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Modifications have been proposed to the parallel ~State \
» ‘ ~ \3‘

Space- Search pruning algori;hms“ §ss* and dual-SS*. The
éerformancé of these modified algorithms -is eﬁpifically '
compafed with seveﬁ known parallel pruning algorithms: SSS;,
dual-8S*, Aspiration Search, Mandatory Work First, Tree

Splitting, Principal Variation Splittiné and Scout. Both

’ uniform and nonuniform trees with different schemes of

~
.static-value assignment to leaf nodes were simulated for the

experimepts. The cé&teria for the‘ performancel'evéluation; T
weré the number of leaf .nodes created, the 'nuﬁbeg of
processors used, and the maximum number of leaf " nodes -
created per processor.“ It hap been experimentally sﬁown
that the modified dual-$S* performs be;ger than any other .

.

kﬂbwn_pg;ning algorithm.
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CHAPTER 1. .

INTRODUCTION. °

——

Tﬁeoretical models'thét describe céﬁflicts of {nterest
between people or groups of people ;re called games. Gaﬁe
the;}y consists of bays of analysing these co;flicts. Game
theory began in 1944 wi@h the publication of "Theory of
Games and.Economic Behavior" (Princeton NJ) by John von,
Neumann and'Qscar Morgénstern; although already in 1928 John
von Neumann had published in Mathematische Annalen.the paper

in which he proved the minimax theorem, the fundamental

‘theorem of games. Rarely has the first book in a subject

made so great -an impact as this one. The reason for this
was that dﬁring thel Second World War there ﬁ;d been
considerable activity in modelingxcoqflict situations. Most
of the military, problems that can be modelled as games are
of“ he two-players zero—sum'tfpe, for which game Eheory can
findtjhe 'solution'? Later researchers trifd to incorporate
otbert problems, such as Bargaining aanarbitratién, or to
apply the theory to areas 1like politics and economic

competition. . In 1957 R. Luce and H. Raiffa wrote the other

clasic book in the area, "Games and Decisiqns" (Wiley, NY),

'in which they point out the liﬁitations of game theory.

Sinpe.then game theory was no ' longer considered able to
solve all human conflict, but it is certa{nly the best way

of thinking about conflict situations.

LY Y
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The games to be conside;gg through this thesis are

two-person, perfect-information,' zero-sum games. In‘these

games two players move in turn.. Each player- has woomplete

information about the current game situation‘and the choices

open to him: The gamex starts from a specifigd state and

énds in a wih for one player and a loss for the other; bq in

3

- a draw. £xamples of such gamég are checkers, chesé,

tic-tac-toe, kalah and go. A game tree represents

explicitly aki possible plays of such games. The root node
represents the current state of the game. The other nodes'
in the tree represent the intérmediate or the final game
statij_ and directed‘ tree 'edges represent 1egalnmoves from
oné game state to the another game state.

N ' : ;

To facilitate furté?r 8iscussion, we introduce now an

~
example of the ' game tree in Figure 1.1 and define some of

th% tenﬂs used th%oughrthis text., From a root node p th;ee
edges are leéding to the nodes p[l], pl[2] apd pl3]. The
node p is called a parent of nodes p[1], pl2], p[i]. Each
of ﬁbdg§£p[l], p[zj, p[3] is called a.son of the node p. Aéf N
the same time, the nodes pl[l}, pl[2], p(3] are themselves
parénts of t@e other nodes. For example, p[(l] is parent of
nodes p[l1] and p[l2]. The node; plll, é[Z], pl3] are
called siblings of one #nother, where pl(l] is the leftmost
sibling and pl(3].is the rightmost sibling. A node p[211] is

9

o _#
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FIGURE l1.1. An Examplé of Game Tree.
X .

P2
Some examples for. the notation defined in the text:
T ) the fan-out of the node P is equal to 3; .
. P is the parent of P3; ° .
oy P3 is a son of P; . -. CT '
N . P3 is an ancestor of P321:;
\ . : " P31 is the successor of P3;
' - P31 is a left sibling:of P33:
. P35 is a right sibling of P33:
) P33, P321, P322 are leaf nodes; ' '
P3, P3, aref[nonleaf nodes.
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Ealied a successor of nodes p, pl2], p(21] and it' is also
called a leaf node, since it does not have any successors
itself.. The nodes p, pl2], p[21].ape'ca11ed 'the“ ancestors
of the node p[211] and,’ since all have atl,leqst one
successor, they are also called nonleaf nodes. The number
of sons of the node is called a fan-out' of this node. The
giggg:of the tree is a maximum fan-out of’any' node in the

L

tree. Each node in the tree is located on a particular
level; the root is on zero levél, its sons are on the first
level, and so on. The depth of the tree is the maximum
level that its leaf nodes are located on. A uniform tree of
) \ - ?-—_l— : !
depth D and width W' is one :in which all leaf nodes are at
the séme level D and’ all nonleaf nodes have the same fan-out

equal to W. A nonuniform tree of depth D and width W is one

in wh}ch leaf nodes\are at most at thg_level D and nonleaf

nodes have fan-outs that arg'at most equal to W. C e ———

o I

,
2%

~ For most games, the tree is too large to be generated

’
fully ah{‘searched backward from the leaf ‘nodes tg the root.

f
An accepted alternative is to generate a reasonable (within
a fixed limit of depth, time or lstorage) portion of the
" tree, starting from the current pqsition and to make a move
“on the basis of tﬁis partial knowledge. . Once the partial
tgee~ exists, the value of 1its leaf nodes (nodés without -

successors) must be estimated by a static -evaluation

functionﬁ [3), which estimates the value of a board position

without ‘looking at any of the position's succéssors. If two
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blayersy- say MAX and MIN, are playing the game, and MAX is
the first player then the tree contains two types of nodes::

MAX nodes (at even levels of the root) and MIN nodes (at 6dd

I'e .
.levels from the root). To leaf nodes “are assigned static

values that represent the desirability of the position from
‘MAxfs point of view. To nonleaf nodes the static values are

assigned recursively: the MAX nonleaf node is agsigned the

maximum value ovef the values of its successors, ‘the MIN

V3

,nonleaf node 1is assigned the minimum value over the values//,

of its successors. The game tree gsearch procedure that
determines the value .of its root node by backing up the

assigned values to the root is called minimax. The value

~v(p) of the node p is evaluatgd by the minimaXx procedure

using the following expressions:

v \ .

For MAX node p;, \ ' : “-
' ‘jspaticvalue(p) o | if p is leaf node,
' v(p) =.d Y T
) ﬁ maximﬁm[@(p[l]),...,v(pff])i . ’ofherwise.
For MIN node p;' o ' o
~(étaticvalue(p) S if pkis'ledfwnode,
vip).= - ‘ r
: ‘tginimum[vip[i]),..i,v(p[f])] otherwise.

&

\

Here, Staticvalue(p) is the value assfgned to the node p by

static evaluatio uncﬁion, vipl{i]) 1is the static or

iy

backed-up value of the i-th son 'of ° the"b; and f. is the

fan-out of p. The minimax search terminates when the root

-t
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node is evaluated and the player, whose position the root

' node ré&presents, makes a decisiom on the best first move.

’

From ‘a comparison of the two expressions above, it can ‘,‘

be seen that they become identical provided th values' are

A
«

ﬁ . “complemented. (i.e. maximhm[-a,—b] = -minimum{a,b]). The
last obbservation leads <to the proéocedure called negamax;
which ‘is often more convenient to.use. -Negamax procedure

does not differentiate. between MAX and MIN- nodes. The

A\ .. ™
static wvalue "aséigned to a' leaf node is from the point of .

view of the player who%s turn it is-to move. The value of

»

the nodes are evaluated by negamax procedure using the

following expression: N

:}f p is leaf node,

1

-
'

- Staticvalué(p)

vip) =4 o

maxiﬁum[—Q(p[l]),...,—v(p[f])] . otherwvise.

«

Both pcbcedures, described above, -employ exhaustive
search in which all possible sequences of moves are searched
until Yeaf nodes are reached. Such a search. can work for

» games like 2-dimensional 3 by 3 tic-tac-toe, but it cannot

be applied to games that have a large search gspace. An

example .o{l such a large game is chess for which the€ number
> : .

of different complete plays in the average-length game has

been estimated, /by Shannon at 10120 (3]. 1In order to .

A\

reduce th

»

’

complexity¥ of the .problem,. Tresearchers have

dexsioped a number of algorithms that allow us to reduce the
. . N

<



search\spacg b§ creating a searéﬁ tree. who;e size( is a
fraction of a full tree but, in‘spite ofithaiﬁ'allbw us to
find the best po;éible move. - All game tree- searching
methods are b;éed, on, -the Branch & Bound'search kecHniQUe
(13], where branch Fefers te tﬁe.partitioﬁing~of tpe’ sgarch'
tree and'bound refers to the bounds that are used to:rejectm
some oflthe search tree parts without an exhaustive ;éaréh.

) N 1 ,

A “

- One well-known algoritﬁm ‘that‘ speeds ub game ‘tree
search |is Albhabeta. In [12], Knuth and More discuss its
histéry and give exhéugtive analysis of its properties. The

algorithm is using two bounds, alpha.and beta, to improve

l i T Y

. . .
the efficiency of a minimax search. ;The interval enclosed
Sé

by alpha and beta is called a

- 7
specifies a lower bound for the backed-up value of a MAX

node; . this boupd is updated when a MAX node with a value
larger than alpha is found. The " beta ispecifies an upper
bound for the backed-up value of a MIN node and it is
updated when a MIN node with a value sma}ler. than beta is

©
founqb1 The beta wvalue generates cutoffs among the MAX's

Successors; the alpha value is doing the same among the

MIN's successors. Thus the window that alpha and beta
values form makes it possible to reduce the amount of search
by pfhning, or cutting off, thqgse ‘nodes that’ cannot

influeﬂ;:/the minimax value backed-up by the algorithm.

arch window. The alphd

a9
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» Figure 1.2 shows an'e;ample of a game tree wﬁicﬁ is
sgarcﬁfd by ’;1phabeta. Instead of all 16 leaves that an
exhaustive minimax search would examine, Alphabeta examines
just sevén leaves; the rest are— pruned. The cutoffs,
performed by Aiphabeta on the game tree, are defined [(12) as

: w
shallow or deep ones. A shallow cutoff is performed by

algorithm on the first three levels below a root node; the

pruning of the nodes that are located'on the levels 4,5,...

Y

below a root node in the 3ame tree is defined as deep
cutbffﬂ An example of deep cutoff is the prggipg.of nodes
labeled 1.1.2.2,+42.1.1.2 an8 2.1.2:2 from the tree in Figure
1.2, The example of a shallow cutoff is the Pruning of the
nodes labeled 1.2.2 and 2.2 from the same tree.

The number of nodes pruned by Alpﬁabeta depends on the
distribution of static values assigned:-to the leaves. The
tree shown on Figufe 1.2 - has been perfeétly ordered. The
game tree for whiph the first (that is, leftmost) successor
of every position is optimum (holding a greatest value
between MAX's successors and a smallest valug between ﬁIN's
succesgsors) is called a perfectly ordergd\tree. A minimal
E;gg? is defined as having a minimum number of nodes created
by the Alphabeta prbqedu}e that searches a perfectly ordered
tree, (The minimal tree is shadowed in Figﬁre 1.2). The
first formal proof of Alphabeta search efficienty, based on
perfect%y ordered uniform trees, was given‘by Slagle and
Dixon [23]. They ' proved the formula, attributed to

*.
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M. Levin, that calculates M(W,D), annumber of leaveé in a

uniforﬁ minimal tree: '
m(w,0) = wlB2l 4 ylp/al |y (1.1)

Hére, W~%S“E?;g/width, and D.is tree depth.

If a game(tree is not perfecéiy orééred then the number
of leaves examined by Alphabeta fﬂcreaseqﬂand, in the worst
case, when‘tﬁb last searched succéssor of every position is
optimim, "it can:reach the same number as with an exhaustive
search, which is wP. |

“ Initially the search window, bounded by alpha and beta,
is reasonabiy wide; it must cover‘all range of possible root
minimax values. Usually at the begining of the‘ search,
alpha is assigned the value of ‘—INFINITY, and beta
+INFINITY. As search proggesges the alpha and beta values

become close to each other and the search window is

narrowed. Alphabeta is presented below using a negamax

R
* -«

notation.
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FUNCTION Alphabeta(p: treenode; alpha,beta: NUMERIC):

A

NUMERIC;

-

/* NUMERIC can be an INTEGER or a REAL number */

N 4

i: INTEGER; N
BEGIN ‘
IF (p is leaf nodé) THEN return{Staticvalue(p)]:
generate all sons of node p;
FOR i=1 TO fén-out-of’p«ﬁb
BEéIN
alpha=maximum(alpha,-Alphabeta(p[i],-beta,-alpha));
IF (alpha >= beta) THEN return(alpha);

/* cutoff, rest of p's sons can be pruned;

N an alpha becdﬁz a minimax value of p */.

*
4 1 o

END
reéurn(alpha);
END. /* function Alphabeta */

- For over twenty years Alphabeta has been considéred the
best .pruning algorithm for game tree search; during. that
period a number of wvariations of‘wthe Alphabeta were
developed. For analysis and comparison of these‘ sequential
algorithms see (7] and [18]. One tree search algorithm is
considered superior to another one if it created less (that
is, pruned more) tree nodes, so that the tree search cap be
performed faster. Sincé an alpha-beta search prunes more
nodes when the search window is small, some of -tbe

variations tclAlpﬁébeta try to speed it up by employin§

f
%,
v %,v .

- 11 -
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aspiraiion or narrow window search; instead of using an
initial window gf (alpha ’="—INFINITY, bei:a = ‘4+INFINITY) t‘:he
window of (alpha = v - e, beta = v + e) can be used, where v
is the estimated or guessed minimax value of the root node
and e is the expected error in estimating v. The aspiration

search ia “termlnated with three possible outcomes. (1) If

the retu;nea value is within the narrow window bounds, ' then

.sparch succeeds to return the correct minimax value ot a

root node much faster than a full window search. (2) If the
returned wvalue is less than or equal to the lower bound of
the arrow window, then the search is said to fail low. (3)
If <E}xe value returned "is greater than or equal to the upper
bound of the searcH window, then the search is said to ggil
high. In the last two cases the tree must be re-searched
with a window that encloses the minimax value of the root.
For example, if the initial search with a narrow window of

(alg&a, beta) fails high, then the tree can be re-searched

with the window (beta, +INFINITY).

In order to avoid a failure of aspiration search, it
helps to have an initial guess on the minimax value of the
root node. To get such a value, some of the methods gmploy

principal variation search, an initial search of a part of

the tree (often of the leftmost subtree) which returns a
tighter bound of the window used in further search on the
rest of the tree. If the tree is perfectly ordered, then

A ‘.. . 1
such @ search returns the correct minimax value of the

B, .
- ~a

- 12 - 1' - v
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root from the first subtree search, and a subsequent search

can be performed much faster with a minimal window, a narrow

wihdow of (alpha = v, beta = v + 1) where v is the best
value found so far. When the tree is poorly ordered, \then
each subtree that is better than Qge already searched must

1
be re-searched. ‘

In 1977, Stockman [24]) developed an algorithm called
SSS* (State Space Search) to search.game trees and proved
that SSS* never «creates a node that Alphabeta can prune.
Moreover, in some cases, it will K create fewer . tree nodes
than Alphabeta. The advantage of SSS* over Alphabeta came
from the way in which the two algoritﬁms search. Alphabeta
is a - directional algorithm usua}ly searching the tree from
the left to the right. The SSS* is searching 'gimuitaneosly
mulfiple paths in all regions of the tree and it has a
;étter global perspective%of the tree. If the optimal move'
is on the 1left of the tree, then both algorithms are
performing the same\work; Qut if the optimal move is toward
the right‘dof the tree, then SSS* performsfless work than
Alphabeta to locate this move. The advantage of SSS* over
Alphabeta came as a surprise to many, sinFe the SSS* is a
Branch & Bound procedure and researchers have been
~conside£ing the Brapch & Bound (called Fl in [12]) a less
efficient version of the Alphabeta. Kumar and Kanal solved
this contradiction in [13]. They éave a  general

Branch & Bound formulation and showed that both SSS* and

- 13 - .
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Alphabeta‘ are uBranch'& Bound méthods. They also concluded
that ‘since Alphabeta, unlike SSS*, is not a best-first.
procedure, it should create more nodes than SSS* does. ‘The
same autho;g developed a variation of SSS* described as
» dual-ss* in [14]. It is dbservéd in [17] "that dual-SS*

often traverses smaller trees than SSS*".
< .

With the advanéement in technology, new garallel
methods were developea. These: methods reduce the search
~ time by dividing the search space between a number - of
processors that search the game tree concurrently. The
parallel methods for game tree search are the topic of Ehis
'A. thesis. In Chapter 2 'Qe present a survey.of the known
parallel pruning algorithms. Chapter 3 describes our
proposed modifications to the State Space Search pruning
algorithms. Chapter 4 é;scuséég the experiments in which
all élgorithms _above Bave been compared, ana Ch;pter 5 is

devoted to concluding remarks.

£

&£ .
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CHAPTER 2.
3

GAME TREE SEARCH.

Several groups of researchers have developed parallel

A SURVEY OF PARALLEL ALGORITHMS FOR

s

search algorithms using a small number of processors. Below
these algorithms with comments on differences between the

original- methods and“ our implementation are outlined. A

multiprocessor, simulated during the experiments, has an’

unlimited number of asynchronous processors that share a

common memory. = The 'concurrent hardware progessors were

simulated through sequentiai software processes. These

processors can create slave processors. Moreover a master

processor can send messages to its slaves, and can wait. fopp

responses. Apart from these communications) the processors

work independently. We were constrained to this kind of

. communication since we use .the UNIX operating system to

simulate the parallgl processors.

«

The terminology wused in the following text was

partially adopted'from [9] and [16]:

e ‘ . .
. Processor tree - consists of processors and communication

o - lines corresponding to game tree nodes

AN

and edges; the parent-son relations in
the game tree corespond to the master-
. L - glave relations of the processor tree;

Generate(p) - a fu}btiod that generates an array of
\ ' sons pll],p(2],...,p[f] of node p and

“

- 15.-
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‘returns £, the fan-out of node p; -
Staticvalue(p) - a function that returns a static wvalue
aséigngd' to the 1leaf node p by one of
the schemeé described in Chapter 4; .
‘ﬁax(xﬁy) - a function that returns— % if x > Yo
qﬁherwise it returns y;
PARFOR - denotes.a .parallel FOR loop; a‘\’separate
process %s originated'for each }teration
7 of the loop and the program contidueé as
’ a single procesé wheﬁ all iterations are:.
‘ complete; - L
\ . ‘, 8~
CRITICAL . = allows only one process at a t;me into -

the next block of code;

. TERMINATE - - terminates all currently active .,
* . processes in the PARFOR loop;
NUMERIC | - when ‘a variable is declared of type

™

NUMERIC, it means variable can be
INTEGER or REAL depending on whether the oo
static values assigned to the\leaf.nodes

' %

by Staticvalugip)' are correspondiﬁgly

v ' s -

integer or real.

.

X 2.1 The Aspitation‘Seafgh:
] The, algorithm was introduced by Baudet in [4]). In this
" method each processor searches the entire tree with
different search windows. These windows are disjoint, ang

Id

- 16 - . o
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their wunion covers the range from the lower boun o the
upper bound of the full seafch window. Since each window is
considerably smaller thaq full range, each processor can

conduct its search more quickly by pruning more subtrees.

-

Just one of the processors will succeed to find the minimax

value of the root; all others will terminate search by

. failing to do that.

¢
!

"

PROCEDURE ASpST; .

alpha[],.betal[]: NUMERIC: /* the searéﬁ window bounds */

valf]: NUMERIC;I - ~ &

score: NUMERIC; - /% ; true minimax value of trgz */
i: INTEGER; o . ) o ) )
BEGIN ) )

PARFOR i = 1 TO number_of_available_processors DO

BEGIN T ' { ‘ ' '
alphal[i] = lower boun i-th partition of s

full search window;

a\beta[i] ; upper bpuhd of the same partitioaz

;al[i] = glphabeta(root, alpha(i), betali]):
/*“Alph;beta is a sequential algorithm from Chapter 1 *A~

~ IF ((va1[1]>alpha{1]) AND (val[il)<betali]))
| \ /* the processor succeeded to find a minimax value <
of root node */

THEN CRITICAL score = vallil;

END S B S

END. J* procedure Aébs: */

L
»
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- ¢
“

The efficiency of any game tree searching algorithm is
assocxated with the. sxze of the search tree it created,
namely, the smaller the .tree the more efficient "thé search.
Often, since the static evaluation function is a complicated
one, the search. efficieney is measured in numbers ef leaf

.

node§ it creates. Duripg an aspiration search, regardless
of ies outcome (succesé:er failure), each processor\before
it terminates must create some minimum number of leaf nodes
in the search tree. The expressions that éaleulate a number
of leaves created by Asplratlon Search algorithm searching'

perfectly ordered unligrm‘trees of width W and depth D are

presented in [15]. \They are:

nnm

Result .of search Mxnlmum ho. of leaves created
' Va

‘ Fail low ’ wl!D/2] 4 ;
Fail high ~ - wlD/2} i -
Success - wlipz2l 4 wib/2l _ _—

» .

Using these formulas the minimum amount of search
performed by each processor - successful or not - can be
calculated and added to the overall amount of wqfk done by
algorithm. Since the cost of the search increases with the
' number ofj processors ihvolved,- this method is ‘'suitable

‘(according to Baudet [4]) only for multiprocessors with at

most five-six processors.

(oY
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2.2. The Mandatory Work First Search. .

t o " . ™~

The a}gbiithm -is a parallelization of the sequential

Alphabeta algorithm without ééep cutoffs. It was . presented
by Akl, Bernard and Doran in [1]. The ;lgofithm initially
assumes that the game tree is berfectly ordered and searches
in parallel just a minimal tree, The tree is considkred to

have two kinds of nodes, left and right ones. The root is

the 1left node. The first son of any nqde is its left son

and the subtree that contains. ‘the left son is the left
subtree. The process tHat searches 'the left subtree is
called the left process. All other nodes, suptrees and
processes are right ones. During the first phase of the
searc? the left son of é'node is searched by a left process
until\ a final wvalue for the left son is backed up.to its
parent node. To obtain this final value, the, left son's

Y

process creates processes (one left process and the rest

right processes) to search all of the left son's subtrees.
Concurrently a single temporary value is obtained for each
of the right sons of the parent node. In the second phase
tpe ‘temporary value of .each right sontis compared to the
final value of the left son and, if the former are found to
be smaller, a cutoff is made. If this is not the case (the
tree is poorly ordered) then the search on éhe right subtrée

is continued by sequential Alphabeta and more' nodes are

created.
/

-

- 19 -
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FUNCTION MWFst ‘(p: treenode, node: {Left,Right},
bound: NUMERIC)? NUMERIC;
A }niéially p ® root, n&ée = Left, bound = +INFINITY */‘
scofe, val([ ] ¢ NUMERIC; ( 4
f: INTEGER; | /* fan-out of node p */ . |
i: INTEGER; o o ﬁ ,
BEGIN - |
IF (p is leaf) THENifeturnL Staticvalue(p));
f = Gengggte(p);
PARFOR i = 1 TO £ DO
BEGIN Yy ‘ B SN
IF (i = 1) THEN scope = -MWFst (pli],Left,+INFINSTY);
¢ /* the leftmost son is always éearched */
YELSE IF (node p is Left node ) THEN
. valfi] = -MﬁFst(p[i4,Right,-score);

\ /* all right sons of left node'p are searched */ .

‘ELSE BEGIN . "/* node p is a Right node */

LY

IF (score >= bound).THEN TERMINATE;
/* all r;ght‘sons of right.-node p have cutoff check */
val[i] = -Alphabeta(p(i],~INFINITY,-score);

/* thé sea}ch of right sons of node p is

fontinued with sequential Alphabeta */

Al

END
CRiTICAL score = max(scoré,valti]37
END /* PARFOR */
return(score); ‘ o
END. /* function MWFst,*/

- ZQ -
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As can be seen from the above, in our implementation
the temporary values for the right sons are not obtained
concurrently with the final vaiue of the 1left son, but
rather after the 1left son's value becomes known. This

. -

difference from the original is important when real time of

perfqrmance is measured, %ut ncf“ in our case where the

*

Y
algorithm was gimulated. To keep the implementation as
close as possible to the original, the bound obtained from a
left son search was not used in the "concurrent" search for

the temporary values of the right sons.

«

2 X,
The mandatory nodes created during the first phase of

the ‘seatch, are called primary nodes (just these nodes are
created if the tree is perfectly ordéfed). For a.uniform

tree of depth D and width W the expression for P(W,D) -
. 14

" number of priméry leaf nodes - is given in [1]. 1In the

formulas below, L(D) and R(D) are numbers of primary left

and. right sons at depth D.

T P(W,D) = L(D) + R(D); (2.1) .
here f

L(D) = 1/(x * 2P%]) [(1+x)P*L — (1.x)D+1),

R(D) = 1/(x * 2°) [(1+x)P - (1-x)P] (w-1),’
A where x = (L + 4(W-1))1/2, ot

* The formula (1.1), from Chapter 1, calculates M(W,D) -
the number of leaf nodes in a minimal tree. For perfectly

ordered trees M(W,D) <= P(W;D), since the Mandatory Work

- 21 -



First algorithm is missing deep cutoffs performed by

sequential. Alphabeta. For example, M(3,6)=53 and P(3,6)=85
. [} .

(see also the results of the experiments in Chapter 4). All

other algorithms described below reach the minimum of the

M(W,D) when perfectly ordered trees are searched.

13.3 The Tree Splitting Algorithm.

This algérithm (by Finkel and Fishburn in [8]) uses a
direct tree decomposition approacﬁ by applying one processor’
per node. The root processor evaluates the root node. Each,
processor eY?luates its assigned node by generating its sons
and searching them by its slave processors. Thus a
‘processor “at level L in the processor tree always evaluates
nodes at level L in the search tree. As the processor
receives responsés from its slaves, it narrows its window
and tells working-slaves about Qhe improved window. When
éll sugccessors have been evaluate@’;(or a cutoff has
occurred), the processor computes the wvalue of ‘its node and
repqﬁts it to its master. If the depth of the processor
tree is smaller than the depth of the search tree then the

leaf processor of the processor tree evaluates its assigned

node with the sequential Alphabeta algorithm.

:
-

-

Since the simulation only allowed the processors to
work independently, that part of the algorithm in which the

» ,
processor was sending a message to its yorking slaves about

- 22 -
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a new narrowed window has been omittedi instéad each
subsequent slave processor Pas been“supplied‘bith ‘the best
window available-'at that moment. . This modification allowed
the algorithm to work as sequential Alphabeta. It was also
assumed that the width.and depth of the processbr tree are
equél to the width ané depth of the search tree, i.e. an

unlimited number of processors was always available’.

‘FUNCTION' TrSpl (p:treenode, alpha.beta:NUMERIC): NUMERIC;

/* initially p'= root, alpha = —-INFINITY,

beta = +INFINITY */ .~

val[ ]: NUMERIC; K
i, £: INTEGER;. | )
BEGIN |

IF (p is leaf) THEN return( St?ticva;pe(p));'

f = Generate(p); |

PARFOR i" = 1 TO £ DO

BEGIN

R N

. val[i] = -TrSpl(pli],<beta,-alpha);

N\

CRITICAL alpha = MAX(alpha,val[i)); END
IF (alpha >= beta) THEN TERMINATE; 1
/* cutoff, rest of p's sons can be pruned */
END , _
feturn(alpha$; ' \ -

END. ‘ /* function TrSpl */

- 23 -
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2.4, The Priﬁcipal Variation Splitting Algorithm.

AN

The method (by Marsland and Popovich in [16]) employs
the principal variation search described in Chapter 1. The
method- presumes a good ordering of the moves so that the
"leftmost path is searched first, while thé remaining moves
are examined using a minimal window. The algorithm delays
tree decomposition until the first path has been searched.
Thohgh fhe original <aethod uses a processor tree with a
) d?pth sﬁallsr than the depth of the search tree, we assume
during the experiments that the width and depth of the
proé¥ssor tree are equal to the width and depth of the
search tree. Also the progressive deepening . was not
implemented. (Instead of an immediate search to a maxigum
depth, the pfogressive 'aeepening' employs a series of
successive}y deeper searches. After each search iteration
the mowes are sorted to allow the next iter‘tion to start
with a more ordered tree and therefbre to improvg the search
efficiency). ' ’

. | b
FUNCTION PVSpl(p:treenode, alpha,beta:NUMERIC): NUMERIC;
/* initially p = root, alpha = -INFINITY, ‘
| 0 | beta = +INFINITY */
score, val[ly NUMERIé; S
f:‘INTEGEh;
i: INTEGER; -

BEGIN - . % _ ~

- 24 -
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*

IF (p is leaf) THEN return( Staticvalue(p)):

\

f = Generatg}pj;'
- A Y
. " . /* principal variation search */

score = —-PVSpl(p[l],~beta,-alpha);

IF (score >= beta) THEﬁ"return(score); /* cutoff */

PARFOR i = 2 TO £ DO
BEGIN | : '

\ .
/* concurrent search by sequential Chﬁld—BVS */
val(i] = Child-PVS(pl(i]), max(alpha,score));

IF (valli] >= beta) THEN TERMINATE; . /* cutoff #/
: iR
CRITICAL score = max(score,val[i]);
END . N
N ' '

return(score); ~ .

END.‘ ' /* function PVSpl */

Y

~

FUNCTION Child-PVS(p:treenode, alpha:NUMERIC): NUMERIC;
/* sequential function */

value: NUMERIC;

BEGIN e : S

/* minimal window search */ —

value = -PVS(p,-alpha,% -alpha),
T IF (value > alpha) THEN : ’ .-
/* fail- hlgh, re-sea;c; with wider window */
value = -PVS(p,-INFINITY,-value);
return(Qalue); - : R

END. /* function Child-PVs */ ' /

- 25 -
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FUNCTION PVS(p treenode, alpha,beta NUMERIC) NUMERIC;

/* sequentfal functlon */

score, value: NUMENIC;

-

ﬁ:lINTEGER;
\ [ - u\“
i: INTEGER; T ) .
" o BEGIN = , ‘
IF (p ig leaf) THEN return( Staticvalue(p));

f = Generate(p);

score = -PVS(p[l],-beta,-alpha),
< FOR i = 2 TO £ DO -
BEGIN h

4

- ~ 1IF (score >= beta) THEN return(score);
~/

/* cutéff */

A alpha = max(aiphé,score);
; \ | | ’ /* mlnlmal window search */
h value = —PVS(p{1],-a1pha 1,-a1pha),
" IF (value > score)'THEN
v ‘ . /* fail-high, re-search with w1der window */
) . IF ((value b4 alpha) AND, (value < beta)) THEN
iw' ' ' ) gco}e = -PVS(p[1],-beta,-value); -
' ELSE Qcore = value;‘ e L.V.
END ‘
A '+ return(score); - ‘ : o - .
END.  ./* function PVS */ ‘ z. R a s
;‘, ‘ B - p
il ) o &,
I T ¢ @ , [ !
- - 26 - ) i
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2.5, The Scbut Algorithm.

AN
The sequential Scout algorithm wgsiﬁnt:oduced by Pearl
[21] and later was adapted to a parallel system ﬁ;h Akl ‘and
Doran [2]. This method 1is similar to the érincipal
Variation Splitting algorfthm ab&ve. In evaluating the
value of .node p, the algorithm computes the value of the

leftmost son of p and tests or "scouts" the remaining sons

' of the p to determine whether any of them may have a more

promising value. If such a sdn_is found, then the exacé
value of this son is ‘computedQ\and used\ in subsequent
scouting tests; otherwise, the son is pruned. '
‘ Co \
PUNCTION Scout(p:teeenode): NU’M’ERIC;
/* initially.p = root */
score: NUMERIC;
" £, &: INTEGER;
- BEGIN
IF (p is leaf) THEN retgrn( StatiCVaiue(p)){
f = Generape(p); . \ ‘ o
score = —gcout(ptll); /* princ%pal variation séarch */
PARFOR i = 2 TO £ DO \
| IF (ﬁéT~Test(p{i],-score,False)) THEN ' ‘

/* if test fail then re-search */

CRITICAL- score = -Scout(plil]); . N
retﬁrn(score); '

END. ./* function Scout */

~
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;

FUNCTION Test(p:treenode,.- score:NUMERIC, op

3

Book.ﬁm):
o \BOOLEI\}N;
/*' retu'rn True if node p can be pruned and False \if it
needs to be searched Ygain; : | \
] o'p'/is true if values compared came from the nodes
) located at the same tree/level */ -
value: NUMERIC;- _ ‘\
- £, ‘i: INTEGER; ’ \‘:\ ;
BEGIN “ | |
£ = bénerate(p)‘; ' - ‘
. . . 1IF. (p is leaf) THEN \
) " BEGIN ‘
value = Staticvalue(p); o
- IF (((va;ue = score) AND op) OR (value > s“g:oré))
¢ -' y . .  /* cutots *‘/', ’
\ °  THEN return(Triue) - ' ' \‘ =
A - _ ELSE return(False); '
) - END A ‘ _ _
FORi = 1'TO £ DO /',/ , ' /* test of p's %an */
'IF. (NOT Test(p[i], -score, NOT op)) THEN
- - ’ o /* cutoff #*/
Y ;'etur’n('rrue); , | , iy 1
_. retu:n(False);' ' | = o ‘
h END. /* function Test * '
.o i S .
* (./
' ')
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CHAPTER 3,

PROPOSED MODIFICATIONS TO STATE SPACE SEARCH ALGORITHMS.

Al R "‘ Al

0

The 'state space' is defined in [3] as "thé set of éll

>

attainable states of a problem". Stockman, who first
described the State Space Search algorithm [24], called it
SSS*, He showed that the minimax value of a'game,tree is

the same as the minimum value of all AND-solution trees when':
a game tree .is viewed as an AND/OR tree (AND node
corresponds to Max node,” and OR node corresponds to Min node

of .the game "ttee). The AND-solution tree represents all

possible résponses by Min to some particulan,-strategyo for
Max, and it includes all immediate successors of the AND

node and exactly one immediate successor. 6f the OR node.

-

14
Kumar and Kanal in [(14]) developed a similar algorithm,

“‘called dual-SS*, which used OR—soluéion~ trees. The

OR-solution tree . represents all possible sequences- of

—
-,

responses by Max to Some possible sequences of moves made by

Min, and it @nglu?es all immediate successors of the OR node

énd exactly one id@ediate successor of the AND node.

< -

We found experimentally that both algorithms gregtly
benefit from the narrow w%qdé& search. To gef such a window
the\lef;most subtree ié lseatched jfirst and the returned
value serves as a néw'narrowed bound during parallél searcht.
on the remaining subtrees. Alpnpugh the ‘initial search of
the leftmost subtree is also used”in Principal Variation
é
- 29 - - ' ,
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Spllttlng and 1n\Scout algorithms, they only benefit from it

if the tree is ordered; SSS* and’ dual -8S*,.on the other

‘hand, always benefit from this initial search. .

. & .
1 ' ,
‘. , K X

Below we @escribe §SS*, dual-SS* and our modified

¢

élgorithms; In each of the four algorikﬁms the foliowing

9

holds:

Associgted with évery node p in the game tree, there is

~

a triRlé <p,s,m>} where s and m are respectively cailed
‘hstatus and merit of p;. s kLIVE,SOLVED} and
m [~INFINITY, +INFINITY]. If p has. the status
SOLVED, it means ?hat b has been ' evaluated; otherwise
it has the staius LIVEY Each algarithm maintaihs a set

of lists called OPEN, where the entries of‘ the lists

t

are tﬁe“ triples <p,s,m>. ;f two’ nodes p(l) and p(j)
!,, --.1

have equal merlt m, and 1f p(l) is to the left of p(j)

. in the game tree, then the trlgle <p(1),s,m> appears

before the triple <p(j),s,m> in the list. Thus FeOery

triple i's said to be in its proper sorted position

‘e

within the list.

~
/
8

4 ' ,
An example is attached below t? each of four

algorithms. The game tree\selectgd er.ghe example - is the

perfectly ordered uniform tree from Figure 1.2. To keep the

&

‘ examples smaller, the depth of the tree is reduced to 3.

1
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3.1 The SSS* Algorithm.

It has been shown in [22] and [24] that by ltav;réing
“the gamé tree in a best-first manner, SSS* ;eturns wiéb the
value equal to the minimax value @f the root. The triples
in the OPEN lists are  kept in a nonincreasing order of
“merit, such: that within a list the tripie with the highé;t \
merit is at the top of the list, Stoc;man [24]~'hés '

described the SSS* algorithm for sequential implementation. .

" He mentioned that it could be implemented in parallel. A

stgaightfpfyard parallel implementation can be formulated as

-

follows: : - b

1. Generate sons p(1),p(2),...,p(f) of the .root node RZ
and éssi;n“ to the variablé SCORE the value of e’
—IﬁFINITY (at the end-of the -algorithm, SCOﬁE would

- contain the minimax value of tge root). )

2. PARFOR i = 1 to £ do Sfeps 2.1 through 2.5. N

2.1."Put- the triple <p(i),LIVE,+INFINITY> in a iist

called GPEN(i).

2.2. Remove from OPEN(i) the topmost triple <q:s,m>.
*2.3. If (q = p(i) and s = SOLVED) thenldo éteps 2.3.1
through 2.3.2, otherwise go to Steb 2.4.

2.3.1. If m, yhich is the minimax value of p(if,
is_b:eater than SCORE, then update SCORE
to be eéual‘to m (just one proééssor at a
time is alloWed to change the value of
‘SCORE to update it). |

- < /

-



'SGAMMA DGAMMA Action
) il
t |s = SOLVED, s = SOLVED, Put <parent-of-q,s,m> at the top
q is MIN-nede—|-g—is MAX node | of OPEN(i) and delete from OPEN(di)
all triples associated with the
successors of the parent-of-q
2 |s = SOLVED, = SOLVED, Put <next-right-sibling-of-q,LIVE,m>
4 is MAX node, | q-is MIN node, | at the top of OPEN(i)
q has a right | q 'has a right . \ .
sibling sibling
3 = SOLVED, =.SOLVED, Put <parent-of-p,s,m> at the top
q is MAX node, | q is MIN node, | of OPEN(i) - X
q has no right | ¢ has no right
sibling sibling
4 |s = LIVE, Insert
q is leaf . <q,SOLVED,min(m,staticval(q))> in
’ its proper sorted position in
R OPEN(1) . .
N s = LIVE, Insert
q is leaf <q,SOLVED,max(m, stat1cva1(q))> in
, a its proper sorted pOSLtion in
/] OPEN(1)
5 °|l's = LIVE, s = LIVE, Put <leftmost-son-of-q,s,m> at the
q is nonleaf, |q is nonleaf, | top of OPEN(i)
q is MIN node | q is MAX node
6 |s = LIVE, = LIVE, FOR j = £ DOWN TO 1 DO
: q is nonleaf, | q is nonleaf, put <q(j),s,m> at the top
q is MAX node | q is MIN node of OPEN(i)

12

TABLE 3.1

The operators SGAMMA and DGAMMA.
OPEN(i) is the 1list of triples assoe&ated with the i-th processor.

b

N
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FIGURE 3.1 An Example of Game Tree Search by SSS*.,

The tree nodes created by SSS* are shadowed.
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2.3,2. Terminate work of i-th processor.

2.4. Apply operator SéKMﬁA, given ;k Table'3.1, to .
' the triple <q{§;m>.

2.5. Go to étep-2.2. o

3. 'sTop.

it 3.2 The Modified SSs* Algorithm.

The SSS* algorithm, however, has a drawback. In a
sense, each processor is working independently of the
others, and the maximum value returned by thm' becomes the
minimax valu€ of the root. It would be better if the valte

returned by one of the processors is used as a bound for the

other processors. The other processors then work within a

- narrowed window, thus increasing the 1likelihood of more

cutoffs. We arbitrarily chose that the value returned by

the processor searching the leftmoste son p(l) be used as

such a .bound. Based on this we formulated MSSS* (the

modified SSS* algorithm) as follows: ’
1. Generate sons p(1),p(2)s...,p(f) of the root node p.
2, Put the triple <p(1),LIVE,+INFINITY>—in a list called
OPEN(1). ' ' '

‘ . J
3. Remove from OPEN(l) tHe topmost triple <q,s,m>.



4. If (q = p(1l) and s = SOLVED), then assign m, which
oy *

is the minimax value of p(l), to a variable called

BOUND, and also to a variable called SCORE {at the
end of the algorithm, SCORE would contain the minimax

value of the root); go to Step 7.

" 5, Apply operator SGAMMA, given in Table 3.1, to the

triple <q.,s,m>. '

N

6. Go to Step 3.

8.

7. PARFOR i = 2 to £ do Steps 7.1 through 7.5.

5 - "
iy

-«

7.1. Put the triple <p(i),LIVE,+INFINITY> in a list
-called OPEN(i).

7.2. Remove ﬁ;om OPEN(i) the topmost triple <q,s,m>;
if (m <= BOUND) then terminate work of i-th
processor.

7.3y If (@ = p(i) and s = SOLVED) then dé Steps 7:3.1

t* Ehrough 7.3.2, otherwise go to Step 7.4.

7.3.1. If m, which is the m}nimax'value of p¢i),
is greater than SCORE, then update SCORE

' to be equal to m (just one processor at a

time is allowed to change the value of

SCORE to update it). |
7.3.2. Terminate work of i-th processor.

7.4. Apply dpera&or SGAMMA, éiven in Table 3.1, .to

the triple <q,s,m>.

7.9. Go to step 7.2.

STOP.
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FIGURE 3.2 An Example of7Game Tree Search by MSSS*.
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+ 3.3 The DUAL Algorithm.

N
\ \\a

DUAL (that 1is, the dual-SS*) algorithm differs from

QSS* by traversing the game tree in a depth-first manner.
DUAL is iﬁpleménted by making a few changes in Stockman's
SSS*, namely,‘seeking a mé&imum instead of a minimum and
replacing Max's by Min's and vice versa. ~ Just as SSS* doxsi
ﬁUAL1also maintains a sef of lists called OPEN. The triples
in the lists are now, however, kept in a Abndecreasing ;?aeé;
of merit, such that within a list ihe triple with the lowest
merit is at the top of the list. The formulation of DUAL is
similar to.SSS* except for steps 2.1 and 2.4, which should
read as follows: _

% 2.1, Put the triple <p(i),LIVE,-INFINITY> in a list

called OPEN(i). X

r2.4. Apply operator DGAMMA, given in Tablg 3.1, to

the'triple <q,s,m>.
' 3.4 The Modified DUAL Algorithm. L

We propose the MDUAL algorithm as a modification to the
DUAL algorithm described above. The MDUAL algorithm |is
formulated as follows:
1. Generate sons p(l),p(2),...,p(f) of the root node p.
OPEN(1) .-

3. Remove from OPEN(l) the topmost triple <q,s,m>.

L 4
\‘ © S~ N

. = 37 ~

2. Put the triple <p(1l),LIVE,-INFINITY> in a list called

%



54 25 72 47 26 12 . 38
1-st processor 2-nd processor
'lu (l'L"m) ’ \ lo"(Z’L,—w) !
2, (1.1,L,-»)(1.2,L,~=) 2. (2.1,L,-»)(2.2,L,~->)
3. (1.1 1'L'-w)(102,L,"Q) 3. (2.1,1,L,-m)(2,2,L,—m)
4. (1.2,L,-»)(1.1.1,5,54) 4, (2.2,L,~>)(2.1.1,5,26)
5. (1.2,1, L,—w)(l 1.1,S,54) 5. (2.2.1,L,-»)(2.1.1,S,26)
6. (1.1.1,5,54)(1.2.1,S,72) 6. (2.1.1,5,26)(2.2.1,5,38)
7. (1.1.2,L,54)(l.2.1,s,72) 7% (2.1.2,L,26)(2.2.1,5,38)
8. (1.1.2,5,54)(1.2.1,5,72) 8. (2.1.2,S,26)(2.2.1,S,38)
‘9, (1.1,8,54)(1.2.1,5,72) 9. (2.1,S,26)(2 2.1,5,38)
10. (1,S5,54) . 10. (2,S,26)

L]

-

FIGURE 3.3 An Example of Game Tree Search by DUAL.

The tree nodes created by DUAL are shadowed.

- 38 -



8.

)
“

4. If (q = p(l) and s = SOLVED),. then assign m, which
is the ﬁ?nlmax value of p(l), to a variable called
BOUND, and also to a variable called SCORE (at the

end of the algorithm, SCORE would contain the minimax

-value of the root); go to Step 7. B

Apply operator DGAMMA, given in Table 3.1, to the
triple <q,s,m>.

Go y Step 3.

'PARFOR i = 2 T0 £ DO Steps 7.1 trough 7.5.

7.1. Put _the triple ‘<p(i),LIVE,ﬁprD> in a list

called OPEN(i). .

' 7.2. Remove from OPEN(i) the topmost triple <q,s,m>.

7.3. If (q = p(i) and s = SOLVED) then do Steps 7.3.1

through 7.3.2, otherwise go to Step 7.4.
7.3.1. If m,_wh}ch}is the minimax value of p(i),
is greater than SCORE, then update SCORE
to be equal to m (just one processor at a
time is allowed to change the value of

SCORE to update it). /

7.3.2. Terminate work of i-th processor.
7.4. Apply ope;ator DGAMMﬁn given in Table 3.1, to
‘ the triple <q,s,m>; - .
7.5. Go to steﬁ'?.z.’

STOP.

TR



-

25 . 72 : 47

4

l-st processor

(1,L,-»)
(1.1,L,-»)(1.2,L,-»)
(1-1.1,10,"“)(102'1},-“)
(l.2,L,-°°)(1.l.l,S,54)
(1.2-1,1’;"“)(1.1.1}8,54)
(1.1.1,5,54)(1.2.1,S,72)
(1.1.2,L,54)(1.2.1,5,72)
(1.1.2,8,54)(1.2.1,S,72)
(1.1,5,
(1,S,54

{

FIGURE 3.4 An Example of Game Tree Search by MDUAL.

The tree nodes created by MDUAL are shadowed.
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Conceptually, .the diffe;ence between DUAL and ﬁDUAL is
the following. DUAL searche; in parallel all sons of the
root node. MDUAL first-searches the leftmost son’ p(l) of
the root, and uses the value returned as a bound to séarch
in parallel the’other sons p(2),P(3)see,p(f) Of the' root.
The MDUAL as formulated above}is what we could implement on
the.processor configuraﬁiOn'available to us. Ideally, in a
tightly coupled system, or in a system where data
commugicatioﬁ between the processors does not contribute to
an excessive over@ead, we”’can delete gteps 7.3.1 and 7.3.2
above and we can change Steps h and 7.3 of MDUAL algorithm
to read as follows: o
4. If (@ = p(l) and s = SOLVED), then assign m, which is
fhe minimax value of _p(l), to a VQZiable called
BOUND, (at the end of theralgorithm, BOUND would
contain the minimax value of the root); go to Step 7.-
7.3. If m, which is the minimaﬁ value of p(i), is greater
than BoﬁND, then update BOUND to be equal .to m (just °
one processor at a fime is\ allowed to change 'the
value of BOUNb to ubdate it); if (q = p(i) and 8 =
SOLVED)\Ehen terminate work of i-th processor. .
By this refinement, the value of 'BOUND is _equal to' the
minimax value of the beét son found so far b§ any processor,
This would increase the likelihood of pruﬁing subtrees gglow
any son of the root. One\pay wonder why the abéve change
for a tightly coupled system has been sﬁgqgsted for MDUAL®
but not for MSSS*; This is because MDUAL has a dspth-first

- 41 -



) L e
.search, and for such a search the value r:iurned éy ong
processor can be used to increase cutoffs by the other
processor . On the other hand, MSSS* has & best-first
search, and for su?h a search (as also mentioned by KumaE

and Kanal [14]) a’processor does not return the value until

it actually terminates. \

&
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. CHAPTER 4.

o EXPERIMENTS AND PERFORMANCE."
. @ —._

¢

In this chapter, we compare empirically our modified

-

algorifhﬁs with seven known parallel pruning algorithms.

All nine algorithms, described in Chapters 2 and 3, were

tested on various kinds of simulated game trees using
different techniques to assign static values to leaf nodes.

A tree of processors was 51mu1ated for the experlments on

N,

N

VAX 11/750 and SUN- 3/50 under the UNIX operatxng system, all
programmlné be{ng in C language. The details of the metpods
of assigning static values to leaf nodes,” the kinds of trees
simulated, and the criteria used to compare the performance

ofrthe élgorithms are given below.
4.1 Séope of the Experiments. -

~ ' « In order to evaluate the algorithﬁ it*is éssential tb
measure its performance lin different situations. One can
expect that an, algorithm's performance depends on: .
i. tree configuration: uniform or nonuniform trees;
ii. tree size: width and depth of the tree;
iii. values that are assignéd to tree leaves; thesé values

can be assigned randomly or in predetermined order.
. F

P

- During the simulation the static values to the . leaf

nodes have been assigned by a uniform random number

l® ) ‘ - ) ° - 43 -



generator using two dependent and six independent schemes
qucribed ,belod. In. the dependent schemes, the value
assigned to a leaf node depends on its ancestors; 'it is "not °

Y

so for the independent schemes.

Dependent ‘schéges., The fifst scheme, called integer‘
dependent [18,19]; was proposed by fgilef, Ggsi:ing and
Gillogly [10]. Under this scheme a d}séihc%/z;lﬁ% from, the
set’{l,2,..,f} was asFigned,ranéomly to each braqch'directéﬁ

from a node p; here £ is a fan-out at p. The static value

<

.of’the leaf node was calculated as a sum of \the values of

branches on the path from the root node to this particular

leaf. The second scheme, called real dependent [18,19], was

proposed by Knuth and Moore [12]. It is identical to the

integer dependent scheme except.thatﬁﬁhe/set {1,2,..,£} is

-

replaced by the set
o {1/, 2/€%, ... LE/EL},

Y Al P

Here L 1is 'the 1level of the nodes to which the values are

being assigned.

A

Independent schemes. The first of the independent

schemes, called hnordered independent [18,19] was proposed

‘,ﬂ-also by Fuller, Gasching and Gillogly (10]. Under this,
scheme distinct values from the set {1,2,..,N} are assigned

_randomly to each of the N leaf nodes in the tree. The rest

indep:ﬁ-ent. The values for P range from 0.2 to 1.0 in

- 2o
L]

of e independent schemes [18] are -called P-ordered

i
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steps of 0.2. Distinct numbers from the set {1,2,..,N} are
assigned éo ’éhe N leaf nodes such way that the probability
of any node having its leftmost son as the best son is equal
to P. Thé uniform trees” in whiéh‘ the 1leaf nodes are
assigned static values'by a l.0-ordered ‘independent scheme
are also known as perfectly ordered trees. 4

All algorithme described in Chapter 2 and Chapter 3
have beeq tested on both uniform and nonuniform trees with

the.following dimensions:

Depth | Wwidth
.2 [fc 2,3,4,5,6,8,10,24 .
3 - | 2,3,4,5,6,8,10 * -
4 3 2,3,4,5 ‘
<5  2,3,4 a //%/T/Q\
‘ 6 S 2,3 C

AS

»

The sample of 24 different tree sizes above for each of
the uniform and nonuniform trees closely follows the saﬁple

tested with sequenzial game tree searching algorithms from

[18]. Considering bth uniform and nonuniform trees and

eiéht different schemes of. static value assignments to the

leaf nodes, we had 16 rcases for our. experiments. For
) . .

example, . all 24 uniform treeg, under - the

unordered-independent 'static-value;i> assignmentx\ scheme

comprised one case. . Since we simulated 50 trees of each

- 45 - .
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"size, the sample size for each of 16 cases was 24x50 =

1200 trees.

4.2 Performance comparison.

When processors are 'seatching concurrently tHe
different subtrees 'of a game tree, each of them'spent less
tiﬁe‘than one processor . searching - the whole . tree. This
speed-up of a parallel search ‘when compared with a
sequential one is the reason why thé parallel methods were
introduced. éut time spent on the seabch itself is just
part of the ove}all time consumed by Ehe -parallel method;
the other time 1is spent on communicetion between the
processors: establishment_ and termination _of connection,
transmission of information th}ough the established link,
while waitingdfor the fnformation to become available, etc.

The time spent on interprocessor communication is celled

communication or infofmation transfer overhead [25]. The

other kind of overhead that emerges during the parallel
search is the search overhead. The processors working.
concurrehtly are not always informed about a new better
bound that is already known to one of them and that can
. speed up - the search as the result of that, more nodes are
created. The extra work that is done by ‘pa:allel methods

over the one .done by sequential ones, is called search or |

)

information deficiency overhead.
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The following abbreviations were used hereafter:

, u(W,D)- uniform tree of width W and depth D;

%,

, .n{W,D)- nonuniform tree of utmost width W and utmost

’ depth D; )

A}

AspSr Aspiréti&g Search algorithm (section 2.1)

MWFst - Mandatory Work First algorithm (section 2.2)

TrSpl - Tree Splitting algorithm . (section 2.3)
PVSpl - Principal VariatipfSplitting aigorithm
! (section 2.4)
‘ Scout - Scout algorithm - ‘ (sectkgs 2.5)
Sss*. - state Spaéé Search algorithm }sectiqn 3.1)
. MSSS* - modified SSS* algorithm ° (section 3.2)
| DUAaL - dual-SS* algorithm (section 3.3)

.  MDUAL - modified dual-SS* algorithm (section 3.4)

The criteria chosen for the <comparison of the
algorithms'are an average number pf leaf nodegi created} an
average number of processors .used by the method, and a
maximum number of leaves -created by any working processor.

. In the tables that rank the méghods,‘the methods are listed
in decreasing orde} of their performance; the first method
ofi the line is a best one and the last method is a worst one
by the same criterion. In these. tables, the algorithms

L]

‘ whose names are enclosed in brackets pérformed equally well.

4
L8
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4.2.1 Criterion of the Avefage Number of Leé§ Nodes

Created.

\,
v
¢

. " ha
In real game playing one of the most time consuming

operations is a static evaluation of the 1leaf nodes (the

other two operations are = move generation and move .

selection). The pruning algorithm that Ereates fewer 1leaf
nodes spent less time.evaluating them., Moreover, by pruning
subtrees in the game.ltree,l the pruning algorighﬁ also
reduces time spent on move selection or-%inimaxing. Thus,
the performance of the algorithm can be evaluated by the
number of the 1leaf nodes * it.creates. The fewer nodes a
pruning algcrrﬁhm creates, the “better the algorithm |is

Vo
judged to be. (A node is considered as created if and only

if it \is not '‘pruned off).

Figures 4.1 through 4.8 show plots of 1leaf nodes
created for uniform trees of'width 4, with depth varying
_from 2 to 5: In the figures, the leaf nodes created for a
tree of w%dth 4 and depth d (2 <=4 <= 5), are shown
relative to the leaf nodes éreated‘ in the corresponding
minimal tree of width ‘4 and depth d. Each figure‘shows
plots for different schemes of static value assignments to
leaf nodes. From the plots, we can see that MSSS* performs

better than SSS*, and MDUAL performs better than DUAL.

L
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. The numbers below give an idea about an advantage of
. proposed modif@pation; they present the numbers of leaf
nodes evaluated during the search-on 50 uniform trees of

depth 4 with random static value assignments to the leaf

nodes.

;
~ | width of tree 2 3 -4 5 6.
. ' leaves evaluated by SSS* 13 49 129 270 503
leaves evaluated.by‘MSSS* 11 41 107 215 408'
leaves evaluated by DUAL 13 52 136 295 537

leaves evaluated by MDUAL 11 41 102 210 377

The avéraée numbers éf'leaves created by the algorithms

qlvary gromlliz leaves created by MDUAL to 437 leaves crféted

"' by PVSpl fpﬁ'u(4;5) trees under the réal-dependént‘scheme of
statié—value assignment. For uniform p%ffectly ordered
treeé%pf‘the same dimeﬁsion as above, the five algorithms -

E

MDUAL, MSsSS*, TrSpl, PVSpl 5and Scout - create just 79

\ieaves, MWFst creates 97 leaves,DUAL and SSS* 'create’ 124
leaves, and AspSr cr;ates 150 leaves. Tables 4.2-4.17
present the average numbers (out of 50) of 1leaves created,
case by case, for all our 16 cases of trees. The results
presented in these tables shdy that the modified algorithms
MDUAL and MSSS*  always performed better than the
corresponding original algorithms, DUAL and SSS*. Thus the
modifications we have ' proposed té the State Space Search
algorithms‘have led to their improved performance.

°
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The 16 Cases

1 Type

- of

T e —

v"\k

L4

VT

breg'

. Scheme of static
* value assignment

to leaf nodes

Ranking of the pruning algorithms \

in decreasing order 'of their performance

[N 1 <

. Uniform
AN

4

kx|

\

integér-dependent
real-dependent
unordered:independent
¢.2-ordered-independ.
0.U4-ordered-independ.
0.6-ordered-independ.
6.8-ordered-independ.

1.0-ordered-independ.

MDUAL , [MSSS*  TrSpl ], MWFst , PUSpL, AspSr, Scout
MDb&L,MSSS*,T;Spl,wasc,A;pSr,ﬁcout,pVSpl
MDUAL , [MSSS*, TrSp1], MWFst , PVSpL, [ Scout, Aspsr ]
uDUAL,[Msss*,TrSpl],MWFst,PVSpl,[Scoht,AspSr]
MDUAL , [MSSS*, TrSpl], PVspl ,MWFst,Scout ,AspSr
MDUAL,rMsss*,TrSpl],Pvépl,chgt,MﬁFst,AspSr'_
MDUAL, [{MSSS*,TrSpl,PVSpl],Scout,MWFst,AspSr

[MDUAL ,MSSS¥*, TrSpl,PVSpl,Scout],MWFst,AspSr

=

Nonuniform

.

integer-dependent
real-geﬁgndént
uhordered-in?ependeﬁt
O.E-orderedlindeéend.
0.4-ordered-independ.
'0.6-ofde;ed-ind;pend.
b.gifggered-inAepehd.ﬁ

1.0-ordered=independ.-

[MDUAL ,MSSS* , TrSpl], {MWFst,PVSpl],AspSr, Scout

[MDUAL,MSSS*],TrSpl,MWFst, [PVSpl,Scout, AspSr]

| MDUAL , [MSSS*, TrSpl],MWFst, PVSpl,Scout ,AspSr

MDUAL,[Msss*,TrSpl],[wast,PVSpll,5cou€,Asp5r
MDUAu,[MBss*,erpl],[MwFst,PVSpl],5cout,A$ps}
H;DUAﬁ,MSSS*,TrSpl,PVSpi,[MHFst,Scout],AspS;

[MDUAL,MSSS*],[Tq£:l}PVSpl],Scout,MWFst,AspSr

[MDUAL,MSSS*, TrSpl,PVSpl,Scout ] ,MWFst ,ASpSr
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TABLE 4.1

¢ o
/‘\\. ‘

Overall ranking of pruning algorithms under the criterion of? \

o the average 'number of lgaf nodes created for”trees of depth > 3.
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The average number of leaf noggs created by
. parallel algorithms searching -uniform trees under
the integer dependent scheme of statie value asgsignments.

Tree > The parallel‘algorithms
size MDUAL MSSS*' TrSpl MWFst  PVSpl Scout AspSr  DUAL SSsH

u(2,2) 3.44 3.44 . 3.44 3.44 4,54 5.32 5.88 . 4.00 4.00
u(3,2) 7.22 7.22 6.72 6.72 9.02 11.04 .~ 14.u48 9.00  9.00
u(4,2) | 12.96 12.96  11.44 11.44  16.32 20.02 27.70 16.00 16.00

| u(s,2)| 18.94 18.94 15.74" 15,74 21.60 27.02 “42.76 . 25.00 25.00
u(6,2) | 25.08 25.08 19.56 19.56 26.84 33.34 58.22 36.00 36.00
u(8,2) | 45.26 45.26 32.32 32.32 43.60 54.28 106.32 64.00 64,00
u(10,2) | 62.46 62.46 41.98 41.98 -55.80- 69.04 161.70 100.00 100.00
u(2#,2) | 309.40 309.40 141.14 141.14 182.20 224.70 876.80 576.00 576.00
u(2,3)| 5.82 6.08 ' 6.08 6.08 8.14 9,98 8.28-* 6,16  7.02
u(3,3) | 14.98 17.84 * 16.26 16.26 21.92 27.50 26.86 17.10 21.12
u(4,3) | 28.84 36.90 33.94 33.94 u4.56 55.84 _65.36°  33.62 41.8Y4

" u(5,3) | 45.90 .58.94 53,08 53.08  66.46 82.16 107.16 55.70 T7.46
u(6,3) | 69.36 91.68 79.36 79.36 96.86 115.72 170.62 86.68 121.60
u(8,3) | 133.60 190.76 153.06 159.58 184.46 219.22 377.48 169.86 255.22
.u(10,3) [ 215.80 318.20 2u44.62 255.72 282.90 324.20 695.22 '277.28 Uu433.20
u(2,4) | 9.76 10.38 10.90 11.46 15.62 21.82 15.40 11.42  11.46
u(3,4) [33.22 -34.58 34,92 39.68 47.98  67.32 61.20 U44.82 43.96
u(l.u)+¢ 79.78 82.70 82.06 96.18 115.98 152.30 144.76 111.52 107.74
u(5,4) | 152.20 159.60 153.08 184.36 204.60 287.96 300.42 227.60 218.26
Cu(2,5)] 15.28° 1738 17.82 19.62 25.12 35.38%v 21.92 16.86 19.38
u(3,5) | 63.22 80.04 T76.62 91.98 115.40 156.90 118.60 79.10 ..-98.46
u(4,5) | 178.70 246.60 238.04 280.26 310.30 UuE8.60 367.52 221.80 286.16
u(2,6) | 24.06 -24.46 23.36 32.16 40.14 56.48 34.30 30.44  31.02
u(3,6) | 140.60 148.70 ;62.50 220.06 237.80 345.38 258.22 190.98 187.88

"t
\ TABLE 4.2 :
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Tree ! The parallel algorithms
size | MDUAL MSSS* TrSpl MWFst PVSpl  Scout AspSr  DUAL  SSS*
u(2,2) | 3.44 3.4 3.4 3.02 454 4,98 4.68 .00  4.00
u(3,2) 7.00 7.00 6.22 6.88 8.94 10.20 13.08 9.00 9.00
u(b,2) | 12.28 12.28 10.78 10.78 15.66 18.48 23.22- 16.00 16.00
u(5,2) | 17.96 17.96 1444 14,44 20,46 24,06 33.82 25.00 25.00
u(6,2) | 23.40 23.40 17.50 17.50 24,88 28.84 49.26 36.00 36.00
u(8,2) | 41.74 1,74 27.32 27.32 38.60 ub6.14  B86.16- 64.00 6U4.00
u(10,2) | 56.44 56.44 34,48 34,48 48.44 56.98 127.76 100.00 100.00
u(24,2) | 282.06 282.06 107.26 107.26 148.32 179.94 670,52 576.00 576.00
u(2,3) 5.48 6.08 6.08 6.08. 8.42 9.22 8.86 6.00 7.02
u(3,3) | 12.76 15.92 15.20 15.20 22.02 24.06 28.02 15.00 20.52
u(l4,3) | 23.62 32.08 29.56 29.56 43.18 u8.14 58.02 28.00 39.22
u(5,3) | 35.96 '49.48  u4.36 U44.36 63.12 69.6% 110.10 45.00 70.84
u(6,3) | 51.90 73.20 62.20 62.20 88.66 . 95.68 190.96 66.00 109.30
u(8,3) | 95.50 148.98 ,115.10 115.10 161.28 177.88 U415.58 120.00 221.78
u(10,3) | 146.44 233.56 172.54 172.54 ~236.40 261.36 753.60 190.00 367.66
u(2,4) 9.44  9.42 10.90 11,70 . 19.20 " 19.56 16.22 10.82 10.98
u(3,4) | 28.28 29.08 31.72 35.96 54.38 56.02 50.12 37.92 37.84
u(d4:4) | 62.26 61.78 67.90° 79.30 131.06 122.24 106.98 88.48 B8.78
u(5,4) [ 113.88 115.40 122.20 144.60 233.84 236.20° 215.88 170.12 171.24
rs . .
u,5) | 13.10 15.86 17.66 19.70 33.06 31.04 24,00 15.00 17.86
u(3,5) | 46.36 63.32 70.00 82.16 142.62 124.88 110.02 55.52 80.52
u(l,5) | 112.18 176.44 193.50 226.12 437.50 400.90 308.80 136.12 218.02
u(2,6) | 20.66 20.76 28.88 31.98 '52.30 45.86 35.88 26.38 26.58
u(3,6) | 101.80 100.76 132.96 187.00 357.46 287.52 193.52 131.76 133.76
.
TABLE,u.'3'

parallel algorithms searching uniform trees under

The average number of leaf nodes created by

the real dependent scheme of static value assignments.
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‘Tree _ The parallel algorithms
size MDUAL MSSS* TrSpl' MWFst PVSpl Scout AspSr  DUAL SSS*
u(2,2) 3.70  3.70 3.70 _ 3.70 5.16 5.70 6.56 4,00 4.00
u(3,2) 7.86 7.86 7.56 7.56 10.16 11.86 16.06 9.00 9.00
u(4,2) | 13.04 13,04 11.86 11.86 16.22 18.40 30.26 16.00 16.00
u(5,2) | 20.34 20.34@$18.36 18.36 24.78 28.64 51.82 25.00 25.00
u(6,2) | 28.96 28.96 24.46 2u4.46 . 31.84 37.14 T75.52 36.00 36.00
u(8,2) | 51.76 51.76 40,00 L40.00 52.72 61.56 140.96° 64.00 64,00
u(10,2) | 75.16 75.16 S4.28 54.28 67.22 76.50 224.62 100.00 100.00
u(24,2) | 421.52 421.52 243.86 243.86 288.14 321.76 1550.60 576.00 576.00
u(2,3) 6.20 ,6.84 -6.84 6.80 9.38 10.58 10.52 6.68 7.36
u(3,3) | 16.74 19.90 19.06 19.06 26.10 30.56 33.66 18.82 22.58
u(4,3) | 33.78 42.04 u4O.56 40.56 51.60 59.10 73.76 38.72 u4B.78
u(5,3) | 61.16 76.96 70.06 T70.06 B85.16 98.66 131.76 69.04 87.26
u(6,3) | 95.30 122.38 109.04 109.04 130.64 150.04 208.24 111.88 114,14
u(8,3) | 198.80 271.74- 229.06 229.06 251.92 285.16 450.92 231.72 316.62
u(10,39 [ 345.86 469.84 377.12 377.12 U417.10 U466.06 759.42 410.06 558.54
u(2,4) | 11.60 11.40 12.22 13.08 17.44 21.00 19.36 13.10 12.46
u(3,4) | 41.44 42,32 45.36 50.50 61.72 74.28 80.30 51.98 49.58
u(4.4) | 103.06 108.02 110.92 126.80 140.18 170.18 208.56 136.96 130.22
:55,&) 208.66 221.40 220.12 4258.94 271.56 323.38 427.06 297.12 280.46
u(2,5) | 18.64 20.82 21.96 23.64 33.56 39.30 31.54 20.58 22.70
u(3,5) | 81.16 101.32 107.00 120.74 136.50 170.60 159.08 101.18 118.64
u(d4,5) | 262.22 348.46 343.08 396.46 U23.36 506.84 525.74 320.84 379.86
u(2,6) | M1/%6 32.24  36.76 4 42.92 50.92 64.80 53.42 37.30 36.48
u(3,6) | 200.40 212.78 251.10 316.90¥°317.58 UOL.10 376.52 268.20 250.92

-~

\

TABLE 4.4
L 4

The averagg"numbey of leaf nodes created by
parallel algorithms searching uniform trees under
the unordered independent scheme of static value assignments.

4
{
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Tree The parallel élgorithms '
size MDUAL  MSSS* TrSpl MWFst PVSpl Scout AspSr  DUAL SSS*
. £ o
u(2,2) | 3.178 3.7+ 3.78 3.78 - 4.96 5.60 6.20 4.00 4.00
u(3,2) 7.96 7.96 7.66 7.66 10.00 11.78 15.20 9.00 9,00
u(4,2) 13.46 13.46° 12.44 12.44 16.46 18.86 2B.70 16.00 16.00
u(5,2) | 20.34 20.34 18.36 18.36 23.52 27.38 48.04 25.00 25.00
(6,2) | 23.80 23.80 21.38 21.38 26.50 29.64 63.74 36.00 36.00
E(B,Z) 4o.24 4o.24 35.46 35,46 42.62 50.08 121.70 64.00 64.00
u(10,2) | 56.44 56.44 48.10 48.10 55.70 62.14 199.20 100.00 100.00
u(24,2) | 243.20 243.30 190.36 190.36 211.24 229.82 1322.40 576.00 576.00
u(2,3) 6.34 6.90 6.90 6.90 9.28 10.80 10.70 6.58 7.16
u(3,3) | 17.10 19.96 19.06 19.06 25.12 29.08 32.56- 18.16 21.06
u(l4,3) | 30.58 36.02 33.34 33.34 37.66 . U1.64 5844 35.96 U43.16
u(5,3) | 55.78 68.90 61.70 61.70 71.30 -81.96 110.10 63.66 78.90
u(6,3) | 66.54 B81.42 78.14 78.14  86.44 96.52 148.40 99.80 121.12
u(8,3) { 150.90 193.36 170.32 170.32 184.92 203.54 323.14 208.42 266.22
u(10,3) [ 274.18 358.76 300.48 300.48 309.70 341.66 563.80 365.6C& 481.70
u(2,4) { 10.60 10.90 11.12  11.70 14.58 17.32 16.70 11.76  11.86
u(3,4) | 4o.o4 41.98 42.36 47.32 53.38 63.92 72.50 - UT.64  U6.70
u(4.4) | 92.32 99.46 94.90 112.46 120.68 150.60 179.08 123.52 118.14
u(5,4) [ 177.56 195.22 178.54 217.36 212.32 250.20 349.80 266.02 254,28
u(2,5)"| 17.20 18.66 19.44  21.26° 23.94 29.02 26.74 18.54  19.96
u(3,5) | 75.44° 91,06 93.08 106.90 120.22 151.96 136.76 88.82 102.22
u(l,5) [206.62 268.18 257.42 302.06 323.80 398.34 402.90 278.12 315.70
u(2,6) | 28.66 29.84 32,32 37.88 43.96 57.14 45,88 32.70 32.30
u(3,6) [ 172.78 190.18 200.44 262.36 262.98 3u45.12 312.86 231.66 215.94
e
* TABLE 4.5
- The average number of leaf nades created by
parallel algorithms searching uniform trees under -
the 0.2 ordered independent scheme of static value assignments.
o .;’ : Y
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Tree The parallel algorithms
size MDUAL  MSSs* TrS;ﬁl MWFst  PVSpl  Scout Asp_Sr DUAL SSS* -
u(2,2) 3.70  3.70 3.70 3.70 4.50 5.04 6.08 4.00 ) 4.00
u(3,2) 6.26 6.26 6.26 6.26 7.28 8.06 12.92 9.00 /)'9.00
u(l,2) 10.24 10720 10,00 10.00 TT.98 13.34 24,44  16.00 ¢ 16.00
u(5,2) 16.32  16.32 15.58 15.58 18.88 21.40 U2.42 25.00 25.00
u(6,2) 19.32 19.32 . 18.68 18.68 21.66 23.94 58.12 36.00 36.00
u(8,2) | 29.58 29.58 28,10 28.10 31.52 35.56 103.72 64.00 64.00
u(10,2) | 39.94 39.94 38.26 38.26 h42.72 46.06 170.34% 100.00 100.00
u(24,2) | 156.46 156.46 145,44 145,44 "157..413 168.48 1102.22 576.00 576.00
2(2,3) | 5.76° 5.94  5.94  5.94  7.12  8.10 9.12  6.42 6.6
u(3,3) 15.14  16.16 15.80 15.80 18.62 21.14 25.28 17.92 20.08
u(4,3) | 26.12 29.58 29.1b 29.16 32.02 35.18 51.68 33.88 38.94
u(5,3) | 46.10 54.96 51.92 51.92 57.30 64.68 93.08 5Q.02 70.70
u(6,3) | 61.06 71.84 “ 69.32 69.32 73.96 81.92 129.06 9%\36 108.66
u(8,3) | 123.58 149.24 143.66 143.66 150.50 162.9§¢ 282.56 19076 230.72
u(10,3) | 202.30 255.68 235.66 235.66 231.26 251.92\ U56.50 321.28 406.32
u(2,ﬁ) 9.86 9.90 10.16 10.98 12.66 14.88 15.30 11.60 11.28
u(3,4) | 27.98 . 28.88 29.10 34.%2 32.36 37.06 ° 53.40.° L4420 N2.64 |
u(4.b4) 66.30 70.08 69.64 85.%4 B82.52 95.70 135.94 111.98 106.20
u{5,4) | 126.84 140.28 135.54 170.10 149.80 172.84 285.14 237.86 226.08 |
u(2,5) | 15.16 16.9% 17.26 19.16 20.36 23.62 24.04 16.68\  18.56
, u(3,5) | 58.48 65.22 65.64 . 79.24 75.44  85.70 96.08. 85.76 91.32
~\u(4,5) 145.78-178.54 185.04 223.68 200.64 237.12 296.10 234.22 260.44
u(2,6) | 24.02° 25.04 26.22 31.94 32.44 38.36 38.04 30.56 29.58
u(3,6) | 104.42 116.86 121.02 176.54 129.78 146.48 203.22 196.68 187.44
TABLE 4.6
: The average number of leaf nodes\ created by
parallel alngéﬁhms searching uniform trees under
the 0.4 d6rdered independent scheme of static value assignments.
! v !
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Tree The parallel algorithms
size MDUAL  MSSS* TrSpl MWFst PVSpl  Scout _ AspSr | DUAL SSs*
" )
u(2,2) 3.70  3.70 3.70 3.70 4.50 5.04 6.08 4.00 4,00
u(3;2) 6.22 6.22. 6.22 6.22 7.10 - 7.84 12.94  9.00 9.00
u(4,2) 8.48 8.48 8.48 §.48 9.5H 10.04 21.58 16.00 16.00
u(5,2) 13.36  13.36 13.16 13.16 14.88 16.40 36.94 25.00 25.00
u(6,2) 15:82 15.82 15.68 15.68 17.24 18.50 51.70 36.00 36.00
u(8,2) |.23.42 23.42 22,94 22.94 25.84 27.88 93.08 64.00 64.00
u(10,2) | 31.86 31.86 31.12 31.12 33.88 35.80 148.98 100.00 100.00
u(24,2) | 106.14 106.14 104,70 104.70 110.30 113.92 926.36 576.00 576.00
u(2,3) | 5.42 5.42 542 542  5.74  6.02 7.58  6.48  6.68
u(3,3) 12.74 13.66 13.66 13.66 15.14 16.32 22.86 16.42 17.64
u(4,3) | 21.84 23.26 23.26 23.26 25.02 26.70 43.36 32.24 35.06
u(5,3) | 38.66 43.62 43.02 43.02 46.48 51.16 78.92 54.70 62.10
u(6,3) | 52.26 59 92 59.20 59.20 60.52 65.00 117.94 81.98 95.16
u(8,3) { 99.84 116.70 114.84 114.84 114.54 122.26 230.88 "165.64 194.00
u(10,3) | 160.76 191.64 185.86 185.86 179.34 190.72 384.72 279.12 333.04
u(2,4) 8.24 8.24 8.24 9.56 8.98 9.74 12.86 11.14 11.20
u(3,4)- 24.34 24,80 25.38 30.00 27.86 31.12 48.66 39.28 38.48
u(d.4) | 44.88 U46.74 47.82 59.42 52.74 57.78 104.46 97.72 95.28
u(5,4) | 98.18 105.92 105.62 135.14 112.96 127.20 238.18 206.60 197.44
u(2,5) 13.20  13.54 13.54  16.16 .34 15,72 18.20 16.92 17.72
u(3,5) | 49.30 55%2 56.72 67.64 60.88 71.46 82.82 69.58 76.12
u(l,5) [ 113.26 134.30 138.18\ 167.34 146.06 163.32 233.40 -196.10 212.50
A \'\\wl
u(2,6) |- 19.58 20.16 20.24 2B8.18 21.88 26.04 29.78 28.40 27.82
u(3,6) | 91.12 97.18 103.64 152.90 114.66 136.18 178.30 162.24 153.26
y TABLE 4.7
The average number of leaf nodes created by
parallel algorithms searching uniform trees under
the 0.6 ordered independent scheme of static value assig




Tree

The paﬁallel algorithms

size MDUAL ~ MSSS*  TrSpl MWFst PVSpl  Scout AspSr  DUAL SSSH
u(2,2) | _3.00 3.00 3.00 3.00 3.00 3.00 5.00 4.00 4.00
u(3,2) 5.00 5.00 5.00 5.00 5.00 5.00 11.00 9.00 9.00 |
u(4,2) 7.00 7,00 7.00 7.00 7.00 7.00 19.00 16.00 16.00
u(5,2) | 10.72 10.72 10.72 10.72 11.24 11.62 32.40 25.00 25.00
u(6,2) | 13.06 13.06 13.06 13.06 13.62 14.32 45.74 36.00 36.00
u(8,2) | 18.44  18.44 18.44 18.84 19,14  20.14 79.30 64.00 64.00 |
u(10,2) | 25.18 25.18 25.18 25.18 26.18 26.70 129.30 100.00 100.00
u(24,2) | 71.44 71.44 71,44 71,44 73.68  76.22 726.30 576.00 576.00
u(2,3) 5.00 5.00 5.00 5.00 5.00 5.00 7.20 . 6.42 6.42
u(3,3) | 11.00 .11.00 11.00 11.00 11.00 91.00 18.80 15.54 15.74
u(4,3) | 21.04 21,22 21,22 21.22. 22.70 23.70 38.92 31.28 32.28
u(5,3) | 33.34 35.38 35.38 35.38 36.70 38.48 68.02 49.58 53.16
u(6,3) | u46.82 49.50 49.50 49,50 u48.90 50.86 100.30 76.04 81.78
u(8,3) | 80.48 85.14 85.14 85.14 . 83.40 B4.u4  187.12 142.12 «153.08
u(10,3) | 132.24 147.30 146.30 146.30 142.78 147.24 327.98 232.40 261.04
u(2,4) 7.00 7.00 7.00 8.00 7.00 7.00 11.00 10.30 10.36
u(3,4) | 17.00 17.00 17.00. 21.00 17.00 17.00 35.00 35.46 35.22|
u(4.4) | 31.00 31.00 31,.00 40.00 31.00 '31.00 .79.00 86.06 83,26
u(5,4) | 69.84 73.52 79.3% 98.16 77.98 B84.70 190.58 175.90 171.00
u(2,5)| 11.00 11,00 11.00 13.00 11.00 11.00 15.24 14,72 15.02
w(3,5) | 35.00 35.00 35.00° 43.00 35.00, 35.00 56,60 57.34% 57.74
u(4,5) | 85.76 87.22 87.32 107.16 - 87.18 87.24 161.00 160.08 163.04
u(2,6) [ 15.00 15.00 15.00 . 21.00 15.00 15.00 23.00, 23.86 23.82
u(3,6) | 53.00 53.00 53.00 85.00 53.00 53.00 107.00 127.36 124.00
TABLE 4.8
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The average number of leaf nodes created by
. parallel algorithms searching uniform trees under
thr 0.8 ordered independent scheme of static value assignments.




Tree - The parallel algorithms

size | MDUAL MSSS* TrSpl MWFst PVSpl  Scout AspSr - DUAL  SSS*

.00 .00 3.00 5.00 4.00 4.00

u(2,2) 3 3.00 3.00 3.00 3

u(3,2) 5.00 5.00 5.00 5.00 5.00 5.00 11.00 9.00 9.00
u(4,2) 7.00 7.00 7.00 7.00 7.00 7.00 19.00 16.00 16.00
u(s,2) 3.00 - 9.00 9.00 9.00 9.00 9.00 29.00 25.00 25.00
u(6,2) 11.00 11.00 11.00 11.00 11.00 11.00 41,00 36.00 36.00

" u(8,2) 15.00 15.00 15.00 15.00 15.000 15.00 71.00 64.00 64.00
u(10,2) | 19.00 19.00 19.00 19.00 19.00 19.00 109.30 100.00 100.00
u(24,2) | 47.00 47.00 47.00 47.00 47.00 HT7.00 599.00 576.00 576.00
3) 5.00 5.00 5.00 AE(OO 5.00 5.00 7.04 6.00 6.00
u(3,3) 11.00 11.00 11.00 1.00 .11.00 11.00 18.08 15.00 15.00
3) 19.00 19.00 19.00 19.00 19.00 19.00 35.32 28.00 28.00
u(5,3) | 29.00 29.00 29.00 29.00 29.00 29.00 57.00 45.00 45.00
&Au(6,3) | 41,00 41.00 «41.00 H41.00 44,00 41.00 90.20 66.00 66.00
u(8,3)| 71.00 71.00 71.00 -71.00 71.00 71.00 169.56 120.00 120.00
u(10,3) 7 109.00 109.00 109.00 109.00 109.00 109.00 278.20 190.00 190.00

u(2,4) 7.00 7.00 7.00 8.00 7.00 7.00 11.00 10.00 10.00
u(3,4) | 17.00 17.00 17.00 21.00_ 17.00 17.00 35.00 33.00 33.00
u(l.4) | 31.00 31.00 31.00 40.00 31,00 31.00 79.00 T76.00 76.00
u(5,4) | 49.00 U49.00 49.00 65.00 49.00 49.00 149.00 145.00 145.00

u(2,5) { 11.00 11.00 11.00 13.00. 11.00 11.00 15.48- 14.00 14.00
u(3,5) { 35.00 35.00 35.00 43,00 35.00 35.00 55.88 51.00 51.00°
u(4,5) | 79.00 79.00 79.00 97.00 79.00 79.00 150.00 124.00 124.00
6 15.00 15.00 15.00 21.00 15.00 15.00 23.00 22.00 22.00
6

u(2,6)
u(3: ) | 53.00 53.00 53.00 85.00 53.00 53.00 107.00 105.00 105.00

TABLE 4.9

The average number of leaf nodes visited by
parallel algorithms searching uniform trees under
the 1.0 ordered independent (perfectly ordered)
scheme of statie value assignments.
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Tree

The parallel algorithms

MWFst

PVSpl

size MDUAL  MSSS*  TrSpl Scout  AspSr DUAL  SSS*
n(2,2) 2.36 2.36 2.36 2.36 2.94 3.34 . 3.90 2.50 2.50
n(3,2) 4.38 4.38 4.28 4,28 5.42 6.60 8.90 5.08 5.08
n(l4,2) 6.76 6.76 6.40 6.40 7.96 10.28 15.34 9.02  9.02
n(5,2){ 10.28 10.28 8.94 8.94 11.60 14,22 24,44 14,00 44,00
n(6,2) | 14.82 14.82 12.18 12.18 15.94 19.30 35.58 19.00 19.00.
n(8,2) | 20.92 20.92 16.64 16.64 20.88 26.44 59.10 31.48 31.48
n(10,2) | 34.88 34.88 . 23.02 23.02 29.76 38.22 92.30 50.46 50.46
n(24,2) | 150.62 150.62 63.42 63.42 76.16  96.34 " U463.96 274.60 274.60
n(2,3) 2.76 2.86 2.86 2.86 3.54 4,02 4.36 2.98  3.10
n(3,3) 6.14 6.60 6.4y 6.44 g8.o04 10.86 11.80 7.00 T7.62
n(4,3) | 11.78 13.10 42.00 12.00 15.42 20.12 25.28 13.68 15.24
.n(5,3)| 16.10 18.96 17.72 17.72 20.98 27.90 39.06 .20.36 24.34
n(6,3) | 26.58 32.42 29.30 9.30 35.52 47.94 71.30 31.20 38.90
n(8,3) | 46.02 62.14 52,56 52.56 59.54 75.48 147.60 58.74 81.64
n(10,3) | 71.74 100:82 78.08 78.08 81.62 100.70 250.12 88.00 127.54
n(2,4) 3.16 3.14 3.16 3.30 3.82 5.38 .64 3.60 3.50
n(3,4) 8.98 9.26 9.26 10.10 12,02 17.22 16.86 10.76 10.80
n(4.4) | 19.48 19.70 19.18 22.10 23.60 37.38 37.96 25.36 24.82
n(5,4) | 30.40 32.68 32.42 38.02 39.60 57.96 70.04 45,00 44.98
n(2,5) 3.68 3.80 3.84 3.90 4,76 6.u42 5.56 3.90 4.08
n(3,5) | 10.90 12.54 12,32 13.56 15.08 22.44 20.60 13.00 14,52
n(4,5) | 24.70 ~19.42 25.60 30.12 29.94 49,98 45,12 31.86 34.06
n(2,6) 3.60 3.82 3.92- 4.18 4.70 7.16 5.60 4,06 4.32
n(3,6) | 14.32 9.36 14.98 18.22 17.82 31.88 24.98 17.14 17.00

A
The average number of leaf nodes created by

TABLE 4.10

parallel algorithms searching nonuniform trees under
the real dependent scheme of static value assignments.

—
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Tree The parallel algorithms
-
size | MDUAL MSSS*  TrSpl  MWFst  PVSpl Scout AspSr  DUAL SSS*

- T
n(2,2)| 2.38 2.38 2.38 2.38 3.08 3.20 “+9.86 2.50 2.50
n(3,2) 4.u8 4.48 4, 32 4. 32 5.82 6.28 9.34 5.08 5.08
n(4,2) 6.88 6.88 6.u8 6.48 8.36 9.48 15.62 9.20 9.20
n(5,2) | 10.30 10.30 8.78 8.78 11.72 13.24 24,74 14.00 14.00
n(6,2) | 14.36 14.36 11,50 11.50 15.70 17.70 36.68 19.00 19.00
n(8,2) | 20.86 20.86 15.98 15.98 22.22 25.10 60.00 31.48 31.48
n(10,2) | 34.18 34,18 21.94 21.94 30.12 35.30 93.90 50.46 50.46
n(ol,2) | 144.80 144,80 66.54 66.54 90.58 109.88 495.44 274.60 274.60
n(2,3) 2.80 2.88 2.88 2.88 3.74 3.84 4.36 2.98 3.10
n(3,3) 6.32 6.74 6.50 6.50 9.96 10.10 13.30 6.90 7.58
n(4,3) | 11.30 12.92 11.92 11:92 17.16 18.04 28.t0 13.06 15.18
n(5,3) 15.96 18.38  16.94 16.94 .23.96 24.86 48.28 19.74 24.88
n(6,3) | 25.94 32.48 27.82 27.82 40.38 42.46 90.88 30.16 39.48
u(8,3) | u4.94 59.38 47.26 47.26 65.92 69.40 183.64 57.30 81.24
n(10,3) | 66.66 87.70 67.68 67.68 91.66° 96.12 329.52 82.56 123.48
n(2,8) | 3.26 3.24 3.28 3.40 L4.66 4.82 5.02  3.58  3.54
n(3,4) 9.02 9.22 9.48 10.30 14.52 15.14 17.16 10.68 . 10.90
n(4.4) 18.48 19.08 -+ 19,42 21.80 32.28 32.70 38.24 23.70 24.28
n(5,4) | 29.16 30.14 29.32 36.06 49.14 50.20 69.96 42.12 43.68
n(2,5) 3.70 3.98 4,06 .08 6.56 6.34 6.16 3.86 K.16
n(3,5) | 11.50 12.54 12.44 13.76 20.76 19.60 22.80 12.58 14.50
n(4,5) | 21.50 18.96 23.30 27.94 40.02 39.64 46.38 .28.10 32.92

n(2,6) 3.82 3.96 4,18 4,28 6.76 6.56 6.28 4.10 4,26 |

n(3,6) | 13.28 10.38 14,48 17.40 27.02 26.48 25.42 16.34 16.86

TABLE 4.11

The average number of leaf nodes created by

\

parallel algorithms searching nonuniform trees under
the integer dependent scheme of static value assignments.

Y
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size MDUAL  MSSS* TrSpl ~ MWFst  PVSpl Scout  AspSr  DUAL SSSH
n(2,2) | - 2.52 2.52 2.52 2.52 3.16 3.92 4,26 2.68 2.68
n(3,2) 4,74 b.7y4 4,58 4,58 6.02 6.48 9.62 5.28 © 5.28
- n(4,2) 6.94 6.94 6.52 6.52 8.42 9.30 16.14 8.3U 8.34
n(5,2) | 10.54 10.54 g.34 9.34 12.30 13.36 27.40 13.76 13.76
n(6,2) | 14.70 14.70 11.82 11.82 14,66 16.32 35.80 19.78 19.78
n(8,2) | 24.62 2u.62 18.50 18,50 23.60 25.78 67.10 32,28 32.28
n(10,2) | 35.08 35.08 22.74 22.74 27.74 30.60 95.20 49.20 49.20
n(24,2) | 170.68 170.68 69.94 69.94 B83.86 92.06 533.56 =281.24 281.24
n(2,3) 2.88 2.92 2.92 2.92 3.82 4.02 5.08 3.02 3.06
n(3,3) 6.76 7.16 7.00 7.00 9.58 10.40 13.50 7.30 7.74
n(4,3) ] 11.84 13.56 12.86 12.86 16.00 17.36 27,96 13.44 15.58
n(5,3) | 18.76 22.58 20.80 20.80 27.58 30.44 46,18 21.04 25.54
n(6,3) | 27.76 35.48 31,14 3114 37.80 _42.24 74,22 33.10 42.10
n(8,3) | 50.44 68.10 55.88 55.88 64.10 T71.40 136.18 - 58.16  79.44
n(10,3) | 78.54 112.78 90.82 90.82 94.18 102.68 223.58 96.90 1H1.§€
n(2,4) 3.18 3.14 3.18 3.28 4.08 4,32 5.12 3.46 3.44
n(3,4) | . 8.34 8.28 8.u6 8.98 10.96 12.26 15.82 9.42 9.22
n(4.4) | 18.96 19.58 19.04 22,48 24.48 27.66 39.12 25.74 26.20
n(5,4) | 33.60 . 34,18 32.42 L40.84 39.96 45.86 72.14 ug.56 U45.62°
. Al S—
n(2,5) 3.44 3.66 3.74 3.80 5.20 5.54 5.84 3.60 3.80
n(3,5) | 10.26 11.20 11.04 11.82 14.66 16.68 20.00 11.88 13.12
n(4,5) 25.2% 31.40 30.32 34.66 35.30 40.00 57.60 31.32 37.80
n(2,6) 3.78 3.72 3.88 4,14 5.28 5.72 6.36 4,22 .12
n(3,6) | 13.74 14.86 15.90 19.16 20.30 23.78 27.36 17.16 17.64
TABLE 4.12
The average number of leaf nodes created by
parallel algorithms searching nonuniform trees under
the unordered independent scheme of static value assignments.




Tree The parallel algorithms
size MDUAL  MSSS* TrSpl MWFst  PVSpl Scout AspSr DUAL sss* 9
n(2,2) 2.62  2.62 2.62 2.62 3.56 3.74 4.48  2.66. 2.66
n(3,2) 4.96 4,96 -4.72 4,72  6.50 7.1  10.06 5.26 5.26
n(4,2) 7.66 7.66 7.04  T7.04 9.22 10.32 18.12 8.48 8.48
n(5,2) | 11.86 11.86 9.90 9.90 12.94 14,50 28.66 13.76 13.76
n(6,2) { 14.04 14,04 12,24 12.24 15.16 16.84 39.92 20.12 20.12
n(8,2) | 24.62 24.62 18.54 18.54 22,40 25.22 69.10 32.38 32.38
&(10,2) | 34.54 34,54 23.50 23.50 27.54 30.68 102.70 49.20 49.20
n(24,2) [ 139.22 139.22 72.68 72.68 82.84 89.64 605.10 281.24 281.2Y4
n(2,3) | 2.80 2.82 2.82 2.82 3.32 3.40 4.48 2,92  2.94
n(3,3) 6.26 6.58 6.46 6.46. 7.u44 8.06 11.56 6.92 7.54
n(4,3) | 10.98 12.26 11.86 11.86 13.12 13.90 24.14 13,08 14.74
n(5,3) | 17.70 19.86 18.96 18.96 21.14 22.96 U40.50 -21.06 2u4.u40
n(6,3) | 21.68 25.40 24,38 24,38 23.66 25.06, 51.68 31.34 38.44
n(8,3).| 40.52 49,30 u4.96 ~ Lu4.96 44,78 4B.4O 97.44 57.08 T4.14
n(10,3) | 66.38 85.94 77.12 77.12 72.26 75.22 179.90. 96.34 131.86 |
n(2,4) 3.32 3.34 3.34, 3.38 4.10 4,22 . 5.54 3.44 3.46
n(3,4) 8.70  8.94 9.08 9.50 11.52 13.22 17.18  9.92 10.00
n(4.4) [ 19.72 20.86 19.36 22.54 25.12 29.98 42.32 24.78 24.72
n(5,4) | 37.12 37.74 32.70 40.12 42.36 U49.38 76.18 46.78 U44.00
n(2,5) 3.38 3.46 3.46 3.66 4.28 4.80 5.24 3.82 3.84
n(3,5) 9.44  10.04 9.78 11.16 11.94 13.96 17.28 11.50 ~12.18
n(4,5) | 21.74 25.58 25.70 30.70 25.30 27.90 45.96 29.96 35.60
n(2,6) 3.82 3.82 3.88 4.02 5.04 ~ 5.56 6.30  3.94 3.88
n(3,6) | 14,64 15,80 14,92 18.34 17.80 21.20 26.24 16.28 16.64
TABLE 4.13

The average number of leaf nodes created by

‘
i

parallel algorithms searching nonuniform trees under
the 0.2-ordered independent scheme of static value assignments.
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m trees under
the 0.4-ordered independent 'scheme of static value assignments.
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Tree The parallel algorithms
size MDUAL MSSS* TrSpl MWFst PVSpl Scout AspSr DUAL 8SS*,
n(2,2) | 2.56 2.56 2.56 2.56 .3.22 3.82 444 2,68  2.68
n(3,2) 4, 22 u.22/ 4, 22. y,22 5.06 5.32 10.06 5.16 ° 5.16 |-
_n(4,2)| 6.22 6.22° 5.8 58 7.20 T7.66 17.06, 8.58  B8.58
n(5,2)- 9.72 . 9.72 8.78 8.78 10.92 11.88 27.32 13.76 13.76 |.
n(6,2) 12.06 12.06 11.58 11.58 13.74 15.44 39.66 19.60 19.60
n(8,2) | 17.68 17.68 15.62 15.62 .18.24 "20.10 67.98 31.64  31.64
n(10,2) 26.88° 26.88 21.96 21.96 25.12 27.32 108.58 49.20 49.20
n(24,2) 99.16 99.16 68.44 68 .44 76.14 81.98 655.50 - 279.50 279.50
N n(2,3) | 2.68° 2.68 2.68 2.68 3.20/ 3.24  4.34  2.86  2.86
n(3,3) | 5.76 5.84 5.78 5.78  6.20\. 6.32 9.76 6.88  7.28
n(4,3) 9.40 10.00 9.98 9.98 10.50 10.82 0.36 12.62 13.50
n(5,3)-| 16.58 18.22 17.86 17.86 19.06 20.36 3@ 00 20.96 23.56 ‘> ,
n(6,3) 21.14 22.78 22.06 22.06 23.06 - 2u.1 , 48.78 31.52 .35.62
n(8,3) | 34.14 38.16 37.82 37.820 36.22 37.2 87.42 52.68 63.96
-1 n(10,3) 59.70. 71.20 +$6.50 66.50 62.68 64.5 157.84 94.90 118.68
n(2,8) | 3.32 3.38 3.38  3.52  3.96 4.10 5.52 3.5 3.68
n(3,4) | 7.52° 7.58 7.62  8.36 - 9.44 10.28 16.12  9.44N\_ 9.4
; « n(4.4) 17.02 ‘~17.36' 17.50 20.34 21.38 2u.28 40.10 24,72 )
n(5,4)"| 30.46," 31.28 29.30 35.86 37.24 44,08 7H.56 UL.T6 U42.12 |
n(2,5) | 3.78 3.80 3.82  3.9% 4.30 4.50 5.96 ~3.94  3.98 '
n(3,54 8.80 9.42 9.56 10.80 10.20 11.80 16.36 11.56 12.84
"n(4,5) | 19.18 21.58 21.68 26.28 21.32 22.86 u1,60 28.52 32.52 |
n(2,6) | 3.90 4.00 W.02 4.36 5.08 5.64  6.54 422 4,38
s n(3,6) |- 12,40 13.10 13.3% 16.92 14.34 15.74 24.36 16.88  16.84
¢ [}
R
/7
TABLE 4. 14
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The parallel algorithms

MDUAL MSSS*~ TrSpl MWFst  PVSpl

*

The average number of leaf nodes created by
parallel algorithms searching nénuniform trees under

[ 4aN

the 0.6-ordered independent scheme of static value assignments.

size .Scout  AspSr  DUAL SSS*
n{2,2) 2.56 2,56 2.56 2.56 -'3.22 3.42 b4y 2,68 2.68
n(3,2) 4.22 . 4.22 4,22 4,22 ~. 5,00 5.28 9.86 . 5.24 5.2U
n{4,2) 5.68 5.68 5.68 5.68 6.42 6.80 16.86 8.36 8.36
n(5,2) 8.56  8.56 8.26 8.26 9.90 -31Q.46 27.06 13.76 13.76
h(6,2) | 10.32. 10.32 10.10 10.10 11.56 12.52 37.66 18.80 18.80
n{8,2) | 16.00 16.00 15.08 15,08 17.18 18.34 . 68.56 32.34 - 32.34
n(10,2) | 21.28 21.28 19.26 19.26 21.70 -23.04 104.48 49.20 U9.20
n(24,2) | 73.94 --73.94 57.74 57.74 .62.92 . 67.98 “648.72 283.20 283.20
n(2,3) 2.76 2.76 2.76 2.76 2.80 2.82 h.12 3.04 3.06
n{(3,3) 5.70 ., 5.76 - 5.76 5.76 6.10 6.30 9.90 6.96 7.22
n{4,3) 9.18 \ 9.58 9.58 9.58 9.4k 9,50 17.98 13.20 13.92
- n(5,3)| 15.95 16.88 16.80 16.80 17.28 18.30 36.30 20.90 22.80
n(6,3) | 20.98 ,22.60 22.40 22.40 22.44° 23.12_ 49.96 30.40._ 33.84
n(8,3) |- 35.52 38.98 , 38.42 38.42 38.18 39.96 89.26 5448 63.56
n(10,3) | 57.12 65.18 62.92 62.92 58.50 59.84 155.36 92.12 109.16
n(2,4) 3.06 3.06 3.06 3.20, 3.18 3.240  5.20 3.36 3.42
n(3,4) 7.24 7.32 - 7.50 8.18 8.56 9.34  15.36 9.30 9.32
n(4.4) | 14.00 14.24 - 14.36 " 16.44 15,70 17.58 37.14  21.66 21.62
n(5,4) | 25.56,, 26.08 26.84 32.74 31.84 36,84 71,46 . 42,16 L40.70
n(2,5) 3.32 3.32 3.32 3.58 3.56 3.68 5.02 3.84 3.86
n{3,5) 8.18 8.26 8.32 9.48 8.82 9.48 14.36 10.86 11.04
n(4,5) ;;FgQ_ 19;¢9 19.20 23.04 18.96 19.80 38.28 26.98 29.56
n(2,6) |- 3.28. -3.28 3.30 3.58 3.50 3.62 5.88-  4.02 4.06
n(3,6) | 11.10.. 11742 11,74 14,98 1g.68 13.68 23.68 14.80 14.86
- TABLE 4.15




F Tree - The parallel algorithms
size MDUAL MSsS* 'I‘r"Spl“ MWFst PVSpl Scout AspSr DUAL  SSS*
n(2,2) | 2.86  2.26 2.26 2.26 ' 2.26 2.26- 4.4  2.64 2.6l
n(3,2) 3.82 3.82 3.82 3.82 3.82 3.82 " 8.98 5.00 5.00
n(4,2) 4.90 4.90 4,90 k.90 4.90 .90 15.00 8.72 8.72
~n(5,2) | 7.66 7.66 7.66 7.86 8.46 8.66 25.98 13.76 13.76
n(6,2) 9.40 9.40 9.40 9.40 10.04 10.48 “37.50 ° 19.58 19.%58
n(8,2) | 13.46 : 13.46 13.46 13.46 4.4y 1520 66.92 32.96 32.96
n(10,2) 17.52 17.522  17.34 17.34 19.16 20.18'_103.30 49.20 49.20
n(24,2) 47.66 47.66 45.70 45.70 47.68 49.10 "609.94 283.94 283.94*
n(2,3) 2.86 2.86 2.86 2.86 2.86 2.86 L .28 3.24 3.26
n(3,3) - 5.78 5.78 5.78 5.78 5.78 5.78 10.24 7.14 7.4
n(4,3) 9.30 9.30 9.30 9.30 9.38 9.46 17.32 12.92 12.92
n(5,3) 14.96  15.38 15.38 15.38 15.78 16.44 33.78 20.74s 20.74
n(6,3) | 19.90 20.56 20.56 * 20.56 20.28 20.48 45.50 30.52 32.80
n(8,3) |- 35.32 35.92 35.92 35.92 “35.94 36.34 85.28 54.82 57.90
n{10,3) 54.04 57,50 57.50 57.50 55.42 56,16 147.78 89.32 98.70
n(z,4) | 2.86 2.86 2.86 2.96 “2.86 2.86 5.02. 3.31 3.3}
n(3,4) 5.64 5,64 . 5.64 6.30 5.64. 5,64 12.88 8.38 8.38
n(4.4) 12.04 12.04 12.04 .24 12.0d 12.04 33.92 22.00 21.92
n(5,4) 20.64 -~ 20.70 21.52 26.98 24.70 27.94 65.34 39.70 38.@8
. n(2,5) | 3.36  3.36 3.36  3.58 3.36 3.36 5.06  L.O4 - /4.0
n(3,5) 7.34 7.34 7.34 8.70- 7.34 7.34 12,42 11.42 11,58
n(4,5) 16.02 16.02 16.02 1§.60 16.02 16.02 31.12 26.82 29.16
n(2,6) | .3.36  3.36 Y36 376 336 3.36 5.86  4.08  4.08
n(3,6) 9.20. 9.20 9.20 12.26 9.29 9.20 24.14 14.88 .74
TABLE 4.16
- .The aVerage number of leaf nodes created by N
parallel algorithms seéarching nonuniform trees under .
the 0.8-ordered independent scheme of static value assignments.
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Tree o The parallel algorithms
size | MDUAL  MSSS* TrSpl  MWFst PVSpl  Scout AspSr DUAL  SSS*
- ,_/"‘ y
n(2,2) 2.32 ©2.32  2.32 2.32 2.32 2.32 4,08 2.68  2.68
n(3,2) 3.84 3.84 3.84 3.84 3.84 3.84 9.12° 5.28  5.28
n(4,2) 4,90 4.90 .90 4,90 4.90 4.90 14.60 8.34 8.34
n(5,2) -6.64 6.64 .64 ° 6.6U 6.64 .64 23.52 13.76 13.76
n(6,2) |, 8.04  8.04  B8.04 804  B.04 B.O¥ 33.02 19.78 19.78
.n(8,2) | w78 11.78 11.78 ' 11.78 ~ 11.78 11.78 62.08 32.28 32.28
n(10,2) | 14.00 * 14.00 14,00 14,00 . 14.00 14.00 94.72 49.20 49.20
‘n(2u,2) 34.64 34.64 34.64 34,64 34.64 34.64 548.80 281.24 281.24
'n(2,3).! 2.68 2.68 2.68 2.68 ' 2.68 2.68 4.o4 . 2.96 2.96
n(3,3) 5.26 5.26 5.26  5.26 8‘26 5.26 9.16  6.72  6.72
n(4,3) 8.96  8.96 8.96 8.96 .96 -8.96 17.38 12.96 12.96
n(5,3) 14,08 . 14.08 14.08 14.08 14.08 14,08 31.06 20.46 20.46
“n(6,3) | 19.44 - 19.44 19,44 19.44 19,44 10.44 43.48 29.90 29.90
n(8,3) 32.66 32.66 32.66 32.66 32.66 32,66 77.02 53,18 53.18
.n(10,3) | 51.98 51.98 51.98 51.98 51.98 51.98 138.10 87.46 87.u46
n(2,4) | 2.7  2.7% _2.74  2.88 2.7 2.74  4.78  3.32  3.32
n(3,4) 6.14 6.14 6.14 6.74 6.14 6.14 14,14 8.72 8.72
n(4.4) | 11.02 11.02° 11.02 13.40 11,02 11.02 31.86 21.48 21.48
n(5,4) | 16.12  16.12 16.12 21.38 16.12 '16.12 54.7T4  37.30 37.30
n(2,5) | .3.32 3.3 3.32  3.36 3.32 3.32  4.90 3.64  3.64
" n(3,5) 7.34 7.34 7.34 ¢ 8.26 7.34 7.34 12,50 10.36 10.36
n(4.5) 16.48 16.48 16.48 19.64 16.48 16.48 33.50 26.02 26.02
n(2,6) | 3.18 3.8 -, 3.18 3.52 3.18 3.18. 5.56 3.9  3.94
n(3,6) 9.18  9.18  9.18 12,02  9.18  9.18 20.46 13.64- 13.64
Ui *
TABLE 4.17 ~

_ .The average number of leaf nodes éreated by
parallel algorithms searching nonuniform trees under

the 1.0-ordered independent (perfectly ordered)

scheme of static value assignments.
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Figures 4.9-4.24 show  the plots of the avérage number of
leaf nodes created for all 16 cases of trees with depth 4

and width varying from 2 to 5. ) . -

The overall ranking of pnunipg alggrithms under the
qriteridn of the average number. of leéf nodes created forﬁy
all 16 cases of trees is shown in Table 4.1. Since; MSSS*
al&ays performed  better than SSS*, and MDUAL always
performed bett;r than DUAL, we shall not be ?iscussing SSS*
and DUAl any further. We thus compare these seven pruning
algoritms: MDUAL, MSSS*, AspSr, MWFst, Scout, TrSpl and
PVSpl. Table 4.1 shows ‘that for independent schemes of
static wvalues assignment, AspSr algafﬁthm performs the
worst. For‘ all‘ trees and all static value assignmenf
schemes, MDUAL performs the best, followed by MSSS*. We can’
thus conclude g&%t our modified algorithms pefformed‘better

‘#5‘-.
than the other known parallel tree search algorithms.

%

4.2.2\Criterion:of the Average Number of Processors

. Used. . cL ) )

A -

‘The\ number of processors-‘availablelto the aigorithm
affecté thé CPU time, memory needs, and the number of. the
1eave§ creatéd during the search (for different methods in
different way). The C?U time and need in memory decrease,
although‘ not proportionally, with the ﬁumbér of processors

used. Contrary—to that, the number of the leaves created

_91-.



' * N N , \
.
// increases with the number of processors used because of the °

information-deficiency overhead described above.

During the experiments the number of proeessofs for alll
State Space Séarch aigorithms and for the Aspiration Search
algoriéhm was assumed to be equal to one more than the width
- of the tree searched. For recursive methods - Mandatory
Work First, * Tree Splittingz Principal Variation Splitting
and Scou£ - the numper of the simulated processofs was not 
"-restriéted. On uniform trees"the PVSpl algorithm always
uses the saﬁe number of processors equal to ﬁD = (D-1); here
W 1is the ‘width and D is the depth of the tree. Tﬂe Scout
~uses §1ightly more processors than PVSpl. Scout wuses the
same numbefl of processors for both dependent schemes; for
indépendént schemes the number of processors used decreases
gradually when the search tree becomes more ordered. For
perfectly ordered trees the number of processoré used by
PVSpl and by Scout algorithms .are the same. The MWFét
algorithm uses ﬁére processors than PVSpl and parallel Scout
use. The most processor-consuming algorifhﬁ is the TrSpl

that uses a huge number of processors (one processor per

tree node) compared with any other ‘algorithm.

For exampie, to search u(6,3) trees under an unordered

T

independent scheme of static value assignment MDUAL, MSSS*

ER




«

v e

Y The 16‘Gases C}

Type
of

-

tree

. Scheme of static
value assignment

to leaf nodes

¢
» -
. ' “ ende
R \df{
¢

Ranking of the pruning algorithms

in deCreésing order of their\perfbrmance‘

o ¥

Uniform

integer-dependent

real-dependent

unordered-indeperident

O.2-ordered-ihdepend.

| 0.4-ordered-independ.

0.6-ordered-independ

0.8-ordered-indépend.\

1.0bordered-independ.

[MDUAL,MS$S*,AspSr],PVSpl,Scout,MWFst,TrSpl
[MDUAL,MSSS*,AspSr],PVSb;,Scout,MWFst,TrSpl
[MDUAL,MSSS*,AspSr],éVSpl,Scout,MWFst,TrSpi’”
[MDUAL,MSss*,AspSr],PVSpl,Scout;Mwési,%kébl
[MDUAL,MSSS*,AspSr],PVSpl,Scout,MWFst:TrSpl
MDI‘ ,MSSS* AspSr],PVSpl,Scout ,MWFst,TrSpl
[MD SSS*, AspSr N[ PVSpl,Scout] ,MWFst,TrSpl___|

N L4
UAL,MSSS¥*, AspSr], [PVSpl,Scout],MWFst, TrSpl

Nonuniform

integer-dependent

.real-debendent

unordered-independent
O.2—ordered-indepena.
0.4-ordergd-independ.

0.6-ordered-independ.

"1 0.8-ordered-independ.

1.0-ordered-independ.

R
r(ﬁBUAL,MsSs*,AspSr],PVSpl,Scout,MWFst,TrSpl

[MDUAL , MSSS¥*, AspSr], PVSpl, Scout ,MWFst , TrSpl
[MDUAL,MSSS*,AspSr],gySpl,Scout,MWFst,TrSpl
[MDUAL,MSSS*,AspSri,PVSpl,Scout,MﬁFst,TrSpl
[MDUAL,MSSS*, AspSr], PVSpl,Scout ,MWFst,TrSpl
[MDUAL,MSSS*,AspSrI,PVSpl,Scout,MWFst,TrSp%

[MDUAL ,MSSS*, AspSr], [PVSpl, Scout ] ,MWFst, TrSpl

[MDUAL ,MSSS*, AspSr], [PVSpl,Scout],MWFst,TrSpl

TABLE 4.18

Overall ranking of pruning algorithms under the criterion of
the average number of processors used for trees of depth > 3.
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~

bd

The .parallel ~aldorithms ,

" . Tree -
.size. . MDUAL ~MSSS* TrSpl MWFst PVSpl Scout AspSr
u(2,2) 3.0 Ta— 6 3 3 3 .3
u(3,2) b Y 11 T 5 "6 m
u(l;2) 5 5 16 11, 7 10 5
u(5,2) . 6 6 22 16 9 1l 6
u(6,2) _ | 7 7 27 20 11 17. 7
u(8,2) .la& . 9. 9 1 32 15' 27 9
u(10,2) 11 7 53 y2 19 34, 11
u(24,2) 25 25. 166 141 u7 107/ 25
u(2,3) 3 " .3 13 . 6 4y 5 3
u(3,3) y L 27 14 7 12 M
u(4,3) 5 5 50 27 10 24 5
u(5,3) 6 ~ 6 ™ - W 13 32 6
u(6,3) 7 7 106 58 16 43 7

" u(8,3) 9 9 193 105 22 78 9
u(10,3) 1 1, 298 . 157 = 28° 107 11
u(2,4) 3 3 24 10 5 9 3
u(3,4) . 4 y 63 30 9 24 4
u(4.u) 5 5 131 64 13° 49 5
u(5,4) 6 6 230 107 17 86 .6
u(2,5) 3 3 49 17. 6 14 3
u(3,5) 4y Yy 139 62 1 48 y
u(4,5) 5 5 3718 -~ 148 16 127 5
u(2,6) ° 3 - Y60 26 7 19 3
u(3,6) m 4 306, 124 13 89 4

‘v

parallel algorithms searching uniform trees under

TABLE 4.19

The average number of processors used by

the integer dépendent scheme of static value assignments.

»




", Tree- The parallel algorithms’

. size " MDUAL  MSSS*  TrSpl MWFst PVSpl Scout  AspSr’
u(2,2) 3 3 6 . *3 3 > 3 3
u(3,2) - b0 6 5 6 4
u(l,2) 5 5 15 . 10 T .10 5
u(5,2) 6 6, 20 1 9 14 6

T u(6,2) 7 T 24 17 11 17 7

| u(8,2) 9 9 %6 . 27 15 27 = 9

.u(10,2) 1 1 45 3 34 "19 . 34 11
u(24,2) 25 25 132 .~ 107 - 47 107 25
u(2,3) 3 3 12 5 .. 4 5 . 3
u(3,3) 4 Uy 25 14 7 12 !t
u(4,3) 5 5 45 . 26 10 24 5
u(s5,3) - 6 6 63 38 13 32 6
u(6,3) 7 1 86 - 53 16 > 43 7
u(8,3) 9 9 151 .94 22 78 9
u(10,3) 1 11 - 218 142 28 107 . 11
, N ' ' (

u(2,4) 3. -3 23 10 5 . 9 3
u(3,4) y 't 58 29 9 24 y
u(4.h) 5 5 m . 59 13 - b9 . 5
u(5,4) 6 6 190 97 17 - 86 6
u(2,5) 3 3 4 16 6 . 14 '3
u(3,5) ° 4 4 128 | 60 1 48 . .4
u(4,5) 5 5 316 139 16 127 ° 5

" u(2,6) 3 3 64 26 7 19 3

" u(3,6) - | 4 ] 261 119 13 89 4
.\)’

AN : TABLE 4.20

parallel algorithms seardhing uniform trees inder
static value assignments.

]

The average number j\rf\;/)rocessors used by

the real dependent scheme 6

L4

[

=95 -



[

5
o et
~ Tree"

The paralleb’algor1Qyns.

e

size”

)

The average number of processors used by,

parallel algorithms searching uniform trees under
. the unordered independent scheme of " static value assignments.

\ ’96-‘.‘

MDUAL ~ MSSS*  TrSpl - MWFst PVSpl  Scout  AspSr

u(2,2) 3 3 6 3 -3 3 3T
u(3,2), ] .k 1 - 7 " 5 6 i
u(h,2) 5 v 5 16 1 7 10 - 5
u(5,2) 6 s b 24" w9 14 6 .
u(6,2) N Fo | 3 2l 1 18 N7
u(8,2) 9 9. U 4o 15 29 7 .9
u(10,2) 1 n 65 54 19 34 "o
u(24,2) 25 25 268 243 47+ 110 25 -
u(2,3) 3 3 1377 6, Y g ° 3
u(3,3) 4 4 30 % 7~ 13 }
u(h,3) 5 5 57 29 10 23 . g
u(5;3) 6 6 - 94 4613 34 6
u(6,3) 7 7 40 66 16 48 T
u(8,3) ~ 9 9 277 119 22 78 9
u(10,3) 1 n 442 182 28 116 ¥
u(2,4) 3 25 10 5 9 3
u(3,u4) by y 76 33 9 25 4y
u(h.4) 5 5 <+ 167 - 70 13 48 5
u(s,l) 6 6 310 - 124 17 78 6
u(2,5) 3 3 47,8 6 15 3
u(3,5) " . i 67 1 47 4
u(k,5) 5 5 s 162 \_‘16 105 5
u(2,6) 3 3 83 28 V1 2 3
u(3,6) i booow 136 13 .85 b

-

TABLE, 4.21




W . >

\ R
o Iree .. The parallel algorithms
sizé MDUAL  MSSS* TrSpl MWFst PUSpl . Scout AspSr
- w(2,2) 3 -~ 3 6 . 3 3 3 3
u(3,2) 4 b 1 7 5 7 4
u(4,2) 5 5 17 12 7 10, 5
u(5,2) 6 6 24 - 18 9 BRtE 6
a(6,2) - , 7. 7 28 21 . 1 16 7
u(8,2) 9 9 Ly 35 15 25 9
u(10,2) 11 11 5 48, 19 29 - 1
u(24,2) 25 25 215 190 47 ; 81 25
u(2,3)" 3 313, 6 .4 6. 3
u(3,3) 4 4 30’ 14 7 4 Y
u(l4,3) 5 5 49 23 10 17 5
" u(5,3) b 6 85 . 38 13 30 6
u(6,3) T 7 104 U9 . 16 32 7
u(8,3) . 9 9 212 89 22 56 9
u(10, 3) 1., . 1N 359 . 138 28 80 - 11
Ju(2,1) 3 3 24 9. 5 3
u(3,4) 4 4 73 29 9 21 4
u(4.4) 5 5 148 61 13 41 5 .
u(s,4) 6 6 260, . 107 17 55 6
u(2,5) 3 3 .Uy 6 + 6 . 11 3
u(3,5) y 4 163 +59 1 41 4
u(4,5) 5 5 4o1 . 132 16 81 .5
u(2,6) 3 37 76 26, 7 19 3
u(3,6) 4 4 363 18 13- 68 m
Y 1 \ '
N - ',
] -TABLE 4 .22
. %
" “The average'humber of processors used by

parallel algorithms searching uniform trees under
. the 0.2 .ordered independent scheme ot‘ statie value assignments.

. pp '




a

The aOerage number of processors used by

parallel algorithms searching uniform trees under
the 0. U ordered independent scheme of static_ value assignments.

o

Tree The phr#l;ei algorithms
size . MDUAL _MSSS*  TrSpl MWFst- PVSpl Scouf AspSr
u(2,2) 3 3 6 3 3 3 3
L u(3,2) 4 4 10 6 5 5. 4
"u(y,2) 5 5- 15 10 7 8 5
u(5,2) * 6 6 21 15 9 12 6
u(6,2) 7 7 25 18 1 14 7
u(8,2) 9 - 9 37 28 15 20 9
u(10,2) 1 1. 49 38 19 24 1
u(24,2) 25 25 170 145 47 66 25
u(2,3) 3 3 1 5 . 4 ° 5 3
u(3,3) Sy Y 2 12 7 10 A
u(4,3) 5 5 4y 22 10 15 5
u(s,3) 6 6 73. 35 13 2l 6
© u(6,3) 7 7 93 47 16 217 T
u(8, 3) 9 9 180" . 83 22 43 9
u(10,3) 1 11 281 127 28 58 11
u(2,4) 3 3 23 9 5 7 3
u{3,4) 4 x 54 26 9 13 4
u(l.b) 5 5 % 114 53 130 27 5
u(s,4) .6 - 6 204 96 17 37, 6
u(2,5) 3 3 4o 15 6 10 3
u(3,5) 4 4 120 . 50 11 21 ' ]
- u(4,5) 5 5 293 121 16 4y~ 5
u(2,6) " -3 3 - 65 24 . § 13 3
1 —u(3,6) g 4 4y 235 10t 13, 24 4
.h : , . / '\
. : TABLE 4.23
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Tree" .- . The parallel algogithms
. ’ Uy <
" size MDUAL  MSSS* TrSpl  MWFst "PVSpl  Scout  AspSr
l Y
u(2,2) 3. 3 6 3 3 3 3
'u(3,2) Y 4 10 6 5 5 U
‘u(4,2) 5 5 13 8 7 7 5
u(5,2). 6 6 19 13 9 1., 6
u(6,2) T 22 15 11 12 T
" u(8,2) 9 9 31, 22 15 18 9
u(10,2) | . 1. "M B2 31 19 . 22 T
u(24,2) 25 25 129 104 47 7 54 25
u(2,3) 3 31 5 ¥ © oy 3
u(3,3) 4 4 23 " 7 8 4
v u(4,3) 5 . 5 36 20 10 - 12 5
- u(5,3) 6 6 - 61 32 13 . 19 6
u(6,3) 7 7 . 81 45 . 16 22 7
u(8,3) 9 .-9 146 7 22 33 9
u(10,3) oM 11 227 - 120 28" 43 1
u(2,4) . 3 3 20 8 5.3 5 3
u(3,4) | 4 y 48 24 * g 12 4
win) [ s 5 '8Y 4 .13 . 18 5
u(5,4)% 6 6 166 85 1m 729, 6
"u(Z,5) 3 3 33 W e N g 3
u(3,5) 4 4 106 _ 48 11 18 4
Lu(ls) 5 5 226 ° 108 16 B0 5
u(2,6) v 3 3 . 54 22 ¢ 7 9 3
u(3,6) fi & 4 m 208 97 13 25 4
DY '
TABLE 4.24

- NS -
The .average number of processors used by h
kparallel’ algorithms searching uniform trees under

‘the 0.6 ordered independent scheme of static value assignments.
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Tree | ) The parallel algorithms
" size " MDUAL, MSSS* .TrSpl MWFst- PVSpl * Scout  AspSr
u(2,2) 3 3 6 3 3 3 . 3
u(3,2) {4 Y 9 .5 5 5 i
u(l,?2) ~5 5 12 . 7. 7 7 5
u(5,2) 6 6 16 10 9 9 6
u(6,2 |.* 7. 7 20 13 1 " 7.
u(8,2) 9 - . 9> 27 18 15 16 .9
u(10,2) 11 a1 36 25 19 20 1
“u(2u,2) 25 . 25 96 71 47 51 25
u(2,3) 3 3 1 5 4 Y 3
u(3,3) y 4 20 11 A A 7 4
u(4,3) 5 5 33 19 10 11 5
u(5,3) 6 6 51 30 13, 15 . 6
u(6,3) 7 = 7 69 42 16 17 7
. u(8,3) 9 g " 73 22 23 9
u(10,3) 11 1 181 114 28 35 1
u(2,B) 3 3. 18 1 5 5 . 3
_u(3,4) Y TN 37 21 9 9 4
u(l.b) 5 o+ 5. 62 40 13 13 5
u(s5,4) . 5 6 127 75 17 - 22 ., 6
u(2,5) 3 3 29 13 6 6. 3
u(3,5) 4 4 72 43 " 1B y
u(l,5) 5 5 153 98 16, 16 5
u(2,6) 3. -3 uy 21 7 7 3
u(3,6). 4 y 125 85 13 13 - 4
y .
TABLE 4.25

, " The average number of processors'ﬁséd by
o parallel algorithms searching uniform trees under
the 0.8 ordered independent scheme of static value assignments.
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Tree ' _ The parallel algorithms
; & sizex MDUAL  MSSS*  TrSpl | MWFst PVSpl Scout AspSr
tu(2,2) 3 3 6 3 3 3 3
u(3,2) ] 4 9 5 5 5 4
— - u(d4,2) 5 ‘5 t 12 7 7 7 5.
- u(5,2) 6 6 15 9 .9 9 6
i u(6,2) 7 7 18 11 1 1 "7
y u(8,?2) 9 9 24 15 15 15 9
u(10,2) 11 11 30 19 19 19 11
u(24,2) 25 25 72 47 47 47 25
" u(2,3) T3 3 1N 5 y 4 .3
u(3,3) 4 4 20 1 7 T 4
. u(h,3) 5 5 31 19, 10 10 5
u(5,3) 6 6 uy 29 13 13 6
u(6,3) 7 7 59 41 16 16 7
u(8,3) 9 9 95 T . 22 22 9
u(10,3) 11 1, 139 . 109 28 28 1
- u{2,4) 3 3 18 . 8 5 5 3
v u(3,4) 4 4 37 21 9 9 4
v u(l.u) 5 5 62, 40 13 13 5
u(s,4)" 6 6 ‘93 65 17 17 6
\ u(2,5) 3 3~ 29 13 6 6 .3
‘ u(3,5) 4 M 72 43 11 11 Y
u(4,5) 5 5¢ W1 97 16 . 16 5
- | u(2,6) 3. 3 w27 7.3
u(3,6) 4 Y 125 85 13 13 4
* 0
\ g .
TABLE 4.26
The average number of pfocessors used by N

parallel algorithms searching uniform trees under
R the 1.0 ordered independent (perfectly ordered)
. scheme of static value assignments. ,




fgee‘ > The parallel afgorithms
size .| MDUAL  MSSS% TrSpl .Mﬁfsth"PVSpl Scout AsQSr~‘
. . T A

w22 |3 3 b, 2. 2 .2 3
u(3,2) | . k. T A T S TR
u(4,2) . 5. 5 10 6 - 5\ 6 5

. u‘(5y2) 6 6 “’r ' 8 % 6 8 6
u(6,2) |-. T 7 18 12 .8 11 7

L u(8,2) | 9 - 9 2l 16 1 15 9
u(10,2) "N 33 23 13 21 1
u(24,2) 25 25 87 63 33 53 25
w2,3r [~ 3 3 6 2 2 2+ 3
u(3,3) T 4 12 6 4 5 4
u(4,3) 5. 5 21 1 6 10 5
u(5,3) . .6 6 29 16 . 8 14 6

© -u(6,3) 7 7 45 25 10 22 7
u(8,3) 9 9 75 43 15 32 9
u(19,3) " 11 106 62 = 17 38 "
w(2,4) 3 3. 7 3 v, 2 3 3
u(3,4) 1 B 19 9 5 8 i
u(h.4) 5 5 38 19 7 16 5
u(5,4) |- 6 6 58 30 - 9 23 6
u(2,5) 3 3 9 3y 2 3 3
u(3,5) 4 4 27 12 5" 10 4
u(4,5) .5 . 5 51 23 7 19 5
u(2,6) 3 3 10 3 27 3 3
u(3,6) b °} 35 W s 13 4

TABLE 4.27 '

The average number-of processors used by
" parallel algorithms wsearching nonuniform trees under
the integer dependent scheme of static value assignments. -
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'Tr'ee\' S The ‘parallel algorithms

size MDUAL ~ Msss* TrSpl ' MWFst PVSpl ° Scout  AspSr
. N\

- ra
u(2,2) -3 3 ol 2 2 2 3
u(3,2) 4 4 1 Y 3 4 y
u(l,2) 5 5 0 - 6 5 .6 5.
u(5,2) 6 6 13 8 6 8 6
. u(6,2) 7 7 17 1 8 11 7
u(8,2) . 9 9 23 15 115 .9
1 u(10,2) 11 1, 32 21 13 21 11
'u(2y,2) 25 25 90 ' 66 33 . 66 25
u(2,3) 37 3 6 2 2 2 W3
u(3,3) 4 4 e 6 . 4 5 Y
u(l,3) - 5 5 21 1 6 10 5
w(5,3) 6 6 28 16 8 ~ 13 6
u(6,3) 7 7T 43 .25 0 . 21 T
u(8,3) 9., 9 ., 69 42 15 32 9
u(10,3) 11 1M - . 95 60 17 o 1.
w2, |» 3 73 8 - 3 2 3/ 3
u(3,4) 4 m 19 . 9 5 '8 b
u(l.y) - 5 5 . 38 9 - 7 15, 5
u(5,4) 6 6 55 31 9 .21 6,
u(2,5). 3 3 10 3 2~ 3 3
" u(3,5) T y 27 12 5 "9 TN
u(4,5) 5 5 47 23 7 16, 5 .
u(2,6) 3 3 10 . 4 2 3 3.”
u(3,6) Y m 3 14 5 11 Y
-‘
" TABLE 4.28

/
The average number of processors used by
parallel algorithms searching nonuniform trees under
- the real dependent scheme of static value assignments.
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Tree .| The parallel aigoriiﬁ ]
size MD&AL MSSS*  TrSpl- 'MWESt PVSp%' Scout  AspSr )
u(2,2) -3 -3 Y 2 2 2 3-
u(3,2) b 7.0 4 3. 4. (
u(4,2) 5 5 10 ) b 5 5
u(5,2) 6 - 6w 9 <" 6 8 , 76
u(6,2) |, 7 7 18 1", 8 0 7
u(8,2) 9 9 26 . 18" 1 15 9. ~
u(10,2) 1 A1 32 22 14 17 1 .
u(24,2) 25 25 93 69 825
u(2,3) T3 3 6 P 2 2 3
u(3;3) 4 Y 12 6 4 5 4
u(4,3) . -5 .5 22 11 6 9 5
u(5,3) - | 6 6 33 18 8 14 6 3
u(6,3). 7 T 47 25 10 -18 7
u(8,3) 9 . 9 78 42 13 28 9
.u(10,3) 11 11 121 67 17 37 11
u(2,4) 3 3 7 3 2 2 3
u(3,4) oL T 8 4 6 TR
u(b.4) '5 5 . 3% 17 6, 1 5 |
u(5,4) 6 ' . 6a 59 ' 29 8 17 - 6
u(2,5) '3 3 8 3 2 .3 3
u(3,5) . L} 4y 323 . g . y 8 y
u(l,5) 5 % 5 58 ' .26 7B 5,
u(2,6) 3. 3 9 4 2 3’ 3
u(3,6) i Ll 36 15 5 9 T _
‘ ) e \
o TABLE 4.29 |
- The average number of-processors used by o ’

parallel algorithms searching nonuniform trees under

the unordered independent sdheme of static vaﬁre assignments,

2~

=5

~
L] . 1

' ’ »



The average number of processors used by
parallel algorithms ‘searching nonuniform-trees under

the 0. 2 ordered independent scheme of statie value assignments.

R

- 105 - .

T %
Tree _The parallel algorithms N
size MDUAL MSSS* Trpl MWFst PVSpl Scout  AspSr
‘ . , |
u(2,2) 3 3 4 2 2 2 , 3
u(3,2) T 7 ¥ 3 4 i
uf4,2) ‘5 5 1M, T Q 4 6 5
u(5,2) ) 6 15 .9 6 8. 6
u(6;2) ° 7 7 .18 ‘12 J 8. 10 7
u(8,2) -9 9 26 18 - 1 15 9
u(10,2) / 1 1 33 . 23 1 17" 1
u(24,2) 25 25 - 96 TR - 34 46 25
u(2,3) 3. 3 6 2 2 7 2 3
~u(3,3) uy by 12 .6 il 5 oy
Cu(¥,3) 5 . 5 21 10 . 6 8 5
u(5,3) 6 6 30 16 . B. - 11 6
u(6,3 7 7 \ 38 ¢ 20 9 12 7
u(8,3) 9 9 (L] " 36 13 19 9
u(10,3) 1" 1 105 = 58 17 25 1
u(2,4) 3 v+ 3 7 3 2 -~ 2 3
u(3,4) L 19 8 4 7 i
u(d.u) 5 5 37 17 6 13 5
u(5,4) 6 6 60 28 8 19 6
uz,5 |- 3 3 8 3 2 3 3
u(3,5) 4 4 21 - 9 4 7. m
" u(d,5) ' 5 5 51 21 710 5
u(2,6) 3 3 0.7 3 2 3 3
u(3,6) 4 Y 36 1Y 5 . 8 y
“TABLE 4.30
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| Tree . The’parallel algorithms

size | MDUAL -ﬁSS$? TrSpl MWFst PVSpl® Scout AspSr

e Al T y
u(2,2) 3 3 y 2 2 2 3
u(3,2) y .4 7 y 3 4 4
u(l,2) 5 5 10 5 4 5 5
u(5,2) 6 6 13 8 6 7T 6
u(6,2) T 4 1 17 11 8 10 7
u(8,2) 9 9 23. 15 1 13 9
u(10,2) 1 1 32 21 W16 1
u(24,2) 25 25 92 68 3 uy 25
u(2,3) 3 3 5 2 2 .z 3
w(3,3) /b 1 1 5 l 4 i
u(4,3) 5 5 18 9 6 7 ‘5
u(5,3) 6 6 29 15., 8 10 6
~u(6,3) A 3. 20 . 10 12 7,
u(8,3) g , 9 56 33 3 5 —9
i(10,3) 1 1 91 55 AT 22 1
u(2,4) 3 3 8 3 2 3 3
u(3,4) y i 16 7 T 1
u(l.y) 5 5 34 16 6 " 5
u(5,4) 6 .6 54 26 8 17 6
u(2,5) 3 3 8 3 3 3 3
©u(3,5) y b 21 9 4 6 . 4
u(b,5), 5 5. 4l 22 7 8- 5
_u(2,6) 3 3 10 4 2 3 ' 3
u(3,6) u y 32 14 5 7 4

Jai

‘ B |

: TABLE 4.31 - | oy

-~ The average number of processors used by
_ parallel algorithms searching nonuniform trees under
- - the 0.4 ordered independent scheme of static value assignments.
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Tree The ‘parallel algorithms
~\‘size MDUAL  MSSS* TrSpl MWFst PVSpl Scout AspSr\
rEe I S S S R S S
u(3,2) +—- ) 7 . 3
u(d,g) 5 5 9 5 5. 5 5
u(s,2) 6 6 13 8 6 7 6
u(6,2) 7 7 16 10 7 9 7
u(8,2) 9 9 23 15 11 13 9
u(10,2) 11 11 29 19 14 15 11
u(24,2) 25 25 81 57 34 41 25
u(2,3) 3 = 3 6 2 2 2 3
u(3,3) 4 4 11 5 4 4 4
#(4,3) 5 5 17 9\ 6 6 5
u(6,3) 7 7 35 20 9 1 T
u(10,3) _ 1M 11 87 54 17 20 11
u(2,4) 3 3 7 3 2 2 3
-u(3,4) 4 y 16 7 by 5 y
u(l.u) 5 5 29 14 6 8 5
u(5,4) 6 6 51 25 8 15 6
u(2,5) 3 3 8 3 2 2 3
u(3,5) 4 4 19 9 4 5 Tl
xu(N.S) 5 5 41 21 7 8 5
u(2,6) 3 3 -8 3 > 2 3
u(3,6) y y 30 13 5 6 4
[}
" TABLE 4.32 i

] The average number of processors used by
parallel algorithms searching nonuniform trees under

the 0.6 ordered independent scheme of static value assignments.
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Tree ,3 The .parallel algorithms -
size MDUAL ~ MSSS*  TrSpl _ MWFst * vabi Scout AspSr
>oue,2) 3 0 43 4 2 2 - 2 3
“u(3,2) b 4 7 3 3 3 !
u(y,2) 5 5 > 9 y y y 5
u(5,2) 6 6 12 7 6 7 6
u(6,2) 7 7 15 9 8 8 7
u(8,2) 9 9 21 13 1 12 .9
u(10,2) 11 1. 27 17 14 15 11
u(2u4,2) 25 25 69 * 45 . 33 36 -25
u(2,3) '3 3 . 6 2 2 2 3
u(3,3) y b 1 5 - y [
¢ u(4,3) . 5 5 17 9 . 6 6 5
: u(5,3) 6 6 25 14 A 8 6
u(6,3) 7 7 33 19 10 10 7
u(8,3) 9 9 53 34 14 14 9
u(10,3) 1 1 80 55 17 - 19 11
‘ u(2,4) 3. 3 - 6 2 2 2 3
u(3,4) y - 4 .13 6 I T y Yy
. u(l. y) 5. 5 27 W & 7 T~ . 5
. u(5,4) o6 -6 43 23 . 8 12 6
\ '
u(2,5) 3 3 8 3 2 2 3
u(3,5) y y 17 8 y 4 [t
u(d,5) 5 5 .34 18 6 6 5
. .
u(2,6) 3 3° 9. 3 2 3
" u(3,6) b ) 24 12 5 5 l
‘ AN
,}‘ I.
L% ' - _
TABLE U4.33 -~

The average -number of processors used by
- parallel algorithms searching nonuniform trees under
the 0.8 ordered independent scheme of static value assignments,

v
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Tree The parallel algorithms
size | MDUAL MSSS* TrSpl MWFst PVSpl Scout  AspSr
(//
u(2,2 3 3 y, 2 2 2 /3
u(3,2) 4 U T 3 3 3 4
u(4,2) 5 5 9 y 4 y 5
u(5,2) 6 6 1 6 6 6 6
u(6,2) 7 7 14 8 8 8’ 7
u(8,2) 9 9 19 11 1 By 9
u(10,2) 11 1 2l 14 W 1
u(24,2) 25 25 58 34 M. 3 25
u(2,3) 3 3 6 2 2 2 3
u(3,3) ) y 10 5 y y i
u(k.3) 5 5 17 8 6 6 5
u(s,3) 6 6 24 14 8 8 6
u(6,3) 7 7 32 .19 10 . 10 T
u(8,3) 9 9 b - 32 13 13 9
u(10,3) |~ 11 1 T4 51 17 17 1
u(2,4) 3 3 6 2 | 2 2 3
u(3,4) - 4 4 Al 6 I 4 y
u(l.4) 5 5 2k 13 6 6 5
u(5,4) 6 6 / % 21 8 8 6
u(2,5) 3 5. 8 .3 2 2 3
u(3,5) 4 4 17 8 y 4 U}
u(#4,5) 5 5 35 19 7 7 5
u(2,6) 3 3 8 3 2 2 3
u(3,6) 4 y 24 12 5 5 Yy
. .
TABLE 4.34

The average number of processors used by

parallel algorithms searching nonuniform trees under

the 1.0 ordered independent (perfectly ordered)

scheme of static value assignments.

~

~

s =109 - ..




M& 'a-‘ ' b
@
< o
[=d
'r, s
“ | A N
\ o -
e
7 N
Q o~ Scout
A A~ RVSp I .
S +~ MSSSe ) » '
2 " x - MDUAL - - ' .
(4]
o Tr‘Spl ‘
) oq e MWF&t
) 2_ x~ AspSr
- ~
- \\\‘
Qo Y
o A
95_ \
S| ' » \\
N w \ ‘a.
Y \ '
LB .
.'Dg o' !
® -~ T
© .
Q -t
- @ g °
. o -~
o~
. . .
Q.
[=] —
o .
Q
. Q-
(=]
w 1}
“ .
; . —ar— : 5 o : L
84 : » —% " —x
ol T T T < T 1 T T T R T 1 )
2.00 3.00 4.00 5.00
‘ Width of Tre’e
\ . 3
quure 4.25 Plots of the average number of processors
used for uniform trees of depth 4 with
. integer dependent static-value assignment,
e . * -0 -
gh’ IA.' ', e M * ' ' 7 e’



[~4
o o - \\
N
o f
~
.
A .
o «
(=]
A s“ \ \ ~ -~ ) '
~ o~ Scout
- A PVSp]
- o ’ Y
] + MSSSe ’
o )
. x - 'MDUAL y
“} N
. - ’,1‘0- Tf‘Spl
o1 *— MWFSJ( -
o . |
o X~ AspSr .
Ll
o
. - .
o 9
- oo
v ] 3
© @
o P
. w ?
. o
52 . .
w o % "
W\O N
QO - er—— e e T——— a
2] . .\ [
Q
IS
a 8
- 1]
O-
o~ . b
- ) \
5 \
ES n \\
- .
8 4
e . J *
[} \ D
[+ 2] . s -
rd i
- J}
- - ‘E ’ -
[=]
. O
. o ¥ “~ '
0 - #
> , s,
- B . N \"
\ N A
\
g \ -
- - A ”
o] < /
‘, - A
M - f . " !
- > 3
N . — R v
%), o & :
! . S — * x:
Oi ¥ L ’_,l 1 A 1 1 1 L] T I R
2.00 & 3.00 © 4.00 i 5.00

Witdth of Tr'e‘e.

Figure 4.26 Plots of the average number of processors
o used for uniform trees of depth 4 with
real dependent static-value assignment.

- i

\ ) | . ) .
! . »

+

S . | . ,
\\‘ \ ) ) . ' ' - 111 - ) K\; ) ! _._’_/ ‘1f . L o
|




o ® . ’
o
o y
~e
o~ o~ Scout Y
- a- PVSpl :
g ‘ +~ M§SSe -
S‘ . x— MDUAL .
." o‘- Psp l* ' - ) Q“
- Do
8 . r'\l.+- MWF‘S{
S x~ AspSr
¢
- A,
o .
, OO . -
v -"‘ 0
287 )
w -
[ = .
°3 'f
L ¢ A N
w3
[ ] - .
©
© - . .
ag , .
o 5
p . B
o T -
. Q_ o
O. —
@ ?
o
(=]
o ‘ e
w, L T
] .
o —
<. ’
o .
8 -
. N i }
" + 3
S * — % .
o ! T T T — T T T T T T 1
2.00 3.00 4.00 5.00
Width of Tree - : ) , .
Flgure 4.27 Plots of the -average number of processors R
used for uniform trees of depth 4 with = - L
" unordered -independent stat1c-value ' ' N
assignment. - % : ' -
, 5 112, = . ’ ' l- !




R ’ X
Qo - . h a °
-8, ) ,
- o .
L P S -
o ~ ~ ° ’ .
e ) !
,E‘
, . ch .o M- Scout ] .
. 4 a- PVspl
> 8 +- M\SSS" o ;
g1 x = MDUAL ( N2
~ o~ IrSpl ) .
. - \ 4
o‘ . 3 MWFS*
' L2 "}~ AspSt .~
I - .
LA
1. ; .
) o , £
0.0 N ' )
¢ ] Yo ¢
D~} - -
52 N . "
‘U} - ~ n\ﬂ' .
43 |
v P - .
w27 ’ v \ :
t V- \
) -
Q- -
L ]
a8, ° p
27 v
r ,—. i “ AN
-+ T g .
o * *
L4 L4 o. -
R : :
g A ( ' - -
o T : . :
]
\ . 8 Y‘ * 1]
- M s .- .
» o - o)
[ w
v R .
. ' 5
. ° .
Q- . .
Q -
el oy
) . " i \t s "
g x —% —x
o'l T 7 T T T T T T YT y!
.00 - 3.00 4.00 5 5.00
' - - Width of Tree ’
Figure 4.28 Plots of the average number of processors-
. g used for uniform trees of depth 4 with
' f 0.2-ordered mdependent sta*- c—value
‘ - assignment. s
v ) o

N o -3 - A T

’



IPERENPN
H AR

»

R

Processors Used

o~ Scout | '

a- PVSpl e o

L+ MSSS‘ . i )

x— MDUAL ' : SN
o Tr‘Spl :
a- MWFst ;

g~ AspSr -

< i .

: . — |
o1 T T T | R T T 2] T T n
2-00 3.00 . 4.00 5.00

. Width of Tree

p Figuré 4.29

Plots of the average number of processors
used for uniform trees of depth 4 with
0.4—ordered(independ9nt static-value
assignment .~ - '

L

- 114 -

~

W



,

8 N \ X , *
a 'S.— -
o . "o~ Scout )
“ as PVSp[ .
& +~ MSSSe
27 x~- MDUAL ‘ )
o'. Tr'Spl i o
- . ~\
2 , e~ MWFst . .
S X~ AspSr‘ _
= |
o * :
Do '
[ I -
o ~
0
D= R N
o - .
F 5 “
. 08
wé"\ 9
A ﬁ\f N - . o
=] . .
[- I
P 5 3
a8
o-
e ]
o ’ }
3 | .
o
™ N e
o
e
c -
w -
(=
Q
o
”m
=4 —
o =T T T T T T R
2.00 '00 ' s.oo
, Wldih of Tree .

A Figure 4.30 Plpts of the average number of processors
« used for uniform trees of depth 4 with '
0.6-ordered 1n&ependent static-value
assignment .

N
L - 115 -



f"roce,ssors Used
00

érq.oo

24(%0 00 -

0 | 210.00

189.00

1
:)

bl

X 06X+ b O
tor
0N
7T Oun<o
MmMmncCconwme
¢t U O >»*$ (N C
- — 8 =

!
>
o
©
(73]
e

T T T T T
3.00 4.00 - ’ S.00

. Width of Tree

Plots of the average number of processors
used For uniform trees of depth 4 with
0.8-ordered independent static-value
assignment. \ .

-116 - 7 " '

.

A




o
=3 .
& S -
o~ o~ Scout - -
- as PVSP' . -
g +~ MSSSe
2-: x—~MDUAL - - \
o~ > . .
’Q""’ TrSpl
. . o e - MWF st
' g._ x . Az pSr
;\—‘ N -
o [}
"ﬂ(.?~ s -
3" \ ~
521,
w ' .
s8 ‘ ,
—.w o.-i
o
ro b 1
° pu A
a8 _ vV ~
o R ’
b <
. " ‘ep
-~y ‘ e - -
° \* . -
o
e
Qo
¢ [«,]
Q
o—
’ 6 L}
- w
. o\ .
. e '
] —
+
.8 — x
o1 T T T 1 T T T 3| =
. 2.00 . 3.00 4.00 5.00
) Widih of. Tree .
- * Figure 4.32 Plots of the average number of processors’
' « used for uniform trees. of depth 4 with
. l.0-ordered mdependent (perfectly-ordered)
static-value assignment. >
w
. S é

‘

=117 -

P e ——

-



I

{

8 ' ' T f

°4 . !

i "‘ - . ol SC‘DU{ - v
- A— PVSP] \
g .+" MSSS‘ '

v . % = MDUAL . ~
) o~ TrSpl ‘ .

~ ¢ O MWFS{ . » *

< Sw g~ AspSr ) ‘i
@ .
e )

1

48.00

]
>-o
2

Processors Used
40.00
/

k)
2.00 B 3.00 4-90. . - - §5.00
Width of Tree

Flgure 4.33 Plotdg of the average number of—processors
x used for nonuniform trees of depth 4 with
integer dependent static-value assignment.

-.118 - .

- _ <7 e ot

~

P




gl
- e ] . -
~ - o~ Scout
» *
- - A"PYSp]
N 8_1 + MSSS‘ é’,g '
- .- MDUAL . ,
")
J o TrSpl T
y MWFSf T o
(o] ~ . B . « ¢
o | %~ AspSr - C
P
v
-4 # .
e - =) N N .
©Q .
"
=2 :
.
Vv n -
£
=]
» O |
“
-
o
Q -
-~
G o
o—
o
~
o
°-
-
o~
o
O_ g
o
- td
=)
e
)

o

Q

ot Ll T T 7T T T T T T 1 n 1
2.00 3.00 4.00 ' : §.00

Width of Tree

)

Rigure 4.34 Plots of the average number of proceésors‘
used for nonuniform trees of depth 4 with'

real dependent static-value assignment.

- 119 -

A



-

\
72.00

Processors Used

-

32.00 40.00 48.00 56.00 64.00
1 1 1 I i i 1 1 1 1 1 1 1 1
e

24.00

|

RN

1

“ ‘5400

- Scout
- PVSpl
MSSSe
- MDUAL
TrSpl - -
MWF s t .

AspSr

¥ PO X + D>

1

1 ¥ L] T 1
3.00 4-00 . stoo

Width of Tree

Plots of the average numbet of processors _
used for nonuniform trees of depth 4 with
unordered independent static-value
assignmerft.



. %
AN .
Y
L ] { -
a .
10.- ’
: ‘ o~ Scout : .
b AA'- PVSP‘ ;
= + MSSSe l,‘ . , Co
° .
<] x— MDUAL
@ Q- TrSpl ) '
7 *" MWFS* ’ d
8| %~ AspSr .
w .
. w .
[ 1 .
M
o ° | .
S e N .
[
. o
4 W -
‘e ’
[~ W) . .
J wo
h\;v)c’)" .
®© o .
° \ ; . :
’ e ~
0-o
©.
K|
F
=
o-
- |
o Ny
-ﬂ
o
Q.
3 (-] -
— -—\
3 1
o c—
°. =
: o
. (] .
" oT | T T \ T T T T | ERRDUS S SR
! - 2.o0 3.00 ) " . 4.00 ~5.00
4 N . Width of Tree

, Figure 4.36 Plots of the average number of processors
L ‘ - used for nonuniform trees of depth 4 with
" - 0.2-ordered independent -static-value -

assignment.

R o - 121 - . v




% , “

- o ' ’ .
O >
o~ | - , . ~
~ o~ Scout .
4 a” PVSpI , ", - L 4
: 8 +- MSSSe - ’
<7 x~ MDUAL ,
. o~ TrSpl = ‘ : ~
] _Q' MWF st i . .
o N , . .
. o %~ AspSr :
Ve w0 ! : N , . >
v \ ~
ve] TN
5% \ R
w - v
L -
A-Ne)
'w O
w g7
o9
o 3 :
! o
L o
« oo - - _
Q.
o ¥
™M
=) "
Q.
-
N (4]
o .
o-
)
)
o N
<
@x
e e .
g Q!
N, Q. j
Q! . T T T~ T T T ki T T T T
2.00 3.00 4.00 ' 5.00
| - Width of Tree ' : .
, Figure 4,37 Plots of the average number of processors - o
- used for nonuniform trees of depth 4 with ) _
N ‘ L 0.4-ordered independent static-value. - | , -

«

- assignment.




8
- = u"‘
S_J o" Scout
- PVSpl .
ol . +- MSSSe . .
o-
’ ‘p '
- G- Tf‘Sp]
"' MWFSf
Q e \\' .
3_1 X AspSr
— L4
W
dr’"fﬂd’\' wnd !
O
Qo._' ‘ fa
52 \, - ‘
w0 —
IS
LXK~
0w o -
) 237"
v
K- N
L
Q. o ‘
?_ - .
I N
L '\4.
o L
o_ 5
\ -
" J
Q
<4
w0
o
o
N

Foo ¥ L] T 330 ¥ L T 1 ¥ T ¥ 1 _7
. . . 4.00 5.00

b Width of Tree

Figure 4.38 Plbts of the average number of processors

used for nonuniform trees of depth 4 with
0.6-ordered independent static-value

.,

v, ' assignment. ~

2e223 =

» /
1 . -
i ' . .




Y R <
AN N * *
-1 ®
'!‘ ’
o 1
e
N o~ Scout
. a—- PVSpl
g | 4+~ MSSSe |
¢ ‘ %= MDUAL \ '
3 TrSpl ~
L MWFS{ .
Q -]
Q| R~ AspSr
o .
@ .
v o
] uo._ R
I :
U
[ G
°Q
'ho— -
IDQ' .
U« -~
O -
Q - "
L 3
o0
o_ -
o~ . 3
n ~
k|
Q
- o- 4 «
. ". -
" N
o »
O‘ T
7]
Qe
. © )
a -~
\ - .o
o .
) = -
o T T T T T T Y T T T 7
2.00 3.00 4.00 $.00
. Width of Tree '
» _ Figure 4.39 Plots of the average number of processors
) used for nonuniform trees of depth 4 with
‘ ’ L : 0.8-ordered independent static-value ‘ *
N . assignment . ‘ ‘ : . N
N . ‘ o . \
) : T =124 - . ' _ S




—
'

—— e

Processors.bsed

"

o \
e, - . :
~ o Scout 2 |
. © Ta- PVSpl \\ h
. g 4" MSSSe s . &
,;” X~ MDUAL
e / 0,' TrSp"
- Fl
1 / 4~ MNF'S*‘t‘
8] | . R™ AspSr B
8 . * »
7 {
o
o—w
@
-« . A}
4 !
5 . .
(=53 . A
gJ \
y \
[ = 5
o— L
i ™
”m
' ' ‘&
©
o‘
-
(9]
©
Q.
(73
3
[~
<Q
o

4000

1 2| T | BRI S | T T 1 T T 7
.00 3.00 - 4,00 o, 37 sLoo
Width of Tree

_Figure 4.340 Plots of the average number of ptoce#sors

*

used for.nonuniform trees of depth 4 with | »
1.0-ordered independent (perfectly-—ordered) \
static—value assignment. . C A

- 125.- | |



+
¥

and AspSr algorithms use 4 processors; PVSpl usgé 13, Scout
ﬁ§es 85, MWFst uses-136 and TrSpl uses 441.\wThe numbers of
processors used by all algorithms decrease when the tree
becomes ﬁore ordered. For’perfectly ordered trees with the
same dimensions as above, the number. of processors used by
TrSpl was 125, The performance of all éruning algorithmsioﬁ
uniform and nonuniform trees was similar.'

Table 4.18 ranks\the algorithms by average (out of Sd)
number néf processbrs used to search the trees with depth
> 3. Tables 4.19-4.34 present the average ‘numﬁeru of
processors dsed by the algo;ithms, casenby case, for ail 16
cases of trees. FigLres 4.25-4.40 show the plots of\ ﬁhe
average number of processors used by algoritﬁms for all iG

.

cases of trees with depth 4 and width vafying from 2 to 5.
v .
€.2.3 Griterion of the Maximum Number of Leaf Nodes

Created per Processor.

AN
AY

< 3

This criterion considers the magimum number of léaves
created per processor when a number of processors ;5.
distinct’ for differeﬁp‘ methods, as was discussed in the
sec;ion above. This numbe; is implementation dﬁpengent; it
depends on the number of the processors available to the
méthqd. One can expectLthat‘the method which uses a small

number of processors, creates a bigger number\of leaves per

processor and vice versa. This is ‘true for AspSr but not

“’_ ' "126“
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for MDUAL and MSSS*. On uniform trees (except on . perfectly

"

]

/ ‘ Scout. On nonuniform trees MDUAL and MSSS* outperform all
B ~

algorithms except TrSpl, and only on pérfectly ordered trees

. @
! they do yield sgcond place: to MWFst. .

t

3 .
; For example, the maximum number of leaves created per

t

processor vary from 1 for TrSpl to 339 for AspSr searching

uniform trees ’ of width 4 gnd depth 5 ' under

unordéfedjindependeht scnpmé\ of static wvalue assignmeﬁtu

The maximum number of leaves created per processor (out of

'50) are ‘sresented in the Tables 4.36-4.51 for all 16 cases

of trees. Figures 4.41-4.56 show the plots of the data from.
- o

Tables 4.36-4.51 for trees of deptf 4. The ranking of the

L

ealgorithm performances by the maximum number of 1leaf nddes
o A
created per processdxr for trees of depth 3 3 can be seen in

Table 4.35. “ - ) »

£ J

4.2.4 Comparison with Theoretical Results.

A

- fTheoretical results gha& cqlcﬁlate the number of leaf
nodes created by ceitain sequential and parallel algorithms-
(for some cases of static-valge agsigpment) arf,gresented in
(1,5,6,10,12,15,19 and 21-23]. For the MWFst algorithm
4 searching on uniform perfectly orde?ed tréés, tge for@ulas
that calculate the number of leaves created arejgiveh in (1]

4

and [15]. The numbers obtained during the experiments

. . .
- ¥ N ¢

‘ " ‘ordered trees) the last two methods outper form Pvspl and '

3
-

SEF

=~
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The 16 pésss

- Type
of

tree

Schemé of igatic
value #$signment

to leaf nodes

Ranking of the pruning algorithms

in decreasing order of.their performance

Uniform

integer-dependent
real-dependent !

unordered-independent
0.2-ordered-independ.
O.J-ordered-independ.
0.6-ordered-independ.
6.8-oqdered-independ,

1.0-ordered-independ.

TrSpl,MWFst, [MDUAL MSSSH, Scout] [PVSpl,AspSr]
TrSpl, [MWFst MDUAL},MSSS* Scout [PVSpl,AspSr]
TrSpl,[MWFst,MDUAL],MSSS*,Scout,[PVSpl,AspSr]
TrSpl, [MWFst,MDUAL],MSSS*, Scout , [PVSpl,AspSt]
TrSpl, [MWFst,MDUAL],MSSS*, Scout, [PVSpl, AspSr]
TrSpl, [MWFst ,MDUAL],MSSS*, Scout, [PVSpl, AspSr]
TrSpl,MWFst,[MDUAL,MSSS*,Scout,PVSpl],AspSr

[TrSpl,MWFst],[Scout,PVSpl], [MDUAL,MSSS*],AspSr

Nonuniform

integer-dependent

| real-dependent

1 undrdered-independent

0.2-ordered-independ.
0.l4-ordered-independ.
0.6-ordered-independ.
O.8-oréered—independ.

1.0-ordered-independ.

TrSpl,MDUAL,MSSS*,MWFst,Scout, PVSpl, AspSr

| TrSp1,MDUAL ,MSSS*, [MWFst,Scout | , AspSr, PVSpl

TrSpl, [MDUAL,MSSS*] ,MWFst,Scout,AspSr,PVSpl
TrSpl, [MDUAL,MSSS*],MWFst, Scout , AspSr,PVSpl
TrSpl, [MDUAL,MSSS*] ,MWFst, Scout,AspSr,PVSpl

TrSpl, [MDUAL,MSSS*],MWFst , Scout , [AspSr, PVSpl ]

‘TrSpl,MWFst, [MDUAL ,MSSS*],Scout,PVSpl,AspSr

[TnSpl,MWFst],[MDUAL,MSSS*],[Scout,PVSplj,AspSr

[y

TABLE 4.35

AN

- Overall ranking of prunlng algorithms under the criterion of
the maximum number of leaf nodes created per processor for trees of depth > 3.

<

~
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Tree ‘ _The parallel algorithms .
size MDUAL MSSs*  TrSpl MWFst | PVSpl Scout AspSr
u(2,2) 2 2 ’ 1 T
u(3,2) 3 3 1 1 7 3 9
u(4,2) 4 4 1 1 10 4 13 .
u(5,2) 5 5 1 1 12 5 20
w(6,2) 6 6 1 1 6 20
u(s,2) - 8 8 S 1 19 8 29~
u(10,2) 10 10 1 1 23 10- 41 i
u(24,2) 24 2y 1 1 53 a2y 122
u(2,3) 3 3 1 2 7. 4 8
S u(3,3) 6 6 1 3 18 8 22
u(4,3) .. 8 1 1 Y 30 12 42
u(5,3) 12 21 1 5 41 16 . 67
u(6,3) 1 16 1 6 56 21 91
u(8,3) 23 33 J 8 .90 . 24 162
u(10,3) 36 48 ] 10 123 38 224 .
u(2,4) 6 - 5 1 y 14 6 16
~u(3,4) 13 15 1 -9 45 18 48
u(l.b) .34 29 1 16 83 27 114
“u(5,4) i 50 1 25 148 45 199
u(2,5) 10 "M e 1 8 26 1 29
u(3,5) 233 . 33 1 23 103 37 111
u(l,s) Bl 81 T L6 178 71 300
u(2,6) 19 14 1 12 49 20 41
u(3,6) 52 82 1 52 i89 . 83 232
TABLE 4.36

The maximum number of leaf nodes created by any one processor
during the parallel search on uniform trees under
the integer dependent scheme of static value assignments.

¢
% o
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Tree The parallel algorithms
size "MDUAL  MSSS*  TrSpl MWFst  PVSpl Scout  AspSr
u(2,2) 2 2 1 1 . 2 3
u(3,2) 3 3 1 1 7 3 7
u(4,2) 4 N 1 1 10 - 4 13
u(5,2) 5 5 1 1 12, 5 - 12
u(6,2) 6 6 1 1 )5 6 20
. u(8,2) 8 8 ‘1 1 19 8 24
u(10,2) 10 10 1 1 23 10 32
u(24,2) 2l 24 1 1. 53 2y 70
u(2,3) 3 3 2 8 3 6
u(3,3) 5 5 1 3 22 5 19
u(l,3) 7 10 ~1 Y 33 9 28
u(5,3) 9 21 1 5 42 10 53
“u(6.3) 1 16 1 6 58 \13 76
u(8,3) 15 29 1 8 93 19 123
u(10,3) 19 37 . 1 10 - 115 . 26 164
u(2,4) 6 5 1 o2 5 ~ 13
u(3,4) .13 13 1 9 69 10 . s
u(l. 4y 22 25 1 16 116 18 - 52
u(s,4) 33 37 1 25 257 41 140
u(2,5) 8 11 1 8 55 T 28 .
u(3,5) 21 25 1 21 125 , 20 108
u(l,s) 34 73 1 43 379 86 158
u(2,6) 5 . 12 1 12, 85 10 38
s u(3,6) 47 48 1 47 513 61 219
¢
TABLE 4.37 D

The maximum number of leaf nodes created by any one processor
during the parallel search on uniform trees under«
the real dependent scheme of static value assignments.

S s : A
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Tree The parallel algorithms .
- size MDUAL MS7"S*  TrSpl  MWFst  PVSpl  Scout \ AspSr
u(2,2) 2 2 1 1 y 2 4
u(3,2) 3 3 1 J. 7 3 9
u(4,2) 'y y 1 1 10 4 15
u(s5,2) ‘5 5, 1. 1 12 5 25
u(6,2) 6 6 -1 1 14 6 28
u(8,2) 8 8 1 1 20 « 8 50
u(10,2) 0 10\ 1 1 23 10 68
,u(24,2) 24 . 24 N 1 1 52 24 271
u(e,3) 4y 4 1 2 9 i 8
u(3,3) 8 9 1 3 22 8 26 -
.u(4,3) 9 -9 1 b 37 13 R T N
u(s,3) 16 16 1 5 54 21 84
u(6,3) 23 , 27 1 6 69 27 125
% u(8,3) 38 52 1 8 120 41 262
1 u(10,3) 58 83 1 10 157 62 400
u(2,4). | .6 - 5 1 4y 18 . 7 16
u(3,4) 21 21 1 .9 50 9~ 55
u(l.u) u8 37 v 16 9 42 7
u(s,4) 57 56 A 25 169 55 267
u(2,5) 1 1 1 8 37 12 29
u(3,s) Lo 38 1 25 108 42 139
u(4,5) 89 131 I8 53 291 91 339
. NN
u(2,6) 19 15 1 16 55 18 - U5
u(3,6) 120 92 . 1 62 2173 96 288

TABLE 4.38

«

The maximum number of leaf nodes created by any one proceésor

the unordered independent scheme og S

during. the parallel search on uniform trees under

<
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Tree The parallel algorithms

size MDUAL  MSSS* . TrSpl MWFst PVSpl Scéut  AspSr
u(2,2) 2 2 1 N 4 2 Y
u(3,2) 3 3 1 1 7 3 9
u(4,2) Y 4 1 1 10 4 T
u(5,2) .5 5 1 1 12 5 25
u(6,2) 6 6 1 1 15 6 24
u(8,2) 8 8 1 1 18 8 41
u(10,2) 10 10 . 1 23 10 62
u(24,2) 2y 2y 1 B 52 24 24y
u(2,3) 4 . i 2 10 y 8
u(3,3) 7 9 1 -3 20 8 22
u(4,3) 7 8 1 4 32 .15 42
u(5,3k" * 14 15 1 5 54 21 78
u(6,3) 20 24 1 6 . 13 28 101
u(8.3) 16 . 27 1 8 % 113 4y 224
u(10,3) 58 - 83 1 10 157 62 330
u(2,4) 7 7 « 1 4 18 8 13
u(3,u) 16 19 1 9 56 22 ) 50
u(l4.4) 38 ¢35 1 16 98 38 121
u(5,4) 46 56 1% 25 169 55 237
u(2,5) 8 8 1 8 32 1 27
u(3,5) 2% 29 1 27 132 39 137
u(l,5) 52 .93 1 49 306 87 342

' . .

u(2,6) 15 15 1 15 52 21 q&

u(3,6) 58 66 1 61 261 93 257
” TABLE 4.39

The maximum number of leaf nodes created by any one processor

during the parallel search on uniform trees under

.o the O. 2-ordered independent scheme of static value assignments.
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Tree The parallel algorithms
. -
size MDUAL  MSSS* TrSpl  MWFst  PVSpl Sgout  AspSr
' «
u(2,2) 2 2 . 1 1 y 2 y
u(3,2) 3 3 1 1 7 3 7
u(4,2) 4 4 1 1 10 4 12
u(5,2) N 5 5 1 - 1 12 5 21
u(6,2) ) 6 _ 1 1 15 T 23
u(8,2) 8 -8 1 1 18 8 36
u(10,2) 10 10 1 1 23 10 51
u(24,2) 2l 24 1 1 - 53 24 229
u(3,3) 7 7 1 3 20 9 23
u(4,3) 8 8 1 4 31 13 37
u(5,3) 14 15 1 5 54 21 68
u(6,3) 20 27 1 6 68 28 - 91
u(8,3) 15 16 1 8 114 - 48 195
u(10,3)- 30 55 " LI 10 153 62 311
u(2,4) 5 5 1 20 7 13
u(3,u4) " 11 1 9 48 18 43
u(l. y) 25 31 1 16 92 41 101
u(ﬁ,u) 29 .29 1 25 164 55 197
u(2,5) 9 11 1 8 29 12 22
‘u(3,5) 32 38 25 129 4o 97
.ugh,s) 35 43 1 50 283 87« 2510
u(2,6) " 15 . 1 16 56 20 35
u(3,6) 86 88 1 63 225 91 207
“TABLE 4.140

Y%

The maximum number of Ieaf nodes created by .any one processor

during the parallel search on uniform trees under

the 0.4-ordered independent scheme of static value assignments.
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Tree - The parallel algorithms
size MDUAL  MSSS* TrSpl MWFst  PVSpl . Scout  AspSr
u(2,2) 2 2 1 1 y 2. b
u(3,2) 3 3 1 1 7 3 1
u(y,2) . y y 1 1 10 b 10
u(5,2) 5 .5 1 1 12 5 17
u(6,2) 6 ) 1 1 1 6 19 .
u(8,2) 8 8 1 1 18 8 33
u(10,2) 10 10 1 1 ., e3 10 45
u(24,2) 24 24 1 \1, 51 24 166
u(2,3) 3 3 1 1 9 y 7
u(3,3) 6 8 1 1 20 9 17
u(l,3) 7 7 1 y 35 13 \\29\\f
u(5,3) 14 15 1 5 54 21 57 .
u(6,3) 17 2l 1 6 63 24 78
u(8,3) 15 16 T - 8 96 kg 147
u(10,3) 30 55 1 10 153 54 231
u(2,4) 6 6 1 y 15 7 12
u(3,u4) " 13 1 9 45 21 33
u(4.u) 25 29 'é} 1 16 92 32 73
u(s,4) 29 29 - 1 25 - 164 55 173 -
u(2,5) 10 10 1 8 N 13 20
u(3,5) 17 17 1 23 129 43 82
u(l,s) 31 54 1 ug 287 108 184
T \,/
u(2,6) . " 1 1 15 39 17 30
u(3,6) 35 35 1 64 211 103 149
TABLE 4 .41

>

The maximum number of leaf nodes created by any one processor

during the parallel seacrch on uniform trees under

the 0.6-ordered independent scheme of static value assignments.

L33
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l‘Tree The parallel algorithms ;
size MDUAL> MSSS* TrSpl MWFst PVSpl Scout AspSr
u(2,2) 2 2 1 1 1 1 3
u(3,2) 3 3 1 1 1 1 5
u(4,2) y y 1 1 1 1 7
u(5,2) 5 5 1 1 12 5 13
u(6,2) 6 6 1 1 12 6 16~
u(8,2) 8 8 1 1 15 8 22
u(10,2) 10 10 1 1) 21 10 36
u(24,2) 24 24 1 1 52 24 94
u(2,3) 3 3 1 1 Vo2 2 5
u(3,3) 5 5 1 1 3 3 -1
u(4,3) 7 7+ 1 4 32 15 31
u(5,3) 9 -9 1 5, 5i 21 43
u(6,3) 21 26 1 6 60 2l 66
u(8,3) 16 19 1 '8 92 L4y 110
u(10,3) 25 40 1 10 153 48 172
u(2,4) 5 -5 1. 1 2 -2 7
u(3,4) 11 11 1 A 3 3 AT
u(l.u) 19 19 1. 1 4 4 3
u(5,4) 29 29 1 25 164 9° - 107
u(2,5) 7 7 1 1 Y .o
u(3,5) 17 17 1 1 9 9 35
v u(l,5) 3 31 1 37 125 82 164
u(2,6) 1 11 1 N Y 15
u(3,6) . 35 35 \T 1 9 ° 9 53

TABLE 4.42

The maximum number of leaf nodes created by any one processor

during the parallel search on uniform trees under

the 0.8-ordered independent scheme of static value assignments.
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Tree A The parallel algorithms
size MDUAL  MSSS* TrSpl MWFst PVSpl Scout AspSr
u(2;2) 2 2 1 1 1 1 3
u(3,2) 3 3 1 1 1 1 5
u(li,2) v y 1 1 1 1 7
u(s5,2) 5 5 1 1 1 ¢ 1 9
u(6,2) 6 6 1 1 1 1 11
u(8,2) 8 8 . 1 1 1 ! 15
u(10,2) 10 10 1 1 1 1 S 19
u(2u,2) 24 2l 1 1 1 1 47
" u(2,3) 3 3 1 1 2" 2 5
u(3,3) 5 5 1 1 3 3 11
u(4,3) 7 7 1 1 y Yy 19
u(5,3) 9 9 1 1 5 5" 29
L, u(6,3)" 1M - 1 1 6 6 41
u(8,3) ,| 15 15 1 1 8 8 [
u(10,3) 19 19 1 1 10 10 109
u(2,4) 5 5" 1 1 2 2 7
u(3,4) ST 1" 1 1 3 3 17
u(d.u) 19 19 . 1 1 4 y 31N
u(s,4) .29 29 - 1 1 5 5 49
u(2,5) 7 7 1 i 4 y 1
- u(3,5) 17 17 1 1 9 © 9 35
u(#,5) 33 S 16 16 79
u(2,6) o 1- 1 4 4 15
u(3,6) 35 35 1 1, 9 9 53
\ .
: TABLE 4.43 !

[

The maximum number of leaf nodes created be any one processor
a during the parallel search on uniform trees under
the 1.0-ordered independent (perfectly ordered)
scheme of static value assignments.
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Tree The parallel algorithms )
size MDUAL MSSS* TrSpl MWFst PUSpl Scout  AspSr
n(2,2) 1 1 1 1 Y 2 A
n(3,2) 1 o 1 1 6 3 7
n(4,2) 2 . 2 1 1 7 y 9
n(5,2) 5 5 1 1 12 5 13
n(6,2) 6 6 1 1 13 6 17

™ n(8,2) ¢ 8 8 1 1 18 8 .22
n(10,2) 10 10 1 1 21 10 30
n(24,2) 22 22 1 1 Ly 2y 87
n(2,3) 2 2 1 i 4 3 6
'n(3,3) Y 6 1 3 10 4 10
n(4,3) 6 5 1 Y 16 9 19
n(5,3) 5 6 1 5 ¢ 19 10 26
n(6,3) y 7 1 6 34 15 u5
n(8,3) 15 33 1 8 Ly 19 . 7.
n(10,3) 19 22 1 10 54 22 104
n(2,4) 2 2 1 « 3 8 4 8
n(3,4) 2 2 e 1 5 13 11 20
n(4.4) 10 ~ 13 1" 0. 31 .~ 15 48
n(5,4) 5 6 1 16 51 16 59
n(2,5) 1 1 1- 3 8 5 10
n(3,5) Y y 1 10 - 17 .10 23
n(4,5) - 6 6 1 19 52 22 48
n(2,6) T 10 - 5 8 5 n
n(3,6) 10 10 1 13 31 18 30

20 TABLE 4 .44

’  The maximum number of leaf nodes created by any one processor
. during the parallel seargh on nonuniform trees under
the integer dependent scheme of static value assignments. :

3y
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Tree The parallel algorithms
size MDUAL ~ MSSS* TrSpl- MWFst PVSpl Scout AspSr
n(2,2) 1 1 1 1 4 2 3
n(3,2) 1 1 1 1 7 3 6
n(4,2) 4 4 1 1 8 y 10
n(5,2) 5 5 1 (I 5 10
n(6,2) 6 6 1 1. 13 6 15
n(8,2) 8 8 1 1 20 8 21
n(10,2) 10 10 1 1 21 10 28
n(24,2) 22 22 ‘1 1 48 2y 66
n(2,3) 2 2 1 1 5 2 6
n(3,3) 4. 6 1 03 17 3 10
n(4,3) 5 5 1 Y 20 it 14
. n(5,3) 5 6 1 w 5 36 5 23
n(6,3) 4 7 1 6 yy 7 36
n(8,3) 12 . 29 1 .8 53 10 . 57
n(10,3) 11 19 1 10 . 87 n., 9
n(2,4) 2 2 1 3 12 "y 6
n(3,4) 5 5 1 5 6 6 117
n(4.4) . 10 12 1 7 .47 1 25
n(5,4) 10 * 17 1 12 65 15 40.
n(z,5) 1 1 1 W 28 . 3 11
n(3,5) y 4 1 12 69 8 27
n(#4,5) 6 6 . 1 21 88 13. 36
n(2,6) 7 10 1 .5 38 5 .13
n(3,6) - 9 10 1 12 77 12 | 29
: T
TABLE 4.45

The maximum number of leaf nodes created by any one processor

during the parallel search on nonuniform trees under

the real dependent scheme' of static value assignments.
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Tree The parallel algorithms
size MDUAL MSSS* ~ TrSpl  MWFst . PVSpl  Scout  AspSr
\ . \
n(2,2) 1 1 1 4 4 2 4
n(3,2) 3 3 1 1 7 3 7
n(li,2) 3 3 1 1 9 T 10
‘1 n(5,2) < 4 4 1 1 12 5 17
n(6,2) 6 6 1 1 12 6 19
n(8,2) © 6 6 1 1 18 8 25
n(10,2) 9 9 1 " 18 10 26
n(24,2) 23 23 | 1 43 24 92
n(2,3) 2 2 1 2 5 3 5
n(3,3) 5 7 1 3. 14 6 18
n(l,3) 5 - 5 1 y - 20 8 21
A n(5,3) 6 1 1 5 33 12 38
' n(6,3) 10 13 1 6 ko 14 45
n(8,3) 26 33 1 8 47 21 103
n(10,3) 16 21 1 -10 T 33 112
n(2,4) "1 1 1 y - 7 Y )
n(3,4) 4 6 1 5 19 8 17
n(4.4) 8 8 1 10 36 1437
' n(5,4) 6 - 6 1 16 52 - 19 50
\ n(2,5) 3 3 (R 13 Y 10
n(3,5) ! L 1 " 34 9 21
n(4,5) 9 9 1 22 - 54 24 54
n(2,6) 1 1 1 5 6 8
. n(3,6) 5 t 13 52 15 38
TABLE 4.46

The maximum number of leaf nodes created by any one processor
during the parallel search on nonuniform trees under -
the unordergd independent scheme of static value assignments.
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Tree The parallel algorithms
size MDUAL MSSS* TrSpl MWFst PVSpl Scout  AspSr .
4 * . -
n(2,2)" 2 2 1 1 y 2 4
n(3,2) 3 3 1, 7 3 7
n(4,2) 4 4 1 1 9 R §
n(5,2) o 4 . 1 1 12 5»—/}1;{/
n(6,2) 6 6 1. 1 ~13 6 .
n(8,2) 6 6 1 1 15 8 26
n(10,2) 8 8 1 1 18 10 29
n(24,2) 22 22 1 1 39 24 107 .
n(2,3) 1 1 1 2 4 3. 6
n(l4,3) 3 5 5 1 y 18 . 10 21
" n(5,3) 9 9 1 5 26 - 12 31
n(6,3)" 1, 6 6 . 6 20 13 54
n(8,3) 12 23° - 1 8 42 21 72"
n(10,3) | .15 16 R 10 80 29 102 -
n(2,4) 1 1 15y 9 5 6
n(3,b) 5 6 1, 7 19 7 .12
n(4.4) M- 1 1 13 42 ' 16 35
n(5,4) 9 6 1 16 60 19 ° 57
n(2,5) 1 g X y 8 7- 10
n(3,5) 4 4 1, 12 31 1 21
n(4,5) 10 12 1 20 4o 24 59
n(2,6) 11 1 y 12 5 10
n(3,6) 6 6 1 12 41 14 28
TABLE 4.47

The maximum number of leaf nodes created by any one procéssor;

the 0.

during the parallel search on nonuniform trees under
2-ordered 1pdependenb "scheme of static valye assignments.
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Tree - The parallel algorithms . .
size _MDUAL MSSS* TrSpl MWFst  PVSpl  Scout AspSr
n(2,2) 1 1 1 hg l& 2 4
n(3,2) - 1 1 LN 7 3 6
n(4,2) 3 3 1 1 9 y 8
n(5,2) I 4 1 1 12 5 14 :
n(6,2) 4 4 1 1 12 6 20
n(8,2) 2 2 1 1 4 18 8 .23
n(10,2) 8 8. 1 1 21, 10 29
n(24,2) 22 22 1 1 39 -~ 24 " 108
- w . .
N n(2,3) - 1 1 1 1 T 3 }
™ n(3,3), ~ 3 3 1 3. 1 6 4 v
. n(4,3) 4 4 1 4. 18 7 17
n(5,3) 9 9 4 1 5. 28 12 31
n(6,3) y 1 "moo- e 6 36 * 14 33
, n(8,3) 8 8 1 8 31 17 53
: : n(10,3) "15 16 1 - 10 80 2@ 94
vw -
. n(2,4) 2, 2 1 2 T - 3 6
n(3,4) 3 . 3 1 7 26 8 14
n(4.4) 13 " 1 13 ko 16 . 30
n(5,4) 9 6 1 16 60 17 55
n(2,5) 1 " 1 3 9 5 7
n(3,5) 8 8 1 7 24 12 . 19
n(4,5) 21 21 -1 13 53 ~ 22 39
n(2,6) [ . 1 1 7 18 8 1 ‘
n(3,6) 138 14 1 16 42 9 35 7 v
A' _ —
N 4
TABLE 4.48 _
®The maximum number of leaf nodes created by any one processor ' -

during the parallel search on ?nunifo'rm trees underf;
the 0.4-6rdered independent scheme of static value assignments.
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_Tree B " 'The parallel aigorit\.hms
size MDUAL 'MSSS* TrSpl MWFst PVSpl ~ Scout  AspSr
n(2,2) 1 1. 1 1 Y, 2 4
n(3,2) 1 1 1 1 6 3 6
n(},2) 2 2 1 1 8 - 8
n(s,2) 4 4 1 1 12 5 15
n(6,2) 2 2 1 1y 6 15
n(8,2) y Y 1 1 18 . 8 23
n(10,2) 8 8 1 1 21 10° 26
n(24,2) 22 22 1 1 29 21" 71
n(2,3) 1 1 1 . Y 3 5
n(3,3) y ! 1 2 7 5 10
n(4.3) 4 4 X 4 7 T 19
n(5,3) 9 9 1 5 21 12 28
n(6,3) 9 9 1 6 U 1 39
. n(8,3) 10 10 1 8 49 29 67
n(10.3) 9 9 1 10 41 29 86
n(2,4) 2 2 1.2 5 5 . '.6
n(3,4) 1 1 1 5 12 6 15
n(4.4) 9 9 -1 10 30 13 23
n(5,4) 9 6 1. 16 63 19 48
. LY -
n(2,5) 1 1 2 7 3 8
n(3,5) - 6 6 1 5 14 7 19
n(4,5) |, 10 - 10 1 1 25 13 33
n(2,6) 3. 3 1. 1. 8 Yy
n(3,6) ¢ 3 3 1. 12° - 3 12 22
TABLE 4.49 . -

The maXimum number of leaf 'hodes created by any one p%ocessor
during the parallel search on nonuniform trees under
, the 0.6-ordered independent scheme of static value assignments.
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Tree . The parallel algorithms '
size’ MDUAL  MSSS* TrSpl MWFst PVSpl/ Scout  AspSr
n(2,2) 2 2 1 /1”/ 1 1 3
n(3,2) 3 3 1 1 1 1 5
n(4,2) 3 3 1 1 " - 7
n(5,2) 4 4 "1 1 12 5 13
n(6,2) 4 4 1 1 8 6 15
n(8,2) Y y 1 K 1 8. 18
n(10,2) 8 8 1 + 1 2t 10 27
n(24,2) 9 9 ., 1 1. 26 17 72
n(2,3) 1 1 1 1 2 2 5
n(3,3) y y 1 1 3 3 10
. n(4,3) 7 7 1 2 " 7 17
n(5,3) 9 9 1 5 21 10 26
n(6,3) 6 . 6 1 6 19 10 3
n(8,3) 10 13 1 1 28 13 52
n(10,3) 9 9 1 10 29 18 85
n(2,4) 2 2 1 1 2, 2 7
n(3,4) 1 1 1 1 3 3. 13
n(l.4) y b 1 1, 4 y 23
n(5,4) 9- 6 1 15% 63 19 '36
n(2,5) b y 1 1 4 4 7
~| n(3,5) 5 5 T 5 5° 20
' n(4,5) 10 10 1 T 13 13 33
n(2,6) 1 [ 1 4 y - 8
n(3,6) 8 - 8 1 1 8 8 20
*
’ W ) S Y
s TABLE u-so . ¢ .

#The maximum number of leaf nodes created by any one processor
during the parallel search on nonuniform trees under
the 0.8-ordered independent scheme. of static value assignments.




Tree The parallel algorithms
size ' MDUAL  MSSS* TrSpl  MWFst PVSpl  Scout  AspSr -
) , . A .
n(2,2) 1 ] 1 1 1 1 3
-n(3,2) 2 -2 1 1 1 1 5
n(4,2) , 1 1 1 1 1 1 7
n(5,2) 2 2 1 1 " Y 9
n(6:2) |+ 6 6 1 -1 1 1
n(8,2) 4 4y 1 1 1 1 15
n(10,2) 8 - 8 1 1 ,1 1 19
q(24,2) ) 22 22 1 1 1 1 47
n(2,3) 2 2 1 1 =2 .2 y
'n(3,3) 3 3 1 1 3 3 10
n(4,3) 4 by - 1 1 't . 15
n(5,3) 9 | 9 1 1 5 5 22
n(6,3) 6 6 1. 1 6 6 30 \
n(8,3) 8 ) : I 1 8 8 51 i
n(10,3) 9 9 1 1 10 10 Mt
n(2,4) 1 1 e 12 2 7
n(3,4) 3 3 Al 1 3 3 "
n{4.4) ’ 6 6 1 1 - 4 b 21
n(5,4) uy uy 1 5 5 29
n(2,5) 2 2 1 4 4 6 .
n(3,5) 4 b " 1 7 1 16
, n(4,5) 9 9 "1 13 13 30{
n(2,6) 1 Bt 1 1 3 3 6
n(3,6) 5 1 1 7 7 — 20
. .
< | :
TABLE 4.51
S ——
* ' The maximum ‘number of leaf nodes creatgd by any one processor
. : during the parallel search on nonuniform trees under
. the 1.0-ordered independent (perfectly ordered)
¢ scheme of static value assignments. A
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(see’ Table 4.9) confirm the formula from [l1] (see (2.1) in
‘Chapter 2) but thé'other one, given in [15] is mistaken; it
is correct just for trees with depth < 5.

1
- 4

"o

The expressions that calculate the expectted number, of
"leaf nodes crea£ed by sequential Alphabeté searching uniform
trees under four different schemes of static value
assignment are giveﬁ in [10,12,19 and 23]. The numbers oﬁ
leaves are calculated using these expressions and presented
in fable 4.52. Slagle et al. in [23] prove thé formula, .
attributed to M. Levin, that calculates the number of leaves
in a minimal tree (see formula (1l.1) from' Chapter '1). As
was dlscussed prev1ous1y in Chapter 2 é&nd as also can be

seen from the Table 4.9, the five parallel algorlthms MDUAL,

MSSS*, TrSpl, PVSpl and Scout prune the game tree to the

minimal ong when uniform perfectly ordered tﬂees are

searched. Ty

KnuSh ‘and Moore [12] present an expression that
calculates the numser of jIeaQes creéted by séquential'
Alphabeta. that searcﬁxthe trées &nder‘real.dependent sgheme

.+ ~of static value assignment to the leaf = nodes. ':Our
) correspondlng experimental results can be seen in Table 4.3.
As expected, the experimental numbers for TrSpl algorlthm
are very close to tgéoret1cal ones of sequent1a1 AlphaQeta.

All other algorithms create . more leaves than sequential

Alphabeta does, and just MDUAL (except for trees with



Tree

Schemes of static value assignments

Perfect ord.

size. Real depend. InteggL dep. Unord. indep.
u(2,2) 3.50 . . 3.50, 3.67 3.00
u(3,2) - 6.67 - 6.89 T7.44 5.00
u(l,2) 10.25 10.92 12,14 7.00
u(5,2) 14.13 15.44 9.00
u(6,2) 18.25 ¢ 20.37 23.96 11.00
u(8,2) 27.03" 31,21 38.65 15.00
u(10,2) 36.36 .43.09 : 19.00
u(24,2) 110.85 143.81 240.29 - 47.00
u(2,3) 6.25 . 6.25 6.84 5.00
u(3,3) 15.72 16.80 .19.45 11.00
»u(l,3) 29.02 32.93 40.11 19.00
u(5,3) 45.85 54.72 i . 29,00
u(6,3) 66.01 82.14 109.61 41.00
u(8,3)" 115.71 153.66 220.37 71.00
u(10,3) 177.21 246.99 ° 109.00
u(2,4) " 10.38 7.00
u(3,4) .32.32 ) 17.00
u(d.u) 68.13 — 31.00
u(5,4) 118.28 49.00
u(2,5) 17.56 . 11.00
u(3,5) 69.76 ~ 35.00
u(4,5) 172.60 - . 79.00
u(2,6) -28.34 . ' 15.00
u(3,6) 138.40 N 53.00
.-‘jh
’ TABLE 4.52

 Theoretical results for expected number of leaf nodes created

. by sequential Alphabeta searching uniform trees under,
four different schemes of static value assignments.

.

[19] - for integer dependent scheme,
[10] - for unordered independent scheme,

" Theoretical results are from:

/

[12] - for real dependent scheme,

[23] - for perfect ordering.
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depth 2) bonstantiy creates léss leaves: The same authors
present the lower and upper b'ﬁﬁds of. the branching factor
for uniform trees (under unordered-independent scheme, of
static value assignment to tﬁe leaf nodes) searched by the
algorithms that don't perform deep cutoffs. The branching
factor is defined as Nl/D; here N is the.number of 1leaf

nodes created by the method searching gahe trees of depth D.
In Table 4.53 the bounds above are compared with lhe
branching factor for the MWFst algorithm that does not
perform deep cutoffs. Our experimental results fit well in

the theoretical bounds, confirming that search overhead for .

MWFst algorithm is minimal,

Newborn (19] calculates the expécted numbeg of 1leaves
created by sequential Alphabeta for uniform trees of depth 2
and 3 under two schemes of static value assignment. He |is
using formula derived in [10] to calculate the numbers for
‘trees under an unordered independent scheme, and his own
formula to calculate ghe same numbers for trees under an
integér dependent scheme. The numbers from . [10] and [19]
can bé compared with our experimeqtal results in Tables 4.2
and 4.4. Two of the algorithms, MWFst and TrSpl, that are
parallel Alphabefés have the closegt 'Jaluesl to the
theoretical results. Ali other methods create many more-
leaf nodes on shallow trees of depth 2. For trees with

-

depth >= 3 the MDUAL algorithm creates fewer leaf nodes than

: &
sequential Alphabeta.



Comparison of Theoretical [12] and Experimental results °
‘on branching factor for uniform trees under

unordered independent scheme of static values assignment’

(a case without deep cutoffs).

S
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Width Theoretical . Mandatory-WOrk First Algorithm
of bounds Depth of*'tree
’preé Lower | Upper 2 3 y 5 b
2 | 1.847 1 a8 1.92 1.90 1.90 1.88 1.87
3 2.534 | 2.666 2.75 2.67 2.67 2.61 2.61
4 ] 3.2 3.39;1 3.44 '3.44 3.36- 3.31° >
5 3.761 4.095 4.28 4.12 4.00
6 4,226 | 4.767 4.95 4.78
8 5.203 | 6.059 6.32 6.12
10 6.112 | 7.298 .31 1.220
24 | 11.550 | 15.215 | 15.62
T 7
TABLE 4.53- ,' -

e

e e
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The last theoretical results that we would like to

consider here are given by Pearl [21]). He compares the

performance of sequeg&ial algorithms Alphabeta, SSS* and

Scout on uniform tregf of width'2,...,20 and depth 2,...,20
under an unordered-independent scheme.  He found Wthat SSS*
}s superior to Alphabeta, and that Scout and Alphabeta have
close performancesf‘although at small depth and small width,
Alphabeta slightly outperforms Scout. His findings for

sequential algorithms can be expressed in the following

ratios:

1.1 <= Iplphabeta/Isss* = 3
_ Iscout/IAlphabeta < 1.275
here, Iy is‘the average number of leaf nodes creatéd b;
x method. The corresponding ratios for our experimental

algorithms\are (five lowest and five highest values for each

ratio were rejected): P

r .
0.86 <= Iprspl/IMpuar <= 1.17;
This means that MDUAL and parallel Scout create from 1.3 to

2.56 times more 1leaf nodes than corresponding sequential

algorithms. ”
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CHAPTER 5. =

CONCLUSIONS.

The expé}iments have been performed with nine parallel
algorithms.searching uniform and nonuniform game trees under
different schemes of sta£ic value assignﬁent to the leaf
nodeé. Seven~of this algorithms were described in different
régéarch papers {1,2,4,8,14,16 and 24]; two ;thers are our
proposed modifications to well-known State Space Search
algorithms: SSS* [24] and dual-SS* [14].

2

In real game playing one o§ the most time consuming
operations is a. static evaluation of the leaf nodes. The
pruning algorithm that creates fewer leaf nodes spent less
~time evaluating them; Thus our criterion for judging the
performance of a pruning algorithms was the same as that
adopted by some of the other researchersI[5,6,10,12,14,19
and 23): the fewer leaf nodes a prﬁning algorithm A creates,
the better the aigorithm is Jjudged to be. Since we are
comparing the parallel algorithms, we also found useful to
measure the number of proceééors used by the algorithms and
the maximum number of 1leafs they created per wo}k;ng
processor. , . B

*

It has been experimentally shown that our modificatidns
improve the performaﬁce pf theée-algo:ithmg. It has also
~_b_éenﬂ.shown, expefimeh;;ily that the modified dual-Ss*, nameﬁ

/
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here MDUAL, performs better than any other known pruning

algorithm.

When perfétmance of the parallel algorithms is
discussed, the search and the communication overheads must
be conmsidered. The advantage\of State Space Search parallel
algorithms over the others, came from the way ghese
algorithms divide the search tree between the processors;

.singe each processor searches independently, commuhications
overhead is reduced té the minimum. Our modified
algorithms, compared with 6riginal ones, .take an advantage
of the narrowed search bound thgt became available to the

algorithms earlier, thus decreasing the search overhead.

The usual reservation againgt the State Space Search
algorithms is that they are consuming much more memory spébe
(on maintainance of OPEN lists) than other algorithms are.
‘The ‘examples in Chapter 3 show that our modified algorithms
need less mémory that SSS* and dual-SS*. The ' need in the
memory space can be reduced further by wusing more
processors, each of them keeping track of a smallér subtree.

.

It will be worthwhile to . improve our modified
aigorithms MDUAL and MSSS* further. Below we suggest two
ways of doing that. ./

r l. Instead of waiting for the first processor'to terminate

’

the search of the €first subtree, all processors can
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\

-



o
o
- \
P aa N
.
A
)
K
-
«
.
El
i
f
. J o
\ s
f
.
"y
:&
o
e

G
. .,
.
L

‘search the first subtree concurrently in order’ to speed

. by \ - . , .
up the search. L o, e

Each processor can be égqignea to search the subtrees

[4

concu#rently but, at first each processor can sparéh

only a .small part of the ‘subtree to obtain a new-
' ( ’ $ . R
- N ,
natrbowed search bound. After that, the - processor can
use -this bound to search the rest of the subtree.  The
, : . A 4
value of the recent, best bound o¢an be 'communicated -
among the processors.
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