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ABSTRACT

Generic Dynamic Modelling and Model-Based Trajectory Tracking
Control of Wheeled Mobile Robots (WMRs)

Karunananth G. Thanjavur

This thesis focusses on the dynamic modelling and on the systematic evaluation of
model-based control schemes for trajectory tracking of Wheeled Mobile Robots (WMRs) for
industrial applications. The research extends the theoretical and experimental work at the
Centre for Industrial Control, Department of Mechanical Engineering, Concordia University
on mobile robotics since 1982.

The methodology applies the Kane's approach to model WMRs. This approach uses
the natural degrees of freedom and emphasises the system's non-holonomic nature, unlike
schemes based on the Newton-Euler and Lagrangian methods. The novel 5-step procedure
is applied to model WMRs with common wheel types and configurations for various loading
and operating conditions. The dynamic loads on the wheels are obtained using ‘virtual' speeds.
The methodology is illustrated by deducing the dynamic equations of common WMRs.

The insight into the mobile robot's dynamic behaviour provided by the model is used
for model-based trajectory tracking control. The performances of the Feed Forward and the
Computed Torque schemes have been evaluated through simulations and with experiments
using a differentially driven WMR.

The experimental results indicate that the inclusion of the dynamics in the closed



control loop reduces tracking errors by an order of 50% in comparison with a conventional
PD controller. Results also indicate the importance of accounting for the dynamic nature of

wheel loads and of dynamic model parameters in the Feed Forward controller performance.
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Chapter 1

Wheeled Mobile Robots - A Perspective

1.1 Introduction

Robots in general, and mobile robots in particular, have long been a fascinating subject
to the lay person and to the scientist alike. From the pens of science fiction writers and the
imagination of motion picture producers, we have seen a vast array of robots which are
increasingly anthropomorphic or human like, almost in keeping with the evolving technology.
In the scientific world, developing and applying a mechanism that has a certain degree of
mobility and autonomy and allowing it to interact with the real world has spurred vigourous
research efforts spanning a multitude of disciplines which includes mechanical engineering,
electrical engineering, mathematics, computer science, economics and industrial engineering,
and some new areas such as knowledge engineering and manufacturing engineering.

The word ‘robot’ is derived from the Czech word ‘robota’ which means work. It was
first coined to indicate an intelligent machine by the playwright, Karel Capek in his play,
"Rossum's Universal Robots' in 1920. During the decades since then the word has been applied
to mean a variety of mechanical devices such as teleoperators, underwater vehicles,
autonomous land rovers and so on. Virtually anything that operates with some degree of
autonomy has been termed a robot. 4 robot, as defined by the Robot Institute of America is,
a reprogrammable multifunctional device designed to move material, parts, tools or
specialized devices through variable programmed motions for the performance of a variety

of tasks [1].



1.2 A Brief History of Wheeled Mobile Robots

Attempts to build mobile devices with some form of intelligence started soon after
World War II. In the U.S.A., the first Wheeled Mobile Robot (WMR), or the Automated
Guided Vehicle (AGV) as it is also termed in the literature, was developed in the early 1950's
by the Barrett Electronics. The first AGV system was installed by them at the Mercury Motor
Freight in Columbia, South Carolina, in 1954. However, serious scientific research into the
area of autonomous mobile robotics started only in the early 1960's. A brief history of
experimental WMRs is traced in Appendix A using material culled from the voluminous

literature on the subject.

1.3 WMR research at the Centre for Industrial Control, Concordia University

At the Centre for Industrial Control (CIC), Department of Mechanical Engineering,
Concordia University, Montreal, research in various areas related to Wheeled Mobile Robots
has been ongoing since 1982. The analytical work has been supplemented by extensive
experimental investigations using the four generations of mobile robots designed and
developed at the Centre. In the following paragraphs a brief review of the pioneering work
at the Centre is traced. Full details are provided in Appendix A.

Investigations by Cheng et al. [2] from 1982 to 1985 led to the development of the
first experimental platform, CONCIC I, the 3-wheeled WMR with tricycle wheel
configuration, shown in Fig.1.1. The WMR was designed to follow a guide path laid on the
floor using camera vision with on-board image processing and path planning. The controller

used parallel processing for image analysis and for motion control, both steering and driving.



Figure 1.1 The prototype automated guided vehicle, CONCIC I, designed and developed
at the Centre for Industrial Control , Concordia University, Montreal [14].

Figure 1.2 The second generation mobile robot, CONCIC II, with camera guidance
designed and developed at CIC [15].



The CONCIC II, shown in Fig.1.2 the second experimental WMR designed and
developed by Rajagopalan [15] at the CIC from 1988 to 1990 was designed with many new
and practical features. The mobile robot utilised a binary digitizing camera with DMA data
transfer for the optical guidance system adopted by Rajagopalan and Cheng [4, 5]. A diamond
wheel configuration was used with two independently driven wheels located symmetrically
along the transverse axis. Steering was achieved by differential drive, since the wheels were
independently driven.

In order to explore dynamic modelling and control of WMRs, the third experimental
platform, CONCIC III, shown in Fig.1.3, was built by Mehrabi [6] in 1993. Dynamic
modelling of mobile robots was first explored by Huang [7], Huang and Cheng [8] and
Huang, Cheng and Sankar [9] who developed a dynamic model of CONCIC II as part of a
simulation package designed for kinematic and dynamic analysis of differentially driven mobile
robots and laid the foundation for a general dynamic modelling scheme for mobile robots.
Mehrabi, Cheng and Hemami [10] extended this to two and three degree of freedom non-
linear dynamic models. Using feedback linearization, an optimal dynamic controller was
synthesized and implemented on CONCIC III.

The first Automated Transit Vehicle (ATV), the CONCIC IV, shown in Fig.1.4, was
designed and built at the Centre from 1994 to 1996 by Pharand and completed later by Perelli
[11]. The WMR was much bigger in dimensions than its predecessors but the same modular
mechanical design was adopted. Rajagopalan and Perelli [12] used a Charge Coupled Device
(CCD) camera for road following by the ATV. A hierarchial control system was used with

an Intel 486-66 MHz processor, a C-40 transputer network and four LM628 servo motion



Figure 1.3 The experimental platform, CONCIC III, designed and developed
at the CIC [16] carrying a suspended load for this thesis work.

Figure 1.4 The automated vehicIe, CONCIC IV, w1th camera v1510n fdrﬂ
automated transit applications designed and developed at the CIC [18].
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control chips. For high speed image processing the Texas Instruments C-40 DSP network was
used.

The dynamic contro! of WMRs was extended to include Computed Torque Control
(CTC) by Rajagopalan and Barakat [13, 14] and by Barakat [15] who successfully synthesised
a novel CTC scheme for WMRs and implemented it on the CONCIC III. The performance
of the proposed controller was validated by comparison with a kinematic PD controller for
straight line trajectories on level ground and up a slope.

Mobile robotics research and development in the primary areas of camera guidance,
control and kinematic and dynamic modelling of WMRs is ongoing at the Centre. The work

presented in this thesis is based upon and draws from this rich and varied experience.

1.4 Present and Future Applications of Wheeled Mobile Robots

The literature surveyed indicates that the primary use of WMRs in the industry has
been in the area of material handling especially in manufacturing, assembly or in ware house
applications. In North America, the automotive industries have been the leaders in the
introduction and the continued use of the mobile robot technology. For instance, the General
Motors plant at Oshawa, Ontario, uses more than 500 mobile robots in its automobile
assembly plant.

In manufacturing and assembly, WMRs are being used as mobile platforms
programmed to carry a component through various stages of manufacturing or assembly, each
stage being done at one of a series of work stations. These WMRs do not have much built-in

autonomy but function as semi-intelligent mobile systems with excellent trajectory tracking



capability. Buried underground wires are the most common method used to provide path
guidance with inductive type pick-ups fitted to the vehicle.

In addition to the typical industrial sectors, mobile robots are finding applications in
an ever increasing number of other areas. The Navlab [16], designed and built jointly by the
Department of Computer Science and the Robotics Institute, Carnegie-Mellon University,
Pittsburgh is a self contained laboratory for navigational vision system research for mobile
robot systems in outdoor settings. The research efforts are directed towards highway
automation with navigation on roads while avoiding obstacles.

The mobility of robots need not be restricted to land based wheeled mobility only.
Undersea exploration was pioneered by the Undersea Artic Research Vehicle (UARS) built
at the University of Washington Applied Physics Laboratory. Such unmanned, untethered
submersibles are becoming a viable tool to compliment the capabilities of manned and
unmanned tethered submersibles for deep sea work such as pipeline search and inspection.
Air borne mobile robots to date can be classified as 'smart missiles' only [17]. The targeting
information is preprogrammed and the systems navigate autonomously using various types
of active or passive sensors. Tactical missiles perform target detection and recognition with

corresponding correction of their trajectory.

1.S Summary

In this chapter a perspective on the field of robotics and, specially, mobile robotics has
been provided. The origins and the current definitions of the terms robot and automation have

been provided. These terms have made their way into everyday parlance due to the explosion



of science fiction or sci-fi literature and motion pictures in recent times. For the past fifteen
years, the Centre for Industrial Control, Department of Mechanical Engineering, Concordia
University, Montreal has been actively engaged in research activities in mobile robots,
especially in the areas of camera guidance, dynamic and kinematic modelling and control. The
chapter concludes with some of the applications of mobile robots in the industry as well as
in non-conventional applications such as undersea exploration and nuclear facility monitoring

and maintenance.



Chapter 2

Literature Survey and Problem Definition

2.1 Introduction

The research work presented in this thesis addresses issues related to modelling the
dynamic behaviour and to the control of Wheeled Mobile Robots in, the predominant,
industrial applications. Examples and illustrations given in this thesis are, therefore, drawn
from this sector. However, it is evident from the list of applications given in Section 1.4 and
in Appendix A that WMRs are being applied in a growing number of areas. The scope of the
work presented in this thesis is general and the results provided may be applied to these varied
areas as well.

In a typical industrial application, the mobile robot moves along a constrained path
under some form of guidance scheme while carrying out one or more preprogrammed tasks
autonomously at stations enroute. An example drawn from the automotive industry is shown
in Fig. 2.1 in which the WMR is carrying a car engine suspended on a sling to an assembly
station in an automobile production line. In a typical application such as the one used for
illustration, the motion of the WMR depends on the simultaneous interactions with the
payload and with the environment and this complex dynamic behaviour needs attention for
effective control. If the on-board controller treats the WMR-payload system only as a
kinematic system, path following may degrade to unacceptable levels. In highway
applications, wheeled robots must also be capable of travelling at considerable speeds in

widely varying and largely unknown environments while following a desired path. In such



Figure 2.1 A WMR carrying a sﬁspended engine in an automotive assembly line.

industrial and highway applications, safety is a major concern as well. The need to understand
the dynamic behaviour of WMRs better and to study the effectiveness of controllers which
account for the dynamic nature of the mobile robot provides the impetus for this research
work.

The review has been divided into sections dealing with the two primary areas of
interest, dynamic modelling and model based control of WMRs, as well as one secondary
section dealing with path planning and trajectory generation which is a basic necessity for the
motion of the WMR. Section 2.2 is devoted to a review of the methodologies adopted in
published literature for the dynamic modelling of WMRs. A review of dynamic control

schemes for trajectory tracking for wheeled mobile robots follows in Section 2.3. A brief
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review of model based control schemes for stationary robots relevant to the current research
is given in Section 2.3.1. Section 2.3.2 reviews dynamic control schemes for WMR
applications. Path planning and trajectory generation schemes available in the literature for
mobile robots are discussed in Section 2.4.

The literature review leads naturally to the statement of the purpose of the
investigation carried out in this thesis. Problem definition in Section 2.5 forms the second part
of this chapter. A description of the organization of the thesis is also provided in that section.

The chapter concludes with a summary of the important issues discussed in these sections.

2.2 Dynamic Modelling of Wheeled Mobile Robots

An important part of the design of WMRs is the analysis and the prediction of the
dynamic behaviour of the mobile robot and its dynamic interaction with the payload and the
environment. A dynamic model relates the motion parameters of the mobile robot to the
applied forces and torques. Of interest to the engineer using model based control for a WMR
are the acceleration, velocity and position of the robot and the actuator drive torque required.
A forward dynamic model is used to analyze the response of the robot for a chosen control
strategy using simulations. The inverse dynamic model is the heart of the controller. Using
the desired and actual trajectory, the actuator torques are obtained. In such applications, the
dynamic model must take into account the dynamic effects of the dead weight and payload
of the robot, side forces due to operational speed and path followed, centrifugal and
gyroscopic forces while negotiating curves, tire characteristics and road conditions. A good

dynamic model of the plant improves the performance of dynamic model based controllers,
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such as a Computed Torque Controller. In addition, the dynamic model should be
computationally simple for real-time control implementation.

The dynamic analysis of mechanical systems such as the WMR may be classified under
Multibody Dynamics since the mobile robot, by itself, is composed of a number of
interconnected bodies, for instance the main body and the drive motor sets, constrained to
move together as a single system. The dynamic model is a mathematical representation of the
physical system, based on certain assumptions to provide an idealization of the nature of the
system [18]. In the analysis of such multibody dynamic systems, assumptions have to be
necessarily made to reduce the complexity of the system to a tractable level. The ideal
dynamic model is one which is simple yet provides a good description of the essential features
of the actual system. The standards by which each model is judged are not universal and are
dictated by the specific area of application. WMRs often have to move at considerable speed
in a constrained environment while carrying a heavy payload, which may include passengers
[19]. The issue of safety to personnel in and around the WMR in such applications exacts
accurate trajectory following. Hence a good understanding of the dynamic behaviour of the
WMR system is essential in most applications.

The study of classical dynamics, of which multi body dynamics is a sub topic, is
concerned with the interrelation between the time evolution of the motion of physical systems
and the forces causing the motion [20]. The adjective classical has been specifically mentioned
in this context since the physical systems are treated using macroscopic models utilising the
continuum hypothesis according to which matter is continuously distributed in space occupied

by a physical system and is concerned only with systems in which the speed of each body is
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much less than that of light.

In addition, according to the literature surveyed, in the specific area of dynamic
modelling of wheeled mobile robots, all the components are considered to be rigid bodies with
negligible deformation. Flexibility in the joints and the members of the system and non-linear
effects such as backlash and stiction, which are issues in stationary robots have not been
addressed for mobile robots. Ostensibly, flexibility has been reduced to negligible levels by

over designing the mechanical structure of the robot.

2.2.1. State-of-the-Art in Dynamic Modelling

In the study of the dynamics of vehicle systems in general and of mobile robots in
particular, the two classical methods adopted are
(1) the force methods based on Newton's Laws for single particles extended for rigid bodies
by Euler and commonly termed the Newton-Euler method in Robotics literature and
(2) the energy methods based on Hamilton's Principle in the form of Lagrange's equations of
motion.
Muir and Newman [21] have proposed a modified Newton-Euler method which uses the
transformation approach proposed by them [22] for the kinematic modelling. The Natural
Orthogonal Complement method has been proposed by Saha and Angeles [23] and by Cyril,
Cheng and Sankar [24] instead of the Lagrangian multipliers normally used when applying the
Lagrangian equations to non-holonomic systems. In this thesis, the dynamic equations are
derived using the Kane's approach [25], also termed Lagrange's form of d'Alembert's

principle.
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The following paragraphs discuss each method adopted in the literature. The unique
advantages offered by the Kane's approach in the dynamic modelling of non-holonomic
systems such as a WMR are highlighted. At this juncture, the definition of a non-holonomic
system as applicable to the class of wheeled mobile robots must be made. The description for
non-holonomic systems given here has been adopted from [26]. In multibody dynamics, a set
of interconnected bodies are constrained to move as a single system. In the specific context
of WMRs, the constituent components may be described as rigid bodies with no loss of
generality. To describe the position of each body, a six dimensional vector, r(t), is required.
Since the motion of the various constituent bodies is constrained, the position vectors for the
constituent rigid bodies are not independent but are related in such a way as to satisfy the
constraints. In the case of a Wheeled Mobile Robot, the constraint equations appear as non-

integrable differential equations of the form

Z a((qpt)q.i*'at(qk’t) = 0 (2‘1)

where q; are generalised coordinates and the dot refers to the first differential with respect to
time. The coefficients, a; and a, , may be functions of the generalised coordinates and time in
the general case. These systems are classified as non-holonomic systems, or more specifically
as anholonomic or Pfaffian systems. The constraint equations are also termed as motion
constraint equations since they involve the first time derivatives of the generalised positional

coordinates.
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Figure 2.2 A wheel as a non-holonomic system

A wheel, shown in Fig.2.2, may be used as a simple example of a non-holonomic
system. The wheel is assumed to move on a rough plane with adequate friction at the point
of contact to prevent slippage. It is also assumed that the wheel is constrained to rotate in the
vertical plane without tilting. Under these conditions, four time dependent variables or
generalised coordinates are needed to describe the location of the wheel in the inertial
coordinate system. Using cartesian coordinates, the position of the centre of the wheel is
given by x and y, the orientation of thewheel by { and the angle of rotation by 6. However,

due to the no-slip condition at the point of contact, the forward motion and the rotation of
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the wheel are constrained by

]
[
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"
=]

The presence of ¢ indicates that these equations may not be directly integrated and the
dependent generalised coordinates eliminated. Such a system is called a non-holonomic
system and the constraint equations are referred to a non-holonomic equations. Hence, of the
four generalised speeds only two are independent for this system. The two constraint

equations indicate that the system has two degrees of freedom only.

2.2.2 Newton-Euler and Related Methods

The Newton's laws can be utilised to obtain the dynamic equations only when all the
forces acting on a given body are known. In the Newton-Euler method for WMRs, the
non-holonomic system is dissembled into its constituent components and the dynamic
equations are derived for each component separately. In order to account for the connectivity
of the system, constraint forces are introduced between any two interconnected components.
These forces appear as equal and opposite applied forces in the derivation of the equations
for any two contiguous components. The constraint forces are eliminated when the dynamic
equations are assembled. The introduction of the constraint forces whose magnitude and
direction may be obtained only by solving the dynamic equations thus increases the number
of unknowns and consequently the number of equations. The internal constraint forces are of

little interest from the control standpoint and their inclusion in the derivation only increases
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the mathematical complexity of the problem.

Huang [7] and Cheng, Huang and Sankar [ 9] have adopted the Newton-Euler force
balance approach to develop a simulation package for the dynamics of differentially driven
WMRs using the CONCIC II described in Section 1.3 as a case study. This differentially
driven WMR is modelled as a collection of interconnected bodies comprising the body, two
drive wheels and two castors. The WMR is assumed to have two degrees of freedom, viz.,
forward translation and rotation about the vertical yaw axis. By systematically applying a
force balance along the axes of freedom the dynamic equations of the WMR are obtained. The
pivot angle and the rotational speed of the castors are related to those of the drive wheels
through non-holonomic equations. The WMR is assumed to move at velocities up to a
maximum of 1.2 m.s" and hence inertial forces such as centrifugal forces during cornering and
the Coriolis forces due to acceleration of the rotating wheels in the non-inertial coordinate
frame attached to the body of the WMR are neglected. The vehicle moves with negligible
longijtudinal slip and side slip since the Coulomb frictional forces at the wheels and castors are
assumed to be adequate to prevent slip during phases of acceleration. Tire frictional forces
are modelled using the linear empirical relation described by Wong [27] using model
parameters obtained through experimental work. However, the vertical load on each wheel
and castor is assumed to be a constant and equal to one fourth of the total weight of the
WMR. In reality, the vertical loads on the wheels and the castors are dynamic in nature and
are dependent on the forward and angular acceleration of the vehicle. At the low operating
speeds for which the dynamic model is obtained, these forces may be assumed to be

constants. However, a generic dynamic model must account for the inertial transfer of wheel
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vertical loads and for the variations in the tire friction due to such transfers.

Mehrabi, Cheng and Hemami {10] have applied the Newton-Euler method to derive
the dynamic model of a 3-degree of freedom WMR, with forward velocity, and yaw and roll
rotational velocities. The WMR is assumed to have a suspension and the roll degree of
freedom represents rotation of the sprung mass about the longitudinal axis of the vehicle.
Simultaneous pitch motion, though possible, has not been considered. However, it has been
shown that by examining a non-dimensional number, called the 'roll number', the non-linear
dynamic model may be reduced to a two degree of freedom linear model. By so linearising
the dynamic model, controller synthesis is made easier. Simulation and experimental results
presented validate the optimal controller design adopted. In the derivation of the dynamic
equations, the assumptions made are the same as those made by Huang {7] except for the
inclusion of a fore-aft transfer of wheel loads during acceleration and deceleration as the
wheel configuration is different. The derivation uses only side forces and cornering forces at
the tires due to slip and does not include centrifugal nor coriolis forces arising from the inertia
of the constituent bodies even though high forward and angular accelerations are considered.

The dynamic model developed by Huang [7] and by Cheng, Huang and Sankar [9] has
been applied by Rajagopalan and Barakat [13, 14] and by Barakat [15] to propose a novel
Computed Torque controller for CONCIC II. The dynamic model and the controller have
been shown to perform satisfactorily by both simulations and experimental work at speeds up
to 1 m.s " and for payload changes up to 5 times the weight of the WMR. Chen [28] has
extended the method proposed by Cheng, Huang and Sankar [9] to develop a systematic

dynamic modelling methodology for WMRs with up to 4 degrees of freedom, viz., forward
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and lateral translations and roll and yaw rotations. She addresses the conventional wheel types
by using the steer-drive wheel unit as the generic model. The method is systematic and the
equations obtained are in a compact form suitable for computer implementation, either for
simulations or for digital controller design. However, the force balance from which the
dynamic equations are derived do not account for the inertial centrifugal and Coriolis forces,
nor for the dynamic shifts of the vertical loads between the wheels and the castors during
motion. The WMR is also assumed to carry only deadweight payloads and hence the model
is inadequate for cases where the load has its own dynamic behaviour, such as a suspended
load.

Yu and Moskwa [29] have utilized the Newton-Euler method for the derivation of the
dynamic equations of a four wheel omni-directional vehicle. Each wheel is independently
driven and steered to provide three degrees of freedom, forward and lateral translational
motion and rotation about the yaw axis. Other than the drive torques for the wheels, only tire
friction forces, obtained using Dugoff's tire friction model [30], have been considered. The
tire friction model needs the vertical forces acting at each wheel; the total weight of the WMR
has been assumed to be equally distributed between the four wheels. The dynamic model does
not account for centrifugal or Coriolis forces and no mention is made of the operating speeds
of the WMR.

Matsumoto and Tomizuka [31] have adopted the Newton-Euler method to derive the
dynamic model of a four wheeled WMR with two degrees of freedom. The lateral motion and
the yaw rotation are controlled by using either differential drive for the front or rear wheels

or by driving or steering the rear wheels. The model assumes small values of steering angle,
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wheel slip angle, vehicle slip angle and yaw rate. In addition, the vehicle forward velocity has
been assumed to be constant or slowly changing. Since the rate of change of both the forward
velocity and the yaw rate are assumed small, inertial cross coupling terms do not appear in
the dynamic equations. Tire friction forces have been obtained using the longitudinal road-tire
friction coefficient obtained form the wheel slip angle using the model proposed by Abe [32].
Inertial redistribution of the vertical wheel load has been assumed to be due to centripetal
forces only. Since, the angular acceleration is assumed to be small, a linear relation has been
derived for the vertical loads in terms of the mass of the WMR, the radius of curvature of the
path, the forward velocity and yaw rate.

Muir and Neuman [21] have used the Newton-Euler method along with a kinematic
methodology for WMRs developed by them [22]. WMRs are kinematically different from
non-redundant tree-like stationary robots in that they contain closed chains and both surface
(lower pair) and point (higher pair) contact may be present. It is this nature of the system that
makes it non-holonomic and which permits only some of the degrees of freedom to be
actuated. Muir and Neuman [22] have used the transformation approach for the kinematic
modelling of WMRs. In the dynamic modelling methodology presented, inertial and external
applied forces at all the bodies of the system are propagated through the joints to a common
point, the centre of mass coordinate system of the main body. The propagation utilises the
transpose of the link Jacobian and the coupling matrix of the joint which is based on the
friction present. By Newton's law, the three components each of the resultant force and the
resultant torque must be instantaneously in equilibrium. Equating each component to zero

yields six equations. The geometric constraint equations are then used to eliminate the extra

20



degrees of freedom to provide the final set of dynamic equations. Even though this method
accounts for unactuated and unsensed joints and joint friction, the drawbacks of utilising
Newton-Euler method are carried into this system as well. A WMR is a non-holonomic
system but the method incorporates this information in the last step of the derivation only.
This leads to redundant equations which tend to mask the nature of the physical system.
Moreover, the vertical loads on the wheels are constraint forces applied by the ground and
by eliminating them to obtain the dynamic equations, one loses a vital piece of information
required to compute the frictional forces at the tires.

The Kane's approach adopted in this thesis addresses both these issues elegantly by
identifying in the first step of the derivation the actual number of degrees of freedom and
using only those to obtain the dynamic equations. 'Virtual' degrees of freedom are introduced,

where required, in order to obtain additional equations for the constraint forces at the wheels.

2.2.3 Lagrangian and Related Methods

In the Lagrangian approach, the derivation of the Lagrangian of the system is identical
for both holonomic and for non-holonomic systems using the generalised coordinates and
their time derivatives, the generalised speeds. At this stage no steps are taken to incorporate
the non-holonomic nature of the system due to which the number of generalised speeds is
equal to or greater than the degrees of freedom. Using the Lagrangian, the dynamic equations
are derived. Again it must be emphasised that there are as many equations as the number of
generalised speeds, which for a non-holonomic system is generally greater than the number

of degrees of freedom. For non-holonomic systems, the usual method is to introduce the
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motion constraint equations into the dynamic equations using Lagrange multipliers. These
multipliers are not constants and are usually functions of all the generalised coordinates and
often of time as well. They represent a set of unknowns, physically representing the constraint
forces, whose values may only be obtained as a part of the solution. This implies solving a set
of coupled second order (or first order, if state space methods are employed) differential
equations and solving a set of linear equations for the Lagrange multipliers simultaneously.
The Lagrange equations of motion when applied to non-holonomic systems thus introduces
redundancy.

In the Lagrangian approach, the virtual work due to the external applied forces are
expressed as the generalised forces. For forces which may be deﬁ\}ed from a potential
function, the dynamic equations reduce to a simple form. Thus the Lagrangian approach is
more amenable to the inclusion of friction in which the frictional force is proportional to the
generalised speeds, for example, viscous friction. Such frictional forces may be derived from
the Rayleigh's dissipation function [20] and may be incorporated into the Lagrangian. Other
types of friction on the other hand must be accounted for only by including the generalised
force terms for each of the generalised coordinates. In a system such as the WMR, where
frictional forces are dominant, inclusion of the friction forces in terms of the generalised
forces for the dynamic equation for each generalised speed leads to a redundant, cumbersome
set of equations.

In their work on the modelling and the control of non-holonomic wheeled mobile
robots, d'Andrea-Novel, Bastin and Campion [33], adopt the classical Lagrangian approach

for the dynamic model for a 2-degree of freedom WMR with wheels in a tricycle
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configuration. The Lagrange equations of motion include the inertial effects such as the
Coriolis and the centrifugal terms ; however, inclusion of friction has not been addressed. For
this vehicle, seven generalised coordinates are required to describe the configuration but the
motion constraints reduce the number of independent generalised speeds to 2. Since the
vehicle is assumed to move in a horizontal plane only, the Lagrangian contains only the kinetic
energy. The kinetic energy is derived in terms of all the seven generalised speeds. Using the
Lagrangian, seven equations, one for each generalised speed, are derived to describe the
dynamics of the WMR. However, to account for the motion constraints, five Lagrangian
multipliers are used which in turn leads to five more equations for the multipliers. Using
conditions of pure rolling and non-slipping for all the wheels, the non-holonomic constraint
equations are derived. Thus a total of twelve equations are used to describe a WMR with only
2-degrees of freedom. Friction, either at the tires or in the actuators, is not included which
makes the final form of the equations an approximation of the real WMR.

Canudas de Wit and Roskam [34] use a transformation of variables to linearize the
non-linear dynamic equation for the 2-dof WMR about the operating point. The linear
equations are then used to construct a control scheme. Frictional forces appear in the dynamic
equations but no mention is made on the nature of the frictional forces nor how they may be
modelled. The dynamic equations and the control scheme are applied to a 2-dof micro robot,
the micro WMR-Kitborg. In the experimental results presented, friction forces have been
neglected due to the miniature size of the mobile robot.

Zhao and BeMent [35] have studied the controllability of non-holonomic robot

systems utilising special synchro-drive mechanisms for six common wheel and axle
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configurations with 2- or 3-degrees of freedom. The dynamic equations are derived using the
Lagrange equations of motion. The body of synchro-drive robots, due to the special drive
arrangement, only translate and do not rotate around the centre of mass or the origin of the
local coordinate system fixed to the WMR. For this reason, centrifugal and coriolis do not
appear in the dynamic equation. However, even in synchro-drive mobile robots, the payload
does rotate with the drive wheel system. In addition, the drive motor sets normally have
appreciable inertia. Due to these reasons, neglecting the centrifugal and coriolis forces leads
to large approximations. Frictional forces are again neglected in this model.

To obviate the computational complexity of evaluating the Lagrange multipliers, other
methods have been suggested which eliminate the presence of the multipliers from the
dynamic equations. Saha and Angeles [23] and Cyril, Cheng and Sankar [24] suggest
employing a mathematical construct called the Natural Orthogonal Complement in the
proposed Newton-Euler / Euler-Lagrange hybrid formulation for a 3 wheel 2-dof WMR.
Sarkar, Yun and Kumar [36] adopt a similar method to eliminate the constrained generalised
speeds from the equations of motion. The method is similar to the canonical transformations
[20] used in the Hamilton equations of motion for transformations between generalised speeds
in the phase space of the system. Using a set of smooth, linearly independent vectors
representing the degrees of freedom of the system, they construct a matrix that lies in the null
space of the matrix representing the non-holonomic constraint relations. Premultiplying the
Lagrange equations of motion by the transpose of this matrix eliminates the Lagrange
multipliers. However, it must be stated that by doing so, these methods mask an essential

physical attribute of the non-holonomic system. The linearly independent generalised speeds
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obtained by the canonical transformations do not represent actual generalised speeds but are

purely mathematical constructs used to reduce the mathematical complexity of the problem.

2.3 Review of Control Schemes for Wheeled Mobile Robots

Wheeled mobile robots need some form of control system to provide them with the
measure of autonomy with and for which they are designed. In the structured environments
present in industrial applications of WMRs, the autonomy expected of the mobile robots is
to track a desired trajectory using feed back from one or more sensors. This requires the
fusion of three distinct areas, viz., planning, guidance and control [36]. Task level planning
may include precompiled plans stored in the controllers memory by a human planner, reactive
or dynamic planning and finally an integration of prior plans and information obtained during
task execution. In this thesis, attention is focussed on control aspects only and pre-compiled

task planning is restricted to executing a desired trajectory.

2.3.1 Guidance schemes

Guidance systems provide task or cartesian level information which is used by the
controller for reactive or dynamic planning. A wide variety of guidance schemes are listed in
WMR literature. The reader is referred to the exhaustive review of guidance schemes given
by Rajagopalan and Cheng [5], Rajagopalan and Perelli [12], Meystel [17] and Iyengar and
Elfes [37]. For the control of CONCIC III, Mehrabi, Cheng and Hemami [10] has used a
dead-reckoning guidance scheme. In this method, no cartesian level sensors are used and the

position and the orientation of the WMR in the world or the floor frame is estimated using
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wheel motion sensors such as optical encoders. Wheel position sensors are less expensive but
are prone to erroneous position indications due to accumulated errors in the devices and
uncertainty in the geometric parameter values, such as the wheel span and radius, needed for
the transformation from joint values to cartesian values. The focus in this thesis is on the
application of dynamic model based controllers for servo control of a WMR. The
performances of the controllers are judged by a performance index computed at the joint

level. Hence, the dead reckoning method of guidance has been adopted in this thesis as well.

2.3.2 Control of Wheeled Mobile Robots

In this section, published literature related to control of WMRs in general and to
model based control are reviewed. The control structure of the schemes for WMRs are found
to have certain similarities to the control methods applied to stationary robots. In model based
control, the inverse dynamic model must be modified only to include the dominant frictional
forces. Gravitational effects may be neglected where WMRs are assumed to operate on a
horizontal task space. Hence, a review of pertinent model based control schemes for
stationary robots is given in Section 2.3.2.1. This section also summarises the work done by
An, Atkeson and Hollerbach in the experimental evaluation of model based controllers for
stationary manipulators since one of the objectives of this thesis is to provide a similar
comparison for WMR model based controllers. A survey of control schemes for WMRs is

provided in Section 2.3.2.2.
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2.3.2.1 Model Based Control of Stationary Manipulators

Model based control literature related to stationary robots is vast and numerous
control schemes utilising the full non-linear dynamic model or a dynamic model linearised
about the operating point have been proposed and implemented. Zhao [38], constructed and
tested a Computed Torque Controller based on parallel processing technology for a 6-degree
of freedom PUMA 560 robot at the CIC, Concordia University, Montreal.

An, Atkeson and Hollerbach [39] undertook out a systematic experimental evaluation
of the Feed Forward Controller and the Computed Torque Controller for stationary
manipulators. In this thesis research, a similar experimental evaluation of dynamic model
based control schemes for WMRs is undertaken. In addition the model based controllers used
in this thesis use the structure proposed by them for the dynamic controllers. Their evaluation
of model based controllers as well as model based learning was performed using the 3 link
MIT Serial Link Direct Drive Arm (DDArm).The Computed Torque Controller used in the
study was based on the Resolved Acceleration Controller proposed by Luh, Walker and Paul
[40] and implemented on the Stanford Arm. The Resolved Acceleration methodology is an
extension of the Resolved Motion Rate control scheme first proposed by Whitney [41] for
manipulators and human prostheses. Based on the evaluation, An, Atkeson and Hollerbach
have concluded that both the dynamic model based control schemes consistently outperform
the kinematic PD controller. However, they have also observed that the Feed Forward
Controller performed just as well as the Computed Torque Controller in all the tests.

Leahy, Valavanis and Saridis [42] have evaluated the effects of the structure of the

inverse dynamic models used for robot control. In a subsequent article, they [43] have shown
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that feedforward compensation of non-linear velocity dependent friction improves controller
efficiency. Khosla and Kanade [44] have reported a real time implementation and evaluation
of model based control schemes on the CMU DD Arm II (Carnegie Mellon University Direct
Drive Arm). It has been shown that the CT scheme outperforms the PD controiler as long as
there is no torque saturation in the actuators.

Goldenberg, Apkarian and Smith [45] have proposed an adaptive approach for on line
'recursive' identification of unknown loading and parameter uncertainty. Uebel, Minis and
Cleary [46] have extended the Computed Torque control for a robot arm with flexible, geared
joint drive systems. In a comparison of performances with a PD controller, it has been
observed that the latter showed smaller orentation error for no-load tests. The poor
performance of the CT controller has been ascribed to inaccuracies in the friction model used
for the last three joints which govern orientation of the end effector. In model based control,
these results underline the importance of evaluating the relative importance of the various

terms in the dynamic model and the values of the dynamic parameters used in the model.

2.3.2.2 Model Based Control of Wheeled Mobile Robots

In the area of Wheeled Mobile Robots, the literature on model based control is lacking
in volume and most of the published results have been obtained by computer simulations only.
Pioneering work in this area has been carried out at the CIC, Concordia University, Montreal
by Cheng and Huang [8], Mehrabi, Cheng and Hemami [10], Rajagopalan and Barakat [14]
and Rajagopalan and Cheng [47].

Rajagopalan and Barakat [14] proposed and implemented a novel Computed Torque
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Controller on the CONCIC I, the experimental differential drive WMR described in Section
1.3. The controller uses errors in the forward and angular velocities and the desired
acceleration to compute the actuator drive torques using the inverse dynamic model of the
WMR. The inverse dynamic model proposed by Cheng, Huang and Sankar [9] for the
CONCIC II has been simplified for the real time implementation of the controller. The
performance of the CT controller has been compared with that of a conventional PID
controller for straight line trajectories at a maximum speed of 1 m/s. Using simulations, the
robustness of the proposed dynamic scheme has been proven by disturbance rejection for
payload changes for as much as five times the mass of the WMR. Experimental results also
include straight line trajectories up and down a ramp.

Mehrabi, Cheng and Hemami [10] undertook a systematic evaluation of the use of a
full non-linear dynamic model and a simple linearised version for analytical studies and for the
design of controilers for WMRs. His work focussed on 2- and 3-degree of freedom WMRs
executing planar motion. Using sensitivity theory, a systematic parametric study has been
carried out on the effects of parameter variations on the transient and steady state responses
during trajectory execution. As a result of these studies, three non-dimensional numbers have
been identified, viz., the Roll Number, the Yaw Number and the Velocity Constant. Small
values of the Roll Number may be used to simplify 3-degree of freedom dynamic models to
the simpler 2-dof models by neglecting the roll motion. The Yaw number and the Velocity
Constant may be used to characterize when to use the dynamic model or a simple kinematic
model to represent the motion behaviour of the WMR. The results of the analysis have been

applied to the design of an optimal controller which minimises a quadratic error cost function.

29



The performance of the optimal controller has been studied both by simulations and by
experimental work carried out on the CONCIC HI described in Section 1.3. For the
experimental work, a dead reckoning method of guidance scheme has been adopted to track
a piece wise continuous cubic polynomial trajectory.

Reister [48] has reported a wheel motion control system for the omnidirectional
HERMES III, the WMR built at the Oak Ridge National Laboratory, Tennessee, to serve as
an experimental platform for research in mobile rebotics [49]. The motion system consists of
a controller, a driver and a reckoner. The controller takes as input the goal or the next
position at which the platform is commanded to be and the current wheel state. This
information is used by a QuickPlan function in the controller which uses one of seven in-built
modes to calculate the wheel control signals. All seven modes use only the kinematic model
of the WMR. Experimental results for this piecewise, dead reckoning method of control have
been presented at forward speeds of 0.5 m. s™ for a 90-degree turn and a S-profile path to
validate the efficacy of the scheme.

Rajagopalan and Cheng [5] have adopted a conventional PD feedback controller for
trajectory tracking with cartesian level feed back from a binary camera. The camera is
focussed on an illuminated track laid on the floor and image processing is used to provide
instantaneous position and orientation offsets. The guidance and control schemes have been
implemented on the CONCIC II, described in Section 1.3, to validate the methodology.

Sarkar, Yun and Kumar [36] have investigated two types of control algorithms for the
control of mechanical systems with rolling holonomic and non-holonomic constraints, with

particular reference to WMRs. They have synthesised a non-linear feedback to cancel the non-
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linearities in the dynamics of the 2-degree of freedom WMR so that the state equations are
simplified. A second non-linear feedback linearises and decouples the input-output map so
that the overall system is decoupled into two linear subsytems. Using pole placement for the
outer linear position feedback loop, they stabilize these two subsystems and achieve the
desired performance both in trajectory tracking and in path following. No experimental
implementation is reported and only simulation results are provided to prove the efficacy of
this control methodology.

Bétourné and Campion [50] address the problem of violation of the non-holonomic
constraints in mobile robots. They identify two cases where the kinematic constraints are not
satisfied, (i) between the wheel and the ground due to slippage and (ii) due to uncoordinated
wheel orientation angles in redundant mobile robots with steering wheels. Using non-linear
feedback, the proposed control law computes the drive torques in such a way that the
dynamics of the tracking errors in the joint parameters are linear and stable. It must be noted
that the control law is constructed for trajectory tracking in the joint space under the
assumption that satisfactory behaviour in the joint space of the mobile robot will result in
similar behaviour in the task space close to the desired values. Simulation results are provided
to illustrate the methodology but no experimental results are given.

d'Andréa-Novel, Campion and Bastin [51] also use feedback linearisation techniques
to solve tracking control problems in mobile robots. In an earlier publication, [33], they have
shown that with static state feedback it is possible to reduce the dynamics of a 3-wheel 2-
degree of freedom mobile robot to a form for which stabilising input-output linearising control

is possible. As an extension to a more general class of WMRs, they show in the later
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publication that for omnidirectional WMRs, trajectory tracking can be achieved by a smooth
static linearizing state feedback. For WMRs with only 2-dof, termed in their work as 'car-like
robots', they propose a smooth dynamic linearizing state feedback as long as the robot is
moving. These non-linear controllers are applied to WMRs with five different wheel types and
configurations according to the generic type classification of mobile robots [52]. Simulation
results are provided to illustrate the design methodology.

Canudas de Wit and Roskam [34] have provided experimental results of a nonlinear
controller which decouples, linearises and stabilises locally the non-linear dynamic model of
a 2-dof mobile robot. The desired trajectory is piecewise straight line segments generated by
an on-line trajectory generation scheme. The controller is applied to, the WMR Kitborg, a
teaching and research purpose micro mobile robot. The robot has two driven wheels and a
spherical wheel at the centre of mass for stability. In the experimental work frictional forces,
which are normally dominant and difficult to model and control, have been neglected due to
the size of the WMR. The controller is shown to perform satisfactorily for simple closed
geometric figures, such as a square and an octagon, composed of straight line paths.

Zhao and BeMent [35] have used the Potential Field Control method for trajectory
tracking of a synchro-drive WMR. The Potential Field method of control uses a vectorial sum
of attractive and repulsive forces from the obstacles around the mobile robot to provide a
resultant force to guide the vehicle. Simulation results on the performance of the Potential
Field controller are provided to prove that limit cycles are possible in trajectory tracking. It
is also demonstrated that PD controllers provide stable trajectory tracking for WMRs.

Matsumoto and Tomizuka [31] have addressed the issues of independent lateral and
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yaw motion control in automatic vehicle control in highway automation. To this end, they
have studied the conventional front wheel steering, front steering and rear differential drive
and finally, front and rear independent steering as the three different drive-steer
configurations. The dynamic model derived by them accounts for tire longitudinal friction,
turning moment and front-aft wheel load transfer during acceleration and deceleration.
However, the vehicle velocity has been considered to be a constant or a slowly varying
parameter (low accelerations). Under this assumption, the non-linear dynamic model has been
expressed in linear form. By pole placement, the two control signals, viz., the lateral velocity
and the yaw rate have been obtained. Experimental results obtained using a laboratory vehicle
with maximum forward speed of 3 m.s™ are provided. The assumption that forward and
rotational accelerations are small for a vehicle used in highway automation restricts the
applicability of the results.

Yu and Moskwa [29] have used the input-output linearisation technique to transform
the non-linear dynamic model to a linear form. They have used for their analysis an
independently driven 4-wheel WMR with coordinated front and rear steering. A sliding mode
controller has been designed to modify the steering and the braking commands to provide
better maneuverability and vehicle stability. Simulations results have been provided to prove
that the controller performs satisfactorily in both respects.

Serdalen and Canadus de Wit [53] have proposed a piecewise smooth feedback
control law for path following for the kinematic model of a WMR. The vehicle analyzed is
a 2-degree of freedom WMR with wheels in a tri-cycle configuration. The problem addressed

is path following in the configuration space with the path being specified by an initial and a
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final position along with a number of intermediate points. The path is assumed to consist of
piece wise straight line segments and arcs. The controller is shown to provide exponential
convergence to the desired path. Only simulation results are provided to prove that the
kinematic controller does perform satisfactorily for path following in the cartesian frame.

Samson and Ait-Abderrahim [54] have presented a general study of the problem of
feedback control of a WMR in cartesian space. The WMR used in the analysis is a 3-wheel
differentially driven vehicle with a free wheeling castor in front ; the problem addressed has
been restricted to kinematic control only. For trajectory tracking, they have proposed using
a 'virtual' reference cart whose trajectory is predetermined and parametrised by time. Using
computer simulation studies, the performances of a few linear and non-linear control schemes
have been analyzed. They conclude that though it is not possible to stabilize the WMR both
in position and in orientation by pure state feedback, it is possible to stabilize only two of the
configuration variables. They have also shown that via the introduction of the reference cart,
feedback stabilisation in both position and orientation becomes possible as long as the virtual
cart is moving. Finally, they have concluded that due to the non-holonomic nature of WMR
systems, control approaches developed for stationary manipulators apply only partially to
mobile robots.

Wiens and Jang [55] have been, according to this survey of WMR literature, the only
reported work on the effects of the dynamic interactions between a WMR and a robot arm
mounted on it. A highly simplified model of the WMR consisting of only a mass and the robot
arm consisting of a mass at the end of an arm have been used in the analysis. The ground has

been considered to be a stiff spring-damper system. The objective of the study was to evaluate
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the effectiveness of various Passive Control Systems (PCS) to reduce or to eliminate the
dynamic coupling between the WMR and the robot arm. Three PCS systems, the Kelvin-
Voigt spring damper system, the Maxwell spring-damper system and the standard linear
spring-damper system have been studied. Simulations results are provided to prove that the
utilisation of the PCS systems reduces the dynamic interaction. It has also been concluded that
the Kelvin-Voigt PCS system gives the near optimal system design.

Joshi and Desrochers [56] have considered the problem of the control of a mobile
robot subject to random disturbances. The mobile robot consists of a two link robotic
manipulator mounted on a mobile platform and subject to disturbances around the roll, pitch
and yaw axes. The control strategy used is non-linear feedback which results in linear closed
loop dynamics. An integral feedback controller is used for disturbance rejection. Path
segmentation has been adopted to circumvent stability problems as the integral controller adds
to the order of the system. From the simulation results provided, it is concluded that the
mobile robot-manipulator system was able to withstand large disturbances yet complete its

task.

2.4 Path Planning and Trajectory Generation for WMRs

The list of applications or potential applications for WMRs given in Section 1.4,
indicates that the environment in which the mobile robot operates may include the whole
spectrum from being highly organised to totally unknown. The former setting may be found,
for instance, in a production line in an automobile factory where the WMR is programmed

to carry the chassis of an automobile through different stations in the assembly and finishing
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processes. On the other hand, the Planetary Rover [57] must be able to sense its environment,
plan and traverse a course through that environment and react appropriately to unexpected
situations as they appear. This is done while the path planner is guiding the WMR towards
some goal set by the human user. In the context of this thesis, path planning and trajectory
generation refer to the structured industrial setting only. Furthermore, since dead reckoning
method of guidance has been adopted, with no cartesian level feedback, the structure of the
surroundings is assumed to be a constant. The desired trajectory is preplanned by the human
user using one of the methods reviewed in this section.

Samson and Ait-Abderrahim [54] have pointed out, in their study on feedback control
of mobile robots, that the path planning problem for mobile robots is closely linked to the
feedback control problem. This is due to the non-holonomic nature of the system which
makes it controllable but not necessarily feedback stabilisable. In the case of a WMR, starting
from any initial condition, it is possible to find a set of piecewise constant inputs to reach a
final configuration. However, not all these paths in the configuration space may necessarily
be feedback stabilisable for a non-linear WMR system. This, according to them, provides a
strong link between the path planning problem and the feedback control problem for WMRs.

Kanayama and Miyake [58] define the problem of path planning for a WMR and
provide a solution in terms of piecewise continuous straight line segments connected by
clothoid pairs. They define the path in the 2-dimensional cartesian world frame in terms of the
quadruple, P, consisting of the x and y coordinates, the direction of the tangent vector and
the curvature of the path. The path planning problem, as defined by them, is to find a directed

curve that starts at the initial posture and terminates at a pre-defined final posture and passes
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through the set of user defined intermediate postures. They then simplify the problem further
with the condition of zero curvature at both the initial and the final postures. Of the many
classes of curves that may be chosen, they use the class of curves called Clothoids or Cornu
spirals [59]. A clothoid is a curve whose curvature is a linear function of the arc length, s. The
path of the WMR is thus composed of straight lines and clothoid pairs upto a maximum of
2. Though the algorithm is fast and simple, the assumption of zero curvature at both the end
postures restricts the application of the clothoid solution to straight line segments connected
by clothoid pairs. It must be mentioned that Mark [60], in an unpublished work at the CIC,
Concordia University, suggested the same approach to WMR path planning.

Mukherjee and Anderson [61] adopt methods from differential geometry to provide
a solution for the path planning of WMRs. Starting with the general non-holonomic equations
for a Pfaffian system, they prove that the configuration variables may be taken from one set
of values to a final desired set of values by first driving the set of independent variables
(corresponding to the degrees of freedom of the system) from the initial to the final state. The
dependent variables may then be driven to the final configuration by the use of cyclic motion
of the independent variables. Using Green's theorem, they have reduced the problem of path
planning to finding a surface area in configuration space. For a WMR, though the proposed
solution may be used to plan feasible paths, the additional time constraint normally present
may make the trajectory impractical. Trajectory planning, in the case of a WMR, must
necessarily be made in phase space and not in configuration space due to such time constraints
present. In addition, the assumption that all of the configuration space is available for path

planning is another drawback since the presence of obstacles in the path of the WMR may
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make some regions of the configuration space unavailable for path planning.

Reister and Pin [62] propose a time optimal trajectory planning scheme for a
differentially driven WMR. They redefine the time optimal trajectory generation problem to
finding a set of inputs, the two drive wheel accelerations in the case of the differential drive,
that will minimise an objective functional, which for the WMR is the transition time. Using
the Pontryagin Maximum Principle from Optimisation Theory, they have shown that the
optimal trajectory is a bang-bang trajectory in which the wheel accelerations (which translate
to the drive torques for the actuators) are either at their positive or at their negative
maximum. In addition, they have shown that, for planar motion, the WMR may be driven
from an initial to a final position (orientation not defined) in three switch times; where
orientation is also defined, the number of switch times required is four. They have proven the
feasibility of the approach by applying it to the trajectory generation of Hermes III, the
experimental WMR cited earlier [49]. In the reported test trajectory, the WMR attained a top
speed of 0.4 m/s ; it is also reported that a kinematic PID controller was used in the
experiment. The switching of the acceleration (and correspondingly, the drive torque) may
lead to undue mechanical stress on the drive train of the WMR. In addition, due to the
dynamic behaviour of the WMR-payload system, full drive torque at a certain point of the
trajectory, such as in a curve, may lead to wheel slippage. Thus the time optimal solution,
though theoretically attractive, may pose serious practical problems.

Wang, Linnett and Roberts [63] have addressed the problem of feasibility of a planned
path when the WMR is constrained by steering angle limits. A 3-wheel WMR with a single

steering wheel in front in the tricycle configuration is used in the derivation. They have shown
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that a path planned for a reference point at the midpoint of the rear axle and composed of
straight line and arc segments, may not be feasible when the steering wheel has limited
steering angle capability. They extend their work to prove that shifting the reference point to
another location may make the same global path in the floor frame feasible. The problem of
collision free path planning has been addressed [64] in a companion article. They have
identified rotation of the vehicle, relationship between the heading of the vehicle and the
tangent vector of the path, steering angle limits and the final goal orientation as the four key
points that must be addressed in path planning. In addition, a feasible path satisfying these
kinematic constraints, according to them, may be considered to be the final path if and only
if it is collision free. For every feasible path, they have proposed using generalised polygon
obstacles, obtained by enclosing obstacles by circles, and tangent graph methods to identify
collision free final paths. The piece wise straight line and arc segment approach used by them
to generate the feasible path may be made geometrically smooth with coincident tangent
vectors at their points of intersection. However, due to discontinuities in the curvature of an
arc (equal to the inverse of the radius) and that of a straight line (equal to zero) at points of
intersection of path segments, such a kinematic path leads to discontinuous angular
acceleration when applied to a WMR. These discontinuities translate to step changes in the

drive torques needed from the actuators.
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2.5 Scope of the Study and Problem Definition

From the literature review it can be seen that the dynamic models of the non-
holonomic multi-body WMR system deduced using conventional methods do not emphasize
the non-holonomic nature of the system; lead to a redundant set of equations for all the
generalised speeds and not just for the degrees of freedom; necessiiate reformulation of the
complete set of equations to include the effects of a payload (even though it does not affect
the non-holonomic nature of the system); require the specification of constraint forces
between contiguous bodies (Newton-Euler method only); assume low accelerations since the
specification of the inertial forces are not systematic; necessitate an additional set of equations
for the Lagrange multipliers (Lagrangian method); and do not provide a systematic approach
to obtain the dynamic wheel loads (Lagrangian method). These drawbacks arise from the
simplifyinng assumptions normally adopted while using these schemes.

With regards to model based control, the survey of the literature indicates that there
has been no investigation into the trajectory tracking control of a WMR carrying an active
payload such as a suspended load; and several control schemes for WMRs have been
proposed in the literature but normally controller performance has been validated only by

simulations, exceptions being the systematic experimental work at the CIC.

Thus this thesis focusses on two main areas for WMRs

> Dynamic modelling

> Model-based control

40



In dynamic modelling, the principal focus of the present study is to develop a dynamic

modelling methodology for a WMR which will

»

model any combination of steering / driving wheels and castors

systematically include inertial forces such as centrifugal and coriolis forces

address the transfer of vertical and side wheel loads due to the dynamic behaviour of
the WMR

include the dynamic interactions between the WMR and an active payload, such as a
suspended load, during trajectory following and

include the effects of gravitational forces on WMR dynamics for non-planar

operation.

The principal objectives in model based control are to

»

use the dynamic model to synthesize two popular model based control schemes, the
Feed Forward Controller and the Computed Torque Controller

conduct a systematic experimental comparative evaluation of the two dynamic model
based control schemes with a kinematic PD controller under realistic operating and

loading conditions.

2.6 Thesis Layout

The thesis is divided into three sections following the introduction to WMR

technology presented in Chapter 1 and a review of pertinent published literature in the areas

of dynamic modelling, model based control and path planning in the current chapter, Chapter
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2. These sections are designed to address the objectives set forth in Section 2.5. Dynamic
modelling and the development of a general dynamic modelling methodology for the non-
holonomic WMR system with and without payload is explored in Chapter 3. Model based
control of WMRs, specifically using a Feed Forward Controller and a Computed Torque
Controller, is discussed in Chapter 4. These two control schemes have been adapted from the
model based control schemes presented by An [39] for the stationary direct drive, MIT
DDAmm. Each controller is synthesised using joint level feed back and cartesian level
feedback. The related topic of path planning and trajectory generation is discussed in Chapter
5. The path planning scheme is based on the scheme proposed by Nelson [65] for a lane
change trajectory.

The study of the performances of the model based controllers, both by computer
simulations and by experimental trials using the CONCIC I, are presented in the final section
of the thesis in Chapter 6 and Chapter 8 respectively. A description of the experimental
system is given in Chapter 7. The conclusions drawn from this investigation are summarised
in Chapter 9. During the course of the work, a number of issues that warrant further

exploration surfaced. These avenues of possible future work are also presented in this chapter.

2.7 Summary

A survey of published literature for WMRs in the areas of dynamic modelling, model
based control and path planning is presented in this chapter. Each publication is discussed in
detail to highlight the state of art and the current level of understanding in these areas. In

these discussions, the reader's attention is drawn particularly to aspects which have been
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chosen for investigation in this thesis. The objectives of this research effort are then presented
with an explanation of the particular issues they address. The layout of the thesis is given so
as to provide the reader with a guide through the material covered in the later chapters.

The review of published material in the area of dynamic modelling indicates that the
common methodologies, viz., the Newton-Euler and the Lagrange equations of motion, used
successfully for holonomic stationary manipulator systems may lead to redundant equations
or may necessitate simplifications when applied to non-holonomic WMR systems.

In the dynamic control of WMRs, many control schemes have been proposed in the
literature including model based control and other non-linear control schemes. The
satisfactory performances of most of these control schemes have been validated in the
publications by computer simulations only. At the present time few experimental
investigations have been carried out for WMRs. In this thesis, the Feed Forward Controller
and the Computed Torque Controller have been synthesised and applied for dynamic control

of the experimental CONCIC IIT WMR
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Chapter 3

Generalised Methodology for Modelling WMR Dynamics

3.1 Introduction

A dynamic model relates the motion parameters of the mobile robot to the applied
forces and torques. In control applications, a forward dynamic model is used to analyze the
response of the robot for a chosen control strategy using simulations. In model based control,
the inverse dynamic model is the heart of the controller. In such a control scheme, the desired
and actual trajectory parameters are used to obtain the drive torques from the actuators. In
control applications, the dynamic model must take into account the dynamic effects of the
dead weight and payload of the mobile robot, side forces due to operational speed and path
followed, centrifugal and gyroscopic forces while negotiating curves, tire characteristics and
road conditions. Hence, a good dynamic model of the WMR incorporates the essential
physical nature into the design of controllers, such as a Computed Torque Controller [15, 39,
471. In addition, the dynamic model should be computationally simple for real-time control
implementation.

A generalised procedure, based on the Kane's method, to deduce the dynamic
equations of WMRs has been developed as part of this thesis work and is presented in this
chapter. The methodology, consisting of five steps, is developed for a mobile robot using
common wheel types and configurations. This approach focusses on the degrees of freedom
of the system and this eliminates redundancy. It addresses the requirements of a dynamic

model enumerated in Section 2.5 by incorporating closed-chains and higher-pair joints, as well
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as friction and unactuated and unsensed joints in the derivation. Explicit expressions to
compute the dynamic wheel loads needed by tire friction models are developed.

The several unique advantages offered by the Kane's approach for the dynamic
modelling of WMRs are highlighted in Section 3.2. The generalised dynamic modelling
methodology for WMRSs proposed in this thesis is described in Section 3.3. The method
consists of a sequence of five steps that may be applied to all common wheel types and wheel
configurations found in mobile robotic literature. The derivations carried out on each step are
discussed in detail. The nomenclature and the notations pertaining to the Kane's approach
[25] have been adopted and used throughout the derivations.

Using this methodology, the detailed derivations of the dynamic equations are
presented in Section 3.4 using a steer-drive wheel unit as the generic wheel type. The
geometrical parameters used in the derivations are general in nature so that the equations may
be applied to any common WMR wheel configuration. The set of generalised speeds in the
derivations has been augmented with the ‘virtual' speeds in order to obtain equations for the
side forces and the dynamic vertical loads experienced by the wheel during motion. This
approach of using the steer-drive wheel unit has been adopted from Chen [28] since the
equations for all other common wheel types, viz., the steer only wheel, the castor with swivel,
the drive only wheel and the castor without swivel, may be obtained by simplifications and
substitutions of the appropriate geometric and inertial parameters. For each of the wheel types
listed above, the modifications to the equations and the appropriate substitutions of
parameters along with any simplifications that apply are given in the Section. 3.4.2 to Section

3.4.5 respectively.
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In keeping with the objective to develop a modelling methodology that will include
the effects of the payload on the dynamic behaviour of the WMR, Section 3.4.6 describes the
inclusion of a deadweight. A suspended load has been chosen to illustrate the methodology
for an active load and the derivations are given in Section 3.4.7.

Finally, in Section 3.5, three common wheel configurations for WMRs are used as
case studies to illustrate the application of the methodology. The dynamic equations for a
WMR with wheels in a tri-cycle configuration are obtained in Section 3.5.1. 1. A differentially
driven WMR is used as the second case study in Section 3.5.1.2. In Section 3.5.1.3, a WMR
with an omni-directional wheel configuration using four independently driven steer-drive units
is analyzed. Finally, the set of equations of motion of a differentially driven WMR carrying
a suspended load are derived in Section 3.5.1.4. The equations obtained in the Section 3.5.1.4
are used in the subsequent chapters for designing the model based controllers for CONCIC
III, the experimental WMR used for this thesis. The WMR has been modified to carry a
suspended load for the experimental investigations. The chapter concludes in Section 3.6 with

a summary of the important aspects of the methodology.

3.2 Advantages of Kane's Approach for WMR Modelling

In the proposed methodology, the dynamic equations of a WMR are derived using the
Kane's approach [25, 65, 66], also termed Lagrange's form of d'Alembert's principle [67]. The
method has been applied by Kane and by other researchers to obtain the dynamic equations
of serial link manipulators [18, 68, 69] and in the study of space craft dynamics [70, 71]

which are also non-holonomic systems. However, Thanjavur and Rajagopalan {72] provide

46



the first discussion on the advantages offered by the Kane's approach over the other classical
methods to model the dynamics of a WMR. The generalised dynamic modelling methodology
for WMRs developed as part of this thesis is in submission for publication [73].

Muir and Neuman [21] point out that the Lagrangian [74] and the Iterative Newton-
Euler [40] methods for modelling the dynamics of stationary robots with open chain
configurations are not adequate for modelling WMRs. The reasons cited are that, in the case
of a WMR, closed-chains where the wheels are in contact with the environment as well as
higher-pair joints with line or point contact are present (giving rise to the non-holonomic
nature of the system). Other reasons given are the substantial amounts of friction at the tires
and the actuators in the WMR and the presence of unsensed and unactuated joints, both of
which are absent in the case of stationary robots. However, it is shown in this chapter that the
Kane's method does incorporate all the requirements listed above and provides a systematic
approach to derive the dynamic equations of non-holonomic systems.

For the modelling of non-holonomic systems such as a WMR, the Kane's approach
offers several unique advantages over the Lagrangian and the Newton-Euler methods cited
in the survey in Section 2.3. Major advantages experienced in using Kane's method are
enumerated below
> In non-holonomic systems, the motion constraints demand that the power input due

to the action of a force be distributed among some or all the components of the

system. This contrasts with holonomic systems such as open chain robotic
manipulators where the power input due to the drive torque at any joint affects only

the more distal links. This nature of sharing of input power in a non-holonomic system
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is incorporated into the derivation as non-holonomic partial velocities'. In the
modelling of non-holonomic systems, the Kane's method thus offers a physical insight
on the effect of the motion constraints on the dynamic behaviour of the system.
The Kane's method focusses on the degrees of freedom and on the motion of the
system [18]. For each degree of freedom, the method reduces to an equation of two
groups of scalar quantities, namely generalised active forces and generalised inertia
forces. There are only as many equations as the degrees of freedom and no redundant
unknowns are introduced ;

The Kane's method provides expressions for constraint forces when required by the
model. As an illustration, explicit algebraic expressions for the lateral and the vertical
loads on the wheels of the WMR are obtained. These vertical forces are then used to
model rolling friction at the wheels ;

This approach permits the inclusion of the effects of any general loading condition,
be it a deadweight or an active payload, into the dynamic equations without derivation
of all the equations as is necessary in both the Newton-Euler and the Lagrangian
methods. The degrees of freedom of the load do not affect the motion constraints and
the related degrees of freedom of the WMR. Thus, in the Kane's approach, the
dynamic equations of the WMR are augmented with the payload dynamics.

The method offers a systematic approach to the dynamic modelling of WMRs with
no mathematical complexity leading to a set of equations suitable for computer

simulation studies and the synthesis of control algorithms.

! terminology specific to Kane's method [25] shown italicized.
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3.3. Proposed Dynamic Modelling Scheme
The dynamic modelling scheme proposed in this thesis is based on the Kane's
approach as applied to a non-holonomic system. The disadvantages of modelling schemes
based on either the Newton-Euler or on the Lagrangian method are summarised in Section
2.5. The objective is to develop a modelling methodology for a WMR executing planar
motion under conditions of loading seen in the industry. In addition, the method should
address the disadvantages of the existing schemes and possess the following features
> highlight and emphasize the non-holonomic nature of the physical system
> use only the degrees of freedom and not all the generalised speeds
> incorporate the effects of various payloads into the dynamic equations of the mobile
robot without repeating the complete derivation

> provide a systematic method of obtaining the dynamic wheel loads

3.3.1 Modelling Assumptions

The primary assumptions on which the method is based on are that

> the Coulomb frictional forces at all the wheels are adequate to prevent slippage

> the WMR retains its non-holonomic nature throughout the trajectory

> the deformations in the components and mechanical vibrations are negligible and

> the components may be modelled under the lumped mass assumption as a system of

interconnected rigid bodies
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3.3.2 Coordinate Frame Assignments

For the present modelling, the WMR is considered to be a system, S, composed of
interconnected rigid bodies, viz., the vehicle body, steer and drive wheel units and castors.
In Fig. 3.1, O is the origin of the inertial coordinate system, », used to describe the dynamics
of the WMR. The vehiéle shown in this figure does not refer to any vehicle in particular. The
drive, steer and castor units are shown here only to illustrate the assignment of the coordinate
frames and the degrees of freedom (dof) available for these wheel units. The inertial
coordinate system is also referred to as the floor coordinate system. G is the principal
reference point on the WMR. G is also the origin of the local coordinate system s, fixed on
the WMR. The coordinate system ', is oriented such that the '», axis iies along the
longitudinal axis of the WMR in the usual forward direction of motion. The 'a, axis is normal
to the plane of operation of the WMR and points in the upward direction. The orientation of
the coordinate system '», in the inertial coordinate system is measured by the angle of yaw,
. The yaw angle, s, is the angle between the », and the ', axes measured as a rotation
about the », axis. For steered wheel units and for castors with swivel, W, is the point of
intersection of the steering axis or the axis of swivel and the (', '»,) plane. Inclined steering
is not addressed and the steering axis is parallel to the 'n, axis. W, is the origin of the
coordinate system 2, fixed to the wheel assembly. The coordinate system 2x, is fixed such
that a positive rotation of the wheel or castor about the 2, axis produces forward motion of
the WMR. The 2x, axis lies along the steering axis. The orientation of the s, coordinate
system in the 's, coordinate system is measured by the steer angle, ¢ . The steer angle, ¢, is

the angle between the 's, and the %, axes measured as a rotation about the ', axis. When
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Figure 3.1 Coordinate frame assignment and principal points on a WMR.
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¢ =0, the vertical plane of the wheel is parallel to the 'x axis. W is the centre of mass of the
rotational elements of a wheel unit which typically include the wheel, the drive train
components and the rotor of the drive motor. The angle of rotation of the wheel is expressed
in terms of 6, measured from an arbitrary reference point. It is to be noted that 0 is a cyclic
coordinate and that only the wheel rotational speed or the first derivative of 6 appears in the
dynamical equations of the WMR; hence, no coordinate system is employed to define the
rotational angle. W; is the centre of mass of the wheel frame which includes all the
components in a wheel unit excluding rotational elements. Neglecting tire deformations and
area of contact of the wheel on the ground, the point, W, , is modelled to be directly under

the centre of mass, W, of the wheel.

3.3.3 Procedure Developed to Deduce the Dynamic Model

A five step procedure has been developed in this thesis for the derivation of the
dynamic model of a WMR using the Kane's method and is presented below. Using this
procedure, the dynamic model for a generic WMR has been developed and is presented here.
Using this generic dynamic model, one could develop the equations of motion for a WMR

with a specific wheel configuration.

Step 1: Derive the Non-holonomic Equations
The first step in Kane's formulation is to express the motion constraints present in the
WMR system as non-holonomic equations. These motion constraints arise due to the no-slip

condition assumed to exist at all the wheels. The non-holonomic equations are also used to
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define the linearly independent, scalar generalised speeds, «, , corresponding to the degrees
of freedom of the system.

The number of independent generalised speeds is fixed by the number of degrees of
freedom of the mobile robot. However, any suitable linear combination of the derivatives of
the generalised coordinates may be used as a generalised speed. The only requirement is that
the relationship be non-singular. The final form and complexity of the dynamic equations
depend on the definition of the generalised speeds. With a suitable choice of the generalised
speeds, the physical nature of the various terms in the dynamic equations, for example the
centrifugal and the coriolis forces, may be easily identified. For planar motion of the WMR,
the forward speed, u, the lateral speed, u, and the yaw rate, u, provide a suitable choice of
generalised speeds. The speeds u; and u, are linear combinations of the Cartesian speeds,
and y, in the inertial floor frame while u, is the rate of rotation about the z-axis. The steer

rate, ¢ of a wheel unit and the rate of rotation of a wheel,6 are related to these three

generalised speeds through the non-holonomic equations expressed in matrix form as

)
u, 3.1

6

{4,} _ ‘411 Ay 4,3
] 4, Ay, Ay

The elements of the coefficient matrix are functions of the generalised coordinates and, for
a WMR, are not explicit functions of time. The nature of the coefficient matrix depends on
the type of wheel units employed and their configuration in the WMR. For instance, for a
differential drive, u, and ugq are the independent generalised speeds and the dependent speeds,

u, and éare related to them through a 2x2 coefficient matrix. The values of the elements
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depend on the geometric parameters of the wheel units and the wheel configuration used.

Step 2: Obtain partial velocities and partial angular velocities

Due to the non-holonomic nature of the WMR system, the effect of a force or a
torque acting on any rigid body in the system is propagated to all the other interconnected
rigid bodies in the system, with an associated magnitude and direction. In the Kane's method
[25] this effect is expressed by vector quantities called partial velocities and partial angular
velocities.

To obtain the partial velocity of the point of action, p, of a force, the velocity, "vp ,
in the inertial floor frame is obtained in terms of the generalised speeds. Intermediate
coordinate frames with suitable location and orientation are used in the derivation. For
example, the choice used by Huang [7] is to place these frames such that axis of a steer or a
rotational degree of freedom coincides with a principal axis of the frame. Once the velocity,

*v,, of the point, p, is obtained in terms of only the independent generalised speeds, the
coefficient of each generalised speed, «, , in the expression is identified as the partial velocity, v .
For the WMR, the partial angular velocity, 5 # , of a rigid body, B, corresponding to each
generalised speed, «, , is obtained likewise from the angular velocity of the rigid body, %, ,
in the inertial floor frame. In Kane's method, these non-holonomic partial velocities are

obtained the partial differentials

(3.2)



In the case of a WMR, the linear velocity of the centre of mass of a wheel unit and the angular
velocity are usually more conveniently derived in terms of the generalised speeds and also the
steer rate and the wheel rotation rate. In this case the coefficients of the generalised speeds
are not the partial velocities. Using the terminology coined by Kane [25], these coefficients
are the holonomic partial velocities, v, and o, . In this thesis, the term partial velocity is used
to indicate non-holonomic partial velocity ; however, only in particular instances requiring
clarity, the adjective non-holonomic is explicitly used.

The motion constraints present in the WMR system as given by the non-holonomic
equations, Eqn.(3.1) are used to obtain the non-holonomic partial velocities. For example, the
non-holonomic partial velocity, 7, and the non-holonomic partial angular velocity, &}, of

the centre of mass, W, of a wheel, corresponding to the generalised speed, u, , are

W W L4 W
Vi = vy rApvy +Ayve

w 3-3)

v_ W 14
By = Oy A0y +Ay 0

In Eqn.(3.3), the holonomic partial velocities v,,v,,v, are the coefficients of the corresponding
speeds,« ,$,6 in the expression for the velocity, %, of W in the inertial floor frame. The
coefficients, A, are provided by the non-holonomic equation, Eqn.(3.1). Similar expressions
apply to the generalised speeds, u, and u, using the appropriate matrix elements from
Eqn.(3.1). The same procedure is applied to obtain the partial angular velocities as well.
For a WMR, the points for which partial velocities are required are (i ) the mass
centres of all the bodies with non-negligible inertial properties and ( ii ) the points of action

of frictional forces, usually the tire friction in the case of a WMR. The partial angular
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velocities are required for all rigid bodies with non-negligible inertia such as the body of the
WMR and the steered and driven wheels. It must be noted that, in a WMR, the steer and the
drive actuators are located on the vehicle, hence the action and the reaction of these torques

on adjacent rigid bodies of the system must be taken into account.

Step 3: Compute Generalised Active Forces

In the case of the WMR, the active forces are the gravitational forces acting at the
centres of mass of bodies with non-negligible mass and the tire frictional forces acting at the
points of contact of the wheels on the ground. The active torques are the steering torques and
the drive torques. If the rigid body, B, in the WMR system is acted upon by a set of active
forces and torques, the set is reduced to a single equivalent force, F, acting at the point, p and
a single equivalent torque, T. For each body, B, using the equivalent force and torque and the
partial velocities obtained in step 2, the scalar Generalised Active Force, ﬁ-’f , for each

generalised speed, u;, is obtained as

F = 0/ T+v[-F (3.4)

The generalised active force for each generalised speed is the sum of the inner products of all
active forces acting on the WMR and the partial velocities of the points of action and the
torques and the corresponding partial angular velocities. In the derivation of the dynamic

equations, the generalised active force is obtained for each generalised speed.
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Step 4: Compute the Generalised Inertia Forces
The inertia force and torque contributions to the dynamics of the WMR arise only
from bodies with non-negligible inertial properties. For each such body, B, the acceleration,
%, of the centre of mass, p, and the angular acceleration, % , , of the body in the inertial
floor frame are first obtained. Using these accelerations and the known inertial properties of

the body, the inertia force, R’ and the inertia torque, T~ are obtained as
4 . T 3.5)

where m and I are the mass and the central inertia dyadic of the body. For the body B, the

scalar generalised inertia force, F":B , for each generalised speed is then obtained as

F® = ol.r*+v0.F" (3.6)

Step 5: Assembly of Dynamic Equations
Kane's dynamic equations for each of the generalised speeds, u; representing the

degrees of freedom of the non-holonomic WMR system are

Zk: F +F¥ =0 i=1an 3.7

J=1

where k represents the number of rigid bodies in the WMR and n is the number of degrees
of freedom. Using the generalised active forces from Step 3 for the wheels and the body of

the WMR and the generalised inertia forces obtained in Step 4, the dynamic equations are
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assembled. The terms containing the rotational and the steer speeds and accelerations are
replaced by those containing only the generalised speeds using the non-holonomic equations.

This stage of the derivation is illustrated thoroughly in the case studies.

3.3.4 Constraint forces and friction forces

The vertical and lateral loads carried by the wheels of the WMR arise from the forces
of constraint exerted by the ground on the wheel. These are the forces required to constrain
the WMR to planar motion. For the non-holonomic conditions to apply, the Coulomb
frictional forces at the contact patches, which depend on the coefficient of friction and on the
vertical wheel load, must be high enough to provide the no-slip condition at all the wheels.
These constraint forces also affect the dissipative tire friction forces, classified as rolling
friction and turning friction, which in turn play a part in the overall dynamic behaviour of the
WMR.

The constraint forces are non-working forces and hence will not normally appear in
the dynamic equations. However, to compute the frictional forces at the wheels, which must
be included in the dynamic model, the Kane's method [25] offers a scheme to obtain the
constraint forces while deriving the dynamic equations. This is done by introducing 'virtual
generalised speeds that produce virtual displacements along the lines of action of the
constraint forces. These virtual’ generalised speeds are used to compute the velocities and
the partial velocities in Step 2. Since these speeds are virtual in nature, they appear neither
in the derivation of the accelerations nor in the inertia forces and torques. However, the

generalised inertia forces are obtained for the ‘virtual' speeds in the same manner as for the
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'real' generalised speeds in Step 4. When the dynamic equations for the 'virtual' speeds are
assembled, a set of linear equations relating the constraint forces are obtained.

The constraint forces are dynamic in nature. So, in simulation studies of the dynamic
behaviour of the WMR, these linear equations for the constraint forces have to be solved
simultaneously while integrating the dynamic equations. The constraint forces are normally
statically indeterminate; the symmetric distribution of the wheel units about the longitudinal
and lateral axes of the WMR is used along with the equations obtained above to solve for the
constraint forces.

Once the constraint forces are known, the tire friction forces may be computed using
any of the friction models available. Using the longitudinal rolling friction model by Wong

[27], the frictional force, F;, acting on a wheel is

F, = sign(8)C (1 +D,r6 Y05" (3.8)

where C;, D;are model constants, 6 is the speed of wheel rotation, r is wheel radius and g;"
is the vertical load carried by the wheel. The longitudinal frictional force acting on a castor
is obtained using the same model with suitable substitutions of geometric parameters.

It must be emphasised that the dynamic redistribution of the tire loads and the effect
on the frictional force at each wheel must be explicitly computed in real-time control of
WMRs. In previous work [7, 15, 28] on modelling WMRs, the problem of constraint force
calculation is not addressed and the vertical loads are assumed to be constant and equal to the
static loads. However, in the dynamic control of WMRs using Computed Torque control, the

drive torque is calculated using the dynamic equations of the WMR in which the time varying
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nature of the constraint forces and the frictional forces must be accounted. This is needed
particularly when the WMR carries a dynamic load, such as a suspended weight, since the
constraint loads on the wheels are then directiy dependent on the dynamics of the load. The
other case where constraint and friction forces are explicitly needed is that of traction limited
motion [75] where the maximum wheel drive torque without wheel slip is limited by the

Coulomb friction coefficient and the vertical wheel load.

3.4 Detailed Derivation of the Dynamic Equations

In the following sections, this five step procedure for the derivation of the dynamic
equations of a WMR is applied. In the Kane's method, once the non-holonomic equations are
obtained in Step 1, the WMR may be treated as separate bodies for which the generalised
active and the generalised inertial forces are obtained using steps 2 to 4. The dynamic
equations of the complete system are then obtained by the assembly in step 5.

As mentioned before, in the Kane's method, the non-holonomic nature of the system
is retained in all the steps of the derivation through the partial velocities. It was also noted
that this essential non-holonomic nature of the system is masked in both the Newton-Euler
and the Lagrangian methods commonly used for the derivation of the dynamic equations of
the WMR. In the Lagrangian approach, the non-holonomic nature of the system is introduced
in the final step using the Lagrangian muitipliers to represent the motion constraints between
the generalised speeds. In the Newton-Euler approach, a force balance is applied to the
components of the WMR to obtain the dynamic equations. Dependent speeds are eliminated

using the constraint equations to obtain the dynamic equations for the independent speeds.

60



3.4.1 Steer Drive Wheel Unit

In a WMR, the types of wheels used and the particular wheel configuration adopted
determines the nature of the motion constraints and hence, the permitted degrees of freedom.
In the Kane's approach which focusses on the degrees of freedom, the derivation begins with
an analysis of the motion constraints. The common wheel types and the dependency of the
constraints are described first. In the derivation of the dynamic equations that follows, the
different types of wheels are individually analyzed. Following the approach used by Chen
[28], the steer-drive wheel unit is used as the standard model for all the steps of the
derivation. The equations for other wheel types are then obtained by simplifications and
substitutions in these equations. The effect of the payload on the dynamics of the WMR is

then analyzed using the same five step approach.

3.4.1.1 Kinematics and motion constraints

For the kinematic analysis, the WMR is modelled as a rigid body mounted on three
or more simple wheels. Each wheel has one rotational degree of freedom about the axis of
symmetry. In addition, some or all the wheels may also have a second rotational degree of
freedom about an axis, termed the steer axis, modelled in this derivation as being parallel to
the vertical z-axis of the WMR. Due to the emphasis on the dynamics of the WMR, an
inclined steering axis and non-conventional wheels are not specifically addressed. The results
presented here may be extended to these cases using appropriate coordinate transformations.
Using the number of rotational degrees of freedom, the simple wheels are classified for the

present work as shown in Table 3.1 along with the degrees of freedom and symbols used.
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Table 3.1 Classification of simple wheel types

Wheel Type Rotational DOF Steer DOF
Steer-Drive 6 ¢
Castor with swivel Y §
Steer only Free wheel, (8) é
Drive only ] Fixed
Castor without swivel ¥ Fixed

The following derivation applies to a WMR, modelled as a system of interconnected
rigid bodies, executing planar motion in an inertial (Cartesian) frame of reference. Planar
motion implies that vertical motion of the body and roll and pitch motions are constrained,
reducing the degrees of freedom to a maximum of 3. With the permitted maximum of 3
degrees of freedom in planar motion, the system can have independent linear velocities in the
Cartesian x- and y-directions and a yaw rate or rotation about the Cartesian z-direction. Each
wheel unit, depending on the type as defined in Table 3.1, may have one or two rotational
degrees of freedom. However, the non-holonomic nature of the WMR system due to the no-
slip condition at all the wheels, imposes motion constraints such that Cartesian speeds of the
system and the steer and the rotational speeds of each wheel unit are related through non-

holonomic equations.

3.4.1.2 Non-holonomic equations for a Steer-Drive Unit
The following derivation is for a steer-drive wheel unit since the non-holonomic

equations for all the other wheel types in Table 3.1 may be obtained with suitable
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substitutions. The geometric configuration of the steer-drive wheel unit is shown in Fig. 3.2.
In the inertial coordinate system, »,, the path of an (arbitrary) reference point, G, is assumed
to be available from a path or a trajectory generator. The moving coordinate frame, 'a, , is
located with its origin at G ; for the following kinematic analysis, the orientation of the frame
is arbitrary. When this analysis is applied to a WMR with a particular wheel configuration, the
point G is identified with the chosen principal point of reference of the WMR. Thus the
geometric parameters and the results derived in this section may be easily transferred to each
particular wheel configuration. Also, the derivation does not assume a particular parametric
scheme of the path and the Cartesian or the generalised coordinates may be substituted with
their parametric forms at any stage if desired. The derivation may be extended to a prescribed
trajectory as well.

In the inertial frame of reference, the prescribed linear velocity of G is given by

o, _ . ;
vg = In +ynm,

(Ec +ysy)'n + (- sk +ycp)'n, (3.9)

where s( ) and c( ) are the sine and cosine functions; the prescribed angular velocity is

O = ¥ny = Win, (3.10)

The non-holonomic constraint equations are derived by applying the no slip condition to the
point of contact of the wheel on the ground, i.e., by setting the instantaneous velocity of the

point of contact in the inertial frame to zero.
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Figure 3.2 Position Vectors and Orientation Angles of Steer-Drive Wheel Unit in the Inertial

Coordinate Frame.
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The steer-drive wheel unit is modelled as three interconnected rigid bodies, viz., the
hip, the steering column and the wheel, with one rotational degree of freedom at each joint.
For the steer-drive wheel, the instantaneous velocity of the point of contact, W, of the wheel
on the ground is derived by finding the velocities of the points of coupling namely, W, and W.

The coordinates of these points are shown in Fig. 3.2 and the position vectors are

G - 1 1
Pw, XM Y By
v, - e 2 2 2
‘PV =X, Y, By, R,
W 2
= -r
Pw, "3 3.11)

The coordinates of the velocity vectors are expressed in the ', frame. The velocity of the

steer point, W, is given by

vy, = g+ P gx GPw,
= (Few +ysy - ¥y,) 'y + (—Esk +yow + ¥x,) 'y (3.12)

and the velocity of the centre of mass of the wheel, W, is given by

= ovw,*' o“’w," w’!’r
= [Eew +ys¥ - Yy, - (¥ + $)(x, 5 +y,c)] n,
+[-Esy +yed + Y+ (¥ + &)z cb -y, )] 'n, (3.13)

Finally, the velocity of the point of contact of the wheel on the ground, W, , is

Yy = gt 0 g 'Pwp
[c¥ +yst - ¥y, ~ (¥ + ) (x50 +y,cd)-rBed]'n,
+[Es¥ +yel + ¥z, + (¥ +$)(x,cb -y, 58)-rBsb]'n, (3.14)

By the no slip condition, ova = 0; equating each component of the velocity vector to 0, the
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non-holonomic equations relating the five generalised speeds are

Ecy +ysy -y, - (¥ +$)(x s +y,cd)-rOcd

—Esy +ycy +¥x,+ (¥ +§)(x cb-y,5¢)-rOsd (3-15)

Five generalised coordinates, {xy ¢ ¢ 6 } are needed to describe the configuration of the
steer-drive wheel unit in the inertial frame. However, the non-holonomic equations,
Eqn.(3.15), indicate that the Cartesian speeds { £ y ¥ }are dependent on the steer-drive
speeds, { ¢ 8 }.

For the present derivation, the vehicle forward speed, u, , the lateral speed, u, , and
the yaw rate, u,, are chosen as the 3 independent generalised speeds for the system. The
advantage of this choice of generalised speeds is the ease of prescribing and visualizing the

path of the WMR. In terms of the Cartesian speeds, the generalised speeds are defined as

Uyt = [-s¢ cf 0

Yg 0 0 1

ul C* Sq’ 0
{i'

; } (3.16)

As required by the definition of the generalised speeds, the transformation matrix is non-
singular for all values of §. The above transformation may be inverted to yield the Cartesian

speeds in terms of the generalised speeds as

e cy -s¢ O u,
{y‘}= s¥ cv Ofju, (3.17)

¥) 1o o 1|lus

Using (3.17) and substituting for the cartesian speeds in the non-holonomic equations,
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Eqn.(3.15), the elements of the coefficient matrix, A, in Eqn.(3.1) are obtained as

4, = AL(mp)
A

1
A = __._( -rec
12 AA ¢)
-r

A, = —(y s +x‘c¢ +x.)
AA

Ay = S (xucb-y,50) (3.18)

A

Ay = <= (xusb )
A

Ay = 7&1_[ Y (x,cb-y ) rx (2,50 +y,c$)]
A

A.4 =rx,

The criterion for the existence of a kinematic solution for the general case of inclined steering
and steering offset distance has been investigated by Cheng and Rajagopalan [76]. In the

present work, a non-zero offset value is assumed and A, = 0 in Eqn. (3.18).

3.4.1.3 Partial Velocities

The steer-drive wheel unit consists of stationary components with mass centre at W,
and the rotational components, viz., the wheel and drive train, with mass centre at W. Both
masses are included in the analysis and the partial velocities of both these points are derived.
In addition, the tire frictional force acts at the point of contact, W, and the partial velocities
of this point are also obtained. If one or both of these masses are assumed negligible in any
particular application, some or all these partial velocities may be not be needed.

In order to compute constraint forces on the wheel, 3 ‘virtual' generalised speeds

representing the upward translational speed (u,) and the roll and the pitch rotational speeds
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(u, and u;) are included along with the 'real' generalised speeds, viz., the forward and the
lateral translational speeds (u, and u,) and the yaw rotational speed (uy). In terms of the six
generalised speeds, the prescribed linear and angular velocities of the reference point, G, are

represented as

{o"G} = (uy'my vy ug'ng)T
(3.19)

o _ 1 1 1, \T
{ "’6} = (u m tugmyrugn,)

The derivation of the partial velocities is similar to the kinematic analysis carried out to
develop the non-holonomic equations except for the introduction of the virtual generalised
speeds. The velocity of the reference point, G, is propagated to obtain the velocity of the steer
point, W, as

g, = Y5+ %0 ox Sy (3.20)

£

The velocity of the steer point is then used to obtain the velocities of the centres of mass, W;

and W, and of the point of contact, W, as

o o o W,
v, = Y+ Yo x
/M AR AL
o, _ O 0 W,
Yw = Vwt @g* Pw (3:21)
o, _ 0 o W,
Vw, = Vgt ©Op* Py,

All the position vectors may be obtained from the geometric quantities shown in Fig. 3.2. The
transformation matrix, [‘1‘2] = Rot ('m;,-¢) , is used to convert the position vectors in the
2n frame to the 'n, frame. The angular velocities of these two bodies represented by W, and

W are
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o 1 1 1
Qg = ugnrugn,+(ugrd) R,

rs

%oy, = %y (3.22)

% g = (u4—‘9.r¢)lnl +(ug+0cd) my+(ug+d)'ln,
From the expressions for the linear velocities, Eqn. (3.21) and the angular velocities,
Eqn.(3.22), the holonomic partial velocities of the six generalised speeds, u; and the steer
speed, ¢ and the rotation speed, 6 have been collected and are given in Tables 3.2 and 3.3.
The non-holonomic partial velocities are obtained using Eqn.(3.3) and the matrix elements
in Eqn.(3.18). However, for the 'virtual' speeds u,, u, and u, , the expressions in Tables 3.2

and 3.3 are also the non-holonomic partial velocities.

3.4.1.4 Generalised Active Forces

The active forces and torques acting on the steer drive wheel unit are shown in Fig.
3.3. The drive torque, t,%, acts on the rotational components of the wheel unit, W. The
forces include the gravitational force, -m gn,, acting at W; the (non-working) constraint
forces, g,%, and 0, acting at the point of contact, W, ; and the longitudinai tire frictionai
force, Ffznl, acting at W,,. The active forces acting on the stationary components, W, , are the
gravitational force, -m gn;, acting at W, the steer torque, t,'»; and the reaction to the drive
torque, -t %, .

Using the partial velocities of the points W, W; and W, obtained in step 2, the
generalised active forces for each generalised speed is obtained using Eqn.(3.4). It is to be
noted that the partial velocity that must be used for the frictional force is that of the wheel,

W, and not that of the point of contact, W, since the frictional force is a force opposing the
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Figure 3.3 Active forces acting on the components of a steer-drive wheel unit.

Table 3.3 Holonomic Partial Angular Velocities for the Steer-Drive Wheel

m,,v’ @y
u, 0 0]
u, 0 0
u, 0 0
i 'y 'n,
Us ln2 lnz
Ug ’n3 ‘n3
ns3 'n,
) Y -t¢ln1+c¢lnz
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linear motion of the vehicle. Another option that may be followed is to convert the frictional

force into a frictional torque, < ’»,, using

. - 2
Tr= Pr,"Ff = ~rF;’n, (3.23)

The frictional force, F;, obtained using the model, Eqn.(3.8) is a signed quantity depending
on the direction of wheel rotation. Hence, the frictional torque in Eqn.(3.23) always opposes
the drive torque. The generalised active force for each generalised speed corresponding to this

frictional torque is obtained with the partial angular velocity of W, & and t,%,.

3.4.1.5 Generalised Inertia Forces

The acceleration of the centre of mass of the rotational components of the wheel unit,
%a,, is obtained as the total derivative of the velocity, °v,, given by Eqn.(3.21). When
deriving the accelerations, it must be noted that only the 'real’ generalised speeds, u, , u, and
ug are used and the ‘virtual' speeds, u; , u, and u; , introduced to obtain the constraint forces,

are set to zero. The acceleration of W is

o (2

- o o o G
"w‘( ag* "0 gx v+ Tagx Cpg +

y’
%05 %Py (3:29)

o G
®gx "©gx l’v,)

o W, o
+( awx pw-f wa

L 4 L 4

where the linear and angular accelerations are given by

o, _ 1 .1

ag = K R TUy N,

0, _ ;1

&g = dgn,y (3.25)

Oa, = (igré)'n,

[
|
]
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The angular acceleration, %z ., of W is obtained as the total derivative of the sum of the
angular velocities of W, and W. It must be noted that the angular velocity of W (= 6 ,) is
expressed in the moving frame attached to the axis of rotation and hence the angular
acceleration would involve the time derivative of the transformation matrix, ['r,]. The angular

acceleration of W is

o

d o
¢w=; Q’
d o W,
= —(“wg+ ‘o)
wl W, 4

= %y %(e ) (3.26)

0 0
Oaw‘+[1rz] 9 +[°o ,‘][‘1'2]{3}
0

With the known inertial properties of the wheel and the accelerations computed above , the
inertia force, R *¥ and the inertia torque, T*¥ for the rotational components are obtained
using Eqn.(3.5).

Similarly, the acceleration of the centre of mass, W, is given by

o - {0 o (2} o G, (2} o G,
"w,‘( gt Wgx Vgt &g* Pyt Og* 0gX Pw,)
o W, o o W, )
+ [ 4 x + (O] x [A] x
(Czw,x "P,* Con,x o x Py (3.27)

L s z

and the angular acceleration is

ey (3.28)

«
¥y

With the known mass and the central inertia dyadic of the non-rotational components of the
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wheel unit, the inertia force and the inertia torque are obtained using Eqn.(3.5).

Finally, using the inertia forces and the torques of the rotational and the non-rotational
components of the wheel unit and the partial velocities of the respective centres of mass and
the partial angular velocities of the bodies, the generalised inertia force, ¥, , for each

generalised speed, u, is obtained by substitution in Eqn.(3.6).

3.4.2 Steer only Wheel

The kinematics of a steer only wheel unit, shown in Fig. 3.4, are identical to those of
the steer-drive wheel unit. The non-holonomic equations for the steer-drive wheel unit,
Eqn.(3.15), may be applied directly to a steer only wheel unit. Since wheel rotation is
unactuated, the wheel is free wheeling and é gives the no-slip rotational speed. However, for

control purposes, only the steer rate, ¢ and the steer angle, ¢ are quantities of interest.

The partial velocities are identical to those of the steer-drive wheel. Even though the
-wheel is not driven, the partial velocity of W may be needed if the wheel has non-negligible
inertial properties.

In the case of the steer only wheel, the drive torque on the wheel and the reaction on
the wheel frame are absent. All the other active forces listed for the steer-drive wheel are
present. The derivation of the generalised active forces for a steer only wheel are identical to
the method used for the steer-drive wheel, setting the drive torque and it's reaction torque to
zero. In case the masses of the stationary or the rotational components of the wheel are
negligible, the gravitational forces may be set to zero as well.

For a steer only wheel with non-negligible inertial properties, the inertia force and
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Figure 3.5 Position Vectors and Orientation Angles of a Castor with Swivel.
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torque and the generalised inertia forces for the generalised speeds are identical to those of
the steer-drive wheel unit. If the inertial properties of the rotational components or the
stationary components are assumed negligible, the corresponding terms in Eqn.(3.5) and
Eqn.(3.6) may be set to zero. A summary of these substitutions for the steer only wheel unit

and the applicable equations is given in Table 3.4.

3.4.3 Castor with swivel

The kinematics of a castor with swivel, shown in Fig.3.5, are similar to those of the
steer-drive wheel. The substitutions are one of nomenclature only. To obtain the non-
holonomic equations, the rotational speed, v and the swivel speed, § are substituted in
Eqn.(3.15) along with the appropriate values for the geometric parameters. From the
standpoint of control, both rotational degrees of freedom of the castor are unactuated and the
non-holonomic equations give values of the instantaneous castor steer rate and the rotational
speed in terms of the WMR path parameter values.

The partial velocities for a castor with swivel may be obtained from the expressions
for the steer-drive wheel using the appropriate nomenclature. In most cases, the inertial
properties of a castor are assumed negligibie ; then, the only partial velocities needed are
those of the point of contact of the castor on the ground to account for the rolling friction.

In this case, the only active forces considered are the constraint forces and the rolling
friction forces acting at the point of contact of the castor on the ground. Since the castor is
free to swivel, it cannot sustain any lateral force ; hence only the vertical constraint force need

be considered. The steer and the drive torques are absent and the mass of the castor is usually
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neglected. With these simplifications, the generalised active forces for the castor are obtained.
The generalised inertia force for the castor is zero since the castor is assumed to have
negligible inertial properties. In case this assumption is not made, the generalised inertia force
is identical to those of the steer-drive wheel unit, the only substitutions being one of notation.
A summary of these substitutions for the castor with swivel and the applicable equations is

given in Table 3.5.

3.4.4 Drive only Wheel

For the case of a drive only wheel, Fig. 3.6, the wheel has one rotational degree of
freedom only and the steer rate, ¢ = 0. The wheel unit loses one degree of freedom and
becomes a 2 dof system. In this case, the forward speed, u, , and the yaw rate, u, are used as

the generalised speeds. For the drive only wheel, the following substitutions are made

$=0;¢=0;6Pw,=0;61’w=mpv (3:29)

Using these substitutions, the non-holonomic equations for the constrained lateral speed, u,

and the rotational speed, 6, are given by

u, = —X g ; 8= —l-ul-i'iu‘s (3.30)

r r

For this case only the partial velocities of W and W, are required. The inertial
properties of the non-rotating components of the wheel unit, e.g., the stator of the drive
motor, may be included with those of the body of the WMR. The expressions in Table 3.2 and

in Table 3.3 are first simplified using the parameter values indicated in Eqn.(3.29). The partial
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Table 3. 4 Summary of Equations for Steer only Wheel Unit

Applicable Parameters / Equations

Dependent Speeds

$.0

Geometric Substitutions

Step 1. Non-holonomic Equations

i. Eqn.(3.1), Eqn.(3.15)

ii. Eqn.(3.18)

Step 2. Partial Velocities

i. Table 3.2, Table 3.3

ii. Eqn.(3.3)

Step 3. Generalised Active Forces

1. t,,‘rf; —m_gny

ii. Eqn.(3.4)

Step 4. Generalised Inertia Forces

i. Eqn.(3.24), Eqn.(3.26)

ii. Eqn.(3.5), Eqn.(3.6)

Table 3.5 Summary of Equations for Castor with swivel

Applicable Parameters / Equations

Dependent Speeds

8.y

Geometric Substitutions

Yo =0

Step 1. Non-holonomic Equations

i. Eqn.(3.1), Eqn.(3.15)

ii. Eqn.(3.18)

Step 2. Partial Velocities

i. Table 3.2, Table 3.3

ii. Eqn.(3.3)

Step 3. Generalised Active Forces

L t,; -mgng =0

ii. Eqn.(3.4)

Step 4. Generalised Inertia Forces

F,”:O
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Figure 3.7 Position Vectors and Orientation Angles of a Castor without Swivel
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velocities are then obtained using the non-holonomic equations, Eqn.(3.30) and the elements
given in Tables 3.2 and 3.3.

For the drive only wheel, the steering acceleration is absent and the wheel coordinate
frame, », is identical to the frame, 's, at the reference point, G. These simplifications may

be expressed as

o -
&y =0

[,sz - ULa (3.31)
where I is the identity matrix. With these substitutions in Eqn.(3.24) for the acceleration of
W, the inertia force and the inertia torque for the drive only wheel unit are obtained. The
generalised inertia force, Eqn.(3.6), for each of the two generalised speeds is then obtained
with the partial velocities of W.

In this case, the steer torque is absent and only the drive torque on the wheel is
present. Also, the mass and the inertial properties of the non-rotational components of the
wheel unit may be included with those of the payload; so, only the gravitational force acting
at the mass centre, W, of the rotational components of the wheel unit need be considered. In
addition, the constraint forces and the tire frictional forces acting at W, are present. In the
case of a drive only wheel, the reaction to the drive torque acts on the body of the WMR and
must be accounted for in the dynamics of the payload as given in Section 3.5. Table 3.6

summarises the substitutions and the equations applicable to the drive only wheel unit.
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3.4.5 Castor without swivel

The kinematics of a castor without swivel, shown in Fig. 3.7, are similar to those of
the drive only wheel. The WMR has only 2-DOF. For the non-holonomic equations, the
rotational speed y is substituted in Eqn.(3.30) along with the appropriate positional values.
The partial velocities, therefore, for this case are similar to those of the drive only wheel,
differing only in nomenclature.

The simplifications regarding the torques and the masses of the components listed for
the castor with swivel apply equally for this case as well. However, in this case, the castor is
laterally constrained and hence will experience a lateral constraint force. The generalised
active forces are derived for the frictional and the constraint forces.

As in the case of the castor with swivel, the inertial properties of the castor are
normally neglected and the generalised inertia forces for the castor for both the generalised

speeds are zero.

3.4.6 Effect of a Deadweight on WMR Dynamics

The presence of a payload on the WMR would affect the dynamic behaviour of the
WMR as it directly influences both the active and the inertial forces of all the generalised
speeds. The term payload in this context refers to all the dead weights carried by the WMR
including the mass of the body of the WMR itself. Also, for each drive only wheel unit, the
mass and the inertial quantities of the non-rotational components, such as the stator of the
drive motor, can be added to those of the body of the WMR. Where an additional payload is

placed on the WMR, the known mass and the inertial properties of the load are included with
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Table 3.6 Summary of Equations for Drive only Wheel Unit

Applicable Parameters and Equations

Dependent Speeds

6,u,

Geometric Substitutions

Lx,=0;y,=0

H.¢=0;¢=0

Step 1. Non-holonomic Equations

i. Eqn.(3.30)

Step 2. Partial Velocities

i. Table 3.2 , Table 3.3

il Eqn.(3.3) with Uy = —X Ug

Step 3. Generalised Active Forces

1. t‘,tf; —m gng

ii. Eqn.(3.4)

Step 4. Generalised Inertia Forces

i. Eqn.(3.24,3.26) with ey = 0; 'T, = I;,5

ii. Eqn.(3.5), Eqn.(3.6)

Table 3.7 Summary of Equations for Castor without swivel

Applicable Parameters and Equations

Dependent Speeds

Y .Uy

Geometric Substitutions

i.x,=0;y‘=o

H8=0;8=0

Step 1. Non-holonomic Equations

i. Eqn.(3.30)

Step 2. Partial Velocities

i. Table 3.2 , Table 3.3

ii. Eqn.(3.3) with Uy = —X Mg

Step 3. Generalised Active Forces

i Ty omgng = 0

ii. Eqn.(3.4)

Step 4. Generalised Inertia Forces

F' =0
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those of the body of the WMR using the parallel axis theorem.

The location of the centre of mass, D, of the payload in the vehicle reference frame, 'n,
and the mass, m, , and the central inertia dyadic, I, , are assumed known. Using the linear
velocity, %, and the angular velocity, °e; , of the reference point, G, the linear and

angular velocities of the centre of mass, D, are

o, _ o o G
Yp = Vgt W@g* Pp

0’ - o (3.32)
D G

where the position vector of D from the reference point, G, is %, = (x,'m, +y,'n,+z,'n;).The

partial velocities, #°, and the partial angular velocities, &7 , are listed in Table 3.8.

If the wheel type and wheel configuration used in the WMR permit 3-DOF, the values
listed in Table 3.8 are also the non-holonomic partial velocities and the partial angular
velocities. For a WMR with only 2-DOF, the constrained lateral speed, u, is replaced using

Eqn.(3.30) to obtain partial velocities of the independent generalised speeds, u, and ug .

Table 3.8 Holonomic partial velocities of a deadweight

D D
vy @y
u, n,
u, lnz 0
w, 1n3 0
Y "41"2"'3’11"3 'n,
uy z.'m -z 'm, n,
Us -yg'm rxg'n 'ny
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For the deadweight payload, the only active force is the force due to gravity, -mgn,.
However, additional active torques arising from the reactions to the steer torques and the
drive torques must be introduced. In this derivation, the steer axes are assumed parallel to the
vertical axis of the WMR. Therefore, the total reaction torque, T~ , to steer torques from p

steer-drive or steer only wheel units is expressed as

[z -tf] In, 3.33)

For each drive only unit, the reaction to the drive torque must be introduced. The total

reaction torque, T3 , to the drive torque from each of q drive only wheel units is given by

o - [f -r:) I, (3.34)

k=l

For drive only wheel units, the simplification that the wheel coordinate frame, ?x, = ', has
been used in Eqn.(3.34). In the case of steer-drive wheel units, the reaction to the drive
torque has already been introduced as an active torque on W, in Section 4.3.2, Step 3 and
should not be included in the summation above, Eqn.(3.34).

Hence, the generalised active force for the payload for each generalised speed y; is given by

FY = 50 (~mpgny)+ 6 7. (T2 +T3) (3.35)

The linear acceleration of D is

o. _ o o o ) G o o G
ap = “agt "WgX Vgt "@gX "ppt "wgx "@g* Pp (3.36)

and the angular acceleration is
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%p= %g (3.37)

With the known inertial properties of the payload and the expressions for the linear and
angular accelerations, the inertia force and torque are computed, Eqn.(3.5). Finally, the

generalised inertia forces, Eqn.(3.6), for the payload are evaluated.

3.4.7 Effect of an active load on the WMR dynamics

Other than a payload which is a deadweight, the load carried by a WMR may be an
active or live payload, such as a suspended load. In this case the load and the WMR behave
as coupled rigid bodies and the dynamic model of the WMR must be augmented to reflect this
coupling.

The Kane's method offers a clear advantage over the other classical methods when the
dynamics of the load are to be added to the dynamic model of the WMR. The generalised
active forces,if , and the generalised inertia forces, FTE, for the load for the independent
generalised speeds, including the degrees of freedom of the load, are obtained. The terms for
the independent generalised speeds of the WMR are then simply added to the corresponding
dynamic equations of the WMR_ The generalised active and the generalised inertia force terms
for the generalised speeds of the load provide the dynamic equations of the load itself. In the
Lagrangian method, on the other hand, the Lagrangian of the coupled system must be
obtained and the derivation of the dynamic equations for the generalised speeds must be
repeated. Similarly, in the Newton-Euler method, the forces arising from the dynamic nature

of the load must be introduced into the force balance of the WMR and the dynamic equations
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must be derived. The Kane's method thus uses results previously obtained while retaining the
essential coupled nature of the system.

In this section the effect of a suspended load on the dynamic behaviour of a WMR is
studied. The active load is modelled as a mass of known inertial properties suspended by an
inextensible, rigid sling. The sling is free to swing about the point of suspension. In this
derivation, the arm is free to swing about the longitudinal axis of the WMR on the lateral
plane. The load, therefore, has one degree of freedom; the methodology given here may be
generalised to a case where the lcad has additional degrees of freedom by using
corresponding generalised speeds in the derivation.

The load of mass, mg, and centre of mass at E, is suspended from a point, H , as

shown in Fig. 3.8. The position vector defining the point of suspension, H is

GPH = Xy l"l Yy l"z*‘l. l"3 (3.38)

At the point of suspension, the load has a single rotational degree of freedom, {, about the
vehicle '», axis. An intermediate coordinate frame, 3x,, is located at H such that 3, coincides
with ', and { is the angle between 'n; and *n, . The centre of mass of the load is located at

a distance z; along 3, so that the position vector is given by

Bpe = ~zgn3 = ['T,1{0 0 —z5)7
zps{ lnz-zzc{ 1n3

(3.39)

The transformation matrix, ['T,] = Rot('ny,-{) is used to convert between the coordinate

systems.
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The generalised speed, u, , represents the rate of swing of the load and is defined as

uy et (3.40)

Step 1. Holonomic Equations

In the case of the suspended load, the load is free to swing with one rotational degree
of freedom and so is a Aolonomic system. The swing rate, u, , Eqn.(3.40), is therefore an
independent generalised speed of the system. The generalised speeds representing the WMR
are still related through the non-holonomic equations appropriate for the particular wheel
configuration.
Step 2. Partial Velocities

The velocity of the centre of mass, E,, in the inertial frame is obtained by propagating
the velocity of the WMR through the point of suspension, H. In terms of the generalised

speeds of the WMR, u, .. u,, and the generalised speed, u, , of the load, the velocity of H is

Oy = %+ Cogx Opy (3.41)

Propagating the velocity, the velocity of E in the inertial frame is

o"E = OVH*' o“’g" HPE (3.42)

and the angular velocity is

OQE = (u4+u7)lnl+uslll2+u6llls (3.43)

The partial velocities, %7 , and the partial angular velocities, &7 , of the load for the
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Figure 3.8 Geometric parameters and active forces on a suspended load.

Table 3.9 Partial velocities of the live load

E E
v; ®;
u, n, 0
u, 'n, 0]
Uz lns 0
Uy —(zH-zEc{)]nz+(yH+zBsC )‘ns lnl
_ 1, _. 1 1
Us (zg-zgcl) my—xg my LN
1 1 1
Ug ~(yytzgsl) mytxgm, ny
1 1 1
u, (zgel) my+(zgsl) my "y
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generalised speeds, u, ..us , of the WMR and u,, of the load are given in Table 3.9.
Step 3. Generalised Active Forces

Due to the mass of the load, the active force acting on the live load is the gravitational
force, -m g n,. In addition, a frictional torque, t;" , acts on E due to friction at the point of

suspension ; the frictional torque is modelled as

= - (sgnupyny (3.44)

with the magnitude of the torque given by

7 = b vk, (3.45)

Using the partial velocities of the live load from Table 3.9, the generalised active forces, £,

for the generalised speeds are obtained and are listed in Table 3.10a and Table 3.10b.

Table 3.10a. Generalised Active forces for the live load for u, .. u,

u, U, Us U,

0 0 -mgg -mxg(yg+z§cC)+tf

Table 3.10b. Generalised Active forces for the live load for u; .. u,

Us Ug Uy

E
Xgmepg 0 ~zgmpgs{ + Ty

Step 4. Generalised Inertia Forces

The acceleration of the centre of mass, E, of the live load is obtained by taking the
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total derivative of the velocity given in Eqn.(3.42).

) d o
Qg = — VY
E dt E
= 0¢G+ ogax GPH-Q- OQGX omax GPH (3'46)
- OCHX HPE+ OQHX o"’H* HPE
where the angular acceleration of the suspended mass is given by
.1 .
oaa = d, nl+u7u61nz+u61n3 (3.47)

With the known inertial properties of the suspended load, the inertia force and the inertia
torque are obtained, Eqn.(3.5). Using the partial velocities of E given in Table 3.9, the
generalised inertia force of the load for the independent generalised speeds are obtained.
Step 5. Assembly

For each independent generalised speed of the WMR, the generalised active force
terms and the generalised inertia force terms for the suspended load are added to the
corresponding terms representing the components of the WMR to obtain the dynamic
equations for the coupled WMR-suspended load system. Similarly, the constraint equations
are augmented with the generalised active force and generalised inertia force terms for the
'virtual' generalised speeds The dynamic equation of the load itself, corresponding to the

generalised speed, u, , of the suspended load is given by

Fl+F¥ =0 (3.48)
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3.5 Case studies for the proposed modelling methodology

The proposed dynamic modelling methodology is illustrated using case studies, viz.,
a tri-cycle configuration, a differentially driven WMR and an omnidirectional WMR. In these
three cases the WMR is assumed to carry only a deadweight. The effect of the active payload
is analyzed in the fourth case in which the differentially driven WMR carries a suspended
payload. For each wheel configuration and load, the five step procedure is systematically
applied and the resulting dynamic equations are provided. For each case, the set of equations

representing the constraint forces is also derived.

3.5.1 WMR with tri-cycle wheel configuration

A WMR with wheels in a tricycle configuration, shown in Fig.3.9, is analyzed. The
WMR has a steer-drive wheel unit in front and two castors without swivel in the rear. In this
analysis, the mass and the inertial properties of the wheel frame, W, and the wheel, W, are
assumed small enough to be neglected. The values of the various geometrical parameters for
this configuration are listed in Table 3.11. The centre of mass, D, of the body of the WMR,
is assumed coincident with the reference point, G, for simplicity.
Step 1: Non-holonomic equations

For the right and the left castors, when the geometrical parameters in Table 3.11 are

substituted in Eqn.(3.30), the non-holonomic equations are

1
Y r 4,
- e
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Since the castors have only 2-DOF, the lateral speed, u, is given by

u, = eug (3.50)

For the steer-drive wheel, substitution of the appropriate values of the physical parameters

in Eqn.(3.1,3.15,3.18) yields

1., (+c)
-—s¢ —cd-1
; d
{?} i, 4 {:1} (3.51)
0 icﬂ) (Iﬁ'(.').‘¢ 6
r r

Step 2: Non-Holonomic Partial Velocities

For the steer-drive wheel and the right and the left castors, the holonomic partial
velocities are obtained from Table.3.2 and Table 3.3 using the values of the geometrical
parameters in Table.3.11. The non-holonomic equations obtained in Step 1 above are then
used to obtain the non-holonomic partial velocities using the procedure indicated in
Eqn.(3.3). For the steer-drive wheel, the mass of W and that of W, have been neglected. So,
only the partial velocities of W, , and the partial angular velocities of W and W, are needed
to obtain the dynamic equations. The non-holonomic partial velocities for the steer-drive
wheel unit for each generalised speed are given in Table 3.13.

The castors are also assumed massless and only the partial velocities of the point of
contact and the partial angular velocities are derived. For the body of the WMR, the partial
velocities are derived using Eqn.(3.32) and the values given in Table.3.8. The non-holonomic

partial velocities of the right castor and those of the body of the WMR are given in Table

92



3.14. The partial velocities of the left castor may be obtained by substituting the distance, b
for -b in the expressions for the right castor.
Step 3: Generalised Active Forces

For the steer-drive wheel, the active forces are (i) drive torque, t,%», acting on W (ii)
frictional torque, <7 ?», acting on W (iii) reaction to drive torque, -t s, acting on W (iv)
steer torque, ¢, 's; acting on W, and (v) constraint forces 0," %, +0," %, acting at W,

For the castors, the active forces are (i) the constraint force on the right castor
@, 'n,+Q; 'n, acting at the contact point, R, (ii) the friction torque, /', (iii) the constraint
force on the left castor @, 'n, + Q5 ', acting at L, and (iv) the friction torque, t;'x,. The only
active force on the body of the WMR is the gravitational force -m ¢ '», acting at D. In
addition, the body of the WMR is acted upon by the reaction to the steer torque, -t,'», and
to that of the drive torque, -t %»,. The generalised active forces for all these components are
listed in Table 3.15.
Step 4: Generalised Inertia Forces

In this case, the only massive body is the body of the WMR itself. Hence, only the
acceleration, %, and the angular acceleration, %« ,, of the centre of mass, D, are required.

These are obtained using Eqn.(3.36,3.37) and are given by

oaD = u'llnli-uluslnz (3 52)

0., _ .1
&p = g By

The inertia force, R*°, and the inertia torque, r*°, are obtained using Eqn.(3.5) and are
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O _ a1, 1
R™ = -mgi, 'm\-m,uusn,

d.
T = ~(15 dg) ln3

(3.53)

where m, and I are the mass and the moment of inertia of D with respect to the 's, axis.

Using the partial velocities and the inertia force and the inertia torque, the generalised
inertia forces corresponding to the generalised speeds are obtained. For the case of the tri-
cycle configuration, the generalised inertia forces are listed in Table 3.15.

Step 5: Assembly
Collecting the generalised active forces and the generalised inertial forces

corresponding to each of the independent generalised speed, the dynamic equations of the

WMR are
(t,+Tr) T, (th+1h
mau'l = _d_f—c¢—7;¢+—f__‘_f_
" ot . (3.54)
13'"14'6 = ((—;—C)ccb—l) t‘+(—:'—)-x¢(rd+r}')+—r-(t}—t})

The generalised inertia and active force terms for the four 'virtual' generalised speeds in this
case provide linear equations for the constraint forces at the wheels. These constraint forces
are used to model the tire friction, Eqn.(3.8). Collecting terms and rearranging, the constraint
equations are
Qe +0)+0; = mauug
0:"+07+05 = m.g

ds 03" +5(Q5-Q3) = hm gug+ T 54
—(I-dc )05 +c(0y +03)+hQy sb = T cb

(3.55)
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Figure 3.9 Geometrical Parameters and Drive Torques of Tricycle WMR
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Table.3.11 Geometrical parameters used for the tri-cycle configuration

Y, Xw Yo Zy
Steer-Drive wheel 0 -d 0 -(h-r)
Right Castor - -C -b -(h-r)
Left Castor - -C b -(h-r)

Table 3.12 Partial velocities for the steer-drive wheel of the tri-cycle WMR

w7 6, -
t 0 -—s¢ 'n, - l_,¢ n,+ l¢:¢:|> n,
d r
u, ln2 Y 0
Uy 1n8 0 0
u, h 1112- ds$ 1n3 lnl lnl
us -h'n,-(I-ded)'n, n, 'n,
ug 0
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Table 3.13 Partial velocities of right castor and body of the tri-cycle WMR

7 & v e
U, 0 14, e, 0
r
u, n, 0 n, 0
U3 ln3 0 ‘n3 0
u, hln,-b'n, 'n, 0 'n,
u; ~h'n +c'n, 'n, 0 In,
Ug 0 LA NP o5 0 In,
Table 3.14 Generalised active forces for the tri-cycle WMR
~F - - -~
, F Fy F;
u w 1 - 1 1 0
‘ Cart) o Zoee P el
r d
14
u, 0,"ch 424 0, 0
uj 0" 0y 04 mag
u, hOy"ch - 405 o -505 | hQyvbO Tas®
Us hQ, s -(I-decd)Qs5" cQsy e “Tacd
Ug (I+¢c) w (I+c)t b _r —é-‘tl -1,
- (Tg+tr)sh+ 5 <® r‘tf s

Table 3.15 Generalised Inertia Forces for the body of the tri-cycle WMR

u; U

U;

Ug

—m g, —m gy

Ug

0

d.
-13 “6
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3.5.2 A Differentially Driven WMR

The second wheel configuration analyzed is a differentially driven WMR with wheels
in a diamond configuration as shown in Fig 3.10. The point of reference, G, is assumed
coincident with the geometric centre of the WMR. The differentially driven wheels are set
equidistant from G along the lateral mid plane of the WMR while two castors with swivel are
set in the longitudinal axis equidistant from G. The radii of the wheels and the castors are
assumed to be equal.

In this analysis, the mass and the inertial properties of the rotational components of
the right and the left wheels, R and L, are assumed to be identical and are taken into
consideration. Since the wheels are not steered, the inertial properties of the non-rotating
components of the wheel units, with centres of mass at W¢, are assumed included with those
of the body of the WMR. The centre of mass, D, of the body of the WMR, is assumed
coincident with the reference point, G, for simplicity. The mass and the inertial properties of
the castors are assumed negligible. The values of the geometrical parameters pertinent to this
configuration are listed in Table 3.16.

Step 1: Non-holonomic equations

The drive wheel units used in this WMR are drive only wheel units and the
simplifications given in Eqn.(3.29, 3.30) apply. In addition, since x,, = O in this differential
drive configuration, the WMR has zero lateral speed, «, = 0 . Using Eqn.(3.30) and the
geometric parameters given in Table 3.16, the non-holonomic equations for the right and the

left differential drive wheels, are
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1
-1 {u:} (3.56)

The castors used in this configuration are free to swivel about the vertical axis at the point of
attachment. The elements of the coefficient matrix, Eqn.(3.18), are evaluated with the
geometric parameters given in Table 3.16. For the front castor, F, the non-holonomic

equations obtained using Eqn.(3.1) are given by

. -%56 -}(ch -d)
Vel | les L |Us
r r

The equations for the rear castor, B, are obtained by substituting - for | in Eqn.(3.57).
Step 2: Non-Holonomic Partial Velocities

For the differential drive wheels, the non-holonomic partial velocities needed are those
of the respective centres of mass and the points of contact of the wheels on the ground. The
non-holonomic partial angular velocities needed are those of the centres of mass only. The
holonomic partial velocities of these points are obtained by substitution of the geometric
parameter values in Table 3.2 and Table 3.3 with the steer angle set to zero. Then using the
non-holonomic equations, Eqn.(3.56), the non-holonomic partial velocities are obtained. The
non-holonomic partial velocities of the left drive wheel are listed in Table 3.17. The

corresponding partial velocities for the right drive wheel are obtained by substituting -b for
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b in the values listed in Table 3.17.

The castors are assumed massless and only the partial velocities of the points of
contact of the castors on the ground are derived. For the body of the WMR, the partial
velocities are derived using Table 3.4. The non-holonomic partial velocities of the front
castor, F, and those of the body, D, of the WMR are given in Table 3.18. The partial
velocities of the rear castor may be obtained by substituting the distance, -1 for | in the
expressions for the front castor.

Step 3: Generalised Active Forces

For the left-drive wheel, the active forces are (i) the gravitational force, -m g 'n, at
the centre of mass (i) the drive torque, t; s, acting on L (iii) the frictional torque, t/'n,
acting on L and (iv) the constraint forces 0, ‘n2+Q3' 'n, acting at the point of contact, L, .

For the front castor, the only active forces are (i) the constraint force g s, acting at
the contact point, F,, and (ii) the friction torque, tf’nz . The active forces on the body, D, of
the WMR are (i) the gravitational force -m g 'n, acting at the centre of mass and (ii) the
reaction to drive torques -(t;+t5)'s, . The generalised active forces, F, are obtained by
substituting the partial velocities and the active forces in Eqn.(3.4). The generalised active
forces for the body, D of the WMR are listed in Table 3.19a. The generalised active forces
for the left drive wheel, L, the right drive wheel, R, the front castor, F and for the rear castor,
B are listed in Table 3.19b.

Step 4: Inertia Forces
For the sake of illustration, the inertial properties of the rotational components of the

wheels are also taken into account in this case. Hence, along with the acceleration, %, and
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the angular acceleration, %« ,, of the centre of mass, D, of the WMR, the accelerations of the
centres of mass of the drive wheels are also required.

For the centre of mass, D, the accelerations are obtained using Eqn.(3.36,3.37) and

are given by

o - g 1 1
‘D = iy nlﬂalus n,

.= an, (3.58)
The inertia force, R*?, and the inertia torque, r*°, from Eqn.(3.5) are
R% = -m i, 1"1""4"1"6 lnz
TP = -(fig) 'n, (3-59)

where m , and 1,¢ are the mass and the moment of inertia of D with respect to the 'n, axis.

For the left wheel, L, the acceleration is computed using Eqn.(3.24) and is

oaL = (u'l—bu'G)lnl'P(uluG—busz) 1)!2 (3.60)

Using Eqn.(3.26), the angular acceleration is

Oay = -8 ug'n, +6, 'y ig'n; 3.61)

From the known inertial properties of the wheel, the inertia force and the inertia torque are

. . 2
= —m,(d; -bsg) lnl-ml(ulus—lms)’n2

Oug(ly - 21y 'y~ 8,13 'my - d gl 'ny

]
&
!

(3.62)

~
&
i

101



where, due to the symmetry of the wheel about its axis of rotation, 1 = .

Using the partial velocities and the inertia forces and the inertia torques, Eqn.(3.4,3.7),
the generalised inertia forces corresponding to the generalised speeds are obtained. For the
case of the differential drive WMR, the generalised inertia forces for the body of the WMR
are listed in Table 3.20a and those for the drive wheels in Table 3.20b. The castors have been
assumed to have negligible inertial properties and hence do not contribute to the generalised
inertia force.

Step 5: Assembly

Collecting the generalised active forces, Tables 3.19a, 3.19b and the generalised
inertia forces, Tables 3.20a, 3.20b corresponding to the independent generalised speeds, u,
and u, , the dynamic equations of the differential drive WMR are

4 r 14 r _:f b
(ra*ta) (t+5p) f*‘»'f)c6

A @
Z(eam T (-t s (et

(m‘,+2mw+%12‘")11l
r

262w .
2 1, i g
r

(I +2b7m v 20"+

It has been assumed that the two drive wheels have identical inertial properties, m and 17
The generalised inertia and active force terms for the four 'virtual' generalised speeds

provide the equations to obtain the constraint forces at the wheels as

0,+Q; = (m +2m uyug
0y +0y+0{+05 = mg+2m g
b(Q4-07)+ds8 (0 -0 +h(Q; +27) = uug(2m (h-r)- %(12"—21,")) (3.64)

1ot-pH+des (@f+05) = u'l(-zr-I;-2m'(h—r))
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Figure 3.10 Geometric Parameters and Active Torques of a Differentially Driven WMR

Table 3.16 Geometrical parameters used for the Differential-Drive configuration

X, s Xw Yo Z,
Right drive wheel, R - - - -b -(h-r)
Left drive wheel, L - - - b -(h-r)
Front Castor, F 1 0 -d 0 -(h-r)
Rear Castor, B -1 0 -d 0 -(h-r)
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Table 3.17 Non-holonomic Partial Velocities for the Left Drive Wheel

L
ot i o
u In 0 1,
1 1 -; n,
u, 'n, 'n, 0
Uy 1n3 ln3 0
u, (h—r)’nz+blu3 h luz-'-b ’n3 lul
ug -(h-r)'n, -h'n, n,
-p! 0
Ug b LY - =T+ 1"3
’
Table 3.18 Partial velocities of Front Castor and Body of WMR
F F
& v/ 0 &7
1
t - —sb 1n3 +—=cb 2n2 0 " 0
u, 0 ln2 lnz 0
uy 0 n, 'n, 0
u, lnl h lnz-dsb 1n3 Y 1n1
U lnz -hlnl—(l-dc6)1n3 0 1,.2
0 1
Ys -I-cb 1pe *lsb 2n2 0 L
d r
Table 3.19a Generalised Active Forces for the Body of the WMR
hd| 4y ot Uy ks o
ﬁ,D 0 0 -m,g 0 — () 0
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Table 3.19b Generalised Active Forces for Drive wheels and Castors

Fi F Ff £

! bl ety A <
(tg+%p) (tg+ty) i .8
r r r r
l

v 05 2, 0 0

l b
U QO;-mg Q3r""r8 st Qs
u I i r r I -]

4 hQ2+b(Q3_mlg) th-b(Qs'mrg) -dQ336 dQ3 36
us <4 r; -(1-de8)of | (+dedro)
Ug b, 1 4 b, r _r 1l 4 ]

- (T4 *T —(t,4+ % —s&tf —s8t
r( a*n) r( a* ) r s r 4
Table 3.20a Generalised Inertia Forces for the centre of mass, D
! ) U U, ug ug
FP —mgy mm g 0 0 0 gy’

Table 3.20b Generalised Inertia Forccs for the wheels' centres of mass, L and R

b -m (i bitg) - b1y -,y big) - LBl

e - m (uugbug) ~m,(uug+ bug)

uy 0 0

U | em(h-rXugug-bug )+ Opugy -2y | —m,(h-rXuugrbud)+ 8pug(l - 21)
us m (h - rXd, - big)-8,1; m (- ), + bug) - 8Ly

ug

. . bz 1 . 1
bml(ul—bus)+:ﬂle-usll

. , bz
-bm (u,+bdy)- :ORI;-'IGI{
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3.5.3 An Omnidirectional WMR

For the third case, an omnidirectional WMR with four steer-drive wheels in a
rectangular configuration, shown in Fig.3.11, is analyzed. With the four steer-drive units, the
WMR can have independent forward and lateral speeds and a yaw rate in the floor frame. In
this analysis, only the mass and the inertial properties of the body, D, of the WMR are
considered. The reference point, G, is chosen such that the four steer-drive units are
symmetric about it. The centre of mass, D, of the body of the WMR, is assumed coincident
with G. The mass and the inertial properties of the wheel frame, W, and the wheel, W, are
assumed small enough to be neglected. The values of the various geometrical parameters for
this configuration are listed in Table 3.21.

In the following derivation, only dynamic quantities for the Left-Front wheel unit,
indicated in Fig.3.11 by 1, are obtained. The quantities for the other units may be obtained
by substitution of the appropriate geometric values from the Table 3.21. When the dynamic
equations are assembled, the steer rate, the steer angle and the rotational rate terms are
superscripted and a summation over the four wheel units is implied.

Step 1: Non-holonomic equations

For the Left-Front steer-drive wheel unit, the non-holonomic equations are obtained
using Eqn.(3.1) with the elements of the coefficient matrix, Eqn.(3.18) evaluated using the
values of the geometrical parameters in Table 3.21. For clarity of presentation, the subscripts

on the rotational speeds ¢ and 6are not indicated in the following equations.
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o) [ 3 e el
- «, (3.65)
0f 1,4 1, Use-beoy ||

r r r

It must be mentioned that the omnidirectional WMR imposes kinematic constraints on the
steer rate and the rotational speed of each of the four steer-drive wheel units. The speeds
must be chosen such that the Ackerman's steering requirement is met by the path parameters.
This issue falls under the area of trajectory generation and is not addressed here.
Step 2: Non-Holonomic Partial Velocities

For the steer-drive wheel the #olonomic partial velocities are obtained from Table 3.2
and Table 3.3. The non-holonomic equations are then used to obtain the non-holonomic
partial velocities using Eqn.(3.3) to eliminate the dependent speeds. For the steer-drive wheel
unit, the mass of W and that of W, have been neglected. So, only the partial velocities of W,
and the partial angular velocities of W and W, are needed to obtain the dynamic equations.
These non-holonomic partial velocities are listed in Table 3.22a. Since the mass centre, D, of
the body of the WMR, is coincident with the reference point, G, the partial velocities are
easily written down and are given in Table 3.22b.
Step 3: Generalised Active Forces

For the Left-Front steer-drive wheel, the active forces (superscripted with 1) are (i)
drive torque, t}2», acting on W (ii) frictional torque, t,2, acting on W (iii) reaction to drive
torque, - ) 2w, acting on W¢(v) steer torque, =, '» acting on Weand (v) constraint forces 0, »,+0; %,

acting at W, .
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For the mass centre, D, of the WMR, the active forces are (i) gravitational force -m ,g 'x,
acting at D (ii) the reaction to the steer torque, - < 'x,, for each of k wheel units and (jii) the
reaction to the drive torque, - 1::2»2, for each of k wheel units. In this case, k = 4 for the
omnidirectional WMR.

The generalised active forces for the Left-Front steer-drive wheel unit for the
independent generalised speeds are listed in Table 3.23a and those for the 'virtual' speeas in
Table 3.23b. Active forces and torques are explicitly superscripted here. Similarly, the
generalised active forces for the centre of mass, D, of the body of the WMR are obtained and
are listed in Table 3.24.

Step 4: Generalised Inertia Forces
In this case, the only massive body is the body of the WMR itself. Hence, only the

acceleration, %ap, and the angular acceleration, °« ., of the centre of mass, D, are required.
These are obtained using Eqn.(3.36,3.37) and are given by

%, = (4 -uu)ln +(d +uu)ln
D 1 276 1 2 176 2
%a, = ug'n, (3-66)

The inertia force, R*?, and the inertia torque, r*°, are obtained using Eqn.(3.5) and are

. 1 . 1
R® = '"’d("l"‘z"a) ul-m‘(u2+u1u6) n,

d.
T = -l tds) ln3

(3.67)

where m, and Z,” are the mass and the moment of inertia of D with respect to the ', axis.
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Using the partial velocities and the inertia force and the inertia torque, the generalised
inertia forces corresponding to the generalised speeds are obtained, Eqn.(3.6). For the case
of the omnidirectional WMR, the generalised inertial forces are listed in Table 3.25.

Step 5: Assembly

Collecting the generalised active forces and the generalised inertia forces

corresponding to each of the independent generalised speed, the dynamic equations of the

omnidirectional WMR are

mgly = myuyug-3, | —s
ka1 \ d
4 k E__E
mgi, = -"’1‘1“6*2 (%c¢k+ (Tdr ff)s¢k] (3.68)
4 k k+ k
L= ¥ [3(bs¢+lc¢—d)"+uus¢-bc¢>']
1\ d r

The superscripts indicate each of the four steer-drive wheel units.
The equations expressing the constraint forces at the wheels are given by collecting
the generalised active and the inertial forces corresponding to the ‘virtual' generalised speeds.

These equations are

Qs -m,g = 0
RO cdt+(b-dsd)tOs +tasdt = 0 (3.69)
ROy sd - (1-ded)Qs - thed® = 0

The subscript indicates that the appropriate values of the geometric quantities are to be

substituted and the summation carried out over the four steer-drive wheel units.
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Figure 3.11 Geometrical Parameters of Omnidirectional WMR
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Table 3.21 Geometrical parameters used for the Omnidirectional configuration

X, Ys Xy Yo Zy

Steer-Drive wheel #1 1 b -d 0 -(h-r)
(Left - Front)

Steer-Drive wheel #2 1 -b -d 0 -(h-r)
(Right - Front)

Steer-Drive wheel #3 -1 b -d 0] -(h-r)
(Left - Rear)

Steer-Drive wheel #4 -1 -b -d 0 -(h-r)
(Right - Rear)

Table 3.22a. Non-holonomic Partial Velocities for the Steer-Drive Wheel (Left-Front)

i W, L4
u, 0 Leptn, '534’ 1,'3*1_‘:4, 2,
2 0 —c¢ 1n3 '3'54’ 1n3+ls¢ 2n2
u, 1,,3 0 0
u, h 1;|2+(I>-d."d>)'n3 lnl lnl
us -h'n, -(I-dcd)'n, n, 'n,
Us Y (bsb+lcd), (bsb+1cd),
5 % —, M
d d
LUsbobed)s,
r
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Table 3.22b Partial velocities of the mass centre, D, of WMR

u, u, U; u, Us Ug
‘r‘D Ly . lnz ln3 0 0 0
S ? 0 0 0 Iy 1 lnz 'n3

Table 3.23a Generalised Active Forces for the Left-Front unit for 'actual’ speeds.

w u, Ug
1 1 11 1 i1
F T T +T,) T T+t (Bsp+lch) 1
¢ -Zs +( a_f cd -7‘¢:¢+( 4 f).ﬂb d Te
r r

L Usd -rbc¢)(.:'1i+ 1})

Table 3.23b Generalised Active Forces for the Left-Front unit for 'virtual' speeds

U3 u4 l.l5

Fy 0 (he$)Qs +(b-ds)Qs (hs$)Qs - (I-dcd)0s

Table 3.24 Generalised Active Forces for the centre of mass D

u, ] ] Uy Us U

FP 0 0 mag 1:5:4:" - tf,cq)" -1,

Table 3.25 Generalised Inertial Forces for the centre of mass, D.

u; u, Uj u, Ug Ug

F® = m ()~ uyug) —m y(ddy+uyuy) 0 0 0 —I;‘u’s
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3.5.4 A Differentially Driven WMR carrying a suspended load

In order to illustrate the application of the proposed modelling scheme to WMRs
carrying active payloads, a differentially driven WMR carrying a suspended load is analyzed.
Since the addition of the suspended load does not affect the non-holonomic nature of the
WMR, the dynamic equations for the particular wheel configuration may simply be augmented
with the generalised active and inertia terms for the load. As mentioned in Section 3.2, this
special feature offered by the proposed modelling scheme is an advantage over the Newton-
Euler and the Lagrangian methods.

In order to illustrate the methodology , the differentially driven WMR used in the case
study in Section 3.5.2 is assumed to carry a suspended load, as shown in Fig.3.12. The load
is suspended from a point, H, along the longitudinal axis of the WMR. The load is suspended
by a sling of length, z, and is free to swing along the lateral plane of the WMR. The angle of
swing, ¢, and the generalised speed, «, = {are used to describe the motion of the load.

In the following derivation, only the generalised active and the generalised inertia
terms for the suspended load for the generalised speeds are obtained. In the assembly of the
dynamic equations in Step 5, all the results obtained in Section 3.5.2 for the WMR alone are
used along with the results obtained here to obtain the equations of motion for the WMR -

suspended load coupled system.

Step 1. Non-holonomic equations
Since the non-holonomic equations of the WMR are already available, Eqn.(3.56,

3.57) and the suspended load is a holonomic system, this step is redundant in this derivation.
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Step 2. Partial Velocities

The velocity of the centre of mass, E, of the suspended load is obtained from
Eqn.(3.42) using the geometrical values shown in Fig.3.12. Substituting the values of the
geometric parameters for the load in the terms given in Table 3.9, the partial velocities of the

centre of mass, E, of the load are obtained and are listed in Table 3.26.

Step 3. Generalised Active Forces

The active forces are the gravitational force, - mcg 'n,, acting at the centre of mass,
E and the frictional torque, rf 3n,, due to sliding friction at the point of suspension. Using the
partial velocities in Table 3.26, the generalised active forces for the seven generalised speeds

are obtained and are listed in Table 3.27.

Step 4: Generalised Inertia Forces

The acceleration of the centre of mass, E, given by Eqn.(3.46) is

o =

R . .2
= (ul_zussc—luG—zzualuscc)lnl (3.70)
. . 2 2 1
+(fdg+zi,c{ +u1u6-2"5‘C'2"7‘C) ",

. 2
+(zuys{ +zuqcd) ln,

and the angular acceleration, Eqn.(3.47) is

ay = Lo
dt
=lilll+lltlll"'li‘ll

7 %17 %7%g P27 %6 T3

0
®Op

(3.71)
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Using the acceleration, Eqn.(3.71), the inertia force acting on the mass centre, E, is

F* = -mp%, (3.72)

and the inertia torque, Eqn.(3.5), is

T = -[1fa,-ulsl el Uy - 1) 'ny
- [(“7"6"5 +dgs( )My - upugcl (123_132)] *ny 3.73)
- [(-ugugst + 26t M -ugugst (1 -1 Py
where, with no loss of generality, 7,°are the principal moments of inertia of the load for the

centre of mass, E, and the s, axes are the principal axes. The generalised inertia forces

corresponding to the generalised speeds for the load are listed in Table 3.28.

Step S: Assembly

The terms representing the generalised active forces, Table 3.27, and the generalised
inertia forces, Table 3.28, for the oaneralised speeds, u, and u,, are added to the dynamic
equations of the differential drive WMR, Eqn.(3.63), to obtain the dynamic equations of the
WMR with a suspended load. The generalised force terms for u, provide the dynamic
equation for the suspended load. The dynamic equations for the WMR and the suspended

load may be expressed as

[M(q)]1{ud} = [D@,)]+{7} (3.74)

where the generalised coordinate, ¢ = {{}, the vector of generalised speeds, « = {u, u4 u 3T

and the vector of generalised accelerations, {s#} = {d, dg 4,}".
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In Eqn.(3.74), the symmetric mass matrix, [M(q)] iS

2 .w
mD+2mw+mE+—212
r

—zmgs{

0

-zmgs{ o

w
I
25 2(mW+ %)+I3E+ 2Il’+mz(z 22 +i?) +Izgs 2( +I3Ec 2r zimge{
r

. E
zimge{ zzm8+ll ]

The cross coupling matrix expressing the Coriolis and centrifugal terms, [D(u,q)]is

. 2

imgug+2zmpuquscl
uus2C(IE—IE— 2 ~imou U +zim 2(
746 3~y —z'mg)-impu,ug E¥7S

- %u?si!((lf—]zx—zzmg) ~zmgu uccf

and the drive and frictional torques, {t} , are

Finally, the constraint forces acting at the wheels of the WMR and the corresponding
rolling frictional torque are obtained by augmenting the constraint equations, Eqn.(3.64), with
the generalised active forces, Table 3.27 and generalised inertia forces, Table 3.28 for the
generalised speeds, u, .. us . In addition to the four equations obtained, two further equations
based on the wheel configuration are used to solve for the six constraint forces. Since the
drive wheels are symmetric about the longitudinal axis of the WMR, the lateral constraint

force at the right drive wheel is assumed equal to the lateral force on the left wheel. The

l r l r ‘Ef b
T4+t T
(ta+ 4)+(Tf*ff)+( I f)cb

r r r

b 1, b i1 )
T(t;- T)* :(1:;-- T+ :sé (f;+ 1)

E
—zmpgs{ + 1y
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vertical load on the wheels and the castors depends on the dead weight due to the body of the
WMR, my,, and the live load of the suspended mass, m; ; in addition, each wheel carries the
weight of the wheel unit, my, .The sum of the vertical load on the two drive wheels is assumed
to be the weight of the two drive units in addition to half of the dead weight plus the live load.
The two castors carry half of the dead weight and the live load. The load on each wheel or
on each castor depends on the coupled dynamics of the WMR and the load and is calculated
using the constraint equations.

Using the generalised active and inertia forces for u, , the lateral constraint forces are

07 +Qy = (my+2m, +mp)uug+imgiig+zm i el -2 (ug +u7) (3.78)

where, due to symmetry, g, = 0,

The sum of the vertical loads on the wheels are obtained from the generalised force terms for

u; as

0505 = ~lelm tme) e me(riyel +2uj )] +2m, (3.79)

and the total vertical load on the castors are

0f+05" = Zlg(mgrmp)t my(zitysl +xu7 )] (3.80)

Using the generalised force terms for us , the difference of the vertical loads on the castors

induced by the motion of the WMR-suspended load system is
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10gs-0) = - i’"£g+'il[%12"2”'.(h —r)+rmg(k-ze{)]

~mg(k-zc{)(zd sl +iu62+2:u7u6c() (3.81)
+11£u7u6+ (I,E—Izg)(u7u6c2( +uge{s()

—img(zis{ +zu72cC Y+dcd (Q3‘r+ Q:)
The difference between the vertical loads on the right and the left wheels is obtained using the
generalised forces for u, as

b(Q;-Q;’) = zng,;(-tf—mzk(iu's*-zli,cC—zué:(-:u-,zc()

+uuf2m (A-r)-mglk-zc{)- %(12'- 211')]

(3.82)
+zmp(igel +zu’7-zu62cc s¢)+dsd (Q;— Q3f)
Uiy ugs el Uy ~I)] +h (22 +03)
The dynamic vertical loads on each wheel and castor are then obtained as
or - (er*‘Qsl) . (er"Qsl)
3 2 2
1 (@5+05) (25-05)
Qs = 2 - 2
3.83
of . 0o of-04) (3:83)
} 2 2
b . @f-0) (©@f-04
> 2 2
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Table 3.26 Partial Velocities of the centre of mass, E, of the suspended load.

E E
Vi &;
1
Ul lll 0
u n 0
2 2
1
u; ", 0
u -(k-zc{)ln +z:('n 1
4 2 3 1
u (k-zc()ln -iln 1y
5 1 3 2
Ug -zs{ 1nl*-x"m2 ln,
u, zef ln2+zx( ‘n3 lnl

Table 3.27 Generalised Active Forces for the Live Load

FE

u, 0

u, 0

U, —mgg

u, - szgsC + tf
U imgg

Ug 0

u, - zmggsC + tf
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Table 3.28 Generalised Inertia Forces for the Generalised Speeds for the Live Load.

= o
Fy
. . .2
u; ~mp(u, -z s —lug-2zuquc.cl)
. . . 2 2
u, ~mp(itg+zigcl vuus~zugsf -zuzsf)
u . 2
3 -mg(zd sl +zuzcf)
.. . 2 2 . . 2
U, Emp(idg+zu el +uug-—zugsl-zu;s{)-zmp(iigel +uusel -zuge{sq)

- [Py uést et (1" - 1))
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~UE-IEY(uguge28 +igel 0 - I uqug

. . 2
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3.6 Summary

Using the Kane's approach, a generalised S-step procedure has been developed to
deduce the dynamics of a WMR with common wheel types and wheel configurations and
subject to both deadweight and active payload conditions. In the derivation of the dynamic
equations, this approach permits the use of any natural set of generalised speeds representing
the degrees of freedom of the non-holonomic system. Consequently, in this approach there
are only as many dynamic equations as there are degrees of freedom unlike the redundant set
of equations obtained in both the Newton-Euler and the Lagrangian approaches. The
proposed modelling scheme incorporates closed-chains and higher pair joints and incorporates
friction as well as unsensed and unactuated joints. Using 'virtual' generalised speeds, the
method also provides a set of linear equations to obtain the dynamic loads experienced by the
wheels during motion.

The first step in this proposed scheme is to obtain the non-holonomic equations for
the specific wheel configuration and for the types of wheels used in the WMR being analyzed.
Partial velocities and partial angular velocities of specific points of interest, such as the mass
centres of the various rigid bodies, are then obtained in step 2. These partial velocities
embody the motion constraints present in the system due to which the action of a force is
propagated to all the components in the closed chain. In step 3, the generalised active forces
arising from the applied forces and torques on each rigid body for each independent
generalised speed are obtained. Correspondingly, the generalised inertia force terms due to
the mass and the inertia of the various rigid bodies in the WMR are obtained in step 4. The

final step is an assembly of the generalised active and generalised inertia force terms to obtain
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the dynamic equations of the system.

The steer-drive wheel has been utilised as the generic wheel type in the derivation of
the dynamic equations. The simplifications and substitutions to be made when the generic
model is applied to other wheel types have been discussed and results have been tabulated for
ease of reference. In order to account for the different loading conditions, the five step
procedure has been applied to a deadweight payload which includes the body of the WMR
itself. A suspended load with a single rotational degree of freedom has been analyzed in order
to illustrate the case of active loads. A general geometric configuration for the suspended load
has been employed and the results have been tabulated. Thus the procedure, the assembly
methodology and the results presented for the generic model may be applied to a WMR with
any specific wheel configuration.

In addition, the proposed methodology addresses the issue of modelling the dynamic
loads on the wheels of a WMR by introducing 'virtual' generalised speeds. In the literature,
these wheel loads, which depend on the applied and inertial forces, are simplified to be
constants and equal to the static loads on the wheels. In order to obtain the wheel loads, the
same 5-step procedure is applied for each 'virtual' generalised speed. The dynamic equations
obtained for these generalised speeds provide a set of linear equations which are solved to
obtain the constraint forces acting on the wheels. These constraint forces are required to
model the rolling and steering friction forces acting at the points of contact of the wheels and
castors on the ground. For model based control of systems where joint friction is dominant
such as in a WMR, knowledge of the constraint and friction forces at the wheels is essential.

The effect of the trajectory parameters and the nature of the load carried by the WMR on tire
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friction forces must also be computed in traction limited motion to avoid wheel slippage and
consequent loss of trajectory following accuracy.

The application of the proposed modelling scheme to a specific WMR has been
illustrated using four case studies. The wheel configuration used in each case has been chosen
from literature. A WMR with a steer-drive wheel in front and two castors at the rear in a tri-
cycle configuration has been chosen as Case 1. The geometric values for this configuration
have been substituted in the tabulated results for the wheel types in order to obtain the
generalised active and inertia forces. "Virtual' generalised speeds have been used to obtain
both the lateral and the vertical wheel loads. A differentially driven WMR with two
independently driven wheel units in the lateral plane and two free wheeling castors in the
longitudinal plane has been used for the second case. The experimental platform, CONCIC
IIT, employs this wheel configuration. An omnidirectional WMR with four independent steer-
drive wheel units has been used as the third case. This configuration provides three degrees
of freedom to the WMR. In these three cases the WMR is assumed to carry a deadweight. In
order to illustrate application to active payloads, the differentially driven WMR in Case 2 is
analyzed while carrying a suspended load. The set of dynamic equations and the system of

equations for the constraint forces acting on the wheels for each case have been provided.
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Chapter 4
Model Based Control
4.1 Introduction

The literature review on the control of mobile and stationary robots presented in
Chapter 2 indicates that the inclusion of the dynamics of the robot in the control structure
improves the trajectory tracking performance [ e.g., 15, 39, 44, 45]. In the case of mobile
robots, the only reported experimental work on model-based control was carried out at the
Centre for Industrial Control (CIC), Dept. of Mechanical Engineering, Concordia University,
Montreal [13, 15, 48]. This work, though the pioneering work in model based control of
mobile robots, was limited in two respects:

(i) the control structure focusses on modifying only the vehicle speed based on the

error information ;

(ii) studies only the effects of changes in the dead weight carried by the vehicle on the

the trajectory tracking performance.

This thesis addresses two control issues not dealt with in the literature for WMRs. The
first issue deals with the structure of the controller for dynamic compensation. The second
issue focusses on studying the effect of and the compensation scheme for live loads (dynamic
loads such as a suspended mass). These two issues have been addressed as these are mainly
industrial applications requiring control schemes that could assure good trajectory following
performance with changes in the dynamics of the vehicle and in the operating environment.

The literature provides a large number of schemes for model based control of dynamic

systems, the Feed Forward and the Resolved Acceleration Control being two such schemes
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implemented for process control applications and for robot manipulators. The investigations
reported in this chapter include the suitability and the performance of a feedforward
compensation scheme making use of the inverse dynamics of the WMR along with a
conventional PD feedback scheme. A similar approach was adopted to control the MIT
DDArm by An, Atkeson and Hollerbach [39].

Control of robot arms using the model based scheme, the Resolved Acceleration
Control, was proposed by Luh, Walker and Paul [40] and an implementation has been
reported earlier in the literature [39]. This thesis adopts a similar structure for the Resolved
Acceleration control scheme. The inverse dynamic model of the WMR is used to compute the
actuator torques as in the case of robot manipulators [39, 40] and of WMRs by Barakat and
Rajagopalan [13, 15, 48]. In a serial manipulator, the forces propagate from the end effector
to the base while the velocities propagate from the base to the end effector. The same is not
true for WMRs. In the case of WMRSs, there is strong coupling between the joints and hence
a control scheme that worked well for robot arms may not produce the same performance for
WMRs.

The control problem examined here is the execution of a pre-planned trajectory by the
WMR under active and deadweight payload conditions. Trajectory in this context implies a
parametric two dimensional path in the Cartesian x-y plane with time as the parameter. The
actual trajectory followed by the WMR is evaluated by dead reckoning using measured values
of wheel speeds. In this work, cartesian position feedback, using camera vision [3] for
example, is not used since the focus is on the dynamic model of the WMR and on model

based control schemes. With dead reckoning, the trajectory is planned off-line and the desired
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cartesian position, velocity and acceleration for every sampling instant of the digital controller
are stored in a look up table in the computer memory. Using measured values of wheel speeds
and the non-holonomic equations, the actual cartesian trajectory parameters are evaluated.
It must be pointed out that the model based control schemes in this thesis do not require
actual acceleration values and hence these are neither measured nor evaluated.

The control algorithms applied to the modified CONCIC II [15], labelled as CONCIC
I, the differentially driven WMR described in Section 1.3 and used for the experimental
work in this thesis are detailed in this chapter. The Independent Joint PD Controller using the
joint position and velocity feedback of each actuator/wheel is discussed in Section 4.2.1. In
Section 4.2.2, the Cartesian PD Controller, a variation of the Independent Joint PD controller
using the independent cartesian speeds of the WMR is proposed. The Feed Forward (FF)
controller, a model based controller using the dynamic model only for off-line calculations of
the drive torque, is discussed in Section 4.3. Finally, the Computed Torque (CT) controller
which utilises the dynamic model to compute the actuator drive torques on-line during WMR
motion is discussed in Section 4.4. The cartesian version of the CT control scheme, also
termed the Resolved Acceleration control scheme, is discussed in Section 4.4.1. A variation
of the CT control scheme which computes and uses resolved joint accelerations for torque
calculations is presented in Section 4.4.2. The performances of these controllers are studied
by simulation in Chapter 6 and are validated through experimentation, the results of which are

given in Chapter 7.
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