is even and

- °

1 then xh(pz) = 1. - N

11).For fX

it (p,/p,)

If in Theorem 13ii, (p,/p,) = -1 then [E; : Cm] is not necessarily

K ¢ + 1] .
infinite. For example ifm = 35422 or m = 7+5+2% then [Em : Cm] is

<
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° " ) \ ' -'- ..2
finite, while [E; :.¢ 1 is infinite if m = 11+5:22 or m = 31+5:22,

Consider m = pa-ZB, p a,fixed odd prime, a3l also fixed, B32.
Since (n,fx) + 1 implies X(n) = 0, therefore if we are to have X(q) =1

for q a prime such that q|m.then either, q = p and fX = 2b or g = 2 and
’ : . ¥ . )

_ .2
fx p. ‘ .
_Theorem 14 ' . - o -

<
[y : [N -
There are only finitely many even characters mod m = p®+2®, such
that X(q) = 1, where q = p or 2. A

Progf: If ‘X is an even character mod p® then fX = pa; 1<aca But:

there are only #(p?) characters with conductor ﬁX = p2, and therefore

only finitely many even characters mod p%, such that X(2) = 1.

If x is an even character mod 2B then f, = 2b

. X
. b-2 . . N .
XZ,C(") = e2n]b(n)C/2 with n (-1)("'])/2,- Sb(")-(moq 2b). Now
X, C(p) =1 if and only if:b(p)

222 which implies p = (-1)(P1)/2
(mod 2b) or equival%nt1y p £ = 0 (mod Zb). But' there exists bo,sucH

, 2% b < g, and

3

that 2b° >p+ 1, and therefore p = 1 # 0 (mod 2%) so that X olp) #1

for any. X with fx = Zb, b > bo' fhus al tﬁe even characters mod 28,

832 for which Xz’c(p)'= 1 have éonductot L where fy = 2P

',2 <b« bo'
Thus there are only finitely many Xz c that are trivial at p.

Table 3 gives, for some values of m, the ‘number of x for which x(q)=1.

% : ' ' b

1]

"
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CHAPTER-5 . .. . -

MATRIX OF SIGNATURES

Lé; oeG(F/Q), where F = Q(z_ + ;&1) and let aeFf. Let |x] fepré;ent
the ordinary absolute value of the real number x. "Thén we will call. |
signa(a) = o(a)/|o(a)]| the o-sign of a. If {o,, 0,, **=, on}, n = ¢(m)/2
is a fi*ed hut arbitrary ordering of G(F/Q) then we call the n-tuple
(signg, (@) sion, (), ==, siong, (5)) the G(F/Q) -sign of a. And if
the map p:{1,-1} +~IF, is defined by p(-1) =.1, p(1) = Q, then we call
sgn_(a) = p(sign_(a)) the o-signature of o. We call the n-tuple
(sgn&l(a), :--, sgncn(a)) the G(F/0)-signature of‘q. The sign, and

signature functions exhibit the sign behavior of the conjugates of «.

;'The square matrix M = (mij) where m, ; f sgndj(ei),\ g € G(F/Q),:
one of the generators of the unit group 2 (wherg Z is either C* or C"

”
:

&

.efc.) with, 1 < "< m/2, (i,m) = 1 exhibits the sign structure of the

units 2. ~ . , .

T

Since we wi]]JQe interested only in the rank of M, .therefore we may

chogse any comvenient ordering of the Galois group G(F/Q). The elements

of G(F/Q) can be chosen as <oset representatives of the cosets of the

subg?ohp <o_1>,'generated by complex conjugation in G(Q(cm)YQ). The

elements @y and oﬁ_a with (a,m) = 1, 1 ¢ a < m/2 belong to the same coset

ofiG(F/Q) Eince'oa(ca) is the conjugate of o. .(z.). Thus we can

m-a
repfesent G(F/Q) as {oal(a,m) = 1, 1 € a<m/2} where 9, (cm) = c; ]

Consider 2 = C&Z For the purposes of calculation we will choose

= cos 2n/m + i sin 2n/m. Now €, = -1 and

»

- ,1-a)/2 _ ,.a , _ . ;~ 2
€ = In (g, - .])/(E"‘ - 1), (am)= 1,V <a<m/2 and gy = g,

v
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where we take 1;2m 2T”/Z"'-cos 2n/2m + i sin 2n/2m then
i ’ ' «
2a -a 2a : ‘
(1-a)/2 %~ 1 _ . Com ':Zm 1 '
(C ) . =
2m 2 o1 -1 2 1 .
2m Som.  Som "

CE . = . —_ —_

a.__-a : cdn T,

thus e = =

a . -1 . . 2T

. CZm-?;Zm ) 21 smﬁ

therefore . sin ? v a
= m .
Ea = -—'——2;1—— . » .hénce
sin
7m. _

1] -iJ sin ZH(H) .

) - Som - r’2m 2m
( ) ‘ - . i_ -
Sn ~ o sin 2nl3m)

' ]

We define a function - . N

[} : Z-> {k]j(k,x) =1,0< k ¢ x}
by - E2) = q for 2Z, qe{k|(k,x) =T, 0 € k < x}

if and only if & = q (mod x).

That is, [#] is the least 'positive residue of £ mod x. - o

- .

+ ., For the case of m even, let a be an arbitrary integer such that

(a, 2m)'= 1. Then the sign of sin 21r(a/2m) is determined by the Ieast '

positi ve residue of a mod 2m. That is )
\ . a,y .
sin ?“(Eﬁ)_ _ +1 if 0 < [al} < m‘
N a ’
|s1n-‘21r(§?n—)| -1 ifm < [a] < 2m.

Therefore signo (e,i)' 140 <[ij) <m
J =1 ifm < [ij1 < 2m

P . o




Also we have sgng_(el) = 1 for all o, since e =-1.
J - .

and sgnoj(e_i) =

v o b e
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0 if0 < [ijl <m’

1

ifm<fij) <am -

J 4,

Thus the matrix M is given by M = (m“) where m 4 =.sgnc‘j(e1.) and

m 5 2 1 for j e {x|(x,m)

" and m,.

1

0
1

with j as before and

primitive m

if
if

e lxom) =1,

For m odd, we have

th

root of unity.

root of unity. But for m odd r,g is also a primitive m

1, 1o x < m/2}

0 <[ij}] <m

m < [ij] < 2m

1 <x <m/2}.

*

as generators of 2 = C;;'] e, = -1,

: ea=§§]]-a)/2~ (C;-U/(Cm- ), (a,m)=1,1<acn/2 \;fhere r, is a

th
2

Replace T by an We get .
2a a -a .
m - _ °n = m ~
2 1 : -1
m ®n = Sm

We -are thus replacing €y by oz(éa), where. ozeG(Q(cm)+/Q). The matrix of |,

cyclotomic signatures is given by M = (p(cb(ea‘))), thus becomes

M= (°(°b(°z(€a))2 or M= (D(O'Zb(ea))) where °2b-5 G. So we have

only rearragned the element$ of the Galois group of Q(z;m)+/Q, that is the

\

columns of the matrix will be rearranged. So M= (P(oj(ei))), where

\

05(e;) =

ij _ -1 i i NG
cm T i sin 21:(_?-) )

j -Jr (] .,
th " sin 2m(=-) .

~
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therefore M = (m”) , withm

U.=1and
— 4 ,
0 if 0—<Tij] < g
m,, =" ' .
3 1if 2 <gif) <m -
1"5:{x|(x,m)=1,1<x<-';l

jE{X[()(’:h)':]’](X(—'}

A FORTRAN program was used and executed ori a V'Ax,to determine the matrix

and its rank for several values of m. See\‘t.he tables for results.

’

4
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CHAPTER 6

THE SIGNATURE MAP -

Let E = E; represent the group of units of F = Q(z;m)+ and denote
by £ = C; the subgroup(of the cyclotomic units, which is’ described in
Theorem 7. \ ) -
| An _e'lemeﬁt u e E is totally psoitive, denoted p >> 0, if and only
if, ‘fo.r all automorphisms o=G(F/Q), c“(u)>0. An element u in E is a

square if and only if there exists a unit v in E such that u = v2,

let EF
EZ

{n]uek, uﬁis totally positive}

fuluek, u is a square}. \

Lemma 15.1
The sets E' and E? are multiplicative subgroups of E and E2 C e,

. Proof: See D. Davis [3], p. 10.

Consider the group ring F,[6(F/Q)] of the Galois group of F over Q
over the Galois field of two elements. Let sgn be the mapping from the

units E to (F,[G(F/Q)] defined by

sgn{u) = OEG(E/Q) sgnc(u) g, Het
‘ 0 if o(u) >0
where Sgnd(u) = .
1 if o(n) <0

Lemma 15.2

¢

The mapping sgn: E +lF2[G(F/Q)] is 'a homomorphism of groups and

ker sgn = E'+.

"Proof: D. Davis [10], p. 10.

»
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Theorem 15

The dimension of sgn(Z) as a vector space over F, equa]s the rank
of the matrix M of cyclotomic signatures. } ‘
Proof: D. Davis [10] p.

.Coro11any 15.1

The number of even invariants of the group Z/Z+ equals the rank of
the matrix of cyclotomic signatures. : * :
Proof: D. Davis [3], p. 11. ‘ - e
Theorem 16

The homomorphism sgn: E - F, [G(F/Q)] is onto if and only if E? = T,

Proof: D. Davis [3], p.” M

Corollary 16.1

| *
If the matrix M of cyclotomic signatures is non-singular oversz,
then E2 = E.

Proof: D. Davis [3], p. 11.

We will denote' by dm the Hifference between the order of the matrix
’ . / .

M and its rank.

Lemma 17.1
— .

If ye 2 such that u > 0 and py =

N ‘ 1
ap
e 91 ., €. » not all the a; even,

21
the €5 generators of Z, then dm > 1.
Proof If u ¢ 2% then the result follows from Corollary. 16.1. Ifne 2

then since u >> 0, therefore sgn(u) = I sgno(h) - g=20,-if and only if
oel

(sgng (W)s .o s sang(w) = 0, iff

a,(sgn; (,)5 ..., sgnén(sl)) + .4 ar(sgnol(er),'..., sgng,.(e.)) = 0.

Since the a; are not all even, therefore therehis a linear -combjnation of

v



rows of the matrix M equal to zero. Thus d_ 3 1.

m

Let E, represent the group of un1ts of the q]gebraic number field
K of deg?g;K;\BVEF‘Q. For r elements €1y cees € OF Eyyr = w4y - 1,
we define the regulator R(€1' cees Er) as follows. Write the isomorphisms

of K into £ as o,, ..., GTI’ Oy 412 +eo °r+1’ ESTS RIS 0,41+ Where
Oy 1<j<r, is real, and Oy BJ,*rl +1<¢<jcr+1,is a pair.of
cbmplex isomorphfsms. Let 65 =1 if °j is real and Gj =2 if °j is

complex. The regulator of (e, ..., Er) is- defined as,

Re,s «ves Er) = det(s 1ogle [)

1gi,jer
In order for €5 +ves En to be mu1t1p11cative1y,independent, it is

necessary and sufficient that R(gl, ces Er) + 0. (see Cohn [2], p. 112)

Now, in.the proof of éoro11ary 8.8 Washington ([3], p. 150), gives
the following formula’for the regulator of the generators of C;.

R(ers -oov ) =hE R I I (1-x(p))s (%)

%1 p|m 5

where X runs through éhe nontrivial even characters mod m, h; is the
class number and R; is the regulator of ﬁ; = Q(Cm)+, where p
R; = R(ul, cees “r)’ wifh the uy formingia basis for the grdup of units
of Q(z;m)+ modulo {1}.” Since h; and R; are not zero, therefore,
R(el, ...,'er) + 0 if and only if the right hand side of C;) is not zero.
That is; R(el, cens er) + 0 if and only if [E; : C;] is finite. We thus
have, Lo
Lemma 17.2

The generators €y = cél -a)/2 (;m 1)/(; -1) of C = (a m)

1 < a < m/2, are independent if and only if [E C ] is finfté

e v
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Y : ‘ ' ' .

s ‘ @ ' ,

Theorem 17 . _ . , :
+ A" e sa o ’

If [Em : Cm] is infinite then d_ 3 1; |

where d, = order of M - rank of M. , a

Proof: If [E; : C;] is infinite then the ¢, are mu]tip11cétive1y

dependent. Thus I saxa‘ﬁhl, not all the Xy Zero. Assume Zk; k eZis
: a
the largest power of 2 .dividing all the-xa, then
x;?_k_ v Tk
(g €y =1, Xq = X /2" . ‘ ’
- . L
X B xi _xa
Since the €_ are real, Ne_2=12t], Fore =-1,let u=c¢e Mg
a a~a } 1 1 a‘a
with x] chosen so that u = 1.
X' " . '
Thus, we 2, u>0andu=1¢ a , not all theuxa even,
‘ 1€a<m/2
(a,m)=1

therefore by Lemma 17.1 we have d_ 3> 1.

-+
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CHAPTER 7

SURVEY OF RESULTS

We present here certaiﬁ results que to Garbanati ([4],[5]) and -

Gras [GJ, which explain some features of\the tables obtained for the

u
n—

- We have ,a]réady’seen that when C;T".is not of finite index in E;;
" then the ma‘tm‘;( .M ;)f cyclaotomic signatures is singular, i.e. dm: 5 1.
But -év;an wheen [E:1 :‘C;J is fin‘ite, m= pla-‘ZB, B22, we still have dm 3 \1.
Theorem 18 will deal aw‘ith this, 'situation. First we show two lemmas.

. ‘ . , !
In-"Unit Signatures and Class Numbers", Garbanati states ([4],

p. 378) the following " emma, concerning a real abelian extension K of

the rationals Q.

¥

. Lemma 18.1 ' - o

‘I1f each prime p of Q which ramifies in K does not split then, -

4

|Z+/Z5| =‘2p-dim(sgpz) , wherk n is the degree of the extension
of K 6\@* Q and dim (sgn 2) is equal to the rank of the matrix M of

"
si gnaturés\of Cp -

Proof: seé drbanatj [4], p. 378. . ‘ \
~+ We wish % det‘eming for which_[(; = Q(;m)+, m = p* e 2, with. -

[E;" : C:]] finite, the lemma holds. "['E; : C:l] finite with 8 3 3 implies ’

. p=3or.5 (mod 8) and that 2 is"a primitive root of p.

-

’, ‘ "The only pr'imes that qr‘amify in Km = Q(ém) are p a.nd 2. Bu‘g 2 does
not split in K'm'and thus 2 does not split in K; Ifp=3ors (mbc; 8)
then p_splits into two factors in Kp= Qzy,). Now i =z, eme and

Z=1g, 4 z;'a1 ek = Q(z;m)'.so that Q(/-'Z'), Q(1) and’Q(/TZ) are quadratic

-

L
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subfields of K . Also Q(/2) € Q(z, + £~ ).
In Q(Vd), p is decomposed if and dn1y if (d/p) = 1. Thus for
p=Tor7 (mod'8)$p splits in Q(/Z) since (2/p) = 1. '
Therefore p =1 or 7 (mod 8) splits in Q(cm)+.

For p = 3 (mod 8), () = (GH(R) =1,

therefore p = 3 (mod 8) splits in Q(/-2).
. While $or ﬁ's 5 (mod 8), (ﬁ}) ='1, hence p splits in Q({).

 So for p

nt

3 or 5 (mod 8) we have

pAK =P

, * P, with P * P, and N(P,) = N(P) = p.

The two factors P, and Pziof 6 are compiex conjugates, thus

3 or 5 (mod 8) does not split in

HI

P,s P, #Q(g,)". Therefore p
K; = Q(cm)+. So forp =3 or5 (mod 8) 2 a primitive root of p, Lemma
18.1 holds. , - |

Thus |2t/22] = 2”'dim(59ﬂ?) while |E¥7E2| = 2"-94iM(SONE) (coo [a7)
p. 378). Sifce E D Z then dim(sgn E) > dim(sgn Z) and’so it follows: that
gz s |efe?). -‘ | -

{

Lemma -18.2

' Let K+ be a real finite abelian ektension bf Q. If there exists an.
imaginary abelian extension K of Q such that [k:K+] =2 and‘K is an un-i
ramified é«lension of k+ then (E+ : E2) > 1. . '
Proof: - see Garbanati [5], p: 169. . S ' ‘ - _
Theorem 18~
For K; = Q(ém)f, m = p% -‘28, a1, 8>2withp=3or5 (md 8)

and *2 afirimitive root of p, then dm 3 1..




P—

‘Lemma. 19.1

IZ /32| = 1 then h is odd.

_of abelian extensions K/Q of odd degree. The criterion involves the

Proof: _Sincé'm is not a prime power, therefore Km/Km+ is unrarﬁified

"'([13]‘,lp. 16) and so by lemma'18.2 (E‘+ : E2} > 1. By lemma 18.1 we have
SFALIN |E+/E2| > 1. Thus there exists 'u € Zwith y >0, u § & and
_ lemna 17.1 implies that dy 2 1. - " ' '

]

If each prime p of Q which ram1f1es in Km does- not split and if

D)

Proof: see Garbanat1 [4] p. 379.

Theorem 19 . ( o

1kt Q(c' )+, p an odd prime then the only prime that ramifies
pe

is p and it does not spht If hp is even then Temma 19 1 implies that

|zt /22| > 1 and so by lemma 17.1 we have d > 1

Gras.has established a criterion for the parity of the class number

'signature of the cyclotomic units. =~

Let u e E, uis 2- pr1mary if the extens1on K(Vu)/K is non- r'am1f1ed

'fPr' prime 1deals not dividing 2.

Let 2o = {n e 2, n is 2-primary}.’

Theorem 20 I
h t1's even if and only if : N\ ro .
(FrE a0 .

' Proof: see Gras [6], p. 41.

/ ' . \ .
Theorem 20 implies that when |Z'/2%| = 1 then h is odd, while h

even impH,es',,‘ IZ+/ZZ| > 1.

e

PO
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TABLE 1

RANK OF MATRIX OF SIGNATURES o'F‘c;

For each odd 1‘nthe’gﬂ q, 3’ q < 125, the rank of the matrix of
signatures of units of the unit group C;;] (m = q-2" n'=0,2,3,4,...) was

calculated on a VAX corr;puter. The program was written in Fortran IV by-

Richard Parker and‘later modified to handle odd values of m. The results.

for prime values were checked by comparison with the results from Davis'
Thegis’ ([31, p. 70).

For each value of q the resultd¥ for the matrijces associated with |

C,» m = q-2" are arranged as follows.

For each value of n, the first column Pn gives the order of the
matrix M, while the second column r, gives the rank of M and the third

column dn gives the difference of the two, i.e. d_ = LI
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* TABLE 2

- RANK OF MATRIX OF SIGNATURES OF C;n

" For each odd 4nteger q, 3 < q < 57, the rank of the matrix of

. signatures of units of the unit group*c; (m = q:2", n=0,2,3,4,...) i.e.

‘Ramachandra's units, was calculated on a VAX computer.

For each value of q the results for the matrices‘associated with
,C%, m = q-Z" are arranged in the following way. For each value of n, the
first column Pn gives the order of the matrix M, while the second column
L gives the rank of M and the third column qn gives the difference of

the two, 1.e. dn =Py - Ty
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TABLE 3 o
ALY " A
‘Number of %, for which X(p) = 1 in the expression }

Er:cl=him 1 (1- (p))s
Smen Mx+1 plm
m= q-2n,’n =-0,2,3,4,... . )

_ We observe that the #X for which x(p) =1 is less than the value of dﬁ.
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. NUMBER OF X s.t. X(p) = 1

TABLE 3

~\

= q-Zn_) for which X(p) = 1)

(Number of ¥ mod m (m
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