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~that.X is a cyclotomlc field anéd especlally S is a CM type

g ABSTRACT

f ] - . N ]
On_the Ranks of CM Types R f'A )

LY ’ B

Liem Mai- ' \ : "

! »~

4

This thesis studies the ranks of CHM types (K, S) By ‘using

the characters of the correspondlng G;gois group, SOme pro~

.perties ‘and lower bounds for the ranks are given in the case

of a Fermat curve. Some algoritiims are presented, together

with their analysis, to find the ranks of Cmytypes.
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Chapnter 1

1 .oM fields and CM types

A )
r

1.1 CM fields o

Let KcC be a number field.
By a totally real field, Wwe,mean a field K CC such that for any

embeddmg K c—»C, ot the |mage is contamed in R.. By a ’
totaﬂy imaginary field we mean a field K
embedding K2
K is said to be a CM field (.complex multiplication field) if it is a

cC such that for any

2
<C, the lmage i8 Pot contained in R..

tot.ally imaginary quadratic extenslon of a totally real field- k'

Example 1 : Let p be a rat;onal prime and fp be a primitive ~pf°h

»
-

root of unity. Then K ='_Q(£p) is a CM field, in which Kt -

-1 .
Q(fp + fp ). \\

\

Indeed, we have the‘followiﬁ‘g well-known criterion for a field to

- be a3 CM field.

Proposition 1 : Let K be a xiumbér ‘field and p : C — C in .
which p (a+bi) = a-bi. Then K is a CM field if and only if ,pIK is
a non trivial automorphism of K commuting with every embedding of

K into C . | ;

1.2 CM Types : - = ' K Co

Let K be a éMifield ‘of " degree [K'Q]/== 2m. By a type &
K We mean a set S of embeddings ¢1, ,¢ of K in C such that the
set of all embeddmgs of K in € consists of ¢1 - ,1/: ,1,b1p, ,1/: p.

) n
4 [N
. .
.
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Example 2 : Let’ K be a finite Galois extension of @ with Galoi%?"
group Gal(K/Q)=G. Then a CM type S is a set of coset .

representatives for { 1, p } . ‘
Usually, we denote a CM type as (K,S) or simply S if K is fixed.
. [ ] Y

. Now let (K,S) Ee_ a CM type and let F _be a finite extension of‘
K. Let SF be the inverse image of S on F, i.e the set of all
embeddings ¢ of F into € which induce some flements ¢i of S on K.
If SF = { PPy } thexi [F:Q] = 2n. In this. case, We’say that
(F’,SF) is the type lifted from the CM type (K,S).

5

roposition 2 : Suppose F is Galois

F) = { ogG : O’SF=SF }. Let Ko be the fixed su'bfield'
off{ H *and So be the set of all embeddipgs of._ﬂK0 into C, inducefi by
thhyse of SF on Ko. .
| Then Ko is a CM field, (Ko’so) is a CM type and (F,S) is lifted
froin (K,o’so)' Furthermore, Ko . K and Ko‘is the smallest subfield
of ' having this property.

Prodf : see L\ang [9].

-

_ .A;type (K,S) is ﬁal!ed simple if it is not lifted from a CM type
0 .a-prop‘er subfield. _ ) ’ - ’

S' If F'is not Galois over @ then we can donsider the normal
 closurd L of F. L also contains K and the above results c‘an be

applied| for L. Therefore we can-assume thay F is Galois over Q.

13 Reflex of a CM type L e
- ° Let\(K,S) be a CM type and L be .the normal closure of ‘K, with

L4

=

over Q@ with Gal(F/Q) = G.

/

‘\ﬁ.



~

N\
.3 _
Galois group G = Gal(L/Q). “et H be the subgroup of G’ defining
K ( ie. K-LH) 'Nowdeﬁneén'{geGo:Hg'"eS} By
[14], (K 8) is simple if and only 1f‘\H = { geG : gS = § } . Set

s H' = { ges : Sg - } It is easy to check that H’ is a subgroup

o9

x€eF }. '

.of G. Moreover,

Proposition 3 : Let R = §-1. then H'= { ge G : gﬁ'z R }

: Ly~ * o
Proof : If geH’ then for any F%R, we have ,
S | -1 ’ e - . o
'8 =1 for some rze' R. | .
. F.2-1 _ ¢l - 5 ~. .
d' r2 = gT. - )

iSimilarly { geG : gR = R } c H.

.

Now' let K’; LH’ and R'= r(R) in which x is the prOJectlon
x: G —-oG/H’ { Here, G/H’ denote the left coset space nm H ). |
(K’R) is called the reflex “of the CM type (K,5) . Note that in_the
case K is Galois over Q, G = Gal(K/®) and S =8, fi =R

In [14] Shimura, ané Taniyama show that the reflex field K’ is the

. _ 4
field - generated over ® by all " elements {1 trS(x ) 1[1 x) /

¢€S Mw,

\R:l" f".’

Proposition 4 : Suppose that (K;S) is a CM type, in which K dis

Galois and Abeliati over @. If § is simple, R is also simple. |
Suppose. ‘th:;tx, S is shimple‘an“d R is nét simple. Then there exists
geG, gfid -such that for  all reR,‘ there exists rzeR P org=T,. Then

g.ls -8, But then S is not simple : contradiction.

Lt
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‘Theorem 1 : Let (K,S) be a CM type. Iﬁen
i) K’ is a CM field. ~
ii) (K’,R’) is a simple CM type. Thus K’ is the smallest field from
which R’ is lifted. -

-

" iii) If (K,S) is simple, the reflex of (K’,R’) is also simple and equal

to (K,S). - ) ‘ . " »

Proof : see Shimura and Taniyama' [14)]. v

1.4 Rank of a CM type .
Let (K,S) be a simple CM type and (K'R’) be its reflex CM

‘ ‘type. Denote by X(K‘)wth’e”freg Z-module spanned by { -/ o :

~ C} and similarly X(K”). A typical element of X(K) has thes form
Y. nfo],n €Z ( a formal sum ). Suppose that K is Galois

0. KeC

over Q then K’ ¢ K . Define a Z-module homomorphism :
¢ : X(K) = X(K")

ol = T lor[yl
: r'eR _
Note that ¢ js well defined since if o is an automorphism of K into

C, so is or’ and then we can consider af"K, as an isomorphism of

K’ into C, in which rerH’ ( note that K’ = KH ) . 1f we choose

another representatlon r"erH’ then for any k’eK’ :

art(k = or’h’(k’) = or'(k’)
Obvnously, 3 18 an Z—module homomorphism.
Therefore Im¢ is a Z-module and its rank over Z is ,called the rank
of the CM type (K,S). ) .
Proposition 5 ( Kubota') : Let (K,S) be a CM type and (K'R’) be

its reflex CM type. Then



-

7 rank (K,8) = rank (K'R’) .
Proof : see Kubota {8]. )

4
\
\

1.5 Connection with Abelian varieties

1

The rank arises naturally in the study of Abelian varieties with.'.".
complex multiplication.We briefly explain this here . ( We shall n’ot
use the contents of this section in the remainder of the thesis ).

Let k be a number‘fiel’d and let E be an elliptic cgrve- defined
over k with complex multiplication by an order O in -4n imaginary
quadratic field F ( i.e O is a s:lbring of F and also a Z-module of
rank 2 ). Then for any rationa-l prime ¢ and for any neZ , n>1, it
is well-known that : |

() < KEYK < @
here E[t ] is the group of points in E(k)of order dividing ln k( E[e )
is the field obtained by adjoining to k the coordinates of all points in
E[tn] and the implied constants depend only on E, k and F ( but

n,2

\}not on £ and n ).

More generally, let A be .é"n Abelian ~va;riety defined over a
number field k . We s.';y that A is of CM type if there exists a
commutative semisimple algebra F over Q@ such that F &
End(A)@zQ and dir;xQF = 2 diIlllA. There is an integer r>1 , such
that for any rational prime £ and for any n € Z , n>1:

Y < [AIDH < (€Y |
in which the implied constants depend only on A, k and F ( but not
on £ and n ) . ’ ‘ ‘

By Shimura and Tamyama [14], r is khe rank of the CM type of

A.
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1 (3 Bounds for the rank

Can we say anything about the rank of a simple CM type (K,S)

in WhICh K is assumed to ‘be Galois over ®, without loss of _
N4 ,

‘generality and Gal(K/Q) = G ? | ‘

Proposition 6 : If (K,S) is a simple CM" type, rank (K,S) < 1G]

2
/ { ' .

+ 1
© Proof: If pgS then we claim that { ¢(0) : 0€S or 0 = p } spans
m . - ' m « T
Indeed for any o€S : | ‘ '

¢[p0] + #lo] = Ir o] E Ir'po]

reR’ r'eR’
‘= E _‘[l',O'] ,

reG\H’. .

Similarly - )

olid) + ol =/ % 1ol |

reG\H’

Thgrefore ‘ _

- dleo) = 4l + dlo] - $l] .

In other words { #[o] : 0€S or ¢ = p } spans Im¢. J
If peS then {*¢[o] : 0€S or 0 = id } spans Im¢.

" In the case rank(K,S&) = ]%-l + 1, we say that (K,S) is

nondegenerate.

Theorem 2 ( Ribet ) : If (K,S) is & simple CM type and [K:Q]

= #d. Then T
' rank (K,S) 2 log2(4d) = 2 + log,d.
Proof : see Ribet [12]
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Indeed theorem 2 can be refined l:_:y : '

Theorem 3 ( Murty ) : Let r = rank (K,S), in which (K,S) is a~
slmple CM type , [K Q] = 2d . Then _ -

ey "
r2 P{"LL—,poddpnmeandpgng\}\z
1

At first iive' need a lemma .

Lemma ‘[-: Consider ¢ : X(K) -+‘X-(K’) T .
T B Xl
r'eR’

Let Y = Img, G = Gal(K/Q) -then
' ST i G S GL(Y) o
Tl LT =T Y oY \
: T el = ¢[80]
is an injéctive érouf) homomorphism.
Proof of lemma 1 :
Observe that
T(g)=T Yo Y- e Lo
is well defi ned ( note that { ¢[¢7] : 06 G } is not a basis for | Imd;) .

Given' ) n S0l = 0, we claim thet T ( Yn L) = yn dlgo] =
. 0eG . € oeq 0eG 7 -

E Yoo garlK,]-=0 S o

oeG r’eR’

v -

-

~

lndeed Z&n élo] séo = ) n ¢[ga] "0 and hence

oeG & _ .
Lo, Tlorl=0 ) o
aeG r eR’ -
As the coefficient of [t] in (*) is ) ntr"-1 ( since gor’ = t 'theQ go
- . T,EB’ ~
‘“ \
K o \4 »



i b ), ;hence ‘
. @ E Do,y = l o : a
r'ek’ ¥ : . "
, for all téG .

In particular, ‘replacing t by:g'lt, we see that

Ty, - E,,g-’tl"—1 = 0 ",__
\ r'eR
But this is exactly the caefficient of [t] in ~

L Lo svrl | .

oeGr GR’

. Therefore T 'is well defined . o C

[ 4

" Z-module , hence ‘Y is also a free Z—module

Now T is-onto for all geG gince for any ¢[a;eY we have .

T I8 o) = dbl

‘_.9‘

. Also, 'Tg is ol_>v1ously 1-1 since T‘g is an epimorphism of a

) Z-modulé Y of finite rank hence is also a monomorphism. ,

-

Now, it can be easily checked that T : G — GL(Y) is a group

homomorphlsm Moreov_er suppos}e 7'g - T'g . Then‘ for a.ll\ 0eG ,
1 2
¢[g1¢7] = ¢[g20]. This implies that for any r.’eR’, there exists o ’eR’

such that glarl = 8,07 2

" That is » ’ ) ) -
0'132-15157R’ c R

-

but by theorem 1 , R’ is a shmple “CMktype and so a_jgf-!gl'a --id

» 16 By = By T4

Proof of theorem 3

Next, Y = Im¢ is a submodule of X(K) and X(K) is a\ free °



»By our choxce of q: ' - /

'.‘\ e . T
. .
9 . \'\
\ \
- ‘ \d

By lemms. 1, we have an embedding T : G < GL(Y)’.  ince Y -
is a free Z—module, Y ~ Z , in which r = rank Im¢ then  GL(Y)

e GL(Z) e GL (Z) ' . C - )
‘Let q be a large ratlonal prune, then T induces an embeddiﬁg T
Lo ‘e 5 qL (Z) | S ?
YW ,

~ GL: (Zi/qz) , ”
In partxcular d dmdes ]G’L Z/qZ)l ™

Note tt t.hat |GL Z/qZ)I - -1)(q -q)-. (r rl)

: r(r 1)/2( r )(qr -1 ). (g1)

"Now let p || d - -[K Q], p;é2 and let q be a pnmxtxve root mod

From )

o @ < ord (IGL (Z/qZ)') = Eord q -1). / .
- i=1 ' -

» f
a4 N ~—

ord (q -1) = 0 if (pl) ,ifi t
= j+l- if i -:'iopj(_p-l),'and (io,p)| - 1\
Let w = [r/(p-1)], we have: '
- a <. Eord (q"(p-_)—l)
: B ~ <
-é'w4lw/pj+lw/pl+ N
sw(1+(1/P)+(1/p)+ ) '

1-(1/P) B_l = pr/(p-l)

Therefore r > (p_-;)__ for all odd pnmes P, such that p Ild



for some subset TcG.

c L " 10 ' . 3
- ' Chapter 2 L L.

CM types of a pyclof;brgic field

In this chapter we comsider the case K is a cyclot.omic field

Q(f ),»in which pis a prime. Thm K is Galois over Q , with G -

Gal(K/Q) = (Z/pZ)* = { r HE 0 1,. ,p-2 b, & cyclnc group
with, generatox: r , and Kt = Q(£ +€ ) ' Note that p is identified

“with 51 = rP D2 At first we stuqy- the structure of simple CM

types of K. -

. -

2.1 Simple CM types ) ' : : - v

Jet 8 be a CM type in K. "I S is simple then H = {id} and ’

hence H’ = {id} (kG is Abelian). In this case K'= K = Q({p) and

R =R =57 | J

Proposition-1 *: (K S) is a non simple CM iype if and oﬁly if there

exigts a nontnv;al subgroup G of odd order such that S = U Gt
!.T

Proof : | _ ' |
(=) Suppose § is non sf;gple, then H = H’ #< {1}, Then H is a

cyclic- subgroup -of G, generated by an element a, of order m>1.

“For any" teG, teS or (-t)eS but not both. If teS then Ht c.S. In

m/2

partlcular, if leS then HcS and m is odd ( since if m is even, a
= 1 e S) . On the other hand , if -1€S then -HCS and m is also

odd ( if m is even, -am/2 = -(-1) = 1 € S). Therefore we can

'choose -G -—-—H and T as a set of representatwes in § for the cosets of

P /

2
.‘/

<
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R
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" 2 > s | "l ' -1 ’ y 1
ii) Note that R.l =,Rl=a R2=?, Rg’K1=K2=Q(fp)-
- Consider - ¢i : X(K) — X(K’i) - ,

1 S

* H which lie in § . .;, ' ,
(<=) Suppose S = G T then for any geG : g5cS.” Therefore H » .

{1d} and § is non sxmple

4

Proposition 2 : For any aeG :

i) If S is simple, so is aS .
it) If (K S) is simple , rank (K,5) = rank (K,aS).

-~ Proof :'Let S, = § S2 - aS and H and H are the correspondmg “

1
subgroups . ‘ )
i) If aS is non simple then geH for some g;él . But then geHl ,
i.e H1 is non trivial, for ax1. So S is non simple : contradiction.

"

o] = ) [ro] D=1, 2
r'eR’.
i
For any jeG : ¢1\[j] = E ) ] = ¢2[a-1j] ( note that G is
. - - r’eR’ L e

cyclic hence Abelian ).
Then Imq&l = Im¢2 , le rahk (K,S) = rank (K,aS) .
%

“Proposition 3 : The number of ‘non simple .CM types in K = Q(fp)

is' : ' B
' (e0/2) w en/dd)
d.eP - d.s¢d.;d.,d.eP . -
i s i U il

" N

+ (_1)(""1').2((1"1)/2(1.2{) di)
’ : 1P

in which Pp is" the set of, all odd rational i)rimes di such that dil%-!-

-

at



andt—lPl..
Pt

e

~ Proof . At first, note that the number of CM types in K is 2(p—1)/2
( each CM type is a set of coset repre‘sentatives of {11} ) &
Let S be a non simple CM type, with the corresponding subgroup H
» {1}. Let H be of order m . By proposition 1, m is an odd
‘integer. | : ' \ -~ , '
Given a subgroup H of odd order n ,," we can form 2(p—1)L/2m non
simple CM iy,pes S with corresponding'subgroﬁp H (since if geS then
gHCS', else .-gHCS) . Mqreovg}, given ml%l, m odd , we can.ﬁ\xtxd
only 1 cyclic subgroup of G of order m . Therefore, by counting
principle : ‘ ‘

'# 'non simple CM typ.es .
o((p-1)/2m) |

odd m|(p-1)/2;m>1

d.eP d.#d ;d.,d.eP.
1 p Py rjJyop

ey 11 4) -
i p

\Y

Corollary T : ' ‘ v

. # simple Ci\d types = 2((?})/2) - (

] . 2

h ABD/24d) L), ()
dstd .. d.eP ~ i
Py r) p (
and the. RHS ,is divisible by p-1.

Proof ¢ The first -assertion is _obvioils, while the’ second assertion

/




- f

L 4
4

" some a€G )

-h < p-1

13

e

'follo\.}vs from the fact that ~ is an equivalence relation on the set of

simple. CM types in K and proposition 2(ii) ( § ~ S’ iff S = a$’ for
N

~

2.2 Ranks qf‘ simple CM types in Q(£ ). :

In thls section we Wlll study the rank of a CM type (K S) in

-

terms of characters R ’

“Note that a character x of an Abehan group G 'is_ a group . -

homomorphism from G -into Q"‘ .. In the case G = (Z/pZ)* is

generated by an element r, x is a homomorphism Xy for some 0 <

Xy 1 G = U'={1C /s =1} -

rk — \exp(2m};k) for all k == 0,...,.p-2-_

‘Theorem 1 (Kﬁbota) : - Let (K,S) be a simple CM type, in which G
= Gal(K/Q) is Abelian. Then '

rank (K,S) = #{ character xe Hom(G,C*) : )  x(s) % 0 }
‘ seS

‘At first we need a lemma :

Lemma 1 . For each x€Hom(G,C*) let Vo= |G| ): x(g)g.  Then

f .. 8eG
{ Yo | Xxe Hom(G C*) } form 'a basis of C[G] ( consxdered as a

vector space over C )- {

) Proof of lemma 1 :

For heG : L xbe ):x(h)lcl T x(g)s
" L x€Hom(G,C*) geG
e o ): ¥ x(hg g = b
| zer



O | ST
/ o
WA | .= -1 1
S ( since x(g) = x (g) = x(g ) S
v/ . . ! .
T amd U x® = (6] f kel
_ T « x€Hom(G,C*) .
/ - - o 0 if kel «.):
/ . | : ’ \
, .
/’_' Moreover dim C[G] # { v, -/ x€ Hom(G,C*) } = |G| - p-l
’ . Therefore { v, / erom(G C*) } form a basxs;of “C|(G]
Proof ‘of thebrem 1 : )
Consider ° : Z[G] — Z{G] ..
):ag-’ L(E fes) ,
, ) geG geG seS
‘_ Extend X into X : C{G] — C[G] (
~ Ty —-'—)_'_‘,xs)k(g) ' "
' : - g : geG . )
. Note that rank (K,S) = rankzlm)\ - d:mCIm)\
‘ | We have :
— 1 —
Av,) = _I ), x(8)\(g)
= Ex(z(E&ﬂ o
geG s€eS A
= E Y. xl(e)gs”
' seSgeG : _
, = Ex(s T x(gs)gs . (-since x(gj=x(ge)x(s) ) -
seS geG - o ‘
- DG L xlele <~ L=
- seS geG i * . ‘f‘t“" '
| - T, ' . N
. seS . : B
Therefore X is djagonal with respect to this basis. |
dJmCIm)\ = #{character x : Y, x(s) %0 }‘-—
. 1 seS
. ; * \ N - . ' N \./

%y,
Fan
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~

Coroliam : If (K S) is slmple, rank (K S) = 1 + #{odd character

: Txle) #® 0}

T _ - L
Proof : ) C '
If. x = id then Ex(s) 1%[,40.

seS .

If x » id and x is even : o : N
. xte = x® =  Txb) ’Qz'x(s) =0

seS sgS

Note that to prove theorem 1, we need only t%gt G is Abelian.

In the case K = Q(€ ), G = GalK/®) is a cyclic group generated
by r, then a CM type S can be expressed as : '
(eD/2-1 |, |
mr -
Lo \
k=0

in wh‘ich n, =1or nk'= ()2 ‘ ot

Let Ig = { K / n, = D2y o pn/2 -1}

- S =

. Then we can associate with a CM type- S a suBsethS of {0, 1,.,

-1y

s
Proposmon 4 - Let%f( S) be a CM type, K = Q(¢,). Then

Rank(KS) E— - # { b odd : 1 <h<pland

gk 1
Ve os( ) =5 and )} sm( = . =
kds 2 kels ’ 2 1-cos(2xh/(p-1)
Proof : : - Y.
A character X of G = (Z/pZ)* = <r> has the form xh for some 0 .
2xihk

< h < p-l : xh(r) - exp( 1 —), k=0,1,...,p-2 and Xy is ‘odd iff h

21rhk 1 sin{2xh/ (p-l)i y.

N A
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Now we consl&er a character xh , his odd such that ) xh(s) -0
- : 8€S ,
'We have : ‘
A ((1»1)/2 1
Ex Ls) L x()-2F xh(r

s€S k=0. keI

L4

A }i\ect calculation iyes“ us :( B ,
A\ Ap-1)/2-1) ((p-1)/2 - 1),
S X‘h(rk) -, T exp(2 rihk
v k=0 k=0
1 sin(2xh/(p-1)) °
= 1-cos(2xh/(p-1)) °

=

We have : _ : . ' .
k, - 27xh -2xhk . .
Exh(rr) = T eos®D 4+ (T sinf) . i .
kels : kel
Then Ex (s = 0 if and only lf
s€S
2xhk 1
kg cos(’ o1 ) = 5
g .'. ' -
2ahk, 1 _sin(2xh/(p-1)) - ‘

and )’ sm(———-) =
o kel

The conclusion follows from the fact that :

1 + #{ odd character X} = p-2|-_1

4" 1 - cos(2rh/(p-1))

Corollary 3 : If card(lg) = I and 6 f(p-1) .or 12|(p-1) then S is

nondegenerate. ]
Proof : ) o
" I Suppose IS = {t} and there exists an odd integer h < (p-1) such
that . ' :
orht, -1 . . 2xht. 1 sin(2xh/(p-1))
* CUE I - = A
() cos( p-1 ) 2 ‘and sin p-l) 2 l-cos(21rh/(p-18

0
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1 sin(2xh/(p-1)) I

Then. . | 3" Tcos(2nh/(p-1)) |
: 4
. 297h 27h

= 4cos (p-l) - 6cos(p~1) + 2 =0

T 2xh, 1 ¢

'=‘#cos(_‘l)-lor‘2 )
If cés(gl.r-}l) = 1 then h = 0 : contradiction since h is odd.
Ii' cos(ml = -1- then h o Eél g Norh = %1- is an odd integer,

. \contradlctmg opr hypothesxs on p . . "
Therefore S is noﬁdegenerate, i.e rank (K,S) = P—;-l .
- L] Ll'

Corollary 4 : If card(ls) = 1 then rank (K,S) > 5 -

Proof : If card(ls) = 1 then h = p(;—l Therefore #{ ‘x”odd : ), x(s)
o ) 8€S

=0} 21

Corollary § : Let (K,8) be a simple CM type, K = Q(€) in which p

" - = 1( mod 4 ). Then

rank(K,S)z\i+'21-.'E2l if p=1( mod 8)
'2%’.4%1 if p= 5 (mod 8)
Proof : . \ " |
T ety ( .
. \ ' p-1)/2.
Consndc‘ar S = Y oI = 1 or M =T Then we

. k=b

_can write § = ) rk-, in which J is a subset of { 0',‘1,...,p-2 }. I

k’eJ o [y ’ v Pl
J doesn’t contain 2' consecutive integers then S is not a CM type ( if"

J = {1, 3 5,.p2 } then S contains {"rl, ‘-rl- r(p-'l)/2.rl -

A(P+1)/2 4 , o the other hand if J = { 0, 2, 4., p-3 } then S

4
contains { :lﬁ , =F } ) Ther'efore given a simple CM type S, we can
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" find a€G such that for S, = aS—we have { r(p-3)/ 2 (p—l)/ 2 } .8,

1
e OEIS , R;— gIS . Note ﬁat rank. (K, S) = rank (K, Sl) Since p
1 b o
= l(mod 4), then if h is odd, so is (p-1)/2 - N
Suppose that p = 1 ( mod 8 ) and rank_(K,S) <14+ ';- . %l oo

“then #{.h odd : ):xh(s =0} > -2-221 Since ‘we can partition
. 8€S '
the set of odd integers from 0 to p-2 into (p-1)/4 subsets of the form

{ b, (p-1)/2 - h }, each containing 2 elements, then by the pigeon
hole principle, there exists an h odd such that ) x(s) =

I ) seSl
E X _.(8) = 0. Then’
seS (p-1)/2 - h .
927hk. ox((p-1)/2 - hk. 1
,Zcos(p_l).—_- Ec(’r«p-l)){l )) - 5
: keIS kelS
) , 1 1
.For the CM type Sl :
9xhk ' 2xhk
s D W R
k odd 3| k even € I
S,. S .
B 1 1 |
- ) cos(?’rhk) + ) cos(2xhk) .
~ p-l p—l . 2
k odd € 1 k even € 1
S S
| 1 - 1
Then : , ) cos(%hk) =0 *)
k odd € I Pl
’ S |
E cos(2;_hlk) - %
k even € IS
S |

Let 82 - rISl then, {0} c IS Note that if h is odd such that.

2
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Y xh(s) = 0 then x, (r) » )’(h'(s) -0, ie 'E'xh(s) - 0. " Moreover
seS, s€S, 8652 , .

a

{kel,, kod} = {kel, , keven}and {kel, ,k
: % | 50 o B T
even }"- {k € I, k odd } u {0}?" From (*)', we have :
I B C
o2 o 1 aid Y eosy o1 (i)
p-1 2 p-1
k odd el k even €l
. §2 - S2
But if we apply the shme argument for 8, , we have :
) ws(gﬂ) —0and ) cos(zrhk)- -1
p-1 o1 2
k odd €l k even €l
S2 . o 32
This contradicts with (**) :
* Therefore : s
rank (K,S) > 1 + -;;-‘1'21 ‘ : -
~ . : ' 1 pl.
Now suppose p = 5 ( mod 8 ) then if rank(K,S) < 3 3 then #
o 1 1 , "
{ h odd : Exh(s) =0}>14+ 2 - Ré- . Since we can partition

8€S
the set of odd integers from 0 to p-2 into (p-1)/4 + 1 subsets of the

form { h y» (-1)/2 - b } , each containing 2 elements except two
subsets containing 1 element , then by the similar argument we get a B
contradiction. Therefore in this case we have :

rank (K,8) > &L _
22 :
0 \\ .

P
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Chapter 3,

F—

CM types of Fermat curves

3.1 Fermat curves and the corresponding CM types
Denote by F(N) the Fermat curves :
XN- + YN + ,ZN = 0
\

In [3], Fadeev has proved that the Jacebian of the Fermat curve '

F(p), p bemg an odd pnme can be factored as:
Jac(F(p)) H Jac(F1 )
in which F is the curve whose basis for the holomorphic 1-forms is
{w <g> <ga> _= 1<g < p, 1 < <g>, <ga>, <g>+<ga> < p }
( <k> is the unigue integer satisfying 0 < <k> < p, <k> = k

rl Sld( )/y p-1 for x = X/Z ,y = Y/Z and
Z # 0) [} ~ :

Let S; = {ge G = Gal(Q’(fp)/Q) 1 <g> + <ag> <-p} It
is easy to check that (K’Sa) is a CM type ( K = Q(Ep)), which is
called the CM type corresponding to the factor curve F-1 o

(mod p) and W g

Proposition 1 : iet (K’Sa) be a CM type, 1 < a

) Sp—i-a - Sa 2
¢ i) Sa and Sa"‘ have the same rank.

< p-2. Then :

- Proof- ¢

i) Sp_1 = { geG <g> + <(p-l-a)g> < p '}

= { geG : <g> + <- (a+l)g> < p }
= { geG : <g> + p - <(a+l)g> < p }
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For some geS , suppose <g> > <(a+l)g> Tlgén <g> > <ag+g>
- <ag> + <g> (snnce §eS /ﬁut this leads to a cont.radrctlon

_since <ag> > 1. , ' : ¢
\Therefore if geS ) <g> +°'p,- <(a+l)g> < p , ie ge.sll,_l.a'r' In

other words, S c. 8

Since S , S
a p-1-a \ p~1- . .
ii) We have Sél‘? = { g <a’lg> + <g’>,< p} )

p-lea ‘
are CM types, we have : Sa = S

»= { ag.: <g> +<ag> < p }

= aS - : -
a ‘.

By proposition 2, ¢hapter 2 : rank (K;S;) = rank"(K,Sa_1)
< ‘ 8 J N

3.2 Ranks of CM types of Fermat Eurveg, ‘
For the - GM type kS ) _Q(f ), 1 < 'a < p2 an

‘alternatxve expressxon can be obtamed for. the rank

Theorem 1 K Kuhota ) : ' . '
rank (K’Sa) = 1 + #{ odd character x : x(a+1) x(a)\ + 1}
Proof ' )

S

Consider an odd character x of GalK/Q) . It is known that v

p-l
; ), x(b)b %, 0 since the left hand slde is the value at =0 of the
b=1
Du'.lchlet L-funfilon L(s,x)fx‘angl L(s,x) does not vanish on the line
l\r R . : *
Re(s) -=:'O .

-

* We have :

_ — — . "
L(0,x)-(1 + x(a) - x(a+1)) /

- % ( %:x_(b)b + ‘%;x(b)}'(a)b - Tx(b)x(1+a)b.)

b .
- i ( Dxe)e + Tx(c)<ae> - Yx(el<(l+a)e> ) ™ .
c c c a
T ’ <
. ' - ;
» / L

/'/



\ 22
\ . . 1 p-l ] ’ .
: o S =5 () (<c> + <ac> - <(1+a)c>) ) x(c)
- c=1 , -
- ! Since <¢> + <ac> - <(l+a)e> = 0O if ceS
. = pif céSé. ~-
Then LOX)(1 + X0 - CRRIECERS X0
T - 8¢S Ses
But L(O,x) # 0, then Y x(s) ) =0 if and only if x(a+l) = x(a) + 1,
- v s€S ' *
ie x(a+l) = x(a) + 1 , . IR

.This concludes the proof. = N\ o ot

\ o ) ‘ ! -

The condition x(a+1) = x(a).+ 1-is ‘equivalent to having x(a) ==
> 2m, - 7 C o

exp(+757) 5 x(a+1) = exp(+57) or X3} = exp(-37)- », x(a+l) = .

exp('g{;E . Therefore wé have L@ ) !

. Proposition 2 : If '(p-l,?f) = 1 then Sa is nondegenerate for all a , 1

<ac<p2 | - Lo -

Proof : Obvious, since (p-1,3) = 1 implies “x(g) .76 exp(+ g—én-) for all

geG' | |
& .
, ’ Proposmon 3 : For I <acg p-2.:

i) If .(ord(a),3) = 1 then S is nondeggnerate:
ii)' If ord(a) = 6f, teN then Sa is . nondegenerate.
- iii) If ord(a) = 3 then Sa is non simgle. ' '

i) If x(a) = exp(+g§) and (ord(a),3) = 1 then

ord(a)) (x( ))ord(a %pl(fg_g_'i.»ord(a) ok 1\
%) = x(@) = 1 |

> <3 ! ' . -
m = .

x(

(aord(
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Therefore’ rank S_ = 1 + #{ odd: character x} = 1 + EX

-

ii) Suppose x( a) = exp(+?£) and ord(a) = 6t

3.
x(a>) = (@) = (exp(sZ* = 1" = 1

But if x lB odd :
x(_a Y = x(1) = 1

Thén Sa is nondegenerate.

iii) If ord(s) = 3 then' l1+a+a’ = 0
We have 1 '
aSa={ég:<g>-!:<ag><p}' , |
. . §
-1
o={g:<a g>+ <g> < p}
| = { g : <a?g’> + <g’> < p}

- S{,32 - Sp—l-a‘ - Sa ( by proposition’ 1 )

Therefore §_ is non' simple. ' ‘ S

, ‘ {
Indeed the converse of iii) is also true. See (7]

8

N_ow’ we want to obtain a lower bound for the ranks of all CM
types S, 1<'a < p2, in which (p-1,3) # 1, ie 6|(p-1). By

.proposltlon 3, we need onmly to conslder the case ord(a) = 3q, in -

which q is an odd integer greater than 1 At first, we need 2

lemmas :*

Lemma 1 : Let .p be a prime such that 9|(p-1), and G, = <b>be

1
the cyclic subgroup of order 9 in G = (Z/pZ)*. If b, b be 2
different generators' oi“(}1 then 1+b'+b’ # 0 (in G).

.'Proof S o . } -7

Without loss of generality, we may assume that 1=-l Suppos/g/f‘ :

» x'

L L >

W i ; R

S i

-
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1+b+b’ =0, in whic.h j =2, 405, 7 or 8 Note that l+b3+l’>6 —*0 ~
and Gl doesn’t contain the suBgrou‘p { 1,-1 } of order 2 of G.

If j = 2 then 1+b+b° = 0 and then -b-b%b3 = 0, hence b° =
1 : contradiction. : '
. - 4 _ 4.7 ’ 7
If j = 4 then 1+b+b" = 0 and then -b-b’-b \9/6, hence b ==
'17: contradiction. )
If j =5 then. 1+b+b5 = 0 and then -b
b4, ie b? = 1: contradiction. , )
| : : 7 | . 4.7 . 4
If j = 7 then 1+4b+b = 0 and since -b-b -b = 0, hence b =

- ‘e
N -

*1 : contradiction.

%1 = 0, hence b =

. . I j = 8 then 1+b+b® = 0 and so 1+bsb® = 0 : again
contradiction. '

This concludes the prooof. ¢

Lemma 2: Let p be a prime such that 15|(p-1) and G2 = <c> be
" the subgroup of order 15 in G = (Z/pZ)* . If i = 1,4, 7 or 13
\ and i’ = 2, 8, 11 or 14 then l+ci+ci, < 0(.inG) - ' ’
Proof :
Similarly, we may agsume that i = 1. Suppo:&;e~ that 1+c+ci’,fi1n
which i’ = 2, 8, 11, . Note that we have 1+c5+c10 = 0
If l+c+c2 = 0 then c+c2+c3 = 0 and so ,°3 -1
’ / contradiction. _
N\ If l+c+c8 = (0 then c7+c8+1 =*}/anq 80 c6 - 1
contradiction. ' _ “
If ,l+_c+c11 = 0 thety combining with c-i-cB+cll = 0 we have c6

= 1 i contradiction.

-—

If l+c+c14 = 0 then c4—c2+1 = ( and c12 = 1 : agajn



el

25

contradiction. ’

This concludes the pro'of; ’

N

- "Theorem 2 : Let (K, ) be a simple CM type, 1 < & < p2 snd

K = Q(f ), 8](p-1). Then . | . p
i g rank(KS)>; L E( 1)‘ o
coon ek LRSS ) 2 2+ g il ,
Proof \ ' ] - ' '

Denote w = exp(z—-) Lo : - |
Now we want “to find all odd characters .x such that x(a+1) = x(a) \

»

+ 1. - : : \
* ‘ 4 .
Let p-1 == 2k3 i , in which (m 6) = 1, and let r be #&ﬁtive .

. 2k’ 3 B i
root mod p . Write &= in’ which (m’,8) = 1. 7 )
Then we have : ) ‘ . ' -~ ‘ i
ord(a) (p-l)/gcd(p—l gk’ gt m') S L S |
By proposition 3, we ‘have : ) ' ' ’
e >t Sa is nondegenerate )

Suppose o<t K < k. then Glord and t’hen""Sa is

nondegenerate. ‘ \ C L
. Therefore v\vithout loss of generality, we may assume that a =
k’ AR | \ -
2 3 in which k’ > k, t’<t and (m’,8) = 1. Note that for T
Ek-l 3t .
‘such odd character x, x(a) = wit , XC1) = x(r ) = a1
‘ , S 2
case 1 : x(a) = w - . . . .
In this case : - | '
Y ¢ -~ ' ' |
xr gcd(2k FAEN 2—k 1.3t.m)) E . \ |
k’ t k-1, ¢ ' .
3 m'q + 2 ".3.m. N
- x(r rre )
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K.t k1.t
2 3 .m’ ' 2°°3.
- X(r T X m)“~

.=-(w2)q {13 for some. 9,9 'eZ

Since k' > k , t’&<\ , q gé 0 (mod 2) and g’ % 0 (mod 3)
k-1 t’ ,
Thergfore x(r2 3" ged(mm )) = wil and exactly Qne of these

.

occurs.

4

it 213t .ged(m,m’) = gkl 5t-1 m then ord(a) = 3, hence S ,is non
‘ simple, by proposition 3 Therefore we may assume that
k-1 k= l t l

2" 3t gcd(m m) is a' proper divisor of 2
-Since for any fixed geU, #{character x : x(r ) = g} - b ; then

#{ odd-character x : x(a+1) = x(a) + 1, x(a) - W }

C k13 .ged(m,m’) -

s 1., k.t
= g3g 3 m) = 2.3.n(p'1) *

in which n is an odd integer.

LI

if n = 3-: i&n gcd(2k .3t .m’ 2k-1,.3t.m) - 2k'1.3t-2.m

This implies t’ = t-2,, m|m’

2k 3t 2 i .
a.=r1 m. for some 1<i<8 , i 5% 3,6
Since Sa = Sp—l-a bf" proposition 1, we can z:pply the samé argument
for S . , and then ' . o T N
p-1-a . :
2k 3t'-2 m.i’ | .
pl-a =r = = for some 1<i’'<8 ,:i’ » 3,6 -

By lemn;g 1; this happens if and only if p-1-a = a. In other wards, '

at+l = -

But then x(s+1) = x(-3) = -x(3)  (x is odd)
K . x(@) + 1 =-x(a) . SR
x(a) -=-1-% : a contradiction. |
. ~ & o

3

LS

»
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in which j+15 = 2.8, 2.11, 2.14, 2.2 o 2.5 . Since S = S

Again,” this contradicts dur_lemma 2.
L S

hana!
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if D = 5 : then p-1 = 2k.3t.5u.m in which (m,30) = 1
, kb1 ul Skl ul |
Let 2 2 3 "5 T and a+l = 2 35 , with i <

&

15and j < 30 . .

k-1 t-1 _u-1 - X
If x(r2 R m),.-- w , x(a) - implies 2i = 2 ( mod 6 ) ,
ie i =-1, 4, 7 13 ( i»10 since otherwise ord{a) = 3 and S is then
non simple ) ‘Moreover, x(a+1) = w and 80 j =1 ( mod 6 ), ie j
-1, 7, 13 19, 25

Then p-1-a = -(a+1) ( mod p )
r( k 1 3t 511 ) r( k-l 3t-l.5u-*\.m.j)

k-—l tl u- ‘

‘ | (2 (+15))

¢

. p-1-a
then j+15 % 2.5 ( otherwise, p-1-a has order 3 and this would imply

Sa = § is non simple ).° .-

p-1-a ' -
(%3 5% m i)

s

Now p-1-a = r for sofe i'= 2, 8,11, 14 . Since

we have 1 + (a) + (p-1-a) = 0 ( mod p ) then aégin this contradicts

our lemma 2.

ke-1ogt-1 cul 4

K x(r .m) = w ., x(a) = w2 implies i = 2, 8, 11, 14

and x(a+1) = w implies j = 5, llqh 17,. 23, 29 and j+15 = 2.10,

. 213, 2.1, 24 or 27, j+15 % 210 ,

I

Thergfore N h .
#{ odd character x : x(a+l) = x(a) + 1, x(a) = ﬁpz }
“ -—(p-l) | a

ca.a_;e2:x(a)-—'w2 - , ’ 1&
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"
-

-By‘ the slmllar argument, we have :@ .
#{ odd character X x(a+1) - x(a) + 1, x(a) - w } e

| ——(p-l) _ |
. Therefore rank s, > 2;—%,\,,/-‘ - 2.5-}3—7-(;5-1) -
' ! \'. ' u 19 ) -~-; -. .' -
. S o - -1 * E(p-l) . v

. v ¢ ‘ .
- . * , : ’
. ’ ¢

Exé.mg‘le 1:A computer prbgratﬁ -was written :and run by méans

- of 'f-he 750 system for all rational primes p < 2000. The worst'
case ‘happend when p = 271, with a = 32, 114, 126, 144, 156, 238.
h Then | L B . .
_ | O rank §_ =‘12§' e B AR
o =1w By ) Ty

E_‘or.-t.exampl;e, with a = 32 then a é_t}%.o and "a+1 - 685

we have .. -

mod(230 6)= 4 = 'y

mod( 6)555-1
b-\'Then o
“’{xodd:x(a+l)=x(a)+1}

= (xox®) = sor x6%) =)

R

‘ - Example 2 : The first rational prime p such that there exists &
-7 ¢ . degenerate CM type S_ is p = 67, with a = 6, 10, 19, 47, 56, 60
- ranksa¥32—%l-'-2
For example,\with‘a = 0, a - 240 , 8+1 == 223, we have :
“ ) s . S
N .
= ; ’ .
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/moé(’%qj;ll:-Z . )

— .
| 'i..'mod(zlé.f!) =5 -
Then, | .
T {x odd : x(a+1) .= x(a) + 1}
- {x: x(2) = z—;r.x(z)'- gl }

i
»
By

.
. .
' A Y - L4
* \
i 1
. -
. -
’ : g
-
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» ’ .
.
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Chapter 4

~ —

' The aesign and analysis of algorithms

o

‘ ) , ) : . .. . W2 .
In this chapter, we will désign some algorithms, together with -

their analysis, to study the rank of CM types.

4

4.1 Algorithm 1 (* This algorithm is used to find the rank of a
simple CM ‘type (K,S) with a given Galois group G = Gal (K/Q) ==

{ l=g1, Bgr-r B } . AMi,j] is initialized as an (n,n)-matrix *)
Step1 : i+ 2 '
.,"Step2:ji70 .
Step 3 Do j + jul until (j>n) or ( glileS and glilglileS )
Step 4 . It j>n then go to step 9.-(* S ig non simple , H o
gl ) -
else i i-;-l
Step5 : Ifi < n’go to step 2
| Step 6 : R = ¢ |
For i=1 to n do )
| - Ifg[i].GSthech—-RU{gh]}
Step 7 : For i=1to ndo _ °
' For j==l to n do ©
. If glj)] € R and g[l]g[j] = glk] then Ali, k] - l
Step 8 : rank (K S) + rank A.
Step 9 : stop. '
The maximal cost of algonthm l/ns (3n -n-2), + (n +2n) -

(4n2+n-2) comparisons and i.’n2 + o(n) multiplications, in whnch a(n)

N . r

X

.\:J



~—~— 31

.
a

is the maximum number of multlphcatlons needed to do step 8 (-
additions are omitted). By usmg the Gram-Schmxdt procedure, we
3

3 3

1 uses 0(_112) comparisons and 0(n3) multiplicatiéns.

can show that o(n) < .2 Therefore in .the worst case, algorithm

4.2 Algorithm 2 (* This ' algorithm is used. to find the rank of -a
_ CM type (K;5) with K = Q(fp): G = Gal(K/Q) = { 1=g,) 8o
‘gn } a cyclic ‘group generéted by By ).

« Step1:D 0 - .
N «+«1 E -
Step 2V:Sum<—0 ‘ ) . -
. For I=1 to pl do' .- '
. | If mbd(ng;p)eS then

’ : . Suln « Sum + exp( JN) '

Step3*-IfSum=0thenD+-D+l

Step4:Ne—N+2 ,
" If N < p-l then go to st.ep 2 else go to step 5
Step 5 : rank (K,8) « P—- -D o7
" _ Step 6 : stop :5
‘ ‘ 2 2
The maximal cost of -algorithm 2 is p-1 comparisons, M.p

2 5 "9
multiplications {additions are omitted) and (p-1)2 exponential operators.

Then in the worst case, a)goritiup 2 uses _O(pz) comparisons, 0(p2)

| mult.iplications and O(pz) expdnential o'perators Remark that this

algonthm can be modxﬁed to be applned for the case that G = -
Gal(K/Q) is’ not cycllc, but Abehan Any Abelian group can be
_ -factored as a dlrect product: of cycllc groups. |

t oy . - oy o -
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4.3 Algorithm 8 (* This algorithm is used to-find the rank of a
simple CM type (K,S'a),‘.l < a < _pz, K = GalK/Q) = { g;=1,
By & } a eyclic group generated by By Y
Step1 : D« 0 . l :
h I1,P «0 . :_ y

J 4-_‘1

o

v Step 2 :“DoAI « I+1 until mod (‘.‘5;2I -8, p)=20

Dol’+—I’+1untilmod(g21-a-l,p)-O

) +1 = (2’;_’11_“') then D « D+1

Step 3 : If exp(

Step 4 : J — J+2

| . if J <.p-1 then go to step 3 else go to step 5.
Step 5 : rank (KS)*—p—' D

_Step 6 : stop . -

The maximal cost of algorithm 3 is 3(p-1) comparisons and 5p

multiplications and 3(p-1) exponential operators, i.e O(p) comparisons, - '

O(p) multiplications and O(p) exponential operators.
. ’ -

4.4 Algorithm 4 (* This algorithmis used to find a lower bound for

the ranks of simple CM types (K’Sa)’ K

Q) G = GallK/Q) =
{ 1, gy 8 } generated by g,, 1 < a.< p2 %)

-4

-

¢ Step 1 : Minrank « t;-l

Step 2 :°If mod(p,ﬁ) £ 0 then go to step 4.
i - (* All the CM types are nondegeneraté *)

%% Step 3 : For a=1 to p-2 do

If a 3 (p-1)/3 and a » 2(p-1)/3 then
“F‘ind rank Sa (* using algorithm 3. *)
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If Minrank > rank S_ then Minrank + rank §_

Step 4 : stop
The x&ammal cost of algorithm 4 is 1 + 3p(p-4) comparlsons, 3 +
5p(p-4)_multiplications and 3(p-1)(p-4) exponential operators. Then in
the worst case, algorithm 4 tses 0(p2) comparisons, O(p2)

multiplications and O(p2) exponential operators. .

4.5 Algorithm & (* This algorithm is used to test whether the lower

bound 6}' the ranks of CM types (K,S ) K = Q(E ) in theorem 2,

chapter 3 can be obtained for N1
rational primes {pl, ,pk} from N to, N2 together with the

corresponding pnmmve roots {ri,\ ,rk} is gwen Then for each P,
14

| G o= Gal(Q(f )/Q) = {1==r ,r > ,(r) } Note that by example

1, chapter 4 thns lower bound is not obtalned if N < 2000 *)
" (* Found is a Boolean vanable, true if 'we cap find a prime p
such that the lower bound 1 + —(p-l) is obtained *).
Step 1 : Found + false = , v
, I'e1 - _ /
Step 2 : If mod (p[I]-1,42) ¢ O then go to 's,t'.ep' 9 “
Step 3.7 1% | '
Step 4 : If J '> 42 then go to step 4

else J’ « 0

Do ¥ « J+1 until modkr[l]r 4 (rm.‘l.(p[ﬂ-l)/42‘) -1),

! 42 42 0
then Found =. true , go to step 10 -

Ste% : If mod(J’Eu— - 0 and mod(J /Rm—

elsesJ « J+6, go to step 4 \

< p< N2, prov1ded a list of.

14
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Step 6 : J « b Lo 3
' Step 7 : If J > 42 then'go to'step 9 . .
: 8lse J’ -0 . T
. ‘ Do I « J’-i:l until mod(_r[I]J’ - '(rLI]J'(pII /e 1 ’) \’
: - ypll) =0 o | |
.o ‘ Step 8 : If mod(J’,ﬂa-lz—) = 0 and mod(J’/B%—,O), - 4
‘ then Found + true, go to step 10
else J « J+6, g6 to step 7 | i
Step 9 : I '« I+l ’ _
I 1-< k go to step 2 ‘ °
_ | ) 5 elsef ‘go to steﬁ 10, - : : , 4' ‘:’ | ‘
. Step 10, : stop
'fhe ma'ximal cost of algotfthm 5 is ’k(16+14N2) comparisons - and
) (43+42N2) multiplications and 14}((N2-1)_exponentia! operators, L ie -
0‘(kN2) compé.risons,. O,(kTIQ) mu}tip[icatibns and 0(kN2) ‘expongntial
s - operators. - ’ ‘ i
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m*| S, Corresponding | Rank | | " Remark

\ 7 matrix ' \
3| (1) 10 S e simple
01l ‘

‘ (2 - T . o1 : 2 simple
: . 10

B oy 10 | 2 Q?imple
01 |

o (3) . .0 2 simple
.- 10 :

5 (1,2) 1100, 3 |--simple’
. 0101 .
1010
0011 ‘

(1,3). " iolo .| 3 simple’
. - 1200 . | - , '
- - 4 o011 - |- .
o , | 10101 S

(4,2) " 0101 3 simple

. 0011 . e

1100
» .o 1010

T

- :
-~ . ) ’ - 1010 ! Y 1
0101

(%,3) . oo1l ‘+ 3, simple
r . - . ' o 1100 P

6 (1) 10 2 simple
. 01 :

1 (5) ., ‘01 2 | simple -
e ‘10 N

eﬁ . ) &, /’

ay

AV

Appendix : Ranks of a_.il CM types of K=Q(E )
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Corfesponding
matrix.

(1,2,3)

-
»

111000

011001

- 100110 *
101010
000111

" - o010101. -|°

(1,2,4)

nonsimple, lifted
from- (Q(V=7,1d)

(1,3,5)

. 101010
011001
111000
000111
100110
010101

simple -

) ._* .

(1,4,5)

100110
1¥1000°
101010
010101 .
000111
011001

éimple

.

011001
000111
010101
101010
111000,

- 100110

simple. Ce

"~ 010101
* 100110
000111
111000
011001

simple o

(6,3,5)

£

101010

‘nonsimple, lifted

(6,4,5)

000211
101010
100110
011001
010101
111000

from (Q(V~7),p)

simplé
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m S | Corresponding| Rank Remark
_ d matrix
8 (1,3) ' 2 nonsimple, lifted
M from (Q(Y-2),1d)
(1,5) 2| nonsimpie lifted"
) from (Q(ﬁ«dd) '
s !
(7,3) . 2 nonsimple, 1lifted .
, .| -from (Q(id, ¢ )
(745) ) 2 nonsimple, lifted ~
C , from (Q(Vf2),p )’
9 (1,2,4) "~ 111000 b simple *
, ' 011001 \ N
: gOlOll 1
- 10100 R
oy e 1100110
T 000111
(1,2,5) 110100 .4 | simple
g : 111000 . '
011001 -
100110.
000111 )
001011 SN :
(1,4,7) ‘ 2 honsimple lifted
' | < from (Q(\[:-B)oid)
(1+5,7) 100110 4 ‘simple |
. 110100 ) )
+ ' 111000
: 000111
001011
; 011001 ‘
- (8,2,4) 000111 n simple
_ 100116
110100 - l
001011
011001 ,.
. 111000
(8,2,5) 2 | nonsimple, lifted >
: ) from (Q(V-3), ¢ )
/
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;dorrespondiﬁg

matrix

Rank |

©(8,4,7)
@ (’.

|

001011
000111
100110
011001~
111000
110100

"(80597)

L

000111
100110

-+ 110100 -

001011:
011001
113000

10

(1,3)

1100

~ 0101

1010
0011,

simple

(1,7)

—
1010
1100
0011 ' .
0101

P S g
v *

simple

. (9.3)

.0101
0011
-1100- -
1010. . .

sinple

(9,7)

0011
1010
0101
1100

simple
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