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Path Tracking Control of Automated Vehicles:

Theory and Experiment

Mostafa G. Mehrabi

ABSTRACT

This thesis deals with theoretical and experimental studies on path
tracking control of automated vehicles. Two (yaw and lateral) and three
(yaw lateral and roll) degrees of freedom nonlinear dynamic models are studied
for the motion of a vehicle. Their linearized versions are also obtained, being

mqre appropriate for analytical study and motion controller synthesis.

It is shown that the coupling between the roll, the yaw and the lateral
motions is characterized by a dimensionless entity named "roll number". When
the roll number is small, 3-DOF and 2-DOF models possess the same dynamic
pattern. The former, thus, can be reduced to the latter avoiding the complexities

of the higher order system.

The transient response of a vehicle in plane motion and the parameters

involved is another issue considered here in this thesis. In this regard, two other
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quantities called "velocity constant” and "yaw number" are introduced. These
quantities can be effectively utilized in characterizing when to use a dynamic

model or a simpler kinematic model to represent the motion of the vehicle.

A parametric study is carried out by using sensitivity theory as a tool. This
provides one with a better understanding of the severity of changes in both

transient and steady state responses of the system due to parameter variations.

Control algorithms for path following of a vehicle are investigated for
various wheelbase configurations. For a tricycle model vehicle (front wheel
steered) a nonlinear controller is proposed and the path following of the vehicle
is studied by simulation. By employing the linear model (for tricycle model, front
steered vehicle) an optimal controller is designed that minimizes a quadratic
measure of performance consisting of the integral of the errors (errors in position
and orientation of the vehicle) and the input (front wheel steering angle). The
performance of the controlled system is studied by simulation. For a tricycle
model with two independent side tractive wheels a controller is designed and the

simulation results are presented for path following.

A prototype vehicle is built (CONCIC I) at Centre for Industrial Control,
Department of Mechanical Engineering of Concordia University that serves as a

testbed for the experimental studies. All the experimental results reported are



carried out on CONCIC IIL

The optimal controller is implemented to path tracking control of CONCIC
1. The analytical results obtained from the nonlinear dynamic model and those
obtained from the actual motion of the vehicle are compared and the validity of
the model and the associated assumptions are verified. A comparison is made
between the linear znd nonlinear models to show the accuracy of the linear
model. Finally, path following of the vehicle for various initial conditions,

trajectories and disturbances are examined and the results are reported.
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CHAPTER 1
INTRODUCTION

1.1 Introduction

Automated Guided Vehicles (AGV) and Wheeled Mobile Robots (WMR)
are self-propelled vehicles that are expected to follow a specified trajectory such
as reflective tape or paint, or buried wires carrying different frequencies for path
distinction. Alternatively, they can use a route map stored in memory. These
systems have been used for various purposes for applications such as nuclear and
explosive materials handling, security, hospital services, etc. or in three general
areas of distribution, assembly, and manufacturing. The distribution applications
typically involve the movement of materials to and from the production area or
within warehousing operations. In manufacturing, their applications are limited
to material handling between manufacturing cells. In assembly lines, they have
had a larger impact. In this case, the workpieces are transported through the
assembly /build process. For instance, in electronic industry where the demands
for various types of productions are high, AGVs offer the flexible programmable

transporting systems needed to meet the new demands of the production lines.



In automotive industries, AGVs have been used for both assembly applications
as well as manufacturing process such as body assembly, motor assembly and

welding stations [1].

AGVs are constrained by their fixed track and the only flexibility provided
is switching or merging of the alternative routes. For many applications, a fixed
track is perfectly adequate. Wheeled Mobile Robots (WMR) are the systems that
can offer other tasks with a higher degrees of autonomy. So, instead of being
confined to move along a fixed track they can move more freely and are more
maneuverable. Their typical applications are working in hazardous environments,
remote control applications, rescue works, hospital, undersea operations and

similar areas.

Automated Transit Vehicles (ATVs) are a class of urban transportation
systems ; like AGVs they need some reference trajectory to follow. However,
their working environment is different (highways) and operate at a higher range
of speeds as compared to the mobile robots and automated guided vehicles.
ATVs have drawn a great deal of attention recently and the study of their
performance will be an active topic for future research. This will be supported
by the fact that a considerable amount of funds are being devoted to research and
development of these systems in the United States, Europe or Japan. While two

operational tests are under way in Europe and in Japan, several projects are being




sponsored by various agencies [2].

1.2 Review of Autonomous Vehicle Research

In this section, a historical background is provided to illustrate the
advances in research and development of the above systems during the recent
years. A brief review of the studies so far made in their theoretical and
experimental aspects of kinematic modelling, dynamic modelling, motion control
and cracking stability will be given and the aims and important areas of the
future research will be explained. It should be mentioned that the research in this
area is growing very rapidly and by no means the list of the projects mentioned

in this section are complete.

1.2.1 Historical Background

Probably, the preliminary stages of developments on autonomous
vehicles started in the early 1950's with their use in automotive industry.
However, many factors hindered their early growth; among them are limited on-
board computing power, lack of or nonexistence of the electronic devices such as
integrated circuits (IC) to be used in their controllers, lack of sensor technology,
etc.[1,3]. During the 1960s, with the advances in electronic industry, more

compact controllers were in the market and also more computing power was



available; however, despite all these advances, they were too expensive to use
them in manufacturing. During the seventies, the research was slowed down
partly because of some of the reasons discussed above such as lack of on-board
instrumentation and also little real-world applications. However, it was in the
early eighties that the development of experimental works in advanced robotics
was picked up rapidly and the AGVs were being used widely in industry,
particularly in automotive industries and assembly lines. The major factors were
the improvements in microprocessors and sensor technology as well as

anticipations of new applications in both industry and hostile environments.

1.2.2 A Review of Experimental Automated Vehicle Projects

Literature survey suggests that the pioneering research on mobile robots
started in Stanford University where two versions of an autonomous mobile robot
were built. The main focus of the research has been the study of the processes
for real time control of mobile robots interacting with complex environments by
using Artificial Intelligence (AI) [4]. It is believed that mobile robots are very
appropriate tool and powerful support for Artificial Intelligence (Al) oriented
robotics where a variety of problems like perception, decision making,
communications, etc. should be viewed and solved within the constraints and
limitations of the robot like computing power, on-line processing of data,

operation ability, etc. One of the critical problems directly associated with the




above limitations is their path planning problem which has been the subject of
numerous studies [5-6]. In this regard, many experimental vehicles have been
built and various algorithms for their path planning are proposed [7-10]. In the
following section, attention is paid to explanations of some of these experimental

projects and their aims and importance.

The Stanford Cart [11] was a remotely controlled mobile robot. The robot
used an on-board camera that could locate the surrounding objects. It planned
an obstacle-avoiding path to a desired destination on the basis of the images
received. The motion of the robot was very slow (approximately one meter in
every 10 to 15 minutes) and, as reported, it could take as much as 5 hours to
execute an approximately 20 meter long trajectory. The cart has been used to
investigate the problems such as 3D image processing, obstacle avoidance and

path planning.

The Carnegie Melon University (CMU) rover [4] was a more capable
mobile robot being built to develop and extend Stanford work and provide a
more flexible testbed to explore new directions in research. It was equipped with
a camera and an array of ultrasonic sensors to provide the robot with the
necessary information about its surrounding environment. The CMU rover is
intended to support a variety of research in the areas of mobile robots such as

vision, decision making, path planning, real world modelling and similar issues.




At University of Tokyo [12], a mobile robot has been built with a tricycle
wheelbase configuration equipped with differential driven rear wheels and a
cas*er in the front. Two cameras provide the vision for the robot. It has been
used for experimental studies to improve the flexibility and autonomy as well as
obstacle avoidance of the vehicle. A scheme for path planning has been used that
allows the robot to determine the minimum time route from the present position

to the target.

At the Jet Propulsion Laboratory (JPL) in their research program on Mars
rover a small scale of the vehicle has been built and used to study the issues like
visual navigation, hazard avoidance, computation requirements etc. {13]. This
vehicle can be teleoperated and controlled from the earth, however, because of the
lang signal time to the Mars, it possesed some degrees of autonomy. It has been
equipped with stereo cameras and scanning laser to extract the information from
the surrounding. The images are sent to the earth where they are viewed by a

human operator and accordingly a safe path is designated for the vehicle.

The above projects are explained just to exemplify various developments
in the area of automated vehicles. In addition to them, there are some reports on

other projects and developments as are cited in references [14-19].




1.2.3 Review of the Literature

Generally speaking, the direction of research in the area of automated
vehicles can be classified as (but not limited to) : guidance and motion control,

sensing, navigation, motion planning, and design and building of a prototype.

In guidance and motion control, the problems concerned are associated
with moving the vehicle around predefined desired trajectories. Therefore, like
any other control system, it is required to have enough information regarding
their kinematics, dynamics as well as certain levels of knowledge of designing

feedback control systems [10,25-26,59,61,94-96]

Sensing is required for an automated vehicle in order to extract the
necessary information about the surrounding environment, from which the
vehicle can recognize its instantaneous position relative to the path and
surrounding obstacles. Relevant to this topic, various techniques have been

introduced [97-100).

One of the fundamental requirements for automated vehicles are their
navigation as the vehicle should know its position and heading at every instant.

There are various navigation schemes proposed in the literature [100,15,26]. For



instance in reference [100] inertial guidance has been used while Jullier[15)], has

employed odometery to update the position and heading of the vehicle.

Path planning problem is another area of research in automated vehicles
that has received a lot of attention [6,9,95]. Generally, path planning can be stated
as having specified the present location and final goal of the vehicle as well as the
location of the surrounding obstacles, define a collision-free path within the

constraints of motion of the mobile robot.

Research in the area of automated vehicle requires a multidisciplinary
knowledge; building such a unit requires some or all of the expertise explained
above. Inaddition, one also encounters difficulties in their hardware design such
as structural design, necessary circuitry involved, as well as the development of

the required software.

Due to main stream and objectives of this thesis, more attention is paid to
review of previous works relevant to different proposed motion control policies,
kinematic and dyriamic modelling and their associated problems. In this section,
it is tried to summarize and briefly discuss the achievernents of some previous

studies relevant to the above named topics respectively.

As it was explained before, these systems are supposed to accurately follow




a specified path. In this sense, any deviations from the path is undesirable and
a good controller become necessary for a stable and accurate tracking ability. In
this regard, there are some studies that have been carried out investigating the
problems like their motion control and tracking stability [21,26-27]. Bronstein and
Koren [26], a motion control strategy has been proposed for a tricycle model
nursing robot with two left and right traction wheels; this motion control policy
minimizes the position errors. The vehicle is designed to perform only two
distinct kinds of motion: straight-line motion when both motors are running at the
same speed in the same direction, and rotations about the vehicle centre points,
when both motors are running at the same speed but in opposite directions.
While, this algorithm has some advantages for typical works expected from a
nursing robot, where a point to point motion is satisfactory, however, by applying
tHis motion control policy the robot is unable to follow curved trajectories, since
at any instant it can either move straight or turn "on the spot" and their

simultaneous executions is not possible.

In [20] some preliminary results obtained from an experimental tricycle
vehicle are described. A cart has been equipped with a single front wheel, which
serves for both steering and driving the cart, and two passive rear wheels for
stability purposes. The cart motion is represented by a set of kinematic relations
while enough information regarding the importance of the cart’s dynamics are not

provided.



In continuation of the previous works carried out in [22], [21] recently has
formulated motion controller design of (WMR) where use is made of a Lyapunov
function to specify the structure of the controller to be designed for these systems.
This analysis is based on a kinematic model common to the vehicles which are

not omni-directional.

Regarding the motion control of WMRs, there are some other studies
reported in the literature where basically the analysis are car-ied out by using
simple kinematic models without any clear indication of the importance of the
cart's dynamics at lower speeds. Let us cite references [ 8,12,15,16,23] among
many other contributions. In addition, controllers based on neural networks and
fuzzy control theories that have been already implemented to other systems such
as robotic manipulators [28], chemical processes [29], two axis positioning table
[30], and so on [31] are finding their ways toward the motion control of wheeled
mobile robots [32-33]. For instance, in the study made in [33], a neuromorphic
controller has been designed for the steering control of an AGV unit. steering.
After being investigated with a realistic dynamic model of the vehicle [34-36], it
has been successfully implemented on the experimental CONCIC II vehicle

developed at Centre for Industrial Control of Concordia University [34,36-44].

The study of their kinematic modelling started with the pioneering work

of Muir and Neuman [45-47]. In their approach, the kinematic of the vehicle was

10




developed based on a kinematic model for each wheel, and a condition was
proposed to determine wether ideal rolling is possible. This methodology has
been implemented to an experimental vehicle with omnidirectional wheels called

Uranus developed at Robotic Institute of Carnegie Melon University.

In a very similar approach, the kinematics of the vehicles with directional
sliding wheels are studied in [48]. In their study, the kinematic equations relating
velocities of the wheels and the vehicle body are developed and from them,

controllability of the vehicle is studied.

In another study as reported in [43-44], a generic form of kinematic
modelling has been introduced thit can be used for various wheelbase
configurations employed in WMRs. Fuithermore, a criteria called path
controllability is introduced that can be used to identify a suitable combination

of driving and steering wheels to avoid the redundancy in these systems.

In [49], the relationship between the rigid body motion of the robot and the
steering and drive rates of various wheels are developed and as a result, the
position and orientation of the robot are obtained. Also, a condition is provided
that specifies when ideal rolling fails however, no experimental results is

provided.
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In addition to the above studies, by noting that WMRs are a typical
example of mechanical systems with nonholonomic constraints, there are some
other reports that kinematic models are developed and utilized to study some
nonlinear control laws for these systems and WMRs in particular. The problem

of parking is investigated extensively in the literature [50-52).

While motion control and kinematic modelling of these systems have been
the subject of many studies, comparatively little work has been done for their
dynamic modelling and even fewer experimental studies have been reported in
the literature [14]. The complexity in dynamics of these vehicles arise from the
constraints that reflect the non-slippage motion of the wheels [24,53]. Literature
survey suggests that some earlier attempts of dynamic modelling of WMRs adopt
the Lagrangian formalism for nonholonomic systems in order to obtain the
equations of motion [24,54). Intheir analysis, the wheels are assumed to be rigid,
and nondeformable disks [54], and all interactions between the wheel and the
ground is assumed to occur through a point contact. In reality, most wheels are
made of a deformable material (rubber for instance), so that the interaction with
the ground is through a contact patch [14,55-56]. Furthermore, it is rather difficult
if not impossible to come up with closed form solutions for typical control
applications; in addition, it is more difficult to analyse the dominant parameters
affecting their motion. However, as it is shown in [14,25,34-36,57-61}, some

concepts commonly recognized in the area of vehicle dynamics can be effectively
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used in the motion analysis of these systems. For instance, referrence [36] has

formulated the dynmaics of a differential drive AGV.

In this regard, there are numerous studies concerning the handling and
stability of vehicles, leading to the development of models with different levels
of complexities [69-75]. On close examination, one may conclude that there are
basically two popular classes of models arising from these researches for
moderate levels of lateral accelerations: namely 3-DOF models which incorporate
the lateral, the yaw and roll motion [76-78], and 2-DOF models that omit the roll
motion [58,79-82]. Nisonegar [25] has used a 3-DOF model to compare the
dynamic performance of single- and dual-axle steered automated transit vehicles.
In their analysis, it is assumed that the feedback system or controller receives the
tracking error measurements from the sensors mounted in the front and rear of
the vehicle. Itis found that for straight line tracks, the performance of the dual-
axle vehicle exhibits very little improvement over single-axle vehicle and their
tracking errors are comparable. However the results of the study have shown
that significant reduction in tracking error during a curved trajectory can be
achieved with dual-axle controllers. In [77], a 3-DOF model has been used to
represent the vehicle dynamics to study the performance of four wheel steering
vehicle. Different steering control strategies are compared by studying the vehicle
response through simulation. In another study reported by [78], a 3-DOF

dynamic model has been used to investigate the effects of suspension properties

13



on vehicle stability in a cross wind. Vehicle behaviour when subjected to a side
wind is studied both analytically as well as experimentally; the results can be

used as working guidelines for further studies.

Two degrees of freedom models are also employed by various researchers.
In [79], the vehicle is represented with two degrees of freedom, yaw and lateral
velocity. This model has been used to study the stability of the vehicle-pilot
system and to get an insight to the way a driver controls his vehicle and to
determine the vehicle characteristics that produce the most accurate and safe
control. In another study made in [72], a two degrees of freedom model is used
to compare the dynamics of a rear wheel steering vehicle with that of a front
wheel steering. It is shown that the response of a vehicle to steering input for the
rear wheel of the vehicle differs significantly at lower speeds than at higher
speeds whereas as the speed increases, both transient and steady state responses
become less dependent on which wheel is steered. As the vehicles equipped with
four wheel steering (4WS) system are expected to improve the handling
characteristics, many researchers’ attention has been focused on this subject. The
vehicle dynamic models mostly used for these typical applications have two
degrees of freedom by considering yaw and lateral velocities [81]. Reference {81]
provides a comprehensive review of four wheel steering studies and has tried to
identify the essential elements of the 4WS technology in terms of vehicle

dynamics and control techniques. In reference [82], a similar model has been
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used to design an advanced method for a 4WS vehicle. The proposed technique
is based on the theory of model following control where the steering response of
the vehicle can follow the outputs of a virtual vehicle model. Relevant to this

topic, references [77,80] exemplify some other works carried out in this area.

Noting that the directional response of a vehicle will be affected by the
interaction of the tire and the ground, a knowledge of the forces and moments
generated by pneumatic (rubber) tires at the ground is essential to understanding
the vehicle dynamics. In this regard, there are numerous studies made within the
last two decades to describe the characteristics of a tire and the forces and
moments produced as a result of this interaction [83-89]. References [55-56,87]
provide some general views on the mechanism of generations of the forces and
moments at the surface of contact of a tire and ground. Also, the parameters that
may affect the interaction are discussed. Reference [88], systematically investigate
the effects of different tire design on the dynamic response of the vehicles. The
study in this art.cle is based upon experimental data obtained from three tires of
widely different structural characteristics. In another study made in reference
[111], an analytical formulation is derived for the tyre dynamic properties such
as the lateral force, self-aligning moment, eic. that can be used for vehicle
dynamic simulations. The formulations are validated against experimental
results. It should be mentioned that the above references just exemplify some

previous investigations relevant to tire properties. There are some other studies
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regarding the tire performance and behaviour under different conditions. Let us

cite references [82-85] among many other contributions.

1.2.4 Background of the Research on Automated Vehicles at Centre for

Industrial Control (CIC) of Concordia University

To address the issue of experimentation, several prototype vehicles
designated as CONCIC I, II and II have been built to supplement the research
program at the Centre for Industrial Control of Concordia University in this area.
The first vehicle (CONCIC I) was developed in 1985 [90]. CONCIC I is guided
by camera vision and follows a floor guide path. It can be used as an automatic
tractor or a unit load transporter. It has a tricycle wheel base configuration with
one drive-steer wheel in the front and two casters at the back. The driving
mechanism consists of a DC motor which is engaged to the driving wheel via a
belt and chain transmission. The steering mechanism is made up of a DC motor
which drives the steering axis via a chain drive. The controller has been designed
and built as a modular structure comprising three microprocessors which execute
specific operations such as motion control or analysis of the guide path image
with the necessary hardware to communicate with the central computer.
CONCIC I worked well in various types of paths. However, its tricycle
wheelbase configuration imposes some limitations on turning radius and as a

result the tracking at the intersections become more difficult. More technical
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details of CONCIC I can be found in [90].

The second generation of the prototype vehicles that has been developed
at Centre for Industrial Control (CIC) is CONCIC . It has a very flexible
mechanical design meeting various industrial needs as well as offering different
wheelbase configurations by easy relocation of the wheels. Driving units consist
of two motorized wheel set at mid-length and the casters at the front and rear.
An optical camera is mounted in the front of the vehicle that recognize the
location of the vehicle relative to the tape on the floor and the junctions. The
vehicle is also equipped with ultrasonic sensors for obstacle detections as well as
wireless devices to communicate with the control station [33,37-43). Dynamic
properties of CONCIC II have been studied by [34-36,91], where a two degrees
of freedom model has been developed for the vehicles with two side differential
driving wheels. A control strategy has been developed and implemented for their
motion control. The developed dynamic model has been validated against
experimental results obtained from CONCIC I AGV. An animation program has

been developed to facilitate the visualization of the performance of the vehicle

[36].

CONCIC Il is the third generation of the experimental vehicle that has
been built to serve as a testbed for the necessary experimentations to be carried

out regarding the dynamic modelling and control of automated transit vehicles
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(ATV) [59,64-68]). The experimental results reported in this study are carried out
using CONCIC III. This vehicle is equipped with two integral driving units
located in the fore and aft locations and two side casters for stability. Each
driving unit has a driving motor geared to a solid rubber wheel and a steering
motor with a ring type reduction gear. The motors are permanent magnet (PM)
brushless type DC motors exhibiting linear characteristics suitable for typical
applications [36]. More detailed explanations of CONCIC III will be provided in

later chapters.

1.3 Components of Automated Vehicle

Generally, the physical structure of automated vehicles consists of four

components as follows:

i. The physical infrastructure which consists of the vehicle body and the
actuators including the driving and steering units. The vehicle structure is a
housing for all other elements of the system such as power units, on-board
computing facilities, power invertors, control elements, sensors and guidance
systems, electrical and electronic components, etc. The actuators such as driving
and steering units provide the required motion of the vehicle. They consist of
electrical motors with the necessary elements such as belts or gears to transmit

the powers to the wheels.

18




ii. Control Components to monitor the proper motion of the vehicle. It
consists of motion controller, digital to analog convertor, servo amplifiers,
measuring devices to monitor the motion of the actuators such as encoders, and

the necessary computing facilities.

iii. Electrical and electronic components which mainly consist of the
necessary interfacing cards, safety features such as ultrasonic sensors for obstacle

detection, power invertors and communication systems (if there are any).

iv. Guidance system that depends on the type of application. Its function
is to specify the path by using sensors and accordingly report the relative
deviation of the vehicle from the desired trajectory to the host computer. These
information will be processed by the on-board computer to generate the necessary
commands signals to the actuators for proper steering action. There are several
guidance techniques such as inductive guidepath, optical guidepath, dead
reckoning, beacon systems, inertial guidance, etc. proposed for autonomous
vehicles with their own advantages and disadvantages that can be evaluated by
a number of performance criteria such as range, accuracy, flexibility, cost, etc. [1-
3]. Among these guidance technique, the first three are most commonly used,

which are briefly described below.
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In inductive guidepath, the tracks are specified by the live wires embedded
under the floor and the magnetic field surrounding the wires is detected by a
coupler (or antenna) mounted on the vehicle. The vehicle thus sense its position
relative to the guidepath and makes necessary corrections to the offset if
encountered. This method of guidance is expensive and less flexible than the
others. In optical guidance, the vehicle follows the line (paint or tape) on the
floor that are tracked either by the sensors like photosensor in the case of
fluorescent line or by the use of a camera(s) mounted on the vehicle [41-42]. The
flexibility of this technique is excellent as comnared with inductive guidance. In
dead reckoning scheme [16], the coordinates of the path to be followed by the
vehicle are stored in the memory. This type of navigation scheme is probably the
least expensive to implement but it suffers from accumulated error caused by
slippage of the driving wheels and disturbances emcountered during the vehicle
motion. Reference at specific stations are thus highly desirable such that the

vehicle can update its position and orientation.

There are several ways of achieving steering action in WMRs different
wheelbase configurations [11,15,16,26/41]. Probably, the more popular ones are
the two driving wheels and no steering wheel with caster(s) in the front and/or
in the back, two rear wheels driven via a differential mechanism from a single
motor and the front steering wheel, and front wheel driving-steering wheel.

References [15,26,41] have employed two driving wheels configuration (also
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known as differential drive) with two driving motors in the back and a caster in
the front. The advantage of this configuration is that they can rotate in the spot
around the midpoint of the differential axle [41]. However, they cannot move
sideways.  References [10,90,20] have used another type of wheelbase
configuration known as tricycle model with front wheel driving and steering
system and two passive wheels at the rear. These vehicle cannot rotate at zero
radius as in the previous case and they have limitations on the minimum radius
of curvature they can follow. A similar system with the two rear wheels as
driving and the front wheel as steering introduces a redundancy in the system as
discussed in references [41,46]. There are some other wheelbase configurations
with more number of driving-steering units. For instance, the case of the
automobiles with two rear wheels driven by the differential system and the two
front steering wheels or with four wheel steered vehicles [81]. It should be
mentioned that there are some special types of wheels proposed for WMRs to
offer a better maneuverability to the system [3,45-48). For instance, the type
proposed in [47-48] consists of a hub about which are mounted rollers making a
45 degrees angle to the wheel orientation. This form offer the wheel to mcve in
any direction that in turn give the vehicle the ability to move in any direction.
The wvehicles with the property to move in any direction are called

omnidirectional in the literature [47,48].

1.4 Summary
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The synopsis of this chapter was given to review of some previous studies
relevant to various aspects of automated vehicles. A historical background was
provided to show the steps in their evolution. Their various directions of
research and development were explained through review of some experimental
projects and their major objectives and achievements. Different methods of
guidance schemes employed were described. In this regard, the importance of
the motion control strategy and its effect on the performance of these systems
were explained and some previous control algorithms proposed by other
researchers were examined. A review of different attempts in their kinematic
modelling was provided and the explanation of various wheelbase configurations
employed to produce steering action along with their advantages and
disadvantages were discussed. The previous studies relevant to their dynamic
modelling and descriptions of different approaches taken by other researchers
were explained. In this regard, some previous studies carried out in the area of
vehicle dynamics were reviewed and various dynamic models proposed to

represent their motion were reported.
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CHAPTER 2

SCOPE OF THE STUDY AND PROBLEM DEFINITION

2.1 Introduction

To carry out research in all aspects of automated vehicles and mobile
robots, which is an application of multidisciplinary expertise, requires certain
tevels of knowledge in various topics. The diversity in research is more
pronounced by referring to previous studies reported on their kinematic and
dynamic modelling, obstacle avoidance, path planning, integrated sensing, motion

control, navigation schemes, etc. [10,21,24,26,92-95].

Among the topics mentioned above, in this thesis attentions has been paid

to dynamic modelling and motion control of the automated vehicles.
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2.2 Objectives

The objectives of this thesis are: dynamic modelling and characterization
of dynamics of the automated vehicles, investigation of the effects of variations
of the vehicle parameters on its response, development of various control
strategies for the most popular wheelbase configurations (tricycle models with
steering wheels in the front and differential drive vehicles), design,
implementation of the optimal controller and investigation of further
improvements in path tracking of the vehicle, and, finally, experimental
investigation of the accuracy of the linear and nonlinear dynamic models

developed to represent the motion of the vehicle.

2.3 Scope of the Study

As a first step to analysis of motion control of automated vehicles, it is
important to develop a good mathematical model which represents the motion
of a vehicle obtained from its kinematic and dynamic relations. Regarding the
kinematic modelling, by noting that most of the automated vehicles have
wheelbase configurations that usually can be classified as a tricycle model
[8,10,16) with a front steering (driving) wheel and two active (passive) rear

wheels, or two side differential wheels [26,17,39,41] with front or/and rear casters,
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they possess rather simple kinematics and the related equations can be derived
in a straightforward manner. The kinematic equation of a car like vehicle is also
similar and its derivation is not difficult [51,92,95]. However, exceptions to the
above exist. The literature reports cases where special wheels have been
employed to achieve a better maneuverability for the vehicle; these cases have

more complex kinematics than those mentioned above{3,45-48).

The dynamics of automated vehicles are rather complicated since there are
certain constraints involved that should be satisfied for pure rolling motion of the
vehicle [53,54,91]. Literature survey reveals that there have been two basic
approaches followed by researchers [24,2554,96]. In the first approach,
conventional Lagrange equations of motion for nonholonomic systems have been
used. Based on this methodology, it is possible to formulate the problem and
derive the equations of motion of automated vehicles. However, there are certain
assumptions made in their derivation, like considering the tires as rigid disks and
the region of contact of the tires and the ground is considered to be a point. To
be more realistic, it is noticed that the tires are deformable materials and have
certain elastic properties that have not been taken into account in such an
approach. Furthermore, the procedure is very long and the final forms of

equations appear in a nonlinear fashion that makes it difficult to obtain more

insights to dynamic behaviour of the system.
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In the other approach, the equations of motion are obtained by using
Newton'’s law of motion and the expression of the forces are obtained by using
certain concepts of vehicle dynamics [25,36,57-58,64-65]. The remarkable
advantage of this approach is that while it takes into account the stiffness
properties of tires, it also makes possible to obtain a linearized version of this
model; such a linearized model appears to be very useful in predicting the
dynamic and response properties of the system as well as its sensitivity to
parameter variations [59,61-62,65]. Throughout this thesis the Newtons’ law of

motion is used for derivations of equations of motion [34,36,87].

Because the knowledge about the effect of the variations in the physical
properties of a dynamical system on its behaviour is a valuable information, in
this thesis a parametric study has been carried out. This study reveals the effects
of changes of different parameters of the vehicle such as tire properties, mass,
sprung mass, forward speed, etc. on its behaviour. This parametric investigation
is based on sensitivity theory and the analysis is performed on a three degrees of

freedom (3-DOF) dynamic model.

The analytical work in this thesis has given rise to the introduction of three
defined entities: the "roll number”, and the "yaw number” which are
dimensionless and the "velocity constant”. These entities are very useful for

predicting the dynamic behaviour of an automated vehicles based on certain
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physical properties such as mass, sprung mass, roll and yaw moment of inertia,
stiffness properties of the wheels and forward velocity, and without need for a

detailed analysis.

The "roll number” can be used to characterize two linear dynamic models:
one with three degrees of freedom incorporating the lateral, yaw and roll motions,
and the other with two degrees of freedom consisting of the lateral and the yaw
motions only. These dynamic mocels (linear) have been used extensively in the
literature [25,57,80,82,101] for control applications such as steering controller
design of automated vehicles and design of four wheel steering systems for
passenger cars and for the study of the effect of disturbances on the handling
properties of vehicles. Elsewhere [79], the two degrees of freedom model has
been used to analyze the interaction of the driver and vehicle and its effect on the
stability of the pilot/vehicle system. In spite of the above mentioned studies, as
yet, there is not a clear indication of when to use which of the above two models.
As the result of this thesis shows, the "roll number" can be used in this respect.
If it is sufficiently small, then a two degrees of freedom model is adequate for the
typical applications mentioned above, otherwise the three degrees of freedom
model can be used. The advantage of this number becomes more evident by
noting that as the Jdegree of a mathematical model representing a dynamical
system increases, it becomes more complicated to study the issues such as the

response properties, controller design, etc. while having a lower order model
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without loosing the necessary information about the performance of the system

makes the analysis much easier.

Literature survey reveals that throughout the studies so far reported
regarding the guidance and motion control of automated vehicles, either the
studies have been carried out by using the kinematic models without taking into
account the transient behaviours associated with a vehicle motion [102,52,26] or
they have employed dynamic models [25, 53-54,57,103]. Therefore, it is important
to identify when and under what conditions the effect of transient part associated
with dynamic properties of a vehicle can be neglected and a simple kinematic
model is sufficient for their motion control. Furthermore, it is equally important
to investigate and specify the dominant parameters that are affecting the vehicle
transient response. In this study, it is tried to answer some of these typical
questions. In this regard, two other numbers named "Velocity Constant” and
"Yaw Number" have been introduced that effectively will specify the relative
importance of the transient response of a vehicle. The number called "Velocity
Constant” provides a basis to characterize the lateral velocity response, while the
"Yaw Number" characterizes the yaw wvelocity response. The lateral and yaw
velocities in turn are closely related to lateral offset and orientation error of a
vehicle relative to a desired trajectory, respectively. The above numbers provide
relations between various parameters of a vehicle that appear to be the more

effective on its dynamic behaviour; for standard passenger cars these parameters
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even take a simpler form. It is shown that the forward speed is the most
dominant factor affecting the transient response of these systems as is also
verified by a parametric study. Furthermore, it is possible to specify the speed
ranges above which dynamic properties of the vehicle can not be neglected

anymore.

Development of various control strategies for the motion control of
automated vehicles constitute another subject that has been studied in this thesis.
The two types of vehicle namely tricycle model with the steering wheel in the
front and 2 vehicle with two differential side wheels are considered in this study.
The above wheelbase configurations are among the most popular in practice
[8,26,36,38]. A nonlinear control strategy is proposed for the control of the
vehicles with front steering wheel. Its performance is compared with previous

control algorithms by means of simulation.

Based on the linearized dynamic model of the vehicles with front wheel
steering system and using optimal control theory, an optimal control law is
derived that minimizes a quadratic measure of performance consisting of the
integral of the errors (errors in position and orientation of the vehicle) and the
input (front wheel steering angle). The performance of the controller is

investigated by simulating the system on a digital computer.
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The control problem of another class of vehicles equipped with two
motorized side wheels, to produce both traction and steering, is also studied. The
controller generates the control signals to adjust the angular velocities of the left
and right wheels. The structure of such a controller is obtained by making use

of the steady-state analysis of equations of motion.

Since there are relatively little experimental studies reported in the
literature [14] regarding developments of suitable dynamic models and their
respective testing and validations, in this work a great deal of attention is paid
to experimental investigations and detailed studies of the results. In order to
address some of the above issues, a prototype vehicle CONCIC III has been built
at Centre for Industrial Control (CIC) of Concordia University and a good part
of this thesis is devoted to experimental studies by using CONCIC III. CONCIC
Il is a vehicle with fore and aft steering and driving wheels and two side casters
for the purpose of stability. In order to justify the validity of the developed
mathematical models, as well as the assumptions made in their derivations, the
actual motion of the vehicle is compared with that obtained by simulation on the
mathematical model. This is achieved by using the magnitudes obtained from the
experimentation for the torque on the driving wheels and the steering angles in
the model in order to study the performance in path following. This is done for
both the nonlinear model and the linearized version of this model and a

comparison is made between the two (nonlinear and linear models) by using
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experimental data. The latter (linear) is employed in deriving an optimal control
policy for the motion control of the vehicle. The designed controller is
implemented on the system and its performance is experimentally investigated.
Furthermore, it is tried to invoke the possibilities of getting better performances
by using the on line data generated while the vehicle is in motion. In this regard,
a feedforward action is introduced in the controller by estimating the future
posture (position and orientation of the vehicle) of the vehicle and its deviation
from a desired trajectory. Also, the data has been used to make the necessary
adjustments on the vehicle speed according to variations in the path curvature to

obtain a fine motion.

2.4 Layout of the Thesis

This thesis consists of 10 chapters. Chapter 1 is devoted to some general
explanations about automated vehicles. In this chapter, the issues like various
areas of applications, working enviornement, comprising components and their
function are explained and their relationships with each other are discussed. A
historical background is provided to show their preliminary stages of research
and development and the advances made in this regard. A general explanation
of the issues that have recently drawn the attention of the researchers are given

and the problems involved are briefly discussed.
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In Chapter 2, a particular emphasize is given to review of the literature
relevant to the issues considered in this thesis. This demonstrates the past and
present status of the studies and their achievements. In this regard, the recent
results of the studies relevant to guidance and motion control, kinematic
modelling, dynamic modelling of automated vehicles and the problems involved
are discussed. This in turn constitutes a basis for the problem definition and the
scope of the study of the thesis which is dynamic modelling and motion control

of automated vehicles.

Chapter 3 considers some basic concepts and definitions commonly used
in the area of vehicle dynamics. In this regard, explanation of different forces and
moments acting on the vehicle and the tires as well as the mechanism of their
generation are given. Also, the factors that are influential on them are described.
Part of this chapter is devoted to description of different dynamic models
commonly used by vehicle dynamicists. Also, the various degrees of freedom
encountered in their derivation and the statement of the assumptions involved are

explained.

Chapter 4 is devoted to development of various dynamic models
representing the motion of the vehicle. In this chapter, three degrees of freedom
(3-DOF) nonlinear dynamic model is developed by considering yaw, lateral and

roll motion. The linearized version of the above model is also obtained and the
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assumptions involved are explained. In addition, two degrees of freedom (2-
DOF) models (nonlinear and linear) which considers yaw and lateral motions of

the vehicle are also developed and their respective assumptions are explained.

In Chapter 5, three new parameters are introduced namely dimensionless
“roll number", dimensionless "yaw number" and "velocity constant”. These three
entities essentially provide one with the necessary information relevant to the
dynamic properties of the vehicle without need for a detailed analysis. By using
the "roll number" one can decide on which model to use: two degrees of freedom
model (2-DOF) or (3-DOF) model. On the other hand, "velocity constant” and
"yaw number" provide one with the necessary information regarding the transient

behaviour of the vehicle.

In Chapter 6, a parametric study of automated transit vehicles is carried
out by using sensitivity theory as it offers an efficient way of doing it. After
giving a theoretical background of the approach, a three degrees of freedom
model (3-DOF) is developed by taking into account the yaw, lateral and roll
motion of the vehicle. The effects of inertia, stiffness and damping, geometric and
kinematic parameters on the response of the vehicle are studied. This provides
one with a better ':nderstanding of the important factors that should be

considered in their design.
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Chapter 7 is devoted to the study of different motion control policy. For
the vehicles with front steering wheel, a new control strategy is proposed to
determine the steering angle at each instant based on measured errors, the offset
from the path and deviation in orientation. It is illustrated that by implementing
the new control policy significant improvement in tracking capability can be

achieved.

Based on a linear dynamic model developed for a tricycle model vehicle
with front wheel steering system, an optimal controller has been designed for
path tracking of the vehicle. It can be shown that the linearized system can be
decoupled into two fast and slow mode subsystems where slow subsystem
corresponds to a simpler kinematic model. Based on this result, an optimal
control law is derived that minimizes a quadratic measure of performance
consisting of integral of the errors (errors in position and orientation of the

vehicle) and the input (front wheel steering angle).

On the basis of a kinematic studies of motion for a vehicle equipped with
a pair of motorized wheels which, by having appropriate velocities, can provide
traction forces as well as steering action, a steering control strategy is derived.
The angular velocities for the right and left wheels are considered the two control
inputs which must cause a system to follow a desired trajectory. Assuming these

inputs to be linear functions of the two errors associated with path tracking
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problem (position and orientation errors), a control policy is determined. The
path tracking behaviour of a mobile robot using such a control law is

demonstrated by computer simulation.

In Chapter 8, the mechanical structure as well as the components of the
experimental vehicle CONCIC IIl is explained. Included in this chapter are the
general descriptions of the architecture and the comprising units, mechanical and
hardware structures, power units, special driving and steering unit arrangements,
motion controller chips, arrangements of the servo controller units, data

acquisition board and software specifications.

Chapters 9 is dedicated to development of the dynamic model and
controller design for CONCIC III vehicle together with the implementation of the
controller and study of the experimental results. In Chapter 9, a nonlinear
dynamic model is developed for the vehicles with front and rear steering system
and a linearized version of that is also obtained The latter (linearized version)
has been utilized in development of an optimal controller which minimizes a
quadratic measure of performance consisting of the integral of the errors (errors
in position and orientation of the vehicle) and the inputs (steering angles of the
front and rear wheels). This controller has been implemented on the vehicle as
experimental results are provided in Chapter 9. In this chapter, the developed

dynamic models (both linear and nonlinear) are validated against experimental
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data and a comparison is imnade between them. The performance of the controller
is investigated for path following of the vehicle for different trajectories. As well,
amechanism is introduced that regulates the speed of the vehicle according to the
curvature of the path which is useful when the vehicle is negotiating sharper

curved trajectories.
Chapter 10 is devoted to explanations of the conclusions and the

recommendations for future work. In this chapter, the results obtained from this

study are summarized and the conclusions arrived are described.
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CHAPTER 3

VEHICLE DYNAMICS CONSIDERATIONS

3.1 Introduction

As mentioned in the previous chapter, there are two basic approaches for
de.riving equations of motion of antomated vehicles. These are using Lagrange’s
equations for nonholonomic systems [24,53-54,69] and employing Newton’s law
of motion [25,34,36,59,61]. Throughout this study, the second methodology has
been used for the purpose of analysis of motion and the synthesis of motion
controllers. The advantage of the second approach is that while it takes into
account the stiffness properties of the tire, it also makes possible to obtain a linear
model to represent the motion of the vehicle. The linearized model while retains
the important dynamic properties of a system simplifies any analytical study.

When necessary, the relevant explanations and remarks are given to clarify the
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advantages of the approach as well as its potential strength in leading to certain

conclusions that otherwise may not be derived.

Due to dependency of the methodology upon the interpretation and
understanding of the interactions of pneumatic rubber tires and the ground, the
synopsis in this chapter is given to the review of some general notions usually
used in vehicle dynamics and the descriptions of the mechanism of generation of
the forces and moments in tires. In addition, the factors that may affect these
mechanisms are elaborated and explained, while the relevant expressions deemed

necessary for derivation of equations of motion of a vehicle are provided.

3.2 A Review of Vehicle Dynamics

Generally speaking, vehicle dynamics is a subject mainly concerned with
the characteristics of a vehicle that are assessed from its ability in accelerating,
decelerating, braking, handling, cornering, directional response and ride qualities
[55-56,87]. Noting that the above properties are direct results of action of various
forces on the vehicle, for the motion analysis of a vehicle it is required to develop

a suitable dynamic model usually expressed in the form of differential or
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algebraic equations. This model can be employed in evaluating the role of the
parameters involved in the interested phenomenon as well as providing one with
a means of identifying the more important factors and their influence on the
vehicle performance. The latter can provide the predictions for future steps that

may be followed for any possible improvement in the system.

3.2.1 Description of Dynamic Models with Two or Three

Degrees of Freedom and Their Applications

As it implies, a dynamic model is an approximate mathematical
representation of an actual system, developed based on some assumptions, in
order to make a desired analysis simpler and feasible. The fact that a system may
be represented by different models can be justified by noting the main stream of
a study and its particular area of application [34-36,57,61,71-72,79,82-84,104-105].
For instance, in the process of modelling, although the vehicle has many
components with distributed masses, for many analytical applications it is

possible to represent it as a lumped mass. During acceleration and deceleration

all the elements speed up or slow down and it is reasonable to assume that the
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vehicle is a rigid body. However, for ride analysis, this may not be true and the
vehicle and the wheels are considered to be as two or more separate lumped

masses due to their relative motion [56,87].

In general, as a rigid body the vehicle has six (6) degrees of freedom as
shown in Fig. 3.1, offering various choices in the number of degrees of freedom
that can be included in dynamic models. Therefore, complex dynamic models can
be developed for simulation purposes while simplified models are also proposed

for some analytical studies by assuming certain conditions that are not far from

the reality of the system [56]. Within the scope of this thesis, the problems
studied are closely related to directional response and handling

characteristics of a vehicle, and 1n this regard, it is well accepted that a dynamic
model that takes into account the lateral, yaw and roll motions of the vehicle are
quiet adequate to represent the motion of the vehicle [56,78]. Even more
simplified models that consider yaw and lateral motions are also reported to give
satisfactory results [71-72,79-81]. Typical examples of such motions are lane

change or nonemergency manceuvre of the vehicle where the lateral accelerations
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are approximately below 0.3g [58,71]. But, for the assessments of more sever
manouvers such as vehicle performance during a combined steering and
acceleration/ braking other models are proposed that are mainly used for

simulation studies [70,76].

In analyzing the vehicle motion, two sets of coordinates are used, namely
the coordinate system that are attached to the body of the vehicle and the world
coordinate system that is fixed to the earth. Fig. 3.2 illustrates the two coordinate
systems and the notations used. In this figure, U- and W- are the longitudinal
an‘d lateral axis attached to the vehicle body at the centre of gravity (c.g), v is
the heading angle of the vehicle, X- and Y- are the fixed coordinate system, § is
the sideslip angle defined as the angle between the vehicle’s velocity vector (V)
and the longitudinal axis (U-) and 8 is the steering angle of the wheel. It is
helpful to notice the definitions of some terms that are frequently used such as
handling, cornering, and directional response. The last two terms refer to

objective properties of a vehicle when changing direction and sustaining lateral

acceleration in the process [55]. For instance, directional response is defined
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as how fast the vehicle is responding to a steering input and cornering ability is
quantified as the level of lateral accelerations that can be sustained in a stable
condition. The term handling includes the contributions of the vehicle in a
combined driver-vehicle performance in addition to the vehicle’s explicit
capabilities [55]. Elsewhere [56,106], the term handling has been used to define
the response of the vehicle to steering command and all disturbances such as

wind and load disturbances, as they affect the direction of motion of the vehicle.

Since the major forces acting on a vehicle (aside from gravitational and
aerodynamic forces) are coming from the interactions of the wheel and the
ground, there are a great deal of studies in the area of vehicle dynamics devoted
to mechanistic understanding of this interaction [107-110,86,87]. Therefore, at this
point it seems appropriate to discuss the properties of tires and the dominant

forces acting on the vehicle, developed by the tires against the road.
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3.2.2 A Description of the Forces and Moments of Tires

The ground reactions on the tire are described by three (3) forces and three
moments as depicted in Fig. 3.3 [55-56,106). The former are normal, tractive and
lateral forces and the moments are rolling resistance, aligning and overturning

moments as shown in the figure. These are described as follows:

- Lateral Forces (F,): The component of the force acting on the tire by the
road in the plane of the road and normal to the intersection of the wheel plane
and the road plane toward the centre of curvature of the path followed by the
wheel. Lateral forces are produced when the wheel is steered and to a great

extent, the control of the vehicle is determined by these forces.

- Tractive Force (F,): The component of the resultant force acting on the tire

by the road in longitudinal axis (X). Tractive forces are developed during

acceleration and deceleration.

- Normal Force (F,): The component of the resultant force acting on the tire



by the road which is normal to the plane of the road.

- Rolling Resistance Moment (M,): The moment acting on the tire by the

road trying to turn the tire about an axis in the Y-direction.

- Aligning Moment (M,): The moment acting on the tire by the road which

is normal to the plane of the road and tries to turn the tire about an axis parallel

to the Z-axis.

- Overturning Moment (M,): The moment acting on the tire from the road

trying to turn the tire about an axis in the X-direction.

In the next sections, more detailed description of the above forces and

moments will be given.

3.2.2.1 Tractive Properties

During the vehicle braking or acceleration, tractive forces are developed

due to the deformation of the tire tread. For instance, when the vehicle is
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braking, the front elements are stretched as they are entering the contact area [55]
and the rear treads are compressed. Compared .with a free rolling tire, the
distance travelled by the tire is larger and for braking and during acceleration,
therefore. The severity of the braking or acceleration are measured

by the skid and longitudinal slip of the wheels, respectively [55-56,106]. There are
a number of parameters affecting the tractive effort of a tire, such as road
condition (wet, dry, etc.), road characteristics (asphalt, concrete,etc.), normal load,
inflation pressure, vehicle speed, and so on. For more information, the interested

reader may consult references [108,55-56)
3.2.2.2 Cornering Properties

Vehicle handling characteristics to a great extent are related to the
cornering properties of the tire. In essence, the tire should develop the necessary
lateral forces required for the vehicle during a lane change manoeuvre, turning
on a corner or generating the necessary forces in order to resist the environmental
disturbances such as side winds. In explaining the mechani<m ot generation of
lateral forces, there are two important angles defined namely slip angle and

camber angle of the tire. The former is used to describe a lateral force called
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cornering ‘orce (with camber angle equal to zero) while the latter contributes to

a lateral force called camber trust that will be explained later in this section.

When a tire is not subjected to any side force, it will roll in the direction
of the wheel plane. However, when it is subjected to a side force, it is drifted to
the side and an angle is created between the direction of heading of the wheel
and the direction of wheel travel, called slip angle [55-56,85-86]. This
phenomenon, which is mainly due to elastic properties of the tire, can be more
appreciated by looking at Fig. 3.4 [55]. As it is shown in this figure, where the
tire is not in contact with ground, the tread elements are undeflected and they
have the same direction as the heading. However, as the tread elements move

forward and reach the contact surface, they are deflected toward the direction of

travel and produce a lateral force as shown in the figure.

rurther advancement of the tire generates larger forces, up to the point
where the lateral force is larger than friction, and slip occurs ( slip region in the
figure). The corresponding lateral force distribution is also shown in the figure

suggesting a kind of asymmetry in force distributions. The net resultant force
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generated (F,) is a lateral foice (with zero camber angle it is called cornering
force) whose point of action is behind the contact patch at a distance called
pneumatic trail of the tire [56]. As a result of this asymmetrical distribution of
the forces, a moment called aligning moment (M,) will be generated that tries to
align the tire plane with the direction of motion, as will be explained later in this

sectiun.

There has been many studies carried out regarding the relationship
between cornering force and the slip angle of a tire [85-86,89,111] and it has been

generally accepted that an equation of the form:

oF
Com 22 (3.)

provides a common basis for most of the studies. In the above equation, C, is
the cornering stiffness of the tire, F,, is the lateral force and o is the slip angle.
In addition, most of the studies suggest a typical cornering characteristics

depicted in Fig. 3.5.[56]. As it is shown in this figure, cornering force is linearly
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dependent on slip angle of the tire up to approximately 4 degrees and

beyond that it reaches a maximum value where the tire begins sliding in the
lateral direction. There are many parameters affecting the cornering properties
of a tire such as type of tire, normal load, inflation pressure, etc. As reported in
[107), any increase in normal load of the tire, increases the cornering force in

a nonlinear fashion whose typical characteristics curves. Also, it has been
generally accepted that as inflation pressure is increased, the cornering force of
the tire is increased as well [87,55]. However, overinflation does not increase the

cornering force Cue to the reduction in contact area.

As it was explained before, as a result of asymmetric nature of the
distribution of the lateral force, a moment is produced called self aligning

moment (M,). The expression for this moment is:

M-, F, (3.2)

In the above equation, t, is pneumatic trail of the tire [108,56]. The magnitude of
this moment has a small contribution to the total yaw moment of the vehicle
while it may contribute to the reactions in the steering system [89,111,55]. There

are many factors affecting this moment like path curvature, normal load, nonzero
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camber angle, etc.[89,111]. The self aligning moment increases in a nonlinear

fashion as the normal load increases.

Another factor contributing to cornering properties of the vehicle is a
lateral force called camber trust produced as a result of non-zero angle between
the wheel plane and perpendicular plane of the road surface (as shown in Fig.
3.1). The relationship between camber angle and camber trust can be stated as

[55]:

c - —2 (3.3)

where C, is camber stiffness and ¥y is the camber angle. Camber trust has a
linear characteristic for small camber angle [56] and like cornering force is affected
by a number of parameters such as normal load, inflation pressure, type of the

tire, etc. For more information, the interested reader is referred to [85,89,108,111].

3.2.2.3 Rolling Resistance

Rolling resistance of a tire is one of the major resistive forces acting on a
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vehicle and, unlike other resistive forces that act under certain conditions, it exists
from the instant a tire starts rolling. As reported in [56}, there are at least seven
mechanisms responsible for rolling resistance of a tire such as energy losses due
to deflection of the tire sidewalls and the tread elements, scrubbing in the contact
area, tire slip in longitudinal and lateral directions, air drag on the inside and
outside of the tire and energy loss on bumps. When a tire is rolling the front
treads of the tire in the contact area are compressed causing a higher normal
pressure at the front than rear of the tire as shown in Fig. 3.6. This asymmetry
produces a moment about the centre of the tire called rolling resistance moment
of the tire; it should be balanced with a force called the rolling resistance force of
the tire acting at the contact patch of the tire with the ground. This force is

usually expressed in terms of the coefficient of rolling resistance of the tire,

defined as the ratio of rolling resistance to normal force of the tire [56,106}.

There are numerous factors affecting the rolling resistance of a tire such as
tire temperature, inflation pressure, velocity, tire diameter, etc. For instance,
variations of coefficient of rolling resistance with inflation pressure is shown in

Fig. 3.7 [55-56,106).
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In addition to the above forces and moments which are mainly produced
from the interaction of the tire and the ground, there are some other forces whose
sources are different than those and in deriving the equations of motion of a
vehicle, generally they have to be considered in all the derivations. Typical
examples of these forces are: aerodynamic forces, gravitational forces, drawbar

resistance, etc.

3.3 Summary

In this chapter, an overview of some terms and concepts commonly used
in the studies relevant to vehicle dynamics was provided. Explanation of various
degrees of freedom dynamic models used in representing a vehicle motion with
their relevant assumptions and limitations were discussed. A general description
of the forces and moments acting on a tyre was given. Mechanisms of
generations of the forces and moments produced in the contact area of the tyre
and the ground were explained. From literature survey, it was observed that a
great deal of effort has been given to analytical and experimental studies to

describe the mechanics and characteristics fundamental to all types of tire. In this
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regard, some previous reports and articles were reviewed and their main focus
and major achievements were explained. It was noticed that there are a lot of
factors like normal load, type of tire, inflation pressure, size, speed, temperature,
surface, surface conditions, etc. affecting the behaviour of a tire that makes it very

difficult to come up with a model encompassing all these parameters.
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CHAPTER 4

DYNAMIC MODELLING OF AUTOMATED VEHICLES

4.1 Introduction

A primary objective of development of a dynamic model is to provide a
suitable tool for the analysis of motion of a system when subjected to applied
forces. To a great extent, all mathematical models are obtained based on some
assumptions as they are often necessary to simplify the intended study
[25,34,36,58-59,78,92]. For developing a proper dynamic model, on one nand, an
adequate number of parameters need to be taken into account. On the other
hand, the model should not be unduly complicated, so that further analysis turns
into an almost impossible task. This is quite important when it comes to the
design and analysis of a control system where simpler models are preferred. In

practice, for automated vehicles, while it is quite acceptable to use a more
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complicated model for simulation studies, a simpler model (of a lower order for
instance) is preferred for the purpose of determining the structure of a controller.

A compromise is often required.

Because the knowledge of dynamics of automated vehicles is required to
investigate their handling characteristics and directional stability, various dynamic
models with a range of levels of complexity have been proposed by a number of
researchers [25,58,78,87,101]. Nonetheless, one detects that there are basically two
classes of models: 3-DOF models which incorporate the lateral, the yaw and the
roll motions, and 2-DOF models that consider the lateral and yaw motions only

[36,58,59,65,96).

+  The focus of this chapter is directed toward the developments of the (2-
and 3-DOF) nonlinear and linear models. After a general explanations of the
forces and moments involved and their expressions, the 2- and 3-DOF nonlinear
dynamic models are derived. It is shown that by making some assumptions, it
is possible to obtain the linearized versions of the above models that are quite
useful for analytical purposes. Their explanations are provided in order to show

the scope and limitations of the above models.

In the following sections, two nonlinear dynamic models namely 3-DOF

and 2-DOF models are developed to represent the motion of a double steering
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vehicle with front and rear steeriiig wheels. By setting the rear wheel steering
angle to zero, the similar relationships are obtained for a front wheel steering

vehicle.

4.2 Development of the (3-DOF) Nonlinear Model

The directional response and the stability of a vehicle can be deduced from
its response to the steering inputs or disturbances [56]. More precisely, it may be
investigated how well the vehicle follows a prescribed path, and if it is "hunting”
about the path, how large the overshoots are, and whether the amplitude of
hunting oscillations are diverging (unstable) or converging (stable). This type of
behaviour is mainly influenced by geometric parameters of the vehicle, such as
the location of centre of mass, the mass, and the moments of inertia of the vehicle,
the suspension system and the interaction forces between the wheels and the
ground, etc. Fig. 4.1 shows schematically the freebody diagram of the vehicle for
the yaw motion of the vehicle and Fig. 4.2 shows the roll motion which is
represented by a sprung mass (M) linked by a suspernsion system to an unsprung
mass. The equations are referenced to the coordinate system attached to the
vehicle body (hereafter called body axes) by noting that the forces are more easily
specified in this coordinate system. The acceleration is also specified in body axes

and at the end, a transformation is
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needed to express the position and orientation of the vehicle in world coordinates.

Let U- and W-, respectively, be the body axis of the vehicle. The sum of
the forces along U- direction are as follows [34,36,56,87]:

MWV, -V, Q)- [(Fga), +(Fgp) Joos 3,
*[(FM)L +(Fm)k]sin 5,

4.1
+[(FR’2)L +(FRr2)RIOOS S, #1)
~[(Fg,)), +(Fg)Jsin &,
Similarly the sum of the forces along W- direction are:
M(Vy +V )+ Mg =[(Fyy) | +(Fgg) Jsin 84,
~[(Fga), +(Fgg) Joos 84, 42)

~[(Fg;) | +(Fgy) JJcos 8,
+[(Fr,2) | +(Fg2) JJsin 8,

The moments of the above forces about a vertical axis passing through the vehicle

centre of mass (yaw motion) are as follows:

sz)- +a[+(Fm),_+(FRf2)k]Sin 84, 'd[‘(Fm)R‘*(Flvz) ;_loos 8
+a[+(Fyy)  +(Fpp) Joos 85, +dl+(Fgy)  ~(Fgg) Isin 8,
~bl+(Fg,)) +(Fg,) Joos &, -dl-(Fg,) ,+(Fg,) JSin &,
+b[+(Fg,,) L+(FR,2)R]Sin 5,, +d["(FRr2)L+(Fm)R]°°s S,

The moments about roll axis are due to suspension system (see Fig. 4.2) which are

(4.3)

specified as T, (torque produced by suspension stiffness which is generally
assumed to be proportional to roll angle [55]) and Ty, (torque due to damping of
suspension system [77]), moment due to rolling of the sprung mass, inertial
moment of the sprung mass, and the moment due to lateral acceleration of the

vehicle. Summation of the moments about the axis for roll motion are as follows:

1§+ Ma(Vy+V, Q)= -K,g -D,g+ Mghg (4.4)
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where V, and V,, are the forward and lateral velocities of the vehicle (in its own
frame), Q is the yaw rate of the vehicle about the vertical axis, p is the roll
velocity, M and M; are the mass and sprung mass of the vehicle, h is the distance
between the roll centre and the centre of mass of the sprung mass, I, and I, are
the yaw and roll moments of inertia, K, and D, are the equivalent roll stiffness
(N.m/rad) and damping (N.m.s/rad) coefficients of the entire suspension system
and g is the constant of gravity. The forces (Fgq)Lz (Fre)irr (Fradire (Froo)og are
the reaction forces of the front wheels (Left/Right) and rear wheels (Left/Right),
&, and §, the instantaneous steering angles of the front and rear wheels
(assumed equal for left and right) respectively, a,b and d are as shown in Fig. 4.1
and q is the roll angle. Only small magnitudes of the roll angle are considered.
It should be noted that although equations (4.1-4.4) mathematically represent a
dynamic system with four degrees of freedom, because of the nonholonomic
constraints (see section 4.5), V,, V,, and Q are not independent. This system has
got only three degrees of freedom, that is, two degrees in plane motion and one

degree for the roll motion.

Fig. 4.3 shows, the freebody diagram of the front wheel ( the corresponding
Left(L) and Right(R) symbols not shown) and the forces acting on it. Writing the

sum of the forces in the plane of the wheel and perpendicular to that gives:

M), €08 8= [(F), ~(Fp), o~(Fap), Joos 8,

~[(Fy), 5~ (Faa), JIsin B, (4.5)
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M@, SN 8 5= [(Fr), ~(Fi), ~(Frp), Jsin 8, w6
~[(F o, = (Faa) fJo0s 3., '

where m,, r,, () y are the mass, radius (both assumed equal for the left and

right wheels) and the angular velocities, (Fg,,), x the rolling resistance and (Frdx

the tractive effort of the front wheels (Left/Right). (F4)Lg are the side-forces

(cornering force) of the front tires (Left/Right) which are given as:

(FV)L - C/(B)L (4.7)

(Fp), - CAB), 48)

where C; is the cornering stiffness of the front wheel (assumed equal otherwise
(C)r )- As similar statement holds for the rear tires. The above linear
relationships between the side forces and slip angles (equations 4.7-4.8) are valid
for slip-angles that are no larger than 4° , and assuming that the cornering
stiffness is constant within this range [56]. Furthermore, in view of the definition
of slip angle of a tire to be the angle between the wheel velocity and wheel

heading, the expressions for (), and (f,)z are as follows:

V., +al
-8, -tant\——— 49
(B, - 8 -tan' o (49)
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vV, + aQ
- -tan '~ 4.10)
By = 85t V, + dQ (#10

where the terms in the numerator and denominator are the lateral and tangential
components of the vehicle body at the front, respectively (see Figs. 3.3 and 4.6).
The rolling resistance on each wheel is proportional to its vertical load and is

given as:

(Frre), s (N, (4.11)

where f, is the coefficient of rolling resistance of the wheel (assumed the same for
all wheels), and (Nj), y are the vertical reactions of the ground ( (Ny)_x = (Wy).x
). (Wy)r are the vertical load on each front tire that consist of static load
distributions on each tire and the dynamic load transfer. The latter depends upon
some other variables such as tractive forces, rolling resistances of the tires, height
of centre of gravity, etc. In its simplified form it can be obtained from (for the

front and rear tires):

a, h . .
(W= (W), ___ W?(mb) , i= LR (4.12)
a, h ,
- (W) -w* - :
W)= (W), e 2 LR (4.13)

where W is the total weight of the vehicle, a, is the forward acceleration/
deceleration of the vehicle, g is the constant of the gravity and h’ is the height of

centre of gravity.

Summation of the moments around axle of the front wheels (Left/ Right)

gives:
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I (@), = (D) g TIF), = ), ] (414)

where J; is the moment of inertia of the front wheels (assumed equal) around its

centre and (Ty),y are the applied torques.

Similar equations can be written for the rear wheels as follows:

mr, (0 ,)L ¢ ©OS S,.- [(F,,)M-(FM)L R—(th)L_'Jcos 5,

~l(Fy) x~(Fres) Jsin B, (4.15)
mwrw(d) ')L.R sin brw- [(FTI)L’R—(ic)L.R-(F&'Z)LJJSin 6rw 4.16
—[(F”)L,R_(FR’I)LJJOOS brw ( . )
I (@) 2 = (T), 1= rl(Fp), o= (Fi,), ] (4.17)

where (w) x are angular velocities, (Fg,),  the rolling resistances, (Fr)Lr the
tractive efforts, J; and (T,), g are the moment of inertia and the applied torques of
the rear wheels (Left/Right) around their centre and (F,,),_y are the side-forces

(cornering force) of the rear wheels (Left/Right) obtained from:

(Fy), = C(B), (4.18)

(Fo), = CAB) (4.19)

where C, is the cornering stiffness of the rear wheel (assumed equal for the left
and right side) while the assumption of linear relationships between the side
forces and slip angles (for small slip angles) are used. (B,). and (j,); are the slip

angles of the rear (Left/Right) wheels obtained from:
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bQ - v
-3 +tan!— ¥ 4.20
(B,), - 8, +tan! =2 (420)

bQ -V,
V. +dQ

(B,), - d,-tan" (4.21)

where §,,, is the instantaneous steering angles of the rear wheels.

In derivation of the above dynamic model, it is assumed that the vehicle
body possesses an approximately symmetrical structure about UZ and UW planes
such that the product of inertia terms are small. Furthermore, the self aligning
moments [55-56,87,111] of the wheels as well as the effects of gyroscopic moments

are also considered to be negligible.

A simplified version of this model can be obtained by neglecting the inertia
properties of the wheels by noting that their effects will be diminished at lower
accelerations. Therefore, substituting from equations (4.5), (4.6), (4.14) and also
equations (4.15-4.17) (with all the left hand sides equal to zero) into equations

(4.1) to (4.3), the following equations can be obtained:

M(Vy -VyQ)= [(Fy-Fp,), +(Fy-Fp,) Joos 8,
~[(Fp, +(F) Isin 3,

+[(Fp-Fgy) | +(Fp,-Fg,) Jcos &,
+[(F,), +(F,) Jsin &,

(4.22)
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M(Vy +V, Q)+ MG =[(Fy-Fp), +(FyFg,) Jsin 8,
+[(Fp, +(Fp Joos 3,
+[(F,), +(F;) Jeos 8,

~[(Fp~Fgy), +(Fp-Fp,) Jsin &,

(4.23)

IQ- +al+(Fy-Fp,) +(Fy-Fp,) Jsin 8,
~d[-(Fy-Feyg) +(Fyy-Fy) Joos 8,
+a[+(Fs1') L+(F-\1')k]°°s 61»
+dl+(F,) ,~(F,) Jsin 8,
-b[+(F,) o (F,) R]OOS S,
~dl-(F,) +(F,) Jsin 8,
+bl+(Fp,-Fgyg) ,+(Fp,~Fp,) sin 8.,
*d[‘(Frr‘FRn)L*(Fn‘Fm)R]oos 5,

(4.24)

I

G+ M, h (VyrVy Q)- -D, G+ (M gh-K)q (4.25)

In addition, it is possible to further simplify the above developed models
by. collapsing the two pairs of front and rear wheels into two corresponding sets
to obtain their bicycle (telescopic) models as shown in Fig. 44. The bicycle
models are reasonably accurate at higher speeds where the term (Vy, > dQ). In
order to show the procedure, the revised forms of the equations of motion for

previous case (the inertia properties of the wheels neglected) are written as

follows:

M(V, -Vy Q)= (Fpy-Fg,) c0s 8, - F,sin 8,

+(Fp-Fg,) cos &, + F, sin 8, (4.26)
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MV, +V, Q)+ Mhg =(Fyy-Fg)sin 8, + Fros &,

+ Fooos 8, - (Fp,-Fp,)sin &, (4.27)
1Q= +a(Fy-Fg)sin 8, + aF c0s &, (4.28)
- bF,cos 8, + b(Fy,-Fp,)sin g,
LG+ MA(V eV, Q)= -D,g+ (Mgh-K,)q (4.29)
where the expressions for the side forces of the front and rear wheels are:
F, - C B, (4.30)
F, -C, B, (4.31)
and f; and B, (the slip angles of the front and rear wheels) obtained from:
Q+V
By - By -tan (4.32)
bQ -V
B, -3, -tan'——* (4.33)

u

4.3 Development of the 2-DOF Nonlinear Model

The 2-DOF models are obtained by neglecting the effect of roll motion.
Therefore, all the terms relevant to roll motion are neglected while the remaining

equations are unchanged. For the telescopic model, the equations are as follows:

MV, -Vy Q)= (Fp-Fp,) cos 8,, - F sin 3,

+(Fp-Fp,) c0s &, + F,sin 8 (4.34)

[ad
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M(Vy +VQ) = (Fy-Fp)sin &, + Fcos 8, (4.35)
+ F,co8 8, ~ (Fp-Fg,)sin & '

rw

IQ- +a(Fp-Fg)sin 8, + aF,c0s &, (4.36)
- bFJ.rOOS 8, + b(Fh-FRn)SIn 8, |

For other models developed in the previous section (with/without considering the
inertia effects of wheels), derivations are similar. In the above equations namely
equations (4.34-4.36), the definitions and the symbols remain the same as defined

for the telescopic model.

In the following section, linear dynamic models representing the motion
of a vehicle without acceleration or deceleration in longitudinal axis (U) are
obtained. By making use of this assumption, the complexity of the mathematical
models so far developed is tremendously reduced without loosing the important

information regarding the dynamic behaviour of the vehicle.
4.4 Developments of Linear 3-DOF and 2-DOF Models

In developing the linear dynamic equations, it is a common practice to use
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Fig. 4.5 A Telescopic (Bicycle) Model of the Vehicle
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a bicycle (telescopic) model by collapsing the two pairs of front and rear wheels
in two corresponding sets, one at the front and the other at the rear, as shown in
Fig. 4.5. Based on the assumptions that the angles involved are small, such that
the trigonometric approximation can be justified , the side forces F,; and F,, may

be represented as:

Fy-Cp, (4.37)

F, - CB, (4.38)

where C; and C, are the cornering stiffness and f; and f, are the slip angles of the

front and rear wheels, respectively, obtained from:

all+v,
Br= 8- ” (4.39)
bQ-v,
p,=-4&,+ (4.40)
v

The above expressions for slip angles of the front and rear wheels are obtained
based on the assumption that the forward speed of the vehicle is large enough
such that (V, > dQ). Inthese equations, &, 8., V., Q are as defined before and

the geometric quantities a and b are as shown in Fig. 4.5.

Summation of the forces and moments around the centre of mass gives:

m(V,+V,Q) + Mhj = F+F,, (4.41)
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1Q - aF - bF, (4.42)

1G+MAaWV,+vV.Q) - -D,§+(Mgh-K)q (4.43)

The symbols used in the above equations are the same as in section (4.3).

Neglecting the roll motion of the vehicle, by referring to Fig. 4.5, the
following equations can be obtained for 2-DOF linear model by writing the sum

of the forces and moments about the centre of ass of the vehicle:

M(V,+V,Q) - F+F, (4.44)

IQ - aF ,-bF, (4.45)

where the expressions for the side forces, namely F; and F,, and slip angles are

the same as equations (4.37-4.40) for the front and rear wheels.

In derivation of the above equations, it is assumed that the vehicle body
possesses an approximately symmetrical structure about UZ and UW planes such
that the product of inertia terms are small (the same assumptions made in
previous section). Ia addition, the effects of inertia properties of the wheels are
considered to be small; otherwise the formulation can be carried out in an

approach provided in the previous section. Furthermore, trigonometric
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approximation is used for roll angle and also the self aligning moments of the
wheels are also considered to be negligible; if there are any, they can be added

to the right hand side of equation (4.42) and (4.45).

The survey of the literature published in this area shows that the above
model is quite adequate if the vehicle does not go through severe lane change
manoeuvre: specifically, if the lateral acceleration of the vehicle is less than 0.3 g

(3 m/s?) [25,71-72].

4.5 Description of Nonholonomic Constraints

For non-slippage motion of the vehicle, there are some rolling constraints
involved that should be included in the model. These constraints are shown in
Fig. 4.6 which is a bicycle model of a vehicle. For pure rolling motion, the
velocities of the wheels at the point of contact should be zero at the direction
normal to the wheel (shown by vector N) and equal to its angular velocity in the
direction perpendicular to N. Therefore, the following equations can be written
between the velocity of the vehicle in U- and W- directions and the components

of the velocity of the wheels (front and rear) in the same directions:

r, w, cos 8, =V, (4.46)
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r, wysin 8, = Vy+ a (4.47)
r, o, 0088, -V, (4.48)

r, w,sind,_ =V, - bQ (4.49)

The above equations are the nonholonomic constraints that should be satisfied for
the motion of the vehicle without any slippage. By dividing both sides of

equations (4.46-4.47) and (4.48-4.49), the following expressions can be written:

V, +aQ
tan 8, - —~ s (4.50)
V
v
V., -
tan 8,, - Yy b0 (4.51)
VU

Comparing equations (4.32) and (4.33) with (4.50) and (4.51), respectively,
it is seen that with good approximations they are the same by noting that the slip
angles of the front and rear wheels are small (usually less than 4 degrees).
Therefore, it can be stated that by including the expressions for slip angles of the
wheels in the derivations of equations of motion of the vehicle, the nonholonomic
constraints are also satisfied. Although the telescopic model of the vehicle was
used to simplify the explanations, however, the above procedure is the same for

other cases as well.
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4.6 Summary

In this chapter, the derivations of the nonlinear and linear dynamic models
representing the motion of a vehicle were explained in detail. The equations of
motion were developed by the using the freebody diagram of the vehicle. The
nonlinear models developed here, although more accurate in principle but, their
applications are mostly limited to simulation studies. It was shown that by
making some assumptions, it is possible to obtain a simplified linear dynamic
model which offer a good choice for any analytical study. As well, whenever
required they can be represented in the state space format which is an ideal

choice for control application purposes.

The nonholonomic (nonintegrable) constraints associated with the motion
of the vehicle in the absence of slippage were explained. It was shown that
inclusion of the expressions for the slip angles of the wheels indirectly satisfies

the nonholonomic constraints.
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CHAPTER 5

CHARACTERIZATION OF DYNAMICS OF AUTOMATED VEHICLES

5.1 Introduction

For the purpose of characterizing the directional response of a vehicle, its
"open-loop" behaviour is studied which refers to the response of the vehicle to
steering input. Therefore, it is necessary to have a dynamic model representing
the vehicle motion as a function of the applied input which is the steering angle.
Let consider a vehicle moving on a flat surface without any acceleration /
deceleration in longitudinal direction. Basically two classes of models so far have
been used to represent the motion of the vehicle [25,58,78,104]: namely, 3-DOF
models, which incorporate the lateral, the yaw and the roll motions, and 2-DOF
models that consider lateral and yaw motion only [58,61,96,101]. However, there

is as yet no clear-cut criterion or indicator available as to which class of model to
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be used under what circumstances. In fact, the following questions seem to

persist:

1. Under the assumptions made to derive the two dynamic models, how

closely do the two models match?

2. The roll motion is somehow coupled with the other two, lateral and
yaw motions. The question is how strong is this coupling, and in what way?

Which parameters of the vehicle are dominant in this coupling?

3. Under what conditions could the significance of the roll motion be

reduced?

The focus of this chapter is directed toward the comparison of the two
models (2- and 3-DOF) as well as investigation of the vehicle parameters that
significantly affect its dynamics in plane motion. This study has led to a better
understanding of the issues listed above. It should be mentioned that due to
main emphasize of the chapter and to simplify the analysis, the effects of the
other elements such as dynamics of the steering system are not involved.
Throughout the analysis, it is assumed that instantaneous steering angles of the

wheels (8, 8,,) follow the command to the steering system (8, §,) at any instant.

This chapter introduces a dimensionless entity called "roll number" for
dynamic modelling of automated vehicles. It can be used to characterize between
two linear models, one with three degrees-of-freedom incorporating the lateral,

yaw and roll motions, and the other with two degrees-of-freedom consisting of
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the lateral and the yaw motions only.

Another issue that is addressed here is the investigation on the importance
of transient responses of yaw and lateral velocities and their relevant effects on
plane motion of the vehicle. In this regard, "velocity constant” and "yaw number"
are introduced. These entities are functions of the parameters of the vehicle and
characterize its transient behaviour in plane motion. They can be utilized in
deciding as when to use a dynamic model or a simpler model based on

kinematics, to represent the motion of the vehicle.

The equations of motion of the vehicle employed in this chapter are the
same as those in previous chapter (section 4.4) namely, equations (4.37) to (4.45)

and are relabled as (5.1) to (5.9).

5.3. Comparison of the two models

It was found that rewriting the dynamic equations in the Laplace domain
makes it easier to compare the merits of the two models. For the 3-DOF model
the transfer functions between the steering angles signals at the front and rear
wheels as inputs, and the lateral and yaw velocities as outputs can be defined as

in the following:
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1) - 26 .

Z,(s)

8 {s)

T,(s) = Q(s) -

P(s)
Zy(s)

8,(s)

V. (s)

Ps)

Z4(s)

Tyls) = —=— =~
S (s)
V/((s)

Ps)
Z4(s)

Ty(s) = bw(s) -

and

P(s)

~-hM sV, (s)- V, Q(s)]

q(s)-

F(s)

(5.1)

(5.2)

(5.3)

where T, ,,(s) are the transfer functions, Z;.,,,(s) are the numerator polynomials

(zeros) for different input-output pairs and P(s) the characteristic polynomial

(poles) of the system. The expressions for Z;;., ,(s) are as follows:

Z,(s)- V.C{ F(s) [-aMV, s+(aC-bC))- a(C+C)+ Z,4()]
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Zz(s)- Vucr! F (S) [bM Vus + (acf-bcr)+ b(Cf+ Cr)] + Z21 (S)]

Zy(s)= V,C{ F(s) [V s+ (a°Cpb*C,)- a(aCpbC )|+ Zy,(s)]

Z(s)- V,C[ F(s) [V I s+ (a°Cp+b%C))+ b(aC,-bC)]+ Z4(s)]

with Z,,(s), Zy(s), Zy(s), Zy(s) after rearranging the terms being:

Zyy()= -aV, [ M- M{K)s®+ MsiD,s+ (K,-M,gh)] |

Zy ()= bY, | UM~ MZhAs®+ Ms[D s+ (K,-Mgh)] |

Zy(s)- -aV; [ M- MZh9)s%+ MID,s+ (K,-M,gh)] |

Zyy(s)- BV [ UM- MZh?)s®+ MID,s+ (K,-Mgh)] |

and

F(s)= 5%+ D,s+ (K,~ M,gh)

The characteristic equation of the system (P,(s)) is obtained as:
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(5.6)

(5.7)

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)




P(s)- Fs) [ M(aC,~bC)Vi- (CAC)LV,s
+(aC~bC )2 M(a’CHb2C)V,s

13
~IMVEs- (CAC)aPCpb®C,) | G139
+ MZR2V, P (s)
where Py (s) is given by:
P (s)- [ 1V,s%+ (a®C+b%C)s- (aCi-bC )V, | (5.14)

Rearranging the terms in equation (5.14) leads to:

P(s)- -V, Py(s) | (M- M?h?)s®+ MID,s+ (K,-Mgh) ]|
. - F(S) [ -(aC,-bC )2+ (CHCILY,s (5.15)
+(C+C)a?Cb%C) |

The zeros of the 2-DOF model are obtained by dividing Z,(s), Z,(s), Zy(s), Z,(s) to
F(s) after substituting Z,,(s), Z,,(s), Z,(s), Z,,(s) equal to zero and its poles are

obtained from P’(s) as:

P(s)= IMV 22+ [LV,(C/+C)+ MV (a’C+b*C))] 5+

5.16
[(C,+C)a®C+b?C,)- (BC,-aCp(bC,-aC\-MV, 7] (516)
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The details of the manual derivations are given in Appendix A. The derivations

have been verified by using the symbolic software MAPLE [112].

Let us examine closely the following term that appears in the numerators
and denominators of all the transfer functions so derived:

M2h?

IM- M2h2- [1- ( 1K

WM (5.17)

Define the dimensionless ratio (M,2h?)/(I, M), as "roll number".

. When this number is small as compared to 1, a third-order system may be
reduced to a second order by neglecting the small effect of the corresponding
terms. This is because if the "roll number" is small and considered to be

negligible, the roots of the numerator, zeros (equations (5.8-5.12) and the roots of

the denominator, poles (equation(5.13) have a common factor, namely,

F(s)- sI,+ Ds+ (K,- Mgh) (5.18)

This factor F(s) depends exclusively on those parameters that are relevant

to the roll dynamics.

In order to obtain a clear insight to the problem, the pole_zero loci of both
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models for the various input-output pairs are plotted, for a range of values of the
forward speed of the vehicle, as shown in Figs. (5.1.a,b -5.4.a,b). The parameters
used in this study are taken from a prototype vehicle (CONCIC III) that was
developed in the Centre for Industrial Control at Concordia University [59,65].
A comprehensive list of its parameters is given in Appendix B. The plots are
obtained by calculating the roots of the polynomials in denominator (poles) and
numerator (zeros) of equations (5.10) to (5.11) while all vehicle parameters except
its forward speed are kept constant. For CONCIC III experimental vehicle, the
roll number is approximately 0.15, thus qualifying it to be considered as

functionally equivalent to a 2-DOF system as explained above.

The following observations are made from the pole-zero loci plots:

1. At higher forward speeds, the same trends in poles locations can be
observed for both models: the poles that start off by being on the real axis “move"
toward the imaginary axis until they split to become complex conjugate pairs,
while the two imaginary poles are relatively insensitive to the magnitude of the
vehicle speed. One may therefore conclude that, for both models, the real poles
(poles that lie on the real axis) have minor significance in the transient response
of the vehicle at lower speeds, on account of the high decaying rate. However,

at higher speeds, these real poles contribute more and the dynamics involved can
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no longer be neglected. The response of the system may become more oscillatory

at higher speeds.

2. Two complex conjugate zeros of the system are located very close to two
complex poles. These pole- and zero- pairs effectively cancel one another and
contribute little to the total response of the vehicle. How close they are is to a
great extent dictated by the magnitude of the roll number (the zeros are strong
functions of the parameters of the roll dynamics, and are quite insensitive to other
parameters). This observation is supported by the results of the parametric study
described in chapter 6, where it will be shown that those parameters of the
vehicle which contribute to the roll motion do not considerably affect the lateral
and the yaw velocities. It is apparent that these same two velocities are
influenced more by the forward speed of the vehicle than by other geometric-

kinematic parameters [66-67].

3. Comparing the two plots for the same input-output pairs reveals that in both
models, almost the same poles dominate. However, the 2-DOF model tends to
yield a more damped response. This is more obvious when we examine the

splitting points of the real poles for both models.

Therefore, it is possible to use the properties of roll number to decide

which model to be used. In the next section, the way the parameters of a vehicle
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affect its dynamic behaviour in plane motion is described. This leads to the
criteria based on which one can decide whether or not the dynamics of the

vehicle can be neglected.

5.4 Characterization of Transient Response for Plane Motion

As it was shown in the previous section, under the condition of small roll
number, the contribution of roll motion in response of a vehicle is small. The
state-space representation of equations of plane motion for 2-DOF (steering
dynamics is neglected) can be obtained by substituting from (5.1-5.4) into (5.9-

5.10) in the form of

x= Ax+ Bu (5.19)
where

xT=[v, Q] (5.20)

ul-[8, &) (521)
and

C#+C, bC,-aC,

MV, My, "
bC,-aC, b°C,+a%C,

| IzVu IzVu
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2|0

(5.22)

~

o~ L% 30
3)

~|

According to (5.22), the characteristics equation of this system is obtained from

matrix (A) as:

MYV, Ly,

CpC,. bEC +azc,) (bC ac,)(bc -aC, V)0

MV, N LV, v, " My,

(5.23)

Any vehicle is either of the following three types: understeer, neutral steer
and oversteer [55,56,87]. For a neutral steer vehicle, when it is accelerated with
a fixed steering angle, the turning radius remains the same. For understeer
vehicle, the turning radius increases and for oversteer vehicle, turning radius
decreases [5556,87]. For a neutral steer vehicle a C=b C, and the eigenvalues
of matrix A are:

Agm Lt (5.24)
MV
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(5.25)

where (I=a+b) is the wheelbase of the vehicle. Equations (5.24) and (5.25) can be

further simplified to (by assuming C; = C,):

Ay -_251_ Ag= -G (5.26)
MV, LV,

The transient response of understeer vehicle and oversteer vehicle (below critical
speed), can be evaluated by using (A, A,) as a basis. How fast the transient part
of the response of the vehicle (open loop response) to a steering input diminishes
is characterized by the decaying rates of the eigenvalues of matrix A. Obviously,
A, and A, represent the contributions of lateral and yaw velocities on transient
part of the response respectively. Let us define A, as "velocity constant’ (due to
its dimension which is second™ and also its correspondence with lateral velocity

) and the ratio of (A, A,) :

Ay alM

A 21

4

(5.35)

as "yaw number". Let’s compare the above values (A,, A,) with (A;, A,) obtained

from the solution of characteristic equation of matrix A. As examples, Figs.(5.5-
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Eigenvalue's Loci

Fig. 5.5 Variations of A, and A, as a Function of

Forward Speed of the Vehicle (understeer)
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Eigenvalue's Real Part

Fig. 5.8 Comparison of A, and A, as a Function of

Forward Speed of the Vehicle (understeer)
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Eigenvalue's Real Part

Fig. 5.10 Variations of A, and A, as a Function of

Forward Speed of the Vehicle (oversteer)
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Eigenvalue's Real Part

Fig. 5.12 Comparison of A, and A, as a Function of

Forward Speed of the Vehicle (oversteer)
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Eigenvalue's Real part

Fig. 5.17 Comparisun of A, and A, as a Function of

Forward Speed of the Vehicle (CONCIC III)
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5.8) and (5.10-5.17) demonstrate the variations of (A,, A,) and (A, A,) with the
forward speed of the vehicle and their comparison for three different vehicles
[82,106,59,65]. Figs.(5.5-5.8) show the results obtained for an understeer vehicle
[82] whose parameters are given in Appendix C. The following observations are

made from the figures ( for A,, A, and A,, A, ):

1. As the speed of the vehicle increases, in all cases, the values of (A,, A,)
and (A, A,) are decreased with a very sharp decrease at lower speeds and a fairly
flat change at higher speeds. This can also be deduced from equation (5.34) (due

to its hyperbolic nature).

2. Although the pairs of (A,, A;) and ( A,, A, ) are relatively far at lower
speeds (where they do not have any contribution to transient response due to
their high decaying rate), but they are fairly close at higher speeds and effectively
they converge to each other. This phenomenon suggests that in the region where
the transient response of the vehicle is important (i.e. at higher speeds), just by
checking one eigenvalue one can extract the necessary information about dynamic
behaviour of the vehicle. However, if necessary, "yaw number" can be used to

obtain the other eigenvalue.

3. As it is observed from Figs.5.7 and 5.8, the values of (A,, A;) and (A,, A,)
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are fairly close particularly at higher speeds. Therefore, (,, A;) and (A, A,) can

be used interchangeably.

4. The "Velocity constant" is more specific for the typical passenger cars,
since the cornering coefficients (cornering stiffness divided by normal load of the
tire) of the type of tires usually used have a specific range. Typical variations of
the cornering coefficients are shown in Fig. 5.9 [55]. This figure suggests that the
values of cornering coefficienis lie approximately between (5.7-11.5 N/N/rad;
after conversion). Therefore, by using these values (depending upon the type of
the tire) and the weight of the vehicle, the values of cornering stiffness are

obtained, which makes equation (5.26) more specific for typical passenger cars.

The sets of Figs.(5.10-5.13) and (5.14-5.17) show the results for an oversteer
vehicle [106] whose parameters are given in Appendix C and for CONCIC Il
respectively. It is observed that a slight decrease in decaying rates of the
variations of the eigenvalues for CONCIC III vehicle can be noticed at lower

speeds.

5.5 Summary

In this study, a comparison was made between 2-DOF and 3-DOF

mathematical models of a vehicle. To study the dynamic

i16




behaviour associated with each of the two models, transfer functions of the
system were used. The pole-zero loci plots have been found to be extremely
valuable to arrive at some important insight to the nature of the path following
characteristics of such a system. A dimensionless number, designated as the "roll
number” was defined, with the property that for a system whose roll number is
small, the 3-DOF model is effectively reduced to a 2-DOF model as a result of
pole-zero cancellation. By checking this number for any vehicle one can avoid the
complexities associated with the studies of steering controller design, directional
response, directional stability as well as structural design if the simpler model

would suffice.

The study was further extended to more detailed analysis of dynamic
behaviour of the system by using the 2-DOF model. It was shown that further
analysis and simplification of the 2-DOF model, while carrying the important
information about the original model, gives rise to two other quantities called
“velocity constant” and "yaw number". These two quantities represent those
parameters of a vehicle that influence its plane motion. They can be effectively
used in deciding when to use a dynamic or a simpler kinematic model to
represent the motion of the vehicle. By making use of the above numbers it can
be stated that the forward speed of a vehicle is a critical parameter affecting its

dynamic behaviour.
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CHAPTER 6

PARAMETRIC STUDY AND SENSITIVITY ANALYSIS

OF AUTOMATED VEHICLES

6.} Introduction

The problem of investigating the sensitivity of dynamical systems with
respect to parameter changes takes an important place in today’s engineering
design. In particular, in design of control systems, one of the necessary properties
is low sensitivity to parameter variation or uncertainties that exist in the system.
Therefore, for their design the knowledge of how the changes in parameters of
a dynamic system affect its performance and whether such variations cause severe
changes or they have minor effects are necessary. In this regard, sensitivity

methods can be employed as useful tools for typical parametric investigation.

118




The information provided by sensitivity study can be utilized in twofold.
The first one to design and build a control system with a variable structure in
order to achieve certain adaptation properties such as self tuning and adaptive
control. References [113-117,121-123] exemplify some of these studies. The other
aspect is to investigate the changes in dynamics of a system as a result of
variations (or deviations) in its parameters. In this regard, literature survey
reveals that there are some reports on the applications of sensitivity theory on
optimal design of hydraulic systems or its applications on design of electrical
circuits [117-120]). For this thesis, more emphasis is given to the latter, although
the former can also be considered in order to investigate the possibility of

designing more intelligent vehicles with certain levels of adaptations.

In this chapter, a parametric study of automated vehicles is carried out by
using sensitivity theory. A sixth order dynamic model is developed in state space
format to represent the motion of a 3-degrees of freedom (3-DOF) vehicle by
considering lateral, yaw and roll motions. The effects of steering system
dynamics are taken into account by representing it as a first-order-lag. The effect
of the variations of different parameters of the system on its dynamic behaviour
are studied by classifying them into three vectors with the elements consisting of
inertia, stiffness and damping and geometric-kinematic parameters. The effects

of every element of these vectors on various state variables are studied. A
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comparison is made among the state variables to reveal the relative influence of

the parameter-induced variations. This helps one in better understanding of
which state will be more affected due to changes in a particular parameter. And
if it is so, how severe this variation is, both in transient and steady-state
responses. Then the effects of a particular vector on the performance of the
system is studied. This will provide one with a global view over the severity of
the changes and helps in a qualitative study of the overall parameter changes on

the motion of the vehicle.

First, a summary of some previous developments of the methodology is
provided and its application in different areas are explained.
In addition, definitions of some basic terms commonly used in this methodology

as well as a brief outline of the underlying theory are described.

6.2 Theoretical Background

The early developments in sensitivity analysis were started with the study
of the effects of changes in coefficients of a differential equation on its solution.
The early work on sensitivity analysis of control systems was started with Bode
[117,122] who introduced this concept into modern cont:ol theories and defined
a proper sensitivity definition in frequency domain for systems with the feedback

control. Later on, a number of studies were devoted to sensitivity analysis in
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time domain due to development of state-space method in modern control theory.
References [114-116,121] exemplify some of the techniques used for design of

optimal control systems.

It is a common practice in this theory to talk about the sensitivity functions

[117,122-123]. Let’s assume that dynamic model of a system is represented by

*= f(x,t,u, @), x(0)=x, (6.1)

where x is the state vector, f is a vector function, u is the input vector, o is the
nominal parameter vector and x, is the vector of initial conditions. This equation
is called nominal state equation [117,122]. If the parameter vector is perturbed

from its nominal value by Aa., then we have:

X= f(x,t,u,a,+Ae), x(0)= x, (6.2)

with the same initial conditions. This equation is called the actual state equation.

The change of the state vector due to At is:

Ax= x(t,a,+Aa)- x(t,a,) (6.3)

By first-order approximation the above equation can be written as

[117,122]:

121




S 9x
Ax(t,a) ;EE;LO Aa, (6.4)

In this case, the trajectory sensitivity vector is defined as:

ax(t,a)
Aj(t: ao) - Tl‘,o:

j-llzl"'lr (65)
where o= [0, o, @y....0,,]7is the parameter vector. it should be noted that A; has

the same dimension as the state vector and the components:

6)(1(1:,41)I

a8 (6.6)

Aij(t'a)-

are called the trajectory sensitivity functions and accordingly the trajectory

sensitivity matrix will be defined as [117,119]:

Ox, Ox, Ox,

da, da, """ O |

.............. (6.7)
ox, 0x, o9x,
B, da, """ Ba )

Taking the partial derivatives of the actual state equation with respect to
parameter o; we get:

ox 0rf ox . oOf
Ba,” Bx Bu, Ou, (68)
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or

of of ,
A’j -a-—xlao lj"'—a—a—;an, A(O) 0, J 1,2, [ (6-9)
where
ax
A= — 6.10
J aalﬂo ( )

and (df/9x) is the (nxn) Jacobi matrix.

In the case of a linear system represented by:

X= Ax+Bu (6.11)
the trajectory sensitivity equation can be obtained as[117,119):

: 04 oB
A’j- AOA’\/"' -é;—JLoxv 'Etzlaou(t), Aj(to)-O (612)

where Ag= A(0y), xp=x(t,09). In this case, the trajectory sensitivity matrix can be

obtained from:

= A°A+§A;|,°xo+%§laou(t), Altg)-0 (6.13)

In addition, if a mathematical parameter such as o is a function of some

other physical properties like a, represented by:
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a,~ «faa,...a) (6.14)

Then, by applying chain rule, trajectory sensitivity functions can be obtained

from:

Ay 00, A, 3w, 9, dug

(6.15)
da, OJay Ga, Oa, da, Oa, da,

It is often desired to compare the global sensitivity characterization of the
systems. As an appropriate basis, L2-Norms of the sensitivity vectors offer a
natural choice [117], since by definition it is the integral of a quadratic form that
takes into account the contributions of all parameter-induced variations. In
general, the integral of the quadratic form:

Iy~ [e() Z e(t)dt (6.16)

fo

where Z is a symmetric positive definite weighting matrix and t0 >0 and t1 >t0,
are two positive instants, is called the L2_ Norm. To characterize the sensitivity

of a system by the L2-Norm, e(t) in equation (6.16) can be replaced by Ax [117].

Trajectory sensitivity functions can be classified in time domain, Laplace

domain or performance index sensitivity depending upon the mathematical model
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of the system [117,122). For instance, the last one is suited for the analysis of the
optimal control problems. In addition, the parameter variations may be classified

as:

o_type variation, that has not any effect on the order of the system (this is the

case of the current study)

B_type variation, which is due to the initial conditions.

A_type variation, that affects the order of the system ( order of the mathematical

model).
The emphasize in this study is on o_type parameter variations whose definitions
and basic theory were explained above. For P_type and A_type parameter

vectors, the underlying theory is the same and for further details, the interested

reader is referred to [117,122-123].

6.3 State Space Representation of the System
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The 3-DOF linear model is employed in this study and for the sake of
convenience, it is reviewed again. Referring to the schematic diagram of the
vehicle as shown in Figs.(4.1-2) and the assumptions unchanged, summation of

the forces and moments about the centre of mass of the vehicle gives:

M(V,+ V,Q)+ Mpj- Fp+ F, (6.17)
1,Q- aF- bF, (6.18)
Ig+ MA(V,+ V,Q)- -D,g+ (Mgh- K,)q (6.19)

with the expressions of the side forces of the tires as:

F~C, B, (6.20)

F=C, B, (6.21)

where the expressions for f;and f, (slip angles) as:

aQ+V
By 8- w (6.22)
Vll
Q-v
B~ 8,4+ % u (6.23)
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The notations used in equations (6.17 to 6.23) are the same as mentioned in

chapter 4.

In equation (6.17), the first term implies the lateral acceleration due to
changes in the lateral velocity and direction of the forward velocity vector, while
the second term represents the induced force due to the tangential acceleration
of the sprung mass. Inequation (6.19), the first term is due to rolling acceleration
while the second term shows the moment due to the force induced by the lateral
acceleration. In addition, the effect of the front and rear steering actuator

dynamics are represented by a first order lag model in the following form:

b= -1(008) (6.24)

where 1 is the lag constant.

Substituting from equations (6.20 to 6.23) into (6.17 to 6.19) and carrying
out the necessary manipulations, the dynamic equations of the system can be

written in state-space form as:

X= Ax+ Bu (6.25)

where
xT- v, Q p g 8, 8,.] (6.26)

128




is the state vector and

ul=18,8,] (6.27)

is the input vector. In derivations of the above equations, §, and 3, are

incorporated in the states. Matrix A can be written as:

[ -1(CpC,)  1(bC,-aC) _y MMD, -MiMgh-K) IC, IC, ]
Ly, Ly, R A I, 1, 1,
2 2
(bC/"aCr) (-a Cf-b Cr) o 0 aCf —bc'
Ly, Ly, 1, I,
MA(CrC) -Mp(C,-aC) -MD, M(Mgh-K) -MAC, -MhC,|(6.28)
Ly, Ly, 1, I, I, I,
0 0 1 0 0 0
0 0 0 0 -T, 0
0 0 0 0 0 -T, |
where
I- IM- MZ2h? (6.29)

and

000 -7,0 0O

- 6.30
000 0 0 -T, (6.30)

BT

where T and T, are equal to (1/1) with typical value for 1=0.1 second.

6.4 Parametric Study
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The properaes of the developed dynamic model depend upon the elements
of A and B matrices which in turn are functions of different parameters of the
system. In this thesis, it is desired to study the effects of changes of M, M, , I,,
L,a,b hV,, C, C K, and D, on the response of the system mainly specified
by the state variables V,, Q and p. The above parameters are classified as vector

of mass and inertia parameters

- [M M, I, 1) (6.31)

vector of stiffness and damping coefficients

e’ [C, C, K, D) (6.32)

and geometric and kinematic parameter vector
)

az’=[a b h V)] (6.33)

The net parameter-induced changes of the state trajectories are obtained from

equations (6.4-6.5) as:

Ax(ta)= Altag) Aa (6.34)

In this equation, Ax shows the net change of the states under the influence of Ao

changes in the nominal value of the parameters. In this study, Ax(t,a) are
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obtained for twenty percent (20%) increase in the nominal values of parameters.

The expressions for (0A/do) are obtained by taking the partial derivatives
of matrix A with respect to the elements of the vectors a,, o, o, as they are
necessary for the solution of sensitivity equations. Furthermore, wherever
necessary (such as L), chain rule is utilized to obtain the elements of 8A/da,,,

0A/00h,,..., 0A /0, matrices whose details are provided in Appendix D.

6.5 Simulation Results

Simulations are carried out by applying the step inputs of (10°) degrees to
the front and rear wheels. Results are shown for 2.0 seconds, since all transient
parts of the responses of the original system die out after almost 1.3 second and
the states reach to their steady-state values after this time. The nominal values
of the parameters used in this study belong to CONCIC INI vehicle, as given in
Appendix B. The time histories of the state variables are shown in Figs.(6.3-6.18)

and the detailed discussion of the results are provided in the following sections.

6.5.1 Effects of Inertia Parameters

Figs.(6.3-6.7) show the effects of changes of various inertia properties of the

system on its dynamic response. It is seen that mass is very effective on the
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lateral velocity and any increase in mass decreases the steady-state lateral velocity
of the vehicle with little effect on transient response of roll motion (Fig. 6.3). The
effect of sprung mass on the response of the system are shown in Fig. 6.4. As it
is shown in this figure, sprung mass is very effective on transient response of roll
motion with little effect on yaw and lateral velocities. The results of changes of
motion of the vehicle due to variations of I, and I, are shown in Figs.(6.5-6.6).
From Fig. 6.5, it is observed that I, is very effective on transient part of roll
motion with no effect on the steady-state values of state variables. Also, from Fig,
6.6 it is seen that yaw moment of inertia is very effective on yaw rate with very

little effect on the other states.

In order to provide one with a global characterization of the system
sensitivity, the overall effects of the parameter vectors on the motion of the
vehicle are obtained by using the definition of sensitivity measure namely
equation (6.16). In particular, sensitivity measure of the vehicle (I,,,) with respect
to inertia parameter vector (0,) is shown in Fig. 6.7. As it is shown in this figure,
inertia parameters are very effective on transient response of yaw motion with

less effect on roll and lateral velocities.

6.5.2 Effect of Stiffness and Damping Parameters
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Figs.(6.8-6.12) show the variations of V,,,  and p as a result of changes in

G, C, K, D,. Itis seen that the transient part of all state variables are sensitive
to the changes in C;and C, with Q being the highest. Comparison of Figs.6.8 and
6.9 reveals that cornering stiffness of the tires are effective on steady-state
responses of lateral velocity and yaw rate of the vehicle with the adverse affect
on the latter one. Figs.(6.10) and (6.11) show the effects of K, and D,. It is seen
that transient part of rolling motion is very sensitive to the variations of these

parameters while the lateral and yaw velocities are not affected.

The overall effects of stiffness parameter vector (o,) on the behaviour of the
system (I,.,) are illustrated in Fig. 6.12. As it is shown in this figure, stiffness and
damping parameters very effective on the steady-state value of Q with less effect

on lateral velocity and no influence on steady-state value of roll motion.

6.5.3 Effects of Geometric and Kinematic Parameters

Geometric parameters are grouped together in vector 0,. As it is shown
in Figs.6.13-6.14, a and b are very effective on the steady-state values of lateral
and yaw motion with little effect on transient part of roll velocity. Therefore, any
increase on a or b reduces the steady-state value of yaw rate whereas they have

adverse effect on lateral velocity. Comparison of time histories of the states with
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those observed for the cases of C;and C, suggests that the vehicle motion is more
sensitive to the changes in a and b. Fig. 6.15 shows the effect of changes of h on
the response. It is seen that h is very effective on the transient part of roll motion
without almost any influence on V,, and Q. The effect of forward velocity of the
vehicle on its motion are illustrated in Fig. 6.16. It is seen that the steady-state
values of yaw and lateral motion of the vehicle are influenced by the variations
of this parameter while the roll motion has been affected very little. Among
them, yaw rate is the most affected state and any increase in forward speed

considerably increases yaw rate of the vehicle.

The overall effects of geometric parameters on the response of the system
is shown in Fig. 6.17. It is seen that generally speaking, these parameters are the
most effective, both in transient and steady-state response, among all the others
like stiffness or inertia with yaw rate being the most sznsitive to the variations

(the vertical scale are different from inertia and stiffness-damping vector).

6.6 Summary

In this chapter, a parametric study of automated vehicles was carried out
by using sensitivity theory as a tool. The linear three degrees of freedom (3-DOF)

dynamic model was employed for the purpose of this study.
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A general observation was that the vehicle parameters directly related to
roll motion like sprung mass (M), roll moment of inertia (I,), roll damping (D,),
etc. do not have a significant contribution on the yaw and lateral motion. This
result was obtained by comparing the parameter-induced variations of the state
variables. The above observations support the properties of “"roll number"

introduced in the previous chapter.

Among the parameters studied, it was observed that the geometric-
kinematic parameters were tite most influential on the motion of the vehicle.
Therefore, in the primary stages of the design this factor should be considered.
As well, it appeared that the forward speed was the most significant parameter
affecting the motion of the vehicle with yaw rate being the most sensitive mode.
This result is compatible with those obtained from the analysis of motion in the

previous chapter.

Sensitivity measures were utilized to obtain a global sensitivity
characterization of the system. Among the parameter vectors, geometric-
kinematic parameters were the most influential on the performance of the vehicle
with yaw rate being the most sensitive in all cases. Furthermore, it appeared that
the inertia parameters were mostly influential on transient parts of the responses

as it was observed from Fig. 6.7.
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CHAPTER 7
SYNTHESIS OF STEERING CONTROLLERS

FOR AUTOMATED VEHICLES

7.1 Introduction

Satisfactory performance of automated vehicles requires an efficient control
scheme to generate the control signals such that by a proper steering action, the
errors in position and orientation when a desired path is to be followed converge

to zero. For such systems it is necessary at each instant to control the angle of the

steering wheel so that any deviation from the path is corrected in a stable manner,
in a reasonable time and without oscillations about the path (hunting). The
control strategy must define the steering angle (the angle of the steering wheel

with the vehicle longitudinal axis) as a function of the two measurable errors
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hereafter referred to by the positional error (the distance from the vehicle mass"
centre to the line tangent to the path at the point nearest to the mass centre) and
orientation error (the angle between the vehicle longitudinal axis and the line

tangent to the path).

Although there are various wheelbase configurations that can be employed
for these systems however, the most popular ones are tricycle models, differential
drive and double steering vehicles. This chapter is devoted to developments of

a number of control strategies for the above wheelbase configurations.

For tricycle model vehicles with steering wheel in the front, a nonlinear
control strategy is developed. Simulations demonstrate improvement in path

tracking behaviour of the vehicle.

By using optimal control theory, the structure of a controlle- is obtained by
using a linearized dynamic model of the vehicles with front wheel steering
systems. It is shown that the system can be decoupled into two fast and slow
subsystems and the controller design is based on the slow subsystem. In design
of the controller, a quadratic measure of performance consisting of the integral of
the errors ( errors in position and orientation of the vehicle) and the input (front

wheel steering angle) are minimized.
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For the vehicles with differential drive configuration, a controller is

designed that employs a linear feedback of the position and orientation errors as
command to control the velocities of the side wheels. The performance of the

controlled system is shown by the simulation.

Throughout this chapter, in order to simplify the controller design for the
above mentioned vehicles (front wheel steered vehicles), the effects of the steering
dynamics are neglected. It is assumed that instantaneous wheel steering angle
(5,) follow the command () at any instant. However, these effects (steering
dynamics) can be taken care of by using the proceedure provided at the end of

this chapter (section 7.5).

7.2 Synthesis of a Nonlinear Controller

The results of previous studies [27] show that in cases where the steering
wheel is in the front, a control law based on a proportional feedback of the
position error only is not sufficient and can lead in hunting rather than following
the path. Inclusion of the orientation error feedback results in improving the
tracking behaviour. However, as the results of this study show, it is possible to
further improve the performance of the controlled system by making advantage

of incorporation of other variables such as the angular velocity of the vehicle.

7.2.1 Dynamic Relations

Figure 7.1 shows the various dimensions and angles between the body axis
(UCW) and the world coordinate system (XQOY). V, and V,, are the longitudinal
and lateral components of the velocity V of the vehicle mass centre in (UCW)
frame, and V, and V, represent the components of V in the X- and Y- direction,

respectively. Similarly, a,, a,, a, and a, are used for components of the
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-.«cceleration in the two coordinate systems. v is the orientation of the vehicle at
each instant of time and £ is the angular velocity in both (UCW) and (XOY). The
positional offset and the orientational error are denoted by €, and &, respectively

(Fig. 7.1).

The relationship for transformation of components of any vector like V,

the velocity, in the two coordinate frames is in the form of

V.= Vysin y- Vy cos ¢ (7.1)

V,= Vycos y- Vg sin y (7.2)

The schematic diagram of a three wheeled vehicle considered in this study
is depicted in Fig. 7.2. The resultant of the forces exerted from tires to the vehicle

have components in the longitudinal (U) and lateral (W) directions.

Considering only the plane motion of the system and neglecting roll
motion due to small roll number (0.15) (the parameters belong to CONCIC II
vehicle [36,41] and are given in Appendix E), the equations of motion of the

vehicle at any time can be written as:

Fn—FM'*Fh—Fm-F#Sinbﬂ—FFm-Mau (7-3)

(F,), +(F,), + Fy0088,, - Fp, €088,= M a, (7.4)
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a Fycosd,, -b [(F,), +(F,) ) - a Fp, siné,, - IQ (7.5)

Where a and b are the distances between the centre of mass and the front and
rear wheels respectively (see Fig.7.2), &, is the instantaneous steering angle, i.e.,
the angle between the stecring wheel and the vehicle longitudinal axis (CU) as
shown in Fig. 7.2, L, is the moment of inertia about a vertical axis passing through
the centre of mass, Q is the yaw rate of the vehicle, Fy and Fy, are tractive forces
in the left and right rear wheels, Fg,. and Fy,, are the rolling resistance of the front
and rear wheels acting against the vehicle motion, and Fg, (F,;), and (F,,); are the
side forces of the front and rear wheels (left and right), respectively. Fg, and Fy,,

depend on the weight of a vehicle and can be determined from:

F,~-f.N, (i-F,R) (7.6)

where f, is the coefficient of rolling resistance and N, is the vertical load on the

i’th wheel. Also, accelerations in U- and W- directions can be expressed as (see

Fig.7.1):
a,-Y,-V,0 (7.7)
a,-V,+V,0 (7.8)

where V, and V,, are the components of the velocity in the vehicles coordinate
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system. Assuming that the side slip angles are small and thus the corresponding

side forces are determined from:

Fy=C, P, (7.9)

(F;r)‘ - Cr (pr)‘ i-L!R (7.10)

where C; and C, are the cornering stiffness and B, (B,), are the slip angles of the

front and rear wheels (i= L,R) with their expressions as follows:

V, +af

B, - 8, - tan" (7.11)
bo-v
(pr)‘ - tan™’ ﬁd—é— (7.12)

]

7.2.2 Motion Control Policy

The function of the controller is to bring the two errors namely position
error (g4) and orientation error (g,) (Fig.7.1) to zero smoothly, fast and without
oscillation. By noting that 8 is a very small angle (typically less than 4 degrees),
therefore, according to (7.11) by setting £ equal to zero, the best approximation

for instantaneous steering angle &, is:

Vsineg +al

(7.13)
V cos e,

-1
bﬁ, ~ tan
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But in equation (7.13) no use is made of the position error. By adding another

term, proportional to the offset g, the structure of the controller would be of the

fol'owing form

Vsineg, +aQ
V cos g,

8, - K, tan”’ + K, ey (7.14)

Note that by cancelling the term (aQ) in equation (7.14) we cbtain the
proportional controller as proposed and used by other rescarchers. The inclusion
of (Q) in the feedback improves the behaviour of a vehicle in path tracking, as it

is shown in the simulation results in the next section.

7.2.3 Simulation Results

In this section, a control law in the form of equation (7.14) has been
implemented to a front steered vehicle. A tuning factor (g,) has been also
included such that the steering angle is determined according to

Vsine ~aQ

- K, tan?
f 31[ q V cos ¢,

+ K, e} (7.15)

In the simulation, first the effect of changing the ratio between the tuning

parameter (g,) is investigated. For a number of initial conditions, that
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is, initial errors in the offset and orientation of the vehicle, the simulation studies
are carried out. Figures (7.3) to (7.7.a-c) illustrate samples of the simulation
results. Simulation result show that for the system under study, for equal values of

K, and K, better performance is obtained. The most appropriate value for
parameter g, can then be determined based on any particular system’s
requirement by examining a number of values for g,. Taking the overall results,
in the example used in this study a value of g,around (0.6-0.7) has shown to be
more appropriate for a fixed gain. For larger values of g, (g,> 1.5) the system'’s
behaviour becomes oscillatory in both offset and orientation settling. In all the

graphs shown, g=0.6 and K,=K;=1.0.
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Comparison with the results of simulation when the steering angle is
adjusted according to a linear function of the errors (proportional control) reveals
that a better performance is obtained when the nonlinear control law in equation
(7.15) is implemented. The results of this comparison are shown in Figures (7.7a)
to (7.7¢) for the offset, orientation error and steering angle, respectively. In the
simulation results shown, the initial offset (¢,) is 0.2 m, the initial orientation error
(g) is 22.5 degrees (n/8.0 rad) and the value of §;is in radians. In Figures (7.7-
a,b,c) the continuous line corresponds to the control law in equation (7.15) and the
curve shown by "...." corresponds to the proportional control law. The above

simulation results are for the forward speed of the vehicle of 1.0 m/s.

7.3 Synthesis of an Optimal Controller

In view of the fact that the steering angle (the system input) has physical
limitations it seems reasonable to look for a controller that can minimize the
tracking errors during the motion of the vehicle as well as the control input.
Therefore, this problem can be viewed as an optimal control problem to minimize
a performance index.

In this section based on a simplified linear dynamic model for the plane
motion of a 3-wheeled vehicle with front steering wheel, an optimal controller is
sought such that a quadratic measure of performance consisting of the integral of

the errors (errors in position and orientation of the vehicle) and the input (front
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wheel steering angle) are minimized. In this way the feedback gains will be

explicitly determined in terms of physical specifications.

The results are implemented for simulation studies of a vehicle and the

simulation results are presented.

7.3.1 State Space Representation of Vehicle Path Tracking

Referring to telescopic (bicycle) model of the vehicle depicted in Fig. 7.8
and the assumptions (like small angles for trigonometric approximations, linear
behaviour of the side forces with slip angles) remaining the same as the case for
linear model, summations of the forces and moments about the centre of mass of

tHe vehicle give:

C, B, +2C B, -MV, ~MVQ (7.15)

aC/p,-2C B, -1,0 (7.16)

where B, and B, are the slip angles of the front and rear tires defined in equations

(4.39) and (4.40), repeated here for the sake of convenience:

v, + aQ
Br= 85 - (7.17)
ba - V. (7.18)
r V ¢
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Two successive positions of the vehicle are shown in Fig. 7.9. Point P is
the instantaneous centre of rotation which is determined by the intersection of a
line perpendicular to the front and rear tires. The location of this point depends
on the steering angle 3. The non-slippage condition for this class of vehicle
implies that the rear wheels have no lateral velocity; in this sense, point M’ the
middle point on the rear axle has no lateral velocity. The velocities of all other
points on the vehicie can be assumed to consist of the forward velocity of point
M’ and a rotation about this point with the angular velocity Q. If the velocity
components of the mass centre in the forward and lateral directions are denoted
by V, and V,, then the new position of the vehicle can be considered as a

forward translation with velocity V,, a lateral translation with velocity V,, and a

rotation by an angle Ay . For a straight line path (desired), since the slope (y,

in Fig.7.1) is constant, therefore:

ég- Y- 0 (7.19)

Also, from coordinate transformation relationships Fig. 7.10 reveals that (for

straight line path)

ey~ V, 008 g + V, Sin g (7.20)

where g, and ¢, are position and orientation errors.
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For small g, (sin eg=g,, cos €,=1), equation (7.20) can be simplified to
éd- VW +Vu Ge (7.21)
substituting for §; and B, from equations (7.17-7.18) in equations (7.15) and (7.16)

and using equations (7.19) and (7.21) the linearized equations of the system in the

state space from can be written as:

%= Ax+ BB, (7.22)
where
xTel ey V, R ¢ (7.23)
and
(0 1 0 0]
-C,-2C -aC
‘ 0 2C, 2bC,-a .y 0
MV, MV,
A- . (7.24)
o 2C-ac, 27, a*c,
LV, 1y,
0 0 1 0
T
-0 & %% o (7.25)
M T,

This system has two open loop poles (eigenvalues of matrix A) at origin,

and the other two are in the form of:
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Apse %[a+ y 02 + 4v] (7.26)

where

-1
a- [ C{1,+ Ma®)+ 2(I+ MP)C, ] (7.27)

2 U

which is always negative,

2_ 2_
o~ (Ma ],)Cf+ 2(Mb- I)C, (7.28)

MI, V,

and

(26C,- aC)? (2bC,- aC)
u- -
M1y}2 1,

(7.29)

Typical values of a,0 a=d v for physical systems show that these two poles
are far from origin and in the left half plane of the complex plane; that is, the
system possesses two fast modes and two slow modes. The fast modes
correspond to the lateral and angular velocities of the vehicle (V,, and Q), whereas
the slow modes correspond to the first and fourth states; that is, the position error

(offset) and the orientation error.

7.3.2 Synthesis of the Optimal Controller

For the system defined by equations (7.22) - (7.25), an optimal controller
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to minimize the performance index:

J- j; (1€ 2+ gp€e2+ Rﬁ?)dt (7.30)

is sought. q;, q,, and R are positive scalars weighting factors for the two errors,
€4 and g, and the control effort represented by the steering angle 8, However,
for such a system with slow and fast modes, the effect of fast modes disappear
almost instantly. For this class of system, an optimal control based on only the

slow subsystem will suffice, as the results of this study show.

In order to decouple the slow and fast modes, a linear transformation of

the states in the form of [124]:
z= Plx (7.31)

where P is the matrix whose column are the eigenvectors of A, changes equation

(7.22) into:

i- P7'AP:~ P'B 8, (7.32)

where P'AP is in the Jordan canonical form (due to the repeated eigenvalues).

The subsystem associated with slow modes has the following form:

01 b,
}Zw 16; (7.33)

244~ 00 bz'

The unique optimal controller for a linear system in the form of
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Z(t)= Az(t)+ Bulr) (7.34)
where z(t) is the state vector and uf(t) is the input vector, to minimize the cost
function (7.30) is given by [124]:

u()= -R'B7Kz(r) (7.35)
where K is a constant positive definite matrix which results from solving the
algebraic Ricatti equation:

-KA- A'K+ KBR'B'K- Q-0 (7.36)
where Q is a positive definite matrix of compatible dimension of the weighting

factors for each state.

In the next section numerical computations ar