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- In this stuc{y Picard's mthod of succossivo approximtion 1s

“applied to. functfona] differential oquations of neutral typn. The rosu]tz S
are cémparad with thou .obtained by (1) usmg a fourth order Runqo-xutta ' 2 ¢
mothod lnd (11) solv1n9 thc aquation successivﬂy over intarvals of -+ - - '

.

f'lx-d lingth. Thge comparisons 1nd1cate thnt (1) the gccﬂnqy of . F

solutions obtaimd by Piclrd‘s mcthod is companb'll to that, obtainod e
by the othnr two mthods and (14) P1card's mthod 1n gcnm'l requires K

more computationa'l tim. SR , : e )
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N ‘f " INTRODUCTION .

The ob.iective of this study is to determine the epp'licebi'lity of

Picerd‘s duccessive epproximetion technique to the numericei solution of : B ’!

> *

P S

functional differential et«utions of neotrei type, end to compare the - -

.
e wt w BT W .k

" results witﬁ those obtained by -the fourth‘orden Runge‘-Ku‘tte method and - .

& difference epproximetion method. . ;
y s \

Chepter 2 provides the reeden with a brief introduction to ' }

¢
R T PR S

functional differential equetions and their applications. as well as to |

»

existing numerical methods of soiution. S Y

ST Y

",
* - - Chepterxa provides the detatls of Picerd‘s method for ordinery

end functional differenti al equations as wen as some convergence theorems. -

Chepter 4 provides the munericei results obtained by epplying the

‘ . " verious methods to a tirst order functionei differentie'l equetion.
oy . Se ,enej different sets of initiei conditions and forcing functions are -
tried The resuits ere piotted to feciiitete comperison of- the beheviour

v * .

of the methods. - C ‘ . o Lo .
' ’ b
Cheptei- 5 conciudes tiiis studv by presenti/t{g an. eveiuetion of

3 Picerd's method as compered to tne Runge-i&utte -and difference : ":

+

_epproximetion methods. es ve'li es sugqestions for future investigetions.




T CHAPTER 2 - .
.. B UMERICAL METHODS

2.1, ‘Introductig I L o o -

The obJoctive of the present study is to compurc Ph:ar;l's mcthod
' ,of succus'lve approximation with the fourth order Runge-Kutta mcthod
o " and a differance approxmat*lon mcthod It 1s' therefore considered worth-’ >
. while to present an introduction to functional differentia) aquations
.and their applications and subsequently a briéf survey of the numerical
® | mathods that are avaﬂab‘le for such aquations. In Section 2.2 various |
| types of fuhcﬁonal difforentia'l equltions are discussed In Sectfon 2.3
‘methods for Initin Value. Problot\s are d1scussed. F1na11y in Section-2.4
methods for Boundary Value Probums are d1scussed ’

! e

2,2, Fungtiogal D'lfferegt‘la'l Eggations . S .-:

i ¢

. It has Imn Known for a number of years that functional diffarentia'l ;

iqu_atjons p'lay an importan le 1n the modelling of mechanical and>

' "e't'cctricn"l systems ['n (2. Interast in these equnt‘tons has continuod

to grow in recent ynrs. as 1t has »becom apparcnt that tha.y are alsy N

A

b .
i C - of 1mportg_\cc in the‘areas o‘! modelling physiologica\ gnd hormonal .' . )

e control syjtaﬁs 131, theory of epidmﬁcs (4] and mpulntion growth t51 (61. o

A comon‘?y encountered typc of functiona‘l di?fanntla{\equation 13 of

th,oform~ Lo R

HE) = Hit a(ehy M€ - (0D, Al - r(em @
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1. .- In the above equation if r(t)> o, vt the functional differen‘tiu'l equation S
1 ' g - 1s}mwn as retarded type. If f depends explicity on x(t,- 1(3)) then ‘
the de'lay-different‘la'l equation Is known as neutra'l type. The 'Iatter 1s

the type of équation. yndar $nvestigation in this study.

gt
Rk -

b,
,

¥

.+ 2.3, Methods for Initial Vélue Prioblens

The 1n1tm value problem for neutral d1fferent1n1 equat‘ons can

1 L ‘ bestatedas RN L "
b ' : Lo L ¢ SRR - - a ;
1 : ] . R(t) = f (¢, x(t), x(t - =(t), x(f, - T(t))} . 0 1 tsT . (2.20)
' v x(8) = rlt) terb, 01 . N . (2.2b)
. '.4) , whar.' - - ¢’ %, ¥ ‘.' 'o “ ‘\ . . ’ . < -
L v o A W b o. )
| - . bamdnf o x(t) -t} | L | -
ST L . - SR
" An 1mportant specia'l\ac?ase of (2. 2) 1s the 1nitiﬂ value probe]m for
: delw-differential equations, namely '
/ I g x(t)-f{t. ), Al 'rm)}, 0stsT - (2:3) -
%" o Another special case df (2.2) is the. 1n1t1a1 value problem for dehy- '
i 3 ) . d‘lfferential equations wfth constant deuw, name]y
% A *
o ‘L _ x(t) - f.{t, x(t): x(t‘ - 1), &(t - r)}A 30« t_< T .
L] Y v , ‘ ' T , I ’ : ' . . )
) E Xg = 41 t t 7 (-3, 00 5 t>0 o S '(?'f) ' |
) v Th °b1aﬂ ) 7‘" - S i.‘l . : .\ . o ’, ) . s
_'x(t)-iz(t/z)/.h,gonm PR
R | - -' . (u x(g) -o I 2 / . . ‘ Je , “’ . % .‘ '. - | \‘
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docs not have a. sorlution. whﬂn the problem S0 S

CoAE) =2 0t ed o L
, . T ".‘ . . N o ' ':"
x(0) =0 P e
. ' - ' o \ . " - o . J
_ has the one-paramater gamﬂy of so'lutiom x(t) = ct. Tp avoid these, -
difficu'lties 1t is hereafta?- assumcd that - T ¢
. o ) ' A . SRR I
- 1 s t(t) s tm . 'i;’/' . ' L.
- ' o . i
which ensures that (2 2) has a unique. sglutioq which continuously ST I
'lepends on ¢1171. Ho> L 3 | %
1 A ; , . , R “4}‘ N . ki
" . o L 3 ;. i
o ST 2.3 Euler's Method _ . T B
In the case of problem (2 4) let h be the step size givcn by . . ‘ 3*«';'
C oheim , R (zs) B
'for some integer m. 1 | ‘.. "
anine - S O L DR
. 1 ! ]
Then EoTer! s method Gan be stated is foi‘low: (7; - L
"<tm> - & (tk> - h mk. X (tu)- x (tk_m)}. sksN o
5 - o
L X. (tk) - ‘(tk). - lﬂ ks 0 . . (5-5) .

. approximte so1ut10n o[\h. Note that‘whcn using (2.6) to computc x". .
At s nccusary to store tFu lut m compntcd va’ucs. Let . R »'

whore we 1ntroducc thc supcrscr*lpf) h to dpnqtc thc doB!hdnnco Of the ‘ e




. . .
- \ ' ,' -

i o . . Then’it can be‘ shown e/ «'0{h) provided x ¢ cz'[d Tl
‘ [ L In the case of problem (ﬁ 3) a grid could be constructed such ’
.,: M‘.: thatforeachk.lsksN+1e1thera . C
E;*a tk.' v(t,) ¢ o L S \
o ( - ‘u . ’ ’ ) . '(l
o or Co ro i ’
, . tk - T(tk) - tq(k) ’ q(k) < Ko " ’ ’ . \ .. q' " @'
, * Euler's method then otakecxthe form A
. o ’ e * ' s ” -
R C I O R X YRR U TR R R CAERT R
k o v . . . ‘ ; ' . o P : .
i £ L hkf{tk. X (tk)’ X (tq(k))} o )
- - oo T _ otherwise n '
nni\lﬂlg ! ' - f x " e? :' ' | ' 0 ‘ k ‘ N ‘ 4 . ‘ . ‘
5 S T T X 0
;o The convergence properties of this method/ were stud‘!ed by
A Lo Fe'ldste‘ln £9) who also 1ntroduced three. glthen versions of the above '
. E /oo . EN
/| 'mthod ST N e : =
o : E .‘ . ,, N X . \ L . .
C ' v g.a.z Dne Step'Metho& T e P
' . . ' . , . . T‘- . ~ ,9' '
BT . ‘l‘averni 1 no; deve'loped a general ohe-step method for functiona‘l T
. . differential equations of retarded type which is appHcable to retarded ’ L
S d‘lfferenthl equaﬂons. He considnrs equations of thc fom ,'f '/' ’ &
. '. K . ' ’ X(t) - f(t. Xt) ’ 0 "t < T . ’ " ' ) .‘K | ,

-0 ) /

%o
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foodge LA e

i . a2 ““ Nz %* '*’f'k._.‘. i Aé‘»:!(, ,\\ S
" 6.
. h T . .
A -, " Y - " ,
" © . " whare the notation of Hale m: is used. A onertap mnthod for this. i
. was of the forms& B : : .
‘ '~x‘h(tk + l”hk) - xh,(tk) - "2 g (r, hk’ tk'v".htk) . | o
) T etkeny T s
}-':,'" [ . [% ’ " (\ . :0 ~
N : S 0 sarsl : -
p - R R Lo : , J ) . .
-y : ’ 3 ‘ - . R0
h S : . !

Xy m ' (Z3) . |
| ¢ 0 ' o S|
Hu‘tchfson t12] devaloped a genera] theory of multistep methods 4
: ’ for noutraI d.tfferenti al equations which 1nc1udes one-step method asa -
1K ‘spactal case. .- o o AR ' y
.:; . '- . . [ , ’ "~:. . ) Z . \ .

}‘ ] . g 2 ' . . C ,

r TS 238 uum-stug Methods '

P, ' B VY o a ~ o , ,
3N ., Consider theproblen. . ' S
A Me)ax(t =1) 5 t>0 . - e
}:,y‘ e - . . [ L ' . —
\}5:‘ ! - 5 ’ o \

i : , x(t) w1, -1 gtg 0 Ll ‘ ‘\(2-9)

& - 1t can -be easily sean that &(t) 1s discuntinuous at ts0, that

,JA o S x(t) 13 discontinuous at t = 1 and that x(P)(t) is discontinuous at

. \ t- p o 1. Thu; x(t) 1s 1n1t1a147 non-smooth but. bccomcs smoother wjth

iricreasing t.. B '

F . Cons'mr now the problem L S
N v o . B R
.ot x{t) -x(t - 1) o OL,. o \ L

§ . x(t)-l PR Y o e e e (RI0)




P -
P et .

- discontinuous whenever t s an integer. YA

y method 1: praserved.

" . . l ’ " ‘ , . N
Since x(t) 1s discontinuous at t = 01t follows _that x&) is

R

Thm two problems are typical of retarded and neutral d1{ ffcrcnthl
cquations qspecﬂve'ly., and when considcring such equatfons 1t 1: Y
therefore of 1mportance to take account of the possibﬂﬂ:y of non-smooth
solutions. Zverkina 113 devoIOped multi-step méthods which can handle

- non-smooth sﬁluﬁon&’” The location of the pdints of d'lscontinu%y of.

the solution x and the magn1tude of the Jumps § 1n the derivativn of
x can be computcd Using this 1nformption the 1inear multi-step mothod

¥ ]

13 written in the form

ko hoo
. S SRR

g ,‘\\3"(tm) ;-*f{tm_d.‘ x"gtw'). ?t".(tk:._J -"‘é'(t-w\)_)..“ | "
2Pty = Tt g)) S 2

e 4

where Tk(s) depends on the Jum; :& and 1s such i:hati the order o;‘ the

n .

o
- The work of Zvcrkina rﬁas been oxtendod in several ways by

_‘Hutchison [121 rnsmd of (2.11) sho considors modiﬂod mcthods of
. the Yorm . d ‘ !

v
-

R
& aJ X (tm) -h £ h, tk. AAty)s veen X “k+.1"

"

et

. other ffrms of extension can be found" ¥n Hutchison's [12) work..

&

AN

CaTLE) L N R 7
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o UM - S
5,':; . s . ot ’
S R T N
‘ AT Iverkina 1n her papers has asserted that multi step methods are
. o ' more efficient than “lege -Kutta method&. The assertion is on ’the basis .
&: . of storage needed. number of computatfons involved i‘hd accuracy The
B I L conc]usions are Based upon theoretica? cons1derat10ns and no computational
. evidence is presented ' _
". * ) v ) . j ,' : v ; ) /
- . 2:3.4 Runge-Kutta Methods oot :
o‘ ] 4 ‘. o
. ‘Runge-l(utta mefhods for ordihar'y cﬁffereniia] eqbuatfons are ¢
": ' - easily extended to functionq} differential equations cdnsider an .
'- o e ord'lnary differential equathsn |
) x(t) - f{t. x(t)) . . (2.13)
A B ' L F ’ v . E
mL : - th h be the s}ap stze and to be the 1n1t1a1 time. Than a fourth '
o ) order Runge-Kutta method 1s g1ven by . . 2 ,.
j“.:' -.-" ) e . l Xo(to + h)«‘ X(to) 4: ]/6 [A'l ""2(A2 +* A3)+ A‘l(/ l (2-]4‘) ’ 'NV )
A _ vhere ‘. S -~ R
g " N ) A-l -'h f{to, X(to)} _ ' ) ‘ . l‘. ol .- L(Z.'Mb) ' j;
ety ene, it a2 (20 -
1 SRR * = hfity+ h/2,. x(to) o ST \’.(‘z..w) ‘j
S 8y = h fitg + x(to) +) A3} o e (2.4
: o " Let tT' t0+h Then o o L \ ‘
’ x(t1 + h) - x(t‘) + 1/6. [A, + 2(A2+A3) + 840 L (2.18)
g L and continuing in this manner. S T .

R "('tic + h);é-_}-?\_x(tk) PUELs 2oy e ty) wagd o . (2.6)
et S |

toe




E;_rhbre A,..AZ\AQ.IAQ in (2.15) an
“esimilar (2,14b), ‘(z.m*) (2.14d),

TIt 1s ciear that a Runga-Kutta mathod applied to neutral typa

equations wouTd gonerata so]utions in time intarvais of length T,

i K e Thus the solution for the entire interval is obtained in steps of
E‘A ) : l‘i . size T i.e./;irst the solution is obtained in tho intorval [0'\r].
‘ ‘from which-the solutian in tha fnterval [ <, 211 1s ganaratad. and sub- .

"

saquant]y for tha entire intarva] by continuing the process.

" 2.35 Oifference Approximation Methods' . . -
. - . - . ) . ‘ ' J" . A4 .
. . The first work on the stability of finite diffarencé approximations } -

S

to retarded and neutral diffarentiai\equations is ‘that of Brayton and
I . Willoughby [14). They consider the aquation : a

e
WA T Wl ot

(o) + Apo(t) A .x(t S )+ A (€ - r-)'. ot L (2w)

o
. -

A e

35,

where A]. Az and A ara symmotric nxn matricas such that I = As_and
A1 *‘Az are positiva dafinita. Divida tha intarvai t 50 that the

4. \ stop siza h eguals t/m fOr some intagar m. ‘and let ! : (03 11 b ' T\
' constant. ;Tne tho diffarence approximation for (2 17) takas t::]fonn -
e L "(tk) = - A f"(tk-ml) x “k-m“ L |
B R P Ca ' .
. Qﬁ l\i":.w,_“cr' ' T e A] h fﬂx(tk,n) + (1'11) x(ék)l - _" \
H & . e . s . ) i i
e A2 h tux(tk__m) . -

(?:- ﬂ)-x(tk_mlj_



HERC | K YO U R [ R Al Y
\ < e “ ' . Lo
| R [
. . L s \ . ,
1Y . rf‘
[
_Note that 1f m = 0.and u=0 then (2.18) reduces to Euler's mat od. It o
‘can ‘'be shown that 1f. in add‘ltion to tha conditions on A], nz, 63
- stated earlierr (1 + Aa) - (1/2 - u) h(A‘ 4 Az) are positiva ch inite, y '
. - ! Y
. j thanx(tk)-»Oas s “ . iy
2.4 Methods for Boundary Value Prohelms * )
8 7: : 2.4.1 _Shooting Meth f T
° ‘ ' '
Consider the scalar ord{nary ty)o point poundary vilue problem'
x(t) = £{t, x(t)} y0<ct<T .
. . . ( ! R “ . '
x(0) = x(T) =0 o . o (2a19)
Ona approach to so1v1ng (2.19) 1s to consfdar tha family of 1n1t1a1
valua pr‘obalms oo . \“ B . o
R L \
v x(t.s)-f{t.x(t)}:0<t<7 SR -
x(pa' S) - 0 ‘ ‘
A0, s)y= 0 . T ¢ 20)
Solving aquation (2. 19) is 'a(quivahnt to finding a vaIua of s. say
. . AN
Mo s such that ' .
‘(S)ﬁ o . . T ." ’ 5 \ . 1 ' ,‘;
- whara ® (s) - x(T. 3) | m
. “ In tha shooting ma'thod. a numerical njathod is chosen to conpi:ta :
| approximata solut1ons x"(t. s) 0. the initial valua problam (2 20)
. Then sh 'ls computad such that B o . CoL



whcre Qh(s) - xh(T. s) The app;'oximate solution to'(2.19) is .

o taken to be xh(t. s) de Neversvanq Schﬁ‘ltt (15 ha've‘stud‘lgd‘ -, o
' Drobluns=ofthe form*" L TR S
X(t) - f{t' X(t)' X(t - T(t)} J ,O <t < T ‘- " <
. ! T
- "0' -¢cc([—r,0],R) .
WDever 1o (2.21)
N , < ' , : .
EI using the ‘shogi:ing method | S - ] e,
- ~ , ‘ ' -
2.4.2 Finite Difference Method \ - -
Cryer [16) considers the finite d'lffgga\nfe method for probfems
ofthefom = L , ST A
S ' ) - ’ »—
x(t) = f(t, x(t)} + (Fx)(é). O<teT «
" e .X.(O) - 0 2 | g ‘ . : L ~‘.
} S x(T) = -0 - | o (2.28
2 . where.F.: GO, T1- C(o, M S T S
5 " ¥ i - A ‘ . - ‘_ .
G < It should be ment1oned that.in the case of ordinary differential - .
*‘ - —aquations the sﬁoot‘in‘g me‘tﬁod and the me?hod of finite differences . N &
L
3 complement one another 1n the sense that the shoot‘lng\glethod gives . ) j
g . . ' .
. good results ‘when the finitg difference method give poor results R
: and vice versa.  The samé appears to be true in the case of f’unctiona] '
differentia] equations also, : T m‘} . "'"\'\'\

Mathods for initia'l va]ua prob% such as Splines and. Hmite.
cmbyshev series. Extrhpolation/and Oeferred Correction as wn'l'l as ;

methods for boundary value’ probhms which aré not detaﬂed hare can
: g : L ®
" be found 1n [17). S e | o
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- oY . _PpICARD'S METHOD . . / ,

3.1 _Introduction e . "
To motivate Picard's mn;pba. an ordimary differential squation -

* (Section 3:2) is used as an examﬁﬁg to give the basic idea. It is

subséquentty (Se¢tion 3.3) extended to:a delay differential eqﬁgtipn‘

- .. and fina11y to ‘a neutral differential equation (Section 3. 4) .

N !
v .
“ M ¢ sl

5 3.2_Ordinar 'lfferent a1_E: uatfcn R

& oo "*\.\“/
‘ Consider an ordinury differential egquation CoIN T

. .\.. 2(t) = 1, (Ohxg=x0) L

g ' The initial’ value problem can be equiva]entiy formulated 1n terms

it of the followihg' 1ntegra1 equation: .. ]
R (O '+ 6"f'{s. A(2) 6 B P ¢ )

. ' . s *\" s, -

| "~ Then Picard's 1teration formula for arbitrary xo(t) is.

. . . Vg . ; :

| xk+,(t) xn(t) + f f{s. xk(s)} ds *, ;\,} e (3.3);"
: : y , . L L AR :

: A ,,M_"_‘,;A L 0,1, &.. ) S - ’

K - , ST p—

A . -

T T e

5 R | which as k + - convcrges to the solution of the difforential nquation
(3 n (181 ~ ‘

3.3 00151 Differential Eggatio \, \ g L E f' 7'}
' NN ’ 1 .

Picard's mcthod can be extendod to delny-differential nquations. I;

v -
N A\l B N . .
/ 5 as follous° I ~ L oo o
. 4 . . - . - [ . . .
. { . o ‘ ot "w , L )
- . PR ’ , o et ! .
- . B . ""» . \ * .
. . - . . ’ el Tt . Sy
X ' . ' .t P \ N . I -
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Theorem 3.'1 (191 (:bnsider .a delay. differenti_lj'eidation

—

, : fm = A(t) x(t) + £ (x(t-1)) ‘ (3.42)
~ x(t)-C(t).tc[-r.Ol’o., EEERPR € X T
| . . A W ) - ¢ : o
'f , . where. A(t) is piecewise cont1nuous and f satisf'les a globa1 Lipscpftz -
: ' cond1 tion. Then forhy finite T and arbitrary continuous function
r(t), £t ¢ (0, i, the, sequence of functions Sxk“)} defjn,ed, by -
* a T , , e(t). -rsts‘O.Q L ;"i, (-3.5&)' 4 -
. ) LY Xoﬂ)- - L . ) T ) N T ' . Coe
. ?'(t). p«S t ' o0 . :
. ' . '. ‘ N h ] .
' . C(tTQTSt 0 ‘ o Toevm e -
‘Xk(t) -— ’Q ,,_____..‘ -! R ' o A [
, . o(t 0) c(O) +(f, o(t. s)f (xk l(s-r)}ds , (3.5b)
o where ¢ . 1s the transition matrix corresponding to A, converges ST
| uniformly to the unique solut‘lﬁn of the d1fferent1al equat'lon (3 4) .
. c X
satisfying the gWen 1nt11a‘l condition. . "
- . . ‘ ‘!
Proof, SRR ORI S~ o L N £
;3 (‘.ons'lder ka( )} as a- sequence in c" [-'c. T1, the space of - k
% cont1nuous n-vector valued functions. with the usue’l supremwn norm. " c
” ] "“*“Suppose the HpschH:i nom of £ 1s F, S0 that for a)l v, and v 2 1n e
# R"weheve ' Lo e o LN N N P
T Hf (vy) = f(vz)ll 5 F Hv1 -vzl! L ey
| . Let w(t. ')~ depo(;a/ the 1nduced fiorm of the mtrix e(t; e). and
- . : define oo . - ) ) -
..)* N - Sup- w(ty 5) o , R o ‘(3';7)2 )

t»atc!O“Tl ' ;‘“r I T RS SRR

+ X \4"A ,‘l“ x. "'
v &, s o r e
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o o N
. e, ,
. .
"+ From 3.5b we cah writé R o
| (8 = et 0) c(0) + falt, S)Ogls-t)d a8 L
! o Y P | t ' - ‘
‘ xz(t) w ¢(t, 0) c{O) + 6 ot, s)f{agl(s-r)} ds . ,
Xy (t) = #{t, 0) c(0) + 5t'(t.' SO (s=e)) oo
Take the d"lff&eren'qe betien (k+1)st and k th equation and then the
/, norm to ?btain . ., &
118D = KLEN] = 117 elts ) fixy(s-oh
, l U » | ‘ .
- fixy_y(sthes] | ¢ ‘ L
" . s gt“o(t, s)(.f{xk(g-x)} - f{x';_](s-t)}?.ll ds |
| ' . o -
| s 6"“0(«:. sHITN | fix, (s-eR3-fix, 4 (s=t)H | ds
. l . - .’. ‘ .. . ' | ' '
R Y L RIL NG s CORTIL | S
e s M iyl - el e BN
| v R/ S
. _From'the first step in 3.5b = YA N
L g0 - k@I s e Ol fgls e
~ ',' ". ., *‘so . g n N
1 L
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S

P

o
. - B . P .
" '
-

: |:}x2(1_:);-'x1 ('t)I.I 's~’.3’t 4||o(t'. ;s,)l’l.I’If{}x](s-r).}'-f{x‘o(S-r)}l‘l ds

s gEHE lIn(e) - xlsalles T T/ 0

» ' s MFt Tt - xé('.)u N £ X )
S - ' o
" where || ||, denotes the “norm in -the space " (~t, T1. Going another
step we obtatn . B ' R : L

|1x3(t) = x,(}| f MF |Ixp(s-1) - xl‘(.s-r)ll"' ds

s6 MF. MF(s-r)lle() X ( )II ds

S
' ﬂﬁ;&z_llx] Dl (3510)
' ‘ ‘ N ’l ' l . ,’\‘J ~
* Then. by induction, 1t can be ea'sily’shown that
o (8 = xl®]] $ IE 1% () = xD \gim'.
S okt t
. )

. Hu now claim that the &equence {x, ( ) xl( ) it 1s a uuchy
sequonce. Indeed let 2 be an,y pos‘ttive 1nteger. then e

o~

jf“"“llxk,,t) X -mxm() xm__](;n+'cxk;;~_*]-(;)_~"r~e~—, R |

PRI I hd xk*‘-z( L] ’} L JS 6_1. 'y {xk""‘ ( . ) - ‘xk( R )}' l . : ‘. '

.'v t . . ' ", ,'. \ i | . o | | . , i

Applying the triangc 1naqumt;y, ve got | . . e |
"“"m(:) xk( )H < '~' lem( J - xkﬂ‘_‘( )“




A _ ‘ 16
5 K : L 4 )
N 4 i )
- / J Y ' :
: T . J«-JJ E
S o <z# f llx1() x()ll .
’ '~ b R | , ‘ (TJ ]), R . s B
’ , ~} ,'r \:w - . . (3.‘ . ’Q ‘ ‘
- sux,H-x(m(_E_gH g o
3-1)s
. because. .- - ‘/ =
) [ P o !
| (ked-1)F ke {3-1)1" -
2 ’ * 4’
“3 Keeping in view that RN B o
L ~ N
. Q}F t T ' E
S
we hgve‘ c ) ‘ ; ‘
T ndmb ;—«_ . /I‘. ' y ’
‘ .y llxm( ) xk( )H K Hx,( ) - x( )Il (__F_s,) exptHFt] B
~ VAR |
’ . , (3.13)
. ; , v
I ‘l‘hﬁs shom hmver urge L is, a8 k+ = ”"k (o) - "k( Ml + 0.
"‘ | Thus t)n sedﬁenca {x ( );,;‘1( ) vendd 4 1s a Cauchy sequence. s'lnca S
K ‘the: space " -, T1 with the defined norm is complete, thesequence
' {:;k( )N converges. It can be easﬂy veriﬁed ‘that this Timit 1s
Andud thc uniqua solution of (3.4)
. a % ‘fl L ;f,.a
. ’/'"‘—\,y'}‘. :‘.“: ""}’\"_‘ .,:;» - ' “x
R W j”\‘ "’;“g:l‘




3.4 Neutral ‘D'Iffereg‘tT‘lgj Equations
_kerma 3.1 The solution of
y(t) = F(t) + E(t) y (t=x), t 20

y(t) = c(t) for t ¢ [=t, 0

- 'js given by

-~

Ty(t) = F(E)E(E) . F(tn)oE(t) . E(tor),F(t-21)
+.E(t) . E(t-r) . E(t-2r) . F(t-3v)
* ceeveconss

c’-k‘E(t) . E(t-1) .‘.....~. E{t-(p-'l“‘);r} . F(t-pt)

+ E(t) . E(t-‘r) cecenrne E(t-pr) F {t-(pﬂ)r}g

+ E(t) . E(t-f)- E(t-Zr) E{t-(p-o-'l)tl ﬁt-—(p;r2)t)

. ‘ (3 15)
K v)h:prc (p+1) 1s the 1ﬁt_egcr part of the quanti;)/}r.‘ : -

. .
" Preo f e : v e
B . - . -
* LN - , .

ya

The proof of thc hma proceeds by substitut‘!ng for the dem

‘ torm y(t=-t) in (3 14) 1n tmus of y(t-2<) and” repeating ‘the process
(p+1) times. Eor example 1f p-2 m haye

y(t) - F(t) + E(t) yltin)

-Hﬂ+£ﬂ)ﬂbﬁ+£h)ﬂbﬂ[
rcz-é‘5 + 5(:-2z) c(t)l




Theorem 3.2’ Let x(t)‘befthe solution of - . . ' -
. L Ea - . ' Y oa s . ’

wheru r(t) and r(t) are continuous over the time interval [—r. 0]

\)f | | | \k. o | |
. - ~ . “ﬂ . '. i N . ! ¢ , ,‘,‘
- where , . g . . :

Y. ed im0

1

N S LD .
O x(t) = A(t) x(t) + B(t) U(t) +.C(t) x(t=r) -~ e
. g : ' e ) . . "
o+ E(t) x(t-r) st [0, Y T o (3a7)-
satisfying the infitial conditfons = ' .. .-

x(t) - r(t) , x(x)'; Mt) ;) te ['T-Vﬂti('

- e 1

Theh x(t) 1s a\so the so1ution of

,x(t) - A(t) x(t) + B(t) U(t)ﬂ»{-(t) x(%-r) : n L

e '. +mmf)jwn N, e

e .

(¥ ~

] . o

Copel , . P ' S |
v(t) = ' E{t- (1-p=1)t)}&{t-(p+2)<} . L. R

+ gf B E(t+(1-p)tIB{t+(J-p-1)1) : ' , ,

CBEgpelj e (318)
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AP, B g IR T
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e

R

F2" T AT W
Tels
¥
v

: y x(t - (1-p)1}1 (3.18b)

/ 4 a
e ) 1s the 1nteger part of/&fr. —— v =

j . DQf"ﬂQ T - -:;-5"*; v 0 . : ' oo

A : \\w . ! ' e ' * . L

4 I . Rt o - A(t) x(t) + B(tT/(t) + C(t) x(t-r) : T (3.09)

' ‘ ence, (3 17) can be put in tha form E
| R(E) = F(E, 1) + E(E) &(ter) e (3.20)"

A K ‘a L ‘ ' ' / ' - . “

. .which is of thd,form (3.14). I A ’

il " Hence direct application of Lemma 3.1 ylelds (3.18), (3.18a), (3.18b).

3 . Note the important fact that v(t) is known beforehand since

,,j ’ . it depends on'ly on the initial .c.?mditions 2(t) and is bounded.

i o " Hence as time 1ncnases. v(t) remains bounded if HE(t)ll s p < 1.

f ) e Ngta also that it is hot necessary to use the &scription of the

| ", "', neutral system as defined by (3.18), (3.182); +(3.18b).. Th&om 3.2

statos that the mutra'l s;;tem (3.17), can bo put 1n-the form (3.4).

o smu the/ convcrgonco of Picard's mthod for (3 4) is already’

I ' ostab‘lishod by Theordn 3.1, 't folms that Picard's mthod can be -

. o lpp'lin?i to nwtrn diffarehtial oquations. o \
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o8 B .7 NUMERICAL RESULTS S

i °4.1 Introfction G o, - . T \/}

o To demonstrate (the appH'cabﬂity o‘f the Inéthod doscriboq in

'\* ‘ o chapter 3. a first order. neutral. type difference differontin equation .
?:' {s chosen as an éxample. Necessary equations are develdped for . . R

Picard's, Runge-Kutta and d1fference approximat}wm methods. Numerical
3olutions, are obtained for d1fferent 1n1t1ﬂ conditions and forcing .

'5 .,"" Y functions, and the results are di(splayed 1n graphical form. -« The
e T “numerical so]ut1ons were obta{ ned,on COC 6400/Cyber System. '

o " 3.2 Runge-Kutta Method A
B o ““Consider a first o order neutral typo d1fferonce difforontial

equation, . v b ' o o

v ’ B ’ B

kit)l- -?rx(t) - x(tat) = O'.éiﬁ(o-r).-b u"(t) . (4.1).

¢«

3

\Equation (4. 'l) was solved by 'uoing\fourth o“rdor Ruooo-Kutu mathod,
with the- fonomng choicesK '
tel.0) h=01, (4.2) \
In’tﬂfo.l 11"unct~1¢'n o
c(i) 1.0y -1 ‘ f’ <Q-

_The result for the 1ntarva¥ 0 st s 1 1: shovm n. Tllﬂl 4.1. and: tha
, f'mult for0st ] [ 1: shovm m mun 4.1. ]
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4 . 4.3 Difference Approximation Method T
,.-» B “),, ) @up » , . . -
l R Jr Fo'l]owing Sect1on 2.3.5 and choosing m= 10, U=017° -\1. we -
L ." obtajn o 3 ‘ B !
'h VAL A DRSS~ -
) © Equation’ (4 1) then reduces. to - . . '
‘ x(tk..,]) 'x(tk)°' - 0.5 [X(tk 10+]) ‘X(tk 10)] ' d\ -
, - 340, 5 x(tk)\- 0.1 x(t,. 10) ] ..
> . ‘\ " L + 0.1 u(t,) B ¥ o 0 s
A ’ oo — | | * | v o, g
> - - which yields . o ' . \
‘:e " . ., X(tk+1) - 057 X(tk) - 0.15 X(tk:g)o'.'o-‘AX(tk-‘o)
;) l s . '0" . ' CT s .. S ' P Y ~ ’
%: \%' ¢ "‘ " 's ) L * ’ . 3 e N
e e e
i‘f . \ ' I ™ . ~. , ) . o v\u‘ v ~
P Let
e e ‘
" N . - ,0 I . ' | . . ‘;,' i ._ ) ‘ . \ - - A:’
T et obtain A T S ' ' '
S x(m) - 0.7 x(k) - 0.5 x(k-9) + 04 x(k-w) S
- o SRR X R () B L U(8.10)

-ﬁ - - ) i o C N }
Clioosé o -, L g

.

h '"(").0 A

e Ill

L " '. The resu‘lt for the 1nt¢rval 0. S, ¢ s 1 1s shovm 1n Tab'le 4. > and the . |
X ‘:"l' - "-' «rﬁsmt for 0 s t s5 13 sho\m in Figurg 4: ]. . @t .
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0.1 : © 0.6000 A ! }
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4.4 Pitard's Method ™ - . . LA ,
Following ‘Section 3.4 and chosing = = 1, (4.1) is solved as
follows: ' -, S | o
Let . g . I ; L A ‘
" ‘ .o . "l ’ R . . b
| te [0 11 ' ' "o
) Then “the 1nteger part of t/r is 0 and o "
v(t) = - 0.5 x(t-1) . S L.
a(t, 'r)-O ‘ ; " Sl \ ‘ N .
Now let R c
o tell, 21 - = R =
The integer part of t/t now is 1 and ‘
v(t) = - 0.5 2(t-2) -0.5 u(t-1) o '
6(t, <) = 0.5 (3 x(£-1) + x(£)) o T -
The process 1s continued in the same manner for the erﬁire 1nterva1. K °
Trapezoidal rule o‘f integration was used for the so]i:tion of ,
(4.1). Chéosing the initial approximating function B
xo(,t).-I ’ -7'1s't_<- I SR | {
and T AR oo
. . L . . ' . T ‘ o “ ‘. »
uft) =0 - . S e ' e
a tom\ of: 20 1terations were pnrfomed Thu resutts for the 1nterva1

0s t 5 1 are shown, 1n’Table 4.3, dnd tha msqlt for0st<5 are

shovm 1n Figure 4 'I L 9;::;;_‘ SRR " : :"”,"-f R
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Feeseeesses Difference Approximation

. meeem- Runge-Kutta |
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- - Picard's ‘Approx imation
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1

R(E) = - B(E) < x(t-1) - 0.58(t-T) » ult)

“Unit ‘§tup Forcing Function

-

Initial Condition x(t) = 1, =1 s t 5 0
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v 3.5 Discussion of Resul'tsg . : - .
: ' ’ : , "?' 1 '

. . . ]

'So?utio‘ns of (4.1) were obtained by Picard's method, '‘Runge-Kutta

method and: differencé approximation method for the fo1’lowihg cases: .

- e SRR

’
[

KA P Unforced System with the 1n1t1a1 conditions

—— e [ - B e e S

.(1) 4= 1.0 -lsAtso ' S )

IS

(1) ¢=1-t%, -1stso

(141) =14t ; -T<t<O

~

2. Step forcing function with the "161't1a1 conditions

(1).Q-.1.o., -1sts0,

(11) o-]tz ~1sts0

' L)
(111) ¢-l+t ' -'lstsO'

-
]

_ For an unforced system and initial cond1t10ns (1) 1.0, (11) 1- t,

| '(111) 1+t the results are shown in aFigs. 4.1, 4.2, and 4.3, resyect1velya .
The figures show that Picard's 'Iterat'lon gives sohl‘lons very close -

to those obtained by the other two methods' A'lso. the ‘solutions show )

that the system reaches steady state when t equals 5, a\though the ‘

v

solutions wér;e obtained in the 1nterva1 [u. ru:.

For the step forcing “function and initial. conditions (1) 1. 0,

" (11) 1-1; » (111) 1+t the results are: shown 1n Figs. 4.4, 4. 5. and
4.6, respecﬁveiy. In this case also Picat:d $ jteratio yields |
solutions very c'los .
1r$d1cate t!\at. as far

.
\
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o

Ty a * method is as good as the Runge-l(utta and differem/ approx'lmation
. methods. o

s ’
1 ' A
[

!
] " As 1nd1cated earlier, a- total of 20 {terations were required to

5: - , obtain the. solution b,y Picard's method The total computer time

for 20 1terat10ns was on. the average SOe more than that required for

the solutions by either of the other two meéthods. It is therefore '

B ‘ felt there exists ample sco’pe for 1mprovement as: far Aas the efficiency K
' ’ of the method 1s concerned. For instance, reducing the number of
3 I 1teret1ons would lower time COnsumption. but at the cost of accuracy.

o ’ Therefore there is apparently a tr‘ade-off between time consumed and’ -

" : ' accuracy’_of solut1on. However, it is felt that 1mproveupepts can be o ‘
3 " . | further 1nvestigations are necessary‘ 4t is hoped ém further |
L ! : 1nvestigation mqy put Picard's method on {?re favourable footing against ,
f oy the other two. - . ' . '

s
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.. CONCLUSTONS '
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" The objective of the study was to apply Picard's method of )

successive approximation described in Chapter 3 to neutra1 type - -

functiong'l differential

indicated by the solutio obtaj ned for varying cond tions on the : ) -,
differential equation, s’ very encdungingx,‘lﬁ terns of computation time |
and accuracy of solutdon in coﬂtparison to those obtatined by the Runge— s

Kutta and difference approximat'lon methods. Therefore. as far as the
application of the method is. concerned, it can be stated that P1calrd s

method c'ertainly provides an alternative to the other methods. S .

mWMuuﬁm_us_adunnges_nm:_thﬂ_Mhods a7l ready
existing, *it is considered worthwhile to continue this work in the

areas of computer storage requi rements, 1mpro§ements 'fn the choice of

1n1t1a1 approximatingdfunction and guidelines in chos1ng this function.

- '

Results of further 1nvestigat1ons 1n these areas may: provide

i~

definite ansvers regardMg the effic‘lenqy of the ?ethod SRR

5
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